
Chapter 2Statement of the problems andassumptionsLet be Ω ⊂ R
3 an open, bounded domain with boundary Γ = ∂Ω and ν the outer unitnormal on Γ. In the sequel, |Ω| denotes the Lesbegue measure of Ω. We denote by

Lp(Ω),W k,p(Ω) for 1 ≤ p ≤ ∞ the Lesbegue spa
es and Sobolev spa
es of fun
tions on Ωwith the usual norms ‖ · ‖Lp(Ω), ‖ · ‖W k,p(Ω), and we write Hk(Ω) = W k,2(Ω) (see [13℄). Fora Bana
h spa
e X we denote its dual by X∗, the dual pairing between f ∈ X∗, g ∈ X willbe denoted by 〈f, g〉. If X is a Bana
h spa
e with the norm ‖ · ‖X , we denote for T > 0by Lp(0, T ;X) (1 ≤ p ≤ ∞) the Bana
h spa
e of all (equivalen
e 
lasses of) Bo
hnermeasurable fun
tions u : (0, T ) −→ X su
h that ‖u(·)‖X ∈ Lp(0, T ). We set R1
+ = (0,∞)and, as already mentioned, QT = (0, T )×Ω, ΓT = (0, T )×Γ. �Generi
� positive 
onstantsare denoted by C and for u ∈ L1(Ω) we put

ū =
1

|Ω|

∫

Ω

u(x)dx.Now we are going to formulate the nonlo
al vis
ous Cahn-Hillard equation (1.13) with
omplemented initial and boundary values. So the initial-boundary value problem wewant to dis
uss takes the form:
ut −∇ ·

=µ∇v
︷ ︸︸ ︷

(∇u+ µ∇(w + ψ)) = 0 in QT , (2.1)
− γ∆ψt + ψ = ut, w = P (1 − 2u) in QT , (2.2)
µν · ∇v = µν · ∇w = ν · ∇ψ = 0 on ΓT , (2.3)
ν · ∇ψ0 = 0, u(0, x) = u0(x), ψ(0, x) = ψ0(x) x ∈ Ω. (2.4)Consider the system (2.1)-(2.4). We make the following general assumptions.(A1) f(u) = u logu+ (1 − u) log(1 − u).(A2) the potential operator P de�ned by

ρ 7→ Pρ =

∫

Ω

K(|x− y|)ρ(y)dy7
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‖Pρ‖Y ≤ rp‖ρ‖Lp, 1 ≤ p ≤ ∞,where the kernel K ∈ (R1

+ 7→ R
1) is su
h that

∫

Ω

∫

Ω

|K(|x− y|)|dxdy = m0 <∞, sup
x∈Ω

∫

Ω

|K(|x− y|)|dy = m1 <∞.(A3) the mobility µ has the form
µ(u) =

1

f ′′(u)
= u(1 − u). (2.5)(A4) 0 ≤ u0(x) ≤ 1, x ∈ Ω, 0 < ū0 < 1.The next assumptions 
on
ern di�erent regularity assumptions on the data.(B1) Ω ∈ C0,1 or (B1') Ω ∈ C4,(B2) u0 ∈ L∞(Ω) or (B2') u0 ∈ L∞(Ω) ∩H1(Ω),(B3) ψ0 ∈ H2(Ω) or (B3') ψ0 ∈ H3(Ω),(B4) Y := H1,p(Ω) or (B4') Y := H2,p(Ω).Remark 1 The kernel K is 
hosen to be symmetri
. Consequently the potential operator

P is symmetri
, too.Remark 2 Examples for kernels K satisfying (A2) are Newton potentials
K(|x|) =

{
κn|x|2−n n 6= 2;
−κ2 log |x| n = 2;and Gauss fun
tions K(s) = c exp(−s2/λ) and usual molli�ers like

K(|x|) =

{

C exp
(

− h2

h2−|x|2

) if |x| < h,

0 if |x| ≥ hwhere h 
hara
terizes the range of intera
tion.Remark 3 A 
on
entration-dependent mobility appeared in the original derivation of theCahn-Hillard equation (see [7℄), and a natural and thermodynami
ally reasonable 
hoi
eis of the form (2.5) and were 
onsidered in [11℄.



9Due to di�erent regularity assumptions on the initial data we formulate two di�erentTheorems, whi
h will be proven separately in the next two 
hapters.Theorem 1 Suppose that the assumptions (A1) to (A4) and (B1) to (B4) hold. Thenthere exists a unique triple of fun
tions (u, w, ψ) su
h that1. u ∈ C(0, T ;L∞) ∩ L2(0, T ;H1(Ω)), 0 ≤ u(t, x) ≤ 1 for a.a. (t, x) ∈ QT ,2. ut ∈ L2(0, T ;H1(Ω)∗),3. w ∈ C(0, T ;H1,∞(Ω)),4. ψ ∈ L2(0, T ;L2(Ω)),5. ∇ψ ∈ L∞(0, T ;H1(Ω)),6. ∇ψt ∈ L2(0, T ;H1(Ω)∗),whi
h satify equations (2.1)-(2.4) in the following sense:
T∫

0

〈ut, ϕ〉 dt+

T∫

0

∫

Ω

(∇u+ µ∇(w + ψ))∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H1(Ω)), (2.6)
γ

T∫

0

〈∇ψt,∇ϕ〉 dt+

T∫

0

∫

Ω

ψϕdxdt =

T∫

0

〈ut, ϕ〉 dt, ∀ϕ ∈ L2(0, T ;H1(Ω)), (2.7)
w = P (1 − 2u) a.e. (t, x) ∈ QT . (2.8)Theorem 2 Suppose that the assumptions (A1) to (A4) and (B1') to (B4') hold. Thenthere exists a unique triple of fun
tions (u, w, ψ) su
h that1. u ∈ C(0, T ;L∞) ∩ L2(0, T ;H2(Ω)), 0 ≤ u(t, x) ≤ 1 for a.a. (t, x) ∈ QT ,2. ut ∈ L2(0, T ;L2(Ω)),3. w ∈ C(0, T ;H2,∞(Ω)),4. ψ ∈ L2(0, T ;L2(Ω)),5. ∇ψ ∈ L∞(0, T ;H2(Ω)),6. ∇ψt ∈ L2(0, T ;L2(Ω)),



10 CHAPTER 2. STATEMENT OF THE PROBLEMS AND ASSUMPTIONSwhi
h sati�es equations (2.1)-(2.4) in the following sense:
T∫

0

∫

Ω

utϕdxdt+

T∫

0

∫

Ω

(∇u+ µ∇(w + ψ))∇ϕdxdt = 0, ∀ϕ ∈ L2(0, T ;H1(Ω)), (2.9)
γ

T∫

0

∫

Ω

∇ψt · ∇ϕdt+

T∫

0

∫

Ω

ψϕdxdt =

T∫

0

∫

Ω

utϕdxdt, , ∀ϕ ∈ L2(0, T ;H1(Ω)), (2.10)
w = P (1 − 2u) a.e. (t, x) ∈ QT . (2.11)Remark 4 Note that the testfun
tion ϕ = 1 gives
∫

Ω

u(t, x)dx =

∫

Ω

u0(x)dx = uα|Ω|,

T∫

0

∫

Ω

ψ(t, x)dxdt = 0.

(2.12)


