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1 Introduction
The analysis of complex data is an important but yet challenging problem.
Important, as nowadays data is generated with an increasing speed and complexity from experiments, simulations, measurements or data logging. Challenging, due to the complex structure of these data and the need for (fast)
automatic reduction of this complexity to aid in decision making, modelling
and simulation. A large fraction of these data occurs in the form of time series,
i.e. data measured or obtained at subsequent points in time. An obvious task
when dealing with time series data is the construction of “easy” models that
• can be used to approximate and explain the dynamics of the observed
data.
• are able to predict the (unobserved) future of the time series.
Such models should be “easy” on two counts, first, it should be possible to parameterise them with respect to a given time series without too much computational effort, second, they should reproduce the “important” characteristics
of the observed dynamic while suppressing unimportant details. Prominent
examples of such models are, e.g., autoregressive (AR), vector autoregressive
(VAR) and moving average models (MA) [73].
However, faced with time series data from complex dynamical systems, the
application of standard models will yield only poor results, since challenges
are:
• Complex systems may be high dimensional and therefore some kind of
dimension reduction or another algorithmic strategy that takes the dimensionality into account may be required.
• It may be hard to obtain time series data which sufficiently reflects the
dynamical properties of the observed system (in some contexts this is
referred to as the sampling problem).
• The dynamical behaviour may change over time, i.e. there are different
phases in the time series which should be approximated by different
models.
An example for such system are time series obtained from climate observations,
they are often very high dimensional, change their dynamical properties over
the year and it should be obvious that a description of a typical temperature
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curve over a year should not only be based on data obtained during summer
months [51, 56].
The biocomputing group at the Free University Berlin started to address
these questions of modelling, complexity reduction and sampling of complex
systems about ten years ago emerging from a specific context: the dynamical
analysis of biomolecules. The dynamic of biomolecules is important, since
their geometric properties are essential for their function [22, 44, 67, 91, 101].
Therefore, a dynamical description of the geometry is needed to understand
their role in biological processes. The dynamic of the geometrical structure of
molecules is most often studied on the basis of time series of atomic coordinates
obtained from Molecular Dynamics [2]. These time series are subject to all
the challenges mentioned above, since:
• The number of atoms in a biomolecular system might be very large and,
therefore, the time series are often high dimensional.
• Due to the existence of multiple time scales, simulation of such systems
is time consuming.
• Typically biomolecules switch between different (meta)stable geometric
structures, the observed time series will switch between different dynamical regimes.
The existence of different dynamical regimes means that a dynamical description of the observed system will be highly dependend on the time scale under
consideration. On larger time scales the dynamics is characterised by changes
of the global geometric structure, while on shorter time scales local flexibility
around a globally stable geometric state will be observed, i.e. fluctuations of
the system around some mean configuration. We call such a global geometrical
state of the system together with its flexibility a conformation. If there is a
time scale separation between local flexibility and changing of the global conformations, the dynamics of the jump process between different conformations
will approximately be Markovian.
Although the dimensionality of a biomolecular system can often be reduced
in terms of a small number of essential degrees of freedom [3], e.g. the torsion
or backbone angles of the molecule under consideration, the problem of efficient algorithmic identification of persistent conformations from a given time
series is still a challenging problem. Based upon a solid theoretical foundation
Deuflhard, Schütte et al. developed a set-orientated approach for the identification of conformations [19, 28–30, 88, 107, 108], which relies on the analysis
of a transition matrix obtained from a careful discretisation of the observable space into discrete states. The transition matrix is set up by counting
the transitions between these discrete states in the time series. Normalisation
yields a stochastic matrix whose spectral properties can be used to identify the
conformations as metastable sets of states of the obtained Markov chain. This
procedure is called Perron cluster cluster analysis (PCCA). If the metastable
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sets are identified, a discrete reduced model describing only the conformational
changes can be set up by estimating a transition matrix from the observed
transitions between the identified metastable sets in the time series at hand.
More recently, approaches based on hidden Markov models (HMM) were
put forward [36, 52–54, 106]. The underlying idea is that a discrete and hidden, i.e. non-observable, switch process governs the hopping between different
conformations and the dynamics of the observed is dependent on the conformations, i.e. the state of the hidden switch process. Again the hidden process
is assumed to be Markovian, while dynamic changes of the observable due
to conformational changes are supposed to correspond to changes in the parameterisation of an assumed (local) dynamical model. The assumed form
of the local dynamic can range from independent Gaussians [36], stochastic
differential equations [106] to even non-Markovian dynamics [76].
One of the advantages of the HMM approach is that it does not rely on geometrical separation of the conformations within the observation space, which
is important since dimension reduction from the full positional coordinate set
to a low dimensional manifold may let conformations overlap. Another advantage is that it provides not only a model for the conformational switching but
also a model for the dynamics of the observable within a conformation.
However, the computational effort for fitting the model in this approach
is increased, as HMM approaches rely on optimisation of a high dimensional
likelihood function, and a clear criteria for the number of metastable sets,
which in the PCCA approach can be deduced from the spectral properties of
the transition matrix, is lost. Therefore, in applications it turned out to be
fruitful to combine PCCA with the HMM approaches [48, 75, 78, 109].
A good deal of this thesis is concerned with the question if such an analysis
can also be done on-line. An on-line algorithm is an algorithm which can
solve a problem while receiving the data package-wise, opposed to an off-line
algorithm which requires the whole data set at once to solve the problem at
hand. The interrelation between on- and off-line analysis with respect to time
series with different dynamical phases is revealed by taking a closer look at the
functioning of the listed off-line algorithms, i.e. PCCA and the HMM-variants.
Since their aim is to estimate a data-based model which reflects the existence
of different dynamical phases, they synchronously partition a given time series
into segments, according to different dynamical phases, and estimate local
models based on data contained in segments belonging to the same dynamical
phase. The segmentation of a time series can be done on-line as long as it
is possible to apply an algorithm that detects dynamical changes in the time
series while scanning it sequently. If a time series segment Z = {z 1 , . . . , z T }
is given and the data point z t is assumed to be generated by
z t = f (z t−p , . . . , z t−1 , θ),
where f , a (possible stochastic) function dependent on the past p values and
some parameter θ, represents the dynamical model. The problem can be
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formulated as deciding if there is a time point c ∈ {p + 1, . . . , T − 1} such that
(
f (z t−p , . . . , z t−1 , θ 1 ), for t ≤ c
zt =
f (z t−p , . . . , z t−1 , θ 2 ), for t > c,
with different parameters θ 1 and θ 2 . This is called a change point detection
problem. Although the matter of change point detection received considerable
attention in the last years, e.g. [5, 17, 20, 32, 40, 64, 70, 93, 94, 99], there is no
standard solution to the problem and a number of competitive approaches
exists. In this work we adopt a Bayesian approach as it provides a natural
way to include parameter uncertainty. However, boon and bane of Bayesian
approaches is the need for specification of prior distributions for all parameters.
A resort is given by objective Bayesian strategies [8,17,25,26,40,63,89,97,113]
which essentially use some information content of the data to specify prior
distributions. We will show that the fractional Bayes [89] and the imaginary
minimal experiment approach [113] are suitable to the on-line segmentation
problem with respect to a wide class of local models.
The advantages having an on-line algorithm for the detection of dynamical phases in time series are two-fold. First, they sometimes produce cheaper
and more reliable results as HMM approaches, since the difficult optimisation
problem that comes along with HMM approaches is avoided. Second, it can
be used in algorithmic settings where some action has to be performed after a
dynamical change occurred in the observed time series. An example is given
by an application of distributed computing for exit rate estimation in biomolecular system, proposed by Art Voter [122, 124]. As said, the off-line algorithms
described above rely on having a time series which contains all relevant information about the dynamics. However, the switch from a biomolecular conformation to another is a rare event and therefore a time series which contains
sufficient transition events to get a good estimate of the rate might be hard
to obtain, since the computational effort for an extensive sampling of such
event by molecular dynamics is too high. Art Voter suggested to speed up the
simulation by simulating uncorrelated replicas of the system on many processors. Under the assumption of an exponentially distributed exit time from one
conformation to another, i.e. assuming that the switching process is essentially
Markovian, it can be shown that the time obtained by summing up the time
elapsed on all processors until a change occurred on one of them reflects the
same statistics as the exit rate in question. Thus, by using many processors it
is possible to speed up the simulation and thereby enable the generation of a
sample of exit times to estimate the rate more accurately, as long as an on-line
detection of the exit event from some conformation is possible. We will show
how to solve this problem by the application of the developed change-point
algorithm.
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The outline of this thesis is the following: In Chapter 2 we start with a
short introduction in conformation dynamics of biomolecules with a focus on
peptides, since they emerge in many examples throughout this work, additionally, molecular dynamics as a way to simulate the dynamics of biomolecules is
introduced and the computational obstacles in the analysis of the so obtained
time series are outlined.
An overview over PCCA and HMM approaches is given in Chapter 3, which,
even if developed within the applicational scope of conformational analysis of
biomolecules, are in fact data analysis algorithms in principle applicable to any
given time series and especially suited to handle with time series exhibiting
different dynamical phases. In particular we show how to unify the different
existing HMM approaches with the help of the class of vector autoregressive
processes (VAR) and how to apply these algorithms to obtain reduced models
for complex systems. Based upon the obtained unified representation via VAR
processes we will derive an algorithm for on-line change point detection in
Chapter 4. We will demonstrate how to apply it on a series of test examples
and on time series obtained from molecular dynamics. Thereby, we show how
to cluster identified time series segments efficiently in a post processing step,
without the effort of an off-line analysis.
Finally, in Chapter 5, we illustrate how to use the obtained on-line algorithm
to employ the distributed computing approach of Art Voter for the estimation
of exit rates in biomolecular systems.
Note that most of the molecular examples given in this work were published
before in one of the authors publications [36, 48, 75–78, 95, 105, 109], but all
were revised and adopted to the HMM-VAR framework developed here.
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and Juan Latorre Christobal deserve another special thanks, the first for keeping the science business running and therefore making this thesis possible, the
second for proofreading and fruitful discussions about the English language.
This work was funded by the DFG Research Centre MATHEON “Mathematics for Key Technologies” (FZT86) in Berlin.

5

1 Introduction

6

2 Conformation Dynamics of
Biomolecules
2.1 Biomolecules
The notion of biomolecules is a collective term for all biological active molecules.
There is a large variety of biomolecules differing considerably in chemical compound, size, function and form. There are small biomolecules like vitamines,
hormones and sugar, medium sized like peptides and proteins and large ones
like the deoxyribonucleic acid (DNA), ranging from a few atoms to hundreds
of million atoms. Biomolecules consist primarily of carbon (C) and hydrogen
(H), along with nitrogen (N ), oxygen (O), phosphorus (P ) and sulfur (S).
This thesis is not primarily concerned with biomolecules and its different
functions, it is concerned with the analysis of data coming from time resolved
observations/simulations of biomolecules. The examples to demonstrate the
algorithms proposed in this thesis are peptides, small sized amino acid chains
which are themselves the building blocks of proteins. Therefore, we are going
to make a quick introduction to the peptide world in the next section.

2.2 Proteins and Peptides
Proteins and peptides are chains built from so-called proteinogenic amino
acids, which are twenty different amino acids found in biomolecules. The
distinction between peptides and proteins is merely a non-sharp distinction in
amino acid chain length. As a rule of thumb one can call a chain consisting of
less than 50 amino acids a peptide and a longer chain a protein.
Amino acids themselves consist of an amino group connected to a carboxyl
group via a central carbon atom, called the α-carbon (Cα ). Attached to the
Cα there is a side group, whose size ranges from a single hydrogen atom to
more complex structures with over a dozen atoms, that determines the type
of the amino acid, e.g. if the α-carbon is bound to a methyl group (CH3 ) the
amino acid is called alanine, while if the side group is a single hydrogen atom
it is called glycine. If two amino acids fuse to a peptide fragment a hydrogen
atom splits off the amino group of one amino acid, while the carboxyl-group
of the other one releases an oxygen and a hydrogen atom. This enables the
amino and the carboxyl group to form a so-called peptide bond while a water
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Figure 2.1: The formation of a peptide bond between two amino acids.
molecule is dispensed. A graphical sketch1 of this process is shown in Fig. 2.1.
An important property of the peptide bond is its planarity, i.e. the atomchain Cα − C − N − Cα connecting the two amino acids lies on a plain. If
on this plain the Cα atoms are both lying on the same side of the C-N -axis,
i.e. the dihedral bond ω along Cα − C − N − Cα is ω = 0◦ , the bond is said
to be in cis-conformation, or otherwise in trans-conformation (ω = 180◦ ). In
(folded) proteins and peptides the trans-conformation is by far the prevalent
conformation.
The repeated Cα − C − N chain connecting the amino acids in a peptide
is called the backbone of a peptide. Due to the planarity and stability of the
peptide bond, there are only two flexible degrees of freedom for each adjacent
pair of amino acids along the backbone, the Φ-angle, which is the dihedral
angle specified by C − N − Cα − C, and the Ψ-angle along N − Cα − C − N .
Therefore, disregarding the side chains, the global structure of a peptide can be
characterised by the sequence of Φ/Ψ pairs along the backbone. An illustration
is given in Fig. 2.2.

2.2.1 Secondary and Tertiary Structure
Even if flexible, the Φ/Ψ angles of a peptide chain are not freely rotating.
Steric hindrance and the possibility of H-bond bridging between different peptide bond units restricts them to specific regions in the (−180, 180]2 plane, the
so-called Ramachandran plane [98], which are similar for most of the amino
acids. In larger peptide chains or proteins this picture is even more restricted.
Subsequent amino acids stabilise via H-bond bridges to motifs like helices and
so-called β-sheets, characteristic to these motifs are certain Φ/Ψ combinations
common to the involved amino acids. These global motifs are called the secondary structures of a peptide chain (while the primary structure is defined
through the sequence of amino acids). Finally, the geometry of proteins can
be specified by the sequence of secondary structure motifs, which is called the
tertiary structure. The relation between Φ/Ψ angle combinations, secondary
1
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The illustration is a modification of an image on Wikipedia which can be accessed via
http://en.wikipedia.org/wiki/Amino acids.

2.2 Proteins and Peptides

Figure 2.2: The global configuration of a peptide chain is largely fixed by the
sequence of Φ/Ψ angles along the backbone. Here an 3-Alanine, a peptide
of three alanine amino acids (specified by a methyl side chain −CH3 ), is
depicted. The α-carbons are marked by α and the flexible Φ/Ψ angles are
sketched by arrows. Labelled with ω are the, under normal conditions very
stable, peptide bond angles.

and tertiary structure is depicted in Fig. 2.3. We just remark, that the mechanism which drives a specific primary structure to a secondary, resp. tertiary,
structure, the so-called folding process, is still not fully understood and subject
to intensive research.
The importance of understanding the folding process lies in the fact that the
geometrical structure of a biomolecule is essential for its function. A misfolding or refolding can correspond to malfunction or diseases, e.g. prion diseases
are believed to be caused by a change from a predominantly α-helical tertiary structure of a protein to a tertiary structure containing predominantly
β-sheets, triggered by misfolded proteins [22, 101]. But important dynamical
events are not restricted to folding and misfolding, folded proteins often show a
(localised) flexibility and geometrical alteration of parts which acts as a switch
between different functionalities [44, 91]. In drug design flexibility is not only
an important question from the functional perspective but also from a geometric perspective. In the key-lock approach one tries to find small ligands
which binds to a specific site of a protein to either disable the function of the
protein or to inhibit the binding site so that other harmful molecules can not
bind. Besides the difficulties of finding an appropriate ligand which fits to the
binding site and can somehow be transported to it and, of course, without
disproportional adverse effects, one has to be concerned with dynamical properties, since both the form of the ligand and the form the protein may change
over time [15, 117].
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Figure 2.3: Left: The Ramachandran plot shows the most favourable energetic
regions in the Ramachandran plane and the associated secondary structures.
Middle (top): A peptide fragment exhibiting the α-helical secondary structure. For better illustration side chains are omitted and the backbone form
is depicted by a tube. The dotted blue lines indicate the H-bond bridges between subsequent amino acids which stabilise the structure. Middle (down):
A peptide fragment exhibiting β-sheet secondary structure, again side chains
are not shown. Right: The tertiary structure consists of a sequence of secondary structures. Shown here is the tertiary structure of Escherichia coli
dihydrofolate reductase [14] (PDB entry: 7DFR). The tubes indicate αhelices, while the arrows indicate β-sheets.

2.2.2 Conformations
Since the function of biomolecules, i.e. their interaction with the environment,
depends upon their geometrical structure, it is important to identify stable geometrical structures, i.e. geometrical structures which are persistent over some
time span of interest. We will call these (meta)stable structures conformations.
The definition of a conformation does not only depend upon the time scale of
interest but also upon the geometric property of interest, i.e. there might be
a part of the molecule which remains stable over a certain time while other
parts of the molecule are flexible.
Our notion of a conformation is sometimes used differently in the biomolecular context, where it refers to an energetically favourable structure of a molecule
which is often understood as a the structure corresponding to a local minimum
of some (potential) energy function of the biomolecular system. In this conception, conformations are rigid structures which are in some sense (locally)
optimal. Opposed to that, we have a dynamic understanding of the notion
conformation. For example, an α-helical structure of a peptide is a stable
structure in the sense that the global structure, the helix, persists over a comparatively long time scale but still there are flexible degrees of freedom, like
rotating side chains or end groups, moving on a faster time scale. That is, in
our conception a conformation is not a fixed structure but a structure belonging to some dynamical regime, where certain invariant structural properties do
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not change over time. The appropriate picture would be a low energy region
wrt. to the (potential) energy function and not a minimal point.

2.3 Molecular Dynamics
As it should have become clear in the previous section, an understanding of
dynamical properties of biochemical systems is an important issue. A major
challenge lies in the fact that it is not possible to monitor a molecular system
time resolved on an atomic scale. Even though there was considerably progress
in experimental techniques over the last years, allowing to observe conformation dynamics in some special systems, e.g. with mid-infrared spectroscopy [6]
or with Förster resonance energy transfer (FRET) [41], it is still not clear how
to match data obtained from (spectroscopic) experiments with geometrical
molecular structures in general. Therefore molecular dynamic (MD) simulations are often used to analyse dynamical properties of biomolecular systems.
In classical MD, a molecular system with a fixed number of N atoms is characterised by a state vector (q, v) ∈ 3N × 3N , where q ∈ 3N denotes the
position vector and v ∈ 3N the velocity vector. The dynamical behaviour,
given a specified potential energy function V : 3N 7→ , a (diagonal) positive
definite mass matrix M ∈ 3N ×3N and initial conditions (q 0 , v 0 ), is obtained
by integrating Newton’s equations of motion

R

R

R

R

R

R

R

∂qi
= vi
∂t
∂V
∂vi
mi
=−
(q), i = 1, . . . , N,
∂t
∂qi
which generates a trajectory (q(t), v(t))t≥0 with (q(0), v(0)) := (q 0 , v 0 ).
With the introduction of mass weighted velocities (momenta) p = M v the
dynamics can equivalently specified by the Hamiltonian equations of motion,
which read in vector notation
q̇ = M −1 p
ṗ = −∇q V (q).

(2.1)

The potential function V is in practice approximated by an empirical force
function which includes terms for electrostatic interactions, e.g. Lennard-Jones
and Coulomb interactions, for bonded interactions like bond stretching and
dihedral angles, and for restraints, like frozen distances and angles in water
molecules.
Corresponding to the form given in (2.1) the Hamiltonian which specifies
the total energy of the system is given by
1
H(q, p) = p0 M −1 p + V (q).
2

(2.2)
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Remarkably, the propagation of the system given by (2.1) conserves the total
energy along the trajectory. Therefore, a trajectory of a system in a box
of constant volume which is obtained by (2.1) is said to sample an N V Eensemble, since N the number of particles, V the volume and E the total
energy are conserved over the whole trajectory.
Although the molecular dynamics approach has some principle limitations
as it is based on the classical equations of motions and do not treat electron
movement, it is often the only feasible way to obtain a time resolved picture
of dynamical processes in molecular systems. A major drawback of using MD
simulations instead of experiments is that they rely on empirical force fields
which have to be parameterised, therefore leading to inconsistencies between
different force fields [82].
An alternative to the N V E ensemble obtained by propagation of a constant
volume and particle system according to the Hamiltonian equations of motion
is the N V T ensemble, where instead of the total energy the temperature is
kept constant. The physical interpretation of such a system is a simulation of
the system in an unresolved heat bath which allows energy exchange. In such
systems molecules can occupy configurations of arbitrary total energy, as the
surrounding heat bath triggers energy fluctuations, but configurations with
high total energy are less probable than configurations with lower total energy
(with a ratio becoming more pronounced with higher temperature). Therefore,
the probability to find the (equilibrated) system in some specific volume of the
phase space is specified by the Boltzmann-Gibbs probability distribution



1 0 −1
p M p + V (q)
.
(2.3)
ρs (q, p) ∝ exp −β
2
The parameter β is obtained from the temperature T , measured in Kelvin, by
β=

1
,
kB T

where kB ≈ 1.38065 × 10−23 JK −1 is the Boltzmann constant.
A way to generate such N V T ensemble is by usage of the Langevin equation [21, 47]
q̇ = M −1 p
ṗ = −∇q V (q) − γM −1 p + σ Ẇ ,

(2.4)

with γ > 0 the friction term and σ > the noise intensity and W (t) a Brownian
motion. The Langevin equation is stochastic differential equation, cf. 3.3.1
and A.1, where the stochastic term mimics stimulation from the environment.
If the fluctuation-dissipation relation
β=
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holds, the Langevin dynamics are ergodic with respect to (2.3) (which can
be seen by inserting it in the Fokker-Planck equation as described in A.1),
meaning that
Z t
ZZ
lim
f (q(s), p(s))ds =
f (p, q)ρs (p, q)dpdq,
(2.5)
t→∞

0

R

R3N ×R3N

R

R

for a function f : 3N × 3N 7→ such that the left hand side exists and any
realisation of the process (2.4) putted in the right hand side. Due to the ergodic
properties of the Langevin dynamic, it can be used to calculate N V T ensemble
averages, while it has an interpretation in its own right as a stochastically
excited dynamical system, where the excitation might come from an unresolved
surrounding. Other methods to sample the N V T ensemble include the Nosé
Hoover thermostat [50] or (hybrid) Monte Carlo techniques [79].
Note however, that the computation of statistical averages using the ergodic
property (2.5) is not as straightforward as it seems at the first sight as numerical requirements impose a very fine time discretisation of (2.4), such that the
full exploration of the phase space might become very challenging from a computational viewpoint. This holds especially if the potential function imposes
energetic barriers which are high compared to the intensity of the stochastic
excitation, i.e. the temperature, as then the system becomes trapped for long
times in low energy regions before crossing the barrier. This so-called trapping
problem requires the application of quite complicated algorithmic solutions to
be overcome [33].

2.4 Computational Obstacles in Data Analysis of
Biomolecules
Even though the generation or simulation of data which reflects sufficiently
accurate the dynamical properties of an investigated molecular system is in
general a non-trivial task, in most parts of this thesis it is assumed that such
a data set is at hand, with the exception of § 5. Even if the problem of
obtaining or generating an accurate time series is solved, there still remains the
difficult task of analysing the data. If one wants to analyse data of biomolecular
systems, one is confronted with a variety of severe challenges. These challenges
do not arise from the specific biomolecular origin of the data but from the
complexity of such systems. In other words, since biomolecular systems are
complex systems, we need algorithms to analyse them which are capable of
dealing with time series exhibiting complex dynamical behaviour. In this sense
we want to emphasise that even if the algorithms presented here are developed
to analyse trajectories from molecular systems, they are general in the sense
that they are designed to handle the following listed obstacles which typically
arise in complex time series.
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2.4.1 Many Degrees of Freedom
Biomolecular systems are in general high dimensional systems. If such a system
consists of N atoms, then there are 3N position observables, a number which
is doubled if velocities, resp. momenta, are also taken into account. Even if
N is a small number, most algorithms will quickly face difficulties just due to
the dimensionality of the system. Therefore, algorithms are needed which can
cope somehow with high dimensional time series.
Even if such algorithms are at hand, in most cases some sort of dimension
reduction is needed. We understand as dimension reduction a mapping
R:

R3N 7→ Rd

with d  3N , such that the “important” dynamical properties of the system
can still be retrieved from the reduced system. To find such a mapping either
one has to resort to insight about the specific investigated system or use some
automatic procedure. An example for the first is the usage of dihedral angles
for peptides as described in § 2.2. An example for the latter is the well-known
principal component analysis (PCA) which, given a fixed dimension d of the
projection space, projects the time series onto a linear subspace of the original
space, such that the variance of the projected time series is maximised [60].

2.4.2 Multiple Time Scales
Symptomatic for complex time series is the existence of multiple time scales.
This term refers to a separation of time scales, i.e. the system exhibits characteristic dynamical properties on one time scale and others on a different
time scale. In a biomolecular context this could be the femto- to picosecond
time scale in which the dynamic is governed by bond-angle vibrations of the
atoms around a stable global geometric structure, while on the nanosecond to
second time scale the relevant dynamics is the change of the global geometric
structure.
The existence of time scale separation poses a twofold problem. The first
is the simulation of such systems, while the second arises if data generated
by such system needs to be analysed. As mentioned above, this means that
one can not omit the small time scales in simulation, as otherwise numerical
integration schemes fail, i.e. one has to choose an integration step of a few
femtoseconds to simulate dynamical processes on the nanosecond scale which
makes the simulation process very time consuming. On the other hand, if one
has a time series of such system and wants to extract information about the
large scale process one has to find a way to separate the large scale motion
information from the short scale motion information.
To cover larger time scales of big systems in MD simulations, coarse grained
models are frequently used, i.e. one builds a reduced model from the original
atomic description where atom groups are represented as a single particle [118].
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The major difficulty with the approach is finding an appropriate force field
description for the reduced model.
The perspective put forward in this thesis is somewhat different from this
approach, as a data based model reduction is proposed. That is, given a time
series, we want to fit a model that separates the time scales via the usage
of submodels for the small time scales and a global model for the large time
scales.

2.4.3 Phase Dependency
Closely related to the problem described in the last section, phase dependency
means that statistical properties of the time series under consideration may
change over time, i.e. there are phases in time to which different dynamical
regimes belong. Phase dependency especially means that fitting a single model
is not appropriate for describing the system. Even worse, if a model that takes
phase dependency into account is fitted to a time series one has to assure that
parts of the time series belonging to different phases are not mixed up when
they are used to parameterise the different phase models. In other words,
model fitting and phase separation has to be done simultaneously.

2.4.4 Amount of Data
Besides the more structural difficulties in the analysis of complex time series,
there is the more basic problem of just handling with the amount of data. Even
if dimension or model reduction is applied, one has to cope in general with a
large amount of data. Thus, algorithms have to be designed such that the data
can handled in an effective way. By an effective way we mean a linear scaling of
the execution time with the amount of data and a handling of data structures
that prevents working memory overflow. An immediate consequence of the
last requirement is the usage of linear algebra packages that support sparse
matrix operations.
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In the following we are concerned with some given time series
Z = {z 1 , z 2 , . . . , z T },

R

with z t ∈ d , which is supposed to be generated by some (stochastic) process,
i.e. by Langevin dynamic as given in (2.4). There are two basic assumptions
made on the dynamics of this time series: first, that there are different time
scales, i.e. there are phase changes on larger time scales than other fluctuations
on smaller time scales; second, these phase changes can effectively modeled as a
discrete Markovian process. In the context of (positional) molecular time series
such phase changes would correspond to global geometrical changes, while on
smaller time scales the dynamic is mainly characterised by fluctuations around
these metastable large scale structures. The aim is to identify these phases and
to set up a Markovian model for the changes between them.
While an employed model for time-series analysis should be able to reproduce
complex dynamical behaviour on one hand, it is crucial that the model is simple
enough to be parameterised on the other hand. We will start in Sec. 3.1.1 with
the assumption that the data is generated from a homogeneous Markov process
and then proceed to more complex models.
The first approach presented in § 3.1, the Perron Cluster Cluster Analysis
(PCCA) developed by Christof Schütte, Peter Deuflhard et al. [29, 30, 104,
107], is a set-oriented approach. It is based upon a the construction of a
transition matrix that describes transition probabilities between sets in the
state space of the system. The identification of metastable sets is then based
on analysis of this transition matrix, i.e. the phases of the system are identified
with metastable sets in state space which the process rarely leaves while it is
fast-mixing within them.
PCCA relies upon the possibility to discriminate different dynamical phases
spatially, i.e. by a decomposition of the observation space. However, this assumption might not hold, especially if a projection of the original observation
space is treated, i.e. some torsion angle instead of the phase space trajectory.
In such situations a more appropriate conception would be a process which
switches in a Markovian manner between different dynamical regimes, i.e. geometrical structures, while only some generated output, i.e. a torsion angles, is
observable. A model class for such conception are the Hidden Markov Models
(HMM), presented in § 3.2, which can be efficiently employed in the analysis
of molecular dynamic trajectory [36].
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Based upon this idea, Illia Horenko et al. [52, 53] extended the HMM approach by introducing dependency between the observed data points via a
model with a stochastic differential equation whose parameters change with
switches of the hidden process, depicted in § 3.3. It turns out that by a subtle
reformulation of this approach, we can not only make the estimation process
more stable but we can also generalise it to higher memory, i.e. allowing not
only dependency in a Markovian way between data points but also include
dependency of more than one precedent data point [76].

3.1 Perron Cluster Cluster Analysis
Before describing the PCCA approach we need to collect a few basic terms from
the theory of Markov processes and chains on the fly. The reader interested in a
complete introduction is referred to existing monographs, e.g. we recommend
[31] for stochastic processes in general and [10, 12] for Markov chains and
processes.

3.1.1 Homogeneous Markov processes
Denote by X = {Xt , t ∈ I} a stochastic process, i.e. a family of random
variables Z on some appropriate probability space with probability measure
indexed by a parameter t, which is an element of some ordered index set
I. More specifically, we interpret the index t as a time specification and set
I = + or I = , in the latter case X is entitled as a time-discrete process,
otherwise as a time-continuous process. The state space S, i.e. the union of
all possible values of the random variables {Xt , t ∈ I}, is assumed to either be
d
, in which case we call X continuous, or a subset of in which case we call
X discrete.

P

R

N

R

N

Definition 3.1.1. We call a time-continuous stochastic process X a Markov
process, if for all n ∈
and every t ∈ I it holds that for every n-tuple
t1 , t2 , . . . , tn < t ∈ I with t1 < t2 < . . . < tn and every Borel measurable event
A we have
[Xt ∈ A|Xt1 , . . . , Xtn ] = [Xt ∈ A|Xtn ].

N

N

P

P

If S ⊂ , we call such process a Markov jump process, since it jumps between
discrete events, but note that Markov jump processes can also be defined on
a continuous state space.
In simple words, a Markov process is a process whose probability distribution
of future events only depends upon the last known state. Assume X is a continuous Markov process, then the probability measure induces a transition
probability function p(s, x, t, B) defined as

P

p(s, x, t, B) :=
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with s ≤ t ∈ I, x ∈ S, B Borel measurable.
In the following, we restrict ourselves to homogeneous Markov processes
where the transition probability function depends upon time only through the
increment t − s. Therefore we can write
p(t − s, x, B) := p(s, x, t, B).
A homogeneous Markov process is called a stationary process if

P[X0 ∈ A] = P[Xt ∈ A],
for every measurable event A and t ∈ I.
We write X0 ∼ ρ0 if the Markov process X is initially distributed according
to the probability measure ρ0 and denote the corresponding probability measure of the process by ρ0 . We call ρs an invariant probability measure wrt. X,
or ρs is invariant wrt. X, if
Z
p(t, x, A)ρs (dx) = ρ(A)

P

S

for all t ∈ I. In the following we always assume that the invariant measure
of the process under investigation exists and is unique. If ρ0 = ρs the corresponding Markov process is stationary. A Markov process is called reversible
wrt. an invariant probability measure ρs if
Z
Z
p(t, x, B)ρs (dx) =
p(t, x, A)ρs (dx)
A

B

for every t ∈ I and A, B ⊂ S.
Assuming a stationary Markov process with invariant density ρs , we can define a stationary transition probability ps = pρs which quantifies the dynamical
fluctuations of the process within the stationary regime. Given two measurable
subsets A, B ∈ S and a time span τ we define
ps (τ, A, B) =

X0 ∈ A]
.
Pρ [Xτ ∈ B |X0 ∈ A] = Pρ [XτP∈ B[Xand
∈ A]
s

s

ρs

(3.1)

0

This can be rewritten as
1
pρs (τ, A, B) =
ρs (A)

Z
p(τ, x, B) ρs (dx).

(3.2)

A

Since for a Markov process any statistical description of future events solely
depends on the present state of the system, any partition of an observed process
in phases must be ascribable to a partition of the state space if conclusions
about the process and not only about a single realisation should be drawn.
This motivates the following definition of metastability.
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Definition 3.1.2. Let ps be the stationary transition probability function of
a stationary Markov process on state space S. A measurable subset B ⊂ S is
called metastable on the time scale τ > 0 if
ps (τ, B, B c ) ≈ 0, or equivalently, ps (τ, B, B) ≈ 1,

(3.3)

where B c = S \ B denotes the complement of B.
Note that the above definition of metastability crucially depends on a chosen
time scale τ , as the transition function ps (τ, B, B c ) converges to ρ(B c ) for
τ → ∞, and to 0 for τ → 0.
The aim of the PCCA approach is the identification of a maximal decomposition of the state space into metastable subsets wrt. to a specified time scale.
That is, we are looking for a collection of subsets Sk ⊂ S, k = 1, . . . , m, with
m chosen maximal, with the following properties:
1) Positivity, i.e. ρs (Sk ) > 0 for every k.
2) Disjointness up to null sets, i.e. ρs (Sj ∩ Sk ) = 0 for j 6= k.
3) The covering property ∪m
k=1 Sk = S.
P
c
4) Metastability wrt. to a fixed τ : m
k=1 ps (τ, Sk , Sk ) > m − .
Having identified such a decomposition we can define a meaningful global
dynamics of the process as the “flipping dynamics” between the sub-states
Sk . The identification of such a decomposition can be done by the transfer
operator approach as developed in [57, 107, 108] and outlined below.

3.1.2 The Transfer Operator
In the following we always assume a stationary and reversible Markov process,
which turns out to be a crucial assumption for the mathematical justification
of the transfer operator approach.
The (forward) transfer operator T τ of a Markov process, with τ ∈ I, is an
operator which maps functions from the Lebesgue spaces Lr (ρs ) := Lrρs ( d ),
1 ≤ r < ∞, to itself and is characterised as follows:
Z
Z
τ
T ν(y) ρs (dy) =
ν(x)p(τ, x, A)ρs (dx)
(3.4)

R

A

S

for any measurable A ⊂ S and ν ∈ Lr (ρs ). The transfer operator is related to
the usual Markov transition operator T ∗,τ , defined by
Z
∗,τ
T ν(x) =
ν(y)p(τ, x, y)ρs (dy),
S
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as this is the adjoint operator of T τ . Both operators form a semigroup with
respect to τ , i.e. T τ1 +τ2 = T τ1 ◦ T τ2 , and both operators are Markov operators,
i.e. they are norm conserving and positive [57].
If the underlying Markov process is reversible, the transfer operator is selfadjoint in L2 (ρs ) and, as proved in [57], the spectral properties of this operator
can be used for the identification of metastable states:
Theorem 3.1.3. Let T τ : L2 (ρs ) 7→ L2 (ρs ) denote the forward transfer operator corresponding to a reversible Markov process X (wrt. ρs ). Then T τ is
self–adjoint in L2 (ρs ) wrt. the scalar product < ·, · >ρs .
Furthermore, if the essential spectral radius of T τ is less than one and the
eigenvalue λ = 1 of T τ is simple and dominant, i.e.
σ(T τ ) ⊂ [a, b] ∪ {λm } ∪ . . . ∪ {λ2 } ∪ {1}
with −1 < a ≤ b < λm ≤ . . . ≤ λ2 < λ1 = 1, where the isolated eigenvalues
λi are counted according to their finite multiplicities, then the following can be
stated:
Denote by v1 , . . . , vm the corresponding eigenfunctions to λ1 , . . . , λm , normalised
such that kvk k2 = 1, let Q be the orthogonal projection of L2 (ρs ) onto the span
of {1S1 , . . . , 1Sm }, where {S1 , . . . , Sm } is an arbitrary partition of the state
space. Then the metastability of the partition, can be bounded from above by
ps (τ, S1 , S1 ) + . . . + ps (τ, Sm , Sm ) ≤ 1 + λ2 + . . . + λm ,

(3.5)

while it is bounded from below according to
1 + κ2 λ2 + . . . + κm λm + c ≤ ps (τ, S1 , S1 ) + . . . + ps (τ, Sm , Sm ),

(3.6)

where κj = kQvj k2L2 (ρs ) and c = a ((1 − κ2 ) + . . . + (1 − κn )).
Eq. (3.5) states that the metastability of an arbitrary partition of S into m
subsets is bounded from above by the sum of the m largest eigenvalues.
Therefore a meaningful choice for the number of metastable sets is
the number of eigenvalues near one, as long as there is a (spectral)
gap between these and the rest of the spectrum.
Furthermore the lower bound Eq. (3.6) is close to the upper bound if the
eigenfunctions are almost constant on the metastable subsets S1 , . . . , Sm , which
implies κ2 , . . . , κm close to one and c close to zero.
In other words, the structure of the eigenfunctions can be used to
identify a metastable decomposition.
However, to compute the spectrum of the transfer operator we have to discretise it and, in our setting, estimate the discretised object from a given time
series. As outlined in the next section, the discretisation of the transfer operator gives rise to a stochastic matrix and the theory from the continuous case
can be transfered to the discretised case.
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3.1.3 Discretisation of the Transfer Operator
The discretisation of the transfer operator can be done by discretisation of
the state space of the underlying Markov process. Therefore a decomposition
of the state space B1 , . . . , Bn ∈ S is used to define ansatz functions χi ∈
L2 (ρs ), i = 1, . . . , n, by
(
1 , if x ∈ Bi ,
χi (x) =
0 , else.
A Galerkin projection Πn from L2 (ρs ) to the finite dimensional ansatz space
Sn = span{χ1 , . . . , χn } is defined by
Πn ν =

n
X
hν, χi iρs
χk .
hχ
,
χ
i
i
i
ρ
s
i=1

Using the coordinate representation
Pn wrt. the basis {χ1 , . . . , χn } of Sn , i.e. v =
(v1 , . . . , vn ) notes the vector
i=1 vi χi wrt. to the standard basis, an easy
calculation shows that for a self-adjoint operator T τ the eigenvalue problem
T τ ν = λν transforms to P τ v = λv, where P τ is a matrix with entries
hχj , T τ χi iρs
pij :=
=
hχi , χi iρs

Z
p(τ, x, Bl )ρs (dx).
Bk

The matrix P , note that we omit the superscript τ in the following to simplify
notation, inherits important spectral properties of the operator T τ [57, 108]:
(i) P is an irreducible and aperiodic stochastic matrix, with a unique dominant eigenvalue λ = 1. For the (normalised) left eigenvector π =
(π, . . . , πn ) corresponding to the dominant eigenvalue we have πi = ρ(Bi ).
(ii) P is selfadjoint wrt. to the π-weighted scalar product h·, ·iπ , i.e. it is
similar to a symmetric matrix and all eigenvalues are contained in the
real interval ] − 1, 1].
(iii) For a fine enough Galerkin discretisation, the discrete spectrum of the
operator T τ will be approximated by eigenvalues of P .
To summarise, via a Galerkin discretisation of the transfer operator a stochastic matrix is obtained, which inherits important spectral properties of the
continuous object. As shown in the next section, the concept of metastability
can be transfered smoothly to the discrete case and, again, the structure of
the spectrum can be used to determine metastable sets.
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3.1.4 Perron Cluster Cluster Analysis
In this section we transfer the concept of metastability to a discrete space
setting, therefore we assume a given stochastic matrix P = (pij ) which could
be obtained from the discretisation of a transfer operator or just be given as
the transition matrix of a (time-)discrete Markov chain. That is we assume
a homogeneous (time-)discrete Markov process X = {x1 , x2 , . . .} upon a state
space S = {1, . . . , n} for which

P[xt+1 = j|xt = i] = pij
holds. If the distribution of a Markov chain at a point t is given by a vector v,
i.e. [xt = i] = vi then the distribution to the time t + k is given by (v 0 P k )0 .
We assume the existence and uniqueness of a positive stationary
P distribution,
i.e. a vector π = (π1 , . . . , πn ) with πi > 0 for 1 ≤ i ≤ n and ni=1 πi = 1 which
fulfils
0
0
πP =π,

P

and that λ = 1 is the only eigenvalue of P on the unit circle. Such matrix
is called primitive [111, Ch. 1], which corresponds to the assumption that
the underlying Markov chain is aperiodic and irreducible. Furthermore P is
supposed to be reversible wrt. to π, i.e.
πi pij = πj pji , 1 ≤ i, j ≤ n.
A simple consequence of reversibility is that P can be symmetrised with the
diagonal matrix D = diag(π1 , . . . , πn ) and consequently the eigenvalues of P
are all real valued and contained in ] − 1, 1].
Equivalent to the definition of metastability given in (3.3), a subset B ⊂ S
is called metastable if
P
i,j∈B πi pij
P
≈ 1.
π [xt ∈ B, xt+1 ∈ B] =
i∈B πi

P

Correspondingly, a partition {S1 , . . . , Sm } of the state space S is called metastable if
P
i∈Si πi pij
j∈Sj
w(Sk , Sl ) := P
≈ δkl
i∈Si πi
holds for all k, l with 1 ≤ k, l ≤ m.
There is an intuitive illustration why such decomposition can be found using
spectral properties of P . Consider a Markov chain with a decoupled state
space, i.e. there is a partition in so-called invariant sets {S1 , . . . , Sm } such that
w(Sk , Sl ) = δkl , 1 ≤ k, l ≤ n.
Then the state space can be permuted such that the corresponding transition
matrix is block-diagonal and the blocks are itself stochastic matrices. Provided
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that these stochastic submatrices are themselves primitive we would have an
m-fold dominant eigenvalue 1 and a corresponding (right-)eigenspace which is
spanned by the characteristic vectors of the invariant sets, as any stochastic
matrix has at least the unit vector as right eigenvector to the eigenvalue 1. By
noting that every other basis of this eigenspace is a linear transformation of this
basis, i.e. any eigenvector of λ = 1 is a linear combination of the characteristic
vectors, we immediately see that any eigenvector belonging to the dominant
eigenvalue is constant upon all invariant sets. Even more, Deuflhard et al. [29]
proved that the invariant sets can be uniquely identified by the sign structure
of the eigenvectors. More precisely, since each eigenvector is constant on an
invariant subset it can be used to assign a sign, i.e. +, −, 0, to an invariant set.
For an arbitrary orthogonal basis of the eigenspace v 1 , . . . , v m a sign pattern
can be assigned to each state via the map
f : S 7→ {+, −, 0}m , f (k) = (sign(v 1,k ), . . . , sign(v m,k )) .
Defining sets by states with the same sign pattern one obtains the invariant
sets.
Assuming that the transition matrix of a Markov chain with metastable
sets is obtained by a small perturbation of a transition matrix belonging to a
Markov chain with decoupled sets and that the spectrum of the unperturbed
transition matrix is bounded away from the unit circle, with exception of the
m-fold dominant eigenvalue, it is clear that the above described identification
strategy can also be used to identify metastable sets, since the sign pattern
of the eigenvectors does not change for small perturbations of the matrix. In
fact this assumption can be justified rigorously by perturbation theory up to
second order [29,126]. Therefore one obtains the following algorithmic strategy
1.) identify the number of metastable sets by the number of eigenvalues close
to one, the so-called Perron cluster (obviously this requires the existence
of some spectral gap between the Perron cluster and the rest of the
spectrum).
2.) identify the metastable sets by exploiting the sign structure of the corresponding eigenvectors.
This procedure has been established as Perron Cluster Cluster Analysis (PCCA).
Problematic with this approach is that zero as a sign is obviously not conserved even for arbitrary small perturbations. A proposed remedy is to define a threshold, so that every value whose absolute value is smaller than the
threshold is set to zero. In our experience a similar approach based on PCCA
which circumvents the problem with zero values turned out to be most satisfactory [30,125,126]. This approach is based upon the observation that for the
uncoupled case the orthonormal basis of characteristic vectors {χ1 , . . . , χm },
wrt. to the partition in invariant sets, of the eigenspace belonging to the dominant eigenvalue gives an allocation of each state to an edge of an m-dimensional
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simplex via the mapping
f : S 7→

Rm,


f (k) = χ1,k , . . . , χm,k .

Choosing another basis, i.e. another set of vectors
vi =

m
X

αij χj , 1 ≤ i ≤ m,

j=1

corresponds to a linear transformation of this (standard) simplex to another
simplex, whose edges are given by the rows of A = (αij ). By inverting this
matrix one obtains a map from a given eigenvector basis to the unit simplex.
Again, having not a decoupled system but metastable sets the simplex structure is expected to be nearly conserved. This leads to the following algorithmic
idea, sometimes referred as PCCA+:
Given a stochastic primitive matrix P ,
1.) identify the number of metastable sets m via the size of the Perron
cluster.
2.) write an arbitrary orthogonal basis of the eigenspace to the dominant
eigenvalue as columns into a matrix
V = (v 1 , . . . , v m ) ,
and interpret the rows of V as data points u1 , . . . , un ∈

Rm.
R

3.) choose iteratively m of these data points to define a simplex in m , by
choosing first the two points with the largest (Euclidean) distance and
then subsequently add a point which is farthest away from the hyperplane
spanned by the already chosen points. Define A by putting the obtained
simplex edges as columns in a matrix.
4.) invert A and transform the data points to A−1 u1 , . . . , A−1 un . The result
should be an approximated standard simplex.
5.) assign i ∈ S to metastable set Sj if data point A−1 ui is closest to edge j
of the standard simplex (up to permutations of the edge numbering).
This heuristic approach can be made more sophisticated and rigorous by defining an optimisation problem, i.e. finding a simplex which fits optimally wrt. to
some score function in the data points [30, 125]. However, in practice it turns
out that the results of a sophisticated optimisation strategy are not better,
but the effort needed is drastically increased.

25

3 Data Analysis

3.1.5 Estimation of the transition matrix
Above we outlined how to determine metastable sets from a given stochastic
matrix. In general we have to estimate this matrix from discrete or discretised
observations. This can be done by maximum likelihood estimation. Assume
a time series Z = {z1 , z2 , . . . , zT } on a discrete and finite state space S =
{1, . . . , n}, possibly obtained by some discretisation of a former continuous
time series. Denote by Ni the sum of data points observed in state i and by
Nij the number of transitions from i to j within one time step found in the
time series. A likelihood function for the transition matrix P = (pij ) is given
by
T
−1
Y
L(P |Z) =
pzk zk+1
k=1

which leads to the log-likelihood function
l(P |Z) =

T −1
X

log(pzk zk+1 ) =

n
X

Nij log(pij ).

i,j=1

k=1

To obtain an maximum likelihood estimator (MLE) weP
need to maximise the
n
log-likelihood function, i.e., regarding the constraint
k=1 pik = 1 for i =
1, . . . , n and therefore introducing the Lagrange factors α1 , . . . , αn , we have to
solve
!
n
X
∂
∂l(P |Z)
+ αi
pik = 1 = 0,
∂pij
∂pij k=1
for i = 1, . . . , n. This yields
p̂ij =

Nij
,
Ni

as an MLE for pij . Therefore, an estimator of the transition matrix P is obtained by simply counting the observed transitions between states. But in
order to employ the above outlined PCCA we need a reversible transition matrix, which leads to the question, under which circumstances the estimated
transition matrix is indeed reversible. First, we note that the stationary distribution π = (π1 , . . . πn ) for the above estimated transition matrix is given
by
n
X
Ni
πi =
,
N
k
k=1
as this implies
πi =
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n
n
X
X
Nj Nji X
Ni
=
=
πj pji
N
N
k
k Nj
j=1
k=1
j,k=1
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which can be compactly written as πP = π. Therefore, the reversibility
condition πi pij = πj pij is equivalent to
n
X
Ni Nij
k=1

Nk Ni

=

n
X
Nj Nji
k=1

Nk Nj

⇔ Nij = Nji ,

i.e. the estimated transition matrix is reversible iff the same number of transitions from i to j as from j to i is observed, which meets the intuitive interpretation of reversibility that the direction of time does not change the statistical
properties of the process. Of course, with a given (finite) observation this will
rarely be the case, even if it is in fact generated by a reversible process. A remedy is to set Ñij = Nij + Nji and, to preserve the normalisation, set Ñi = 2Ni
and estimate P by
pij =

Ñij
,
Ñi

(3.7)

which delivers a reversible transition matrix.

3.1.6 Example
We close the section on PCCA with an easy example illustrated in Fig. 3.1.
For demonstration purposes we cut out a short piece of a two-dimensional
time series obtained from some angular observable of a molecular dynamics
simulation. As seen in the figure, each dimension is discretised in 7 boxes which
gives a discrete state space of 7 · 7 = 49 boxes. Since not all of the possible
boxes are occupied in the observed time series, the state space reduces to 36
boxes with non-zero probability. Upon these a stochastic transition matrix is
set up according to (3.7). The five largest eigenvalues of this matrix are
k
λk (P )

1
1

2
3
4
5
··· .
0.9995 0.9909 0.7339 0.7062

As there is a significant gap between the third and the fourth eigenvalue,
we assume the existence of three metastable sets and the eigenvectors corresponding to the three largest eigenvalues are used to identify them. Both
methods described above, PCCA and PCCA+, are illustrated in Fig. 3.1 and
provide the same result. Note that in this example PCCA does not need to
use information from the critical “zero-sign” region of the eigenvalues, since
just the +, − pattern of values far off zero gives a unique allocation of states to
metastable sets, which is quite typical. Finally, permutation of the transition
matrix, such that boxes belonging to the same metastable set are neighboured
reveals a block diagonal dominant structure as expected.
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Figure 3.1: Top row: Left: A two dimensional periodic time series of two torsion angles Φ, Ψ ∈] − 180◦ , 180◦ ]. A box discretisation in 7 boxes along each
dimension is indicated by red lines. Right: The outcome of PCCA is a clustering in 3 metastable sets coded here in a colouring of black, blue and red.
Middle row: Left: Orthogonal eigenvectors belonging to the Perron cluster
of the resulting transition matrix are plotted against the index of the 36 occupied states. Middle: Plotting the eigenvector matrix row-wise (omitting
the first component as it is constant) reveals a simplex structure. Right: A
schematic plot of the transition matrix. The colouring of the boxes indicates
the amplitude of the entries, dark blue corresponds to zero entries and dark
red to entries close to one.
Bottom row: Left: the eigenvectors are depicted against the state space permuted such that states with the same sign structure of the eigenvectors are
together. Middle: Defining a linear map by transforming the edges of the
original simplex to a standard simplex conserves the simplex structure of
the data points. Allocation to metastable states is been made by allocation
of each data point to the closest standard simplex edge. Right: Both methods deliver the same permutation of the state space, the correspondingly
permuted matrix is shown.
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R

Assume a time series z t ∈ d , t = 1, 2, . . . , T if given from, e.g., an MDsimulation of a molecule, which do not completely specify the state of the
molecule in phase space, but rather some low-dimensional observable, for example, some or all torsion angles or a set of essential degrees of freedom. As the
Markov property does not hold for projections of Markov processes in general,
we have to be aware that the process on the (torsion angles) subspace might
no longer be Markovian. Nevertheless, we assume that there is an unknown
metastable decomposition into m sets S1 , . . . , Sm , in the full dimensional system.
We can then premise that, at any time t, the system is in one of the
metastable sets Sht , ht ∈ {1, . . . , m} to which we simply refer by ht . However, in contrast to the observed time series z t , the time series ht is hidden,
i.e., neither known in advance nor observed.
Such a scenario can be represented by a Hidden Markov Model (HMM). An
HMM abstractly consists of two related stochastic processes: a hidden process
ht that fulfils the Markov property, and an observed process z t that depends on
the state of the hidden process ht at time t. For example, within the molecular
context, the state of the hidden process could represent the actual conformation
of a molecule system and the observed process some torsion angles, which
of course are dependent on the global geometry. Note, however, that the
concept of HMM’s is in general independent of the concept of metastability,
i.e. the Markov chain representing the hidden process can in principle be fast
mixing. Therefore the assumption of metastability is an additional assumption
motivated by the specific application background and is not required in the
following.
An HMM is fully specified by an initial distribution π and a transition matrix
P of the hidden Markov process H = (ht ), and the probability distributions
that govern the observable z t depending on the respective hidden state ht , so
it can be formally is defined as a tuple θ = (S, V, P , f , π) where
• S = {1, 2, ..., n} is a finite state space,
• V ⊂

Rd is the observation space,

• P = (pij ) is the transition matrix, with pij =

P[ht+1 = j|ht = i],

• f = (f1 , f2 , . . . , fn ) is a vector of probability density functions (pdf) in
the observation space,
• π = (π1 , . . . , πn ) is a stochastic vector, that describes the initial state
distribution, πi = [z 1 = i].

P

In the following we use the short notation θ = (P , f , π) since S and V are implicitly included, resp. are not estimated but specified. Of course, HMMs can
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also be defined with discrete observation process z t , in this case f specifies the
corresponding probabilities instead of density functions, however, if not otherwise noted, we assume z t to be continuous in the following. The most popular
choice in the continuous case is to use (multivariate) normal distributions for
the output distributions fk , see § 3.2.2. We will substantially generalise the
HMM-models in § 3.3.5 by allowing the output distributions to be dependent
on former observations.
Example: Consider the following simple example of an HMM: a two element
state space S = {A, B} with

P[ht+1 = A|ht = A] = P[ht+1 = B|ht = B] = 0.9,
i.e., the transition matrix is given by


0.9 0.1
P=
.
0.1 0.9
The observation space and the output probabilities are given by V = {1, 2, 3}
and the vectors f A = (0.5, 0.5, 0) and f B = (0, 0.5, 0.5). The construction is
such that in hidden state A the observations 1 and 2 can be made with equal
probability, while 2 and 3 are observable in hidden state B. The hidden process
is assumed to be in stationary state, i.e. [ht = A] = [ht = B] = 0.5 as with
π = (0.5, 0.5) we have πP = π. What can we say about the probability of
observing zt = 1, when zt−1 = 2 has been observed previously? A simple
calculation yields

P

P

P[zt = 1|zX
t−1 = 2]
=
P[zt = 1|zt−1 = 2, ht−1 = s] P[ht−1 = s|zt−1 = 2]
s∈{A,B}

=

X
s∈{A,B}

= s]
P[zt = 1|zt−1 = 2, ht−1 = s] P PP[z[zt−1 ==2|h2|ht−1 ==s]sP0][hPt−1
[h = s0 ]
s0

t−1

t−1

t−1

1
1
= 0.9 + 0.1 = 0.25.
4
4
How is this probability affected if knowledge about another previous observation, i.e. zt−2 = 1, is taken into account? We have, regarding the output
distributions,

P[zt = 1|zt−1 = 2, zt−2 = 1] = P[zt = 1|zt−1 = 2, ht−2 = A],
and a calculation similar to the one above yields

P[zt = 1|zt−1 = 2, zt−2 = 1] = 0.41.
This simple example demonstrates two important properties of HMMs. First
of all, opposed to the hidden process H, the resulting observed process is
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obviously not Markov anymore, and second, the same observation can be generated by different hidden states. In reverse this means that an HMM does
not rely on spatial separation of the observations as it takes the dynamical behaviour into account, which is a conceptual difference from the PCCA context.
In the context of HMMs, there are three standard tasks to solve [96], these
are

P

(T1) Calculation of the probability [Z|θ], resp. evaluation of a density function p(Z|θ) in the case of a continuous observation space, for a certain
observed sequence Z and a given model θ = (P , f , π).
(T2) Estimation of the best model parameters for a given observation sequence, i.e. maximisation of the likelihood function L(θ|z) = [z|θ]
wrt. θ.

P

(T3) Given the model θ and an observation sequence Z, find the most probable
hidden state sequence ĥ = (ĥ1 , ĥ2 , . . . , ĥT ).
Task (T 1) and (T 3) can be solved explicitly in an efficient way with Dynamic
Programming (DP) approaches. The optimisation problem in task (T 2) is more
challenging, as it is in general not analytically solvable and non-convex, i.e. local optima of the likelihood function do exist. In the next section we shortly
introduce the Expectation-Maximisation (EM) algorithm, used to locally solve
(T 2), and show how to apply it to the standard case, i.e. independent Gaussian
output distribution. In § 3.2.3 it is shown how to use the DP techniques to
compute the necessary quantities for the EM algorithm and solve the problems
(T1)-(T3). Afterwards in § 3.3 we define a broader class of possible output
distribution. As noted in (T 1), probabilities in a continuous observation space
are specified by a probability density function which is noted by p instead of a
probability measure , in order to avoid notational confusion and for notation
transferability, we will solely use the notation p in what follows for both cases.

P

3.2.1 The Expectation-Maximisation Algorithm
Although previously used, e.g. in the context of HMMs [7], the EM algorithm as a general method to compute Maximum Likelihood estimates in the
presence of missing or hidden data was proposed 1977 in an article by Dempster et al. [27]. Assume a vector of observations z and a probability density
p(z|θ) which is parameterised by a parameter vector θ. The aim is to find a θ̂
which maximises the likelihood function L(θ) := p(z|θ) or equivalently, as the
logarithm is a monotone function, the log-likelihood function
l(θ) = log p(z|θ).
The strategy employed in the EM algorithm is the following, instead of maximising l(θ) directly, which is infeasible in many cases, a function l(θ|θk ) is
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constructed which depends on a current parameter guess θk and has the following properties
1.) The log-likelihood function is bounded from below by l(θ|θk ),
i.e. l(θ) ≥ l(θ|θk ) for all θ.
2.) The bound is sharp for the current guess, i.e. l(θk ) = l(θk |θk ).
From the two given conditions, it follows that any increase in l(θ|θk ) will increase l(θ). Therefore, the EM algorithm aims at constructing and maximising
l(θ|θk ) in each iteration and take the corresponding argument as the next parameter guess, i.e.
θk+1 = argmax l(θ|θk ).
θ

A variation of the EM algorithm is the Generalised Expectation-Maximisation
algorithm (GEM), which just aims at increasing l(θ|θk ) in each iteration instead of maximising it, cf. [84].
So far there is no hidden or missing data in the problem formulation, in some
applications the inclusion of hidden variables arises from the problem itself,
like in the HMM context, in others it is just a technical dodge in that assuming hidden variables may make the maximum likelihood estimation tractable.
However, given a vector of hidden variables h the log-likelihood function to be
maximised can be written as
Z
l(θ) = log

p(z|h, θ)p(h|θ)dh.
h

A function l(θ|θk ) that fulfils the above stated conditions wrt. to the form of
the log-likelihood function just given is


Z
p(h|θk , z) log

l(θ|θk ) :=
h

p(z, h|θ)
p(h|θk , z)


dh.

It can be easily seen that this function defines a lower by applying Jensen’s
inequality:
Z


p(z, h|θ)
dh
l(θ|θk ) ≤ log
p(h|θk , z)
p(h|θk , z)
h
Z

p(h|θk , z)
= log
p(z|h, θ)p(h|θ)
dh
p(h|θk , z)
h
Z

= log
p(z|h, θ)p(h|θ)dh = l(θ).
h
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Also the inequality for the function l(θ|θk ) gets sharp at the current estimate
θk , since


Z
p(z, h|θk )
dh
l(θk |θk ) =
p(h|θk , z) log
p(h|θk , z)
h


Z
p(z, h, θk )p(z, θk )
=
p(h|θk , z) log
dh
p(θk )p(z, h, θk )
Zh
=
p(h|θk , z)dh log(p(z|θk )) = log(p(z|θk ))l(θk ).
h

Finding the new estimate θk+1 which maximises l(θ|θk ) is done by
θk+1 = argmax l(θ|θk )
θ


Z
p(z, h|θ)
= argmax p(h|θk , z) log
dh
p(h|θk , z)
θ
Zh
= argmax p(h|θk , z) log (p(z, h|θ)) dh
θ

=

h

Eh|θ ,z [log (p(z, h|θ))).
k

Note that as p(h|θk , z) = cp(z, h|θk ) and the constant c is independent of θ
and h, θk+1 can also be obtained by maximising
Z
p(z, h|θk ) log (p(z, h|θ)) dh.
(3.8)
h

Therefore the name Expectation-Maximisation algorithm, as first the expectation of the full log-likelihood function is calculated, which needs the determination of p(z, h|θk ), and afterward it is maximised wrt. to θ. We have shown
that these procedure indeed generates a sequence of non-decreasing likelihood
estimates, i.e. l(θk+1 ) ≥ l(θk ), k ≥ 1. Under quite general conditions it can be
shown that this series will converge to a maximum or saddle point of l (for an
elegant and easy proof we refer to [84]). In practice the iteration is stopped
if the increase in the log-likelihood falls below a predefined threshold. The
drawback of this elegant method is that in general a local and not a global
maximum of the log-likelihood function is obtained. Therefore one has to provide a good initial guess for the parameters, try different initial parameters or
has to couple the EM algorithm with some global optimisation method, e.g.
deterministic annealing [119], but of course non of these can guarantee the
finding of the global maximum, if it exists.

3.2.2 HMM’s with Gaussian Output
In an HMM with continuous output distributions often Gaussian output distributions are assumed, i.e. the output distributions f1 , . . . , fn are specified
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by
− 21

fk (z t ) = |2πRk |





1
0 −1
exp − tr (z t − µk )(z t − µk ) Rk
, 1 ≤ k ≤ n.
2

These are parameterised by a mean vectors µk and positive definite covariance
matrices Rk . Therefore the whole parameter set of an HMM with Gaussian
output is given by
θ = (π, P , µ1 , . . . , µm , R1 , . . . , Rm ).
We now sketch how to adapt the EM algorithm to this setting, for details we
refer to [11]. According to Eq. (3.8), given a parameter set θk , an improved
parameter set is obtained by
X
θk+1 = argmax l(θ|θk ) = argmax
p(z, h|θk ) log (p(z, h|θ))
θ

θ

h

= argmax

X

θ

(3.9)
p(h|θk , z) log (p(z, h|θ)) ,

h

where the sum is over all possible hidden trajectories.
The complete probability density p(z, h|θ) is easily evaluated as
p(z, h|θ) = πh1 fh1 (z 1 )

T
−1
Y

pht ,ht+1 fht+1 (z t+1 ).

t=1

Conveniently the function to be maximised in (3.9) splits into three parts,
T −1
X
X
log(πh1 )p(h|z, θk ) +
log(pht ,ht+1 )p(h|z, θk )
t=1

h

+

T
X

(3.10)

log(fht (z t ))p(h|z, θk ) ,

t=1

which means that the optimisation problem can be solved independently for π,
P and {µ1 , . . . , µm , R1 , . . . , Rm )}. Solving
these, with
P
P the use of Langrangian
multiplies to include the constraints i πi = 1 and j pij = 1 for 1 ≤ i ≤ m,
gives the solutions
(k+1)

πi

(k+1)

pij

(k+1)

µl

(k+1)

Rl
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= p(h1 = i|θk , z),
PT −1
p(ht = i, ht+1 = j|θk , z)
,
= t=1PT −1
t=1 p(ht = i|θk , z)
PT
p(ht = i|θk , z)z t
= Pt=1
,
T
t=1 p(ht = i|θk , z)
PT
(k+1) 0
(k+1)
) (z t − µl
)
t=1 p(ht = i|θk , z)(z t − µl
=
.
PT
t=1 p(ht = i|θk , z)

(3.11)
(3.12)
(3.13)
(3.14)
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However, at this point it is not clear if these solutions can be computed efficiently. In fact they can, via the introduction of the so-called backward and
forward variables, which is shown in the next section.

3.2.3 Dynamical Programming Approaches for Efficient
Implementation of the EM algorithm
In this section we outline how to compute the desired quantities in HMM
estimation in an efficient way using dynamical programming approaches. The
presentation closely follows [36]. Besides the below cited literature the reader
is referred to [96] for a more detailed presentation with examples.
Backward-Forward Variables
In this section the so-called backward and forward variables are introduced.
These can be used to update the EM parameters in Eq. (3.11)-(3.14) efficiently.
Note that this concept of dynamical programming does not take into account
the specific form of the output distributions, and therefore is not restricted to
Gaussian output distributions. The backward and forward variables divide an
observation sequence z recursively in partial subsequences: those from time 1
to time t and those from time t + 1 up to T . Given a particular parameter set
θ, the forward variables are defined as
αt (i) = p(z 1 , z 2 , . . . , z t , ht = i|θ),
which denotes the probability of the observation sequence up to time t together
with the probability that the system is in hidden state i at time t conditioned
wrt. the given model θ. The backward variables are defined by
βt (i) = p(z t+1 , z t+2 , . . . , z T |ht = i, θ),
which denotes the probability of the observation sequence from time t + 1 to
T , under the condition that the hidden process is in state i at time t and on
the model θ. The computation of the probability αT (i) = p(z, hT = i|θ) is
possible with m2 T operations, as recursive formulas can be used:
α1 (i) = πi fi (z 1 ),
" n
#
X
αt+1 (j) =
αt (i)pij fj (z t+1 ),

1 ≤ i ≤ n,
1 ≤ j ≤ n, 1 ≤ t ≤ T − 1

(3.15)

i=1

The backward variables βt (i) can be computed with an analogous formula:
βT (i) = 1,
n
X
βt (i) =
pij fj (z t+1 )βt+1 (j),

1 ≤ i ≤ n,
1 ≤ i ≤ n, T − 1 ≥ t ≥ 1.

(3.16)

j=1
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In order to avoid obscure notations, we have omitted subscripts indicating the
dependence of all the variables above, except those of the observations, on
the given model parameters θ. With the introduced forward and backward
variables one can easily compute
p(z|θ) =

n
X

αt (i)βt (i),

(3.17)

i=1

and therefore solve the standard problem (T 1), which would otherwise require
a, in general non feasible, summation over all possible hidden paths.
Furthermore, the forward and backward variables, computed wrt. to θk , can
be used to obtain the required quantities in Eq. (3.11)-(3.14) for every EM
step, i.e. p(h1 = i|θk , z) and p(ht = i, ht+1 = j|θk , z) for 1 ≤ i, j ≤ m and
1 ≤ t ≤ T , and thereby solve (T2), as
p(ht = i, ht+1 = j, θk , z)
p(θk , z)
p(ht = i, ht+1 = j, z|θk )
=
p(z|θk )
αt (i)pij fj (z t+1 )Bt+1 (j)
,
=
p(z|θk )

(3.18)

p(ht = i, ht+1 = j|θk , z).

(3.19)

p(ht = i, ht+1 = j|θk , z) =

and
p(ht = i|θk , z) =

n
X
j=1

The Viterbi algorithm
Having computed the maximum likelihood estimate for the parameters of an
HMM model with the EM algorithm, one can face problem (T 3): conditional
on the MLE θ̂ for the model parameters, compute the most likely hidden path
ĥ = (ĥ1 , ĥ2 , . . . , ĥT ). The computation can be done efficiently by the Viterbi
Algorithm, a dynamical programming algorithm proposed 1967 by Andrew
Viterbi [121], see also [37]. The optimal hidden path, also called Viterbi path,
is done by recursive computation of
δt (i) = max p(h1 , . . . , ht−1 , ht = i, z 1 , . . . , z t |θ̂), 1 ≤ t ≤ T, 1 ≤ i ≤ n
h1 ,...,ht−1

From δT = (δT (1), . . . , δT (n)) one can read off the optimal hidden state ĥT ,
if one has kept track of the state sequence that led to this state, the optimal
path can be determined via backtracking, as shown in the full algorithm:
1) Initialisation:
δ1 (i) = πi fi (z 1 ), 1 ≤ i ≤ n
ψ1 (i) = 0
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2) Recursion:
δt (i) =

max [δt−1 (j)pji ]fi (z t ),

1≤j≤n

ψt (i) = argmax[δt−1 (j)pji ],
1≤j≤n

2 ≤ t ≤ T, 1 ≤ i ≤ n
3) Backtracking:
ĥT = argmax[δT (j)]
1≤j≤n

ĥt = ψt+1 (ĥt+1 ),

t = T − 1, T − 2, . . . , 1.

Note that this algorithm is based on the Markov property of the HMM model,
i.e. probabilities about future events are only dependent on the preceding event.
Example
We are going to close the section on HMMs with Gaussian output distributions
with an example, where we also illustrate the difference between HMM and
PCCA analysis. Therefore an HMM model is set up, the hidden process is a
two state process with transition matrix
 999

1
1000
1000
P=
,
1
999
1000

1000

and the output distributions are two Gaussian distribution with means and
covariance matrices
 
 




0
1
3 1
3
−0.2
µ1 = 1 , µ2 =
, R1 =
, R2 =
.
−1
1 1
−0.2
1
2
As shown in Fig. 3.2, the thereby defined Gaussian output distributions are
overlapping in the sense that their 0.95 confidence regions do. Starting the
hidden process in state 1 a random trajectory of 10000 data points is generated
from the HMM. The described EM algorithm was used to estimate an HMM
based upon the observations. An initial hidden path was generated using
1
99 1 , which in turn was used to generate an initial
a transition matrix 100
1 99
parameter guess by usage of Eq. (3.11)-(3.14). The EM algorithm, started with
these randomly generated parameters, converged after 10 iterations returning
parameter estimates which are accurate at least to the first decimal place. The
estimated parameter set was used to compute a Viterbi path as described in
§ 3.2.3. The computed Viterbi path is barely distinguishable from the true
hidden path as seen in Fig. 3.2, closer inspections yields 7 wrong allocations.
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Trying to analyse the obtained trajectory with PCCA does not yield such a
smooth looking result. The transition matrix obtained by discretisation of the
two dimensional observation space has the following largest eigenvalues:
j
λj

1
1

2
3
4
5
··· .
0.5830 0.2546 0.2254 0.2045

Obviously there is no Perron cluster, i.e. a group of eigenvalues close to one, but
at least a significant bigger gap between the second and the third eigenvalue
than any gap afterwards. However, clustering in 2 metastable sets does not
yield a satisfactory solution as the algorithm can not handle the overlapping
of the two distributions, cf. Fig. 3.2.
The better performance of the EM algorithm compared to a PCCA analysis
is not a big surprise, as the data was actually generated by an HMM. But
there are two more general messages to take away from this example. First,
the HMM approach is obviously able to cope with overlapping distributions,
while PCCA is not. Second, a drawback of the HMM approach is that we
have to choose the (expected) number of metastable sets initially as otherwise
the EM iterations are not defined, whereas the PCCA approach gives a clear
metastability criteria (which, as we have seen, might fail in situations like just
constructed). In § 3.4.3 we propose how to overcome this inherent weakness
of the HMM approach by combining both approaches.

3.3 Reduced Modelling of Internal Dynamics
In § 3.1 and § 3.2 we introduced methods to identify metastable sets in the
observation space of some observed time series. The outcome is a Markov
chain which models the transitions between these sets. A drawback of both
of the presented approaches is that they rely on ergodicity or stationarity of
the observed time series, since on one hand the transfer operator approach
depends on estimation of the transfer operator with respect to the invariant
measure and on the other hand the HMM approach assumes, within a hidden
state, independent and identically distributed observations. To overcome this
limitation Illia Horenko et al. [52, 55, 75, 106] proposed to model the dynamics
within a hidden state and to include this into the time series analysis. This
was done by extending the standard HMM approach in two aspects, first by
adding dependency in the observed data, i.e. the observed process is itself not
only dependent upon the hidden process but also on previous data, second
by assuming a certain kind of dependency, namely, that the observed process
is governed by a stochastic differential equation (SDE). In the following we
present this approach with some extensions, namely, the employment of different parameter sets, which will turn out useful in Chapter 4, and the inclusion
of higher order memory in the HMM.
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Figure 3.2: Left column: Top: The (overlapping) 95% confidence region ellipses
of the two Gaussian output distributions. Middle: The result of the PCCA
analysis depicted via colour coding of the data points, obviously the spatial
separation is not satisfactory. Bottom: The result of the HMM analysis
gives a perfect result.
Right column: Top: Shown is the initial Viterbi path to initialise the EM
algorithm (green, shifted for better visualisation), the obtained Viterbi path
after convergence of the EM algorithm (black) and the indistinguishable
true hidden path (blue). Bottom: The two dimensions of the generated
time series colour-coded according to the Viterbi path of the HMM analysis.

39

3 Data Analysis

3.3.1 Langevin Dynamics and Stochastic Differential
Equations
A common model to approximate the time evolution of an observation restricted to some potential that is excerpted to noise is by means of a first
order SDE
ż(t) = −∇z V (z(t)) + Σ Ẇ (t),
(3.20)

R

where z ∈ d is the observed quantity, V is some potential function, W (t)
a d-dimensional Brownian motion coupled to the dynamics via the Σ ∈ d×d
noise intensity matrix. In fact, such models arise often in the context of model
reduction of dynamical systems. If there is a time scale separation within the
system , i.e. there is a subset of variables that evolves fast wrt. to the others,
then the projected dynamics of the slow variables can, under regularity assumptions, be approximated by such stochastic models, where the slow d.o.f.’s
are driven by some effective potential function, i.e. V , while the influence of
the fast d.o.f.’s is modeled by a noise term [62, 68]. Opposed to the model
given in (3.20), such a model would in general contain a memory term. We
stick for the moment to models without memory and comment later in § 3.3.3
on generalised models obtained by adding a memory kernel to the noise.
A further model is the Langevin equation as introduced in § 2.3, which can
be stated in a somewhat generalised way as

R

q̇(t) = M −1 p(t)
ṗ(t) = −∇q U (q(t)) − γM −1 p(t) + σ Ẇ (t).

R

Here M and γ and σ are each elements of d×d , i.e. friction and noise intensity
are defined by matrices. Formally the Langevin equation can be put in the
form of Eq. (3.20) by defining
 




0 0
q
0
−M −1
z :=
, ∇z V :=
, Σ :=
.
p
∇q U γM −1
0 σ
Note that this formal expression does only make sense if the assumed potential
is in fact quadratic (which we are going to assume below). If the friction matrix defined by γ is sufficiently large1 compared to the masses defined in M the
dynamics of the positional variable of the Langevin equation can be approximated by the so-called Smoluchowski, or overdamped Langevin, dynamics:
γ q̇(t) = −∇q U (q(t)) + σ Ẇ (t),

(3.21)

which already is in the form stated above, so that both dynamics can be
represented by Eq. (3.20). Both the Smoluchowski and the Langevin dynamics
1

The sketchy term “sufficiently large” refers to the construction of a Smoluchowski equation
from a Langevin equation with a friction βγ where the limit of β to infinity is considered,
for more details we refer to [46, Ch. 2] and [85, Ch. 10].
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exhibit an invariant measure of an easy form, the Gibbs distribution, which
reads for the Langevin dynamics



1 0 −1
p M p + U (q)
ps (q, p) ∝ exp −β
2
and for the Smoluchowski dynamics
ps (q) ∝ exp(−βU (q)),
as long as M is symmetric and the so-called multivariate fluctuation-dissipation
relation
βσσ 0 = γ + γ 0
(3.22)
holds. This can be seen easily by inserting the given measures in the FokkerPlanck equation given in (A.2).
Since estimation of the effective potential of a non-linear stochastic differential equation, like the one given in (3.20), is difficult, the approach followed
here is to piece-wise linearise this equation, i.e. (3.20) is approximated by a
set of linear SDE’s, each of them representing some local dynamics, which are
coupled by a Markovian switching process. That is, we assume the following
dynamical system

ż(t) = Fh(t) z(t) − µh(t) + Σh(t) Ẇ (t)
(3.23)
h(t) ∈ {1, . . . , s},
with (F1 , . . . , Fs ) a set of (d × d) dimensional force matrices, (Σ1 , . . . , Σs ) a set
(d×d) dimensional noise intensity matrices, a set of d-dimensional mean vectors
(µ1 , . . . , µs ) and a switching process h which is supposed to be Markovian.
This is equivalent to the assumption of locally quadratic potential functions
1
Ui (z) = − (z − µi )0 Fi (z − µi )
2
in Eq. (3.20). If Fi is assumed to be positive definite and symmetric or if Fi is
positive definite and commutes with ΣΣ 0 it can be shown, via inserting in the
Fokker-Planck Equation again, that the invariant density of such local model
is given by
ps (z) ∝ exp (−(z − µi )0 Fi ΣΣ 0 (z − µi )) .
This can also be seen by a transformation
γi := 2Σi Σi0

F̃i := γi Fi

σi := γi Σi ,

which leads to
γi ż = −∇z Ui (z) + σi Ẇ (t),
i.e. the form of the Smoluchowski equation (3.21), and fulfils the fluctuationdissipation relationship (3.22) by definition of γi . Note that even if Fi is not of
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this form, but have all eigenvalues with negative real parts, a Gaussian invariant measure still can be computed according to Cor. A.1.4, but the covariance
matrix does not have the easy form Fi ΣΣ 0 anymore.
In the molecular context each of the linear SDE’s would represent fluctuations around some global conformation, while the switching process simulates
the transitions between them [42, 75, 106]. Before we start to discuss the parameterisation of the piece-wise model given in Eq. (3.23) we discuss how to
estimate the parameters for a single linear SDE, i.e. for
ż(t) = F (z − µ) + Σ Ẇ (t)

(3.24)

in the next section.

3.3.2 Parameter Sets and Estimation for Linear SDE’s
The theory of linear SDE’s, like the one given in Eq. (3.24), is well understood
and the most important results for our purposes can be found in Appendix A.1.
Its solutions are Markov processes and furthermore, under the assumption of
fixed or Gaussian distributed initial conditions, Gaussian processes. Assume
for the moment that a time series z t := z((t − 1)τ ), t = 1, . . . , T , i.e. an
observation at discrete and equidistant time points, is generated by a single
linear SDE as given in Eq. (3.24). According to Cor. A.1.4 the density of z t+1
conditional on z t is given by



1
0
−1
− 12
, (3.25)
p(z t+1 |z t ) = |2πR(τ )| exp − tr (z t − µt )(z t − µt ) R(τ )
2
with mean and covariance
µt = µ + exp(τ F )(z t−1 − µ),
Z τ
R(τ ) =
exp(−F (τ − s))Σ Σ 0 exp(−F 0 (τ − s))ds.

(3.26)

0

Therefore a likelihood function conditional on the hole time series z = {z 1 , . . . , z T }
can be written as


T
Y

1
− 21
0
−1
L(F , Σ , µ|z) =
|2πR(τ )| exp − tr (z t − µt )(z t − µt ) R(τ )
2
t=2
!
!!
T
X
T −1
1
(z t − µt )(z t − µt )0 R(τ )−1
,
= |2πR(τ )|− 2 exp − tr
2
t=2
where z 1 is used as initial value. Unfortunately, it turns out that (analytical)
maximisation of the so obtained likelihood function wrt. the parameters F , Σ
and µ is not possible. But Horenko et al. obtained analytical estimators for a
transformed parameter set, namely θ = (exp(τ F ), ΣΣ 0 , µ), which are restated
in the following theorem [55].
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Theorem 3.3.1. Given a τ > 0 and a time series z = {z 1 , . . . , z T }, with
z t := z((t − 1)τ ), which is generated by
dz = F (z − µ) + Σ Ẇ (t).
Define the empirical mean, the empirical covariance matrix and the empirical
(normalised) autocorrelation matrix of the time series by
T

1 X
zt,
z̄ =
T − 1 t=2
T

1 X
Cov(z) =
(z t − z̄)(z t − z̄)0
T − 1 t=2
1
Cor(z) =
T −1

(3.27)

!
T −1
X
(z t+1 − z̄)(z t − z̄) Cov(z)−1 .
t=1

Suppose that Cov(z) is positive definite. Then, the MLEs of exp(τ F ) and µ
are given by
exp(τ F̂ ) = Cor(z)
zT − z1
µ̂ = z̄ −
(I − Cor(z))−1 ,
T −1

(3.28)

where I is an identity matrix of appropriate size. From these quantities the
optimal MLE of the noise intensity matrix estimator Σ̂ Σ̂ 0 can be computed by


Σ̂ Σ̂ 0 = − (Cov(z) + E )F̂ + F̂ (Cov(z) + E ) ,
where E is a symmetric matrix that satisfies the Sylvester equation
Cor(z)E Cor(z)0 − E =
(z T − z 1 )(z T − z 1 )0
1
+
((z T − z̄)(z T − z̄)0 − (z 1 − z̄)(z 1 − z̄)0 ) ,
2
(T − 1)
T −1
which yields a unique solution, whenever σ(F ) ∈

C−.

Although Theorem 3.3.1 provides an analytical expression for the transformed parameter set, we propose yet another parameter set for two reasons.
First, it will turn out that the new parameter set, which we are going to
introduce now, will allow straightforwardly significant extensions to our original model. Second, the parameter set of Horenko has the drawback that the
likelihood function is not integrable wrt. to it. This can be seen by keeping exp(τ F ) ≡ I fixed, I is an identity matrix of appropriate size, then,
cf. Eq. (3.26), the parameter µ disappears from the likelihood function making
the integration impossible. Therefore the likelihood function can not be used
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to induce a density in parameter space from the observations, which we will
need later to carry out the change point analysis in Ch. 4.
Another parameter set can be found by using the density of z t+1 conditional
on z t to obtain a discrete time process which has exactly the same distribution
as a discrete observation of the continuous SDE. Interpreting z t+1 as a random
variable dependent on the observation z t we have
z t+1 = N (µ + exp(τ F )(z t − µ), R)
= (I − exp(τ F ))µ + exp(τ F )z t + N (0, R),

(3.29)

where N is a multivariate normal distributed random variable and I again
an identity matrix of appropriate size. Eq. (3.29) reveals the autoregressive
structure of order one, abbreviated by VAR(1), of the time series of discrete
observations. Defining

Φ := (I − exp(τ F ))µ exp(τ F )
∈ d×(d+1)


1 ...
1
X :=
∈ (d+1)×(T −1)
z 1 . . . z T −1

Y := z 2 , . . . , z T
∈ d×(T −1)

 := N (0, R), . . . , N (0, R)
∈ d×(T −1) ,

R

R

R
R

allows to write Eq. (3.29) in a compact form
Y = ΦX + .
Transforming the parameter set θ to θ̃ = (Φ, R), leads to a reformulated
likelihood function
!(T −1)


1
1
0 −1
exp − tr((Y − ΦX )(Y − ΦX ) R ) , (3.30)
L(θ̃|z) = p
2
|2πR|
for which there are analytic MLE’s Φ̂ and R̂, easily obtained by matrix calculus2 [73, 87],
Φ̂ = YX 0 (XX 0 )−1 and R̂ = (Y − Φ̂X )(Y − Φ̂X )0 /(T − 1).

(3.31)

Therefore, transforming the parameter set to θ̃ has the advantages that (i) the
distribution of the discrete observations is fully characterised by θ̃, (ii) analytical MLE’s are available and (iii) the likelihood function, as it is shown in
App. A.2, is integrable over the parameter space. Note, however, that the
estimators given in (3.31) are not computed in the way stated, as the matrix
inversion leads to numerical instabilities, we show in § 3.3.4 how to compute
them properly.
2

An excellent collection of matrix calculus rules can be found in The Matrix Cockbook,
accessible under http://matrixcookbook.com/.
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3.3.3 Higher Order Models
Considering the discrete observations of a linear SDE as realisations of a
VAR(1) process naturally establishes a way to include memory in our model
by just using a higher order model, i.e. VAR(p) with p ≥ 0, which is of the
form
p
X
Ai z t−i+1 + N (0, R)
(3.32)
z t+1 = A0 µ +
i=1

and parameterised by the vector A0 µ and the matrices A1 , . . . , Ap , R. This
process is obviously not a Markov process anymore but exhibits a memory lag
of p steps into the past. In fact it is shown in [55] that Eq. (3.32) can be
interpreted as a time discretisation of a generalised Langevin process
Z t
γ(t − s)z(s)ds + Σ Ẇ (t),
(3.33)
ż(t) = −∇z V (z(t)) −
0

under the assumption of a quadratic potential function V , as above, and a
piecewise constant memory kernel γ with finite support.
If a fixed order parameter p is assumed, estimation of the parameters of a
VAR(p) is analogue to that of the VAR(1) process, only the definitions of the
data matrices X and Y have to be extended to


1 ...
1
z 1 . . . z T −p 


X :=  ..
∈ (dp+1)×(T −p)
.. 
.

.
z p . . . z T −1

Y := z p+1 , . . . , z T
∈ d×(T −p) .

R

R

The estimator Φ̂ in (3.31) now estimates

Φ = A0 µ A1 A2 . . . Ap ∈

Rd×(dp+1).

The estimator of R̂ has to be adjusted to the growing number of initial points
needed for higher order and becomes
R̂ = (Y − Φ̂X )(Y − Φ̂X )0 /(T − p).
Generalising (3.24) by introducing more memory, i.e. using a VAR(p) model,
p ≥ 1, can be quite essential as even a reduced model of the form (3.23)
used to describe the effective dynamics of a molecular system can be a high
dimensional model. Since the number of parameters needed to estimate a
VAR process grows quadratically with the system dimensionality, a further
reduction of the dimensionality by restriction to linear subspace, e.g. via
principal component analysis, might be advisable. Unfortunately, the class
of VAR processes is not invariant w.r.t. linear transformations, instead a VAR
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process is in general transformed to a VARMA process, a VAR process where
the noise has a moving average representation. But, since VARMA processes
have a representation as infinite VAR processes, we can still approximate the
transformed process via a truncated, i.e. finite, VAR process by choosing a
high enough order p, cf. [73, Ch. 9].

3.3.4 Computational Aspects for VAR Parameter Estimation
The analytic estimators given in Eq. (3.31) are in general not used for computation of the parameters, as the matrix inversion can be unstable. Instead
one can use the moment matrix


1
T
z t−p 
X



M = M (Z) : =
 ..  1 z 0t−p . . . z 0t
 . 
t=p+1
(3.34)
zt




M11 M12
XX 0 XY 0
.
=:
=
M21 M22
YX 0 YY 0
The moment matrix is an important object as it contains all statistical relevant
information about the observed process (under the assumption of a VAR(p)
process). This can be seen by rewriting the likelihood function in terms of the
blocks in M :
!m
1
L(Φ, R|Z) =L(Φ, R|M ) = p
|2πR|

 (3.35)
1
· exp − tr((M22 − M21 Φ 0 − ΦM 12 + ΦM 22 Φ 0 )R −1 ) ,
2
where m denotes the upper left scalar entry of M which equals T − p, i.e. the
length of the observed time series minus p initial values. We will employ this
notation m = m(Z) below to avoid the indices for the length of different time
series. Also, we will employ subsequently the notation f (Z|Φ, R) ≡ L(Φ, R|Z)
if we want to highlight Eq. (3.35) as a density in data space. The MLE’s
can be obtained from the moment matrix M in a stable way via a Cholesky
factorisation which gives an upper triangular matrix


U11 U12
U =
,
0 U22
such that

  0

0
XX 0 XY 0
U11 U11
U11
U12
M =
=
= U 0U .
0
0
0
YX 0 YY 0
U12
U11 U12
U12 + U22
U22
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Plugging the Cholesky factorisation into the estimators (3.31) one obtains
−1
Φ̂ = (U11
U12 )0 and R̂ =

1 0
U U22 .
m 22

(3.36)

In the case of an ill-conditioned moment matrix M one can add a regularisation
matrix to ensure a well-posed Cholesky factorisation. A possible choice is to
use M + δdiag(M ) instead of M , with a small parameter δ depending on
the dimensionality of the problem and the machine precision. Setting δ =
(q 2 + q + 1), with  the machine precision and q = d(p + 1) + 1 the dimension
of M , a successful termination of the Cholesky factorisation can be guaranteed
[49, 86].

3.3.5 HMM-VAR
After having transformed the problem of estimating parameters of a linear SDE
into a problem of estimating parameters of a VAR(1) model and recapitulation
of the standard estimators, we now turn to the question of how to estimate
the parameters for a piecewise linear SDE model, as given in (3.23). As we
have seen, an easy generalisation of our model is to assume a VAR(p) process
with p ≥ 0, accordingly we generalise the discretised version of (3.23) given in
(3.29) to
z t+1 = ν ht +

p
X

[h ]

Aj t z t+1−j + N (0, Rht )

j=1

(3.37)

ht ∈ {1, . . . , n},
where ht is assumed to be a Markov process, which we call an HMM-VAR
model in the sequel. Setting p = 0 in the above formulation we simply get an
HMM-Gaussian model as in Sec. 3.2.2, with µi = ν i . Setting p = 1 corresponds
[i]
[i]
to the HMM-SDE model in (3.23), with exp(τ Fi ) = A1 and µi = (I −A1 )−1 ν i .
In order to estimate the parameters of the HMM-VAR model we again employ
the EM algorithm, which is easily adjusted as the additional dependency is
only introduced in the observed process, while the Markov assumption on the
hidden process still holds.
Given a parameter set θk , an improved parameter set θk+1 is obtained by
maximisation of the expected log-likelihood function as in (3.9). In (3.10) we
saw that the maximisation splits into three parts which can be solved independently. As the hidden model still has the same the form for the estimators for π
and P given in (3.11) and (3.12), with the only exception that the summations
in (3.12) have to start with t = p + 1 since the first p observations are taken
as fixed initial values. To obtain reestimation formulas for the parameter of
the VAR models we have to maximise the third term in (3.10) which is, using
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xt := (1 z 0t−p · · · z 0t−1 ),
T
X X

log(fht (z t |z t−1 , . . . z t−p ))p(h|z, θk )

h t=p+1

=−

n
T

1X X
0
log(|2πRi |) + (z t − Φi xt 0 ) Ri−1 (z t − Φi xt 0 ) p(ht = i|z, θk ).
2 i=1 t=p+1

With the help of hidden path weighted moment matrices


1
T
z t−p 
X



M [i] =
p(ht = i|z, θk )  ..  1 z 0t−p . . . z 0t ,
 . 
t=p+1
zt

(3.38)

with 1 ≤ i ≤ n, and using the notation introduced in § 3.3.4, this can be
reformulated as
n

1 X  [i]
[i]
[i]
[i]
[i]
m log(|2πRi |) + tr((M22 − M21 Φi0 − Φi M 12 + Φi M 22 Φi 0 )Ri−1 ) .
−
2 i=1
This matches a sum over log-likelihood functions of the VAR(p) model, cf. § 3.35,
one for each hidden state, which differ by the weightings of the moment matrices. Therefore maximising this sum term by term yields the already introduced
MLEs for VAR(p) models applied to the weighted moment matrices.
Finally, we need the probabilities of the hidden path, i.e. p(ht = i|z, θk ) and
p(ht = i, ht+1 = j|z, θk ) for 1 ≤ i, j ≤ n and p + 1 ≤ t ≤ T , to employ the EM
algorithm. Again the forward backward variables introduced in § 3.2.3 can
be used. Note that, as the only difference to the case with Gaussian output
variables, the recursion for computation of the forward variables starts with
initialisation of
αp+1 (i) = πi fi (z p+1 |z p , . . . , z 1 ),
while the recursion to compute the backward variables ends with
βp+1 (i) =

n
X

pij fj (z p+2 |z p+1 , . . . , z 2 )βp+2 (j),

j=1

for 1 ≤ i ≤ n. Finally also note that the computation of the Viterbi path does
not change except for obvious adjustments like the length of the Viterbi path,
which is T − p.
To summarise we give an schematic overview over the algorithm in Algorithm 1. Note that implementing the algorithm is more involved than it is
shown here, as it requires careful scaling and rescaling of the forward and
backward variables to prevent underflow errors caused by quantities close to
zero, cf. [96, Sec. V].
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Algorithm 1: Optimisation of the HMM-VAR model via the EMalgorithm
Parameter: p (assumed order of the VAR models)
n (number of hidden states)
 (a threshold value as stop criterion)
Input
: A time series z = {z 1 , z 2 , . . . z T } and initial
parameters θ = (Φ1 , R1 , . . . , Φn , Rn , P , π).
Compute the forward variables αt (i), 1 ≤ i ≤ n, p + 1 ≤ t ≤ T
according to (3.15).
Compute the backward variables βt (i), 1 ≤ i ≤ n, p + 1 ≤ t ≤ T
according to (3.16).
Evaluate the likelihood function p(z|θ) according to (3.17).
lnew ← log(p(z|θ))
lold ← lnew + 
while |lold − lnew | ≥  do
Compute hidden path probabilities according to (3.18) and (3.19).
Update P and π according to (3.11) and (3.12).
for i ← 1 to n do
Set up moment matrix M [i] according to (3.38).
Use (3.36) to obtain updated MLE’s Ri and Φi .
Update forward variables according to (3.15).
Update backward variables according to (3.16).
lold ← lnew
lnew ← p(z|θ)
Output: The updated parameter vector
θ = (Φ1 , R1 , . . . , Φn , Rn , P , π).
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Example
We give a simple illustrative example for the above described procedure. Suppose three VAR(1) parameter sets, cf. (3.37),
 




0
0.02 0.013
0.99 0.011
[1]
ν1
=
,
R1 =
, A1 =
,
0
0.013 0.02
0.011 0.88






0.02
0.01 0.005
0.99
0
[2]
ν2 =
,
R2 =
, A1 =
,
0
0.005 0.01
−0.022 0.44






0.02
0.005 0.001
0.99 0.055
[3]
ν3 =
,
R3 =
, A1 =
.
0.01
0.001 0.005
−0.055 0.99
[i]

Note that the specification of parameter sets (ν i , A1 , Ri ) is equivalent to the
[i]
specification of parameter sets (µi , exp(τ Fi ), Ri ) with exp(τ Fi ) := A1 and
µi = (I − exp(τ Fi ))−1 ν i , cf. (3.29), or, as used in the HMM-VAR framework
[i]
(Φi , Ri ) with Φi = (ν i A1 ). Furthermore, assume a Markov switching process
which is specified by the following transition matrix


0.997 0.0015 0.0015
P = 0.0015 0.997 0.0015 .
0.0015 0.0015 0.997
First, we obtained a “hidden” path h = {h1 , . . . , h3500 } by setting h1 = 1 and
get a realisation of a Markov chain according to the given transition matrix.
Second, an observation trajectory was generated by setting z 1 = (0, 0) and
[h ]

z t+1 = νht + A1 t + N (0, Rht ),

t = 1, . . . , 3700.

This trajectory was analysed within the HMM-VAR framework with memory
p = 0, i.e. as an HMM-Gauss process, and with memory p = 1, i.e. as an
HMM-SDE process. In both cases we presumed the correct number of three
hidden states. The initial conditions for the EM-algorithm were chosen by a
random allocation of the data points to the three sets. After termination of
the EM-algorithm, the Viterbi algorithm was employed to get the most likely
sequence of hidden states. Fig. 3.3 shows that the Viterbi path obtained from
the HMM-VAR(1) procedure nearly perfectly returns the true hidden path,
while for p = 0 the result looks reasonable at first sight but is totally wrong
as no dynamical information between successive data points is included in the
model.
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Figure 3.3: Top: A two dimensional trajectory (z1 , z2 ) generated by a 3-state
VAR(1) model plotted against time (left) and in phase plane (right). Colours
are chosen according to the Viterbi path obtained from HMM-VAR(1) analysis. Wrong allocations are marked as red dots (32 wrong allocations). Bottom: The same trajectory as in the top panel but this time colour-coded
according to the Viterbi path obtained from HMM-VAR(0) analysis. Wrong
allocations are not marked. Note that even if the result plotted in phase
plane looks “more reasonable” as with the VAR(1) analysis it is totally
wrong (1701 wrong allocations).
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3.4 Practical Considerations - Applications
In this section we show some examples of applications of the introduced methods on “real data” within the context of molecular dynamics. The purpose of
these examples is to illustrate the usage of these methods in complex scenarios, where there is no reference solution to the problem anymore. But before
passing to the examples, we collect some “recipes” one may have to use if
handling with “real” data. More precisely, we will comment on how to choose
the right VAR order, how to cope with circular data and how to handle high
dimensional data. None of these recipes claims to be the right one, but have
turned out to be feasible strategies.

3.4.1 Estimation of the VAR order
In the previous sections we always assumed a fixed and given order of the VAR
models to be fitted on a time series. In some applications there might be some
knowledge about the memory depth τm , i.e. the time span after which the
memory effects of the analysed process are negligible. In this case the order of
the VAR process can be chosen as the smallest integer p such that pτ > τm ,
where τ is the time between successive data points. But in general the order
of the model, like other model parameters, has to be estimated from the given
time series. There are several approaches to this problem, none of them can
claim an optimal solution so far.
One approach is to fix a maximal order pm and determine the order via a
sequence of hypothesis tests
6 0
=
= 0 vs. H11 : Apm
H01 : Apm
2
2
H0 : Apm −1 = 0 vs. H1 : Apm −1 =
6 0 |Apm = 0
..
..
..
.
.
.
= 0 vs. H1m : A1
6 0 |Apm = · · · = A2 = 0 .
=
H0m : A1
In fact the so-called likelihood ratio statistic can be used as a test statistic for
these hypothesis test. If f (k) , 1 ≤ k ≤ m, denotes the likelihood function for
an pm − k + 1 order VAR model, θ̂ the unrestricted MLE and θˆr the MLE with
the restriction that Apm −k +1 = 0 , then the likelihood ratio statistic is defined
as
(k)
λLR = 2(log(f (k) (θ̂|z)) − log(f (k) (θ̂r |z))).
As a consequence of the asymptotic normality of maximum likelihood estimators under very general conditions [23,24], the asymptotic distribution, i.e. the
(k)
limit distribution for a growing number of data points, of λLR under the H0
hypothesis can be derived and is, in fact, a χ2 -distribution, cf. the section
about likelihood ratio tests in § 4.1.2.
Nevertheless, such a sequence of hypothesis tests is difficult to handle as,
besides the fact that distribution is only known asymptotically, it is not clear
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which significance levels one should choose to obtain an appropriate overall
significance level [73, Sec. 4.2.3]. A more fundamental criticism is raised by
Akaike [1] who points out that in an applied context such models like VAR(p)
are only approximative and therefore one should not rely on the H0 assumption
but should introduce some loss function which actually becomes the basis for
decision making and is more founded than a significance level based on rarely
true assumptions.
An example of such loss function is the expected mean squared forecast error
leading to the so-called FPE criteria [73, Sec. 4.3], which consist in choosing
the order p which minimises
d

T + pd + 1
|R̂(p)|,
FPE(p) :=
T − pd − 1
where R̂(p) denotes the MLE of R in a VAR(p) model. Another prominent
example is the expected Kullback-Leibler distance between p(z|θ∗ ) and p(z|θ̂)
where θ∗ is the true parameter and θ̂ the MLE leading to Akaikes criterion [1]
AIC(p) := log(|R̂(p)|) +

2pd2
.
T

However, both criteria turn out to be not consistent. A consistent order estimator was derived by Schwarz [110]
SC(p) := log(|R̂(p)|) +

log(T )2pd2
.
T

(3.39)

Note that the consistency of the Schwarz criterion does not automatically make
it superior to the FPE or AIC criterion in finite sample situations. But our
experience indicates that it works better in application as the larger penalty
term for the number of parameters prevents choosing an arbitrary large p if
the data does not fit well to the VAR model. Therefore we always use the
Schwarz criterion in the following examples whenever the order of the model
needs to be estimated.

3.4.2 Circular Data
In § 2.2.1 we have seen that for the analysis of peptide simulations the dihedral
angles of the backbone are reasonable observables since conformational changes
are likely to show up here and problems with rotational and translational
degrees of freedom are avoided. On the other hand, analysing angle time
series introduces a new problem since the assumed output distributions in the
HMM are not periodic and therefore these models are not suitable for periodic
data.
A possible resort would be to explicitly formulate a periodic model by replacing the normal distribution with its periodic counterpart: the von Mises
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distribution [74]. The von Mises distribution M (µ, κ) in one dimension is given
by the following probability distribution function depending on the two parameters µ ∈ [0, 2π], the mean direction, and κ > 0, the concentration parameter:
f (z|µ, κ) =

eκ cos(z−µ)
,
2πI0 (κ)

0 ≤ z < 2π,

where I0 (κ) is the modified Bessel function of the first kind and order zero.
The von Mises distribution is unimodal i.e., single-peaked, and symmetrical
about the mean direction. The maximum of the pdf, the so-called mode, is
at the mean, while the minimum of the pdf (anti-mode) is located at µ + π.
The larger the value of the concentration parameter κ, the more pronounced
the concentration of the distributed data around the mode. In contrast, for
κ → 0, the von Mises distribution becomes uniformly distributed. Indeed it
is shown in [36] that the von Mises distribution can be employed successfully
in the analysis of backbone dihedral time series of peptides. However, there
is no closed form estimator of the concentration parameter κ and neither an
obvious generalisation to higher dimensions, except of regarding all dimensions
as uncorrelated, nor to more memory in the system. Therefore we choose
a different strategy to cope with periodic data, namely to transform it to
essentially non-periodic data.
A very simple but also very effective strategy is to shift the data to remove
periodicity, which will work in most cases as the torsion angles are in general
not freely rotating. The shifting of the data can be automatised by discretising
the angle domain in boxes and determine a borderline with minimal number
of transitions across. Additionally, we have to exclude from the statistics
transitions of data points that cross the periodic boundary, cf. Fig. 3.4. This
can easily done by marking large distances between subsequent (shifted) data
points, i.e.
a1 = 1
(
1
at =
0

if kz t−1 − z t k∞ > c ,
2 ≤ t ≤ T.
else,

and adjust the statistics by modifying the moment matrices


1
!
T
t
z t−p 
X
Y



M =
aj  ..  1 z 0t−p . . . z 0t .
 . 
t=p+1 j=t−p+1
zt

3.4.3 Viterbi Clustering
In large biomolecular systems the dimension d of the observation sequence may
be large, which constitutes not only a computational burden but also a statistical difficulty as the number of free parameters of the output distributions
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Figure 3.4: Top left: a time series exhibiting periodicity. Top right: the angular domain is discretised and the borderline with the fewest transitions across
is determined. Bottom: shifting the data, so that the determined borderline becomes the boundary, makes the time series effectively non-periodic.
Single transitions over the boundary (dotted line), i.e. large jumps, are just
excluded.

will typically increase with d faster than linearly, e.g. a full d-dimensional
free parameters. Besides the increase of the
Gaussian distribution has d(d+3)
2
statistical error for increasing dimension of the parameter space, the likelihood
maximisation via the EM algorithm will converge more and more slowly if the
dimension becomes too large.
A resort is the decomposition of a high dimensional observation space, say
V , into low-dimensional subspaces V = V (1) ∪ · · · ∪ V (k) , i.e. V could be the
state space of all torsion angles of the system under consideration, and V (j) the
subspace of a single torsion angle. By choice of V (j) , j = 1, . . . , k, and projec(j)
(j)
tion onto each one of them, k low-dimensional time series z (j) = (z 1 , . . . , z T )
are obtained. Each of these low-dimensional time series can be separately analysed by means of the above HMM-VAR procedure, presuming a not too small
number of hidden states, and then a Viterbi path can be computed. Each of
these Viterbi paths can be aggregated by the PCCA method. This results in
(j)
(j)
(j)
k aggregated Viterbi paths h(j) = (h1 , h2 , . . . , hT ) that represent the conformational dynamics as detected from the information contained in a single
projection of the full observated time series. Note that by using HMMs we
are able to discretise the low-dimensional projections even if the metastable
sets are overlapping in the projected space, as the output distributions of the
HMM are allowed to overlap. All these single aggregated Viterbi paths can be
combined into a global Viterbi path h via superposition. The combined global
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Figure 3.5: The penta-alanine peptide in ball-and-stick representation. The
ten peptide angles determining the secondary structure are marked by
Φ1 , Ψ2 , . . . , Φ9 , Ψ10 .
Viterbi path has a finite number of states such that we can directly compute
the associated transition matrix and again identify metastable sets by means of
PCCA. Based on these metastable sets, the global Viterbi path is aggregated
into a clustered global Viterbi path whose resulting discrete states are finally
interpreted as the global conformation states of the original full-dimensional
time series. An example of this strategy will be given in the next section.
Note that the combination of HMM and PCCA approaches resolves one of the
major problems of the HMM approach, which is that the number of hidden
states is an input parameter.

3.4.4 Example: Analysis of Penta-alanine
In the following we demonstrate the proposed analysis with an application
on a data set obtained from an MD simulation of a penta-alanine, i.e. a small
peptide consisting of five alanine units (residuals). The analysis we show here is
a variation of the analysis published in [75], note that although the algorithmic
procedure presented here differs slightly ,the overall results stay the same.
Our analysis is based on a time series of the 10 backbone torsion angles of
penta-alanine, see Fig. 3.5, extracted from a long time simulation which is
courtesy of Gerhard Stock (Frankfurt) and has been discussed in [83]. The
simulation was done in explicit water using a thermostat of 300 Kelvin over an
interval of 100 nanoseconds, while the coordinates were written out every 0.1
picosecond, resulting in a 10 dimensional time series of 1000000 data points.
The first step of a typical analysis consists in the identification of meaningful
subunits to avoid a blow up in parameter space by trying to fit a model which
is too large. In this case the Φ/Ψ angle combinations belonging to the different
residuals is a natural choice. Therefore we conducted the HMM-VAR algorithm
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Figure 3.6: Top: Plot of the empirical probability densities for each of the
Φ/Ψ pairs extracted by projection of the time series onto the Ramachandran
planes (red/blue corresponds to high/low probability). Note that there is a
distinct peak region in all five plots. Bottom: The results of the HMM-VAR
analysis applied to each of the Φ/Ψ pairs separately, the data points are
coloured according to their allocation to the 8 hidden states.
on each angle pair independently. As preparation, the time series was shifted
to minimise periodicity and large distances between subsequent data points
were marked as described in § 3.4.2. Afterwards, the memory for each angle
pair was estimated on short trajectory pieces with the Schwarz criterion (3.39),
resulting in all cases in a VAR order of p = 8. The number of hidden states was
initially guessed with 8 hidden states per pair. An important step is the choice
of initial parameters for the EM algorithm, since it is a local optimiser We
have computed an initial assignment of the data points to the hidden states
by employing the PCCA approach, i.e. we discretised the two dimensional
space for each torsion angle pair in 900 boxes, set up the transition matrix via
counting and computed a clustering of these boxes in 8 sets. The resulting
assignment of the data points to one of the 8 sets was used to compute an
initial estimate for the parameters of the HMM. Of course, one could specify
(several) initial conditions at random, but using PCCA turned out to be quite
effective in our applications. The result of the HMM-VAR algorithm on each
of the Φ/Ψ-pairs is shown in Fig. 3.6.
It can be seen from the figure that the resulting allocation of data points to
the hidden states is remarkably similar for each angle pair. Furthermore, we
see that even if an inspection by eye would divide each Ramachandran plane in
a preferred region and a diffusive rest, the diffusive part can still be subdivided
meaningfully.
By means of PCCA we can try to cluster the resulting sets in each Ramachandran plane as described in § 3.4.3, i.e. by setting up transition matrices from the computed (already discrete) Viterbi paths for each projection.
Again, the different projections behave similar in that there is a reasonable
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Figure 3.7: From top to bottom row the projections of the empirical densities of
the four most populated global-states of penta-alanine on the Ramachandran
planes are depicted (Populations are: 12 %, 7 %, 5% and 2% of all data
points). Note that they differ mostly in the Φ1 , Ψ2 and Φ9 , Ψ10 planes.
gap within the spectrum of the transition matrices between the sixth and the
seventh eigenvalue for each of them. Therefore the eigenvectors are used to
reduce each Viterbi path from 8 to 6 states. A global Viterbi path is obtained
by superposition of all locally clustered Viterbi paths resulting in 3108 occupied global states (out of 65 = 7776 possible states). It is possible, though
in this example not really necessary as the number of global states is feasible, to reduce the number of states further by merging states which are very
seldom visited with (dynamically) neighboring states. Merging all states with
less than 0.1% of the data points assigned leads to 279 states. In Fig. 3.7 the
projected densities of the four most populated global states are depicted.
Again we can use the metastability analysis to reduce the number of global
states even further. Therefore it is instructive to compare the eigenvalues
of the transition matrices obtained from the global Viterbi path for different
lag times τ . That is, we do not count transitions on the basis of a time lag
of 0.1 picosecond which means to count transitions from one instance of the
time series to the next, but count transitions with respect to a time lag of,
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Figure 3.8: The 20 dominant eigenvalues of the transitions matrix obtained
from the global Viterbi path wrt. different time lags are shown.
say, 1 picosecond which is from one instance to the instance 10 steps further,
i.e. between every tenth step, in the global Viterbi path. In Fig. 3.8 the
dominant eigenvalues of the transition matrices with respect to different lag
times are shown, we clearly see that across all different time lags there are two
dominant eigenvalues after which we find a gap.
Using PCCA once more to cluster the global states in two metastable states
and plotting the projected densities of these two dominant global states reveals
an intriguing observation. In Fig. 3.9 it can be seen, that one of these two states
is fixed to a specific region in the Ramachandran planes while the other is not
clearly localised. The specific region belongs in fact to the α-helix secondary
structure of peptides, i.e. our global identified conformation is an α-helical one,
while the other one has no clear secondary structure, i.e. it is unfolded, which
is no surprise since the peptide is too short to exhibit other stable secondary
motifs. Notice that besides the identification of a global secondary motif from
the data we also have a dynamical (Markov) model which allows us to state
transition probabilities between the folded and the unfolded state.
We close this example by remaining that, instead of doing this sort of bottom
to top analysis, we could have started with the identification of the two global
conformations right from the beginning by fitting a VAR model to the whole
10-dimensional time series. In this case, our order estimation suggest a VAR(1)
model for the full dimensional time series. Assuming 2 hidden states and taking
an initial random allocation of the data points to the two hidden states the
HMM-VAR procedure yields very much the same result as we obtained at last
in our previous analysis, see Fig. 3.10. Still the bottom to top analysis has
its own right as it allows us to obtain a detailed (dynamical) picture of what
happens on the subunits and allows to control the complexity reduction step
by step.
Further examples of the proposed analysis can be found in [78] where it is
shown that metastability analysis can even identify micro solvation patterns
for a small solvated molecule and in [36] where a circular output distribution
for the HMM is used.
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Figure 3.9: Clustering the global Viterbi path into 2 conformations reveals an
unfolded conformation (top) and a folded one (bottom), namely an α-helical
one.

Figure 3.10: Fitting a 10 dimensional HMM-VAR(1) model with two hidden
states and projecting the data points belonging to each of these states according to the Viterbi path on the Ramachandran planes reveals the same
structure as our bottom to top analysis presented before.
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So far the proposed approaches to analyse time series data are post processing
algorithms, i.e. it is assumed that a time series is given, which contains all
relevant information to set up a meaningful reduced model. This time series
is analysed en bloc and the outcome is a fragmentation of the time series
in different dynamical phases, each approximated by a linear model. In this
chapter we discuss a different setting. Assume we observe a process in time
which can be approximated by some (unknown) linear model, can we detect
a change in the dynamical regime, i.e. a switch to another (unknown) linear
model as fast as possible, i.e. on-line? A solution to this question could be
used in an algorithmic setting where an action has to be taken when the
dynamical phase of an observed system changes. We will give an example for
such situation in § 5, where we will use the results of this chapter to determine
switching rates between molecular conformations from parallel simulated MD
trajectories. Of course the employment of such algorithm is not restricted to
on-line applications, such algorithm could also be used to parameterise models
as introduced in § 3 in a linear fashion, i.e. by scanning a given time series
once from beginning to end, while avoiding the complex likelihood optimisation
problem, which otherwise has to be tackled via usage of the EM algorithm.
Most of the results of this chapter were published in [76].

4.1 Change Point Detection
The problem to be considered in the subsequent sections is the following. Assume a given sequence of observations
Z = {z 1 , z 2 , . . . z T }, z i ∈

Rd

for which a VAR(p) model is presumed as the generating mechanism. Our aim
is to decide if Z was generated by a single VAR(p) model or if there was a
parameterisation change at some time t, t1 ≤ t ≤ t2 , i.e.
Z1 = {z 1 , z 2 , . . . z t }
was generated with parameters Φ1 , R1 and
Z2 = {z t+1 , z t+2 . . . z T }
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with parameters Φ1 and R1 . We will call such time t a change point in the
following. The function of the window defined by t1 and t2 will become apparent later. Note that by solving the stated problem an on-line algorithm can
be constructed easily which works on incoming data packages.

4.1.1 The Model Selection Problem
Change point detection problems are more challenging than estimation problems as they are essentially model selection problems. To clarify the underlying
problem we simplify the task formulated above for the moment and assume
that we have two arbitrary time series fragments Z1 and Z2 . The question
is: are they both generated from the same VAR(p) model, or not? Obviously,
the maximum likelihood approach does not work anymore as we have for the
log-likelihood function
l(Φ, R|Z1 , Z2 ) = l(Φ, R|Z1 ) + l(Φ, R|Z2 )
and therefore
max l(Φ, R|Z1 , Z2 ) ≤ max l(Φ1 , R1 |Z1 ) + max l(Φ2 , R2 |Z2 )
Φ,R

Φ1 ,R1

Φ2 ,R2

always holds, i.e. making a model more complex will always increase the likelihood function. In fact we have encountered the same problem in the order
estimation of linear models in § 3.4.1 since choosing a higher order, i.e. introducing more parameters, always increases the maximum of the likelihood
function. A common resort is the introduction of a penalty term on the number of parameters, as in the Schwarz estimator (3.39) for the model order.
However, the choice of the penalty term is somewhat arbitrary and can, at the
best, be justified in an asymptotic sense. A natural alternative approach is the
formulation of a hypothesis test, cf. the next section, but the drawback is that
distributions under the H0 hypothesis are in general not known, respectively
only asymptotically known.
A different perspective would be to ask how well Z1 and Z2 fit together,
i.e. to ask if the model estimated by Z1 can be used to explain the dynamical
behaviour in Z2 , or to ask if the induced parameter distributions are similar
enough. Obviously one then has to answer what close or similar enough means.
In the next section we give an overview of some of the approaches to the change
point problem before we adopt a Bayesian approach to our problem.

4.1.2 Approaches to the Change Point Problem
The subsequent approaches are not restricted to change point detection in
VAR(p) models and most of them can be formulated in a more general way.
However, to avoid the introduction of too much new notation, and as the philosophy behind these approaches can still be illustrated if restricted to VAR(p)
models, we stick mostly to a more restricted presentation.
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Likelihood partition approaches. As pointed out above one can not employ
a maximum likelihood formalism to decide if there is a change point or not.
But if the existence of a change point is known, a natural choice would be to
choose the change point τ̂ such that it maximises
max l(Φ1 , R1 |Z1 (τ̂ )) + max l(Φ2 , R2 |Z2 (τ̂ )),

Φ1 ,R1

Φ2 ,R2

with Z1 (τ̂ ) = {z 1 , . . . z τ̂ } and Z2 (τ̂ ) = {z τ̂ +1 , . . . z T }. Appealingly this idea
can be generalised to the identification of (N − 1) change points by choosing
τ̂0 = 0 < τ̂1 < · · · < τ̂N −1 < T = τ̂N such that
N
X
k=1

max l(Φk , Rk |Z(τ̂k−1 , τ̂k )),

Φk ,Rk

(4.1)

with Z(τ̂k−1 , τ̂k )) := {z τ̂k−1 +1 , . . . z τ̂k }, is minimised [64]. As mentioned above,
to use the likelihood function to decide on the existence of change points one
has to add to (4.1) a penalty term c(N ) which increases with the number
of change points, i.e. with the number of newly introduced parameters, and
maximise over both, the number of change points and the locations of the
change points. In fact, Lavielle [69,70] proved under quite general assumptions
and for a family of penalty terms that asymptotically the correct number and
location of change points is identified by the likelihood partition approach and
that the convergence rate of the estimated change points to the true change
points is optimal. However, “asymptotical” in this case means not only for the
limit of an increasing length of the time series but also under the condition that
the distance between any two change points scales with the increasing length of
the time series. Which makes the asymptotic justification, in practice of not
much use anyway, questionable for multiple change point scenarios.
Likelihood ratio test. Assume a likelihood function L(θ|Z) dependent on
some observations Z for an r-dimensional parameter vector θ = (θ1 , θ2 ), which
can be partitioned into θ1 and θ2 which are s and t-dimensional respectively
such that r = s + t. Furthermore, suppose we want to test the hypotheses
H0 : θ1 = θc against H1 : θ1 6= θc ,

R

for a given θc ∈ s . An often employed test statistic in this rather general
setting is the likelihood ratio statistic, which we have already encountered in
the context of VAR order selection in § 3.4.1, which reads in general


max L(θ|Z)
.
λLR = −2 log  θ
max L(θ|Z)
θ:θ1 =θc

As the fraction is in [0, 1], we clearly have λLR ∈ [0, ∞] and would accept H0 if
λLR is close to 0. However, what makes this test statistic so useful is that even
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if its distribution can not obtained analytically, it can be shown under quite
general assumptions that under the H0 hypothesis −2 log(λ) is asymptotically,
i.e. for T → ∞, χ2 distributed with s, the number of constraints, degrees
of freedom [65, 102, 127]. This is a consequence of the fact that, under some
regularity assumptions, MLE’s are asymptotically normal distributed (even for
non i.i.d. data) [24] and that for a θ of length r which is N (µ, Σ ) distributed
the quadratic form (θ − µ)0 Σ −1 (θ − µ) is χ2 distributed with r degrees of
freedom.
Adopted to the change point setting a likelihood ratio test can be used by
assuming Z1 to be generated by a VAR(p) model with parameters (Φ1 , R1 ) and
Z2 with parameters (Φ2 , R2 ) and test
H0 : (Φ1 , R1 ) − (Φ2 , R2 ) = (0 , 0 ) against H1 : (Φ1 , R1 ) − (Φ2 , R2 ) 6= (0 , 0 ).
The likelihood ratio is easily computed as
λLR = −2 log

|R̂|
|R̂1 |

T1 +T2 −2p
2

T1 −p
2

|R̂2 |

!

T2 −p
2

,

where R̂ denotes the MLE of R using all data points, i.e. Z1 and Z2 , while R̂1 ,
resp. R̂2 is the MLE obtained just upon the basis of Z1 , resp. Z2 . As the num
+ dp + 1 ,
ber of degrees of freedom in a single VAR(p) model equals d d+1
2
the distribution of −2 log(λLR ) will converge against a χ2 distribution with
d d+1
+ dp + 1 degrees of freedom as T1 and T2 go to infinity. Therefore the
2
quantiles of the χ2 distribution can be used to obtain a decision criterion with
respect to a chosen significance level.
The CUMSUM approach. Another change point detection approach is based
upon observation of the residuals, i.e.
r t := z t − A0 µ −

p
X

Ak z t−k .

k=1

In our setting we assumed the residuals to be Gaussian distributed, that is
r t ∼ N (0, R). Under this assumption the distribution of the quadratic form
Qt := r 0t R −1 r t can be used, which is χ2 distributed with d degrees of freedom,
where d is the dimension of r t . An increase in variance or a shift in the mean
will give large values of Qt while a decrease in variance will produce small
values. Therefore a two-tailed test can be employed to detect changes [61]. To
detect changes which are persistent over a given time interval one can use the
statistic
t+m
X
Qk ,
k=t
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which is χ2 distributed with md degrees of freedom. Using more sophisticated
change point detection schemes the assumption of Gaussian distributed residuals can be weakened somewhat [5]. The drawback of the CUMSUM approach
is that, to detect departures from a given model, obviously the parameters
of the actual valid model have to be known. In other words, a given error
probability for the detection procedure can only be asymptotically guaranteed
as an infinite number of data points is needed to estimate the actual model
consistently, i.e. T1 → ∞. It is remarkable however, that having estimated
the model correctly, the validity of the derived residual distribution does not
depend on T2 .
All of the above approaches are asymptotically justified as they all rely on
the convergence of the MLE’s to the true parameters. But if there is only
a finite number of data points, the estimated parameters will be flawed with
uncertainty, an uncertainty which is not accounted for in the so far reviewed
approaches. Taking this uncertainty into account becomes especially important with increasing dimension of the observed time series. As a measure of
uncertainty the likelihood induced parameter density
p(θ) ∝ L(θ|Z),
is a natural candidate, as long as the likelihood function is normalisable. Using
the parameter density introduces in general another kind of asymptotic reasoning, as the density needs to be sampled in most cases. However, we will see
in the subsequent chapter that in the case of the linear model this can be done
analytically. If one wants to incorporate parameter densities into the analysis
a Bayesian approach is a natural choice. Before describing Bayesian model
selection and the application to our setting in detail, we close this section with
the presentation of an approach to the change point problem which is based
just upon comparison of likelihood induced densities.
Density distance measures. Assume a given time series Z1 and a corresponding induced prior parameter density
p1 (θ) ∝ L(θ|Z1 ).
Furthermore assume another observed time series Z2 and transform the prior
parameter density to a posterior parameter density according to
p2 (θ) ∝ L(θ|Z1 , Z2 ).
If Z1 and Z2 would have been generated by the same model, one would expect the prior and the posterior density to be similar in some sense. Note
that they still should be different as the inclusion of more data points should
make the parameter density p2 more focused than p1 . Obviously one needs
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to define a distance measure between densities and might have to sample the
corresponding statistics to employ this approach. A possible choice [99] is the
Kullback-Leibler divergence, defined by


Z
KL(p1 , p2 ) :=

log

p1 (θ)
p2 (θ)


p1 (θ)dθ,

as a distance measure. Evaluation of this distance can be done analytically
in some cases but still one has to sample its statistics wrt. p1 to evaluate a
qualitative decision criterion.

4.2 The Bayesian Approach
In the previous section we reviewed a variety of different approaches to the
change point problem. In this section we start to develop our own approach
based on Bayesian techniques of model selection. Our goal is an algorithm
which takes parameter uncertainty into account, as we want to apply it to high
dimensional systems, and which does not rely on sampling, since we want to
use it for an on-line change point detection procedure. The Bayesian approach
relies on the fact that the probabilities of different models H0 , H1 , . . . , Hn given
a set of observations Z can be computed by the Bayesian formula
i ] P[Hi ]
P[Hi|Z] = PnP[Z|H
P[Z|H ] P[H ] .
l=1

l

l

Note that the probabilities of observations given the model are in general easy
to compute. However, boon and bane of Bayesian methods is the need for the
specification of prior distributions for the parameters. In the best case such
prior distributions can be specified by prior knowledge, see [93,94] for an example where environmental studies are used to obtain prior distribution for the
parameters of a water level model. But in general we have to code somehow
ignorance in these prior distribution. As we will see, the situation in model
selection is considerably more complicated than in parameter estimation, since
it turns out that the prior distributions have to be proper. Obtaining meaningful proper prior distributions which code ignorance is a matter of intensive
research e.g. [8, 17, 25, 26, 39, 40, 63, 89, 97, 113]. We have chosen the fractional
Bayes approach of O’Hagan [89] for our setting as it can be employed in an
elegant way even for high dimensional systems and leads to expressions which
can be calculated analytically such that no sampling procedures need to be
involved. However, opposed to sampling based algorithms [20, 32], the algorithm we derive can not handle multiple change points, but in a sequential
form, which is not a strong drawback in our applications as we suppose change
points to be rare events.
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4.2.1 Bayesian Model Selection
To avoid confusion, we restate our change point problem again: given a sequence of observations
Z = {z 1 , z 2 , . . . z T }, z i ∈

Rd

for which we presume a VAR(p) model as the data generating mechanism, we
want to decide if there is a change in the parameterisation, a so-called change
point, within some window from t1 to t2 . As it will become apparent later, t1
and t2 have to be in the range from (d + 1)p + d + 2 to T − (d + 1)p − d − 2.
Thus we have n := t2 − t1 + 1 candidate change points giving rise to n + 1
models Hi , 0 ≤ i ≤ n, where

for i = 0.

Z is generated by only one VAR(p) process,
Hi := Z1 = {z 1 , . . . , z t1 +i−1 } and Z2 = {z t1 +i , . . . , z T }


are generated by distinct VAR(p) processes.
for 1 ≤ i ≤ n.
Note that alternatively, one could define the segments Z1 and Z2 overlapping,
so that the last p points of Z1 are used as initial conditions for Z2 , as long as
Z1 and Z2 are directly subsequent. However, this choice does not affect any of
the following considerations.
The probability of each model given the observations Z can be computed
via the Bayes formula

P[Z|Hi] P[Hi] ,
P[Hi|Z] = X
n
P[Z|Hj ] P[Hj ]

(4.2)

j=0

where we have for i = 0,

P[Z|H0] =

Z
p(Z|Φ1 , R1 )π1 (Φ1 , R1 )dΦ1 dR1 ,

and for i ≥ 1,
Z
[Z|Hi ] = p(Z1 |Φ1 , R1 )π1 (Φ1 , R1 )p(Z2 |Φ2 , R2 )π2 (Φ2 , R2 )dΦ1 dR1 dΦ2 dR2

P

with prior distributions π1 and π2 on the parameters.
Having (4.2) and assuming a so-called M -closed perspective [9, Chapter 6],
i.e. we believe that the true model is within them and we do not believe in
other possible models, we can easily evaluate the probability of a change point
as:
n
X
[Z|Hi ] [Hi ]

P[change|Z] =

P

i=1
n
X

P

P[Z|Hj ] P[Hj ]

.

(4.3)

j=0
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But to evaluate these probabilities we obviously have to specify the prior probabilities for the models, i.e. [Hi ], and the parameters, i.e. π1 and π2 , and, of
course, evaluate the above integrals.
A natural choice to code our ignorance on a parameter change before observing data is to assign a prior probability of 21 to the event of a change and
distribute the rest probability among the other models, i.e.

P

P[H0] = 12 , P[Hi] = 2n1 , 1 ≤ i ≤ n.
More problematic is the choice of prior distributions for the parameters of the
VAR models under ignorance. A common choice is the usage of the diffusive
prior, which consist of a flat prior on Φ and a Jeffrey’s prior on R, so that
πD (Φ, R) ∝ |R|−

d+1
2

,

a discussion of this prior and other possibilities is given in [87, 116]. Although
it can be easily shown that under the diffusive prior the posterior distribution
Z
p(Z|Φ, R)πD (Φ, R)dΦdR
is proper, i.e. normalisable, the choice is problematic for model comparison, as
the prior itself is unproper, i.e. we can set
π1 ≡ π2 ≡ cπD
with an arbitrary chosen constant c. This means that the model probabilities
(4.2) as well as probability of change (4.3) are also defined up to a constant,
i.e.
Pn
[Z|Hi ] [Hi ]
.
[change|Z] = c · Pni=1
j=0 [Z|Hj ] [Hj ]

P

P
P

P
P

The constant does not cancel out of the fraction as there are parameters which
are not common to all models, i.e. the parameters for the VAR model after a
change has occurred.
To emphasise: with the use of an unproper prior we can compare different
change point models, as the indeterminate constants do cancel out, but we can
not compare the probability between change and no-change.
This general obstacle of Bayesian model selection can be tackled by the usage
of so-called “objective” Bayes factors [63], which we are going to introduce in
the next section.
Note that on the other hand it is possible to split the change point detection
problem into two parts
1. Identify the most likely change point under the assumption that there
is one, this requires specifications of parameter priors up to a constant
only.
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2. Compare the probability of change at the identified possible change point
with the probability of no change. Now we have to specify a proper prior
for the parameters after the change to avoid arbitrariness.
In fact, this is favourable from an algorithmic viewpoint as it is easier to
exclude outliers from the change/no-change decision, see § 4.4, and the M closed perspective is somewhat arbitrary anyway as the number of models
obviously depends upon the defined window [t1 , t2 ]. However, we still have
to compare a change model with a (single) no-change model, i.e. we have to
compute
[Z|Hc ] [Hc ]
,
(4.4)
[change|Z] =
[Z|Hc ] [Hc ] + [Z|H0 ] [H0 ]
where Hc is the model of a change at the pre-computed candidate change
point c. Note that, of course, having computed a candidate change point, one
could use any other decision criteria, like the approaches presented in § 4.1.2.
However, we stick to the Bayesian framework as it naturally allows to handle
uncertainty.

P

P
P

P

P
P

P

4.2.2 Bayes Factors
The Bayes factors are a common way to compare posterior probabilities of two
distinct models within a Bayesian setting. Given two models Hi and Hj , the
ratio
[Z|Hi ] [Hi ]
[Hi |Z]
=
,
(4.5)
[Hj |Z]
[Z|Hj ] [Hj ]
is called posterior odds. A high ratio means that model Hi is more probable
in the light of data the Z than Hj . The Bayes factor Bij is defined as

P
P

P
P

Bij =

P
P

P[Z|Hi] .
P[Z|Hj ]

Eq. (4.5) reveals the meaning of the Bayes factor: it defines how the data Z
transforms the prior odds [Hi ]/ [Hj ] to the posterior odds, i.e. in which
direction the data shifts our prior beliefs. The Bayes factor approach is similar
to the likelihood ratio statistic, introduced in § 4.1.2, but while the likelihood
ratio is obtained via maximisation of the likelihood function over the parameter
space, the Bayes factor is obtained by integration of the likelihood function
over the parameter space [16, 63]. Eq. (4.3) can be reformulated in terms of
the Bayesian factors, as
n
P
Bi0 [Hi ]
i=1
.
(4.6)
[change|Z] = P
n
Bj0 [Hj ]

P

P

P

P

j=0

P

This expression can can be interpreted as an assembly of a sequence of tests
against the null hypothesis of no change [40].
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4.2.3 Non-informative Priors in Model Selection Problems
Unfortunately, the Bayes factors do not resolve the problem with the unproperness of the non-informative standard priors, as they become also arbitrary
when used with non-proper priors. Subsequently we present three approaches
to tackle this problem by deriving proper priors in a data driven way.
Partial Bayes
A way to obtain a proper prior distribution for some parameter θ despite of
ignorance is to split the data Z into two parts Zp and Z−p and use one part
(Zp ) as a training set to specify the prior while the other part (Z−p ) is used
for testing or analysis, i.e. we set
πP B (θ) ∝ πD (θ)L(θ|Zp ),
where πD (θ) denotes an improper parameter prior. The size of the training set
is usually taken as the minimal size to guarantee properness of the resulting
prior. A problem is the arbitrariness in the choice of which data points are
taken into the training sample. A proposal to overcome this arbitrariness is
given by Berger [8], who suggested to average over all possible minimal training
sets, the so-called intrinsic Bayes approach. The intrinsic Bayes approach
can be elegantly expanded if nested models are tested, [17, 40], but has the
drawback that computation, even with sampling procedures, of intrinsic Bayes
factors is often hard, resp. feasible only for a restricted class of models.
Fractional Bayes
The fractional Bayes approach, put forward by O’Hagan 1995 [89], is based on
the idea to use a fraction of the likelihood function, instead of using part of
the data, to specify a prior, i.e. to set
πF B (θ) ∝ πD (θ)Lb (θ|Z)
with a constant b ∈]0, 1[. The likelihood function used for decision making is
then transformed to L̃(θ|Z) := L(1−b) (θ|Z), thus becoming flatter as a fraction
of the information is already used to define the prior distribution. The question
of the right choice of a training set is elegantly avoided, as a fraction of all
data is used. A reasonable choice of b is the minimal value which guarantees
properness of the resulting prior, which corresponds to the choice of a maximal
spreaded distribution centered by the data.
Imaginary minimal experiment
Another approach presented by Spiegelhalter and Smith [113] is the use of
a so-called imaginary minimal experiment. Suppose there are two models to
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be compared and in at least one of them there is a parameter for which we
can only specify an improper non-informative prior. Then the resulting Bayes
factor is given by
R
f1 (Z|θ1 )π1 (θ1 )dθ1
,
B01 = c · R
f2 (Z|θ2 )π2 (θ2 )dθ2
with c an unknown constant. The idea of an imaginary minimal experiment
is to fix the undetermined constant c by imagination of a data set ZI which
is just big enough to discriminate between the two models, therefore minimal,
but gives maximal support for one of the two models. The reasoning then is
that the Bayes factor should favour the supported model but only minimally,
due to the smallness of the data set, so that
R
f2 (ZI |θ2 )π2 (θ2 )dθ2
.
B01 ≈ 1 ⇒ c ≈ R
f1 (ZI |θ1 )π1 (θ1 )dθ1
It has been argued that the definition of an imaginary minimal experiment is
sufficient only in rather special cases [89]. Furthermore, it is not clear that
the claim B01 ≈ 1 is an appropriate choice in all cases. But, as we will show,
in the change point detection framework as presented, the imaginary minimal
approach seems to be sensible.

4.2.4 Implementation of the Objective Bayesian Strategies
In the previous sections we collected all necessary ingredients for a Bayesian
change point detection, so now we make more precise how to do this in our
given scenario. As mentioned, we are going to split the change point detection
in two parts, first identify a possible candidate change point, second decide
whether it is a change point.
The key ingredient to employ the approaches stated above is that our model
allows analytical integration of the likelihood function over parameter space.
Assume for the moment an arbitrary time series Z of length T , and the
corresponding moment matrix M = M (Z). Since M contains all statistical relevant information of the data we can write p(M |Φ, R) instead of
p(Z |Φ, R) = L(Φ, R|Z ), as given in Eq. (3.35). Following the notation introduced in § 3.3.4 we denote by U11 and U22 the corresponding diagonal
blocks of the triangular matrix U obtained from the Cholesky factorisation of
M , and by m := M11 = T − p the upper left scalar entry of M . Then, see
Appendix A.2,
Z
Z
I[M ] := p(M |Φ, R)πD (Φ, R)dΦdR = L(Φ, R|M )πD (Φ, R)dΦdR
=π

d(d−1)
4

d
Y
√
−(m−dp−1)
Γ
|U11 | | πU22 |
−d

j=1



m − dp − j
2

(4.7)


,
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where Γ denotes the Gamma function and | · | the matrix determinant. Note
that the integral exist only if m > d(p + 1) ⇔ T > d(p + 1) + p, therefore
at least (d + 1)(p + 1) subsequent points before and after a change point are
needed for evaluation. From Eq. (3.35) another property of the M -matrices
can be deduced, namely that information coming from different time series
(parts), e.g. Z1 and Z2 can be combined by just adding the moment matrices,
since
L(Φ, R|M (Z1 ))L(Φ, R|M (Z2 )) = L(Φ, R|M (Z1 ) + M (Z2 )).

(4.8)

Identification of a change point assuming its existence Using the notation
introduced in § 4.2.1, the aim is to calculate the probabilities of potential
positions of a candidate change point, i.e. to calculate
Z
Z
[Hi |Z] ∝ p(Z1 |Φ, R)π1 (Φ, R) dΦdR p(Z2 |Φ, R)π2 (Φ, R)dΦdR, (4.9)

P

with 1 ≤ i ≤ n = t2 − t1 and
Z1 =Z1 (i) := {z 1 , z 2 . . . , z t1 +i−1 },
Z2 =Z2 (i) := {z t1 +i , z t1 +i+1 . . . , z T }.
Note that t1 must be larger or equal than (d + 1)(p + 1) and t2 smaller than
T − 2 − (d + 1)(p + 1), so that each segment contains at least (d + 1)(p + 1)
data points, since otherwise the integrals can not be evaluated. We can include
information which might be already obtained from a previous observation Z0
into the prior distribution π1 by setting
π1 (Φ, R) ∝ πD (Φ, R)L(Φ, R|Z0 ),
which is formally a partial Bayes approach, however, the motivation is not
make the prior distributions proper, as at this stage proper priors are not essential, but to include prior information from previous observations. Otherwise
we take the diffuse prior for both parameter sets, i.e.
π1 (Φ, R) = π2 (Φ, R) ∝ πD (Φ, R).
Using (4.7) and (4.8) we have

P[Hi|Z] ∝ I[M (Z0) + M (Z1)]I[M (Z2)],

(4.10)

with prior observations Z0 . If there are no prior observations we set M (Z0 )
to 0 . Thus it is possible to determine the most probable change point ĉ
analytically, by choosing

P

ĉ = argmax [Hi |Z],
1≤i≤n
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Figure 4.1: Left: the top panel displays a 2-dimensional trajectory against time
generated from a VAR(1) process with a switch in the mean occurring at
t = 311. Below is the probability density of a change point conditional to its
existence. The margin lines left and right of the panel mark the test interval
[t1 , t2 ]. Right: An example where no change point occurs in the trajectory.
Still we obtain a candidate change point.
even if we do not know if this is a real change point. An example is depicted
in Fig. 4.1, where it can be seen how a change point can be identified by
locating the maximum of the conditional density, but that one still has to
decide if this maximum really belongs to a change point. This can be done by
Fractional Bayes or the Imaginary Minimal Experiment as exemplified below.
In general, however, we could use any method for our decision which seems
to be appropriate. Therefore splitting the change point analysis has the big
advantage that the hard problem, i.e. the model decision problem, is now
separated from the easy problem, i.e. locating the most probable change point.
Fractional Bayes. The fractional Bayes approach can be easily implemented
by noting from (3.35) that
Lb (Φ, R|M )
=

1

!bm

p
|2πR|




1
0
0
−1
exp − tr((bM22 − bM21 Φ − ΦbM12 + ΦbM22 Φ )R )
2
= L(Φ, R|bM ), (4.11)

so that, using the notation introduced above, we have
Z

Lb (Φ, R|Z)πD (Φ, R)dΦdR = I[bM (Z)],
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and, using (4.8),
Z

L(Φ, R|Z1 )L(1−b) (Φ, R|Z2 )πD (Φ, R)dΦdR = I[M (Z1 ) + (1 − b)M (Z2 )].

Setting the prior probabilities for change and no change equally to
tity to compute reads

1
2

the quan-

ĉ ]
P[change|Z] = P[Z|HP[Z|H
] + P[Z|H ]
ĉ

Q0 R

pi (Zi |Φ, R)πi (Φ, R)dΦdR
R
= Q R
.
pi (Zi |Φ, R)πi (Φ, R)dΦdR + p0 (Z|Φ, R)π1 (Φ, R)dΦdR
i=1,2

i=1,2

We leave π1 ∝ πD unproper, since the normalisation constant cancels out
anyway, or with prior observations π1 (Φ, R) ∝ πD (Φ, R)L(Φ, R|Z0 ), but for π2
we use the fractional Bayes approach
π2 (Φ, R) := R

πD (Φ, R)Lb (Φ, R|Z2 )
.
πD (Φ, R)Lb (Φ, R|Z2 )dΦdR

Since some data is used to specify the prior distribution, we can not use all of
it for calculation of the probability, i.e. we set
p1 (Z1 |Φ, R) = L(Φ, R|Z1 ),
p2 (Z2 |Φ, R) = L(1−b) (Φ, R|Z2 ),
p0 (Z|Φ, R) = L(1−b) (Φ, R|Z2 )L(Φ, R|Z1 ).
Assembling all the pieces we obtain, in compact notation, the probability
I[M (Z1 )]I[bM (Z2 )]
P[change|Z] = I[M (Z )]I[bM (Z
)] + I[bM (Z ) + (1 − b)M (Z )]
1

2

1

(4.12)

2

The minimal value of b is determined by the minimal value for which
I[bM (Z2 )]
is defined (cf. § A.2). Therefore the minimal value of b is given by
bmin =

d(p + 1) + 1
,
m(Z2 )

which means that the upper left entry of bM (Z2 ) just meets the threshold of
d(p + 1) + 1.
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Imaginary minimal experiment. To employ the Spiegelhalter/Smith approach
we have to define an adequate imaginary minimal experiment ZI . If we want
to decide if Z2 is generated by the same VAR model as Z1 we need, as stated
above, a minimum of (d + 1)(p + 1) observations, otherwise integration over
the parameter space is not defined anymore. Maximal support for the “no
change”-model would be the same observed statistic in both observed time
series, i.e.
M (ZI )
dp + d + 1
M (Z1 )
=
⇔ M (ZI ) =
M (Z1 ).
m(Z1 )
m(ZI )
m(Z1 )
With this definition of M (ZI ) we can fix the undetermined constant in the
Bayes factor as
I[M (Z1 ) + M (ZI )]
,
cI =
I[M (Z1 ))]I[M (ZI )]
and obtain the Bayes factor
(i)

BI = cI ·

I[M (Z1 )]I[M (Z2 )]
.
I[M (Z1 ) + M (Z2 )]

Substituting the obtained Bayes factor in (4.6) gives an expression for the
change probability:
(Z1 ) + M (ZI )]I[M (Z2 )]
P[change|Z] = I[M (Z ) + M (ZI[M
.
)]I[M (Z )] + I[M (Z ) + M (Z )]I[M (Z )]
1

2

I

1

I

2

(4.13)
Coming back to the example given in Fig. 4.1, we can now compute the
probability of a change for the identified candidate change point in both time
series. Then Z1 becomes the part of the analysed time series before the candidate change point, i.e. where the conditional change point probability is
maximised, and Z2 the part after the candidate change point. Computation
of the change probabilities (4.12) and (4.13) corresponding to these segments
for both time series gives

P[change|Z]
Fractional Bayes (4.12)
Imaginary Experiment (4.13)

Time series 1

Time series 2

(left in Fig. 4.1) (right in Fig. 4.1)
1
0.0217
1
0.0226

We see that both procedures yield the right result, and reject a change point
where no change occurred (time series 2) while accepting the true change point
(time series 1). Of course besides the both suggested procedures any other of
the approaches mentioned in § 4.1.2 can be used. However we choose the
fractional Bayes approach as it worked out satisfactory in various test cases,
is computational cheap, includes parameter uncertainty and is less speculative
than the imaginary minimal experiment approach.
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4.2.5 Asymptotics
Assume, that we have identified a candidate change point and want to test/
decide if it is a real change point, i.e. we have to decide between two hypotheses
H0 : (Φ1 , R1 ) − (Φ2 , R2 ) = (0 , 0 ) against H1 : (Φ1 , R1 ) − (Φ2 , R2 ) 6= (0 , 0 ).
A common procedure in this setting is to perform a likelihood ratio test,
cf. § 4.1.2, since the distribution of the likelihood ratio statistic under H0
is asymptotically known. But hypothesis testing as a decision rule is not consistent. In fact, the concept of consistency is very much opposed to that of
hypothesis testing, since the essential point in hypothesis testing is to define
a decision rule with a predefined (small) level of probability to reject H0 even
if it is true. In other words, even in the asymptotic case there is a (known)
probability of making a wrong decision. Surprisingly, this does not hold if
decisions are based on Bayes factors or Bayesian probabilities, like in (4.6).
Then, under quite general assumptions, it can be shown [39, 89], that under
the alternative H0 or H1 the decision rule is consistent, i.e.
lim

T →∞

(
1 , if H0 is true.
[H0 |Z] =
0 , if H1 is true.

P

However, consistency is achieved only if the increase of data does increase
the accuracy of all parameters under both hypotheses. That is, consistency
breaks down if the amount of information in the likelihood concerning some
parameters increases significantly slower with T than information on other
parameters, for examples see [25, Sec. 7]. With respect to the change point
problem this means that consistency is only guaranteed if both segments of
the time series grow with T at the same rate. There are proposed correction
terms if information on different parameters grows at different speed [26], but
they are hard to evaluate.

4.3 Algorithmic Procedure
In this section we are going to state the proposed algorithmic procedure derived
by the considerations above. Before we do this, we will comment on how to
cope with effects due to the finiteness of the time series the change point
analysis is applied to. After stating the core algorithm, we will also comment
on post processing possibilities, followed by showing two examples in the next
section.
To make the following sections more readable we introduce the following
notation: Given some time series (segment) {z t0 , z t0 +1 , . . . , z t1 } we define by
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M (t0 , t1 ) the corresponding moment matrix


1
t1
z t−p 
X



M (t0 , t1 ) :=
 ..  1 z 0t−p . . . z 0t .
 . 
t=t0 +p
zt
Obviously the definition depends on VAR order p, but we omit an appropriate
index if the p is evident from the context. Note that even though the notation
does not capture possible modifications of the statistics by leaving out certain
summands, as done in § 3.4.2 to cope with circular data, all of the following
holds also for modified moment matrices as such modifications only correspond
to the ignorance of some information contained in the data.

4.3.1 Margin effects
A systematic problem that occurs if change point detection based upon parameter estimation or parameter densities, as our approach, is applied to finite
a time series is that, if the segments of the time series are too short, the information about the parameters in these segments can be very misleading. An
illustration of this effect is given in the left panel of Fig. 4.2. Therefore, if a
time series with no change point is analysed, the change point algorithm will
tend to detect change points close to the ends of the time series. The key point
is that this effect can not be overcome just by regarding parameter uncertainty,
as information contained in a short time series segment is not just insufficient
but misleading. An example is given in the right panel of Fig. 4.2. Here a
trajectory generated by a VAR model is shown together with the function
f (i) = I[M1 (i)]I[M2 (i)],
M1 (i) = M (1, i),
M2 (i) = M (i + 1, T ),
which determines the candidate change points when no prior information is
available, cf. § 4.2.3. It should be of no surprise that the candidate change
points are located at the margins of the time series. But if we look at the
probability that a given candidate change point is a real change point, according to (4.6), we see that it is, as a function of candidate change points,
close to one at the margins. To prevent this effect one could add a penalty
function for change points close to the border. We implement this strategy by
testing for change points only within a window which leaves the margins large
enough. Note that we do not need a left margin if prior information about the
parameters is included from prior observations, i.e. if another moment matrix
Mp is at hand such that we can set
M1 (i) = Mp + M (1, i).
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Figure 4.2: Left: A realisation of an one dimensional VAR(1) process is plotted.
If parameters are estimated only from data points left to the red line they
will significantly differ from parameters obtained using the whole time series.
Right: In the upper part of the figure a two dimensional trajectory from a
VAR(1) process is plotted (blue lines). Below the black line the logarithm
of f (see text) is shown (dashed red line, arbitrary scale). Also shown is the
probability of a change point for each possible change point that would be
obtained by using the fractional Bayes approach (red line). The vertical lines
border the minimal length of a time series segment, here (d + 1)(p + 1) = 6.
It can be seen that in the margin regions the procedure would always detect
a change point.

4.3.2 Short Time Deviations - Recrossings
When applying change point detection to real data one naturally has to handle
with outliers, i.e. single points whose dynamical behaviour is different than the
others, or short time deviations, i.e. for a short period of time the dynamical
behaviour of the time series is different from that before and after. In the
computation of reaction rates as done in Chapter 5 such effects are encountered
quite systematically and called recrossings. Often one does not want to detect
such short time deviations as one is interested only in persistent changes of
the dynamical behaviour. One can avoid detection of deviations shorter than
some predefined time tr ∈ in the following way:
Having identified a candidate change point c, one calculates the probability of
a change occurring at that position based upon the matrices M1 , M2 , M3 which
contain the sufficient statistics of the time series before, after and without a
change point, i.e.

N

M1 = M (1, c − 1),

M2 = M (c, T ),

M3 = M1 + M2 .

Instead of using these matrices one can exclude the information contained in
the trajectory for tb steps after the candidate change point by using, instead
of M2 and M3 ,
f2 = M (c + tb , T ), M
f3 = M1 + M
f2 .
M
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Figure 4.3: A one dimensional time series is shown (blue) which fluctuates
mainly in [0, 1.5], at around t = 400 there is an obvious rise but after approx.
50 steps it seems to regain the beforehand behaviour. The (logarithm of the)
conditional change point distribution (red line) clearly identifies a candidate
change point at the beginning of the rise. The change probability at this
candidate change point is P2 = 0.99. If a window as described in the text is
used to mask out a part of the trajectory after the candidate change point
(gray shaded) the change probability drops to P1 = 0.48, as after the window
the behaviour of the trajectory is similar to that before.
The rational behind this strategy is, that only if the dynamical behaviour after
the potential change point stays different longer than the predefined time tb ,
it will affect the calculated probabilities because the dynamical information
between c and tb is not used. For an example see Fig. 4.3.
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4.3.3 Algorithm
We summarise the results obtained so far in the basic algorithmical procedure
stated in Alg. 2.
Algorithm 2: Sequential change point detection
Parameter: tm ∈ (minimal segment size)
tu ∈ (length of update window)
tb ∈ (length of buffer zone)
α ∈]0, 1[ (threshold value for detection of a change)
p (VAR order) or pmax (maximal VAR order)
Input
: A d-dimensional time series Z = {z 1 , z 2 , . . .} with sequential access.
If p is not given estimate p ∈ {0, 1, . . . , pmax } based on z 1 , . . . , z tm .
MI ← M (1, tm )
tE ← 2tm + tu
[change] ← 0
while [change] < α do
Determine candidate change point between tm and tE − tm :
for k ← p + 2 to tE − 2tm do
M1 ← M (tm + 1, tm + k) + MI
M2 ← M (tm + k + 1, tE )
lk−p−1 ← I[M1 ]I[M2 ]
(cf. (4.10))
ĉ = tm + p + argmax lk

N
N
N

P

2.1

P

k

If the candidate change point is not too close to the margin compute its
probability:
if tE − ĉ > tb + tm then
M1 ← M (tm , ĉ) + MI
M2 ← M (ĉ + 1 + tb : tE )
b ← (dp + d + 1)/(M2 (1, 1))

2.2

2.3

I[M (Z1 )]I[bM (Z2 )]
P[change] = I[M (Z )]I[bM
(Z )] + I[bM + (1 − b)M ]
1

2

1

(cf. (4.12))

2

tE ← tE + tu
Output: The change point ĉ and a corresponding moment matrix M1 for the identified segment.
Note that in the implementation of this algorithmic scheme we substituted
quantities by their logarithmic values where suited to avoid numerical problems. A few comments on the parameters:
• Note that the most important parameter is tm , as it determines the res-

80

4.3 Algorithmic Procedure
olution of the change point algorithm, examples are given in the § 4.4.1.
Defining a minimal segment size of course requires that there is no change
point within the first tm data points.
• The parameter tb has a double role, first it is used as described in § 4.3.2
to exclude short deviations from the change point detection and, second,
it excludes (2.2) candidate change points which are close to the right
margin of the test window, because the change might have had happen
at the very end of the time series (where it was not tested due to margin
effects). This is unproblematic as the change point will be detected in
the next circle again.
• In practice, it turns out that the threshold parameter α should be chosen
rather large to avoid false alarms, fundamental changes will reflect in a
change probability close to one anyway.
For a long time series the stated algorithm can become quite ineffective as, after
every new received data package, the loop to determine a candidate change
point (2.1) is executed over all data points received so far. In practice this
can be overcome by testing for a candidate change point only over the last
wmax received data points, and add the information content of the beforehand
received data points to the moment matrix MI .
In order to detect multiple change points the algorithm can be used multiple times, starting each time from the last detected change point again. In
applications it is often advisable to start the algorithm again with a certain
lag to the last detected change point, in order to prevent that the transition
phase between different dynamical phases spoils the statistics.
Note that after the information of a part of the time series is stored in
a moment matrix M this part can be completely discarded as all statistical
relevant information is now stored in M . Therefore the whole approach is
suited to handle with large data sets as e.g. occur in molecular dynamics
simulations, see § 5.3 for an example.

4.3.4 Post processing
If the change point algorithm is applied repeatedly on a time series to obtain
multiple change points, the procedure will finally generate a sequence of change
points c0 := 1, c1 , . . . , cs−1 , cs := T + 1 and therefore a segmentation of a given
time series Z, whose segments are given by
Zi = z ci−1 , . . . , z ci −1 ,

1 ≤ i ≤ s,

and the corresponding moment matrices M1 , . . . , Ms which contain the statistically relevant information. These matrices can be used for post processing
purposes, e.g. to drop falsely detected change points or to group the data
globally.
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For this purpose we define a distance matrix D, measuring the distance
between all identified segments Z1 , . . . , Zs of the time series, according to the
probability that the segments are generated by the same VAR model:





I[Mi ]I[bMj ]
, if mi ≥ mj
I[Mi ]I[bMj ] + I[bMi + (1 − b)Mj ]
Dij =
I[bMi ]I[Mj ]



, if mi < mj ,
I[bMi ]I[Mj ] + I[(1 − b)Mi + bMj ]
dp + d + 1
b=
,
min(mi , mj )

(4.14)

with 1 ≤ i, j ≤ s and mi the upper left entry of Mi . So the distance is just
the probability of a change point, where the change point has to be between
the two segments. To make the distance matrix symmetric and to avoid waste
of information from the shorter segment we always use the longer segment to
extract prior information about the parameters.
In order to exclude falsely detected change points one should test again for
a change point between adjacent segments, i.e. generate a new set of change
points c̃0 , . . . , c̃k and a corresponding set of moment matrices (M̃1 , . . . , M̃k )
using the distance defined in (4.14) by Algorithm 3.
Algorithm 3: Exclusion of falsely detected change points
c̃0 = 1
j=1
for i = 1 to s − 1 do
if Di,i+1 < α then
M̃j = Mi + Mi+1
else
c̃j = c̃i
j =j+1
M̃j = Mi
end if
end for
c̃j+1 = T
Segments may be merged again, even if the same criteria is used as in the
change point Algorithm 2, due to the fact that the decision is now based on
more data points.
Furthermore, the obtained distance matrix can be used to cluster the data,
i.e. to merge different time series segments (in fact one would first exclude the
falsely detected change points and then set up a full distance matrix with the
set of merged moment matrices), e.g. by an hierarchical clustering algorithm
[59]. Therefore, the distance between two clusters C1 and C2 is given by the
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maximal distance between any member of one cluster to any member of the
other cluster:
d(C1 , C2 ) = max Dij ,
Mi ∈C1
Mj ∈C2

alternatively one can define the distance between clusters by the minimal distance between any two members. The hierarchical structure appears by gradually raising the maximal distance dmax allowed for objects within a cluster. If
dmax = 0 all moment matrices M1 , . . . , Ms define their own cluster. By raising
dmax eventually two segments are allowed to form a cluster, further on other
segments may join the cluster or define their own cluster or two clusters may
merge to a single cluster. After merging the moment matrices belonging to
the same cluster wrt. dmax one would iterate the process until there is no more
merging of moment matrices, an example is given in § 4.4.3.
Of course, one can think of other clustering strategies, e.g a clustering on
parameter space instead of clustering the moment matrices.

4.4 Application to Time Series
4.4.1 1D Test Potentials
As mentioned before, the parameter for the minimal segment size tm in Alg. 2 is
of special importance as it controls the sensitivity of the change point detection.
To demonstrate this we define three simple one dimensional test potentials.
The first

Vs (x) = −2 exp(−0.3(x + 3)2 ) + exp(−0.3(x − 3)2 ) + 0.001x4

(4.15)

is a smooth double well potential with two minima at x = 3 and x = −3.
The added fourth order term embeds this structure in a basin with unbounded
walls. The second one,

Vp (x) = − 2 exp(−0.3(x + 3)2 ) + exp(−0.3(x − 3)2 ) + 0.001x4
+

5
X

ai sin(bi x + ci ),

(4.16)

i=1

is obtained by small perturbations of the first one with sinusoidal terms. The
parameter ai ∈ [0, 0.3], bi ∈ [0, 10] and ci ∈ [0, π] are randomly drawn1 . Finally
1

In this example the parameters were, in vector notation
a = (0.096, 0.160, 0.027, 0.034, 0.041), b = (9.899, 5.144, 8.843, 5.880, 1.548) and
c = (0.628, 1.279, 2.352, 2.594, 2.482).
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Figure 4.4: Left: The smooth potential Vs consisting of two local wells. Middle:
The potential Vl exhibits three local wells within each major well. Right: Vp
is based on Vs with minor irregular perturbations.
we have

Vl (x) = −2 exp(−0.3(x + 3)2 ) + exp(−0.3(x − 3)2 )

−1.8 exp(−10(x + 4)2 ) + exp(−10(x − 4)2 )

− exp(−15(x + 3)2 ) + exp(−15(x − 3)2 )

− exp(−13(x + 2)2 ) + exp(−13(x − 2)2 ) + B(x),

(4.17)

which has three pronounced local minima added to each of the major wells.
The fourth order term which appears in Vs and Vp is replaced a switching
potential

 0.892x , if x ≥ 5,

B(x) := −0.892x , if x ≤ 5,


0
, else.
The three test potentials, which are depicted in Fig. 4.4, are used to define a
diffusion process via
p
ẋ(t) = −∇x V (x(t)) + β Ẇ (t),
where V is replaced by Vs , Vp or Vl , while the temperature parameter β is set
to β = 1.21 in all three cases.
We expect that the dynamical behaviour of the so defined diffusions can
be characterised by a switching process between the two dominant wells of Vs
on a large time scale, while the local structure in Vl should induce another
switching regime on a shorter time scale. The perturbed potential Vp was
chosen to check if the change point algorithm can handle (weak) deviations
from the model assumptions as it destroys the harmonic structure of the global
wells. From the so defined diffusions we obtain a trajectory by a simple EulerMaryuama discretisation
p
xt+1 = xt − τ ∇x V (xt ) + βτ N (0, 1),
with the integration time step τ set to τ = 0.01 and a start value x0 = 2.
Integrating until T = 199.99 yields three trajectories with 20000 data points
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for each of the three models, which we denote by Xs , Xl and Xp subsequently.
These trajectories where analysed with the change point algorithm applied
repeatedly so that multiple change points were detected while scanning the
time series from beginning to end. Several runs were conducted. The buffer
parameter tb , the probability threshold α and the order parameter p were kept
fixed all the times, i.e. tb = 20, α = 0.7 and p = 1, while the minimal segment
size tm was varied and the update window tu was set equal to tm . Four runs
where conducted for each trajectory with tm set to 50, 100, 200 and 1000. The
results, after deletion of false alarms as described in Alg. 3, are shown in
Fig. 4.5.
A first glance at the results confirms that the change point detection algorithm is able to detect transitions between the two major wells in all three test
cases. There are no other detected change points than these transitions if the
minimal segment size tm is chosen large enough. Decreasing tm corresponds to
an increase of detected change points, this is more pronounced if the potential
used for generation of the time series has a more pronounced local structure,
i.e. for tm = 50 the number of detected change points drastically decreases
from Xs to Xp to Xl . The reason for this can be seen in Fig. 4.6 where we
zoomed in the first 2100 data point of the three time series and marked the
change points detected with tm = 50. Within this interval only one change
point is detected in Xs , the trajectory coming from the smooth potential Vs ,
and this one corresponds to a transition between the two major wells. For the
same interval there are 4 detected change point Xp and none of them corresponds to a change to another major well. Instead these change points mark
two areas where the time series is trapped for a short time in one of the local
wells created by the perturbation. Finally, in the time series piece of Xl there
are 13 detected change points and one can nicely see how these resolve the
local structure of the potential, i.e. how metastabilities on a faster time scale
than the transitions between the major wells are resolved.
In the first two figures of Fig. 4.7 it can be seen how the increase of tm reduces
the number of detected change points. While with tm = 50 the local structure
of Xl is nicely resolved, setting the tm = 100 prevents the detection of the first
change point in the interval [900, 2000] of Xl as the resulting segment would
be too small. This results into a large estimate for the variance of the current
time series segment such that excursions from one local well to another one are
not seen as jumps anymore but as excursions due to the high variance. But if
the time series stays longer than tm in one of these local wells again, another
change point is detected (at t ≈ 1800), since then a segment with much lower
variance can be identified. The third figure in Fig. 4.7 gives an example of a
falsely detected change point in Xs , looking at the MLEs for the local models
obtained from the corresponding moment matrices M1 and M2 (see picture)
illuminates the reason. The MLE model for the first segment is given by
ẋ = −1.21(x(t) − 2.64) + 1.14Ẇ (t),
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Figure 4.5: Results of the change point analysis for the 3 generated time series
with minimal segment size set to tm = 50, 100, 200 and 1000 (see text).
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Figure 4.6: The first 2100 data points of the time series Xs , Xp and Xl (from
left to right) are shown. Red lines mark detected change points (with tm =
50).

Figure 4.7: A close up of Xl to the interval [900, 2000]. Detected change points,
with tm = 50 (left) and tm = 100 (middle), are marked by red lines.
Right: A falsely detected change point in Xs (tm = 200), cf. text.
while for the second segment we have the local model
ẋ = −0.31(x(t) + 0.58) + Ẇ (t).
This is due to the fact that the MLE setting always tries to reduce the variance
in the estimated model, i.e. if there is a random excursion away from the area
where the mean is assumed then, if possible, it is always tried to be interpreted
this as a drift to a new mean. A larger minimal segment size eliminates this
problem as with high probability the trajectory will return to the old area and
therefore making the new model implausible.
Note that the detection of change points stemming from rough potentials
or randomly generated patterns can be prevented by thinning out the time
series which destroys such “local” effects. In Fig. 4.8 we demonstrate this
by analysing the time series obtained by taking only every 20th time step in
Xs , Xp and Xl , which corresponds to set the time discretisation step τ from
0.01 to 0.2, yielding three time series of length 1000. Analysing them using
tw = 50 for change points gives, with a single exception in Xl , only jumps
between the major wells.
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Figure 4.8: The results of the change point analysis with tm = 50 for the three
thinned out time series, i.e. only every 20th point was taken, is shown.

4.4.2 The Threehole Potential
The next example is diffusion in a two-dimensional potential, which for obvious
reasons it is called the Three-hole potential and is defined as
V (x, y) = − 3 exp(−x2 − (y − 35 )2 ) − 5 exp(−(x − 1)2 − y 2 )
− 5 exp(−(x + 1)2 − y 2 ) + 3 exp(−x2 − (y − 31 )2 )

(4.18)

+ 0.2x4 + 0.2(y − 13 )4 .
It exhibits three minima, a shallow one at approximately (0, 1.7), two deep
ones at approximately (±1, 0), and a maximum at approximately (0, 0.3). The
fourth order term in (4.18) again embeds the structure in a basin with unbounded walls. This potential has been studied in [80, 92] to analyse the
dynamics of diffusion processes within it, which are given by
p
ż(t) = −∇z V (z(t)) + β Ẇ (t),
(4.19)
with z = (x, y). The invariant measure of (4.19) is the Boltzmann-Gibbs distribution, i.e. proportional to exp(−βV ). It can be seen in Fig. 4.9 that at
lower temperatures the invariant measure concentrates in the minimal potential energy basins, while at higher temperatures it is more spreaded.
A linear SDE is expected to be a good approximation of the diffusion process
(4.19) as long as it moves in the vicinity of any of the potential energy basins,
since the shape of the potential energy surface is approximately quadratic
there. This approximation definitely breaks down if the process switches from
one basin to another basin, which it (rarely) does due to the random force.
But in the other basin the dynamical behaviour should be well approximated
by a linear SDE as well. Therefore, the Threehole potential should be a good
test system of our change point detection algorithm. In fact, in all our trials it
worked very satisfactory. As an illustration a segment of a trajectory, obtained
via an Euler-Maryuama integration of (4.19), with a time discretisation step
τ = 0.01 and the temperature parameter set to β = 2, is depicted in Fig. 4.10.
The change point detection was done with the parameters set to tm = tb =
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Figure 4.9: Left: A surface plot of the threehole potential V (x, y) as given in
(4.18). Middle: The invariant measure is proportional to exp(−βV ), which
is plotted here for β = 0.5 (red marks larger values of the measure while
blue corresponds to nearly zero values). Right: The invariant measure for a
lower temperature (β = 2).
tu = 50, p = 1 and a = 0.7. Note that as hops between potential are very
rare events, the testing, as described in § 4.3.3, was restricted to the last 750
data points of the time series for each cycle. Also note that after detection of
a change point ĉ the detection of a subsequent change point starts at ĉ + tb to
allow the trajectory to relax to a new potential well after leaving one.
In order to test if the change point algorithm can be used to obtain meaningful data-based reduced models from time series, a long time simulation for
two different temperatures β1 = 2.4 (low temperature) and β2 = 1.2 (high
temperature) is performed until 499 change points are detected in each one
of the trajectories. Note that, as β1 corresponds to a lower temperature than
β2 , approximately 10 times more simulation time is needed with β1 to detect
499 change points than with β2 . The output of the algorithm is, besides the
change points, 500 moment matrices M = (M (1) , . . . , M (500) ), which we keep
instead of the discarded time series segments.
The moment matrix set M̃ , obtained by sorting out falsely detected change
points with Algorithm 3, is then clustered with the hierarchical clustering
approach described in § 4.3.4. After clustering, moment matrices within a
cluster are summed together yielding again a reduced set of moment matrices.
This clustering and summing of moment matrices is repeated until no pair of
moment matrices has a distance smaller than α (which was set to 0.7). Finally,
we obtain 20 moment matrices for the low temperature β1 where over 99% of
the overall time series information is contained in three of them. Using the
moment matrices to estimate parameters of the corresponding VAR(1) model
reveals that the estimated means of the three local SDE’s exactly correspond
to the location of the three wells in the potential function, cf. Fig. 4.11.
For the higher temperature model with β2 we end up with 23 moment matrices with over 99% of the overall time series information contained in 12 of
them. The fact that more local models are needed to describe the dynamics is
of no surprise, since with higher temperature the local quadratic approxima-
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Figure 4.10: (a) After moving a long time in the left basin of the potential the
trajectory finally hops to the right basin. (b) A candidate change point ĉ
is easily identified by locating the maximum of the conditional probability
(red circle = detected change point, black line = right margin defined by tm ,
dotted line = puffer zone defined by tb ). (c) The diffusion process seen with
bird’s eye view in the two dimensional potential, ĉ is marked with the red
circle again. (d) The procedure starts again from ĉ + tb . At first there is a
left and a right margin to our test window. (e) The first candidate change
point is invalid as it is too close to the right margin. (f )+(g) After iterating
the algorithm many times a subsequent change point occurs and is detected.
(h) From the bird’s eye view we see that the new change point corresponds
to a jump back to the vicinity of the start basin.
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tion of the potential function becomes more and more inaccurate and therefore
more local models are needed for a reasonable approximation. In both cases
it is now straightforward to obtain a local linear model for the dynamical
description of the process in the sense of (3.37) as the parameters can be obtained from the moment matrices and the rates of the switching process can
be estimated from the detected change points. For comparison we define the
following approximate invariant densities of these switching models
πi (z) =

ki
X

(j)
(j)
wi |2πΣi | exp



z−

(j)
µi

0 

(j)
Σi

−1 

z−

(j)
µi



,

(4.20)

j=1

with i = {1, 2} corresponding to β1 and β2 , which is a weighted sum of invariant
(j)
(j)
densities of the local VAR models. By Σi and µi we denote the stationary
covariance matrices and means of the local linear models. As shown in § 3.3.2
the mean can be extracted from the estimator of Φ. The stationary covariance
matrix can be obtained from the solution2 of (A.10):
Σi (j) exp(τ Fi (j) )0 − exp(τ Fi (j) )−1 Σi (j) = exp(τ Fi (j) )−1 Ri (j) ,
where Ri (j) is directly estimated and exp(τ Fi (j) ) is obtained from Φi (j) of the
corresponding local model. By w(j) the weights of each model, defined by
(j)

(j)
wi

mi

= Pk
i

l=1

(l)

,

ml

(j)

are denoted, where mi is the upper left entry of the corresponding moment
matrix and ki the number of local models for the corresponding temperature.
These densities are approximate as they rely on the assumption that the invariant density of a local model is sampled before the process switches to
another local model, but since there is a time scale separation between the
jumps in different basins and the diffusive movement, this assumption is justified. These obtained approximate invariant densities are compared to the
Boltzmann-Gibbs distributions of the original dynamic in Fig. 4.11. It can be
seen that they resemble the major characteristics of the invariant densities at
both temperature levels, which can not be done by using a single linear model
from all the simulated data points.

2

An analytical solution is possible in most cases as shown in [106, Appendix A].
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Figure 4.11: Top (middle) left: The Boltzmann-Gibbs density of the Threehole
potential with β1 = 2.4 (β2 = 1.2). Top (middle) right: The approximated
invariant density of the switching model as given in (4.20) for β1 (β2 ). The
centrepoints of the used harmonic potentials are plotted as red and black
circles, the weights of the linear models corresponding to the red circles
would sums up to more than 99%. Bottom left (right): The invariant density
obtained by fitting a single linear model to the whole simulated trajectory
for β1 (β2 ) with 2898704 (307843) data points.
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Figure 4.12: Left: The simulated penta-peptide with the 10 observed torsional
backbone angles marked. Right: During the simulation the molecule transforms from a structure where mainly the side chains interact to a more
compact and stable structure via several metastable intermediates. The
metastable structures at the beginning and at the end of the trajectory
are visualised by density plots showing the flexibility within a conformation
(Visualisation by AMIRA, [115]).

4.4.3 Penta-alanine
In order to demonstrate the applicability of the precedingly presented algorithm to segment time series in a similar way as the HMM-VAR algorithm
does, we present an example from molecular dynamics (MD). We will use
simulation data of an artificial penta-peptide, consisting of a capped chain
of five amino-acids: glutamine-alanine-phenylalanine-alanine-argenine, shown
in Fig. 4.12. The peptide is itself an interesting object to study, as it is a
small molecule which is able to form salt bridges, an important and still not
well understood matter. We will not concern with this subject but rather
use a trajectory of the peptide for demonstration purposes of our algorithm
only. The trajectory was obtained from an MD-simulation in vacuum using
the NWChem software package [13,66]. The integration time step was set to 1
femtosecond, while the coordinates were written out every 200 femtoseconds.
The trajectory we use consists of 100000 points thus covering a time span of
20 nanoseconds in total. What can be seen in the trajectory is the folding of
the peptide from a spread out structure where only the two long side chains
interact (the salt bridge) to a more compact and very stable structure, see
Fig. 4.12.
Since the dimension of the time series is higher than in our two dimensional
example before we choose more conservative parameters, i.e. tm = tu = tb =
100, and as before p = 1 and α = 0.7. Choosing tm and tb in a range from 100
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Figure 4.13: In this dendrogram the allocation of the 38 identified time series segments to 23 clusters via hierarchical clustering is shown (marked by
colours and boxes). The tree represents the hierarchical cluster distances
using the distance measure given in (4.14), however as the inter cluster distances are very close to zero while the intra cluster distances are almost one,
it is not very structured.
.
to 500 does not significantly alter the results, if they are chosen smaller, resp.
larger, more, resp. less, change points will be detected, as these determine the
resolution of the algorithm, cf. § 4.4.1. Note that since we now deal with circular data the algorithm has to be adjusted such that the actual tested time series
segment is shifted to make it quasi non-circular, cf. § 3.4.2. Unfortunately this
means that we can not discard the time series data and instead use the moment
matrices for post processing, as shifting the time series will alter the moment
matrices in a non-reversible way (one could think of various work-arounds,
like imposing restrictions on the shifting, i.e. shift the whole time series the
same way), but this is no obstacle here as the time series is short enough. The
change point algorithm terminates with 37 detected change points. Doing the
post processing as described above (with recomputation of the moment matrices), these 38 segments are clustered in 23 clusters, cf. Fig. 4.13. The outcome
is depicted in Fig. 4.14 and 4.15 and seem to be quite reasonable. Note that
the same analysis with the HMM-VAR algorithm would require much more
computational effort and is sensitive to initial conditions.

94

4.4 Application to Time Series

Figure 4.14: The 10-dimensional backbone torsion angle time series of the peptide (splitted in 3 sub panels, Top: dimension 1-4, Middle: 5-7: Bottom: 810). The vertical lines mark the detected change points. The digits 1 to 23
over the panels indicate the membership of the segments to the 23 clusters
obtained from hierarchical clustering as explained in the text (the digits are
distributed over different panels only for reasons of readability).
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Figure 4.15: Here the obtained time series segments, bordered by dashed lines,
are plotted in a permutation such that the ones allocated to the same
cluster, bordered by thick lines, are side by side.
96

5 Computation of Rate Constants
In this chapter we show how to employ the techniques previously described
to compute rate constants in molecular systems following some ideas of Art
Voter [122, 124]. We begin by describing briefly the very basic idea of transition state theory and the estimation of rate constants, for a more complete
presentation the reader is referred to [45, 120]. Afterwards, the approach of
Art Voter is presented, who tackles the problem of rate constant computation
via direct molecular dynamics simulation, which is only possible by speeding up the transition events, e.g. via distributed computing. This approach
depends crucially on the detection of transitions between different potential energy basins on-line, which can be done by the on-line change point detection
developed above. At last we show how to implement the obtained procedure
for a small molecular example.

5.1 Transition State Theory
In principle Transition State Theory (TST) provides a way to compute the
(approximate) transition rate of a rare events system without simulating the
system under consideration. Assume a dynamical system which can be described by some Langevin or Smoluchowski dynamics, cf. (3.20), i.e.
q̇(t) = M −1 p(t)
ṗ(t) = −∇q U (q(t)) − γM −1 p(t) + σW (t),
or

R

γ q̇ = −∇q U (q(t)) + Σ Ẇ (t),

with q, p ∈ d , such that the fluctuation-dissipation relation γ + γ 0 = βσσ 0
holds for an arbitrary constant β. As seen in § 3.3.1 the invariant densities of
these dynamical systems are given by the Gibbs densities



1 0 −1
p M p + U (q)
, resp. f (q) ∝ exp (−βU (q)) .
f (q, p) ∝ exp −β
2

R

Assume that there are m disjoint subsets S1 , . . . , Sm ∈ d of the position space
such that the following two conditions hold
R
(1) With Ni := Si Z −1 exp(−βU (q))dq, 1 ≤ i ≤ m, defined as the invariant
R
weight of each subset, where Z = Rd exp(−βU (q))dq is the normalisation constant,
N1 + N2 + · · · Nm ≈ 1.
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(2) If a realisation of the observed process stays within one subset Si , the
waiting time Ti till it reaches another subset can be approximately modeled by an exponential distribution (independently of previous waiting
times), i.e.
[Ti > t] = exp(−λi t), λi > 0.

P

Note that the second condition holds if there are potential barriers between the
subsets S1 , . . . , Sm which are high compared to the stochastic excitation [100,
Ch. 5.10], as then the system will stay with high probability long enough in
one subset to loose its memory, i.e. to equilibrate locally within some time
τcorr before changing to other potential basins at a time larger than τxc with
τcorr  τxc . This in turn induces a metastable decomposition with respect
to the fastest local relaxation time τrel , as one can embed the subsets S̃1 ⊃
S1 , . . . , S̃m ⊃ Sm such that S̃1 , . . . , S̃m define a metastable decomposition of
the state space.
For the moment assume that there are only two subsets a := S1 and b := S2 ,
or a := Si and b := ∪j6=i Sj . Since the time between hops from one set to the
other is supposed to be an independent exponential processes the dynamic of
the jump process
(
1 , if q(t) ∈ S1 ,
h(t) =
2 , if q(t) ∈ S2 ,
must be ruled by a Markov jump process [12, Ch. 8]. Therefore the population
densities in a and b over time, denoted by
na (t) :=

E[χa(q(t)]
E[χa(q(t))] + E[χb(q(t))] ,

nb (t) :=

E[χb(q(t))]
E[χa(q(t))] + E[χb(q(t))]

where χ is the characteristic function and the expectation is taken with respect
to the propagated initial distribution, are governed by a master equation
ṅa (t) = −λa→b na (t) + λb→a nb (t)
ṅb (t) = −λb→a nb (t) + λa→b na (t).

(5.1)

To estimate the rates λa→b and λb→a one can use that the expectation value
of an exponential distributions equals the inverse rate, i.e.
−1
ka→b
=

E[Ta],

−1
kb→a
=

E[Tb],

where Ta , resp. Tb , is a random variable denoting the exit time from set a,
resp. b. Due to ergodicity these expectation values can be estimated from a
trajectory, i.e. a realisation of the stochastic process. If NTab counts the number
of jumps between a and b up to time T and Na , resp. Nb , are the invariant
weights of the sets a, resp. b, we have
Na T
E[Ta] = Tlim
2 ab
→∞ N
T
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=

2Na
,
ν

Nb T
E[Tb] = Tlim
2 ab
→∞ N
T

=

2Nb
,
ν

5.1 Transition State Theory
N ab

with the jump frequency ν defined as lim TT . If Na and Nb are not known,
T →∞
they can be estimated from the trajectory as the fraction of time spend in set
a, resp. b. Therefore, the exit rates and therefore the first order model given
in (5.1) can in principle be estimated from a single trajectory. In practice,
however, this is infeasible in a direct way for most cases since one needs very
long trajectories to estimate the jump frequency between a and b as these
jumps are rare events.
A resort is provided by the classical transition state theory which is based
upon the insight that the escape rate constants can be approximated by the
equilibrium flux through a dividing surface. Therefore, we embed a ⊂ A and
b ⊂ B and define a dividing surface S between A and B such that A ∪˙ S ∪˙ B =
d
. For convenience assume that the dividing surface can be parametrised as
the level set of some scalar function s, such that S = {q : s(q) = 0} and that
s(q) < 0 if q ∈ A and s(q) > 0 if q ∈ B. With analogous notation as above
we have

R

λ−1
A→B

2NA
= T ST ,
ν

λ−1
B→A

2NB
= T ST ,
ν

ν

T ST

NTAB
= lim
,
T →∞ T

where NA ≈ Na and NB ≈ Nb as Na + Nb ≈ 1. To evaluate the frequency ν T ST
note that with the use of the heavyside function
(
1, if x > 0,
H(x) =
,
0, if x ≤ 0,
the characteristic function of the sets A and B can be written as
χA = H(s(q)),

χB = H(−s(q)).

This allows to express ν T ST as
NTAB
T →∞ T
Z
1 T d
= lim
H(s(q(t))) dt
T →∞ T 0
dt
Z
1 T
= lim
|q̇(t) · ∇q s(q(t))| δ(s(q(t)))dt
T →∞ T 0
Z
=
|M −1 p∇q s(q(t))|δ(s(q))f (q, p)dqdp,

ν T ST = lim

Rd ×Rd

where ergodicity was used in the last step. This integral can be evaluated by
sampling techniques, but unfortunately the obtained transition state frequency
ν T ST might overestimate the true frequency ν significantly due to recrossings,
i.e. due to the fact that not every trajectory crossing the dividing surface S will
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reach the other basin before recrossing it, which might happen many times.
Therefore we have
ν T ST ≥ ν.
An obvious way to improve the estimate for the jump frequency ν is to choose
the dividing surface that minimises ν T ST , the so called variational TST approach [120]. But obviously optimisation is only feasible within specific classes
of dividing surfaces like planar surfaces. Furthermore there is no straightforward extension to evaluate an exit rate to a particular state, e.g. λi→j if there
are multiple states.
Another strategy to improve ν T ST is to find a dynamical correction factor c
such that cν T ST is closer to ν. There are different strategies to compute this
correction factor, either one estimates a time dependent exit rate and identifies
a quasi constant plateau value which it takes on a timescale between τcorr and
τrx [18], or one starts trajectories from the dividing surface and computes the
correction factor from the fraction that reaches another (specified) set after
τcorr [123]. But also the computation of the correction factor needs specification
of an appropriate dividing surface, i.e. enclosing a potential energy basin in a
dynamically meaningful way, as otherwise its sampling has to be very extensive.

5.2 Estimation from Time Series
We have seen in the preceding section that the need for extensive simulations
to compute exit rates can be circumvented by evaluation of integrals in phase
space. However, specification of a suitable dividing surface is in general not a
trivial task and integration in phase space can be limited in high dimensional
systems. Therefore Art Voter propagated an approach to speed up simulations via distributed computing such that rare events can be observed in a
reasonable time [122,124]. The approach is based upon the observation that if
T1 , T2 , . . . TN are independent exponential distributed random variables with
rates λ1 , λ2 , . . . , λN , i.e.

P[Ti > t] = exp(−λit),
then Tmin := min(T1 , T2 , . . . , TN ) is exponential distributed as well with rate
λ1 +λ2 +· · ·+λN . Therefore, if all rates are identical, i.e. λ1 = λ2 = · · · = λN =
λ, Tmin is exponential distributed with rate N λ. Adapted to the problem of
reaction rate estimation of a molecular system this means that if one starts N
uncorrelated trajectories within the same potential energy basin the expected
time to observe an exit in any one of these trajectories is equal to

E[Tmin] = N1λ .

(5.2)

The crucial point is that uncorrelated trajectories can be simulated on different
processors, e.g. via distributed computing, such that even if the computational

100

5.2 Estimation from Time Series
effort is not lowered, the expected wall clock time to observe a rare event,
i.e. the exit from a start basin, is speeded up by a factor of N , while the
dynamical properties of the system are exactly retained. Due to immense
increase of computer power and the use of global networks like Folding at
Home [112] the factor N can lead to an enormous increase. It makes no
difference if the computer clock on the different processors is not equal, i.e. if
there are faster and slower processors, as we have

P[T1 > t1, T2 > t2, . . . , TN > tN ] =

N
Y

exp(−λti ) = exp(−λ(t1 + · · · + tN )),

i=1

as long as T1 , T2 , . . . , TN are uncorrelated. That means that the effect of simulating uncorrelated trajectories can be interpreted in two ways, as an increasing
of the exit rate (5.2), or as a (virtual) increase of the time elapsed, since the
computed time on all processors sums up. Therefore the exit rate estimate
from a single observed exit time would be
λ̂ =

1
,
Tx

(5.3)

where Tx is the simulation time elapsed on all processors until the first exit
event is detected on one of them. This naturally leads to an estimator based
(1)
(k)
on k observed exit events Tx , . . . , Tx and corresponding rate estimators
λ̂1 , . . . , λ̂k :
k
1X
λ̂i .
(5.4)
λ̂ =
k i=1
Based on this the procedure advocated by Art Voter is the following
• Start simulating N trajectories of the system within the same potential
basin, i.e. metastable state, but with uncorrelated initial conditions, on
N different processors.
• After some predefined time tu check if one of the trajectories left the
potential basin. If not proceed with simulation and repeat this step until
such exit has been detected.
• Propagate the trajectory in which the exit occurred another time span
τcorr to detect recrossings. If there is a recrossing continue simulating all
trajectories as before, otherwise proceed to the next step.
• Compute λ̂i as in (5.3) and use the end configuration of the trajectory
which left the basin to generate N uncorrelated copies of the system
within the new potential basin and start the procedure from the beginning.
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After some iterations of this procedure the transition rates from one metastable
state to another can be estimated by (5.4).
In the next paragraphs we are going to comment on three obvious hurdles
one has to overcome to employ the suggested procedure:
a) How to detect an exit from a potential basin?
b) How to create uncorrelated copies from a configuration?
c) How to detect in which basin the process currently is, resp. in which
basin it jumps?
A more detailed description of a possible implementation of the herein suggested solutions (wrt. to a molecular example) is done in § 5.3.
How to detect an exit from a potential basin? In the easiest case the
reaction coordinate as well as its mapping to different metastable states is
known. For example, if one is interested in folding and unfolding of proteins
this could be some distance between the end groups of the protein such that a
shorter distance means a folded and a larger distance an unfolded state, like it
is also used in experimental techniques [103]. Another feasible case is a smooth
potential energy surface, in this case a simple gradient descent procedure can
be used to test if the basin has been left. This is exploited in the work of Art
Voter where diffusion on metal surfaces is investigated [122, 124].
However, energy surfaces in the biomolecular context are in general very
rough, such that a simple gradient descent algorithm would end up in different local minima even if the overall basin is the same. A different approach
applied for molecular systems in MD simulations by Zagrovic et al. [128] is
to detect conformational changes by monitoring the variance of the potential
energy and defining a change if the variance grows rapidly. This approach is
based upon the reasoning that to jump from one basin to another a high energy barriers must be crossed, while within the basins the fluctuations in the
potential energy will be much lower. However, there are three potential pitfalls
with this approach, (1) it is not always the case that potential energy excitation corresponds to a jump to another basin, (2) the problem of recrossings
is not treated, (3) since transitions between different basins are, in general,
fast events configurations with high potential energy may not show up in the
trajectory if the time lag between successive data points is too large.
An alternative way to detect changes is provided by the on-line change
point detection algorithm developed in § 4. This is tempting as stochastic
differential equations, e.g the Langevin dynamic, are a quite natural dynamical
description for reduced (reaction) coordinates [68]. Furthermore as shown
in § 4.4.1, the roughness of the potential energy surface can be approximated in
a dynamical sense by harmonic potentials, cf. [54]. The change point detection
algorithm can be implemented efficiently in a distributed computing setting, as
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only moment matrices, instead of trajectories, need to be exchanged between
processors to exchange information about the models.
How to create uncorrelated copies from the system? An easy way to get
uncorrelated copies of a system within a basin is to create a number of copies
of the coordinates, randomly draw momenta from the Boltzmann distribution



1 0 −1
pM p
,
(5.5)
fB (p) ∝ exp −β
2
where β is chosen according to the given temperature, for each of the copies
and propagate them in phase space for some time which is approximately τcorr .
Finally the end points of the obtained trajectories can be used as uncorrelated
copies of the system. This can be refined by more sophisticated techniques
like short hybrid Monte Carlo schemes [34, 35, 79], see the example in § 5.3 for
further explanations, to get a (locally) representative sample of points within
a basin. However, one has to check if all obtained copies are still within the
same basin, since during sampling it is possible, even if unlikely, that an exit
event took place. A way to do this is to generate short trajectories from
the obtained points in phase space and check with the clustering techniques
suggested in § 4.3.4 if they belong to the same basin and discard all points for
which this seems not to be the case (again further explanations are given in
the next section).
How to identify different basins? The identification of different or allocation
to identical basins of trajectory pieces before and after a change point can be
done by the post processing techniques described in § 4.3.4, i.e. by clustering
the moment matrices obtained from trajectory pieces between detected change
points with, e.g., the hierarchical clustering algorithm.

5.3 The Alanine-Dipeptide
As an illustration how to employ the change point detection algorithm to
compute exit rates we use a small molecular system, the alanine-dipeptide,
depicted in Fig. 5.1. Its essential dynamics can be described by the two backbone torsion angles Φ and Ψ. Stabilised by the dipole of the peptide bonds,
the alanine-dipeptide will take a stable conformation in vacuum with the central atoms O − C − N − Cα − C − N − H forming a ring, a so called C7
conformation (as 7 atoms are forming the ring). By rotation of the dihedral
angles Φ, Ψ the formation of this ring is possible in two ways. We call this
two ring conformation A and B, corresponding approximately to the two regions [−100, −45] × [70, 120] and [45, 90] × [−90, 20] in (Φ, Ψ) dihedral angle
space. These two conformations, however, are not equivalently favourable due
to interference of the ring with the side chain carbon atom in conformation
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Figure 5.1: The Alanine-Dipeptide in united atoms representation, i.e. some
hydrogen atoms are not shown as they are not treated explicitly in the used
force field. The conformational dynamic can be described by the two torsion
angles shown.

B. The conformations A and B are metastable, since at room temperature
the molecule will flip between them on the nanosecond scale, which is very
slow compared to the other molecular motions like bond vibrations on the
femtosecond scale.
To get a detailed picture we performed a long time simulation over 600
nanoseconds of the molecule coupled the Nosé Hoover thermostat at 300 Kelvin
and extracted the torsion angles every 2 picoseconds. From these we obtained
a histogram in torsion angle space approximates the projected equilibrium
density, see Fig. 5.2. First, it can be clearly seen that indeed conformation A
is preferred to B, second, we see that the projected invariant density is not
uni-modal in conformation A, as there is a second peak. This peak belongs to a
so-called C5 conformation, a ring formed of the five central atoms H −N −Cα −
C − O, which, however, is not (meta)stable at a temperature of 300 Kelvin,
but flips rapidly back to the C7 conformation again (note that exchanging the
central alanine residuum against glycine would make this conformation stable
at room temperature [78]).
Our aim is the computation of the exit rates λA→B and λB→A using distributed computing as outlined above. In the next paragraphs the procedure
is explained stepwise. As demonstrated in § 4.4.1 the existence of a subconformation in state A should not be a problem as long as on the time scale we
perform our analysis it is not metastable. The implementation of the molecular dynamic simulation needed is done in GROMACS, we do not explicate
how to set up the simulations in detail, but just remark that the communication between GROMACS and the control and analysing programs is done
file-based, i.e. saying that we have a molecular configuration to start with
means that we can create a file with the positional coordinates that can be
read in by GROMACS to specify the initial conditions. Note also that we have
shifted the dihedral angle space from [−180, 180[2 to [−225, 135[×[−145, 215[
to circumvent problems with periodicity.
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Figure 5.2: Left: A histogram of the sampled distribution in torsion angles
space of alanine-dipeptide in vacuum obtained from a long time simulation.
Middle: Bird’s eye view, the two metastable conformations are marked with
A and B. Right: Two configurations belonging to conformation A (top) and
B (bottom).
Step 1: Generation of uncorrelated copies. Having a start configuration
q 0 located in a local basin of the potential energy surface, a set of uncorrelated
copies is created by a hybrid Monte Carlo (HMC) scheme. Therefore, N copies
(1)
(N )
of the start configuration q 0 , . . . , q 0 are created and sent to N different processors. On each of the processors a short HMC simulation is performed, that
(i)
(i)
is, for each start configuration q 0 momentas p0 are drawn from the Boltzmann distribution (5.5) with a temperature parameter β corresponding to 300
(i)
(i)
Kelvin. The initial conditions (q 0 , p0 ) are then propagated according to
the Hamiltonian equations of motion for a time span THM C yielding candi(i)
(i)
date configurations (q ∗ , p∗ ). This candidate configuration is accepted with
probability
(i)

(i)

(i)
pac = min{1, exp(−β(H((q (i)
∗ , q ∗ )) − H(q 0 , q 0 )))},
(i)

(i)

where H denotes the total energy as in (2.2), otherwise (q 0 , p0 ) are kept.
If the integrator used to generate candidate configurations is volume preserving [72,79] the ensemble generated by iteration of this scheme will approximate
the canonical ensemble. Since we do not want to sample the canonical ensemble
but only to obtain uncorrelated copies in the vicinity of the starting configuration we do this iteration only a few times and finally keep the last accepted
configuration on each processor. In the given example we used N = 15 copies,
a propagation time for the HMC scheme of THM C = 1 picosecond and 10
iterations on every processor.
Step 2: Selection of start points from the uncorrelated copies. Even
though only a short HMC-sampling was performed to obtain start configura(i)
(i)
tions (q 0 , p0 ), 1 ≤ i ≤ N , it is possible that either the local potential energy
well has been left during sampling and therefore an invalid starting configuration has been generated. As this is a sensitive point of the algorithm, i.e. one

105

5 Computation of Rate Constants
has to make sure all uncorrelated copies are within the same metastable conformation, we first sort out configurations which may have left the corresponding
potential energy basin.
This is done automatically by independently propagating the obtained starting configurations according to the equations of motions coupled to a stochastic
thermostat for some time which yields a collection of two dimensional time series (here the thermostat was set to 300 Kelvin, with a discretisation time step
of 1 femtosecond and a total integration time of 90 picoseconds; extraction of
the torsion angles every 300 steps gives 300 data points per time series). After
shifting the angles as specified above to remove periodicity, large distances between subsequent data points are marked and the moment matrices, assuming
a VAR(1) dynamic, are computed, excluding the marked transitions as described in § 3.4.2. Note that again these steps can all be done independently
on different processors. The obtained moment matrices are collected to one of
the processors and clustered as described in § 4.3.4 by hierarchical clustering
with complete linkage and a (very conservative) cut-off criterion of 0.3 (which
means that if the probability of a “change” between two moment matrices is
higher than 30% they do not belong to the same cluster). Now we proceed only
with the start configurations which belong to the biggest obtained cluster.
The described procedure will ensure that only start configurations within the
same potential well are taken. Before proceeding to the next step all moment
matrices in the biggest cluster are added up yielding a moment matrix MI
holding our (prior) knowledge of the dynamical behaviour in the actual potential well. This moment matrix and the end configurations of the simulations
are handled over to the next step.
Step 3: Sequential change point detection. Next, simulation of the selected start points proceeds on the different processors again, and Alg. 2 is
used to detect change points. That is, iteratively tu = 300 (update window)
new data points on each processor are obtained by proceeding the simulation
and, after shifting and exclusion of large transitions, tested for a change point
with tb = 40 (buffer zone) and tm = 100 (right margin, cf. § 4.3.1) and a threshold value of α = 0.8 (setting it down to 0.6 does not significantly change the
behaviour of the algorithm). Note that we do not need to specify a left margin
and therefore we do not have a minimal segment size since prior information
is already given in matrix MI . If a change point is detected the simulations
on all processors are stopped, a moment matrix is obtained by adding up all
information generated on the different processors up to the time of the detected change point to MI , and the simulation time till the change point is
stored. If no change point is detected 300 new data points are generated on
each processor and the test is repeated.
Note that we set the maximal length of the test window to detect a change
point to 1500 data points to control the computational effort. If one of the
simulated time series exceeds this length, a part from the beginning of the

106

5.3 The Alanine-Dipeptide
time series is cut out and the information content in this part is added to the
moment matrix MI which is communicated to all processors.
If a change point has been detected, the configuration in the corresponding
trajectory (which is 50 steps after the detected change points to allow for
relaxation into a new well) is extracted and taken as the new start configuration
to use in Step 1 again.
Step 4: Post processing. The steps 1-3 were repeated until 400 change
points were detected. This corresponds to a simulation time, distributed upon
15 processors, of over 2.2 microseconds. The outcome of the procedure was 400
moment matrices and samples of 400 exit times. First it was tried to exclude
falsely detected change points, which may correspond to recrossing events, by
usage of Alg. 3, reducing the number of detected change points to 260. Then
the merged moment matrices are clustered with hierarchical clustering (with
single linkage and a cutoff criteria of 0.8), yielding 4 clusters. Two of the clusters are marginal as they contain only a single moment matrix and less than
0.1 % of the total generated information, therefore they were discarded. Since
we knew for this example which regions in Ramachandran space correspond
to the expected two metastable states A and B, we accumulated a statistics
during the simulations, storing from which region the information compressed
in the moment matrices came. So it was possible to check afterwards that each
of the two remaining clusters indeed consists exclusively of moment matrices
containing only information from the same state A, resp. B.
Using the obtained samples of exit times from A to B and B to A the rates
λA→B and λB→A can be estimated by (5.4), which yields
λA→B = 0.078 × 10−3 , and λB→A = 1.127 × 10−3 ,
with respect to a picosecond scale. In Fig. 5.3 we compared the cumulative
distribution function of the exponential distribution with the estimated rates,
i.e.
F (t) := [T ≤ t] = 1 − exp(−λt)

P

for a exponential distributed random variable T with rate λ, to the empirical
distribution function obtained from our statistic of exit times for each state,
i.e.
number of exit times ≤ t
,
Fn (t) =
n
where n is the total number of exit times. The figure shows a very good
agreement between these two distribution functions.
With these rates a reduced model can be set up where the rates specify
the switching between the two local models obtained. In Fig. 5.4 we see the
(approximate) invariant density, based upon the parameter estimates from the
two moment-matrices, obtained by summing up all moment matrices belonging
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to the same cluster. Comparison with Fig. 5.2 reveals that this approximates
the invariant density of the original system well and that the multi-modal
local invariant density of state A is approximated by a single (wider) Gaussian
shape.

P

Figure 5.3: The distribution functions of the exit time T , i.e. [T ≤ t], from
metastable states A (top) and B (bottom). The blue line depicts the distribution function of the exponential distribution F corresponding to the
estimated rate, the red stars mark the empirical distribution function Fn .

Figure 5.4: Left: The (approximate) invariant density of the reduced model,
where A and B are approximated by harmonic potentials. Right: With the
estimated rates (given beside the arrows) a Markov switching model between
A and B can be set up.
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In this thesis we provided a consistent framework for the data analysis of
time series exhibiting a complex dynamical behaviour. We showed that, while
Markov chains are a natural choice to model the change of dynamical phases,
vector autoregressive (VAR) processes provide a convincing model for the flexibility within a dynamical phase. They arise naturally from the discretisation
of stochastic differential equations, allow to include non-Markovian effects and
can be used to unify several hidden Markov model (HMM) variants. A combination of a Markov model for the change of dynamical phases with VAR processes for the modelling of internal flexibility yielded into a procedure which
we named HMM-VAR. We demonstrated how to combine HMM-VAR with
Perron cluster cluster analysis (PCCA) to analyse time series from complex
systems.
Furthermore, we developed an algorithm to detect dynamical changes in a
time series on-line, i.e. reading the data sequently. Application of so-called
objective Bayes techniques provided a change point detection procedure which
is (i) sampling free, as all needed integrals can be solved analytically, (ii)
applicable to high-dimensional time series and (iii) computationally cheap.
It turned out, that the central object of our analysis is the so-called moment
matrix, since it does not only allow a stable computation of the estimators for
parameters of a VAR process, the compression of information contained in a
time series, i.e. assuming a VAR(p) process the information of a T × d time
series is coded in a matrix of dimension d(p + 1) + 1 only, and combination
of information belonging to different time series by summing up their moment
matrices, and therefore allowing efficient implementation of all algorithms presented here, but also a way to cluster obtained time series segments to the same
dynamical phases without the computational effort of an HMM procedure.
Finally, we demonstrated how to apply the change point detection algorithm
within a rather complex computational setting to compute rate constants for
a small biomolecular system with the help of distributed computing.
In this work, we very much tried to avoid the usage of application specific
knowledge in the suggested procedures, which is in fact somewhat opposed
to the philosophy of the Bayesian approaches employed here. Therefore, with
respect to the conformational analysis of biomolecules, an interesting question
for future investigations could be how to include knowledge about the statistical distribution of backbone torsion angles in peptides and proteins, see
e.g. [81], via suitable prior distributions.
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A.1 Linear Stochastic Differential Equations
In this appendix the most important results about stochastic differential equations (SDE) with emphasis on linear stochastic differential equations, as stated
e.g. in [4, 38, 90, 100], are collected. The construction of stochastic integrals
is not treated the interested reader is referred to the excellent introduction
of Ludwig Arnold [4]. An SDE is a stochastic process z(t) ∈ d , t ∈ [t0 , T ],
which obeys the following symbolic equation

R

dz(t) = A(z(t), t)dt + Σ(z(t), t)dW (t),

(A.1)

or the corresponding integral form
Z

t

Z

Σ(z(s), s)dW (s),
t0

t0

R

t

A(z(s), s)ds +

z(t) = z(t0 ) +

R

R

where A : d ×[t0 , T ] 7→ d is called the drift coefficient and Σ : d ×[t0 , T ] 7→
d×m
the diffusion coefficient. By W (t) an m-dimensional Wiener process is
denoted. The term
Z

R

t

Σ(z(s), s)dW (s)
t0

is a stochastic integral which can be defined rigorously by means of Itô’s theory. A stochastic process z(t) is called a solution of the SDE (A.1) on an
interval [t0 , T ] if it is measurable wrt. to the sigma algebra generated by the
Wiener process and the initial value c := z(t0 ) and if Eq. (A.1) is fulfilled with
probability 1 for every t ∈ [t0 , T ]. A solution z(t) of Eq. (A.1) is called unique,
if it is continuous and if for any other continuous solution y(t) with the same
initial value c


sup |z(t) − y(t)| > 0 = 0

P

t0 ≤t≤T

holds. The existence and uniqueness of solutions of a given SDE is stated in
the following fundamental theorem:
Theorem A.1.1. If, with the notations introduced above, A and Σ are measurable functions and there exist two constants K1 , K2 ∈ + such that the
following conditions hold:

R

a) ( Lipschitz condition) For all x, y ∈

Rd and t ∈ [t0, T ]

|A(x, t) − A(y, t)| + |Σ(x, t) − Σ(y, t)| ≤ K1 |x − y| ≤ K1 |x − y|.
b) ( Growth condition) For all x ∈

Rd and t ∈ [t0, T ]

|A(x, t)|2 + |Σ(x, t)|2 ≤ K22 (1 + |x|).
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If additionally z(t0 ) is independent of the Wiener process W (t) and has a
finite second moment, then there exist a unique and continuous solution of
(A.1) with initial condition c := z(t0 ).
For the probability density of the solution of an SDE p(z, t) ≡ p(z(t), t|z(t0 ), t0 ),
which is conditional on the initial conditions, a most important relation, the
Fokker-Planck equation, holds:
∂t p = −

X

∂i [Ai (z, t)p] +

i

1X
∂i ∂j ([Σ(z, t)Σ(z, t)0 ]i,j p).
2 i,j

(A.2)

In other words, the progression of the (realisation independent) probability
density function in time can be described by a known partial differential equation. This relationship can be exploited for e.g. the computation of an invariant measure, i.e. a stationary distribution, by equating the left hand side of
(A.2) to zero.
Under a linear SDE in a narrow sense we understand a stochastic process
z(t) ∈ d which is specified by an SDE with

R

A(z(t), t) ≡ A(t)z(t) + a(t)
Σ(z(t), t) ≡ Σ (t),
where A and Σ are matrices and a a vector which only depend on time, so
that we have
dz(t) = A(t)z(t) + a(t)dt + Σ (t)dW (t).
(A.3)
For linear SDE’s the application of the so-called Itô formula reveals the nature
of its solutions more precisely:
Theorem A.1.2. A linear stochastic differential equation (A.3) has, for every
initial value z(t0 ) = c which is independent of W (t) − W (t0 ), t ≥ t0 , a unique
solution in the interval [t0 , T ] provided that the functions A(t), a(t), Σ (t) are
measurable and bounded on that interval. The solution is a Markov process
and is given by


Z

t

z(t) = Φ(t) c +

−1

Z

t

Φ(s) a(s)ds +
t0


Φ(s) Σ (s)dW (s) ,
−1

(A.4)

t0

where Φ(t) is the (fundamental) solution of
(the identity matrix).

d
Φ(t)
dt

= A(t)Φ(t) with Φ(t0 ) = I

Note that if A(t) ≡ A, we have Φ(t) = exp((t − t0 )A) and therefore
Z

t

exp(−(s − t0 )A) (a(s)ds + Σ (s)dW s ) .

z(t) = exp((t − t0 )A)c +
t0
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A.1 Linear Stochastic Differential Equations
The first two moments of the solution of (A.3) are easily obtained by Eq. (A.4).
If [|c2 |] < ∞ we have for the mean m(t) = [z(t)], using that the expectation
of a stochastic integral is zero,


Z t
−1
Φ(s) a(s)ds .
(A.5)
m(t) = Φ(t)
[c] +

E

E

E

t0

From Eq. (A.5) also a differential equation can be derived
ṁ(t) = A(t)m(t) + a(t),

m(t0 ) =

E[c].

The second moment K(s, t) is given by

E

E

E

E

E

E

K(s, t) = [(z(s)− [z(s)])(z(t)− [z(t)])0 ] = [z(s)z(t)0 ]− [z(s)] [z(t)]
 min(t,s)

Z
= Φ(s) 
Φ −1 (u)Σ (u)Σ 0 (u)(Φ −1 (u))0 du + [(c − [c])(c − [c])0 ] Φ 0 (t).

E

E

E

t0

(A.6)
Above we used the independence of z from c and the stochastic integral and
that

E

Z

s

Z

t

G(u)dW (u)
t0



min(t,s)
Z

E[G(u)H(u)]du

H(u)dW (u) =
t0

t0

for bounded matrix functions G and H. Differentiating (A.6) yields for the
covariance matrix C (t) := K(t, t) of z(t) the relation
Ċ (t) = Φ(t)C (t) + C (t)Φ 0 (t) + Σ (t)Σ 0 (t).

(A.7)

Further examination of Eq. (A.4) reveals that the stochasticity
of the solution
Rt
z(t) is due to two components, the stochastic integral t0 Φ(s)−1 Σ (s)dW (s)
on the one hand and the initial value c on the other hand. As a stochastic
integral over deterministic functions is normally distributed, i.e.
 Z t

Z t
0
G(u)dW (u) ∼ N 0,
G(u)G(u) du ,
(A.8)
t0

t0

and the initial value is assumed to be independent of the stochastic integral,
we immediately have
Theorem A.1.3. The solution of (A.3) is a Gaussian stochastic process, if
and only if the initial value c is constant or normal distributed. The first and
second moments are given by (A.5) and (A.6).
In the following corollary we adopt the above stated theory to the situation
which occurs most often in this Thesis
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Corollary A.1.4. Assume that in Eq. (A.3) the matrix functions are given by
A(t) ≡ F , a(t) ≡ −F µ, Σ (t) ≡ Σ ,
where all eigenvalues of F have negative real parts, and the initial value is
given by a fixed z(t0 ). Then the solution is a Markov process and z(t) is
normal distributed for each t ∈ [t0 , T ] with mean
m(t) = µ + exp(F (t − t0 ))(z(t0 ) − µ),
and covariance matrix
Z

t

exp(F (t − s))Σ Σ 0 exp(F 0 (t − s))ds,

K (s, t) =
t0

which is positive definite if the assumptions on the spectrum of F are met.
Furthermore, see [38, Ch. 4.4.6], a stationary solution exists, the first moment
is given by µ while the second moment Σs is the solution of the Sylvester
equation, which can be obtained by using (A.7),
Σs F 0 + F Σs = −ΣΣ 0 .

(A.9)

Note that (A.9) can be transformed to
Σs exp(τ F )0 − exp(τ F )−1 Σs = exp(τ F )−1 R,
with τ > 0 and
Z

t0 +τ

R :=

(A.10)

exp(sF )ΣΣ 0 exp(sF )ds.

t0

As (A.10) can be solved easily [106, Appendix A] for diagonalisable exp(τ F ),
it can be used alternatively to (A.9) to compute the stationary covariance
matrix.

A.2 Integration of the likelihood function of a
VAR(p) model
Integration of the integral in (4.7) is rather straightforward but for completeness we will derive it in this appendix. The aim is to integrate f (Z|Φ, R)πD (Φ, R)
d+1
,with Z a given time series of length T and dimension d, πD (Φ, R) ∝ |R|− 2
the diffusive prior and f the density as given in (3.35). The integration shall be
done over all Φ ∈ d×(dp+1) and over all positive definite matrices R ∈ d×d .
With the notation in § 3.3.3 and § 3.3.4 we have
Z
f (Z|Φ, R)πD (Φ, R)dΦdR =


Z

d+1
1
− T −p
0
−1
|2πR| 2 exp −
tr (Y − ΦX )(Y − ΦX ) R
|R|− 2 dΦdR.
2

R
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R

A.2 Integration of the likelihood function of a VAR(p) model
The argument of the trace function can be Taylor expanded around the MLE
Φ̂ of Φ yielding

Z
1
− T −p
tr (Y − Φ̂X )(Y − Φ̂X )0 R −1
|2πR| 2 exp −
2


d+1
0
0
−1
+(Φ − Φ̂) [R ⊗ XX ](Φ − Φ̂)
|R|− 2 dΦdR,
where Φ, resp. Φ̂, denote the vectorised notation of Φ, resp. Φ̂, and ⊗ the
Kronecker product. From this form it can be seen that Φ is normal distributed
and therefore can be integrated out, giving

 
Z

1
0 −1 21
− d+1
−1
0 −1
− T −p
2
2
dR,
|R|
|2π(R ⊗XX ) | exp − tr (Y −Φ̂X )(Y −Φ̂X ) R
|2πR|
2
which can be simplified to
 

Z

d(T −(d+1)p−1)
T −(d+1)p+d
d
1
0
−
−
0
−1
−
2
2
(2π)
|XX | 2 |R|
exp − tr (Y −Φ̂X )(Y −Φ̂X ) R
dR
2
The resulting integrand is proportional to an inverted Wishart distribution
with T − (d + 1)p + d degrees of freedom, which has a defined density as long
as T > (d + 1)p + d [43, ch. 3.4]. Therefore R can be integrated out giving
rise to


d
Y
d(d−1)
T − p − dp − j
0 − d2
0 − T −p−dp−1
4
2
|XX | |π(Y − Φ̂X )(Y − Φ̂X ) |
,
π
Γ
2
j=1
(A.11)
where Γ denotes the Gamma function. The form stated in (4.7) is obtained
by simply using the notation introduced in § 3.3.4.
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A.3 Deutsche Zusammenfassung
Motiviert durch die Analyse von Daten aus Molekül Dynamik Simulationen,
befasst sich diese Arbeit mit der Analyse von Zeitreihen mit komplexen dynamischen Eigenschaften. Typischerweise lässt sich das dynamische Verhalten
von Molekülen in verschiedene dynamische Phasen, sogenannte Konformationen, unterteilen. Diese Phasen können sich z.B. aus verschiedenen geometrischen Strukturen, zwischen denen das thermisch angeregte Molekül wechselt,
ergeben. Solch ein komplexes Verhalten sollte bei der Erstellung eines (reduzierten) Modells zur Modellierung der ursprünglichen Dynamik berücksichtigt werden. Wir zeigen auf, dass, neben der Modellierung des Wechsels zwischen verschiedenen Konformationen durch eine Markov-Kette, für die dynamische Modellierung innnerhalb einer Konformation die Verwendung vektorwertiger autoregressiver Prozesse (VAR) naheliegend ist. Da der Sprungprozess
zwischen verschiedenen Phasen in der Regel nicht beobachtbar ist, koppeln
wir diese lokalen VAR-Prozesse mit einem sogenannten Hidden Markov Model
und demonstrieren, wie dieses, zusammen mit der sogenannten Perron Cluster
Cluster Analyse, zur Analyse von Moleküldaten verwendet werden kann.
Desweiteren wird ein Algorithmus entwickelt, der es erlaubt den Wechsel zwischen verschiedenen dynamischen Phasen on-line, d.h. mit sukzessiven Zugriff
auf die Daten, zu detektieren. Hierbei stellt sich als zentrales Objekt die sogenannte Moment-Matrix heraus. Zum einen erlaubt diese die numerisch stabile
Schätzung der Parameter der VAR-Prozesse, die Kodierung von Information in
einem kleinen Objekt und das effiziente Zusammenfassen von, in verschiedenen
Zeitreihen enthaltenen, Informationen. Zum anderen ist es, allein auf Grundlage der Moment-Matrizen, möglich, Zeitreihen-Segmente entsprechend ihrer
jeweiligen dynamischen Phase zusammenzufassen. Hierdurch kann der online Algorithmus, kombiniert mit einem nachträglichen Clustern der MomentMatrizen, alternativ zu den HMM basierten Ansätzen eingesetzt werden. Der
Vorteil hiervon liegt in der Vermeidung des komplexen Optimierungsproblem,
welches beim Einsatz von HMM’s gelöst werden muss.
Abschliessend wird das erlangte on-line Verfahren zur Schätzung von Austrittsraten, d.h. die Sprunghäufigkeit zwischen verschiedenen Konformationen,
in molekularen Systemen verwendet. Die naive Simulation molekularer Systeme zur Schätzung solcher Raten ist oftmals nicht praktikabel, da der, für
die numerische Stabilität notwendige, Integrationszeitschritt zu klein ist um in
vertretbarer Zeit Konformationswechsel ausreichend oft zu beobachten. Nach
wie vor ist die Suche nach Algorithmen zur Verringerung des Aufwands solcher
Simulation, ein wichtiges Forschungsthema. Eine alternative Strategie wäre,
statt der Verringerung des Aufwands, eine Verteilung des Aufwand auf parallele Prozessoren. Es wurde gezeigt, dass dieses sinnvoll möglich ist, sofern ein
Konformationswechsel on-line detektiert werden kann [122,124]. Anhand eines
molekularen Beispiel demonstrieren wir, wie die hier entwickelten Algorithmen
benutzt werden können, um diese Idee umzusetzen.
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Identification of biomolecular conformations from incomplete torsion angle observations by hidden Markov models. Journal of Computational
Chemistry, 28(15):2453–2464, 2007.
[37] G. D. Forney. The Viterbi algorithm. In Proceedings of the IEEE, volume 61, pages 268–278, 1973.
[38] C. W. Gardiner. Handbook of Stochastic Methods, volume 3. Springer,
2004.
[39] A. E. Gelfand and D. K. Dey. Bayesian model choice: Asymptotics
and exact calculations. Journal of the Royal Statistical Society. Series B
(Methodological), 56:501–514, 1994.
[40] F. J. Girón, E. Moreno, and G. Casella. Objective bayesian analysis
of multiple changepoints for linear models. In J. M. Bernardo, M. J.
Bayarri, J. O. Berger, A. P. Dawid, D. Heckerman, A. F. M. Smith,
and M. West, editors, Bayesian Statistics, volume 8, pages 1–27. Oxford
University Press, 2007.
[41] I. V. Gopich and A. Szabo. Single-molecule FRET with diffusion
and conformational dynamics. The Journal of Physical Chemistry B,
111(44):12925–12932, Nov 2007.
[42] H. Grubmüller and P. Tavan. Molecular dynamics of conformational substates for a simplified protein model. The Journal of Chemical Physics,
101:5047–5057, 1994.
[43] A. Gupta and D. Nagar. Matrix variate distributions. Chapman & Hall,
2000.
[44] O. Guvench, C.-K. Qu, and A. D. MacKerell. Tyr66 acts as a conformational switch in the closed-to-open transition of the SHP-2 N-SH2domain phosphotyrosine-peptide binding cleft. BMC Struct Biol, 7:14,
2007.
[45] P. Hänggi, P. Talkner, and M. Borkovec. Reaction-rate theory: fifty
years after kramers. Reviews of Modern Physics, 62:252–336, 1990.
[46] C. Hartmann. Model reduction in classical molecular dynamics. PhD
thesis, Freie Universität Berlin, 2007.

124

Bibliography
[47] D. W. Heermann. Computer Simulation Methods in Theoretical Physics.
Springer, 1990.
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[88] F. Noé, I. Horenko, C. Schütte, and J. C. Smith. Hierarchical analysis of conformational dynamics in biomolecules: transition networks of
metastable states. J Chem Phys, 126(15):155102, Apr 2007.
[89] A. O’Hagan. Fractional bayes factors for model comparision. Journal
of the Royal Statistical Society. Series B (Methodological), 57(1):99–138,
1995.
[90] B. Øksendal. Stochastic Differential Equations: An Introduction with
Applications. Springer, December 2005.
[91] A. Ostermann, R. Waschipky, F. G. Parak, and G. U. Nienhaus.
Ligand binding and conformational motions in Myoglobin. Nature,
404(6774):205–208, Mar 2000.
[92] S. Park, M. K. Sener, D. Lu, and K. Schulten. Reaction paths based on
mean first-passage times. The Journal of Chemical Physics, 119(3):1313–
1319, 2003.
[93] L. Perreault, J. Bernier, B. Bobée, and E. Parent. Bayesian change-point
analysis in hydrometeorological time series. part 1. the normal model
revisited. Journal of Hydrology, 235:221–241, 2000.
[94] L. Perreault, J. Bernier, B. Bobée, and E. Parent. Bayesian changepoint analysis in hydrometeorological time series. part2. comparision of
change-point models and forecasting. Journal of Hydrology, 235:242–263,
2000.
[95] R. Preis, M. Dellnitz, M. Hessel, C. Schütte, and E. Meerbach. Dominant
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[106] C. Schütte and I. Horenko. Likelihood-based estimation of multidimensional Langevin models and its application to biomolecular dynamics.
Multiscale Modeling and Simulation, 2008. Accepted.
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