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Zusammenfassung

In dieser Arbeit werden die Kohärenz Eigenschaften der Materie im
Rahmen der Photoassoziation von ultrakalten Alkali-Atomen mit
kurzen und ultrakurzen Laserpulsen untersucht.
Der ultrakalte Bereich kann mit Temperaturen unterhalb von 100µK
beschrieben werden. Wenn die relevante Energien in der Nähe des
ultrakalten Regimes ist, werden Quanten-Eigenschaften der Materie sichtbar. In diesem Regime zeigt Materie, wie Atome und
Moleküle, Welleneigenschaften. Kohärente Kontrolle benutzt die
Welleneigenschaften der Materie, um einen physikalischen Prozess
in Richtung eines gewünschten Ziels zu lenken. Das kann mit kohärenter
Strahlung wie Laser-Licht realisiert werden. Insbesondere können
Femtosekunden-Laserpulse geformt werden. Sie sind damit zu einem
Standardwerkzeug für kohärente Kontrolle geworden. Da die Materie ihre Welleneigenschaften am deutlichsten bei extrem niedrigen Temperaturen zeigt, stellt ultrakalte Materie das perfekte Objekt für kohärente Kontrolle dar. Die Verwendung inkohärenter
Felder auf ultrakalte Materie gibt uns keine gute Möglichkeiten,
ihre Quanten-Eigenschaften zu kontrollieren. Das Ziel dieser Arbeit ist es, ultrakalte und ultraschnelle Regime im Rahmen der Photoassoziation zusammen zu bringen. Photoassoziation, d.h. die
Anregung von zwei kollidierenden Atomen durch Laserlicht, erzeugt
sehr schwach gebundene Moleküle.
Im ersten Teil dieser Arbeit sind Femtosekunden-PhotoassoziationExperimente simuliert worden. In diesen Experimenten und Simulationen wird das breite Spektrum der Femtosekunden-Pulse, sowohl

atomarer als auch molekularer Übergänge, so manipuliert, dass atomaren Übergänge verhindert und die molekularen Übergänge gefördert
werden. Dann werden die Wirkung von Chirp und der Effekt der
zusätzlichen Phase auf den Puls untersucht. Die Population im angeregten Zustand und im Grundzustand wird mit Hilfe von Quantendynamischen Simulationen überprüft. Die treibende ultraschnelle
Dipol-Dynamik wird vorgestellt.
Die Photoassoziation-Rate wird begrenzt durch die niedrige anfängliche
Dichte von atomare Paaren mit einem Atomabstand, bei dem die
Photoassoziation durchführbar ist.
Im zweiten Teil dieser Arbeit untersuchen wir eine neue Methode,
welche Shape-Resonanzen benutzt, um die Dichte von atomaren
Paaren mit dem richtigen Abstand für Photoassoziation, zu erhöhen.
Eine Shape-Resonanz ist ein metastabiler Zustand, welcher auftritt
wenn ein Teil der Wellenfunktion die Rotationsbarriere bei J>0 überkommt,
und einen gebundene Zustand bildet, wahernd der andere Teil der
Wellenfunktion von der Barriere gestreut wird. Die meisten der
Shape-Resonanzen in alkalischen und Erdalkalimetallen treten typischerweise bei Temperaturen von wenigen Milli-Kelvin auf. Deshalb ist das thermische Gewicht einer Shape-Resonanz bei PhotoassoziationTemperaturen recht klein. Durch Anlegen eines nicht-resonanten
Lasers an das System wird die Energie des resonanten Zustands in
die Nähe der Energien gebracht, bei der Photoassoziation geschehen
kann. Somit werden das thermische Gewicht einer Shape-Resonanz
verstärkt und die anfängliche Paar-Dichte erhöht. Dieser Effekt
wird sowohl auf adiabatischen als auch nicht-adiabatische Zeitskalen
in Bezug auf die Rotationsperiode des Systems untersucht. Intensitätsauswirkungen auf die Resonanz-Energie und die Lebensdauer
werden vorgestellt.

Abstract

In this work, the coherence properties of the matter is studied in the
frame of photoassociation of ultracold alkali atoms by using short
and ultrashort laser pulses.
Ultracold can be described with temperatures below 100µK. When
energy approaches the ultracold regime, quantum properties of matter becomes visible. In this regime matter such as atoms and molecules
show wave properties. Coherent control employs the wave properties of matter to steer a physical process toward a desired target.
It can be implemented with coherent radiation such as laser light.
In particular, femtosecond laser pulses can be shaped. They thus
have become a standard tool for coherent control. Since matter
shows its wave properties most clearly at ultralow temperatures,
ultracold matter represents the perfect object for coherent control.
In the other hand using incoherent fields on ultracold matter does
not give us good opportunities to drive quantum properties of it.
In this work, it is aimed to bring together ultracold and ultrafast
regimes in the frame of photoassociation. Photoassociation, excitation of two colliding atoms by laser light creates very weakly bound
molecules.
In the first part of this study, femtosecond photoassociation experiments are simulated. In these experiments and simulations, the
broad spectrum of the femtosecond pulses addressing both atomic
and molecular transitions is manipulated in a way to prevent the
atomic transitions and to promote the molecular transitions. Then
the effect of chirp and the effect of additional phase to the pulse are
examined. Excited and ground state population are monitored by

carrying out quantum dynamical simulations. The driving ultrafast
dipole dynamics are presented.
The photoassociation rate is limited by the low initial atomic pair
density at inter-nuclear separations where photoassociation is feasible. In the second part of this study, a new scheme is proposed in
order to manage this low pair density by manipulating the shape
resonances of the initial atom pair. A shape resonance which is a
metastable state occurs when some part of the wavefunction of partial waves with J>0 trapped by a rotational barrier shows a bound
structure in the closer internuclear distances where the rest of it
shows a scattering wavefunction behavior. Most of the shape resonances in alkaline and alkaline earth metals occur typically at temperatures of a few milli-Kelvin. Therefore, the thermal weight of
a shape resonance at photoassociation temperatures is quite small.
By applying a non-resonant laser to the system the energy of the
resonant state is brought close to the energies those corresponding
to the photoassociation temperatures. Thus, the thermal weight of
a shape resonance is amplified and initial pair density is enhanced.
This effect is studied in both adiabatic and non-adiabatic time scales
with respect to the rotational period of the system, intensity effects
on the resonance energy and lifetime are presented.
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List of Figures
4.1

Lower panel:

85

Rb2 X1 Σg (5s+5s) ground state potential (black

curve), upper panel: 85 Rb2 0+
u (5s5p3/2 ) attractive potential (red
85
curve) and Rb2 1u (5s5p3/2 ) repulsive potential (blue curve). Atomic
transition frequency is represented by ωA and corresponds to the
D2 atomic resonance. Laser carrier frequency is ωL = ωA − ∆L

where ∆L is the detuning with respect to the asymptote and it
refers either ∆red (negative detuning) or ∆blue (positive detuning). In order to excite the ground state atoms to a repulsive excited state, the laser is blue detuned with respect to the atomic
resonance. In this case atoms gain ~∆blue amount of energy and
a free to free transition may occur. By employing an attractive
excited state potential and red detuning the laser frequency ∆red
amount with respect to the disassociation line, a free to bound
transition which is resonant with the bound vibrational level indicated by the red horizontal line can be achieved. . . . . . . . .
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LIST OF FIGURES

4.2

Illustration of FC overlap between 85 Rb2 singlet ground state
(black curve) and 85 Rb2 0+
u electronic excited state (blue curve)
bound levels below the D1 resonance. Initial wavefunction (red
curve) is chosen to be the scattering state with 100µK energy
since it corresponds to the typical temperature of the MOT Mullins
et al. (2009). Molecular transition probabilities are restricted by
the wavefunction overlap at short internuclear separations. Probability of creating a loosely bound level i.e. binding energy of
0.3 cm−1 (yellow curve) is larger than creating deeply bound
molecules i.e. binding energy of 4.1 cm−1 (green curve). RC is
the Condon point where the transition to the 0.3 cm−1 bound

4.3

level is resonant. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
a) Gaussian transform - limited pulse is transformed into spec-
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tral domain by using FFT. The carrier frequency of the pulse is
set to wL = 12738.85 cm−1 (central wavelength λL = 785 nm).
D1 (red dotted line) and D2 (blue dotted line) atomic resonances
are shown. b) In order to avoid both atomic resonances, a lower
spectral cut is applied at w1 = -220.0 cm−1 and an upper spectral
cut is applied at w2 = -16.0 cm−1 both measured with respect to
D2 resonance. This is achieved by employing a Fermi function
for the frequencies below the D1 line (red solid curve) and the
frequencies above the D2 line (blue solid curve). c) The resulting shaped pulse in the spectral domain. d) The shaped pulse
is back transformed to the time domain by applying backwards
Fourier transformation (FFT−1 ). Sharp cuts in the spectral domain lead to oscillations and long tails in the time domain. . . .

x

34

LIST OF FIGURES

4.4

Upper panel: Excited state potential of rubidium (red curve)
Rb2 0−
g (5s 5p3/2 ) and the wavepackets created by the pulse at 0,

85

20, 40 and 50 ps of the propagation (turquoise, green, blue and
orange curves, respectively) on the excited state. Lower panel:
Triplet lowest potential of rubidium (black curve) 85 Rb2 a3 Σ+
u (5s
+ 5s) and the part of the wavepacket on the ground state at
0, 20, 40 and 50 ps, respecting the same color coding . Initial wavefunction on the ground state (lower panel, turquoise
curve) is chosen to be the scattering state with 100µK energy
(corresponds to the MOT temperature for rubidium). The parts
of the wavepacket on the excited and on the ground state show
the same nodal structure at the long range part of the potential
(indicated by violet dottet lines on the right panels) which re4.5

veals no nuclear dynamics for the considered time scale. . . . .
Upper panel: Pulse spectrum with respect to the vibrational
levels of the 85 Rb2 0−
g (5s 5p3/2 ) excited state potential (shaded

37

area) is shown for photoassociation pulses when first cut-off is
fixed at ω1 = -218 cm−1 while second cut position is set to ω2 =
-10 cm−1 (green) and ω2 = -15 cm−1 (red). Corresponding population distribution on the vibrational levels are shown with
the bars respecting the same color coding of the cut positions.
Lower panel: Population distribution on the 85 Rb2 a3 Σ+
u (5s 5s)
ground state when the wavepacket is projected onto the eigenlevels of this state. The inset in both cases show a zoom-in for
deeper bound levels. . . . . . . . . . . . . . . . . . . . . . . . . .

xi

40

LIST OF FIGURES

4.6

Upper panel: Pulse spectrum with respect to the vibrational
levels of the 85 Rb2 1g (5s 5p3/2 ) excited state potential (shaded
area) is shown for photoassociation pulses when first cut-off is
fixed at ω1 = -218 cm−1 while second cut position is set to ω2 =
-10 cm−1 (green) and ω2 = -15 cm−1 (red). Corresponding population distribution on the vibrational levels are shown with
the bars respecting the same color coding of the cut positions.
Lower panel: Population distribution on the 85 Rb2 a3 Σ+
u (5s 5s)
ground state when the wavepacket is projected onto the eigenlevels of this state. The inset in both cases show a zoom-in for
deeper bound levels. . . . . . . . . . . . . . . . . . . . . . . . . .
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41

Population versus pulse energy. Upper panel: Overall excited
state (ES) population (black curve with circles) and ES vibrational population (population only on the bound levels, red curve
with squares) on 85 Rb2 0−
g (5s 5p3/2 ) versus applied pulse energy.
85
3 +
Lower panel: Rb2 a Σu (5s 5s) ground state (GS) vibrational
population versus applied pulse energy. Population undergoes
Rabi-cycling by increasing the pulse energy. . . . . . . . . . . . .
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Upper panel: The derivative of the time-dependent phase of
R
dRhΨ∗g (R; t)µ̂Ψe (R; t)i (red curve) and the D2 resonance line

(black dotted dashed line). Middle panel: The relative phase between the transition dipole µ̂(t) and the field E(t) (blue curve).
Lower panel: Pulse in time resulting after the spectral cut-offs
at ω1 = -218 cm−1 and ω2 = -15 cm−1 with respect to the D2 line
(black curve). The normalized excited state population (green
curve). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.9

Upper panel: Population obtained by using pulses in which one
cut position is kept constant at -218.0 cm−1 while the second
cut position relative to the D2 atomic resonance is varied from
-10.0 cm−1 (black dashed line) to -15.0 cm−1 (red solid line) for
a fwhm corresponding to ∆λL = 25 nm and laser power of 30
mW. Middle panel: Absolute spectral weights of the dominat-

ing frequencies. Lower panel: Lifetimes of the corresponding
frequency components in the logarithmic scale. . . . . . . . . . .
4.10 Upper panel: Population obtained by using pulses with two dif-

47

ferent laser intensities corresponding to laser power of P = 0.30
mW (black dashed curve) and P = 0.03 mW (red solid curve),
for a pulse with one cut-off position is kept constant at -218.0
cm−1 while the second cut-off position relative to the D2 atomic
resonance is varied from -10.0 cm−1 and a fwhm corresponding to ∆λL = 25 nm. Middle panel: Absolute spectral weights
of the dominating frequencies. Lower panel: Lifetimes of the
corresponding frequency components in the logarithmic scale. .
4.11 Left panel: Rb+
2 ion count as a function of time. Measurement

48

of Rb2 molecules resulted from the pump-probe experiment is
done by using a photoionization pulse (in addition to the data
presented in Merli et al. (2009) more measurements of AG Wöste
are displayed). Right panel: Corresponding quantum dynamical simulations. In experiments and in simulations the photoassociation dynamics below the D2 resonance are studied by
employing spectral cut-offs where the first one is fixed at ω1 =
-218.0 cm−1 while the second one is varied to ω2 = -4.0 cm−1
(black curves), ω2 = -8.0 cm−1 (red curves), ω2 = -10.0 cm−1 (green
curves) and ω2 = -16.0 cm−1 (blue curves). . . . . . . . . . . . . .
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4.12 Upper panel: Representative spectrum of the band-filtered photoassociation pulses. First cut-off position ω1 is detuned -8.0
cm−1 while the second cut-off position is varied between +400
cm−1 (black dashed curve), +300 cm−1 (red dashed curve),+200
cm−1 (green dashed curve),+100 cm−1 (blue dashed curve) with
respect to D2 resonance. The effect of these pulses are compared
to the effect of a pulse where only one spectral cut-off is applied
at ω1 = -8.0 cm−1 (orange curve). D2 resonance is marked with
the purple dotted line. Middle panel: Normalized population
on the whole excited state (red squared curve) and on the vibrational levels (black curve with circles) of the 85 Rb2 0−
g (5s 5p3/2 )
excited state potential versus ω2 cut-off position. Lowest panel:
Vibrational population distributions on the 85 Rb2 a3 Σ+
u (5s + 5s)
ground (left hand side) and on the excited state (right hand side). 51
4.13 Rb+
2 ion count monitored via pump-probe signal measurement
(black curve, Weise et al. (2009)) fits very well to the quantum
dynamical simulations (red curve). For this exemplary case, a
photoassociation pulse is employed with the spectrum in which
the frequencies between ω1 = -40.0 cm−1 and ω2 = -5.0 cm−1 with
respect to D1 resonance are blocked. In the experimental data,
molecular ion count starts from a non-zero value due to the existence of molecules in the MOT before the propagation starts. .
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4.14 Vibrational populations on the 85 Rb2 0−
g (5s 5p3/2 ) excited state
obtained by chirped pulses with the chirp factors (χ2 ) of 10 000
fs2 (black curve), 20 000 fs2 (red curve), 30 000 fs2 (green curve)
and 40 000 fs2 (blue curve) compared to the vibrational population without chirp (orange curve). Left panel: Chirp factors are
chosen to be positive. Right panel: Chirp factors are chosen to
be negative. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.15 Application of an additional phase eiφ to the band filtered spectrum of the pulse starting from ωstep . Upper panel: A pulse
spectrum which gives high population transfer is chosen as indicated in Fig. 4.12 with cut-off positions applied to ω1 = -8
cm−1 and ω2 = +200 cm−1 . Phase is applied starting from ωstep
which is varied between -450 cm−1 and +450 cm−1 with respect
to D2 resonance. D2 resonance is indicated by the purple dotted line. Lower panel: Obtained vibrational populations on the
85
Rb2 0−
g (5s 5p3/2 ) excited state after 50 ps propagation for φ =
π/8 (black curve), π/4 (red curve), π/2 (green curve) and 3π/4
(blue curve). Vibrational population without additional phase
is indicated by the orange dotted line. . . . . . . . . . . . . . . .
4.16 Vibrational population versus phase step position ωstep is plot-
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ted for two different band-filtered pulse spectrums where first
cut-off position ω1 is set to -8 cm−1 while second cut-off position ω2 is set to +200 cm−1 (green curve) and to +50 cm−1 (black
curve). Phase function is applied for φ = π/2. For each pulse
spectrum, the vibrational population obtained without additional
phase is indicated by the dotted line respecting the same color
coding. D2 resonance is indicated by the purple dotted line. . .
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4.17 Differential phase of the dipole and the vibrational population
versus time obtained by employing the band filtered pulse spectrum between ω1 = -8 cm−1 and ω2 = +50 cm−1 with (black curve)
and without (blue curve) phase function eiπ/2 . Upper panel: The
derivative of the time-dependent phase of the dipole. Application of the phase shifts the position of maximas and modifies
the form of the peak corresponds to the pulse maxima at about
25 ps. Lower panel: Vibrational population on the 85 Rb2 0−
g (5s
5p3/2 ) excited state. Splitting of the differential phase of the
dipole causes the double peak in the population for the case
without additional phase (blue curve). Application of phase for
φ = π/2 removes the splitting and thus the double peak structure in the population (black curve). The inset shows the population oscillation for a short time scale and the effect of the additional phase to the period of the modulations on top of the main
oscillation is indicated by the red dotted lines. . . . . . . . . . .
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4.18 Application of an additional phase eiφ with φ = π/2 to the band
filtered spectrum of the pulse within a certain spectral window.
Left panel: Filtered pulse spectrum between ω1 = -8 cm−1 and ω2
= +200 cm−1 is indicated by the green shaded area. The phase
function is applied to this spectrum between ωwin.1 and ωwin.2.
D2 resonance is indicated by the purple dotted line. Right panel:
Vibrational population on the excited state obtained by employing different phase windows. The second foot of the phase window is kept at ωwin.2 = 300 cm−1 while the first foot ωwin.1 is varied between 0 and 200 cm−1 . . . . . . . . . . . . . . . . . . . . .
4.19 A spectral window of 13.0 cm−1 (black curves) is employed to
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study photoassociation below the D2 line. The center of the
spectral window is shifted starting from -21.0 cm−1 until +21.0
cm−1 with respect to the D2 resonance which is indicated by the
purple dotted line. . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.20 Excited state population acquired by employing a narrow spectral window. Upper panel: Population versus spectral window
position calculated at the end of propagation (black curve with
circles) and at the time instance coinciding the pulse maxima
(red curve with squares). D2 resonance is indicated by the purple dotted line. Lower panel: Excited state population versus
time simulated by employing the spectral window when the
center of the window coincides with the resonance (black curve),
±4 cm−1 , ±6 cm−1 and ±8 cm−1 detuned with respect to the D2
resonance. The two time instances corresponding to the pulse
maxima and the end of propagation are marked by red and

black vertical dotted lines, respectively. . . . . . . . . . . . . . .
5.1

Left panel:

87

63

Rb lowest triplet potential with angular momen-

tum J =0 and 2 (black curves). In the upper-most graph of the
panel, the scattering state with 290 µK, in the middle graph the
scattering state with 35 µK, in the lowest graph scattering state
with 290 µK initial energies are indicated with the red dashed
lines. A quasi-bound state is formed due to the rotational barrier (J=2) for 290 µK energy only. Right panel: Corresponding
scattering functions. In the case of the shape resonance, the
wavefunction has an enhanced amplitude in the photoassociation distances, i.e. 100 Bohr radii. . . . . . . . . . . . . . . . . .
5.2

67

87

Rb lowest triplet and the 1g (5s+5p1/2 ) excited state potentials.
A Franck-Condon overlap is more favorable between 250 µK initial scattering state (close to the shape resonance) in the presence
of the J=2 rotational barrier (green curve) and the excited state
bound level with 1.3 cm−1 binding energy (blue curve) than the
other initial scattering states. However, the thermal weight of
the shape resonance is quite small in a typical Rb MOT which is
at temperatures about 100 µK. . . . . . . . . . . . . . . . . . . . .
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5.3

Short range polarizability anisotropy of 87 Rb2 . The ab initio
data taken from Deiglmayr et al. (2008) (black dotted curve) fits
very well to the calculated data by using Silberstein’s expansion
given in Eq. 2.40 (red curve). . . . . . . . . . . . . . . . . . . . . .
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3

Effect of the non-resonant laser light on the Rb2 a Σu (5s + 5s)
lowest triplet potential with J = 2 (black curve). The field free
d-wave resonance lies at about 290 µK. Application of a nonresonant laser modifies the rotational barrier and thus the resonance position. Field-dressed 1D potential energy curves are
plotted for the laser intensities 3 108 , 6 108 and 9 108 W/cm2 with
red, green and blue curves, respectively. Increasing the laser intensity, decreases the energy of this resonant state and moves it
towards lower temperatures. . . . . . . . . . . . . . . . . . . . .
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3

Shape resonance of J = 2 state on the Rb2 a Σu (5s + 5s) lowest triplet potential surface is identified on the complex energy
plane. The isolated point around energy = 250 µK corresponds
to the resonant state. The optical potential parameters are chosen to be Rmax = 11308 au, R0 = 508 au and η = 5.0 10−10 for this
particular calculation. The position of the resonant state does
not change by changing these parameters within the convergent
limit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5.6

Energy (left panel) and lifetime (right panel) of the shape resonance on the 87 Rb2 a 3 Σ+
u (5s + 5s) lowest triplet potential surface as a function of applied non-resonant laser field intensity is
plotted. The 1D model calculations with Vgsef f of Eq. 5.6 (blue
curve) are better matched with the 2D calculations than the results obtained with Vgsef f of Eq. 5.2 (black curve). Position and
the lifetime of the resonance is calculated in 2D by employing
CAP method (red curve) and by determining the peak width
and peak position of the rotational constants (green curve). CAP
method is employed for all 1D calculations. Increasing the laser
intensity increases the difference between resonance energies
obtained in 1D and 2D. 1D models becomes inadequate for calculating the resonance lifetime starting from the intensities higher
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than 4.0 108 W/cm2 . Time scales of rotational and vibrational
motion start becoming comparable. . . . . . . . . . . . . . . . . .
Contribution from the field-free rotational states with the lowest
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four J quantum number to the resonance with respect to applied
non-resonant field intensity. Since the coupling mixes only partial waves of the same parity, only the states with even J’s have
non-zero contribution. . . . . . . . . . . . . . . . . . . . . . . . .
5.8

79

Energy (left panel) and lifetime (right panel) of the shape resonance on the 88 Sr2 X1 Σ+
g potential surface as a function of applied
non-resonant laser field intensity is plotted. In 1D model resonance position and lifetime is determined by employing CAP
method while in 2D model they are calculated by determining

5.9

the peak width and peak position of the rotational constants. . .
The expectation value of the rotational constant as a function
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applied non-resonant laser field intensities. The black, red and
green curves represent the field-free case and the cases when
laser fields with intensities of I = 6.0 108 W/cm2 and I = 1.0 109
W/cm2 are applied, respectively. The letters “g” and “l” stand
for the labelling of g-wave and l-wave resonances. . . . . . . . .
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Chapter 1
Introduction
Light is the principle tool to understand the world around us. The physicist
deals with light phenomena by using optics. Light is composed of electromagnetic waves and if there is a well defined phase and frequency relation between
them light is coherent. Light emitted from a laser source is coherent radiation.
Invention of the laser in 1960s 1 is one of the most remarkable advances of science. It has been used for medical diagnostics and surgical applications, precision measurements, navigation, chemical research and many other areas with
direct impact on public life. Coherence properties of laser light set it an effective control tool for physical and chemical processes. In this study it is aimed
to applying control schemes to matter by using these coherence properties and
explore light-matter interactions.
Atoms and molecules behave as matter waves when they are sufficiently
decoupled from the environment. Coherent control employs the wave properties of matter to steer a physical process toward a desired target and needs coherent radiation to be implemented. The field of coherent control has been developed theoretically and experimentally and chemical reactions can be nowadays controlled in the laboratory by controlling the energy distribution among
the reactants’ different degrees of freedom. Molecular rotation occurs on the
1-100 ps time scale while the vibrational motion of the molecules takes place
on the 10 fs-1 ps scale. Coherent control of the molecular system, driving it
1

Charles H. Townes, Nicolay G. Basov, Aleksandr M. Prokhorov, Nobel Prize in Physics
1964.
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from an initial to a final state on these time scales shows us the motion picture
of the chemical reaction 2 .
Following the advent of ultrafast laser sources and their use to control
molecular matter waves, detailed insights into elementary chemical reactions
have been recently gained. Developed utilities and coherent control methods
have allowed us to understand and control photoinduced chemical reactions
such as photoionization, charge transfer, photoisomerization, photo-catalytic
processes, photoassociation and even photosynthesis.
Leading edge research in coherent chemistry is now focusing on the application of the developed methods on cold and ultracold systems such as
ensembles of ultracold atoms in magneto-optical traps and Bose-Einstein condensates 3 . Since these systems are very well defined quantum objects, exciting
features can be extracted from them via tailored laser light manipulation.
In the frame of this Ph.D. work, coherent control of photo-induced reactions by using short (picosecond, nanosecond) and ultrashort (femtosecond)
laser pulses in the frame of photoassociation is studied. The core of this work is
the application of shaped laser pulses to the photoassociation of ultracold colliding pair of atoms and excitation of them from their initial electronic ground
state to the molecular states.
Photoassociation by using ultrashort pulses is proposed more than a decade
ago by M. Machholm, A. Giusti-Suzor, and F. H. Mies Machholm et al. (1994).
Following this proposal several control and enhancement schemes are discussed Dion et al. (2001); Koch et al. (2006b). In our institute one of the first experimental realization of ultracold molecule photoassociation by shaped femtosecond laser pulses is presented by the experimenter group of Prof. Dr. L.
Wöste. The simulations for molecular excitation by performing quantum dynamical calculations of the light-molecule interaction in order to gain detailed
insight into the mechanism of femtosecond photoassociation are carried out
during this Ph.D. study and presented in Chapter 4 of this thesis. This is done
by numerically solving the time-dependent Schrödinger equation for the system of two colliding ultracold atoms and their interaction with the field of
2
3
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a shaped femtosecond laser pulse. These results reproduce the experimental
data with very good accuracy giving detailed insight into the relevant processes and published in scientific journals Eimer et al. (2009); Merli et al. (2009);
Weise et al. (2009).
Gaining experience in coherent control and photoassociation dynamics, a
new scheme is proposed in order to increase photoreaction efficiency in Chapter 5 of this thesis. In this scheme the resonance phenomena is exploited. A
resonance is distinguished with its high amplitude from the other states and
it is related to the rotational motion. By manipulating the separation of atoms
in an ensemble, either a naturally existing resonance can be moved towards
the desired energies to form molecules or a resonance can be created in these
energy scales. A prior laser light, i.e. before the photoassociation pulse, of
frequency which does not correspond to molecular transition is used to bring
atomic encounters into optimal separation to form molecules.
The interaction of this laser field with an ensemble of atoms induces a
dipole moment due to change in the charge distribution and polarization. The
induced dipole couples to the field and gives rise to a second order effect on
the system. Since the polarizability for the parallel and perpendicular axis are
different, polarizability becomes anisotropic. This picture shows a classical
analogy with a dumbbell rotating under the influence of the exerted torque on
it. The effect of the anisotropic polarizability interaction with the laser field
creates coherent superpositions (hybrids) of the rotational states Dooley et al.
(2003); Lemeshko & Friedrich (2009); Ortigoso et al. (1999). In the intermediate
and strong field regime, the rotational and vibrational motions are coupled.
Control of rotational and vibrational motion is achieved by varying the pulse
parameters such as pulse intensity and duration. Initial atomic pair density
conntected to the photoassociation efficiency is increased by manipulating the
initial distribution of atoms in this way. Thus, two dimensional control of a
photo-induced reaction forming diatomic molecules is accomplished.

3

Chapter 2
Description of Interacting Atoms
The nature of forces effective between two neutral atoms varies by the order of
magnitude of the inter-atomic separation R. As the electronic wavefunctions of
the two atoms overlap, the two atoms feel a strong interaction with each other
due to Coulomb interaction and electron exchange processes. These can lead
to the formation of a bound molecule. At large distances where the electrons
can no longer move from one atom to the other the phenomena change completely. The probability amplitude decreases with the decreasing overlap of
the wavefunctions exponentially as the inter-atomic separation increases. The
electrostatic interaction between the electric dipole moments of the two neutral
atoms becomes the predominant effect. This gives rise to a total energy which
is attractive and which decreases not exponentially but with the inverse powers of (1/R), i.e. 1/R6 for the case of two alkali atoms in their ground states.
This is the origin of van der Waals forces. In the case of one alkali atom lies in
the excited state (e.g., 2p) while the other stays in its ground state (2s), the energy of the interaction between two varies with 1/R3 due to modified van der
Waals forces Cohen-Tannoudji et al. (2006). In general, long-range potentials
which specify the concerned type of interaction in this thesis are defined by a
sum of inverse-power terms Chang (1967); Margenau (1939)
VLR (R) =

N
X
Cm

i

i=1

Rmi

=

Cm1
Cm
Cm
Cm
+ m22 + m33 + · · · + mN .
m
1
R
R
R
R N
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(2.1)

2.1 A Long Range Alkali Dimer Molecule: Single Atom Pair

In Eq. 2.1 VLR , mi and Cmi stand for the long-range potential, integer powers
and dispersion coefficients, respectively. Integer powers and dispersion coefficients are determined by the nature of constituent atoms to which the given
state dissociates and the symmetry of the particular molecular state. Explanation of governing rules for which terms contribute to the long-range potentials
can be found in several references LeRoy & Bernstein (1970); Meath (1972).

2.1 A Long Range Alkali Dimer Molecule: Single
Atom Pair
The alkali atoms have been used in a wide range of atomic, molecular and
optical physics research such as thermal collisions, spectroscopy, laser cooling and quantum computation. Therefore the features of their potentials, especially long-range potentials representing the nature of interaction has been
investigated by many researchers both experimentally and theoretically Dashevskaya et al. (1969); Julienne & Vigué (1991); Marinescu & Dalgarno (1995);
Masnou-Seeuws & Pillet (2001b); Movre & Pichler (1977). A purely long-range
molecule in which the motion of the two atoms is confined to the region of
large distances where only electrostatic interactions are effective provides the
concept of physicists’ molecule Jones et al. (2006); Stwalley et al. (1978). The physical properties of such a molecule can be related with high precision to the
constituent atoms. These purely long-range potentials support bound vibrational levels very close to the dissociation threshold. These bound levels are
very shallow compared to the ordinary chemically bound levels. By the emergence of photoassociation studies, it has been possible to produce high precision
spectra of these vibrational levels.
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2.1.1 Motion of a Diatomic Molecule
The different types of motions of a molecule occur on different time scales.
As electrons move faster than the nuclei, the nuclei are affected from the averaged potential caused by the spatially spread electronic charge of the electrons. Therefore, the electronic distribution can be studied by considering the
nuclei being fixed. This is the Born-Oppenheimer approximation, that leads
to separate (but coupled) Schrödinger equations for the electronic and nuclear
wavefunctions.
A diatomic molecule can be treated as a rigid rotator in the simplest approximation. Such a system consists of two particles with masses m1 and m2
joined by a weightless rod. Rotation axis is considered to be passing through
the center of mass and perpendicular to the plane of the masses. The coordinates of each atom and of the molecule as a whole in the laboratory frame can
be written in the center of mass frame. In this case the nuclear wavefunction
is going to be a product of the wavefunction of the molecule which is represented as a point particle residing at the center of mass and the wavefunction
of the relative motion of the atoms. The laboratory coordinates of each atom
r1 = (x1 , y1 , z1 ) and r2 = (x2 , y2, z2 ) are replaced with the center of mass coordinate of the molecule

rcm =

m1 r1 + m2 r2
= (xcm , ycm, zcm )
m1 + m2

(2.2)

and the internal (relative) coordinate of the atoms with respect to each other

rrel = r1 − r2 = (x, y, z).

(2.3)

The total Hamiltonian of the system consists of center of mass motion and
internal motion of vibrations and the rotations of the each atom in the molecule
Ĥ = ĤCM + Ĥint

(2.4)

where ĤCM is the Hamilton operator for the center of mass motion and Ĥint is
the Hamilton operator for the internal motion.
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The electronic motion, nuclear vibrations and rotations of the molecular
frame occur on attosecond, femtosecond and picosecond time scales, respectively. The timescale of the translational motion is of the order of milliseconds
in the ultracold regime. Here, one can assume translation of the molecule’s
center of mass is frozen compared to vibrations and rotations. Thus translational motion does not affect the internal configuration of the system, only
relative motion of atoms needs to be taken into account. Schrödinger equation
for the internal (relative) motion about the center of mass follows
!
#
"
∂2
∂2
~2 ∂ 2
+
+
+ Vi (x, y, z) ϕi (x, y, z) = Eint ϕi (x, y, z) (2.5)
−
2µ ∂x2 ∂y 2 ∂z 2
where µ =

m1 m2
m1 +m2

is the reduced mass of the molecule, Vi is the electronic

eigenvalue (potential energy surface) which depends on internuclear separation parametrically and Eint is the contribution of the internal motion to the
total energy. Here it is assumed that there are no external forces acting on the
system.
The motion along the internuclear axis can be separated from the rotational
motion of the molecule reduced to one-body by coordinate transformation into
p
spherical polar coordinates (x, y, z) → (R, θ, φ) with R = x2 + y 2 + z 2 due to
the symmetry of the system.
The nuclear wavefunction yields to
ϕn (x, y, z) = Ri (R)YJM (θ, φ)

(2.6)

with YJM (θ, φ) spherical harmonics and Ri (R) the radial part of the nuclear
wavefunction. Indices n and i in Eq. 2.6 represent all quantum numbers of the
nuclear motion and the vibrational quantum number, respectively.
The time independent Schrödinger equation for the vibrational motion is
#
"
~2 1 d 2
~2 J(J + 1)
−
R+
+ Vi (R) Ri (R) = Eint Ri (R).
(2.7)
2µ R dR2
2µR2
Substitution of χki = Rki (R)R leads to
#
"
~2 d 2
~2 J(J + 1)
−
+
+ Vi (R) χi (R) = Eint χi (R).
2µ dR2
2µR2
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(2.8)
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2.1.2 Rotations of a Diatomic Molecule
If the inter-particle separation is assumed to be fixed during the rotation in
such a rigid rotator, the vibrations of two atoms are neglected. The kinetic
energy of this rotating molecule is
1
1
(2.9)
T̂ = m1 v̂12 + m2 v̂22
2
2
where v1 and v2 are the linear velocities of masses m1 and m2 , respectively.
If ω is the angular velocity and since r1 and r2 remain unchanged during the
rotation kinetic energy can be rewritten as
1
T̂ = Îω 2
2

(2.10)

with Î = m1 r̂12 + m2 r̂22 moment of inertia of the system about the rotation axis.
This case can be reduced to an equivalent one-body problem by replacing r̂1
and r̂2 into Eq. 2.10 where re is the average distance between the two atoms in
the molecule. The moment of inertia takes the form of
Î = µr̂e2 .

(2.11)

Ĵ2
2I

(2.12)

Thus Eq. 2.10 can be written as
T̂ =

where Ĵ = Îω is the angular momentum of rotation and I is the expectation value of Î. Since vibrations and rotations of atoms are separated, the
Schrödinger equation in the spherical coordinates
1 1 ∂
∂ϕ 
1
1 ∂  2 ∂ϕ 
∂ 2 ϕ 2µ
R
+
sin
θ
+
+ 2 E = 0 (2.13)
R2 ∂R
∂R
R2 sin θ ∂θ
∂θ
~
R2 sin2 θ ∂φ2
takes the form

1 ∂
∂ϕ 
1 ∂2ϕ
E
sin θ
+
= −2I 2 .
2
2
sin θ ∂θ
∂θ
~
sin θ ∂φ

(2.14)

By using quantum mechanical description of the square of the angular momentum operator Ĵ2
Ĵ2 = −~2

"

1 ∂
∂
1 ∂2
sin θ
+
sin θ ∂θ
∂θ
sin2 θ ∂φ2
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#

(2.15)
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Schrödinger equation for the rotational motion is obtained
Ĥrot ϕ =

Ĵ2
ϕ = EJ ϕ
2I

(2.16)

~2
with the rotational eigenenergies of EJ = J(J + 1) .
2I
Separation of variables for the rotational wavefunction leads to ϕ = Θ(θ)Φ(φ)
and the following form of the Schrödinger equation
"
!
#
2
2
dΘ
M Θ
1 d
~
sin θ
−
+ EJ Θ = 0
2I sin θ dθ
dθ
sin2 θ

(2.17)

with
Ĵ2z = −~2

∂2
∂ φ̂2

(2.18)

and
d2 Φ
dφ̂2

= −M 2 Φ

(2.19)

if angular momentum component along the quantization axis Ĵz is chosen to
be on the rotation axis. In this case Ĵz and Ĵ2 commute and they have simultaneous eigenfunctions.
The allowed solutions for the eigenfunctions take the form of
1
ΦM (φ) = √ eiM φ
2π

ΘJM (θ) =
|M |

where PJ

s

(2J + 1)(J − |M|)! |M |
PJ (cos θ)
2(J + |M|)!

(2.20)

(2.21)

is the associated Legendre polynomials.

2.2 Ensemble of Atoms
Density operator description can be a useful tool in the cases where many
atoms are involved. Energy contributions coming from different degrees of
freedom are stored in the system regarding the partition functions.
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Partition function is defined as
Z(T, V, N) =

X

exp(−βEi )

(2.22)

i

with β = 1/kB T . The terms T , V , N and Ei represent temperature, volume,
number of particles and the eigenenergy of the ith state, respectively.
Energy contributions come from translational, rotational, vibrational motion and electronic excitation in a two atom picture. Under assumption of
separable degrees of freedom, the partition function can be factorized into independent components


X
Z(T, V, N) =
exp β(εtrans + εrot + εvib + εelec )
(2.23)
allstates

= Ztrans + Zrot + Zvib + Zelec

(2.24)

as Ztrans , Zrot , Zvib and Zelec being the contributions of translational, rotational,
vibrational motions and electronic excitation to the partition function with the
corresponding energy contributions εtrans , εrot , εvib and εelec.
The density operator for an ensemble of atoms at their thermal equilibrium
before any interaction is
ρ̂(t0 ) =

1
exp(−β Ĥ).
Z

(2.25)

2.3 Light Matter Interaction: Atoms and Molecules
Interacting with Laser
Application of an external field distorts or polarizes atoms or molecules. Quantum mechanically their distorted wavefunctions can be represented in terms of
the linear combination of eigenfunctions. If the frequency of the field matches
a transition frequency of the atom or the molecule, mixing of wavefunctions
between initial(ground) and final(excited) states can be observed. This process
is a time-dependent process, as the field is a time dependent field Atkins &
Friedman (2010); Cohen-Tannoudji et al. (2006).
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Hamiltonian for a molecular system in interaction with laser light can be
written as
Ĥ = Ĥ0 + Ĥint

(2.26)

where Ĥ0 is the Hamiltonian of the field-free system, Ĥint is the part of the
Hamiltonian describing the light-matter interaction.
By using multipole expansion and calculating the interaction with the electric field of the laser light, interaction energy of the field with the matter W can
be written in the following form:

W = V0

Z

ρ(r)dr +

h ∂V i
∂r

0

ρ(r)rdr +

1 h ∂2V i
ρ(r)r 2 dr + ...
2! ∂r 2 0

(2.27)

In the expansion ρ(r) is the charge density, V is the potential, the first term
is monopole,
h i second term is dipole and third term is quadrupole terms, respec= E(r, t) is the electric field at the origin.
tively. ∂V
∂r
0
Electric field can be written as an oscillating plane wave
E(r, t) = ê

E0 (t) i(k·r+ωt)
(e
+ e−i(k·r+ωt) )
2

(2.28)

where ê is the unit vector.
Taylor’s series expansion of ei(k.r) leads to
1
e±i(k.r) = 1 ± ik(r − r0 ) ∓ (k · r)2 ± ...
2

(2.29)

The typical wavelengths corresponding to electronic transitions in diatomic
molecules are large as compared to the molecule size. If the kr = 2πr
≪ 1 dipole
λ

approximation can be done and e±i(k.r) term can be replaced by 1. Thus electric
field of the light is assumed to be only time dependent.
Interaction Hamiltonian can be replaced by the dipole term
Ĥ(t) = Ĥ0 − µ̂ · E(t)

11
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where µ̂ is the dipole moment operator.
X
X
µ̂ =
(−e)r̂i +
Zn eR̂n

(2.31)

n

i

= µ̂el + µ̂nuc .

(2.32)

For a general system of electrons and nuclei, the dipole moment operator
is defined as the sum of dipole moment operators for electrons µ̂el and nuclei
µ̂nuc . Each component involves the particle charge multiplied by the position
vector.

2.3.1 Atomic to Molecular State Transitions via Dipole Interaction
When an atom pair absorbs radiation, light changes the electron motion and
the atom pair can undergo electronic transitions. As the time scale of the nuclear motion is very long compared to the time scale of the electronic motion,
the motion of the nuclear frame can be assumed frozen. In this case a vertical vibronic transition occurs between the vibrational levels of the ground and
excited state potentials that resemble each other most. Thus Franck-Condon
principle is preserved by keeping the dynamical state of the nuclei least varied
Atkins & Friedman (2010).
This vibronic transition is governed by the transition dipole operator µ̂.
In the frame of the Born-Oppenheimer approximation, the transition dipole
moment can be calculated by taking the following integrals
Z
< εf υf |µ̂|εi υi > =
ψε∗f (r; R)ψυ∗f (R)(µ̂el + µ̂nuc )ψεi (r; R)ψυi (R)dVel dVnuc
Z

Z
∗
=
ψυf (R)
ψε∗f (r; R)µ̂el ψεi (r; R)dVel ψυi (R)dVnuc
Z

Z
∗
+
ψυf (R)µ̂nuc
ψε∗f (r; R)ψεi (r; R)dVel ψυi (R)dVnuc

(2.33)

where |εi(f ) υi(f ) > is the initial (final) vibronic state with the associated wavefunctions ψε (r; R)ψυ (R). Here r and R represent the electronic and nuclear coordinates, respectively. Operator µ̂el governs the electronic and operator µ̂nuc
governs the nuclear part of the dipole transition.
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Since the electronic potential surfaces are orthogonal to each other, the integral over the electronic coordinates vanishes in the last term. By assuming
the position of the nuclei does not change significantly, the µ̂el can be assumed
as a constant value. The electric dipole transition moment follows

< εf υf |µ̂|εi υi > =

dfeli

Z

ψυ∗f (R)ψυi (R)dVnuc.

(2.34)

The square of the integral in 2.34 is the so-called Franck-Condon factor for
this transition. The dipole transition moment describes the strength of the interaction that causes the transition in which the state changes from i to f .

2.3.2 Response of the System to the Applied Optical Field
A dipole interaction model for atoms was first proposed by Silberstein Silberstein (1917) and further developed for molecules in aggregates by DeVoe DeVoe (1965). The operator for the induced dipole moment of atom i in a N-atom
system can be written as Applequist et al. (1972)

µ̂i

N
i
h
X
Tij µ̂j
= αi Ei −

(2.35)

j6=i

where αi is the polarizability tensor of unit i, E is the electric field vector of the
applied optical field, and T is the dipole field tensor whose form can be found
in several literature Applequist et al. (1972); Böttcher (1973).
The induced dipole moment operator for the molecule µ̂mol can be written
as a sum of dipole moment operators of N atomic entities under the influence
of a uniform electric field E

µ̂mol =

N
X

µ̂i =

i=1

N X
N
hX
i=1 j=1

i
Bij E

(2.36)

where B is the tensor relating the interaction of units i and j with the electric
field Applequist et al. (1972).
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The interaction between the field and the dipole is driven by the molecular
polarizability tensor αmol

αmol =

N X
N
hX
i=1 j=1

i
Bij .

(2.37)

In the case of a diatomic molecule AB with isotropic polarizabilities αA and
αB , the diagonal form of the αmol has two independent components. These are
αk parallel and α⊥ perpendicular components to the internuclear axis and they
have the following form Applequist et al. (1972); Silberstein (1917)

αk =

αA + αB + 4αA αB /r 3
1 − 4αA αB /r 6

(2.38)

α⊥ =

αA + αB − 2αA αB /r 3
1 − αA αB /r 6

(2.39)

Equations 2.38 and 2.39 indicates the anisotropy of the molecule even though
the atoms are isotropic. Another related quantity for this dipole interaction
model is the polarizability anisotropy ∆α and it is determined by the difference of the parallel and perpendicular components of the polarizability tensor

∆α = αk − α⊥ .

(2.40)

The interaction Hamiltonian for the considered molecule - field interaction
has the following form

Ĥint =

1
J2
−
µE
cos
θ
−
(∆α cos2 θ + α⊥ )E 2
2µR2
2

(2.41)

where J is the rotational quantum number, θ is the angle between the field
and the dipole moment. The term dE cos θ in the 2.41 has a non-zero contribution only if the molecule has a permanent dipole moment. Here it is assumed that the field is far from any resonance with all dipole transitions of the
molecule.
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Chapter 3
Numerical Methods
Numerical analysis of quantum molecular dynamics of a system requires discretized representation of the wavefunctions and operators acting on the system. Grid representation of the operators using fast Fourier transforms has
been established to be very robust and effective tool to solve the Schrödinger
equation for vibrational states of molecules Balint-Kurti et al. (1992); Kosloff
(1988); Wyatt & Zhang (1996). Therefore this method is chosen for the numerical simulations in the frame of this work. Operators in the Hamiltonian for
potential and kinetic energy are represented on grids in the coordinate space
and in the momentum space, respectively. The wavefunction of a quantum
state in coordinate space and that in momentum space is related via Fourier
transform. By using this transformation desired quantities of interest resulted
from operation of the Hamiltonian on the wavefunctions in different spaces
are obtained.

3.1 Representation of Wavefunctions and Hamiltonian on a Fourier Grid
Representation of the wavefunction in different spaces at initial time are related via Fourier transformation as
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1
ψ(r, t) = √
2π

∞

Z

exp(ikr)ψ(k, t)dk

(3.1)

exp(−ikr)ψ(r, t)dr

(3.2)

−∞

in the coordinate space and
1
ψ(k, t) = √
2π

Z

∞

−∞

in the momentum space.
Action of the Hamiltonian in the coordinate space at initial time can be
written as

< r|Ĥ|ψ(t = 0) > = < r|V(r̂) + T̂|ψ(t = 0) >
= < r|V(r̂)|ψ(t = 0) > + < r|T̂|ψ(t = 0) > .

(3.3)

The operation of V(r̂) on the wavefunction is local and this action simply
involves multiplication of the potential and wavefunction values at each defined coordinate point ri . The operation of the kinetic energy operator T̂ is
rather complicated. This operation is non-local in the coordinate space and it
requires representation of the wavefunction in the momentum space given in
Eq. 3.2. Action of the kinetic energy on the wavefunction then involves the
inverse Fourier transformation as
~2 1
√
< r|T̂|ψ(t = 0) >=
2m 2π

Z

∞

k 2 exp(ikr)ψ(k, (t = 0))dk.

(3.4)

−∞

Finally, the resulting matrix element from the action of the Hamiltonian on
a state follows
1
< r|Ĥ|r >=
2π
′

Z

∞
−∞

exp(ik(r − r ′ ))T dk + V (r)δ(r − r ′ ).

(3.5)

Equally spaced sampling points both in spatial and momentum space allows to represent a certain number of Ng quantum states. The wavefunction
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of the quantum states can be represented within (r,k) grid. In a uniform grid
continuous coordinate values r are replaced by a grid of N discrete values rn .
Any grid point rn will be assigned to

rn = n∆r

(3.6)

with a ∆r grid step.
λmax the longest represented wavelength is covered by L = N∆r the length
of the grid. This determines the smallest represented frequency in the momentum space. The spacing in the momentum space follows

∆k =

2π
.
λmax

(3.7)

The wavefunction at any desired coordinate value is obtained by interpolation
between the grid points, rn , using the so-called pseudospectral representation:
ψ(rn ) ≡ ψ̄(rn ) =

N
−1
X

aj gj (rn ).

(3.8)

j=0

By using a set of analytical basis functions, gj (r), the relation between the grid
points, rn , and the expansion coefficients, aj , is established. The orthogonal
functions can be chosen as basis functions for Eq. 3.8 fulfilling the orthogonality relation Fattal et al. (1996); Wyatt & Zhang (1996)
N
−1
X

gj (rn )gm (rn ) = δjm .

(3.9)

n=0

Fourier grid representation is a special case of orthogonal collocation methods Gottlieb & Orszag (2009) which uses Fourier expansion of the wavefunction. Expansion functions gj (r) are chosen to be

gj (r) = ei2πjr/L ,

j = −N/2, . . . , 0, . . . , N/2 − 1.
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The relation between aj expansion coefficients and ψ(rn ) wavefunction in
the Fourier grid representation corresponds to the following phase space relation
N
1 X
ψ(rn )e−i2πjn/N
aj =
N n=1

(3.11)

which reflects the natural relation between coordinate and momentum spaces.
Application of fast Fourier transformation (FFT) algorithms scales the total
number of operations as O(N log(N)) Cooley & Tukey (1965).

3.1.1 Adaptive Grid
Diagonalization of the Hamiltonian in equidistantly discretized grid numerically scales as O(N 3 ) Kosloff (1988). If very large De Broglie wavelength (i.e.,
low temperatures) of atoms should be represented with good accuracy very
large grids are desired. In such cases equally spaced spatial grid representation
becomes computationally expensive since the number of grid points becomes
also very large. In the other hand, if very large collision momentum values
should be considered, very dense grids are required in order to resolve the
quick oscillatios in spatial coordinate space. For cold or ultracold systems, initially the momenta is not very large. However, when several thousands cm−1
deep realistic interatomic potentials are considered, good representation of the
vibrational wavefunctions requires to account for this quick oscillations, i.e. a
dense grid at short inter-nuclear separation is needed.
The grid representation of the system is optimized by using an adaptive
grid with variable grid spacing instead of using a constant one Fattal et al.
(1996). In order to represent the local kinetic energy correctly a variable grid
spacing given by
s(r) = p

π
2µ[Eadd − V (r)]

is used Kokoouline et al. (1999).
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3.1 Representation of Wavefunctions and Hamiltonian on a Fourier Grid

In this representation, the coordinate grid possesses more sampling points
at short internuclear distances where the potential energy curve is steep and
less sampling points where the potential energy curve is flat. Being slightly
larger than maximum potential energy value Vmax the maximum asymptotic
representable kinetic energy on the grid Kallush & Kosloff (2006). The grid
step goes to infinity as V (R) → 0 and Eadd is a cutoff energy that ensures a

finite grid step.
The mapped grid is set up by defining a transformation function β(r) to
relate the physical grid and a working grid with a constant grid spacing ∆x as
p
Z Rguess 1
∆x 2µ[Eadd − V (r)]
dr.
(3.13)
β(r) =
π
Rmin

Integration domain spans the coordinate space between Rmin the initial grid
coordinate and the guess coordinate Rguess 1 . Local phase space volumes are
calculated by carrying on the integration from Rguess 1 to several guess coordinates until the end of the physical grid Rguess N = Rmax . Integration of Eq. 3.13
leads to β ≤ 1. Smaller values of β distribute more points into the sampled

coordinate space while maximum value of β = 1 corresponds to the minimum
classical (WKB) estimation of the represented phase space.
In this representation V(r̂) potential energy operator stays local. However,
in order to represent T̂ the non-local kinetic energy operator, the change of
variables from the mapped grid to the physical grid should be calculated. This
is done by representing the kinetic energy operator as
T̂ = −

π 2 −1/2 −1 −1/2
Ĵ
D̂Ĵ D̂Ĵ
2mL2x

(3.14)

where Lx = Rmax − Rmin is the grid interval, Ĵ is the first order Jacobian related
to the β parameter as
r
2µ
dr
Ĵ(Rguess i ) =
|r=Rguess i = β ′|r=Rguess i =
[Eadd − V (Rguess i )] (3.15)
dx
π2
and D̂ is the first derivative operator given by

D̂i,j =

d
dx

!

=
i,j

(

0
(−1)i−j
sin[(i−j)π/N ]
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i=j
i 6= j.

(3.16)

3.2 Chebyshev Propagator for Time-dependent Quantum Dynamical
Simulations

The unphysical (ghost) states may arise if an innsufficient number of sampling points is used in this case. Furthermore, possible accuracy problems may
be encountered if the calculation of the derivatives of the Jacobian is desired.
In order to prevent this, a mapped sine basis set is employed Borisov (2001);
Lemoine (2000); Willner et al. (2004).

3.2 Chebyshev Propagator for Time-dependent Quantum Dynamical Simulations
The wavepacket propagation is achieved by employing a Chebyshev propagator. Time dependent non-relativistic Schödinger equation
i~

∂ψ(t)
= Ĥψ(t)
∂t

(3.17)

has the formal solution given in Eq. 3.18 Leforestier et al. (1991); Tal-Ezer et al.
(1992) since Ĥ has an explicit time dependence
i
ψ(t) = Û(t)ψ(0) = T̂ exp [−
~

Z

t

Ĥ(t′ )dt′ ]ψ(0)

(3.18)

0

where T̂ is the time ordering operator and Û is the propagator.
For suffeciently small time steps ∆t, one can always assume that between
time t and t + ∆t, Ĥ(t) is constant thus time ordering is neglected Kosloff
(1988, 1994); Tal-Ezer et al. (1992); Tannor (2007). Polynomial expansion of the
propagator Û(t) is done by employing Φn the Chebyshev polynomials in order
to build a global propagator scheme


Nt
X
i
i
an Φn − Ĥt .
Û(t) = exp − Ĥt ≈
~
~
0

(3.19)

Re-normalized eigenvalues of the Hamiltonian in the range of [-1, 1] are obtained by shifting the re-normalized Hamiltonian as
Ĥnorm = 2

Ĥ − Î(∆E/2 + Emin )
.
∆E
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Since the complex Chebyshev polynomials are defined in the range of [−i, i],
Hamiltonian operator is normalized in the spectral range ∆E = Emax − Emin

in Eq. 3.20. By application of the propagator in Eq. 3.19 with this Hamiltonian,
the wavefunction at time t can be approximated as
N

t
X
i ∆E
ψ(t) ≈ exp[− (
an
+ Emin )t]
~ 2
0



∆E.t
2~



Φn (−iĤnorm )ψ(0)

(3.21)

where an (α) expansion coefficients has the following form
an (α) =

Z

i

−i

eiαx Φn (x)dx
√
= 2Jn (α)
1 − x2

(3.22)

.
with Jn (α) Bessel functions and α argument is α = ∆E.t
2~
Propagation for each time t is realized by operating Φn (−iĤnorm ) on the
the wavefunction ψ(0) as ψn = Φn (−iĤnorm )ψ(0) and the following recursion
relation of the Chebyshev polynomials is employed
Φ0 = ψ(0)
Φ1 = −iĤnorm ψ(0)
..
.

(3.23)

Φn+1 = −2iĤnorm Φn + Φn−1 .
The calculation is truncated when the desired accuracy is obtained.

3.3 Boltzmann Averaging on a Finite Grid
In this study the Hamiltonian of the physical system is represented on a finite
coordinate grid and the expectation values of the operators are calculated by
using this representation as explained in the previous sections of this chapter.
Since the photoassociation of ultracold atoms is the subject of interest, calculation of number of created molecules is necessary. In this section the relation
between the physical volume of the considered ultracold atomic ensemble and
the coordinate space representation on a finite grid is explained. The system is
described in terms of a canonical ensemble.
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The probability density operator for a canonical ensemble of N atoms in
thermal equilibrium at temperature T can be written as Landau & Lifshitz
(1980)
ρ̂T,N =

1 −ĤN /kB T
e
Zeq

(3.24)

where Zeq = Tr[e−ĤN /kB T ] is the partition function and kB is the Boltzmann
constant.
The ultracold ensemble of atoms in a magneto-optical trap (MOT) is considered as a very dilute gas where ĤN the Hamiltonian of the system consists
only in operators for single particles and two-body interaction of atoms.
The number of created excited state molecules is estimated by employing
the P̂exc projection operator for the excited (final) state and ρ̂(tf )T,N the density
operator for the ground (initial) state at the end of the time evolution in the
following way Koch et al. (2006a); Machholm et al. (1994)
< P̂exc >T = Tr[P̂exc ρ̂(tf )T,N ]
= Tr[P̂excÛ(t0 , tf )ρ̂(t0 )T,N Û† (t0 , tf )].

(3.25)

The unitary time evolution operator Û(t0 , tf ) includes laser-atomic ensemble
interaction and acts on ρ̂(t0 )T,N the initial distribution of atoms on the ground
state given by Eq. 3.24. In order to write the ensemble average of the physical
observable < P̂exc >T , the eigenfunctions of a particle in a box, ϕnJM are chosen as the basis set where n, J, M stand for translational, angular momentum
and magnetic quantum numbers, respectively. In the system of interest, center
of mass motion is decoupled from the inter-nuclear degrees of freedom under
the assumptions explained in subsection 2.1.1 of this study which is valid for
systems of homogeneous ensembles and ensembles in a harmonic trap. Thus,
Eq. 3.25 can be calculated only within the internal degrees of freedom.
The density matrix of the initial state is constructed in terms of ϕnJ (R, θ)
the ro-vibrational eigenfunctions of the pair Hamiltonian, Ĥ2 , with eigenvalues EnJ , Ağanoğlu et al. (2011). The ro-vibrational Hamiltonian of the system
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is represented on a finite-size grid of variables (R; θ, φ) for inter-nuclear separation and angular coordinates. The azimuthal symmetry about the laser polarization axis is used and therefore the light-matter interaction depends only
on the polar angle θ Koch et al. (2006a)
P
+ 1)e−EnJ /kB T |ϕnJ (R, θ)|2
1
nJ (2J
P
ρT,2 (R, θ) =
.
(3.26)
−EnJ /kB T
4πR2
nJ (2J + 1)e

The expectation value of the projection operator for a pair of atoms follows
X
−EnJ
< P̂exc,2 >T = 4πZ1 eq
(2J + 1)e kB T < ϕnJ |Û(t0 , tf )P̂exc Û† (t0 , tf )|ϕnJ >(3.27)
n,J

with Zeq =

P

n,J

< ϕnJ (R, θ)|e−Ĥ/kB T |ϕnJ (R, θ) > the partition function. Here,

< P̂exc >T is reduced to < P̂exc,2 >T by considering the condtions of a dilute
gas where the unit volume can be chosen to cover only two atoms.

The representation of the physical volume V on a finite grid is related to
the number of particles N as
v
P1 = N
(3.28)
V
where v is the volume of the box. Corresponding probability of finding two
atoms in this small box is
v
v
(N − 1) ≈ P12 .
(3.29)
V
V
The total number of excited state molecules is obtained by using the probabilP2 = N

ity of finding 2 atoms in the defined box given in Eq. 3.29 and the expectation
value of the projection operator for excited state as
1
v
Nmol,exc = N 2 < P̂exc,2 >T
2 V
V
= P12 < P̂exc,2 >T .
v

(3.30)

3.4 Representation of Two Dimensional Hamiltonian
When a strong laser field is exerted on the atom pairs, vibrational and rotational motions are coupled. The contribution of the field to the energy of the
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system becomes comparable to the vibrational or rotational spacing. In such
energy scales inevitable hybridization of the rotational and vibrational states
makes the use of a two dimensional Hamiltonian represented in both spatial
and angular degree of freedom desirable. The Hamiltonian for the rovibrational motion of a diatomic molecule in the presence of strong off-resonant
laser can be written as González-Férez & Schmelcher (2005a)
Ĥ = −

2πI
Ĵ2 (θ, φ)
~2 ∂
2 ∂
(R
)
+
+ Vg (R) −
[∆α(R) cos2 θ + α⊥ (R)]
2
2
2R µ ∂R
∂R
2µR
c
(3.31)

where R and θ,ϕ are inter-nuclear separation and spherical coordinates, µ is
the reduced mass, Vg (R) is the field-free electronic potential energy surface
and Ĵ(θ, φ) is the orbital angular momentum, respectively. In the last term, I
represents the laser intensity, ∆α and α⊥ stand for the polarizability anisotropy
and the perpendicular component of the polarizability. In the cases where Ĵz
is a constant of motion, the wavefunction of the system Ψ can be written as
Ψ(R, θ, φ) = ΨM (R, θ)eiM φ with M the magnetic quantum number. Moreover,
the direction of the applied laser field sets the symmetry of the system and
azimuthal symmetry with respect to the laser polarization direction leaves the
interaction θ dependent only by averaging out the φ dependence. Thus, the
magnetic quantum number M stays unchanged.
In order to solve the eigenvalue problem of this system a hybrid computational approach is employed. A basis set expansion in terms of Legendre
functions for the angular coordinate is used in combination with Fourier grid
representation for the radial coordinate. Further details can be found in references Fleischer et al. (2009); González-Férez & Schmelcher (2005a,b).
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Chapter 4
Coherent Control of
Photoassociation
Two colliding free atoms can absorb a photon and form a bound excited state
molecule. This process is named photoassociation. Formation of diatomic
molecules by means of photoassociation is first described by Thorsheim, Julienne and Weiner Thorsheim et al. (1987) and explained in the frame of scattering resonance formalism. Following this study, several groups Dion et al.
(2001); Fioretti et al. (1998); Gabbanini et al. (2000); Lett et al. (1993); Miller
et al. (1993); Nikolov et al. (1999, 2000) achieved creation of translationally cold
molecules via photoassociation.
At cold and ultracold regime wave nature of the reactants becomes visible
and replaces the counterintuition of chemical reactions could occur at ultracold
temperatures Ospelkaus et al. (2010). Reducing the temperature increases the
de Broglie wavelength of the particles to a scale up to 1 µm which is larger than
the characteristic molecular dimensions Burnett et al. (2002). In this scheme,
long-range interactions become important in order to understand and control
the reaction dynamics Julienne (2009). At such low temperatures, photoassociation occurs at large inter-nuclear separations.
Ultracold chemical reactions are limited by the available collision channels.
Statistical distribution of thermal collision energies becomes very sharp, about
few hundred µK wide. Depending on the isotope of interest, only s-wave, pwave free states dominates the photoreaction in this narrow energy spread,
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unless tunneling occurs Stwalley et al. (2009). Therefore understanding and
controlling the reactions at this temperature regime through external fields,
quantum statistics and threshold laws is relatively easier.
Ultracold molecules allow to test motional effects more precisely on fundamental constants, parity and symmetry violation and some other fundamental laws of nature due to their internal structure Flambaum & Kozlov
(2007). Many-body systems can be modelled with ultracold molecules by tuning the inter-particle interactions Büchler et al. (2007); Carr et al. (2009); Micheli
et al. (2006). The resonance-mediated reactions is also another application area
of coherently controlled ultracold molecular physics Ağanoğlu et al. (2011);
Chakraborty et al. (2011).
Photoassociation provides a testing ground for the mentioned physical concepts and applications. In this chapter, firstly the basic concepts of photoassociation are summarized and secondly the results of the femtosecond photoassociation of ultracold rubidium atoms to molecules are presented.

4.1 Basic Concepts of Photoassociation
Coupling of free atoms into a bound excited state depends on the structure
of both ground and excited state potentials and the shape of the initial and
final wavefunctions. Atomic to molecular transition probabilities in photoassociation can be described by a Frank-Condon factor between the ground and
excited state radial wavefunctions for low laser energies. This transition is resonant at Condon point RC where excited and ground state potential energy
difference matches the photon energy Burnett et al. (2002); Jones et al. (2006)
A + A + ~ω1 → A∗2 (v ′ , J ′ ).

(4.1)

In Eq. 4.1, A refers to the reactant isotope, ωn stands for the frequency of the radiation, v and J indicate the vibrational and rotational quantum numbers, respectively. There are further possible processes for this excited state molecule.
It can either decay radiatively to a bound level of the electronic ground state
potential surface
A∗2 (v ′ , J ′ ) → A∗2 (v ′′ , J ′′ ) + ~ω2
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or into continuum
A∗2 (v ′ , J ′ ) → A + A + ~ω3 .

(4.3)

Since photoassociation more probably occurs in a narrow band around asymptote of the electronic excited state potential energy surface, the latter case is
more likely to occur. The free-bound Franck-Condon factors are large only for
weakly bound excited state levels close to the asymptote.

4.1.1 Model for Transitions
The interaction of the ultracold ground state atoms with the laser light can be
understood in terms of vertical transitions as mentioned in section 2.3 of this
thesis. The outcome of the laser-matter interaction is predetermined by the
energy (frequency) shift of the laser light relative to the atomic resonances. In
spectroscopy this shift is commonly called detuning. If the detuning is positive (blue) with respect to the resonance, atoms can be excited to a repulsive
molecular state. This free to free transition process leads to creation of excited
atoms. Atoms gain energy depending on the amount of (blue) detuning ∆blue
and their kinetic energy will be Ee = Eg + ~∆blue Almazor et al. (2001); Julienne (1996). Ground state atoms can be excited to a bound vibrational level of
the attractive excited molecular state if the laser light is negative (red) detuned
close the resonance. This process would be a free to bound transition. The
transition occurs when the difference of excited and ground potential energy
surfaces at the Condon point RC matches the photon energy ~ω
Vexc (RC ) − Vgr (RC ) = ~ω

(4.4)

where Vexc and Vgr stand for the excited state and the ground state potential energy surfaces, respectively. Two possible transition processes are depicted in
Fig. 4.1 by using 85 Rb2 X1 Σg (5s+5s) ground state potential, 85 Rb2 0+
u (5s5p3/2 ) attractive potential (red curve) for the free to bound transition and 85 Rb2 1u (5s5p3/2 )
repulsive potential (blue curve) for the free to free transition.
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Figure 4.1: Lower panel: 85 Rb2 X1 Σg (5s+5s) ground state potential (black
curve), upper panel: 85 Rb2 0+
u (5s5p3/2 ) attractive potential (red curve) and
85
Rb2 1u (5s5p3/2 ) repulsive potential (blue curve). Atomic transition frequency
is represented by ωA and corresponds to the D2 atomic resonance. Laser carrier frequency is ωL = ωA − ∆L where ∆L is the detuning with respect to the
asymptote and it refers either ∆red (negative detuning) or ∆blue (positive detuning). In order to excite the ground state atoms to a repulsive excited state,
the laser is blue detuned with respect to the atomic resonance. In this case
atoms gain ~∆blue amount of energy and a free to free transition may occur.
By employing an attractive excited state potential and red detuning the laser
frequency ∆red amount with respect to the disassociation line, a free to bound
transition which is resonant with the bound vibrational level indicated by the
red horizontal line can be achieved.

28

4.1 Basic Concepts of Photoassociation

4.1.2 Methods for Photoassociation of Ultracold Atoms
Photoassociation of ultracold atoms by using CW lasers is an effective spectroscopic tool to study atomic scattering properties and determination of atomic
lifetimes Jones et al. (2006). CW lasers are also utilized in order to create ultracold molecules in their electronic ground state via spontaneous emission
Masnou-Seeuws & Pillet (2001a). However, the photoassociation rates needed
to be increased and production of ground state molecules via spontaneous
emissions is not a coherent scheme. The use of short (nanosecond, picosecond) and ultrashort (femtosecond) pulses is proposed to overcome drawbacks
(regarding the concerns of coherent control) of CW photoassociation Vala et al.
(2000); Vardi et al. (1997); Zewail (2000). By employing pulse shaping techniques, the dynamics of the molecular formation process as well as the photoassociation rates can be observed and controlled in real time. Coherence
properties of the laser pulses are adapted to several control scenarios such as
pump - dump schemes Koch et al. (2006c). A vibrational wave packet on the
electronically excited state is created by using a first pulse, so-called pump
pulse. The wave packet travels towards the inner turning point of the potential
surface. Then a second pulse, so-called dump pulse is employed with a controlled time delay with respect to the pump pulse. The pulse parameters and
the time delay between the two pulses are varied in order to improve the efficiency of the population transfer and to selectively populate the ground state
vibrational levels. Another proposed coherent control scenario employs adiabatic Raman passages Shapiro & Brumer (2003) correlating multi-channel initial
wavefunctions to the target states.
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4.2 Femtosecond Photoassociation of Ultracold Rb
Atoms
In this work, femtosecond laser pulses are employed in order to achieve photoassociation since they possess a large spectrum allowing to tailor the pulse in
frequency domain easily. Their very broad spectrum addresses atomic transitions as well as molecular transitions. The photoassociation mostly takes place
at the asymptotic regions of the electronically excited state where there is an
abundance of the bound levels. In the other hand, at closer internuclear separations of the electronical ground state, the initial distribution of atom pairs
is not dense and the initial wavefunction has very small amplitude. Therefore, the atomic transition probability creating hot atoms is several orders of
magnitude larger than the molecular transition probabilities. This trade-off is
illustrated in Fig. 4.2. Rubidium is chosen as the species of ultracold atoms
to photoassociate as this was the atomic species used in the experiments that
we model theoretically Eimer et al. (2009); Merli et al. (2009); Weise et al. (2009).
As an alkali homonuclear dimer, Rb2 electronically excited potential surfaces
exhibit an R−3 asymptotic behavior due to the dipole - dipole interaction while
the electronical ground state has R−6 asymptotic character.
The creation of hot atoms due to broad spectrum of the femtosecond pulse
may hinder the initial ultracold ensemble. In order to prevent losses, at first
step the spectral amplitudes corresponding to atomic transitions are suppressed
for both D1 and D2 lines of the Rb. This is simply done by removing these frequency components in the spectral domain.

4.2.1 Pulse Shaping by Spectral Cut
The procedure to shape pulses is espoused the experimental strategy. In the
experiment Mullins et al. (2009); Salzmann et al. (2008), an ultracold ensemble
of gaseous 85 Rb atoms is kept in a magneto-optical dark SPOT (spontaneousforce optical trap) Townsend et al. (1996) with 1011 cm−3 atomic densities at
the trap temperatures of 100 µK. 90% of the atoms are detected to lie on the
F = 2 ground hyperfine state. Femtosecond pulses with 4µJ energy, 80 fs
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Figure 4.2: Illustration of FC overlap between 85 Rb2 singlet ground state (black
curve) and 85 Rb2 0+
u electronic excited state (blue curve) bound levels below
the D1 resonance. Initial wavefunction (red curve) is chosen to be the scattering state with 100µK energy since it corresponds to the typical temperature of
the MOT Mullins et al. (2009). Molecular transition probabilities are restricted
by the wavefunction overlap at short internuclear separations. Probability of
creating a loosely bound level i.e. binding energy of 0.3 cm−1 (yellow curve)
is larger than creating deeply bound molecules i.e. binding energy of 4.1 cm−1
(green curve). RC is the Condon point where the transition to the 0.3 cm−1
bound level is resonant.
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fwhm and 100 kHz repetition rate are then shone on the atomic ensemble to
study the photoassociation process. In order to prepare the photoassociation
pulses, beams with 10% of the output power are sent to the pulse shaper where
the spectral composition, phase and amplitude of the pulses can be manipulated. Further technical details of the experimental setup can be found in the
references Mullins et al. (2009); Salzmann et al. (2008).
The initial pulse has 390 cm−1 fwhm and it contains the 12 578 cm−1 D1 and
the 12 816 cm−1 D2 atomic resonances. The excitation of free-free transitions
by the spectral components of the pulse corresponding to these atomic resonances limit drastically the photoassociation efficiency. These spectral components cause loss of atoms from the MOT (magneto optical trap) due to light
scattering forces and ionization Salzmann et al. (2006). Moreover, the higher
frequency components (blue part) of the pulse with respect to these atomic
resonances correspond to the antibinding branches of the excited state potential. The effect of the resonant frequencies and the frequencies above them
could be suppressed by far detuning the photoassociation laser carrier frequency. However, Franck-Condon factors of the free to bound transition for
large detuning are very small due to the very small amplitude of the scattering states at shorter inter-nuclear separations. In the other hand, spectrally
shaping the pulse in a way that the resonance frequencies and the frequencies
above them are blocked while the frequency components with high amplitude
just below the resonance are kept results in higher Franck-Condon overlap for
free to bound transitions.
The latter scheme is followed by shaping the photoassociation pulses in
a Fourier plane of the zero dispersion compressor. By employing a low-pass
filter, all frequencies above the chosen atomic resonance (D1 or D2 ), the respective resonance frequency itself, and some frequencies below this particular line were cut off. In order to achieve molecular transitions below the D2
line, perturbing frequency components around the D1 atomic resonance are
also removed from the pulse spectrum Merli et al. (2009). This procedure is
numerically modelled by shaping the pulse in the frequency domain. Firstly,
a Gaussian transform - limited pulse in time domain is transformed into frequency domain via Fourier transformation then the disturbing frequencies are
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blocked by applying an appropriate f (w) Fermi function

f (w)

=

1−

1
1+

ea (w−w1 )
1

1 + ea (w−w2 )

if w ≤ wdif f

.

(4.5)

if w > wdif f

In Eq. 4.5, variable w represents the frequency, w1 and w2 are the lower and
the upper spectral cut positions with respect to D2 resonance for the illustrated
example in Fig. 4.3. The spectral cut is positioned by comparing the frequency
components with wdif f = w1 + 12 (w2 − w1 ). Parameter a determines the steepness of the Fermi function and it is related to the sharpness of the mask used
in the experiment. Following the comparison of the experimental results and
simulations, it is found out to be a = 2.035 au. For the photoassociation simulations below D2 resonance, an initial transform - limited pulse with fwhm ∆λL
= 25 nm, central wavelength λL = 785 nm (12 738.85 cm−1 ), laser power 30 mW
at repetition rate 100 kHz and beam radius rB = 300 µm is used.
The femtosecond photoassociation mechanism is simulated by quantum
dynamical calculations for the light-matter interaction of the two-channel Hamiltonian
Ĥ =



T̂ + Vg (R̂)
µ̂E(t)
∗
−µ̂E(t)
T̂ + Ve (R̂) − ∆



(4.6)

where T̂, R̂, Vg/e , µ̂, E(t) and ∆ represent the kinetic-energy operator, the internuclear separation, the chosen ground/excited state potential energy surface
of rubidium, the transition dipole operator, the electric field of the photoassociation pulse and the detuning of the central frequency of the pulse with respect
to the chosen asymptotes, respectively. The electric dipole coupling is represented in the off-diagonal elements of the Hamiltonian. The transition dipole is
assumed to be R-independent since the photoassociation transition takes place
at the large inter-nuclear separations where transition dipole value is constant.
Dipole and rotating wave approximations are employed for constructing the
Hamiltonian given in Eq. 4.6 and the couplings between electronic states are
not taken into account which is justified in terms of the time scales of the described process.
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Figure 4.3: a) Gaussian transform - limited pulse is transformed into spectral
domain by using FFT. The carrier frequency of the pulse is set to wL = 12738.85
cm−1 (central wavelength λL = 785 nm). D1 (red dotted line) and D2 (blue
dotted line) atomic resonances are shown. b) In order to avoid both atomic
resonances, a lower spectral cut is applied at w1 = -220.0 cm−1 and an upper
spectral cut is applied at w2 = -16.0 cm−1 both measured with respect to D2
resonance. This is achieved by employing a Fermi function for the frequencies below the D1 line (red solid curve) and the frequencies above the D2 line
(blue solid curve). c) The resulting shaped pulse in the spectral domain. d)
The shaped pulse is back transformed to the time domain by applying backwards Fourier transformation (FFT−1 ). Sharp cuts in the spectral domain lead
to oscillations and long tails in the time domain.
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The potential energy curves of rubidium are obtained by connecting ab iniC8
C10
C6
tio data at short range Park et al. (2001) and 6 + 8 + 10 asymptotic exR
R
R
pansion where the Ci expansion coefficients are taken from Ref. Marte et al.
(2002). The potential energy curves are then converted into their Hund’s case
(c) representation by approximating the spin-orbit couplings by their asymptotic values and diagonalizing them as described in Wang et al. (1997).
The Hamiltonian is treated on a mapped Fourier grid representation as explained in Chapter 3 of this thesis. The field-free vibrational wavefunctions are
obtained by diagonalizing the Hamiltonian for E(t)=0 and the time evaluation
of the wavefunctions is obtained by solving the time-dependent Schödinger
equation
∂
i~
∂t



Ψg (R; t)
Ψe (R; t)



= Ĥ



Ψg (R; t)
Ψe (R; t)



(4.7)

where Ψg/e (R; t) is the ground/excited state time-dependent wavefunction.
Time-dependent Schödinger equation of the system given in Eq. 4.7 is solved
by employing a Chebyshev propagator as explained in Chapter 3 of this thesis. The scattering state with the energy corresponding to the trap temperature
(100 µK) of the ground state potential energy surface is chosen as the initial
wavefunction in order to study photoassociation transition. An adequate numerical representation of a quasi-continuum around this scattering energy, requires a large box size. Therefore, typically a grid of size L = 15 000 bohr with
N = 1023 or 2047 grid points is employed depending on the choice of the potentials. During the simulations of the photoassociation, it is observed that
the dynamics of the system are dominated by the electronic transitions and
at the inter-nuclear separations where photoassociation takes place the nodal
structure of the scattering states does not affect this transition process. Consequently, simulations with a single initial state justify the photoassociation
transitions.
The pulse is described and studied in terms of central wavelength (equivalently carrier frequency), spectral width (fwhm), linear chirp rate, energy and
spectral cut-off positions. It is observed that after the sharp cuts in the spectral
domain, the pulse gains long tails in the time domain reaching out to few picoseconds around the pulse maxima. As shown in Fig. 4.3, the electric field of
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the pulse oscillates with the frequencies of the applied spectral cuts and a beat
oscillation pattern with respect to two cuts is observed in the time domain of
the pulse.
The prepared photoassociation pulse given the details and shown in Fig.
4.3 is applied to the scattering state with 100µK energy of the 85 Rb2 a3 Σ+
u (5s
+ 5s) triplet lowest potential and following photoassociation dynamics on the
85

Rb2 0−
g (5s 5p3/2 ) excited state potential is studied. The evolution of the wavefunction on the ground and excited states is shown in Fig. 4.4 with emphasis
on the short range (left panels) and long range (right panels) parts. The final
wavefunction on the molecular excited state potential (orange curve on the
upper panel) created by the photoassociation pulse and the initial wavefunction on the ground state (turquoise curve on the lower panel) has the same
nodal structure at long range as indicated by violet dotted lines in Fig. 4.4.
The weakly bound excited state molecules have vibrational periods of tens of
picoseconds while the timescale of motion of the initial unbound atom pairs
which is determined by the MOT conditions is longer than tens of picoseconds. The different time scales of the vibrational periods of created weakly
bound excited state molecules and motion of initial atom pairs reveal for the
electronic ground state no nuclear dynamics took place on the time scale of the
pulse.
In order to prove photoassociation and to search distribution of created
excited state molecules on different vibrational levels, the wavepacket on the
excited state is projected on the eigenfunctions of this state. The effect of the
spectral cut-off position with respect to the D2 resonance on this vibrational
distribution is analyzed. To this end, time dependent simulations are realized
and comparison of the effect of two different cut-off positions on the vibrational distribution is presented in Fig. 4.5. The ω2 cut-off positions with respect to the D2 line are chosen to be -10 cm−1 and -15 cm−1 while keeping
the ω1 cut-off position close to the D1 line is fixed to -218 cm−1 . The bars in
the upper panel of Fig. 4.5 indicate vibrational distribution on the -27.8 cm−1
deep 85 Rb2 0−
g (5s 5p3/2 ) excited state potential after the photoassociation pulse
is over. On the same figure, the spectral intensities corresponding to the two
pulses are indicated by the shaded green and red areas. Here, it is remarked
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Figure 4.4: Upper panel: Excited state potential of rubidium (red curve)
85
Rb2 0−
g (5s 5p3/2 ) and the wavepackets created by the pulse at 0, 20, 40 and
50 ps of the propagation (turquoise, green, blue and orange curves, respectively) on the excited state. Lower panel: Triplet lowest potential of rubidium
(black curve) 85 Rb2 a3 Σ+
u (5s + 5s) and the part of the wavepacket on the ground
state at 0, 20, 40 and 50 ps, respecting the same color coding . Initial wavefunction on the ground state (lower panel, turquoise curve) is chosen to be the
scattering state with 100µK energy (corresponds to the MOT temperature for
rubidium). The parts of the wavepacket on the excited and on the ground state
show the same nodal structure at the long range part of the potential (indicated
by violet dottet lines on the right panels) which reveals no nuclear dynamics
for the considered time scale.
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how the spectrum does not address the most populated bound levels. On the
left hand side of this graph the spectral intensities corresponding to the energies of each bound level are plotted. The normalized population of the bound
excited state levels is 0.29 10−2 and 0.56 10−2 for the cases ω2 = -15 cm−1 and
ω2 = -10 cm−1 , respectively. However, only a small fraction of the total bound
excited state population resides in the vibrational levels resonant within the
pulse spectrum. A small portion of the pulse spectrum promotes excitation.
The most of the vibrational population lies on the 100th - 129th levels. They
have binding energies between 0.1 10−1 - 0.2 10−6 cm−1 . Those very loosely
bound levels have bond lengths up to 1000 bohrs. Their population raise from
off-resonant excitation. Due to the high peak intensity, long tails of the photoassociation pulse continue interacting with the dipole. This is a transient
interaction of the weakly bound molecules and the pulse. In the inset of the
upper panel, the vibrational distribution of levels resonant within the pulse
spectrum is made visible. Population of these levels are two orders of magnitude less than the off-resonantly populated loosely bound levels. This is
due to much smaller free to bound Franck-Condon factors. The vibrational
distribution among these levels reproduces the weak-field results in which
their population is proportional to the Franck-Condon factors multiplied by
the spectral envelope of the pump pulse Poschinger et al. (2006); Shapiro &
Brumer (2003). The excitation in both weak field and strong field schemes can
be understood by noting the decisive quantity as Rabi frequency which is the
product of transition dipole and electric field. Since the Franck-Condon factors vary over several orders of magnitude, qualitatively different results are
obtained for different regions of the excited-state vibrational spectrum. The
resonant levels for the ω1 = -218 cm−1 , ω2 = -10 cm−1 lie up to 18th vibrational
level of the 85 Rb2 0−
g (5s 5p3/2 ) excited state potential which corresponds to the
part of the wavepacket at inter-nuclear separations less than 50 bohrs.
The same procedure is followed in order to monitor the vibrational distribution on the ground state potential and plotted in the lower panel of the Fig.
4.5. The created ground state molecules by projecting the wavepacket on the
triplet lowest state of rubidium is 2 orders of magnitude less than the created
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excited state molecules. The population in the bound levels of the ground state
is calculated to be in the order of 10−5 of the initial population.
Simulations are carried out also for different excited state potentials of rubidium. Similar results are obtained when -1252.8 cm−1 deep 85 Rb2 1g (5s 5p3/2 )
excited state potential is employed and they are shown in Fig. 4.6. In this case,
due to the depth of this excited state potential more levels resonant within the
pulse spectrum are populated compared to the 85 Rb2 0−
g (5s 5p3/2 ) excited state
potential. The ratio of the bound excited state levels is 0.27 10−2 and 0.52 10−2
for the cases ω2 = -15 cm−1 and ω2 = -10 cm−1 , respectively. The results obtained
by employing different excited state potentials do not differ in terms of orders
of magnitude.
The behavior of the excited and ground state population is studied as a
function of applied pulse energy. The population obtained at the end of propagation time (50 ps) on the ground and excited state by employing the photoassociation pulse where the spectral cut-offs are applied on ω1 = -218 cm−1
and ω2 = -10 cm−1 are plotted in Fig. 4.7. The overall and vibrational population of the excited state show in-phase oscillation as a function of the pulse
energy. The population oscillation on the ground and excited potential energy
surfaces exhibit coherent oscillation. The vibrational population oscillation on
the ground state is large when the population oscillation on the excited state is
low as trend.
Up to here, the population in the ground and excited states is discussed
when the pulse is over. The dynamics of the photoassociation process and the
physical mechanism behind it is analyzed in terms of dipole dynamics. This
analysis is rendered in Fig. 4.8. In the lower panel of Fig. 4.8 the population
in the excited state as a function of time during the application of the pulse is
plotted (green curve). Photoassociation pulse after the spectral cuts are applied
on ω1 = -218 cm−1 and ω2 = -15 cm−1 with respect to the D2 line is indicated by
R
the black curve and the normalized excite state population dR|Ψe(R; t)|2 is

indicated by the green curve. Oscillatory pattern of the pulse due to beating
frequencies of the spectral cut-offs is reflected as small modulations on the
main oscillation of the excited state population. The transient interaction of
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Figure 4.5: Upper panel: Pulse spectrum with respect to the vibrational levels
of the 85 Rb2 0−
g (5s 5p3/2 ) excited state potential (shaded area) is shown for photoassociation pulses when first cut-off is fixed at ω1 = -218 cm−1 while second
cut position is set to ω2 = -10 cm−1 (green) and ω2 = -15 cm−1 (red). Corresponding population distribution on the vibrational levels are shown with the
bars respecting the same color coding of the cut positions. Lower panel: Population distribution on the 85 Rb2 a3 Σ+
u (5s 5s) ground state when the wavepacket
is projected onto the eigenlevels of this state. The inset in both cases show a
zoom-in for deeper bound levels.
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Figure 4.6: Upper panel: Pulse spectrum with respect to the vibrational levels
of the 85 Rb2 1g (5s 5p3/2 ) excited state potential (shaded area) is shown for photoassociation pulses when first cut-off is fixed at ω1 = -218 cm−1 while second
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zoom-in for deeper bound levels.
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the weakly bound molecules and the pulse is governed by the induced transition dipole. This is monitored also via the relative phase between the induced dipole and the field. The derivative of the time-dependent phase of
R
dRhΨ∗g (R; t)µ̂Ψe (R; t)i as a function of time is shown in the upper panel of

the figure by the red curve. The relative phase between the transition dipole
µ̂(t) and the field E(t) is shown by a solid blue curve in the middle panel of the
same figure.
During the main peak of the pulse, around t = 25 ps, a dipole is induced
by off-resonant excitation. It is at first driven by the strong electric field and
follows its oscillation. After the main peak of the pulse is over, the coupling
is reduced and the dipole oscillates with its intrinsic frequency close to the D2
resonance frequency which is indicated by a dotted dashed line in the upper
panel of the Fig. 4.8. Because the excited state population lies mostly on the
levels close to the dissociation line, cf. Fig. 4.5. The oscillation of the excited
state population goes through one period as the relative phase between dipole
and field changes by 2π. The dotted blue lines indicate the times when the relative phase crosses odd integer multiples of π. These instances of time coincide
with a minima in the oscillation of the excited state population. This oscillation results from a beating between the transition dipole and the field that is
oscillating with the cutoff frequency. As the long tail of the photoassociation
pulse decays, the oscillations of the transition dipole weaken as well since the
energy exchange between pulse and molecules vanishes. Two spectral cut-offs
lead to a distinct beat pattern in the amplitude and phase of the electric field
which carries over to the all dynamical observables. The dynamics of photoassociation below the D1 line is also studied where only one cut-off is applied
to the spectrum of the pulse and details of this study is reported in reference
Merli et al. (2009).
The observed coherent transient oscillations Dudovich et al. (2002); Monmayrant et al. (2006) in the population are studied when two cut-off positions
are applied to the spectrum of the pulse resulting the pulse and population in
time domain shown in the lower panel of Fig. 4.8. Since the excited state oscillations are caused by the interaction of the molecular dipole with the field these
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Figure 4.8: Upper panel: The derivative of the time-dependent phase of
R
dRhΨ∗g (R; t)µ̂Ψe (R; t)i (red curve) and the D2 resonance line (black dotted
dashed line). Middle panel: The relative phase between the transition dipole
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the spectral cut-offs at ω1 = -218 cm−1 and ω2 = -15 cm−1 with respect to the D2
line (black curve). The normalized excited state population (green curve).
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modulations are expected to reflect a beating between two or more cut-off frequencies. The depth of the modulations is expected to be due to the difference
between these frequencies. In order to gain a detailed understanding of the
additional modulations, a spectral analysis is performed and the frequency
components and their weights are extracted. The results are shown below for
different cut positions in Fig. 4.9 and for two different pulse intensities in Fig.
4.10. For the spectral analysis of the excited state population, the filter diagonalization method is used Mandelshtam & Taylor (1997); Neuhauser (1990).
This method allows to extract spectral information from very few oscillation
periods. The signal is decomposed into a sum of decaying exponentials as
C(t) = Σk dk e−iωk t−Γk t ,

(4.8)

then the frequencies ωk , decay constants Γk and complex amplitudes dk are extracted from the signal. Two periods of the data sets are marked by the arrows
in all figures Fig. 4.9 and Fig. 4.10. In Fig. 4.9, one cut position is kept constant
at -218.0 cm−1 while the second cut position relative to the D2 atomic resonance
is varied from -10.0 cm−1 (black dashed line) to -15.0 cm−1 (red solid line) for a
pulse of fwhm corresponding to ∆λL = 25 nm and laser power of 30 mW. The
square of absolute spectral weights |dk |2 of the dominating frequencies ωk are
shown in the middle panel of Fig. 4.9, b and c. The zero frequency component
of the spectrum gives a constant offset to the oscillations. The cut positions
and the difference of the two cut positions ωk = 203.0 cm−1 (red), ωk = 208.0
cm−1 (black) cause the oscillations as well as the modulation on the oscillation.
Beside these components, unexpected frequencies like ωk = 6.5 cm−1 (black),
ωk = 200.0 cm−1 are also observed. In order to interpret these additional lines,
the lifetimes of the corresponding frequencies are examined and shown in the
lower panel of Fig. 4.9, d and e. 1 Each frequency corresponding to a cut position or to the difference of cut positions have longer lifetimes than the other
frequencies in the spectrum (note the logarithmic scale). The frequencies with
short lifetimes are mostly effective at time t = 0 where the pulse is still strong.
1

Here, lifetime stands only for the duration of effectiveness for spectral components. It
should not be mixed by the real lifetime of a state.
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This indicates that the unexpected lines are caused by the interaction between
the molecules and the strong field during the main peak of the pulse.
In order to understand the intensity dependence of the unexpected lines
the same spectral analysis is performed for two different intensities. For this
analysis the spectral cut-off positions are set to -218.0 cm−1 and -10.0 cm−1 , the
result is shown in Fig. 4.10. For higher intensity (black dashed lines in Fig. 4.9
and Fig. 4.10), a small splitting of the frequencies around the cut positions and
around the difference of the cut positions is observed. Moreover, unexpected
lines with large spectral weight are observed, cf. middle panel of Fig. 4.10, b
and c. For lower intensity (red lines in Fig. 4.10) these unexpected lines disappear. The frequency components at the cut positions and the difference of
the cut positions show large, symmetric splitting. The strong intensity dependence of the components with short lifetimes confirms that they are caused by
the strong interaction near the pulse maximum.
In Fig. 4.11, the count of Rb+
2 ions in the experiment is compared to the simulation of the excited state population. The counting of Rb2 molecules formed
via photoassociation is done by using a probe pulse of 500 fs Mullins et al.
(2009). Therefore, the simulations are also convoluted by using a Gaussian
pulse of 500 fs fwhm. In the experimental data, molecular ion count starts
from a non-zero value. The creation of molecules incoherently via MOT laser
before the application of the photoassociation pulse causes this offset in the
molecular ion count for negatives times (i.e., before switching on the photoassociation laser).
The significance of the frequency components close to the resonance are
studied by excluding them with a band filter. A representative spectrum of the
employed band-filtered photoassociation pulses are shown in the upper panel
of Fig. 4.12. The first cut-off position ω1 is kept -8.0 cm−1 while the second
cut-off position is varied between +650.0 cm−1 and +25.0 cm−1 with respect to
D2 resonance. By decreasing the ω2 , more high frequency components corresponding to blue part of the spectrum are added to the pulse. The resulting
normalized population versus second cut-off position on the excited state is
plotted on the middle panel of Fig. 4.12. The overall excitation is more than the
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Figure 4.9: Upper panel: Population obtained by using pulses in which one
cut position is kept constant at -218.0 cm−1 while the second cut position relative to the D2 atomic resonance is varied from -10.0 cm−1 (black dashed line)
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Figure 4.10: Upper panel: Population obtained by using pulses with two different laser intensities corresponding to laser power of P = 0.30 mW (black dashed
curve) and P = 0.03 mW (red solid curve), for a pulse with one cut-off position
is kept constant at -218.0 cm−1 while the second cut-off position relative to the
D2 atomic resonance is varied from -10.0 cm−1 and a fwhm corresponding to
∆λL = 25 nm. Middle panel: Absolute spectral weights of the dominating frequencies. Lower panel: Lifetimes of the corresponding frequency components
in the logarithmic scale.
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Figure 4.11: Left panel: Rb+
2 ion count as a function of time. Measurement of
Rb2 molecules resulted from the pump-probe experiment is done by using a
photoionization pulse (in addition to the data presented in Merli et al. (2009)
more measurements of AG Wöste are displayed). Right panel: Corresponding quantum dynamical simulations. In experiments and in simulations the
photoassociation dynamics below the D2 resonance are studied by employing
spectral cut-offs where the first one is fixed at ω1 = -218.0 cm−1 while the second one is varied to ω2 = -4.0 cm−1 (black curves), ω2 = -8.0 cm−1 (red curves),
ω2 = -10.0 cm−1 (green curves) and ω2 = -16.0 cm−1 (blue curves).
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excitation to the vibrational levels but in the same order of magnitude. It is observed that adding more spectral components corresponding to the blue part
of the spectrum visibly decreases the excited state population starting from
ω2 = +200 cm−1 . The vibrational distribution of the ground state is also calculated and compared to the vibrational distribution of the excited state in the
lowest panel of the same figure. Adding a small portion of high frequency
components to the pulse spectrum slightly improves the excited state population compared to the case where all the blue part of the spectrum is blocked,
cf. orange curves in the upper panel of Fig. 4.12 and the right hand side of the
lowest panel. If the ω2 of the band filter is closer to the resonance than +100.0
cm−1 , excited state population decreases, cf. blue curves in the upper panel of
Fig. 4.12 and the right hand side of the lowest panel. The vibrational distribution of the ground and excited state show opposite behavior with respect to the
cut-off position close to the resonance. Adding higher spectral components increase the molecular ground state population while decreasing the molecular
excited state population.
Simulations are carried out in order to study photoassociation below the D1
line, too. Similar results are obtained as in the photoassociation studies below
the D2 line. An exemplary comparison of the simulations and the experimental
molecular ion count is presented in Fig. 4.13 for a band filtered pulse spectrum
between ω1 = -40.0 cm−1 and ω2 = -5.0 cm−1 with respect to D1 resonance (12
578.9510 cm−1 ). In the experimental data (black curve), molecular ion count
starts from a non-zero value. Similar to the measurements done for the case
of photoassociation below D2 line, this is due to the creation of molecules incoherently via MOT laser before the application of the photoassociation pulse.

4.2.2 Pulse Shaping by Frequency Chirp
The effect of a linear chirp to the excited state population is searched by applying linear chirp to the spectrum of the pulse where two cut-off positions
are also applied at ω1 = -8.0 cm−1 and ω2 = -218.0 cm−1 with respect to the D2
resonance Merli et al. (2009).
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Figure 4.12: Upper panel: Representative spectrum of the band-filtered photoassociation pulses. First cut-off position ω1 is detuned -8.0 cm−1 while the
second cut-off position is varied between +400 cm−1 (black dashed curve),
+300 cm−1 (red dashed curve),+200 cm−1 (green dashed curve),+100 cm−1
(blue dashed curve) with respect to D2 resonance. The effect of these pulses
are compared to the effect of a pulse where only one spectral cut-off is applied
at ω1 = -8.0 cm−1 (orange curve). D2 resonance is marked with the purple
dotted line. Middle panel: Normalized population on the whole excited state
(red squared curve) and on the vibrational levels (black curve with circles) of
the 85 Rb2 0−
g (5s 5p3/2 ) excited state potential versus ω2 cut-off position. Lowest
panel: Vibrational population distributions on the 85 Rb2 a3 Σ+
u (5s + 5s) ground
(left hand side) and on the excited state (right hand side).
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Figure 4.13:
ion count monitored via pump-probe signal measurement
(black curve, Weise et al. (2009)) fits very well to the quantum dynamical simulations (red curve). For this exemplary case, a photoassociation pulse is employed with the spectrum in which the frequencies between ω1 = -40.0 cm−1
and ω2 = -5.0 cm−1 with respect to D1 resonance are blocked. In the experimental data, molecular ion count starts from a non-zero value due to the existence
of molecules in the MOT before the propagation starts.
In general the phase of an electric field E(t) can be modulated. E(t) can be
written in terms of a temporal envelope S(t) which is a Gaussian in this study,
E0 electric field maximum and instantaneous frequency ω(t)
1
E0 S(t)(eiω(t)t + e−iω(t)t )
2
dϕ(t)
1
=
E0 S(t)(eiωL t ei dt t ) + cc.
2

E(t) =

(4.9)
(4.10)

The frequency ω(t) = ωL + dϕ(t)
, consists a constant carrier envelope frequency
dt
of the electric field ωL and the phase modulation ϕ(t).
Taylor expansion of the phase modulation ϕ(t) around a reference time instant t0 can be written as
ϕ(t) = ϕ(t0 ) +

dϕ(t)
1 d2 ϕ(t)
1 d3 ϕ(t)
2
|t0 (t − t0 ) +
|
(t
−
t
)
+
|t (t − t0 )3 ... (4.11)
t
0
dt
2 dt2 0
6 dt3 0
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The first term in the expansion ϕ(t0 ) is the constant phase of the field, second
term is related to the shift of ωL with respect to frequency. The following terms
3

2

|t0 and χ3 = d dtϕ(t)
|t0 gives the linear and quadratic
in the expansion χ2 = d dtϕ(t)
2
3
chirps, respectively. They describe the change of the instantaneous frequency
in time. If the high (low) frequency components travel faster than the low
(high) frequency components of the pulse leading edge, the pulse is so-called
up(down)-chirped or positively(negatively) chirped.
Equivalently, electric field in spectral domain Ẽ(ω) can be written in terms
of its spectral amplitude S̃(ω) and its phase as
Ẽ(ω) = S̃(ω)e−iϕ(ω)

(4.12)

after a Fourier transformation.
Taylor expansion of the phase follows
3
dϕ(ω)
1 d2 ϕ(ω)
2 1 d ϕ(ω)
|ωL (ω−ωL )+
|
(ω−ω
)
+
|ωL (ω−ωL )3 ...
ωL
L
dω
2 dω 2
6 dω 3
(4.13)
where the first term is constant, second term gives the shift of the pulse in time,

ϕ(ω) = ϕ(ωL)+

second and third terms are the linear and quadratic chirps, respectively.
By omitting higher order expansion terms and considering only linear spec2 ϕ(ω)
tral chirp rate χ2 ′ = d dω
2 , the electric field can be expressed as
−

Ẽ(ω) = Ẽ0 e

(ω−ωL )2
(ω−ωL )2
−iχ2 ′
2
2
2σw

.

(4.14)

The chirp rate χ2 ′ causes a phase shift of each spectral component of the field.

The Fourier transform of Ẽ(ω) results in electric field in time domain E c (t) and
can be expressed in the following compact form
c

E (t) = E0

p

−

fe

(t−t0 )2
2σtc2

e−i

(t−t0 )2
χ2
2

(4.15)

where the factor f represents the stretch of the pulse in time, χ2 the resulting
chirp rate in time domain and σtc is the standard deviation of the chirped pulse
in time domain. The σtc of the Gaussian envelope of the chirped pulse Ec (t) is
s
1
+ χ2 ′2 σw2 .
(4.16)
σtc =
σw2
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The chirp rate in time χ2 , is given by
σw2
χ2 = 2 χ2 ′
σt

(4.17)

where σt is the standard deviation of the unchirped pulse in time domain.
Chirping results in a prolongation of the pulse in the time domain reducing
√
the local field intensity with a factor of f as seen in the Eq. 4.17 to conserve
the total pulse energy where
f=

s

2σw2
+ 1.
(σw4 + χ21′2 )

(4.18)

The factor f can be represented in terms of standard deviation σt in time domain as
f=

s

1+

2χ2 ′2
.
σt2

(4.19)

2
One can notice from the definition of the transform limit σw2 σt(T
L) = 1, in the
2 c2
2 2
case of a chirped pulse σw σt = (1+χ′ σw ) is greater than 1. Thus the frequency

chirp prolongs the pulse duration in time domain while keeping the spectral
band width unchanged in the frequency domain. Keeping the pulse energy
constant results reduction in the peak intensity. Both up-chirped and downchirped pulses caused decrease in the excited state population. Applied chirp
factors and their effects on the vibrational population of the 85 Rb2 0−
g (5s 5p3/2 )
excited state potential are plotted in Fig. 4.14. Contrary to the proposals done
previously Luc-Koenig et al. (2004); Vala et al. (2000), an enhanced photoassociation is not observed in this case. In this study different than the studies
explained in references Luc-Koenig et al. (2004); Vala et al. (2000), off-resonant
excitation dominates the dynamics of the system. The proposed enhancement
schemes with frequency chirp in these references requires mutual interaction
of wavepacket rolling down the potential curve and the coupling with the field
of laser on a timescale of picoseconds. Such an interplay between nuclear and
electronic dynamics is not observed with chirped femtosecond pulses. The linear chirp affect the dynamics of the induced dipole and shifts the peak of the
population oscillations arising from the energy exchange between the induced
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dipole and the electric field of the pulse. Dynamics of the system are therefore
very sensitive to phase manipulations of the pulse which affect the relative
phase between dipole and field. Applied chirp in addition to the spectral cutoffs strongly influences the ultra fast dipole dynamics. Since the excitations in
this system are long range and can be reduced to a two-level system model,
the interaction between the molecule and the field is also analyzed in terms of
the evolution of the Bloch vectors and presented in reference Merli et al. (2009).
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Figure 4.14: Vibrational populations on the 85 Rb2 0−
g (5s 5p3/2 ) excited state obtained by chirped pulses with the chirp factors (χ2 ) of 10 000 fs2 (black curve),
20 000 fs2 (red curve), 30 000 fs2 (green curve) and 40 000 fs2 (blue curve) compared to the vibrational population without chirp (orange curve). Left panel:
Chirp factors are chosen to be positive. Right panel: Chirp factors are chosen
to be negative.
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4.2.3 Adding a Phase Step and a Phase Window to the Pulse
Spectrum
Transient population enhancement possibilities are searched by applying a
spectral phase function eiφ to the pulse spectrum.
In the case of a “resonant” transition, the off-resonant terms (both blue and
red detuned components) with respect to the transition frequency create destructive interferences and the final transition amplitude depends only on the
resonant terms. Application of an anti-symmetric, i.e. step-wise phase function inverts the sign of the spectral components about the resonance, inducing constructive interference and therefore maximizing the transient transition
amplitude Dudovich et al. (2002).
Phase function eiφ is added step-wise to the band filtered pulse spectrum
in which spectral cut-offs are applied to ω1 = -8 cm−1 and ω2 = +200 cm−1 with
respect to D2 resonance. Position of the phase step ωstep is varied between -450
cm−1 and +450 cm−1 with respect to D2 resonance. Phase φ is varied between
π/8 and 3π/4. The spectrum and the resulting vibrational populations with
respect to applied phases are plotted in Fig. 4.15. Application of phase step
to spectral components below the D2 resonance reduce the vibrational population on the molecular excited state. However, the behavior of the vibrational
population versus ωstep is not symmetric, because the applied photoassociation pulse is not symmetric due to removal of disturbing frequencies around
the atomic resonance by the band filter. A turning point is observed at 12 881
cm−1 (+ 65.0 cm−1 with respect to D2 resonance). An enhancement in the population up to a factor of 1.25 is calculated in this scheme which is the half of
the enhancement observed for a “resonant” transition explained in reference
Dudovich et al. (2002).
Since the non-symmetric phase function can change the amount and the
sign of the contributions from the spectral components where ω ≥ ωstep , enhancement possibilities with a different pulse spectrum are searched. This time
a band-filtered spectrum which consists more blue part, i.e. ω2 = +50 cm−1 is
employed and phase function is applied for φ = π/2 since this is the phase
with largest impact as displyed in Fig. 4.15. In this case vibrational population
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Figure 4.15: Application of an additional phase eiφ to the band filtered spectrum of the pulse starting from ωstep . Upper panel: A pulse spectrum which
gives high population transfer is chosen as indicated in Fig. 4.12 with cut-off
positions applied to ω1 = -8 cm−1 and ω2 = +200 cm−1 . Phase is applied starting from ωstep which is varied between -450 cm−1 and +450 cm−1 with respect
to D2 resonance. D2 resonance is indicated by the purple dotted line. Lower
panel: Obtained vibrational populations on the 85 Rb2 0−
g (5s 5p3/2 ) excited state
after 50 ps propagation for φ = π/8 (black curve), π/4 (red curve), π/2 (green
curve) and 3π/4 (blue curve). Vibrational population without additional phase
is indicated by the orange dotted line.
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is increased up to a factor of 4.00 compared to the case of φ = 0 as shown in
Fig. 4.16. As explained and plotted in Fig. 4.12, pulse spectrum which consists
high frequency components close to the atomic resonance leads to decreasing
vibrational population in the excited state. Application of the step-wise phase
function brought constructive contribution from these disturbing frequency
components. In Fig. 4.16, the vibrational population versus step position is
plotted for two different pulse spectrums. The black curve indicates population obtained by employing the pulse spectrum where the frequency components between ω1 = -8 cm−1 and ω2 = +50 cm−1 are blocked and the phase
function eiπ/2 is applied for ω ≥ ωstep . The population obtained by the same
pulse spectrum without additional phase is indicated by the black dotted line.
Maximum enhancement is obtained for ωstep = +200 cm−1 . Similar behavior
and turning point is observed as in the previous case where ω2 = +200 cm−1 .
Although more population enhancement is achieved by applying the phase
step, the population obtained by the pulse spectrum which consists less blue
part is higher, cf. green curve in Fig. 4.16. This is mainly due to sign conversion of the contributions from the spectral components which are already
constructive without additional phase.
The derivative of the time-dependent phase of the dipole and the vibrational population on the excited state versus time are plotted in Fig. 4.17 obtained by employing the band filtered pulse spectrum between ω1 = -8 cm−1
and ω2 = +50 cm−1 with (black curve) and without (blue curve) phase function
eiπ/2 . Phase step is placed at ωstep = +100 cm−1 . Application of the phase shifts
the position of maximas in the derivative of the time dependent phase of the
dipole. Thus interaction of dipole and the field differs for the cases with and
without additional phase. The main oscillation period of the transient population remains the same as displayed in the lower panel of Fig. 4.17. However,
additional phase affects the overall population amplitude and the small modulations on top of the main oscillation, cf. inset in the lower panel of Fig. 4.17.
A similar analysis for additional phase effects is done by employing the
additional phase function only on a certain spectral window. Since profiting
more from the idle part of the photoassociation pulse is aimed, a band filtered
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Figure 4.16: Vibrational population versus phase step position ωstep is plotted
for two different band-filtered pulse spectrums where first cut-off position ω1 is
set to -8 cm−1 while second cut-off position ω2 is set to +200 cm−1 (green curve)
and to +50 cm−1 (black curve). Phase function is applied for φ = π/2. For each
pulse spectrum, the vibrational population obtained without additional phase
is indicated by the dotted line respecting the same color coding. D2 resonance
is indicated by the purple dotted line.
pulse spectrum consisting more high frequency components is chosen for the
analysis. The spectral cut-offs are placed at ω1 = -8 cm−1 and ω2 = +50 cm−1
in the pulse spectrum as shown on the left panel of Fig. 4.18. An additional
phase eiφ with φ = π/2 to the spectral window between ωwin.1 and ωwin.2 of
this pulse is employed and the vibrational population on the 85 Rb2 0−
g (5s 5p3/2 )
excited state is plotted for different window widths on the right panel of Fig.
4.18. The configuration is chosen such as the second foot of the phase window
is kept at ωwin.2 = 300 cm−1 while the first foot ωwin.1 is varied between 0 and
200 cm−1 . The maximum population enhancement is observed for phase window position of ωwin.1 = 150 cm−1 , ωwin.2 = 300 cm−1 . For this configuration the
obtained vibrational population is 5.4 times higher than the case without any
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Figure 4.17: Differential phase of the dipole and the vibrational population
versus time obtained by employing the band filtered pulse spectrum between
ω1 = -8 cm−1 and ω2 = +50 cm−1 with (black curve) and without (blue curve)
phase function eiπ/2 . Upper panel: The derivative of the time-dependent phase
of the dipole. Application of the phase shifts the position of maximas and
modifies the form of the peak corresponds to the pulse maxima at about 25
ps. Lower panel: Vibrational population on the 85 Rb2 0−
g (5s 5p3/2 ) excited state.
Splitting of the differential phase of the dipole causes the double peak in the
population for the case without additional phase (blue curve). Application of
phase for φ = π/2 removes the splitting and thus the double peak structure
in the population (black curve). The inset shows the population oscillation for
a short time scale and the effect of the additional phase to the period of the
modulations on top of the main oscillation is indicated by the red dotted lines.
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Figure 4.18: Application of an additional phase eiφ with φ = π/2 to the band
filtered spectrum of the pulse within a certain spectral window. Left panel: Filtered pulse spectrum between ω1 = -8 cm−1 and ω2 = +200 cm−1 is indicated by
the green shaded area. The phase function is applied to this spectrum between
ωwin.1 and ωwin.2. D2 resonance is indicated by the purple dotted line. Right
panel: Vibrational population on the excited state obtained by employing different phase windows. The second foot of the phase window is kept at ωwin.2
= 300 cm−1 while the first foot ωwin.1 is varied between 0 and 200 cm−1 .
additional phase and 1.3 times higher than the maximum vibrational population obtained by employing a phase step as shown in Fig. 4.16. Thus, almost
the same amount of vibrational population is acquired by employing a pulse
consisting more blue part of the spectrum which had disturbing frequencies
for molecular formation before this phase manipulation.

4.2.4 Scan with a Spectral Window
The effect of the spectral components to the molecular formation is also studied by moving a narrow spectral window around the atomic resonance Eimer
et al. (2009). The molecular population is calculated at 25.0 ps (the time instance
corresponding to the pulse maxima) and at 50.0 ps (the end of propagation).
A spectral window of 13.0 cm−1 is used for photoassociation simulations below the D1 and D2 resonances following the experiment presented in reference
Eimer et al. (2009). Simulation results regarding the photoassociation below
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the D2 line are presented here. The narrow spectral window is moved around
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Figure 4.19: A spectral window of 13.0 cm−1 (black curves) is employed to
study photoassociation below the D2 line. The center of the spectral window
is shifted starting from -21.0 cm−1 until +21.0 cm−1 with respect to the D2 resonance which is indicated by the purple dotted line.
the resonance as plotted in Fig. 4.19. The calculated excited state population, cf. Fig. 4.20 is symmetric around the resonance between -10.0 cm−1 and
+10.0 cm−1 for both red and blue detuned pulses with respect to the resonance.
This is not surprising since the observed dynamics are originated from electronic excitations and the process is dominated by the high laser peak intensity.
However, the excited state population obtained at the end of propagation with
large positive detuning decreases faster compared to the population obtained
by employing the same amount of negative detuned pulses. The behavior of
excited state population versus detuning obtained at the end of the propagation drastically differs from the one obtained at the time instance coinciding
the pulse maximum. The first case exhibits a maximum when the center of the
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Figure 4.20: Excited state population acquired by employing a narrow spectral
window. Upper panel: Population versus spectral window position calculated
at the end of propagation (black curve with circles) and at the time instance coinciding the pulse maxima (red curve with squares). D2 resonance is indicated
by the purple dotted line. Lower panel: Excited state population versus time
simulated by employing the spectral window when the center of the window
coincides with the resonance (black curve), ±4 cm−1 , ±6 cm−1 and ±8 cm−1
detuned with respect to the D2 resonance. The two time instances corresponding to the pulse maxima and the end of propagation are marked by red and
black vertical dotted lines, respectively.
spectral window is on resonance while the second case exhibits a double maximum structure at ± 6.0 cm−1 around the resonance. Moreover, the maximum
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excited state population of the first case is about the double of the maximum
excited state population of the latter case.

4.3 Conclusion and Outlook
In this chapter, some concepts of coherent control are applied to the ultracold diatomic systems in the frame of photoassociation. One of the first femtosecond photoassociation experiments is simulated. In these experiments
and simulations, the broad spectrum of the femtosecond pulses addressing
both atomic and molecular transitions is manipulated in a way to prevent the
atomic transitions and to promote the molecular transitions. At first step, this
is achieved by removing the disturbing frequencies from the pulse spectrum.
Then the effect of chirp and the effect of additional phase to the pulse are examined. Excited and ground state population are monitored by carrying out
quantum dynamical simulations. The driving ultrafast dipole dynamics are
presented. The high peak intensity of the photoassociation pulse causes strong
field effects and multi-photon processes. Removal of the disturbing frequencies from the pulse spectrum creates a long pulse tail of the electric field in
the time domain and induced dipole interacts with this tail. Due to this interaction, coherent transient oscillation is observed in the molecular population.
The period of this oscillation of the molecular population depends on the spectral cut-off position. Population oscillation and its modulations are analyzed
by employing filter diagonalization method. Resulting analysis addressed the
dominating spectral components and how long these components are effective. Application of an additional phase to the pulse within a certain spectral
window, increased the molecular transition rate up to an order of magnitude.
However, overall excited state population stayed in 1% of the initial ground
state population. This is mainly due to the low initial atomic-pair density close
to the inter-nuclear separations where the photoassociation is feasible. Application of external fields to the atomic ensemble may increase the atomic pair
density and thus the photoassociation probability. In the next chapter, a new
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scheme is proposed in order to increase the initial atomic pair density by manipulating naturally existing shape resonances via application of non-resonant
laser fields.
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Chapter 5
Controlling Shape Resonances via
Non-resonant Laser Fields
In this part of the thesis the prospects for coherently controlling naturally existing shape resonances are studied. An efficient control scheme for photoassociation by including shape resonances is proposed.
Reactions at ultracold temperatures can also be profoundly influenced by
the resonances when they dominate the quantum dynamics via tunneling.
Magnetically induced Feshbach resonances are also used to enhance cold and
ultracold molecular formation rate in reaction schemes such as Feshbach optimized photoassociation (FOPA) Pellegrini et al. (2008). Magnetic Feshbach resonances provide mechanisms to tune scattering properties of the ultracold collisions. However, using magnetic fields for controlling ultracold reactions has
limitations. DC magnetic fields cannot be tuned very fast and magnetic Feshbach resonances have usually very narrow widths. These issues restrict the
detection and control of the scattering length in a narrow magnetic field range
Li & Krems (2007). Moreover, magnetically induced Feschbach resonances are
restricted to the species with non-zero nuclear spin and they are efficient at
the even lower the temperatures i.e. nK regime. There exist also electric field
induced Feshbach resonances and electric fields can be tuned much faster than
magnetic fields Krems (2006). In the case of electrically induced Feshbach resonances, the required electric field strengths are usually very high, i.e. 250-700
kV/cm Marinescu & You (1998) and they are still experimentally unfeasible,
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i.e. currently available DC electric fields are about 200 kV/cm Bethlem et al.
(2000).
In this work, naturally existing shape resonances are exploited in order to
increase initial atom pair distribution at the internuclear separations where
photoassociation is more effective. A shape resonance which is a metastable
state occurs when some part of the wavefunction of partial waves with J>0
trapped by a rotational barrier shows a bound structure in the closer internuclear distances while the rest of it shows a scattering wavefunction behavior
as shown in the Fig. 5.1 due to the form of the potential surface Boesten et al.
(1996, 1997); Londoño et al. (2010).
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Figure 5.1: Left panel: 87 Rb lowest triplet potential with angular momentum J
=0 and 2 (black curves). In the upper-most graph of the panel, the scattering
state with 290 µK, in the middle graph the scattering state with 35 µK, in the
lowest graph scattering state with 290 µK initial energies are indicated with the
red dashed lines. A quasi-bound state is formed due to the rotational barrier
(J=2) for 290 µK energy only. Right panel: Corresponding scattering functions.
In the case of the shape resonance, the wavefunction has an enhanced amplitude in the photoassociation distances, i.e. 100 Bohr radii.
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However, most of the shape resonances in alkaline and alkaline earth metals occur typically at temperatures of a few milli-Kelvin. Therefore, the thermal weight of a shape resonance in a much colder MOT or optical trap is quite
small Ağanoğlu et al. (2011). The position of the shape resonance has to be
driven towards the trap temperatures. This idea is shown in Fig. 5.2. External fields can be employed to change the effective rotational barrier Lemeshko
& Friedrich (2009) and thus the shape resonance. A non-resonant laser field
is employed to manipulate the ground electronic potential surface Ağanoğlu
et al. (2011).
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Figure 5.2: 87 Rb lowest triplet and the 1g (5s+5p1/2 ) excited state potentials. A
Franck-Condon overlap is more favorable between 250 µK initial scattering
state (close to the shape resonance) in the presence of the J=2 rotational barrier (green curve) and the excited state bound level with 1.3 cm−1 binding energy (blue curve) than the other initial scattering states. However, the thermal
weight of the shape resonance is quite small in a typical Rb MOT which is at
temperatures about 100 µK.
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Low-J shape resonances are universal for diatomic molecules and they are
predicted experimentally and theoretically from the scattering properties of
the ultracold atoms Gao (1998, 2009); Londoño et al. (2010). In this work dwave shape resonance of an alkali metal 87 Rb and g-wave shape resonance of
an alkaline earth metal 88 Sr are chosen for case study of controlling a shape resonance. Rubidium is widely used in ultracold physics in order to explore the
mechanisms of light-matter interaction. Its physical properties such as potential energy curves and polarizability anisotropy are accurately known. 88 Sr
possesses no hyperfine splitting and 88 Sr2 is produced by photoassociation
Nagel et al. (2005). Due to its very small atom-atom interactions Ferrari et al.
(2006a) this isotope is not very favorable for Bose-Einstein condensates Mickelson et al. (2010) but this feature becomes preferable where long coherence times
and potential sensitivity is desired when the disturbing collisions are present.
This made 88 Sr a good candidate for research pursuing precision standards
and fundamental physics Ferrari et al. (2006b); Zelevinsky et al. (2008).
The potential energy curve of the 87 Rb2 a3 Σ+
u (5s + 5s) lowest triplet potential
energy surface is obtained by connecting ab initio data at short range Park
C6 C8 C10
et al. (2001) and 6 + 8 + 10 asymptotic expansion where the Ci expansion
R
R
R
coefficients are taken from Ref. Marte et al. (2002). Polarizabilities are based
on ab initio calculations of Ref. Deiglmayr et al. (2008) in the short range and
Silberstein’s formula in the long range given in Eq. 2.38 and Eq. 2.39. It is
observed that both short range and long range polarizabilities fit very well for
the inter-nuclear separations larger than 8.5 angstrom as plotted in Fig. 5.3 and
the short range polarizabilities are not effective in this study. Using ab initio
data for short range and using Silberstein’s expansion for polarizabilities gave
identical results.
Spectroscopically obtained data is used for 88 Sr2 X1 Σ+
g potential energy surface which the analytical fit is also presented in the Ref. Stein et al. (2008). The
polarizabilities are approximated by using Silberstein’s expansion given in Eq.
2.38 and Eq. 2.39 with the atomic polarizabilities taken from Lide (2003).
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Figure 5.3: Short range polarizability anisotropy of 87 Rb2 . The ab initio data
taken from Deiglmayr et al. (2008) (black dotted curve) fits very well to the
calculated data by using Silberstein’s expansion given in Eq. 2.40 (red curve).

5.1 Effect of Non-resonant Laser Field on the Initial
Ensemble
The Hamiltonian of an atom pair in its electronic ground state in the presence
of a non-resonant laser field can be written as
Ĥ2 = T̂R +

Ĵ2
2µR̂2

+ Vg (R̂) −

2πI
[∆α(R̂) cos2 θ̂ + α⊥ (R̂)]
c

(5.1)

where the first and second terms denote the vibrational and rotational kinetic
energies, respectively, and Vg (R̂) is the field-free ground electronic potential
energy surface Ağanoğlu et al. (2011). The last term of 5.1 represents the interaction with a non-resonant laser field, with I the laser intensity and ∆α(R̂) the
polarizability anisotropy, given in 2.40 for the far-resonance limit. Derivation
of the Hamiltonian given in 5.1 is done by considering laser frequencies far
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from any resonance and larger than the inverse of both the pulse duration and
the rotational period. According to these justifications rotating wave approximation is applied to the calculations Pershan et al. (1966).
Due to the fact that the considered interaction of the non-resonant light
with the ultracold atomic ensemble is a second-order type of interaction, Eq.
5.1 possesses I laser intensity and cos2 θ instead of E0 field amplitude and cos θ.
This results with high-field-seeking field dressed eigenstates for the system.
It is expected that energy of an eigenstate decreases by increasing the laser
intensity as shown in Fig. 5.4.
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Figure 5.4: Effect of the non-resonant laser light on the 87 Rb2 a 3 Σu (5s + 5s)
lowest triplet potential with J = 2 (black curve). The field free d-wave resonance lies at about 290 µK. Application of a non-resonant laser modifies the
rotational barrier and thus the resonance position. Field-dressed 1D potential
energy curves are plotted for the laser intensities 3 108 , 6 108 and 9 108 W/cm2
with red, green and blue curves, respectively. Increasing the laser intensity,
decreases the energy of this resonant state and moves it towards lower temperatures.
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5.2 Effective 1D Model
In the field-free case, molecular levels are characterized with their vibrational,
rotational and magnetic quantum numbers (v, J, M). Scattering states in the
continuum are represented with (n, J, M) translational quantum numbers corresponding a scattering energy En . This discretization of the continuum is a
result of grid representation of the system as explained in Chapter 3 of this thesis. Radial part (R-dependent) of the problem is treated on a mapped Fourier
grid while angular part (θ-dependent) of it is treated by employing Legendre
transformation Bac̆ić & Light (1989); Light et al. (1985). The help of Dr. R.
González-Férez in order to implement the part of the computer code treating
the angular degree of freedom is greatfully acknowledged. Since high laser
intensities mix more rotational states, more partial waves and consequently
more Legendre polynomials are needed to be included to reach the desired
convergence of the numerical parameters. It is calculated to be Jmax > 11 for
Rubidium and Jmax > 13 for Strontium when the used laser intensities are
considered. The calculations for Rubidium in this study are carried out with
Jmax =14 in the adiabatic regime and Jmax =19 in the non-adiabatic regime
while for Strontium with Jmax =14 in the adiabatic regime.
Direction of the applied laser field defines the symmetry of the system. In
this case, azimuthal symmetry about the laser polarization axis keeps the light
- matter interaction θ dependent only by averaging out the ϕ dependence, hybridizing the rotational motion while keeping the magnetic quantum number
M unchanged. The field-free degeneracy of the states with a certain J and
different M is lifted because of the interaction with the field. The effect of the
non-resonant field becomes the largest for the lowest magnetic quantum number, M=0. Due to this fact in the following calculations only the case of M=0 is
considered.
In order to search the effect of the non-resonant light on the atomic ensemble, as a first approximation an effective one dimensional model is developed.
First model is based on the work of B. Friedrich and M. Lemeshko Lemeshko &
Friedrich (2009). The effect of the non-resonant laser field is included into the
expectation value of the rotational quantum number J resulting an effective
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rotational quantum number J ∗ which is not necessarily an integer number. J∗
is a function of the anisotropy polarizability ∆α and the intensity I Lemeshko
& Friedrich (2009). Thus the centrifugal term added to the Vgs ground state
potential energy surface possesses the effect of the field resulting Vgsef f , a modified ground state potential after the non-resonant field is switched off, given
by
Vgsef f (R) = Vgs (R) +

< Ĵ2 > ~2
.
2µR2

(5.2)

Expectation value < Ĵ2 > and the rotational constant B are calculated by using the wavefunction of the last bound level since the modified resonance has
very close form to it due to its quasi-bound nature. V (r̂) term of the radial
Hamiltonian given in Eq. 3.3 is substituted with the obtained Vgsef f . Thus by
storing the contribution coming from the angular degree of freedom to the Rdependent ground state potential the two dimensional problem is reduced to
a one dimensional problem.
Feasibility of the scheme to manipulate the pair density is determined by
calculating the lifetime of the quasi-bound state. By adding a purely imaginary
optical potential VCAP (R) of the form

if R < R0
 0
−iηR2 if R0 < R < Rmax
VCAP (R) =

0
if R > Rmax

(5.3)

to the ground state Vgsef f (R), a complex Hamiltonian is obtained. Here η is
the imaginary potential strength, R0 is the beginning and Rmax is the end of
the optical potential Riss & Meyer (1993). The lifetime is given by the inverse
of the imaginary part of the eigenvalue corresponding to the resonance. The
resonance is identified by its isolated position of energy and lifetime among all
other scattering states as plotted in Fig. 5.5. It is converged with respect to the
optical potential parameters and distinguished in the complex energy plane
Riss & Meyer (1993).
As the resonance moves towards lower temperatures, it resembles more to
a bound level which has lifetime close to infinity and determination of the convergence conditions in order to calculate lifetime becomes challenging. Therefore, in addition to explained complex absorbing potential (CAP) method, a
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Figure 5.5: Shape resonance of J = 2 state on the 87 Rb2 a 3 Σu (5s + 5s) lowest
triplet potential surface is identified on the complex energy plane. The isolated
point around energy = 250 µK corresponds to the resonant state. The optical
potential parameters are chosen to be Rmax = 11308 au, R0 = 508 au and η = 5.0
10−10 for this particular calculation. The position of the resonant state does not
change by changing these parameters within the convergent limit.
second method is employed in order to calculate lifetime of the resonance as
~2
|n > of norwell. In this second method, rotational constants Bn =< n|
2µR̂2
malized continuum states n are plotted versus energy of the states En and fitted to a Lorentzian. The lifetime τr of the resonance is related to the width Γr of
the resonance as τr = ~/Γr Londoño et al. (2010). This method has limitations
as the resonance position is shifted towards lower energy by the non-resonant
field since fewer box-discretized continuum states contribute to the peak such
that measurement of the width of the Lorentzian becomes more difficult.
Comparisons of the lifetimes resulting from the full 2D treatment of the sys-
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tem and the effective 1D modelling showed the inadequacy of the 1D model
even at relatively low laser intensities. Following this observation, the perpendicular component of the polarizability is added to the 1D reduced Hamiltonian and the model is based on the previous work of P. Schmelcher and R.
González-Férez González-Férez & Schmelcher (2009). By diagonalizing the angular part of the Hamiltonian given in Eq. 5.1 for each coordinate grid point,
eigenvalues EJ (R; I) are obtained. EJ in Eq. 5.4 corresponds to the contribution of the rotational part of the Hamiltonian under the influence of the nonresonant laser field of intensity I Ağanoğlu et al. (2011).
h Ĵ2
i
2πI
−
(∆α(R) cos2 θ̂ + α⊥ (R)) ΦJ (θ; R, I) = EJ (R, I)ΦJ (θ; R, I) (5.4)
c
2µR̂2
The effective wavefunctions can be written as a linear combination of these
angular wavefunctions over rotational states,
Ψn,J (R, θ; I) =

X

ψnJ ′ (R; I)ΦJ ′ (θ; R, I).

(5.5)

J′

By adding the contribution of the angular part EJ to the bare ground state
potential energy surface Vgs the effective 1D potential energy curves are obtained,
Vgsef f (R̂; I) = Vgs (R̂) + EJ (R̂; I).

(5.6)

The wavefunctions of the Eq. 5.5 are used in the Hamiltonian given in Eq.
5.1.
Integration over the angular degree of freedom as
i
h
T̂R + Vg (R̂) + EJ (R̂; I) − E ψn,J (R; I) =
Z π
X
−
ψn,J ′ (R; I)
Φ∗J (θ; R, I)TR ΦJ ′ (θ; R, I) sin θdθ (5.7)
J′

0

results zero on the right hand side of Eq. 5.7. Thus Schrödinger equation in
the new effective 1D model follows
i
h
T̂R + Vg (R̂) + EJ (R̂; I) ψn,J (R; I) = En ψn,J (R; I).
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(5.8)

5.3 Effect of the Rotational Mixing

The lifetime and resonance energies calculated by using two different 1D
models described above and full 2D model are compared in Fig. 5.6. It is
observed that the 1D model with Vgsef f obtained by following the steps between
5.4 - 5.6 gives relatively more consistent results with full 2D model than the 1D
model where only an effective rotational quantum number J∗ is included to the
Hamiltonian.
In the adiabatic approximation the effect of the non-resonant laser is only
reflected by the modified barrier height. The coupling between rotational and
vibrational motion is neglected. Effective 1D models are derived in the energy
scale where the adiabatic approximation is valid; rotational wavefunctions depend parametrically on the radial coordinate variable. Increasing the applied
non-resonant field intensity leads deviation from the adiabatic regime and 1D
models cannot cover coupling between rotational states of different vibrational
bands as shown in Fig. 5.6. As the laser intensity increases the position of the
resonance is driven towards lower energies. It is found that laser intensities
smaller than 109 W/cm2 are sufficient to bring resonance close to the 100µK;
typical rubidium MOT temperatures. The shift in the resonance energy with
respect to the field-free resonance position is underestimated by the effective
1D model for the intensities larger than 4.0 108 W/cm2 .

5.3 Effect of the Rotational Mixing
The effect of the coupling between rotational and vibrational motion is searched
by using full 2D description of the system. The contribution of the partial
waves (rotational weights) cIJ to the resonance for each intensity I is calculated
by projecting the wavefunction of the resonance ΨIres onto the field-free eigenstates ϕnJ Ağanoğlu et al. (2011); Lemeshko & Friedrich (2010),
Z
XZ
I
cJ =
dR d cos θΨI∗
(5.9)
res (R, θ)ϕnJ (R, θ).
n

87

Rb2 triplet lowest potential has a d-wave resonance (J=2) at about 300 µK

in the field-free case. As the non-resonant laser is applied to the system, the
wavefunction of the resonance becomes a superposition of different rotational
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Figure 5.6: Energy (left panel) and lifetime (right panel) of the shape resonance
on the 87 Rb2 a 3 Σ+
u (5s + 5s) lowest triplet potential surface as a function of applied non-resonant laser field intensity is plotted. The 1D model calculations
with Vgsef f of Eq. 5.6 (blue curve) are better matched with the 2D calculations
than the results obtained with Vgsef f of Eq. 5.2 (black curve). Position and the
lifetime of the resonance is calculated in 2D by employing CAP method (red
curve) and by determining the peak width and peak position of the rotational
constants (green curve). CAP method is employed for all 1D calculations. Increasing the laser intensity increases the difference between resonance energies
obtained in 1D and 2D. 1D models becomes inadequate for calculating the resonance lifetime starting from the intensities higher than 4.0 108 W/cm2 . Time
scales of rotational and vibrational motion start becoming comparable.
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states. Increasing the laser intensity mixes more rotational states; the state with
largest weight, as plotted in Fig. 5.7 is the J=0 state which has purely scattering
character. As seen in Fig. 5.6, for the intensities larger than 5.0 108 W/cm2 a
turnover in the lifetime is observed. The contribution of J=0 states becomes
larger than 30% for the corresponding intensities. The higher J states do not
contribute significantly1 to the resonance. Therefore, the resonance starts loosing its quasi-bound character.
In order to test the universality of this control scheme, effect of the nonresonant laser on a different element, 88 Sr is studied, too. It is observed the
g-wave resonance can be controlled in a similar fashion of rubidium. The
g-wave resonance of 88 Sr2 X1 Σ+
g is calculated to be 1750 µK. Application of a
non-resonant laser and increasing the intensity moved the resonance position
towards lower energies. Since this shape resonance of strontium lies at higher
energies than the one of rubidium the required non-resonant laser intensities to
bring it to typical strontium MOT temperatures is higher. 88 Sr has low atomic
polarizability and low interaction strength. Moreover, the larger rotational
constant of strontium than the one of rubidium necessitates higher laser intensities to fetch the same effect. When a typical strontium MOT temperature
of 20 µK is considered Zelevinsky et al. (2006), a non-resonant field intensity
about 5.0 109 W/cm2 is required to bring the resonance towards corresponding energies. As observed in the case of rubidium, 1D model derived by using adiabatic approximation underestimates the shift in energy with high nonresonant field intensities. The deviation between the resonance energies calculated in 1D and 2D becomes large for higher intensities than 2.0 109 W/cm2 as
plotted in Fig. 5.8.
88

Sr2 X1 Σ+
g possesses several shape resonances. Other resonances, an l-wave
resonance corresponding to J=8 rotational quantum number is found around
5018µK and a q-wave resonance corresponding to J=12 rotational quantum
number is found around 3042µK. By increasing the non-resonant field intensity, the position of these resonances move towards lower temperatures, too. It
is observed that the resonance with highest rotational quantum number moves
1

Please note the different scales of cIJ for different J’s.
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Figure 5.7: Contribution from the field-free rotational states with the lowest
four J quantum number to the resonance with respect to applied non-resonant
field intensity. Since the coupling mixes only partial waves of the same parity,
only the states with even J’s have non-zero contribution.
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Figure 5.8: Energy (left panel) and lifetime (right panel) of the shape resonance
on the 88 Sr2 X1 Σ+
g potential surface as a function of applied non-resonant laser
field intensity is plotted. In 1D model resonance position and lifetime is determined by employing CAP method while in 2D model they are calculated by
determining the peak width and peak position of the rotational constants.
fastest in the presence of the non-resonant laser field and within the range of
considered laser intensities, the q-wave resonance disappears.
The l-wave resonance is narrower and its lifetime is longer than the g-wave
resonance. As explained in Section 5.2, a shape resonance can be distinguished
by searching the expectation value of the rotational constant < B > versus the
energy of the rovibrational states Londoño et al. (2010). The expectation value
of the rotational constant is plotted in Fig. 5.9 as a function of energy and the
emerging resonances are indicated by the corresponding letter. The position of
the l-wave resonance cathes the g-wave resonance when the non-resonant field
intensity reaches 6.0 108 W/cm2 first and then when it reaches 3.0 109 W/cm2 .
The increase of laser intensity leads to strong coupling of rotational and vibrational motion and causes an avoided crossing González-Férez & Schmelcher
(2005b). As in the case of rubidium d-wave shape resonance, increasing non-
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Figure 5.9: The expectation value of the rotational constant as a function of energy. The position of the resonance varies with respect to applied non-resonant
laser field intensities. The black, red and green curves represent the field-free
case and the cases when laser fields with intensities of I = 6.0 108 W/cm2 and I
= 1.0 109 W/cm2 are applied, respectively. The letters “g” and “l” stand for the
labelling of g-wave and l-wave resonances.
resonant field intensity first increases the lifetime of the resonance but then
decreases due to strong mixing of purely scattering state lifetime of the resonance. Since the l-wave resonance in strontium moves quicker to lower energies than the g-wave resonance, both resonances come close to each other for
intensities around 3.0 109 W/cm2 , when an avoided crossing occurs. As a consequence, the lifetime of the g-wave resonance starts increasing again around
this intensity, as indicated in the right panel of Fig. 5.8. Contribution from the
rotational states to the strontium initial J = 4 resonance is plotted in Fig. 5.10.
As the non-resonant laser intensity increases a substantial amount of first J =
2 and then J = 0 is mixed in to the field-free J = 4 state. Due to the coupling of
l-wave and the k-wave resonances, a rapid rise in the weight of J=8 is observed
for the intensity above 3.0 109 W/cm2 .
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Figure 5.10: Contribution from the field-free rotational states with the lowest
five J quantum number to the resonance with respect to applied non-resonant
field intensity. Since the coupling mixes only partial waves of the same parity,
only the states with even J’s have non-zero contribution.
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5.4 Generating Non-adiabatic Dynamics by Using
Short Pulses
In the previous sections, effect of the non-resonant laser on the system is studied in the adiabatic time frame. If the interaction of the system with the laser
field is adiabatic, the dynamics are slow in a way to allow the system can
evolve adiabatically and yield to its initial status. This process is a reversible
process. On the otherhand, if the interaction is non-adiabatic, the states of the
system cannot turn back to their initial status in the time scale of the process.
Generation of non-adiabatic conditions is studied by many researchers in different contexts Averbukh & Perelman (1989); Mitrić et al. (2006); Wohlgemuth
et al. (2011). The created wavepackets are coherent superpositions of a finite
number of quantum states and the fast laser switch-off leaves the system permanently into a state which is different than the initial state. The decisive parameter of this case in order to classify the type of the interaction as adiabatic
or non-adiabatic is the τrot rotational period in the case of interest Lemeshko
& Friedrich (2010); Owschimikow et al. (2009). If the pulse duration is much
longer(shorter) than the rotational period the interaction is categorized as an
adiabatic(non-adiabatic) interaction.
87
Rb2 a3 Σ+
u triplet lowest potential is used for the non-adiabatic dynamics
case study. The rotational constant B is calculated as
< B >v,<J 2 > =< v, < J 2 > |

~2
2µR̂2

|v, < J 2 >>

(5.10)

where µ is the reduced mass of 87 Rb2 and |v, < J 2 >> stands for the rovibrational state with v vibrational and J angular momentum quantum numbers. The rotational period is inversely related with the rotational constant as
τrot = π~/B and calculated to be 82 ns by using the last bound level. The nonadiabatic pulses with fwhm of 800 ps, 1500 ps and 5000 ps are employed to
simulate dynamics of the system.
The largest enhancement in the short range pair-density for the 105µK energetic scattering state with J=0 is calculated by taking the ratio of the area
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below the field-dressed wavefunction ϕ∗ (R; θ) and
tion ϕ0 (R; θ) up to inter-nuclear seperation of Rmax
R
R
RR
R Rmax
dR ϕ∗ (R; θ)d cos θ/ 0 max dR ϕ0 (R; θ)d cos θ.
0
corresponds to the temperature of the MOT and the

the field-free wavefunc= 116 bohr as
This state energetically
photoassociation is opti-

mally favorable in the spatial region where the outermost maximum of this initial scattering wavefunction lies. The propagation times are chosen to be more
than 5 x fwhm of the employed pulses. In order to represent the rotational
grid 20 angular grid points corresponding to Jmax = 19 included. As the fwhm
increases oscillation is observed in the maximum enhancement versus laser
intensity curve for large laser intensities, cf. green curve in the upper panel
of Fig. 5.11. The interaction with the weak laser pulses, i.e. intensities below
1.0 109 W/cm2 , results very similar enhancement ratios in the outer most maxima of the wavefunctions independent from the pulse duration. In the lower
panel of Fig. 5.11 the rotational contributions |cIJ | of lowest four even rotational
states at the end of propagation are plotted. Increasing the non-resonant laser
intensity mixes rotational states in a similar fashion observed in the adiabatic
scheme, cf. Fig. 5.7.
Time-dependent behavior of the calculated enhancement and the rotational
contributions |cIJ |[t] are exemplified with non-adiabatic pulses of 5000 ps fwhm
for three different maximum non-resonant field intensities and plotted in Fig.
5.12. Following the interaction with the non-resonant laser, the wavepacket
oscillates in the potential energy surface. When it is reflected from the effective rotational barrier, e.g. Eq. 5.2, the amplification in the outermost maximum of the wavepacket leads to enhancement increase. The period of this
behavior depends on the pulse duration and the amplitude depends on the
applied laser intensity. This reinforces the interpretation of the oscillations in
the enhancement ratio as due to the oscillations of the wavepacket in the potential well. For low laser intensities, this oscillation averages out while for
higher laser intensities it does not. This can be monitored by comparing the
purple dashed line in the upper panel of Fig. 5.12 which indicates the initial
status of the enhancement ratio and the oscillation in the enhancement ratio
obtained by employing pulses with different intensities. If the laser intensity
is high, the oscillation also decays as observed during the propagation with a
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Figure 5.11: Upper panel: The maximum enhancement in the outermost maximum of the 105µK energetic scattering state vs. pulse intensity. The nonadiabatic dynamics are studied by employing pulses with fwhm of 800 ps
(black curve), 1500 ps (red curve) and 5000 ps (green curve). The propagation
times are chosen to be 5 x fwhm of the employed pulse. A rotational grid of 20
angular grid points is employed in order to capture the interaction dynamics
with the strong field. Lower panel: Contribution of the rotational states with
J=0, J=2, J=4 and J=6 at the end of propagation versus applied non-resonant
field intensity obtained by using pulses with fwhm of 800 ps (black curve),
1500 ps (red curve) and 5000 ps (green curve).
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non-resonant pulse of I = 1.12 1010 W/cm2 maximum intensity (green curve
of the same figure). For the lower intensities, the created wavepacket is composed of essentially few rotational levels. Since these few levels are expected
to have similar rotational periods, then the wavepacket goes back and forth in
the potential in a coherent way, i.e. without spreading, during the considered
propagation times. However, for the larger intensities, more and more rotational levels are populated. Then it becomes difficult for the wavepacket to
stay focused, and it spreads inside the potential more with time. This results
in the oscillation being of smaller amplitude and decaying to zero. Another
argumentation for this mechanism involves tunneling effects. For very high
intensities, the created wavepacket at the effective rotational barrier is quite
energetic and it has high amplitude. In this intensity regime lowering the rotational barrier drastically can make it possible that some population leaks out
by the tunnel effect.
The time-dependent rotational contributions |cIJ |[t] evolve during the time
as plotted in the lower panel of Fig. 5.12. The normalized pulse is indicated
by the purple dotted line. Oscillation in the |cIJ |[t] curve is observed when the
pulse is strong but after the pulse is over, the field-free states are no longer
coupled thus the |cIJ | coefficients reach a constant value. The change in the
energy of the system is observed as a function of time and plotted in Fig. 5.13.
The total energy of the system < Ĥ2 > is initially equal to the energy of the
initial state, i.e. 105µK. Once the laser pulse is over, total energy reaches a
value of initial energy plus the energy transmitted by the pulse as shown in the
uppermost panel of Fig. 5.13. The potential energy of the system < Vg (R̂) > ,
the vibrational kinetic energy < T̂R > of the system and the rotational energy
Ĵ2
> are displayed in the second, third and in the lowest
of the system <
2µR̂2
panel of the same figure, respectively.
The vibrational energy of the system is modified when the pulse is effective
and oscillates with the same period of the enhancement ratio after the pulse is
over. When laser pulse has 1.2 109 W/cm2 intensity, only few rotational states
are involved to the dynamics. The energy difference between rotational states
with even J’s can be estimated to be 2 B (4J +6) Herzberg (1989) within the
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Figure 5.12: Upper panel: Time-dependent enhancement obtained by using
pulses of 5000 ps fwhm with maximum non-resonant laser intensities of 1.2 109
W/cm2 (black curve), 4.8 109 W/cm2 (red curve) and 1.12 1010 W/cm2 (green
curve). The enhancement varies periodically during the propagation and the
period of this behavior is around 40 ns for each non-resonant laser intensity.
Lower panel: Corresponding time-dependent rotational contributions cIJ [t] for
lowest four even rotational states with respect the same color coding. The
temporal dependence of the pulse is indicated by the purple dotted curve.
Please note the cIJ [t] has a narrow scale.
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Figure 5.13: Energy of the system when non-resonant pulses of 5000 ps fwhm
are employed with the laser intensities of 1.2 109 W/cm2 (black curve), 4.8
109 W/cm2 (red curve) and 1.12 1010 W/cm2 (green curve). The duration of
pulse is indicated by the purple dotted curve. Uppermost panel: Total energy
of the system. Second panel: Potential energy of the system. Third panel:
Vibrational kinetic energy of the system. Lowest panel: Rotational energy of
the system. It is modulated when the pulse is on and decays slowly after the
pulse is switched off.
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rigid-rotor approximation. From the Fig. 5.12 it can be seen that for low intensity mostly states with J=0 and J=2 are populated. For higher non-resonant
pulse intensities, more rotational states are populated and thus a beating pattern on the main oscillation of vibrational and potential energy is observed.
The period of the oscillation is obtained by doing the Fourier transformation.
When the laser pulses of intensities of 1.2 109 W/cm2 , 4.8 109 W/cm2 and 1.12
1010 W/cm2 are employed, the period of the main vibrational energy oscillation for each intensity is determined to be 42.14 ns, 41.79 ns and 38.35 ns, respectively. For I = 4.8 109 W/cm2 (red curve), modulations with periods of 1.58
ns, 1.64 ns and 1.86 ns and for I = 1.12 1010 W/cm2 (green curve), modulations
with periods of 1.58 ns, 1.88 ns and 2.78 ns are observed.
The rotational energy transmitted to the system is modified when the pulse
is effective, too. After the pulse is over it reaches a certain value depending
on the employed non-resonant pulse intensity and decays out smoothly. The
energy transmitted to the system via rotations can only reach to the order of 10
µK, c.f. green curve of the lowest panel in Fig. 5.13. This energy is quite low
compared to the energy transmitted via vibrations. However, the vibrational
energy, i.e. < Vg (R̂) > + < T̂R > oscillates between the potential and vibrational kinetic energies during the propagation, c.f. the second and the third
panel of Fig. 5.13. Therefore, qualitatively the increase in the total energy of
the system stays in the same order of the rotational energy increase.

5.5 Envisioned Scheme for Photoassociation: Pair
Density Enhancement by Moving the Resonance
The photoassociation efficiency is limited by the low pair density at large internuclear separation of atoms around Condon point where the photoassociation laser induces a resonant transition from the initial colliding atom pair to a
weakly bound level of the electronically excited state potential of the molecule
as shown in Fig. 4.2. For alkali and alkaline earth metals typical photoassociation distances vary between 40 to 200 bohrs depending on the chosen initial ground state and the final electronically excited state. Photoassociation of
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Figure 5.14: Rotational constant < B > versus energy obtained after the pulse
of 5000 ps width and 1.2 109 W/cm2 intensity is over. In the upper panels
the rotational constant is shown with respect to the rovibrational state number
and in the lower panels the rotational constant is plotted as a function of the
energy. Left panels focuses on the lower energy regions and the right panels
focuses on the high energy regions. The first observed quasi-bound state and
its energy is indicated by the purple arrow.
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ultracold atoms is compromised between large scattering amplitude at large
internuclear separations and high binding energies at short internuclear separations. Colliding atom pairs around the Condon point can be efficiently transform into ground state molecules in a pump-dump scheme, by using pulses in
the nano-Joule energy scale Koch et al. (2006c). Even in this scheme the number
of created molecules does not exceed 1 to 10 per pulse depending on the initial
atomic density of the MOT Koch et al. (2006a).
A new scheme is proposed to increase the number of photoassociated molecules
by controlling a shape resonance to increase the initial atomic pair density close
to the Condon point. A shape resonance shows a quasi-bound structure due to
the trapping of atom pair inside the rotational barrier as indicated in the lowest
panel of Fig. 5.1. If this happens at internuclear separations where photoassociation is feasible, large atom pair density boosts photoassociation probability.
The photoassociation laser pulse can easily photoassociate all atom pairs in the
Franck-Condon window Koch et al. (2006a,b) so an increase of the pair density
in the Franck-Condon window readily translates into an improved photoassociation probability. However, the natural shape resonances of alkali and
alkaline earth metals typically occur at higher temperatures than MOT temperatures. This leads to low contribution to the thermal weight e−EnJ /kB TM OT .
In this proposed scheme, application of a non-resonant laser shifts the resonance to energies closer to the trap temperature, so that the initial distribution
of atom pairs has a larger overlap with the excited state of interest. In this
scheme the non-resonant laser is switched on very slowly compared to the rotational period of the atom pairs. The thermal cloud of atoms follows the field
of the non-resonant laser adiabatically. The field-free eigenstates are thus transformed into field-dressed states resulting from the Hamiltonian given in Eq.
5.1. This operation modifies the density matrix. In the second step a resonant
pulse can be switched on to transfer prepared initial atom pairs to the bound
levels. The enhancement in the number of molecules by using this scheme is
calculated by taking the ratio of the field-dressed to the field-free thermal pair
densities and plotted in Fig. 5.15. It is observed that application of the nonresonant laser increases the pair density at the inter-nuclear separations where
the photoassociation is favorable. Bringing the resonance close to the MOT
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temperature increases the enhancement since in this way the thermal weight
of the resonant state is larger. This enhancement mechanism can be also interpreted with different words: At lower temperatures the thermal distribution
becomes narrower. Therefore, when the position of the resonance coincides
with TM OT , the increase in the enhancement is much larger, the resonance is
sharper.
By applying I = 0.9 109 W/cm2 non-resonant laser intensity, the resonance
could be controlled down to 150 µK on 87 Rb2 a 3 Σu (5s+5s) lowest triplet potential energy surface. It is expected to obtain the maximum enhancement
with these parameters. However, the enhancements at 100 and 50 µK trap
temperatures are larger than the enhancement at 150 µK. Because the initial
field-free pair density at 150 µK has been already effected from the presence
of the shape resonance while this effect is weaker if the trap temperatures are
100 or 50 µK. Thus for 150 µK, the ρ0 is already larger then the ρ0 s of the trap
temperatures 100 or 50 µK. This decreases the enhancement ratio ρI / ρ0 at
150 µK with respect to the lower trap temperatures. Pair densities at the trap
temperatures 300, 150, 100 and 50 µK are plotted in Fig. 5.16 for the field-free
case, with the non-resonant field intensities I = 0.5 109 and I = 0.9 109 W/cm2 .
At the distances shorter than the last maximum, the pair density shows enhancement with respect to the applied field, too. However, at these very short
inter-nuclear separations the wavefunctions have very strong oscillations and
they cannot be directly associated with the molecular transitions when a photoassociation pulse is applied onto this pair distribution. The largest effect of
the pair distribution enhancement on the photoassociation is expected to be at
inter-nuclear separations close to the outermost maximum of the pair distribution which is determined to be 85 bohr for 87 Rb2 a 3 Σu (5s+5s) lowest triplet
potential.
Photoassociation of ultracold atoms with a non-resonant laser field enhancement regards two time scales: Time scale of the non-resonant control laser and
time scale of the photoassociation pulse. The time scale of the control laser is
determined by the adiabaticity requirement with respect to the rotational motion and it should be slower than the rotational time scale. The time scale of
the photoassociation pulse is determined by the vibrational levels to populate
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Figure 5.15: Initial pair density enhancement in 1D by using 87 Rb2 a 3 Σu (5s+5s)
lowest triplet potential energy surface. Each curve represents enhancement in
the initial pair distribution which is calculated by taking the ratio of the fielddressed (ρI ) and field-free (ρ0 ) pair densities given in Eq. 3.26 for each applied
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and corresponding optimal pulse width. This usually corresponds to a few
picoseconds for transform limited pulses, but it can be longer for shaped, e.g.
chirped pulses.
Rotational period of the last bound level of 87 Rb2 a3 Σ+
u triplet lowest potential is found to be 82 ns and rotational period of 88 Sr2 X1 Σ+
g is found to be 36.5
ns. Although it is difficult to attribute rotational period to regular scattering
states, quasi-bound character of the shape resonance allows to defining its rotational period. The rotational periods are calculated to be 2 ms for d-wave
and 350 ns for g-wave field-free resonances of the mentioned potential energy
surfaces, respectively. During the laser control, the modified lifetime of the resonant state should stay sufficiently long in order to allow adiabatic switching
of the non-resonant laser field. From Fig. 5.6 it can be seen that the lifetime of
the d-wave resonance of Rb2 is on the order of hundreds of ns, and from Fig.
5.8 the lifetime of the g-wave resonance of Sr2 is on the order of microseconds.
Thus, in both cases it seems that picosecond pulses should be sufficiently short
to profit from the population accumulated at short range to produce a large
number of molecules to enhance the photoassociation probability as compared
to the case without resonant enhancement.

5.6 Conclusion and Outlook
In this chapter of the thesis naturally existing shape resonances of alkaline
and alkaline earth dimers are manipulated by employing non-resonant external lasers in order to increase the initial atomic pair density close to the
inter-nuclear separations where photoassociation is feasible. The effect of the
non-resonant laser brings the energy of the resonant state close to the energies
those corresponding to the typical MOT temperatures of the system. Thus, the
thermal weight of a shape resonance is amplified and initial pair density is enhanced. Firstly, this effect is explained in terms of 1D models where the effect
of the non-resonant field is stored within the rotational barrier. Application
of the field lowers the barrier height and thus the position of the resonance.
However, the rotational mixing caused by the intermediate and high laser amplitudes is not fully covered by the 1D model. By including the angular degree
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of freedom the model is extended to 2D and the effect of rotational mixing is
covered. The decisive parameter of feasibility for photoassociation is the rotational period in this system. A shape resonance is a quasi-bound state with a
finite lifetime. In order to achieve enhanced photoassociation in this scheme,
the lifetime of the resonance is desired to be longer than the rotational period.
Therefore, the feasibility analysis is done for lifetime as well as the resonance
position as a function of applied non-resonant laser intensity. The effect of
the time scale of non-resonant laser is also studied. In the adiabatic scheme,
the initial atomic ensemble follows the field adiabatically, e.g. the field-free
states of the system turn into field-dressed states adiabatically and the process
is reversible. In the other hand, non-adiabatic dynamics are observed when a
shorter laser pulse compared to the rotational period of the system is applied
onto the atomic ensemble. The effect of these short pulses is studied in terms of
pulse intensity and the pulse duration. By applying a prior laser to the initial
atomic ensemble, more than an order of magnitude enhancement is obtained
in the initial pair density. The enhancement is mainly restricted by the rotational mixing of the states with non-resonant character. In this study, the effect
of the field is studied via one pure state which represents energetically the
best the MOT. By employing polarization effects to the system is planned to be
studied. Thus, a coherent control scheme with many control knobs is aimed to
be developed.
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P ELLEGRINI , P., G ACESA , M. & C ÔT É , R. (2008). Giant formation rates of ultracold molecules via feshbach-optimized photoassociation. Phys. Rev. Lett.,
101, 053201. 66
P ERSHAN , P.S., VAN DER Z IEL , J.P. & M ALMSTROM , L.D. (1966). Theoretical
discussion of the inverse faraday effect, raman scattering, and related phenomena. Phys. Rev., 143, 574–583. 71

110

REFERENCES

P OSCHINGER , U., S ALZMANN , W., W ESTER , R., W EIDEM ÜLLER , M., K OCH ,
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S TEIN , A., K N ÖCKEL , H. & T IEMANN , E. (2008). Fourier-transform spectroscopy of sr2 and revised ground-state potential. Phys. Rev. A, 78, 042508.
69
S TWALLEY, W.C., U ANG , Y.H. & P ICHLER , G. (1978). Pure long-range
molecules. Phys. Rev. Lett., 41, 1164–1167. 5
S TWALLEY, W.C., G OULD , P.L. & E YLER , E.E. (2009). Ultracold Molecule Formation by Photoassociation. CRC Press. 26

111

REFERENCES

TAL -E ZER , H., K OSLOFF , R. & C ERJAN , C. (1992). Low-order polynomial approximation of propagators for the time-dependent schroedinger equation.
Journal of Computational Physics, 100, 179 – 187. 20
TANNOR , D.J. (2007). Introduction to Quantum Mechanics A Time-Dependent Perspective. University Science Press, Sausalito. 20
T HORSHEIM , H.R., W EINER , J. & J ULIENNE , P.S. (1987). Laser-induced photoassociation of ultracold sodium atoms. Phys. Rev. Lett., 58, 2420–2423. 25
TOWNSEND , C.G., E DWARDS , N.H., Z ETIE , K.P., C OOPER , C.J., R INK , J.
& F OOT, C.J. (1996). High-density trapping of cesium atoms in a dark
magneto-optical trap. Phys. Rev. A, 53, 1702–1714. 30
VALA , J., D ULIEU , O., M ASNOU -S EEUWS , F., P ILLET, P. & K OSLOFF , R. (2000).
Coherent control of cold-molecule formation through photoassociation using a chirped-pulsed-laser field. Phys. Rev. A, 63, 013412. 29, 54
VARDI , A., A BRASHKEVICH , D., F RISHMAN , E. & S HAPIRO , M. (1997). Theory of radiative recombination with strong laser pulses and the formation of
ultracold molecules via stimulated photo-recombination of cold atoms. The
Journal of Chemical Physics, 107, 6166–6174. 29
WANG , H., G OULD , P.L. & S TWALLEY, W.C. (1997). Long-range interaction
of the 39k(4s)+39k(4p) asymptote by photoassociative spectroscopy. i. the 0g
pure long-range state and the long-range potential constants. J. Chem. Phys.,
106, 7899–7912. 35
W EISE , F., M ERLI , A., E IMER , F., B IRKNER , S., S AUER , F., W ÖSTE , L.,
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