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Chapter 1

Introduction

The theory of boundary value problems for complex partial di�erential equa-
tions combines knowledged and methods from many �elds of mathematics,
i.e. complex analysis, partial di�erential equations, functional analysis, equa-
tion of mathematical physics etc. Initiated by B. Riemann and D. Hilbert the
theory develops up to nowadays involving di�erent research groups all over
the world. In the classical theory of complex analysis, it is well known that
harmonic functions are intimately connected with analytic functions. That
is, for any real harmonic function, one can �nd an analytic function such
that the harmonic function becomes its real part. In other words, any real
harmonic function can be decomposed as a sum of an analytic function and
its conjugate function which is an antianalytic function. The idea is simple
but suitable and important because it constructs a bridge linking the two
kinds of functions so that they can be mutually applied. In fact, the mutual
applications are successfully realized in the classical theory of one complex
variable. In this dissertation, one can �nd that the idea is valid for the
generalized analogues of harmonic functions which are called tri-harmonic
functions. Of course, analytic functions should also be generalized. It is for-
tunate that some generalized analogues for analytic functions have already
been introduced by contribution from many mathematicians [7, 17, 21, 43].
Since complex analysis is closely related to mathematical physics, the theory
of boundary value problems (simply, BVPs) in complex analysis were abun-
dantly developed. Especially, the theory of boundary value problems for
analytic functions is an important branch of function theory. Many math-
ematicians contributed to this �eld such as B. Riemann, D. Hilbert, N. I.
Muskhelishvili, F. D. Gakhov, I. N. Vekua and their students. The initial in-
vestigations are due to B.Riemann and D. Hilbert. Deep developments were
given by the BVPs school of the former Soviet Union. Except for analytic
functions, the investigations were also devoted to particular partial di�eren-
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tial equations, for example, the Bitsadze equation, elliptic partial di�erential
equations with analytic coe�cients and so on. There are many di�erent types
of BVPs which are called Riemann, Hilbert, Dirichlet, Schwarz, Neumann,
Robin boundary value problems. Among them, the Riemann boundary value
problem and the Hilbert boundary value problem are in the center of inter-
est. The Dirichlet boundary value problem is connected to the Riemann
boundary value problem. In this dissertation, we are mainly concerned with
the Dirichlet and Neumann boundary value problems for the unit disc. The
Schwarz problem is the simplest form of the Hilbert problem. The Neumann
problem is related the Dirichlet problem. The Robin problem is contacted
to the Dirichlet problem and the Neumann problem. In addition, for some
special cases, e.g. the unit disc or the half plane, the Hilbert problem can
be transformed to the Riemann problem. The present thesis contributes to
the research subject initiated by Prof. Dr. H. Begehr and developed by his
students and collaborators. A systematic investigation of boundary value
problems for complex partial di�erential equations of arbitrary order on the
base of integral representation formulas was initiated by H. Begehr. To start
with, the basic boundary value problems for model equations are observed.
The di�erential operator of a model equation consists of a product of powers
of the complex Cauchy-Riemann operator ∂z̄ and its complex conjugate ∂z.
The main methods of the theory will be pointed on now.

The complex form of the Gauss theorem for the unit disc D on the
complex plane C and an arbitrary function w ∈ C1(D;C) ∩ C(D;C) leads
to the Cauchy-Pompeiu formula for analytic functions. The area integral
appearing in the Cauchy-Pompeiu formula is called the Pompeiu opera-
tor. It plays an important role in treating boundary value problems for
inhomogeneous complex partial di�erential equations. The properties of
the Pompeiu operator were studied by I.N. Vekua [43]. If f belongs to
Lp(D;C), p > 1, then Tf possesses weak derivatives with respect to z and z̄,
moreover ∂z̄Tf = f, ∂zTf =: Πf, where Π is a singular integral being un-
derstood in the principle value sense. Integrals of such type are investigated
in [32].

From the Cauchy-Pompeiu representation formula it follows that any
function w ∈ C1(D;C) ∩ C(D;C) can be found by known values on the
boundary and values of a �rst order derivative inside of the domain. On the
other hand, for given f ∈ Lp(D;C), p > 1, and γ ∈ C(∂D;C) a new function

w(z) =
1

2πi

∫

∂D

γ(ζ)
dζ

ζ − z
− 1

π

∫

D

f(ζ)
dξ

dη
, (1.0.1)

can be constructed according to this formula. The boundary integral is an
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analytic function, while the area integral represents the Pompeiu operator.
Using the properties of the Pompeiu operator, the function w is seen to be
a solution of the di�erential equation wz̄ = f in D, being understood in the
weak sense. But the boundary values of the function de�ned in (1.0.1) in
general di�er from γ. Therefore the function w given by (1.0.1) is not the
solution of the problem

wz̄ = f in D, w = γ on ∂D,

which is called the Dirichlet boundary value problem for the inhomogeneous
Cauchy-Riemann equation. This fact leads to the idea that the Cauchy-
Pompeiu representation formula has to be modi�ed in a proper way for being
useful to treat boundary value problems. There are three basic boundary
value problems for complex partial di�erential equations, namely, Schwarz,
Dirichlet and Neumann problems. To �nd the solutions in explicit form
they are investigated in particular domains, i.e. the unit disk, half planes,
quarter planes, etc. For the unit disk the modi�ed Cauchy-Pompeiu formula,
which is known as Cauchy-Pompeiu-Schwarz-Poisson formula (or Schwarz-
Poisson formula in the case of analytic functions), serves as the starting
point in [13], where the solutions of the basic boundary value problems to
�rst order equations are given. To solve boundary value problems for the
inhomogeneous Cauchy-Riemann equation wz̄ = f the idea of I.N. Vekua
is exploited, who suggested [43] to represent the solution of these problems
in the form w = ϕ + Tf, with ϕ being an analytic function. By using the
properties of the Pompeiu operator the boundary value problems for the
inhomogeneous Cauchy-Riemann equation are reduced to the homogeneous
case (see, e.g.[13]). Besides the three main boundary value problems listed
above the Robin boundary value problem should be mentioned. This problem
is the combination of Dirichlet and Neumann ones. The solutions of the
particular Robin boundary value problem to the Cauchy-Riemann operator
is given [19].

In Chapter 2 we present the main theorem of calculus, which is used to
solve di�erential equations of �rst and second order under certain initial or
boundary conditions in complex analysis. This chapter is written on the
basis of some important papers of H. Begehr.

In Chapter 3, we obtain a tri-harmonic Green function for the unit disc
and a tri-harmonic Neumann function for the unit disc. Moreover, we solve
boundary value problems for the Poisson equation in the unit disc. In this
chapter representation formulas for the tri-harmonic di�erential equation are
given on the basis of some hybrid Green functions. We also discuss BVPs for
the tri-harmonic di�erential equation, in particular the Dirichlet, Neumann
and combined conditions.
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In Chapter 4, we present some results on boundary value problems for
higher order inhomogeneous complex partial di�erential equations in the unit
disc. We begin with the higher order Pompeiu operators and then use these
operators to study four classes of Dirichlet problems for the inhomogeneous
equations.

The Appendix I devote to my results about the solutions of a class of
complex partial di�erential equations of third order in the plane with Fuchs
type di�erential operators. The solutions are constructed in explicit form and
the Cauchy problem with prescribed growth at in�nity is solved in unbounded
angular domains within speci�ed function classes.
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Chapter 2

Boundary value problems for �rst
and second order complex partial
di�erential equations in the unit
disc

A systematic investigation of basic boundary value problems for complex par-
tial di�erential equations of arbitrary order is restricted to model equations.
Four basic boundary value problems, namely, the Schwarz, the Dirichlet,
the Neumann, the Robin problems for analytic functions and more gener-
ally for the inhomogeneous Cauchy-Riemann equation are investigated in
the unit disc. The representation for the solutions and solvability conditions
are given in explicit form. The fundamental tools are the Gauss theorem and
the Cauchy-Pompeiu representation.

2.1 Notations and technical preliminaries
Let C be the complex plane of the variable z = x+iy, x, y ∈ R. The extended
complex plane is denoted by Ĉ := C∪{∞}. The complex number z̄ = x− iy
is called the conjugate number to z. By Re z, Im z the real and imaginary
parts of z are denoted.

In complex analysis it is convenient to use the complex partial di�erential
operators ∂z and ∂z̄ de�ned by the real partial di�erential operators ∂x and
∂y as

2∂z = ∂x − i∂y, 2∂z̄ = ∂x + i∂y (2.1.1)
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Formally they are deducible by treating

z = x + iy, z̄ = x− iy, x, y ∈ R,

as independent variables using the chain rule of di�erentiation.
A complex-valued function w = u+ iv given by two real-valued functions

u and v of the real variables x and y will be denoted by w(z) although being
rather a function of z and z̄. In case when w is independent of z̄ in an open
set of the complex plane C it is an analytic function. It then is satisfying the
Cauchy-Riemann system of �rst order partial di�erential equations

ux = vy, uy = −vx (2.1.2)

This is equivalent to
wz̄ = 0 (2.1.3)

as follows from

2∂z̄w = (∂x + i∂y)(u + iv) = ∂xu− ∂yv + i(∂xv + ∂yu) (2.1.4)

In that case also

2∂zw = (∂x − i∂y)(u + iv) = ∂xu + ∂ + yv + i(∂xv − ∂yu)

= 2∂xw = −2i∂yw = 2w′ (2.1.5)
Using these complex derivatives the real Gauss divergence theorem for func-
tions of two real variables being continuously di�erentiable in some regular
domain, i.e. a bounded domain D with smooth boundary ∂D, and continuous
in the closure D = D ∪ ∂D of D, easily can be given in complex forms.

Main theorem of calculus. Let w be analytic in z0, z0 ∈ C, i.e. complex
di�erentiable with respect to z in some neighborhood of z0

w(z) = w(z0) +

z∫

z0

w′(ζ)dζ. (2.1.6)

Here the integration is taken along any recti�able curve from z0 to z in the
neighborhood of z0, i.e. the straight line. This result is evident because w′

is continuous as it is a complex di�erentiable function itself.

Lemma 2.1.1 Let w be analytic in z0, z0 ∈ C, then for any n ∈ N and z in
the neighborhood of z0

w(z) =
n∑

k=0

1

k!
w(k)(z0)(z − z0)

k +
1

n!

z∫

z0

(z − ζ)nw(n+1)(ζ)dζ. (2.1.7)
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Proof. For n = 0 the representation (2.1.7) coincides with (2.1.6). Assume
(2.1.7) holds for n− 1 rather than for n i.e.

w(z) =
n−1∑

k=0

1

k!
w(k)(z0)(z − z0)

k +
1

(n− 1)!

z∫

z0

(z − ζ)n−1w(n)(ζ)dζ.

Applying (2.1.6) to w(n)(ζ) shows for ζ in the neighborhood of z0

w(n)(ζ) = w(z0) +

ζ∫

z0

w(n+1)(t)dt.

Inserting this in the preceding formula and using integration by parts giving
z∫

z0

(z − ζ)n−1

ζ∫

z0

w(n+1)(t)dtdζ =
1

n

z∫

z0

(z − ζ)nw(n+1)(ζ)dζ.

leads to (2.1.7).
In real analysis from a representation formula like (2.1.7) the Taylor for-

mula is deduced by applying the mean value theorem for integrals. This
principle of iterating integral representation formulas can be applied also in
case of partial di�erential operators being involved. However, the procedure
is not restricted to this case or to hypercomplex analysis [10]. It can be
applied in real analysis as well and this is done in Cli�ord analysis [8], [10],
in particular in quaternionic analysis [10], [13]. For octonionic analysis the
non-associativity causes some problems for higher order iterations [18].

The complex forms of the Gauss theorem.
The Gauss or Gauss - Ostrogradskii theorem is the main theorem of

calculus in the case of several variables. the integral of the divergence of
a vector �eld taken over a regular domain is expressed by the boundary
and the (outward) normal direction. In case of the complex plane there are
two kinds of divergence di�erential operator, the Cauchy-Riemann operator
2∂z̄ = ∂x+i∂y and its complex conjugate, the anti-Cauchy-Riemann operator
2∂z̄ = ∂x − i∂y.

Gauss Theorem (complex forms)
Let D ⊂ C be a regular domain and w ∈ C1(D;C) ∩ C(D̄;C). Then

1

2πi

∫

∂D

w(z)dz =
1

π

∫

D

wz̄(z)dxdy, − 1

2πi

∫

∂D

w(z)dz̄ =
1

π

∫

D

wz(z)dxdy.

(2.1.8)
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A regular domain means a bounded domain with a piecewise smooth bound-
ary.

From these Gauss theorems, see e.g. [7], [13], integral representation for-
mulas are deduced by inserting a fundamental solution to the di�erential
operators involved. This is for the Cauchy-Riemann operator (up to some
constant factor) 1/z̄.

Choosing an arbitrary point z ∈ D and applying the respective Gauss
theorem to the function w(ζ)/(ζ − z) in Dε = D\{ζ : |ζ − z| ≤ ε} for 0 < ε
small enough and letting ε tend to zero leads to a representation formula.
Similarly the second Gauss formula can be treated.

Cauchy-Pompeiu representations. Let D and w satisfy the assump-
tions from the Gauss theorem. Then

1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ̄(ζ)
dξdη

ζ − z
=

{
w(z), z ∈ D,
0, z ∈ C̄\D̄,

(2.1.9)

− 1

2πi

∫

∂D

w(ζ)
dζ̄

ζ − z
− 1

π

∫

D

wζ(ζ)
dξdη

ζ − z
=

{
w(z), z ∈ D,
0, z ∈ C̄\D̄,

(2.1.10)

Here ζ = ξ + iη is used. The kernel function 1/(ζ − z) is the Cauchy
kernel. The integral operator

Tf(z) = − 1

π

∫

D

f(ζ)
dξdη

ζ − z

is de�ned for f ∈ Lp(D;C), 1 ≤ p. It is called Pompeiu operator. Its proper-
ties are studied in detail in [43] in connection with the theory of generalized
analytic functions. Tf is weakly di�erentiable (in distributional sense) with

∂z̄Tf = f, ∂zTf = Πf

where
Πf(z) = − 1

π

∫

D

f(ζ)
dξdη

(ζ − z)2

is a singular integral operator of Calderon-Zygmund type to be taken as
a Cauchy principle value integral. The properties of this Ahlfors-Beurling
operator Π are also studied in [39].

In case w is analytic in D, i.e. wz̄ = 0 in D, formula (2.1.9) is the Cauchy
formula for analytic functions, one of the main tools in function theory and
the source of many properties of analytic functions.
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The representation formulas (2.1.9) and (2.1.10) are proper for iterations.
This leads at the same time as well to higher order Cauchy-Pompeiu repre-
sentation formulas as to fundamental solutions to the di�erential operators
involved.

Theorem 2.1.2 If f ∈ L1(D;C) then for all ϕ ∈ C1
0(D;C)

∫

D

Tf(z)ϕz̄(z)dxdy +

∫

D

f(z)ϕ(z)dxdy = 0 (2.1.11)

Here C1
0(D;C) denotes the set of complex-valued functions in D being con-

tinuously di�erentiable and having compact support in D, i.e. vanishing near
the boundary.

Proof. From (2.1.9) and the fact that the boundary values of ϕ vanish at
the boundary

ϕ(z) =
1

2πi

∫

∂D

ϕ(ζ)
dζ

ζ − z
− 1

π

∫

D

ϕζ̄(ζ)
dξdη

ζ − z
= (Tϕζ̄)(z)

follows. Thus interchanging the order of integrations
∫

D

Tf(z)ϕz̄(z)dxdy = − 1

π

∫

D

f(ζ)

∫

D

ϕz̄(z)
dxdy

ζ − z
dξdη = −

∫

D

f(ζ)ϕ(ζ)dξdη

Formula (2.1.11) means that
∂z̄Tf = f (2.1.12)

in distributional sense.

De�nition 2.1.3 Let f, g ∈ L1(D;C). Then f is called generalized (distri-
butional)derivative of g with respect to z̄ if for all ϕ ∈ C1

0(D;C)

∫

D

g(z)ϕz̄(z)dxdy +

∫

D

f(z)ϕ(z)dxdy = 0.

This derivative is denoted by f = gz̄ = ∂z̄g.

In the same way generalized derivatives with respect to z are de�ned. In
case a function is di�erentiable in the ordinary sense it is also di�erentiable
in the distributional sense and both derivative coincide.
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Sometimes solutions to di�erential equations in distributional sense can
be shown to be di�erentiable in the classical sense. Then generalized solu-
tions become classical solutions to the equation. An example is the Cauchy-
Riemann system (2.1.3), see [43], [7].

More delecate is the di�erentiation of Tf with respect to z. For z ∈ C\D
obviously Tf is analytic and its derivative

∂zTf(z) = Πf(z) = − 1

π

∫

D

f(ζ)
dξdη

(ζ − z)2
. (2.1.13)

That this holds in distributional sense also for z ∈ D almost everywhere when
f ∈ Lp(D;C), 1 < p, and the integral on the right-hand side is understood
as a Cauchy principal value integral

∫

D

f(ζ)
dξdη

(ζ − z)2
= lim

ε→0

∫

D\Kε(z)

f(ζ)
dξdη

(ζ − z)2

is a deep result of Calderon-Zygmund [32].
With respect to boundary value problems a modi�cation of the Cauchy-

Pompeiu formula is important in the case of the unit disc D = {z : |z| < 1}.

Theorem 2.1.4 Any w ∈ C1(D;C) ∩ C(D;C) is representable as

w(z) =
1

2πi

∫

|ζ|=1

Re w(ζ)
ζ + z

ζ − z

dζ

ζ
+

1

2π

∫

|ζ|=1

Im w(ζ)
dζ

ζ

− 1

π

∫

|ζ|<1

(
wζ̄(ζ)

ζ − z
+

zwζ̄(ζ)

1− zζ̄

)
dξdη, |z| < 1. (2.1.14)

Corollary 2.1.5 Any w ∈ C1(D;C) ∩ C(D;C) can be represented as

w(z) =
1

2πi

∫

|ζ|=1

Rew(ζ)
ζ + z

ζ − z

dζ

ζ

− 1

2π

∫

|ζ|<1

(
wζ̄(ζ)

ζ

ζ + z

ζ − z
+

wζ̄(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
dξdη+iIm w(0), |z| < 1. (2.1.15)
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Proof. For �xed z, |z| < 1, formula (2.1.8) applied to D shows

1

2πi

∫

|ζ|=1

w(ζ)
z̄dζ

1− z̄ζ
− 1

π

∫

|ζ|<1

wζ̄(ζ)
z̄

1− z̄ζ
dξdη = 0.

Taking the complex conjugate and adding this to (2.1.9) in the case D = D
gives |z| < 1

w(z) =
1

2πi

∫

|ζ|=1

(
ζw(ζ)

ζ − z
+

zw(ζ)

ζ − z

)
dζ

ζ
− 1

π

∫

|ζ|<1

(
wζ̄(ζ)

ζ − z
+

zwζ̄(ζ)

1− z̄ζ

)
dξdη,

where ζ̄dζ = −ζdζ for |ζ| = 1 is used. This is (2.1.14). Subtracting iIm w(0)
from (2.1.14) proves (2.1.15).

Remark 2.1.6 For analytic functions (2.1.15) is the Schwarz-Poisson for-
mula

w(z) =
1

2πi

∫

|ζ|=1

Re w(ζ)

(
2ζ

ζ − z
− 1

)
dζ

ζ
+ iIm w(0). (2.1.16)

The kernel
ζ + z

ζ − z
=

2ζ

ζ − z
− 1

is called the Schwarz kernel. Its real part

ζ

ζ − z
+

ζ̄

ζ − z
− 1 =

|ζ|2 − |z|2
|ζ − z|2

is the Poisson kernel. The Schwarz operator

Sϕ(z) =
1

2πi

∫

|ζ|=1

ϕ(ζ)
ζ + z

ζ − z

dζ

ζ

for ϕ ∈ C(∂D;R) is known to provide an analytic in D satisfying

Re Sϕ = ϕ on ∂D

see [42] in the sense

lim
z→ζ

Sϕ(z) = ϕ(ζ), ζ ∈ ∂D,
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for z in D tending to ζ. Poisson has proved the respective representation for
harmonic functions, i.e. to solutions for the Laplace equation

4u = ∂2
xu + ∂2

yu = 0

in D. Re w for analytic w is harmonic.
The Schwarz operator can be de�ned for other simply and even multi-

connected domains, see e.g.[7].
Formula (2.1.15) is called the Cauchy-Schwarz-Poisson-Pompeiu formula.

Rewriting it according to

wz̄ = f in D, Re w = ϕ on ∂D, Im w(0) = c,

then
w(z) =

1

2π

∫

|ζ|=1

ϕ(ζ)
ζ + z

ζ − z

dζ

ζ

− 1

2πi

∫

|ζ|<1

(
f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
dξdη + ic (2.1.17)

is expressed by the given data. Applying the result of Schwarz it is easily seen
that taking the real part on the right-hand side letting z tend to a boundary
point ζ this tend to ϕ(ζ).

Di�erentiating with respect to z̄ as every term on the right-hand side is
analytic besides the T-operator applied to f this gives f(z). Also for z = 0
besides ic all other terms on the right-hand side are real.

Hence, (2.1.17) is a solution to the so-called Dirichlet problem

wz̄ = f in D, Re w = ϕ on ∂D, Im w(0) = c,

This shows how integral representation formulas serve to solve boundary value
problems. The method is not restricted to the unit disc but in this case the
solutions to the problems are given in an explicit way.

Second order Cauchy-Pompeiu representations. Let D ⊂ C be a
regular domain and w ∈ C2(D;C) ∩ C1(D̄;C). Then for z ∈ D

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
−

− 1

2πi

∫

∂D

wζ̄(ζ)
ζ − z

ζ − z
dζ +

1

π

∫

D

wζ ζ̄(ζ)
ζ − z

ζ − z
dξdη (2.1.18)
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and
w(z) =

1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
−

+
1

2πi

∫

∂D

wζ̄(ζ) log |ζ − z|2dζ̄ +
1

π

∫

D

wζζ̄(ζ) log |ζ − z|2dξdη (2.1.19)

Proof of (2.1.18). Inserting formula (2.1.9) applied to wz̄, i.e.

w ¯̃
ζ
(ζ̃) =

1

2πi

∫

∂D

wζ̄(ζ)
dζ

ζ − ζ̃
− 1

π

∫

D

wζ̄ζ̄(ζ)
dξdη

ζ − ζ̃
,

into (2.1.9)shows
w(z) =

1

2πi

∫

∂D

w(ζ)
dζ

ζ − z

− 1

2πi

∫

∂D

wζ̄(ζ)ψ(z, ζ)dζ +
1

π

∫

D

wζ̄ζ̄(ζ)ψ(z, ζ)dξdη (2.1.20)

with

ψ(z, ζ) =
1

π

∫

D

1

ζ − ζ̃

dζ̃dη̃

ζ̃ − z
= − 1

ζ − z

1

π

∫

D

(
1

ζ̃ − ζ
− 1

ζ̃ − z

)
dξ̃dη̃.

Formula (2.1.9) applied to the function z̄ is

z̄ =
1

2πi

∫

∂D

¯̃ζ
dζ̃

ζ̃ − z
− 1

π

∫

D

dξ̃dη̃

ζ̃ − z
.

Therefore

ζ − z

ζ − z
=

1

2πi

∫

∂D

¯̃ζdζ̃

(ζ̃ − ζ)(ζ̃ − z)
− 1

π

∫

D

dξ̃dη̃

(ζ̃ − ζ)(ζ̃ − z)
= ψ̃(z, ζ) + ψ(z, ζ)

(2.1.21)
where

ψ̃(z, ζ) =
1

2πi

∫

∂D

¯̃ζdζ̃

(ζ̃ − ζ)(ζ̃ − z)

is an analytic function in both its variables outside ∂D.
From the Gauss theorem

1

2πi

∫

∂D

wζ̄(ζ)ψ̃(z, ζ)dζ
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=
1

π

∫

D

∂ζ̄ [wζ̄(ζ)ψ̃(z, ζ)]dξdη =
1

π

∫

D

wζ̄ζ̄(ζ)ψ̃(z, ζ)dξdη

follows. Combining this with (2.1.20)and observing (2.1.21) proves (2.1.18)
In a similar way combining (2.1.10) applied to w ¯̃

ζ
(ζ) with (2.1.9) leads to

(2.1.19). Here instead of the kernel (2.1.21)

log |ζ − z|2 =
1

2πi

∫

∂D

log |ζ − ζ̃|2 dζ̃

ζ̃ − z
− 1

π

∫

D

1

ζ̃ − ζ

dξdη

ζ − z
(2.1.22)

is used.
This follows from (2.1.21) applied to the weakly singular function log |ζ−

z|2 for �xed ζ ∈ D, which can be justi�ed by a limiting process as before
considering Dε = D\{z : |z − ζ| ≤ ε}. The kernel functions in (2.1.21) and
(2.1.22) are primitives of the Cauchy kernel with respect to the di�erential
operators ∂z̄ and ∂z respectively. For z 6= 0 there hold

∂z̄
z̄

z
=

1

z
, ∂z log |z|2 =

1

z
.

This is a principle for generating fundamental solutions for higher order dif-
ferential operators from fundamental solutions of lower order ones. Just the
respective primitives have to be determined. Thus the fundamental solution
to the operator ∂n

z̄ is z̄n−1/[z(n−1)!], to ∂n
z̄ it is zn−1/[z̄(n−1)!], and to ∂m

z ∂n
z̄

it is zm−1z̄n−1 log |z|2/[(m− 1)!(n− 1)!]. More natural and more convenient
is for the last operator to use

zm−1z̄n−1

(m− 1)!(n− 1)!

(
log |z|2 −

m−1∑
µ=1

1

µ
−

n−1∑
ν=1

1

ν

)
.

The di�erence of the last from the preceding one is just a function from
the kernel of the operator ∂m

z ∂n
z̄ , i.e. a function annihilated by this operator.

These fundamental solutions are part of a set of kernel functions of a hierarchy
of higher order Pompeiu operators appearing when continuing the indicated
iteration process, see [20]. Avoiding the general case for simplicity only two
particular situations are listed the proofs of which follow again by induction.

Polyanalytic Cauchy-Pompeiu representation. Let w ∈ Cn(D;C)∩
Cn−1(D̄;C) for some n ≥ 1. Then

w(z) =
n−1∑
ν=0

1

2πi

∫

∂D

∂ν
ζ̄ w(ζ)

(z − ζ)ν

ν!(ζ − z)
dζ−

17



− 1

π

∫

D

∂n
ζ̄ w(ζ)

(z − ζ)n−1

(n− 1)!(ζ − z)
dξdη (2.1.23)

Polyharmonic Cauchy-Pompeiu representation. Let w ∈ C2n(D;C)∩
C2n−1(D̄;C) for some n ≥ 1. Then

w(z) =
1

2πi

∫

∂D

w(ζ)

ζ − z
dζ +

n−1∑
ν=1

1

2πi

∫

∂D

(ζ − z)ν−1(ζ − z)
ν

(ν − 1)!ν!

[
log |ζ − z|2−

−
ν−1∑
ρ=1

1

ρ
−

ν∑
σ=1

1

σ

]
(∂ζ∂ζ̄)

νw(ζ)dζ (2.1.24)

+
n∑

ν=1

1

2πi

∫

∂D

|ζ − z|2(ν−1)

(ν − 1)!2

[
log |ζ − z|2 − 2

ν−1∑
ρ=1

1

ρ

]
∂ν−1

ζ ∂ν
ζ̄ w(ζ)dζ̄

+
1

π

∫

D

|ζ − z|2(n−1)

(n− 1)!2

[
log |ζ − z|2 − 2

k−1∑
ρ=1

1

ρ

]
(∂ζ∂ζ̄)

nw(ζ)dξdη.

Modi�cations of the Cauchy-Pompeiu representations.
Looking at the Cauchy-Pompeiu formulas, say at (2.1.9),(2.1.10), a func-

tion from C1(D;C) ∪ C(D̄;C) is obviously determined by its values on the
boundary and one of its �rst order derivatives in the domain. If on the other
hand a function f ∈ L1(D;C) and a γ ∈ C(∂D;C) are given this leads to a
function

w(z) =
1

2πi

∫

∂D

γ(ζ)
dζ

ζ − z
− 1

π

∫

D

f(ζ)
dξdη

ζ − z
. (2.1.25)

As the boundary integral is analytic and the area integral is the Pompeiu
operator w is a weak solution to the di�erential equation wz̄ = f in D. But in
general the boundary values of w on ∂D di�er from γ. (2.1.25) in general fails
to be a weak solution to this so-called Dirichlet problem. This suggests to
modify the Cauchy-Pompeiu formulas. Any solution to the equation wz̄ = f
is of the form w = ϕ + Tf with analytic ϕ. The reason is that ϕ = w − Tf
is a weak solution to ϕz̄ = 0. But this means ϕ is a classical solution i.e.
analytic, see [43]. In order that w satis�es some boundary conditions just
ϕ has to be chosen properly. This leads to boundary value problems for
analytic functions.

There are four basic boundary value problems [13], [19]. In order to be
explicit just some special domains will be considered, the unit disc D = \{z :
|z| < 1} and the upper half plane H = \{z : 0 < Imz}, the last one as
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unbounded being no regular domain. For the proofs with respect to the unit
disc, see [13], [19], [35], for the upper half plane [35].

2.2 Boundary value problems for analytic func-
tions

As was pointed out in connection with the Schwarz-Poisson formula in the
case of the unit disc boundary value problems can be solved explicitly. For
this reason this particular domain is considered. This will give necessary
information about the nature of the problems considered. The simplest and
therefore fundamental cases occur with respect to analytic functions.

Schwarz boundary value problem. Find an analytic function w in
the unit disc, i.e. a solution to wz̄ = 0 in D, satisfying

Re w = γ on ∂D, Im w(0) = c

for γ ∈ C(∂D;R), c ∈ R given.

Theorem 2.2.1 This Schwarz problem is uniquely solvable. The solution is
given by the Schwarz formula

w(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+ ic (2.2.1)

The proof follows from the Schwarz-Poisson formula (2.1.16) together with a
detailed study of the boundary behavior, see [42].

Dirichlet boundary value problem. Find an analytic function w
in the unit disc, i.e. a solution to wz̄ = 0 in D, satisfying for given γ ∈
C(∂D;C)

w = γ on ∂D.

Theorem 2.2.2 This Dirichlet problem is solvable if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
z̄dζ

1− z̄ζ
= 0 (2.2.2)

The solution is then uniquely given by the Cauchy integral

w(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ − z
(2.2.3)
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Remark 2.2.3 This result is a consequence of the Plemelj-Sokhotzki for-
mula, see e.g.[40], [36], [7]. The Cauchy integral (2.2.3) obviously provides
an analytic function on D and on Ĉ\D, Ĉ the Riemann sphere. The Plemelj-
Sokhotzki formula states that for |ζ| = 1

lim
z→ζ, |z|<1

w(z)− lim
z→ζ, 1<|z|

wz = γ(ζ).

In order that for any |ζ| = 1

lim
z→ζ, |ζ|<1

w(z) = γ(ζ)

the condition lim
z→ζ, 1<|z|

w(z) = 0 is necessary and su�cient. However, the
Plemelj-Sokhotzki formula in its classical formulation holds if γ is Holder
continuous. Nevertheless, for the unit disc Holder continuity is not needed,
see [40].

Proof 1. (2.2.2) is shown to be necessary. Let w be a solution to the
Dirichlet problem. Then w is analytic in D having continuous boundary
values

lim
z→ζ

w(z) = γ(ζ) (2.2.4)

for all |ζ| = 1.
Consider for 1 > |z| the function

w(
1

z̄
) = − 1

2πi

∫

|ζ|=1

γ(ζ)
z̄dζ

1− z̄ζ
= − 1

2πi

∫

|ζ|=1

γ(ζ)
z̄

ζ − z

dζ

ζ

From
w(z)− w(

1

z̄
) =

1

2πi

∫

|ζ|=1

γ(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ

and the properties of the Poisson kernel for |ζ| = 1 and (2.2.4) it is seen that
lim
z→ζ

w(1/z̄) exists and

lim
z→ζ, |z|<1

w(z)− lim
z→ζ, 1<|z|

w(z) = γ(ζ) (2.2.5)

follows. Comparison with (2.2.4) shows lim
z→ζ

w(z) = 0 for 1 < |z|. As w(∞) =

0 then the maximum principle for analytic functions tells that w(z) ≡ 0 in
1 < |z|. This is condition (2.2.2).
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2. The su�ciency of (2.2.2) follows at once from adding (2.2.2) to (2.2.3)
leading to

w(z) =
1

2πi

∫

|ζ|=1

γ(ζ)

(
ζ

ζ − z
+

z̄

ζ − z

)
dζ

ζ

=
1

2πi

∫

|ζ|=1

γ(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ

Thus for |ζ| = 1
lim

z→ζ, |z|<1
w(z) = γ(ζ)

follows again from the properties of the Poisson kernel.
The third basic boundary value problem is based on the outward normal

derivative at the boundary of a regular domain. This directional derivative
on a circle |z−a| = r is in the direction of the radius vector, i.e. the outward
normal vector is ν = (z − a)/r, and the normal derivative in this direction ν
given by

∂ν = ∂r =
z

r
∂z +

z̄

r
∂z̄.

In particular for the unit disc D

∂r = z∂z + z̄∂z̄.

Neumann boundary value problem. Find an analytic function w in the
unit disc, i.e. a solution to wz̄ = 0 in D, satisfying for some γ ∈ C(∂D;C)
and c ∈ C

∂νw = 0 on ∂D, w(0) = c.

Theorem 2.2.4 This Neumann problem is solvable if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− z̄ζ)ζ
= 0 (2.2.6)

is satis�ed. The solution then is

w(z) = c− 1

2πi

∫

|ζ|=1

γ(ζ) log(1− zζ̄)
dζ

ζ
. (2.2.7)

Proof. The boundary condition reduced to the Dirichlet condition is

zw′(z) = γ(z) for ‖z| = 1
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because of the analyticity of w. Hence from the preceding result

zw′(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ − z

if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
z̄dζ

1− z̄ζ
= 0 (2.2.8)

But as zw′(z) vanished at the origin this imposes the additional condition

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ
= 0 (2.2.9)

on γ. Then
w′(z) =

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(ζ − z)ζ
.

Integrating shows

w(z) = c− 1

2πi

∫

|ζ|=1

γ(ζ) log
ζ − z

ζ

dζ

ζ
.

which is (2.2.7). Adding (2.2.8) and (2.2.9) leads to

1

2πi

∫

|ζ|=1

γ(ζ)
1

1− z̄ζ

dζ

ζ
=

1

2πi

∫

|ζ|=1

γ(ζ)
ζ̄

ζ − z

dζ

ζ
=

= − 1

2πi

∫

|ζ|=1

γ(ζ)
dζ̄

ζ − z
= 0

i.e. to (2.2.6). By integration this gives

1

2πi

∫

|ζ|=1

γ(ζ) log(1− z̄ζ)dζ = 0

A particular Robin boundary value problem. Find an analytic
function in the unit disc D, satisfying the boundary condition

w + ∂νw = γ on ∂D (2.2.10)
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for given γ ∈ C(∂D;C) with ν being the outward normal vector to the
boundary ∂D.

Note that in our case the boundary condition (2.2.10) takes the form

w + zwz = γ on ∂D.

Let us set g := w + zwz and solve the Dirichlet problem

gz = 0 in D, (2.2.11)

g = γ on ∂D. (2.2.12)

According to Theorem (2.2.2) the problem (2.2.11), (2.2.12) is uniquely
solvable if and only if

1

2πi

∫

|ζ|=1

γ(ζ)
zdζ

1− zζ
= 0 (2.2.13)

for all |z| < 1 and the solution is

g(z) =
1

2πi

∫

|ζ|=1

γ(ζ)

ζ − z
dζ. (2.2.14)

Let w(z) =
∞∑

k=0

wkz
k be the Taylor expansion of w in D. Then (2.2.14) gives

us
∞∑

k=0

(k + 1)wkz
k =

∞∑

k=0

{ 1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ

}
zk

from which we have
wk =

1

k + 1

1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ

and
w(z) = − 1

2πi

∫

|ζ|=1

γ(ζ)
ln(1− zζ)

z
dζ. (2.2.15)

We have proved the following

Theorem 2.2.5 The special Robin boundary value problem for analytic func-
tions is solvable if and only if γ satis�es the condition (2.2.13) and the solu-
tion has the form (2.2.15).
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Let α ∈ C(∂D,C). Consider the Robin problem with the more general
boundary condition

α(z)w + zwz = γ on ∂D. (2.2.16)

A modi�cation of this general case is to reformulate (2.2.16) as a Neumann
boundary condition. We write (2.2.16) in the form

zwz = γ − α(z)w.

According to Theorem (2.2.4) we get the unique solution

w(z) =
1

2πi

∫

|ζ|=1

{α(ζ)w(ζ)− γ(ζ) ln(1− zζ)}dζ

ζ
+ w(0)

under the necessary and su�cient condition
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− zζ)ζ
=

1

2πi

∫

|ζ|=1

α(ζ)w(ζ)
dζ

(1− zζ)ζ

for |z| < 1.
Using the Taylor expansion of the function ln(1− zζ) we have

w(z) =
∞∑

k=1

zk

k

1

2πi

∫

|ζ|=1

{γ(ζ)− α(ζ)w(ζ)}ζk+1
dζ + w(0). (2.2.17)

Example 2.2.6 Let us take α(z) = zn. Then from (2.2.17) we get

w(z) =
∞∑

k=1

zk

k

1

2πi

∫

|ζ|=1

{γ(ζ)

ζk+1
− w(ζ)

ζk+1−n

}
dζ + w(0)

=
∞∑

k=1

zk

k

1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ −

∞∑

k=n

zk

k

w(k−n)(0)

(k − n)!
+ w(0).

Let w(z) =
∞∑

k=0

wkz
k in D. Then we have

wk =
1

2πik

∫

|ζ|=1

γ(ζ)

ζk+1
dζ, k = 1, . . . , n− 1,

wk =
1

k

( 1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ − wk−n

)
, k = n, . . . .
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Hence, with ak =
1

2πi

∫
|ζ|=1

γ(ζ) dζ
ζk+1

w(z) = w0e
− zn

n +
∞∑

ν=0

(−1)ν

∞∑

k=1

ak
ν∏

σ=0

(k + σn)
zk+νn

is the solution if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− zζ)ζ
= 0.

Example 2.2.7 For α(z) = zn we have

w(z) =
∞∑

k=1

zk

k

( 1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ − wk+n

)
+ w(0),

i.e.,
wk =

1

k

( 1

2πi

∫

|ζ|=1

γ(ζ)

ζk+1
dζ − wn+k

)
, k = 1, . . . .

Hence, with ak as before

w(z) =
n∑

k=0

wkz
k +

n∑

k=1

∞∑
ν=1

(−1)ν+1

ν−1∏
σ=0

(k + σn)wkz
k+νn

+
∞∑

µ=0

(µ+1)n∑

k=µn+1

∞∑
ν=1

(−1)ν+1

ν−1∏
σ=1

(k + σn)akz
k+νn

is the solution for arbitrary w0, w1, . . . , wn if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− zζ)ζ
=

n∑

k=0

wkz
n−k

Remark 2.2.8 An other modi�cation is to reformulate (2.2.16) as a Dirich-
let boundary condition. To this end we solve the equation (2.2.16) with respect
to w normalized by w(z0) = 0 for a �xed z0 ∈ ∂D. It can be seen, see [19]
that the solutions is

w(z) = exp
{
−

z∫

z0

α(t)

t
dt

} z∫

z0

exp
{ s∫

z0

α(t)

t
dt

}γ(s)

s
ds, |z| = 1, (2.2.18)
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where the integrals are taken along arcs γz ⊂ ∂D with initial point z0 and
end point z; moreover, γz is positively oriented with respect to D for all
z ∈ ∂D, z = z0e

iϕ, 0 ≤ ϕ ≤ π , and negatively for the remainder part of ∂D.
Now we proceed in the same way as above: We �nd an analytic function

in D, satisfying the Dirichlet boundary condition (2.2.16). Using Theorem
2.2.2 we have

w(z) =
1

2πi

∫

|ζ|=1

w(ζ)

ζ − z
dζ, |z| < 1,

under the `if and only if ' condition
1

2πi

∫

|ζ|=1

w(ζ)
z

1− zζ
dζ = 0.

Next these boundary value problems will be studied for the inhomogeneous
Cauchy-Riemann equation. Using the T-operator the problems will be reduced
to the ones for analytic functions. Here in the case of the Neumann problem
it will make a di�erence if the normal derivative on the boundary or only the
e�ect of z∂z on the function is prescribed.

2.3 Boundary value problems for the inhomo-
geneous Cauchy-Riemann equation

The Schwarz, the Dirichlet, the Neumann, the Robin boundary value prob-
lems for the inhomogeneous Cauchy-Riemann equation in the unit disc D =
{z : |z| < 1} are solved in this section. Using the de�nition and properties of
the Pompeiu operator, the problems are reduced to the homogeneous case, or
which is equivalent, to the boundary value problems for analytic functions.

Theorem 2.3.1 The Schwarz problem for the inhomogeneous Cauchy-Riemann
equation in the unit disc

wz̄ = f

in D, Re w = γ on ∂D, Im w(0) = c for f ∈ Lp(D;C), 2 < p, γ ∈ C(∂D;R),
c ∈ R is uniquely solvable by the Cauchy-Schwarz-Pompeiu formula

w(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+ ic

− 1

2π

∫

|ζ|<1

[
f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ̄

1 + zζ̄

1− zζ̄

]
dξdη. (2.3.1)
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The Schwarz kernel function for the disc

ζ + z

ζ − z
=

2ζ

ζ − z
− 1

is a simple modi�cation of the Cauchy kernel function. Its real part

ζ

ζ − z
+

ζ̄

ζ − z
− 1

is the Poisson kernel function for discs.
By an inductive proof (2.1.24) is generalized in a nice way, [22].

Theorem 2.3.2 The Dirichlet problem for the inhomogeneous Cauchy-Riemann
equation in the unit disc

wz̄ = f in D, w = γ on ∂D

for f ∈ Lp(D;C), 2 < p and γ ∈ C(∂D;C) is solvable if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
z̄dζ

1− z̄ζ
=

1

π

∫

|ζ|<1

f(ζ)
z̄dξdη

1− z̄ζ
. (2.3.2)

The solution then is uniquely given by

w(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ − z
− 1

π

∫

|ζ|<1

f(ζ)
dξdη

ζ − z
. (2.3.3)

Representation (2.3.1) follows from (2.1.9) if the problem is solvable. The
unique solvability is a consequence of Theorem (2.2.2). Applying condition
(2.2.2) to the boundary value of the analytic function w − Tf in D, i.e. to
γ − Tf on ∂D gives (2.3.2) because of

1

2πi

∫

|ζ|=1

1

π

∫

|ζ̃|

f(ζ̃)
dξ̃dη̃

ζ̃ − ζ

z̄dζ

1− z̄ζ
=

− 1

π

∫

|ζ̃|

f(ζ̃)
1

2πi

∫

|ζ|

z̄

1− z̄ζ

dζ

ζ − ζ̃
dξ̃dη̃ = − 1

π

∫

|ζ̃|=1

f(ζ̃)
z̄

1− z̄ζ̃
dξ̃dη̃

as is seen from the Cauchy formula.
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Theorem 2.3.3 The Neumann problem for the inhomogeneous Cauchy-Riemann
equation in the unit disc

wz̄ = f in D, ∂νw = γ on ∂D, w(0) = c,

for f ∈ Cα(D̄;C), 0 < α < 1, γ ∈ C(∂D;C), c ∈ C is solvable if and only if
for |z| < 1

1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− z̄ζ)ζ
+

1

2πi

∫

|ζ|=1

f(ζ)
dζ̄

1− z̄ζ
+

+
1

π

∫

|ζ|<1

z̄f(ζ)

(1− z̄ζ)2
dξdη = 0. (2.3.4)

The unique solution then is

w(z) = c− 1

2πi

∫

|ζ|=1

(γ(ζ)− ζ̄f(ζ)) log(1− zζ̄)
dζ

ζ
− 1

π

∫

|ζ|<1

zf(ζ)

ζ(ζ − z)
dξdη.

(2.3.5)

Proof. The function ϕ = w − Tf satis�es

ϕz̄ = 0 in D, ∂νϕ = γ − zΠf − z̄f on ∂D, ϕ(0) = c− Tf(0).

As the property of the Π-operator, see [43], guarantee Πf ∈ Cα(D;C) for
f ∈ Cα(D;C) Theorem (2.2.3) shows

ϕ(z) = c− Tf(0)− 1

2πi

∫

|ζ|=1

(γ(ζ)− ζΠf(ζ)− ζ̄f(ζ)) log(1− zζ̄)
dζ

ζ

if and only if

1

2πi

∫

|ζ|=1

(γ(ζ)− ζΠf(ζ)− ζ̄f(ζ))
dζ

(1− z̄ζ)ζ
= 0.

From
1

2πi

∫

|ζ|=1

ζΠf(ζ) log(1− zζ̄)
dζ

ζ
=

= − 1

π

∫

|ζ̃|<1

f(ζ̃)
1

2πi

∫

|ζ|=1

log(1− zζ̄)

(ζ − ζ̃)2
dζdξ̃dη̃ =
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=
1

π

∫

|ζ̃|<1

f(ζ̃)
1

2πi

∫

|ζ|=1

log(1− zζ̄)

(1− ζ̃ ζ̄)2
dζ̄dξ̃dη̃ = 0,

and
1

2πi

∫

|ζ|=1

Πf(ζ)
dζ

1− z̄ζ
= − 1

π

∫

|ζ̃|<1

f(ζ̃)
1

2πi

∫

|ζ|=1

1

(ζ − ζ̃)2

dζ

1− z̄ζ
dξ̃dη̃ =

= − 1

π

∫

|ζ̃|<1

f(ζ̃)∂ζ
1

1− z̄ζ
|ζ=ζ̃dξ̃dζ̃ = − 1

π

∫

|ζ|<1

f(ζ)
z

(1− z̄ζ)2
dξdη

the result follows.

Theorem 2.3.4 The problem

wz̄ = f in D, zwz = γ on ∂D, w(0) = c,

is solvable for f ∈ Cα(D̄;C), 0 < α < 1, γ ∈ C(∂D;C), c ∈ C if and only
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(1− z̄ζ)ζ
+

z̄

π

∫

|ζ|<1

f(ζ)
dξdη

(1− z̄ζ)2
= 0.

The solution is then uniquely given as

w(z) = c− 1

2πi

∫

|ζ|=1

γ(ζ) log(1− zζ̄)
dζ

ζ
− z

π

∫

|ζ|<1

f(ζ)
dξdη

ζ(ζ − z)
. (2.3.6)

A half-Neumann and the Neumann problem for the polyanalytic operator
is investigated together with other boundary value problems in [21], [37].
As an example of a Robin boundary value problem, consisting of a linear
combination of Dirichlet and Neumann boundary conditions a particular case
is investigated in [19].

Theorem 2.3.5 The Robin problem for the inhomogeneous Cauchy-Riemann
equation in the unit disc

wz = f in D, (2.3.7)
w + ∂νw = γ on ∂D (2.3.8)

is uniquely solvable for given f ∈ L1(D;C) ∩ C(∂D;C), γ ∈ C(∂D;C) if and
only if for all z, |z| < 1,

z
{ 1

2πi

∫

|ζ|=1

{γ(ζ)− ζf(ζ)} dζ

1− zζ
+

1

π

∫

D

zζ

(1− zζ)2
f(ζ)dξdη

}
= 0, (2.3.9)
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and the solution is

w(z) =
1

2πi

∫

|ζ|=1

(ζf(ζ)−γ(ζ))
log(1− zζ)

z
dζ− 1

π

∫

D

1

ζ − z
f(ζ)dξdη. (2.3.10)

Proof. First observe that in the case of the unit disc the boundary con-
dition (2.3.8) takes the form

w + zwz + zwz = γ on ∂D. (2.3.11)
The general solution of (2.3.7) is given by

w = ϕ− 1

π

∫

D

1

ζ − z
f(ζ)dξdη (2.3.12)

for an analytic function ϕ in the unit disc. Putting the latter and

wz = ϕz − 1

π

∫

D

1

(ζ − z)2
f(ζ)dξdη,

wz = f

in (2.3.11), we get

ϕ + zϕz = γ +
1

π

∫

D

ζ

(z − ζ)2
f(ζ)dξdη − zf(z) =: γ̃, |z| = 1, (2.3.13)

in the latter summand meaning the boundary values f(z) = lim
D3ζ→z

f(ζ).

Using the Theorem about the Robin boundary value problem for analytic
functions, we �nd the unique ϕ satisfying (2.3.13) if and only if for |z| < 1

1

2πi

∫

|ζ|=1

γ̃(ζ)
zdζ

1− zζ
= 0, (2.3.14)

and ϕ is given by the integral

ϕ(z) = − 1

2πi

∫

|ζ|=1

γ̃(ζ)
log(1− zζ)

z
dζ,

or

ϕ(z) =
1

2πi

∫

|ζ|=1

{ζf(ζ)− γ(ζ)} log(1− zζ)

z
dζ

− 1

π

∫

D

{ 1

2πi

∫

|s|=1

log(1− zs)

(s− ζ)2
ds

}ζ

z
f(ζ)dξdη.
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The interior integral in the latter summand is equal to

− 1

2πi

∫

|s|=1

log(1− zs)

(1− ζs)2
ds =

1

2πi

∫
|s| = 1

log(1− zs)

(1− ζs)2
ds = 0.

Hence from (2.3.12) we get (2.3.10).
On the other hand from (2.3.14), using the relation

1

2πi

∫

|ζ|=1

dζ

(ζ − s)2(1− zζ)
=

z

(1− zs)2
, s ∈ D,

we get (2.3.9). ¤.

2.4 Harmonic Green and Neumann functions
and related boundary value problems for
second order equations

Harmonic Green and Neumann functions are classical tools for treating the
Dirichlet and the Neumann boundary value problems for the Poisson equa-
tion. They both arise in a very natural way in modifying the second order
representation (2.1.23). This formula is unsymmetric. A dual formula is

w(z) = − 1

2πi

∫

∂D

w(ζ)
dζ̄

ζ − z

− 1

2πi

∫

∂D

wζ(ζ) log |ζ − z|2dζ +
1

π

∫

D

wζζ̄(ζ) log |ζ − z|2dξdη (2.4.1)

Combining (2.1.23) and (4.1.1) would give a symmetric representation. But
it would not meet the requirement to lead to solutions to proper boundary
value problems. As a motivation the simplest case of a harmonic function,
i.e. a solution to wzz̄ = 0, is considered in the unit disc.

Lemma 2.4.1 The Dirichlet problem w = 0 on ∂D for harmonic functions
in the unit disc D is only trivially solvable.

Proof. From wzz̄ = 0 the function wz is seen to be analytic. Integrating
wz shows w = ϕ + ψ̄ with analytic functions ϕ and ψ in D. Without loss of
generality ψ(0) = 0 may be assumed. From the boundary condition ϕ = −ψ̄
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on ∂D follows. This is a Dirichlet problem for ϕ. By Theorem 2.3.2 it is
solvable if and only if

0 =
1

2πi

∫

∂D

ψ(ζ)
z̄dζ

1− zζ
=

1

2πi

∫

∂D

ψ(ζ)
dζ

ζ − z
− 1

2πi

∫

∂D

ψ(ζ)
dζ

ζ
= ψ(z)− ψ(0) = ψ(z).

Hence ψ and thus ϕ vanishes in D, i.e. so does w.
This proof does not require any maximum principle. The lemma shows

that the Dirichlet problem for the Poisson equation wzz̄ = f is uniquely given.
Hence, the terms in (2.1.23) and (4.1.1) with �rst order derivatives have to
be avoided in order to get a representation formula related to the Dirichlet
problem. This is done in the particular case of the unit disc. On the basis of
the Gauss theorem

1

2πi

∫

∂D

wζ̄(ζ) log |ζ − z|2dζ̄ =
1

2πi

∫

∂D

wζ̄(ζ) log |1− zζ̄|2dζ̄ =

= − 1

π

∫

D

wζζ̄(ζ) log |1− zζ̄|2dξdη +
1

π

∫

D

wζ̄(ζ)
z̄

1− z̄ζ
dξdη

and
1

π

∫

D

wζ̄(ζ)
z̄

1− z̄ζ
dξdη =

1

π

∫

D

∂ζ̄

(
z̄w(ζ)

1− z̄ζ

)
dξdη =

1

2πi

∫

∂D

z̄w(ζ)

1− z̄ζ
dζ

Inserting this into (2.1.23) gives

w(z) =
1

2πi

∫

∂D

w(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ
−

− 1

π

∫

D

wζζ̄(ζ) log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

dξdη. (2.4.2)

The function
G1(z, ζ) = log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

is twice the Green function for the unit disc. It is harmonic in both variables
with a characteristic logarithmic singularity for z = ζ and vanishes for one
variable on the boundary. As the Poisson kernel appears in the boundary
integral (4.1.2) leads to solutions of the Dirichlet problem.
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Theorem 2.4.2 The Dirichlet problem for the Poisson equation in the unit
disc

wzz̄ = f in D, ϕ = γ on ∂D, f ∈ L1(D;C), γ ∈ C(∂D;C),

is uniquely solvable. The solution is

w(z) =
1

2πi

∫

∂D

γ(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ
− 1

π

∫

D

f(ζ)G1(z, ζ)dξdη.

(2.4.3)

To modify (2.1.9) with respect to the Neumann boundary condition again
the Gauss theorem is stressed.

1

2πi

∫

∂D

wζ(ζ) log |ζ − z|2dζ =
1

2πi

∫

∂D

wζ(ζ) log |1− zζ̄|2dζ =

1

π

∫

D

wζζ̄(ζ) log |1− zζ̄|2dξdη − 1

π

∫

D

∂ζ

[
w(ζ)

z

1− zζ̄

]
dξdη =

1

π

∫

D

wζζ̄(ζ) log |1− zζ̄|2dξdη +
1

2πi

∫

∂D

zw(ζ)

1− zζ̄
dζ̄ =

1

π

∫

D

wζζ̄(ζ) log |1− zζ̄|2dξdη − 1

2πi

∫

∂D

w(ζ)
z

ζ − z

dζ

ζ
.

Combining this with (2.1.9) shows

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ
− 1

2πi

∫

∂D

(ζwζ(ζ) + ζ̄wζ̄(ζ)) log |ζ − z|2dζ

ζ
+

+
1

π

∫

D

wζζ̄(ζ) log |(ζ − z)(1− zζ̄)|2dξdη. (2.4.4)

Here the normal derivative of w appears in the second term and

N1(z, ζ) = − log |(ζ − z)(1− zζ̄)|2

is twice the negative Neumann function of the unit disc. As the Green func-
tion it is harmonic in both variables as long as z 6∈ ζ with the characteristic
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logarithmic singularity. Its normal derivative on the boundary is for, say,
z ∈ D

(ζ∂ζ + ζ̄∂ζ̄)N1(z, ζ) = − ζ

ζ − z
+

z̄ζ

1− z̄ζ
− ζ̄

ζ − z
+

zζ̄

1− zζ̄
= −2.

The normalization condition is
1

2πi

∫

∂D

N1(z, ζ)
dζ

ζ
= − 1

πi

∫

∂D

log |1− zζ̄|2dζ

ζ
= 0.

Theorem 2.4.3 The boundary value problem for the Poisson equation in the
unit disc

wzz̄ = f in D, w = γ0, wz = γ1 on ∂D,

for f ∈ Lp(D;C), 2 < p, γ)0, γ1 ∈ C(∂D;C) is uniquely solvable if and only
if

− 1

2πi

∫

|ζ|=1

γ0(ζ)
zdζ̄

1− zζ̄
+

1

2πi

∫

|ζ|=1

γ1(ζ) log(1− zζ̄)dζ

=
1

π

∫

|ζ|<1

f(ζ) log(1− zζ̄)dξdη (2.4.5)

and
z̄

2πi

∫

|ζ|=1

γ1(ζ)
dζ

1− z̄ζ
=

z̄

π

∫

|ζ|<1

f(ζ)
dξdη

1− z̄ζ
. (2.4.6)

The solution then is

w(z) = − 1

2πi

∫

|ζ|=1

γ0(ζ)
dζ̄

ζ − z
− 1

2πi

∫

|ζ|=1

γ1(ζ) log(1− zζ̄)dζ

+
1

π

∫

|ζ|<1

f(ζ)(log |ζ − z|2 − log(1− z̄ζ))dξdη. (2.4.7)

Proof. The system

wz = ω, ωz̄ = f in D, w = γ0, ω = γ1 on ∂D

is uniquely solvable if and only if

− z

2πi

∫

|ζ|=1

γ0(ζ)
dζ̄

1− zζ̄
=

z

π

∫

|ζ|<1

ω(ζ)
dξdη

1− zζ̄
,
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z

2πi

∫

|ζ|=1

γ1(ζ)
dζ

1− z̄ζ
=

z̄

π

∫

|ζ|<1

f(ζ)
dξdη

1− z̄ζ
.

The solution then is

w(z) = − 1

2πi

∫

|ζ|=1

γ0(ζ)
dζ̄

ζ − z
− 1

π

∫

|ζ|<1

ω(ζ)
dξdη

ζ − z
,

ω(z) =
1

2πi

∫

|ζ|=1

γ1(ζ)
dζ

ζ − z
− 1

π

∫

|ζ|<1

f(ζ)
dξdη

ζ − z
.

Inserting ω into the �rst condition gives
1

π

∫

|ζ|<1

ω(ζ)
dξdη

1− zζ̄
=

1

2πi

∫

|ζ̃|=1

γ1(ζ̃)
1

π

∫

|ζ|=1

dξdη

(ζ̃ − ζ)(1− zζ̄)
dζ̃

− 1

π

∫

|ζ̃|<1

f(ζ̃)
1

π

∫

|ζ|<1

dξdη

(ζ̃ − ζ)(1− zζ̄)
dξ̃dη̃

with

− 1

π

∫

|ζ|<1

zdξdη

(ζ − ζ̃)(1− zζ̄)
= − log(1− z ¯̃ζ)− 1

2πi

∫

|ζ|=1

log(1− zζ̄)
dζ

ζ − ζ̃

= − log(1− z ¯̃ζ) +
1

2πi

∫

|ζ|=1

log(1− zζ̄)

1− ζ̃ ζ̄

dζ̄

ζ̄

= − log(1− z ¯̃ζ).

Combining the two integral representations for w and ω leads to (4.1.6) as

− 1

π

∫

|ζ|<1

ω(ζ)
dξdη

ζ − z
= − 1

2πi

∫

|ζ̃|=1

γ1(ζ̃)
1

π

∫

|ζ|<1

dξdη

(ζ̃ − ζ)(ζ − z)
dζ̃

+
1

π

∫

|ζ̃|<1

f(ζ̃)
1

π

∫

|ζ|<1

dξdη

(ζ̃ − ζ)(ζ − z)
dξ̃dη̃,

where
1

π

∫

|ζ|<1

dξdη

(ζ − z)(ζ − ζ̃)
= log |ζ̃ − z|2 − 1

2πi

∫

|ζ|=1

log |ζ − z|2 dζ

ζ − ζ̃
,
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log |ζ̃ − z|2 − 1

2πi

∫

|ζ|=1

log(1− z̄ζ)
dζ

ζ − ζ̃

+
1

2πi

∫

|ζ|=1

log(1− z̄ζ)
dζ̄

ζ̄(1− ζ̃ ζ̄)

= log |ζ − z|2 − log(1− z̄ζ̃).

Remark 2.4.4 In a similar way the problem

wzz̄ = f in D, w = γ0, wz̄ = γ1 on ∂D

with f ∈ L1(D;C), γ0, γ1 ∈ C(∂D;C), can be solved.
Integral representations may not always be used to solve related boundary

value problems as was done in the case of the Dirichlet problem with the
formula

w(z) =
1

2πi

∫

|ζ|=1

w(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
−

− 1

π

∫

|ζ|<1

wζζ̄(ζ) log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

dξdη

If w is a solution to the Poisson equation wzz̄ = f in D satisfying ∂νw = γ
on ∂D and being normalized by

1

2πi

∫

|ζ|=1

w(ζ)
dζ

ζ
= c

for proper f and γ then it may be presented as

w(z) = c− 1

2πi

∫

|ζ|=1

γ(ζ) log |ζ − z|2dζ

ζ

+
1

π

∫

|ζ|<1

f(ζ) log |(ζ − z)(1− zζ̄)|2dξdη. (2.4.8)

But this formula although providing always a solution to wzz̄ = f does not for
all γ satisfy the respective boundary behavior. Such a behavior is also known
from the Cauchy integral.
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Theorem 2.4.5 The Neumann problem for the Poisson equation in the unit
disc

wzz̄ = f in D, ∂νw = γ on ∂D,
1

2πi

∫

|ζ|=1

w(ζ)
dζ

ζ
= c, (2.4.9)

for f ∈ L1(D;C), γ ∈ C(∂D;C), c ∈ C is solvable if only if
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ
=

2

π

∫

|ζ|<1

f(ζ)dξdη. (2.4.10)

The unique solution is then given by (2.4.8).

Proof. As the Neumann function is a fundamental solution to the Laplace
operator and the boundary integral is a harmonic function, (2.4.8) provides
a solution to the Poisson equation. For checking the boundary behavior the
�rst order derivatives have to be considered. They are

wz(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(ζ − z)ζ
− 1

π

∫

|ζ|<1

f(ζ)

(
1

ζ − z
+

ζ̄

1− zζ̄

)
dξdη,

wz̄(z) =
1

2πi

∫

|ζ|=1

γ(ζ)
dζ

(ζ − zζ)
− 1

π

∫

|ζ|<1

f(ζ)

(
1

ζ − z
+

ζ

1− z̄ζ

)
dξdη,

so that
∂νw(z) =

1

2πi

∫

|ζ|=1

γ(ζ)

(
ζ

ζ − z
+

z̄

ζ − z
− 1

)
dζ

ζ

− 1

π

∫

|ζ|<1

f(ζ)

[
z

ζ − z
+

z̄

ζ − z
+

zζ̄

1− zζ̄
+

z̄ζ

1− z̄ζ

]
dξdη

=
1

2πi

∫

|ζ|=1

γ(ζ)

(
ζ

ζ − z
+

z̄

ζ − z
− 2

)
dζ

ζ

+
1

π

∫

|ζ|=1

f(ζ)

[
2− z

ζ − z
− z̄

ζ − z
− 1

1− zζ̄
− 1

1− z̄ζ

]
dξdη

For |z| = 1 this is using the property of the Poisson kernel

∂νw(z) = γ(z)− 1

2πi

∫

|ζ|=1

γ(ζ)
dζ

ζ
+

2

π

∫

|ζ|=1

f(ζ)dξdη.
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Therefore ∂νw = γ on |z| = 1 if and only if condition (2.4.9) holds. At last the
normalization condition has to be veri�ed. It follows from |ζ − z| = |1− zζ̄|
for |z| = 1 and

1

2πi

∫

|z|=1

log |1− zζ̄|2dz

z
=

1

2πi

∫

|z|=1

log(1− zζ̄)
dz

z
−

− 1

2πi

∫

|z|=1

log(1− z̄ζ)
dz̄

z̄
= 0.
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Chapter 3

Boundary value problems for the
tri-harmonic complex partial
di�erential operator in the unit
disc

In order to treat boundary value problems for second order complex partial
di�erential equations special kernel functions have to be constructed. The
most important among them are Green and Neumann functions. All of them
are certain fundamental solutions to the Laplace operator. The Green and
Neumann functions are used to solve the Dirichlet, Neumann boundary value
problems for the Poisson equation via corresponding integral representation
formulas for solutions.

3.1 Cauchy - Pompeiu representation formulas
De�nition 3.1.1 The function G(z, ζ) = (1\2)G1(z, ζ) with

G1(z, ζ) = log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

, z, ζ ∈ D, z 6= ζ, (3.1.1)

is called Green function of the Laplace operator for the unit disc.

Remark 3.1.2 The Green function has the following properties. For any
�xed ζ ∈ D as a function of z

(1) G(z, ζ) is harmonic in D\{ζ},
(2) G(z, ζ) + log |ζ − z| is harmonic in D,
(3) lim

z→t
G(z, ζ) = 0 for all t ∈ ∂D,
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(4) G(z, ζ) = G(ζ, z) for z, ζ ∈ D, z 6= ζ.

Not any domain in the complex plane has a Green function. The existence
of the Green function for a given domain D ⊂ C can be proved in the
case when the Dirichlet problem for harmonic functions is solvable for D
(see, e.g.[7]) For the unit disc the following result is shown.

Theorem 3.1.3 Any w ∈ C2(D;C) ∩ C1(D̄;C) can be represented as

w(z) =
1

2πi

∫

|ζ|=1

w(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ
− 1

π

∫

|ζ|<1

wζζ̄(ζ)G1(z, ζ)dξdη,

(3.1.2)
where G1(z, ζ) is de�ned in (3.1.1).

Formulas (2.1.19) and (2.4.1) are both unsymmetric. Adding both gives
some symmetric formula which is for the unit disc

w(z) =
1

4πi

∫

|ζ|=1

w(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z

)
dζ

ζ

− 1

4πi

∫

|ζ|=1

(ζwζ(ζ) + ζ̄wζ̄(ζ)) log |ζ − z|2dζ

ζ

+
1

π

∫

|ζ|<1

wζζ̄(ζ) log |ζ − z|2dξdη. (3.1.3)

Motivated by the procedure before, the Gauss Theorems are applied in a
symmetric way to

1

π

∫

|ζ|<1

wζζ̄(ζ) log |ζ − z|2dξdη

=
1

2π

∫

|ζ|<1

{
∂ζ [wζ̄(ζ) log |1− zζ̄|2] + ∂ζ̄ [wζ(ζ) log |1− zζ̄|2]

+∂ζ̄

[
w(ζ)

z̄

1− z̄ζ

]
+ ∂ζ

[
w(ζ)

z

1− zζ̄

]}
dξdη

=
1

4πi

∫

|ζ|=1

(ζwζ(ζ) + ζ̄wζ̄(ζ)) log |ζ − z|2dζ

ζ
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+
1

4πi

∫

|ζ|=1

w(ζ)

[
z̄ζ

1− z̄ζ
+

zζ̄

1− zζ̄

]
dζ

ζ

=
1

4πi

∫

|ζ|=1

log |ζ − z|2[ζwζ(ζ) + ζ̄wζ̄(ζ)]
dζ

ζ

+
1

4πi

∫

|ζ|=1

w(ζ)

[
z

ζ − z
+

z̄

ζ − z

]
dζ

ζ
.

Here are two possibilities. At �rst the second term in (3.1.3) can be elimi-
nated giving

w(z) =
1

2πi

∫

|ζ|=1

w(ζ)

(
ζ

ζ − z
+

ζ̄

ζ − z
− 1

)
dζ

ζ
− 1

π

∫

|ζ|<1

wζζ̄(ζ) log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

dξdη,

i.e. (2.1.19).

Theorem 3.1.4 Any function w ∈ C2(D;C) ∩ C1(D;C) can be represented
by

w(z) =
1

2πi

∫

∂D

w(ζ)∂ζ̄G1(z, ζ)dζ̄ − 1

π

∫

D

∂ζ∂ζ̄w(ζ)G1(z, ζ)dξdη (3.1.4)

Proof. Let z ∈ D and ε > 0 be so small that Dε(z) ⊂ D,

Dε(z) = {ζ ∈ C : |ζ − z| < ε}

Let us denote Dε = D\Dε(z) and consider

1

π

∫

Dε

∂ζ∂ζ̄w(ζ)G1(z, ζ)dξdη =

=
1

π

∫

Dε

{
∂ζ̄ [∂ζw(ζ)G1(z, ζ)]− ∂ζw(ζ)∂ζ̄G1(z, ζ)

}
dξdη

=
1

π

∫

Dε

{
∂ζ̄ [∂ζw(ζ)G1(z, ζ)]−

∂ζ

[
w(ζ)∂ζ̄G1(z, ζ)

]
+ w(ζ)∂ζ∂ζ̄G1(z, ζ)

}
dξdη
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=
1

2πi

∫

∂Dε

[
∂ζw(ζ)G1(z, ζ)dζ + w(ζ)∂ζ̄G1(z, ζ)dζ̄

]

+
1

π

∫

Dε

w(ζ)∂ζ∂ζ̄G1(z, ζ)dξdη

Introducing polar coordinates ζ = z + εeiθ leads to
∫

|ζ−z|=ε

w(ζ)∂ζ̄G1(z, ζ)dζ̄ =

= i

2π∫

0

w(z + εeit)

[
εze−it

1− z(z̄ + εe−it)
+ 1

]
dt

It tends to 2πiw(z) as ε → 0.
Using this formula and polar coordinates gives

∫

|ζ−z|=ε

∂ζw(ζ)G1(z, ζ)dζ =

= i

2π∫

0

∂ζw(z + εeit)eitε
[
log |1− z(z̄ + εeit)|2 − log |εeit|2] dt

which tends to zero as ε → 0. Hence

lim
ε→0

1

π

∫

Dε

∂ζ∂ζ̄w(ζ)G1(z, ζ)dξdη =
1

2πi

∫

∂D

w(ζ)∂ζ̄G1(z, ζ)dζ̄ − w(z)

This proves (3.1.4).

De�nition 3.1.5 The function N(z, ζ) = (1/2)N1(z, ζ) with
N1(z, ζ) = − log |(ζ − z)(1− zζ̄)|2, z, ζ ∈ D, z 6= ζ, (3.1.5)

is called Neumann function of the Laplace operator for the unit disc.

Remark 3.1.6 The Neumann function, sometimes [34] also called Green
function of second kind or second Green function, has the properties

(1) N(z, ζ) is harmonic in z ∈ D\{ζ},
(2) N(z, ζ) + log |ζ − z| is harmonic in z ∈ D for any ζ ∈ D,
(3) ∂νN(z, ζ) = −2 for z ∈ ∂D, ζ ∈ D,
(4) N(z, ζ) = N(ζ, z) for z, ζ ∈ D, z 6= ζ.

(5)
1

2πi

∫
|ζ|=1

N(z, ζ)
dζ

ζ
= 0.
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For convenience sometimes some factors are introduced here. Both func-
tions are related to the fundamental solution of the Laplacian. While the
Green function vanishes on the boundary, i.e. for z ∈ ∂D, ζ ∈ D, the Neu-
mann function satis�es

∂νzN1(z, ζ) = (z∂z + z̄∂z̄)N1(z, ζ) = −2.

Basic for a representation formula in terms of the Laplacian is

w(z) =
1

2πi

∫

∂D

{
w(ζ)

ζ − z
dζ + log |ζ − z|2wζ̄(ζ)dζ̄

}
+

1

π

∫

D

log |ζ−z|2∂ζ∂ζ̄w(ζ)dξdη

see [7, 9, 20]. By symmetrization this becomes

w(z) =
1

4πi

∫

∂D

{(
ζ

ζ − z
+

ζ̄

ζ − z

)
w(ζ)− log |ζ − z|2∂νζ

w(ζ)

}
dζ

ζ

+
1

π

∫

D

log |ζ − z|2∂ζ∂ζ̄w(ζ)dξdη.

Adding
1

π

∫

D

log |1− zζ̄|2∂ζ∂ζ̄w(ζ)dξdη

=
1

2π

∫

D

{
∂ζ̄

[
log |1− zζ̄|2∂ζw(ζ)

]
+ ∂ζ

[
log |1− zζ̄|2∂ζ̄w(ζ)

]

−∂ζ

[(
∂ζ̄ log |1− zζ̄|2) w(ζ)

]− ∂ζ̄

[
∂ζ log |1− zζ̄|2w(ζ)

]
+

+2∂ζ∂ζ̄

(
log |1− zζ̄|2) w(ζ)

}
dξdη

=
1

4πi

∫

∂D

{
log |1− zζ̄|2∂νζ

w(ζ) +

(
z̄ζ

1− z̄ζ
+

zζ̄

1− zζ̄

)
w(ζ)

}
dζ

ζ

leads to
w(z) =

1

2πi

∫

∂D

{
w(ζ)− log |ζ − z|2∂νζ

w(ζ)
} dζ

ζ

+
1

π

∫

D

log |(ζ − z)(1− zζ̄)|2∂ζ∂ζ̄w(ζ)dξdη.
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This representation can be written as

w(z) = − 1

4πi

∫

∂D

{
∂νζ

N1(z, ζ)w(ζ)−N1(z, ζ)∂νζ
w(ζ)

} dζ

ζ
−

− 1

π

∫

D

N1(z, ζ)∂ζ∂ζ̄w(ζ)dξdη. (3.1.6)

Theorem 3.1.7 Any w ∈ C2(D;C) ∩ C1(D;C) can be represented as

w(z) =
1

2πi

∫

|ζ|=1

w(ζ)
dζ

ζ
− 1

2πi

∫

|ζ|=1

∂νw(ζ) log |ζ − z|2dζ

ζ

− 1

π

∫

|ζ|<1

wζζ̄(ζ)N1(z, ζ)dξdη. (3.1.7)

This formula can also be written as

w(z) = − 1

4πi

∫

|ζ|=1

[w(ζ)∂νζ
N1(z, ζ)− ∂νw(ζ)N1(z, ζ)]

dζ

ζ

− 1

π

∫

|ζ|<1

wζζ̄(ζ)N1(z, ζ)dξdη. (3.1.8)

Here the normal derivative appears in the second term while a new kernel
function arises in the area integral. Formula (3.1.8) is (3.1.6). A second
proof is given for (3.1.8).

Proof. Let z ∈ D and ε > 0 be so small that Kε(z) ⊂ D,

Kε(z) = {ζ ∈ C : |ζ − z| < ε} .

We denote Dε = D\Kε(z) and consider

1

π

∫

D

N1(z, ζ)∂ζ∂ζ̄w(ζ)dξdη =

=
1

2π

∫

Dε

[
∂ζ̄ [∂ζw(ζ)N1(z, ζ)] + ∂ζ

[
∂ζ̄w(ζ)N1(z, ζ)

]−
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−∂ζw(ζ)∂ζ̄N1(z, ζ)− ∂ζ̄w(ζ)∂ζN1(z, ζ)
]
dξdη =

=
1

4πi

∫

∂Dε

N1(z, ζ)
[
∂ζw(ζ)dζ − ∂ζ̄w(ζ)dζ̄

]−

− 1

2π

∫

Dε

[
∂ζ

[
w(ζ)∂ζ̄N1(z, ζ)

]
+ ∂ζ̄ [w(ζ)∂ζN1(z, ζ)]

−2∂ζ∂ζ̄N1(z, ζ)w(ζ)
]
dξdη =

=
1

4πi

∫

∂D

N1(z, ζ)
[
∂ζw(ζ)dζ − ∂ζ̄w(ζ)dζ̄

]−

− 1

4πi

∫

|ζ−z|=ε

N1(z, ζ)
[
∂ζw(ζ)dζ − ∂ζ̄w(ζ)dζ̄

]−

− 1

4πi

∫

∂Dε

w(ζ)
[
∂ζN1(z, ζ)dζ − ∂ζ̄N1(z, ζ)dζ̄

]
=

1

4πi

∫

∂D

N1(z, ζ)
(
ζ∂ζ + ζ̄∂ζ̄

)
w(ζ)

dζ

ζ
−

− 1

4πi

∫

|ζ−z|=ε

N1(z, ζ)
[
(ζ − z)wζ + (ζ − z)wζ̄(ζ)

] dζ

ζ − z
−

1

4πi

∫

∂D

w(ζ)
(
ζ∂ζ + ζ̄∂ζ̄

)
N1(z, ζ)

dζ

ζ
+

+
1

4πi

∫

|ζ−z|

[
(ζ − z)∂ζN1(z, ζ) + (ζ − z)∂ζ̄N1(z, ζ)

]
w(ζ)

dζ

ζ − z
.

This gives formula (3.1.7), letting ε tend to zero, by the same arguments as
have been used in the proof of Theorem 3.1.4.

Integral representation formula (3.1.7) is used to solve the Neumann prob-
lem for the Poisson equation, see Theorem 2.4.5
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3.2 A tri-harmonic Green function for the unit
disc

A tri-harmonic Green function is constructed in an explicit way for the unit
disc of the complex plane by convoluting the harmonic with a bi-harmonic
Green function. With this Green function an integral representation formula
is developed for the try-harmonic operator. The Green function is the tool
to solve the Dirichlet problem for the Poisson equation

∂z∂z̄w = f in D,w = γ on ∂D,

where f ∈ Lp(D;C), 2 < p, γ ∈ C(∂D;C). The solution is unique and given
by

w(z) = − 1

4π

∫

∂D

∂vζ
G1(z, ζ)γ(ζ)dsζ − 1

π

∫

D

G1(z, ζ)f(ζ)dξdη, (3.2.1)

where ∂vζ
denotes the outward normal derivative and sζ the arc length pa-

rameter on ∂D with respect to the variable ζ. The kernel −1

2
∂vζ

G1(z, ζ) is
the Poisson kernel. In case of the unit disk D = D = {|z| < 1} it is

g1(z, ζ) =
1

1− zζ̄
+

1

1− z̄ζ
− 1

as in that case
G1(z, ζ) = log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

.

Despite of it's singularity G1(z, ζ) can be inserted instead of f(z) in the area
integral in (3.2.1). Denoting

Ĝ2(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃ (3.2.2)

and comparing this with formula (3.2.1) obviously Ĝ2(·, ζ) is the solution to
the Dirichlet problem

∂z∂ z̄Ĝ2(z, ζ) = G1(z, ζ) in D, Ĝ2(z, ζ) = 0 on ∂D

for any ζ ∈ D . That (3.2.2) in fact is the solution to this problem can be
shown by considering

− 1

π

∫

Dε

G1(z, ζ̃)∂ζ̃∂ ¯̃
ζ
Ĝ2(ζ̃ , ζ)dξ̃dη̃,
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where Dε = {ζ̃ ∈ D : ε1 < |ζ̃ − ζ|, ε2 < |ζ̃ − z|} for small enough, positive
ε = (ε1, ε2). Applying the Gauss theorem and letting the ε′s tend to zero
then (3.2.2) follows.

Evaluating (3.2.2) for D = D shows

Ĝ2(z, ζ) = |ζ − z|2 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

+

+
(
1− |z|2) (

1− |ζ|2)
[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]
(3.2.3)

This biharmonic Green function di�ers from [3, 4, 6, 7, 8]

G2(z, ζ) = |ζ − z|2 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

− (
1− |z|2) (

1− |ζ|2) , (3.2.4)

which is also a biharmonic Green function but not a primitive of G1(z, ζ)
with respect to the Laplasian ∂z∂z̄. Both these functions satisfy

• they are biharmonic in z ∈ D\{ζ} for any ζ ∈ D,
• adding |ζ − z|2 log |ζ − z|2 produces a biharmonic function in z ∈ D for

any ζ ∈ D,
• they are symmetric in z and ζ for z 6= ζ.

However their boundary behaviors di�er. While
Ĝ2(z, ζ) = 0, ∂z∂z̄Ĝ2(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D
instead
G2(z, ζ) = 0, ∂vζ

G2(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D
hold. From

Ĝ2(z, ζ) = − 1

π

∫

D

[
log |ζ̃ − z|2 log |ζ̃ − ζ|2 − log |ζ̃ − z|2h1(ζ̃ , ζ)−

log |ζ̃ − ζ|2h1(z, ζ̃) + h1(z, ζ̃)h1(ζ̃ , ζ)
]
dξ̃dη̃

it is seen that

Ĝ2(z, ζ) = −|ζ − z|2 log |ζ − z|2 + h2(z, ζ)

with a biharmonic h2(z, ζ). This follows because − log |ζ − z|2 is a funda-
mental solution to the Laplace operator ∂z∂z̄ and

∂z∂z̄|ζ − z|2 [
log |ζ − z|2 − 2

]
= log |ζ − z|2.

47



Hence, Ĝ2(z, ζ) is a smooth function, moreover it is obviously symmetric.
Let

ĝ2(z, ζ) = −1

2
∂νζ

Ĝ2(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)g1(ζ̃ , ζ)dξ̃dη̃.

For D = D the ĝ2 is explicitly given as

ĝ2(z, ζ) = (1− |z|2)
[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ
+ 1

]
,

see [17]. Proceeding with Ĝ2(z, ζ) as before with G1(z, ζ) leads to

Ĝ3(z, ζ) = − 1

π

∫

D

G1(z, ζ)Ĝ2(ζ̃ , ζ)dξ̃dη̃

For the unit disc it is

Ĝ3(z, ζ) =
1

4
|ζ − z|4 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

+ h3(z, ζ).

Applying the Gauss theorems in complex form for a regular domain D and
a continuously di�erentiable function w repeatedly leads to

1

π

∫

D

(∂ζ∂ζ̄)
3w(ζ)Ĝ3(z, ζ)dξdη =

1

π

∫

D

{∂ζ̄

[
∂3

ζ∂
2
ζ̄w(ζ)Ĝ3(z, ζ)

]
−

−∂3
ζ∂

2
ζ̄w(ζ)∂ζ̄Ĝ3(z, ζ)}dξdη =

1

2πi

∫

∂D

∂3
ζ∂

2
ζ̄w(ζ)Ĝ3(z, ζ)dζ−

− 1

π

∫

D

{∂ζ [∂
2
ζ∂

2
ζ̄ w(ζ)∂ζ̄Ĝ3(z, ζ)]− ∂2

ζ∂
2
ζ̄w(ζ)∂ζ∂ζ̄Ĝ3(z, ζ)}dξdη =

=
1

2πi

∫

∂D

∂2
ζ∂

2
ζ̄ w(ζ)∂ζ̄Ĝ3(z, ζ)d ζ̄ +

1

π

∫

D

∂2
ζ∂

2
ζ̄w(ζ)Ĝ2(z, ζ)dξdη =

=
1

2πi

∫

∂D

(∂ζ∂ζ̄)
2w(ζ)∂ζ̄Ĝ3(z, ζ)d ζ̄ +

1

2πi

∫

∂D

[g1(z, ζ)w(ζ)+

+ĝ2(z, ζ)wζζ̄(ζ)]
dζ

ζ
− w(ζ),

i.e.

w(z) =
1

2πi

∫

∂D

[
g1(z, ζ)w(ζ) + ĝ2(z, ζ)wζζ̄ − ζ̄∂ζ̄Ĝ3(z, ζ)(∂ζ∂ζ̄)

2w(ζ)
] dζ

ζ
−
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− 1

π

∫

D

Ĝ3(z, ζ)(∂ζ∂ζ̄)
3w(ζ)dξdη, (3.2.5)

and similarly

1

π

∫

D

(∂ζ∂ζ̄)
3w(ζ)Ĝ3(z, ζ)dξdη =

1

π

∫

D

{∂ζ [∂
2
ζ∂

3
ζ̄w(ζ)Ĝ3(z, ζ)]−

−∂2
ζ∂

3
ζ̄w(ζ)∂ζĜ3(z, ζ)}dξdη = − 1

2πi

∫

∂D

∂2
ζ∂

3
ζ̄w(ζ)Ĝ3(z, ζ)dζ̄−

− 1

π

∫

D

{(∂ζ∂ζ̄)
2w(ζ)Ĝ3(z, ζ)}dξdη =

= − 1

2πi

∫

∂D

∂2
ζ ∂

2
ζ̄w(ζ)∂ζĜ3(z, ζ)dζ +

1

π

∫

D

(∂ζ∂ζ̄)
2w(ζ)Ĝ2(z, ζ)dξdη,

so that

w =
1

2πi

∫

∂D

[g1(z, ζ)w(ζ) + ĝ2(z, ζ)wζζ̄(ζ)− ζ∂ζĜ3(z, ζ)(∂ζ∂ζ̄)
2w(ζ)]

dζ

ζ
−

− 1

π

∫

D

Ĝ3(z, ζ)(∂ζ∂ζ̄)
3w(ζ)dξdη (3.2.6)

From (3.2.5) and (3.2.6) follows

w(z) =
1

2πi

∫

∂D

[g1(z, ζ)w(ζ) + ĝ2(z, ζ)wζζ̄(ζ)−

−1

2
(ζ∂ζ + ζ̄∂ζ̄)Ĝ3(z, ζ)(∂ζ∂ζ̄)

2w(ζ)]
dζ

ζ
− 1

π

∫

D

Ĝ3(z, ζ)(∂ζ∂ζ̄)
3w(ζ)dξdη

Then using the Cauchy-Pompeiu formula

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ̄(ζ)
dξdη

ζ − z

results in a representation formula. So, we have
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Lemma 3.2.1 Any w ∈ C4(D; C) ∩ C2(D̄; C) is representable by

w(z) =
1

2πi

∫

∂D

[g1(z, ζ)w(ζ) + ĝ2(z, ζ)wζζ̄(ζ) + ĝ3(z, ζ)wζζ̄ζζ̄(ζ)]
dζ

ζ
−

(3.2.7)

− 1

π

∫

D

Ĝ3(z, ζ)(∂ζ∂ζ̄)
3w(ζ)dξdη,

where, see [17]
g1(z, ζ) =

1

1− zζ̄
+

1

1− z̄ζ
− 1,

ĝ2(z, ζ) = (1− |z2|)
[

1

zζ̄
log(1− zζ̄) +

1

z̄ζ
log(1− z̄ζ) + 1

]
,

ĝ3(z, ζ) = (1− |z|2)
[ ∞∑

k=2

1

k2

(
(zζ̄)k−1 + (z̄ζ)k−1

)
+ 1

]
−

−1− |z|4
2

[ ∞∑

k=2

1

k(k + 1)

(
(zζ̄)k−1 + (z̄ζ)k−1

)
+

1

2

]
,

Ĝ3(z, ζ) = − 1

π

∫

D

G1(z, ζ)Ĝ2(ζ̃ , ζ)dξ̃dη̃.

This representation provides the solution to the Dirichlet problem.

Theorem 3.2.2 The Dirichlet problem for the inhomogeneous tri-harmonic
equation

(∂z∂z̄)
3w = f in D,

w = γ0, wzz̄ = γ1, wzz̄zz̄ = γ2 on ∂D

is uniquely solvable for f ∈ Lp(D; C), 2 < p, γ0, γ1, γ2 ∈ C(∂D;C) by

w(z) =
1

2πi

∫

∂D

[g1(z, ζ)γ0(ζ) + ĝ2(z, ζ)γ1(ζ) + ĝ3(z, ζ)γ2(ζ)]
dζ

ζ
−

− 1

π

∫

D

Ĝ3(z, ζ)f(ζ)dξdη
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The tri-harmonic function has the properties
•Ĝ3(z, ζ) is tri-harmonic for z ∈ D\{ζ}

•Ĝ3(z, ζ) =
1

4
|ζ − z|4 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

+h3(z, ζ) =
1

4
|ζ−z|4G1(zζ)+h3(z, ζ),

where h3(z, ζ) is tri-harmonic for z ∈ D, ζ ∈ D

•Ĝ3(z, ζ) = 0, ∂z∂z̄Ĝ3(z, ζ) = Ĝ2(z, ζ) = 0,

(∂z∂z̄)
2Ĝ3(z, ζ) = Ĝ1(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D

•Ĝ3(z, ζ) = Ĝ3(ζ, z), z, ζ ∈ D, z 6= ζ.
From these properties follow

h3(z, ζ) = Ĝ3(z, ζ)− 1

4
|ζ − z|4 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣ = 0 for z ∈ ∂D, ζ ∈ D

∂z∂z̄h3(z, ζ) =
1

2
(1− |ζ|2)(|ζ − z|2 + 1− |ζ|2),

(∂z∂z̄)
2h3(z, ζ) = (1−|ζ|2)

[
1

1− zζ̄
+

1

1− z̄ζ

]
+

1

2
(1−|ζ|2)2

[
1

(1− zζ̄)2
+

1

(1− z̄ζ)2

]
.

This function can be found by the next result, see [10].
Theorem 3.2.3 The Dirichlet-2 problem

(∂z∂z̄)
2w = f in D, w = γ0, wzz̄ = γ2 on ∂D

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ0, γ2 ∈ C(∂D;C) by

w(z) =
1

2πi

∫

∂D

[g1(z, ζ)γ0(ζ) + ĝ2(z, ζ)γ2(ζ)]
dζ

ζ
−

− 1

π

∫

D

Ĝ2(z, ζ)f(ζ)dξdη. (3.2.8)

Here
ĝ2(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)g1(ζ̃ , ζ)dξ̃dη̃ =

= (1− |z|2)
[

log(1− zζ̃)

zζ̄
+

log(1− z̄ζ)

z̄ζ
+ 1

]

is satisfying
∂z∂z̄ĝ2(z, ζ) = g1(z, ζ) for z, ζ ∈ D, ĝ2(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D.
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In order to �nd the tri-harmonic function h3(z, ζ) use Theorem3.2.3.
Then the solution will be found in the form

h3(z, ζ) =
1

2πi

∫

∂D

{g1(z, ζ̃)h3(ζ̃ , ζ) + ĝ2(z, ζ̃)∂ζ̃∂ ¯̃
ζ
h3(ζ̃ , ζ)}dζ̃

ζ̃
−

− 1

π

∫

D

Ĝ2(z, ζ̃)(∂ζ̃∂ ¯̃
ζ
)2h3(ζ̃ , ζ)dξ̃dη̃ =

=
1

2πi

∫

∂D

g1(z, ζ̃)h3(ζ̃ , ζ)
dζ̃

ζ̃
+

1

2πi

∫

∂D

ĝ2(z, ζ̃)∂ζ̃∂ ¯̃
ζ
h3(ζ̃ , ζ)

dζ̃

ζ̃
−

− 1

π

∫

D

Ĝ2(z, ζ̃)(∂ζ̃∂ ¯̃
ζ
)2h3(ζ̃ , ζ)dξ̃dη̃ =

=
1

2πi

∫

∂D

(1− |z|2)
[

log(1− z ¯̃ζ)

z ¯̃ζ
+

log(1− z̄ζ̃)

z̄ζ̃
+ 1

]
1

2
(1− |ζ|2)

[
|1− ζ ¯̃ζ|2+

+1− |ζ|2] dζ̃

ζ̃
− 1

π

∫

D

Ĝ2(z, ζ̃)

[
(1− |ζ|2)

(
1

1− ζ̃ ζ̄
+

1

1− ¯̃ζζ

)
+

+
1

2
(1− |ζ|2)2

(
1

(1− ζ̃ ζ̄)2
+

1

(1− ¯̃ζζ)2

)]
dξ̃dη̃,

where
1

2πi

∫

∂D

g1(z, ζ̃)h3(ζ̃ , ζ)
dζ̃

ζ̃
= 0,

because h3(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D.

So, we solve the boundary integral

1

2πi

∫

∂D

{
(1− |z|2)

[
log(1− z ¯̃ζ)

z ¯̃ζ
+

log(1− z̄ζ̃)

z̄ζ̃
+ 1

]
×

×1

2
(1− |ζ̄|2)

[
|1− ζ ¯̃ζ|2 + 1− |ζ|2

]} dζ̃

ζ̃
=

=
1

4

(
1− |z|2) (

1− |ζ|2) (zζ̄ + z̄ζ)− (
1− |z|2) (

1− |ζ|2) .
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In the next step, we are solving the area integral

− 1

π

∫

D

Ĝ2(z, ζ̃)

[
(1− |ζ|2)

(
1

1− ζ̃ ζ̄
+

1

1− ¯̃ζζ

)
+

+
1

2
(1− |ζ|2)2

(
1

(1− ζ̃ ζ̄)2
+

1

(1− ¯̃ζζ)2

)]
dξ̃dη̃

In order to evaluate this integral, it is divided into two integrals:

1.− 1

π

∫
D

Ĝ2(z, ζ̃)

[
(1− |ζ|2)

(
1

1− ζ̃ ζ̄
+

1

1− ¯̃ζζ

)]
dξ̃dη̃ =

= −1

2
(1− |z|4)(1− |ζ|2)

{(
1

(zζ̄)2
− 1

zζ̄

)
log(1− zζ̄)+

+

(
1

(z̄ζ)2
− 1

z̄ζ

)
log(1− z̄ζ) +

1

zζ̄
+

1

z̄ζ

}
+

+(1− |z|2)(1− |ζ|2)
∞∑

k=1

1

k2

[
(zζ̄)k−1 + (z̄ζ)k−1

]
;

2.− 1

π

∫
D

Ĝ2(z, ζ̃)

[
1

2
(1− |ζ|2)2

(
1

(1− ζ̃ ζ̄)2
+

1

(1− ¯̃ζζ)2

)]
dξ̃dη̃ =

=
1

4
(1− |z|4) (1− |ζ|2)2

[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]
−

−1

2
(1− |z|2) (1− |ζ|2)2

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]
.

Hence

− 1

π

∫

D

Ĝ2(z, ζ̃)

[
(1− |ζ|2)

(
1

1− ζ̃ ζ̄
+

1

1− ¯̃ζζ

)
+

+
1

2
(1− |ζ|2)2

(
1

(1− ζ̃ ζ̄)2
+

1

(1− ¯̃ζζ)2

)]
dξ̃dη̃ =

= −1

2
(1− |z|4)(1− |ζ|2)

{(
1

(zζ̄)2
− 1

zζ̄

)
log(1− zζ̄)+

+

(
1

(z̄ζ)2
− 1

z̄ζ

)
log(1− z̄ζ) +

1

zζ̄
+

1

z̄ζ

}
+

+(1− |z|2)(1− |ζ|2)
∞∑

k=1

1

k2

[
(zζ̄)k−1 + (z̄ζ)k−1

]
+
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+
1

2
(1− |z|4) (

1− |ζ|2)2
[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]
−

−(1− |z|2) (
1− |ζ|2)2

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]

Hence, we get

h3(z, ζ) =
1

4
(1− |z|2)(1− |ζ|2)(zζ̄ + z̄ζ)− (1− |z|2)(1− |ζ|2)−

−1

2
(1− |z|4)(1− |ζ|2)

{(
1

(zζ̄)2
− 1

zζ̄

)
log(1− zζ̄)+

+

(
1

(z̄ζ)2
− 1

z̄ζ

)
log(1− z̄ζ) +

1

zζ̄
+

1

z̄ζ

}
+

+(1− |z|2)(1− |ζ|2)
∞∑

k=1

1

k2

[
(zζ̄)k−1 + (z̄ζ)k−1

]
+

+
1

4
(1− |z|4) (

1− |ζ|2)2
[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]
−

−1

2
(1− |z|2) (

1− |ζ|2)2
[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]

Simplifying this expression, we get

h3(z, ζ) =
1

4
(1− |z|2)(1− |ζ|2)(zζ̄ + z̄ζ − 4)−

−1

4
(1− |z|4)(1− |ζ|4)

[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]

+
1

2
(1− |z|2)(1− |ζ|2)(|z|2 + |ζ|2)

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]

+(1− |z|2)(1− |ζ|2)
∞∑

k=1

1

k2

[
(zζ̄)k−1 + (z̄ζ)k−1

]

+
1

4
(1− |z|4) (

1− |ζ|2)2
[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]
−
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−1

2
(1− |z|2) (

1− |ζ|2)2
[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]

Thus, we receive the following result

Ĝ3(z, ζ) =
1

4
|ζ − z|4 log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

+ h3(z, ζ) =

=
1

4
|ζ − z|4G1(z, ζ) +

1

4
(1− |z|2)(1− |ζ|2)(zζ̄ + z̄ζ − 4)−

−1

4
(1− |z|4)(1− |ζ|4)

[
log(1− zζ̄)

(zζ̄)2
+

log(1− z̄ζ)

(z̄ζ)2
+

1

zζ̄
+

1

z̄ζ

]
+

+
1

2
(1− |z|2)(1− |ζ|2)(|z|2 + |ζ|2)

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]
+

+(1− |z|2)(1− |ζ|2)
∞∑

k=1

1

k2

[
(zζ̄)k−1 + (z̄ζ)k−1

]
.

So, by iteration, using the solution to the Dirichlet problem for harmonic
and bi-harmonic functions we received the solution to the Dirichlet problem
for the tri-harmonic equation in form the (3.2.7).

3.3 A tri-harmonic Neumann function for the
unit disc

While the Green function for the Laplacian of the unit disc is given as

G1(z, ζ) = log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

,

the Neumann function is

N1(z, ζ) = − log |(ζ − z)(1− zζ̄)|2.
Both functions are related to the fundamental solution of the Laplacian.
While the Green function vanishes on the boundary, i.e. for z ∈ ∂D, ζ ∈ D,
the Neumann function satis�es

∂νzN1(z, ζ) = (z∂z + z̄∂z̄)N1(z, ζ) = −2.

Neumann boundary conditions are given via outer normal derivatives ∂ν . For
the unit disc this is

∂ν = z∂z + z̄∂z̄.
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Typical for Neumann problems is that they are in general not well-posed.
They are neither always solvable nor uniquely solvable. As well solvability
conditions have to be determined as normalization conditions to be posed.
The bi-harmonic Neumann function has the form, see [25, 26]

−N2(z, ζ) = |ζ − z|2 [
log |(ζ − z)(1− zζ̄)|2 − 4

]
+ 4

+∞∑

k=2

(zζ̄)k + (z̄ζ)k

k2
+

+2
[
zζ̄ + z̄ζ

]
log |1− zζ̄|2 − (1 + |z|2)(1 + |ζ|2)

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]

and satis�es the Neumann problem

∂z∂z̄N2(z, ζ) = N1(z, ζ) in D for �xed ζ ∈ D,

∂νzN2(z, ζ) = 2(1− |ζ|2) on ∂D for �xed ζ ∈ D,

and the normalization condition
1

2πi

∫

∂D

N2(z, ζ)
dz

z
= 0.

Moreover, N2 is symmetric in z and ζ, N2(z, ζ) = N2(ζ, z).

Theorem 3.3.1 The Neumann problem

(∂z∂z̄)
2w = f in D, ∂νw = γ0, ∂ν∂z∂z̄w = γ1 on ∂D,

1

2πi

∫

|ζ|=1

w(ζ)
dζ

ζ
= c0,

1

2πi

∫

|ζ|=1

wζζ̄(ζ)
dζ

ζ
= c1

for f ∈ Lp(D,C), 2 < p, γ0, γ1 ∈ C(∂D;C), c0, c1 ∈ C is uniquely solvable if
and only if

1

2πi

∫

|ζ|=1

γ0(ζ)
dζ

ζ
= 2c1 − 2

π

∫

|ζ|<1

(1− |ζ|2)f(ζ)dξdη

and
1

2πi

∫

|ζ|=1

γ1(ζ)
dζ

ζ
=

2

π

∫

|ζ|<1

f(ζ)dξdη.

The solution is given as

w(z) = c0 − (1− |z|2)c1 +
1

4πi

∫

|ζ|=1

{N1(z, ζ)γ0(ζ) + N2(z, ζ)γ1(ζ)} dζ

ζ
−
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− 1

π

∫

|ζ|<1

N2(z, ζ)f(ζ)dξdη. (3.3.1)

De�nition 3.3.2 The Neumann-3 function for the unit disc D is

N3(z, ζ) = −1

4
|ζ − z|4 log |(ζ − z)(1− zζ̄)|2 + n3(z, ζ),

Where n3(z, ζ) is tri-harmonic in both variables with proper boundary behav-
ior. The properties of the third Neumann function are

∂z∂z̄N3(z, ζ) = N2(z, ζ) in D\{ζ} for ζ ∈ D,

∂νN3(z, ζ) = −1

2
(1− |ζ|2)2 − 1

2
∂νN2(z, ζ) on ∂D for ζ ∈ D,

where
∂νzN2(z, ζ) = 2(1− |ζ|2) on ∂D for ζ ∈ D,

so that
∂νzN3(z, ζ) = −

[
1

2
(1− |ζ|2)2 + (1− |ζ|2)

]
,

1

2πi

∫

|z|=1

N3(z, ζ)
dz

z
= 0 for ζ ∈ D,

N3(z, ζ) = N3(ζ, z) for z, ζ ∈ D.

It is important that the normal derivative of N3(z, ζ) with respect to z
does depend on ζ but not on z. In order to �nd N3(z, ζ) in a proper way
some particular Neumann problems are investigated.
Calculating
n3(z, ζ) = N3(z, ζ) +

1

4
|ζ − z|4 log |(ζ − z)(1− zζ̄)|2;

∂zn3(z, ζ) = ∂zN3(z, ζ)− 1

2
(ζ − z)(ζ − z)2 log |(ζ − z)(1− zζ̄)|2−

−1

4
|ζ − z|4

(
1

ζ − z
+

ζ̄

1− zζ̄

)
,

∂z∂z̄n3(z, ζ) = N2(z, ζ) + |ζ − z|2 log |(ζ − z)(1− zζ̄)|2 + 2|ζ − z|2−

−1

2
|ζ − z|2(1− |ζ|2)

(
1

1− zζ̄
+

1

1− z̄ζ

)
,
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(∂z∂z̄)
2n3(z, ζ) = 6− (1− |ζ|2)

(
1

1− zζ̄
+

1

1− z̄ζ

)
−

−1

2
(1− |ζ|2)2

(
1

(1− z̄ζ)2
+

1

(1− z̄ζ)2

)
,

for |z| = 1 then

∂νn3(z, ζ) = −1

2
(1− |ζ|2)2 − (1− |ζ|2)+

+
1

2
|ζ − z|2(2− zζ̄ − z̄ζ) log |(ζ − z)(1− zζ̄)|2 +

1

2
|ζ − z|4,

∂ν∂z∂z̄n3(z, ζ) = 4(2− zζ̄ − z̄ζ)+2(2− zζ̄ − z̄ζ) log |1− zζ̄|2− (1− |ζ|2)+

+
1

2
(1− |ζ|2)(2− zζ̄ − z̄ζ)− (1− |ζ|2)

(
1− z̄ζ

1− zζ̄
+

1− zζ̄

1− z̄ζ

)

follows.
Next the �rst solvability conditions of Theorem 3.3.2 is veri�ed.

1

2πi

∫

|z|=1

∂νn3(z, ζ)
dz

z
= 2c1 − 2

π

∫

|z|<1

(1− |z|2)∂z∂z̄n3(z, ζ)dxdy

At the beginning consider the left-hand side

1

2πi

∫

|z|=1

∂νn3(z, ζ)
dz

z
=

1

2πi

∫

|z|=1

{
−1

2
(1− |ζ|2)2 − (1− |ζ|2)+

+
1

2
|ζ − z|2(2− zζ̄ − z̄ζ) log |(ζ − z)(1− zζ̄)|2 +

1

2
|ζ − z|4

}
dz

z
=

= −1

2
(1− |ζ|2)2− (1− |ζ|2) + 3|ζ|2 +

1

2
|ζ|4 + 3|ζ|2 +

1

2
|ζ|4 + 1 + 4|ζ|2 + |ζ|4 =

= 10|ζ|2 + |ζ|4 − 1.
Also to solve the right-side of the condition, namely:

2c1 − 2

π

∫

|z|<1

(1− |z|2)∂z∂z̄n3(z, ζ)dxdy

where
c1 =

1

2πi

∫

|z|=1

∂z∂z̄n3(z, ζ)
dz

z
=
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=
1

2πi

∫

|ζ|=1

{
N2(z, ζ) + |ζ − z|2 log |(ζ − z)(1− zζ̄)|2

+2|ζ − z|2 − 1

2
|ζ − z|2(1− |ζ|2)

[
1

1− zζ̄
+

1

1− z̄ζ

]}
dz

z
=

= 4|ζ|2 + 2 + 2|ζ|2 − 1

2
(1− |ζ|2)− 1

2
(1− |ζ|2) = 7|ζ|2 + 1

and solving separately:

2

π

∫

|z|<1

(1− |z|2)(∂z∂z̄)
2n3(z, ζ)dxdy =

=
2

π

∫

|z|<1

(1− |z|2)
{

6− (1− |ζ|2)
(

1

1− zζ̄
+

1

1− z̄ζ

)

−1

2
(1− |ζ|2)2

(
1

(1− z̄ζ)2
+

1

(1− zζ̄)2

)}
dxdy =

= 6− 2(1− |ζ|2)− (1− |ζ|2)2 = 3 + 4|ζ|2 − |ζ|4

it follows that

2c1 − 2

π

∫

|ζ|<1

(1− |z|2)(∂z∂z̄)
2n3(z, ζ)dξdη = 10|ζ|2 + |ζ|4 − 1.

We have proved the validity of the �rst condition:

10|ζ|2 + |ζ|4 − 1 = 10|ζ|2 + |ζ|4 − 1.

In the next step we verify the second solvability condition of Theorem
3.3.2:

1

2πi

∫

|z|=1

∂ν∂z∂z̄n3(z, ζ)
dz

z
=

2

π

∫

|z|<1

(∂z∂z̄)
2n3(z, ζ)dxdy.

The left-hand side is
1

2πi

∫

|z|=1

∂ν∂z∂z̄n3(z, ζ)
dz

z
=

=
1

2πi

∫

|z|=1

{
4(2− zζ̄ − z̄ζ) + 2(2− zζ̄ − z̄ζ) log |1− zζ̄|2 − (1− |ζ|2)+
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+
1

2
(1− |ζ|2)(2− zζ̄ − z̄ζ)− (1− |ζ|2)

(
1− z̄ζ

1− zζ̄
+

1− zζ̄

1− z̄ζ

)}
dz

z
=

= 8 + 4|ζ|2 − (1− |ζ|2)2 − (1− |ζ|2)(1− |ζ|2) = 6 + 8|ζ|2 − 2|ζ|4.

Then evaluating the right-hand side of the condition shows

2

π

∫

|ζ|<1

(∂z∂z̄)
2n3(z, ζ)dxdy =

=
2

π

∫

|ζ|<1

{
6− (1− |ζ|2)

(
1

1− zζ̄
+

1

1− z̄ζ

)
−

−1

2
(1− |ζ|2)2

(
1

(1− zζ̄)2
+

1

(1− z̄ζ)2

)}
dxdy =

= 12−4(1−|ζ|2)−2(1−|ζ|2)2 = 8+4|ζ|2−2+4|ζ|2−2|ζ|4 = 6+8|ζ|2−2|ζ|4.
Hence the second conditions is satis�ed, i.e.

6 + 8|ζ|2 − 2|ζ|4 = 6 + 8|ζ|2 − 2|ζ|4

In order to �nd the solution of Theorem 3.3.2, we also must calculate

c0 =
1

2πi

∫

|ζ|=1

n3(z, ζ)
dζ

ζ
=

=
1

2πi

∫

|ζ|=1

{
N3(z, ζ) +

1

4
|ζ − z|4 log |(ζ − z)(1− zζ̄)|2

}
dζ

ζ

Evaluating this integral shows c0 = 2|ζ|2 − 3

2
|ζ|4.

Thus we have veri�ed all the necessary and su�cient conditions of solv-
ability of Theorem 3.3.2.
According to Theorem 3.3.2 the function n3(z, ζ) is given as

n3(z, ζ) = c0 + (1− |z|2)c1 − 1

4πi

∫

˜|ζ|=1

{
N1(z, ζ̃)∂νn3(ζ̃ , ζ)+
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+N2(z, ζ̃)∂ν∂ζ̃∂ ¯̃
ζ
n3(ζ̃ , ζ)

} dζ̃

ζ̃
− 1

π

∫

|ζ|<1

N2(z, ζ̃)f(ζ̃)dξ̃dη̃ =

= 2|ζ|2 − 3

2
|ζ|4 + (1− |z|2)(7|ζ|2 + 1) +

1

4πi

∫

|ζ̃|=1

{(
log |(ζ̃ − z)(1− z ¯̃ζ)2|

)

×
(
−1

2
(1− |ζ|2)2 − (1− |ζ|2) +

1

2
|ζ − ζ̃|2(2− ζ ¯̃ζ − ζ̄ ζ̃) log |(ζ − ζ̃)(1− ζ̃ ζ̄)|2+

+
1

2
|ζ − ζ̃|4

)}
dζ̃

ζ̃
+

1

4πi

∫

|ζ|=1

{(
|ζ̃ − z|2[log |(ζ̃ − z)(1− z ¯̃ζ)|2 − 4]+

+4
+∞∑

k=2

(z ¯̃ζ)k + (z̄ζ̃)k

k2
+ 2(z ¯̃ζ + z̄ζ̃) log |1− z ¯̃ζ|2 − (1 + |z|2)(1 + |ζ|2)

[
log(1− z ¯̃ζ)

z ¯̃ζ
+

+
log(1− z̄ζ̃)

z̄ζ̃

])(
4(2− ζ̃ ζ̄ − ¯̃ζζ) + 2(2− ζ̃ ζ̄ − ¯̃ζ) log |1− ζ̃ ζ̄|2 − (1− |ζ|2)+

+
1

2
(1− |ζ|2)(2− ζ̃ ζ̄ − ¯̃ζζ)− (1− |ζ|2)

(
1− ¯̃ζζ

1− ζ̃ ζ̄
+

1− ζ̃ ζ̄

1− ¯̃ζζ

))}
dζ̃

ζ̃
−

+
1

π

∫

|ζ|<1

{(
|ζ̃ − z|2[log |(ζ̃ − z)(1− z ¯̃ζ)|2 − 4] + 4

+∞∑

k=2

(z ¯̃ζ)k + (z̄ζ̃)k

k2
+

+2(z ¯̃ζ + z̄ζ̃) log |1− z ¯̃ζ|2 − (1 + |z|2)(1 + |ζ|2)
[

log(1− z ¯̃ζ)

z ¯̃ζ
+

+
log(1− z̄ζ̃)

z̄ζ̃

])
(6− (1− |ζ|2)

(
1

1− ζ̃ ζ̄
+

1

1− ¯̃ζζ

)
−

−1

2
(1− |ζ|2)2

(
1

(1− ¯̃ζζ)2
+

1

(1− ζ̃ ζ̄)2

))}
dξ̃dη̃.

3.4 Tri-harmonic hybrid Green-Neumann func-
tions for the unit disc

Convolution of the biharmonic Green and the harmonic Neumann functions
leads to a hybrid tri-harmonic Green function, also harmonic Green and the
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biharmonic Neumann functions lead to a hybrid tri-harmonic Neumann func-
tion. Related boundary conditions are of Dirichlet-Neumann and Neumann-
Dirichlet type. On the basis of the biharmonic Green function given by
Almansi [6] two dual Dirichlet problems and a Dirichlet-Neumann problem
arise.
Biharmonic Green and Neumann functions can be easily attained by convo-
lution of the harmonic ones, see [14, 26, 27].

De�nition 3.4.1 Let for z, ζ ∈ D, z 6= ζ,

H2(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)N1(ζ̃ , ζ)dζ̃dη̃

This function is called a hybrid biharmonic Green function.

This hybrid biharmonic Green function is seen to be the solution to the
Neumann problem

∂ζ∂ζ̄H2(z, ζ) = G1(z, ζ) in D, ∂νζ
H2(z, ζ) = 2(1− |z|2),

1

2πi

∫

∂D

H2(z, ζ)
dζ

ζ
= 0.

That the solvability condition (2.4.10) to this problem holds follows from
(2.4.3) applied to the function 1− |z|2 in D.

The characterizing properties of this function are
•(∂z∂z̄)

2H2(z, ζ) = 0 for z ∈ D\(ζ), ζ ∈ D
•(∂z∂z̄)

2 [H2(z, ζ) + |ζ − z|2 log |ζ − z|2] = 0 for z, ζ ∈ D
•H2(z, ζ) = 0, ∂νz∂z∂z̄H2(z, ζ) = −2 for z ∈ ∂D, ζ ∈ D
•(∂z∂z̄)

2H2(z, ζ) = 0 for ζ ∈ D\(z), z ∈ D
•(∂ζ∂ζ̄)

2 [H2(z, ζ) + |ζ − z|2 log |ζ − z|2] = 0 for z, ζ ∈ D
•∂νζ

H2(z, ζ) = 2(1− |z|2), ∂ζ∂ζ̄H2(z, ζ) = 0 for ζ ∈ ∂D, z ∈ D.
Evaluating the integrals shows

H2(z, ζ) = −|ζ − z|2 log |ζ − z|2−

−(1− |z|2)
[
4 +

1− zζ̄

zζ̄
log(1− zζ̄) +

1− z̄ζ

z̄ζ
log(1− z̄ζ)

]
−

−(ζ − z)(1− zζ̄)

z
log(1− zζ̄)− (ζ − z)(1− z̄ζ)

z̄
log(1− z̄ζ).

For the bi-Laplace operator there exist several di�erent kinds of Green func-
tions as there are more possibilities to prescribe the boundary behavior.

62



Hybrid Green-Neumann function
Similarly, for arbitrary domains

G1N1(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)N1(ζ̃ , ζ)dξ̃dη̃

satis�es for ζ ∈ D

∂z∂z̄G1N1(z, ζ) = N1(z, ζ) for z ∈ D, G1N1(z, ζ) = 0 for z ∈ ∂D,

and hence for any ζ ∈ D.
•G1N1(z, ζ) is biharmonic in D\{ζ} and continuously di�erentiable on D\{ζ},
•G1N1(z, ζ) + |ζ − z|2 log |ζ − z|2 is biharmonic in z in the neighborhood of
ζ,
•G1N1(z, ζ) = 0, ∂νz∂z∂z̄G1N1(z, ζ) = −σ(s) for z = z(s) ∈ ∂D.
Obviously, G1N1(z, ζ) is not symmetric in z and ζ. As a function of ζ it
satis�es for any z ∈ D besides the Poisson equation and Neumann boundary
condition

∂ζ∂ζ̄G1N1(z, ζ) = G1(z, ζ) for ζ ∈ D,

∂νζ
G1N1(z, ζ) =

σ(s)

π

∫

D

G1(z, ζ̃)dξ̃dη̃ for ζ = ζ(s) ∈ ∂D,

the conditions
• • G1N1(z, ζ) is biharmonic in D\{z} and continuously di�erentiable on
D\{z},
• • G1N1(z, ζ) + |ζ − z|2log|ζ − z|2 is bi-harmonic in ζ in the neighborhood
of z,

• • ∂νζ
G1N1(z, ζ) =

σ(s)

π

∫
D

G1(z, ζ̃)dξ̃dη̃,

• • ∂ζ∂ζ̄G1N1(z, ζ) = 0 for ζ = ζ(s) ∈ ∂D,

• • 1

4π

∫
∂D

G1N1(z, ζ)dsζ = 0.

If N1G1(z, ζ) = − 1

π

∫
D

N1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃,

then the symmetry of G1(z, ζ) and N1(z, ζ) gives

N1G1(z, ζ) = G1N1(z, ζ) for z, ζ ∈ D, z 6= ζ.

Some of the boundary value problems for the biharmonic operator can be
decomposed into a system of two problems for the Laplace operator. They
can be solved by iterating proper samples of formulas (2.5.4) and (2.5.3).
Another method is to use partial integration for evaluating the area integral
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over the product of the bi-Laplasian applied to the unknown function w
and the respective kernel function. The simplest way for proving the result
below is by veri�cation. However, for the uniqueness of the solutions and the
necessity parts if any some extra argumentation is needed, see [15].
Theorem 3.4.2 The Dirichlet-Neumann problem

(∂z∂z̄)
2w = f in D, w = γ0, ∂νwzz̄ = γ3 on ∂D,

c2 =
1

2πi

∫

∂D

wzz̄(z)
dz

z

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ3 ∈ C(∂D;C), c2 ∈ C if and
only if

1

2πi

∫

∂D

γ0(ζ)
dζ

ζ
=

2

π

∫

D

f(ζ)dξdη.

The solution is

w(z) = (|z|2 − 1)c2 +
1

2πi

∫

∂D

g1(z, ζ)γ0(ζ)
dζ

ζ
+

+
1

4πi

∫

∂D

H2(z, ζ)γ3(ζ)
dζ

ζ
− 1

π

∫

D

H2(z, ζ)f(ζ)dξdη.

For a proof, see [11].
Theorem 3.4.3 The Neumann-Dirichlet problem

(∂z∂z̄)
2w = f in D, ∂νw = γ1, wzz̄ = γ2 on ∂D,

c0 =
1

2πi

∫

∂D

w(z)
dz

z

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ1, γ2 ∈ C(∂D), c0 ∈ C if and
only if

1

2πi

∫

∂D

(γ1(ζ) + 2γ2(ζ))
dζ

ζ
=

2

π

∫

D

f(ζ)(1− |ζ|2)dξdη.

The solution is

w(z) = c0 +
1

4πi

∫

∂D

N1(z, ζ)γ1(ζ)
dζ

ζ
− 1

4πi

∫

∂D

γ2(ζ)∂νζ
H2(ζ, z)−

− 1

π

∫

D

f(ζ)H2(ζ, z)dξdη.
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For a proof, see [11].

De�nition 3.4.4 Let for z, ζ ∈ D, z 6= ζ,

H3(z, ζ) = − 1

π

∫

D

Ĝ2(z, ζ̃)N1(ζ̃ , ζ)dξ̃dη̃

This function is called a hybrid tri-harmonic Green function.

This hybrid tri-harmonic Green function is seen to be the solution to the
Dirichlet problem

∂z∂z̄H3(z, ζ) = − 1

π

∫
D

G1(z, ζ)N1(ζ̃ , ζ)dξ̃dη̃ = H2(z, ζ),

H2(z, ζ) = 0 for z ∈ ∂D.
Moreover,
(∂z∂z̄)

2H3(z, ζ) = ∂z∂z̄H2(z, ζ) = H1(z, ζ),
(∂z∂z̄)

3H3(z, ζ) = 0,

∂ζ∂ζ̄H3(z, ζ) = Ĝ2(z, ζ),
(∂ζ∂ζ̄)

2H3(z, ζ) = G1(z, ζ),
(∂ζ∂ζ̄)

3H3(z, ζ) = 0.
The characterizing properties of this function on the boundary are

•H3(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D
•∂z∂z̄H3(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D
•∂νz(∂z∂z̄)

2H3(z, ζ) = ∂νzN1(z, ζ) for z ∈ ∂D, ζ ∈ D
•∂νζ

H3(z, ζ) = − 1

π

∫
D

Ĝ2(z, ζ̃)∂νζ
N1(ζ̃ , ζ)dξ̃dη̃ =

=
2

π

∫
D

Ĝ2(z, ζ̃)dξ̃dη̃ for ζ ∈ ∂D, z ∈ D
•∂ζ∂ζ̄H3(z, ζ) = Ĝ2(z, ζ) = 0 for ζ ∈ ∂D, z ∈ D
(∂ζ∂ζ̄)

2H3(z, ζ) = G1(z, ζ) = 0 for ζ ∈ ∂D, z ∈ D
Obviously, H3(z, ζ) 6= H3(ζ, z) is not symmetric in z and ζ.

Theorem 3.4.5 The Dirichlet-Neumann problem

(∂z∂z̄)
3w = f in D, w = γ0, ∂z∂z̄w = γ1, ∂ν (∂z∂z̄)

2 w = γ2 on ∂D,

1

2πi

∫

|ζ|=1

(∂z∂z̄)
2 w(ζ)

dζ

ζ
= c1

for f ∈ Lp(D;C), 2 < p, γ0, γ1, γ2 ∈ C(∂D;C), c1 ∈ C is uniquely solvable if
and only if

1

2πi

∫

∂D

γ2(ζ)
dζ

ζ
=

2

π

∫

D

f(ζ)dξdη.
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The solution is given as

w(z) =
1

2πi

∫

∂D

γ0(ζ)g1(z, ζ)
dζ

ζ
+

1

2πi

∫

∂D

γ1(ζ)ĝ2(z, ζ)
dζ

ζ
−

− 1

4πi

∫

∂D

γ2(ζ)H3(z, ζ)
dζ

ζ
− 1

π

∫

D

f(ζ)H3(z, ζ)dξdη

Proof.
Decomposing the Dirichlet-2 problem and Neumann problem into the system

(∂z∂z̄)
2w = ω in D, w = γ0, ∂z∂z̄w = γ1 on ∂D,

having the solution

w(z) =
1

2πi

∫

∂D

{γ0(ζ)g1(z, ζ) + γ1(ζ)ĝ2(z, ζ)}dζ

ζ
− 1

π

∫

D

ω(ζ)Ĝ2(z, ζ)dξdη,

and the Neumann problem

∂z∂z̄ω = f in D, ∂νω = γ2,
1

2πi

∫

∂D

ω(ζ)
dζ

ζ
= c1 on ∂D,

with the solvability condition

1

2πi

∫

∂D

γ2(ζ)
dζ

ζ
=

2

π

∫

D

f(ζ)dξdη

and the solution

ω(ζ) = c1 +
1

4πi

∫

∂D

γ2(ζ̃)N1(ζ̃ , ζ)
dζ̃

ζ̃
− 1

π

∫

D

f(ζ̃)N1(ζ̃ , ζ)dξ̃dη̃

Inserting ω into the solution of the Dirichlet-2 problem,we get

w(z) =
1

2πi

∫

∂D

{γ0(ζ)g1(z, ζ) + γ1(ζ)ĝ2(z, ζ)}dζ

ζ
− c1


 1

π

∫

D

Ĝ2(z, ζ)dξdη


−

− 1

4πi

∫

∂D

γ2(ζ̃)
1

π

∫

D

Ĝ2(z, ζ)N1(ζ̃ , ζ)dξdη
dζ̃

ζ̃
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+
1

π

∫

D

f(ζ̃)
1

π

∫

D

Ĝ2(z, ζ̃)N1(ζ̃ , ζ)dξdηdξ̃dη̃ =

where
1

π

∫

D

Ĝ2(z, ζ)dξdη =
1

4
(1− |z|2)2 +

1

2
(1− |z|2)

De�nition 3.4.6 Let for z, ζ ∈ D, z 6= ζ,

H̃3(z, ζ) = − 1

π

∫

D

N2(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃

This function is also a hybrid tri-harmonic Green function.

The properties are
∂z∂z̄H̃3(z, ζ) = − 1

π

∫
D

N1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃ = H2(ζ, z)

(∂z∂z̄)
2H̃3(z, ζ) = G1(z, ζ)

(∂z∂z̄)
3H̃3(z, ζ) = 0

∂ζ∂ζ̄H̃3(z, ζ) = N2(z, ζ)

(∂ζ∂ζ̄)
2H̃3(z, ζ) = N1(z, ζ)

(∂ζ∂ζ̄)
3H̃3(z, ζ) = 0

∂νzH̃3(z, ζ) = − 1

π

∫
D

∂νzN2(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃

∂νz∂z∂z̄H̃3(z, ζ) = − 1

π

∫
D

∂νzN1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃ for z ∈ ∂D, ζ ∈ D

(∂z∂z̄)
2H̃3(z, ζ) = G1(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D

H̃3(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D
∂νζ

∂ζ∂ζ̃H̃3(z, ζ) = ∂νζ
N2(z, ζ) for z ∈ ∂D, ζ ∈ D

∂νζ
(∂ζ∂ζ̃)

2H̃3(z, ζ) = ∂νζ
N1(z, ζ) for ζ ∈ ∂D, z ∈ D

H̃3(z, ζ) 6= H̃3(ζ, z)

Theorem 3.4.7 The Dirichlet-Neumann problem

(∂z∂z̄)
3w = f in D, w = γ0, ∂νz∂z∂z̄w = γ1, ∂νz(∂z∂z̄)

2w = γ2 on ∂D,

1

2πi

∫

∂D

∂z∂z̄w(z)
dz

z
= c1,

1

2πi

∫

∂D

(∂z∂z̄)
2w(z)

dz

z
= c2
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is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ0, γ1, γ2 ∈ C(∂D;C), c1, c2 ∈ C
by

w(z) = −c1(1− |z|2) + c2

[(
1− 1

2
|z|2

)2
]

+
1

4πi

∫

∂D

γ0(ζ)∂νζ
G1(z, ζ)

dζ

ζ
+

+
1

4πi

∫

∂D

γ1(ζ)H2(z, ζ)
dζ

ζ
+

1

4πi

∫

∂D

γ2(ζ)H̃3(z, ζ)
dζ

ζ
− 1

π

∫

D

f(ζ)H̃3(z, ζ)dξdη

Proof.
Rewriting the problem as the system

wzz̄ = ω in D, w = γ0 on ∂D,

(∂z∂z̄)
2ω = f in D, ∂νω = γ1, ∂ν∂z∂z̄ω = γ2 on ∂D

satisfying
1

2πi

∫

∂D

ω(ζ)
dζ

ζ
= c1,

1

2πi

∫

∂D

ωζζ̄(ζ)
dζ

ζ
= c2,

and
1

2πi

∫

∂D

γ1(ζ)
dζ

ζ
= 2c2 − 2

π

∫

D

(1− |ζ|2)f(ζ)dξdη,

1

2πi

∫

∂D

γ2(ζ)
dζ

ζ
=

2

π

∫

D

f(ζ)dξdη

and combining its solutions

w(z) =
1

2πi

∫

∂D

∂νζ
G1(z, ζ)w(ζ)

dζ

ζ
− 1

π

∫

D

G1(z, ζ)ω(ζ)dξdη

and

ω(z) = c1−(1−|z|2)c2+
1

4πi

∫

∂D

{N1(z, ζ)γ1(ζ)+N2(z, ζ)γ2(ζ)}dζ

ζ
− 1

π

∫

D

N2(z, ζ)f(ζ)dξdη

ω(ζ) = c1−(1−|z|2)c2− 1

4πi

∫

∂D

{N1(ζ, ζ̃)γ1(ζ̃)+N2(ζ, ζ̃)γ2(ζ̃)}dζ̃

ζ̃
− 1

π

∫

D

N2(ζ, ζ̃)f(ζ̃)dξ̃dη̃

Will prove the result.
Inserting ω into the solution of the Dirichlet problem gives

w(z) =
1

2πi

∫

∂D

∂νζ
G1(z, ζ)γ0(ζ)

dζ

ζ
− 1

π

∫

D

(
c1 − (1− |ζ|2)c2+
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+
1

4πi

∫

∂D

{N1(ζ, ζ̃)γ1(ζ̃) + N2(ζ, ζ̃)γ2(ζ̃)}dζ̃

ζ̃
− 1

π

∫

D

N2(ζ, ζ̃)f(ζ̃)dξ̃dη̃


 G1(z, ζ)dξdη,

where
1

π

∫

D

G1(z, ζ)dξdη = 1− |z|2,

1

π

∫

D

(1− |ζ|2)G1(z, ζ)dξdη =

(
1− 1

2
|z|2

)2

− 1

4

then

w(z) = −c1(1− |z|2) + c2

(
(1− 1

2
|z|2)2 − 1

4

)
+

1

2πi

∫

∂D

γ0(ζ)∂νζ
G1(z, ζ)

dζ

ζ
+

+
1

4πi

∫

∂D

γ1(ζ̃)H2(z, ζ̃)
dζ̃

ζ̃
+

1

4πi

∫

∂D

γ2(ζ̃)H̃3(z, ζ̃)
dζ̃

ζ̃
− 1

π

∫

D

f(ζ̃)H̃3(z, ζ̃)dξdη

Theorem 3.4.8 The Neumann-Dirichlet problem

(∂z∂z̄)
3 = f in D, ∂νzw = γ1, ∂νz∂z∂z̄w = γ2, (∂z∂z̄)

2w = γ3 on ∂D,

1

2πi

∫

∂D

w(z)
dz

z
= c1,

1

2πi

∫

∂D

wzz̄(z)
dz

z
= c2

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ1, γ2, γ3 ∈ C(∂D;C), c1, c2 ∈ C
if and only if

1

2πi

∫

∂D

γ1(ζ)
dζ

ζ
+

1

2πi

∫

∂D

γ3(ζ)
dζ

ζ
= 2c2 +

1

π

∫

D

f(ζ)

(
2(1− 1

2
|ζ|2)− 1

2

)
dξdη,

1

2πi

∫

∂D

γ2(ζ)
dζ

ζ
=

1

2πi

∫

∂D

γ3(ζ)
dζ

ζ
− 2

π

∫

D

(1− |ζ|2)f(ζ)dξdη

by

w(z) = c1 − (1− |z|2)c2 +
1

4πi

∫

∂D

{N1(z, ζ)γ1(ζ) + N2(z, ζ)γ2(ζ)−

−∂νζ
H̃3(z, ζ)γ3(ζ)

} dζ

ζ
− 1

π

∫

D

H̃3(z, ζ)f(ζ)dξdη
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Proof.
The problem is equivalent to the system

(∂z∂z̄)
2w = ω in D, ∂νw = γ1, ∂ν∂z∂z̄w = γ2 on ∂D

satisfying
1

2πi

∫

∂D

w(ζ)
dζ

ζ
= c1,

1

2πi

∫

∂D

wζζ̄(ζ)
dζ

ζ
= c2,

and
ωzz̄ = f in D, ω = γ3 on ∂D

Its solutions

ω(z) = − 1

4πi

∫

∂D

∂νζ
G1(z, ζ)γ3(ζ)

dζ

ζ
− 1

π

∫

D

G1(z, ζ)f(ζ)dξdη

ω(ζ) = − 1

4πi

∫

∂D

∂νζ̃
G1(ζ, ζ̃)w(ζ̃)

dζ̃

ζ̃
− 1

π

∫

D

G1(ζ, ζ̃)∂ζ̃∂ ¯̃
ζ
w(ζ̃)dξ̃dη̃

and

w(z) = c1 − (1− |z|2)c2 − 1

4πi

∫

∂D

{N1(z, ζ)γ1(ζ) + N2(z, ζ)γ2(ζ)}dζ

ζ
−

− 1

π

∫

D

N2(z, ζ)ω(ζ)dξdη

Inserting ω into in the solution of the biharmonic Neumann problem

w(z) = c1 − (1− |z|2)c2 +
1

4πi

∫

∂D

{N1(z, ζ)γ1(ζ) + N2(z, ζ)γ2(ζ)}dζ

ζ
−

− 1

π

∫

D

N2(z, ζ)


− 1

4πi

∫

∂D

∂νζ̃
G1(ζ, ζ̃)γ3(ζ̃)

dζ̃

ζ̃
− 1

π

∫

D

G1(ζ, ζ̃)f(ζ̃)dξ̃dη̃


 dξdη

shows

w(z) = c1 − (1− |z|2)c2 +
1

4πi

∫

∂D

{N1(z, ζ)γ1(ζ) + N2(z, ζ)γ2(ζ)}dζ

ζ
+

+
1

4πi

∫

∂D

∂νζ̃
H̃3(z, ζ̃)

dζ̃

ζ̃
− 1

π

∫

D

f(ζ̃)H̃3(z, ζ̃)dξdη
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3.5 Boundary value problems for tri-harmonic
di�erential equation

Theorem 3.5.1 The tri-harmonic Dirichlet problem

(∂z∂z̄)
3w = f in D, w = γ0, ∂z∂z̄w = γ1, (∂z∂z̄)

2w = γ2 on ∂D.

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γ0, γ1, γ2 ∈ C(∂D;C) by

w(z) =
1

2πi

∫

∂D

[g1(z, ζ)γ0(ζ) + ĝ2(z, ζ)γ1(ζ) + ĝ3(z, ζ)γ2(ζ)]
dζ

ζ
−

− 1

π

∫

D

Ĝ3(z, ζ)f(ζ)dξdη. (3.5.1)

Here
ĝ3(z, ζ) = − 1

π

∫

D

G1(z, ζ̃)ĝ2(ζ̃ , ζ)dξ̃dη̃

= (1− |z|2)
[ ∞∑

k=2

1

k2

(
(zζ̄)k−1 + (z̄ζ)k−1

)
+ 1

]
−

−1− |z|4
2

[ ∞∑

k=2

1

k(k + 1)

(
(zζ̄)k−1 + (z̄ζ)k−1

)
+

1

2

]

is satisfying, see [18]

∂z∂z̄ ĝ3(z, ζ) = −1

2
∂νζ

∂z∂z̄Ĝ3(z, ζ) = −1

2
∂νζ

Ĝ2(z, ζ) = ĝ2(z, ζ) for z, ζ ∈ D,

ĝ3(z, ζ) = 0 for z ∈ ∂D, ζ ∈ D.

Proof.
Decompose the problem into the system

∂z∂z̄w = ω in D, w = γ0 on ∂D,

(∂z∂z̄)
2ω = f in D, ω = γ1, ωzz̄ = γ2 on ∂D,

This system has the unique solution

w(z) =
1

2πi

∫

∂D

g1(z, ζ)γ0(ζ)
dζ

ζ
− 1

π

∫

D

G1(z, ζ̃)ω(ζ̃)dξ̃dη̃
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ω(ζ̃) =
1

2πi

∫

∂D

(
g1(ζ̃ , ζ)γ1(ζ) + ĝ2(ζ̃ , ζ)γ2(ζ)

) dζ

ζ
− 1

π

∫

D

G2(ζ̃ , ζ)f(ζ)dξdη

Inserting ω into the formula for w gives (3.5.1).
As ĝ2, ĝ3 and Ĝ3 vanish for |z| = 1 from the behavior of the Poisson formula

lim
z→ζ

w(z) = γ0(ζ)

follows for |ζ| = 1. Applying the Laplace operator it is seen that

wzz̄(z) =
1

2πi

∫

∂D

{g1(z, ζ)γ1(ζ) + ĝ2(z, ζ)γ2(ζ)} dζ

ζ
−

− 1

π

∫

D

Ĝ2(z, ζ)f(ζ)dξdη

Analogue as before
lim
z→ζ

wzz̄(z) = γ1(ζ)

follows and from

wzz̄zz̄(z) =
1

2πi

∫

∂D

g1(z, ζ)γ2(ζ)
dζ

ζ
− 1

π

∫

D

G1(z, ζ)f(ζ)dξdη

lim
z→ζ

wzz̄zz̄(z) = γ2(ζ)

Moreover, �nally (∂z∂z̄)
3w = f is seen from the properties of G1.

Theorem 3.5.2 The tri-harmonic Neumann problem

(∂z∂z̄)
3w = f in D, f ∈ Lp(D;C), 2 < p < +∞,

∂νw = γ0, ∂ν∂z∂z̄w = γ1 ∂ν(∂z∂z̄)
2w = γ2 on ∂D, γ0, γ1, γ2 ∈ C(∂D;C),

satisfying

1

2πi

∫

|ζ|=1

w(ζ)
dζ

ζ
= c0,

1

2πi

∫

|ζ|=1

∂ζ∂ζ̄w(ζ)
dζ

ζ
= c1,

1

2πi

∫

|ζ|=1

(∂ζ∂ζ̄)
2w(ζ)

dζ

ζ
= c2

is uniquely solvable if and only if

1

2πi

∫

∂D

γ0(ζ)
dζ

ζ
= 2c1−c2− 1

16πi

∫

∂D

γ2(ζ)
dζ

ζ
+

1

π

∫

D

(
(1− |ζ|2)2 − 1

2

)
f(ζ)dξdη,
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1

2πi

∫

∂D

γ1(ζ)
dζ

ζ
= c1 − 2c2 − 2

π

∫

D

(1− |ζ|2)f(ζ)dξdη

and
1

2πi

∫

∂D

γ2(ζ)
dζ

ζ
=

2

π

∫

D

f(ζ)dξdη

The solution is given as

w(z) = c0−c1(1−|z|2)−c2

(
1

4
(1− |z|2)2 +

1

2
(1− |z|2)

)
+

1

4πi

∫

∂D

{N1(z, ζ)γ0(ζ)+

+ N2(z, ζ)γ1(ζ) + N3(z, ζ)γ2(ζ)} dζ

ζ
− 1

π

∫

D

f(ζ)N3(z, ζ)dξdη

Proof.
Rewriting the Neumann-3 problem as the system

(∂z∂z̄)
2w = ω in D, ∂νw = γ0, ∂ν∂z∂z̄w = γ1 on ∂D,

1

2πi

∫

∂D

w(ζ)
dζ

ζ
= c0,

1

2πi

∫

∂D

∂ζ∂ζ̄w(ζ)
dζ

ζ
= c1

and
∂z∂z̄ω = f in D, ∂νω = γ2 on ∂D,

1

2πi

∫

∂D

ω(ζ)
dζ

ζ
= c2

leads to the solvability conditions

1

2πi

∫

∂D

γ0(ζ)
dζ

ζ
= 2c1 − 2

π

∫

D

(1− |ζ|2)ω(ζ)dξdη (3.5.2)

and
1

2πi

∫

∂D

γ1(ζ)
dζ

ζ
=

2

π

∫

D

ω(ζ)dξdη (3.5.3)

The solution then is

w(z) = c0 − (1− |z|2)c1 +
1

4πi

∫

∂D

{γ0(ζ)N1(z, ζ) + γ1(ζ)N2(z, ζ)} dζ

ζ
−
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− 1

π

∫

D

ω(ζ)N2(z, ζ)dξdη (3.5.4)

ω(ζ) = c2 +
1

4πi

∫

∂D

γ2(ζ̃)N1(ζ, ζ̃)
dζ̃

ζ̃
− 1

π

∫

D

N1(ζ, ζ̃)f(ζ̃)dξ̃dη̃

Inserting ω into the (3.5.2) condition gives

1

2πi

∫

∂D

γ0(ζ)
dζ

ζ
= 2c1 − 1

π

∫

D

(1− |ζ|2)


c2 +

1

4πi

∫

∂D

γ2(ζ̃)N1(ζ, ζ̃)
dζ̃

ζ̃
−

− 1

π

∫

D

N1(ζ, ζ̃)f(ζ̃)dξ̃dη̃



 dξdη

with
1

π

∫

D

(1− |ζ|2)N1(ζ, ζ̃)dξdη =
1

2

(
1− 1

2
|ζ|2

)2

− 1

4
.

Then inserting ω into (3.5.4) shows

w(z) = c0 − (1− |z|2)c1 − c2


 1

π

∫

D

N2(z, ζ)dξdη


 +

1

4πi

∫

∂D

{γ0(ζ)N1(z, ζ)+

+γ1(ζ)N2(z, ζ)}dζ

ζ
− 1

4πi

∫

∂D

γ2(ζ̃)
1

π

∫

D

N1(ζ, ζ̃)N2(z, ζ̃)dξdη
dζ

ζ
+

+
1

π

∫

D

f(ζ̃)
1

π

∫

D

N1(ζ, ζ̃)N2(z, ζ)dξdηdξ̃dη̃

So,we get

w(z) = c0−c1(1−|z|2)−c2

(
1

4
(1− |z|2)2 +

1

2
(1− |z|2)

)
+

1

4πi

∫

∂D

{N1(z, ζ)γ0+

+ N2(z, ζ)γ1(ζ) + N3(z, ζ)γ2(ζ)} dζ

ζ
− 1

π

∫

D

f(ζ)N3(z, ζ)dξdη.
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Chapter 4

Boundary value problems for
higher order complex partial
di�erential equations in the unit
disc

4.1 Boundary value problems for the inhomo-
geneous polyanalytic equation

In this section we present how to proceed and what kind of boundary con-
ditions can be posed. However, there is a variety of boundary conditions
possible. All kinds of combinations of the three kinds, Schwarz, Dirichlet,
Neumann conditions can be posed. As a simple example the Schwarz prob-
lem will be studied for the inhomogeneous polyanalytic equation, see [23].
Another possibility is the Neumann problem for the inhomogeneous polyhar-
monic equation, see [25], [26], and the Dirichlet problem, see [12].

Lemma 4.1.1 For |z| < 1, |ζ̃| < 1 and k ∈ N0

1

k + 1
(ζ̃ − z + ζ̃ − z)k+1 =

(−1)k+1

k + 1
(z + z̄)k+1−

− 1

2π

∫

|ζ|<1

(
1

ζ

ζ + ζ̃

ζ − ζ̃
− 1

ζ̄

1 + ζ̃ ζ̄

1− ζ̃ ζ̄

)
(ζ − z + ζ − z)kdξdη. (4.1.1)
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Proof. The function w(ζ̃) = i(ζ̃ − z + ζ̃ − z)k+1/(k + 1) satis�es the
Schwarz condition

w ¯̃
ζ
(ζ̃) = i(ζ̃−z+ζ̃ − z)k in D, Re w(ζ̃) = 0 on ∂D, Im w(0) =

(−1)k+1

k + 1
(z+z̄)k+1,

so that according to [13],

w(ζ̃) = i
(−1)k+1

k + 1
(z+z̄)k+1− i

2π

∫

|ζ|<1

(
1

ζ

ζ + ζ̃

ζ − ζ̃
− 1

ζ̄

1 + ζ̃ ζ̄

1− ζ̃ ζ̄

)
(ζ−z+ζ − z)kdξdη

This is (4.1.1).

Corollary 4.1.2 For |z| < 1 and k ∈ N0

1

2π

∫

|ζ|<1

(
1

ζ
− 1

ζ̄

)
(ζ − z + ζ − z)kdξdη = 0 (4.1.2)

and
1

2π

∫

|ζ|<1

(
1

ζ

ζ + z

ζ − z
− 1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)kdξdη =

(−1)k+1

k + 1
(z + z̄)k+1

(4.1.3)

Proof. (4.1.2) and (4.1.3) are particular cases of (4.1.1) for ζ̃ = 0 and
ζ̃ = z, respectively.

Theorem 4.1.3 The Schwarz problem for the inhomogeneous polyanalytic
equation in the unit disc.

∂n
z̄ = f in D, Re ∂ν

z̄ = γν on ∂D, Im∂ν
z̄ w(0) = 0, 0 ≤ ν ≤ n− 1,

is uniquely solvable for

f ∈ Lp(D;C), 2 < p, γν ∈ C(∂D;R), cν ∈ R, 0 ≤ ν ≤ n− 1.

The solution is

w(z) = i

n−1∑
ν=0

cν

ν!
(z + z̄)ν +

n−1∑
ν=0

(−1)ν

2πiν!

∫

|ζ|=1

γν(ζ)
ζ + z

ζ − z
(ζ − z + ζ − z)ν dζ

ζ

+
(−1)n

2π(n− 1)!

∫

|ζ|<1

(
f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−1dξdη.

(4.1.4)
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Proof. For n = 1 formula (4.1.4) is just [13], (4.1.1). Assuming it holds
for n− 1 rather than for n the Schwarz problem is rewritten as the system

∂n−1
z̄ w = ω in D, Re ∂ν

z̄ w = γν on ∂D, Im ∂ν
z̄ w(0) = cν , 0 ≤ ν ≤ n− 2,

ωz̄ = f in D, Re ω = γn−1 on ∂D, Im ω(0) = cn−1,

having the solution

w(z) = i

n−2∑
ν=0

cν

ν!
(z + z̄)ν +

n−2∑
ν=0

(−1)ν

2πiν!

∫

|ζ|=1

γν(ζ)
ζ + z

ζ − z
(ζ − z + ζ − z)ν dζ

ζ

+
(−1)n

2π(n− 2)!

∫

|ζ|<1

(
ω(ζ)

ζ

ζ + z

ζ − z
+

ω(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη,

ω(z) = icn−2 +
1

2πi

∫

|ζ|=1

γn−1(ζ)
ζ + z

ζ − z

dζ

ζ

− 1

2π

∫

|ζ|<1

(
f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
dξdη.

Using

(−1)n−1

2π(n− 2)!

∫

|ζ|<1

(
ω(ζ)

ζ

ζ + z

ζ − z
+

ω(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη

= i
cn−1

(n− 1)!
(z + z̄)n−1 +

(−1)n−1

2πi(n− 2)!

∫

|ζ̃|=1

γn−1(ζ̃)

× 1

2π

∫

|ζ|<1

(
ζ̃ + ζ

ζ̃ − ζ

1

ζ

ζ + z

ζ − z
+

ζ̃ + ζ

ζ̃ − ζ

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη

dζ̃

ζ̃

+
(−1)n

2π(n− 2)!

∫

|ζ̃|<1

f(ζ̃)

ζ̃

× 1

2π

∫

|ζ|<1

(
ζ̃ + ζ

ζ̃ − ζ

1

ζ

ζ + z

ζ − z
+

1 + ζ̄ ζ̃

1− ζ̄ ζ̃

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdηdξ̃dη̃
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+
(−1)n

2π(n− 2)!

∫

|ζ̃|<1

f(ζ̃)
¯̃ζ

× 1

2π

∫

|ζ|<1

(
1 + ζ ¯̃ζ

1− ζ ¯̃ζ

1

ζ

ζ + z

ζ − z
+

ζ̃ + ζ

ζ̃ − ζ

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdηdξ̃dη̃

follows. Because
ζ̃ + ζ

ζ̃ − ζ

1

ζ

ζ + z

ζ − z
+

1 + ζ̄ ζ̃

1− ζ̄ ζ̃

1

ζ̄

1 + zζ̄

1− zζ̄

= −
(

2ζ̃

ζ − ζ̃
+ 1

)(
2

ζ − z
− 1

ζ

)
+

(
2

1− ζ̄ ζ̃
− 1

)(
2z

1− zζ̄
+

1

ζ̄

)

− =
4ζ̃

ζ̃ − z

(
1

ζ − ζ̃
− 1

ζ − z

)
+

2

ζ − ζ̃
− 2

ζ
− 2

ζ − z
+

1

ζ

+
4z

ζ̃ − z

(
ζ̃

1− ζ̃ ζ̄
− z

1− zζ̄

)
+

2ζ̃

1− ζ̃ ζ̄
+

2

ζ̄
− 2z

1− zζ̄
− 1

ζ̄

= −2
ζ̃ + z

ζ̃ − z

(
1

ζ − ζ̃
− 1

ζ − z

)
+ 2

ζ̃ + z

ζ̃ − z

(
ζ̃

1− ζ̃ ζ̄
− z

1− zζ̄

)
− 1

ζ
+

1

ζ̄

= −2
ζ̃ + z

ζ̃ − z

(
1

ζ − ζ̃
− ζ̃

1− ζ̃ ζ̄
− 1

ζ − z
+

z

1− zζ̄

)
− 1

ζ
+

1

ζ̄

= − ζ̃ + z

ζ̃ − z

(
2

ζ − ζ̃
− 1

ζ
− 2ζ̃

1− ζ̃ ζ̄
− 1

ζ̄
− 2

ζ − z
+

1

ζ
+

2z

1− zζ̄
+

1

ζ̄

)
− 1

ζ
+

1

ζ̄

= − ζ̃ + z

ζ̃ − z

(
1

ζ

ζ + ζ̃

ζ − ζ̃
− 1

ζ̄

1 + ζ̃ ζ̄

1− ζ̃ ζ̄
− 1

ζ

ζ + z

ζ − z
+

1

ζ̄

1 + zζ̄

1− zζ̄

)
− 1

ζ
+

1

ζ̄

and similarly
1 + ζ ¯̃ζ

1− ζ ¯̃ζ

1

ζ

ζ + z

ζ − z
+

ζ̃ + ζ

ζ̃ − ζ

1

ζ̄

1 + zζ̄

1− zζ̄

=

(
2

1− ζ ¯̃ζ
− 1

) (
2

ζ − z
− 1

ζ

)
−

(
2

ζ − ζ̃
− 1

ζ̄

) (
2

1− zζ̄
− 1

)

=
4

1− z ¯̃ζ

(
1

ζ − z
+

¯̃ζ

1− ζ ¯̃ζ

)
−

(
2¯̃ζ

1− ζ ¯̃ζ
+

2

ζ

)
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− 2

ζ − z
+

1

ζ
− 4

1− z ¯̃ζ

(
1

ζ − ζ̃
+

z

1− zζ̄

)
+

2z

1− zζ̄
+

2

ζ̄
+

2

ζ − ζ̃
− 1

ζ̄

= 2
1 + z ¯̃ζ

1− z ¯̃ζ

(
1

ζ − z
+

¯̃ζ

1− ζ ¯̃ζ
− 1

ζ − ζ̃
− z

1− zζ̄

)
− 1

ζ
+

1

ζ̄

= −1 + z ¯̃ζ

1− z ¯̃ζ

(
2

ζ − ζ̃
− 1

ζ̄
− 2¯̃ζ

1− ζ ¯̃ζ
− 1

ζ
− 2

ζ − z
+

1

ζ
+

2z

1− zζ̄
+

1

ζ̄

)
− 1

ζ
+

1

ζ̄

= −1 + z ¯̃ζ

1− z ¯̃ζ

(
1

ζ̄

ζ + ζ̃

ζ − ζ̃
− 1

ζ

1 + ζ ¯̃ζ

1− ζ ¯̃ζ
− 1

ζ

ζ + z

ζ − z
+

1

ζ̄

1 + zζ̄

1− zζ̄

)
− 1

ζ
+

1

ζ̄

and applying (4.1.1), (4.1.2), and (4.1.3)

1

2π

∫

|ζ|<1

(
ζ̃ + ζ

ζ̃ − ζ

1

ζ

ζ + z

ζ − z
+

1 + ζ̄ ζ̃

1− ζ̄ ζ̃

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη

= − ζ̃ + z

ζ̃ − z

1

2π

∫

|ζ|<1

(
1

ζ

ζ + ζ̃

ζ − ζ̃
− 1

ζ̄

1 + ζ̃ ζ̄

1− ζ̃ ζ̄
− 1

ζ

ζ + z

ζ − z
+

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ−z+ζ − z)n−2dξdη

ζ̃ + z

ζ̃ − z

[
1

n− 1
(ζ̃ − z + ζ̃ − z)n−1 − (−1)n−1

n− 1
(z + z̄)n−1 +

(−1)n−1

n− 1
(z + z̄)n−1

]

=
ζ̃ + z

ζ̃ − z

1

n− 1
(ζ̃ − z + ζ̃ − z)n−1,

1

2π

∫

|ζ|<1

(
ζ̃ + ζ

ζ̃ − ζ

1

ζ

ζ + z

ζ − z
+

1 + ζ̄ ζ̃

1− ζ̄ ζ̃

1

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη

= −1 + z ¯̃ζ

1− z ¯̃ζ

1

2π

∫

|ζ|<1

(
1

ζ̄

ζ + ζ̃

ζ − ζ̃
− 1

ζ

1− ¯̃ζζ

1− ¯̃ζζ
− 1

ζ

ζ + z

ζ − z
+

1

ζ̄

1− zζ̄

1− zζ̄

)
(ζ−z+ζ − z)n−2dξdη

=
1 + z ¯̃ζ

1− z ¯̃ζ

[
1

n− 1
(ζ̃ − z + ζ̃ − z)n−1 − (−1)n−1

n− 1
(z + z̄)n−1 +

(−1)n−1

n− 1
(z + z̄)n−1

]

=
1 + z ¯̃ζ

1− z ¯̃ζ

1

n− 1
(ζ̃ − z + ζ̃ − z)n−1,
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then

(−1)n−1

2π(n− 2)!

∫

|ζ|<1

(
ω(ζ)

ζ

ζ + z

ζ − z
+

ω(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−2dξdη

= i
cn−1

(n− 1)!
(z + z̄)n−1 +

(−1)n−1

2πi(n− 2)!

∫

|ζ|=1

γn−1(ζ)
ζ + z

ζ − z
(ζ − z + ζ − z)n−1

+
(−1)n

2π(n− 1)!

∫

|ζ|<1

(
f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ̄

1 + zζ̄

1− zζ̄

)
(ζ − z + ζ − z)n−1dξdη.

This proves formula (4.1.4).

Theorem 4.1.4 The Dirichlet problem for the inhomogeneous poly-analytic
equation in the unit disc

∂n
z̄ = f in D, ∂ν

z̄ = γν on ∂D, 0 ≤ ν ≤ n− 1,

is uniquely solvable for f ∈ Lp(D;C), 2 < p, γν ∈ C(∂D;R), 0 ≤ ν ≤ n− 1,
if and only if for 0 ≤ ν ≤ n− 1

n−1∑

λ=ν

z̄

2πi

∫

|ζ|=1

(−1)λ−ν γλ(ζ)

1− z̄ζ

(ζ − z)λ−ν

(λ− ν)!
dζ

+
(−1)n−ν z̄

π

∫

|ζ|<1

f(ζ)

1− z̄ζ

(ζ − z)n−1−ν

(n− 1− ν)!
dξdη = 0. (4.1.5)

The solution then is

w(z) =
n−1∑
ν=0

(−1)ν

2πi

∫

|ζ|=1

γν(ζ)

ν!

(ζ − z)ν

ζ − z
dζ+

+
(−1)n

π

∫

|ζ|<1

f(ζ)

(n− 1)!

(ζ − z)n−1

ζ − z
dξdη. (4.1.6)

Proof. For n = 1 condition (4.1.5) coincides with (2.3.2) and (4.1.6) is
(2.3.3). Assuming Theorem 4.1.4 is provided for n− 1 rather than for n
the problem is decomposed into the system

∂n−1
z̄ w = ω in D, ∂ν

z̄ w = γν on ∂D, 0 ≤ ν ≤ n− 2,
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∂z̄ω = f in D, ∂z̄ω = γn−1 on ∂D,

with the solvability conditions (4.1.5) for 0 ≤ ν ≤ n − 2 and ω instead of f
together with

z̄

2πi

∫

|ζ|=1

γn−1(ζ)
dζ

1− z̄ζ
− z̄

π

∫

|ζ|<1

f(ζ)
dξdη

1− z̄ζ
= 0

and the solutions (4.1.6) for n− 1 instead of n and ω instead of f where

ω(z) =
1

2πi

∫

|ζ|=1

γn−1(ζ)
dζ

ζ − z
− 1

π

∫

|ζ|<1

f(ζ)
dξdη

ζ − z
.

Then for 0 ≤ ν ≤ n− 2

1

π

∫

|ζ|<1

ω(ζ)

1− z̄ζ

(ζ − z)n−2−ν

(n− 2− ν)!
dξdη

=
1

2πi

∫

|ζ̃|=1

γn−1(ζ̃)ψν(ζ̃ , z)dζ̃ − 1

π

∫

|ζ̃|<1

f(ζ̃)ψν(ζ̃ , z)dξ̃dη̃,

where
ψν(ζ̃ , z) = − 1

π

∫

|ζ|<1

(ζ − z)n−2−ν

(n− 2− ν)!(1− z̄ζ)

dξdη

ζ − ζ̃

=
(ζ̃ − z)n−1−ν

(n− 1− ν)!(1− z̄ζ̃)
− 1

2πi

∫

|ζ|=1

(ζ − z)n−1−ν

(n− 1− ν)!(1− z̄ζ)

dζ

ζ − ζ̃

=
(ζ̃ − z)n−1−ν

(n− 1− ν)!(1− z̄ζ̃)
.

The last equality holds because

1

2πi

∫

|ζ|=1

(ζ − z)n−1−ν

(1− z̄ζ)(ζ − ζ̃)
dζ = − 1

2πi

∫

|ζ|=1

(ζ − z)n−1−νdζ̄

(ζ − z)(1− ζ̃ z̄)

= − 1

2πi

∫

|ζ|=1

(ζ − z)n−2−ν

(1− ζ̃ z̄)
dζ̄ = 0.
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Thus for 0 ≤ ν ≤ n− 2

n−2∑

λ=ν

z̄

2πi

∫

|ζ|=1

(−1)λ−ν γλ(ζ)

1− z̄ζ

(ζ − z)λ−ν

(λ− ν)!
dζ

+
(−1)n−1−ν z̄

π

∫

|ζ|<1

ω(ζ)

1− z̄ζ

(ζ − z)n−2−ν

(n− 2− ν)!
dξdη

=
n−1∑

λ=ν

z̄

2πi

∫

|ζ|=1

(−1)λ−ν γλ(ζ)

1− z̄ζ

(ζ − z)λ−ν

(λ− ν)!
dζ

+
(−1)n−ν z̄

π

∫

|ζ|<1

f(ζ)

1− z̄ζ

(ζ − z)n−1−ν

(n− 1− ν)!
dξdη = 0.

This is (4.1.5). For showing (4.1.6) similarly

1

π

∫

|ζ|<1

ω(ζ)
(ζ − z)n−2

(n− 2)!(ζ − z)
dξdη

=
1

2πi

∫

|ζ̃|=1

γn−1(ζ̃)ψn−1(ζ̃ , z)dζ̃ − 1

π

∫

|ζ̃|<1

f(ζ̃)ψn−1(ζ̃ , z)dξ̃dη̃,

with
ψn−1(ζ̃ , z) = − 1

π

∫

|ζ|<1

(ζ − z)n−2

(n− 2)!(ζ − z)

dξdη

ζ − ζ̃

= − 1

π

∫

|ζ|<1

(ζ − z)n−2

(n− 2)!(ζ̃ − z)

(
1

ζ − ζ̃
− 1

ζ − z

)
dξdη =

(ζ̃ − z)n−1

(n− 1)!(ζ̃ − z)

− 1

2πi(n− 1)!(ζ̃ − z)

∫

|ζ|=1

(
(ζ − z)n−1

(ζ − ζ̃)
− (ζ − z)n−1

ζ − z

)
=

(ζ̃ − z)n−1

(n− 1)!(ζ̃ − z)

+
1

2πi(n− 1)!(ζ̃ − z)

∫

|ζ|=1

(ζ − z)n−1

(
1

1− ζ̃ ζ̄
− 1

1− zζ̄

)
dζ̄

ζ̄
=

(ζ̃ − z)n−1

(n− 1)!(ζ̃ − z)

Hence, w(z) is equal to
n−2∑
ν=0

(−1)ν

2πi

∫

|ζ|=1

γν(ζ)

ν!

(ζ − z)ν

ζ − z
dζ +

(−1)n−1

π

∫

|ζ|<1

ω(ζ)

(n− 2)!

(ζ − z)n−2

ζ − z
dξdη
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=
n−1∑
ν=0

(−1)ν

2πi

∫

|ζ|=1

γν(ζ)

ν!

( ¯ζ − z)ν

ζ − z
dζ +

(−1)n

π

∫

|ζ|<1

f(ζ)

(n− 1)!

(ζ − z)n−1

ζ − z
dξdη,

i.e. (4.1.6) is valid.

4.2 Polyharmonic Green and Neumann func-
tions

As the Green function is used to modify the representation (2.1.9) and
(2.1.10) a polyharmonic Green function serves for altering (2.1.24). Such
a function is explicitly known [6] for the unit disc. For D it is [6], [12]

(n− 1)!2Gn(z, ζ) = |ζ − z|2(n−1) log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

+

+
n−1∑
ν=1

(−1)ν

ν
|ζ − z|2(n−1−ν)(1− |z|2)ν(1− |ζ|2)ν , (4.2.1)

while for the upper half plane H [35]

(n− 1)!2Gn(z, ζ) = |ζ − z|2(n−1) log

∣∣∣∣
ζ̄ − z

ζ − z

∣∣∣∣
2

+
n−1∑
ν=1

1

ν
|ζ − z|2(n−1−ν)(z − z̄)ν(ζ − ζ̄)ν . (4.2.2)

Introducing Gn into the representation (2.1.24) leads to

w(z) =
1

2πi

∫

∂D

{[
g1(z, ζ) +

n−1∑
ν=1

z̄ζ

(1− z̄ζ)ν+1
(1− |z|2)ν

]
w(ζ)

dζ

ζ

+
n−1∑
ν=1

1

ν
gν(z, ζ)(1− |z|2)ν∂ζ̄w(ζ)dζ̄

+

[n−1
2

]∑
µ=1

n−1∑
ν=2µ

ν−2µ∑

λ=0

1

µ!(µ + 1)!

(
ν−µ−1−λ

µ−1

)
(

ν
µ+1

)

×
[
gλ+1(z, ζ) + λ

z̄ζ

(1− z̄ζ)λ+1

]
(1− |z|2)ν∂µ

ζ ∂µ

ζ̄
w(ζ)

dζ

ζ
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+

[n
2
]−1∑

µ=1

n−1∑
ν=2µ

ν−2µ∑

λ=0

1

µ!(µ + 1)!

(
ν−µ−1−λ

µ−1

)
(

ν
µ+1

)

×gλ(z, ζ)(1− |z|2)ν∂µ
ζ ∂µ+1

ζ̄
w(ζ)dζ̄

}
−

− 1

π

∫

D

Gn(z, ζ)∂n
ζ ∂n

ζ̄ w(ζ)dξdη, (4.2.3)

where for ν ∈ N

gν(z, ζ) =
1

(1− zζ̄)ν
+

1

(1− z̄ζ)ν
− 1.

This representation formula corresponds to the Dirichlet problem

(∂z∂z̄)
nw = f in D, (∂z∂z̄)

µw = γµ on ∂D, 0 ≤ 2µ ≤ n− 1,

∂µ
z ∂µ+1

z̄ w = γ̂µ on ∂D, 0 ≤ 2µ ≤ n− 2. (4.2.4)
A dual problem is

(∂z∂z̄)
nw = f in D, (∂z∂z̄)

µw = γµ on ∂D, 0 ≤ 2µ ≤ n− 1,

∂µ+1
z ∂µ

z̄ w = γ̂µ on ∂D, 0 ≤ 2µ ≤ n− 2. (4.2.5)
and a combination of both

(∂z∂z̄)
nw = f in D, (∂z∂z̄)

µw = γµ on ∂D, 0 ≤ 2µ ≤ n− 1,

(∂z + ∂z̄)(∂z∂z̄)
µ = γ̂µ on ∂D, 0 ≤ 2µ ≤ n− 2. (4.2.6)

Another Dirichlet problem

(∂z∂z̄)
nw = f in D, (z∂z + z̄∂z̄)

νw = γν on ∂D, 0 ≤ ν ≤ n− 1. (4.2.7)

The Dirichlet problem related to the representation (4.2.1) is treated in [27]
and in the case of the upper half plane H in [35]. For the case of the unit
disc the result it as follows.

Theorem 4.2.1 The unique solution to the Dirichlet problem (4.2.6) for
f ∈ L1(D;C), γµ ∈ Cn−2µ(D;C), γ̂µ ∈ Cn−1−2µ(D;C) in the distributional
sense is given as

w(z) =
1

2πi

∫

∂D

{[
g1(z, ζ) +

n−1∑
ν=1

z̄ζ

(1− z̄ζ)ν+1
(1− |z|2)ν

]
γ0(ζ)

dζ

ζ
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+
n−1∑
ν=1

1

ν
gν(z, ζ)(1− |z|2)ν γ̂0(ζ)dζ̄

+

[n−1
2

]∑
µ=1

n−1∑
ν=2µ

ν−2µ∑

λ=0

1

µ!(µ + 1)!

(
ν−µ−1−λ

µ−1

)
(

ν
µ+1

)

×
[
gλ+1(z, ζ) + λ

z̄ζ

(1− z̄ζ)λ+1

]
(1− |z|2)νγµ(ζ)

dζ

ζ

+

[n
2
]−1∑

µ=1

n−1∑
ν=2µ

ν−2µ∑

λ=0

1

µ!(µ + 1)!

(
ν−µ−1−λ

µ−1

)
(

ν
µ+1

)

×gλ(z, ζ)(1− |z|2)ν γ̂µ(ζ)dζ̄
}− 1

π

∫

D

Gn(z, ζ)f(ζ)dξdη. (4.2.8)

Besides these Dirichlet problems there is another Dirichlet problem for the
polyharmonic operator arising from iterating the Dirichlet problem for the
Laplacian. It is

(∂z∂z̄)
nw = f in D, (∂z∂z̄)

νw = γν on ∂D, 0 ≤ ν ≤ n− 1. (4.2.9)

As in the preceding problem here are again n boundary conditions posed. This
problem is equivalent to the system

∂z∂z̄w = wν+1 in D, wν = γν−1 on ∂D, 0 ≤ ν ≤ n− 1,

with w1 = w, wn+1 = f . Hence it is unconditionally and uniquely solvable.
Composing the solutions to these Dirichlet problems to the Poisson equations
gives the unique solution for the polyharmonic equation. It is

w(z) =
n∑

ν−1

1

2πi

∫

∂D

γν−1(ζ)g̃ν(z, ζ)dζ − 1

π

∫

D

G̃n(z, ζ)f(ζ)dξdη, (4.2.10)

where for 2 ≤ ν

g̃ν(z, ζ) = − 1

π

∫

D

G̃ν−1(z, ζ̃)g1(ζ̃ , ζ)dξ̃dη̃

with the Poisson kernel

g1(z, ζ) =
ζ

ζ − z
+

ζ̄

ζ − z
− 1
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and
G̃ν(z, ζ) = − 1

π

∫

D

G̃ν−1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃

with the harmonic Green function G̃1(z, ζ) = G1(z, ζ).

The higher order Poisson kernels ĝν(z, ζ) are investigated in the thesis [33]

Theorem 4.2.2 The Dirichlet problem

(∂z∂z̄)
νw = f in D, (∂z∂z̄)

νw = γν on ∂D, 0 ≤ ν ≤ n− 1

is uniquely solvable in the weak sense for

f ∈ Lp(D;C), 2 < p, γν ∈ C(∂D;C), 0 ≤ ν ≤ n− 1.

The solution is given by (4.2.10).
Neither the higher order Green functions G̃n iterated convolutions of the

Green function G1, nor the convolutions of the Poisson kernel with these
higher order Green functions are calculated in general. The �rst ones are
[14], [17]

G̃2(z, ζ) = |ζ − z| log

∣∣∣∣
1− zζ̄

ζ − z

∣∣∣∣
2

−(1− |z|2)(1− |ζ|2)
[

1

zζ̄
log(1− zζ̄) +

1

z̄ζ
log(1− z̄ζ)

]
,

g̃2(z, ζ) = (1− |z|2)
[

1

zζ̄
log(1− zζ̄) +

1

z̄ζ
log(1− z̄ζ) + 1

]
.

Other Dirichlet problems can be posed by combining the conditions in (4.2.4),
(4.2.5), (4.2.7). The larger n is the more Dirichlet problems can be formu-
lated and hence, the related polyharmonic Green functions exist.

Iterating the harmonic Neumann function N1(z, ζ) in the same way leads
to higher order (polyharmonic) Neumann functions

Nn(z, ζ) = − 1

π

∫

D

Nn−1(z, ζ̃)N1(ζ̃ , ζ)dξ̃dη̃.

It has the properties

∂z∂z̄Nn(z, ζ) = Nn−1(z, ζ) in D,

∂νzNn(z, ζ) = − 2

(n− 1)!2
(|ζ|2 − 1)n−1

86



−
∑

µ=[n
2 ]

µ!2

(n− 1)!(n− 1− µ)!2(2µ− n + 1)!
∂νzNµ+1(z, ζ) on ∂D

1

2πi

∫

∂D

Nn(z, ζ)
dz

z
= 0

for 2 ≤ n, γ ∈ D, and thus solves itself a Neumann problem. It also satis�es
the higher order Neumann problem

(∂z∂z̄)
n−1Nn(z, ζ) = N1(z, ζ) in D,

∂σ
νz

Nn(z, ζ) =
2

π

∫

D

Nn−σ(z, ζ)dxdy on ∂D, 1 ≤ σ ≤ n− 1,

1

2πi

∫

∂D

Nn(z, ζ)
dz

z
= 0,

for 2 ≤ n and arbitrary ζ ∈ D. Using Theorem 2.4.5 a generalization of
this result follows inductively.

Theorem 4.2.3 Any w ∈ C2n(D;C) ∩ C2n−1(D̄;C) can be represented by

w(z) = −
n−1∑
µ=0

1

4πi

∫

∂D

{
∂νζ

Nµ+1(z, ζ)(∂ζ∂ζ̄)
µw(ζ)

−Nµ+1(z, ζ)∂ν(∂ζ∂ζ̄)
µw(ζ)

} dζ

ζ
− 1

π

∫

D

Nµ(z, ζ)(∂ζ∂ζ̄)
µw(ζ)dξdη

This representation formula supplies a solution to the related higher order
Neumann problem under some solvability conditions.

Theorem 4.2.4 The Neumann-n problem

(∂z∂z̄)
n = f in D, f ∈ Lp(D;C) for 2 < p < +∞,

∂ν(∂z∂z̄)
σ = γσ on ∂D, γσ ∈ C(∂D;C) for 0 ≤ σ ≤ n− 1,

satisfying

1

2πi

∫

∂D

(∂ζ∂ζ̄)
σw(ζ)

dζ

ζ
= cσ, cσ ∈ C for 0 ≤ σ ≤ n− 1,
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is solvable if and only if 0 ≤ σ ≤ n− 1

1

2πi

∫

∂D

γσ(ζ)
dζ

ζ
=

n−1∑
µ=σ+1

αµ−σcµ − 1

π

∫

D

∂νzNn−σ(z, ζ)f(ζ)dξdη. (4.2.11)

Here α1 = 2 and for 3 ≤ k ≤ n

αk−1 = −
∑

µ=[ k
2 ]

µ!2

(k − 1)!(k − 1− µ)!2(2µ− k + 1)!
αµ. (4.2.12)

The solution is unique and given by

w(z) =
n−1∑
µ=0



cµρµ+1 − 1

4πi

∫

∂D

Nµ+1(z, ζ)γµ(ζ)
dζ

ζ



− 1

π

∫

D

Nn(z, ζ)f(ζ)dξdη,

(4.2.13)
where with ∂νz = z∂z + z̄∂z̄ and ζ ∈ ∂D

ρµ(z) = −1

2
∂νζ

Nµ(z, ζ) for 1 ≤ µ ≤ n and z ∈ D

Only N2(z, ζ) is explicitly calculated so far [25]. It is for D

−N2(z, ζ) = |ζ − z|2 [
log |(ζ − z)(1− zζ̄)|2 − 4

]
+ 4

+∞∑

k=2

(zζ̄)k + (z̄ζ)k

k2

+2
[
zζ̄ + z̄ζ

]
log |1− zζ̄|2 − (1 + |z|2)(1 + |ζ|2)

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ

]
.

For N3(z, ζ), see [38].
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Appendix

Cauchy problem for a class of
elliptic systems of third order in
the plane with Fuchsian
di�erential operator

The solutions of a class of complex partial di�erential equations of third order
in the plane with a Fuchs type di�erential operator are constructed in explicit
form and the Cauchy problem with prescribed growth at in�nity is solved in
unbounded angular domains within speci�ed function classes, see [31].

Let 0 < ϕ ≤ 2π, G = {z = reiϕ : 0 ≤ r < ∞, 0 ≤ ϕ ≤ ϕ1}. Consider in
G the equation

8f1(ϕ)z̄3∂3V

∂z̄3
+ 4f2(ϕ)z̄2∂2V

∂z̄2
+ 2f3(ϕ)z̄

∂V

∂z̄
+ f4(ϕ)V = f5(ϕ)rν , (A.1)

ν > 0 is a real parameter, fl(ϕ) ∈ C[0, ϕ1], (l = 1, 2, 3, 4, 5), f1(ϕ) 6= 0;

∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
,

∂kV

∂z̄k
=

∂

∂z̄

(
∂k−1V

∂z̄k−1

)
, (k = 2, 3).

Equation (A.1) is investigated for f1(ϕ) ≡ 0, f2(ϕ) ≡ const 6= 0, f3(ϕ) ≡
const 6= 0 in [1, 2]and for f2(ϕ) ≡ f2(ϕ) ≡ 0, f3 ≡ const 6= 0 in [5].
To �nd the solutions of equation these operators are used in polar coordinates

∂

∂z̄
=

eiϕ

2

(
∂

∂r
+

i

r

∂

∂ϕ

)
,

∂2

∂z̄2
=

e2iϕ

4

(
∂2

∂r2
+

2i

r

∂2

∂r∂ϕ
− 1

r2

∂2

∂ϕ2
− 1

r

∂

∂r
− 2i

r2

∂

∂ϕ

)
,
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∂3

∂z̄3
=

e3iϕ

8

(
∂3

∂r3
+

3i

r

∂3

∂r2∂ϕ
− 3

r2

∂3

∂ϕ2∂r
− i

r3

∂3

∂ϕ3
−

−3

r

∂2

∂r2
− 9i

r2

∂2

∂r∂ϕ
+

6

r3

∂2

∂ϕ2
+

3

r2

∂

∂r
+

8i

r3

∂

∂ϕ

)
.

Equation (A.1) is rewritten in the form

f1(ϕ)r3∂3V

∂r3
+ 3if1(ϕ)r2 ∂3V

∂r2∂ϕ
− 3f1(ϕ)r

∂3V

∂r∂ϕ2
− if1(ϕ)

∂3V

∂ϕ3
+

+ (f2(ϕ)− 3f1(ϕ))r2∂2V

∂r2
+ (2f2(ϕ)− 9f1(ϕ))ir

∂2V

∂r∂ϕ
+ (A.2)

+(6f1(ϕ)− f2(ϕ))
∂2V

∂ϕ2
+ (3f1(ϕ)− f2(ϕ) + f3(ϕ))r

∂V

∂r
+

+(8f1(ϕ)− 2f2(ϕ) + f3(ϕ))i
∂V

∂ϕ
+ f4(ϕ)V = f5(ϕ)rν

The solutions of equation (A.2) are searched for in the Sobolev class [43]

W 3
p (G), (A.3)

where 1 < p < 2
3−ν

, if ν < 3 and p > 1, if ν ≥ 3.
One can, that the function

V (r, ϕ) = rνψ(ϕ) (A.4)

represents a solution of equation (A.2) from class (A.3), if ψ(ϕ) ∈ C3[0, ϕ1]
is satisfying the equation

ψ′′′ + a1(ϕ)ψ′′ + a2(ϕ)ψ′ + a3(ϕ)ψ = a4(ϕ)− a5(ϕ)ψ, (A.5)

where
a1(ϕ) =

6f1(ϕ)− f2(ϕ)− 3νf1(ϕ)

f1(ϕ)
i,

a2(ϕ) =
ν(9f1(ϕ)− 2f2(ϕ))− 3ν(ν − 1)f1(ϕ)− 8f1(ϕ) + 2f2(ϕ)− f3(ϕ)

f1(ϕ)
,

a3(ϕ) =
ν(ν − 1)(ν − 2)f1(ϕ) + ν(ν − 1)(f2(ϕ)− 3f1(ϕ)) + 3f1(ϕ)− f2(ϕ) + f3(ϕ)

f1(ϕ)
i,

a4(ϕ) =
f5(ϕ)

f1(ϕ)
i, a5(ϕ) =

f4(ϕ)

f1(ϕ)
i
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Let θ(ϕ) = {ψ1(ϕ), ψ2(ϕ), ψ3(ϕ)} be a fundamental system of solutions of
the homogeneous equation

ψ′′′ + a1(ϕ)ψ′′ + a2(ϕ)ψ′ + a3(ϕ)ψ = 0 (A.6)

Using the general solution of this equation in the form

ψ(ϕ) = c1ψ1(ϕ) + c2ψ2(ϕ) + c3ψ3(ϕ),

where cl, (l = 1, 2, 3) are arbitrary constants, by applying the method of
variation of constants equation (A.5) becomes the integral equation

ψ(ϕ) = (Bψ)(ϕ) + cJ0(ϕ) + G0(ϕ), (A.7)

where
Jk(ϕ) = {J1,k(ϕ), J2,k(ϕ), J3,k(ϕ)}, J1,0(ϕ) = ψ1(ϕ),

J2,0(ϕ) = ψ2(ϕ), J3,0(ϕ) = ψ3(ϕ), c = {c1, c2, c3},

(Bψ)(ϕ) =

ϕ∫

0

b(ϕ, τ)ψ(τ)dτ, G0(ϕ) =

ϕ∫

0

g(ϕ, τ)dτ,

b(ϕ, τ) = a5(τ) · γ(ϕ, τ), g(ϕ, τ) = a4(τ) · γ(ϕ, τ),

γ(ϕ, τ) =
1

|4(ϕ)|((ψ2(τ)ψ′3(τ)− ψ3(τ)ψ′2(τ))J1,0(ϕ)−

−(ψ1(τ)ψ′3(τ)− ψ3(τ)ψ′1(τ))J2,0(ϕ) + (ψ1(τ)ψ′2(τ)− ψ2(τ)ψ′1(τ))J3,0(ϕ)),

4(ϕ) =




ψ1 ψ2 ψ3

ψ′1 ψ′2 ψ′3
ψ′′1 ψ′′2 ψ′′3


 ,

|4(ϕ)| is the determinant of the matrix 4(ϕ).
For solving equation (A.7) the functions and operators

Jk,j(ϕ) =

ϕ∫

0

b(ϕ, τ)Jk,j−1(τ)dτ, Gk(ϕ) =

ϕ∫

0

b(ϕ, τ)Gk−1(τ)dτ, (1 ≤ j < ∞),

(B(Bk−1f)(ϕ))(ϕ) = (Bkf)(ϕ), (k = 1,∞), (B0f)(ϕ) = (Bf)(ϕ)

are used.
Applying the operator B to both sides of equation (A.7) gives an expres-

sion for the function (Bf)(ϕ). Inserting it again into (A.7), we have

ψ(ϕ) = (B3ψ)(ϕ)+c(J0(ϕ)+J2(ϕ))+cJ1(ϕ)+G0(ϕ)+G1(ϕ)+G2(ϕ), (A.8)
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Continuing this process 2k + 1 times, we get

ψ(ϕ) = (B2k+1ψ)(ϕ) + c

k∑
n=0

J2n(ϕ) + c

k∑
n=1

J2n−1(ϕ) +
2k∑

n=0

Gn(ϕ). (A.9)

As a consequence it is easy to check the inequalities

|(Bkψ)(ϕ)| ≤ |b(ϕ, τ)|k1
ϕk

k!
, |Jk, j(ϕ)| ≤ |b(ϕ, τ)|j1

ϕj

j!
, (A.10)

where
|b(ϕ, τ)|1 = max

0≤ϕ, τ≤ϕ1

|b(ϕ, τ)|.

If passing to the limit in the representations (A.9)as k −→ ∞, by virtue of
(A.10) we receive

ψ(ϕ) = cQ(ϕ) + cP (ϕ) + G(ϕ), (A.11)
where

Q(ϕ) = (Q1(ϕ), Q2(ϕ), Q3(ϕ)), P (ϕ) = (P1(ϕ), P2(ϕ), P3(ϕ)),

Qj(ϕ) =
∞∑

n=0

Jj, 2n(ϕ), Pj(ϕ) =
∞∑

n=1

Jj, 2n−1(ϕ), G(ϕ) =
∞∑

n=0

Gn(ϕ), (j = 1, 2, 3).

For these functions Qj(ϕ), Pj(ϕ), (j = 1, 2, 3) and G(ϕ) it is easy to check
the relations

Qj(ϕ) = Jj, 0(ϕ) +

ϕ∫

0

b(ϕ, τ)Pj(τ)dτ, Pj(ϕ) =

ϕ∫

0

b(ϕ, τ)Qj(τ)dτ,

G(ϕ) = G0(ϕ) +

ϕ∫

0

b(ϕ, τ)G(τ)dτ,

Q
(k)
j (ϕ) = ψ

(k)
j (ϕ) +

ϕ∫

0

b
(k)

ϕk (ϕ, τ)Pj(τ)dτ, P
(k)
j (ϕ) =

ϕ∫

0

b
(k)

ϕk (ϕ, τ)Qj(τ)dτ,

G
(k)
j (ϕ) =

ϕ∫

0

g
(k)

ϕk (ϕ, τ)dτ +

ϕ∫

0

b
(k)

ϕk (ϕ, τ)G(τ)dτ, (k = 1, 2), (A.12)
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Q′′′
j (ϕ) = ψ′′′j (ϕ)− a5(ϕ)Pj(ϕ) +

ϕ∫

0

b′′′ϕ3(ϕ, τ)Pj(τ)dτ,

P ′′′
j (ϕ) = −a5(ϕ)Qj(ϕ) +

ϕ∫

0

b′′′ϕ3(ϕ, τ)Qj(τ)dτ, (j = 1, 2, 3),

G′′′
ϕ3(ϕ) = a4(ϕ) +

ϕ∫

0

g′′′ϕ3(ϕ, τ)dτ − a5(ϕ)G(ϕ) +

ϕ∫

0

b′′′ϕ3(ϕ, τ)G(τ)dτ.

It is also easy to check the equalities

b(ϕ, ϕ) = 0, b′ϕ(ϕ, ϕ) = 0, b′′ϕ2(ϕ, ϕ) = −b(ϕ),

(A.13)
g(ϕ, ϕ) = 0, g′ϕ(ϕ, ϕ) = 0, g′′ϕ(ϕ, ϕ) = f5(ϕ)

By using formula (A.12) and (A.13) we receive the equalities

P ′′′
j (ϕ) + a1P

′′
j (ϕ) + a2P

′
j(ϕ) + a3Pj(ϕ) = −a5(ϕ)Qj(ϕ),

Q′′′
j (ϕ) + a1Q

′′
j (ϕ) + a2Q

′
j(ϕ) + a3Qj(ϕ) = −a5(ϕ)Pj(ϕ),

G′′′(ϕ) + a1G
′′(ϕ) + a2G

′(ϕ) + a3G(ϕ) = a4(ϕ)− a5(ϕ)G(ϕ).

Hence, we receive

ψ′(ϕ) = cθ′ϕ + c

ϕ∫

0

b′ϕ(ϕ, τ)Pj(τ)dτ + c̄

ϕ∫

0

b′ϕ(ϕ, τ)Qj(τ)dτ+

+

ϕ∫

0

g′ϕ(ϕ, τ)dτ +

ϕ∫

0

b′ϕ(ϕ, τ)G(τ)dτ,

ψ′′(ϕ) = cθ′′ϕ2 + c

ϕ∫

0

b′′ϕ2(ϕ, τ)Pj(τ)dτ + c̄

ϕ∫

0

b′′ϕ2(ϕ, τ)Qj(τ)dτ+

+

ϕ∫

0

g′′ϕ2(ϕ, τ)dτ +

ϕ∫

0

b′′ϕ2(ϕ, τ)G(τ)dτ,

ψ′′′(ϕ) = cθ′′′ϕ3 − ca5(ϕ)Pj(ϕ)+
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+c

ϕ∫

0

b′′′ϕ3(ϕ, τ)Pj(τ)dτ − c̄a5(ϕ)Qj(ϕ) + c̄

ϕ∫

0

b′′′ϕ3(ϕ, τ)Qj(τ)dτ

+ a4(ϕ) +

ϕ∫

0

g′′′ϕ3(ϕ, τ)dτ − a5(ϕ)G(ϕ) +

ϕ∫

0

b′′′ϕ3(ϕ, τ)G(τ)dτ. (A.14)

Since Jj,0(ϕ), b(ϕ, τ), g(ϕ, τ) represent a solution of equation (A.6), then by
virtue of formula (A.14) we see, that the function ψ(ϕ), given by formula
(A.11) is satisfying equation (A.5).

Using inequality (A.10), it is easy to receive the estimates

|Qj(ϕ)| ≤ |ψj(ϕ1)|ch(|b(ϕ, τ)|1), |Pj(ϕ)| ≤ |ψj(ϕ1)|sh(|b(ϕ, τ)|1),
(A.15)

|G(ϕ)| ≤ ϕ1|g(ϕ, τ)|1 exp(|b(ϕ, τ)|1), (j = 1, 2, 3).

By estimate (A.15) we can assure that the function V (r, ϕ), given by formulas
(A.4), (A.11), is solving equation (A.1) in the class (A.3).

Thus, the following result holds.

Theorem 4.2.5 Equation (A.1) has a solution in the class (A.3), which is
given by formula (A.4), (A.11).

Consider the Cauchy problem with prescribed growth at in�nity for sys-
tem (A.1).

Problem C. Find a solution of equation (A.1) from the class (A.3),
satisfying the conditions

αk1V (r, 0) + αk2
∂V

∂ϕ
(r, 0) + αk3

∂2V

∂ϕ2
(r, 0) = βkr

ν , (k = 1, 2, 3) (A.16)

|V (r, ϕ)| = O(rν), r −→∞, (A.17)
where akj, (k = (1, 2, 3), j = (1, 2, 3)) are given real numbers.

For solving problem C formulas (A.4), (A.11) are used. In that case
(A.17) holds automatically. The constants c1, c2, c3 in formula (A.11) are
determined, in order that the solution of equation (A.1), represented in the
form (A.4) and (A.11), satis�es condition (A.16). For that, insert function
V (r, ϕ) according to formulas (A.4), (A.11) into (A.16). Thus we get a system
of linear algebraic equations in c1, c2, c3:

(α4(0))cT = β, (A.18)
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where

α =




α11 α12 α13

α21 α22 α23

α31 α32 α33


 , β =




β1

β2

β3


 , cT =




c1

c2

c3




Solving system (A.18) under |α4(0)| 6= 0, we receive

cT = (α4(0))−1β (A.19)

Thus, the following result holds.

Theorem 4.2.6 Let the roots of the characteristic equation (A.6) be mutu-
ally di�erent and di�erent from zero. Under |α4(0)| 6= 0 the Cauchy problem
has a unique solution, which is given by formulas (A.4), (A.11) and (A.19).

If |α4(0)| = 0 for the solvability of the algebraic systems (A.18) the
conditions:

|A1| = 0, |A2| = 0, |A3| = 0 (A.20)
are necessary and su�cient. Here Aj is the matrix, which is received by
replacing the i in matrix column of the matrix α4(0) by the column β.

Theorem 4.2.7 Let |α4(0)| = 0, then for the solvability of the Cauchy
problem the condition (A.20) is necessary and su�ciently. In that case the
Cauchy problem has an in�nity number of solutions. They are given by for-
mulas (A.4), (A.11), where c is determined from equation (A.18) under con-
dition (A.20).
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Zusammenfassung

Eine der grundlegenden partiellen Di�erentialgleichungen der mathematis-
chen Physik ist die Poisson Gleichung. Sie ist der Prototyp für eine ganze
Klasse von Modellgleichungen, den polyharmonischen Di�erentialgleichun-
gen, auch n-Poisson Gleichungen genannt. Im zweidimensionalen Fall bietet
sich die komplexe Analysis zur Behandlung an. Ihr groÿer Vorteil ist es,
dass sich der Laplace Operator mittels des Cauchy-Riemann Operators fak-
torisieren lässt. Im Komplexen ist die n-Poisson Gleichungen in den letzten
Jahren in der Gruppe von Professor Begehr wiederholt untersucht worden.
In einer Reihe von Arbeiten sind verschiedene Randwertprobleme in unter-
schiedlichen Gebieten behandelt worden. Mittels eines natürlichen Itera-
tionsprozesses lassen sich Cauchy-Pompeiusche Integraldarstellungsformeln
beliebiger Ordnung gewinnen. Die sind allerdings zur Lösung von Randw-
ertproblemen im Allgemeinen ungeeignet. Die Einführung polyharmonicher
Green Funktionen transformiert diese Integraldarstellungen in solche, die
gewisse Randwertprobleme lösen helfen. Je höher der Grand umso mehr
polyharmonische Green Funktionen gibt es. Einige von ihnen lassen sich
durch Faltung von Green Funktionen niedrigerer Ordnung gewinnen. Für
spezielle Gebiete kann man diese Faltungsintegrale auswerten und so explizite
poyharmonische Green Funktionen erhalten. In dieser Arbeit werden in der
genannten Weise eine triharmonische Green und eine triharmonische Neu-
mann Funktion für den Einheitskreis konstruiert. Die entsprechenden har-
monischen und biharmonischen Funktionen sind explizit bekannt. Dies ist ein
Beitrag zur induktiven Bestimmung von polyharmonischen Green und Neu-
mann Funktionen beliebiger Ordnung für den Einheitskreis. Es gilt zunächst,
die entsprechende Induktionsbehauptung aufzustellen. Mit Hilfe der gewon-
nen triharmonischen Green und Neumann Funktionen werden die zugehöri-
gen Randwertprobleme gelöst. Darüber hinaus werden einige hybride trihar-
monische Green Funktionen eingeführt und die zugehörigen Randwertprob-
leme gelöst. In einem Anhang wird eine singuläre lineare komplexe partielle
Di�erentialgleichung vom Fuchs Typ mit trianalytischem Hauptteiloperator
behandelt.
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