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Abstract
In the following thesis, quantum dynamical simulations and control of the photo-induced
torsion about double bonds via a conical intersection are investigated. For three model
systems, the dideuterio-methaniminium cation, the fulvene molecule, and the 4-(4-oxo-2,5cyclohexadienylidene)-1,4-dihydropyridine, the nuclear dynamics after excitation by femtosecond laser pulses is considered. The simulations are carried out on two coupled ab initio
potential energy surfaces for one to three nuclear degrees of freedom. The torsional dynamics, in particular the non-radiative decay, is shown to be strongly sensitive to the form and
size of the non-adiabatic coupling terms between the electronic ground state and the first
excited state.
For the dideuterio-methaniminium cation, coherent control is applied to optimize E-Z
isomerization about the C=N double bond via the conical intersection. Optimizing the
properties of a single or a sequence of two time-delayed laser pulses is shown to enable nuclear spin-isotopomer selective dynamics for fulvene. Here, the optimized pulse efficiently
damps unfavourable vibration along a competing reaction coordinate and activates the torsion. The role of static electric fields on the photo-induced torsional motion is investigated
for the 4-(4-oxo-2,5-cyclohexadienylidene)-1,4-dihydropyridine. The non-radiative decay after excitation of the molecule is demonstrated to be either enhanced or prevented depending
on the field strength of the external electric field. In addition, the quantization rule of the
non-adiabatic coupling elements is numerically verified for the bicyclic system.
In dieser Dissertation werden lichtinduzierte Torsionsbewegungen an chemischen Doppelbindungen simuliert, welche über konische Durchschneidungen von gekoppelten Potenzialenergieflächen verlaufen. Anhand von den drei Modellsystemen, dem Dideuterio-Methaniminium-Kation, dem Fulvenmolekül und dem Zweiringsystem 4-(4-Oxo-2,5-Cyclohexadienylidene)-1,4-Dihydropyridin, wird die Dynamik der Kernbewegungen nach Anregung mit
kurzen Laserpulsen im Femtosekundenbereich analysiert. Die Berechnungen erfolgen auf
Ab-initio-Potenzialflächen in bis zu drei Dimensionen der Kernkoordinaten. Es wird verdeutlicht, dass die Torsionsdynamik, insbesondere der strahlungslose Übergang vom angeregten
elektronischen Zustand in den Grundzustand, sehr stark von der Form und Größe der nichtadiabatischen Kopplungen zwischen beiden Zuständen abhängt.
Am Beispiel des Dideuterio-Methaniminium-Kations wird die E-Z-Isomerisierung entlang der C=N-Doppelbindung durch kohärente Kontrolle optimiert. Es wird untersucht, inwieweit eine Optimierung der Laserpulse eine kernspinselektive Torsion beim Fulvenmolekül
ermöglicht. Hierbei wird die Kernbewegung entlang einer konkurrierenden Mode effektiv gehemmt und gleichzeitig die Torsion des Moleküls aktiviert. Der Einfluss statischer
elektrischer Felder auf die lichtinduzierte Torsionsbewegung wird anhand des 4-(4-Oxo-2,5Cyclohexadienylidene)-1,4-Dihydropyridins simuliert. Es wird gezeigt, dass der strahlungslose
Übergang nach Anregung des Moleküls in Abhängigkeit der elektrischen Feldstärke verstärkt
oder auch ganz unterbunden werden kann. Zudem wird für das Zweiringsystem die Quantisierung der nicht-adiabatischen Kopplungselemente numerisch bestätigt.
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Chapter 1
Molecular Torsion and Dynamics in
Chemistry
Chemistry is the study of matter and the changes it undergoes [2]. According to a more precise definition, chemistry is the science which addresses
the causes and effects of emission, absorption or distribution of electrons between atoms and molecules, and the relations between the energy levels of
the electrons within the atoms or molecules [3]. Changes in the electronic
structure are associated with changes in the motion of the nuclei. In the
Born-Oppenheimer picture, the fast moving electrons create an electronic
potential energy surface where the nuclei move on [4]. A breakdown of the
Born-Oppenheimer approximation is ubiquitous. The nuclear motion cannot
be described by a single potential anymore, but by a coupled electronic state
approximation (Born-Huang approximation) [5]. As a result, ultrafast radiationless decay between the two electronic states occurs if the energy levels of
the electrons intersect. Those intersections commonly form double cones due
to symmetry restrictions. Therefore they are called conical intersections.
The existence of conical intersections of the potential energy surfaces has
already been discussed in 1928 [6]. In recent research, conical intersections
attract increasing interest in modern chemistry [7, 8] since they induce ultra1

fast changes of the molecular structure after excitation by light within a few
femtoseconds [9].
The shape of a conical intersection and thus the resulting radiationless decay can also be controlled by strong electric fields. The effect of a strong electric field on coupled electronic states has been shown for diatomic molecules
[10, 11] and for a conical intersection in 1,1-difluoroethylene [12]. The farinfrared electric field has been shown to convert a conical intersection to an
avoided crossing [13]. Recently it has been proposed that conical intersections can also be created by light in diatomic molecules [14, 15]. Here, the
electric field couples the vibrational motion with molecular rotation. The
conical intersections often form seams in the nuclear coordinate space. The
investigations of intersection seams of monocyclic molecules and the resulting
excited state dynamics are a focus of the recent research. Examples are calculations for benzene [16] or pyrazene [17]. For several of these biologically or
nanotechnically relevant molecules, nuclear dynamics are simulated by laser
excitation, e.g. for pyrrole [18] or molecular rotors like 2-cyclopentylidenetetrahydrofuran [19].
In the aim of construction of molecular machines or devices, like rotors,
switches, or quantum qubits, the ultrafast changes in the nuclear conformation of the molecules have to be considered since they enable or disable
molecular mechanics and its control in a femtosecond time-scale [20]. The
development of the first quantum machine, which obeys quantum mechanical
rules, has been celebrated as the breakthrough of the year 2010 [21]. Molecular rotors and switches are long known in biology. The rotation in the ATP
synthase [22, 23] and the motion of the motor proteins kinesin and myosin
[24, 25] are examples for the vital evidence of molecular rotation in living
animals and humans. Since the creation of the first synthetic molecular devices [26, 27, 28] and molecular rotors [29, 30] in the middle ninteeths of the
last century, laser pulses have been shown to most effectively activate, control and monitor the conformational changes of individual or even groups of
preoriented molecules. Simulations of the dynamics of chiral molecules have
2

shown that unidirectional torsion can be pre-activated by few cycle chiral
infrared laser pulses [31, 32, 33]. Linearly polarized laser light enables to
selectively excite molecular states or to orient molecules in space [34]. An
important application of laser control is the separation of molecules that only
differ slightly in the physical and chemical properties. Conformers of ionic
molecules, e.g. E-Z isomers, are commonly separated using the ion mobility
in drift tubes [35]. The population of different neutral conformers can be controlled by selective excitation [36], electrostatic deflection [34] or exchange of
carrier gas [37]. The resulting quantum-state selected molecules can be used
to improve the alignment [38, 39] or the mixed-field orientation [40, 41] with
lasers. By detection of the molecular frame photoelectron angular distributions, the orientation of the molecules can be measured [41]. The method
also enables time-resolved probing of the dynamics of the valence electrons
[42, 43, 44]. The time-resolved photoelectron spectroscopy is the focus of
current investigations of the nuclear dynamics [45, 46].
By intense laser pulses the underlying mechanisms of the control of vibration can be identified [47]. The activation of torsional motion and the nonradiationless decay are commonly simulated first for small model molecules.
The simple structures are used to combine theory and experiment in order to
model complex or biological systems and the corresponding dynamics. The
ultrafast photo-induced E-Z isomerization of the methaniminium cation models the initialization process of human vision. In the framework of surfacehopping dynamics, the nuclear dynamics of the methaniminium cation has
been investigated [48]. Small double bonded molecule cations are applied
as prototype also in other new approaches of modern theoretical chemistry.
For instance, the non-adiabatic excited state dynamics in solution by hybrid
ab initio quantum-mechanical/molecular-mechanical methods (QM-MM) has
been investigated for acyclic iminium cations [49]. The E-Z isomerization of
the N-methyleniminium cation CH3 CH=NHCH3 has been used in the development of the semi-empirical field-induced surface hopping method, which
combines quantum electronic state dynamics with classical nuclear dynamics
”on the fly” [50].
3

Separation of wave packet isotopes of spin isomers [51, 52] is a further
focus on recent research in nuclear dynamics. The different nuclear spin isomers of the hydrogen molecule, ortho- and para-hydrogen, have been known
and investigated in detail since 1929 [53]. The nuclear spin isomers of other
compounds have only been investigated for small molecules, like water [54],
ethylene [55], CH3 F [56] or CH2 O [57]. Different spin isomers lead to more
restrictive selection rules and thus to deviations in the reactivity in chemical reactions, which was already proposed in 1977 [58]. It has been proven
experimentally later, e.g. in plasma-chemical reactions of H+
3 [59] or for the
photodissoziation of CH2 O [60]. Even interactions of huge proteins with water molecules have been shown to be strongly dependent on the nuclear spin
isomer [61]. The nuclear spin isomers can be distinguished by the line intensity alternation effect, which they show in 1 H-NMR-spectroscopy [62], or by
the rotational lines from four-photon nonlinear spectroscopy [63].
Enrichment of a specific nuclear spin isomer is a current challenge and has
been studied by physical methods, like vapor transportation over a porous
surface [64], by variation of vapor humidity [65], by cavitation treatment
procedure [54] or in condense phase by fast cooling in cryogenic matrices [66].
The separation of nuclear spin isomers by laser light has been performed for
ethylene in 2005 using the light-induced drift [67]. In the present thesis, the
dynamics and enrichment of one specific spin isomer of fulvene is investigated
due to activation of the torsional motion by applying simple laser pulses.
Even and odd torsional wave packets can show quite different dynamics, that
may result in different reaction channels or at least selective enrichment of
population of a desired state [68].
The current topics in quantum dynamics, like laser control via a conical
intersection for E-Z isomerization about a double bond, for enhancement of
nuclear spin selective dynamics, or the investigation of the influence of strong
electric fields on the nuclear dynamics, are focus of the following thesis. The
content and structure of the thesis are described at the end of the following
chapter.
4

Chapter 2
Photo-Induced Torsion About a
Double Bond

2.1

E-Z Isomerizations

The E-Z isomerization about organic double bonds can be found in a countless
number of essential biomolecules. They occur in vitamins, fatty acids, lipids
or proteins [69]. In the eye, for instance, interactions with light lead to a
change in the aldehyde of vitamin A [70, 71], which is based on the E-Z
isomerization about a double bond of the molecule [72]. The conformational
change from the (11Z)-retinal to the all-(E)-retinal proceeds within 200 fs
[73, 74]. The reaction is shown in Fig. 2.1. A subsequent breaking of the
retinal-opsin bond in rhodopsin induces visual transduction. The decoding of
the visual cycle, based on the photoisomerization of retinal, started in 1958
[75]. It was rewarded with the Nobel prize soon after [76]. The isomerization
of retinal continues to attract ongoing interest within modern theoretical
chemistry today [77].
The rapidity and the high selectivity of the retinal photoisomerization are
attributed to a conical intersection between the electronic excited state and
5

Figure 2.1: Photoisomerization of retinal in the animal vision process. When light of a wavelength
around λ = 560 nm hits the molecule, the (11Z)-isomer is quickly converted by torsion into the
all-(E)-isomer [73]. Due to the conformational change, signal transduction cascades are induced,
which transform the photosignal into an electrochemical signal [78]. Without radiation with light,
an enzyme isomerizes all-(E)-retinal back to the (11Z)-form.

the ground state of the molecule [79, 80]. Such conical intersections are also
responsible for a wide variety of further vital processes. The requited electron transfer in photosynthesis [81] or the photostability of DNA molecules
with respect to sun light [82] serve as examples. The high selectivity of natural photo-induced reactions presents a huge challenge for modern chemistry
in the attempt to synthezise similar photoselective and controllable doublebonded molecules. Molecular dynamical studies of model systems do indeed
6

show that the amount of torsion affects the product distribution in photoreactions [83]. The ongoing development includes the synthesis of photosensitive
molecular switches [84, 85, 86] based on the isomerization about a double
bond.
In Fig. 2.2, a control scheme of an E-Z isomerization is sketched for an
arbitrary organic molecule AA’X=CBB’. Starting from the E configuration,
the corresponding wave function of the nuclear ground state (red) at the
torsional angle Θ = 0 is excited by light to the upper electronic state (green).
If both electronic states touch, the excited wave function can run back to
the ground state through the point of degeneracy or near-degeneracy. If the
laser pulses that excite the molecule are weak, the shape of the potentials
and of the couplings remain unchanged. Hence, the ratio between E and Z
conformer can only be varied by the excitation process.
By using well designed lasers, the exciting light pulse can be shaped in
time and frequency. Hereby, it is possible to yield an optimal ratio between
both conformers in the ground state. Several pulses may be applied in addition to pump down the population from the upper state at a suitable moment
(pump-dump mechanism) [87, 31, 88]. The wave packets disperse and spread
over all potential regions during their evolution in time. Due to their quantum mechanical nature, interference effects additionally yield destructive or
constructive population patterns.
The interference effects are also observed in the dynamics of a superposition of E and Z isomer wave functions. Such a superposition occurs due
to symmetry restrictions of the internal spin coordinates of the nuclei. As
the consequence of the antisymmetry principle [89] in quantum mechanics,
different nuclear spin isomers can offer different nuclear dynamics [90]. In
the present thesis, the effects of laser interaction on the torsional motion of
molecules with double bonds are investigated in the vicinity of a conical intersection. The dependence of the torsional dynamics on the masses of the
contorting groups, on the nuclear spin properties of the system, as well as
7

energy

on interaction properties, e.g. the transition dipole or the polarizability, is
studied. Furthermore, it is demonstrated how the torsional dynamics can be
controlled by well designed laser pulses.

E isomer

0

−1

0

Z isomer

1

2

3

4

torsion angle Θ
z

x

y

Figure 2.2: One-dimensional cut of two model potential energy surfaces of the electronic ground
state (red) and the first excited state (green) of an organic molecule AA’X=CBB’ along the torsional
angle Θ (schematic). The potentials often cross or touch in one or more points during the internal
rotation of the molecule (dotted circles). If the E isomer is excited by light (left side), the molecule
can continue its torsional motion on the excited state to the excited Z isomer (dashed green). An
alternative way is the decay back through the point of degeneracy to the ground state of the E
isomer (red) and the Z isomer (dashed red).
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2.2

Double Bonds and Conical Intersections

The non-adiabatic photochemical reaction from the excited state to the ground
state occurs via a funnel, which connects both states and allows radiationless
decay [91, 92]. Early quantum mechanical investigations on twisted molecules
with a double bond have shown that the potential gap between the covalent
and the ionic transition valence-bond structures of twisted double bonds can
become zero [93]. Often a configuration can be found which enables ultrafast
decay from the excited electronic state to the ground state.
The location of such a conical intersection between two states on the potential energy surfaces can be determined with the help of the Longuet-Higgins
sign change theorem [94], as it is implemented in an approach developed by S.
Zilberg and Y. Haas [95]. An electronic wave function of a molecular system
changes its phase if it is transported along a closed loop along a trajectory
around a conical intersection. Thus, if a phase change in the electronic wave
function is observed during a cyclic reaction path, a conical intersection must
be located inside the corresponding loop. A sign-inverting loop, which is
formed by two or three (or more) elementary reactions, always encloses a
single conical intersection.
For isomerization processes about a double bond, the construction of a
phase-inverting loop is also possible if a reaction to a single product proceeds
along two different reaction coordinates with two different transition states,
a phase inverting state and a phase preserving one. In the two-state model of
the isomerization, three valence bond structures describe the reactant and the
product [96]. Since the polar and zwitterionic contributions are equivalent,
two different transition states are possible on the ground state.
In Fig. 2.3, two transition states are shown, which connect the E isomer
with the Z isomer of an arbitrary molecule AA’X=CBB’. The reaction via
the polar and zwitterionic transition state does not result in a phase change
9

in the electronic molecular wave function. However, the E-Z isomerization
via the biradical transition state is phase inverting. The loop in Fig. 2.3
starts from the E conformer and continues via the biradical transition state,
the Z conformer and the polar transition state to close at the E isomer configuration. If the molecular system moves along that loop, a phase sign of
the electronic wave function occurs. Thus, the conical intersection must be
located inside the loop.
The electronic wave function of the zwitterionic transition state is often
totally symmetric like the equilibrium structure since only an electron pair
is shifted to the carbon atom. For the biradical transition state, the molecular orbitals are no longer doubly occupied. The excitation of an electron
to a higher molecular orbital singlet state commonly results in a change in
symmetry of the whole electronic wave function. In Fig. 2.3, the biradical
transition state is exemplarily of A2 character in C2v . Here, the location of
the conical intersection can be determined numerically by searching for the
crossing between the A1 and the A2 potentials along the path between both
transition states.
The polar transition state is often stabilized by auxochromic substituents.
Nevertheless, the localization procedure of a conical intersection can be applied for two arbitrary transition states, with one phase inverting and the
other phase remaining. For the fulvene molecule, e.g. the lowest lying conical intersection is located between two biradical C2v transition states of A2
and B1 symmetry. The conical intersection can also be localized by determination of the lowest energy point on a potential surface crossing [97, 98].
These variational methods use the energy-gradients and the gradient of the
interstate coupling vector for minimizing the energy.

10

Biradical Transition State
A2 Symmetry

. B

.

A' X
A

A' X
A

B'
B

B'

Conical
Intersection

A' X
A

B
B'

Z-Isomer

E-Isomer

+
A' X
A

-

B
B'

Zwitterionic Transition State
A1 Symmetry
Figure 2.3: Longuet-Higgins loop for the localization of a conical intersection. The E conformer
of the molecule can change through a biradical transition state to the Z isomer while the phase of
the electronic wave function changes its sign. Another way is possible via a zwitterionic transition
state, where no sign change in the electronic wave function occurs. Whenever a two-legged loop is
phase-inverting, one single conical intersection is located within the loop [96].
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Model systems for the simulation of several control schemes commonly
consist of only a small number of nuclei minimizing the time of calculation.
The three model systems investigated in this thesis are shown in Fig. 2.4.
The prototype of retinal or C=N based optical switches [99] is the smallest
Schiff base, the methaniminium cation H2 C=NH+
2 . The torsional dynamics is
strongly dependent on the relative rotational momentum of the inertia of both
hydrogen pairs. For the C,N-dideuterated molecule ion [see Fig. 2.4(a)], torsion about the double bond converts between the physically distinguishable E
and Z isomer. In the monocyclic fulvene (5-methylene-1,3-cyclopentadiene)
molecule [see Fig. 2.4(b)], in contrast, the hydrogen atoms of the exocyclic
methylene group have a much greater impact on the isomerization than the
bulky pentadiene ring. If two heavy aromatic rings are connected to the
double bond as in the easily polarizable pyridinyliden-phenoxide [4-(4-oxo2,5-cyclohexadienylidene)-1,4-dihydropyridine] molecule [see Fig. 2.4(c)], the
time and the energy needed to let both rings rotate against each other increase; and in consequence, the torsional dynamics and its controllability
change.

H

D

N
(a)

D

+

H

H

H

O

N H
(c)

(b)

Figure 2.4: Double-bonded symmetric model systems investigated in this thesis: (a) the dideuterated methaniminium cation, (b) the monocyclic fulvene with exocyclic C=C bond, and (c) the
pyridinyliden-phenoxide as a bicyclic system.
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2.3

Structure of the Thesis

The thesis starts with a theoretical chapter on the derivation and the numerical solution of the nuclear Schrödinger equation (Chapter 3). The chapter involves the background of the quantum chemical calculation of nuclear
potential energy surfaces, the determination of the electronic and nuclear
eigenfunctions, and theoretical aspects of the interaction of the molecules
with electric fields. In the subsequent chapters, the nuclear dynamics - in
particular the torsion about the C=C and the C=N bond - after excitation
by a short laser pulse is described for three model systems: the dideuterated methaniminium cation, the fulvene molecule, and the pyridinylidenphenoxide molecule. The chemical structures of the three double bonded
systems are shown in Fig. 2.4.
For the dideuterio-methaniminium cation, the control of E-Z isomerization
by two delayed femtosecond laser pulses is investigated (Chapter 4). Here,
a model of two coupled electronic states and one nuclear degree of freedom
is considered. The nuclear dynamics demonstrates the influence of the size
and form of the non-adiabatic couplings between the ground state and the
excited electronic state.
The nuclear dynamics of the fulvene molecule is simulated for two electronic states in three nuclear dimensions (Chapter 5). It is shown that fast
nuclear vibrations and radiationless decay at planar configuration prevent the
torsion about the C=C bond. It is investigated how the mode-selective motion can be supressed and torsion can be excited by appropriate laser pulses.
The mode-selective motion of the nuclear wave packet along the planar conical intersection can be controlled by one or two laser pulses with optimized
properties. The effects of the nuclear spin on the torsional dynamics of fulvene are an additional focus of the study.
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For the pyridinyliden-phenoxide molecule, it is shown that the torsional
dynamics can be effectively controlled by strong laser fields (Chapter 6).
Here, a one-dimensional model is considered. The shift of the conical intersection by static fields is demonstrated, and the effect of electric fields on
the geometry of the conical intersection is shown. The thesis closes with an
overall summary about the essential outcome of the nuclear dynamic simulations of the intramolecular torsion in double bonded systems. It includes an
outlook for the subject within the scope of current and future research.
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Chapter 3
Nuclear Motion in Theory

3.1

Nuclear Schrödinger Equation

The motions of the electrons and nuclei within a molecule can be described
~ ω
~ t) that is dependent on the coordinates
by a total wave function Φ(~q, Q,
~ , Ω,
~ the internal spin
of the electrons ~q and the coordinates of the nuclei Q,
~ of the electrons and nuclei, and the time t. The wave
coordinates ω
~ and Ω
function includes all information about the molecular system. To extract
observable properties out of the function (like location, energy, or momentum)
operators are used. Regarding to the total energy, the operator is called
Hamiltonian and the corresponding time-independent equation reads
~ ω
~ tot (~q, Q,
~ ω
~ = Etot Φtot (~q, Q,
~ ω
~
Ĥtot (~q, Q,
~ , Ω)Φ
~ , Ω)
~ , Ω),

(3.1)

which is referred to as the stationary Schrödinger equation of the molecule.
The total energy Etot of the stationary system is determined by eq. (3.1).
~ [100], and their
The nonrelativistic entities of the internal spins, ω
~ and Ω
coupling with the motion of electrons and nuclei (spin-orbit coupling) show
only negligible effects on the nuclear energy. It is neglected in the following
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derivations. The time-dependent Schrödinger equation reads [101]:
~ Φ̃tot (~q, Q,
~ t) = ih̄ ∂ Φ̃tot (~q, Q,
~ t).
Ĥtot (~q, Q)
∂t

(3.2)

~ can be separated into a Hamiltonian of
The total Hamiltonian Htot (~q, Q)
~ 0 ),
the nuclear kinetic energy and a remaining electronic Hamiltonian Ĥe (~q; Q
which includes the kinetic energy of the electrons and the interaction between
all electrons and nuclei. Thus, the nonrelativistic total Hamiltonian can be
divided into the sum
~ = T̂N + Ĥe (~q; Q
~ 0 ),
Ĥtot (~q, Q)
where

(3.3)

h̄2 ~ 2
T̂N = −
∇α
(3.4)
α=1 2Mα
denotes the nuclear kinetic energy operator that includes the masses Mα and
~ 0 ) is
the momenta of all K nuclei of the system in a space-fixed frame. Ĥe (~q; Q
the so-called electronic Born-Oppenheimer Hamiltonian, which only depends
~ 0.
parametrically on a subset of nuclear coordinates Q
K
X

~0
For a molecule consisting of K nuclei, 3K-6 spatial nuclear coordinates Q
are necessary to specify the geometry of the molecule within the moleculefixed coordinate system. Three nuclear coordinates are used to fix the coordinate frame and the left three ones to define the orientation of the molecule
~ 0 is dein space. In the further text, the subset of 3K-6 nuclear coordinates Q
~ for simplicity of notation. The adiabatic electronic wave functions
noted as Q
~ in the electronic state j are the eigenfunctions of the
of the molecule ψj (~q; Q)
~ in the corresponding electronic Schrödinger
electronic Hamiltonian Ĥe (~q; Q)
equation
~ j (~q; Q)
~ = Vj (Q)ψ
~ j (~q; Q).
~
Ĥe (~q; Q)ψ
(3.5)
~ are functions of the internal 3K-6 nuclear coThe m electronic levels Vj (Q)
~ that specify the geometry of the system. The eigenfunctions
ordinates Q
~ from eq. (3.5) form a complete basis for every value of the nuclear
ψj (~q; Q)
16

~
coordinates Q:

m
X

~ j (~q; Q)
~ = δ(~q − q~0 )
ψj∗ (q~0 ; Q)ψ

(3.6)

j=1

or, in the Dirac notation
m
X

~
~
|ψj (Q)ihψ
j (Q)| = 1

(3.7)

j=1

with the unity matrix 1. Note that in general m = ∞. Thus, any arbitrary
~ t)i can be expressed in the basis of the electronic eigenfunctions
state |f (Q,
~ :
|ψj (Q)i
m
X
~
~
~
~
|f (Q, t)i =
|ψj (Q)ihψ
(3.8)
j (Q)|f (Q, t)i.
j=1

~ t) = hψj (Q)|f
~ (Q,
~ t)i are already integrated over all
The coefficients χj (Q,
~ If
electronic coordinates ~q and depend only on the nuclear coordinates Q.
the total wave function is expanded in terms of the electronic eigenfunctions
(Born-Huang [5]) in a so-called adiabatic ansatz
|Φ̃tot (t)i =

m
X

~ t)|ψj (Q)i,
~
χj (Q,

(3.9)

j=1

the time-dependent Schrödinger equation (3.2) can be reformulated as a set
of equations
m

~ t) X |ψj (Q)iχ
~
~
Ĥtot (~q, Q,
j (Q, t)
= ih̄

j=1
m
X

∂
~
~
|ψj (Q)iχ
j (Q, t).
∂t j=1

(3.10)

~ to both sides of eq. (3.10) and noting the orApplying the vector hψi (Q)|
thogonality condition of the electronic wave functions
~ j (Q)i
~ = δij
hψi (Q)|ψ

(3.11)

yields, together with eqs. (3.3) and (3.5)
m
X

~ T̂N |ψj (Q)iχ
~
~
hψi (Q)|
j (Q, t) +

j=1

m
X

~ j (Q)|ψ
~ j (Q)iχ
~
~
hψi (Q)|V
j (Q, t)

j=1
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m
∂ X
~ j (Q)iχ
~
~
hψi (Q)|ψ
= ih̄
j (Q, t)
∂t j=1

(3.12)

or
m
X

~ N |ψj (Q)iχ
~
~
~
hψi (Q)|T
j (Q, t) + Vi χi (Q, t)

j=1

= ih̄

∂
~ t).
χi (Q,
∂t

(3.13)

~ in eq. (3.5) is chosen to be mass scaled,
If the set of the 3K-6 coordinates Q
i.e.
v
u
u µ
Qα = t
Q00α
(3.14)
Ma
with an average nuclear mass µ and the masses Mα of any arbitrary subset
~ 00 , eq. (3.4) can be re-expressed as
of nuclear coordinates Q
h̄2 ~ 2
T̂N = − ∇Q00 ,
2µ

(3.15)

~ Q00 denotes the gradient with respect to all nuclear degrees of freedom
where ∇
that locate the nuclei in a center-of-mass frame. In the following derivation,
the primes which denote the use of mass scaled coordinates are skipped.
Using the product rule of differentiation within the operator


~ 2Q ψ
∇







~ Q ψ∇
~Q+ ∇
~Q·ψ
= ∇
=














~ Qψ ∇
~ Q + ψ∇
~ 2Q + ∇
~ 2Q ψ + ∇
~ Qψ ∇
~Q
∇

(3.16)

and the orthogonality condition in eq. (3.11), the Schrödinger equation (3.13)
can be rewritten as

m 
h̄2 X
h̄2 ~ 2
(1) ~
(2)
~
~ t) + Vi (Q)χ
~ i (Q,
~ t)
2Tij · ∇Q + Tij χj (Q,
− ∇Q χi (Q, t) −
2µ
2µ j
∂
~ t)
= ih̄ χi (Q,
(3.17)
∂t
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with the abbrevations
(1)
~ ∇
~ Q ψj (Q)i
~
Tij = hψi (Q)|

(3.18)

for the first order non-adiabatic coupling matrix elements, commonly denoted
as electronic non-adiabatic coupling terms (NACTs), and
(2)
~ ∇
~ 2Q ψj (Q)i
~
Tij = hψi (Q)|

(3.19)

for the scalar second-order non-adiabatic coupling terms. Thus, the coeffi~ t) are solutions of a nuclear Schrödinger equation, which take
cients χi (Q,


(1) ~
(2)
h̄2
into account the kinetic couplings Λ̂ij = − 2µ 2Tij · ∇Q + Tij between the
electronic state i and all states j.
The time-dependent nuclear Schrödinger equation (3.17) can also be for~ t) in matrix form
mulated for a column vector of nuclear wave functions χ
~ (Q,
[102]

h̄2  ~ 2
(1) ~
(2)
~
~ t)

∇Q 1 + 2T · ∇Q + T
+ V χ
~ (Q,
HN χ
~ (Q, t) = −
2µ
∂ ~
= ih̄ χ
~ (Q, t),
(3.20)
∂t




where HN is the nuclear Hamiltonian; T(1) and T(2) are matrices with ele(1)
(2)
ments Tij and Tij .
(2)

The scalar second-order non-adiabatic coupling terms Tij
(1)
pressed in terms of the first order couplings Tij [102] since
~ Q hψi (Q)|
~ ∇
~ Q ψj (Q)i
~
∇
~ Q ψi (Q)|
~ ∇
~ Q ψj (Q)i
~ + hψi (Q)|
~ ∇
~ 2Q ψj (Q)i.
~
= h∇

can be ex-

(3.21)

Within a complete basis of real electronic eigenfunctions, the unity relation
~ Q ψi (Q)|
~ ∇
~ Q ψj (Q)i
~ can be expressed as
eq. (3.7) holds and the term h∇
~ Q ψi (Q)|
~ ∇
~ Q ψj (Q)i
~
h∇
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~ Q ψi (Q)|
~ 
= h∇

m
X



~
~  ~
~
|ψh (Q)ihψ
h (Q)| |∇Q ψj (Q)i

h=1

=

m
X

~ Q ψi (Q)|ψ
~ h (Q)ihψ
~
~ ~
~
h∇
h (Q)|∇Q ψj (Q)i

(3.22)

h=1

or
(2)
~ Q Tij(1) −
Tij = ∇

m
X

(1)

(1)

Thi Thj .

(3.23)

h=1

The square of the matrix T(1)


(T(1) )2 = 


(1) (1) 
Tih Thj

m
X



m
X

= −

h=1


(1) (1) 
Thi Thj

(3.24)

h=1

forms a diagonal matrix for a two-state system. Hence, if only two coupled
potentials are considered, the last term in the sum of eq. (3.23) becomes zero.
Additionally, the matrix T(1) is antihermitian according to the definition of
the couplings eq. (3.18), i.e.
†

T(1) = −T(1) .

(3.25)

Consequently, the diagonal elements vanish for real electronic eigenfunctions
~
~ ∇
~ Q ψj (Q)i
~ in
|ψj (Q)i.
In order to express the non-adiabatic couplings hψi (Q)|
~ the electronic Schrödinger equarelation to the electronic potentials Vj (Q),
~ and multiplied by hψi (Q)|:
~
tion (3.5) is differentiated with respect to Q
~ ∇
~ Q Ĥe (Q)|ψ
~ j (Q)i
~
hψi (Q)|


~ |ψj (Q)i
~ + hψi (Q)|
~ Ĥe (Q)|
~ ∇
~ Q ψj (Q)i
~
~ ∇
~ Q Ĥe (Q)
= hψi (Q)|








(3.26)

~ ∇
~ Q Ĥe (Q)
~ |ψj (Q)i
~ + hψi (Q)|V
~ i (Q)|
~ ∇
~ Q ψj (Q)i
~
= hψi (Q)|
~ ∇
~ Q Ĥe (Q)
~ |ψj (Q)i
~ + Vi (Q)T
~ ij(1)
= hψi (Q)|
~ ij(1)
= Vj (Q)T
or

(3.27)


(1)

Tij



~ ∇
~ Q Ĥe (Q)
~ |ψj (Q)i
~
hψi (Q)|
,
=
~ − Vi (Q)
~
Vj (Q)
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(3.28)

which is called the ’offdiagonal’ Hellman-Feynman theorem or considered as a
special case of the Ehrenfest theorem [102]. The closer two adiabatic states Vi
and Vj approach each other, the more the non-adiabatic couplings increase.
At degenerate points, the derivative couplings become singular. Using eq.
(3.24), the nuclear Schrödinger equation eq. (3.20) can also be expressed as
2
h̄2  ~
(1)
~ t) + V~
~ t) = ih̄ ∂ χ
~ t).
−
∇Q 1 + T
χ
~ (Q,
χ(Q,
~ (Q,
2µ
∂t

(1)

(3.29)

(2)

Neglecting all ’non-Born-Oppenheimer’ couplings, i.e. Tij and Tij , eq.
(3.17) simplifies to
h̄2 ~ 2
~  χi (Q)
~ = Etot χi (Q),
~
−
∇ + Vi (Q)
2µ Q




(3.30)

which is called ’adiabatic approximation’ and corresponds to the motion of
the nuclei of a molecule in the overall potential created by the electrons in the
i-th electronic state. If only the couplings among different states are ignored,
~ and
the derivative couplings vanish for real electronic eigenfunctions ψ(~q, Q)
eq. (3.17) becomes

h̄2  ~ 2
(2)
~ + Vi (Q)χ
~ i (Q)
~ = Etot χi (Q),
~
−
∇Q + Tii χi (Q)
2µ

(3.31)

which is the famous ’Born-Oppenheimer approximation’ [103].
For complex electronic eigenfunctions, the corresponding equation also
(1)
contains the first order couplings Tii . It is known as the ’complex BornOppenheimer approximation’ [104]. A strict separation of nuclear and electronic motion has been shown experimentally for diatomic molecules or systems with a high energy gap between ground and excited state [105]. The
more atoms and, consequently, the more accessible electronic states the molecules reveal, the more likely two or more electronic states interfere in a signif(1)
(2)
icant extent. In these cases, the couplings Tij and Tij can rise to very high
values and have obviously to be included within an appropriate description
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of the nuclear motion of molecules. In the present study, only the two lowest
electronic states are considered within the dynamical simulations.

3.2
3.2.1

Conical Intersections and Diabatization
Definition and Classification

Conical intersections can be defined as crossings of potential surfaces where
the degeneracies are lifted linearly in nuclear displacements from the intersection. The existence of conical intersections in molecules has been already
suggested in the 1920s [6]. In the vicinity of points of degeneracy, the nonadiabatic coupling terms in eq. (3.17) tend to infinity, indicating the nonseparability of nuclear and electronic coordinates. The picture of nuclei moving in the average field of electrons is not valid in the vicinity of conical
intersection.
Intersections between different electronic states are often classified according to their symmetries. The conical intersections are symmetry required
when two electronic states form components of a degenerate irreducible representation. One example is the Jahn-Teller effect of the two lowest electronic
states Na3 , which show degenerated E symmetry [106]. The Jahn-Teller theorem states that if the adiabatic potential energy surfaces of a nonlinear
polyatomic system have several sheets coinciding at one point, at least one
of them has no extremum at this point [107].
Intersections that are not symmetry required are called ’accidental symmetry allowed’ [104]. Here, two states of different spatial symmetry cross.
This kind of intersection often occurs in C2v molecules [108]. In dihydrogensulfide H2 S for instance, conical crossings of the two lowest electronic states
1A2 and 1B1 have been detected [109]. All double-bonded molecules that are
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considered in the nuclear dynamic simulations of the present studies reveal
C2v symmetry and ’accidental symmetry allowed’ conical intersections. For
all double-bonded molecules from Fig. 2.4, the highest occupied molecular
orbital in the crossing region shows different symmetry in C2v compared to
the lowest unoccupied orbital.
Accidental same symmetry conical intersections [104] occur if two states
cross that transform within two irreducible representations of the same symmetry. A simple example is the methyl compound mercaptane H3 C-SH, which
does not possess C2v symmetry. Nevertheless, the 2A and 3A states show
same symmetry intersections [110]. Same symmetry conical intersections
play an important role in non-adiabatic processes, which conserve the total
electronic spin [92, 111]. According to the non-crossing rule, same symmetry
intersections of two potential energy surfaces are permitted in the (D-2)dimensional seam space of D internal degrees of freedom [104].
The conical intersection can also be characterized by its topography [112].
A ’pitch conical intersection’ consists of a symmetrical vertical double cone,
whereas an ’asymmetric conical intersection’ forms an oval structure. In a
’tilt conical intersection’, the double cone is rotated about polar angles in
space. Another way of characterizing conical intersections is differentiating
the degeneracies into their dimension d of the branching space [113]. For a two
state non-relativistic Hamiltonian, d= 2. If spin-orbit coupling is considered
for a molecule with an uneven number of electrons, the size of the branching
space dimension d increases to 3 or 5 [114].

3.2.2

Conditions for Diabatization

Considering time-dependent conformational processes, the vector of the nuclear wave functions χ
~ in the adiabatic basis as described in eq. (3.20) is
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given by the time-dependent Schrödinger equation in matrix formulation
∂ ad
ih̄ χ
~ = Had
~ ad
(3.32)
Nχ
∂t
with


ad
χ
(3.33)
χ
~ ad =  0ad 
χ1
for a two-state system. The representation in eq. (3.32) is called adiabatic,
which will now be denoted by the superscript ad. The Hamilton operator
from eq. (3.20) is now referred to as Had
N and can be reformulated in the
two-state system


Had
N =

T̂N + Λ̂00
Λ̂01
Λ̂10
T̂N + Λ̂11







+

V0 0
0 V1




= (TN 1 + Λ) + V. (3.34)

At the point of the conical intersection, the potential energy surfaces V0
and V1 become equal. According to the Ehrenfest theorem eq. (3.28), the
(1)
first-order non-adiabatic couplings T01 approach infinity, and the adiabatic
approximation becomes meaningless [115]. An appropriate solution of the
problem is to change the adiabatic basis by using unitary transformations.
The adiabatic-to-diabatic transformation matrix U is chosen the way that
the non-adiabatic couplings Λij vanish in the nuclear Hamiltonian Had
N . Nevertheless, the interpretation of the dynamics within such a diabatic representation is difficult since different possible transformation matrices can result in
entirely contrasting diabatic pictures of the dynamics. However, after backtransformation into the adiabatic representation, the results obtained by any
possible transformation matrix are always the same.
In the following section, the condition for diabatization is derived. The
diabatic nuclear wave function is defined as
χ
~ dia = U† χ
~ ad ,
and since
ih̄

∂ † ad
† ad
Uχ
~
= U† Had
~
N UU χ
∂t
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(3.35)

∂ dia
χ
~
= Hdia
~ dia ,
N χ
∂t
the diabatic Hamiltonian has to obey the relation
= ih̄

(3.36)

† ad
Hdia
N = U HN U.

(3.37)

The unitary transformation matrix U is defined in the way that the offdiagonal matrix elements in the kinetic Hamiltonian vanish


U

†

T̂N + Λ̂00
Λ̂01
Λ̂10
T̂N + Λ̂11


U



=

T̂N 0
0 T̂N


.

(3.38)

As a result, the offdiagonal elements W01 and W10 arise in the potential part
of the diabatic molecular Hamiltonian


U† 

V0 0
0 V1


U



=

W00 W01
W10 W11




= W.

(3.39)

Thus, the diabatic Hamiltonian reads
Hdia
N = T̂N 1 + W.

(3.40)

The diabatic couplings are usually smooth functions of the nuclear coordi~ To evaluate the necessary form of the unitary transformation matrix,
nates Q.
the diabatic nuclear Schrödinger equation is expressed as
h̄2 ~ 2 
~
~ = ih̄ ∂ U† U~
U† −
∇Q U + U† VU χ
~ dia (Q)
χdia (Q).
2µ
∂t








(3.41)

Inserting χ
~ dia into the adiabatic Schrödinger equation should yield the same
equation
2 
2
†  h̄  ~
(1)
~ + U† VU~
~
U −
∇Q 1 + T
U~
χdia (Q)
χdia (Q)
2µ
∂
= ih̄ U† U~
χdia .
∂t
Thus, a necessary condition for diabatization is the relation






~ Q 1 + T(1)
∇

2
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~ 2Q U,
U=∇

(3.42)

(3.43)

which can be reformulated to [102]






~ Q + T(1) U · ∇
~Q+
2 ∇

T









~Q · ∇
~ Q + T(1) U = 0.
+∇

(1)

(3.44)

Obviously, the condition holds for




~ Q + T(1) U = 0.
∇

(3.45)

In general, every adiabatic-to-diabatic transformation matrix has to obey the
diabatization condition eq. (3.45) and is dependent on the derivative non(1)
adiabatic coupling terms Tij . The diabatization condition is valid for multistate systems. For the two-state systems that are modelled in the present
dynamical studies, the integration of eq. (3.45) yields the solution:


~ = exp −
U(Q)


~
ZQ



~ 0 ),
~ 0 )dQ
~ 0  U(Q
T(1) (Q

(3.46)

~0
Q

~ 0 ) can be chosen as the unity matrix 1. The coupling matrix
where U(Q
T(1) (Q) is antihermitian [see eq. (3.25)]. For a two state system of real
electronic eigenfunctions, it yields


~ =
T(1) (Q)
=




0

(1) ~
−T01 (Q)

(1) ~  0
T01 (Q)


(1) ~
T01 (Q) 


0

1
−1 0




(1) ~
= T01 (Q)S.

(3.47)

The equation (3.46) reads
~ = exp(θ(Q)
~ · S) =
U(Q)
where
~ =−
θ(Q)

~
ZQ

~
θv (Q)
Sv ,
v!
v=0
∞
X

(1) ~ 0
~0
T01 (Q
)dQ

~0
Q
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(3.48)

(3.49)

is called the adiabatic-to-diabatic tranformation angle. The matrix U can be
calculated by diagonalizing the matrix S, i.e.
S = DS̃D†

(3.50)

with the unitary matrix


1
1 1
D= √ 
2 i −i



(3.51)



and


S̃ = 

i 0
0 −i


.

(3.52)

Noting the relation DD† = 1, the v-th power of matrix S is
Sv =



DS̃D†


= D

v

= DS̃v D†

iv
0
0 (−i)v


 D† .

(3.53)

Thus, the solution (3.48) can be formulated to
~
θ (Q)
1 1 1
~ =
Sv = 
U(Q)
v!
2 i −i
v=0
∞
X

v







e

~
iθ(Q)

0

0
~
−iθ(Q)

e





1 −i
1 i


,

(3.54)

which is


~ =
U(Q)

~
~
cos θ(Q)
sin θ(Q)
~ cos θ(Q)
~
− sin θ(Q)


.

(3.55)

~ 0 , diabatic and adiabatic representation are the same,
For the starting point Q
~ 0 ) = 0 and U(Q
~ 0 ) = 1. It should be pointed out that the diabatii.e. θ(Q
zation representation is not unique, but the adiabatic one is. Knowing the
diabatic potential matrix W from eq. (3.39), the diabatic potentials can in
general be transformed into the adiabatic ones by analytical diagonalization.
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The corresponding adiabatic states V0 and V1 are obtained as the eigenvalues
of W
v
u

V1/0

W11 + W00 u
W11 − W00
=
±t
2
2

!2

2.
+ W01

(3.56)

The corresponding eigenvectors are ~e0 = (− sin θ, cos θ) for the lower state
and ~e1 = (cos θ, sin θ) for the upper state with
~ =
θ(Q)

~
2W01 (Q)
1
arctan
~ − W00 (Q).
~
2
W11 (Q)

(3.57)

Thus, the nuclear wave functions can as well be transformed into the adiabatic
basis using the matrix of these eigenfunctions U. On the other hand, the
~ 0 for a diabatization can be chosen such that the
starting configuration Q
~ 0 . When Q
~ 0 is defined at
adiabatic potentials show maximal difference at Q
the point of the degeneracy, the diabatic potentials may cross in a region
where the adiabatic potentials are far away from each other. With such a
~ 0 , the diabatic representation has even less physical meaning and
choice of Q
gives rise to numerical problems. Abrupt and steep gaps of the diabatic
potentials may occur, and the diabatic ground state eigenfunctions may not
be localized at the adiabatic state minima anymore.
If the integration in eq. (3.49) is carried out along an appropriate small
closed contour C inside which the total electronic system can be approximated by a two-state system, the integral
I
C

(1) ~ 0
T01 (Q
) ~0
dQ
π

(3.58)

yields the number of enclosed conical intersections [102, 116]. For the periodic
potentials of the intramolecular torsion of a double bond, the integral of the
(1)
non-adiabatic coupling terms T01 along a period of 2π of the torsional angle Θ
has to result in quantizated values of 2N π with N = 0, 1, 2, ... when no further
conical intersections are located in the vicinity of the contorted configuration.
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3.2.3

Non-Adiabatic Coupling Terms in Diabatic Representation

To get an idea of the result of the unitary transformation in eq. (3.37), the
generation of diabatic potentials and diabatic wave functions from the model
adiabatic potentials in Fig. 2.2 is exemplarily demonstrated in the following
subsection.
Additionally, it is shown that diabatic representations of the same adiabatic ground and excited state potentials may extremely differ for different
strengths of the non-adiabatic couplings. The model potentials in Fig. 2.2
are functions of the torsion angle Θ of the form:
V0 =

Vmax 2
sin Θ
2

(3.59)

and
V1 = Vmax −

Vmax 2
sin Θ.
2

(3.60)
(1)

For the diabatization, the values of the non-adiabatic coupling terms T01 have
to be determined. For simplicity, they are as well modelled to be maximal at
the points where the adiabatic potentials V0 and V1 touch and to be minimal
at torsion angles where the gap between the ground state and the first excited
state is a maximum, i.e. for Θ = 0, π. These conditions are fulfilled by a
model of the non-adiabatic coupling terms
(1)

T01 = TΘ = N sin200 Θ

(3.61)

with a normalizing factor N .
Three different model couplings, which obey equation (3.61), are depicted
in Fig. 3.1(a). For TΘ = 0 (black line), no couplings between the ground state
Rπ
and the first excited state exist. Here, the integral TΘ dΘ = −θ(π) is zero.
0

The blue curve in Fig. 3.1 corresponds to −θ(π) = π/4, the brown curve
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(a)
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0
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0
−1
−2

Θ /rad

Figure 3.1:
(a) Model of non-adiabatic coupling terms

π

π/2

0

(1)
T01

= TΘ along the torsional angle Θ according to eq.

(3.61). The curves correspond to different values of the integral

Rπ

TΘ dΘ = −θ(π). For the black

0

curve, θ(π) = 0 and no non-adiabatic couplings exist for all torsion angles between the ground and
the first excited state (TΘ = 0). The blue and brown curves show the non-adiabatic couplings TΘ
for −θ(π) = π/4 and −θ(π) = π/2, respectively.
(b) Adiabatic-to-diabatic transformation angles θ along the torsional angle for the non-adiabatic
couplings TΘ in panel (a). For the E isomer, the angles θ are equal, but for the Z isomer and in
the vicinity of the conical intersection, the angles differ. The different angles θ lead to different
diabatic potentials, which are shown in Fig. 3.2.

indicates the case for −θ(π) = π/2. Figure 3.1(b) shows the corresponding adiabatic-to-diabatic transformation angles θ for the three non-adiabatic
couplings TΘ in Fig. 3.1(a). For the E isomer (Θ ≈ 0), the angles θ are
equal for the three cases. For the Z isomer (Θ ≈ π), the angles θ are constant
along a large range of the torsional coordinate, but they differ in value for the
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different curves. In addition, the adiabatic-to-diabatic transformation angles
change rapidly at the points where the non-adiabatic coupling elements are
maximal. Since the adiabatic-to-diabatic transformation matrix in eq. (3.55)
includes the elements cos θ(Θ) and sin θ(Θ), the diabatic potentials for the E
isomer differ for various values of θ(π).
Figure 3.2 shows the diabatic potentials W00 (red lines), W11 (green lines),
and W01 (brown lines) for the adiabatic model potentials in Fig. 2.2 assuming
the model couplings TΘ in Fig. 3.1(a). If there is no non-adiabatic coupling
present in the system [panel (a)], adiabatic and diabatic potentials equal
Rπ
each other and W01 = 0. If the integral TΘ dΘ = π/2 [panel (c)], the
0

resulting diabatic potentials cross and the diabatic curves get antisymmetric
with respect to the point of degeneracy. For smaller values of the integral, the
diabatic curves lose their symmetric behaviour as depicted in Fig. 3.2 (b).
Rπ
Here, the integral over the non-adiabatic coupling terms is TΘ dΘ = π/4.
0

Although the adiabatic potentials are equal for Θ − π/2 and Θ + π/2, the
corresponding diabatic potentials show different shapes. Thus, the diabatic
eigenfunctions are also different.
The diabatic eigenfunction at Θ ≈ 0 in Fig. 3.2 (b) characterizes the
same local adiabatic situation as the two equal diabatic wave functions at
Θ ≈ π. The two diabatic nuclear wave functions at Θ ≈ π are equal in
energy and shape. The diabatic couplings are different at Θ ≈ 0 (W01 = 0)
and at Θ ≈ π, where W01 gets as high in energy as the excited electronic
state at Θ = 0 [see panel (b) in Fig. 3.2]. In physical (adiabatic) reality,
the ’E isomer’ ground state and the ’Z isomer’ ground state for AAX=CBB
molecules are indistinguishable. In the diabatic dynamical description of
nuclear wave packets, the shape and the properties of the diabatic couplings
have thus to be included for a physically meaningful interpretation. For
instance, a full vertical excitation of a diabatic wave packet at Θ ≈ π in Fig.
3.2(b) corresponds to an exchange of the two identical diabatic eigenfunctions
at Θ ≈ π, which are depicted in red and green colours in Fig. 3.2(b).
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V

(a)

max

θ(π)=0

diabatic energy

0
V

(b)

max

θ(π)=−π/4
0
Vmax

0

(c)
θ(π)=−π/2

0
π

0

torsion angle Θ
Figure 3.2: One-dimensional diabatic potentials W00 (red), W11 (green), W01 (brown) and the
corresponding diabatic wave functions of the model adiabatic potentials V0 and V1 from eqs. (3.59)
and (3.60) for different values of the integral over the non-adiabatic coupling terms TΘ from eq.
(3.61): −θ(π) =

Rπ

TΘ dΘ. If the derivative couplings TΘ are zero along the whole coordinate range,

0

the diabatic and the adiabatic potential matrix elements and ground state wave functions are the
same [panel (a)]. If −θ(π) = π/2 [panel (c)], the diabatic potentials cross and interchange at
the point of maximal coupling at Θ = −π/2. For the middle coupling case, where −θ(π) = π/4
[panel(b)], for two physically equal adiabatic ground states at Θ = 0 and Θ = π, two contrasting
diabatic pictures occur. The corresponding non-adiabatc couplings for the three cases are shown
in Fig. 3.1(a).
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3.2.4

Quasidiabatization

According to the previous section, the diabatization depends on the accurate
(1)
values of the derivative non-adiabatic coupling terms T01 , which have to be
integrated to yield the adiabatic-to-diabatic transformation (ADT) angle θ
in the transformation matrix U. To avoid the quantum chemical calculation
of the non-adiabatic coupling terms, Köppel and coworkers suggest a diabatization scheme for a two-state system out of the adiabatic potentials alone
[117]. The procedure has been shown to yield reliable results in comparison
to the use of directly calculated non-adiabatic couplings [118, 119]. Again,
the diabatic Hamiltonian is diagonalized in order to get rid of the singular
(1)
part of the non-adiabatic coupling terms T01 .
The Hamiltonian from eq. (3.40) is split into two terms, one invariant and
the other variant with respect to unitary transformations:



~
~
V
(
Q)
+
V
(
Q)
1
0
1
0


 + W0 ,

Hdia
(3.62)
N = T̂N +
0 1
2
where the diabatic matrix W0 has the form

~
~
d(Q)
c(Q)
0
W = ~
~
c(Q) −d(Q)


.

(3.63)

Thus, the transformation only affects the second matrix, which has to be
determined. By diagonalizing the potential part of the diabatic Hamiltonian,
the adiabatic potential matrix reads
!



!



V1 + V0  1 0 
V 1 − V0  1 0 
V =
+
0 1
0 −1
2
2
!
V1 + V0
=
1 + UW0 U† .
2
~ in eq. (3.65) is obtained as
From eq. (3.63), the mixing angle θ(Q)
~
~ = 1 arctan c(Q) .
θ(Q)
~
2
d(Q)
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(3.64)

(3.65)

The non-adiabatic coupling terms can be expressed as derivatives of the mixing angle [see eq. (3.49)] [120]
(1) ~
T01 (Q)

~ Q d(Q)
~ − d(Q)∇
~ Q c(Q)
~
1 c(Q)∇
~
= −∇Q θ(Q) =
.
~ + c2 (Q)
~
2
d2 (Q)

(3.66)

~ by one.
The differentiation in the numerator in eq. (3.66) lowers its order in Q
~ approaches the conical intersection or other
Thus, the ratio diverges when Q
(1) ~
degeneracies. The divergence of the coupling terms T01 (Q)
at the potential
crossing points has been shown for several cases in more detail [118]. Only
the lowest order terms of W0 (i.e. c and d) cause the divergence that has to
be removed by a diabatization procedure. When expanding the matrix W0 in
~ −Q
~ CI ) from the coordinates
a Taylor series of the nuclear displacements (Q
~ CI ,
of the conical intersection Q
W0 = W0(0) + W0(1) + ...,

(3.67)

~ CI ) is zero due to its form in eq. (3.63) and the remaining
where W0(0) (Q
lowest order matrix is


W

0(1)

=



d(1) c(1)
c(1) −d(1)


.

(3.68)

Diagonalization of the first order diabatic potentials with the transformation
matrix U(1) yields
(1)
 V1


†

U(1) W0(1) U(1)

=

−
2


(1) 
V0  


1 0
0 −1


=

q

(c(1) )2 + (d(1) )2 




1 0
0 −1


,

(3.69)

where c(1) and d(1) are the leading elements of the diabatic potential matrix
W0(1) according to eq. (3.68). If only these leading singular coupling terms in
V are transformed by using U(1) , the quasidiabatic or ’regularized’ diabatic
potentials Wreg are
†

Wreg = U(1) VU(1)
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!



=
=

u
c2 + d2
V1 + V 0
u
t
1+
W0(1) .
(1)
2
(1)
2
2
(c ) + (d )


!

1 0
0 1



V1 − V0
†
1 0
+
U(1) 
0 −1
2

V1 + V 0
2

!


 U(1)

(3.70)

v
u

(3.71)

The last of these equations follows from inserting eq. (3.69) into eq. (3.70)
†
†
using the condition U(1) U(1) = U(1) U(1) = 1. Note that the leading first
order matrix elements c(1) and d(1) are different from the elements c and d
of the unexpanded diabatic matrix W0 in eq. (3.63), and the value of the
square root in eq. (3.71) is thus higher than one. To explore the symmetry
of the matrix elements and the displacement coordinates, which have to be
defined for the diabatization, the eq. (3.67) is considered close to the point of
~ CI . The diabatic basis is defined by eq. (3.35) up to a constant
degeneracy Q
unitary transformation. Thus, the diabatic basis can be taken to be equal
~ =Q
~ CI , where Q
~ CI is the geometry of
to the adiabatic basis at the point Q
the conical intersection [121]. The first-order matrix elements of W0(1) in the
~ CI are:
adiabatic basis at Q


0
Wα,ij



dĤe
~α − Q
~ α,CI ),
= hψi |
|ψj i (Q
~
~
d(Qα − Qα,CI )

(3.72)

~ α −Q
~ α,CI is the nuclear displacement coordinate away from the conical
where Q
intersection. Hence, if the adiabatic electronic wave functions ψ0 and ψ1
transform according to different irreducible symmetry representations Γ of
the molecules, the relation
Γ(ψ1 ) ⊗ Γ(ψ0 ) ⊗ Γ(α) ⊃ Ag

(3.73)

0
has to be fulfilled for non-zero matrix elements Wα,ij
[121]. Here, Ag denotes
the totally symmetric irreducible representation. In consequence, the diagonal elements d(1) and −d(1) of the matrix W0(1) have to be totally symmetric,
the irreducible representation Γ(c(1) ) of the offdiagonal element c(1) has to be
non-totally symmetric if both electronic wave functions ψ0 and ψ1 have different non-degenerated symmetry. Accordingly, the displacement coordinates
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have to differ in symmetry, and W0(1) is defined as:


W0(1) =




=

d(1) c(1)
c(1) −d(1)




N
P

M
P

κ (Qg − Qg,CI )

 g=1 g

 M
 P
λh (Qh − Qh,CI )
h=10



λh (Qh − Qh,CI )

h=10
N
P

−

g=1

κg (Qg − Qg,CI )







(3.74)

with N totally symmetric displacement coordinates (Qg − Qg,CI ) and M nontotally symmetric displacement coordinates (Qh − Qh,CI ) from the conical
~ CI , and with the first order expansion coefficients
intersection geometry Q
1 ∂(V0 − V1 ) 

κg =
~ ~
2
∂Qg
Q=QCI

(3.75)

1 ∂(V0 − V1 ) 

λh =
.
~ Q
~ CI
2
∂Qh Q=

(3.76)



and


The coefficients κg and λh can be interpreted as forces of the electrons that
affect the nuclei to the displacements along the coordinates Qh and Qg away
~ CI .
from the degenerated reference geometry Q

3.2.5

The Double-Cone

The diagonal matrix elements of the diabatic potential matrix W0 are equal
at the point of degeneracy between the corresponding crossing surfaces and
the corresponding off-diagonal terms, whereas the diabatic potential coupling
is zero. For two intersecting diabatic potentials, thus


~ CI ) = 
W0 (Q

~ CI )
W 0 (Q
0
~ CI )
0
W 0 (Q
36


.

(3.77)

For the sufficiently small distances from the degenerated point, the matrix
W0 can be expanded in a Taylor series along two displacement coordinates
Qα − QαCI that differ in their irreducible symmetry representations up to first
order [see eq. (3.67)]. The matrix elements become in linear approximation,
according to eq. (3.74),


W0(1) = 

κg (Qg − Qg,CI ) λh (Qh − Qh,CI )
λh (Qh − Qh,CI ) −κg (Qg − Qg,CI )




(3.78)

with a totally symmetric displacement coordinate (Qg − Qg,CI ) and a nontotally symmetric diabatic coupling coordinate (Qh − Qh,CI ).
The two eigenvalues of W0(1) are easily obtained by analytical diagonalization
V10

=

r

κ2g (Qg − Qg,CI )2 + λ2h (Qh − Qh,CI )2
r

V00 = − κ2g (Qg − Qg,CI )2 + λ2h (Qh − Qh,CI )2 ,

(3.79)
(3.80)

which are the adiabatic potentials originated at the point of the conical intersection. In the vicinity of small displacements, the adiabatic potentials
V00 and V10 can thus be represented as a double-cone along the displacement
coordinates. Even if the diabatic basis is not valid for the whole coordinate
space, as for the regularized ’Köppel diabatic states’ in the previous section,
conical intersections can be locally found if the coeffients κg and λh are not
zero. For other cases, the diabatic matrix W0 has to be expanded in second
order with respect to the displacement coordinates, which may result in one
of five different kinds of cup-shaped ’Renner-Teller’ or glancing intersections
[122, 123].
Conical intersections are often continuously connected and form seams.
Within such a seam space, the degeneracies are lifted quadratically in nuclear
coordinates [104].

37

3.3
3.3.1

Quantum Chemistry
Solution of the Electronic Schrödinger Equation

To calculate the potential energy, the potentials in the matrix V of the electronic Schrödinger equation (3.5) have to be determined. The nuclear part of
the wave function and thus the interaction between the nuclei itself has been
separated in eq. (3.3) as a constant with respect to the electronic coordinates
~q. Thus, the electronic Hamiltonian can be expressed as
~ = Ĥe0 (~q; Q)
~ + VN N (Q),
~
Ĥe (~q; Q)
(3.81)
and the corresponding potentials are
~ = Ei (Q)
~ + VN N (Q),
~
Vi (Q)

(3.82)

~ and VN,N (Q)
~ denotes the po~ are the eigenvalues of Ĥe0 (~q; Q)
where Ei (Q)
tential matrix of the Coulomb pair interaction between the nuclei
Zm Zn e2
(3.83)
~m − Q
~ n|
n=1 m<n 4π0 |Q
with the atomic number Zm of atom m, the electron charge e, and the electric
~ m denotes the coordinates of the nuclei m.
constant 0 . Here, Q
~ =
VN N (Q)

K X
K
X

~ are calculated for fixed nuclear coThe electronic wave functions ψi (~q; Q)
~ by solving
ordinates Q
~ i (~q; Q)
~ = Ei (Q)ψ
~ i (~q; Q).
~
Ĥe0 (~q; Q)ψ
(3.84)
In the following, the parametric dependence of the electronic wave functions
~ is skipped for simplicity of notation. The values of Ei can be obtained
on Q
by solving the electronic Schrödinger equation (3.5). In Hartree-Fock theory,
the ansatz is an antisymmetrized product of n single particle spin orbital
functions
(
α(ωi )
Ψi (~qi , ωi ) = φi (~qi )
(3.85)
β(ωi ),
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where the spatial orbitals φi (~qi ) depend on the electronic coordinates and the
spin orbitals α(ωi ) and β(ωi ) depend on the spin coordinate of the electron
i. The total electronic wave function of the ground state can be written as
Slater determinant [124]:
1
ψ0 (~q) = √ |Ψ1 (~q1 , ω1 ) Ψ2 (~q2 , ω2 ) ... Ψn (~qn , ωn )|.
n!

(3.86)

Self-Consistent Field Method

The variation principle for the electronic minimum energy leads to the HartreeFock equations for the single-electron orthonormalized wave functions Ψ̃i (~qi , ωi )
and their eigenenergies ei
Zm e 2
h̄2 2 X
 Ψ̃ (~
−
∇ −
i qi , ωi )
~
2me i
m 4π0 |~
qi − Qm |




+
−

n Z∞
X
j=1−∞
n Z∞
X
j=1−∞

e2
Ψ̃j (~qj , ωj )dqj dωj Ψ̃i (~qi , ωi )
Ψ̃j (~qj , ωj )
4π0 |~qi − ~qj |
e2
Ψ̃j (~qj , ωj )
Ψ̃i (~qj , ωj )d~qj dωj Ψ̃j (~qi , ωi )
4π0 |~qi − ~qj |

= F̂ Ψ̃i (~qi , ωi ) = ei Ψ̃i (~qi , ωi )

(3.87)

with the Fock operator F̂ and the orbital energy ei . Here, the electronic
coordinates are explicitly denoted in the Dirac notation of the electronic wave
functions in order to specify which set of electronic coordinates is required.
The total electronic energy E is associated with the sum of the orbital energies
ei
X
X
E=
ei + (Jij − Kij ) .
(3.88)
i=1

i<j
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The terms Jij are the Coulomb integrals that include the repulsions between
two delocalized molecular orbitals Ψ̃i (~qi , ωi ) and Ψ̃j (~qj , ωj ):
Z∞

e2
Ψ̃i (~qi , ωi )Ψ̃j (~qj , ωj )
Jij =
Ψ̃i (~qi , ωi )Ψ̃j (~qj , ωj )d~qi d~qj dωi dωj .
4π
|~
q
−
~
q
|
0
i
j
−∞
(3.89)
The exchange integrals
Z∞

e2
Kij =
Ψ̃i (~qi , ωi )Ψ̃j (~qj , ωj )
Ψ̃j (~qi , ωi )Ψ̃i (~qj , ωj )d~qi d~qj dωi dωj
4π
|~
q
−
~
q
|
0
i
j
−∞
(3.90)
involve the interactions between electrons in different spin orbitals. The
exchange integral is non-zero if both spin orbitals have the same spin function.
Here, the couplings of all j single particle functions Ψ̃j (~qj , ωj ) have to be taken
into account. The corresponding coupled equations (3.87) are solved by an
(0)
iterative method. With a first set of Ψ̃j (~qj , ωj ), the single electron wave
(1)
functions Ψ̃i (~qi , ωi ) are calculated, which are used in a further step as new
(2)
(1)
input Ψ̃j (~qj , ωj ) to recalculate Ψ̃i (~qi , ωi ). This procedure is repeated until
(k)
the input wave functions Ψ̃j (~qj , ωj ) do not differ from the set of output
(k+1)
(~qi , ωi ) within a chosen numerical accuracy, i.e. selfwave functions Ψ̃i
consistency of the electron field is reached (SCF-method).
(0)

An appropriate starting set of electronic wave functions Ψj (~qj , ωj ) is important for fast convergence. As initial guess for the orbitals φi (~qi ) commonly
a linear combination of the atomic orbitals ηs (~qi ) (LCAO) is chosen to represent the spatial distribution of the electrons within the atoms of the molecule,
i.e.
φi (~qi ) =

b
X

csi ηs (~qi ).

(3.91)

s=1

Substitution of this expansion into the Hartree-Fock equations (3.87) and
operation with hηr | leads to
b
X

hηr |F̂ |ηs icsi =

s=1

b
X

hηr |ηs icsi ei

s=1
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(3.92)

or in matrix form
FC = SCe.

(3.93)

These are the Roothaan-Hall equations [125, 126]. If the basis set is transformed into an orthogonal one by a unitary transformation
C0 = AC

(3.94)

F0 = AFA†

(3.95)

and
for the orthogonal basis hηr0 |ηs0 i = δrs , the matrix equation (3.93) is simplified
to
F0 C0 = C0 E.
(3.96)
The eq. (3.96) is solved as well iteratively. Starting from predefined atomic
orbitals |ηs i (basis set) and initial guess coefficients csi in eq. (3.91), the
Fock matrices F and F0 are calculated. By using matrix diagonalization, the
eigenvalue matrix E and the eigenvector matrix C0 of F0 are found. The new
coefficients are obtained via the transformation C = A† C0 [127].

3.3.2

Basis Sets

An obvious criterion for the quality of the calculated energies and the electronic wave functions from a self-consistent field routine is the choice of the
basis functions |ηs i. Due to computational restrictions, the expansion in eq.
(3.91) is not infinite. Hence, a good approximation of the electronic distribution within the molecule is necessary to reach the lowest energy limit. In
practice, Cartesian Gauss-type orbitals, centered on the corresponding nuclei,
are used:
2
2
2
g(~qi ) = N xai yib zic e−α(xi +yi +zi )
(3.97)
with the orbital coefficient α, the normalization constant N and the integers
a, b, and c. For a + b + c = 0, 1 or 2, the Gaussians are called s-type,
p-type or d-type, respectively. The advantage of using Gaussian functions
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lies in the mathematical feature that the product of two Gaussians at the
~ A and Q
~ B yields again a Gaussian function centered at Q
~C =
atomic centers Q
β ~
α ~
α+β QA + α+β QB , i.e.
~ A )2
−α(~q−Q

e

~ B )2
−β(~q−Q

·e

2

αβ
− α+β
(Q~ B −Q~ A )

=e

~

2

· e−(α+β)(~q−QC ) .

(3.98)

Since the integrals in eq. (3.87) become integrals of a product of four atomic
orbitals within the molecular orbital expansion of eq. (3.91), the analytical
calculation by using Gaussian functions decreases strongly the computation
time. For k basis functions, approximately k 4 /8 of these two-electron integrals
have to be solved within one step of the self-consistent field routine.
The disadvantage of Gaussian type functions is that the Gaussian orbitals
do not have a cusp at the positions of the nuclei and they fall off too rapidly
with increasing distance from the atomic center. In other words, they are not
of exponential shape, which is the case for the exact Slater-type electronic
wave functions as direct solutions of the electronic Schrödinger equation for
hydrogen-like atoms. To diminish the unfavourable effects, atomic exponential Slater-type orbitals in spherical coordinates qA , θA , φA of the form
ηs (~q) = N qAn−1 e−αn qA Ylm (θA , φA )

(3.99)

with the spherical harmonics Ylm (θA , φA ) and quantum numbers n, m, and l
are approximated by a superposition of several Gaussian-type functions from
eq. (3.97) including different orbital coefficients α:
ηA (~qi ) ≈

X
u

dAu gu (~qi ).

(3.100)

The contraction coefficients dAu are held constant during the self-consistent
field calculation. Several methods are applied for basis set contraction.
In multi-zeta basis sets more than one contracted Gaussian-type functions
are included for each atomic orbital. Other basis sets split the number of
Gaussian-type orbitals for inner shell and for outer shell electrons. In the
Dunning-Hay basis sets [128] DH and DZV of the quantum chemistry package
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’molpro’ [129], 3 Gaussians gu (~qi ) are contracted to 2 s-orbitals for hydrogen,
indicated by the notation (3s)/[2s]. The corresponding contraction scheme
for the first row atoms beryllium to neon is (9s,5p)/[3s,2p], and the one for
the second row atoms between aluminium and chlorine is (11s,7p)/[6s,4p].
In the valence double-zeta (VDZ) basis set, the contraction scheme is
(6s)/[2s] for hydrogen and (9s6p)/[3s2p] for the other atoms. Basis sets
with larger shells of polarization functions are used to recover the correlation energy of the electrons, i.e. in the correlation-consistent polarized valence double-zeta (cc-pVDZ) basis, where one contracted d-orbital is added
for each heavy atom and one contracted p-orbital for hydrogen and helium
atoms to the VDZ set. Basis sets can be augmented with higher quantum
number functions to handle the bond region between two atoms. The augcc-pVDZ basis set, for instance, is a cc-pVDZ set with one additional sand p-orbital of a very small exponent for hydrogen. For heavy atoms, two
s-orbitals, two p-orbitals and one d-orbital are augmented to the cc-pVDZ
basis set.

Electron Correlation

The Hartee-Fock method in eq. (3.87) describes the interaction of one electron with all other single electrons of the system. Here, the correlation of
the electrons is underestimated. Specifically in the dissociation limit, the
Hartree-Fock theory fails. In a configuration interaction (CI) calculation, the
electronic wave function is expanded in configuration functions of the system
with the same irreducible symmetry representation Γ. Superposition of states
of different symmetry do not interact and, hence, do not lead to a change
~ commutes with the
in energy. The reason is that the Hamiltonian Ĥe (~q, Q)
symmetry projection operator P̂ Γi . Thus, the electronic wave functions must
~ and P̂ Γi .
be eigenfunctions of Ĥe (~q, Q)
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Within the configuration interaction (CI) ansatz, the wave function ψ(~q)
is constructed by linear combination of configuration functions Φ(~q) with the
electronic states v of the same symmetry, built from spin orbitals based on
the self-consistent field calculation
ψ CI (~q) =

X
v

bv Φv (~q).

(3.101)

Such a combination of singly, doubly or higher excited configuration state
functions (CSFs) lowers the energy within the variation calculation when the
coefficients bv are optimized. For b basis functions and n electrons, the number of all possible configuration functions with the same symmetry is proportional to bn [127]. Full configuration interaction calculations, which include all
possible configurations, are not possible for most polyatomic molecules. In order to reduce the numerical effort, only contributions of lower excitations, i.e.
configurations that represent electron occupations of the lowest unoccupied
orbitals, are usually considered. In a multiconfiguration self-consistent field
(MCSCF) method, not only the coefficients bv in eq. (3.101) are varied, but
also the shape of the molecular orbitals in the configuration state functions
Φv (~q) [i.e. csi in eq. (3.91)]. In the multireference configuration interaction
(MRCI) method, new additional configuration state functions Φvnew (~q) are
created by moving electrons out of occupied orbitals into virtual orbitals of
configuration functions, that are derived from a multiconfigurational calculation. Thus, not only one determinant is used for creating excited configuration state function as known from the configuration interaction ansatz, but
several reference determinants are implemented. The new and old coefficients
bv0 of the whole superposition
ψ(~q) =

X

bv0 Φv0 (~q)

(3.102)

v 0 =v+vnew

are afterwards optimized. Since the configuration state functions are usually
singly or doubly excited, the multireference configuration interaction wave
function eq. (3.102) contains amounts of triple and quadruple excitations.
The whole method remains variational, i.e. the lowest found energy value
remains equal or higher than the real energy.
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Special techniques have been developed to overcome technical restrictions
of configuration interaction calculations. Within the Davidson method for
instance, only the lowest few eigenfunctions and eigenvectors are calculated
[130]. To save internal memory of the computer, a direct configuration interaction method is often implemented in quantum chemical software. Within
such a routine, the integrals between the configuration state functions are
not needed since the expansion coefficients bv in eq. (3.101) and the energy
are determined from one- or two-electron integrals over the basis functions
on a direct way [131]. Modern direct configuration interaction methods also
include a graphical unitary-group approach (GUGA) for faster computation
times [132].

3.4

Numerical Methods

In the following section, the numerical methods are revisited that are necessary for the simulation of the nuclear wave function and its time evolution.
For the propagation of the nuclear wave function on a grid, first the grid
has to be defined and the stationary nuclear eigenfunction of the electronic
ground state is to be determined. Finally, the time-dependent Schrödinger
equation can be solved numerically on the grid.

3.4.1

Discretization on a Grid

All nuclear wave functions |χi are naturally continuous. First, the dependency between one single spacial coordinate Q and its corresponding momentum coordinate P = −ih̄d/dQ is considered. The variance of the spacial
distribution of the nuclear wave packet
h(∆2 Q)i = hχ|(Q − Q)2 |χi
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(3.103)

and the variance of its corresponding momentum distribution
h(∆2 P )i = hχ|(P − P )2 |χi

(3.104)

can not be simultaneously zero. To prove it, the coordinates Q and P are
transformed to yield Q = P = 0, and the positive integral
dχ
dχ 
bQχ +
B(b) = bQχ +

dQ
dQ
 +

*
* 
+



dχ  dχ
 2
2

= b χQ χ +
dQ  dQ


+!
+
*
*
 dχ
dχ 

Qχ
+
+b Qχ
dQ
dQ 
h∆2 P i
2
2
= b h∆ Qi +
−b
h̄2


*

+

(3.105)

is shown by differentiation to be minimal for
bmin =

1
.
2h∆2 Qi

(3.106)

Thus, the minimal integral is
Bmin

1 1
h∆2 P i
=−
+
≥ 0,
4 h∆2 Qi
h̄2

(3.107)

which leads to the well known Heisenberg uncertainty principle [133]
q

q
h̄
h∆2 Qi h∆2 P i = ∆Q∆P ≥ .
2

(3.108)

As a result, the nuclei in the molecule do not possess a definite position
in spatial and momentum space. Also the spacial grid used for numerical
calculations determines the grid in momentum representation. The more
grid points for the Q coordinates are used, the higher the momentum space
is which can be resolved on that grid. Thus, the time-independent nuclear
wave functions have to be described via a {P, Q} phase space, where both
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the range of position Q and the range of momentum P are determined by
the mean energy [134]:
√
|Pmax | <
2mEmax
(3.109)
V (Qmax ) < Emax
(3.110)
analogous to classical mechanics. Changes of the molecular wave function
involve a time-domain. However, the uncertainty of time and energy obey a
similar relation as momentum and space in eq. (3.108):
∆E∆t ≥ h.

(3.111)

Thus, the time-dependent molecular evolution is proceeding in a volume
Vol = {Q, P } ⊗ {t, E },

(3.112)

which consists of the product of both phase spaces. Quantum statistical
dynamics determines the number of grid points for a system with N nuclear
degrees of freedom in the N-dimensional space NQ and in the time domain
Nt for sufficient sampling of this multi-dimensional volume Vol [1]:
NQ = Vol /h N
tmax
Nt = ∆E ·
.
h̄
3.4.2

(3.113)
(3.114)

Fourier Method

In the following, the Fourier method is derived [1]. For simplicity, the nuclear
wave functions χ(Q) are considered along one single nuclear coordinate Q on
a one-dimensional grid. The continuous nuclear wave functions χ(Q) are
interpolated on the NQ grid points. In a global approximation, the wave
function is the sum of Nf finite continuous functions gn (Q), which span over
the whole sampling space
χ(Q) ≈

NX
f −1

an gn (Q).

n=0
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(3.115)

Such Gaussian collocation matches the approximate solution eq. (3.115) to
the true wave function at the NQ = Nf collocation points Qi
χ(Qi ) ≡

NX
Q −1

an gn (Qi ).

(3.116)

n=0

In a pseudospectral representation, the global functions are chosen to obey
the orthogonality relation
NX
Q −1
gn∗ (Qi )gn (Qj )
n=0

= δij .

(3.117)

The expansion coefficients an can be determined via direct inversion of eq.
(3.116)
an =

NX
Q −1

χ∗ (Qj )gn (Qj ).

(3.118)

j=0

The coefficients are the discrete functional transform of the continuous function χ(Q). If its basis functions gn (Q) are also orthogonal within the domain
D
hgn |gm i =

Z

gn∗ (Q)gm (Q) dQ = δmn ,

(3.119)

D

the scalar product of two functions f (Q) = an gn (Q) and h(Q) = bn gn (Q)
n
n
can be expressed as sum over the products of the discrete coefficients an and
bn , which is the sum over the products of the corresponding discrete sampling
values at the collocation points
P

hf |hi =

X ∗
an b n
n

=

NX
Q −1

f ∗ (Qj )h(Qj ).

P

(3.120)

j=0

For a set of orthogonal collocation functions fulfilling the conditions in eqs.
(3.117) and (3.119), the approximated function can be expressed as a discrete
vector in space.
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Discrete Fourier Transformation

A special case of the orthogonal collocation scheme is the Fourier method
[135, 136]. The numerical effort scales semi-linearly with the phase space
volume due to its fast algorithm [137, 138]. In the Fourier method, the
collocation functions
gn (Q) =

q

1 2πinQ/L
e
NQ

with n = −(NQ /2 − 1), ..., NQ /2

(3.121)

are used [139, 140]. NQ equally spaced collocation points Qj are distributed
within the space interval ∆Q of the length L = NQ ∆Q. The orthogonality
relation eq. (3.117) is fulfilled [1]:
NX
Q /2

gn∗ (Qj )gn (Qi )

n=−(NQ /2−1)

NX
Q /2
1
e2πinQi /L e−2πinQj /L
=
NQ n=−(NQ /2−1)
/2−1)
1 (NQX
≈
e2πini/NQ e−2πinj/NQ
NQ n=−(NQ /2−1)

1 −2πi(i−j)/NQ 1 − e2πi(i−j)
e
NQ
1 − e2πi(i−j)/NQ
= δij .
=

(3.122)

Condition eq. (3.119) is re-expressed as
1 Zπ πii(Q−L)/L −πij(Q−L)/L  π(Q − L) 
e
e
d
2π −π
L
1
eπi(i−j)(Q−L)/L |π−π = δij
=
2πi(i − j)




(3.123)

within the periodic domain 0 ≤ Q ≤ L. In consequence, the discrete Fourier
expansion coefficients an of the wave function
χ(Q) ≡

NX
Q /2
n=−(NQ /2−1)
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an e2πinQ/L

(3.124)

are

Q
X
1 N
an =
χ(Qj )e2πinQj /L .
NQ j=1

(3.125)

The discrete Fourier transformations in eqs. (3.124) and (3.125) are analogous
to the continuous space-momentum transformations with K = P/h̄:
χ(Q) =

χ̃(K) =

1 Z∞
χ̃(K)eiKQ dK
2π −∞

(3.126)

1 Z∞
χ(Q)e−iKQ dQ.
2π −∞

(3.127)

v
u
u
t

v
u
u
t

The collocation basis an is interpreted as the momentum value of the wave
function χ(K) at the discrete point Kn . The spacing in the momentum
representation is constructed to be ∆P = 2π/L. The corresponding spacing
in spatial representation is related to the maximum wavenumber Kmax due
to the size of the phase space volume
Vol = 2LPmax = 2(NQ ∆Q)(h̄Kmax ) = NQ h,

(3.128)

i.e. ∆Q = π/Kmax .

3.4.3

Determination of the Nuclear Eigenfunctions

In the simulations, the wave packet dynamics start with a nuclear wave packet
|χ0 i, which is the eigenfunction of the nuclear Hamiltonian in the electronic
ground state. The calculation of the eigenfunctions are derived from the
adiabatic ’Born-Oppenheimer approximation’ nuclear Schrödinger equation
(3.30) for a single electronic state [140, 141], e.g. the electronic ground state,
ĤNad |χi i = (T̂N + V0 )|χi i = Ei |χi i.

(3.129)

The dependence of the nuclear wave function on the subset of 3K-6 nuclear
~ is again not further noted in the text for simplification of
coordinates Q
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notation. The expectation values of the energies |χi i are
hχi |ĤNad χi i
.
(3.130)
hχi |χi i
As shown in section 3.4.2, the nuclear wave function |χi i can be expanded in
Dirac delta-functions on each grid point |Qa i
hEi i =

|χi i =

N
Q
X

|Qa i∆Qχi,a

(3.131)

a=1

with the value χi,a at the grid points. Here, |Qa i denote the NQ -dimensional
vectors (00010...) which have the value 1 at the corresponding grid points.
The expectation value of the energy Ei is according to eq. (3.130)
P ∗
χi,a ∆QHab ∆Qχi,b
a,b
(3.132)
hEi i =
P
∆Q |χi,a |2
a

with Hab = hQa |ĤNad Qb i . The derivation of eq. (3.132) leads to the lowest
energy value (variation principle). The solution are the secular equations
X
a

[Hab − Ei δab ] χi,a = 0,

(3.133)

which yield the vibrational eigenvalues Ei when the matrix elements Hab of
the nuclear Hamiltonian are known. The matrix elements Hab include the
sum of the kinetic and the potential energies
Hab = hQa |ĤNad Qb i
= hQa |T̂N Qb i + V (Qa )hQa |Qb i
( Z∞

= hQa |

)

|KihK|dK T̂N

−∞

( Z∞

0

0

|K ihK |dK

0

)

|Qb i

−∞

+V (Qa )δ(Qa − Qb )
=

Z∞

hQa |KiTK hK|Qb idK + V (Qa )δ(Qa − Qb )

−∞

1 Z∞ iK(Qa −Qb )
=
e
TK dK
2π −∞
+V (Qa )δ(Qa − Qb ).

(3.134)
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Here, the spacial operator Q̂ and the momentum operator P̂ refer to the
following eigenvalue equations
Q̂|Qi = Q|Qi
and
P̂ |Ki = Kh̄|Ki.

(3.135)
(3.136)

The elements of the kinetic energy matrix TK are
TK

h̄2 ∂ 2
= hK|T̂N |Ki = hK| −
|Ki
2µ ∂Q2
P̂ 2
h̄2
= hK| |Ki = − (s∆K)2
2µ
2µ

(3.137)

with the mass µ and K = s∆K.
The Fast Fourier Transform (FFT) can reduce the effort of a calculation
on an NQ point grid from the scaling with NQ2 in the simple Fourier transform
to a scaling of NQ log NQ [142] or, using parallel computing, log NQ [142, 143].
For an even number of grid points, the transform in eq. (3.134) leads to
Hab = hQa |ĤNad |Qb i
N

2
1 X
=
2π s=− N

h̄2
V (Qa )δab

(s∆K)2  ∆K · eis∆K(Qa −Qb )  +
(3.138)
2µ
∆Q






2



=

NQ
2
X







1  2
2πs(a − b) 

TK · cos 
+ V (Qa )δab  .

∆Q NQ s=1
NQ

Using eq. (3.131) and the orthonormalization condition
hQa |Qb i = δab ,

(3.139)

the energy value from eq. (3.130) can be re-expressed as
Ei = hχi |ĤNad |χi i =

X
a,b
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Q∗a ∆QHab ∆QQb .

(3.140)

Diagonalization of the Hamilton matrix Had
N thus leads to the solution
eigenenergies Ei and the corresponding eigenfunctions |χi,a i of the stationary
nuclear Schrödinger equation (3.129) on the discrete grid. For the lowest
eigenvalue of Had
N , E0 , eq. (3.129) results in the variation theorem [127]
hχ0 |ĤNad |χ0 i ≥

X
a

Q2a ∆2 QE0 = E0 .

(3.141)

Hence, when solving eq. (3.140), hχ0 |ĤNad |χ0 i is always higher than the zero
point energy E0 for every trial function |χ0 i. In other words, the lowest
possible value Haa is the zero point energy.

3.4.4

Propagation of the Nuclear Wave Packets

Solution of the Time-Dependent Schrödinger Equation

The formal solution of the time-dependant nuclear Schrödinger equation
(3.32) is
"
#
i Z t ad 0
Ĥ dt |χ(t0 )i
(3.142)
|χ(t)i = Ẑ(t, t0 )|χ(t0 )i = T̂ exp −
h̄ t0 N
with the time-ordering operator T̂ [142]. For a time-independent Hamiltonian, the time-ordering operator T̂ can be omitted. Supposed, the Hamiltonian ĤNad in eq. (3.142) does not change significantly during one very short
propagation step ∆t, it is suitable to divide the total evolution operator
Ẑ(t, t0 ) into corresponding short segments [142]
Ẑ(t, t0 ) =

K̃−1
Y

Ẑ [(f + 1)∆t, f ∆t]

with ∆t =

f =0

t
.
K̃

(3.143)

Thus, the nuclear wave function can be propagated for every segmental operator Ẑ(∆t) until the Hamiltonian ĤNad changes:
|χ(tf + ∆t)i = Ẑ [(f + 1)∆t, f ∆t] |χ(tf )i
ad

= e−iĤN ∆t/h̄ |χ(tf )i.
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(3.144)

A possible solution for eq. (3.144) is to expand the exponential function in a
Taylor series of lower orders [144]. The simplest Euler scheme is in first order
of ĤNad ∆t/h̄:
2 

,



ad
iĤNad ∆t 
 ĤN ∆t 

|χ(tf + ∆t)i = 1 −
|χ(tf + ∆t)i + O 
h̄
h̄




but the accuracy is only up to O

"

2 #
ad
ĤN ∆t/h̄ .

(3.145)

The method is not time-

reversal invariant and not unitary, i.e. the energy and the norm hχ(t)|χ(t)i
are not conserved for longer evolution times. To avoid these lacks, the CrankNicholson scheme [145] can be used





3
1 − iĤN ∆t/h̄ 
ad

|χ(tf + ∆t)i =
|χ(tf + ∆t)i + O ĤN ∆t/h̄ , (3.146)
1 + iĤNad ∆t/h̄
which requires a high amount of computational effort due to the matrix inversion of the Hamiltonian. Another alternative is the symmetrized Euler
scheme, i.e. the second-order differencing scheme
"

#

|χ(tf + ∆t)i − |χ(tf − ∆t)i
=



e

ad
∆t/h̄
−iĤN

ad
∆t/h̄
iĤN

−e



|χ(tf + ∆t)i


3 

.

ad
iĤNad ∆t
 ĤN ∆t 
= −2
|χ(tf + ∆t)i + O 
h̄
h̄

(3.147)

The error is of third order since the second-order terms cancel out in eq.
(3.147) as in the Crank-Nicolson case. The conservation of the norm and the
energy can be proven by applying hχ(tf )Ô| to eq. (3.147) and Ô|χ(tf )i to its
conjugate complex form. The sum of both yields
hχ(tf )|Ô|χ(tf + ∆t)i + hχ(tf )|Ô|χ(tf + ∆t)i
= hχ(tf )|Ô|χ(tf − ∆t)i + hχ(tf )|Ô|χ(tf − ∆t)i

(3.148)

for Ô = 1, ĤN . Hence, Rehχ(tf )|Ô|χ(tf + ∆t)i is constant for every time step
∆t. For the matrix form of the propagation



χ(f +1)
χ(f )







=

1 − 4(ĤNad )2 ∆2 t/h̄2 −2iĤNad ∆t/h̄
−2iĤNad ∆t/h̄
1
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χ(f −1)
χ(f −2)


,

(3.149)

the eigenvalues of the propagation matrix in eq. (3.149) are
ι1,2 = 1 − 2

(ĤNad )2 ∆2 t
±
h̄2

v
u
ad )2 ∆2 t
u (ĤN
ĤNad ∆t u
t
2
2

h̄

h̄

− 1.

(3.150)

The norm would obviously increase if ι > 1. The eigenvalues have thus to be
complex, i.e.
(ĤNad )2 ∆2 t
− 1 < 0.
(3.151)
h̄2
With Emax as the largest eigenvalue of the Hamiltonian ĤNad , the stability
criterion reads [142]
∆t ≤ h̄/Emax .
(3.152)
Extensions of the Taylor expansion of eq. (3.144) are commonly made up to
sixth order [144], reducing the error up to fifth order in (ĤNad ∆t/h̄), i.e.:
|χ(tf + 2∆t)i − |χ(tf − 2∆t)i
=



e

ad
−2iĤN
∆t/h̄

−e

ad
2iĤN
∆t/h̄



|χ(tf + ∆t)i


iĤNad ∆t
1 2  −iĤNad ∆t/h̄
ad
iĤN
∆t/h̄
= −4
− +
e
−e
|χ(tf + ∆t)i
h̄
3 3
"

+

#


5 
ad
Ĥ ∆t  
.
O  N

(3.153)

h̄

The second-order difference method has been implemented in the following
dynamical simulations for more-dimensional grids and for laser interaction. In
one-dimensional simulations without electric fields, the split-operator method
within the program package ’wavepacket’ [146] has been used.

Split Operator Method

In the symmetrized split operator method, the kinetic operator T̂ = T̂N + Λ̂
and the potential operator V̂ within ĤNad are applied to the nuclear wave
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function |χ(tf )i [136, 147]. The Hamiltonian ĤNad = T̂ + V̂ is not diagonal in
the grid representation, hence












i(T̂ + V̂ )∆t 
iT̂ ∆t 
iV̂ ∆t 
exp −
6= exp −
· exp −
.
h̄
h̄
h̄

(3.154)

For small time steps of ∆t, it is possible to split the operator
















i(T̂ + V̂ )∆t 
iV̂ ∆t 
iT̂ ∆t 
iV̂ ∆t 
exp −
≈ exp −
· exp −
· exp −
(3.155)
h̄
2h̄
h̄
2h̄
and to apply each partial operator in the corresponding space or momentum
representation of the nuclear wave function. The transformations among both
grid representations are carried out by using the Fourier equations (3.126)
and (3.127). Since each split operator in eq. (3.155) is unitary, the norm
is conserved, but not the energy and the phase. The error is of third order
in ∆t since the second expansion terms cancel out in the Taylor series. In
the implementation of the split-operator method for coupled potentials in the
diabatic representation, the diabatic potential matrix W is diagonalized, i.e.




i W
exp −  00
h̄ W10


i
= U† exp − U 
h̄

W01
W11





 ∆t

W00 W01
W10 W11





 U† ∆t U.

(3.156)

For a two-state system, the diagonalization can be made analytically [148]:








i W W01  
∆t
exp −  00
h̄ W10 W11

"
#"
√ ∆t ! 1 0
i
∆t

= exp − (W00 + W11 )
cos
D
0 1
h̄
2
2h̄
√ ∆t 
#
sin( D 2h̄ )  W11 − W00
−2W01 
√
+ i
,
−2W10
W00 − W11
D
2
where D = 4W01
+ (W11 − W00 )2 .
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(3.157)

3.5
3.5.1

Interaction with External Fields
Interaction Hamiltonian

When the molecule interacts with an electric field, the nuclear Hamiltonian
ĤNad is changed due to the interaction energy. In first approximation of weak
electric fields, the total Hamiltonian can be expressed as the sum of the zerofield nuclear Hamiltonian and an interaction Hamiltonian
Ĥ = ĤNad + Ĥint .

(3.158)

The interaction Hamiltonian Ĥint can refer to the dipole-interaction of a
molecule with an electric field. The electric field carries energy to align an
electric dipole in its direction. Since the energy transfered is expressed as
a product of distance and power, the interaction Hamiltonian can thus be
P
~ m − Pi e~qi
written as the product of the electric dipole operator µ
~ˆ = m Zm eQ
~ m and the electric field
along the electronic and nuclear coordinates ~qi and Q
acting on the molecule within the dipole approximation [149]
Ĥint = −µ
~ˆ F~ .

(3.159)

Here, −e denotes the electron charge and Zm e the nuclear charge of the
nucleus m. The electric field F~ has the general time-dependent form
F~ = F0~ cos(ωl t + ρl ) · s(t)

(3.160)

with F0 as the field amplitude and ~ as a unit vector in the field polarization
direction; ωl is the carrier frequency and ρl denotes the phase of the electric
field. The field envelope function s(t) of a laser pulse can be varied as well.
The polarization vector ~ is orthogonal to the direction of the propagation
of the light. Within the two-electronic state approximation, the interaction
Hamiltonian near an electronic resonance between both states |ψi i and |ψj i
is
Ĥint = −hψi |µ
~ˆ |ψj iF~ .
(3.161)
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For a two-state system, the interaction Hamiltonian is given by
~ µ
~
µ
~ 11 (Q)
~ 10 (Q)
~ µ
~
µ
~ 01 (Q)
~ 00 (Q)



Hint = −F~





(3.162)



~ which
with the adiabatic dipole and the transition dipole moments µ
~ mn (Q),
depend on the nuclear coordinates. The molecule is assumed to be preoriented [149] along the z-axis. If the laser field is z-polarized, F~ = (0, 0, F ).
Thus,
~ µ10 (Q)
~
µ11 (Q)
~ µ00 (Q)
~
µ01 (Q)



Hint = −F




,

(3.163)

~ denote the non-vanishing z-components of µ
~ Hence, the
where µij (Q)
~ ij (Q).
change of the transition dipole moment vectors within the molecular orientation as measured for E-Z isomerization processes [150] can be neglected. For
the simulations, the form of the laser pulses are chosen as
F = F0 s(t) cos (ωl t) ,

(3.164)

where F0 denotes the amplitude of the electric field and




s(t) = 


2

sin



πt
tp



0

for 0 ≤ t ≤ tp
elsewhere





(3.165)




is the envelope of the pulse. The parameters ωl and tp are the central laser
frequencies and the pulse durations. In the simulations, the frequency ωl is
chosen to be high enough, so that
Ztp

F~ dt ≈ ~0.

(3.166)

0

Polarization

In the case of non-resonant light radiation, a dipole is induced in the molecule,
that enables energy transfer with the field. The induced dipole, reflecting
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the shift between electronic charges and nuclear charges, increases with the
electric field
µ
~ ind = αF~ ,
(3.167)
or in matrix form






µind,x
µind,y
µind,z











=




αxx αxy αxz
αyx αyy αyz
αzx αzy αzz







Fx
Fy
Fz




.


(3.168)

The matrix α is called polarizability tensor. Inserting the induced dipole
moment into eq. (3.159) and integrating from F~0 = ~0 to F~ , the interacting
Hamilton operator reads [151]
1
Ĥint = − F~ αF~ .
2

(3.169)

Components of the permanent dipole moments µv and the polarizability tensor αvw along the space-fixed Cartesian coordinates v = x, y, z and w = x, y, z
can thus be identified as first and second derivatives of the energy of a conveniently oriented system with regard to the electric field [152]
∂E
µv = −
∂Fv
and

3.5.2

(3.170)
F =0

∂ 2E 

.
=−
∂Fv ∂Fw F =0


αvw

!



(3.171)

Interaction with Ultra-Short δ-Pulses

When a laser pulse interacts with a molecule, the evolution operator Ẑ(t, t0 )
in eq. (3.143) can be expressed as [153]
Ẑ(t, t0 ) =

ad

ad

e−iHN (t−tf )/h̄ Ẑf e−iHN (tf −tf −1 )/h̄ ...
ad

ad

e−iHN (t2 −t1 )/h̄ Ẑ1 e−iHN (t1 −t0 )/h̄ ,
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(3.172)

where the pulse propagators Ẑf = Ĥint (tf ) reduce the molecule-light interaction to instantaneous changes in the state of the molecule. The BornOppenheimer separation for the ultra-short timescale of the light interaction
leads to a splitting of the pulse propagators. The part that transfers nuclear probability between the ground and the excited electronic state is in
second-order pertubation in the field strength [153]
iµF Z∞ i(ω1 +ω01 −ωf )t −iω0 t −it2 /2t2p
hψ1 |Ẑf |ψ0 i =
e
e
e
dt,
2h̄ −∞

(3.173)

where the Condon approximation [154] is applied, which states that the mixing matrix element is independent of nuclear geometry (µ = µ10 = const.).
The part of the pulse propagators that changes the nuclear wave function of
the ground state is
µ2 F 2 Z∞ Zt iω0 t −i[(ω1 +ω01 −ωf )(t−t0 )]
hψ0 |Ẑf |ψ0 i = 1 −
e e
4h̄2 −∞ −∞
0

2

·e−iω0 t e−i(t

−t02 )/2t2p

dtdt0 ,

(3.174)

where ω01 = ω1 − ω0 is the bohr transition frequency between the excited
electronic state and the ground state, and ωf denotes the carrier frequency
of a Gaussian laser pulse. The frequencies ω0 and ω1 determine the nuclear
motion on the ground and the excited electronic state; tp describes the length
of the laser pulse. For ultra-fast pulses which are resonant to the transition
between the ground and the excited electronic state, none of the oscillatory
factors in eqs. (3.173) and (3.174) differ significantly from unity within the
Gaussian envelope. Thus, eq. (3.173) becomes
r

hψ1 |Ẑf |ψ0 i = iµF tp π/2h̄2 = iLf .

(3.175)

If the system is initially in the stationary state
|Φtot (t0 )i = |ψ0 ie−iω0 (t1 −t0 ) χ0 ,

(3.176)

it is changed after an ultra-short pulse to
−iH(t−t1 )/h̄

|Φtot (t)i = e





|ψ1 ihψ1 |Ẑ1 |ψ0 i + |ψ0 ihψ0 |Ẑ1 |ψ0 i χ0
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= |ψ1 iiL1 e−i(ω01 +ω1 )(t−t1 ) χ0


2
L
+ |ψ0 i 1 − 1  e−iω0 (t−t1 ) χ0 .
2

(3.177)

Thus, the pulse copies merely the ground state wave function into the excited electronic state. Only in that state, the nuclear wave function is nonstationary after such δ-pulse excitation. If the Condon approximation is not
valid, the ground state wave function is only mapped to the excited electronic
state by ultra-short laser pulses.

Franck-Condon Approximation

The classical Franck approximation states that an electronic transition is
most likely to occur without changes in the positions of the nuclei in the
molecular entity and its environment [155]. The transition that yields the
resulting ’Franck-Condon’ state is called vertical transition. When the noncommutativity of the kinetic and the potential energies in eq. (3.173) and
eq. (3.174) is neglected and if h̄ω0 << h̄/tp , the pulse propagators are [153]
2 2

and

hψ1 |Ẑf |ψ0 i = iLf e−tp uf (Q)/2

(3.178)

L2f Z∞ −ituf (Q) −t2 /4t2p
√
hψ0 |Ẑf |ψ0 i = 1 −
e
e
dt
2tp π 0

(3.179)

with the laser frequency-dependent difference potential h̄uf (Q) = h̄ω01 +
V1 (Q) − V2 (Q) − h̄ωf . Hence, the transition occurs only within a small spatial
range r = (tp |duf /dQ|)−1 about the nuclear configuration with uf (Q) = 0
[153].
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Chapter 4
Control of the E-Z Isomerization of
the Dideuterio-Methaniminium Ion
In the following chapter, the nuclear torsional dynamics of the dideuterated
methaniminium cation is investigated. The molecule ion is the mass isotope of
the methaniminium cation, which is depicted in Fig. 4.1(a). It is a model for
C=N bonded Schiff bases, which determine the photodynamics of retinal or
optical switches [73, 99]. By substituting two hydrogen nuclei with deuterium
nuclei in order to distinguish between the E and Z isomer, the amount of E-Z
isomerization of the corresponding dideuterio-methaniminium cation species
can be controlled by laser pulses as indicated in Fig. 4.1(b) and (c). The
nuclear dynamics depends on the form of the non-adiabatic coupling terms,
for which a quantization condition has to be fulfilled.
In the first part of this chapter, the non-adiabatic decay of the dideuterated
methaniminium cation is described on ab initio torsional potentials. Here,
ab initio non-adiabatic coupling elements and model non-adiabatic coupling
elements are used, which enable an appropriate description of the potentials
near the conical intersection. In the second part, the optimization of the
E-Z isomerization is simulated using single laser pulses. The interference of
different excitation pathways can be enhanced with two time-delayed pulses.
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4.1

Properties

Figure 4.1: Chemical structures of the methaniminium cation (a), the E-dideuterio-methaniminium
cation (b), and the Z-dideuterio-methaniminium cation (c). The torsional dynamics about the C=N
bond affects the E/Z isomer ratio of the dideuterated molecule ion.

The dideuterio-methaniminium cation [HDC=NDH]+ is a mass isotope of
the methaniminium cation [H2 C=NH2 ]+ . The methaniminium cation is the
shortest Schiff base. The short living methaniminium cation is commonly
produced by bombarding the neutral methylamine H3 C-NH2 with electrons
of 70 keV energy [156]. It is isoelectronic to the ethene molecule H2 C=CH2 ,
which shows four kinds of conical intersection geometries [157]. The methaniminium cation is planar in the equilibrium configuration. Already the first
quantum chemical calculations for the molecule suggest very tight bondings of
the hydrogen atoms, which lead to intra- and intermolecular proton transfers
[158, 159]. The undeuterated cation easily isomerizes and dissociates [160].
For the methaniminium cation in Fig. 4.1(a), a torsion about π around
the molecular axis yields the same chemical structure of the same physical
properties as for the non-contorted molecule. The torsion of the C=N bond
about 2π encloses a conical intersection [161]. For the investigation of the
influence of the nuclear wave packet dynamics on conical intersections, the
methaniminium cation serves as an appropriate model. The deuteration of
one hydrogen atom on the C-site and another one on the N-site of the methaniminium cation leads to physically and chemically distinguishable E isomers
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and Z isomers, which can be separated by their different transition dipole
moments perpendicular to the molecular axis.

4.2

The Nuclear Hamiltonian

If the torsion angle about the double bond in the dideuterio-methaniminium
is changed by 180◦ , the E isomer of the molecule is converted to the Z isomer
and vice versa. Figure 4.2 shows the corresponding one-dimensional torsional
potentials of the electronic ground state (red lines) and the first excited state
(green lines) of the dideuterated methaniminium cation [162]. In the doublewell potential between the torsion angles Θ = −π/2 and Θ = 3π/2, two
minima occur for the ground state at Θ = 0 and Θ = π, indicating the
planar E conformer and the planar Z conformer. For the torsion angles
Θ = (2n + 1)π/2, n ∈ Z, the electronic excited state is located very close to
the ground state. Due to the strong non-adiabatic coupling, wave packets on
the excited potential switch from one potential to the other at these twisted
configurations near the conical intersection. In the following, the kinetic
energy operator, potentials, and non-adiabatic coupling terms are presented,
which are necessary for simulating the wave packet dynamics. Moreover, the
transformation to the diabatic basis is described.

4.2.1

Kinetic Energy

The torsion about the C=N bond of the dideuterio-methaniminium cation is
described by the torsion angle Θ. The kinetic energy operator of Had
N [eq.
(3.34)] is
h̄2 d2
T̂N = −
,
(4.1)
2IΘ dΘ2
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Figure 4.2: Sketch of the torsional dynamics of the E-Z isomerization on the ab initio ground state
potentials (red lines) and excited state potentials (green lines) of the dideuterio-methaniminium
cation calculated using the COLUMBUS program package [163]. After excitation of the E isomer
ground state wave function (E0), the excited wave packet (E1) can evolve through the conical
intersection to the Z isomer ground state (Z1), to the E isomer ground state (E0), or to the Z
isomer excited state (Z1). It will be shown that the yield of the Z isomer ground state population
is influenced by the form of the non-adiabatic couplings and the excitation process. See Ref. [164].

where IΘ denotes the reduced moment of inertia with respect to the torsional
angle:
IDCH IDN H
IΘ =
(4.2)
IDCH + IDN H
with
6 DXH
2
2
2
IDXH = (mH rXH
+ mD rXD
) sin2
= 1.21mH Å
(4.3)
2
and the mass of the H atom mH = 1.67 · 10−27 kg and of the D atom mD =
3.34 · 10−27 kg.
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4.2.2

Torsional Potentials

The torsion of the methylene group in the methaniminium cation and its
deuterated analogon about the C=N bond leads to a potential crossing.
More-dimensional quantum dynamical calculations indicate that two transition states within an E-Z isomerization may occur [161]: Beside the biradical
covalent structure, created by homolytic bond breaking during the torsion, a
polar pyramidal transition state structure is expected. In the pyramidal transition state, the bond lengths and the bond angles within the molecule are
changed in more extent with respect to the ground state configuration than
for the biradical transition state. The conical intersection of the methaniminium cation is located at a slightly pyramidalized structure [161]. To simplify the investigation of the torsional dynamics, a configuration with planar
imino group near the conical intersection is considered.
The corresponding ab initio potential energy curves V0 and V1 of the
ground state and of the excited state of the dideuterated methaniminium
cation between the torsional angles Θ = −π/2 and Θ = 3π/2 are shown
in Fig. 4.2. The potentials of the deuterated and undeuterated molecule
are equal. The ab initio data are calculated using the Columbus package
[163] with a complete active space CAS(4,3) of the σ(b2 ), the π(b1 ) and the
π ∗ (b1 ) orbitals within a modified aug-cc-pVTZ basis set. The calculations
have been carried out in the group of Prof. Lischka at the Institute for Theoretical Chemistry at the University in Vienna using a three-state-average
multireference configuration interaction method, which includes all single and
double excitations (MR-CISD). For the one-dimensional model considered
here, the C-N distance is set to rCN = 1.42 Å corresponding to an energy gap
of V1 (π/2) − V0 (π/2) = 0.038 eV close to the conical intersection at Θ = π/2.
For the planar configuration, the energy gap between ground state and first
excited state is 7.42 eV. On the same level of theory, the transition dipole moments µ01 as function of the torsional angle are obtained, which are required
for simulating the interaction of the molecule with a laser field.
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4.2.3

Non-Adiabatic Coupling Terms

The derivative non-adiabatic coupling terms for the undeuterated methaniminium cation have also been calculated by the group of H. Lischka at the
(1)
Institute for Theoretical Chemistry in Vienna. The values T01 from eq.
(3.18) have been determined in the laboratory-fixed coordinate system using
the Columbus program [163]. It involves successive calculation of a part
that is based on the density-weighted multi-configurational self-consistent
field (MCSCF) and a part that includes configuration interaction (CI). The
(1)
quantum chemical calculation of the non-adiabatic coupling elements T01 is
described in Appendix A. The conversion from the Cartesian coordinates to
(1)
the torsional angle, i.e. to T01 (Θ) = TΘ , is shown in Appendix B.
The ab initio non-adiabatic couplings TΘ are shown in Fig. 4.3(a) as
white circles. The inset shows the values around the peak of the ab initio
data with a maximum at TΘ (Θ = π/2) = 93 rad−1 . At Θ = 0 and π (planar
configuration), the couplings TΘ are negative within the error bars. Within
the level of theory, the first-order non-adiabatic coupling terms TΘ do not
possess any nodes at Θ = 0, π and do not change the sign.
(1)

The rotational coupling term T01 (Θrot ) = TΘrot = hψ0 | ∂Θ∂rot ψ1 i is also
derived. Here, Θrot is the angle of the overall rotation of the molecule around
the space-fixed z-axis. Since the electronic couplings do not change when
the molecule is rotated, the term TΘrot must be zero. Figure 4.3(b) shows
the values for TΘrot connected by an orange line. These values serve as an
estimation of the error of the data points of TΘ , which define the size of the
error bars in Fig. 4.3(a).
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Figure 4.3: Non-adiabatic coupling terms TΘ (a) and TΘrot (b) with the ab initio values (circles)
calculated for −π/2 ≤ Θ ≤ 3π/2. The values TΘ are shifted within their error bars to obey the
condition eq. (4.4). The cubic Hermite polynomial spline of the new couplings is used for the
dynamical simulations (brown line). The inset shows a magnification of the couplings close to the
conical intersection. The coupling terms for the model couplings with r = 2, r = 12, and r = 3000
from eq. (4.6) are shown as red dashed-dotted, black solid and blue dashed lines, respectively. The
absolute values of TΘrot define the error bars of the ab initio couplings in Fig. (a). See Ref. [164].

Constraints for the Non-Adiabatic Coupling Terms

Passages of electronic wave functions along a closed loop around a conical
intersection are known to be associated with a sign change [165]. Since the
torsion of the molecule ion about an angle of 2π has to yield the same diabatic potentials [W01 (Θ) = W01 (Θ + 2π)], the integral over the non-adiabatic
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coupling terms TΘ has to fulfill the condition [164]
Z 2π
0

TΘ dΘ = k̃π

k̃ ∈ N0 .

(4.4)

Using a Hermite polynomial spline of the ab initio data for TΘ , the integral
for condition eq. (4.4) yields
Z π
0

TΘ dΘ = 2.05 ± 0.71

(4.5)

with error bars based on TΘrot . This is in accord with k̃ = 1 in eq. (4.4).
The TΘ values are thus shifted within the error bars to yield the quantization
number of k̃ = 1 for the dynamical simulations.
The resulting ab initio based non-adiabatic couplings TΘ used for the dynamical simulation are shown as brown line in Fig. 4.3(a). According to the
integral eq. (4.5), the brown line is located near the lower limit of the error
bars of the ab initio data.
For the simulation of the torsional dynamics, the first order coupling elements TΘ of the dideuterated methaniminium cation are considered. For
comparison, further simulations include non-adiabatic couplings, which are
approximated by appropriate model functions under the constraint of the
integral condition in eq. (4.4).

4.2.4

Model for Non-Adiabatic Coupling Elements

In earlier studies, the torsional dynamics of the undeuterated methaniminium
cation has been investigated by using a model of the non-adiabatic couplings
[162]. The form of the adiabatic potential curves (see Fig. 4.2) allows a crude
model of the non-adiabatic couplings between the ground state and the first
excited state. The values TΘ must be large and small when the gaps between
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the potential curves are small and large, respectively. In a crude model, the
non-adiabatic coupling terms can thus be described by
TΘ = A [1 + cos(2Θ)]r

r ∈ N.

(4.6)

The value A is determined by the integral condition eq. (4.4), i.e. k̃ = 1 in
accord with the integral in eq. (4.5) obtained from the ab initio values. Large
and small values of r correspond to strong and weak kinetic couplings. The
model couplings for different parameters r are shown in Fig. 4.3(a). The red
dashed-dotted line corresponds to r = 2, the black line and the blue dashed
line show the first-order non-adiabatic couplings for r = 12 and r = 3000.
In this model, the couplings are zero for torsional angles Θ = 0, π. As a
consequence, even for r = 3000, the peak of the model couplings at Θ = ±π/2
is lower than the peak of the ab initio couplings, where the negative coupling
values at planar configurations cause a higher maximum for TΘ due to the
quantization condition.

4.2.5

Diabatization

In order to simulate the dynamics of the wave packets on diabatic surfaces with smooth, momentum independent potential couplings between the
ground state and the excited state, the Hamiltonian Had
N is transformed to a
diabatic basis. The integral
−

Z Θ
0

TΘ0 dΘ0 = θ

(4.7)

is the adiabatic-to-diabatic transformation (ADT) angle θ [eq. (3.49)]. The
transformation angles for the ab initio couplings are shown in Fig. 4.4 in
brown lines. The negative ab initio values TΘ for torsion angles near the
planar configuration lead to rather large amplitudes of the angle θ(Θ) between
Θ = 0 and Θ = π/2. The result is a positive slope of θ(Θ) in the region of
the planar E and Z isomer configurations with maximum at Θ = 0 and
Θ = π. The ADT angles θ(Θ) for the model couplings from eq. (4.6) with
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Figure 4.4: Adiabatic-to-diabatic transformation (ADT) angle θ of the dideuterated methaniminium cation calculated from the non-adiabatic couplings terms in Fig. 4.3. The ADT angles
for the ab initio couplings in Fig. 4.3(a) are shown in brown lines. The ADT angles for the model
couplings with r = 2, r = 12, and r = 3000 are depicted in solid black, red dashed-dotted and blue
dashed lines, respectively. See Ref. [164].

r = 2, r = 12, and r = 3000 are depicted in red dashed-dotted, black solid
and blue dashed lines in Fig. 4.4. The ADT angle for the ab initio couplings
is equal to the one of the model couplings with r = 3000 in the vicinity of
the conical intersection at Θ = ±π/2. With smaller parameter r, the slope of
the ADT angles decreases at Θ = ±π/2. Using the ADT angles, the diabatic
potentials W00 , W11 and W01 are obtained by applying the transformation
eq. (3.39) with the transformation matrix eq. (3.55) and the transformation
angle eq. (4.7).
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The resulting diabatic potential energies of the ground and the first excited
state are shown in Fig. 4.5. Panel (a) shows the diabatic potential W00 in
brown and the corresponding diabatic potential W11 in grey. The diabatic
potentials W00 for the model couplings with r = 2, r = 12, and r = 3000
are depicted in red dashed-dotted, black solid and blue dashed lines, and the
potentials W11 are coloured in grey lines.
Figure 4.5(b) shows the corresponding diabatic coupling elements W01 for
the ab initio coupling values (brown line) and for the model couplings (red,
black and blue lines). For the ab initio couplings and the model couplings with
r = 3000, the diabatic potentials W00 , W11 , and W01 are equal in the vicinity
of the conical intersection around Θ = ±π/2 [see inset in Fig. 4.5(b)], but
the diabatic potentials differ strongly between both cases for all other torsion
angles.
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Figure 4.5: Diabatic potential energies of the ground and the first excited state of the dideuterated
methaniminium cation calculated from the non-adiabatic coupling terms in Fig. 4.3. The diabatic
couplings W00 and W11 for the ab initio data are shown in brown and grey solid lines. The diabatic
potentials W00 for the model couplings from Fig. 4.3(a) with r = 2, r = 12, and r = 3000 are
depicted in dashed-dotted red, solid black and dashed blue lines, respectively. The corresponding
diabatic couplings W01 are shown in panel (b). See Ref. [164].
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4.3

Quantum Control of the E-Z Isomerization

In the following section, the effect of laser pulses on the torsional wave functions is investigated. The motion of the nuclear wave functions along the
torsion angle Θ is indicated by blue arrows in Fig. 4.2). If the nuclear ground
state wave function (E0 in Fig. 4.2) is vertically excited by laser pulses, the
emerging excited wave packet on the higher torsional potential can convert
to the excited Z isomer (Z1) or decay to the electronic ground state through
the conical intersection. Then it either reacts to the E isomer or to the Z
isomer on the lowest electronic state. The amount of ground state population
in the Z isomer indicates the yield of the photo-induced E-Z isomerization
process. One aim of the study is to show how the amount of isomerization
can be controlled by the excitation laser pulse. Additional laser pulses may
affect the torsional dynamics directly or indirectly.

4.3.1

Torsional Dynamics

Torsional Dynamics Using the Ab Initio Couplings

The following model simulations assume that the dideuterated methaniminium
cation is prepared initially as E isomer, i.e. the ground state is only populated
between Θ = −π/2 and Θ = π/2. By a short δ-laser pulse, the ground state
wave function is assumed to be vertically excited to the second electronic
state. The excited wave packet will immediately start to decay through the
conical intersection and isomerize in various extents depending on the slope
and form of the diabatic potentials. Within the first half of the torsional
period, the separating partial waves will be mainly located at planar configurations (Θ = nπ, n ∈ Z). The E/Z ratio is directly connected to the change
in the shapes of the diabatic potentials due to the non-adiabatic coupling
elements TΘ .
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Figure 4.6: Non-radiative decay of the dideuterated E isomer of the methaniminium cation after
δ-pulse excitation on ab initio potential energy curves using the ab initio couplings from Fig. 4.3.
The population of the E isomer in the excited state PE1 (t) (solid green line) is mainly transformed
to the population of the Z isomer in the excited state PZ1 (t) (dashed green line). The populations
of the ground state of the E isomer PE0 (t) (solid red line) and of the Z isomer PZ0 (t) (dashed red
line) remain negligible. See Ref. [164].

Figure 4.6 shows the ground and excited state population of the E and
Z isomer after excitation of the E isomer by a δ-pulse. Here, the ab initio
couplings from Fig. 4.3 are used to obtain the diabatic potentials from Fig.
4.5 for the simulation. The adiabatic populations are separated into the
population of the E conformer in the ground state (solid red curve):
PE0 (t) =

Z π/2

2

−π/2

χad
0 (Θ, t) dΘ,
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(4.8)

the E conformer in the excited state (solid green curve):
PE1 (t) =

Z π/2

2

−π/2

χad
1 (Θ, t) dΘ,

(4.9)

and the Z conformer in the ground and excited state:
PZ0 (t) =
PZ1 (t) =

Z 3π/2
π/2
Z 3π/2
π/2

2

χad
0 (Θ, t) dΘ
2

χad
1 (Θ, t) dΘ,

(4.10)
(4.11)

which are depicted in dashed red and dashed green lines, respectively. The
green curves in Fig. 4.6 indicate that only the excited E isomer (solid green
line) and the excited Z Isomer (dashed green line) play a role in the nuclear dynamics. The dynamics is almost perfecting adiabatic, without any
significant decay to the adiabatic ground state (red lines). The dynamics is
determined by the rather small slope of the diabatic potential W11 [see solid
grey curve in Fig. 4.5(a)]. Specifically in the crossing area, the diabatic curves
are horizontal and enable the wave packet to change the diabatic potential,
i.e. to remain on the excited adiabatic potential.

Model Torsional Dynamics

In previous studies, the laser dynamics of the undeuterated methaniminium
cation has been investigated for model couplings of the form eq. (4.6) [162].
It was demonstrated that for very sharp peaks of the TΘ function (i.e. high
values of the parameter r), the excited E isomer wave packet completely
switches the adiabatic potentials whenever it passes the conical intersection. On the other hand, for broad and smaller shapes of the non-adiabatic
coupling elements TΘ , the main part of the excited nuclear wave packet remains on the adiabatic excited state potential during the molecular torsion.
The reduced moment of inertia of the dideuterated methaniminium cation
IΘ (HDC=NDH+ ) = 1.21 mH Å2 is 50 % larger than the moment of inertia of
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Figure 4.7: Non-radiative decay after vertical excitation of the E isomer of the dideuterated
methaniminium cation. Here, ab initio potentials and a model for the derivative non-adiabatic
coupling elements TΘ eq. (4.6) are used. The curves show the adiabatic populations in the ground
state of the E conformer (solid red), in the excited state of the E isomer (solid green), in the
ground state of the Z isomer (dashed green), and in the excited state of the E isomer (dashed red)
for different values: (a) r = 2, (b) r = 12, and (c) r = 3000. The dynamics for the dideuterated
methaniminium cation is analogous to the one of the non-deuterated isotope described in Ref. [162].
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2
+
the undeuterated methaniminium cation IΘ (H2 CNH+
2 ) = 3 IΘ (HDC=NDH )
= 0.81 mH Å2 .

Figure 4.7 shows simulations analogous to the ones described in Ref. [162],
but for the dideuterated molecule. The dynamics changes from nearly adiabatic to non-adiabatic dynamics depending on the line of the non-adiabatic
coupling terms TΘ . Thus, the results of Ref. [162] are similar to the present
ones for the dideuterated methaniminium cation. The nuclear dynamics is
more sensitive to the form of the non-adiabatic couplings than to the reduced
moment of inertia of the conrotating groups on the double bond.

4.3.2

Enhancement of the E-Z Isomerization by Excitation by a
Sequence of Laser Pulses

When z-polarized laser light interacts with the two-state system, an interaction term of the form eq. (3.163) has to be added to the nuclear Hamiltonian
in order to describe the complete system. Figure 4.6 shows the changes in
the populations after δ-pulse excitation. For a more realistic scenario, short
ultra-violet pulses will be considered in the dynamical simulations. The form
of the pulses is defined by eq. (3.164).
Fig. 4.8 shows the adiabatic transition dipole moments µ01 (Θ) (green
circles) from ab initio calculations of the Columbus program package [163].
The diabatic function of the transition dipole moments µdia
01 (Θ) is depicted
as a solid black line. For comparison, the transition dipole moments from
diabatization using model couplings with r = 3000 are shown with blue
dashed lines. The transition dipole moments turn out to be zero for the planar
configuration of the dideuterated cation. Nevertheless, the absolute value
increases for larger torsion angles. Both diabatic dipole moments show a rapid
sign change at Θ = ±π/2. The curve for the model coupling slightly increases
in absolute value towards planarity. In contrast, the ab initio data lead to
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fast decreasing absolute transition dipole values if the molecular configuration
moves away from the conical intersection area. Then, the absolute values
increase again with smaller slope up to |µ01 | = 0.18 Debye.

transition dipole / D
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Figure 4.8: The z-component of the adiabatic (green circles for ab initio data connected by brown
line) and diabatic (dashed blue and solid black lines) transition dipole moment µ01 . The diabatization was implemented using ab initio couplings (black line) and model couplings with r = 3000
(thin line). In both cases, k̃ = 1, cf. eq. (4.4). See Ref. [164].

Due to the vanishing dipole moment at Θ = 0, only a small amount
(2.3 %) of the ground state wave packet of the dideuterated methaniminium
cation can be excited to the S1 state with a laser field strength of F0 ≤ 20
GV/m. The maximum intensity Imax = 0 cE02 = 1 · 1014 W/cm2 is slightly
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above the Keldysh ionization limit [166]. Polyatomic molecules commonly
ionize at higher field strengths than atoms [167]. In addition, nodal planes
in the highest occupied orbital of molecules may additionally lead to a suppression of ionization at high field strengths [168]. However, the dideuteriomethaniminium cation can only serve as a model system since it is even not
stable under standard conditions. To maximize the amount of E-Z isomerization, a sequence of laser pulses of the form eq. (3.164) is applied to the
dideuterated methaniminium cation.
A single laser pulse with the parameters h̄ω = 7.42 eV, tp = 10 fs, F0 =
20 GV/m, corresponding to the maximum intensity of I = 0 cF02 = 1014
W/cm2 , excites only 1.9 % of the E isomer population in the ground state.
Additionally, the amount of excited population decaying to the ground state
is less than 3 % (see Fig. 4.6). The single-pulse excitation thus yields only
5.6 · 10−4 population in the S0 state of the Z isomer between Θ = π/2 and
Θ = 3π/2, i.e. 2.47 % of the total E isomer population. Only 23 % of the
Z isomer population in the ground state is located between Θ = 3π/4 and
Θ = 5π/4. Most parts thus remain on the higher lying regions of the ground
state potential near the crossing points at ΘCI = ±π/2.
To obtain effective E-Z isomerization, lower lying torsion states of the Z
isomer have to be populated. The population of those states can be described
by the target population:
Ptar (t) =

Z 5π/4
3π/4

2

χad
i (Θ, t) dΘ.

(4.12)

In the following, it is demonstrated how the target population can be increased by a sequence of two laser pulses. Figure 4.9 shows Ptar (t) for excitation by a two-pulse sequence
F (t) = F1 (t) + F2 (t − td ),

(4.13)

where td is the delay time between both pulses. Despite of the overall small
yield of isomerization, a second pulse with the same parameters as the first
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Figure 4.9: Two-pulse laser control of the E-Z isomerization of the dideuterated methaniminium
cation. The depicted same two laser pulses of the duration tp = 10 fs and the field strength F0 =
20 GV/m are optimized in the energy to h̄ω = 7.42 eV and in the pulse delay to td = 23.876 fs
+jπ/10ωl for an optimal target population of the Z isomer, which is defined in eq. (4.12). Panel
(a) shows the adiabatic target population for the ab initio couplings from Fig. 4.3 for the field
strength of F0 = 20 GV/m for different values j = 0 − 9. The black dashed line represents the
maximum single-pulse excitation yield. Panel (b) shows the two-pulse dynamics for the same pulse
parameters, but for the field strength of F0 = 10 GV/m. Panel (c) displays the Z isomer target
population when the two pulses from panel (a) are applied and the model coupling eq. (4.6) with
r = 3000 is used. See Ref. [164].
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one and with a delay time of td = 23 fs is able to enhance the population in
the target region from 1.3 · 10−4 to 5.2 · 10−4 after 33 fs [see Fig. 4.9(a)].
In addition, interference between the two excitation pathways occurs and
the double-pulse yield can be increased up to 8.6·10−4 as it can be seen in Fig.
4.9(a). The interference effect is observed when the second pulse is further
delayed by time intervals of 1/20 to 1/2 of the excitation cycle duration 2π/ωl .
The band of solid lines, which can be seen 10 fs after the end of the second
pulse, displays the effect of the phase shift between both pulses. The phase
between the laser pulses varies with the central laser frequency ωl = 7.42
eV/h̄. As a result, phase dependent changes of the target population can
be observed, with maxima for the optimized phase relation [j = 0 in Fig.
4.9(a)] and minima for a time delay of half an optical cycle longer. The
target population is enhanced up to 2.21 % of the excited E isomer state
population, which is 4 times larger than for the single-pulse excitation.
Fig. 4.9(b) shows the target population when the field strength of the two
pulses from Fig. 4.9(a) is reduced from F0 = 20 GV/m to F0 = 10 GV/m.
As expected, the target population for the single pulse is reduced to one
quarter of the value for the case F0 = 20 GV/m, but the increase of target
population during the second pulse at 30 fs is 16 times smaller than in Fig.
4.9(a). The relative splitting of the populations for the different time-delays
is only 7 times smaller than for F0 = 20 GV/m due to the phase delay.
To explain the different dynamics, two competing mechanisms induced by
the second pulse are assumed. The dependence of F0 in Fig. 4.9(a) and (b)
indicates a combination of the induced radiationless decay transfer, which
is proportional with F02 , and of the dumping of the wave packet due to the
second pulse, which scales with F04 . Thus, by changing the field strength, the
non-radiative decay or the dumping process will be enhanced. Since the first
pulse already induces dynamics long before the second pulse acts on the system (see black dashed line in Fig. 4.9), the complete laser driven dynamics of
the Z isomer population turns out to form a three-pathway mechanism. Two
82

non-radiative decay paths interfere with each other and with the dumping
process, as depicted in Fig. 4.10.
Pathway (a) in Fig. 4.10 involves the excitation of the E isomer population from the ground state by the first laser pulse F1 and a subsequent
non-radiative decay of the excited E isomer population to the Z isomer ground
state. The wave packet of the Z isomer continues the torsional motion on the
ground state and alternates between Z and E configuration. Figure 4.10(b)
shows a two-pulse pathway. The first pulse F1 excites the E isomer population. The excited E isomer wave packet moves on the excited state to the
excited Z isomer. The second laser pulse F2 pumps down the exited Z isomer to the ground state. The third pathway (c) describes the excitation and
non-radiative decay induced by the second pulse F2 . It is similar to pathway
(a). This scenario demonstrates a new type of coherent control [31].
In Fig. 4.9(c), the same laser pulses as in Fig. 4.9(a) are applied to the
E isomer of the dideuterated methaniminium cation using model couplings
with r = 3000 for comparison. Here, the populations in the target state are
up to 80 times higher than for the ab initio couplings. The dynamics induced
by a single pulse (dashed black line) is different since the second maximum
of the target population is shifted to larger population times and is much
smaller than the first one. When the second pulse is applied, no increase
of target population can be observed. The population increases up to 84 %
of the total excited population by the single pulse, but it vanishes nearly
completely after 38 fs. Thus, the dump process plays a minor part and the
phase effect is much less pronounced as in Figs. 4.9(a) and (b). The two
radiationless decay paths interfere, and the interference pattern shows less
dependence of the time delay. The population maximum at t = 44 fs changes
slightly with time, which indicates the shift of the second decay due to the
temporal displacement of the phase for the second pulse in the corresponding
pulse sequence.
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Figure 4.10: Interfering pathways for the E-Z isomerization of the dideuterio-methaniminium
cation along the torsional coordinate Θ. The region of the torsional target states of the Z isomer is
coloured in blue. Pathway (a) describes the excitation by the first laser pulse F1 that is followed by
radiationless decay to the ground state Z isomer. The wave packet continues the torsional motion
on the ground state potential and alternates between E and Z configuration. In pathway (b), the
ground state E isomer is excited by the first laser pulse F1 . The wave packet proceeds moving on
the excited state until it is pumped down to the Z isomer ground state at the precise moment by
the second laser pulse F2 . Pathway (c) is based on the excitation of the second laser pulse F2 and
the following non-radiative decay. By properly designed laser pulses F1 and F2 , the isomerization
yield can be controlled. See Ref. [164].
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4.4

Conclusion Dideuterio-Methaniminium Cation

The present dynamical studies focus on the torsional dynamics of the dideuterated methaniminium cation. The yield of isomerization is shown to be
strongly dependent on the shape and the magnitude of the non-adiabatic
couplings elements TΘ along the torsional coordinate. In the one-dimensional
simulations, different models and a fit of the ab initio non-adiabatic coupling
terms are used to explore the sensitivity of laser induced torsional dynamics
with respect to the non-adiabatic couplings.
The non-adiabatic coupling terms in the vicinity of a conical intersection
have to fulfill a quantization condition [see eq. (4.4)]. For an overall torsion of
the molecular ion about the angle of 2π, the integral of the coupling terms has
to yield exactly integers of π. The quantum chemical results yield an integral
of 0.6π. The numerical error of the ab initio results has been estimated; and
within this error, the results are in accordance with a quantization number
of k̃ = 1 [see eq. (4.4)].
The simulations show that even small values of the non-adiabatic couplings are not negligible in the domain where the gap between the electronic
states is large. The couplings even far away from the conical intersection
show a considerable impact on the shape of the diabatic potentials. Changes
in the slopes of the diabatic potentials lead to different yields of the E-Z isomerization. The investigations of the isomerization dynamics involve δ-pulse
excitation, single-pulse excitation, and two pulse excitation of the dideuterated molecule ion.
For the one-dimensional cut of the potential energy surface in the vicinity
of the conical intersection, excitation by a short laser pulse leads to nearly
adiabatic dynamics, i.e. no significant radiationless decay is observed. The
activated torsion of the molecule results in a nearly complete isomerization of
the excited E isomer to the excited Z isomer. The torsion and isomerization
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continue on the excited electronic state.
In order to enhance the E-Z isomerization yield, quantum control is applied. By a time-delayed second laser pulse of optimal parameters, the yield
of conversion can be increased up to a factor of 4. Three concurring pathways
for the two-laser pulse interaction are involved within the novel coherent control mechanism (see Fig. 4.10). Two paths are based on the radiationless
decay after excitation of the ground state population by the two pulses. The
third way is mainly determined by a vertical dump process of the excited state
population down to the ground state. The isomerization process is controlled
by the interference between the pathways.
Due to the high sensitivity of the nuclear dynamics on the non-adiabatic
coupling elements, the reliability of the optimized pulses depends on the
accuracy of the coupling elements. The sensitivity of the nuclear dynamics on
the form of the non-adiabatic couplings has to be considered for semiclassical
methods such as surface hopping or Ehrenfest dynamics. Surface hopping
dynamics simulations for the methaniminium cation predict a non-radiative
decay of excited state population of approximately 50 % within the first 25 fs
after excitation [48]. This result cannot be reproduced by the one-dimensional
simulations presented here.
More accurate nuclear dynamics simulations should include further nuclear
degrees of freedom. Moreover, higher electronic states should be taken into
account, i.e. in particular the S2 state. The photodissociation dynamics of
the molecule would then depend on the conical intersection between the S1
and S2 state [48].
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Chapter 5
Control of the Nuclear Spin Selective
Dynamics of the Fulvene Molecule
The torsion about the C=C double bond of fulvene has been shown to possess a conical intersection along the torsion coordinate [169, 170]. Nuclear
dynamical simulations explain the lack of fluorescence [171] from the first
excited electronic state due to the fast non-radiative decay via this conical
intersection [172]. Moreover, the semiclassical simulations indicate that there
is no torsional motion observable after excitation by short laser pulses. In
the present study, the torsional dynamics of the nuclear wave packets via the
conical intersection and its control by laser pulses is studied in detail. It is
shown that the duration of the laser pulses influences the torsional motion.
At least three coordinates of the fulvene molecule are needed for an appropriate description of the nuclear dynamics via the conical intersection. Beside
the torsion angle, the symmetric and the antisymmetric allylic stretch modes
of the cyclopentadienyl ring of fulvene are involved in the present study. The
coordinates are depicted in Figure 5.1.
Fulvene has two nuclear spin isomers with symmetric and antisymmetric
nuclear spin function: ortho- and para-fulvene. The symmetry of the nuclear
spin function determines the symmetry of the torsional wave function [173],
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Qs

Qa

Figure 5.1: The three nuclear coordinates of fulvene that are involved in the quantum dynamical
simulations: the torsion angle Θ, the symmetric stretch coordinate Qs , and the antisymmetric
stretch coordinate Qa .

as depicted in Fig. 5.2. Recent one- and two-dimensional quantum dynamical
studies for fulvene indicate a separability of the two spin isomers due to their
different dynamics [173, 174]. In the present study, the effect of the conical
intersection on the dynamics of the symmetric and antisymmetric nuclear spin
isomer is investigated. A further challenge is the separation of the nuclear
spin isomers by well designed laser pulses [52].
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Figure 5.2: Two-dimensional representation of the initial wave functions for ortho-fulvene (blue)
and para-fulvene (red) along the torsion angle Θ and the symmetric stretch coordinate Qs . Due to
the alternating shapes of their wave functions, both nuclear spin isomers may give rise to different
nuclear dynamics.
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5.1
5.1.1

Properties
Chemistry of Fulvene

Fulvene is the 5-methylene-1,3-cyclopentadiene. It is an yellowish toxic liquid,
which polymerises rapidly [175]. The oily compound is mostly known by
its derivatives. Coloured methyl- and phenyl-substituted fulvenes have been
discovered first by J. Thiele in 1900 [176]. The compounds are synthesized via
the reaction of the corresponding acetones under sodium. Still today, most
fulvenes are prepared by similar methods [177]. The molecules are commonly
used as ligands in organo-metallic chemistry. Fulvene attracts additional
interest in photochemical studies since it is a photolysis product of benzene
[178, 179].

5.1.2

Conical Intersection

Early quantum mechanical studies indicate the existence of a conical intersection between the electronic ground state and the first excited state near the
twisted fulvene. The point of degeneracy is located along the coordinate of
the torsion of the methylene group and a pyramidalization coordinate [170].
Further investigations show that the conical intersection creates a seam along
the torsion angle about the C=C double bond [172, 180, 181].
For the present simulations, the lowest lying conical intersection is found
by means of the Longuet-Higgins method. Two different biradical transition states are connected via the torsion of the exocyclic C=C bond of fulvene. The first structure is analogous to the biradical transition state of the
methaniminium cation. It shows A2 symmetry in C2v . The second biradical transition state is a cyclopentadienyl biradical and shows B1 symmetry in
C2v . Coordinate-weighting between the two biradical twisted transition states
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leads to a twisted conical intersection geometry for a correlation-consistent
polarized valence double-zeta (cc-pVDZ) basis [169]. The structure presents
the starting point for the quantum chemical calculation of the ground state
and the first excited state potential energy surfaces.

5.2

Kinetic Energy Operator

The first step for an appropriate simulation of the nuclear dynamics of a
molecular system is the construction of the kinetic part of the nuclear Hamiltonian. It includes the relevant nuclear coordinates of motion and their reduced masses. A possible way is to derive a diabatic Hamiltonian including
vibronic couplings in the off-diagonal elements [182, 183].
In the present simulations, a reduced adiabatic model Hamiltonian is used.
The derivation of the Hamiltonian is shown in Appendix C. The result is
h̄2 ∂ 2
h̄2 ∂ 2
h̄2 ∂ 2
T̂N = −
−
−
.
2MCH ∂Q2s 2MCH ∂Q2a 2Ired ∂Θ2

(5.1)

with MCH = 13 u and Ired = 1.7 u Å2 . Here, the displacement coordinates Qa
and Qs denote the allylic antisymmetric and symmetric stretch modes along
the double bonds of the cyclopentadienyl ring. The torsion angle about the
exocyclic C=C bond is denoted as Θ. The coordinates are shown in Fig. 5.1.
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5.3
5.3.1

Potential Energy Operator
Adiabatic Potentials

For the simulation of the nuclear dynamics, the potential energy surfaces of
the ground and excited state along the torsion angle, the symmetric stretch
mode and the antisymmetric stretch mode have to be determined ab initio.
The non-adiabatic couplings are derived from the adiabatic potentials, as
described in section 3.2.4.
The quantum chemical ab initio calculations have been carried out by the
group of O. Deeb at the Al-Quds University using the complete active space
self-consistent field (CASSCF) method [184] with the correlation-consistent
polarized valence double-zeta (cc-pVDZ) basis set [185] within the GAMESS
program suite [186]. In the active space, the six π-electrons are considered in
three bonding and three antibonding orbitals.
The active space is chosen such that it describes the potential energy
surfaces well in the range of the twisted conical intersection structure at
Θ = π/2. The coordinate ranges of the ab initio data are −π/2 ≤ Θ ≤ 3π/2
for the torsion, 1.0 Å ≤ Qs ≤ 2.3 Å for the symmetric stretch, and -0.15 Å
≤ Qa ≤ 0.15 Å for the antisymmetric stretch. The planar conical intersection
is discussed in Refs. [170] and [172]. It is not located within the considered
coordination range of the ab initio calculations. The potentials outside the
range are extrapolated.
Figure 5.3 shows a two-dimensional cut of the three-dimensional potential
energy surfaces of the ground state and the first excited state of fulvene for
Qa = 0. The ground state shows a periodic double-well potential along the
torsional angle Θ. At the two equivalent minima at Θ = 0 and Θ = π, the
fulvene molecule is planar. The torsional motion is hindered in the ground
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Figure 5.3: Two-dimensional cut of the adiabatic potential energy surface of fulvene along the
symmetric stretch coordinate Qs and the torsional angle Θ for the ground state (red) and the
first excited state (green). The asymmetric stretch coordinate is Qa = 0. Both surfaces cross for
every torsional angle. The degenerate points form a seam of conical intersections (bright blue line).
Whenever an excited nuclear wave packet reaches the seam, ultrafast radiationless decay occurs.
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state along the potential barrier at the twisted configuration at Θ = π/2 and
3π/2. Along the symmetric stretch coordinate Qs , the minima of the ground
state and the one of the first electronic state are shifted by 0.12 Å. A crossing
of the adiabatic potentials occurs for every torsion angle.
The lowest lying conical intersection is located at Qs = Qs,CI (Θ = π/2) =
1.48 Å. The crossing points form a seam of conical intersections. The highest
lying conical intersection point is the planar conical intersection. It is extrapolated to be located at Qs = Qs,CI (Θ = 0) = 1.63 Å. When the ground state
wave function is excited, it may evolve along the torsional coordinate and
along the symmetric stretch coordinate towards the seam of conical intersection. The motion of excited wave packets is investigated in the following
sections.
The quality of the adiabatic potential energy surfaces is indicated by the
resulting Franck-Condon excitation energy of 3.32 eV. The experimental maximum of ∆E = 3.44 eV can be obtained from ultra-violet spectra [187, 188].
Early quantum chemical ab initio calculations in Refs. [170] and [172] result
in Franck-Condon excitation energies of ∆E = 3.72 eV and ∆E = 4.24 eV.

5.3.2

Diabatic Potentials

In the vicinity of the seam of conical intersection, the non-adiabatic coupling
terms between the adiabatic ground state and the first excited state cannot
be neglected. Numerical difficulties in the calculation of the nuclear dynamics
can be avoided by transformation into the diabatic basis.
For fulvene, the quasi-diabatization method developed by H. Köppel [117,
118] is used. The theory is described in section 3.2.4. The diabatic states are
constructed from the adiabatic potential energy surfaces alone. For the diabatization, the potential energy surface is cut into V1 (Qs , Qa ) and V0 (Qs , Qa )
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at different torsion angles Θ. If the conical intersection is localized at Qa = 0
and Qs = Qs,CI (Θ), the seam of the conical intersection along the torsional
angle is described by the function Qs,CI (Θ). The diabatic potential matrix
can be formulated from eqs. (3.71) and (3.78) in section 3.2.4. as


V 0 + V1  1 0
W=
0 1
2





1 V1 − V0  κQs λQa
+
λQa −κQs
2 ∆V (1)


,

(5.2)

where
q

∆V (1) = κ2 Q2s + λ2 Q2a .

(5.3)

The linear diagonal terms in eq. (5.2) contain only Qs . The linear offdiagonal terms are non-zero only for Qa . The reason is based on the different
symmetries of the nuclear displacement coordinates Qs and Qa : The symmetric allylic stretch Qs shows - as well as the torsion angle Θ - A symmetry
in C2 , and the antisymmetric allylic stretch Qa is of B symmetry (see [121]).
For each torsion angle, the coefficients κ and λ are defined as
κ(Θ) =

1 ∂(V1 − V0 )
|Qa =0,Qs =QCI (Θ)
2
∂Qs

(5.4)

and

1 ∂(V1 − V0 )
|Qa =0,Qs =QCI (Θ)
2
∂Qa
[see eqs. (3.75) and (3.76) in section 3.2.4].
λ(Θ) =

(5.5)

The values of the diabatic coupling parameter λ(Θ) vary from 29.3 to 63.1
eV/Å between the torsional angles 0 and π/2. The values are shown in Table
5.1. The diabatic potentials and couplings in eq. (5.2) depend only on the
ratio λ/κ, which is almost constant over the whole torsion range.
An analytical fit of the diabatic potentials is chosen to avoid numerical
errors in the vicinity of the conical intersection which may occur for an analytical fit of the adiabatic potentials. In the generation of the diabatic
potentials, several constraints are employed due to the periodic boundary
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Table 5.1: Coupling parameters λ(Θ) and κ(Θ), and the corresponding ratio derived according to
eqs. (3.75) and (3.76) from the adiabatic ab initio values.

Θ / rad Qs,CI /Å λ / eV Å−1 κ / eV Å−1

λ/κ

0

1.484

31.50

3.55

8.85

30

1.590

29.31

2.84

10.30

60

1.610

37.94

3.98

9.52

90

1.732

63.11

6.65

9.48

conditions along the torsional coordinate or to ensure maximal smoothness
of the curves between two neighbouring diabatic energy points. Other implemented constraints are, for instance, the single-minimum behaviour along
the Qa coordinate or the increasing energies for the extrapolated Qs and Qa
values outside the range of the ab initio data.
As a result, a series of functions an cos(2nΘ), n ∈ N0 is used to represent
the diabatic energy with the coefficients an = an (Qs , Qa ) along the torsional
coordinate. For the analytical expressions of the coefficients in dependence on
the symmetric and antisymmetric stretch coordinate, combinations of polynomial, cosine functions and Gaussians of well designed properties are implemented in the fit. For four ab initio data points, at least four parameters are
needed in the corresponding analytical expression. In sum, 111 parameters
are used for an appropriate fit of the diabatized ab initio data points. The
analytical expressions are shown in Appendix D.
In Figure 5.4 two-dimensional cuts of the three-dimensional diabatic energy surfaces and the corresponding adiabatic potential energy surfaces are
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Figure 5.4: Two-dimensional cuts of the three-dimensional diabatic [(a)-(c)] and adiabatic [(d)-(f)]
potential energy surfaces Wii and Vi . Panel (a) shows the diabatic potential energy surface along
the torsion angle Θ and the symmetric stretch coordinate Qs for Qa = 0 Å, and panel (d) shows
the adiabatic surfaces. The resulting nuclear diabatic and adiabatic potentials of the asymmetric
stretch coordinate Qa and the torsion angle Θ are plotted in panels (b) and (e) for Qs = 1.53 Å.
Panel (c) and (f) show the two-dimensional cut along Qs and Qa for Θ = π/2. In the diabatic
representation, the upper and the lower surfaces W11 and W00 cross. In the adiabatic representation,
the surfaces V1 and V0 touch for Qa = 0 and Qs = 1.483 Å.
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shown. Figures 5.4(a) and (d) display the diabatic and the corresponding
adiabatic potentials of the electronic ground state and the excited state (red
and green surfaces) along the symmetric stretch coordinate Qs and the torsion
angle Θ for Qa = 0 Å. The seam of the conical intersection is the crossing line
between the ground state and the excited state in the diabatic representation.
For the constant symmetric allylic stretch coordinate Qs = 1.53 Å, four
diabatic potential crossing seams in the Θ-Qa space can be observed in the
two-dimensional diabatic surfaces in Fig. 5.4(b). The corresponding adiabatic representation in Fig. 5.4(e) indicates that the upper diabatic points of
the W00 and W11 surfaces approach the V1 adiabatic surface. Simultaneously,
the lower points approach the V0 adiabatic surface. The diabatic energy surfaces W00 and W11 along Qs and Qa [Fig. 5.4(c)] cross for the higher values
Qs . The adiabatic surfaces avoid each other [Fig. 5.4(f)], except for the conical intersection at Qa = 0. In the adiabatic picture, both states only touch
at the seam of the conical intersection.
For a detailed insight into the curvature of the potentials in the FranckCondon region, one-dimensional cuts at different Qa values are depicted in
Figure 5.5. The difference between diabatic and adiabatic potentials is shown
for the twisted fulvene molecule along the symmetric stretch coordinate Qs .
Here, the values Qa = 0 and Qa = 0.01 Å are chosen for the antisymmetric
stretch coordinate. The conical intersection is located at Qs = 1.483 Å for
the twisted structure (Θ = π/2). If the antisymmetric stretch vibration is
activated, the C2v symmetry is broken and the degeneracy is lifted. This is
depicted in Fig. 5.5(c), where Qa = 0.01 Å.
The corresponding potential coupling elements W01 are smooth functions
of the nuclear coordinates and vanish for Qa = 0 according to eq. (3.71).
Figure 5.6 shows one-dimensional cuts of these potential coupling elements
along the coupling coordinate Qa through the lowest conical intersection point
at Θ = π/2 [panel(a)] and through the planar conical intersection at Θ = 0
[panel (b)]. In the vicinity of the conical intersection, the potential coupling
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Figure 5.5: One-dimensional cuts of the adiabatic [(a) and (c)] and diabatic [(b) and (d)] potential
energy surfaces along the symmetric stretch coordinate Qs for the torsion angle Θ = π/2. The
antisymmetric stretch coordinate is Qa = 0 Å in panel (a) and (b), and Qa = 0.01 Å in panel (c)
and (d), respectively. While the diabatic potentials W11 and W00 cross, the adiabatic potentials V1
and V0 avoid each other for Qa 6= 0 Å. See Ref. [68].

W01 (Qa ) is linear. But for large values of Qa , the absolute value of the
function W01 (Qa ) decreases.
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Figure 5.6: Diabatic potential coupling W01 along the coupling coordinate Qa for Θ = 0 [panel
(a)] and Θ = π/2 [panel (b)]. The solid line indicates W01 for Qs = Qs,CI (Θ = π/2) = 1.483 Å,
the dashed line depicts W01 for Qs = Qs,CI (Θ = 0) = 1.63 Å. See Ref. [68].

5.4
5.4.1

Symmetry
Ortho- and Para-Fulvene

The periodic double-well of the ab initio potentials along the torsional coordinate leads to a symmetric and to an antisymmetric torsional nuclear eigenfunction in the ground state, as shown in Figs. 5.7(a) and (d). Both states
are nearly degenerate due to the relatively high torsional barrier of 2.4 eV in
the electronic ground state. The different symmetries of the eigenfunctions of
the periodic double-well potential correspond to different symmetries of other
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Figure 5.7: Representation of the nuclear spin wave functions of ortho-fulvene [(a)-(c)] and parafulvene [(d)-(f)] with respect to the torsion angle Θ. Due to the antisymmetry principle the symmetric nuclear spin wave function of ortho-fulvene corresponds to an antisymmetric torsional wave
function in the ground state [blue line in panel (a)], and the antisymmetric nuclear wave function
of para-fulvene is associated with a symmetric torsional nuclear ground state wave function [red
line in panel (b)]. Panels (b) and (e) show the corresponding Wigner functions eq. (5.13) in the
Θ-PΘ space and panels (c) and (f) show the corresponding contour plots. Ortho- and para-fulvene
can be distinguished by the sign at PΘ = 0 in the Wigner representations due to the interference
pattern. According to the definition in eq. (5.13), the interferences at Θ = −π/2 and Θ = 3π/2
are not visualized.
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1

2

Figure 5.8: Ground state configuration of the fulvene molecule. Via torsion, the fragments 1 and
2, and the fragments 3 and 4 can exchange. When two protons (fermions) are exchanged, the total
wave function of fulvene changes its sign. When the fragments 3 and 4 are exchanged, two pairs of
protons are exchanged and the total wave function keeps its sign. See Ref. [68].

parts of the total nuclear wave function. The torsion of the methylene group
=CH1 H2 from Θ = 0 to Θ = π in Fig. 5.8 is connected with an exchange of
+
the protons H+
1 and H2 .
The antisymmetry principle states that, since both protons cannot be
distinguished, the observable absolute square of the total molecular wave
function is equal for both molecular geometries:
~ 1 , ω1 , Q
~ 2 , ω2 , ..., Q
~ k , ωk )|2 = |Φtot (Q
~ 2 , ω2 , Q
~ 1 , ω1 ..., Q
~ k , ωk )|2
|Φtot (Q

(5.6)

~ 1 , ω1 ; Q
~ 2 , ω2 ; ...; Q
~ k , ωk ) = −Φtot (Q
~ 2 , ω2 ; Q
~ 1 , ω1 ; ...; Q
~ k , ωk ).
Φtot (Q

(5.7)

or

Since two fermions are exchanged, the minus sign holds in eq. (5.7). Thus,
the total molecular wave function Φtot is antisymmetric with respect to the
+
exchange of the coordinates of the two protons H+
1 and H2 .
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5.4.2

Molecular Symmetry

The symmetry of a non-rigid molecule can be described by molecular symmetry groups [189] which regard the symmetry of the permutation of identical
nuclei and the inversion of the molecule.
Figure 5.8 shows the fulvene molecule in terms of the groups 1, 2, 3, and
4, which may change their position during the torsion about the C=C bond.
Here, 1 and 2 are the protons H1+ and H2+ , 3 and 4 correspond each to two
carbon atoms and two protons of the cyclopentadienyl ring. In terms of the
representation by Woodman [190], the molecular symmetry group of fulvene
is the direct product of the torsional subgroup of the rotating parts C2CH2 and
C2C5 H4 and the frame subgroup FG :
G = C2CH2 ⊗ C2C5 H4 ⊗ C2
= [{(1), (12)} ⊗ {(1), (34)}] ⊗ {(1), (1)∗ },
h

i

(5.8)
(5.9)

where (12) denotes the exchange of the nuclei 1 and 2, (34) refers to the simultaneous exchange of the groups of nuclei 3 with 4, and (1)* is the inversion
of all nuclear and electronic coordinates.
The resulting group is of order 8, and it is isomorphic to the point group
D2h . Since fulvene is assumed to be preoriented along the space-fixed zaxis, the only observable operations are those of the torsional subgroup TG
(Table 5.2). If the torsional ground state is considered, the energy of the
wave function is low enough for the Born-Oppenheimer approximation to be
valid. When the spin-orbit coupling is neglected, the total wave function of
fulvene can be written as a product of four functions, the total electronic
wave function, the rotational nuclear wave function, the vibrational nuclear
wave function, and the nuclear spin function:
Φtot = ψ0 χrot χvib χtor χspin ,

(5.10)

where ψ0 denotes the electronic ground state wave function. The torsional
wave function is extracted out of the residual vibrational wave function in
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Table 5.2: Character table of the torsional subgroup TG of fulvene. The group is isomorph to C2v .

TG (1) (12)(34) (12) (34)
A1

1

1

1

1

A2

1

1

-1

-1

B1

1

-1

1

-1

B2

1

-1

-1

1

eq. (5.10). In the electronic, rotational, and vibrational ground state, the
corresponding wave functions transform as A1 in TG , i.e
Γ(ψ0 ) = Γ(χrot ) = Γ(χvib ) = A1 .

(5.11)

To fulfill the antisymmetry principle, the total wave function has to transform
according to B2 . Thus, the direct product of the irreducible representation
of the torsional and the nuclear spin function is of B2 symmetry:
Γ(Φtot ) = Γ(χtor ) ⊗ Γ(χspin ) = B2 .

(5.12)

The torsional nuclear wave function can be either symmetric or antisymmetric with respect to the symmetry operation (12). The eigenfunctions of
the torsional degree remain symmetric in regard to the overall rotation of
the molecule about the C=C bond. As consequence of eq. (5.12), an antisymmetric nuclear spin function can only be combined with a symmetric
torsional nuclear wave function and vice versa. In reference to ’ortho’ and
’para’-hydrogen [191, 192], the fulvene isomer with a symmetric nuclear spin
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function is called ’ortho’-fulvene. The spin isomer of an antisymmetric nuclear spin function is named ’para’-fulvene. The symmetry-mode analysis of
the 64 fulvene nuclear spin functions results in a number of 15 para-fulvene
functions of B2 symmetry and 11 ortho-fulvene functions of A2 symmetry.
The remaining nuclear spin states correspond to higher rotational states [193].
Figure 5.7 shows the torsional eigenfunctions of ortho- and para-fulvene
torsional ground state eigenfunction along the torsional coordinate [panel (a)
and (d)] as well as the corresponding Wigner functions of the symmetric torsional ground state wave functions [panel (b) and (c)] and the antisymmetric
one [panel (e) and (f)] in the Θ-PΘ phase space. The Wigner function is here
defined as
3π/2

1 Z
S iPΘ S/h̄
S
w(Θ, PΘ ) =
χ Θ−
e
dS
χ∗ Θ +
2πh̄ −π/2
2
2
!

!

(5.13)

with a displacement coordinate S = Θ − Θ0 . It is described in detail in
Appendix E.
The nuclear eigenfunctions of the torsional potential differ only in the sign
of the interference pattern along Θ = π/2 in the Wigner representation. Due
to the definition of the Wigner function in eq. (5.13), the mixing terms are
observed only at Θ = π/2. For the periodic potential, interference pattern
of the Wigner function exist also at all torsion angles Θ = (2n + 1)π/2 with
n ∈ Z. For visualization purposes, only the mixing terms at Θ = π/2 are
shown [see eq. (5.13)]. As indicated in the Wigner contour plots in Fig.
5.7(c) and (f), the extremum of the interference pattern of the antisymmetric
torsional eigenfunction of ortho-fulvene at PΘ = 0 is a minimum. For the
symmetric torsional eigenfunction of para-fulvene, it is a maximum. Due to
the oscillatory form of the interference pattern, the integrals of the Wigner
function over PΘ along Θ = π/2 is zero. Thus, the probability density at the
torsional barrier at Θ = π/2 for the initial ortho- and para-fulvene nuclear
wave function is zero.
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5.5

Nuclear Dynamics Induced by a Single Laser Pulse

In the following section, the three-dimensional nuclear dynamics of the fulvene molecule is simulated. The radiationless decay between the first excited
state and the ground state is investigated in detail. The study is focused
on the nuclear dynamics of the nuclear spin isomers ortho- and para-fulvene,
which differ in their corresponding torsional wave functions. One-dimensional
and two-dimensional simulations on simple model potentials indicate a separability of ortho- and para-fulvene population when the isomers are excited
by laser pulses [173, 174, 194]. In the present study, the nuclear dynamics
on ab initio potentials is first investigated after excitation by ultrashort δpulses. Afterwards it is shown that the nuclear spin-selective dynamics can
be enhanced by using longer laser pulses.

5.5.1

Nuclear Dynamics Induced by an Ultrashort Pulse

In the following section, the nuclear dynamics for ortho- and para-fulvene is
simulated that is induced by a z-polarized ultrashort laser pulse (δ-pulse).
The vertical excitation by a δ-pulse corresponds to a transition of the initial nuclear wave function from the ground state minimum to the excited
electronic state. The fulvene molecule is assumed to be preoriented [41].
Moreover, the molecule has to be initially located in its adiabatic electronic,
vibrational, torsional and rotational ground state.
The initial wave function is located far away from the conical intersection.
Thus, the interaction with the laser field is approximately the same in the
adiabatic and in the diabatic representation. The interaction of the external
laser field is given by


Hint (t) = −F (t) 
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0 µ10
µ01 0




(5.14)

with the z-components of the transition dipole moments µmn (see section
3.5.1). The ab initio values are almost constant in the Franck-Condon region
with µ10 = µ01 ≈ 1 Debye.
The interactions with the dipole moments of the individual electronic
states are neglected since they are far off resonant. As a result, the Condon approximation can be applied during the excitation by a laser pulse.
The nuclear wave functions are expressed as


χ
~

ad

=

|χad
1 (t)i
|χad
0 (t)i



(5.15)



with |χad
0 (0)i = 0.
The numerical solution of the time-dependent Schrödinger equation is carried out in the diabatic representation. A modified version of the program
package ’wavepacket’ [146] is used to handle more dimensional wave propagation on coupled ab initio potentials and laser excitation. In the simulations,
the second-order difference (SOD) method from eq. (3.147) is implemented
with time steps of 5×10−3 fs. A grid up to 128 × 128 × 128 points covers the
domains of the nuclear coordinates −π/2 ≤ Θ ≤ 5π/2 for the torsion angle,
1.0 Å ≤ Qs ≤ 2.3 Å for the symmetric stretch, and -0.15 Å ≤ Qa ≤ 0.15 Å
for the antisymmetric stretch.

Non-Radiative Decay

The populations of the ground state and the excited electronic state are
numerically calculated as
Piad (t)

=

Z ∞
−∞

2

~
~
χad
i (Q, t) dQ

(5.16)

with i = 0 for S0 , and i = 1 for S1 . The autocorrelation functions are defined
by
Z ∞
∗
ad ~
~
~
ACF =
χad
(5.17)
1 (Q, t = 0)χ1 (Q, t)dQ.
−∞
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The non-radiative decay is first shown on two-dimensional cuts of the
three-dimensional potential energy surface after δ-pulse excitation of the
molecule. In the first case, the molecule is fixed at the planar configuration, i.e. Θ = 0. The resulting time-depending populations are shown in Fig.
5.9(a). After 12 fs, the adiabatic population decreases stepwise. The steps coincide with the oscillation time of the autocorrelation function on the excited
state [Fig. 5.9(b)]. The motion corresponds to vibration along the symmetric
stretch Qs . After 100 fs, the population of the excited state increases again.
A further decrease can be observed after 170 fs. This effect can be referred
to the regained localization of the excited wave function along both stretch
coordinates during the evolution time (see autocorrelation function). In the
Qs -Qa space, the wave functions of ortho- and para-fulvene are identical and
thus no differences of ortho- and para-fulvene dynamics occur.
In a second simulation, the symmetric stretch coordinate Qs is fixed to
its equilibrium value in the ground state, i.e. Qs = 1.36 Å. Again, a δ-pulse
excites the initial ground state wave packet vertically. The wave packet propagation along the antisymmetric stretch coordinate Qa and the torsion angle
Θ is indicated by the excited state population P1ad in Fig. 5.9(c) and by
the autocorrelation function in Fig. 5.9(d). Here, the decay of excited state
population is slower than in Fig.(a). At t ≈ 100 fs, the gap between the
populations of ortho- and para-fulvene increases up to 0.3. After 195 fs, the
autocorrelation functions of both nuclear spin isomers differ by 0.55. The
corresponding nuclear spin selective difference in population of the excited
state is approximately 0.2 [Fig. 5.9(c)]. Here, the two-dimensional excited
wave packet moves predominantly along the torsional coordinate. The population in the excited state differs significantly for ortho- and para-fulvene
after 60 fs. With activated torsional motion, the nuclear spin isomers show
different dynamics. The activation time of the torsional dynamics is based on
the reduced moment of inertia for the torsion about the exocyclic C=C bond.
The simulations on the ab initio potentials confirm previous simulations of
ortho- and para-fulvene on model potentials [174].
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Figure 5.9: Adiabatic populations of the first excited electronic state after δ-pulse excitation
of ortho- (blue line) and para-fulvene (red line) (a) in two dimensions of the symmetric stretch
coordinate Qs and of the antisymmetric stretch coordinate Qa for Θ = 0, (c) in the two dimensions
of Qa and the torsion angle Θ for Qs = 1.36 Å, (e) in the three dimensions of Qs , Qa and Θ. Panels
(b), (d) and (f) show the corresponding autocorrelation functions eq. (5.17). The decay at Θ = 0
proceeds stepwise in intervals of the symmetric stretch vibration along Qs . In the two-dimensional
Qa -Θ space, torsional motion occurs, and thus the decay of ortho-fulvene and para-fulvene differs
significantly. Since the torsion is not favoured due to its relatively high reduced moment of inertia,
the non-radiative decay remains stepwise in the overall three-dimensional simulation, where the
differences between nuclear spin isomer evolutions vanish.

In a following step, the three-dimensional nuclear dynamics of fulvene is
simulated after excitation by a δ-pulse. Figure 5.9(e) shows the changes in
the populations for ortho- and para-fulvene. In Fig. 5.9(f) the corresponding
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autocorrelation functions are plotted. In the three-dimensional simulation, a
stepwise decay of excited state population is observed again at t = 12 fs, t =
36 fs, and t = 60 fs. The amount of the total population loss is up to 75 %.
Thus, the decay is more pronounced than for the two-dimensional case with
fixed Θ = 0 [Fig. 5.9(a)]. After 75 fs, no more significant population transfer
occurs. Ortho- and para-fulvene do not show any considerable differences
in the nuclear dynamics. Again, the autocorrelation function of the threedimensional simulation in Fig. 5.9(f) reflects the vibration of the wave packet
along the symmetric stretch coordinate. As a result, the dynamics consist
basically of the vibration along Qs . The torsional motion is essential for
nuclear spin-selective dynamics, but it is hindered. Therefore, no difference
in the population and in the autocorrelation function is observed between
para- and ortho-fulvene.
For a more detailed insight into the decay dynamics along the seam of
the conical intersection, not only the population, but also the nuclear wave
functions themselves are visualized. The decay process at the conical intersection in the three-dimensional space of nuclear coordinates is similar to the
two-dimensional dynamics along Qs and Qa of the planar molecule. The motions and the changes of the nuclear wave packets can be represented by the
probability density for the two-dimensional process from Fig. 5.9(a). Figure 5.10 shows the probability density of the adiabatic wave function on the
ground state (solid red lines) and on the excited state (solid blue lines) during
the two-dimensional non-radiative decay process. Here, the torsional angle is
fixed to Θ = 0.
At the starting point [Fig. 5.10(a)], the ground state eigenfunction is
located vertically above the minimum of the adiabatic ground state potential
(dashed red contour lines) on the excited state potential (dashed blue contour
lines). The excited wave packet vibrates through the minimum of the excited
state. It reaches the crossing with the ground state after 10 fs [Fig. 5.10(b)].
In Fig. 5.10(c), the excited wave packet (solid blue circles) is decayed to the
ground state (solid red circles) near Qa = 0.02 Å and Qa = −0.02 Å. The
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Figure 5.10: Snapshots of the probability density of the excited state wave function (blue lines) and
of the ground state wave function (red lines) of ortho-fulvene for the two-dimensional non-radiative
decay along Qs and Qa for selected times after δ-pulse excitation. The adiabatic potentials of
the ground and of the excited states are marked by dashed red and by blue contour lines. Due
to the form of the planar conical intersection (brown cross), the decay starts at antisymmetric
distorsion Qa = ±0.02 Å and is repeated in intervals of the vibration along Qs (t ≈ 24 fs). With
ongoing evolution time, the creation of the ground state wave packet is additionally observed near
Qa = ±0.05 Å.

excited wave function swings back and splits into several overlapping wave
packets along the symmetric stretch coordinate Qs . Whenever the nuclear
excited state wave function reaches the vicinity of the conical intersection
between both adiabatic states, an additional decay is observed near the points
110

of Qa = ±0.05 Å. The ground state wave function consists of many small
wave packets. The wave functions are delocalized over the whole Qa -Qs
coordinate space of the V0 potential [Fig. 5.10(f)-(h)]. Since there is no
difference between para- and ortho-fulvene in the Qs -Qa space, the paraisomer of fulvene shows exactly the same nuclear dynamics.
For closer investigations of the three-dimensional dynamics, the timedependent expectation values for the individual electronic states along Qs
are calculated
hχad (t)|Qs |χad
i (t)i
(5.18)
hQs ii (t) = i ad
(t)i
hχi (t)|χad
i
with i = 0, 1. The overall expectation value is defined as
ad
ad
ad
hQs i(t) = hχad
1 (t)|Qs |χ1 (t)i + hχ0 (t)|Qs |χ0 (t)i.

(5.19)

Figures 5.11(a)-(c) show the oscillations of the excited and ground state
wave packet along the symmetric stretch coordinate Qs . Additionally, the
overall expectation value hQs i is shown. The elongations of the expectation
values hQs i decrease with time. The anharmonicity of the potential leads to
dispersion of the original wave packet. On the excited state, relaxation of the
wave packet occurs along the antisymmetric stretch and the torsional mode
due to an energy transfer to those degrees of freedom. The motion along the
torsion coordinates can be described via the expectation values hcos(2Θ)i:
ad
hχad
i (t)| cos 2Θ|χi (t)i
hcos 2Θii (t) =
ad
hχad
i (t)|χi (t)i

(5.20)

with i = 0, 1. The total expectation value is given by
ad
ad
ad
hcos 2Θi(t) = hχad
1 (t)| cos 2Θ|χ1 (t)i + hχ0 (t)| cos 2Θ|χ0 (t)i.

(5.21)

The wave packets of ortho- and para-fulvene are initially localized at planar
configurations, i.e. Θ = nπ, n ∈ Z. This corresponds to hcos(2Θ)i = 1. If the
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Figure 5.11: Expectation values hQs i and hcos(2Θ)i from eqs. (5.18) and (5.20) for ortho-fulvene
(solid blue line) and para-fulvene (dashed red line) initial wave functions after δ-pulse excitation.
Panels (a) and (d) show the expectation values on the excited state V1 , and panels (b) and (e) show
the expectation values on the ground state V0 , respectively. The lower panels show the overall
expectation values for the two-state system. See Ref. [68].
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wave packets are localized at the twisted transition states of the E-Z isomerization, i.e. at Θ = (2n+1)π/2, n ∈ Z, the expectation value hcos(2Θ)i = −1.
When it is spread uniformly over the whole torsion range, the expectation
value hcos(2Θ)i becomes zero. Figures 5.11(d)-(f) indicate that both orthoand para-fulvene remain partially localized on a constant level after 50 fs.
Since most of the population is found in the ground state after 50 fs, the
isomerization is prevented due to the torsional potential barriers.

Dependence of the Non-Radiative Decay on the Coupling Parameter

For the diabatic coupling values λ(Θ) which are derived out of the adiabatic
ab initio potential data points, no spin selective dynamics of fulvene can be
observed after excitation by a δ-pulse. In the present section, the nuclear
dynamics of ortho-fulvene and para-fulvene are simulated for zero diabatic
couplings.
Figure 5.12 shows the results for λ(Θ) = 0 after the ortho- and parafulvene are excited by a δ-pulse. Since the coupling parameter λ is zero, the
diabatic population on W11 remains constant, but the adiabatic populations
of the electronic ground and excited state change with time when the nuclear
wave packets cross the seam of conical intersections.
The non-radiative decay along the adiabatic potential surfaces is shown
in Fig. 5.12(a). It proceeds in one step, but the population increases after
20 fs up to 0.6. The first peak in the autocorrelation function in panel (b)
at t=24 fs is less pronounced compared to the case of λ(Θ) 6= 0 [see Fig.
5.9(f)]. At t=48 fs, no peak is observed anymore. Here, a larger amount of
population is decayed to the ground state. The nuclear dynamics for zero
diabatic couplings proceed mainly in the dispersion of the wave packet over
all degrees of freedom, including the torsion. Figure 5.12(c) indicates that
the symmetric vibration in the excited electronic state stops after 50 fs. The
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Figure 5.12: Dynamics with the coupling parameter λ(Θ) = 0 for ortho-fulvene (blue lines) and
para-fulvene (red lines). The excited state population (a) of both spin isomers as well as the
corresponding autocorrelation functions (b) deviate in more extent after 60 fs compared to the
case in Fig. 5.10(e) and (f) where λ(Θ) 6= 0. The one-step decay leads to less oscillations of the
expectation value hQs i in the excited state (c) and for the total expectation value (d). Beside the
larger delocalization, the nuclear spin isomers also show more distinct dynamics along the torsion
angle. The expectation values hcos(2Θ)i for the excited state (e) and for the overall system (f)
show differences for ortho- and para-fulvene. See Ref. [68].

overall expectation value hQs i remains on a higher level compared to the case
in Fig. 5.11(f)[λ(Θ) 6= 0]. In addition, the expectation value in the symmetric
stretch coordinate on the ground state is higher. As a consequence of the
fast one-step decay and the reduced symmetric stretch vibration, ortho- and
para-fulvene show a higher delocalization along the torsion angle - both in
the ground state and in the excited state.
Figures 5.12(e) shows the rapid decay of the expectation value hcos(2Θ)i1
for ortho- and para-fulvene. Additionally, the decrease of the expectation
value hcos(2Θ)i for the overall molecule is observed. At t = 50 fs, the wave
function is completely delocalized. After the wave packet has spread over the
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whole torsion range, ortho- and para-fulvene show different torsional dynamics in the excited state. Although the expectation values hcos(2Θ)i of both
spin isomers differ up to 0.25 when t = 120 fs [Figure 5.12(f)], the effects do
not lead to a huge difference in the nuclear spin selective population: On one
hand, the nature of the torsional dynamics is unfavourable for a significant
spin isomer separation. On the other hand, the torsional degree of freedom is
not enough populated to effect the spin selectivity of the overall population.
Laser pulses should enhance the spin selectivity. In the following, the effect
of the pulse parameters on the nuclear spin selective dynamics is investigated.

5.5.2

Excitation by a Short Pulse

In the previous section, the nuclear dynamics of ortho- and para-fulvene is
described for an ultrafast laser excitation. In practice, such a pulse covers
a huge band of frequencies due to the energy-time uncertainty relation from
eq. (3.111). It would excite a number of higher lying electronic states as well.
Moreover, for the previous simulations, an excitation of the complete ground
state wave function by the δ-pulses has been assumed.
In the following section, the dynamics of the nuclear wave packets is presented for the interaction with femtosecond laser pulses. The decay dynamics
is simulated for different parameters of the laser pulses. First, a short pulse
with a length of a few femtoseconds interacts with the nuclear spin isomers
of fulvene. Second, the resulting nuclear dynamics of ortho- and para-fulvene
is compared to the case of excitation by longer laser pulses.
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Short and Long UV-Pulses

The interacting laser pulses are assumed to be z-polarized and to obey the
relation
F (t) = F0 cos (ωl t + ρ) · s(t)
(

s(t) =

sin2



πt
tp



for
0 ≤ t ≤ tp
.
elsewhere

0

(5.22)

(5.23)

Here,  is the basis vector in z-direction, F0 the field strength, tp the pulse
duration, ωl the laser frequency and ρ the phase of the pulse, which is set
to zero in first attempt. In Fig. 5.13, the adiabatic populations P1ad of the
excited state after an excitation by a short laser pulse are depicted for both
nuclear spin isomers in thin lines. The ortho-fulvene population curve is
coloured in blue, the one for para-fulvene is depicted in dashed red. The
pulse parameters are ωl,s = 3.22 eV/h̄, tp = 8.2 fs, and F0 = 1.29 · 1010 eV/m
corresponding to a maximal intensity of the laser field of Imax = 4.4 · 1017
W/m2 which is slightly below the Keldysh ionization limit of IKeld ≈ 5 · 1013
W/cm2 [166]. Due to the high freqency of the laser pulse, the condition eq.
(3.166) is fulfilled.
The short pulse excites 38 % of the initial ground state population. For
both ortho-fulvene and para-fulvene, the consequent population decay of the
adiabatic excited state population proceeds in four steps. The time intervals
between the steps are identical to the vibrational period of the symmetric
stretch mode. Within 100 fs, only 15 % of the initially excited wave packet
remains on the excited adiabatic state. No nuclear spin selective dynamics
is observed. These results are in accordance with the wave packet evolution
after δ-pulse excitation as it is described in section 5.5.1.
The wave packet dynamics for the short pulse excitation along the symmetric stretch coordinate Qs can be further visualized in detail by means of
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Figure 5.13: Adiabatic excited state population after excitation by a short laser pulse (thin lines)
and by a longer pulse (broad lines) for ortho- (solid blue lines) and para-fulvene (dashed red lines).
The pulse durations of tp,s = 8.2 fs and tp,l = 72.6 fs are indicated as green and purpur bars. The
frequency of the short pulse is ωl,s = 3.22 eV/h̄; the frequency of the long pulse is ωl,l = 2.80 eV/h̄.
The field strengths is F0 = 1.3 · 1010 V/m in both cases. See Ref. [193].

the Wigner function of a density. For the visualization, a reduced density
along one single coordinate is calculated by tracing over all remaining coordinates. Subsequently, a Fourier transform of the diagonalized reduced density
on the discrete grid is performed (see section 3.4.2.).
Figure 5.14 shows the Wigner transformation of the reduced density of the
excited state wave function (blue contour lines) and the Wigner transform of
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the reduced density of the ground state wave function (red lines) in the Qs PQs phase space for the short pulse scenario. During the interaction with the
laser field, the excited wave packet is created. The vibration of the excited
wave packet along the Qs coordinate is visualized as a circular motion of the
Wigner function in the Qs -PQs phase space. Analogously to classical pendular
motion, the excited state wave packet transforms its potential energy along
the Qs coordinate into kinetic energy and back, and so on. Within each
circle in the Qs -PQs space, the wave packet reaches the seam of the conical
intersection. In consequence, parts of the wave function decay to the ground
state. This is depicted in Fig. 5.14(d) by small red circles. Over time, only
those parts of the excited wave packet remain on the upper surface that do
not reach the seam of the conical intersection.
Since excitation by a short pulse leads to a very rapid decay of the excited
wave packet, the dynamics after excitation by longer pulses attract further
interest. For this purpose, the excitation of ortho-fulvene and para-fulvene
by a longer pulse of the form in eq. (5.22) with tp = 72.6 fs is simulated. The
parameters of the pulse are chosen such that it excites the same amount of
population to the excited electronic state as the short pulse.
The resulting excited state populations are depicted in Fig. 5.13 in broad
dashed red and broad solid blue lines for para-fulvene and for ortho-fulvene,
respectively. The longer pulse leads to the maximal population in the excited
state after 70 fs, and no stepwise radiationless decay is observed. The wave
packet passes through the seam of the conical intersection more smoothly.
Within 40 fs, 80 % of the excited state population has decreased to the
ground state (see broad lines in Fig. 5.13). In contrast to the dynamics that
is induced by the short pulse, ortho-fulvene and para-fulvene show differences
in the excited state population after t = 150 fs. By variation of the laser pulse
parameters, the rapid transfer of excited state population can be obviously
decayed (see Fig. 5.13). Here, the torsion can be activated to a higher extent
to enhance the nuclear spin selective dynamics.
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Figure 5.14: Contour lines of the Wigner functions of the reduced density for the ground and
excited state wave functions (red and blue lines) of ortho-fulvene in the Qs -PQs phase space for
different times after excitation by a short laser pulse from eq. (5.22) with the parameters h̄ωl,s =
3.32 eV, tp = 8.2 fs, and F0 = 1.29 · 1010 V/m. The excited wave packet moves along large cycles in
the PQs -Qs phase space, which corresponds to a pronounced vibration along the symmetric stretch
coordinate Qs . Within the vibrational period of 48 fs, the excited wave packet reaches the seam of
conical intersection and decays piecewise every cycle.

Control of the Decay

As it has been shown, short pulse excitations in the Franck-Condon region
lead to a rapid decay of the excited wave packet through the planar conical
intersection. The Franck-Condon excitation of the fulvene ground state wave
packet is depicted in Fig. 5.15 as case (a). In the one-dimensional cut of the
ground state and excited state potential energy surface along the symmetric
stretch coordinate Qs , the minimum of the excited state potential is shifted
to stronger symmetric deformations of the cyclopentadienyl ring compared to
the ground state. The vertical transition of the ground state wave function to
the excited state creates an excited wave packet that gains enough momentum
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along Qs to reach the conical intersection. A part of the wave function does
not decay to the ground state. It swings back and repeatedly crosses the seam
of the conical intersection several times due to the fast vibrational period of
the symmetric stretch mode.
For spin selective dynamics, it is necessary to activate the torsion. The
high torsional potential barriers in the ground state enable the motion along
Θ only in the excited electronic state. Due to the high reduced moment of
inertia along the torsional coordinate, the torsional period is much longer than
the period of the symmetric stretch vibration. As shown in section 5.5.1 and
Ref. [173], the torsion of the methylene group requires approximately 50 fs.
The rapid decay after excitation by a short pulse is too strong for effective
torsional and nuclear spin selective dynamics. To mitigate the population
loss in the excited state, other ways of excitation are required that damp the
symmetric stretch vibration.
The vertical excitation to the excited state minimum out of the ground
state [case (b) in Fig. 5.15] could lead to an excited wave packet that possesses no momentum in the direction of the conical intersection. It would not
show any radiationless decay. Unfortunately, the amount of vertical population transfer is insignificant for dynamical investigations. By optimizing the
parameters of the laser pulse between the two limiting cases (a) and (b), a
wave packet can be created on the excited state that reveals sufficiently small
momentum along Qs such as to maximally delay the non-radiative decay.
Such an excitation [case (c) in Fig. 5.15] combines the necessary population
transfer and the reduction of the symmetric stretch mode vibration.
As a computational result, the length of the excitation pulse additionally
affects the decay mechanism. In order to reduce the momentum of the excited wave packet towards the conical intersection during its creation, the
excitation frequency ωl and the pulse length tp of the excitation pulse are
systematically varied in order to minimize the maximum expectation value
hQs i1 in eq. (5.18).
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Figure 5.15: Sketch of three laser excitations in the one-dimensional cut through the adiabatic
potentials V0 and V1 along the symmetric stretch coordinate Qs at Qa = 0 and Θ = 0. The initial
wave function can be excited vertically [case (a)], which results in its complete fast decay to the
ground state through the planar conical intersection (circle). With a laser frequency that is resonant
to the vibrational ground state in V1 [case (b)], no decay is observed through the planar conical
intersection, but the yield of population transfer is too low for dynamical studies. An intermediate
frequency is a starting point for a wave packet on the excited electronic state with minimal decay
through the planar conical intersection. See Ref. [193].

Figure 5.16 shows the trajectories of the excited wave function expectation
values hQs (t)i and hPQs (t)i for the excitation of fulvene by the optimized
laser pulse in the Qs -PQs phase space within the first 90 fs [case (c2)]. For
comparison, the trajectories that result for a shorter pulse with the same
frequency and for the short pulse from Fig. 5.13 are depicted as cases (c1)
and (a) in Fig. 5.16. The symmetric stretch vibration can be damped most
efficiently for the pulse parameters tp = 72.6 fs, h̄ω = 2.80 eV, and F0 =
1.29 · 1010 V/m (c2). The start and the end of the pulse are marked with
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Figure 5.16: Expectation values hQs i and hPQs i of the excited wave packet of ortho-fulvene as a
function of time in the Qs -PQs space. The trajectories are plotted for a time interval after t = 0
(black cross) to t = 90 fs (coloured crosses). They correspond to different excitation frequencies ωl
and pulse lenghts tp as depicted in Fig. 5.15. The pulse parameters for case (a) are h̄ωl,s = 3.32
eV, tp = 8.2 fs in eq. (5.22). For (c1) and (c2), the pulse lenghts are tp = 20.0 fs and tp = 72.6
fs with the excitation frequency of h̄ωl,l = 2.80 eV. The field amplitude is F0 = 1.29 · 1010 V/m.
For optimized parameters, the excitation pulse can steer the excited wave packet into a state that
is stationary with respect to the motion along the Qs coordinate. Then, the rapid non-radiative
decay along the Qs coordinate is prevented. See Ref. [193].

crosses at the corresponding (hQs i/hPQs i) points in the phase space. The
starting point (black cross) is indicated by the expectation values for the
initial ground state wave function since the population on the excited state
is numerically below the threshold value.
In contrast to the excitation by a short pulse with parameters h̄ωl,s = 3.32
eV, tp = 8.2 fs, and F0 = 1.29 · 1010 V/m in case (a), no circling of the
122

mean excited wave packets is observed in the Qs -PQs space within the first 90
fs. The laser directly pumps and dumps the population between ground and
first excited electronic state within one single pulse. As a consequence, the
expectation values of Qs and PQs are steered directly to their optimal values
at Qs = 1.46 Å and PQs = 0. The mean wave packet does not reach the
conical intersection at Qs = 1.55 Å. Even after 90 fs, the wave packet reveals
only very small amplitude motions on the first excited state. The effect of
the pulse duration is indicated by the trajectory (c1), which corresponds to
a pulse of the same frequency as in the optimal case (c2), except the pulse
length tp = 20.0 fs. Changing the excitation frequency has a higher impact on
the damping of the symmetric stretch motion than the reduction of the pulse
length. However, the optimal hQs i value is not achievable via variation of
the pulse frequency ω alone. The trajectories (a) and (c1) in Fig. 5.16 show
spirals. The forms of the trajectories indicate the coupling of the symmetric
stretch vibration with other modes like the torsion.
The effect of the optimized laser pulse on the ground state of ortho-fulvene
is also depicted by the Wigner transform of the reduced densities in Fig.
5.17. The laser pulse creates directly an almost stationary excited wave
packet in the Qs -PQs phase space that only decays slowly due to the access
of lower lying crossing points of the seam of the conical intersection along
the torsional coordinate [see Fig. (a)-(f)]. The effect of the optimal pulse
is further investigated with regard to the nuclear spin selective dynamics.
Figures 5.17(g)-(l) show the Wigner functions of the reduced densities in the
Θ-PΘ space of the ground state (red lines) and of the excited state (blue lines).
First the torsional motion of the excited wave packet is locally restricted at
Θ = 0 and Θ = π [see blue lines in Fig. 5.17(g)]. The small rotation of
the Wigner functions in Figs. (j) and (k) in clockwise direction in the Θ-PΘ
space displays the active torsional motion of the excited wave packets along
a larger range of the torsional coordinate.
In Fig. 5.18, the expectation values on the electronic excited state along
the Qs coordinate and the corresponding expectation value hcos(2Θ)i of the
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Figure 5.17: Contour lines of the Wigner functions of the reduced densities for the ground and
excited state wave function (red and blue lines) of ortho-fulvene in the Qs -PQs phase space [(a)-(f)]
and in the Θ-PΘ phase space [(g)-(l)] for different times after excitation by the optimized laser pulse
from eq. (5.22) with the parameters h̄ωl,l = 2.80 eV, tp = 72.6 fs, and F0 = 1.29 · 1010 V/m. The
excited wave packet is created in the region of the minimum of the Qs -PQs space [panel (d)]. The
mean part of the wave packet does not reach the seam of conical intersections, but with ongoing
broadening of the wave packet along the asymmetric stretch coordinate Qa , the outer parts of the
excited wave packet reach the region of lower lying twisted conical intersections. As a result, more
and more population decays [panels (e) and (f)]. The rotation of the Wigner function on the excited
state in the Θ-PΘ space (blue lines) also indicates the enhanced torsional motion [panel(j)-(l)].

torsional coordinate are compared for the optimal laser pulse and for the
short pulse from Fig. 5.13. In Fig. 5.18(a), the oscillations along the symmetric stretch coordinate Qs during the short pulse excitation of case (a)
from Fig. 5.16 are depicted for ortho- and para-fulvene (thin blue and red
lines). The expectation value hQs i1 does not show nuclear spin selectivity
even for excitation by the optimal pulse [broad lines in Fig. 5.18(a)].
For the corresponding hcos(2Θ)i values in Fig. 5.18(b), the lines for orthofulvene and para-fulvene split for the optimal pulse excitation after 150 fs.
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Figure 5.18: Expectation values hQs i1 (a) and hcos 2Θi1 (b) in the excited electronic state for
ortho-fulvene (solid blue lines) and para-fulvene (dashed red lines). The thin lines represent the
excitation by a short pulse with tp,s = 8.2 fs, the broad lines for a long pulse with tp,l = 72.6 fs,
respectively. The pulse parameters are the same as in Fig. 5.13. See Ref. [193].

In the excited state, the dynamics after short pulse excitation shows only
a small amplitude of torsional motion with a minimal expectation value of
hcos(2Θ)i = 0.5, similarly to the ultrafast δ-pulse excitation in Fig. 5.11(d).
For the optimized pulse, the delocalization starts rather slow. This fact indicates the absence of fast decay along the symmetric stretch coordinate.
The expectation value along the torsional coordinate decays to hcos(2Θ)i =
0.2. After 150 fs, differences between ortho- and para-fulvene can be observed. The difference between the values increases up to hcos(2Θ)i1 (ortho)
−hcos(2Θ)i1 (para) ≈ 0.3.
The spin selective differences in the torsional expectation values do not
coincidence with a sharp isomer selective excited state population. At t ≈ 150
fs and t ≈ 250 fs, the expectation values hcos(2Θ)i1 are equal for orthoand para-fulvene after excitation by the long laser pulse as shown in Fig.
5.13, whereas the absolute populations in Fig. 5.18(b) for both spin isomers
differ considerably. In contrast, at t ≈ 210 fs the populations of ortho- and
para-fulvene in the excited states are equal, but the difference between the
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expectation values hcos(2Θ)i1 (ortho)−hcos(2Θ)i1 (para) is rather noticable.
As indicated in Fig. 5.13, the decay through the planar conical intersection
can be prevented. However, the seam of conical intersection stretches over
all the torsion angles. For increasing torsion angles, the conical intersections
become more accessible and the wave packet starts decaying through the seam
as soon as it moves along the torsional coordinate. As a result, a slower decay
is observed than for the case of the excitation by the short pulse. Thus, the
resulting difference (broad red and blue lines in Fig. 5.13) in the populations
of the isomers turns out to be quite small in spite of the different torsional
dynamics.

5.6

Nuclear Dynamics Induced by Two Laser Pulses

The difference in the excited state population of ortho-fulvene and of parafulvene may be enhanced via a second time-delayed laser pulse
F (t) = F1 (t, ρ1 ) + F2 (t − td , ρ02 ).

(5.24)

For the phases of both pulses, the parameters ρ1 and ρ02 are chosen to be zero.
The population difference between ortho- and para-fulvene in the excited
state is defined as
∆P (1) = P1ad (para) − P1ad (ortho).

(5.25)

Figure 5.19 shows the effect of the laser pulses on the population difference
∆P (1) for an evolution time of 300 fs. The pink line shows ∆P (1) for the
excitation by a single pulse that damps the symmetric vibration on the excited
state most effectively [see case (c2) in Fig. 5.16]. At t = 185.6 fs, the excited
state population of ortho-fulvene is about 0.03 higher than the population
of para-fulvene. At t = 256 fs, the population of para-fulvene exceeds the
population of ortho-fulvene by 0.04. The broad lines in Fig. 5.13 indicate the
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Figure 5.19: Differences ∆P (1) in the adiabatic populations between para-fulvene and orthofulvene in the first excited electronic state for an excitation by one and two laser pulses of the
form eq. (3.164). The pink curve shows the temporal differences between the isomer populations
for single-pulse excitation with optimized pulse parameters h̄ωl,l = 2.80 eV and tp = 72.6 fs. The
brown curve indicates the population difference between the nuclear spin isomers for the optimal
time-delay td = 36.3 fs between two of those pulses. For the violet curve, the parameters of the two
pulses are h̄ωl = 2.91 eV, td = 108.9 fs, and tp = 62.9 fs, which are optimized for maximal ∆P (1) .
See Ref. [193].

absolute population values for this case. It turns out that the small absolute
number of 0.04 population difference corresponds to the situation of nearly
twice as much para-fulvene than of ortho-fulvene in the excited state.
The brown curve in Fig. 5.19 shows the population difference ∆P (1) for
two of those pulses with a time-delay of td = 36.3 fs. The delay time has been
optimized to lead to maximum |∆P (1) | for the given pulse parameters. Here,
the extrema of the curve are more pronounced. The minimum is shifted to a
value of -0.06 at t = 192.3 fs. The maximum of the function is 0.08 at t =
267.4 fs. The violet curve in Fig. 5.19 corresponds to two equal laser pulses
whose parameters are optimized so that the excitation leads to maximum
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values of ∆P (1) . The resulting parameters of the pulses are h̄ω = 2.91 eV
and tp = 62.9 fs. The ∆P (1) values slightly oscillate around the average value
of ∆P (1) = 0 until the second pulse is applied. The curve suddenly changes
from a local maximum of exceeding para-fulvene population at t = 192 fs to
a minimum of -0.07 at t = 232 fs. It increases again to a new maximum of
0.12 after 292 fs.
Figure 5.20 shows the difference ∆P (1) in dependence on the time-delay
between the two subsequent pulses. In Fig. 5.20(a), the result for the two
pulses with parameters h̄ωl,l = 2.80 eV and tp = 72.6 fs [case(c2)] is shown.
The data points are indicated by brown dots which are connected with brown
lines. The strong oscillations of the data points are based on the change of the
phase between the two laser pulses. The envelope is indicated by the broad
black line, with rectangles marking the data points on this line. Maximum
population difference is observed in Fig. 5.20(a) for short delay times. The
second laser pulse with a short delay time acts on the non-radiative decay
process. The maximum effect is observed for a delay time of td = 36.3 fs (see
brown curve in Fig. 5.19). For larger delay times, the effect of the second
laser pulse on the population difference ∆P (1) is smaller. Here, ortho- and
para-fulvene already show different dynamics.
Figure 5.20(b) shows ∆P (1) after excitation with two pulses with the parameters h̄ωl = 2.91 eV and tp = 62.9. The scan for different time-delays between the two pulses shows a maximum of ∆P (1) for a delay time tp = 108.9
fs [see violet curve in Fig. 5.20(b)]. The differences between para- and orthofulvene are introduced by the first pulse. Although the properties of the
first pulse do not correspond to a complete damping of the initial symmetric
stretch vibration, the value of ∆P (1) is even higher than for the pair of pulses
in Fig. 5.20(a). For two-pulse dynamics, total damping of the symmetric
stretch motion is thus not required. The red curve in Fig. 5.20(b) refers
to the time delay of two pulses with a constant phase difference between the
pulses, for comparison. Here, ρ02 = ωl td [see eq. (5.24)]. The black envelope of
the violet curve thus includes all maxima of all pairs of the optimized pulses
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Figure 5.20: Maximum absolute difference |∆P (1) | between the ortho- and para-fulvene excited
state population in dependence of the delay time between the two equal laser pulses of the form
eq. (5.22). Panel (a) shows the data points as brown dots connected by a brown line for the pulse
parameters tp,1 = tp,2 = 72.6 fs and ωl,1 = ωl,2 = 2.80 eV/h̄, which have been optimized for most
effective damping of the symmetric stretch vibration. The field amplitude is F0 = 1.29 · 1010 V/m.
The envelope is marked in black. Panel (b) shows the connected data points for the parameters
tp,1 = tp,2 = 62.8 fs and ωl,1 = ωl,2 = 2.91 eV/h̄, which are optimized to yield the maximum |∆P (1) |
value. For the violet curve, the phase difference between both pulses ∆ρ is varied with the delay
time according to eq. (5.24). For the red curve, ρ02 = ωl td . As a result, both pulses are in phase.
In panel (a), a second pulse with short delay time affects the decay though the conical intersection;
in panel (b), a second pulse with a long delay time interacts on the different torsional dispersal of
the isomer wave functions. See Ref. [193].
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Figure 5.21: Contour plots of the Wigner functions of the reduced density of ortho-fulvene [(a)-(f)]
and para-fulvene [(g)-(l)] wave packets in the Qs -PQs space for the ground state and the excited
electronic state (red and blue lines) after excitation by a sequence of two equal pulses of the form
(5.22) with the parameters h̄ωl,l = 2.80 eV, tp = 72.6 fs, and F0 = 1.29 · 1010 V/m. The delay time
between both pulses is td = 36.3 fs. For both nuclear spin isomers, the ground state wavepacket is
broadened with time. After 185.6 fs, the excited state population of ortho-fulvene is higher than it
is for para-fulvene. At the time t=232 fs, the excited population of ortho-fulvene is lower than the
one of para-fulvene.

with equal phase difference.
The Wigner transforms of the reduced densities of the nuclear wave functions for the case of the excitation with two delayed pulses from Fig. 5.20(a)
are plotted in Fig. 5.21. The transformed density of ortho-fulvene is shown
in Fig. 5.21(a)-(f) and the one of para-fulvene in Fig. 5.21(g)-(l) on the
ground and on the excited electronic state (red and blue lines). In both
cases, the optimized pulses of the form eq. (5.22) are defined by the parameters h̄ωl,l = 2.80 eV, tp = 72.6 fs, and F0 = 1.29 · 1010 V/m. Due to the
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continuous decay of the excited population, the ground state wave function
is broadened. As for the excitation by a single pulse in Fig. 5.13, the excited state population of ortho-fulvene is higher, compared to the population
of para-fulvene at t = 185.6 fs. After 232 fs, the ratio between both spin
isomers is inverted as depicted in Fig. 5.21(e) and (k).
Figure 5.22 shows the corresponding expectation values hQs i and hcos(2Θ)i
on the excited state [panel (a) and (d)], on the ground state [panel (b) and
(e)], and for the overall molecule [panels (c) and (f)] for ortho-fulvene and
para-fulvene (solid blue and dashed red lines) after excitation by the two
time-delayed laser pulses. The effect of the second pulse is observable in
each panel. In Fig. 5.22(a) the expectation value of Qs on the excited state
does not increase monotonously. In contrast to the case of excitation by a
single pulse in Fig. 5.18(a), an additional oscillation of the hQs i value is
observed in the excited state at t ≈ 70 fs. The expectation value hQs i in
the ground state [Fig. 5.22(b)] is increased for ortho- and para-fulvene by
the second pulse from hQs i0 = 1.36 Å to hQs i0 = 1.39 Å. Due to the spinselective excited state population difference, the overall expectation values
hQs i of ortho-fulvene and para-fulvene in Fig. 5.22(c) split in more extent
than in the ground and in the excited state alone.
The role of the second pulse in the activation of torsional motion can
be pointed out from the expectation values hcos(2Θ)i in Fig. 5.22(d) and
(e). In Fig. 5.22(d), the difference between the expectation values at t =
200 fs is slightly enlarged compared to the case of the single excitation in
Fig. 5.18(b). In the ground state, the value of hcos(2Θ)i is reduced to
0.5. As a computational result, torsional motion of ortho- and para-fulvene
in the ground state is enhanced after excitation by a second laser pulse.
Consequently, the population difference ∆P (1) increases.
A next step on the way to maximize the value ∆P (1) is to allow different pulse lengths and frequencies for both time-delayed laser pulses. In the
further optimization, the initial values for both pulses are the parameters of
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Figure 5.22: Expectation values hQs i and hcos(2Θ)i from eqs. (5.18)-(5.21) for ortho-fulvene (solid
blue line) and para-fulvene (dashed red line) after laser excitation by pulses with the parameters
h̄ωl,l = 2.80 eV, tp = 72.6 fs, td = 36.3 fs, and F0 = 1.29 · 1010 V/m. Panels (a) and (d) show
the expectation values on the excited state. Panels (b) and (e) show the expectation values on
the ground state. The lower panels show the total expectation values for the two-state system.
Although the spin selectivity in the Qs coordinate is small, the two-pulse excitation leads to a
higher delocalization of the wave functions along the torsional coordinate both on the ground state
and on the excited state. In consequence, the spin selective population distribution between both
states is enhanced. See Ref. [193].
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the pulses, which lead to maximum spin-selective population dynamics (see
violet curve in Fig. 5.19). By changing the excitation frequency or the pulse
lengths of the first pulse, the maximum in the ∆P (1) curve at t = 292 fs is
always reduced.
Figure 5.23 shows the effect of the pulse length of the second pulse. The
absolute population in the excited state of ortho-fulvene is depicted in solid
lines and the para-fulvene population in dashed lines, respectively. For the
two optimized pulses (violet line in Fig. 5.19), the resulting differences in
population are also plotted in violet colour. The smaller the lengths of the
second pulse (tp,2 = 58.05 fs, 48.37 fs, and 43.54 fs) are, the more yellowish the
corresponding curves are coloured. The simulations with longer second pulses
of the values tp,2 = 67.73 fs, 72.72 fs, and 87.08 fs are shown in reddish-blue
colours. The absolute populations of ortho- and para-fulvene in the excited
state increase with shorter pulse lengths. The differences ∆P (1) remain maximum for the pulse lengths of tp,2 = 62.9 fs. The maximum value ∆P (1) does
not change significantly within a range of ∆tp,2 ≈ 20 fs. Nevertheless, it decreases both for longer and shorter pulses [see yellow and dark magenta lines
in Fig. 5.23(b)].
Changes in the frequency of the second pulse do not lead to an enhancement of the local maximum splitting ∆P (1) between ortho- and para-fulvene
population. As a result, the maximal splitting of para- and ortho-fulvene population is obtained by the two pulses of equal properties under the constraint
of the form of the pulse in eq. (5.22) for the three-dimensional model.
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Figure 5.23: Influence of the pulse length of the delayed second laser pulse on the difference ∆P (1)
in the excited state population between ortho-fulvene and para-fulvene. Here, both pulses are in
phase. Panel (a) shows the absolute adiabatic exited state population for ortho-fulvene and parafulvene (dashed and solid lines) during an excitation by two laser pulses with a variation of the
pulse length of the second laser pulse. The violet curves corresponds to the parameters h̄ω = 2.91
eV and tp = 62.9 fs. The curves for the shorter pulses with tp,2 = 58.05 fs, 48.37 fs, and 43.54 fs are
coloured in dark-green, light-green, and yellow. The curves for the longer pulses with tp,2 = 67.73
fs, 72.72 fs, and 87.08 fs are coloured in red, light purple, and dark black, respectively. Panel (b)
shows the corresponding differences between the para- and ortho-fulvene populations from (a). The
shorter the second pulse is, the higher the absolute populations of ortho- and para-fulvene in the
excited state are. However, the maximal differences are only obtained for the violet curve, see Fig.
5.19.
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5.7

Conclusion Fulvene

In the present chapter, the laser induced dynamics of the nuclear spin isomers
of fulvene is investigated for two coupled ab initio potentials. Beside the
intramolecular torsion about the exocyclic C=C double bond, the symmetric
and the antisymmetric allylic stretch modes of the cyclopentadienyl ring are
included. A seam of conical intersection is found that stretches from the
planar configuration of fulvene to the one twisted by 90◦ . The couplings
between the two electronic states are calculated from the potential energy
surfaces by the quasi-diabatization method introduced by Köppel [117]. The
dynamics of the three-dimensional nuclear wave packets is simulated in the
diabatic representation and backtransformed to the adiabatic transformation
for interpretation of the results.
The torsional dynamics for the fulvene molecule turn out to be strongly
dependent on the other nuclear deformation coordinates. The potential minima in the electronic ground state and in the first excited electronic state
are shifted along the symmetric stretch coordinate. The resulting inherent
activation of the corresponding vibration by vertical excitation affects significantly the nuclear dynamics. The nuclear wave packet is driven along the
symmetric stretch coordinate towards the planar conical intersection. The
result is a stepwise radiationless decay, which starts at t = 12 fs after the
excitation. Thereby, the torsional dynamics is hindered. As a consequence,
the dynamics after excitation by a short pulse (tp = 8.2 fs) is not selective
with regard to the nuclear spin.
One aim of the study is the optimization of the laser pulse to enhance
molecular torsion and to induce nuclear spin selectivity. Longer pulses with
smaller carrier frequencies are able to damp the symmetric stretch vibration
and to excite the torsion. When the torsion is activated, the decay proceeds
through the twisted conical intersection. The time for the decay is approximately 50 fs. It corresponds to the torsion of the methylene group about
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90◦ . The activation of torsion is the condition for nuclear spin selective dynamics of ortho-fulvene and para-fulvene. Different torsional dynamics for
ortho- and para-fulvene lead to different populations in the excited electronic
state. However, the difference is not as pronounced as it was shown in earlier
studies with one- and two-dimensional model potentials, which neglect the
symmetric stretch coordinate Qs .
Moreover, it is investigated whether a sequence of two pulses can enhance
the nuclear spin selectivity. Since the torsion can only be activated in the excited state, excitation by a second ultra-violet pulse can enhance the excited
state either before or after the radiationless decay is finished. In the scenario
of a long delay time, the second pulse re-excites activated ground state population, which leads to optimal difference of 0.12 between the excited state
populations of para- and ortho-fulvene in the simulations.
Fully quantum dynamical simulations can only be performed for a limited number of degrees of freedom. The present simulations demonstrate the
importance of the choice of the nuclear coordinates. The model can be extended to additional degrees of freedom, e.g. the stretch coordinate of the
C=C bond. The coupling with the environment affects as well the nuclear
dynamics of fulvene. Further impovements can be made using complex laser
pulses as generated via optimal control schemes [87, 195] or experimental
closed-loop apparatus [196].
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Chapter 6
Control of the Radiationless Decay in
Electric Fields of the
Pyridinylidene-Phenoxide
The nuclear dynamics via a conical intersection can be controlled via static
or dynamic electric fields [197, 198]. The non-resonant Stark effect [10, 11,
199] is an example. Here, a quasi-static shift between the electronic states
is produced during laser irradiation. So far, the non-resonant dynamical
Stark control has been shown to enable the control of the branching ratio
of products in a photodissoziation reaction of diatomic molecules [10, 11].
The change in the shape of the potentials of molecules in strong laser fields
can be used to control the population transfer via a conical intersection [12].
Environmental effects that affect the location of the conical intersection arise
in polar solvents [200]. It has been shown that a degeneracy can be lifted in
strong polar solvents [201].
Designing molecules with specific properties like large dipole moments or
polarizabilities, e.g. by chosing appropriate functional groups, is an alternative way to manipulate the localization of the conical intersection [202, 203].
The effect depends on the chemical properties of the chosen model system.
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Large delocalized π-electron systems which are combined with auxochromic
and antiauxochromic groups absorb not only in the visible, but also in the
ultra-violet spectrum of light [204]. These molecules constitute appropriate
model systems for the control of the nuclear torsion about the double bond
by ultra-violet laser pulses.
In the following studies, the intramolecular torsion of the molecule 4(oxocyclohexadienylidene)-1,4-dihydropyridine (pyridinylidene-phenoxide) is
investigated. The molecule is shown in Figure 6.1. In the quantum dynamical simulations, the effect of the electric fields on the radiationless decay is
investigated.

6.1

Properties

The short name of the compound is pyridinylidene-phenoxide, which refers
to the chemical structures on both sides of the central C=C double bond.
The imino group releases an electron pair, and the carbonyl group withdraws
it. Due to the auxochromic effect of these groups, a zwitterionic mesomeric
structure of the chinone is stabilized. Many substituted pyridinio-phenolates,
like the well known solvatochromic ’Reichardt’s dye’ (2,6-diphenyl-4-[2,4,6triphenylpyridinium-1-yl]phenolate) [205], are betaines. Their bipolar nature
enables various optochemical and chemosensitive applications [206, 207, 208].
A related dye that also changes the colour due to a change in solvent polarity is ’Brooker’s merocyanine’ (1-methyl-4-[(4-oxocyclohexadienylidene)ethylidene]-1,4-dihydropyridine)[209]. Here, the dihydropyridine and the phenoxide are connected via an ethylene bridge.
The molecular symmetry group of pyridinyliden-phenoxide is D2h (M ) since
it can be represented in the same manner as fulvene in Fig. 5.8 in terms of
the groups 1, 2, 3, and 4 during the torsion (see section 5.4.2). The molecular
symmetry group D2h (M ) includes the eight elements E, (12), (34), (12)(34),
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Figure 6.1:

Torsion of the C=C double bond in 4-(4-oxo-2,5-cyclohexadienylidene)-1,4dihydropyridine. The torsion angle Θ (indicated by an arrow) is the dihedral angle between both
planar six-membered rings. The carbon atoms are marked in yellow; the hydrogen atoms are
coloured in blue. The heterocyclic ring contains nitrogen (pink); the homocyclic ring carries an
oxygen atom (red).

E ∗ , (12)∗ , (34)∗ , and (12)∗ (34)∗ . Rules for the molecular symmetry of the
non-adiabatic couplings can simplify quantum chemical calculations [116].
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Localization of the Conical Intersection

As it is common in double bounded C=C systems, a torsion about the double
bond leads to a conical intersection. Figure 6.2 shows the Longuet-Higgins
loop from the pseudo-Z isomer to the pseudo-E isomer of the molecule along
the torsion. It also depicts the resulting breaking of the C=C bond. The
Longuet-Higgins loop contains a biradical transition state (A2 in C2v geometry) and a charge-translocated zwitterionic transition state (A1 in C2v geometry). If such a two-legged reaction cycle along two transition states can be
created, one single conical intersection has to be located inside the loop [96].
For the pyridinylidene-phenoxide, the conical intersection is located straight
between the A2 biradical twisted geometry and the zwitterionic twisted configuration of A1 geometry in C2v . It can be found by variation of the difference
~ dif f = Q
~ (biradicalT S) − Q
~ (zwitterionicT S) , where
coordinate, which is defined by Q
T S is the abbreviation of ’transition state’. Depending on the basis set and
on the chosen active-space orbitals, the crossing point can also be located
outside the loop, i.e. for the double-zeta Dunning-Hall (double-zeta valence)
basis. The optimized energies of the conical intersection depend on the basis set and on the chosen active space orbitals. It is shown in detail in the
following.
The potential energies of the pyridinylidene-phenoxide molecule are calculated on the complete active space self-consistent field (CASSCF) level.
Fourteen electrons occupy eleven active space orbitals, i.e. CAS(14,11). The
orbitals are shown in Fig. 6.3. The highest molecular orbital (HOMO) is of π
character, the lowest unoccupied molecular orbital (LUMO) is of π ∗ character. The active space includes a high lying non-bonding Rydberg state. The
set of the orbitals corresponds to an appropriate description of the twisted
geometry at the conical intersection.
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biradical transition state
b = -551.31561 Hartree
z = -551.30890 Hartree

equilibrium state

z = -551.38183 Hartree
b = -551.24315 Hartree

zwitterionic transition state
z = -551.31535 Hartree
b = -551.31165 Hartree

conical intersection
= -551.31446 Hartree
b-z = 1x10-9 Hartree
= 4x10-8 eV

Figure 6.2: Longuet-Higgins loop along the biradical and the zwitterionic transition state of the
pyridinylidene-phenoxide. The electronic wave function changes its sign when traversing along the
loop. The determination of the biradical and the zwitterionic transition state along such a loop
indicates the existence of a conical intersection inside the loop. Since the energies of the zwitterionic
(z) and the biradical (b) configuration change in order between the transition states, the conical
intersection is located along the difference coordinate, where both energies are equal. The energies
are calculated on state-average complete active space self-consistent field level (SA-CASSCF) with
a complete active space of 11 molecular orbitals for 14 electrons in an aug-cc-pVDZ basis.
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Core MO38

CAS MO39

CAS MO44

CAS MO45

HOMO
CAS MO40

CAS MO41

CAS MO46

CAS MO47

LUMO
CAS MO42

CAS MO43

CAS MO48

CAS MO49

Figure 6.3: Set of the complete active space molecular orbitals (MO 39 - MO 49) and the highest
core orbital (MO 38) of the pyridinylidene-phenoxide. Fourteen electrons are distributed between
the active space orbitals, including single, double and triple excitations of the corresponding reference determinant. The energies are calculated on the multireference configuration interaction level
that includes the higher excited configuration state functions.
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The biradical and the zwitterionic electronic configurations are energetically very close to each other at twisted geometry. State-averaged calculations
offer a more precise description of the location of the conical intersection. The
optimized energies of the zwitterionic and the biradical transition state of
pyridinylidene-phenoxide are calculated via the quantum chemistry program
packages Gaussian [210], Gamess [186] and Molpro [129].
For the single point optimization, the energies vary depending on the basis set as well as on the symmetry chosen for the calculations. Calculations
with increasing active spaces indicate that the relative differences in the energies between the transition states, the conical intersection and the ground
state remain approximately equal. In contrast, the variation of the weighting
numbers in the state average calculations changes the relative energies significantly. In three-state average calculations, the third and the fourth state of A
symmetry in C2 change their order during the torsion. In the twisted conformation, the third highest electronic state refers mainly to a single excitation
of an electron from the orbital MO 44 in Fig. 6.3. For planar conformation
of the molecule, the third electronic A state refers to an excitation from the
highest molecular orbital to the orbital MO 47. Along the torsional coordinate, the third state of A symmetry is located energetically far away from
the first two ones. Thus, a two-state model of the molecule is chosen for the
simulations of the non-adiabatic decay.
Table 6.1 shows the energies of the optimized biradical transition state,
the optimized zwitterionic transition state, and the lowest lying conical intersection for different levels of calculation. The results are presented for a
double-zeta valence (DZV) basis and for an augmented correlation-consistent
polarized valence double-zeta basis (aug-cc-pVDZ). For the double-zeta valence basis, the conical intersection energies can be optimized by changing
all Cartesian coordinates of the molecule separately. For a higher basis, such
optimization is too time-consuming. Here, the lowest conical intersection
energy is obtained along the reaction path from the optimized geometry of
the biradical transition state to the geometry of the optimized zwitterionic
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state at Θ = 90◦ . The conical intersection in the aug-cc-pVDZ basis in C2 is
optimized to an energy of -551.314459637 Hartree in a two-state average calculation. In the case of non-state averaging, no conical intersection is found
along the reaction path. In the double-zeta valence basis, the conical intersection from the two-state average calculation is located outside of the loop
in Fig. 6.2.
Table 6.1: Energies of the optimized biradical and zwitterionic transition state and of the conical
intersection for several methods

basis/method
DZV1 , C2v

1

E(biradical) E(zwitterion)
E(CI)
in Hartree
in Hartree
in Hartree
-550.9604
-550,9535
-550.9393

DZV, C2 1

-550.9440

-550,9493

-550.9274

DZV, 2SA, C2v 1

-550.9276

-550.9330

-550.9186

aug-cc-pVDZ, MRCI, C2v 2

-551.3260

-551.3233

-

aug-cc-pVDZ, MRCI, 2SA,C2v 2

-551.3002

-551.3011

-551.2993

aug-cc-pVDZ, MRCI 2SA, C2 2

-551.3156

-551.3154

-551.3145

GAMESS [186]

2

Molpro [129]

Here: CI = conical intersection, SA= state-average

Since the energy gap between the optimized biradical transition state and
the zwitterionic transition is very small in most calculations, the character of
the conical intersection may also differ with the symmetry which is considered
in the calculations. In the aug-cc-pVDZ basis, the conical intersection from
the optimization within C2v symmetry is located very close to the biradical
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transition state. In contrast, the conical intersection from the optimization
in C2 symmetry offers a zwitterionic character.
In the following nuclear simulations, the state-of-the-art multireference
configuration interaction method in two-state averaging is used within C2
symmetry (last row in Table 6.1) in order to determine the potential energies and the non-adiabatic coupling elements of the pyridinylidene-phenoxide.
The aug-cc-pVDZ basis set is a standard set for large polyatomic molecules.
The choice of the symmetry is based on the symmetry which is retained
during the torsion of the molecule about the C=C bond, i.e. C2 .

6.2

Potentials and Non-Adiabatic Coupling Elements

To simulate the dynamics of the E-Z isomerization, a model with few nuclear
degrees of freedom is used. The most important coordinate is the torsion
angle which describes the twisting between the two rings. Additionally the
length of the C=C bond between the rings and also the bond lengths inside the rings change between the equilibrium structure [Fig. 6.4(a)] and the
conical intersection. In order to obtain a simple model kinetic energy operator, a collective Z-mode is introduced. Starting from the planarized conical
intersection configuration, only the Z-coordinates of the molecules are optimized. Figure 6.4(b) shows the geometry of the equilibrium configuration of
the model E isomer and the bond lengths. The nuclear coordinates of this
~ m,eq . The energy of the model equilibrium
configuration are denoted by Q
structure is 0.001 eV higher than the real equilibrium configuration.
~ c are defined as
The collective Z-coordinates Z
~c = Z
~ CI + a(Z
~ m,eq − Z
~ CI ),
Z

(6.1)

~ CI are the Z-compounds of the nuclear Cartesian coordinates of
where Z
~ m,eq denotes the Z-compounds of
the conical intersection geometry, and Z
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Figure 6.4: Optimized ground state geometry (a) of pyridinylidene-phenoxide in a two stateaverage multireference configuration interaction calculation for a complete active space (14,11) in
aug-cc-pVDZ basis with bond distances given in Ångström. To describe the reaction along the
coordinate from the ground state to the conical intersection, a model equilibrium geometry (b) is
used for the simulations.

the nuclear coordinates of the model equilibrium structure. The parameter
a is the weighting number, i.e. a = 0 and Θ = π/2 describe the conical
intersection geometry. The model equilibrium structure is described by a = 1
and Θ = 0.
(1)

The non-adiabatic coupling terms T01 = TΘ [see eq. (3.18)] are determined
with the Molpro program package [129]. The required derivatives of the
electronic wave functions with respect to the torsional coordinate are obtained
via finite differences ∆Θ of the torsional coordinate:
TΘ = hψ0 (Θ)|
≈

∂
ψ1 (Θ)i
∂Θ

1
[hψ0 (Θ)|ψ1 (Θ + ∆Θ)i − hψ0 (Θ)|ψ1 (Θ − ∆Θ)i] .
2∆Θ

(6.2)

In Fig. 6.5, the potentials [panel (a)] and the non-adiabatic couplings
[panel (b)] as a function of the torsion angle are shown for two different
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~ m,eq and the conical
geometries between the model equilibrium configuration Q
~ CI . The red lines in Fig. 6.5 refer to a molecular
intersection configuration Q
geometry with a = 0.01; the blue lines indicate the corresponding values for
a = 0.05. Since the geometry for a = 0.01 is closer to the conical intersection,
its potential gap between the ground state potential and the excited state
potential at Θ = π/2 is smaller than for a = 0.05. Simultaneously, the
corresponding non-adiabatic coupling terms TΘ along the torsion angle are
higher than the coupling terms for a = 0.05 [see Fig. 6.5(b)].

6.3

6.3.1

Control of the Non-Radiative Decay by Electric
Fields
Non-Radiative Decay

The nuclear dynamics are simulated with the second-order difference technique using the program package ’wavepacket’ [146] with up to 4096 grid
points along the torsional coordinate and with time steps of ∆t = 0.005 fs.
The kinetic energy is given by
h̄2 d2
.
T̂N = −
2IΘ dΘ2

(6.3)

The reduced moment of inertia between the conrotating pyridine and the
phenoxide is IΘ = 44.23 Å20 mH . The initial wave function is


χ
~ (t = 0) = 

|χ1 (t = 0)i
|χ0 (t = 0)i


,

(6.4)

where |χ1 (t = 0)i=0 and |χ0 (t = 0)i is assumed to be the lowest eigenfunction
localized in the left minimum of the ground state torsional potential. The
initial wave function thus represents an average of equally weighted symmetric and antisymmetric torsional eigenfunctions. The wave packet evolution is
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simulated in diabatic representation. The adiabatic-to-diabatic transformation angle θ(Θ) is calculated by integration over the non-adiabatic coupling
elements TΘ
θ(Θ) = −

ZΘ

TΘ0 (Θ0 )dΘ0

(6.5)

Θ0

with Θ0 = 0.
In the following simulations, a δ-pulse excitation is assumed. Figure 6.5(c)
shows the population of the adiabatic ground state after δ-pulse excitation
for the potentials and non-adiabatic coupling terms shown in Figs. 6.5(a)
and (b). The evolution of the nuclear wave packets along the torsional coordinate is strongly affected by the conical intersection. If the cut through the
potential energy surface is closer to the conical intersection, the non-radiative
decay is stronger. Approximately 56 % of the excited state population decays
from the S1 state to the S0 state for the configuration with a = 0.05 (blue
line). In contrast, a population transfer of 77 % is observed for the configuration with a = 0.01, which is located closer to the conical intersection. In
both cases, the decay starts after 180 fs. Here, the time duration till decay is
larger than for molecules with smaller reduced momenta of inertia, like the
methaniminium cation or fulvene.

6.3.2

Radiationless Decay in Presence of Electric Fields

To manipulate the non-radiative decay, the effect of an electric field on the
nuclear dynamics is investigated. The total Hamiltonian in a z-polarized
electric field


Ĥ = ĤNad − Fz 

µ11 (Θ) µ10 (Θ)
µ01 (Θ) µ00 (Θ)




(6.6)

is used, according to eq. (3.163). Since no transitions are excited by the laser
pulses, the transition dipole moments are neglected, i.e. µ01 (Θ) = µ01 (Θ) ≈
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Figure 6.5:
(a) Torsional potentials of the ground state and the excited state of pyridinylidene-phenoxide for
two geometries between the model equilibrium geometry and the conical intersection. The red line
refers to a geometry that is close to the conical intersection with a = 0.01 in eq. (6.1). The blue
curve corresponds to a configuration with a = 0.05.
(b) The corresponding non-adiabatic coupling terms TΘ .
(c) The corresponding non-adiabatic decay of the pyridinylidene-phenoxide via the torsion about
the C=C bond for the two configurations after δ-pulse excitation of the nuclear wave function in
the left minimum of the electronic ground state to the first excited state. If the cut through the
potential energy surface is closer to the conical intersection, the non-radiative decay is stronger.
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0. The configuration with a = 0.05 (see blue curves in Figs. 6.5) is the
starting point for the simulations of the non-radiative decay in a constant
electric field.
Figure 6.6(a) shows the potentials in static electric fields of different field
strengths. The field-free case is depicted in blue lines. For the small field
strength, F = 0.0005 Eh /ea0 = 2.6 · 108 V/m, the gap between V0 and V1 at
Θ = ±π/2 decreases from ∆E = 0.11 eV to ∆E = 0.08 eV (red lines). For
larger field strengths, F = 0.002 Eh /ea0 = 1.0 · 109 V/m (black lines) and F
= 0.005 Eh /ea0 = 2.6 · 109 V/m (green lines), the gap becomes larger again.
The non-adiabatic coupling elements TΘ in the static electric field are
determined after adding the finite dipole field to the one-electron Hamiltonian
and the core energy of the pyridinylidene-phenoxide. Consequently, the nonadiabatic coupling terms in Fig. 6.6(b) increase slightly for F = 0.0005 Eh /ea0
(red line) and decrease in intense static fields (black and green lines). This
effect can be understood by assuming that the conical intersection is shifted
by the electric field. So the point of degeneracy has moved closer to the
configuration with a = 0.05 for F = 0.0005 Eh /ea0 , and it is shifted further
away from this configuration for larger field strengths.
Figure 6.6(c) shows the adiabatic population of the ground state for the
four cases which are considered in detail. The blue curve shows the field free
case. An increase of the ground state population at t ≈ 200 fs from 0.56 to
0.8 is observed for F = 0.0005 Eh /ea0 (red line). For stronger electric fields
(black and green lines), a strong reduction of the non-radiative decay occurs.
Here, no significant transfer of excited state population to the ground state
is observed. The dynamics correspond to the changes of the gap between
the two adiabatic potentials and to the associated variations of the nonadiabatic coupling terms. Thus, the non-radiative decay during the torsion
of the pyridinylidene-phenoxide can be effectively controlled by electric fields,
i.e. either enhanced or nearly completely prevented.
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Figure 6.6: Influence of electric fields on the non-radiative decay of pyridinylidene-phenoxide.
(a) Torsional ground state and excited state potentials for the field strength F = 0 (blue lines),
0.0005 Eh /ea0 = 2.6 ·108 V/m (red lines), 0.002 Eh /ea0 (black lines), and F = 0.005 Eh /ea0 (green
lines) along the molecular axis.
(b) Non-adiabatic coupling terms TΘ in the different static fields.
(c) Excited state population after δ-pulse excitation for the different field strengths.
For F = 0.0005 Eh /ea0 (red line), the potential gap at Θ = ±π/2 is reduced, the non-adiabatic
coupling terms increase, and the decay is enhanced. With stronger field strengths (black and green
lines), the gap at Θ = ±π/2 is widened, the couplings decrease, and the decay is prevented.
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6.4

Verification of the Quantization Rule

In the following section, a numerical proof of the quantization condition of
the non-adiabatic couplings [102] is demonstrated. The quantization rule
I

(1) ~
~ = π,
T01 (Q)d
Q

(6.7)

states that the integral of the non-adiabatic coupling elements along a closed
contour around the conical intersection is π if the circle is small enough. If
no conical intersection is located within the loop, the integral in eq. (6.7) is
zero.
For the pyridinylidene-phenoxide two paths around the point of degeneracy
are chosen to validate the quantization condition and the accuracy of the
values of the non-adiabatic coupling terms which are used in the simulations.
During a torsion about 2π, the conical intersection is surrounded twice and
the integral in eq. (6.7) yields zero. Thus, a second coordinate is needed to
enclose a single conical intersection. The following calculations are carried
out for the fieldless case, i.e. F = 0. Here, the change of the C=C bond
length l = lCI + 2∆z 0 serves as second coordinate, where ∆z 0 denotes the
absolute displacement in Z-direction of all nuclei from the conical intersection
~ CI . A possible path (path 1) around the point of degeneracy is
geometry Q
indicated with dashed lines in Fig. 6.7: At the starting point, the C=C bond
is shortened with respect to the conical intersection configuration, i.e. ∆z 0 =
-0.05 Å and the torsion angle is Θ = 89◦ . First, the C=C bond is lengthened
at constant torsion angle Θ = 89◦ to ∆z 0 = 0.05 Å. Then, the molecule is
contorted along Θ to Θ = 91◦ with fixed bond lengths. In a third step, the
C=C bond is shortened at constant torsion angle Θ = 91◦ to ∆z 0 = -0.05 Å.
In the last part of the loop, the torsion angle of the molecule is changed to
the starting value Θ = 89◦
A second path (path 2) around the conical intersection is indicated with
solid arrows in Fig. 6.7. Here, the change of the ∆z 0 coordinate is ten times
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Figure 6.7:

91

92

Pathways around the conical intersection. To confirm the location of the conical
intersection (brown cross) at the torsion angle Θ = 90◦ and the central C=C bond length lCI (i.e.
∆z 0 = 0), the non-adiabatic coupling elements are calculated along two pathways. Path 1 starts at
a geometry with a torsion angle Θ = 89◦ and a change of the central C=C bond length from the
conical intersection geometry of 2∆z 0 = -0.1 Å. Here, ∆z 0 indicates the shift of the Z-coordinates
of the individual atoms in the molecule. For fixed torsion angle, the value is increased to ∆z 0 =
0.05 Å (dashed red arrow from A’ to B’). Then, ∆z 0 is fixed and the molecule is forced to twist
from the torsion angle of Θ = 89◦ to a torsion angle of Θ = 91◦ (dashed pink arrow from B’ to C’).
The C=C bond is shortened to ∆z 0 = -0.05 Å at Θ = 91◦ (dashed brown arrow from C’ to D’),
and the loop is closed via torsion from Θ = 91◦ to Θ = 89◦ at fixed ∆z 0 . Path 2 along the points
A, B, C and D is indicated by solid arrows. Here, ∆z 0 changes between -0.005 Å and -0.005 Å.
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smaller than for path 1; the corresponding loop is thus closer to the conical
intersection.
To validate the quantization rule eq. (6.7), the non-adiabatic coupling
elements along both paths have been determined. Figure 6.8(a) shows the ab
initio data of the non-adiabatic couplings T∆z 0 (Θ = 89◦ , ∆z 0 ) between ∆z 0 =
−0.05 Å and ∆z 0 = 0.05 Å with red stars, the data between ∆z 0 = −0.005
Å and ∆z 0 = 0.005 Å with blue stars. The couplings T∆z 0 (Θ = 91◦ , ∆z 0 )
between ∆z 0 = -0.05 Å and ∆z 0 = 0.05 Å are coloured in brown, the ones
between ∆z 0 = -0.005 Å and ∆z 0 = 0.005 Å are shown by cyan stars. The
values T∆z 0 (89◦ ,0.01Å) and T∆z 0 (91◦ ,0.01Å) are marked by red and brown
circles, respectively. Figure 6.8(b) shows the non-adiabatic coupling elements
TΘ (Θ, ∆z 0 ) for ∆z 0 = 0.005 Å between Θ = 89◦ and Θ = 90◦ with light
green rectangles and for ∆z 0 = -0.005 Å with dark green crosses. The pink
rectangles in Fig. 6.8(b) refer to ∆z 0 = 0.05 Å, and the magenta crosses
mark the coupling elements TΘ (Θ, ∆z 0 ) for ∆z 0 = -0.05 Å. The non-adiabatic
couplings T∆z 0 (89.9◦ ,0.005Å) and T∆z 0 (89.9◦ ,-0.005Å) are marked by light and
dark green circles, respectively. For the small values of ∆z 0 (green rectangles
and curves), the couplings TΘ (Θ, ∆z 0 ) increase between Θ = 89.7◦ and Θ =
90◦ .
For the numerical calculation of the integral in eq. (6.7) for path 1 (dashed
lines in Fig. 6.7), four integrals of the non-adiabatic couplings from Fig.
6.8(a) and (b) have to be considered:
I

=

(1) ~
~
T01 (Q)d
Q

+0.05
Z Å

T∆z 0 (Θ = 89◦ , ∆z 0 )d(∆z 0 )

−0.05Å
◦
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Z
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+
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Figure 6.8:
(a) Non-adiabatic couplings T∆z 0 (Θ, ∆z 0 ) for Θ = 89◦ (red and blue stars) and for Θ = 91◦ (brown
and cyan stars) along ∆z 0 in Å. The coordinate ∆z 0 is connected to the central C=C bond length
l = lCI + 2∆z 0 , where lCI denotes the bond length at the conical intersection geometry. The
data between ∆z 0 = −0.05 Å and ∆z 0 = 0.05 Å are indicated by red stars. The values between
∆z 0 = −0.005 Å and ∆z 0 = 0.005 Å are coloured in blue. The couplings T∆z 0 (89◦ ,0.01Å) and
T∆z 0 (91◦ ,0.01Å) are marked by red and brown circles, respectively.
(b) Non-adiabatic coupling elements TΘ (Θ, ∆z 0 ) for different values ∆z 0 . The light green rectangles
correspond to the non-adiabatic couplings for ∆z 0 = 0.005 Å, the dark green crosses indicate the
couplings for ∆z 0 = -0.005 Å. The values T∆z 0 (89.9◦ ,0.005Å) and T∆z 0 (89.9◦ ,-0.005Å) are shown by
light and dark green circles, respectively. The pink rectangles show the couplings for ∆z 0 = 0.05
Å; and the magenta crosses indicate the couplings for ∆z 0 = -0.05 Å.
The smaller the closed loop around the conical intersection is, the larger the non-adiabatic coupling
elements are. According to the quantization rule eq. (6.7), the integral of the non-adiabatic
couplings along a closed path is π if a conical intersection is encircled.
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+

+

−0.05
Z Å

T∆z 0 (Θ = 91◦ , ∆z 0 )d(∆z 0 )

+0.05Å
◦
89
Z

TΘ (Θ, ∆z = −0.05 Å)dΘ.

(6.8)

91◦

Figure 6.9(a) shows the non-adiabatic couplings T∆z 0 (Θ, ∆z 0 ) for fixed
∆z 0 = 0.01 Å. The non-adiabatic couplings are antisymmetric with respect
to Θ = 90◦ . It can be concluded that in general T∆z 0 (90◦ + Θ0 , ∆z 0 ) =
−T∆z 0 (90◦ − Θ0 , ∆z 0 ) is valid for every angle Θ0 along the central C=C bond
in pyridinyliden-phenoxide. In contrast, the corresponding couplings with respect to the torsion angle have been calculated to be symmetric, i.e. TΘ (90◦ +
Θ0 , ∆z 0 ) = TΘ (90◦ − Θ0 , ∆z 0 ) [see Fig 6.6]. Figure 6.9(b) shows the nonadiabatic couplings TΘ (Θ, ∆z 0 ) for Θ = 89.9 ◦ between ∆z 0 = -0.005 Å and
∆z 0 = 0.005 Å. Here, a change of the phase of the non-adiabatic couplings
is observed. The result confirms the signs of the couplings T∆z 0 (Θ, ∆z 0 ) in
Figure 6.8(b).
The integral in eq. (6.7) for path 1 can thus be calculated as
I

= 2

(1) ~
~
T01 (Q)d
Q
0.05
Z Å

T∆z 0 (89◦ , ∆z 0 )d(∆z 0 ) + 2

TΘ (Θ, 0.05 Å)dΘ

89◦

−0.05Å
◦
90
Z

−2

◦
90
Z

TΘ (Θ, −0.05 Å)dΘ

89◦

= 2 · 0.70914 + 2 · 0.4256 + 2 · 0.4468 = 3.163 (±0.013).

(6.9)

The error of 0.013 bases on the different fits of the non-adiabatic coupling
data and the corresponding changes in the values of the integrals. It is the
smaller, the more data points are calculated.
For the smaller loop of path 2 with a C=C stretching between ∆z 0 =
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Figure 6.9:
(a) Non-adiabatic couplings T∆z 0 (Θ, 0.01Å) along the torsional angle Θ.
The couplings
◦
T∆z 0 (Θ, 0.01Å) at Θ = 89 (red circle) have the opposite sign with regard to the couplings at
Θ = 91◦ (brown circle).
(b) Non-adiabatic coupling elements TΘ (89.9◦ , ∆z 0 ) between ∆z 0 = −0.005 Å (dark green circle)
and ∆z 0 = 0.005 Å (light green circle).
The phase change of the non-adiabatic couplings TΘ (89.9◦ , ∆z 0 ) is in accordance to the opposite
signs of the couplings TΘ (Θ, ±∆z 0 ) for ∆z 0 = 0.005 Å and ∆z 0 = 0.05 Å as shown in Fig. 6.8(b).
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−0.005 Å and ∆z 0 = 0.005 Å, the contour integral around the conical intersection yields
I

= 2

(1) ~
~
T01 (Q)d
Q
0.005
Z Å

T∆z 0 (89◦ , ∆z 0 )d(∆z 0 ) + 2

◦
90
Z

TΘ (Θ, 0.005 Å)dΘ

89◦

−0.005Å
◦
90
Z

TΘ (Θ, −0.005 Å)dΘ

−2

89◦

= 3.178 (±0.037).

(6.10)

The smaller ∆z 0 gets, the higher the increase in the non-adiabatic couplings
TΘ (Θ, ∆z 0 ) near Θ=90◦ is [see green curves in Fig. 6.8 (b)] to compensate
the loss from the area in the integral along T∆z 0 (89◦ , ∆z 0 ) with respect to
path 1. The results for both paths demonstrate the accuracy of the ab initio
non-adiabatic couplings as well as the location of the conical intersection at
∆z 0 = 0 Å and Θ = 90◦ . The quantization rule has been validated in the
field-free case.
In a static electric field with a field strength of F = 0.005 Eh /ea0 = 2.6·109
V/m, the non-adiabatic couplings T∆z 0 (Θ, ∆z 0 ) between the coordinates ∆z 0
= -0.05 Å and ∆z 0 = 0.05 Å in path 1 from Fig. 6.7 are calculated to be
approximately zero. The non-adiabatic couplings TΘ (Θ, ∆z 0 ) in path 1 are
zero as well between Θ = 89◦ and Θ = 90◦ . As result, the contour integral
yields zero and no conical intersection is enclosed by path 1 anymore in the
static field with F = 0.005 Eh /ea0 . This result confirms the lifting of the
conical intersection for the chosen configuration in electric fields as shown in
strong polar solvents [201].
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6.5

Conclusion Pyridinylidene-Phenoxide

Photo-induced torsion and radiationless decay of the pyridinylidene-phenoxide
has been simulated for two one-dimensional cuts of the coupled potential energy surfaces near to the conical intersection. The location of the conical
intersection has been confirmed by integrating the non-adiabatic coupling
elements along closed loops. The results are in accordance with the quantization rule, which has been validated in numerical accuracy.
The torsion about the double bond of pyridinylidene-phenoxide is relatively slow compared to the torsion of the methaniminium cation or the
fulvene molecule. Approximately 180 fs after photo-excitation, the excited
molecule is twisted and the nuclear wave packet decays rapidly without radiation to the ground state. As expected, the radiationless decay is strong
if the one-dimensional cut of the potential energy surface is located close to
the conical intersection. The molecule has large dipole moments and is easily polarizable. Therefore, it serves as a model for investigating the control
of the radiationless decay with strong electric fields. The effects of external
static electric fields on the torsional potentials is investigated. Relatively
weak linearly polarized electric fields are shown to narrow the gap between
the torsional potentials of the ground and the excited state. The radiationless
decay is enhanced. By strong electric fields, the potential gap is widened, and
the strength of the non-adiabatic coupling between both states is reduced.
Here, the non-radiative decay can be completely prevented. These simulations show that the radiationless decay can be efficiently controlled in electric
fields.
Electric fields of the required strength can be realized in laser fields. For a
non-resonant radiation, the interaction between light and the polarizabilities
of the molecule is possible. Here, only the envelope of the laser field plays a
role in the interaction, not the oscillatory field strength (see e.g. [149]). The
control of the motion of molecules by laser pulses via the polarizabilities has
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been utilized in a number of applications, in particular for the orientation
and the alignment of molecules.
Recent experimental setups [41] allow to fix the orientation of molecules
in space with the help of long strong laser pulses while performing photoexcitation experiments. The strong pulse that holds the molecule in space
will also effect their potentials and thus the radiationless decay, as shown in
section 6.3. Hence, the radiationless decay can be controlled. The theoretical
description of this scenario involves the interaction between the laser field and
frequency-dependent polarization [149]. For frequencies ω → 0, they can be
approximated by static polarizabilities (for a quantum chemical calculation
of the static polarizabilities see Appendix F).
The one-dimensional model can be expanded to more dimensions. Appropriate additional internal nuclear coordinates are the collective Z-coordinate
that combines the equilibrium geometry with the conical intersection, or the
aromatization coordinate, which combines the biradical and the zwitterionic
transition state. A two-dimensional model would gain more insight into the
effect of the electric field on the conical intersection. Investigating the quantization rule for integrating the non-adiabatic coupling terms in the presence
of an electric field in more detail will give additional information about the
way the conical intersection is shifted, shaped or even lifted in the electric
field.
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Chapter 7
Summary and Outlook
Laser induced molecular torsion enables control of chemical reactions like EZ isomerizations or physical processes like separation of nuclear spin isomers
in the presence of a conical intersection. Simulations of the interaction of
electric laser fields with double bonded molecules give a deep insight into
the torsional nuclear dynamics of molecules in the vicinity of the conical
intersection and its control. In this thesis, molecular torsion via a conical
intersection has been studied for three systems emphasizing different aspects
of the non-adiabatic nuclear dynamics. The torsional dynamics is shown to be
strongly dependent on the form and the shape of the non-adiabatic coupling
elements.
This dependence has been investigated in detail for a one-dimensional
model of the dideuterio-methaniminium cation. The simulations indicate
the influence of the size of the non-adiabatic coupling elements even far away
from the conical intersection. For the model of the dideuterio-methaniminium
cation, laser pulses can be applied to optimize the E-Z isomerization via torsion about the C=N bond. After excitation of the E isomer of the molecule
ion, a small amount of the excited state population decays non-adiabatically
to the ground state within 25 fs in the simulations. This result differs from
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higher-dimensional surface hopping dynamics for the cation, where a decay
of 50 % of the excited state population has been proposed [48]. The E-Z
isomerization via the torsion has been optimized by a single laser pulse and
by a sequence of two time-delayed laser pulses. The increase by applying two
pulses is shown to be based on the interference of three pathways. Nevertheless, the reliability of the optimal pulses is shown to depend strongly on the
accurate description of the non-adiabatic coupling terms.
For the fulvene molecule, the influence of other vibrational degrees of freedom on the photo-induced torsional motion has been investigated. Here, a
seam of the conical intersection is included in the simulations. The radiationless decay via this planar conical intersection prevents torsional motion
about the C=C bond. After excitation by ultrafast laser pulses, a stepwise decay of population is observed due to the inherent activation of the
symmetric stretch vibration. The torsion can be enhanced by damping this
vibration. The influence of the nuclear spin on the non-adiabatic dynamics
has also been simulated for fulvene. It is shown that, once the torsion about
the C=C axis is activated, the dynamics becomes nuclear spin selective, i.e.
the populations of ortho- and para-fulvene significantly differ in the ground
and the first excited electronic state. The nuclear spin selectivity can be
optimized by a second time-delayed laser pulse. In all excitation processes,
the additional degrees of freedom reduce significantly the nuclear spin selective difference in the populations of the electronic states, which have been
obtained in one- or two-dimensional simulations of the nuclear dynamics for
the molecule [173, 174].
The influence of a static electric field on the torsional dynamics near a conicial intersection has been studied for the pyridinylidene-phenoxide molecule.
Without an additional field, the non-radiative decay is observed within 180
fs after ultrashort excitation in the one-dimensional simulations. Depending
on the strength of the external electric field, the radiationless decay can be
enhanced or prevented. The efficient control of the population transfer in
electric fields can be understood by assuming that the location of the conical
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intersection has been shifted due to the electric field. The control of the nonradiative decay by quasi-static electric fields could be applied in experimental set-ups, where strong and long laser pulses orient the molecules in space
while further photo-excitation experiments are carried out [41]. Moreover,
the quantization rule of the non-adiabatic couplings of the pyridinylidenephenoxide has been verified by integrating the non-adiabatic coupling terms
along closed loops. A further investigation of such loops in electric fields will
provide more insights in the shift of the conical intersection due to external
fields.
For all three molecular models, the description of the torsional dynamics
about a double bond can be improved by including more degrees of freedom
and higher electronic states. The form and the shape of the non-adiabatic
coupling elements, which are restricted by the quantization rule, may be further investigated [116]. For instance, coupled torsional motions in molecules
with two or more conjugated double bonds may lead to new symmetries of
the non-adiabatic coupling terms due to their non-abelian molecular symmetry groups. Since the nuclear dynamics are very strongly selective to the
non-adiabatic coupling elements and the gap between the potential energies
of the molecules, a precise quantum chemical description of the molecular
systems remains necessary for reliable physical results. After consideration
of all essential nuclear and electronic dimensions, coherent and optimal control schemes can then be applied in future in order to increase the effect of
the activated torsional motion by designing appropriate laser pulses, i.e. for
optimized E-Z isomerization yields, for separation of isomers, or for modeselective control of internal population decays in small and large molecules.
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8

Appendices

8.1

Appendix A

Calculation of the Non-adiabatic Coupling Elements
The non-adiabatic coupling terms (NACTs) at the multireference configuration interaction (MRCI) level are evaluated using the program package
’Columbus’ [163]. The theory is adapted from Ref. [163]. In a multireference
~ which
configuration interaction ansatz, the electronic wave function ψi (~q; Q),
~ is defined as an
is parametrically dependent on the nuclear coordinates Q,
expansion in configuration state functions Φv (CSFs):
~ = X biv (Q)Φ
~ v (~q; Q).
~
ψi (~q; Q)
(8.1)
v

These functions are solutions of the multiconfiguration self-consistent field
(MCSCF) calculations. The coefficients of the configuration state functions
are known from matrix diagonalization within the equation
~ ~bi (Q)
~ = Ei (Q)
~ ~bi (Q)
~
He (Q)
(8.2)
with the matrix elements
~ = hΦv (Q)|
~ Ĥ 0 e (Q)|Φ
~
~
Hvw (Q)
w (Q)i
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(8.3)

~ [see
and the standard non-relativistic electronic Hamilton operator Ĥ 0 e (~q; Q)
eq. (3.82)]. The non-adiabatic coupling elements
(1)

Tij = hψi |∇Q~ ψj i

(8.4)

can be expressed as
hψi |∇Q~ ψj i = h
=
=

X

~

X

~

!

biv (Q)Φv |∇Q~
bjw (Q)Φw i
v
w

X ∗ 
X
biv ∇Q~ bjw hΦv |Φw i + b∗iv bjw hΦv |∇Q~ Φw i
vw
vw
(1CI)
(1CSF )
Tij
+ Tij
.

(8.5)

(1CI)

Evaluation of Tij

~ ref ) is
To evaluate the first term in eq. (8.5), a reference orbital basis Ξ(Q
introduced
~ ref ) = ~η (Q
~ ref )C(Q
~ ref )
Ξ(Q
(8.6)
~ ref ) and the atomic orbitals ~η (Q
~ ref )
with the molecular orbital coefficients C(Q
at the reference geometry [see eq. (3.91) for notation]. The basis is changed
to an orthonormal basis using the overlap matrix S(C):
~ ref ) = Ξ(Q
~ ref )S(C).
Ξ0 (Q

(8.7)

In the next step, energy-optimized molecular orbitals with essential rotational
behaviour are defined using the relations
~ ref ) = Ξ0 (Q
~ ref )eK
ΞK (Q

(8.8)

~ ref ) = ΞK (Q
~ ref )eZ
ΞZ (Q

(8.9)

and
to overcome problems with redundancies of transformation (8.7). Due to eqs.
(8.8) and (8.9), the corresponding operators K̂ and Ẑ are constructed, i.e.
K̂ =

X
tu

K̂tu Σ̂tu =

X
t>u
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K̂tu (Σ̂tu − Σ̂ut )

(8.10)

and
Ẑ =

X

Ẑtu Σ̂tu =

tu

X

Ẑtu (Σ̂tu − Σ̂ut ),

(8.11)

t>u

where Σ̂tu and Σ̂ut denote spin-averaged excitation operators. The effective
Hamiltonian operator is formed as
~ −K̂(Q)
~
~
~
~ = e−Ẑ(Q)
Ĥef f (Q)
e
Ĥe0 (Ξ0 )eẐ(Q) eK̂(Q)

(8.12)

with the standard Hamiltonian Ĥe0 (Ξ0 ) in the basis of the multiconfiguration
~ Analogous to the Ehrenfest theorem in eq.
self-consistent field orbitals Ξ0 (Q).
(3.28), the differentiation of the effective electronic Hamiltonian with respect
to nuclear coordinates leads to the expression of the non-adiabatic coupling
terms
(1CI)
Tij

=

h biv Φv |∇Q~ Hef f |
P

P

v

w

Ej − Ei

bjw Φw i

,

(8.13)

where Ej − Ei denotes the energy difference between the two states j and
i. Formulating the standard Hamiltonian in the multiconfiguration self~ the nonconsistent field ansatz in the basis of the atomic orbitals ~η (Q),
(1CI)
~ ref are
at the reference geometry Q
adiabatic coupling terms Tij


(1CI) ~
Tij (Q
ref )

(

1 
~ ref ))Dij (Q
~ ref )]
=
Tr[h(~η (Q
Ej − Ei

1
~ ref ))dij (Q
~ ref )] − Tr[Σ(~η (Q
~ ref ))Fij (Q
~ ref )] ,
+ Tr[g(~η (Q
2
)

(8.14)

where h is the one-electron derivative integral matrix and g denotes the twoelectron derivative integral matrix of the Fock matrix. The matrices Dij and
dij denote the sums of the corresponding effective transition density matrices
from Hartee-Fock and coupled perturbed multiconfiguration self-consistent
field calculations. The matrix Fij includes the products of the matrices K
and Z, and the orbital gradient terms (see Ref. [163]).
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(1CSF )

Evaluation of Tij

The part of the non-adiabatic coupling elements that is based on the configuration state functions can be expressed as
(1CSF )

Tij

~ =
(Q)

X
t,u

0
Z ~
Z ~
~
Dij,tu
(Q)hΞ
~ Ξu (Q)i.
t (Q)|∇Q

(8.15)

~ is expanded in terms of Ξ0 (Q):
~
In the next step, ΞZ (Q)
~ = ΞK (Q)e
~ Z
ΞZ (Q)
~ Z(Q)
~
~ K(Q)
= Ξ0 (Q)e
e
~
~ + Z(Q)
~ + ...].
= Ξ0 (Q)[1
+ K(Q)

(8.16)
(8.17)
(8.18)

Differentiation of eq. (8.18) and evaluation at the reference geometry leads
to the expression
~ ref )
~ ref ) = ∇ ~ Ξ0 (Q
∇Q~ ΞZ (Q
Q
~ ref ). (8.19)
~ ref ) + Ξ(Q
~ ref )∇ ~ Z(Q
~ ref )∇ ~ K(Q
+ Ξ0 (Q
Q
Q
~ ref ) according to eq.
Equation (8.19) can be reformulated in the basis Ξ(Q
(8.7) to
~ ref ) = ∇ ~ Ξ(Q
~ ref ) − 1 Ξ(Q
~ ref )∇ ~ S(Q
~ ref )
∇Q~ ΞZ (Q
Q
Q
2
~ ref )∇ ~ K(Q
~ ref ) + Ξ(Q
~ ref )∇ ~ Z(Q
~ ref ).
+ Ξ(Q
Q
Q

(8.20)

~ ref )| and |∇ ~ ΞZu (Q
~ ref )i are conIn the following, the scalar products of hΞt (Q
Q
sidered. If the orbital space is redundant with regard to the transformation
in eq. (8.8), eq. (8.20) yields
~ ref )|∇ ~ ΞZu (Q
~ ref )i
hΞt (Q
Q
~ ref )|∇ ~ Ξu (Q
~ ref )i − 1 ∇ ~ Stu (Q
~ ref ) + ∇ ~ Ztu (Q
~ ref )
= hΞt (Q
Q
Q
Q
2
for t, u redundant
(8.21)
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or, if the rotational transformations turn out to be essential,
~ ref )|∇ ~ ΞZu (Q
~ ref )i
hΞt (Q
Q
~ ref )|∇ ~ Ξu (Q
~ ref )i − 1 ∇ ~ Stu (Q
~ ref ) + ∇ ~ Ktu (Q
~ ref )
= hΞt (Q
Q
Q
Q
2
for t, u essentiel.
(8.22)
For a final expression of the contribution of configuration state functions
(1CSF )
Tij
to the NACTs, the products of eqs. (8.21) and (8.22) are inserted
into eq. (8.15)
(1CSF ) ~
Tij
(Q)

X

=

t>u


0
~
Dij,tu
(Q)





~ ref |∇ ~ Ξu (Q
~ ref )i − h∇ ~ Ξt (Q
~ ref )|Ξu (Q
~ ref )i
hΞt (Q
Q
Q


~ ref ) + ∇ ~ Ztu (Q
~ ref ) .
+ 2 ∇Q~ Ktu (Q
Q

(8.23)
(1CI)

(1)

The total value of Tij is denoted in eq. (8.5) as the sum of Tij
(1CSF )
eq. (8.23), i.e.
and Tij

eq. (8.13)

P
~
~ ~ Hef f | P cjr φjr (Q)i
h cir φir (Q)∇
Q

(1)

r

r

Tij =
+

X
t>u


Ej − Ei

0
~
~
~
~
~
Dij,tu (Q) hΞt (Qref )|∇Q~ Ξu (Qref )i − h∇Q~ Ξt (Qref )|Ξu (Qref )i




~ ref )
~ ref ) + ∇ ~ Ztu (Q
+ 2 ∇Q~ Ktu (Q
Q

(8.24)

or in the expanded Hamilton operator form
(1CI)

Tij


=

~ ref )
(Q
(

1 
~ ref ))Dij (Q
~ ref )] + 1 Tr[g(~η (Q
~ ref ))dij (Q
~ ref )]

Tr[h(~η (Q
Ej − Ei
2
)

~ ref ))Fij (Q
~ ref )]
− Tr[Σ(~η (Q
~ ref )fij ],
+ Tr[D0 ij (Q

(8.25)

where the elements of matrix fij are the orbital gradient terms defined in eqs.
(8.21) and (8.22) in the basis of the atomic orbitals.
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8.2

Appendix B

Conversion of the Non-Adiabatic Coupling Elements
The following Appendix demonstrates the conversion of the Cartesian non(1)
adiabatic coupling terms T01 of the methaniminium cation to couplings TΘ
along the one-dimensional torsional angle Θ. The transformation is necessary

H3

rA

H4

N1

H3
rA

Θ

rB

z

H5

rB

Θ’3 Θ’5
Θ5
Θ4

C2
H5

Θ

H6

H6

Θ’6 Θ’4

H4

y
x

y

(a)

(b)
(1)

Figure 8.1: Calculation of the torsional derivative coupling elements T01 (Θ) = TΘ out of the
(1)
Cartesian coupling elements T01 (o) with o = x, y, z:
a) Planar structure of the methaniminium cation in yz-plane.
b) Contorted configuration with torsion angle Θ = Θ03 + Θ05 in xy-plane.
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for simulating the nuclear dynamics along that coordinate. Fig. 8.1 shows the
methaniminium cation in the planar configuration Θ = n · π, n ∈ Z [(panel
(a)] and for a contorted configuration [panel (b)]. The angles are defined with
respect to the laboratory-fixed x-axes. Further, the relations
π
Θ3 =
+ Θ03
(8.26)
2
π
− Θ05
(8.27)
Θ5 =
2
and
π
Θ4 = − − Θ04
2
π
Θ6 = − + Θ06
2

(8.28)
(8.29)

apply. The derivative coupling TΘ is according to the chain rule
6 ∂Θ
X
∂
k
ψ1 i = hψ0 |
∂Θ
k=3 ∂Θ
6 ∂Θ
X
k X ∂Qko
=
Tko ,
k=3 ∂Θ o=x,y ∂Θk

TΘ = hψ0 |

∂Qko ∂
ψ1 i
o=x,y ∂Θk ∂Qko
X

(8.30)

where the Cartesian components of the non-adiabatiabatic coupling terms
are defined as
Tko = hψ0 |

∂
ψ1 i.
∂Qko

(8.31)

The values Qko with o = x, y are the Cartesian coordinates of the atom k.
The values Qkz are fixed if only the torsion is considered. The derivatives
∂Qko
∂Θk can be obtained by using polar coordinates. For instance,
∂Q3x
∂
∂Θ0
=
(−rA sin Θ03 ) = −rA cos Θ03 3 = −Q3y
∂Θ3
∂Θ3
∂Θ3

(8.32)

0
∂Q6y
∂
0
0 ∂Θ6
=
(−rA cos Θ6 ) = rA cos Θ6
= Q6x = −Q5x .
∂Θ6
∂Θ6
∂Θ6

(8.33)

or
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In addition, the coupling elements with respect to the overall torsion are
derived, which are defined as
TΘrot = hψ0 |

∂
ψ1 i.
∂Θrot

(8.34)

The torsion angle Θ can be expressed in terms of the angles Θk as [see
eqs. (8.26)-(8.29)]
1
1
Θ = (Θ3 + Θ4 ) − (Θ5 + Θ6 ).
(8.35)
2
2
Since the four angles Θk are partially dependent on each other, a set of
orthogonal linear combinations is formed:
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As consequence, the derivatives
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can be expressed by matrix inversion

1
−1 0
2
1
1 0
2
0 −1 − 12
0 1 − 12

1
4
1
4
1
4
1
4







.




(8.37)

1 ∂
1 ∂
1 ∂
1 ∂
∂
=
+
−
−
∂Θ 2 ∂Θ3 2 ∂Θ4 2 ∂Θ5 2 ∂Θ6

(8.38)

6
1X
∂
∂
=
.
∂Θrot
4 k=3 ∂Θk

(8.39)

=









∂
∂Θ43
∂
∂Θ56
∂
∂Θ
∂
∂Θrot

Thus,

and

Defining the Cartesian components of the non-adiabatic coupling terms
Tko = hψ0 | ∂Q∂ko ψ1 i, the torsional non-adiabatic couplings TΘ and the corre172

sponding rotational non-adiabatic couplings TΘrot for o = x, y are:
TΘrot

TΘ = Q3x T3y − Q3y T3x − Q5x T5y + Q5y T5x
= 2(Q3x T3y − Q3y T3x + Q5x T5y − Q5y T5x ).

(8.40)
(8.41)

Since the electronic couplings do not change when the molecule is rotated,
the rotational coupling elements TΘrot have to be zero. Non-vanishing values
of TΘrot can thus be interpreted as an error of the quantum chemical calcu(1)
lation of the non-adiabatic couplings T01 , which is explained in Appendix
A. Equations (8.36) to (8.38) apply for the undeuterated methaniminium
cation, for which the Cartesian first order couplings have been calculated.
For the determination of the non-adiabatic couplings for the dideuterated
methaniminium cation, the changes of the mass have to be considered in the
derivation of eq. (8.36). The result for the dideuterated molecule cation is
Θrot = 0.23 · (Θ3 + Θ4 ) + 0.27 · (Θ5 + Θ6 ). Since the prefactors deviate only
slightly, the couplings Θrot of the dideuterated cation can be approximated
by the values for the undeuterated molecule.
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8.3

Appendix C

Derivation of the Model Kinetic Hamiltonian of Fulvene
The derivation of the model Hamiltonian for fulvene in the adiabatic representation is adapted from Ref. [164]. It starts from a consideration of the
operator of the nuclear kinetic energy TˆN in the laboratory frame, which
is expressed in terms of momentum operators in Cylindrical coordinates
P~k = −ih̄ (∂/∂Rk , ∂/∂Φk , ∂/∂Zk )T . They are conjugate to the Cylindrical
~ k = (Rk , Φk , Zk )T of the nuclei k = 1, ..., 12. The full kinetic
coordinates R
energy Hamiltonian reads
T̂N

ˆ2
P~
= T̂36 =
k=1 2Mk


∂
1  1 ∂
1 ∂2
∂2 
=
·
Rk
+
+
2Mk
Rk ∂Rk ∂Rk Rk2 ∂Φ2k ∂Zk2
12
X

(8.42)

with the masses Mk of the carbon atoms k = 1 − 6 and of the hydrogen
atoms k = 7 − 12, which mark the origin of the Cylindrical coordinates in
Fig. 8.2. The operator T̂N = T̂36 depends on 36 degrees of freedom, which
is reduced in the following approximations to a model kinetic operator T̂3 of
three essential nuclear coordinates.
The first approximation is that all motions along the radial coordinates
Rk are neglected, i.e. all radial coordinates of the nuclei k are set to their
equilibrium values. The first assumption includes the pre-orientation of the
fulvene molecule along the Z-coordinates. The alignment of the molecules can
be achieved via induced electromagnetic fields [149, 212]. In consequence, the
12 components of the nuclei motions in the R-direction are set zero, and the
model kinetic energy operator in eq. (8.42) is reduced to T̂24 .
A next simplification refers to the 12 components of the nuclear motions
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Figure 8.2: The fulvene molecule in the laboratory-fixed coordinates X,Y,Z. The nuclei k of the
carbon atoms (k = 1 − 6) and of the hydrogen atoms (k = 7 − 12) are shown in the Cartesian
~ k = (Xk , Yk , Zk ) and in the Cylindrical coordinates Rk , Φk , Zk . The Cylindrical
coordinates R
coordinates of the centers of masses (X) of the CH fragments labelled k = 1 − 4 are denoted
RCH,k , ΦCH,k , ZCH,k . See Ref. [68].
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Figure 8.3: The symmetric stretch coordinate Qs , the antisymmetric stretch coordinate Qa , the
wagging-type allylic stretch coordinate Qw , and the translational allylic coordinate Qt of the CH
fragments of the cyclopentadienyl ring in fulvene, parallel to the Z-axis. See Ref. [68].

along the Z-axis in the molecular kinetic energy operator: The C-H stretches
of the ring carbon atoms are assumed to be frozen. The motions of the Ck Hl=k+8 fragments are described by the changes of their centers of masses. For
the motion along the Z-axis, the single motions of the four CH fragments can
thus be converted into the four collective coordinates
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(8.43)

where ZCH,k denotes the motion of the Ck -Hk+8 fragment. The four vibrational modes are depicted in Fig. 8.3. The third assumption of the derivation
of the model nuclear kinetic Hamiltonian is that the wagging type vibration
Qw from eq. (8.43) is neglected.
In a fourth assumption, all coupled motions, which change the center of
mass along the Z-axis Zc.o.m. - like the Qt vibration - are additionally neglected, i.e. Zc.o.m. = 0. Further approximations are a frozen C5 =C6 stretching mode along Z56 as well as frozen C-H7 and C-H8 stretching modes. Under
the condition of assumption No. 1, these motions can now be defined by the
distance ZH2 ,R between the centers of masses of H2 and of the cyclopentadienyl ring of the molecule. Additionally, the relative elongation of the C5 =C6
fragment with respect to all other nuclei is neglected. It is labelled as Z56,R .
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The collective coordinate of the fulvene along the Z-direction is labelled Qt
[see Fig. 8.3]. It excludes the Z-motion of the H2 fragment and the motion of
the C5 =C6 fragment. The relative elongations of these molecular fragments
against each other can be expressed in terms of the Zk distances of the nuclei
from the center of mass:
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,




(8.44)

where ZH2 = Z7 = Z8 due to the equally long C-H methylene bonds, and
h̄2 ∂ 2
h̄2 ∂ 2
h̄2
∂2
h̄2
∂2
−
−
=
−
−
2
2 . (8.45)
2MH ∂Z72 2MH ∂Z82
2MH2 ∂ZH
2
·
0.5M
∂Z
H
78
2
The second term on the right side in eq. (8.45) vanishes since Z78 = Z8 − Z7
remains constant according to the first assumption. The coefficients in eq.
(8.44) are CH2 = 2MH /[2MH + 4(MH + MC )], CR = 4(MH + MC )/[2MH +
4(MH + MC )], c5 = c6 = MC /M, cH2 = 2MH /M, and cR = 4(MC + MH )/M
with M = 6MC +6MH . In sum, six approximations lead to the kinetic energy
operator for the motions along the molecular axis of
T̂Z,2

h̄2 ∂ 2
h̄2 ∂ 2
=−
−
.
2MCH ∂Q2s 2MCH ∂Q2a

(8.46)

Here, four degrees of freedom have been removed by combining the motion
of the ring carbon nuclei with the ones of their bonded hydrogen nuclei. Two
of the resulting CH collective modes have been additionally neglected as well
as the effective motions of the nuclei 5,6,7,8 along the Z-axis.
The left simplifications are referred to the angles Φ in the left kinetic
energy operator T̂14 = T̂Φ,12 + T̂Z,2 . The additional assumptions are the
planarity of the cyclopentadienyl ring during the simulation processes and
the C2 symmetry of all rotations or torsions. The motions of both hydrogen
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atoms along Φ can be described in analogy to their motions in Z-direction.
The resulting component in the kinetic energy operator is
h̄2 ∂ 2
h̄2 ∂ 2
h̄2 ∂ 2
h̄2
∂2
−
−
=−
,
−
2I7 ∂Φ27 2I8 ∂Φ28
2IH2 ∂Φ2H2 2 · 0.5IH2 ∂(Φ8 − Φ7 )2

(8.47)

with IH2 = 2I7 . The angle Φ8 − Φ7 is constant due to the C2 symmetry of
the torsion, and thus the second term on the right side in eq. (8.47) vanishes.
The eight Φ components of the nuclei k = 1 − 4 and k = 9 − 12 are expressed
in collective coordinates of the corresponding four CH fragments:
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(8.48)

The coefficients are cR1 = cR4 = 12 ICH,1 /(ICH,1 + ICH,2 ) and cR2 = cR3 =
1
2 ICH,2 /(ICH,1 + ICH,2 ). The angle ΦR defines the rotation of the ring (R).
The relative rotations between the CH fragments are denoted as Φ14 . The
rotations of the CH fragments 2 and 3 relative to each other are labelled Φ23 .
The angle Φ14,23 corresponds to the motions of the fragments 1 and 4 relative
to the fragments 2 and 3. Since the angles Φ14 , Φ23 , Φ14,23 correspond to the
out-of-plane motions of the cyclopentadienyl ring, they are set zero due to
the assumption of its planarity, i.e. Φ14 = Φ23 = Φ14,23 = 0. Hence, T̂Φ,12 can
be reduced to
T̂φ,2

h̄2 ∂ 2
h̄2 ∂ 2
= −
−
2IR ∂Φ2R 2IH2 ∂Φ2H2
= T̂tor + T̂rot ,

(8.49)

which is the sum of a torsional and a rotational part. To distinguish both
torsional motion and rotational motion, the torsional angle Θ and the angle
for overall rotation Φ about the Z-axis is introduced



Φ
Θ







=

cr,H2 cr,R
1 −1
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ΦH2
Φr


,

(8.50)

where cr,H2 = IH2 /IΦ and cr,R = IR /IΦ . The total moment of inertia is
denoted as IΦ = IH2 + IR . The last assumption in the derivation of the
kinetic Hamiltonian is the neglect of the rotational motion along Φ. Finally,
the remaining model kinetic energy operator contains only three degrees of
freedom
T̂3 = T̂Z,2 + T̂Φ,1 = T̂s + T̂a + T̂tor
h̄2 ∂ 2
h̄2 ∂ 2
h̄2 ∂ 2
= −
−
−
.
2MCH ∂Q2s 2MCH ∂Q2a 2IΘ ∂Θ2

(8.51)

Transformation From Laboratory-Fixed To Molecule-Fixed Coordinates
The modelled kinetic energy operator T̂3 in eq. (8.51) describes the motions along the laboratory-fixed symmetric and antisymmetric ring deformations Qs and Qa as well as along the torsion angle Θ. However, the internal
coordinates along Qs , Qa and Θ may also be considered as molecule-fixed
coordinates Q̃s , Q̃a , Θ̃. The transformation between both coordinates is
adapted from Ref. [164]. Within a molecule-fixed set of coordinates X̃, Ỹ , Z̃,
they are written with tilde. For the reduction of the molecule-fixed kinetic
energy operator, the same assumptions of the fulvene molecule are applied as
for the derivation of the laboratory-fixed operator. Specifically, Z̃ is parallel
to the C5 =C6 carbon bond, and X̃ is in the plane of the cyclopentadienyl ring
perpendicular to Z̃. The coordinate Ỹ is perpendicular to the ring. Motions
along Q̃s and Q̃a are along Z̃. In the laboratory frame, the H2 propeller shows
a clockwise rotation by the angle ΦH2 , and the cyclopentadienyl ring rotates
anticlockwise by the negative angle ΦR at the same time. In the molecular
frame, the cyclopentadienyl ring does not rotate (Φ = 0) and the hydrogen
pair rotates around the Z-axis with the torsional angle Θ. Hence, the matrix

179

in eq. (8.50) converts between both representations, i.e.



ΦH2
ΦR







=

1 cr,R
1 −cr,H2




Φ=0
Θ







=

cr,R · Θ
−cr,H2 · Θ


.

(8.52)

Due to the large moment of inertia of the cyclopentadienyl ring compared
to the H2 propeller, the coefficients cr,H2 = 0.03 and cr,R = 0.97 deviate.
If Q̃s , Q̃a , and Θ̃ are used as molecule-fixed coordinates, the corresponding
~ of the nuclei can be derived by the rotation of
molecule-fixed coordinates R̃
k
the laboratory-fixed coordinates about the overall rotation angle
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0
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.


(8.53)

In the further text, the molecular-fixed coordinates Q̃a , Q̃s , and Θ̃ are used
and the tilde is dropped for the simplicity of notation. Thus, the moleculefixed kinetic Hamiltonian can be approximated as
h̄2 ∂ 2
h̄2 ∂ 2
h̄2 ∂ 2
T̂N = −
−
−
2MCH ∂Q2s 2MCH ∂Q2a 2IΘ ∂Θ2

(8.54)

with the reduced moment of inertia IΘ = 1.7 u Å2 and the effective mass of
the symmetric and antisymmetric allylic stretch mode MCH = 13 u.
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8.4

Appendix D

Analytical Fit of the Diabatic Potential Energy Surfaces of Fulvene
To describe every point of the ground and excited state potential energy
surfaces and the couplings of the fulvene molecule, an analytic form of the diabatic potential energy surfaces is chosen. The calculated adiabatic ab initio
data points are diabatized, and the obtained values are fit. A number of 108
ab initio data points of the ground state and 108 ab initio data points of the
first excited electronic state are involved. Due to boundary conditions (like
periodicity and smoothness of the potentials or correct asymptotic behavior
for large distorsions of the molecule), more parameters are used for the fit.
In sum, the analytical fit consists of a total number of 111 parameters.
First, the periodic boundary conditions of the torsion angle Θ is taken into
account:
W11 (Θ, Qs , Qa ) =

3
X

aj (Qs , Qa ) cos(2jΘ)

(8.55)

bj (Qs , Qa ) cos(2jΘ)

(8.56)

j=0

and
W22 (Θ, Qs , Qa ) =

4
X
j=0

W12 (Θ, Qs , Qa ) = sgn(Qa )

4
X

cj (Qs , Qa ) cos .

(8.57)

j=0

The Fourier coefficients aj (Qs , Qa ) and bj (Qs , Qa ) depend on the symmetric coordinate Qs and on the antisymmetric coordinate Qa (see Fig. 5.1).
Each of them is expanded in a power series of the coordinate Qs :
a0 (Qs , Qa ) = k01 (Qa ) + 1398.46[Qs − k02 (Qa )]2 + k03 (Qa )[Qs − k02 (Qa )]3
+8622.2[Qs − k02 (Qa )]4
a1 (Qs , Qa ) = k11 (Qa ) + k12 (Qa )[Qs − k13 (Qa )]2
a2 (Qs , Qa ) = k21 (Qa ) + k22 (Qa )(Qs − 1.4785)2
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a3 (Qs , Qa ) = k31 (Qa ) + k32 (Qa )(Qs − 1.31126)2
b0 (Qs , Qa ) = l01 (Qa ) + 829.05[Qs − l02 (Qa )]2 − l03 [Qs − l02 (Qa )]3
+4349.77[Qs − l02 (Qa )]4
b1 (Qs , Qa ) = l11 (Qa ) + l12 (Qa )[Qs − l13 (Qa )]2
b2 (Qs , Qa ) = l22 (Qa )[Qs − l23 (Qa )]2
b3 (Qs , Qa ) = l32 (Qa )[Qs − l33 (Qa )]2
as well as
cg = mg1 + mg2 (Qa )Qs .
The polynomial coefficients ggj and gj are fit as Gaussians or as polynomials in Fourier series of Qa /2Qag , or in a sum of two forms. Here, Qag denotes
the largest value Qa of the ab initio data. The choice of the polynomial
functions depends on the size and form of the values Qa as well as on the
boundary conditions. The functions kgh , mgh , and lgh are expressed as
k01
k02
k03
k11
k12
k13

=
=
=
=
=
=

k21 =
k22 =
k31
k31
l01
l02

=
=
=
=

35.4571 + 3431.18Q2a − 659345Q4a + 45035100Q6a
1.37166 − 0.023331 cos(πQa /2Qag ) + 0.00694875 cos(2πQa /Qag )
−2399 − 1844.78 cos(πQa /2Qag ) − 157.098 cos(2πQa /Qag )
26.4564 − 4.21(πQa /2Qag ) − 0.67636 cos(2πQa /Qag )
−56.2187 + 41.8028 cos(πQa /Qag ) + 8.25585 cos(2πQa /Qag )
1.21231 − 0.68708exp(−12291.3Q2a ) + 0.025227 cos(πQa /2Qag )
−0.016234 cos(2πQa /Qag )
1.39019 − 2.55005 cos(πQa /2Qag ) − 2.86885 cos(2πQa /Qag )
65.9279 + 8.9133 cos(πQa /2Qag ) − 126.83 cos(πQa /Qag )
+69.8157 cos(2πQa /Qag )
0.942095 + 6.02152 exp(−7501.25Q2a )
44.073 − 24.8082 cos(πQa /2Qag ) − 21.9566 cos(2πQa /Qag )
72.6601 + 3671.88Q2a − 1789980Q4a + 280087000Q6a
1.47197 − 0.01289 cos(πQa /2Qag ) + 0.0044777 cos(2πQa /Qag )
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l03
l13
l12
l13
l21
l22
l31
l32
l41
l42
m01
m02
m11
m12
m21
m22
m31
m32
m41
m42

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

−2743.91 + 1725.31 exp(−1137.87Q2a )
−2.29064 − 1.1362 exp(−14191.9Q2a ) − 0.122511 cos(2πQa /Qag )
367.919 − 361.923 exp(−15002a )
1.39993 + 0.32557 exp(−21033.7Q2a ) − 0.029465 cos(2πQa /Qag )
19.6801 − 18.976 exp(−21033.7Q2a ) − 0.06581 cos(2πQa /Qag )
1.30671 + 0.150857 exp(−21033.7Q2a ) + 0.0415692 cos(2πQa /Qag )
1.93048 + 3.00439 cos(πQa /2Qag ) − 4.94457 cos(2πQa /Qag )
1.26528 + 0.353101 exp(−21033.7Q2a ) + 0.0149484 cos(2πQa /Qag )
5.31627[1 − exp(−818.242Q2a )]
1.34074[1 − exp(−2785.77Q2a )]
78.2437[1 − exp(−1423.36Q2a )]
−47.4879[1 − exp(−1198.1Q2a )]
43.1591[1 − exp(−614.545Q2a )]
−31.5883[1 − exp(−743.057Q2a )]
7.8012 + 2.72772 cos(πQa /2Qag ) + 5.07348 cos(2πQa /Qag )
4.62726 − 1.08765 cos(πQa /2Qag ) − 3.53961 cos(2πQa /Qag )
−7.23077 + 0.19368 cos(πQa /2Qag ) + 7.03709 cos(2πQa /Qag )
6.54966 − 0.918882 cos(πQa /2Qag ) − 5.63078 cos(2πQa /Qag )
−6.065935 + 5.8287 exp(−41294.7Q2a ) + 0.237235 cos(2πQa /Qag )
4.425465 − 4.1623 exp(−42256Q2a ) − 0.263165 cos(2πQa /Qag ).
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8.5

Appendix E

Wigner Quasi-Probability Distribution
Due to the uncertainty principle, a quantum wave packet does not possesses a definite position and a definite momentum at the same time. A
common way of representing any arbitrary wave function χ in the P -Q phase
space is the Wigner distribution function. It is defined as the Fourier transformation along a difference coordinate L [213, 214]:
1 Z∞ ∗
L iKL
L
w(Q, K) =
χ Q−
e dL,
χ Q+
2π −∞
2
2
!

!

(8.58)

where Q and K = P/h̄ are the spatial and momentum coordinates.
In the momentum representation, the Wigner function is [215]:
w(K, Q) =

Z∞
−∞

χ̃

∗

M
M iM Q
K−
χ̃ K +
e dM,
2
2
!

!

(8.59)

where M is a difference coordinate in momentum space. Here, χ̃(K) is the
Fourier transform of χ(Q). The Wigner function is the inverse of the Weyl
transform [216] that associates a quantum-mechanical operator with a classical phase space distribution. In contrast to a real probability function,
the Wigner function can become negative. It shows interference pattern.
These properties of a Wigner function can be understood by calculation of
the Wigner function for a superposition state of two equally shaped wave
functions which are separated by a space distance ∆, i.e. χ(Q) ± χ(Q + ∆).
When the Fourier transform of this coherent superposition χ̃(K)(1 ± eiK∆ ) is
substituted in eq. (8.59) for a superposition of the wave functions with equal
and opposed phase, the total Wigner function wtot (K, Q) is [215]:
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wtot (K, Q)
Z∞ "

∗

Z∞

∗

M
M
M
χ̃ (K − ) ± χ̃∗ (K − )e−i(K− 2 )∆
=
2
2
−∞
"
#
M
M i(K+ M )∆ iM Q
2
· χ̃(K + ) ± χ̃(K + )e
e dM
2
2
Z∞
M
M
=
χ̃∗ (K − )χ̃(K + )eiM Q dM
2
2
−∞

#

M
M
M
M
+
χ̃ (K − )e−i(K− 2 )∆ χ̃(K + )ei(K+ 2 )∆ eiM Q dM
2
2
−∞

Z∞
~ 
M
M
−i(K− M
)∆
i(K+ M
)∆ iM Q
∗
2
2
+e
e dM
±
χ̃ (K − )χ̃(K + ) e
2
2
−∞

!

!

= w0 (K, Q) + w0 (K, Q + ∆)
 Z∞

∆
M
M
)χ̃(K + )eiM ( 2 +Q) dM
2
2
−∞
∆
= w0 (K, Q) + w0 (K, Q + ∆) ± 2 cos(K∆) · w0 (K, Q + ).
2

±



i(K∆)

e

−i(K∆)

+e

χ̃∗ (K −

(8.60)

Here, the Wigner function consists of the parts w0 (K, Q) and w0 (K, Q +
∆) which correspond to the Wigner functions of the single wave functions
χ(Q) and χ(Q + ∆), respectively. In addition, there is the interference term
2 cos(K∆) · w0 (K, Q + ∆2 ), which is located at Q = ∆/2. In contrast to the
real classic-like probability density that is conserved in phase space (Liouville,
[217, 218, 219]), the Wigner function of the superposition of two wave packets
shows such an interference term on half distance.
Nevertheless, the Wigner distribution offers important properties, which
suggest its interpretation as a quasi-probability distribution [148]. In a twodimensional K-Q space, the Wigner transformation of the density matrix can
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thus be easily integrated to yield the probability relations
Z∞
−∞
Z∞

w(K, Q)dK = hQ|χihχ|Qi = |χ(Q)|2

(8.61)

w(K, Q)dQ = hK|χihχ|Ki = |χ̃(K)|2

(8.62)

−∞
Z∞ Z∞

w(K, Q)dKdQ = 1.

(8.63)

−∞ −∞

In consequence, negative values cancel out during the overall integration
along one phase space coordinate. For instance, the integral over the cosine
term in eq. (8.60) yields zero. Nevertheless, phase depending superpositions
can be distinguished by the help of the Wigner transformation. The twodimensional Wigner function can be rewritten with the new coordinates Qn =
Q + S/2 and Qm = Q − S/2 to yield
1 Z∞
hQn |χihχ|Qm iiK(Qm −Qn ) dS,
w(Q, K) =
2π −∞

(8.64)

where the quantity ρ = |χihχ| refers to a density operator of pure states.
Applying the general density operator of all states
ρ0 =

X

ρi |χi ihχi |,

(8.65)

i

the corresponding two-dimensional Wigner function for general densities is
given by [148]
1 Z∞
w(Q, K) =
hQn |ρ0 |Qm ieiK(Qm −Qn ) d(Qm − Qn ).
2π −∞
It also includes mixed states.
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(8.66)

8.6

Appendix F

Polarizability Calculations on Pyridinylidene-Phenoxide
Simulations of the interaction between the pyridinylidene-phenoxide and
radiation via polarizability are the following step in future simulations. Such
interactions are commonly based on an interaction Hamiltonian, which includes the dynamic frequency dependent polarizabilities, i.e.
Ĥind = −

1X
Fρ αρρ0 Fρ0
4 ρ,ρ0

(8.67)

with the Cartesian space-fixed coordinates ρ = x, y, z, the component of the
polarizability tensor αρρ0 , and the envelope of the electric field Fρ = Fρ (t).
For derivation, see Ref. [149]. The envelope of the laser field changes only
slightly if the laser pulse is not too short. Thus, for the light induced nuclear
dynamics of the pyridinylidene-phenoxide, a two-state model Hamiltonian
with constant Fρ can be assumed in first approximation.
The space-fixed polarizabilities in eq. (8.67) can be calculated by the
molecule-fixed polarizabilities as
αρρ0 =

X

hρ|iiαij hj|ρ0 i

(8.68)

ij

with the elements hρ|ii and hj|ρ0 i of the transformation matrix, which transforms between the space-fixed frame and the molecular frame. Here, i and
j denote the body-fixed Cartesian coordinates X, Y or Z. In linearly polarized fields, where the polarization is directed along the space-fixed Z-axis (i.e.
~ the interaction Hamiltonian reduces to [149]
~ = Z),
Ĥint = −

i
2 (t) h ZX
α cos2 γ + αY X sin2 γ sin2 β
4

(8.69)

with the polarizability anisotropies αZX = αZZ −αXX and αY X = αY Y −αXX .
~ · ~z) denotes the angle between the bodyThe polar Euler angle γ = arccos(Z
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fixed Z-axis and the space-fixed z-axis. The azimuthal angle of rotation about
the body-fixed Z-axis is β.
The approach of eq. (8.69) leads to different problems. First, it involves
dynamics polarizabilities. The elements of the dynamical polarizability tensor
of the electronic state k can be expressed from pertubation theory [151]




µi kl µj lk
µi kl µj lk


αij (k) =
(h̄ω
−
ω
−
iΓ
/2)
(h̄ω
+
ω
+
iΓ
/2)
lk
l
lk
l
k6=l
X

(8.70)

with the transition dipoles µi and µj along the Cartesian coordinates i and
j, and the bohr frequencies ωlk between the electronic states l and k. The
full width half maximum of the line width for the excited level l is denoted
as Γl . By the assumption of large detuning, the natural line width Γl can be
ignored [151]. The starting geometry is chosen as in Fig. 6.5 with a = 0.05
[see eq. (6.1)].
Preliminary calculations of the dynamical polarizabilities for the pyridinylidene-phenoxide molecule in eq. (8.70) in a multi state-average calculation
on multireference configuration interaction level with up to 20 states have not
been successful. On the one hand, the continuum states are not considered
within the calculation of the frequency dependent polarizabilities. On the
other hand, even for the multi state-average calculations, the energies of the
remaining excited states in the sum are shifted within the multireference
calculation that includes up to 11 states of the same symmetry. However,
the dynamical polarizabilities do not vary significantly due to the changes
in the electric field strength up to 0.02 Eh /ea0 , for the planar configuration
and even for the twisted geometries at Θ = 90◦ . For small electric fields,
the high-quality static polarizabilities can thus be used in approximation of
the dynamical polarizabilities within the interaction Hamiltonian from eq.
(8.69).
The static molecule-fixed polarizabilities αXX , αY Y , and αZZ are obtained
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Table 8.1: Static polarizabilities for the electronic ground state of pyridinylidene-phenoxide at
Θ = 0.

Method

HF/VDZ MP2/VDZ HF/ADVZ MRCI/ADVZ

Energy/Eh

-551.092

-552.895

-551.118

-551.373

αxx /e2 a20 Eh−1

46.0

45.3

78.44

75.66

αyy /e2 a20 Eh−1

110.8

118.9

125.34

132.63

αzz /e2 a20 Eh−1

340.6

357.6

362.62

376.7

calculated with Molpro [129] using the internal notation VDZ=cc-pVDZ, AVDZ=aug-cc-pVDZ,
HF=Hartree-Fock, MP2=Møller-Plesset pertubation of second order, MRCI=multireference configuration interaction

Table 8.2: Static polarizabilities for the electronic ground state of pyridinylidene-phenoxide at
Θ = π.

Method

HF/VDZ MP2/VDZ HF/ADVZ MRCI/ADVZ

Energy/Eh

-551.047

-552.846

-551.075

-551.314

αxx /e2 a20 Eh−1

85.0

88.1

108.7

110.7

αyy /e2 a20 Eh−1

89.7

94.5

110.0

105.6

αzz /e2 a20 Eh−1

193.4

203.7

209.3

230.7
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via the equation [152]
d2 E 
(8.71)
αii = − 2  .
dFi 0
Up to ten energy points are calculated at small field strengths. They are fit
to the energy equation


1
E = E0 − µii Fi − αii Fi2
2

(8.72)

for the ground state and for the first excited state. Up to five different torsion
angles within electric fields in X-, Y- and Z-direction are included. The
calculated static polarizabilities for the ground state at Θ = 0 and at Θ = π
are exemplarily shown in Tables 8.1 and 8.2 for several basis sets and methods.
The values differ by a maximum of 37 e2 a20 Eh due to different models for the
electron correlation included in the quantum chemical calculations.
Figure 8.4 shows the torsion-dependent static polarizabilities αXX (Θ) in
green lines, αY Y (Θ) in blue lines and αZZ (Θ) in red lines on the multireferenceconfiguration interaction level with an augmented correlation-consistent polarized valence double-zeta basis set (MRCI/ADVZ). The solid lines represent the analytical fit for the ground state, the dashed lines indicate the
excited state static polarizabilities. The difference between both potentials
is maximal for a z-polarized field with ∆αZZ =240 e2 a20 E−1
h . The gap is
◦
widened during the torsion and vanishes for Θ = 90 . The differences of the
ground state and excited state polarizabilities for the X- and Y-direction of
the electric field are rather small. Thus, a modulation of the torsional and
the rotational dynamics of the pyridinylidene-phenoxide molecule is possible
via laser pulses due to the interaction in eq. (8.69).
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polarizability / e2 a20 E−1
h

500
400
300
200
100
0
0

π/2

π

Θ / rad
Figure 8.4: Static polarizabilities αXX (blue lines), αY Y (green lines), and αZZ (red lines) of the
ground state (solid lines) and the first excited state (dashed lines) of the pyridinylidene-phenoxide
along the torsional coordinate in atomic units. The data (coloured circles) are calculated via the
second derivatives of the energies of the ground state and the excited state with respect to the
applied electric field on the multireference-configuration interaction level with an aug-cc-pVDZ
basis set. The large change in the polarizabilities αZZ between both states along the torsional
coordinate and the simultaneous small variation of the corresponding αXX and αY Y values enable
a laser control of the torsion and of the decay dynamics due to eq. (8.69).
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6.5

Torsional potentials of the ground state and the excited state
of pyridinylidene-phenoxide for two geometries between the
model equilibrium geometry and the conical intersection; the
corresponding non-adiabatic coupling terms TΘ ; and the corresponding non-adiabatic decay of the pyridinylidene-phenoxide
via the torsion about the C=C bond for the two configurations
after δ pulse excitation . . . . . . . . . . . . . . . . . . . . . . 149

6.6

Influence of electric fields on the non-radiative decay of pyridinylidene-phenoxide . . . . . . . . . . . . . . . . . . . . . . . . . 151

6.7

Pathways around the conical intersection . . . . . . . . . . . . 153

6.8

Non-adiabatic couplings T∆z 0 (Θ, ∆z 0 ) for Θ = 89◦ and for
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