
Chapter 3Proof of Theorem 1In this hapter we prove the existene and uniqueness for a solution to the problem inTheorem 1.3.1 ExisteneThe idea of existene proof is as follows: we onstrut a regularized nonlinearity, and getrid o� the degeneray. We then replae the regularized problem by a semi-disrete approx-imation, whih we solve by Shauder's �xed-point priniple. After onstruting suitable apriori estimates and ompatness we an onverge from the semi-disrete approximationto the regularized problem. The similar proedure we repeat for regularized problem toget uniform a priori estimates and ompatness results, whih �nally give onvergene tothe original problem. We devide our existene proof into a sequene of steps.3.1.1 Regularized problemsAt �rst we modify the moblity. We introdue a positive mobility µε as
µε(u) :=







µ(ε) for u ≤ ε,
µ(u) for ε < u ≤ 1 − ε,
µ(1 − ε) for u > 1 − ε.

(3.1)This means that we symmetrially ut the mobility and onstantly extend it to all of R.Beause of (2.5) we also do this for f ′′(u) in the same manner. In the ase of f ′(u) we usethe orresponding linear extension and for f(u) we give the following quadrati extension:
fε(u) :=







1
2
f ′′(ε)u2 + b1u+ c1 for u ≤ ε,
f(u) for ε < u ≤ 1 − ε,
1
2
f ′′(1 − ε)u2 + b2u+ c2 for u > 1 − ε,

(3.2)where
b1 := log

(
ε

1 − ε

)

+ f ′′(ε)ε, c1 := log(1 − ε) +
1

2
f ′′(ε)ε2,11
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b2 := log

(
1 − ε

ε

)

+ f ′′(1 − ε)(1 − ε), c2 := log ε+
1

2
f ′′(1 − ε)(1 − ε)2.Furthermore we introdue the trunation

Πu :=







1 for u ≥ 1,
u for 0 < u < 1,
0 for u ≤ 0.

(3.3)For the system (2.6)-(2.8) we get by (3.1) the regularized system:
T∫

0

〈ut, ϕ〉 dt+

T∫

0

∫

Ω

(∇u+ µε∇(w + ψ)) · ∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H1(Ω)), (3.4)
γ

T∫

0

〈∇ψt,∇ϕ〉 dt+

T∫

0

∫

Ω

ψϕdxdt =

T∫

0

〈ut, ϕ〉 dt, ∀ϕ ∈ L2(0, T ;H1(Ω)), (3.5)
w = P (1 − 2Πu) a.e. (t, x) ∈ QT . (3.6)

Remark 5 We have by (A2) and (A4)
‖w‖2

H1(Ω) ≤ r2
2‖1 − 2Πu‖L2(Ω) ≤ r2

2|Ω|. (3.7)Remark 6 ∃ε0 := ε0(w) so that ∀ε ≤ ε0

FNL,ε(u) :=

∫

Ω

(

fε(u) +
1

2
uw

)

dx ≥ −CF ,where CF > 0.Proof. Using (A1), (3.2) and (3.6) we see that it depends on the hoie of ε to en-sure that fε(u) dominates 1
2
uw. Thus, there exists an ε0 = ε0(w) so that ∀ε ≤ ε0 this istrue.Existene result for the regularized problem We will denote the solution to the regularizedsystem (3.4)-(3.6) by (uε, wε, ψε). The strategy of onstruting solutions to (3.4)-(3.6) isto employ a semi-disrete approximation. To this end, letM ∈ N be given and h := T/M .In the sequel, we will denote by Ci, i ∈ N, positive onstants that may depend on Ω, T andthe initial data, but not on M or m ∈ {1, . . . ,M}.



3.1. EXISTENCE 13For 1 ≤ m ≤ M , we onsider the semi-disrete problem on the time level t := mh for theunknown funtions um, wm, ψm : Ω → R given by
1

h

∫

Ω

(um − um−1)ϕdx+

∫

Ω

[

∇um + µε(u
m)∇

(
wm + wm−1

2
+ ψm

)]

· ∇ϕdx = 0, (3.8)
γ

h

∫

Ω

∇(ψm − ψm−1) · ∇ϕdx+

∫

Ω

ψmϕdx =
1

h

∫

Ω

(um − um−1)ϕdx, ∀ϕ ∈ H1(Ω), (3.9)
wm = P (1 − 2Πum) a.e. x ∈ Ω. (3.10)For 1 ≤ m ≤M (3.8)-(3.10) is a nonlinear ellipti system. Note that u0 = u0, ψ

0 = ψ0.Remark 7 For ϕ = 1 we get from (3.8)-(3.10)
∫

Ω

umdx =

∫

Ω

um−1dx = · · · =

∫

Ω

u0dx = ū0|Ω|, (3.11)
∫

Ω

ψm = 0. (3.12)We prove existene of approximate solutions step by step via Shauder's �xed-point prin-iple.Lemma 1 Suppose that the assumptions (A1) to (A4) and (B1) to (B4) hold. Then forevery m ∈ {1, ...,M} there exists a triple of funtions (um, wm, ψm) ∈ H1(Ω)×H1,∞(Ω)×
H2(Ω) satifying (3.8)-(3.10).Proof. 1. Our proof is based on the appliation of Shauder's �xed-point priniple. Let
m ∈ {1, ...,M} be �xed but arbitrary. For a given um ∈ L2 we onsider the auxiliary linearproblems

∫

Ω

∇(Tmu
m) · ∇ϕdx+

1

h

∫

Ω

Tmu
mϕdx =

∫

Ω

g2ϕdx, ∀ϕ ∈ H1(Ω), (3.13)
∫

Ω

∇ψm · ∇ϕdx+
h

γ

∫

Ω

ψmϕdx =

∫

Ω

g1ϕdx, ∀ϕ ∈ H1(Ω), (3.14)where
∫

Ω

g1ϕdx :=
1

γ

∫

Ω

(um − um−1)ϕdx+

∫

Ω

∇ψm−1 · ∇ϕdx, ∀ϕ ∈ H1(Ω),

∫

Ω

g2ϕdx :=

∫

Ω

µε(u
m)∇

(
wm + wm−1

2
+ ψm

)

· ∇ϕdx+
1

h

∫

Ω

Tm−1u
m−1ϕdx.

(3.15)



14 CHAPTER 3. PROOF OF THEOREM 1The existene and uniqueness theory of (3.13)-(3.14) is standard and an be found in [13℄.The strategy is to onvert the integral expression in (3.13)-(3.15) into linear- and bilinear-forms and use the Lax-Milgram Theorem. From ([20℄, Corollary 2.2.2.4), respetively, we�nd that for a given um ∈ L2 and onsequently a given g1 ∈ L2(Ω) in (3.15) the linear equa-tion (3.14) admits a unique solution ψm ∈ H2(Ω). Setting wm = P (1− 2Πum) ∈ H1,∞(Ω),we �nd (3.10). Finally again from ([20℄, Corollary 2.2.2.4), respetively, we onlude thatfor a given g2 ∈ L2(Ω) (3.13) admits a unique solution Tmu
m ∈ H1(Ω).2. Thus, we have properly de�ned a �xed-point operator Tm : L2(Ω) −→ L2(Ω). Wean apply Shauder's theorem, if we are able to prove, that Tm : L2(Ω) −→ L2(Ω) isompletely ontinuous and Tm[B] ⊂ B hold true for a losed ball B ⊂ L2(Ω) with a radiusdepending only on the data of the problem.3. Let ψm ∈ H2(Ω) be a solution of (3.14). We obtain using ψm as a testfuntion in(3.14)

∫

Ω

|∇ψm|2dx+
h

γ

∫

Ω

|ψm|2dx ≤ 1

γ

∫

Ω

(um − um−1)ψmdx+

∫

Ω

∇ψm−1 · ∇ψmdx.Applying Young's inequality in the form
1

γ

∫

Ω

(um − um−1)ψmdx ≤ ǫ

2γ

∫

Ω

|um − um−1|2dx+
1

2γǫ

∫

Ω

|ψm|2dx,we get
∫

Ω

|∇ψm|2dx+
2h

γ

∫

Ω

|ψm|2dx ≤ ǫ

γ

∫

Ω

|um − um−1|2dx+

∫

Ω

|∇ψm−1|2dx+
1

γǫ

∫

Ω

|ψm|2dx.Using the Poinaré inequality for the last term we get
(

1 − cp
γǫ

)∫

Ω

|∇ψm|2dx+
2h

γ

∫

Ω

|ψm|2dx ≤ ǫ

γ

∫

Ω

|um − um−1|2dx+

∫

Ω

|∇ψm−1|2dx.Choosing ǫ = 2cp/γ we �nally onlude
∫

Ω

|∇ψm|2dx+
4h

γ

∫

Ω

|ψm|2dx ≤ 4cp
γ2

∫

Ω

|um − um−1|2dx+ 2

∫

Ω

|∇ψm−1|2dx. (3.16)4. Let Tmu
m ∈ H1(Ω) be a solution of (3.13). Applying the admissible test funtion

ϕ = Tmu
m ∈ H1(Ω) in (3.13) and Young's inequality we get the estimate

∫

Ω

|∇(Tmu
m)|2dx+

1

h

∫

Ω

|Tmu
m|2dx =

∫

Ω

µε(u
m)∇

(
wm + wm−1

2
+ ψm

)

· ∇(Tmu
m)dx+

1

h

∫

Ω

(Tm−1u
m−1)(Tmu

m)dx.

(3.17)



3.1. EXISTENCE 15Young's inequality
∫

Ω

µε(u
m)∇

(
wm + wm−1

2
+ ψm

)

· ∇(Tmu
m)dx

≤ 1

4

∫

Ω

∣
∣
∣
∣
µε(u

m)∇
(
wm + wm−1

2
+ ψm

)∣
∣
∣
∣

2

dx+

∫

Ω

|∇(Tmu
m)|2dx,gives for (3.17) the estimate

1

2h

∫

Ω

|Tmu
m|2dx ≤ 1

4

∫

Ω

∣
∣
∣
∣
µε(u

m)∇
(
wm + wm−1

2
+ ψm

)∣
∣
∣
∣

2

dx+
1

2h

∫

Ω

|Tm−1u
m−1|2dx

≤ 2

43

∫

Ω

∣
∣
∣
∣
∇
(
wm + wm−1

2

)∣
∣
∣
∣

2

dx+
2

43

∫

Ω

|∇ψm|2 dx

+
1

2h

∫

Ω

|Tm−1u
m−1|2dx. (3.18)We obtain by the estimates (3.16), (3.18) and (3.7)

‖Tmu
m‖2

L2(Ω) ≤
hr2

2|Ω|
42

+
2h

42
‖∇ψm−1‖2

L2(Ω) + ‖Tm−1u
m−1‖2

L2(Ω)

+
2h

42
‖um−1‖2

L2(Ω) +
2h

42
‖um‖2

L2(Ω).That means, we have ‖Tmu
m‖2

L2(Ω) ≤ λ2 for all um ∈ L2(Ω), if we hoose h so that
1 − h/8 =: 1/β > 0 and �x radius λ > 0 by

λ ≡hβr
2
2|Ω|

42
+

2hβ

42
‖∇ψm−1‖2

L2(Ω) + β‖Tm−1u
m−1‖2

L2(Ω) +
2hβ

42
‖um−1‖2

L2(Ω).Hene, we get Tm[B] ⊂ B for a losed ball B := {um ∈ L2(Ω) : ‖um‖L2(Ω) ≤ λ}.5. To show the ontinuity of Tm, let {um
i }i∈N ⊂ L2(Ω) be a sequene suh that

limi→∞ ‖um
i − um‖L2(Ω) = 0. For every i ∈ N there exists a uniquely determined solu-tion Tmu

m
i ∈ H1(Ω) of the problem
∫

Ω

∇(Tmu
m
i ) · ∇ϕdx+

1

h

∫

Ω

Tmu
m
i ϕdx =

∫

Ω

gi,2ϕdx, ∀ϕ ∈ H1(Ω),

∫

Ω

∇ψm
i · ∇ϕdx+

h

γ

∫

Ω

ψm
i ϕdx =

∫

Ω

g1,iϕdx, ∀ϕ ∈ H1(Ω),



16 CHAPTER 3. PROOF OF THEOREM 1where
∫

Ω

gi,1ϕdx :=
1

γ

∫

Ω

(um
i − um−1

i )ϕdx+

∫

Ω

∇ψm−1
i · ∇ϕdx, ∀ϕ ∈ H1(Ω),

∫

Ω

gi,2ϕdx :=

∫

Ω

µε(u
m
i )∇

(
wm

i + wm−1
i

2
+ ψm

i

)

· ∇ϕdx+
1

h

∫

Ω

Tm−1u
m−1
i ϕdx.Beause Tmu

m ∈ H1(Ω) is a solution of the problem (3.13), for every i ∈ N it follows
∫

Ω

∇(Tmu
m
i − Tmu

m) · ∇ϕdx+
1

h

∫

Ω

(Tmu
m
i − Tmu

m)ϕdx =

∫

Ω

(gi,2 − g2)ϕdx, (3.19)
∫

Ω

∇(ψm
i − ψm) · ∇ϕdx+

h

γ

∫

Ω

(ψm
i − ψm)ϕdx =

∫

Ω

(g1,i − g1)ϕdx, ∀ϕ ∈ H1(Ω), (3.20)where
∫

Ω

(gi,1 − g1)ϕdx :=
1

γ

∫

Ω

(um
i − um)ϕdx− 1

γ

∫

Ω

(um−1
i − um−1)ϕdx

+

∫

Ω

∇(ψm−1
i − ψm−1) · ∇ϕdx, ∀ϕ ∈ H1(Ω), (3.21)and

∫

Ω

(gi,2 − g2)ϕdx :=

∫

Ω

(µε(u
m) − µε(u

m
i ))∇

(
wm + wm−1

2
+ ψm

)

· ∇ϕdx

+

∫

Ω

µε(u
m
i )∇(wm

i − wm) · ∇ϕdx

+

∫

Ω

µε(u
m
i )∇(wm−1

i − wm−1) · ∇ϕdx

+

∫

Ω

µε(u
m
i )∇(ψm

i − ψm) · ∇ϕdx

+
1

h

∫

Ω

(Tm−1u
m−1
i − Tm−1u

m−1)ϕdx, ∀ϕ ∈ H1(Ω). (3.22)where we have made use of the equivalene in (3.22)
[

µε(u
m
i )∇

(
wm

i + wm−1
i

2
+ ψm

i

)

− µε(u
m)∇

(
wm + wm−1

2
+ ψm

)]

= (µε(u
m) − µε(u

m
i )∇

(
wm + wm−1

2
+ ψm

)

+ µε(u
m
i )∇(wm

i − wm)

+ µε(u
m
i )∇(wm−1

i − wm−1) + µε(u
m
i )∇(ψm

i − ψm).



3.1. EXISTENCE 17Using in (3.20) the testfuntion ϕ = (ψm
i − ψm) we �nd that

∫

Ω

|∇(ψm
i − ψm)|2dx+

h

γ

∫

Ω

|ψm
i − ψm|2dx =

∫

Ω

(gi,1 − g1)(ψ
m
i − ψm)dx.Similar alulations like in (3.16) give

‖∇(ψm
i − ψm)‖2

L2(Ω) ≤
8cp
γ2

‖um
i − um‖2

L2(Ω) +
8cp
γ2

‖um−1
i − um−1‖2

L2(Ω)

+ 2‖∇(ψm−1
i − ψm−1)‖2

L2(Ω).
(3.23)where cp is the Poinaré onstant.Applying ϕ = Tmu

m
i − Tmu

m ∈ H1(Ω) as a testfuntion in (3.19) we get
∫

Ω

|∇(Tmu
m
i − Tmu

m)|2dx+
1

h

∫

Ω

|Tmu
m
i − Tmu

m|2dx

=

∫

Ω

(gi,2 − g2)(Tmu
m
i − Tmu

m)dx.Young's inequality gives
1

h

∫

Ω

|Tmu
m
i − Tmu

m|2dx ≤4

∫

Ω

∣
∣
∣
∣
(µε(u

m) − µε(u
m
i ))∇

(
wm + wm−1

2
+ ψm

)∣
∣
∣
∣

2

dx

+ 8

∫

Ω

|µε(u
m
i )∇(wm

i − wm)|2dx

+ 42

∫

Ω

|µε(u
m
i )∇(wm−1

i − wm−1)|2dx

+ 42

∫

Ω

|µε(u
m
i )∇(ψm

i − ψm)|2dx

=: I1 + I2 + I3 + I4.We will treat eah summand separately: Beause of the ontinuity of Π we get
I2 ≤ 8‖wm

i − wm‖2
H1(Ω) ≤ 2‖P (Πum

i − Πum)‖2
H1(Ω) ≤ 2Cr2

2‖um
i − um‖2

L2(Ω).The summand I3 an be trated in a similar way like I2. For I4 we use the estimate (3.23). Inthe limit proess i −→ ∞ the expression (µε(u
m)−µε(u

m
i )) tends pointwise to zero, beauseof the Lipshitz ontinuity of um 7→ µε(u

m) and the onvergene limi→∞ ‖um
i −um‖L2(Ω) = 0.Hene applying Lebesgue's theorem I1 tends to zero. The onvergene of I2-I4 follows fromthe boundedness of µε(u

m
i ) and the onvergene limi→∞ ‖um

i − um‖L2(Ω) = 0.



18 CHAPTER 3. PROOF OF THEOREM 16. Baause of Tm[L2(Ω)] ∈ H1(Ω) and the ompletely ontinuous embedding of H1(Ω)into L2(Ω) (A.8), the �xed-point map Tm : L2(Ω) −→ L2(Ω) is ompletely ontinuous.Having in mind the �rst step of the proof, Shauder's �xed-point theorem yields a solution
um ∈ H1(Ω)∩B of the equation T um = um. Setting wm = P (1−Πum) ∈ H1,∞(Ω), we havefound a solution (um, wm, ψm) ∈ H1(Ω) ×H1,∞(Ω) ×H2(Ω) of the problem (3.8)-(3.10).Now we have to derive disrete a priori estimatesLemma 2 (Disrete energy estimate) Let (um, wm, ψm) be solution of (3.8)-(3.10) forevery m ∈ {1, ...,M}. Then

γ

2

M∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
max

1≤k≤M
‖∇ψk‖2

L2(Ω) +

M∑

m=1

h‖ψm‖2
L2(Ω),

+
M∑

m=1

h

∫

Ω

µε(u
m)|∇vm|2dx ≤ C1

(3.24)and
M∑

m=1

h

∫

Ω

|∇um|2dx ≤ C2(T ). (3.25)Proof. 1. Beause of Lemma 1 ϕ = vm = f ′
ε(u

m) + wm+wm−1

2
+ ψm ∈ H1(Ω) is anadmissible testfuntion in (3.8) and we �nd

1

h

∫

Ω

(um − um−1)

(

f ′
ε(u

m) +
wm + wm−1

2
+ ψm

)

dx+

∫

Ω

µε(u
m)|∇vm|2dx = 0.We will estimate the �rst summand term by term.2. The �rst term an be estimated as follows

1

h

∫

Ω

(um − um−1)f ′
ε(u

m)dx ≥ 1

h

∫

Ω

fε(u
m) − fε(u

m−1)dx,where we have used the onvexity of fε(u), (see (A1)).3. In order to estimate the seond term we use the symmetry of P (see Remark 1).
1

h

∫

Ω

(um − um−1)

(
wm + wm−1

2

)

dx =
1

h

∫

Ω

1

4
{(um + um−1)(wm − wm−1)

+ (um − um−1)(wm + wm−1)}dx =
1

h

∫

Ω

1

2
{umwm − um−1wm−1}dx.4. For the third term we use the testfuntion ϕ = ψm in (3.9) to get

1

h

∫

Ω

(um − um−1)ψmdx =
γ

h

∫

Ω

∇(ψm − ψm−1) · ∇ψmdx+

∫

Ω

|ψm|2dx.



3.1. EXISTENCE 19The above estimates give
γ

h

∫

Ω

∇(ψm − ψm−1) · ∇ψmdx+

∫

Ω

|ψm|2dx+

∫

Ω

µε(u
m)|∇vm|2dx

+
1

h

[
FNL,ε(u

m) − FNL,ε(u
m−1)

]
≤ 0.

(3.26)Note that
∫

Ω

∇(ψm − ψm−1) · ∇ψmdx =
1

2
‖∇(ψm − ψm−1)‖2

L2(Ω) +
1

2
‖∇ψm‖2

L2(Ω)

− 1

2
‖∇ψm−1‖2

L2(Ω).

(3.27)Applying the trik (3.27) for (3.26) we get
γ

2h
‖∇(ψm − ψm−1)‖2

L2(Ω) +
γ

2h
‖∇ψm‖2

L2(Ω) −
γ

2h
‖∇ψm−1‖2

L2(Ω) + ‖ψm‖2
L2(Ω)

+

∫

Ω

µε(u
m)|∇vm|2dx+

1

h

[
FNL,ε(u

m) − FNL,ε(u
m−1)

]
≤ 0. (3.28)We multiply (3.28) by h and sum both sides from m = 1 to m = k, where 1 ≤ k ≤M . We�nd that

γ

2

k∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
‖∇ψk‖2

L2(Ω) +

k∑

m=1

h‖ψm‖2
L2(Ω)

+
k∑

m=1

h

∫

Ω

µε(u
m)|∇vm|2dx ≤ FNL(u0) − FNL,ε(u

k) +
γ

2
‖∇ψ0‖2

L2(Ω).Using Remark 6 we onlude
γ

2

M∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
max

1≤k≤M
‖∇ψk‖2

L2(Ω) +
M∑

m=1

h‖ψm‖2
L2(Ω)

+

M∑

m=1

h

∫

Ω

µε(u
m)|∇vm|2dx ≤ FNL(u0) − FNL,ε(u

M) +
γ

2
‖∇ψ0‖2

L2(Ω) =: C1.De�ning w̃m := wm+wm−1

2
+ ψm we have the following estimate

∫

Ω

µε(u
m)|∇(f ′

ε(u
m) + w̃m)|2dx =

∫

Ω

(

f ′′
ε (um)|∇um|2 + 2∇um · ∇w̃m +

|∇w̃m|2
f ′′

ε (um)

)

dx

≥
∫

Ω

(
f ′′

ε (um)

2
|∇um|2 − |∇w̃m|2

f ′′
ε (um)

)

dx

≥
∫

Ω

(

2|∇um|2 − 1

4
|∇w̃m|2

)

dx,

(3.29)



20 CHAPTER 3. PROOF OF THEOREM 1where we have used Young's inequality and the fat that f ′′
ε (um) ≥ 4. We multiply (3.29)by h and sum both sides from m = 1 to m = k, where 1 ≤ k ≤M .

C1 ≥
k∑

m=1

h

∫

Ω

(

2|∇um|2 − 1

4
|∇w̃m|2

)

dx,where C1 is the onstant in (3.24). The de�nition of w̃m and (A2) and (B4) give
k∑

m=1

h

∫

Ω

|∇um|2dx ≤ 1

4

k∑

m=1

h

∥
∥
∥
∥
∇wm + wm−1

2

∥
∥
∥
∥

2

L2(Ω)

+
1

4

k∑

m=1

h‖∇ψm‖2
L2(Ω) +

C1

2
.Finally we obtain using (3.24) and (3.7)

M∑

m=1

h

∫

Ω

|∇um|2dx ≤ T

{

r2
2|Ω| + 4r2

2 +
1

4
max

1≤k≤M
‖∇ψk‖2

L2(Ω)

}

+
C1

2

≤ C2(T ).Lemma 3 Let (um, wm, ψm) be solution of (3.8)-(3.10) for every m ∈ {1, ...,M}. Then
max

1≤k≤M
‖∆ψk‖2

L2(Ω) ≤ C3. (3.30)Proof. 1. Beause of Lemma 1 ∆ψm ∈ L2(Ω) exists, thus an admissible testfuntion in(3.9)
γ

h

∫

Ω

∆(ψm − ψm−1)∆ψmdx+

∫

Ω

|∇ψm|2dx+
1

h

∫

Ω

(um − um−1)∆ψmdx = 0.2. Applying the testfuntion −um/γ in (3.9) we have
1

h

∫

Ω

∆(ψm − ψm−1)umdx− 1

γ

∫

Ω

ψmumdx+
1

γh

∫

Ω

(um − um−1)umdx = 0.3. We use the same trik as in (3.27) and the identity
∫

Ω

(
(um − um−1)∆ψm + (∆ψm − ∆ψm−1)um

)
dx

=

∫

Ω

um∆ψmdx−
∫

Ω

um−1∆ψm−1dx+

∫

Ω

(
(um − um−1)(∆ψm − ∆ψm−1)

)
dx,to get

‖∆ψm − ∆ψm−1‖2
L2(Ω) + ‖∆ψm‖2

L2(Ω) +
2h

γ
‖∇ψm‖2

L2(Ω) +
1

γ2
‖um − um−1‖2

L2(Ω) +
1

γ2
‖um‖2

L2(Ω)

= ‖∆ψm−1‖2
L2(Ω) +

1

γ2
‖um−1‖2

L2(Ω) −
2h

γ2

∫

Ω

ψmumdx

− 2

γ

∫

Ω

(
um∆ψm − um−1∆ψm−1

)
− 2

γ

∫

Ω

(um − um−1)(∆ψm − ∆ψm−1)dx.

(3.31)



3.1. EXISTENCE 214. Using Young's inequality in the following way
2

γ

∫

Ω

(um − um−1)(∆ψm − ∆ψm−1)dx ≤ 1

γ2
‖um − um−1‖2

L2(Ω) + ‖∆ψm − ∆ψm−1‖2
L2(Ω),

2

γ

∫

Ω

um∆ψmdx ≤ 2

γ2
‖um‖2

L2(Ω) +
1

2
‖∆ψm‖2

L2(Ω),we get from (3.31)
‖∆ψm‖2

L2(Ω) +
4h

γ
‖∇ψm‖2

L2(Ω) =3‖∆ψm−1‖2
L2(Ω) +

6

γ2
‖um−1‖2

L2(Ω) +
2

γ2
‖um‖2

L2(Ω)

+
h

γ3
‖∇um‖2

L2(Ω) +
2h

γ2
‖ψm‖2

L2(Ω) +
2h

γ2
‖um‖2

L2(Ω).We sum both sides from m = 1 to m = k, where 1 ≤ k ≤M , and �nd
‖∆ψk‖2

L2(Ω) +
4

γ

k∑

m=1

h‖∇ψm‖2
L2(Ω) =3‖∆ψ0‖2

L2(Ω) +
6

γ2
‖u0‖2

L2(Ω) +
2

γ2
‖uk‖2

L2(Ω)

+
1

γ3

k∑

m=1

h‖∇um‖2
L2(Ω) +

2

γ2

k∑

m=1

h‖ψm‖2
L2(Ω)

+
2

γ2

k∑

m=1

h‖um‖2
L2(Ω).The energy estimate (3.24) and (3.25) give (3.30). To indiate the dependene on M ,we denote for any M ∈ N the solutions of (3.8)-(3.10) by (um

M , w
m
M , ψ

m
M). We de�ne thepieewise linear

ûM(x, t) = um +
t−mh

h
(um − um−1) for t ∈ [(m− 1)h,mh], (3.32)

ψ̂M(x, t) = ψm +
t−mh

h
(ψm − ψm−1) for t ∈ [(m− 1)h,mh], (3.33)as well as the onstant interpolates

ūM(x, t) = um for t ∈ [(m− 1)h,mh], (3.34)
w̄M(x, t) =

wm + wm−1

2
for t ∈ [(m− 1)h,mh], (3.35)

ψ̄M(x, t) = ψm for t ∈ [(m− 1)h,mh], (3.36)for 1 ≤ m ≤M . With these notations, the variational equations (3.8)-(3.10) an be writtenas
∫

Ω

ûM,t(x, t)ϕ(x)dx+

∫

Ω

(∇ūM(x, t) + µε(ūM)∇(w̄M(x, t) + ψ̄M(x, t))) · ∇ϕ(x) dx = 0,

γ

∫

Ω

∇ψ̂M,t(x, t) · ∇ϕdx+

∫

Ω

ψ̄M(x, t)h(x) dx =

∫

Ω

ûM,t(x, t)ϕ(x)dx, ∀ϕ ∈ H1(Ω),



22 CHAPTER 3. PROOF OF THEOREM 1for almost every t ∈ (0, T ). Consequently,
T∫

0

∫

Ω

ûM,tϕdxdt+

T∫

0

∫

Ω

(∇ūM + µε(ūM)∇(w̄M + ψ̄M )) · ∇ϕdxdt = 0,

γ

T∫

0

∫

Ω

∇ψ̂M,t · ∇ϕdx dt+

T∫

0

∫

Ω

ψ̄Mϕdxdt =

T∫

0

∫

Ω

ûM,tϕdxdt, ∀ϕ ∈ L2(0, T ;H1(Ω)).

(3.37)
We again get like in Remark 4 using ϕ = 1

∫

Ω

ū(t, x)dx =

∫

Ω

u0(x)dx = onst.,
T∫

0

∫

Ω

ψ̄(x)dxdt = 0.

(3.38)
By virtue of the energy estimate (3.24),

γ

2

M∑

m=1

‖∇(ψm − ψm−1)‖2
L2(Ω) +

γ

2
sup

0≤t≤T
‖∇ψ̄M(t)‖2

L2(Ω) +

T∫

0

∫

Ω

|ψ̄M |2dxdt

+

T∫

0

∫

Ω

µε(ūM)|∇v̄M |2 dxdt ≤ C1,

(3.39)
where v̄M := f ′

ε(ūM) + w̄M + ψ̄M . We also �nd from (3.25) that
T∫

0

∫

Ω

|∇ūM |2dxdt ≤ C2(T ).Using (3.38) and the generalized Poinaré inequality (A.13) we get
‖ūM‖L2(0,T ;H1(Ω)) ≤ C4(

√
T ).



3.1. EXISTENCE 23Moreover we �nd from (3.37) and (3.39)
∣
∣
∣
∣
∣
∣

T∫

0

∫

Ω

ûM,tϕdxdt

∣
∣
∣
∣
∣
∣

≤

∣
∣
∣
∣
∣
∣

T∫

0

∫

Ω

µε(ūM)∇v̄M · ∇ϕdxdt

∣
∣
∣
∣
∣
∣

≤





T∫

0

∫

Ω

|µε(ūM)∇v̄M |2 dxdt





1/2 



T∫

0

∫

Ω

|∇ϕ|2dxdt





1/2

≤ 1

2





T∫

0

∫

Ω

µε(ūM) |∇v̄M |2 dxdt





1/2 



T∫

0

∫

Ω

|∇ϕ|2dxdt





1/2

≤ C1

2





T∫

0

∫

Ω

|∇ϕ|2dxdt





1/2

(3.40)
for all ϕ ∈ L2(0, T ;H1(Ω)). We get

‖ûM,t‖L2(0,T ;H1(Ω)∗) = sup
ϕ∈L2(0,T ;H1(Ω))

|
∫ T

0

∫

Ω
ûM,t(x, t)ϕdxdt|

‖ϕ‖L2(0,T ;H1(Ω))

≤ C5.Thus, we �nd
∣
∣
∣
∣
∣
∣

T∫

0

∫

Ω

∇ψ̂M,t · ∇ϕdxdt

∣
∣
∣
∣
∣
∣

≤

∣
∣
∣
∣
∣
∣

T∫

0

∫

Ω

ûM,tϕdxdt

∣
∣
∣
∣
∣
∣

+





T∫

0

∫

Ω

|ψm|2dxdt





1/2



T∫

0

∫

Ω

|ϕ|2dxdt





1/2

≤C6‖ϕ‖2
L2(0,T ;H1(Ω)),

(3.41)
and we �nd

‖∇ψ̂M,t‖L2(0,T ;H1(Ω)∗) ≤ C6.Beaue of (3.31) we get
sup

0≤t≤T
‖∆ψ̄M (t)‖2

L2(Ω) ≤ C3(T ).In addition, (3.25), (3.32) and (3.34) imply that, as M → ∞,
‖∇ūM −∇ûM‖L2(0,T ;L2(Ω)) =

T

3M

M∑

m=1

‖∇um
M −∇um−1

M ‖L2(Ω) → 0.



24 CHAPTER 3. PROOF OF THEOREM 1We also get from (3.32), (3.34) and (3.11) that, as M → ∞

‖ūM − ûM‖L2(0,T ;L2(Ω)) =
T

3M

M∑

m=1

‖um
M − um−1

M ‖L2(Ω) → 0.We obtain using the generalized Poinaré inequality (A.13) the following onvergene
‖ūM − ûM‖L2(0,T ;H1(Ω)) → 0. (3.42)Moreover we have with (3.12)

‖ψ̄M − ψ̂M‖L2(0,T ;L2(Ω)) =
T

3M

M∑

m=1

‖ψm
M − ψm−1

M ‖L2(Ω) = 0,and by (3.33), (3.36) and (3.24), as M → ∞
‖∇ψ̄M −∇ψ̂M‖L∞(0,T ;L2(Ω)) = max

0≤t≤T
‖∇ψm

M −∇ψm−1
M ‖L2(Ω) → 0. (3.43)In onlusion, there are funtions ū, ût, ψ̄, ψ̂t, suh that forM → ∞, possibly after seletingsubsequenes,

ūM −→ ū weakly in L2(0, T ;H1(Ω)),
ûM,t −→ ût weakly in L2(0, T ;H1(Ω)∗),
ψ̄M −→ ψ̄ weakly in L2(0, T ;L2(Ω)),
∇ψ̄M −→ ∇ψ̄ weakly-star in L∞(0, T ;H1(Ω)),

∇ψ̂M,t −→ ∇ψ̂t weakly in L2(0, T ;H1(Ω)∗).

(3.44)Taking (3.42) and (3.43) into aount, we see that ū = û and ψ̄ = ψ̂. It follows from (3.44)that we may pass to the limit as M → ∞ in (3.37). The onvergene of the linear termsin (3.37) are standard. We take a loser look on the onvergene of the nonlinear term
T∫

0

∫

Ω

(µε(u)∇(w + ψ)−µε(uM)∇(wM + ψM )) · ∇ϕdxdt

=

T∫

0

∫

Ω

(µε(u) − µε(uM))∇(w + ψ) · ∇ϕdxdt

+

T∫

0

∫

Ω

µε(uM)∇ [(w − wM) + (ψ − ψM )] · ∇ϕdxdt.

(3.45)
Beause of the Lipshitz ontinuity of µε and the ompatness results in (3.44) the �rstterm on the right hand side onverges to zero. The seond term onverges to zero againby taking into aount the ompatness results in (3.44).We denote the solution of the regularized problem by (uε, wε, ψε). We an state thefollowing energy estimate.



3.1. EXISTENCE 25Lemma 4 (Energy estimate) There exists an ε0 (see Remark 6) suh that for all
0 < ε ≤ ε0 the following estimate holds with onstants C7, C8 independent of ε:

γ

2
max
0≤t≤T

∫

Ω

|∇ψε(t)|2dx+

T∫

0

∫

Ω

|ψε|2dxdt+

T∫

0

∫

Ω

µε(uε)|∇vε|2dxdt ≤ C7, (3.46)
T∫

0

∫

Ω

|∇uε|2dxdt ≤ C8. (3.47)Proof. 1. The funtion vε = f ′
ε(uε) + wε + ψε ∈ L2(0, T ;H1(Ω)) is a valid testfuntion in(3.4). Therefore we obtain

t∫

0

〈∂tuε, f
′
ε(uε) + wε + ψε〉dt = −

t∫

0

∫

Ω

µε(uε)|∇vε|2dxdt (3.48)for all t ∈ [0, T ]. To prove this we de�ne steklov averaged funtions
uεh(t, x) :=

1

h

t∫

t−h

uε(τ, x)dτ, (3.49)where we set uε(t, x) = u0(x) when t ≤ 0. From [23℄ uεh onverge strongly to uε in
L2(0, T ;H1(Ω)). Beause of (A2), (B4) and the ontinuity of f ′

ε it is easily proved that
wεh −→ wε strongly in L2(0, T ;H1(Ω)),
f ′

εh(uεh) −→ f ′
ε(uε) strongly in L2(0, T ;H1(Ω)).

(3.50)We de�ne gεh := f ′
εh(uεh) + wεh, and vεh := gεh + ψεh. It follows from (3.54) that

∇ψεh −→ ∇ψε strongly in L2(0, T ;L2(Ω)). (3.51)Furthermore, we an show ∂tuεh −→ ∂tuε strongly in L2(0, T ;H1(Ω)∗). For any ϕ ∈
L2(0, T ;H1(Ω)) we have
|〈∂tuεh − ∂tuε, ϕ〉| =

1

h

∣
∣
∣
∣
∣
∣

T∫

0

〈 t∫

t−h

(∂tuε(τ) − ∂tuε(t))dτ, ϕ

〉

dt

∣
∣
∣
∣
∣
∣

=
1

h

∣
∣
∣
∣
∣
∣

T∫

0

〈 0∫

−h

(∂tuε(t+ s) − ∂tuε(t))ds, ϕ

〉

dt

∣
∣
∣
∣
∣
∣

≤ 1

h

0∫

−h

∣
∣
∣
∣
∣
∣

T∫

0

∫

Ω

(µε(uε(t+ s))∇vε − µε(uε(t))∇vε)∇ϕdxdt

∣
∣
∣
∣
∣
∣

ds

≤ max
−h≤s≤0

‖(µε(uε(t+ s))∇vε(t+ s) − µε(uε(t))∇vε(t)‖L2(QT ) ‖∇ϕ‖L2(QT ).



26 CHAPTER 3. PROOF OF THEOREM 1We have
max

−h≤s≤0
‖µε(uε(t+ s))∇vε(t+ s) − µε(uε(t))∇vε(t)‖L2(QT )

≤ max
−h≤s≤0

‖[µε(uε(t+ s)) − µε(uε(t))]∇vε(t+ s)‖L2(QT )

+ C max
−h≤s≤0

‖gε(t+ s) − gε(t)‖L2(0,T ;H1(Ω))

+ C max
−h≤s≤0

‖∇ψε(t+ s) −∇ψε(t)‖L2(0,T ;L2(Ω)).The �rst part of the right hand side tends as h → 0 pointwise to zero, beause of theLipshitz ontinuity of uε 7→ µε(uε) and the onvergene
max

−h≤s≤0
‖uε(t+ s) − uε(t)‖L2(QT ) → 0 as h→ 0.The seond and the third part follow from (3.50) and (3.51). It follows that

∂tuεh −→ ∂tuε strongly in L2(0, T ;H1(Ω)∗).Using ∂tuεh ∈ L2(0, T ;L2(Ω)), we have for almost all t ∈ [0, T ]

t∫

0

〈∂tuεh, f
′
ε(uεh) + wεh + ψεh〉dt =

t∫

0

∫

Ω

∂tuεh(f
′
ε(uεh) + wεh + ψεh)dxdt

= ∂t

t∫

0

∫

Ω

(

fε(uεh) +
1

2
uεhwεh +

1

2
|∇ψεh|2

)

dxdt

+

t∫

0

∫

Ω

|ψεh|2dxdt

=

∫

Ω

(

fε(uεh(t)) +
1

2
uεh(t)wεh(t) +

1

2
|∇ψεh(t)|2

)

dxdt

+

∫

Ω

(

fε(u0) +
1

2
u0w0 +

1

2
|∇ψ0|2

)

dxdt+

t∫

0

∫

Ω

|ψεh|2dxdt.Passing to the limit (h ց 0) in this equation, where we apply the onvergene propertiesof uεh proved above, and using Remark 6, (3.48) gives for almost all t
∫

Ω

1

2
|∇ψεh(t)|2 +

t∫

0

∫

Ω

|ψεh|2dxdt+

t∫

0

∫

Ω

µε(uε)|∇vε|2dxdt

≤ FNL,ε(u0) +

∫

Ω

1

2
|∇ψ0|2dxdt ≤ C7.



3.1. EXISTENCE 27The proof of (3.47) is similar to the proof in the disrete ase (3.25). We get further apriori estimates for ∂tuε and ∇∂tψε in a similar way to the disrete ase (3.40) and (3.41).Lemma 5 There exists an ε0 (see Remark 6) suh that for all 0 < ε ≤ ε0 the followingestimate holds with a onstant C8 independent of ε:
max
0≤t≤T

‖∆ψε‖2
L2(Ω) ≤ C11. (3.52)Proof. 1. We again make use of (3.49). We apply the admissible testfuntion −∆ψεh ∈

L2(Ω) in (3.5) and get
γ

t∫

0

1

2

d

dt

∫

Ω

|∆ψεh|2dxdt+

t∫

0

∫

Ω

|∇ψεh|2dxdt+

t∫

0

∫

Ω

∂tuεh∆ψεhdxdt = 0,for all t ∈ [0, T ].2. We obtain by using −uεh/γ as a testfuntion
−

t∫

0

∫

Ω

∂t∇ψεh · ∇uεhdxdt−
1

γ

t∫

0

∫

Ω

ψεhuεhdxdt+
1

γ

t∫

0

1

2

d

dt

∫

Ω

|uεh|2dxdt = 0for all t ∈ [0, T ]. We �nd after standard alulations
γ

2
‖∆ψεh(t)‖2

L2(Ω) +

t∫

0

‖∇ψεh‖2
L2(Ω)dt+

1

2γ
‖uεh(t)‖2

L2(Ω) =
γ

2
‖∆ψεh(0)‖2

L2(Ω) +
1

2γ
‖uεh(0)‖2

L2(Ω)

+
1

γ

t∫

0

∫

Ω

ψεhuεhdxdt−
∫

Ω

∆ψεh(t)uεh(t)dx+

∫

Ω

∆ψεh(0)uεh(0)dx

(3.53)
for all t ∈ [0, T ].3. Using Young's inequality

∫

Ω

∆ψεh(t)uεh(t)dx ≤ γ

2
‖∆ψεh(t)‖2

L2(Ω) +
1

2γ
‖uεh(t)‖2

L2(Ω),

1

γ

t∫

0

∫

Ω

ψεhuεhdxdt ≤
1

2ǫγ

t∫

0

‖ψεh‖2
L2(Ω)dt+

ǫ

2γ

t∫

0

‖uεh‖2
L2(Ω)dt,and the Poinaré inequality in the form

1

2ǫγ

t∫

0

‖ψεh‖2
L2(Ω)dt ≤

cp
2ǫγ

t∫

0

‖∇ψεh‖2
L2(Ω)dt



28 CHAPTER 3. PROOF OF THEOREM 1for all t ∈ [0, T ], where cp is the Poinaré onstant, we �nd from (3.53)
(

1 − cp
2ǫγ

) T∫

0

‖∇ψεh‖2
L2(Ω)dt ≤ γ‖∆ψεh(0)‖2

L2(Ω) +
1

γ
‖uεh(0)‖2

L2(Ω) +
ǫ

2γ

T∫

0

‖uεh‖2
L2(Ω)dt.We obtain hoosing ǫ = cp/γ and passing to the limit (hց 0)

T∫

0

‖∇ψε‖2
L2(Ω)dt ≤ 2γ‖∆ψε(0)‖2

L2(Ω) +
2

γ
‖uε(0)‖2

L2(Ω) +
cp
γ2

T∫

0

‖uε‖2
L2(Ω)dt. (3.54)4. Furthermore applying Young's inequality in the form

2

γ

∫

Ω

∆ψεh(t)uεh(t)dx ≤ 1

2
‖∆ψεh(t)‖2

L2(Ω) +
2

γ2
‖uεh(t)‖2

L2(Ω),

2

γ2

T∫

0

∫

Ω

ψεhuεhdxdt ≤
1

γ2

T∫

0

‖ψεh‖2
L2(Ω)dt+

1

γ2

T∫

0

‖uεh‖2
L2(Ω)dt,we get from (3.53) the estimate

‖∆ψεh(t)‖2
L2(Ω) +

4

γ

t∫

0

‖∇ψεh‖2
L2(Ω)dt =3‖∆ψεh(0)‖2

L2(Ω) +
8

γ2
‖uεh(0)‖2

L2(Ω)

+
2

γ2

t∫

0

‖ψεh‖2
L2(Ω)dt+

2

γ2

t∫

0

‖uεh‖2
L2(Ω)dt.By the Poinaré inequality in the form

t∫

0

‖uεh‖2
L2(Ω)dt ≤ cp

t∫

0

‖∇uεh‖2
L2(Ω)dt,we get passing to the limit (hց 0)

max
0≤t≤T

‖∆ψε(t)‖2
L2(Ω) +

4

γ

T∫

0

‖∇ψε‖2
L2(Ω)dt =3‖∆ψε(0)‖2

L2(Ω) +
8

γ2
‖uε(0)‖2

L2(Ω)

+
2

γ2

T∫

0

‖ψε‖2
L2(Ω)dt+

2cp
γ2

T∫

0

‖∇uε‖2
L2(Ω)dt.



3.1. EXISTENCE 29By (3.46) and (3.47) we �nd (3.52) We �nd following standard ompatness properties
uε −→ u weakly in L2(0, T ;H1(Ω)),
∂tuε −→ ∂tu weakly in L2(0, T ;H1(Ω)∗),
ψε −→ ψ weakly in L2(0, T ;L2(Ω)),
∇ψε −→ ∇ψ weakly-star in L∞(0, T ;H1(Ω)),
∇∂tψε −→ ∇ψt weakly in L2(0, T ;H1(Ω)∗).

(3.55)so that as ε −→ 0 we may pass to the limit in (3.4)-(3.6). The onvergene of the linearterms in (3.4)-(3.6) are standard. We take a loser look on the onvergene of the nonlinearterm
T∫

0

∫

Ω

(µ(u)∇(w + ψ) − µε(uε)∇(wε + ψε)) · ∇ϕdxdt

=

T∫

0

∫

Ω

(µ(u) − µε(uε))∇(w + ψ) · ∇ϕdxdt

+

T∫

0

∫

Ω

µε(uε)∇ [(w − wε) + (ψ − ψε)] · ∇ϕdxdt.

(3.56)
Using the fat that for all z ∈ R

|µ(z) − µε(z)| ≤ sup
0≤z≤ε

1−ε≤z≤1

|µ(z)| −→ 0, as ε −→ 0,it follows that µε −→ µ uniformly and the �rst term on the right hand side tends to zero.The onvergene of the seond term is a standard onsequene of the ompatness result(3.55).Now we have shown that the problem (2.6), (2.7) and (3.6) has a solution. The nextstep is to overome the trunation in (3.6) and to show that the trunation is e�etless.The rest of the proof is formulated as aProposition 1 Let (u, w, ψ) be solution of the problem (2.6)-(2.8) then
0 ≤ u(t, x) ≤ 1, for a.a. (t, x) ∈ QT . (3.57)Proof. 1. Using in (2.6) the admissible testfuntion u• := min(u, 0) we get

1

2

∫

Ω

|u•(t)|2dx+

T∫

0

∫

Ω

|∇u•|2dxdt+

T∫

0

∫

Ω

µ(u)∇(w + ψ) · ∇u•dxdt = 0.



30 CHAPTER 3. PROOF OF THEOREM 12. Beause of µ(u)∇u• = 0 the last term vanishes and we get
0 =

1

2

∫

Ω

|u•(t)|2dx+

T∫

0

∫

Ω

|∇u•|2dxdt ≥ 1

2

∫

Ω

|u•(t)|2dx,that means u•(t, x) = 0, for a.a. (t, x) ∈ QT , hene u(t, x) ≥ 0, for a.a. (t, x) ∈ QT .3. We use in (2.6) the admissible testfuntion u⋄ := min(1 − u, 0) and �nd
1

2

∫

Ω

|u⋄(t)|2dx+

T∫

0

∫

Ω

|∇u⋄|2dxdt+

T∫

0

∫

Ω

µ(u)∇(w + ψ) · ∇u⋄dxdt = 0.2. Beause of µ(u)∇u⋄ = 0 the last term vanishes and we get
0 =

1

2

∫

Ω

|u⋄(t)|2dx+

T∫

0

∫

Ω

|∇u⋄|2dxdt ≥ 1

2

∫

Ω

|u⋄(t)|2dx,that means u⋄(t, x) = 0, for a.a. (t, x) ∈ QT , hene 1 − u(t, x) ≥ 0, for a.a. (t, x) ∈ QT .3.2 UniquenessProof. 1. For i = 1, 2, suppose that
T∫

0

〈∂tui, ϕ〉 dt+

T∫

0

∫

Ω

∇ui · ∇ϕdxdt

+

T∫

0

∫

Ω

µ(ui)∇(wi + ψi) · ∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H1(Ω)) (3.58)
γ

T∫

0

〈∇∂tψi,∇ϕ〉 dt+

T∫

0

∫

Ω

ψiϕdxdt =

T∫

0

〈∂tui, ϕ〉 dt, ∀ϕ ∈ L2(0, T ;H1(Ω)), (3.59)
wi = P (1 − 2ui) a.e. (t, x) ∈ QT . (3.60)



3.2. UNIQUENESS 31The di�erene u := u1 − u2, w := w1 − w2, ψ := ψ1 − ψ2 then satis�es
T∫

0

〈ut, ϕ〉 dt+

T∫

0

∫

Ω

∇u · ∇ϕdxdt

+

T∫

0

∫

Ω

(µ(u1)∇(w1 + ψ1) − µ(u2)∇(w2 + ψ2)) · ∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H1(Ω)),(3.61)
γ

T∫

0

〈∇ψt,∇ϕ〉 dt+

T∫

0

∫

Ω

ψϕdxdt =

T∫

0

〈ut, ϕ〉 dt, ∀ϕ ∈ L2(0, T ;H1(Ω)), (3.62)
w = P (−2u) a.e. (t, x) ∈ QT . (3.63)Testing (3.61) by u and ψ and (3.62) by ψ we �nd

1

2
‖u(t)‖2

L2(Ω) +

t∫

0

‖∇u‖2
L2(Ω)dt = −

t∫

0

∫

Ω

(µ(u1)∇(w1 + ψ1) − µ(u2)∇(w2 + ψ2)) · ∇u dxdt

= −
t∫

0

∫

Ω

(µ(u1) − µ(u2))∇(w1 + ψ1) · ∇u dxdt

−
t∫

0

∫

Ω

µ(u2)∇w · ∇u dx−
t∫

0

∫

Ω

µ(u2)∇ψ · ∇u dxdt

=:

t∫

0

I5dt+

t∫

0

I6dt+

t∫

0

I7dt.and
γ

2
‖∇ψ(t)‖2

L2(Ω) +

t∫

0

‖ψ‖2
L2(Ω)dt+

t∫

0

∫

Ω

µ(u2)|∇ψ|2dxdt

= −
t∫

0

∫

Ω

(µ(u1) − µ(u2))∇(w1 + ψ1) · ∇ψ dx

−
t∫

0

∫

Ω

∇u · ∇ψ dx−
t∫

0

∫

Ω

µ(u2)∇w · ∇ψ dx

=:

t∫

0

I8dt+

t∫

0

I9dt+

t∫

0

I10dt.



32 CHAPTER 3. PROOF OF THEOREM 1We will estimate the Ii; i = 1, ..., 6 separately. Beause of the Lipshitz ontinuity of µ weget by using Hölder's inequality
|I5| ≤ C12

∫

Ω

|u| |∇w1| |∇u| dx+ C12

∫

Ω

|u| |∇ψ1| |∇u| dx

≤ C12‖u‖L2(Ω) ‖∇w1‖L∞(Ω) ‖∇u‖L2(Ω) + C12‖u‖L3(Ω) ‖∇ψ1‖L6(Ω) ‖∇u‖L2(Ω), (3.64)where C12 is the Lipshitz onstant. For the �rst term on the right hand side we get using(A2) and (B4)
C12‖u‖L2(Ω) ‖∇w1‖L∞(Ω) ‖∇u‖L2(Ω) ≤ C12‖u‖L2(Ω) ‖w1‖W 1,∞(Ω) ‖∇u‖L2(Ω)

≤ C13‖u‖L2(Ω) ‖u1‖L∞(Ω) ‖∇u‖L2(Ω)

≤ C13‖u‖L2(Ω) ‖∇u‖2

≤ C13

2ǫ1
‖u‖2

L2(Ω) +
C13ǫ1

2
‖∇u‖2

L2(Ω),where we have used for the last operation Young's inequality. The Gagliardo-Nirenberginequality (A.14) for dim(Ω) = 3 and Sobolev embedding theorems (A.8) give for theseond term in (3.64)
C12‖u‖L3(Ω) ‖∇ψ1‖L6(Ω) ‖∇u‖2 ≤ C14‖u‖1/2

L2(Ω) ‖∇ψ1‖H2(Ω) ‖∇u‖3/2
L2(Ω)

≤ C15‖u‖1/2
L2(Ω) ‖∇u‖

3/2
L2(Ω)

≤ C15

4ǫ2
‖u‖2

L2(Ω) +
3C15ǫ2

4
‖∇u‖2

L2(Ω),where we have used Young's inequality for the last row. Finally we �nd
|I5| ≤

(
C13

2ǫ1
+
C15

4ǫ2

)

‖u‖2
L2(Ω) +

(
C13

2
ǫ1 +

3C15ǫ2
4

)

‖∇u‖2
L2(Ω).Young's inequality and (3.63) together with (A2) and (B4) give

|I6| ≤ ‖∇w‖2
L2(Ω) +

1

42
‖∇u‖2

L2(Ω)

≤ ‖w‖2
H1(Ω) +

1

42
‖∇u‖2

L2(Ω)

≤ r2
2‖u‖2

L2(Ω) +
1

42
‖∇u‖2

L2(Ω),

|I7| ≤ ‖∇ψ‖2
L2(Ω) +

1

82
‖∇u‖2

L2(Ω).



3.2. UNIQUENESS 33Furthermore we get
|I8| ≤ C16

∫

Ω

|u| |∇w1| |∇ψ| dx+ C16

∫

Ω

|u| |∇ψ1| |∇ψ| dx

≤ C16‖u‖2‖∇w1‖∞‖∇ψ‖2 + C16‖u‖3‖∇ψ1‖6‖∇ψ‖2.where C16 is the Lipshitz onstant. For the �rst term we get by using (A2), (B4) andYoung's inequality
C16‖u‖2‖∇w1‖L∞(Ω) ‖∇ψ‖L2(Ω) ≤ C17‖u‖L2(Ω) ‖∇ψ‖L2(Ω)

≤ C17

2
‖u‖2

L2(Ω) +
C17

2
‖∇ψ‖2

L2(Ω).The Gagliardo-Nirenberg inequality (A.14) for dim(Ω) = 3 and Sobolev embedding theo-rem (A.8) give for the seond term
C16‖u‖L3(Ω) ‖∇ψ1‖L6(Ω) ‖∇ψ‖L2(Ω) ≤ C18‖u‖1/2

L2(Ω) ‖∇u‖
1/2

L2(Ω) ‖∇ψ‖L2(Ω)

≤ C18

2
‖u‖L2(Ω) ‖∇u‖L2(Ω) +

C18

2
‖∇ψ‖2

L2(Ω)

≤ C18

4ǫ3
‖u‖2

L2(Ω) +
C18ǫ3

4
‖∇u‖2

L2(Ω) +
C18

2
‖∇ψ‖2

L2(Ω),where we have applied Young's inequality for the last estimates. Thus, we get
|I8| ≤

(
C17

2
+
C18

4ǫ3

)

‖u‖2
L2(Ω) +

C18ǫ3
4

‖∇u‖2
L2(Ω) +

(
C17

2
+
C18

2

)

‖∇ψ‖2
L2(Ω). (3.65)Using Hölder's inequality and (A2) and (B4) we get

|I9| ≤ 2‖∇ψ‖2
L2(Ω) +

1

8
‖∇u‖2

L2(Ω),

|I10| ≤
1

8
‖∇w‖2

L2(Ω) +
1

8
‖∇ψ‖2

L2(Ω)

≤ r2
2

2
‖u‖2

L2(Ω) +
1

8
‖∇ψ‖2

L2(Ω),Finally we onlude
1

2

[

‖u(t)‖2
L2(Ω) + γ‖∇ψ(t)‖2

L2(Ω)

]

+ ν(ǫ1, ǫ2, ǫ3)

t∫

0

‖∇u‖2
L2(Ω)dt+

t∫

0

‖ψ‖2
L2(Ω)dt

+ ‖ψ‖2
L2(Ω) +

t∫

0

∫

Ω

µ(u2)|∇ψ|2dxdt ≤ C19(ǫ1, ǫ2, ǫ3)

t∫

0

‖u‖2
L2(Ω)dt+ C20(ǫ1, ǫ2, ǫ3)

t∫

0

‖∇ψ‖2
L2(Ω)dt,where ν(ǫ1, ǫ2, ǫ3) := 1 − C13ǫ1/2 − 3C15ǫ2/4 − C18ǫ3/4 − 13/43. Choose ǫi, i = 1, 2, 3, sothat ν > 0 Gronwall's Lemma (A.4) gives the uniqueness.
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