
Chapter 5An additional regularity resultIn this hapter we will prove a separation result for u in Theorem 2. For this we will usethe Moser iteration tehnique in the form of Alikakos [3℄ to establish the separation result.The key point is a proper hoie of testfuntions.Theorem 3 Suppose f ′(u0) ∈ L∞(Ω). Then f ′(u(t)) ∈ L∞(Ω) for a.a. t ∈ [0, T ].Remark 9 We get from Theorem 3 that 0 < u(t, x) < 1 for a.a. (t, x) ∈ QT , provided
0 < u0(x) < 1 for a.a. x ∈ Ω.Proof. We use here ideas lose to [3℄ and [15℄. Denote by

z := f ′(u) = v − (w + ψ).We introdue
σ(z) := u =

1

1 + exp(−z) ,and have
σ′(z) = u(1 − u) =

exp(−z)
1 + exp(−z))2

=
1

f ′′(u)
,

σ′′(z) =
(exp(−z) − 1) exp(−z)

(1 + exp(−z))3
.Beaue of (A2), (B4') we have

σ′′(z) ≤ 0 if z ≥ 0 (5.1)
σ′′(z) ≥ 0 if z ≤ 0 (5.2)Using (5.1) and testing (2.9) with (see [15℄)

ϕ =
z2k−1
+

σ′(z)
, k ≥ 1, z+ = max(0, z),55



56 CHAPTER 5. AN ADDITIONAL REGULARITY RESULTand taking into aount
∇ϕ =

(2k − 1)z2k

+ ∇z
σ′

− σ′′

σ′ 2
∇zzr

+ =
1

σ′

{

(2k − 1)z2k−2
+ ∇z − σ′′ϕ∇z

}

,

∂σ(z)

∂t
ϕ = ztz

2k−1
+ =

1

2k

d

dt
z2k

+ ,we get
1

2k

d

dt

∫

{z≥0}

z2k

+ dx+

∫

{z≥0}

∇v · {(2k − 1)z2k−2
+ ∇z − σ′′ϕ∇z}dx = 0. (5.3)We expand the integrand of the seond integral in the form

S =[∇z + ∇(w + ψ)] ·
{

(2k − 1)z2k−2
+ ∇z − σ′′ϕ∇z

}

=(2k − 1)z2k−2
+

{
|∇z|2 + ∇(w + ψ) · ∇z

}
− σ′′(z)ϕ

{
|∇z|2 + ∇(w + ψ) · ∇z

}
.Beause of (5.1) we an estimate using Young's inequality

S ≥(2k − 1)z2k−2
+

{

|∇z|2 − 1

2
(|∇(w + ψ)|2 + |∇z|2)

}

− σ′′(z)ϕ

{

|∇z|2 − 1

2
(k|∇(w + ψ)|2 +

1

k
|∇z|2)

}

.We �nd with the hoise k = 1/2

S ≥1

2
(2k − 1)z2k−2

+ |∇z|2 − 1

2
(2k − 1)z2k−2

+ |∇(w + ψ)|2

+
1

4

σ′′(z)

σ′(z)
z2k−1
+ |∇(w + ψ)|2.Beause of

−1 ≤ σ′′(z)

σ′(z)
≤ 1,we obtain

S ≥1

2
(2k − 1)z2k−2

+ |∇z|2 − 1

2
(2k − 1)z2k−2

+ |∇(w + ψ)|2

− 1

4
z2k−1
+ |∇(w + ψ)|2.Beause of assumption (A2), (B4') and (4.47) we obtain

S ≥ 1

2
(2k − 1)z2k−2

+ |∇z|2 − C54

2
(2k − 1)z2k−2

+ − C54

4
z2k−1
+ .



57Taking into aount
z2k−2
+ |∇z+|2 =

4|∇(z2k−1

+ )|2
(2k)2

,we �nally get from the identity (5.3)
1

2k

d

dt

∫

Ω

z2k

+ dx ≤− 2(2k − 1)

(2k)2

∫

Ω

|∇(z2k−1

+ )|2dx

C54

4

∫

Ω

{2(2k − 1)z2k−2
+ + z2k−1

+ }dx.
(5.4)For k = 1 we obtain from (5.4), the embedding L2 ⊂ L1 and by integration with respetto t

1

2

∫

Ω

z+(t)2dx+
1

2

∫

Ω

|∇z+(t)|2dx ≤ 1

2

∫

Ω

z+(0)2dx+
C54

4






2|Qt| +

t∫

0

∫

Ω

z2
+dx






.Realling that z+(0) = max(0, f ′(u0)) ∈ L∞(Ω) we onlude from Gronwall's Lemma (A.4)

‖z+‖L∞(0,T ;L2) ≤ K,where K is a positive onstant, whih depends on T . Consequently we �nd
‖z+‖L∞(0,T ;L1) ≤ K. (5.5)We use the Moser iteration tehnique in the form of Alikakos ([3℄). By Young's inequalitywe have

2(2k − 1)z2k−2
+ + z2k−1

+ ≤ 2k − 1(2(2k − 1) − 1)

2k
z2k

+ +
4(2k − 1) + 1

2k
,whih transforms (5.4) into

d

dt

∫

Ω

z2k

+ dx ≤ −2(2k − 1)

(2k)

∫

Ω

|∇z2k−1

+ |2dx

C54

8

∫

Ω

{2k − 1(2(2k − 1) − 1)z2k

+ + 4(2k − 1) + 1}dx.Take
z∗+ = z2k−1

+ , k ≥ 1.



58 CHAPTER 5. AN ADDITIONAL REGULARITY RESULTUsing 4(2k − 1) + 1 < 8 · 2k and (2k − 1)(2(2k − 1) − 1) < 8 · 4k it follows that
d

dt

∫

Ω

(z∗+)2dx ≤ −νk

∫

Ω

|∇(z∗+)|2dx+ ak

∫

Ω

(z∗+)2dx+ bk, (5.6)where we have used the natation
νk :=

2(2k − 1)

2k
, ak := 4kC54, bk := 2kC54|Ω|.Next, reall the Gagliardo Nirenberg interpolation inequality (A.14) a speiall ase of whihis the inequality

‖ξ‖L2 ≤ C‖ξ‖θ
W 1,2‖ξ‖1−θ

L1 , θ =
n

n+ 2
,and from whih we obtain with the help of Young's inequality

‖ξ‖L2 ≤ ǫ‖ξ‖2
W 1,2 + Cǫ−n/2‖ξ‖2

L1,whith an appropriate onstant C not depending on ǫ.Choosing 0 < ǫ < 1/2 it follows that
‖ξ‖L2 ≤ ǫ‖∇ξ‖2

L2 + Cǫ‖ξ‖2
L1, where Cǫ = Cǫ−n/2.We take this inequality for ξ = z∗+ and ǫ = ǫk and we obtain after multiplying eah side by

(ak + ǫk) and rearranging
−(ak + ǫk)

∫

Ω

(z∗+)2dx+ (ak + ǫk)Cǫk





∫

Ω

z∗+dx





2

≥ −(ak + ǫk) ǫk

∫

Ω

|∇z∗+|2dx .

(5.7)Now hoosing ǫk > 0 so that
ǫk(ak + ǫk) ≤ νk, (5.8)we obtain from (5.7) and (5.8) that

d

dt

∫

Ω

(z∗+)2dx ≤ −ǫk
∫

Ω

(z∗+)2dx+ (ak + ǫk)Cǫk





∫

Ω

z∗+dx





2

+ bk.Obviously we an assume (ak + ǫk)Cǫk
≥ 1. This is a di�erential inequality of the struture

dU

dt
≤ −ǫkU + Ak + bk, Ak = (ak + ǫk)Cǫk





∫

Ω

z∗+dx





2

,



59whih gives for t ≥ 0 by variation of onstants
U(t) ≤ exp(−ǫkt)U0 +

∫ t

0

eǫk(τ−t)(Ak + bk)dτ

≤
(

U0 +
bk
εk

eεkt

)

e−ǫkt +
Ak

ǫk
(1 − e−εkt),and from whih follows

U(t) ≤ max

(

U0 +
bk
εk
eεkT ,

Ak

ǫk

)

, (5.9)with the initial U0 = U(0). We an estimate
U0 =

∫

Ω

z+(0)2k

dx ≤ ‖z+(0)‖2k

L∞|Ω|.We hoose ǫk of the order 1/4k and obtain from (5.9)
∫

Ω

z2k

+ dx ≤ max







(ak + ǫk)Cǫk

ǫk



sup

∫

Ω

z2k−1

+ dx





2

, |Ω|(‖z+(0)‖2k

L∞ + 8kC54)






(5.10)We ontinue the argument by ([3℄). Without loss of generality we may assume that for all

k = 1, 2, ..
(ak+ǫk) Cǫk

ǫk
≥ 1, this an be done by hoosing ak. We furthermore assume that

‖z+(0)‖L∞ ≤ Kwhere K is de�ned by (5.5) We obtain from (5.10) the inequality
∫

Ω

z2k

+ dx ≤
(

(ak + ǫk)Cǫk

ǫk

)20 (
(ak−1 + ǫk−1)Cǫk−1

ǫk−1

)21

... (5.11)
(

(a1 + ǫ1)Cǫ1

ǫ1

)2k−1

K2k (5.12)Due to [3℄ the right hand side of (5.10) behaves like (onst.)2k . By taking the 1/2k powerof both sides we an pass to the limit and obtain the L∞ estimate for z+. Analogously,from (5.2) we get an L∞ estimate for z− by using the testfuntion
ϕ =

z2k−1
−

σ′(z)
, k ≥ 1, z− = −min(0, z).
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