and
(7.27) |A(m, dup)| < vy |dug|P™,
for p > 1 and for all differential forms du; € L{,.(M) of degree k, 0 < k < n.

Proof. Because of Lemma 7.9 the norm of du; on the manifold M and
the norm generated by H(m) are equivalent and thus

l/‘duI‘ S ]duI]H .
With (7.16), (7.18) and (7.22) we get

wldwle < \dulty = Jym)
= (duj,d*vy) = {(duj, A(m,duy)) .

The second estimation follows directly from the definition of the mapping
A(m,€)

|A(m, dup)| = [(H(m)dury, dup)"= H(m)du;| < |H(m)|%|du P~

= 1y |du[|p_1 .

8 Quasiregular mappings and W7 -classes

In this chapter we want to consider the connection of quasiregular mappings
and the W7 -classes of differential forms.

8.1. Theorem. If f € W*(M), s = max{k,n — k}, is weakly K-
quasiregular, then the differential form duy (7.4), deg duy = k, is of the class
WTs.

Proof. This result follows direct with the Lemmas 7.21 and 7.25 together
with Theorem 5.6. O

We want to show now a different approach, based more on the proper-
ties of differential forms of the WT -classes. Here we follow [MMV1] and
[FMMVW].
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Let A and B be Riemannian manifolds of dimensions dim.A = k and
dim B =n—k, 1 <k < n, and with scalar products (, )4, (,)p, respectively.
On the Cartesian product N’ = A x B we introduce the natural structure of
a Riemannian manifold with the scalar product

<7>:<7>A+<7>B'

We denote by 7 : A x B — A and n : A x B — B the natural projections of
the manifold A onto submanifolds.

If wy and wgp are volume forms on A and B, respectively, then the differ-
ential form wy = w4 A n*wp is a volume form on N (see (3.10)).

8.2. Theorem. Let f : M — N be a quasiregular mapping and let
u=mof : M — A. Then the differential form u*w, is of the class
W7, on M with the structure constants p = n/k, v, = v1(n,k, Ko) and
vo = 1a(n, k, Kp).

8.3. Remark. From the proof of the theorem it will be clear that the
structure constants can be chosen to be

n—=k
v = (k + E—2)n/2n—n/2 _[(517 Vg = Qk:—n ’

where ¢ =¢(k,n, Ko) and ¢ = c¢(k,n, Kp) are, respectively, the greatest and
least positive roots of the equation

(8.4) (k& + (n—k)"?* —n"? Ko ¥ =0.

Through similar considerations and with the same proof, only swapping the
roles of u*wy4 and v*wg, it can be shown that also v*wg € WThs.

Proof. Setting v =no f: M — B we choose ¢ = v*wg. The volume
form wp is weakly closed.
In fact, if the mapping v is sufficiently regular, then

df = dviwg = v dwg = 0 .

In the general case for the verification of the condition (3.14) we approximate
the mapping v : M — B in the norm of W"(M) by smooth maps v,
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[ =1,2,.... Because the condition (3.14) holds for each of the differential
forms v;wp, it holds also for the differential form v*wg.

The weak closedness of the differential form u*w 4 follows similarly.

Fix a point m € M, at which the relation (6.3) holds. Set a = u(m),
b= wv(m). Then

Tromy(N) = T,(A) x T(B).

The computations can be conveniently carried out as follows. We first
rewrite the condition (6.3) with the help of (3.11) in the form

(8.5) [Df(m)" < Kolf*wn],

where wys is a volume form on N.

For the points a 6 A, b € B we choose neighborhoods and local systems of
coordinates z', ..., 2, and z**!, ... 2", orthonormal at a and b, respectively.
With (3.10) we have

(8.6) wwy = ut(de' AL AdD") =uidat AL A utda”
= dft AL ondff

Because the form w4 is simple, we obtain by the inequality between the
geometric and arithmetic means

k k
g G

=1

(8.7) [dft A ... AdfF|V* < (ﬁ |dfi|)

=1

Similarly we obtain
(8.8) viwg = dfFTUA LA AT

and

i=k+1

It is not difficult to see that
frfun = fr(mrwg Anfwg) = uwg A v wg = utwa A6

37



and further that
|ffun| = [u wa Aviwg| < |dfFY AL AdEF|AFETE AL A AT

We have

k n
|df =3 _ldf'*+ > |df'F <n|Df(m)P,
=1

i=k+1
and therefore from (8.5), (8.7) and (8.9) we get

(8.10) (kluwal?* + (n— k)" wg/ ")

k n 2
(Sl + 3 dfiP)"” < (nDfm)P?)

i=k+1
n™? Ko (u*w.y, % 0)

n"? Kolu*w.4| [v*wg] .

n/2

IA

IA A

With

’U*U}A‘l/k

’v*wByl/(nfk)

&=

the preceding relation takes the form
(K> + (n — k)" <" Kotk .

Using the notations ¢ and ¢ for the least and greatest positive roots of
the equation (8.4) we have ¢ < ¢ < ¢ and

(8.11) clvrwg|Y T < Jutw|VE < elutwg YR
As above, from (8.11) it follows that

n—=k

—n/2
]u*wA\”/k < (k + ) / n"? Ko(u*wy,*0) .

22
Thus the condition (4.6) for the membership of the differential form u*w 4 of
degree k in the class W75 is indeed satisfied.
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To verify the condition (4.7), it is enough to observe that from (8.11) it
follows that

Qn_k|¢9‘ < ‘f*wA|(n_k)/k ]
O

Let 2!, ..., 2" be an orthonormal system of coordinates in R¥, 1 < k < n.
Let A be a domain in R* and let B be an (n — k)-dimensional Riemannian
manifold. We consider the manifold N'= A x B.

Let f: M — N be a mapping of the class W>"(M). Locally we write
the mapping f in the components f!,..., f*. Let u =7o f and v =no f be
as defined above. We have u*w4 = df* A ... A df*.

8.12. Theorem. If the mapping f is quasiregular, then the differential
form u*w 4 is of the class W73 on M with the structure constants p = n/k,
vo = 1a(k,n, Ko), v3 = v3(k,n, Ko).

8.13. Theorem. If the mapping f : M — R" is quasiregular, then the
differential form u*w 4 is of the class W1, on M with the structure constants
p=n/k, vs=13(k,n, Ko), vs = vs(k,n, Ko).

8.14. Remark. We can choose the constants v, 3 and v4 to be

1\n/2
Uy = Qkfn, vy = (1 + E_2) / n—n/an/QKél ’
1

I

. . (n—k)/k
Vy = ((n — k’) /2(1 + Q%) /2n /2Ko)

where ¢ is the least positive root of (8.4), where ¢, is the least and ¢; the
greatest positive root of the equation

(8.15) (4D =" PR — k)R Ko F =0

In contrast to the proof of Theorem 8.2 the differential form u*wy4 of
degree k has now a global coordinate representation. The results of the
previous proof stay applicable in the proofs of Theorem 8.12 and 8.13. The
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main difference is that we use now the inequality between geometric and
arithmetic means (8.7) and (8.9) and with the help of (8.10) we get

k . n )
(2}|de|2 + 3 1df?)

i=k+1
2 n -
< k,—n/Q(n _ k,)—(n—k:)/2nn/2KO(Z |dfz|2)k/2( Z |dfz|2)(n k)/2
i=1 i=k+1

From this point the proofs follow the concept of the proof of Theorem 8.2.
For details of the proofs of Theorem 8.12 and 8.13 see [FMMVW] §6. Our
slightly better constants 3 and v, follow directly from the definitions of the
classes W73 and W1j,.

There exist some differences between the Theorems 8.1 and 8.2. In the
first theorem the mapping f is only weakly quasiregular. This could be
weakened by a theorem from T.Iwaniec ([Iwl] §11) which says that a weakly
K-quasiregular mapping f € VVé’f, p < n, is also K-quasiregular, if p is close
enough to n, here p depends only on n and K, see also [FW] §9. The theorem
depends on a Caccioppoli-type estimate, which recently was refined in [Iw2].

The differential form du; (7.4) depends on a multi-index, we have more
possibilities for a differential form of the class W7,. The differential form
u*w 4 in Theorem 8.2 is fixed, but we gave concreter constants v; and vs.

9 Morrey’s Lemma on manifolds

In this chapter we follow mostly the considerations of [MMV3]. Let M be
a Riemannian manifold of dimension n and without boundary. We assume
that M is orientable and of the class C3. Let d(m;, my) be the geodesic
distance between the points mq, my € M. We denote by

B(a,t) ={m e M :d(a,m) < t}
Y(a,t) ={m e M :d(a,m) =t}

the geodesic ball and the geodesic sphere, respectively, with center a € M
and radius ¢t > 0.
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