
Chapter 4Proof of Theorem 2In this 
hapter we prove the existen
e and uniqueness for a solution to the problem inTheorem 2.4.1 Existen
eUnlike the proof of Theorem 1 we here will not only apply the regularization and trun-
ation (3.1) and (3.3), but also we will use a biharmoni
 regularization of the ψ-equation.4.1.1 Regularized problemsFor the system (2.9)-(2.11) we 
onsider for (ε, δ > 0) the regularized system
T∫

0

∫

Ω

utϕdxdt+

T∫

0

∫

Ω

(∇u+ µε∇(w + ψ)) · ∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H2
•(Ω)), (4.1)

δ

T∫

0

∫

Ω

∆ψ∆ϕdxdt+ γ

T∫

0

∫

Ω

∇ψt · ∇ϕdt+

T∫

0

∫

Ω

ψϕdxdt =

T∫

0

∫

Ω

utϕdxdt, (4.2)
w = P (1 − 2Πu) a.e. (t, x) ∈ QT . (4.3)where H2

• (Ω) := {ϕ ∈ H2(Ω)| ν · ∇ϕ = 0 on ∂Ω} a dense subset of H2(Ω), so that the
hoi
e of the testfun
tion spa
e is 
onsistent if we take δ ց 0.Existen
e result for the regularized problem Like in 
hapter 3 we employ a semidis
retes
heme to (4.1)-(4.3). To this end, let M ∈ N be given and h := T/M . For 1 ≤ m ≤ M ,we 
onsider the semidis
rete problem on the time level t := mh for the unknown fun
tions35



36 CHAPTER 4. PROOF OF THEOREM 2
um, wm, ψm : Ω → R given by

1

h

∫

Ω

(um − um−1)ϕdx

+

∫

Ω

[

∇um + µε(u
m)∇

(
wm + wm−1

2
+ ψm

)]

· ∇ϕdx = 0, ∀ϕ ∈ H2
• (Ω), (4.4)

δ

∫

Ω

∆ψm∆ϕdx+
γ

h

∫

Ω

∇(ψm − ψm−1) · ∇ϕdx+

∫

Ω

ψmϕdx

=
1

h

∫

Ω

(um − um−1)ϕdx, ∀ϕ ∈ H2
• (Ω), (4.5)

wm = P (1 − 2Πum) a.e. x ∈ Ω. (4.6)For 1 ≤ m ≤ M (4.4)-(4.6) is a nonlinear ellipti
 system. Note that u0 = u0, ψ
0 = ψ0. Weprove existen
e via S
hauder's �xed-point prin
iple.Lemma 6 Suppose that the assumptions (A1) to (A4) and (B1') to (B4') hold. Then forevery m ∈ {1, ...,M} there exists a triple of fun
tions (um, wm, ψm) ∈ H2(Ω)×H2,∞(Ω)×

H4(Ω) satifying (4.4)-(4.6).Proof. 1. Again our proof is based on the appli
ation of S
hauder's �xed-point prin
iple.Here we only give the new steps, whi
h di�er from the proof of Lemma 1. The other stepsremain true. Let m ∈ {1, ...,M} be �xed but arbitrary. For a given um ∈ H1 we 
onsiderthe auxiliary linear problems
∫

Ω

∇(Tmu
m) · ∇ϕdx+

1

h

∫

Ω

Tmu
mϕdx =

∫

Ω

g2ϕdx, ∀ϕ ∈ H2
• (Ω), (4.7)

∫

Ω

∆ψm∆ϕdx+
γ

δh

∫

Ω

∇ψm · ∇ϕdx+
1

δ

∫

Ω

ψmϕdx =

∫

Ω

g1ϕdx, ∀ϕ ∈ H2
• (Ω), (4.8)where

∫

Ω

g1ϕdx :=
1

δh

∫

Ω

(um − um−1)ϕdx+
γ

δh

∫

Ω

∇ψm−1 · ∇ϕdx, ∀ϕ ∈ H2
• (Ω), (4.9)

∫

Ω

g2ϕdx :=

∫

Ω

µ′
ε(u

m)∇um · ∇
(
wm + wm−1

2
+ ψm

)

ϕdx

+

∫

Ω

µε(u
m)∆

(
wm + wm−1

2
+ ψm

)

ϕdx

+
1

h

∫

Ω

Tm−1u
m−1ϕdx, ∀ϕ ∈ H2

• (Ω). (4.10)



4.1. EXISTENCE 37Here the existen
e and uniqueness theory of (4.7)-(4.10) is take from [20℄. The strategy isto get 
oer
ive biliearforms and use the Lax-Milgram Theorem. From ([20℄, Lemma 7.1.1and Theorem 7.1.2), respe
tively, we �nd that for a given um ∈ H1 and 
onsequently agiven g1 ∈ H1(Ω) in (4.9) the linear equation (4.8) admits a unique solution ψm ∈ H4(Ω).Setting wm = P (1 − 2Πum) ∈ H2,∞(Ω), we �nd (4.6). Finally again from ([20℄, Corollary2.2.2.4), respe
tively, we 
on
lude that for a given g2 ∈ L2(Ω) (4.7) admits a unique solution
Tmu

m ∈ H2(Ω).2. Thus, we have properly de�ned a �xed-point operator Tm : H1(Ω) −→ H1(Ω). We
an apply S
hauder's theorem, if we are able to prove, that Tm : H1(Ω) −→ H1(Ω) is
ompletely 
ontinuous and Tm[B] ⊂ B hold true for a 
losed ball B ⊂ H1(Ω) with a radiusdepending only on the data of the problem. The 
on
rete steps in this part 
an be takenfrom the proof of Lemma 1.3. Here we have Tm[H1(Ω)] ∈ H2(Ω) and be
ause of the 
omlpetely 
ontinuous embed-ding of H2(Ω) into H1(Ω), the �xed-point map Tm : H1(Ω) −→ H1(Ω) is 
ompletely 
on-tinuous. Having in mind the �rst step of the proof, S
hauder's �xed-point theorem yields asolution um ∈ H2(Ω)∩B of the equation Tmu
m = um. Setting wm = P (1−um) ∈ H2,∞(Ω),we have found a solution (um, wm, ψm) ∈ H2(Ω)×H2,∞(Ω)×H4(Ω) of the problem (4.7)-(4.10).Lemma 7 (Dis
rete energy estimate) Let (um, wm, ψm) be solution of (4.4)-(4.6) forevery m ∈ {1, ...,M}. Then

δ

M∑

m=1

h‖∆ψm‖2
L2(Ω)+

γ

2

M∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
max

1≤k≤M
‖∇ψk‖2

L2(Ω)

+

M∑

m=1

h‖ψm‖2
L2(Ω) +

M∑

m=1

h

∫

Ω

µε(u
m)|∇vm|2dx ≤ C21,

(4.11)
and

M∑

m=1

h

∫

Ω

|∇um|2dx ≤ C22. (4.12)Proof. Similar to the proof of Lemma 2.Lemma 8 Let (um, wm, ψm) be solution of (4.4)-(4.6) for every m ∈ {1, ...,M}. Then
max

1≤k≤M
‖∆ψk‖2

L2(Ω) ≤ C23. (4.13)



38 CHAPTER 4. PROOF OF THEOREM 2Proof. 1. Similar to the proof of Lemma 3; we use the admissible testfu
tions ∆ψm and
−um/γ to get

2δh

γ
‖∇∆ψm‖2

L2(Ω) + ‖∆ψm − ∆ψm−1‖2
L2(Ω) + ‖∆ψm‖2

L2(Ω) +
2h

γ
‖∇ψm‖2

L2(Ω)

+
1

γ2
‖um − um−1‖2

L2(Ω) +
1

γ2
‖um‖2

L2(Ω)

= ‖∆ψm−1‖2
L2(Ω) +

1

γ2
‖um−1‖2

L2(Ω) +
2δh

γ2

∫

Ω

∇∆ψm · ∇umdx+
2h

γ2

∫

Ω

ψmumdx

− 2

γ

∫

Ω

(
um∆ψm − um−1∆ψm−1

)
dx− 2

γ

∫

Ω

(um − um−1)(∆ψm − ∆ψm−1)dx.

(4.14)
2. Using Young's inequality in the following way

2

γ

∫

Ω

(um − um−1)(∆ψm − ∆ψm−1)dx ≤ 1

γ2
‖um − um−1‖2

L2(Ω) + ‖∆ψm − ∆ψm−1‖2
L2(Ω),

2δh

γ2

∫

Ω

∇∆ψm · ∇umdx ≤ 2δh

γ
‖∇∆ψm‖2

L2(Ω) +
δh

2γ3
‖∇um‖2

L2(Ω),

2

γ

∫

Ω

um∆ψmdx ≤ 2

γ2
‖um‖2

L2(Ω) +
1

2
‖∆ψm‖2

L2(Ω),we get from (4.14)
‖∆ψm‖2

L2(Ω) +
4h

γ
‖∇ψm‖2

L2(Ω) ≤3‖∆ψm−1‖2
L2(Ω) +

6

γ2
‖um−1‖2

L2(Ω) +
2

γ2
‖um‖2

L2(Ω)

+
δh

γ3
‖∇um‖2

L2(Ω) +
2h

γ2
‖ψm‖2

L2(Ω) +
2h

γ2
‖um‖2

L2(Ω).

(4.15)We sum in (4.15) both sides from m = 1 to m = k, where 1 ≤ k ≤M , and �nd
‖∆ψk‖2

L2(Ω) +
4

γ

k∑

m=1

h‖∇ψm‖2
L2(Ω) ≤3‖∆ψ0‖2

L2(Ω) +
6

γ2
‖u0‖2

L2(Ω) +
2

γ2
‖uk‖2

L2(Ω)

+
δ

γ3

k∑

m=1

h‖∇um‖2
L2(Ω) +

2

γ2

k∑

m=1

h‖ψm‖2
L2(Ω)

+
2

γ2

k∑

m=1

h‖um‖2
L2(Ω).The dis
rete energy estimate (4.11) and (4.12) �nally give (4.13).Lemma 9 Let (um, wm, ψm) be solution of (4.4)-(4.6) for every m ∈ {1, ...,M}. Then

M∑

m=1

h‖∆um‖2 ≤ C29 (4.16)



4.1. EXISTENCE 39Proof. 1. Be
ause of Lemma 6 −∆um exists and is an admissible testfun
tion in (4.4)
1

h

∫

Ω

∇(um − um−1) · ∇umdx+

∫

Ω

|∆um|2dx =

∫

Ω

µ′(um)∇um · ∇
(
wm + wm−1

2
+ ψm

)

∆umdx

+

∫

Ω

µ(um)∆

(
wm + wm−1

2
+ ψm

)

∆umdx

=: I11 + I12.

(4.17)
2. Using Hölder's inequality we have

I11 ≤ ‖∇um‖L3(Ω)

∥
∥
∥
∥
∇
(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

L6(Ω)

‖∆um‖L2(Ω)

≤ ‖∇um‖L3(Ω)

∥
∥
∥
∥

wm + wm−1

2
+ ψm

∥
∥
∥
∥

W 1,6(Ω)

‖∆um‖L2(Ω).

(4.18)By the embedding H2(Ω) ⊆ H1,6(Ω) we get
I11 ≤ C24‖∇um‖L3(Ω)

∥
∥
∥
∥

wm + wm−1

2
+ ψm

∥
∥
∥
∥

H2(Ω)

‖∆um‖L2(Ω).The Gagliardo-Nirenberg inequality (A.14) for dim(Ω) = 3

‖∇um‖L3(Ω) ≤ Cg‖∇um‖1/2

L2(Ω) ‖∆um‖1/2

L2(Ω),gives
I11 ≤ C25‖∇um‖1/2

L2(Ω)

∥
∥
∥
∥

wm + wm−1

2
+ ψm

∥
∥
∥
∥

H2(Ω)

‖∆um‖3/2

L2(Ω).We get using (A2), (B4'), (4.11) and (4.13)
I11 ≤ C26‖∇um‖1/2

L2(Ω) ‖∆um‖3/2

L2(Ω).Young's inequality gives
I11 ≤ 3C2

26‖∇um‖2
L2(Ω) +

1

42
‖∆um‖2

L2(Ω).3. For the se
ond term in (4.17) we �nd that
I12 ≤

∥
∥
∥
∥
∆

(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

2

L2(Ω)

+
1

42
‖∆um‖2

L2(Ω)

≤ C27 +
1

42
‖∆um‖2

L2(Ω),

(4.19)



40 CHAPTER 4. PROOF OF THEOREM 2where we have used (A2), (B4') and (4.13) for the last step in (4.19).4. We multiply both sides of (4.17) with h and sum from m = 1 to m = k, where
1 ≤ k ≤ M to get

4

7

k∑

m=1

‖∇(um − um−1)‖2
L2(Ω)+

4

7
‖∇uk‖2

L2(Ω) −
4

7
‖∇u0‖2

L2(Ω)

+

k∑

m=1

h‖∆um‖2
L2(Ω) ≤ C28

k∑

m=1

h‖∇um‖2
L2(Ω).Using the estimate (4.12) we �nd (4.16).Lemma 10 Let (um, wm, ψm) be solution of (4.4)-(4.6) for every m ∈ {1, ...,M}. Then

M∑

m=1

h

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

≤ C35. (4.20)Proof. 1. Using (um − um−1) as a testfu
tion in (4.4) we obtain
1

h
‖um − um−1‖2+

∫

Ω

∇um · ∇(um − um−1) dx

=

∫

Ω

µ′
ε(u

m)∇um∇
(
wm + wm−1

2
+ ψm

)

(um − um−1) dx

+

∫

Ω

µε(u
m)∆

(
wm + wm−1

2
+ ψm

)

(um − um−1) dx

≡I13 + I14.2. Using Hölder's inequality we get
I13 ≤C30h





∫

Ω

∇um · ∇
(
wm + wm−1

2
+ ψm

)(
um − um−1

h

)

dx





≤ C30h

(

‖∇um‖L3(Ω)

∥
∥
∥
∥
∇
(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

L6(Ω)

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

L2(Ω)

)

≤ C30h

(

‖∇um‖L3(Ω)

∥
∥
∥
∥

(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

W 1,6(Ω)

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

L2(Ω)

)

.Again the embedding H2(Ω) ⊆ H1,p(Ω), p ∈ [1, 6], gives
I13 ≤ C31h

(

‖um‖H2(Ω)

∥
∥
∥
∥

(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

H2(Ω)

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

L2(Ω)

)

.



4.1. EXISTENCE 41We obtain by assumption (A2), (B4) and (4.16)
I13 ≤ C32h

(

‖um‖H2(Ω)

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

L2(Ω)

)

.Young's inequality gives
I13 ≤ C2

32h‖um‖2
H2(Ω) +

h

4

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

≤ hC33 +
h

4

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

,where we have used (4.11) and (4.16).3. We apply Young's inequality, (A2), (B4') and (4.13) for the se
ond term
I14 ≤h

∥
∥
∥
∥
∆

(
wm + wm−1

2
+ ψm

)∥
∥
∥
∥

2

L2(Ω)

+
h

4

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

≤hC34 +
h

4

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

.We sum from m = 1 to m = M and 
on
lude
M∑

m=1

h

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

+
M∑

m=1

‖∇(um − um−1)‖2
L2(Ω) +

1

2
‖∇uk‖2

L2(Ω) ≤ C35.Lemma 11 Let (um, wm, ψm) be solution of (4.4)-(4.6) for every m ∈ {1, ...,M}. Then
k∑

m=1

h

∥
∥
∥
∥
∇
(
ψm − ψm−1

h

)∥
∥
∥
∥

2

L2(Ω)

≤ C36. (4.21)Proof. We use (ψm − ψm−1) as a testfun
tion in (4.5):
δ

∫

Ω

∆ψm∆(ψm − ψm−1)dx+
γ

h

∫

Ω

|∇(ψm − ψm−1)|2dx+

∫

Ω

ψm(ψm − ψm−1)dx

=
1

h

∫

Ω

(um − um−1)(ψm − ψm−1))dx.Using Young's inequality and the Poin
aré inequality for the right hand side we get
δ

∫

Ω

∆ψm∆(ψm − ψm−1)dx+
γ

2h

∫

Ω

|∇(ψm − ψm−1)|2dx+

∫

Ω

ψm(ψm − ψm−1)dx

≤ cp
2γh

‖um − um−1‖2
L2(Ω),



42 CHAPTER 4. PROOF OF THEOREM 2where cp is the Poin
aré 
onstant. We sum from m = 1 to m = k, where 1 ≤ k ≤ M and�nd
δ

γ

k∑

m=1

‖∆(ψm − ψm−1)‖2
L2(Ω) +

δ

γ
‖∆ψk‖2

L2(Ω) −
δ

γ
‖∆ψ0‖2

L2(Ω) +

k∑

m=1

h

∥
∥
∥
∥
∇
(
ψm − ψm−1

h

)∥
∥
∥
∥

2

L2(Ω)

+
1

γ

k∑

m=1

‖ψm − ψm−1‖2
L2(Ω) +

1

γ
‖ψk‖2 − 1

γ
‖ψ0‖2

L2(Ω) ≤
cp
γ2

k∑

m=1

h

∥
∥
∥
∥

um − um−1

h

∥
∥
∥
∥

2

L2(Ω)

.We �nally get (4.21) by (4.20).Lemma 12 Let (um, wm, ψm) be solution of (4.4)-(4.6) for every m ∈ {1, ...,M}. Then
δ

M∑

m=1

h‖∆2ψm‖2
L2(Ω) +

γ

2

M∑

m=1

‖∇∆ψm −∇∆ψm−1‖2
L2(Ω)

+
γ

2
max

1≤k≤M
‖∇∆ψk‖2

L2(Ω) + 2

M∑

m=1

h‖∆ψm‖2
L2(Ω) ≤ C37.

(4.22)Proof. 1. Be
ause of Lemma 6 ∆2ψm exists; thus an admissible testfun
tion in (4.5):
δ

∫

Ω

|∆2ψm|2dx+
γ

h

∫

Ω

(∇∆ψm −∇∆ψm−1) · ∇∆ψmdx+

∫

Ω

|∆ψm|2dx

=
1

h

∫

Ω

(um − um−1)∆2ψmdx.

(4.23)For the right handside of (4.23) we have
1

h

∫

Ω

(um − um−1)∆2ψmdx =
1

h

∫

Ω

(um∆2ψm − um−1∆2ψm−1) dx

+
1

h

∫

Ω

(um − um−1)(∆2ψm − ∆2ψm−1)dx

− 1

h

∫

Ω

um(∆2ψm − ∆2ψm−1)dx.2. Be
ause of Lemma 6 ∆um/γ exists; thus an admissible testfun
tion in (4.5):
δ

γ

∫

Ω

∆2ψm∆umdx− 1

h

∫

Ω

∆2(ψm − ψm−1)umdx+
1

γh
(∇um −∇um−1) · ∇umdx

=
1

γ

∫

Ω

∇ψm · ∇umdx.

(4.24)



4.1. EXISTENCE 43We get by (4.23) and (4.24) the following estimate
δ‖∆2ψm‖2

L2(Ω) +
γ

2h
‖∇∆ψm −∇∆ψm−1‖2

L2(Ω) +
γ

2h
‖∇∆ψm‖2

L2(Ω) −
γ

2h
‖∇∆ψm−1‖2

L2(Ω)

+
1

2γh
‖∇um −∇um−1‖2

L2(Ω) +
1

2γh
‖∇um‖2

L2(Ω) −
1

2γh
‖∇um−1‖2

L2(Ω) + ‖∆ψm‖2
L2(Ω)

=
1

h

∫

Ω

(∇um∇∆ψm −∇um−1∇∆ψm−1)dx

+
1

h

∫

Ω

∇(um − um−1) · (∇∆ψm −∇∆ψm−1)dx+
δ

γ

∫

Ω

∆2ψm∆umdx− 1

γ

∫

Ω

∇ψm · ∇umdx.

(4.25)
We multiply (4.25) by h and sum from m = 1 to m = k, where 1 ≤ k ≤ M . By usingYoung's inequality in the form

k∑

m=1

∫

Ω

∇(um − um−1) · (∇∆ψm −∇∆ψm−1)dx

≤ 1

γ

k∑

m=1

‖∇(um − um−1)‖2
L2(Ω) +

γ

4

k∑

m=1

‖(∇∆ψm −∇∆ψm−1)‖2
L2(Ω),and

δ

γ

k∑

m=1

h

∫

Ω

∆2ψm∆umdx ≤ δ

2

k∑

m=1

h‖∆2ψm‖2
L2(Ω) +

δ

2γ2

k∑

m=1

h‖∆um‖2
L2(Ω),

∫

Ω

∇uk · ∇∆ψkdx ≤ 1

γ
‖∇uk‖2

L2(Ω) +
γ

4
‖∇∆ψk‖2

L2(Ω),we obtain the estimate
δ

k∑

m=1

h‖∆2ψm‖2
L2(Ω) +

γ

2

k∑

m=1

‖∇∆ψm −∇∆ψm−1‖2
L2(Ω) +

γ

2
‖∇∆ψk‖2

L2(Ω) + 2
k∑

m=1

h‖∆ψm‖2
L2(Ω)

≤ 2γ‖∇∆ψ0‖2 +
2

γ
‖∇u0‖2

L2(Ω) + +
1

γ
‖∇uk‖2

L2(Ω) +
1

γ

k∑

m=1

‖∇um −∇um−1‖2
L2(Ω)

+
δ

γ2

k∑

m=1

h‖∆um‖2
L2(Ω) +

1

γ

k∑

m=1

h‖∇um‖2
L2(Ω) +

1

γ

k∑

m=1

h‖∇ψm‖2
L2(Ω).The energy estimate (4.11) and (4.12) together with (4.16) give (4.22). Again like inChapter 3 we denote for any M ∈ N the solutions of (4.4)-(4.6) by (um

M , w
m
M , ψ

m
M). Wede�ne pie
ewise linear and 
onstant interpolates like in (3.32)-(3.36). for 1 ≤ m ≤ M .



44 CHAPTER 4. PROOF OF THEOREM 2With these notations, the variational equations (4.4)-(4.6) 
an be written as
T∫

0

∫

Ω

ûM,tϕdxdt+

T∫

0

∫

Ω

(∇ūM + µε(ūM)∇(w̄M + ψ̄M)) · ∇ϕdxdt = 0,

δ

T∫

0

∫

Ω

∆ψ̄M∆ϕdxdt+ γ

T∫

0

∫

Ω

∇ψ̂M,t · ∇ϕdx dt

+

T∫

0

∫

Ω

ψ̄Mϕdxdt =

T∫

0

∫

Ω

ûM,tϕdxdt, ∀ϕ ∈ L2(0, T ;H2
•(Ω)),

(4.26)
By virtue of the energy estimate (4.11),

δ

T∫

0

‖∆ψ̄M‖2
L2(Ω) +

γ

2

M∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
sup

0≤t≤T
‖∇ψ̄M(t)‖2

L2(Ω)

+

T∫

0

‖ψ̄M‖2
L2(Ω)dt+

T∫

0

∫

Ω

µε(ūM)|∇v̄M |2 dxdt ≤ C21,

(4.27)
where v̄M := f ′

ε(ūM) + w̄M + ψ̄M . We also �nd from (4.12) that
T∫

0

∫

Ω

|∇ūM |2dxdt ≤ C22.Moreover by (4.13), (4.16), (4.20), (4.21) and (4.22) we get
sup

0≤t≤T
‖∆ψ̄M (t)‖2

L2(Ω) ≤ C23, sup
0≤t≤T

‖∇∆ψ̄M(t)‖2
L2(Ω) ≤ C37,

T∫

0

‖∆2ψ̄M‖2
L2(Ω)dt ≤ C37,

T∫

0

‖∇ψ̂M,t‖2
L2(Ω)dt ≤ C36,

T∫

0

‖∆ūM‖2
L2(Ω)dt ≤ C29,

T∫

0

‖ûM,t‖2
L2(Ω)dt ≤ C35.In addition, (4.16) imply that, as M → ∞,

‖∆ūM − ∆ûM‖L2(0,T ;L2(Ω)) =
T

3M

M∑

m=1

‖∆um
M − ∆um−1

M ‖L2(Ω) → 0, (4.28)



4.1. EXISTENCE 45and we obtain using (3.42) and (4.28)
‖ūM − ûM‖L2(0,T ;H2(Ω)) → 0. (4.29)Moreover we have by (4.11), (4.13) and (4.22)

‖∇ψ̄M −∇ψ̂M‖L∞(0,T ;H2(Ω)) = max
0≤t≤T

‖∇ψm
M −∇ψm−1

M ‖H2(Ω) → 0. (4.30)By (4.22) we get in addition
‖∆2ψ̄M − ∆2ψ̂M‖L2(0,T ;L2(Ω)) =

T

3M

M∑

m=1

‖∆2ψm
M − ∆2ψm−1

M ‖L2(Ω) → 0. (4.31)In 
on
lusion, there are fun
tions ū, ût, ψ̄, ψ̂t, su
h that forM → ∞, possibly after sele
tingsubsequen
es,
ūM −→ ū weakly in L2(0, T ;H2(Ω)),
ûM,t −→ ût weakly in L2(0, T ;L2(Ω)),
ψ̄M −→ ψ̄ weakly in L2(0, T ;L2(Ω)),
∇ψ̄M −→ ∇ψ̄ weakly-star in L∞(0, T ;H2(Ω)),
∆2ψ̄M −→ ∆2ψ̄ weakly in L2(0, T ;L2(Ω)),

∇ψ̂M,t −→ ∇ψ̂t weakly in L2(0, T ;L2(Ω)).

(4.32)
Taking into a

ount (4.29), (4.30) and (4.31), we see that ū = û and ψ̄ = ψ̂. It follows>from (4.32) that we may pass to the limit as M → ∞ in (4.26). The passage to the limit
an be done in the same way like in Chapter 3, so we here skip the 
on
rete proof. Wedenote the solution of the regularized problem (4.1)-(4.3) by (uδ,ε, wδ,ε, ψδ,ε). Next we aregoing to prove some a priori estimates, whi
h will allow us to pass to the limit in (4.1)-(4.3).We 
an state the following energy estimate.Lemma 13 (Energy estimate) There exists an ε0 (see Remark 6) su
h that for all 0 <
ε ≤ ε0 and for all δ > 0 the following estimate holds with 
onstants C38, C39 independentof ε and δ:

δ

T∫

0

‖∆ψδ,ε‖2
L2(Ω)dt+

γ

2
max
0≤t≤T

‖∇ψδ,ε(t)‖2
L2(Ω) +

T∫

0

‖ψδ,ε‖2
L2(Ω)dt

+

T∫

0

∫

Ω

µε(uδ,ε)|∇vδ,ε|2dxdt ≤ C38,

(4.33)and
T∫

0

∫

Ω

|∇uε|2dxdt ≤ C39, (4.34)where vδ,ε := f ′
ε(uδ,ε) + wδ,ε + ψδ,ε.



46 CHAPTER 4. PROOF OF THEOREM 2Proof. Like in Chapter 3 the fun
tion vδ,ε ∈ L2(0, T ;H2(Ω)) is a valid testfun
tion in(4.1). The proof is similar to the proof of Lemma 4. Be
ause of su�
ient regularity wehere don't make use of steklov averaging.Lemma 14 There exists an ε0 (see Remark 6) su
h that for all 0 < ε ≤ ε0 and for all
δ > 0 the following estimate holds with a 
onstant C40 independent of ε and δ:

max
0≤t≤T

‖∆ψδ,ε‖2
L2(Ω) ≤ C40. (4.35)Proof. Similar to the proof of Lemma 5 without steklov averaging.Lemma 15 There exists an ε0 (see Remark 6) su
h that for all 0 < ε ≤ ε0 and for all

δ > 0 the following estimate holds with a 
onstant C46 independent of ε and δ:
T∫

0

‖∆uδ,ε‖2
L2(Ω)dt ≤ C46. (4.36)Proof. 1. Be
ause of the 
ompa
tness results (4.32) −∆uε is an admissible testfun
tion in(4.1). Using the 
hain rule we get after partial integration in (4.1)

‖∇uδ,ε(t)‖2
L2(Ω)−‖∇uδ,ε(0)‖2

L2(Ω) +

T∫

0

‖∆uδ,ε‖2
L2(Ω)dt

= −
T∫

0

∫

Ω

µ′
ε(uδ,ε)∇uδ,ε∇(wδ,ε + ψδ,ε)∆uδ,εdxdt

−
T∫

0

∫

Ω

µε(uδ,ε)∆(wδ,ε + ψδ,ε)∆uδ,εdxdt

=:I15 + I16.

(4.37)
2. We estimate ea
h summand like in (4.17) and (4.18): Using Hölder's inequality we get

I15 ≤
T∫

0

‖∇uδ,ε‖L3(Ω) ‖∇(wδ,ε + ψδ,ε)‖L6(Ω) ‖∆uδ,ε‖L2(Ω)dt

≤
T∫

0

‖∇uδ,ε‖L3(Ω) ‖wδ,ε + ψδ,ε‖W 1,6(Ω) ‖∆uδ,ε‖L2(Ω)dt

≤ C41

T∫

0

‖∇uδ,ε‖L3(Ω) ‖wδ,ε + ψδ,ε‖H2(Ω) ‖∆uδ,ε‖L2(Ω)dt,



4.1. EXISTENCE 47where we have used the embedding H2(Ω) ⊆ H1,6(Ω) in the last step. The Gagliardo-Nirenberg inequality (A.14) for dim(Ω) = 3

‖∇uδ,ε‖L3(Ω) ≤ Cg‖∇uδ,ε‖1/2

L2(Ω) ‖∆uδ,ε‖1/2

L2(Ω)gives
I15 ≤ C42

T∫

0

‖∇uδ,ε‖1/2
L2(Ω) ‖wδ,ε + ψδ,ε‖H2(Ω) ‖∆uδ,ε‖3/2

L2(Ω)dt.We obtain using (A2), (B4') and (4.35)
I15 ≤ C43

T∫

0

‖∇uδ,ε‖1/2
L2(Ω) ‖∆uδ,ε‖3/2

L2(Ω)dt.Young's inequality together with (4.34) gives
I15 ≤ C44 +

1

4

T∫

0

‖∆uδ,ε‖2
2 dt.3. For the se
ond term in (4.37) we get

I16 ≤
1

8

T∫

0

‖∆(wδ,ε + ψδ,ε)‖2
L2(Ω) +

1

8

T∫

0

‖∆uδ,ε‖2
L2(Ω)dt

≤ C45 +
1

8
‖∆uδ,ε‖2

L2(Ω),where we have used (A2), (B4') and (4.35).Lemma 16 There exists an ε0 (see Remark 6) su
h that for all 0 < ε ≤ ε0 and for all
δ > 0 the following estimate holds with a 
onstant C51 independent of ε and δ:

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt ≤ C51. (4.38)



48 CHAPTER 4. PROOF OF THEOREM 2Proof. 1. Be
ause of the 
ompa
tness results (4.32) ∂tuδ,ε ∈ L2(0, T ;L2(Ω)), thus anadmissible testfu
tion in (4.1). Again using the 
hain rule we get after partial integration
T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt+‖∇uδ,ε(t)‖2

L2(Ω) − ‖∇uδ,ε(0)‖2
L2(Ω)

=

T∫

0

∫

Ω

µ′
ε(uδ,ε)∇uδ,ε∇(wδ,ε + ψδ,ε)∂tuδ,εdxdt

+

T∫

0

∫

Ω

µε(uδ,ε)∆(wδ,ε + ψδ,ε)∂tuδ,εdxdt

≡I17 + I18.

(4.39)
2. Using Hölder's inequality we get

I17 ≤
T∫

0

‖∇uδ,ε‖L3(Ω) ‖∇(wδ,ε + ψδ,ε)‖L6(Ω) ‖∂tuδ,ε‖L2(Ω)dt

≤
T∫

0

‖uδ,ε‖W 1,3(Ω) ‖wδ,ε + ψδ,ε‖W 1,6(Ω) ‖∂tuδ,ε‖L2(Ω)dt.We again make use of the embedding H2(Ω) ⊆ H1,p(Ω), p ∈ [1, 6], and get
I17 ≤ C47

T∫

0

‖uδ,ε‖H2(Ω) ‖wδ,ε + ψδ,ε‖H2(Ω) ‖∂tuδ,ε‖L2(Ω)dt.Assumption (A2), (B4') and (4.37) gives
I17 ≤ C48

T∫

0

‖uδ,ε‖H2(Ω) ‖∂tuδ,ε‖L2(Ω) dt.Applying Young's inequality together with (4.36) we �nd that
I17 ≤ C49 +

1

4

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt.



4.1. EXISTENCE 493. Young's inequality gives for the se
ond right term of (4.39)
I18 ≤

T∫

0

‖∆(wδ,ε + ψδ,ε)‖2
L2(Ω)dt+

1

4

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt

≤
T∫

0

‖(wδ,ε + ψδ,ε)‖2
H2(Ω)dt+

1

4

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dtBy (A2), (B4') and (4.35) we get

I18 ≤ C50 +
1

4

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt.Lemma 17 There exists an ε0 (see Remark 6) su
h that for all 0 < ε ≤ ε0 and for all

δ > 0 the following estimate holds with a 
onstant C52 independent of ε and δ:
T∫

0

‖∇∂tψδ,ε‖2dt ≤ C52. (4.40)Proof. 1. Testing (4.2) by the admissible testfun
tion ∂tψδ,ε we �nd
δ

2
‖∆ψδ,ε(t)‖2

L2(Ω)−
δ

2
‖∆ψδ,ε(0)‖2

L2(Ω) + γ

T∫

0

‖∇∂tψδ,ε‖2
L2(Ω)dt

+
1

2
‖ψδ,ε(t)‖2

L2(Ω) −
1

2
‖ψδ,ε(0)‖2

L2(Ω) =

T∫

0

∫

Ω

∂tuδ,ε∂tψδ,εdxdt.

(4.41)
2. Using Young's inequality together with Poin
aré inequality for the right hand side of(4.41) we get

δ

2
‖∆ψδ,ε(t)‖2

L2(Ω) −
δ

2
‖∆ψδ,ε(0)‖2

L2(Ω) +
γ

2

T∫

0

‖∇∂tψδ,ε‖2
L2(Ω)dt

+
1

2
‖ψδ,ε(t)‖2

L2(Ω) −
1

2
‖ψδ,ε(0)‖2

L2(Ω) ≤
1

2

T∫

0

‖∂tuδ,ε‖2
L2(Ω)dt.Using (4.38) we get (4.40)



50 CHAPTER 4. PROOF OF THEOREM 2Lemma 18 There exists an ε0 (see Remark 6) su
h that for all 0 < ε ≤ ε0 and for all
δ > 0 the following estimate holds with a 
onstant C53 independent of ε and δ:

max
0≤t≤T

‖∇∆ψδ,ε‖2
L2(Ω) ≤ C53. (4.42)Proof. 1. To prove this we use again the steklov averaging te
hnique (3.49). We use theadmissible testfun
tion −∆2ψδ,εh in (4.2) and get after partial integration:

δ

t∫

0

‖∆2ψδ,εh‖2
L2(Ω)dt+

γ

2
‖∇∆ψδ,εh(t)‖2

L2(Ω) +

t∫

0

‖∆ψδ,εh‖2
L2(Ω)dt

=

t∫

0

∫

Ω

∂tuδ,εh∆
2ψδ,εhdxdt+

γ

2
‖∇∆ψδ,εh(0)‖2

L2(Ω),

(4.43)
for all t ∈ [0, T ].2. We obtain applying the testfun
tion ∆uδ,εh/γ in (4.2)

δ

γ

t∫

0

∫

Ω

∆2ψδ,εh∆uδ,εhdxdt−
t∫

0

∫

Ω

∆∂tψδ,εh∆uδ,εhdxdt+
1

γ

t∫

0

∫

Ω

ψδ,εh∆uδ,εhdxdt

=

t∫

0

∫

Ω

∂tuδ,εh∆uδ,εhdxdt,

(4.44)
for all t ∈ [0, T ].3. Be
ause of the steklov averaging ∆2∂tψδ,εh ∈ L2(0, T ;L2(Ω)) exists and by partialintegration we get for (4.44)

δ

γ

t∫

0

∫

Ω

∆2ψδ,εh∆uδ,εhdxdt−
t∫

0

∫

Ω

∆2∂tψδ,εhuδ,εhdxdt+
1

γ

t∫

0

∫

Ω

∇ψδ,εh · ∇uδ,εhdxdt

=

t∫

0

∫

Ω

∂tuδ,εh∆uδ,εhdxdt,

(4.45)
for all t ∈ [0, T ]. Using the formula for partial integration in time

∫

Ω

∆2ψδ,εh(t)uδ,εh(t)dx−
∫

Ω

∆2ψδ,εh(0)uδ,εh(0)dx =

t∫

0

∫

Ω

∆2∂tψδ,εhuδ,εhdxdt

+

t∫

0

∫

Ω

∆2ψδ,εh∂tuδ,εhdxdt,



4.1. EXISTENCE 51for all t ∈ [0, T ], we �nd
δ

t∫

0

‖∆2ψδ,εh‖2
L2(Ω)dt+

γ

2
‖∇∆ψδ,εh(t)‖2

L2(Ω) +

t∫

0

‖∆ψδ,εh‖2
L2(Ω)dt+

1

γ
‖∇uδ,εh(t)‖2

L2(Ω)

= +
γ

2
‖∇∆ψδ,εh(0)‖2

L2(Ω) +
1

γ
‖∇uδ,εh(0)‖2

L2(Ω) −
∫

Ω

∇∆ψδ,εh(t) · ∇uδ,εh(t)dx

+

∫

Ω

∇∆ψδ,εh(0) · ∇uδ,εh(0)dx− δ

γ

t∫

0

∫

Ω

∆2ψδ,εh∆uδ,εhdxdt+
1

γ

t∫

0

∫

Ω

∇ψδ,εh · ∇uδ,εhdxdt,

(4.46)
for all t ∈ [0, T ]. Using Young's inequality in the form

δ

γ

t∫

0

∫

Ω

∆2ψδ,εh∆uδ,εhdxdt ≤ δ

t∫

0

‖∆2ψδ,εh‖2
L2(Ω)dt+

δ

γ2

t∫

0

‖∆uδ,εh‖2
L2(Ω)dt,

∫

Ω

∇∆ψδ,εh(t) · ∇uδ,εh(t)dx ≤ γ

4
‖∇∆ψδ,εh(t)‖2

L2(Ω) +
1

γ
‖∇uδ,εh(t)‖2

L2(Ω),

1

γ

t∫

0

∫

Ω

∇ψδ,εh · ∇uδ,εhdxdt ≤
1

2γ

t∫

0

‖∇ψδ,εh‖2
L2(Ω) +

1

2γ

t∫

0

‖∇uδ,εh‖2
L2(Ω),

for all t ∈ [0, T ], we get from (4.46)
‖∇∆ψδ,εh‖2

L2(Ω) +
4

γ

t∫

0

‖∆ψδ,εh‖2
L2(Ω)dt =3‖∇∆ψδ,εh(0)‖2

L2(Ω) +
1

γ2
‖∇uδ,εh(0)‖2

L2(Ω)

+
4δ

γ3

t∫

0

‖∆uδ,εh‖2
L2(Ω)dt

+
2

γ2

t∫

0

‖∇ψδ,εh‖2
L2(Ω)dt+

2

γ2

t∫

0

‖∇uδ,εh‖2
L2(Ω)dt,



52 CHAPTER 4. PROOF OF THEOREM 2for all t ∈ [0, T ]. Passing to the limit (hց 0) we obtain
‖∇∆ψδ,ε‖2

L2(Ω) +
4

γ

t∫

0

‖∆ψδ,ε‖2
L2(Ω)dt =3‖∇∆ψδ,ε(0)‖2

L2(Ω) +
1

γ2
‖∇uδ,ε(0)‖2

L2(Ω)

+
4δ

γ3

t∫

0

‖∆uδ,ε‖2
L2(Ω)dt

+
2

γ2

t∫

0

‖∇ψδ,ε‖2
L2(Ω)dt+

2

γ2

t∫

0

‖∇uδ,ε‖2
L2(Ω)dt,for all t ∈ [0, T ]. The estimate (4.11), (4.12) and (4.36) give (4.42).Remark 8 Be
ause of (4.42) we have

max
0≤t≤T

‖∇ψδ,ε‖2
H2(Ω) ≤ C53.and by the Sobolev embedding Theorem (A.11) for dim(Ω) = 3 we get

max
0≤t≤T

‖∇ψδ,ε‖L∞(Ω) ≤ C̃53. (4.47)We �nd following standard 
ompa
tness properties
uδ,ε −→ u weakly in L2(0, T ;H2(Ω)),
∂tuδ,ε −→ ∂tu weakly in L2(0, T ;L2(Ω)),
ψδ,ε −→ ψ weakly in L2(0, T ;L2(Ω)),
∇ψδ,ε −→ ∇ψ weakly-star in L∞(0, T ;H2(Ω)),
∇∂tψδ,ε −→ ∇ψt weakly in L2(0, T ;L2(Ω)).

(4.48)so that as δ, ε −→ 0 we may pass to the limit in (4.1)-(4.3). The 
onvergen
e of the linearterms in (4.1)-(4.3) are standard. We take a 
loser look on the 
onvergen
e of the nonlinearterm. First we prove as δ −→ 0 the passage to the limit of the nonlinear term
T∫

0

∫

Ω

(µε(uε)∇(wε + ψε) − µε(uδ,ε)∇(wδ,ε + ψδ,ε)) · ∇ϕdxdt

=

T∫

0

∫

Ω

(µε(uε) − µε(uδ,ε))∇(wε + ψε) · ∇ϕdxdt

+

T∫

0

∫

Ω

µε(uδ,ε)∇ [(wε − wδ,ε) + (ψε − ψδ,ε)] · ∇ϕdxdt.



4.1. EXISTENCE 53We follow the same argument as in (3.45) and skip here the details of the proof. Now weare able to prove the passage to the limit as ε→ 0

T∫

0

∫

Ω

(µε(uε)∇(wε + ψε) − µε(uδ,ε)∇(wδ,ε + ψδ,ε)) · ∇ϕdxdt

=

T∫

0

∫

Ω

(µε(uε) − µε(uδ,ε))∇(wε + ψε) · ∇ϕdxdt

+

T∫

0

∫

Ω

µε(uδ,ε)∇ [(wε − wδ,ε) + (ψε − ψδ,ε)] · ∇ϕdxdt.Here we use the argument as in (3.56) to justify this passage. The rest of the proof goeslike in Chapter 3. We also skip here the proof of the uniqueness. It is similar to the
orresponding proof in Chapter 3.
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