Chapter 4

Proof of Theorem 2

In this chapter we prove the existence and uniqueness for a solution to the problem in
Theorem 2.

4.1 Existence

Unlike the proof of Theorem 1 we here will not only apply the regularization and trun-
cation (3.1) and (3.3), but also we will use a biharmonic regularization of the i-equation.

4.1.1 Regularized problems

For the system (2.9)-(2.11) we consider for (¢,0 > 0) the regularized system

T T
//utapdxdt + / / (Vu+ pV(w+ 1)) - Vodrdt =0, Vo € L*(0,T; HZ(2)), (4.1)
0 Q 0 0

T T T T
5O/Q/A¢Agodxdt+vo/ﬂfth~V<pdt+0/9/wgod:cdt = O/Q/utwdxdt, (4.2)
w = P(1 —2Iu) a.e. (t,z) € Qr. (4.3)

where H2(Q) := {p € H*(Q)| v-V¢ =0on dQ} a dense subset of H*(Q), so that the
choice of the testfunction space is consistent if we take o ™\ 0.

Existence result for the regularized problem Like in chapter 3 we employ a semidiscrete
scheme to (4.1)-(4.3). To this end, let M € N be given and h :=T/M. For 1 <m < M,
we consider the semidiscrete problem on the time level £ := mh for the unknown functions
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36 CHAPTER 4. PROOF OF THEOREM 2

u™ wm Y™ Q — R given by
1
5 /(um —u™ Y odr

Q

ﬁ/hww%mﬂveﬁ%ﬂi+wﬁ}vmﬁﬂ,vwﬁmm, (4.4)

h
Q Q

5/Awmwm+1/vwm—WHvam+/W%@
Q

1

== /(um —u" Nodr, Voe H2Q), (4.5)
Q

w™ = P(1—2ITu™) a.e. z € Q. (4.6)
For 1 <m < M (4.4)-(4.6) is a nonlinear elliptic system. Note that u® = ug, ¥° = 1)y. We
prove existence via Schauder’s fixed-point principle.
Lemma 6 Suppose that the assumptions (A1) to (A4) and (B1”) to (B4’) hold. Then for
every m € {1,..., M} there exists a triple of functions (u™,w™, ™) € H?(Q) x H>>*(Q) x
HY(Q) satifying (4.4)-(4.6).
Proof. 1. Again our proof is based on the application of Schauder’s fixed-point principle.
Here we only give the new steps, which differ from the proof of Lemma 1. The other steps

remain true. Let m € {1,..., M} be fixed but arbitrary. For a given u™ € H' we consider
the auziliary linear problems

/V(’Tmum) - Vedx + % /Tmumgodzc = /gggodzc, Yo € H2(Q), (4.7)
Q Q Q
1
/AwmAgpdx + ;—h / VY™ - Vedr + 5 /wmgpdx = /glgodzc, Vo € H2(Q), (4.8)
Q Q Q Q
where
1
grpdr =57 /(um —u™ Y pdr + % V™. Vodr, Vo e HEQ), (4.9)
Q Q

w™ + wm—l

gatpdz :Z/ué(um)VUm -V (f + Wn’) pdz
Q
m m—1
+ /,ua(um)A (w + @Dm) pdx
)

+ = /Tm_lum_lgodx, Vo € H2(RQ). (4.10)
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Here the existence and uniqueness theory of (4.7)-(4.10) is take from |20]. The strategy is
to get coercive biliearforms and use the Lax-Milgram Theorem. From ([20], Lemma 7.1.1
and Theorem 7.1.2), respectively, we find that for a given u™ € H' and consequently a
given g; € H*(Q) in (4.9) the linear equation (4.8) admits a unique solution ¥™ € H*(2).
Setting w™ = P(1 — 2lu™) € H*>*(Q), we find (4.6). Finally again from (]20], Corollary
2.2.2.4), respectively, we conclude that for a given gy € L?(2) (4.7) admits a unique solution
T u™ € H*(Q).

2. Thus, we have properly defined a fixed-point operator 7,, : H'(Q2) — H'(2). We
can apply Schauder’s theorem, if we are able to prove, that 7,, : H'(Q) — H(Q) is
completely continuous and 7,,[B] C B hold true for a closed ball B C H'(Q) with a radius
depending only on the data of the problem. The concrete steps in this part can be taken
from the proof of Lemma 1.

3. Here we have 7,,,[H'(Q)] € H?*(Q2) and because of the comlpetely continuous embed-
ding of H?*(Q) into H'(Q), the fixed-point map 7, : H'(Q) — H'() is completely con-
tinuous. Having in mind the first step of the proof, Schauder’s fixed-point theorem yields a
solution u™ € H?(2)N B of the equation 7,,u™ = u™. Setting w™ = P(1—u™) € H>*>(),
we have found a solution (u™, w™, ™) € H*(Q2) x H>>*(Q) x H*(Q) of the problem (4.7)-
(4.10).

Lemma 7 (Discrete energy estimate) Let (u™,w™,¢¥"™) be solution of (4.4)-(4.6) for
every m € {1,...., M'}. Then

M M
m fy m— Y
0> BAY™ 720+ 5 S IVE™ =™ ) e + 5 nax, IV (1220

m=1 m=1
" o (4.11)
S B By + S / (™) Vo P < Cop,
m=1 m=1

and
M

> h/ \Vu™ 2z < C. (4.12)
m=1 Q

Proof. Similar to the proof of Lemma 2.

Lemma 8 Let (u™,w™, ™) be solution of (4.4)-(4.6) for every m € {1,...,M}. Then

k112
(max [AYH[7ag) < Cos. (4.13)
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Proof. 1. Similar to the proof of Lemma 3; we use the admissible testfuctions Ay™ and

—u /7y to get

20h m m m— m 2h m
THVA@D ||%2(Q) + [|AyY™ — Ay 1||%2(Q) + [| Ay ||%2(Q) + 7||V¢ ||%2(Q)

1 m m— m
+ —lu™ —u 1”%2(9) + $||U ||%2(Q)
(4.14)

1 20h 2h
= ||A'¢Jm_l||%2(g) + —2||um_1||%2(9) + 3 /VA’QDm - Vu"dx + ) / @Dmumdas
v v J 7 Ja

2 2
- / (W AY™ — T AP d — S / (u™ — ™ ) (AY™ — AY™ ) d.
Q Q
2. Using Young’s inequality in the following way
2 m m— m m— 1 m m— m m—
/Q(U —u™ ) (AP — AY™ ) dr < ?HU —u" 2y + 1AY™ — AT 22,

y
26h o 9n - Sho

Q

2 oA 2. m 1 m
[ aumds < Sl + 31867
Q

we get from (4.14)

Ay ||2L2(Q) +—[|Vy H%?(Q) <3[|[Ay 1”%2(9) + —llu IH%Z(Q) + —llu ||2L2(Q)

7 7 7 (4.15)
oh 12 2h s 2h [ o
+ $||VU 1720 + ?Hw 172(0) + ?HU 1720

We sum in (4.15) both sides from m =1 to m = k, where 1 < k < M, and find

k
4 N 6 2
HAMH%%Q) + = Z h|[V ||%2(Q) §3HA¢O||%2(Q) + $||UOH%2(Q) + ?HukHizm)

m=1
k

k
5 m 2 m
+ po: Z I Vu™ (|72 ) + 7 Z MlY™ 1720
m=1 m=1

k
2 m
+ 7 Z hllu H%Z(Q)'
m=1

The discrete energy estimate (4.11) and (4.12) finally give (4.13).
Lemma 9 Let (u™,w™, ™) be solution of (4.4)-(4.6) for every m € {1,...,M}. Then

M
> hllAu™* < Ca (4.16)

m=1
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Proof. 1. Because of Lemma 6 —Au™ exists and is an admissible testfunction in (4.4)

wm™ +wm"

+ /,u(um)A <wm%wm_l + wm) A

Q
= [11 + [12.

2. Using Holder’s inequality we have

o < Vel |7 (55 o) | 8y
Lo (4.18)
. w™ +wm—1 - - ’
W16(Q)
By the embedding H?(2) C H%%(Q) we get
. w™ +wm—1 . "
Ill S 024||Vu ||L3(Q) ‘ 9 + 'QD ||Au ||L2(Q)
H?(Q)
The Gagliardo-Nirenberg inequality (A.14) for dim(2) =3
m m 1/2 m 1/2
IVl < Coll Vu™ [ gy 1A | -
gives
N N R T
H?(Q)
We get using (A2), (B4’), (4.11) and (4.13)
I1 < Cos | Vu™ | Loy 1™ gy,
Young’s inequality gives
m 1 m
1 < 3C5||Vu ||2L2(Q) + EHA“ ||2L2(Q)
3. For the second term in (4.17) we find that
w™ + wm ! AP 1 -
I, < ||A fﬂL@D 42||AU ||L2(Q)
12(9) (4.19)

1 m
< Cyr + EHAU ||%2(Q)

1
%/V(um —u™ ) Vumdr + / |Au™|2dx :/u'(um)Vum -V (# + @bm) Au"dz
0 0

(4.17)
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where we have used (A2), (B4’) and (4.13) for the last step in (4.19).
4. We multiply both sides of (4.17) with A and sum from m = 1 to m = k, where
1< k< M to get

k

4 m — 4 4

7 Z V(™ —u 1)||%2(Q)+§Hvuk||i2(ﬂ) - §||VUO||%2(Q)
m=1

k k
+ Z hHAUmH%Z(Q) < Css Z h||VumH%2(Q).

m=1 m=1

Using the estimate (4.12) we find (4.16).

Lemma 10 Let (u™,w™,¢™) be solution of (4.4)-(4.6) for every m € {1,..., M}. Then

S

m=1

m m—1 |2

um —u
h

< Cys. (4.20)
L2(Q)

Proof. 1. Using (u™ — u™ ') as a testfuction in (4.4) we obtain

1 m m—11|2
e

E[lg —|— [14.

2. Using Holder’s inequality we get

m m—1 m _ ,,m—1
i <Cat | [ wum v () (S ) as
Q

. w™ + wm—l . u™ — um—l
g@mQWummﬁh<——7——+w) . )
LS(Q) L2(Q)
. w™ + wm—l . u™ — um—l
< Cyoh (HVU L2 H <f + )H h ) :
wi6(Q) L%(Q)
Again the embedding H?(Q2) C H'*(Q), p € [1,6], gives
. w™ + ,wm—l . u™ — um—l
Iz < C31h (HU | m2(0) '(f + 1 ) 3 ) .
H2(Q) L2(Q)
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L2(9)> .

m __ um—l

h

We obtain by assumption (A2), (B4) and (4.16)

m o __ um—l

h

u
Lz < Csh <||Um||H2(Q)

Young’s inequality gives

m h
Ly < Coohl[u™||52q) + 1

u

L*(Q)

m—1 |2

h

u™ —u

h

)

L2(Q)

where we have used (4.11) and (4.16).
3. We apply Young’s inequality, (A2), (B4’) and (4.13) for the second term

m m—1 2 h m __ ,,m—1 2
f14§hHA<w +w _H/}m) LY ki’
2 e A he e
h m _ ,,m—1 2
<hCyy + |21 .

We sum from m =1 to m = M and conclude

—1112

M u™ — ™
>

Lemma 11 Let (u™,w™,¢™) be solution of (4.4)-(4.6) for every m € {1,..., M}. Then

oo (5]

m=1 L2()

M
m m— 1
+ Z V(™ —u 1)“%2(9) + §||Vuk”%2(ﬂ) < Css.
m=1

L2(Q)

< O (4.21)

Proof. We use (™ —™71) as a testfunction in (4.5):

o [ sumawr — v e+ 2 [ v e+ [ umr - s
Q Q Q

Jr = wr e - gy

Q

S| =

Using Young’s inequality and the Poincaré inequality for the right hand side we get
N e e / V(" — o) e+ / W — e
Q

m—l 2
< 2fthu ||L2(Q)7
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where ¢, is the Poincaré constant. We sum from m =1 to m = k, where 1 <k < M and

find

J < m m—1y|2 0 k2 0 012 é P — pm Ly |2
5 Z [AW™ =™ )72 + ;HA@D 1 72(0) — §||A¢ 1720) + Z h||V —
m=1 m=1

L2(2)

—1112
u™ — ™ 1

k k
1 m m—12 Loz Ly o2 Cp
+ 5 mZ::l [™ =" 72y + 5”@5 [ ;Hw 172(0) < 32 mz::lh 5

L2@)
We finally get (4.21) by (4.20).

Lemma 12 Let (u™,w™,¢™) be solution of (4.4)-(4.6) for every m € {1,..., M}. Then

M M
m /7 m m—
0D A% ) §Z||mw = VA" e
m= m=t (4.22)

g k m
+2 max VAU +2Zh||A¢ 320 < Cir

Proof. 1. Because of Lemma 6 A?)™ exists; thus an admissible testfunction in (4.5):

/ |A2p™ P + — / (VAY™ — VAY™ ) . VAY"dx + / | Ay™|*dx

“ (4.23)

- / (™ — ™) AR .
For the right handside of (4.23) we have

1 1
- (um o um—l)AZwmdl, __ (umA2wm _ um—1A2,¢m—1) dx
y Y
by [ =g - A
Q
1
= um(A2wm - A2lpm_1)dl’.
]

2. Because of Lemma 6 Au™ /7 exists; thus an admissible testfunction in (4.5):

1 1
° /AQ@DmAumdx - — / A (™ — ™ N de + —(Vu™ — Vu™ ) - Vu™dx
y h ~vh
¢ (4.24)

= 1 / V™ - Vudz.
7 Q
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We get by (4.23) and (4.24) the following estimate

afa%y H%zmﬂrﬂIlVAw - VAY 1||2Lz(9>+—HVA1/J H%zm)—%nmw Nz

1 m 1
2y h”VU ||L2(Q 2 h

= % / (Vu"VAY™ — Vu™ 'V AY™ ) da (4.25)

1 m m— m— m
+27—h||Vu — Vu" |2y + IVu™ 720 + 1A 220

+ %/V(um —u™ ) (VAY™ — VAY™ Hdax + g /AmeAumdat — %/V@bm - Vu"dz.
Q 9)

We multiply (4.25) by h and sum from m = 1 to m = k, where 1 < k < M. By using
Young’s inequality in the form

k
> / V(™ —u™ ) - (VAY™ — VAY™ V) da
m=1

k k
1 Il m m—
—Z 2@ Z (VAY™ = VAP ) [[220)

\g
> |

and

S k - - S k - S k .
S0 [ Armaunds < § 3T M g + 55 X HIA
Q m=1 m=1

m=1

1
[ v At < IV + VAW
Q
we obtain the estimate
k ”)/ k
0D A" |Faq §Z||VAW—VAW—1||22( + VA 2 +2Zh||Awm||L2
< 29| VAP + ||Vu°||L2 ++—||WHL2 += an = V" L)

_'_,V_ZhHAumHLZ(Q + = ZhHVUmIILzm + = Zhllv¢mllL2m

m=1

The energy estimate (4.11) and (4.12) together with (4.16) give (4.22). Again like in
Chapter 3 we denote for any M € N the solutions of (4.4)-(4.6) by (u}}, wiy, ¥5;). We
define piecewise linear and constant interpolates like in (3.32)-(3.36). for 1 < m < M.
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With these notations, the variational equations (4.4)-(4.6) can be written as

T T
//@M,W dxdt + // (Vs + pe(tiar) V(@ar + ¥ar)) - Ve dadt = 0,
00 0

T

T
5//A1/_JMAgod:cdt+fy//V1/3M¢~V<pdxdt (4.26)
0 Q

0 Q

T T
+ / / Uy dedt = / / iy spdadt, Yo € L*(0,T; H2(Q)),
0 Q 0 Q

By virtue of the energy estimate (4.11),

T
M
5 [ 180wl + 2 Y + L sup VIO
[ 180l + 5 3 IV Dl + 5 s VOO
J -

T (4.27)
+ / [t + | / ) Ve e < o,
0 0

where vy := f/(tips) + War + . We also find from (4.12) that

T
0 Q
Moreover by (4.13), (4.16), (4.20), (4.21) and (4.22) we get
sup [ A (1)1 72() < Cos, sup [[VAYu ()]|720) < Car,
0<t<T 0<t<T
/ 1A% ]|72(dt < Car, / HvlﬁM,tH%%Q)dt < Cse,
[ 1803yt < Con, [ Nassal oy < Cus

In addition, (4.16) imply that, as M — oo,

| Atipr — Ading|| 20 722 () Z [AwYy — Aut | 2y — 0, (4.28)
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and we obtain using (3.42) and (4.28)

lunr — @nslL20,7;m2(0)) — O- (4.29)
Moreover we have by (4.11), (4.13) and (4.22)
IV4ar — Vibar|| O732(@) = 0AX IV — VOu | mz — 0. (4.30)
By (4.22) we get in addition
1A% 0 = A%Purs20,702(0)) = 337 Z A% — A% 2y — 0. (4.31)

In conclusion, there are functions @, @, ¥, @/}t, such that for M — oo, possibly after selecting
subsequences,

Un — 1 weakly in L2(0,T; H*()),
Uyg  — Uy weakly in L%(0,T;L*(Q)),
by — ¢ weakly i L2(0,T; L(9)),
Vi — Vi weaklystar in L®(0,T; HX(Q)), (4.32)
Azle — A% weakly in L2(0,T;L2(Q))’
Ve — Vi weakly in L2(0,T; L*(%)).

Taking into account (4.29), (4.30) and (4.31), we see that @ = @ and ¢ = ¢. It follows
>from (4.32) that we may pass to the limit as M — oo in (4.26). The passage to the limit
can be done in the same way like in Chapter 3, so we here skip the concrete proof. We
denote the solution of the regularized problem (4.1)-(4.3) by (us., wse, Psc). Next we are
going to prove some a priori estimates, which will allow us to pass to the limit in (4.1)-(4.3).
We can state the following energy estimate.

Lemma 13 (Energy estimate) There exists an ey (see Remark 6) such that for all 0 <
e < ¢gg and for all 6 > 0 the following estimate holds with constants Csg, Csg independent
of € and 9:

/ e gyt + 3 s [0 30 / 5320

- (4.33)
+ / / pe (s, ) | Vvse|* dedt < Cag,
0 Q
and
T
//|Vu€\2dxdt§ Cg, (4.34)
0 Q

where vs . = fl(use) + wse + Vs
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Proof. Like in Chapter 3 the function vs. € L*(0,T; H*(Q2)) is a valid testfunction in
(4.1). The proof is similar to the proof of Lemma 4. Because of sufficient regularity we
here don’t make use of steklov averaging.

Lemma 14 There ezists an €y (see Remark 6) such that for all 0 < ¢ < gy and for all
0 > 0 the following estimate holds with a constant Cyy independent of € and §:

max ||A1/}5’€||%2(Q) S C40. (435)

0<t<T
Proof. Similar to the proof of Lemma 5 without steklov averaging.

Lemma 15 There ezists an €y (see Remark 6) such that for all 0 < ¢ < gy and for all
0 > 0 the following estimate holds with a constant Cyg independent of € and §:

/ | Aatg |2yt < Ci. (4.36)
0

Proof. 1. Because of the compactness results (4.32) —Auwu, is an admissible testfunction in
(4.1). Using the chain rule we get after partial integration in (4.1)

IV use (O1220) =1V use (0)[2) + / 1A |72t
0

/,u Us.e) VsV (ws e + 5.0 ) Augs dadt (4.37)
Q

pe (s ) A(ws « + s ) Aug dadt

+ O~ O\’ﬂ
SO

~

=I5 16-

2. We estimate each summand like in (4.17) and (4.18): Using Holder’s inequality we get

Iis §/||VU6,5||L3(Q) ||V(w6,a+¢6,a)||Ls(Q) ||Au6,a||L2(Q)dt
< / IVusellzs) lwse + Vscllyro |1 Aus | oadt

< C41/||Vu5,e||L3(Q) [wse + Vsell oy [[Ausellr2dt
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where we have used the embedding H?(Q2) C H"%(Q) in the last step. The Gagliardo-

Nirenberg inequality (A.14) for dim(Q2) = 3
1/2 1/2
IVttsell o) < Coll Vusell fargy | Ausellotgy

gives
3/2
Iy < Cio / 195120 s + sl oy 1005l
We obtain using (A2), (B4’) and (4.35)
Ty < Cs [ Vs 1805 .
Young’s inequality together with (4.34) gives
1 2
Iis < Oy + 1 | Aus |5 dt.

3. For the second term in (4.37) we get

Is < l/MwM+wwm t/Mwﬂm
< Cys + gHAU&,eH%Z(Q)

where we have used (A2), (B4’) and (4.35).

Lemma 16 There ezists an €y (see Remark 6) such that for all 0 < ¢ < gy and for all

0 > 0 the following estimate holds with a constant Cs, independent of € and §:

/ ||8tu(;75]|%2(9)dt S 051.

(4.38)
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Because of the compactness results (4.32) dus. € L*(0,T; L*(Q2)), thus an

Proof. 1.
). Again using the chain rule we get after partial integration

admissible testfuction in (4.1
/ 1005 1|2y A+ Vs (D) | L2y — | Vitse (0) 72

T
0// (use) Vs e V(ws e + 5.2 ) Orus cdadt (4.39)

Q

!

+//,1L5(U575)A('w575—|-'l/15,5)8tu(5,5d113dt
Q

o

5117 + ]18-

2. Using Holder’s inequality we get
L7 < / ||VU6,5||L3(Q) ||V(w6,a + %,e)HLs(Q) ||atu6,a||L2(Q)dt
< [ seliwnsay s+ vsellysge 1005l it
We again make use of the embedding H?(Q2) C H"?(), p € [1,6], and get
iy < Crr [ Nuscloy lwse + sl oy 10usel 2o
Assumption (A2), (B4’) and (4.37) gives
lir < Cs [ sty 10wy -
Applying Young’s inequality together with (4.36) we find that

1
Iy < Cy + 1 / ||8tué,e||2L2(Q)dt
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3. Young'’s inequality gives for the second right term of (4.39)

T T
1
h < [ 18Gs+ 52 it + 5 [ 10uslfoyds
0 0

T T
1
< [ e+ va Byt + 7 [ Norwselards
0 0

By (A2), (B4’) and (4.35) we get
. T
g < Cs0 + 1 / ||8tué,e||2L2(Q)dt
0

Lemma 17 There ezists an €y (see Remark 6) such that for all 0 < ¢ < gy and for all
0 > 0 the following estimate holds with a constant Csy independent of € and §:

[ 19057 < Ca (1.40)
Proof. 1. Testing (4.2) by the admissible testfunction 0y, we find

T

0 )

2 ||A1/15,s(t)||2m(g)—§ 1805 (0) 1720 + 7/ IV 0uts.c |72yt
0

., (4.41)

1 1
+ 5Ol — 15Oy = [ [ OuusBuvs ot

0 Q

2. Using Young’s inequality together with Poincaré inequality for the right hand side of
(4.41) we get

o 0
1A Ol — 51865 (0)[32qqy / 19052 1220

1 1
+ 5 Wc Ol = 3 145:(0) 2 < / v e

Using (4.38) we get (4.40)
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Lemma 18 There ezists an €y (see Remark 6) such that for all 0 < ¢ < gy and for all
0 > 0 the following estimate holds with a constant Css independent of € and §:

max ||VA; |72 < Css. (4.42)

0<t<T

Proof. 1. To prove this we use again the steklov averaging technique (3.49). We use the
admissible testfunction —A%y;;, in (4.2) and get after partial integration:

t t
Y
5 [ 1%yt + JIV AU (Ol + [ 1803yt
0 0

) (4.43)
://8tU57EhA2@/)57Ehdl’dt+%HVA’Q/)&E;L(O)H%%Q),
0 Q
for all t € [0,T7.
2. We obtain applying the testfunction Aug.p/v in (4.2)
5 t t 1 t
—//A2w5,ahAU5,ahdl’dt—//Aatwg,ahAu(;,ahdlL"dt—l——//@/)57EhAU57Ehdl’dt
7 0 Q 0 Q 7 0 Q (4.44)

t
= / / Oyus enAus cpdadt,
0 O
for all t € [0, 7.

3. Because of the steklov averaging A?0,¢s., € L*(0,T; L*(Q2)) exists and by partial
integration we get for (4.44)

t t t
1
é//A%WAMWWﬁ—//&ﬂ%WWWMH—//V%mW%mWﬁ
7 7
0 Q 0 Q 0 Q

t

://8tU5,€hAU57€hdIdt,
Q

0

(4.45)

for all t € [0, 7. Using the formula for partial integration in time

t
/N%mﬁwﬂwh—/ﬁwm®wmwm2//A%%meMt
Q 0 Q

Q

t
+ / / A5 . Orus cpdadt,
0 a
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for all t € [0, T, we find

t t
ol 1
5 [ 18205t + IV AUl + [ 180l + [Tusa e
0 0

¥ 1
=+ §||VA¢5,eh(O)H%2(Q) + ;HV“cS,eh(O)H%Z(Q) - /VA%,sh(t) - Vugen(t)de (4.46)
Q

t t
) 1
+ / VA@D&E}L(O) . Vu(;,ah(())dx — ; / / A2'l/1575hAU5,5hdl’dt + ; / / Vw(;,ah . Vu(;,ahda:dt,
Q 0 Q 0 Q

for all t € [0, 7). Using Young’s inequality in the form

t t t
) 1)
5 / / A*5 ep Aug epdadt < 6 / HA%&,ehH%Q(Q)dtWL? / 1 AUs en |72 )t
0 Q 0 0

1
[ O 8salt) - Tusatide < TNV A1) ooy + I Tusea®) e
Q

t t 4
1 1 1
- Vbsen - Vugepdrdt < — [ ||Vl — [ IVusenlliz,
. / / san - Vasadads < o / IV4senllon + 5 / Vel

for all ¢ € [0, T], we get from (4.46)

t
4 1
IV A5 enll720) + 5 / | A5 enll 720y dt =3IV Atsn(0)]|720) + $||VU575}L(0)||%2(Q)
0
49 /
+ ? / ||AU5,5h||%2(Q)dt
0

t t
2 2
35 / IV st + / [t el
0 0
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for all ¢ € [0, T]. Passing to the limit (h \, 0) we obtain

t
4 1
IV AYs el| 720y + 5 / A5 |1 720y dt =3IV A5 (0)[|72(0) + ?HVU&E(O)H%%Q)
0

t
46
+$/HAU§,€H2L2(Q)dt
0

t t
2 2
3 / IVt + = / |Vt 2
0 0

for all ¢ € [0, T]. The estimate (4.11), (4.12) and (4.36) give (4.42).

Remark 8 Because of (4.42) we have

< .
30 Vel < Cis

and by the Sobolev embedding Theorem (A.11) for dim(Q2) = 3 we get

max || Vsl po) < Chs. (4.47)

0<t<T

We find following standard compactness properties

Us e — u weakly in L?(0,T; H*()),

Owus.  — O  weakly in L?(0,T; L*9)),

Vs,e — ) weakly in L2(0,T; L*)), (4.48)
Vise — Vi weakly-star in L>(0,T; H*(Q)),

Vous. — Vi weakly in L?(0,T; L*(Q)).

so that as 6,6 — 0 we may pass to the limit in (4.1)-(4.3). The convergence of the linear
terms in (4.1)-(4.3) are standard. We take a closer look on the convergence of the nonlinear
term. First we prove as 6 — 0 the passage to the limit of the nonlinear term

T
//u6 ue)V(ws + 1) — pre(use)V(wse + s5e)) - Vo drdt
0 Q
T
= // phe(Ue) — phe u5€>>v(w€+we) -V dzdt
0

T
+ pe(use)V [(we —wse) + (Ve —se)] - Vo dadt.
/]
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We follow the same argument as in (3.45) and skip here the details of the proof. Now we
are able to prove the passage to the limit as ¢ — 0

/ /(NE(ue)v(we + b)) — pe(use) V(wse + U5e)) - Vo dadt

T
= // phe(Ue) — phe u5€>>v(w€ + ) - Vo ddt
0

+ //ME(U(S@)V [(we — w&a) (e wéa)] Vo dudt.

Here we use the argument as in (3.56) to justify this passage. The rest of the proof goes
like in Chapter 3. We also skip here the proof of the uniqueness. It is similar to the
corresponding proof in Chapter 3.
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