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��}]ÉK´$Ä¬Ê¬º�Ä¬¶Jº�ËjÌ�µ%´$¸	Í�´$¸�·�)%�'GSI�bSI]`%T�t�RUI�h¬V�bSI�GSOEQJI�HK­g|�I�hP`%LXGSk"H�`%b�GSNXGSI�hXTUHUVjNENXLXT�t!I�NEk"b�b�LEI�H
NXGSOEQ*ÎXI�\�I�G�bSNm`%T�toTUH$LEI�hENEOEQUGSI�R�b�GSOPQJI[e�NX|:I�{�LEImZ�I�c�GSI�QJI�H.}�^ÏI�HUH�NXÐ�NXLEI n `%LXGSNEOEQJI���I��
c�GSI�QMTUHUVjI�H�y	�]` n Z�I�hXVgT.}"Ñ�k$I�HJI�H$Z:I�hXV 1���� 1��"�:} ° 1]tX}±��c�\]GSNEOPQJI�H_�'GSI�bSI�H<QJI�hXhENEOPQJI�H.�
RJ`%HUH�GSNXL�HUGSOEQMLAG n_n I�hmRUI�hAFDG�H$Z:I�c�TUV�`%b�bSI�h¨�'GSI�bSI<HJk"L«\�I�HJR�G�VJ}���I�G�cj}X��}:\�I�OEQJNPI�b��
NEI�G�LXG�VjI�h¨egZUQ�s%HUV�G�V�{jI�G�L¨G n ��Iv`%b�GSNXGSI�hXTUHUVjNXV�hP`"Rac�\�I�GSI�h_�'GSI�bSI�ÇUZ�I�h4RUI�HÏVjI�NP` n LEI�H
FDhXVjI�ZUHUGSNXZ�I�hEI�GSOEQÏy	NXÐ n_n I�LXhXGSNEOEQJI�Ò�k n |UbSI n I�H$LP`%hXG�LPs%L�����ZUhP`%TJOEQML�H$TUh�I�G�HJI�N�G�H[RUI�H
FDHMLENEOPQJI�GSR�TUHUVjNX|UhEk"cvI�NENAI�G�H$Z:I�cvk"VjI�Hqc�Tw\�I�hERUI�H.}

&�Ñ�¯0eÓZ�I�c�GSI�QML]NXGSOPQKG n_n I�h]`%T�t�I�G�H�&qI�QUhXc�GSI�bSI�H$LENEOEQJI�GSR�TUHUVjNE|UhEk"ZUbSI n }�¯�I�h�FdG�HJNP`%LXc
I�H$LENX|UhEI�OEQJI�HJRUI�h�ÔdI�h�t�`%QUhEI�HKGSNXLoG�HAÎ�I�HJI�H*ÕDs%b�bSI�H[HJk"L�\�I�HJR�G�V�ZUc�\m}MNXG�HUH$ijk"b�b��MG�H[RUI�HJI�HKTUH��
LEI�hENEOPQUGSI�R�b�GSOEQJI�egb�LEI�hXH�`%LXG�ijI�HÖZ�I�c�ÇUV�b�GSOEQ½TUH$LEI�hENEOEQUGSI�R�b�GSOPQJI�hq�'GSI�b�ijk"hENXLEI�b�b�TUHUVjI�H×k"|ULXG n `%b
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egZUZUG�bSR�TUHUV *J}-,�)U��I�GSNX|UGSI�b�I�G�HJI�h�R�hEI�GSNXLXT��JVjI�HW�'GSI�b�QUGSI�hP`%hEOPQUGSI
NXG�HJRfTUHJR®RUI�h�FDHMLENEOPQJI�GSRUI�h[HUGSOPQMLK`%TJN�RUI n Y �$LEI�V�hEI�G�t�xwR�GSI�Z:I�NELEIKc�T®\�s%QUbSI�H ijI�h n `%VJ}
ª n ��`%Q n I�HlNEk"bSOPQJI�h<FdHMLENEOPQJI�GSR�TUHUVjNENXG�LXT�`%LXGSk"HJI�H®{jk n_n L�I�N4k%t	L4ijk"hv��RJ`"NEN<�'GSI�b�{�hXG�LEI�hXG��
I�H�{jk"H��JG�V�GSI�hEI�H y�cj}X��}�QJk"QJI<Õ�`%QUhXVjI�NEOPQM\]G�HJR�G�V�{jI�G�L¨TUHJR�VjI�hXG�HUVjI�h���I�HUc�G�HMijI�hXZUhP`%TJOEQaZ:I�G
I�G�HJI n e�TULEkM�<TUHJR��%k�RUI�hK`%T�t�TUHMLEI�hENEOPQUGSI�R�b�GSOEQJI�H���`��jI�G�HUQJI�G�LEI�H8y�cj}X��}DÒ n �uQ TUHJR
	§G��
LEI�h��dZ�`"NEGSI�hEI�H.}�¯�GSI��qTUb�LXG�{$hXG�LEI�hXGSI�b�bSIAFDH$LENEOEQJI�GSR�TUHUVjN�`%H�`%b�Ð�NEImc�GSI�b�L�RJ`%hP`%T�td`%Z.�$G�H�NPk"bSOEQJI�H
�$G�LXT�`%LXGSk"HJI�H[TUHMLEI�h���I�hXÇJOE{�NXGSOEQ$LXG�V�TUHUV�`%b�bSI�h��'GSI�b�{�hXG�LEI�hXGSI�H[TUHJR[RUI�horDhPsut!I�hEI�HUc�ijk"hENXLEI�b�b�TUH��
VjI�H�RUI�N�FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�hENv��`%T�t�NXÐ�NXLEI n `%LXGSNEOEQJI¨^ÏI�GSNEI���R�GSI¨Z:I�NXLEI¨k$RUI�h�R�GSI��qI�HUVjI
RUI�h]Z:I�NENPI�h]VjI�I�G�V�HJI�LEI�Hqegb�LEI�hXH�`%LXG�ijI�H�`%TJN�`%b�bSI�H©ijI�h�t	ÇUV�Z�`%hEI�H�c�TwGSRUI�H$LXG
�Jc�GSI�hEI�H.}

�'Tay	�0��TUHJRÏy�Ñ]���Uª n ^ÏI�G�LEI�hEI�H©\�I�hERUI�H�QUGSI�h]HMTUh0FdG�HU|:I�hENEk"HJI�H�����I�QUhXc�GSI�b���FDH$LENEOEQJI�G��
R�TUHUVjNX|UhEk"ZUbSI n IdTUH$LEI�h��$GSOEQJI�hXQJI�G�L¬Z�I�Q�`%HJRUI�b�Lv�
RJ`]R�GSI�NEIoÒ�k"HJNXLEI�b�bp`%LXGSk"H�R�GSIoegTJNXVM`%HUVjNXbp`%VjI
t�ÇUh¬RJ`"N�G�H<Òm`%|UG�LEI�b���I�HML«\]GSOE{jI�b�LEI0��I�\�I�hXLXTUHUVjN n k$RUI�b�bURJ`%hENXLEI�b�b�Lv}%e�b�b�VjI n I�G�HJI�FDG�H�t	ÇUQUhXTUH��
VjI�Hac�TUh���QJI n `%LXG�{aNPkv\]GSI�c�T,`%HJRUI�hEI�HlegTJNX|UhPs%V�TUHUVjI�Hfijk"HlFDH$LENEOEQJI�GSR�TUHUVjNX|UhEk"ZUbSI n I�H
�JHJRUI�HKNXGSOPQ�TUHMLEI�h]`%HJRUI�hEI n G�H[�]` n Z:I�hXV¨T.}�Ñ�k�I�HJI�HMZ�I�hXV*y 1���� 1j���MÕ¬G�V�TJI�G�hP`4T.}E`�}�y 1������j���
��OEQUHJI�I�\�I�G���y ,v��� ,
��}

e�T�t��]`"NXGSN�RUI�h�FdHMLENEOPQJI�GSR�TUHUVjNXLXQJI�k"hXGSImTUHJR*RUI n QUGSI�h�Z�I�LXhP`"OEQMLEI�LEI�H©FdHMLENEOPQJI�GSR�TUHUVjN��
|UhEk"ZUbSI n y	OPQ�`%hP`%{$LEI�hXGSNEGSI�hXL]G�H*RUI�HwrDTUHU{�LEI�HÏy	e�����y	�0�DTUHJR�y�Ñ]�X�d\]G�hER*RJ`"N/.�hXTUHJR n k�RUI�b�b
c�TUh0FDHMLENEOPQJI�GSR�TUHUVjNP`%H�`%b�Ð�NEI4\]GSIAt	k"b�V�L�NE|:I�c�G
�Jc�GSI�hXL��.�I�VjI�Z�I�H¨GSNXL�I�G�HJI��qI�HUVjI

A = {a1, a2, ..., an}
`%H�e�b�LEI�hXH�`%LXG�ijI�H.�"c�T<\�I�bSOPQJI�H n G�LXLEI�bSN

RUI�h]Z:I�LXhP`"OPQMLEI�LEI�H��qI�HUVjI
C = {c1, c2, ..., cm} `%H©Ò�hXG�LEI�hXGSI�HqrdhPsut	I�hEI�HUcvI�H$LENEOEQJI�GSR�TUHUVjI�HVjI�LXhEk���I�H®\�I�hERUI�HÖNEk"b�bSI�H.}Dª«H®R�GSI�NEI n �'TJNP` n_n I�HUQ�`%HUVaNE|UhXGSOEQML n `%H®Z:I�Gg�'GSI�b�{�hXG�LEI�hXGSI�H

`%TJOEQWijk"H���� �	£X¥�¡�!�� ¢#"�ZUc�\m}%$'¥	¢E¦'&(� �	£X¥�¡�!�� ¢#".}§FDG�Ha�'GSI�bp`%LXLXhXG�ZUTUL
cj

y�cj}X��}'Õ'`%QUhXVjI�NEOEQ$\]G�H��
R�G�V�{jI�G�L�I�G�HJI�N�egTULEk�N���Q�`%L�ijI�hENEOEQUGSI�RUI�HJI�egTJNX|UhPs%V�TUHUVjI�H

x ∈ X n G�L X
`%bSN�RUI�h)��I�HUVjI

`%b�bSI�h�NEI�G�HJI�h�e�TJNE|UhPs%V�TUHUVjI�H.}d¯�GSI�NEI*\]G�hER `%bSN<Y�e�TJNE|UhPs%V�TUHUVjNXZ:I�hEI�GSOPQ�x©ZUc�\m}�Y�¯�k n s%HJI�x
Z:I�cvI�GSOPQUHJI�Lv}$¯�GSI*��I�HUVjIg`%b�bSI�hoe�LXLXhXG�ZUTULEIgZUG�bSRUI�L�`%T�t.�]`"NXGSNoG�QUhEI�h.ÎXI�\�I�G�bSNd{jk"HU{�hEI�LEI�H�e�TJN��
|UhPs%V�TUHUVjI�HWI�G�HJI�HqÔdI�{$LEk"hv�:RUI�h�R�GSI<Ñ�Q�`%hP`%{�LEI�hXGSNXLXG�{jI�H�I�G�HJI�h�egb�LEI�hXH�`%LXG�ijI�RUI��JHUGSI�hXLv}:¯A`"N
I�HMLENXLEI�QJI�HJRUI�FDH$LENEOEQJI�GSR�TUHUVjN�t!I�bSR�c�T<`%b�bSI�H<Z�I�LXhP`"OEQMLEI�LEI�H�egb�LEI�hXH�`%LXG�ijI�H�bps"NENXL�NEGSOEQ<G�H<I�G�HJI�h
FDhXVjI�ZUHUGSN n `%LXhXG
+fRJ`%hENELEI�b�bSI�HÓy	NEGSI�QJIKegZUZUG�bSR�TUHUV *J}21j��}�Õ¬ÇUh¨I�G�HJI*FDH$LENEOEQJI�GSR�TUHUVjN,�JHJR�TUHUV
GSNXLoR�GSI-��I�HUVjI�RUI�h�e�b�LEI�hXH�`%LXG�ijI�Hw`%HUQ�`%HJR�G�QUhEI�h�FDhXVjI�ZUHUGSNP`%TJNX|UhPs%V�TUHUVjI�HwG�HKI�G�HJI���I�NENEI�h��
��OEQUbSI�OEQ$LEI�h�����I�G�QJI�H�t!k"b�VjI©`%T�t0��`"NEGSN4RUI�h¨rdhPsut	I�hEI�HUc�G�H�t!k"h n `%LXGSk"HJI�H®RUI�N4FDH$LENEOEQJI�GSRUI�hEN�c�T
ZUhXG�HUVjI�H.}

Õ¬ÇUhoFDG�HUc�GSI�bSI�HMLENPOEQJI�GSR�TUHUVjI�H�ZUc�\m}jG n FDG�H���e�LXLXhXG�ZUTUL���Õ'`%b�b:V�G�b�L�`%bSNdÔdk"hP`%TJNENEI�LXc�TUHUVmt�ÇUh
I�G�HJI�FdHMLENEOPQJI�GSR�TUHUVjN,�JHJR�TUHUVJ�MRJ`"NEN�RJ`"NDe�LXLXhXG�ZUTUL n G�HJRUI�NXLEI�HJNdk"hER�G�H�`%bSI�N.��I�NENXHUG�ijIv`%T�Q�`%L
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�����������������������������������! "���$#%��&"�'&"��(%���*)!�,+.-0/�1
c1 c2 · · · cj · · · cm

a1 x11 x12 · · · x1m��� ��� ��� ��� ���
E = ai · · · · · · · · · xij · · · xim��� ��� ��� ��� ���

an xn1 xn2 · · · xnm

e�ZUZUG�bSR�TUHUV *J}21�����I�GSNE|UGSI�bSNEOEQJI n `[I�G�HJI�h�FDhXVjI�ZUHUGSN n `%LXhXG
+ E

TUHJRÏRUI�h<FDHMLENPOEQJI�GSRUI�h<G�HaRUI�h�	�`%VjI[GSNXLv�.R�GSI�egb�LEI�hXH�`%LXG�ijI�Hf`%HUQ�`%HJRlRUI�h¨egTJNX|UhPs%V�TUHUVjI�H
R�GSI�NEI�N�e�LXLXhXG�ZUTULEN�G�H©I�G�HJIAc�T n G�HJRUI�NEL�NEOEQ$\�`"OPQJI¨rDhPsut!I�hEI�HUcvk"hER�HMTUHUV*Y % x�c�T©ZUhXG�HUVjI�H.}

�w´���º¬¸�·
¸�¹:º����	��

���������
���������������! #"%$�&"���±���('"�' "��#%
"�����o�p����#M�!#$�*)E����+-,����J������
"�����:�/.0,����
/g���������'&��	�21%���*#��!)��2+o "�������	�����o&"�4365g&%�������p�M�E����/��!�	���!)�����&"�$�(7'�8'v#"���$#M���:9��	�������'&"�' M���;1"���=<
#"�S���!���#)X&��0�����' >+. �?��#?@3=A��B.0,����C)P��� ���*)���#M�]/g���������'&��	�21%���

a′
���' 

a′′
9��M���0���'��,��X M���

a′ % a′′&v $���
a′ - a′′

&v $���
a′ ∼ a′′

#M���������D?

Ôdk"b�bSNELPs%HJR�G�V�{jI�G�L4ijI�hXbp`%HUV�Lv�.RJ`"NENARUI�h¨FDHMLENEOPQJI�GSR�TUHUVjNXLXhPs%VjI�h<G�HÏRUI�h 	�`%VjI�GSNXLv�§rDhPsut!I��
hEI�HUcvI�H$LENEOEQJI�GSR�TUHUVjI�HWc�\]GSNEOPQJI�H�c�\�I�G�e�b�LEI�hXH�`%LXG�ijI�HqLXhEI���I�H©c�Tw{ ¾ HUHJI�H.}

�w´���º¬¸�·
¸�¹:ºFEG��HCI*J
�K�>���8��LM�������! �"/NU�X&"�U�����	�21v�	�('��d�����!#��O1�&"�=+P,����J�Q34A$�<&"���S�A/g���������:&��	��1"���
&"�43;5g&%�����A�p�$�X����/��!�	���()�����&"�M��7'�8'v#"���$#M���q#�������R

/g�$�
a′ % a′′

���' 
a′′ % a′′′

30&�� #��
a′ % a′′′�$�' 

&"�$�
a′ % a′′

�$�' 
a′′ ∼ a′′′

30&�� #��
a′ % a′′′�$�' 

&"�$�
a′ ∼ a′′

�$�: 
a′′ ∼ a′′′

3S&"� #j�
a′ ∼ a′′′

?

��hP`%HJNXG�LXG�i�G�LPs%L�`%bSNmrdhPsut	I�hEI�HUc�V�hP`%|UQ,RJ`%hXVjI�NXLEI�b�b�Lv�.Z�I�RUI�TULEI�Lv�.RJ`"NEN4{jI�G�HJI�I�OEQ$LEI�Hfk�RUI�h
TUHJI�OPQMLEI�HÏ�'Ð${�bSI�Hwc�TUVjI�bp`"NENEI�H�NEG�HJR§}

T Í�´$¹�µ%´MUV����W;X����>���M�ZY[�M�����MI]\^�MI_�a`_bC�K�c�8�d
��D �"Pe=9�f.&"���S��&�)�.@'%�M�g)X&"�h1v�����S���¨/g�������=<
�'&j�	��1%���×�$�: i)E���^$�&"���±���('"�' "��#%
"���	�����' ]NJ��&"�J���	�	��1v�	�('��¨
%&"��� �����:�kj0����&��	�!&"�Ó�J�c9[�����������
 "���X���*�����:�Bf§�$�J
u�	��&��

v : A → R
 M&"�	#$�������������l,����� M����+¬ "���� ��!�nm��� "���$�$#"���E����&j�	��&"�po �,∼ q���� "���g�J�M9[�������������r5g�s.������M���$#to

>,= q A�)E�����	�8'v#��2+� �?��#?§��&%�����������	���* "���]/��!�	���()�����&"�M��7'�8'u<#"���$#M���^.��M9����' M�����������M,o&j���v&"�� ��:����+��0&��8w"�����	�������������:�yx�¢E£���z,! "�{ �	¥�|�"
v : A → R

3=A��
 "����#"������R

v(a′) ≥ v(a′′) ⇔ a′ % a′′
?�)2f��E���'���~}u�	�	��1

¯�GSI]^ÏI�hXL�t	TUHU{�LXGSk"H[GSNXLDZUGSNo`%T�t.NXLXhEI�HUV n k"HJk"LEk"H[\�`"OPQJNEI�HJRUI-��hP`%HJN�t!k"h n `%LXGSk"HJI�H[t!I�NXL��
VjI�bSI�V�Lv}�Õ¬ÇUh¨I�HJR�b�GSOPQfi�GSI�bSIWy

n
�me�b�LEI�hXH�`%LXG�ijI�H®NXLEI�b�b�L

v(a)
I�G�HJI*�g`%HUV�c
`%QUb�RJ`%hv��R�GSIKNXGSOEQ

R�TUhEOPQ
n(n − 1)

r¬`�`%hXijI�hXV�bSI�GSOPQJI<I�h n G�LXLEI�b�Hqbps"NENXLv}

�w´���º¬¸�·
¸�¹:ºi�����:����������I*�@`	�MI*���lY* �"d-A���p�p�%�����_7'��'83����E���c.� ��=AU��
u�� "�!�����8'�3v���X���c.01�&��=<
������� �����$#� M�������������������! "���$#%���	�8'v#M���P�%.����m/g�
&"�X "�J���$#w M���m/g���������'&j�	��1%����)E��.SA"#"���!���Ï�����:���
��7U��.������������©/��!�	���()��������¨&"�M�*?
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�w´	�Dº�¸�·
¸�¹'º�� ��� I_��������I*�@`	�MI*���lY* �"M-m�!�D/g�������u7'�8'�3v���E���c.] "�4AU��
u�C)E�����W���M��.������S���������������2<
 "�$��#M���z ��!� ����'�3v���E���c.S1�&"����������� ���$#, M���[���������������! "���$#%���	��'v#$���P� )E�s.0A�#"� �!���  M�����E����&��	��1"���
���	�����	��#%
������]�����:�����.������&��!�	���()��������m�29 $J���!#"�����	��� .��� M���Ï&"�: M���E����/��!�	���()��������Ï&"�M�*?

��I�G���I�QUhXc�GSI�bSI�HMLENPOEQJI�GSR�TUHUVjI�H n TJNENdRUI�hdFdHMLENEOPQJI�GSRUI�hoG n .�I�VjI�HJNP`%LXc]c�TUhdFDG�HUc�GSI�bSI�H$L��
NEOEQJI�GSR�TUHUVWNEI�G�HJI�� ¾ QJI�HU|UhPsut	I�hEI�HUc*Z�I�c�ÇUV�b�GSOEQ®`%b�bSI�h��'GSI�bp`%LXLXhXG�ZUTULEIw`%TJNER�hXÇJOE{jI�Hf{ ¾ HUHJI�H.}
FDhw{"`%HUHÓRJ`%Z�I�Gme�LXLXhXG�ZUTULEI�G�HÓG�QUhEI n .�hP`"R½RUI�hw^zGSOEQ$LXG�V�{jI�G�L�TUHMLEI�hENPOEQJI�GSRUI�H y	e�hXLEI�H��
|UhPsut	I�hEI�HUcu��}.Õ¬ÇUh4`%b�bSI_e�LXLXhXG�ZUTULEI[VjI�b�LEI�HaR�GSI_��I�NXLXhXG�{�LXGSk"HJI�H.��\]GSI_G n FDG�H���e�LXLXhXG�ZUTUL���Õ'`%b�b �
��G�HJRUI�NXLEI�HJN�k"hER�G�H�`%bSI�N-��I�NENXHUG�ijIv`%T.�UÔdk"b�bSNXLPs%HJR�G�V�{jI�G�LgTUHJR �.hP`%HJNEG�LXG�i$G�LPs%Lv}

�w´	�Dº�¸�·
¸�¹'º
	�����
����/J�
��D���%I*��`	��I*�M�lY	bC��J��	�D�
�C� �������M���! �"��:����,o&j�����Q����'83����E���c.��$��<
&�)��c'"��#"��#"
"���	�/.S,D�p���������i.0,����g/g���������'&��	�21%��� )�.S,B?]/��!�	���()�����1%��
u�(&"�E���×�����g#M�!#M�*)P����+h,����J�
3=A��w�������.������&��!�	���!)����

cj ∈ C
+A&����S�yA )�����#M���,/��!�	���!)������

c ∈ C
)
cj 6= c

1��$�: h34A$� .0,����
)E�����!�*)���#M�4/��!�	���()�����&"�M��7'�8'v#"���$#M���

x 6= x
#������2+� j&%���/,����J�

(x1, ..., xj−1, yj, xj+1, ..., xm) % (x1, ..., xj−1, zj , xj+1, ..., xm)
+

 j&"�X&"�$�
(x1, ..., xj−1, yj, xj+1, ..., xm) % (x1, ..., xj−1, zj , xj+1, ..., xm)

30&"�~#���?�-%?��#?' "���P���8'�3v���X���c.��E����&��	��&��h.S,D�p���������h.0,����J/g�M��7'�8'v#"���$#M���
yj

���' 
zj

�����:���o/��!�	���2<
)��������

cj
�����D���'&�)��#'"�$#"��# 1�&"�Ï M���©/g�M��7'�8'v#"���$#M���Ï M���pA�)�����#M����/��!�	���()������*?�)������M�:�E�0,���� �

}u�	�M}�+���?K����1

ª«NELgNEOPQM\�`"OPQJI_rDhPsut!I�hEI�HUc�TUH�`%ZUQ�s%HUV�G�V�{jI�G�L4VjI�VjI�Z�I�H.�'I�+�GSNXLXGSI�hXLgt�ÇUhoÎ�I�RUI�NA�'GSI�bp`%LXLXhXG�ZUTUL
cj

I�G�HJI_G�HJR�G�i�GSR�TJI�b�bSI�^ÏI�hXL�t	TUHU{$LXGSk"H
vj(xj(a))

}.ª«HaR�GSI�NEI n Õ�`%b�bdbps"NENXLmNEGSOEQl`%TJN¨RUI�h¨`%b�b��
VjI n I�G�HJI�H�FdhXVjI�ZUHUGSN n `%LXhXG
+�I�G�HJI�RJ`%c�T©`%H�`%bSk"VjI�FDHMLENEOPQJI�GSR�TUHUVjN n `%LXhXG
+�`%ZUbSI�G�LEI�HÏy	e�ZUZUG�b��
R�TUHUV
*J} �j��}o¯�GSI©eghXLEI�HU|UhPsut!I�hEI�HUcq\]G�hER n G�LXLEI�bSN .�I�\]GSOPQMLXTUHUVjN�t�`%{$LEk"h wj

y∑
j wj = 1

�
wj ≥ 0

�_`%HUVjI�VjI�Z:I�H.}�¯�GSI�`%HJNEOEQUb�GSI �jI�HJRUI�^ÏI�hXLP`%V�V�hEI�VM`%LXGSk"HÖc�TUhKFDh n G�LXLXb�TUHUVfRUI�h�egb��
LEI�hXH�`%LXG�ijI�HUhEI�G�QJI�H�t	k"b�VjIAI�h�t!k"b�V�L�`%T�t��]`"NXGSN�RUI�N�Î�I�\�I�G�bSN�ijI�hX\�I�HJRUI�LEI�H �WÑ�¯�e0��ÔdI�h�t�`%QUhEI�HJNv}
FDG�HJI � ¾ V�b�GSOEQU{jI�G�L�Z�I�NXLEI�Q$L0G�H©RUI�h�Ò�k"HJNELXhXTU{$LXGSk"H�I�G�HJI�h-�qI�QUhXc�GSI�b�|UhPsut!I�hEI�HUc�t	TUHU{$LXGSk"H

Φ(a) = f
(
v1

(
x1(a)

)
, v2

(
x2(a)

)
, v3

(
x3(a)

)
, ..., vm

(
xm(a)

))
,

y *J}-,
�
R�GSIA`%H�`%bSk"V_c�T n FdG�HUcvI�b�t!`%b�b.I�G�HJIAegHJk"hER�HMTUHUV[RUI�h]egb�LEI�hXH�`%LXG�ijI�H©I�hXZUhXG�HUV�Lv}U¯�GSI�Z:I�NXLEI

e�b�LEI�hXH�`%LXG�ijI*GSNXL<RJ`%HUHlZ�I�NXLXG n_n L_R�TUhEOPQ Φ(a∗) = maxa∈A Φ(a)
}�ª n I�G�H�t!`"OPQJNXLEI�H®Õ�`%b�b

{"`%HUH n `%Hwt	ÇUh f
I�G�HJI�b�G�HJIv`%hEI4ÕUTUHU{�LXGSk"H©ijI�hX\�I�HJRUI�H%�

Φ(a) =

m∑

j=1

wj · vj

(
xj(a)

)
.

y *J}21j�
ª n t	k"b�VjI�HJRUI�H*e�ZJNEOPQUHUG�LXLo\]G�hER�I�G�HJI�{$TUhXcvI 3�Z�I�hENXGSOEQ$Loc�TK\]GSOEQMLXG�VjI�H ��Ñ�¯0e0��ÔdI�h�t�`%Q��

hEI�HwVjI�VjI�Z:I�H.}
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�����������������������������������! "���$#%��&"�'&"��(%���*)!�,+.-0/�1
w1 w2 · · · wj · · · wm

c1 c2 · · · cj · · · cm

a1 v1(x11) v2(x12) · · · vm(x1m)
��� ��� ��� ��� ���

D = ai · · · · · · · · · vj(xij) · · · vm(xim)
��� ��� ��� ��� ���

an v1(xn1) v2(xn2) · · · vm(xnm)

e�ZUZUG�bSR�TUHUV5*J} ���J��I�GSNX|UGSI�bSNEOPQJI n `_I�G�HJI�h�FDH$LENEOEQJI�GSR�TUHUVjN n `%LXhXG
+ D

243�� �,B�7������47�BD;

¯�GSI<QUGSI�h�ijk"hXVjI�HJk n_n I�HJI�Òm`%LEI�Vjk"hXGSNXGSI�hXTUHUVly	egZUZUG�bSR�TUHUV *J} *$��Z�`"NXGSI�hXL4`%T�t�RUI�hA¯A`%hENXLEI�b��
b�TUHUV G�H ��OPQUHJI�I�\�I�G��8y ,v��� ,��g�:}/1�� ,���}±��}]¯�I�LP`%G�b�b�GSI�hXLEIÏFdG�H�t�ÇUQUhXTUHUVjI�H c�T×R�GSI�NEI�HÓTUHJR
\�I�G�LEI�hEI�H*ÔdI�h�t�`%QUhEI�H �JHJRUI�H*NXGSOPQ[TUH$LEI�h�`%HJRUI�hEI n G�HK�]` n Z�I�hXV<T.}�Ñ�k�I�HJI�HMZ�I�hXV�y 1���� 1��U�:}9 ,��D}±���UÕ¬G�V�TJI�G�hP`�T.}E`�}�y 1������j������OEQUHJI�I�\�I�G���y ,v��� ,��'�:} 1�� ,��D}±��}

��I�QUhXc�GSI�b�ijI�h�t�`%QUhEI�Hq{ ¾ HUHJI�H©c�TUH�s"OPQJNXL0G�H©ÔdI�h�t�`%QUhEI�H n G�L0TUHJR�k"QUHJImrDhPsut!I�hEI�HUc�t�TUHU{$�
LXGSk"H�`%b¬TUHMLEI�hENEOPQUGSI�RUI�H�\�I�hERUI�H.}'ÔdI�h�t!`%QUhEI�H n G�LgrdhPsut	I�hEI�HUc�t	TUHU{$LXGSk"H�`%b�{ ¾ HUHJI�H�HMTUh�RJ`%HUH
`%HUVjI�\�I�HJRUI�L]\�I�hERUI�H.�$\�I�HUHwRUI�h�FDH$LENEOEQJI�GSR�TUHUVjNELXhPs%VjI�h0G�HKRUI�h 	�`%VjI�GSNELv�MI�G�HJIgc�T n G�HJRUI�NXL
NEOPQM\�`"OEQJIardhPsut	I�hEI�HUcvk"hER�H$TUHUVÖRUI�hwe�b�LEI�hXH�`%LXG�ijI�HÓijk"hXc�TUHJI�Q n I�H.}���I�G�ÔdI�h�t�`%QUhEI�H×k"QUHJI
rDhPsut!I�hEI�HUc�t	TUHU{$LXGSk"H�`%bmZ�I�NXLEI�Q$L�R�GSI�NPI
	�k"L�\�I�HJR�G�V�{jI�G�L©HUGSOEQ$Lv}���k"bSOEQJIWÔdI�h�t�`%QUhEI�H×I�G�V�HJI�H
NXGSOPQ[RJ`%QJI�hoZ�I�NEk"HJRUI�hEN�t	ÇUhoRUI�H[Õ'`%b�b��jRJ`"NENdRUI�hoFdHMLENEOPQJI�GSRUI�h�NXGSOPQ[HUGSOPQMLoG�HKRUI�h 	�`%VjI0NXGSI�Q$Lv�
NPs n LXb�GSOEQJI¨e�b�LEI�hXH�`%LXG�ijI�HqLXhP`%HJNXG�LXG�i©`%HUc�TJk"hER�HJI�H.}

����
�����
�����������
�
���
����! #"%$�$&"�'(�()�*�$�+-,

e�ZUZUG�bSR�TUHUV *J} * �UÔdI�h�t!`%QUhEI�HqRUI�h-�qI�QUhXc�GSI�bp`%H�`%b�Ð�NEI
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¯gGSI�ÔdI�h�t!`%QUhEI�H*bp`"NENEI�H�NXGSOPQKI�HMLENE|UhEI�OEQJI�HJRwRUI�h�e�TJNX|UhPs%V�TUHUV<G�QUhEI�N�rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%bSN
G�H®ÔdI�h�t!`%QUhEI�H n G�L[I�G�HJI�h[rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H.� n G�L[I�G�HJI n rDhPsut!I�hEI�HUc�G�HJRUI�+�� n G�L[I�G�HJI n
|�`%hXLXGSI�b�bSI�HqrDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�TUHJR n G�L�I�G�HJI n HUGSOEQ$L���{jk n |:I�HJNP`%LEk"hXGSNPOEQJI�HarDhPsut!I�hEI�HUc��
t�TUHU{�LXGSk"H�`%b.TUHMLEI�hENPOEQJI�GSRUI�H.}

¯�GSIDQ ¾ OPQJNXLEIordhPsut	I�hEI�HUc�G�H�t!k"h n `%LXGSk"H_I�h�t	k"hERUI�hXH¨ÔdI�h�t!`%QUhEI�H.�uR�GSIo`%T�tJRUI�h���G�bSR�TUHUVgI�G�HJI�h
rDhPsut	I�hEI�HUc�t	TUHU{�LXGSk"HaZ�`"NXGSI�hEI�H.}.¯A`%c�T n TJNEN4RUI�hmFDH$LENEOEQJI�GSRUI�h<G�HaRUI�h 	�`%VjI[NEI�G�H.���$TUZJNXLXG��
LXTULXGSk"HJNXhP`%LEI�Hac�\]GSNEOPQJI�HlRUI�HaegTJNX|UhPs%V�TUHUVjI�HlTUHMLEI�hENEOPQUGSI�R�b�GSOEQJI�h_e�LXLXhXG�ZUTULEI*`%HUVjI�Z�I�HÏc�T
{ ¾ HUHJI�H.}
¯�GSIo�$TUZJNXLXG�LXTULXGSk"HJNXZ�I�R�G�HUV�TUHUVAI�h�t	k"hERUI�hXL.{�`%hER�G�H�`%bSI�N �qI�NENEHUG�ijIv`%T4RUI�h�e�LXLXhXG�ZUTULEI�}
e�TJN��$GSOEQML�RUI�N4FdHMLENEOPQJI�GSRUI�hEN�b�GSI�V�L¨NXLP`%hX{jI�rdhPsut	I�hEI�HUc�TUH�`%ZUQ�s%HUV�G�V�{jI�G�L�ijk"hv}�¯�GSI�FDhXVjI�Z��
HUGSNENEI©NXG�HJR TUH�`%ZUQ�s%HUV�G�Vlijk"HzRUI�h ��I�HUVjI�RUI�h[Z�I�LXhP`"OEQ$LEI�LEI�HÓe�b�LEI�hXH�`%LXG�ijI�H.��R§}�Q.}dHJI�TJI
e�b�LEI�hXH�`%LXG�ijI�H { ¾ HUHJI�H G�H R�GSI�Z:I�NXLEI�QJI�HJRUI�­ghER�HMTUHUVlI�G�HUVjI�Z�I�LXLEI�L�\�I�hERUI�H.�ok"QUHJIwR�GSI�NEI
c�T©Z:I�I�G�H��JTJNPNEI�H.}'�'T�R�GSI�NEI�h�Ò�bp`"NENEI�ijk"HqÔdI�h�t!`%QUhEI�HqVjI�Q ¾ hXL0cj}X��}�R�GSI �qTUb�LXG���e�LXLXhXG�ZUTULXG�ijI
	�TULXcvI�H$LXQJI�k"hXGSIKy	I�HUV�b�}���- !"¦ �	¥/. ��� �	£X¥�¡�!�� ¢10 �	¥�¦�¥ �325476�¢S|v£�2½y ��e]�)���X��}

��I�G§ÔdI�h�t!`%QUhEI�H n G�LgrDhPsut	I�hEI�HUc�G�HJRUI�+©ZUhP`%TJOPQML�RUI�h�FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�h�{jI�G�HJI¨�$TUZ��
NXLXG�LXTULXGSk"HJNXhP`%LEI�H�`%HUc�TUVjI�Z�I�H.�:NEk"HJRUI�hXH n TJNEN0bSI�R�G�V�b�GSOPQWI�G�HJI n G�HJRUI�NXLEI�HJNgNPOEQM\�`"OEQJI[­ghER��
HMTUHUVwRUI�h�egb�LEI�hXH�`%LXG�ijI�H�ijk"hXHJI�Q n I�H�{ ¾ HUHJI�H.}:ÔdI�hXLXhEI�LEI�hmR�GSI�NEI�h�Ò�bp`"NENEI<NXG�HJR�ÔdI�h�t�`%QUhEI�H
RUI�ho{�bp`"NENXGSNEOPQJI�H 	gTULXc�\�I�hXLP`%H�`%b�Ð�NEI_y 	�^WeA��}j¯�GSI�NEI0cvI�GSOPQUHJI�H�NEGSOEQ�RJ`"R�TUhEOEQ©`%TJNv�MRJ`"NPNoG n.�I�VjI�HJNP`%LXc[c�TUh ��e]� �È^ÏI�hXL�t	TUHU{�LXGSk"HlTUHJR�.�I�\]GSOEQ$LXTUHUVWVjI�LXhEI�HUHML�Z:I�NELXG n_n L<\�I�hERUI�H
TUHJR<R�GSI/.�I�\]GSOPQMLXTUHUV<R�TUhEOEQ_VM`%HUc�QJI�G�LXb�GSOEQJI���I�LXhP`"OPQMLXTUHUV�y�QJk"b�GSNXLXGSNEOEQ'��`%b�bSI�h��'GSI�b�{�hXG�LEI�hXGSI�H
I�h�t	k"b�V�Lv}

FDG�HJI�NE|:I�c�GSI�b�bSI�Ôo`%hXGp`%HMLEI�RUI�h 	�TULXc�\�I�hXLP`%H�`%b�Ð�NPI�GSNXL�RUI�h � " &u¦82 �	¥:9<;�¥	¢E£ &u£=9�6)2?>D£0|@9�¢BACA
y	e ��r���}�^ÖGSI�Z�I�G§RUI�h!	�^We×ÇUZUb�GSOPQ.�U\�I�hERUI�HqR�GSI .�I�\]GSOEQ$LEImQJk"b�GSNXLXGSNEOPQwTUHJR�TUH�`%ZUQ�s%HUV�G�V
ijk"H�RUI�H_^ÏI�hXL�t�TUHU{�LXGSk"HJI�H[I�h n G�LXLEI�b�Lv}j¯�I�hd�gHMLEI�hENEOPQUGSI�R�c�TUhD{�bp`"NENXGSNEOPQJI�H 	�^We®b�GSI�V�LoRJ`%h��
G�H.�vRJ`"NEN.R�GSI�N�R�TUhEOEQ4|�`�`%hX\�I�GSNEI�ÔdI�hXV�bSI�GSOEQJI�RUI�h�e�LXLXhXG�ZUTULEIdVjI�NEOPQUGSI�QMLv}%¯�GSI�NEId��I�NEk"HJRUI�hXQJI�G�L
I�h n�¾ V�b�GSOEQMLARUI n e ��r R�GSI¨��I�NELXG n_n TUHUV*ijk"H�c�T�{jk"HJNEGSNXLEI�HMLEI�HÏ�$G�LXT�`%LXGSk"HJI�H�t	ÇUQUhEI�HJRUI�H
^ÏI�hXL�t�TUHU{�LXGSk"HJI�H.�]`%TJOEQÖt�ÇUh�RUI�HzÕ'`%b�b���RJ`"NEN*R�GSI�e�HUVM`%Z�I�HzRUI�N*FDH$LENEOEQJI�GSR�TUHUVjNXLXhPs%VjI�hEN
G�HU{jk"HJNXGSNXLEI�HMLgNXG�HJR§}

FDG�HJI n G�LXLEI�bSN�ÔdI�h�t�`%QUhEI�H�RUI�h 	g^�e8I�h n G�LXLEI�b�LEI��g`%HUV"t!k"b�VjImZ�`"NXGSI�hXLA`%T�toRUI�h�{jk"HU{$hEI�L
ijk"hXb�GSI�VjI�HJRUI�H �qI�HUVjI�RUI�h�Z:I�LXhP`"OPQMLEI�LEI�H�egb�LEI�hXH�`%LXG�ijI�H.}UFDG�HJI�HJI�TKQUG�HUc�TUVjI�{jk n_n I�HJI4e�b��
LEI�hXH�`%LXG�ijI�{"`%HUHWR�GSI�NEI�­ghER�HMTUHUV©RJ`%QJI�hmR�TUhEOPQJI�G�H�`%HJRUI�hmZUhXG�HUVjI�H.�§k"ZM\�k"QUbdNXGSOEQÏR�GSI<rDhPsu�
t	I�hEI�HUc�ijk"hENXLEI�b�b�TUHUVKRUI�N0FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�hEN�HUGSOEQ$L�ijI�hPs%HJRUI�hXL0Q�`%Lv}�¯gGSI�NPIAFDG�VjI�HJNEOEQ�`ut	L
RUI�h 	g^�e���ÔdI�h�t�`%QUhEI�HqZ�I�cvI�GSOEQUHJI�L n `%HÏ`%bSNED "�A���&�¡%¥�¦�¥ �	F(�]Z�I�c�ÇUV�b�GSOEQHGgHJRUI�hXTUHUVjI�HWG�H�RUI�h
Z:I�LXhP`"OPQMLEI�LEI�Hqegb�LEI�hXH�`%LXG�ijI�H n I�HUVjI�}.�bSk"Z�`%bSI�Ògk n |UhEk n GSNENXijI�h�t�`%QUhEI�H t	ÇUQUhEI�HÖI�Z�I�H�t�`%b�bSN�c�T I�G�HJI n rDhPsut	I�hEI�HUc�G�HJRUI�+§}�ª n.�I�VjI�HJNP`%LXc�c�TUh 	g^We½\�I�hERUI�HwHUGSOEQ$L]bSk"{"`%bSI�e�LXLXhXG�ZUTULXijI�hXV�bSI�GSOEQJI¨NEk"HJRUI�hXH�V�bSk"Z�`%bSI�e�b�LEI�h��
H�`%LXG�ijI�HMijI�hXV�bSI�GSOEQJIqTUHMLEI�h[V�bSI�GSOEQUcvI�G�LXG�VjI�hK��I�LXhP`"OPQMLXTUHUV®`%b�bSI�h�e�LXLXhXG�ZUTULEIwijk"hXVjI�HJk n_n I�H.}
ª�H$LXhP`%HJNXG�LXG�i$G�LPs%LEI�HqNXG�HJR�QUGSI�h0c�TUVjI�bp`"NENEI�H.}U¯�GSIm��I�NXLXG n_n TUHUV[RUI�h8.�I�\]GSOPQMLEI4I�h�t!k"b�V�L0G�H©I�G��
HJI n ­g|ULXG n GSI�hXTUHUVjNX|UhEk"cvI�NEN�R�TUhEOPQ�RJ`"N�ÔdI�h�t!`%QUhEI�H�NEI�b�ZJNXLv� n G�L�RUI n �'GSI�b�R�GSI4TUhENX|UhXÇUHUV"�
b�GSOEQ_`%hXLXG�{$TUb�GSI�hXLEI�H_rDhPsut!I�hEI�HUcvI�H_NEk�V�TUL�\]GSI n�¾ V�b�GSOPQ_c�T4hEI�|UhPs"NEI�H$LXGSI�hEI�H.}M�'T<RUI�H<V�bSk"Z�`%bSI�H
Ò�k n |UhEk n GSNENXijI�h�t�`%QUhEI�H_VjI�Q ¾ hEI�H�TUHMLEI�hd`%HJRUI�hEI n RJ`"N�IJDLK4¢�&u£�>D£0|NMj£ &POQO_¥�"RM � ¢N9L6�"U¥:S�!�¢BA
z�|v£(- !"¦ �	¥:Tj¥UO�¢#"�AX¥�|�" &u¦ � " &u¦82�AX¥VAB|*z�>D£�¢�z�¢E£�¢#"W9�¢4y 	.ª 	)�qe�r��.TUHJR<R�GSI �qTUb�LXGSR�G n I�HJNXGSk"H�`%bSI
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egT�t:RUI�h 	gTULXc�TUHUVmI�G�HJI�ND|�`%hXLXGSI�b�bSI�H[rDhPsut!I�hEI�HUc�t	TUHU{$LXGSk"H�`%bSNDZ�`"NEGSI�hEI�H_G�HMLEI�hP`%{�LXG�ijI]ÔdI�h��

t�`%QUhEI�H.}d��I�G�R�GSI�NEI�H ÔdI�h�t�`%QUhEI�H \]G�hER RJ`"NKrDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�HUGSOPQML[ijk"H ijk"hXHUQJI�hEI�G�H
ijk"b�bSNXLPs%HJR�G�V©t	I�NXLXVjI�bSI�V�Lv�§NPk"HJRUI�hXH�HMTUh4RUI�hAegTJNENEOEQUHUG�LXLmI�h n G�LXLEI�b�Lv��RUI�hmR�GSI_e�TJNX\�`%QUbdRUI�h
Z�I�NXLEI�H�e�b�LEI�hXH�`%LXG�ijIjy�H'�oVjI�NXLP`%LXLEI�Lv}�¯�GSI�Ôdk"hXVjI�QJI�HJNE\�I�GSNEI�GSNXL�k%t�L�NEkU�$RJ`"NEN�G�HKI�G�HJI n G�LEI�hP`u�
LXG�ijI�H©rDhEk"cvI�NPN�c�TUH�s"OEQJNXL�N�s n LXb�GSOEQJI4I���c�GSI�HMLEImegb�LEI�hXH�`%LXG�ijI�HwVjI�\�s%QUb�L0\�I�hERUI�H©TUHJR�RJ`%HUH
ÇUZ�I�hmR�GSI�NEI ��I�HUVjI�RJ`"N4`%bSNmI�+�GSNXLEI�HMLAijk"hP`%TJNEVjI�NEI�LXc�LEI[rDhPsut!I�hEI�HUc�t	TUHU{$LXGSk"H�`%b�{jk"HJNXLXhXTUGSI�hXL
\]G�hER§}:FDG�HJI�e�b�LEI�hXH�`%LXG�ijI�H n I�HUVjI n TJNEN�RJ`%Z:I�G¬HUGSOEQ$L�I�+�|Ub�G�c�G�L�ijk"hXVjI�VjI�Z:I�H�NEI�G�H.�'NEk"HJRUI�hXH
I�hXV�G�ZUL¬NXGSOEQ¨G n |Ub�G�c�G�L�`%TJN�RUI n ��I�NELXhXG�{$LXGSk"HJI�HUhP`%T n }%¯A` n G�L�I�G�HUQJI�hXVjI�QJI�HJR<TUHMLEI�hXb�GSI�V�L¬QUGSI�h
\]GSI_Z�I�G ��e]� � R�GSI�e�HUH�`%Q n IKI�G�HJI�NmHUGSOPQML4Z�I�V�hEI�HUc�LEI�Hlegb�LEI�hXH�`%LXG�ijI�HUhP`%T n Nv}¬��I�GSNX|UGSI�b
t	ÇUh]I�G�H�NPk"bSOEQJI�N]ÔdI�h�t�`%QUhEI�HwGSNXL�RJ`"N D�" � ¢E£ &�9 �	¥��%¢E- !"¦ �	¥��:¦	¢��r|�&u¦J>d£0|NMj£ &POQO_¥�"RM y	ª ��.�r���}

��I�G¬RUI�H�ZUGSNXQJI�h�`%T�t�VjI�t	ÇUQUhXLEI�HqÔdI�h�t�`%QUhEI�HJNX{�bp`"NENEI�Hq{"`%HUH�R�GSI4egTJNX|UhPs%V�TUHUV*I�G�HJI�Nge�L��
LXhXG�ZUTULEI�N�R�TUhEOEQ½I�HMLENE|UhEI�OEQJI�HJRUIWe�TJNE|UhPs%V�TUHUVjI�HzRUI�hw`%HJRUI�hEI�Hze�LXLXhXG�ZUTULEIq{jk n |�I�HJNXGSI�hXL
\�I�hERUI�H.}J��I�G§ÔdI�h�t!`%QUhEI�H n G�L]HUGSOPQML���{jk n |�I�HJNP`%LEk"hXGSNEOEQJI n rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b.VjI�Q$L�RJ`"N
HUGSOPQMLv}�¯�k"hXL[\�I�hERUI�HÖR�GSIqe�b�LEI�hXH�`%LXG�ijI�HÖc�TUH�s"OEQJNXLKH�`"OEQzRUI n \]GSOEQ$LXG�VjNXLEI�H �'GSI�b0VjI�k"hER��
HJI�Lv}0�$G�HJRzNXGSIqRJ`%HUHzHJk�OEQzHUGSOEQMLwTUH$LEI�hENEOEQJI�GSR�Z�`%hv�0\]G�hERÖRJ`"N*c�\�I�G�L«\]GSOEQ$LXG�VjNXLEIf�'GSI�bA`%bSN
FDH$LENEOEQJI�GSR�TUHUVjN n I�hX{ n `%b�QJI�hP`%HUVjI�cvk"VjI�H�TJNX\m}'��I�GSNX|UGSI�bSI¨t	ÇUhgNEk"bSOPQJI<ÔdI�h�t!`%QUhEI�H�NXG�HJR�R�GSI
	.I�+�G�{jk"V�hP`%|UQUGSNEOPQJIw­ghER�H$TUHUVWTUHJRaR�GSI 	�I�+�G�{jk"V�hP`%|UQUGSNEOPQJI��'GSI�b�|UhEk"V�hP` n_n GSI�hXTUHUV y	I�HUV�b�}��
�r|�&u¦7>D£0|NMj£ &POQO_¥�"RM.��}
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ÔdI�h�t�`%QUhEI�H.��R�GSI¨I�G�H�rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�HUGSOEQMLgijk"hP`%TJNENEI�LXcvI�H.�'Z:I�H ¾ LXG�VjI�Hq{jI�G�HJI4NEOPQM\�`u�
OPQJI*­ghER�HMTUHUVWRUI�h4egb�LEI�hXH�`%LXG�ijI�H.��NPk"HJRUI�hXHÏbp`"NENEI�Haª«HMLXhP`%HJNEG�LXG�i$G�LPs%LEI�HfTUHJR��%k$RUI�h<��H$ijI�h��
V�bSI�GSOPQMZ�`%hX{jI�G�LEI�H,I�+�|Ub�G�c�G�LAc�T.}§ª n ÔdI�hXV�bSI�GSOEQÏc�T�RUI�HWt	TUHU{$LXGSk"HJNXZ�`"NEGSI�hXLEI�HÏÔdI�h�t!`%QUhEI�H�Z�I��
cvI�GSOPQUHJI�L n `%H�R�GSI�NEI_`%bSNA��I�bp`%LXGSk"HJI�H�Z�`"NXGSI�hXL�ZUc�\m}.`%bSNgY!­gTULXhP`%HU{�G�HUV%x���ÔdI�h�t!`%QUhEI�H.}¬¯�GSI�NEI
I�G�V�HJI�H_NXGSOPQ<G�HJNEZ:I�NEk"HJRUI�hEI�Z�I�G$ijk"hXb�GSI�VjI�H n I�QUhX{�hXG�LEI�hXGSI�b�bSI�hoÒ�k"H��JG�{�LEI��"R§}�Q.}"RUI�h�FdHMLENEOPQJI�G��
RUI�h�{�`%HUH<NXGSOPQ¨c�\]GSNPOEQJI�H_c�\�I�GUegb�LEI�hXH�`%LXG�ijI�H_HUGSOEQ$L�I�H$LENEOEQJI�GSRUI�H.�j\�I�G�b�Z:I�GSRUI�egb�LEI�hXH�`%LXG�ijI�H
I�G�H,`%TJNXVjI�\�k"VjI�HJI�N<ÔdI�hXQ�s%b�LXHUGSN�`%HaÔdk"h��gTUHJR 	�`"OPQMLEI�G�bSI�HfZ:I�G�HUQ�`%b�LEI�HfTUHJRÏNEk n G�L¨{jI�G�HJI
Z�I�NENEI�h�RJ`KNELEI�QMLv}:ª�H�i$GSI�bSI�HWÕDs%b�bSI�HWhEI�GSOEQMLAI�N�G�HWNEk"bSOEQJI�Ha�$G�LXT�`%LXGSk"HJI�H.��\�I�HUH n `%HWk"QUHJI
I�G�HJIqijk"b�bSNXLPs%HJR�G�VjIÏ­ghER�HMTUHUV `%b�bSI�hKegb�LEI�hXH�`%LXG�ijI�H½HMTUh�R�GSI�Z�I�NXLEI�GSRUI�HMLXG
�Jc�GSI�hXLwk$RUI�h�I�G��
HJI�egHJk"hER�HMTUHUV_ijk"Hwe�b�LEI�hXH�`%LXG�ijI�HU{�bp`"NENEI�H©I�hXc�GSI�b�Lv}�FDH$LENX|UhEI�OEQJI�HJRUI4ÔdI�h�t!`%QUhEI�HwNXG�HJRKcj}X��}
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¯A`"N�G�H¨Òm`%|UG�LEI�b��0I�HML«\]GSOE{jI�b�LEI]FDH$LENEOEQJI�GSR�TUHUVjN n k$RUI�b�bUZ�`"NXGSI�hXL�`%T�t�RUI�h�{�bp`"NENXGSNEOPQJI�H 	g^We¨}
¯�GSI�NEI�\]G�hER�QUGSI�h0RJ`%QJI�h]G n ¯�I�LP`%G�b.RJ`%hXVjI�NXLEI�b�b�L¨y�c�TUh0��I�V�hXÇUHJR�TUHUV*RUI�h]^a`%QUb.R�GSI�NEI�N�ÔdI�h��
t�`%QUhEI�HJN�NXGSI�QJIAegZJNEOPQUHUG�LXL ��}-,
��}

^zGSI0G n ijk"hP`%HUVjI�VM`%HUVjI�HJI�H�egZJNEOPQUHUG�LXLoZ�I�hEI�G�LEN�`%HUVjI�RUI�TULEI�Lv�$GSNXLoR�GSI!	g^WezNELXhEI�HUVmVjI��
HJk n_n I�H[I�G�HJI�Ò�bp`"NENPI�ijk"H_ÔdI�h�t�`%QUhEI�H.}�¯�GSI�NEI�TUHMLEI�hENEOPQJI�GSRUI�HKNXGSOPQ_G�H�G�QUhEI�hdNX|:I�c�GSI�b�bSI�H�eghXL
RUI�hAFDh n G�LXLXb�TUHUVwijk"HW^ÏI�hXL�t	TUHU{$LXGSk"HJI�H y � ¾ QJI�HU|UhPsut	I�hEI�HUcu�gTUHJR�.�I�\]GSOPQMLEI�HÖy	eghXLEI�HU|UhPsu�
t!I�hEI�HUcu���JR�GSI�ÎXI�RUk$OPQq`%b�bSIAQJk"b�GSNXLXGSNPOEQ�TUHJR©ijk"H�I�G�H�`%HJRUI�h�TUH�`%ZUQ�s%HUV�G�V*Z:I�NELXG n_n L0\�I�hERUI�H.}
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¯gGSI�NPI .�I n I�G�HJN�` n {jI�G�L�I�hXbp`%TUZUL_I�Nv��ijk"H TU¢E£ 	�TULXc�\�I�hXLP`%H�`%b�Ð�NEI�c�T,NX|UhEI�OPQJI�HÓy���OPQUHJI�I��
\�I�G�� ,v��� ,��'�:} , 1 ,
��}J¯�GSI�NEI�GSNEL�I�G�H�`%T�tDI�G�HJI n rDhPsut!I�hEI�HUc�G�HJRUI�+wZ�`"NXGSI�hEI�HJRUI�N0ÔdI�h�t�`%QUhEI�H.�
n G�L0RUI n �'GSI�b�I�G�H���`%HU{$G�HUV�RUI�h0Z�I�LXhP`"OEQ$LEI�LEI�H�egb�LEI�hXH�`%LXG�ijI�H©c�T�I�hXcvI�TUVjI�H.}

Ôdk"hP`%TJNENEI�LXc�TUHUVjI�H�t	ÇUhmR�GSI_egHM\�I�HJR�TUHUVWRUI�h 	g^�e NXG�HJRWÔdk"b�bSNXLPs%HJR�G�V�{jI�G�Lv� ��hP`%HJNXG�LXG��
i$G�LPs%L]TUHJR©NPOEQM\�`"OEQJI<rDhPsut!I�hEI�HUc�TUH�`%ZUQ�s%HUV�G�V�{jI�G�L�RUI�h�Z:I�LXhP`"OPQMLEI�LEI�HÏ�'GSI�bp`%LXLXhXG�ZUTULEIKy	NXGSI�QJI
¯�I��JHUG�LXGSk"HJI�H ,�� 1�� �j��}uFDG�HJI�FDG�H$Z:I�LXLXZ�`%hX{jI�G�L�RUI�h�Z�I�LXhP`"OEQ$LEI�LEI�H[e�b�LEI�hXH�`%LXG�ijI�H�G�H_I�G�H�Ò�k"H��
LXG�HMTUT n GSNXL�HUGSOPQML4VjI�t!k"hERUI�hXLv}.¯�GSI 	g^�eÈGSNELmRJ`%QJI�hAG�HJNXZ:I�NPk"HJRUI�hEI�RJ`%HUHÏNXG�HUHMijk"b�b��.\�I�HUH
I�G�HJIgI�HJR�b�GSOPQJIAe�HUc
`%QUb§`%Hwe�b�LEI�hXH�`%LXG�ijI�H�ijk"hXb�GSI�V�L�TUHJR*HUGSOEQML�Z�I�b�GSI�ZUG�V�i$GSI�bSIg\�I�G�LEI�hEI4�'\]G��
NEOEQJI�H�t!k"h n I�H�ijI�h�t�ÇUV�Z�`%h�NXG�HJR§}%e�T��jI�hERUI n n TJNEN�RUI�h�FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�hd{jI�G�HJI]�$TUZJNXLXG��
LXTULXGSk"HJNXhP`%LEI�H�`%HUVjI�Z�I�H.}�FDG�HqÔdI�hXV�bSI�GSOEQ�Z:I�b�GSI�ZUG�VjI�hg^ÏI�hXLER�G
��I�hEI�HUcvI�H�GSNXL�NPk n G�L�I�Z:I�H�t�`%b�bSN
HUGSOEQML�VjI�t!k"hERUI�hXLv}'¯�GSImZ�I�LXhP`"OEQ$LEI�LEI�HÏe�LXLXhXG�ZUTULEI n ÇJNENEI�H�bSI�R�G�V�b�GSOEQ n G�HJRUI�NXLEI�HJN�k"hER�G�H�`%bSI�N
�qI�NENEHUG�ijIv`%TÏQ�`%Z:I�H.}�¯gGSIK��I�\�I�hXLXTUHUVWI�h�t	k"b�V�LmG�HlR�hEI�G���OEQUhXG�LXLEI�H%��y ,
����I�NXLXG n_n TUHUV�RUI�h
� ¾ QJI�HU|UhPsut!I�hEI�HUcj��y 1j����I�NXLXG n_n TUHUVKRUI�h�eghXLEI�HU|UhPsut	I�hEI�HUc¨TUHJRÏy!�j��^ÏI�hXLP`%V�V�hEI�VM`%LXGSk"H.}
,�}0��´MÃ�·
¸�U[U�Ê¬º�Å Ä¬´Mµ����:Í�´�º�³¬µu¼UÌ«´Mµ%´$º�Ë �dÕ¬ÇUhAÎXI�RUI�NK�'GSI�bp`%LXLXhXG�ZUTUL

cj
\]G�hER I�G�HJI

^ÏI�hXL�t	TUHU{$LXGSk"H
vj

(
xj(a)

) Z�I�NXLXG n_n Lv��R�GSIm`%b�bSIAG�H©RUI�H�egb�LEI�hXH�`%LXG�ijI�H©ijk"hXQ�`%HJRUI�HJI�H
egTJNX|UhPs%V�TUHUVjI�HlG�HfI�G�HJIK��I�NENPI�h�� ��OEQUbSI�OEQ$LEI�h�����I�G�QJI�H�t!k"b�VjIwZUhXG�HUV�Lv}¬¯�` n G�HJRUI�NXLEI�HJN
k"hER�G�H�`%bSI�N���I�NENXHUG�ijIv`%TWRUI�h�e�LXLXhXG�ZUTULEI�`%TJNXhEI�GSOPQMLv��GSNXL�R�GSI4^ÏI�hXL�t	TUHU{�LXGSk"H�bSI�R�G�V�b�GSOPQ
ZUGSN[`%T�t�y	NXLXhEI�HUV$� n k"HJk"LEk"HÖ\�`"OEQJNPI�HJRUI �.hP`%HJNXt	k"h n `%LXGSk"HJI�HÖt	I�NELXVjI�bSI�V�L���Y�FDG�H��~G�h��
VjI�HJR�\]GSIAVjIv`%hXLEI�LEI�h 	�TULXcvI�H����JRUI�h]G�H©RUI�h�� r�I�hENEk"HqRUI�N0FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�hEN�TUHJR
G n ¡J¢ �	£ &�9L6 � ¢ � ¢#"<e�LXLXhXG�ZUTUL�b�GSI�V�L	����\]G�hER]ÎXI�RUI n e�LXLXhXG�ZUTUL�
�}�}�} �Mc�TUVjI�k"hER�HJI�L x�y���OPQUHJI�I��
\�I�G�� ,v��� ,��d�:} , 1��j��}�¯�GSI�NEI*ÕUTUHU{�LXGSk"Hf{�`%HUH®RJ`%QJI�h�`%TJOEQ `%bSN |v£=Tj¥�" &u¦	¢�K !��	¤"¢#"�.
z,! "�{ �	¥�|�"zZ:I�cvI�GSOPQUHJI�L�\�I�hERUI�H.}]��I�G�I�G�HJI�h�k"hER�G�H�`%bSI�H 	gTULXcvI�H�t�TUHU{�LXGSk"HÖcvI�G�V�LwRUI�h
ÔdI�hXV�bSI�GSOEQKc�\�I�GSI�h 	�TULXcvI�H$\�I�hXLEIgHMTUh�`%H.��\�I�bSOEQJI�h�c�T�|UhPsut	I�hXGSI�hEI�H[GSNXLv}�FdNdGSNEL�Î�I�RUk�OEQ
{jI�G�HJI�{jk"HU{$hEI�LEIAegTJNENP`%VjIgc�T n e�ZJNELP`%HJRKc�\]GSNPOEQJI�H©R�GSI�NEI�H�^ÏI�hXLEI�H n�¾ V�b�GSOEQ.}�e�TJN��
NP`%VjI�H©\]GSImY�e�b�LEI�hXH�`%LXG�ijI<`©y	I�G�H���OPQMÇUbSI�h n G�LgRUI�h�	�k"LEI4�j��GSNXLgRUk"|U|:I�b�L�NEk�V�TUL�\]GSI
egb�LEI�hXH�`%LXG�ijIAZÏy	I�G�Hq��OEQMÇUbSI�h n G�L0RUI�h 	gk"LEI 9 ��xANXG�HJRwRJ`%QJI�h]Z:I�G§k"hER�G�H�`%b�NE{"`%b�GSI�hXLEI�H
e�LXLXhXG�ZUTULEI�H�HUGSOPQML n�¾ V�b�GSOEQ.}
¯�GSI_t	ÇUh¨I�G�Hfe�LXLXhXG�ZUTUL¨ijI�hX\�I�HJRUI�LEI 	gTULXcvI�H�t	TUHU{$LXGSk"Hf\]G�hERf`%bSN �%&u£��	¥	¢E¦�¦	¢ 	�TULXcvI�H��
t	TUHU{$LXGSk"HlZ:I�cvI�GSOPQUHJI�L<TUHJR,`%bSN

uj

(
xj(a)

) HJk"LXGSI�hXLv}���I�G�I�HJR�b�GSOEQfi$GSI�bSI�H,e�LXLXhXG�ZUTUL��
`%TJNX|UhPs%V�TUHUVjI�H®TUHJRfe�b�LEI�hXH�`%LXG�ijI�H®Q�`%L n `%H®RJ` n G�L�`%b�bSI 	gTULXcvI�HM\�I�hXLEI©I�h n G�LXLEI�b�L
TUHJRwI�hXQ�s%b�L�I�G�HJIAFDH$LENEOEQJI�GSR�TUHUVjN n `%LXhXG
+�`%H�`%bSk"V�c�TwRUI�h0G�Hwe�ZUZUG�bSR�TUHUV *J} ��}Uª�H©RUI�h
��I�VjI�b.NEG�HJR©R�GSIAI�h n G�LXLEI�b�LEI�H�^ÏI�hXLEI4`%T�tdRJ`"N0ª«HMLEI�hXi�`%b�b

 ���-,���HJk"h n GSI�hXLv}

1�}0��´MÃ�·
¸�U[U�Ê¬º�ÅwÄ�´$µ � µu·v´$º�³¬µu¼UÌ«´Mµ%´$º�Ë �j�jI�RUI n �'GSI�bp`%LXLXhXG�ZUTUL�\]G�hER�NEI�G�HJI�ho��I�RUI�T��
LXTUHUV[I�H$LENX|UhEI�OEQJI�HJR�I�G�H .�I�\]GSOEQ$L

wj

y∑
j wj = 1

�
wj ≥ 0

��c�TUVjI�k"hER�HJI�Lv}
¯�TUhEOEQ�R�GSI�ÔdI�hXVM`%Z�IAijk"H .�I�\]GSOPQMLEI�Hq\]G�hER©RUI�h!	�TULXcvI�H©I�G�HJI�Nge�LXLXhXG�ZUTULEN n G�L�RUI n
RUI�h<ÇUZUhXG�VjI�H,e�LXLXhXG�ZUTULEI*ijI�hXV�bSI�GSOPQMZ�`%hv}D¯�GSI .AI�\]GSOEQMLXTUHUVÏI�h�t!k"b�V�L<QJk"b�GSNXLXGSNEOEQ.��R§}�Q.}
R�TUhEOEQÖVM`%HUc�QJI�G�LXb�GSOEQJIW��I�LXhP`"OEQ$LXTUHUV,RUI�hK^ÖGSOPQMLXG�V�{jI�G�LwI�G�HJI�N[e�LXLXhXG�ZUTULENKG�HÖ��I�c�TUV
`%T�toNPs n LXb�GSOEQJI�ÇUZUhXG�VjI�H.}�¯A`�R�GSI�NEI<I�HMLX{jk"|U|�I�b�L�ijk"H�RUI�h���I�NXLXG n_n TUHUVwRUI�h�e�hXLEI�H��
|UhPsut!I�hEI�HUc¨GSNXLv�'Q�`%Z�I�Hq{jk"HU{�hEI�LEI¨e�LXLXhXG�ZUTULP`%TJNE|UhPs%V�TUHUVjI�H�{jI�G�HJI�HWFdG�H��JTJNEN�RJ`%hP`%T�t�}.�I�\]GSOPQMLXTUHUVjN��$TJk"LXGSI�HMLEI�HÖ{ ¾ HUHJI�H,NPk n G�L�`%TJOPQfHUGSOPQML�`%bSN��$TUZJNXLXG�LXTULXGSk"HJNXhP`%LEI�H®G�H��
LEI�hX|UhEI�LXGSI�hXL�\�I�hERUI�Hfy���OPQUHJI�I�\�I�G���,v��� ,��'�:} , 1��¨tX}±��}
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��}�� ´$µ
·v¶UÅ'Å�µ%´MÅ�¶�·
¸�¹:º ���'GSI�b�RUI�h0^ÏI�hXLP`%V�V�hEI�VM`%LXGSk"H�GSNXL0I�G�H��g`%HU{�G�HUV�RUI�h�egb�LEI�hXH�`%LXG��
ijI�H�Z:I�c�ÇUV�b�GSOPQa`%b�bSI�hm�'GSI�bp`%LXLXhXG�ZUTULEI�}�¯�`%c�T�\]G�hERWI�G�HJI ��I�QUhXc�GSI�b�|UhPsut	I�hEI�HUc�t	TUHU{$LXGSk"H
{jk"HJNXLXhXTUGSI�hXLv��R�GSI�`%H�`%bSk"Vfc�TUh*FdG�HUc�GSI�b�|UhPsut	I�hEI�HUc�t	TUHU{$LXGSk"H×R�GSI�egb�LEI�hXH�`%LXG�ijI�HzÇUZ�I�h
R�GSI G �$TUG�i�`%bSI�HUc

a′ % a′′ ⇔ Φ(a′) ≥ Φ(a′′)
G�HWI�G�HJI���I�G�QJI�H�t!k"b�VjI¨ZUhXG�HUV�Lv}§ª NXLgc�T��

n G�HJRUI�NXL]NEOEQ$\�`"OEQJIArdhPsut	I�hEI�HUc�TUH�`%ZUQ�s%HUV�G�V�{jI�G�LgVjI�VjI�Z:I�H.��NEkmbps"NPNXL�NEGSOEQ�I�G�HJIgNEk"bSOPQJI
rDhPsut	I�hEI�HUc�t	TUHU{�LXGSk"Hf`%bSNAÕUTUHU{�LXGSk"Hl`%b�bSI�hA|�`%hXLXGSI�b�bSI�H 	gTULXcvI�H�t�TUHU{�LXGSk"HJI�H

uj

(
xj(a)

)
I�G�HJI�h�e�b�LEI�hXH�`%LXG�ijI¨RJ`%hENXLEI�b�bSI�H%�

U
�����

(a) = f
(
u1

(
x1(a)

)
, u2

(
x2(a)

)
, u3

(
x3(a)

)
, ..., um

(
xm(a)

))
.

y *J} �j�
¯gGSI�|�`%hXLXGSI�b�bSI�H 	gTULXcvI�H�t	TUHU{$LXGSk"HJI�H

u(·) NEG�HJR�QUGSI�hXZ�I�G'RJ`"N �W`��mt	ÇUh�R�GSI � ¾ QJI�HU|UhPsu�
t	I�hEI�HUcj��TUHJRlR�GSI*rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H

f(·) GSNXL<RJ`"N��W`��©t	ÇUh¨R�GSI*eghXLEI�HU|UhPsut	I�hEI�HUcj}
� ¾ QJI�H��4TUHJR e�hXLEI�HU|UhPsut!I�hEI�HUc�\�I�hERUI�H G�H ÕJk"h n I�G�HJI�N_b�G�HJIv`%hEI�HÖrDhPsut!I�hEI�HUc�G�HJRUI�+
ijI�hEI�G�HUG�V�Lv}�¯�GSI�NEI�h0\]G�hER�`%TJOPQq`%bSN !��	¥�¦�¥ �U2 AN9S|v£�¢4Z:I�cvI�GSOPQUHJI�L��

U
�����

(a) =

m∑

j=1

wj · uj

(
xj(a)

) } y *J} *$�
¯gGSI�Z�I�NXLEI�egb�LEI�hXH�`%LXG�ijI

a∗
GSNXL¬RUI��JHUGSI�hXLDR�TUhEOPQ

U
�����

(a∗) ≥ U
�����

(a) n G�L a∗ 6= at�ÇUhg`%b�bSI
a∗, a ∈ A

}

¯�GSI*Y�FDG�H�t�`"OEQUQJI�G�L xqRUI�h 	g^We Q�`%L[`%TJOEQ 	�`"OPQMLEI�G�bSI�}o¯�GSI�QJk"b�GSNXLXGSNPOEQJI©��I�NXLXG n_n TUHUV
RUI�h .�I�\]GSOPQMLEIA{�`%HUH�c�TwG�HU{jk"HJNXGSNXLEI�HMLEI�H©rdhPsut	I�hEI�HUc�TUhXLEI�G�bSI�H�t�ÇUQUhEI�H.}�¯A`"N]e�hXV�T n I�H$Lv�UR�GSI.�I�\]GSOPQMLXTUHUV<G n 	�`"OPQUQUG�HJI�G�H�c�T_{jk"hXhXG�V�GSI�hEI�H.�jQJI�Z�I�b�LdRUI�H*�'\�I�OE{_RUI�h 	�^WeÖ`%TJN
} .�I�hP`"RUI
ÇUZ�I�h�R�GSI4��I�NXLXG n_n TUHUVKRUI�h7.�I�\]GSOEQ$LEI¨NEk"b�b�I�G�HJIme�HJk"hER�H$TUHUV*RUI�hge�b�LEI�hXH�`%LXG�ijI�HWI�hXhEI�GSOEQ$L
\�I�hERUI�H_TUHJR4HUGSOPQMLDT n VjI�{jI�QUhXLv}�¯A`�RUI�h�rDhPsut!I�hEI�HUc�G�HJRUI�+_`%T�t:��`"NEGSN�RUI�h�I�HJR�b�GSOEQJI�H ��I�HUVjI
`%HlZ:I�LXhP`"OPQMLEI�LEI�H,e�b�LEI�hXH�`%LXG�ijI�Hf{jk"HJNXLXhXTUGSI�hXL<\]G�hER§�§{"`%HUHfNXGSOEQlZ:I�G�NXLXhXG�{$LEI�h�­ghER�G�H�`%b�G�LPs%L
RUI�h�e�LXLXhXG�ZUTULEI¨I�G�HJI<I�G�H n `%b�I�h n G�LXLEI�b�LEI¨��`%HUVjk"hER�HMTUHUVwR�TUhEOEQWRJ`"N �gG�HUc�TU{jk n_n I�H�I�G�HJI�h
HJI�TJI�H©egb�LEI�hXH�`%LXG�ijI4s%HJRUI�hXH.�Uk"ZM\�k"QUb�R�GSIArDhPsut!I�hEI�HUcvNXLXhXTU{�LXTUh0RUI�N0FDHMLENPOEQJI�GSR�TUHUVjNXLXhPs%VjI�hEN
H�`"OPQ�\]GSI]ijk"hdV�bSI�GSOPQ�VjI�ZUb�GSI�Z:I�H[GSNXLv}���I�G�RUI�h 	�^We Z�I�NXLEI�Q$L�`%bSNEkAR�GSI8.�I�t�`%QUhdRUI�hoª«HJNXLP`%ZUG��
b�G�LPs%Lv}jegTJNXVjI�HJk n_n I�H�QUGSI�hXijk"HKNXG�HJR�e�LXLXhXG�ZUTULEI�R�GSI0`%T�t§�g`%LXG�HUVjNX{�`%bSI�H�y�cj}X��}M��OEQMTUb�HJk"LEI�H'�
Z�`"NXGSI�hEI�H.}�¯�GSI¨ijk"hXVjI�VjI�Z:I�HJI�Hl�${�`%bSI�HU|UTUHU{$LEI<\�I�hERUI�HÏR�TUhEOEQÏRJ`"N ��G�HUc�TUc�GSI�QJI�HW\�I�G�LEI�hEI�h
egb�LEI�hXH�`%LXG�ijI�HKHUGSOPQML�ijI�hPs%HJRUI�hXLv}$FdHMLENX|UhEI�OPQJI�HJRUI�e�LXLXhXG�ZUTULEIg{ ¾ HUHJI�H*`%bSNdY �MT�`"NEG���{"`%hER�G�H�`%b�x
Z�I�cvI�GSOEQUHJI�L�\�I�hERUI�Hqy���OPQUHJI�I�\�I�G�� ,v��� ,��M�:} * *$��}$�$G�HJR�`%b�bSI0e�LXLXhXG�ZUTULEI �$T�`"NXG���{�`%hER�G�H�`%b���GSNXL
I�G�HJIAFDG�H$Z:I�LXLXTUHUVK\�I�G�LEI�hEI�h�egb�LEI�hXH�`%LXG�ijI�H©G�HwRUI�HwZ�I�NXLEI�QJI�HJRUI�H©e�b�LEI�hXH�`%LXG�ijI�HUhP`%T n k"QUHJI
ÔdI�hPs%HJRUI�hXTUHUV*RUI�N0Z�I�NXLEI�QJI�HJRUI�H��g`%HU{�G�HUVjN n�¾ V�b�GSOPQ.}

243�2 �[9 # ��> >@BD; ��� #�#�9<;
	

ª«HÏR�GSI�NEI n Òm`%|UG�LEI�bd\]TUhERUI�I�G�HJI[FDG�H�t�ÇUQUhXTUHUV�c�TÏe�HJNPs%LXcvI�HÏRUI�h ��TUb�LXG�{�hXG�LEI�hXGSI�b�bSI�HaFDH$L��
NEOPQJI�GSR�TUHUVjNP`%H�`%b�Ð�NEIAVjI�VjI�Z�I�H.}U^ÖGSOPQMLXG�VjI4ÔdI�h�t!`%QUhEI�H©\]TUhERUI�H�ijk"hXVjI�NXLEI�b�b�L0TUHJRwR�GSI�{�bp`"NENXG��
NEOPQJI 	gTULXc�\�I�hXLP`%H�`%b�Ð�NEIm\]TUhERUIAG n ¯�I�LP`%G�b�Z:I�NEOPQUhXGSI�Z:I�H.}



*J} *K�'TJNP` n_n I�H�t!`"NPNXTUHUV � ,
�WÑ�¯�e×GSNXL�t�ÇUh�FDH$LENEOEQJI�GSR�TUHUVjNX|UhEk"ZUbSI n I¨ijk"hXVjI�NEI�QJI�H.��G�HwRUI�HJI�H�c�\]GSNEOEQJI�HwijI�hENPOEQUGSI��

RUI�HJI�H½egb�LEI�hXH�`%LXG�ijI�H `%T�t .�hXTUHJR�bp`%VjI n I�QUhEI�hEI�hw\]GSOEQ$LXG�VjI�hqÒ�hXG�LEI�hXGSI�HÓZUc�\m}]e�LXLXhXG�ZUTULEI
VjI�\�s%QUb�L�\�I�hERUI�H n TJNPN¨TUHJRlZ�I�G�RUI�HJI�H,R�GSI�NEI*FDHMLENEOPQJI�GSR�TUHUVjN,�JHJR�TUHUVlR�TUhEOPQ®I�G�HJIKI�G�H��
t!`"OPQJI©��I�TUhXLEI�G�b�TUHUVf`%TJN[RUI n Y �$LEI�V�hEI�G�t�xwHUGSOPQML n�¾ V�b�GSOEQÖGSNXLv}d¯�GSIwc�T I�h�t	ÇUb�bSI�HJRUI�H Ôdk"h��
`%TJNENEI�LXc�TUHUVjI�H�t�ÇUh�RJ`"N�	 ¾ NEI�HWRUI�N�FdHMLENEOPQJI�GSR�TUHUVjNX|UhEk"ZUbSI n N¨NEG�HJR�RJ`%Z�I�GD`%ZUQ�s%HUV�G�V�ijk n
I�G�HUVjI�NEI�LXc�LEI�H[ÔdI�h�t�`%QUhEI�H.}M¯�GSI�NEI�bp`"NENPI�H[NXGSOEQ[G�H�c�\�I�G ��`%TU|ULX{�`%LEI�Vjk"hXGSI�HKLEI�G�bSI�H%��ÔdI�h�t�`%QUhEI�H
n G�L�TUHJR<k"QUHJIorDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�}"��I�G$ÔdI�h�t�`%QUhEI�H n G�L¬rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�\]G�hER4ijk"h��
`%TJNXVjI�NEI�LXc�Lv�.RJ`"NEN n G�HJRUI�NXLEI�HJN4NEOPQM\�`"OEQJI�rDhPsut!I�hEI�HUc�TUH�`%ZUQ�s%HUV�G�V�{jI�G�L<ijk"hXb�GSI�V�L¨TUHJRÏRJ`"NEN
RUI�h�FDH$LENEOEQJI�GSR�TUHUVjNXLXhPs%VjI�h�G�H*RUI�h 	�`%VjI�GSNELv�MR�GSI�e�b�LEI�hXH�`%LXG�ijI�H�ijk"b�bSNXLPs%HJR�G�V<TUHJR[LXhP`%HJNEG�LXG�i
`%HUc�TJk"hER�HJI�H.}��'GSI�b�GSNEL�I�Nv�dI�G�H ��`%HU{$G�HUVaRUI�h[Z:I�LXhP`"OPQMLEI�LEI�HÓe�b�LEI�hXH�`%LXG�ijI�HÖc�T I�hXQ�`%b�LEI�H.}
ÔdI�h�t!`%QUhEI�H k"QUHJI�rDhPsut!I�hEI�HUc�t�TUHU{�LXGSk"H�`%b�NEI�LXcvI�H®R�GSI�NEIw�gI�NXLXhXG�{�LXGSk"HJI�HfHUGSOPQML�ijk"hP`%TJN
}¬��I�G
R�GSI�NEI�HaÔdI�h�t�`%QUhEI�Hl\]G�hER,`%H,�$LEI�b�bSI*I�G�HJI�N<�g`%HU{�G�HUVjN4H$TUh<R�GSIKª«RUI�H$LXG
�J{"`%LXGSk"H®RUI�h4Z�I�NXLEI�H
ZUc�\m}JRUI�h*�qI�HUVjI4RUI�h0Z:I�NPNEI�hEI�H©e�b�LEI�hXH�`%LXG�ijI�HW`%HUVjI�NXLXhEI�ZULv}

¯�GSI!	�^WeÖVjI�Q ¾ hXLoc�TUh�Ò�bp`"NPNEI0RUI�hdÔdI�h�t�`%QUhEI�H n G�L�rDhPsut	I�hEI�HUc�t	TUHU{�LXGSk"H�`%b�}$¯�GSI0��I�NEk"H��
RUI�hXQJI�G�L�RUI�h 	g^�e½b�GSI�V�L�G�H�RUI�h�QJk"b�GSNXLXGSNEOEQJI�H�TUHJR*ijk"HwI�G�H�`%HJRUI�h�TUH�`%ZUQ�s%HUV�G�VjI�H�FDh n G�LXL��
b�TUHUV[ijk"H � ¾ QJI�H���TUHJR�eghXLEI�HU|UhPsut	I�hEI�HUcj}:¯�GSI4e�LXLXhXG�ZUTULEI n ÇJNENEI�H n G�HJRUI�NXLEI�HJN�k"hER�G�H�`%bSI�N
�qI�NENEHUG�ijIv`%TwQ�`%Z:I�H.�'�$TUZJNELXG�LXTULXGSk"HJNXhP`%LEI�H n ÇJNENEI�H©HUGSOPQML�`%HUVjI�VjI�Z�I�H�\�I�hERUI�H.}

¯�GSI 	�^We GSNXLAhEI�OPQMLmTUHU{jk n |Ub�G�c�GSI�hXLv��Q�`%L4`%Z�I�h4`%TJOEQf��OPQM\�s"OPQJI�H.}���I�Gdk"hER�G�H�`%b�NX{"`u�
b�GSI�hXLEI�Hle�LXLXhXG�ZUTULEI�H,{ ¾ HUHJI�HlH$TUh<egTJNENP`%VjI�Hac�Tl��I�NENEI�h�� ��OPQUbSI�OEQMLEI�h���ÔdI�hXQ�s%b�LXHUGSNPNEI�HÖk"QUHJI
VjI�H�`%TJI�egHUVM`%Z:I�H�ijk"H*e�ZJNELPs%HJRUI�H[VjI n `"OEQ$L�\�I�hERUI�H.}$Ògk n_n L�c�T[I�G�HJI�h�I�HJR�b�GSOEQJI�H �qI�H��
VjI4`%H�egb�LEI�hXH�`%LXG�ijI�HqI�G�HJImHJI�TJImQUG�HUc�T.�J{�`%HUH�NXGSOEQ�RJ`"N���`%HU{$G�HUVjI�hXVjI�ZUHUGSNgRJ`%QJI�h�s%HJRUI�hXH.�
k"ZM\�k"QUb.R�GSI�rDhPsut!I�hEI�HUc�ijk"hENXLEI�b�b�TUHUVjI�H�RUI�N�FDH$LENEOEQJI�GSR�TUHUVjNELXhPs%VjI�hEN�V�bSI�GSOPQwVjI�ZUb�GSI�Z:I�HwNXG�HJR§}
e�TJNXVjI�HJk n_n I�H�ijk"H_R�GSI�NEI�hDª«HJNXLP`%ZUG�b�G�LPs%LDNXG�HJR4{�`%hER�G�H�`%bSI�TUHJR �MT�`"NXG���{�`%hER�G�H�`%bSI]e�LXLXhXG�ZUTULEI�}
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Ôdk"hXb�GSI�VjI�HJRUI�N0Òm`%|UG�LEI�b.Z�I�NEOEQUhEI�G�ZUL0R�GSIAFDH$L�\]GSOP{$b�TUHUV*I�G�HJI�N n TUb�LXGp`%LXLXhXG�ZUTULXG�ijI�HWFDHMLENEOPQJI�G��
R�TUHUVjN n k$RUI�b�bSNdc�TUhd��I�\�I�hXLXTUHUV4HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�h]ª�H�t!k"h n `%LXGSk"HJNX|�k"hXLP`%bSI�}M¯A`"N.��k$RUI�b�b
Z:I�NXLEI�Q$L<`%TJN¨R�hEI�G ��`%TU|ULXZ:I�\�I�hXLXTUHUVjNX{"`%LEI�Vjk"hXGSI�H%� 	gTULXcvI�hXijI�hXQ�`%b�LEI�H.� 	�TULXcvI�h n I�G�H$TUHUVjI�H
TUHJRwe�T�t	\�I�HJR�TUHUVjI�H.}

e�ZJNPOEQUHUG�LXL ��}-,fZ:I�G�HUQ�`%b�LEI�L�R�GSIfc�TUV�hXTUHJRUI,VjI�bSI�V�LEI,��I�\�I�hXLXTUHUVjNENXLXhP`%LEI�V�GSI�}mª«H8e�Z��
NEOEQUHUG�LXL ��}21_\]G�hERwG�H©��I�c�TUV�c�TUh��$LXhP`%LEI�V�GSIATUHJR�t	ÇUh0RUI�H©QUGSI�h0Z�I�LXhP`"OEQ$LEI�LEI�H�Ògk"HMLEI�+�LgI�G�H
NX|:I�c�G
��NPOEQJI�h�FDi"`%b�T�`%LXGSk"HJN�`%HJNP`%LXcm`%T�t���`"NEGSNoRUI�N�G�HKÒm`%|UG�LEI�b§�mI�H$L�\]GSOE{jI�b�LEI�Hq�g`%Q n I�H n k%�
RUI�b�bSNd{jk"HUc�G�|UGSI�hXLv}�ª�H[egZJNEOPQUHUG�LXL���} �m\]G�hER[RUI n I�H$LENX|UhEI�OEQJI�HJR�RJ`"N�FDHMLENEOPQJI�GSR�TUHUVjN n k�RUI�b�b
{jk"HJNXLXhXTUGSI�hXLv}JegZJNEOEQUHUG�LXL���} *�t!`"NENEL0RJ`"N0Òm`%|UG�LEI�b.c�TJNP` n_n I�H.}

� �



� * ��}
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� 3�5 �ÖB � B�7��'9¨; 	 #�# ��7 � �'B 	��PB

¯�GSIWc�T×\�s%QUbSI�HJRUIa��I�\�I�hXLXTUHUVjNENELXhP`%LEI�V�GSIaNXLEI�Q$L©G n I�HUVjI�H �'TJNP` n_n I�HUQ�`%HUV n G�L©RUI n
QJI�hP`%HUVjI�cvk"VjI�HJI�Ha��I�\�I�hXLXTUHUVjN n `��jNXLP`%Z.}§Õ¬ÇUhAI�G�HJI4c�GSI�b�Z�`"NXGSI�hXLEI���I�\�I�hXLXTUHUV©NEG�HJR�LXGSI�t	VjI��
QJI�HJRUI�N_^zGSNENEI�H®TUHJR®Fdh�t!`%QUhXTUHUVÏc�TUh�Õ�I�NXLXbSI�V�TUHUVÏhEIv`%b�GSNXLXGSNEOPQJI�h*�'GSI�bSIwI�h�t!k"hERUI�hXb�GSOEQ.}oª n
Õ�`%b�b�HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�h�ª�H�t!k"h n `%LXGSk"HJNX|�k"hXLP`%bSI�GSNXL<RJ`"N<Ôdk"hXQ�`%HJRUI�HJNEI�G�H I�H$LENX|UhEI�OEQJI�H��
RUI�Hw^zGSNENEI�HJN�HUGSOEQ$L�Z�I�{"`%HUH$Lv}Ue�T�t	V�hXTUHJR�RUI�h]ijk"hXb�GSI�VjI�HJRUI�H 	§G�LEI�hP`%LXTUh�{ ¾ HUHJI�H©I�Z:I�H�t�`%b�bSN
{jI�G�HJI_Z�I�NXLEI�QJI�HJRUI�H®�$LP`%HJRJ`%hERUN4GSRUI�H$LXG
�Jc�GSI�hXL¨\�I�hERUI�H.��R�GSI[`%bSNmegHUQ�`%b�LENX|UTUHU{�LEI_t	ÇUhmI�G�HJI
HJk"h n `%LXG�ijI©��I�\�I�hXLXTUHUVaR�GSI�HJI�H®{ ¾ HUHMLEI�H.}�FDG�HJIw��I�\�I�hXLXTUHUV n G�LXLEI�bSN_ÔdI�hXV�bSI�GSOPQ n G�L�I�G��
VjI�HJI�H 	�I�GSNXLXTUHUVjI�Hl`%TJNmRUI�hAÔdI�hXVM`%HUVjI�HUQJI�G�L<ZUG�bSRUI�LA{jI�G�HJI�Ha��I�c�TUV©c�TUhmegT��jI�HM\�I�b�L¨TUHJR
I�h n�¾ V�b�GSOPQML]RJ`%QJI�hd{jI�G�HJI0hEIv`%b�GSNELXGSNEOEQJIgFDG�HJNEOEQ�s%LXc�TUHUV_RUI�h 	�I�GSNXLXTUHUVjN�t�s%QUG�V�{jI�G�Lv}$FDG�HJIgNXG�HUH��
ijk"b�bSI<TUHJRqc�TW`%TJNEN�`%VjI�{$hPsut	LXG�VjI�H���I�NXTUb�LP`%LEI�H�t	ÇUQUhEI�HJRUI¨��I�\�I�hXLXTUHUVjN�`%b�LEI�hXH�`%LXG�ijI�G n Õ�`%b�b
HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�h�ª«H�t	k"h n `%LXGSk"HJNE|:k"hXLP`%bSIg\]G�hER�QUGSI�hdH$TUh�G�HKRUI�ho{jk n |�`%hP`%LXG�ijI�Hwe�H�`%b�Ð$�
NEI4VjI�NEI�QJI�H.�:R§}�Q.}'R�TUhEOPQ�ÔdI�hXV�bSI�GSOPQ n G�L�`%HJRUI�hEI�H�Z:I�NELEI�QJI�HJRUI�H�r¬k"hXLP`%bSI�H.}§¯�GSI�NEI4I�h�t!k"b�V�L
G n ��`%Q n I�H©I�G�HJI�N0��I�HJOEQ n `%hX{�G�HUV�|UhEk"cvI�NENEI�N n G�LXLEI�bSN0RUI�N0ª«HJNXLXhXT n I�H$LP`%hXG�T n NgRUI�h�	g^We
y	NXGSI�QJI4e�ZJNEOPQUHUG�LXL/*J} �j��}J��I�HJOEQ n `%hX{�G�HUV[{�`%HUH©\]GSI�t!k"b�V�L0RUI��JHUGSI�hXL�\�I�hERUI�H%�
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��I�HJOPQ n `%hX{$G�HUV,GSNXL[I�G�HJIqÕJk"h n RUI�hK{jk n |�`%hP`%LXG�ijI�HÓe�H�`%b�Ð�NEI��DZ�I�G�RUI�hKR�GSIqI�G�VjI�HJI�H
	.I�GSNELXTUHUVjNX\�I�hXLEI n G�L�RUI�HJI�H*`%HJRUI�hEI�h�ijI�hXV�b�GSOEQJI�H�\�I�hERUI�H.}U��km{ ¾ HUHJI�H*hEIv`%b�GSNXLXGSNEOPQJI��0ÇJOE{$�
NEOPQUb�ÇJNENEI�`%T�t�RJ`"N�I�G�VjI�HJI 	.I�GSNELXTUHUVjNXHUG�ijIv`%T�VjI�cvk"VjI�H<\�I�hERUI�H�TUHJR4Z�I�NXLEI�QJI�HJRUI]��OEQM\�s"OEQJI�H
TUHJR×�$LPs%hX{jI�HÓGSRUI�HMLXG
�Jc�GSI�hXL�\�I�hERUI�H.}0¯A`%HJI�Z�I�Hz{ ¾ HUHJI�HÓbp`%HUV"t	hXGSNXLXG�V,V�TULEI®y	I�HUV�b�}�� M�|M|@T
�:£ &�9 �	¥:9�¢BA
�0ZUc�\m}JZ�I�NXLEIKy	I�HUV�b�}��¬¡U¢BA � �:£ &�9 �	¥:9�¢BA
��Ôdk"hXVjI�QJI�HJNE\�I�GSNEI�HWGSRUI�HMLXG
�Jc�GSI�hXL�\�I�hERUI�H.}
��I�HJOEQ n `%hX{�G�HUV�I�h n�¾ V�b�GSOEQMLANEk n G�L�HUGSOEQMLgHMTUh�I�G�HJImhEIv`%b�GSNXLXGSNEOPQJI�	.I�GSNELXTUHUVjNEI�G�HJNEOEQ�s%LXc�TUHUVJ�
NEk"HJRUI�hXHW`%TJOEQ�R�GSIme�HJI�G�V�H$TUHUVKijk"HqÒ�HJkv\���QJkv\8c�TUh0ÔdI�hXZ�I�NENEI�hXTUHUV*RUI�h�I�G�VjI�HJI�Hqr¬I�h�t!k"h��
n `%HJO�I�}�egT�toR�GSI�NEI4^ÏI�GSNPI4bps"NENEL�NXGSOPQqG�HWI�G�HJI n {jk"HMLXG�HMTUGSI�hXb�GSOPQJI�HaÔdI�hXZ�I�NENEI�hXTUHUVjNX|UhEk"cvI�NPN
bp`%HUV"t	hXGSNXLXG�V[I�G�H©QJk"QJI�N-	.I�GSNXLXTUHUVjNXHUG�ijIv`%TWI�hXc�GSI�bSI�H.}

��I�HJOPQ n `%hX{$G�HUV�Q�`%L�`%Z�I�h�`%TJOPQ�NPI�G�HJI .�hEI�HUcvI�H.}'Ôdk"hP`%TJNENEI�LXc�TUHUV�RJ`ut�ÇUhgGSNXLgRJ`"N�Ôdk"h��
Q�`%HJRUI�HJNEI�G�HÈ\�I�G�LEI�hEI�hl­ghXVM`%HUGSNP`%LXGSk"HJI�HÈTUHJR8RUI�hEI�HÈ��I�hEI�G�LENPOEQ�`ut	L�c�TUh���I�G�b�H�`%Q n I ` n
��I�HJOEQ n `%hX{�G�HUV�|UhEk"cvI�NENv}�¯�`"N�\]G�hER�G�HJNEZ:I�NEk"HJRUI�hEI�Z�I�G�{jk"HU{$TUhXhXGSI�hEI�HJRUI�H�­ghXVM`%HUGSN�`%LXGSk"HJI�H
`%TJNdegHUVjNXL�ijk"h n�¾ V�b�GSOEQJI n ÔdI�hXb�TJNXLdI�G�HJI�ND^zGSNENEI�HJNXijk"hENE|UhXTUHUVjNdI�QJI�hdNEOEQ$\�I�hdT n c�TJNPI�LXcvI�H
NEI�G�H.}�¯gGSI�hEI�G�HJI<­ghXGSI�HMLXGSI�hXTUHUVw`%H���I�HJOEQ n `%hX{�N0{�`%HUH�`%T��jI�hERUI n HMTUhgRJ`%HUH©c�T©Z�I�NENEI�hEI�H
rDhP`%{�LXG�{jI�HKt�ÇUQUhEI�H.�M\�I�HUH�R�GSI�NEI0G�H�`%HJRUI�hEI�H�­ghXVM`%HUGSNP`%LXGSk"HJI�H�ijk"hXQ�`%HJRUI�H�NXG�HJR§}MFDG�H�`%b�bSI�H
ijk"hXQ�`%HJRUI�HJI�H�rdhP`%{$LXG�{jI�HwÇUZ�I�hXbSI�VjI�HJI�N]ÔdI�h�t�`%QUhEI�Hw{"`%HUH n G�L]R�GSI�NEI n ��I�\�I�hXLXTUHUVjNP`%HJN�`%LXc
HUGSOPQML�GSRUI�H$LXG
�Jc�GSI�hXLg\�I�hERUI�H.}

¯�I�h[��I�HJOPQ n `%hX{$G�HUV�|UhEk"cvI�NEN*bps"NENEL[NXGSOEQ G�H®t�ÇUH�tArDQ�`"NEI�HÖTUHMLEI�hXLEI�G�bSI�HÈy	FDb n TULXGgT.}E`�},v��� � ���
,�}ON4»�¶Jº§Ê�º�Å � .�I�VjI�HJNXLP`%HJR©RUI�h�rdbp`%HMTUHUVjNX|UQ�`"NEI¨GSNXL0R�GSImª RUI�HMLXG
�J{�`%LXGSk"HqRUI�hgNXLXhP`%LEI�V�G��
NEOEQJI�H��'GSI�bSIARUI�N]k"hXVM`%HUGSN�`%LXGSk"H�`%bSI�Hq��I�LXhXGSI�ZJN�TUHJRwRUI�h]{jk"HU{$hEI�LEI�Hay ��I�G�b�� � rDhEk"cvI�NENEI��
R�GSI�`%H�`%b�Ð�NXGSI�hXL�\�I�hERUI�H©NPk"b�bSI�H.}��gG�b�t�hEI�GSOPQ�\�s%hEI�QUGSI�hXZ�I�G:R�GSI�ÒAI�HUHMLXHUGSN�ijk"H 	gTULXcvI�h��
Z:I�R�ÇUh�t	HUGSNENEI�HfZ:I�c�ÇUV�b�GSOPQ R�GSI�NEI�h�rDhEk"cvI�NENEI�}�¯A`%hP`%T�t�`%T�t	Z�`%TJI�HJRlGSNEL<I�G�H®FDi�`%b�T�`%LXG��
k"HJNP`%HJNP`%LXc n G�L�RUI�H�I�HMLENE|UhEI�OEQJI�HJRUI�H���I�\�I�hXLXTUHUVjNX|�I�hENX|�I�{$LXG�ijI�H.��� n I�LXQJk$RUI�HqTUHJR



��}-,A��I�\�I�hXLXTUHUVjNENXLXhP`%LEI�V�GSI � �

��{�hXG�LEI�hXGSI�H*c�TwI�H$L�\]GSOE{jI�b�H.}'¯A`%HJI�Z:I�HwNXG�HJR*\�I�G�LEI�hEI4­ghXVM`%HUGSN�`%LXGSk"HJI�Hwc�T*GSRUI�H$LXG
�Jc�GSI��
hEI�H.�JR�GSIm`%bSNg��I�HJOPQ n `%hX{�NgR�GSI�HJI�H©{ ¾ HUHJI�H.}
FDG�HJI�RUI�LP`%G�b�b�GSI�hXLEI0��I�NEOPQUhEI�G�ZUTUHUVmRUI�NDI�HML�\]GSOP{jI�b�LEI�HKFDi�`%b�T�`%LXGSk"HJNP`%HJNP`%LXcvI�NdG�H���I�c�TUV
`%T�t�HUGSOEQML���{jk n_n I�hXc�GSI�b�bSI®ª«H�t!k"h n `%LXGSk"HJNX|:k"hXLP`%bSIaI�h�t	k"b�V�L©G n `%HJNEOEQUb�GSI �jI�HJRUI�H e�Z��
NEOPQUHUG�LXL ��}21�}

1�}0�_¸	»�Ä�Ê¬º�Ål´$¸	º�´$Ã T ´$¶ UÏÃ �:¯A`"Ng��I�HJOEQ n `%hX{�G�HUV©I�h�t!k"b�V�L�G�HÏ�'TJNP` n_n I�H�`%hXZ:I�G�L n G�L
ÔdI�hXLXhEI�LEI�hXH_RUI�h�LEI�G�b�HJI�Q n I�HJRUI�HK­ghXVM`%HUGSN�`%LXGSk"HJI�H.}%¯�GSI ��G�HUG n `%b�Z�I�NEI�LXc�TUHUV�Z�I�NXLEI�QML
`%TJN�RUI n FDi�`%b�T�`%LEk"hANEI�b�ZJNXL�NEkv\]GSI�Î�I�\�I�G�bSN n G�HJRUI�NXLEI�HJN�I�G�HJI�h�Ògk"HMLP`%{�LX|:I�hENEk"HW|UhEk
r¬k"hXLP`%b�}

��} �w¶�·v´$º�´Mµ%Ì�¶UÃ
Ã
Ê�º�Å �uª«H<�'TJNP` n_n I�H�`%hXZ�I�G�L n G�L�RUI�H<ÔdI�hXLXhEI�LEI�hXH�RUI�h�LEI�G�b�HJI�Q n I�HJRUI�H
­ghXVM`%HUGSNP`%LXGSk"HJI�H�\�I�hERUI�HÏR�GSI¨Z�I�H ¾ LXG�V�LEI�HÏ¯A`%LEI�HWZ:I�NEOPQ�` �:L�TUHJR�t�ÇUhAR�GSI�egTJNX\�I�h��
LXTUHUVK`%T�t	Z:I�hEI�G�LEI�Lv}

*J} �w¶�·v´$º�¶JÊ�Ã��¨´$µ
·
Ê¬º�Å �:¯gGSI¨¯A`%LEI�H�`%TJNX\�I�hXLXTUHUVwI�h�t!k"b�V�LgR�TUhEOEQ���I�HJOEQ n `%hX{�G�HUVw`%T�t
�]`"NXGSN.RUI�h�`%TJN�RUI�HAijI�hX\�I�HJRUI�LEI�H�Ò�hXG�LEI�hXGSI�H¨I�h n G�LXLEI�b�LEI�H¨r¬I�h�t!k"h n `%HJO�I���ÒAI�HUHUc
`%QUbSI�H.}
egbSN*��I�HJOPQ n `%hX{$G�HUV n I�LXQJk�RUIa\]G�hER½R�GSIW{�bp`"NENXGSNEOPQJI 	�^We I�G�HUVjI�NEI�LXc�Lv}0¯�GSI�NEIWI�h��
bp`%TUZUL[HJI�Z�I�HÖI�G�HJI�h*NXÐ�NXLEI n `%LXGSNEOEQJI�HzÔdk"hXVjI�QJI�HJNX\�I�GSNEI�`%TJOPQzRUI�HzFDG�HMZ�I�c�TUVf|:I�h��
N ¾ HUb�GSOPQJI�h�rDhPsut!I�hEI�HUc�ijk"hENXLEI�b�b�TUHUVjI�H�RUI�NoFDH$LENEOEQJI�GSR�TUHUVjNXLXhPs%VjI�hEN�G�H�RUI�HK��I�HJOPQ n `%h��
{�G�HUV�|UhEk"cvI�NENv}M�$LP`%{jI�QJk"bSRUI�hENX|�I�c�G
��NEOEQJIgª�H$LEI�hEI�NENEI�H�Z�I�c�ÇUV�b�GSOEQKRUI�hDijI�hX\�I�HJRUI�LEI�HK��I��
\�I�hXLXTUHUVjNE{$hXG�LEI�hXGSI�H�{ ¾ HUHJI�Hq`%T�tDR�GSI�NEIA^ÏI�GSNEIAI�G�H$Z:I�cvk"VjI�Hq\�I�hERUI�H.}
¯�GSI 	g^�ef\]G�hERmQUGSI�h¬RUI�H<`%HJRUI�hEI�H¨Z:I�NXLEI�QJI�HJRUI�H ��Ñ�¯0e0��ÔdI�h�t�`%QUhEI�H_`%TJN n I�QUhEI�hEI�H.�hXÇUHJRUI�H©ijk"hXVjI�cvk"VjI�H%�

� �'GSI�b�RUI�h[egH�`%b�Ð�NEI�GSNXL�I�G�H ��`%HU{$G�HUVÏRUI�h�Z�I�LXhP`"OEQ$LEI�LEI�Hzr¬k"hXLP`%bSI�}dÔdI�h�t�`%QUhEI�H
k"QUHJI�rdhPsut	I�hEI�HUc�t	TUHU{$LXGSk"H�`%b��$\]GSI]cj}X��}jF 	�F�Ñ �]��F0�${ ¾ HUHJI�HKRJ`%QJI�h�HUGSOEQ$L�I�G�H��
VjI�NEI�LXc�L0\�I�hERUI�H.}

� Òm`%hER�G�H�`%bSI�N ��I�NENXHUG�ijIv`%T½b�GSI�V�L�HUGSOEQMLwZ�I�GA`%b�bSI�HzQUGSI�h�ijI�hX\�I�HJRUI�LEI�H ��I�\�I�h��
LXTUHUVjNX{�hXG�LEI�hXGSI�HÖijk"hv}�egHUVM`%Z:I�HÖc�TÓ�$TUZJNXLXG�LXTULXGSk"HJNEhP`%LEI�Hzc�\]GSNPOEQJI�H½RUI�HÖijI�h��
NEOPQUGSI�RUI�HJI�H�egTJNX|UhPs%V�TUHUVjI�HqNPk"bSOEQJI�hgÒ�hXG�LEI�hXGSI�H�NXG�HJRwHUGSOPQML n�¾ V�b�GSOEQ.}'ÔdI�h�t!`%Q��
hEI�H n G�L�rdhPsut	I�hEI�HUc�t	TUHU{$LXGSk"H.��\]GSIAcj}X��} ��e]� �A��{ ¾ HUHJI�H�RJ`%QJI�h0HUGSOEQ$LgI�G�HUVjI��
NEI�LXc�L]\�I�hERUI�H.}

� ¯�GSI ��I�HUVjI�RUI�h¬ijk"hXQ�`%HJRUI�HJI�H�egb�LEI�hXH�`%LXG�ijI�H�GSNXL¬Z:I�V�hEI�HUc�Lv�%R§}�Q.}"I�N¬NEG�HJR4HUGSOPQML
Z�I�b�GSI�ZUG�Vzi�GSI�bSI®�'\]GSNEOEQJI�H�t!k"h n I�HÈijI�h�t�ÇUV�Z�`%hv}�ÔdI�h�t�`%QUhEI�H.��R�GSIfI�G�HJI�H TUHMZ�I��
V�hEI�HUc�LEI�H�egb�LEI�hXH�`%LXG�ijI�HUhP`%T n ijk"hP`%TJNENEI�LXcvI�H.�"\]GSI�cj}X��}"ª ��.�r0�%{ ¾ HUHJI�H_RJ`%QJI�h
HUGSOEQ$LgI�G�HUVjI�NEI�LXc�L�\�I�hERUI�H.}

� ÔdI�h�t�`%QUhEI�H.�]R�GSI�I�G�HJI�H×rdhPsut	I�hEI�HUc�G�HJRUI�+ÓTUHJR½I�G�HJI�HÓZ:I�V�hEI�HUc�LEI�H×egb�LEI�hXH�`%LXG��
ijI�HUhP`%T n ijk"hP`%TJNENEI�LXcvI�H.��{ ¾ HUHJI�H,QUGSI�h�`%HUVjI�\�I�HJRUI�L_\�I�hERUI�H.}D¯�I�h�e �gr GSNXL
I�G�HJI n�¾ V�b�GSOEQJI¨e�b�LEI�hXH�`%LXG�ijI�}�¯gGSI�NPI��qI�LXQJk�RUIAI�h n�¾ V�b�GSOEQ$LgNEk"VM`%h0R�GSIA��I�NXLXG n �
n TUHUVlijk"H®c�T {jk"HJNXGSNXLEI�H$LEI�H½�$G�LXT�`%LXGSk"HJI�H t�ÇUQUhEI�HJRUI�H ^ÏI�hXL�t	TUHU{�LXGSk"HJI�H.�dGSNXL
`%Z�I�hmR�TUhEOEQaR�GSI_HJk"L«\�I�HJR�G�VjI�Hf|�`�`%hX\�I�GSNEI�HlÔdI�hXV�bSI�GSOEQJIKNEI�QUhAcvI�G�LP`%T�t�\�I�HJR�G�VJ}
¯�I�H�FDHMLENEOPQJI�GSR�TUHUVjNXLXhPs%VjI�hXHfG�HWRUI�hAQUGSI�hAijk"hXb�GSI�VjI�HJRUI�HlÕ�`%b�bSNXLXTJR�GSI©y	Òm`%|UG�LEI�b9 �d\�`%h]R�GSI�N]`%TJN]�:I�G�LXV�hXÇUHJRUI�H�HUGSOPQML n�¾ V�b�GSOEQ.}U¯�I n I�H$LENX|UhEI�OEQJI�HJRw\]TUhERUI�`%bSN
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ÔdI�h�t!`%QUhEI�H[R�GSI0{$bp`"NENEGSNEOEQJI 	g^�e VjI�\�s%QUb�Lv}j��I�GJR�GSI�NEI�ho{"`%HUH�R�GSI]��I�NXLXG n_n TUHUV
RUI�h .�I�\]GSOEQ$LXTUHUVjN�t�`%{$LEk"hEI�H�hEI�OEQ$LgI�G�H�t�`"OEQ©ijk"hXVjI�HJk n_n I�H�\�I�hERUI�H.}

¯gGSIAÒgk"HJNXLXhXTU{�LXGSk"H©RUI�N]FDHMLENEOPQJI�GSR�TUHUVjN n k�RUI�b�bSN�\]G�hER�G n ¯�I�LP`%G�b§G�Hwe�ZJNEOPQUHUG�LXL-��} �
Z:I�NEOPQUhXGSI�Z:I�H.}

��}��[¹:º�Ëj´$³�·
¸�¹:º��:¹'º �©¶Jº�Ä�»	Ê�º�Å�Ãv¶Jº�Ãv¼�·vËj´�º ��¯�GSI�FDhXVjI�ZUHUGSNENEI�I�h n�¾ V�b�GSOPQJI�H I�G�HJI
hEIv`%b�GSNXLXGSNEOEQJIaFDG�HJNEOEQ�s%LXc�TUHUVÖRUI�NwFDh�t	k"b�VjNwNPkv\]GSI�R�GSIWª«RUI�H$LXG
�J{"`%LXGSk"H ijk"hXQ�`%HJRUI�HJI�h
��OEQM\�`"OEQJNXLEI�b�bSI�HWI�G�HJI�N0r¬k"hXLP`%bSN]G�Hw��I�c�TUV[`%T�t¬R�GSI�ijI�hX\�I�HJRUI�LEI�H���I�\�I�hXLXTUHUVjNX{�hXG�LEI��
hXGSI�H�TUHJR_I�G�HMZ�I�cvk"VjI�HJI�HKrDhPsut!I�hEI�HUc�ijk"hENXLEI�b�b�TUHUVjI�H.}�¯�GSI�VjI�\�k"HUHJI�HJI�H*FDhX{jI�HUHMLXHUGSNENPI
QJI�b�t	I�H_G n ª RUIv`%b�t!`%b�b�Z�I�GURUI�hdFDG�HJNEOEQ�s%LXc�TUHUV4ijk"H���`%HJR�b�TUHUVjNXZ�I�RJ`%h�t�c�T<Z�I�NXLXG n_n LEI�H
��OEQM\�`"OEQU|UTUHU{�LEI�HlTUHJR 6�NEk%t!I�hXHqVjk�k�Rqk�RUI�h�Z:I�NXL�|UhP`"O�LXGSO�I�NAGSRUI�H$LXG
�Jc�GSI�hXLm\]TUhERUI�H6KZ:I�G.RUI�hgÒ�k"HUc�G�|UGSI�hXTUHUV*ijk"H n�¾ V�b�GSOEQJI�H�ÔdI�hXZ:I�NENPI�hXTUHUVjNP`%HJNPs%LXcvI�H.}
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¯A`"Nd��I�\�I�hXLXTUHUVjNE{jk"HUcvI�|UL�\]G�hER[`%T�t§�]`"NXGSNDRUI�NdG�H�egZJNEOPQUHUG�LXL���}21�ijk"hXVjI�NXLEI�b�b�LEI�HK��`%Q n I�H��
n k�RUI�b�bSN]�oRUI�h�ªX�M��FDi�`%b�T�`%LXGSk"HJNX|MÐ�hP` n GSRUI�y	e�ZUZUG�bSR�TUHUVK��}-,
���oI�HML�\]GSOP{jI�b�Lv}
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�'TUH�s"OPQJNXLw\]G�hERÖt	I�NXLXVjI�bSI�V�Lv��\�`"NKQUGSI�h�TUH$LEI�hKY�HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�H�xl^ÏI�ZU|�k"hXLP`%bSI�HÓc�T
ijI�hENXLEI�QJI�H�GSNXL��
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.AI�VjI�HJNXLP`%HJR RUI�h[��I�\�I�hXLXTUHUVlNXG�HJR®HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�^ÏI�ZU|�k"hXLP`%bSI n G�L*��OPQM\�I�h��
|UTUHU{�L�G�H RUI�h�{jk�NXLEI�H�t	hEI�GSI�H ��I�hEI�G�LENXLEI�b�b�TUHUVzijk"H ª«H�t!k"h n `%LXGSk"HJI�H.}g¯�I n ijk"hXVjI�NELEI�b�b�LEI�H
Ò�bp`"NENEG
�J{"`%LXGSk"HJNP`%HJN�`%LXcoI�HMLENX|UhEI�OPQJI�HJR*y	egZUZUG�bSR�TUHUV 1�}21j�§NXG�HJRARJ`"N.r¬k"hXLP`%bSI n G�L�RUI n ��`%TU|UL��
c�\�I�OE{WY�ª«H�t	k"h n `%LXGSk"H�x�}¬¯�GSI�NEI_\�I�hERUI�HlQUGSI�h<`%bSNmY�ª�H�t!k"h n `%LXGSk"HJNX|�k"hXLP`%bSI�x[Z:I�cvI�GSOPQUHJI�Lv}���I�G
I�H$LENX|UhEI�OEQJI�HJRUI�H*r�k"hXLP`%bSI�H_{jk n_n LoI�N¬G�H�I�hENELEI�h 	.G�HUGSI�`%T�t�I�G�HJI�V�TULEI('gT�`%b�G�LPs%LdRUI�h�Z�I�hEI�G�L��
VjI�NXLEI�b�b�LEI�HKª�H�t!k"h n `%LXGSk"HJI�H[NEk
\]GSI0RUI�hdª�H�t!k"h n `%LXGSk"HJNXZ�I�hEI�G�LENXLEI�b�b�TUHUV<`%H.}M¯�`%HJI�Z�I�H n ÇJNPNEI�H
NXGSI¨`%Z:I�h�`%TJOEQ�V�TULgI�hXhEI�GSOEQ���TUHJR©Z�I�R�GSI�HMZ�`%h�NEI�G�H.�JRJ` n G�L�R�GSI 	gTULXcvI�hgR�GSImVjI�NXTJOEQ$LEI�HWª«H��
t!k"h n `%LXGSk"HJI�H�{jk n t!k"hXLP`%Z:I�b¬`%ZUhXT�t	I�H©{ ¾ HUHJI�H.}

¯�GSIqk"Z:I�HÖVjI�H�`%HUHMLEI�HÓrDTUHU{�LEI�{ ¾ HUHJI�H½`%bSN[\]GSOPQMLXG�VjIÏ�'GSI�bSIqNPk"bSOEQJI�hKr¬k"hXLP`%bSI�`%HUVjI��
HJk n_n I�HÓ\�I�hERUI�H.}�¯�I�h�Z�I�LXhP`"OEQMLEI�LEI�eg{�LXG�i$G�LPs%LENXZ�I�hEI�GSOEQ½GSNXL�NEk n G�LwR�GSI���I�hEI�G�LENELEI�b�b�TUHUV
TUHJR©r.��I�VjIAijk"H�ª«H�t	k"h n `%LXGSk"HJI�H�NEkv\]GSImI�G�HJI�hgI�HMLENX|UhEI�OPQJI�HJRUI�H�r¬k"hXLP`%b�G�H�t�hP`"NELXhXTU{$LXTUhv}

¯A`�RUI�hd��I�LXhXGSI�Z_I�G�HJI�Ndr�k"hXLP`%bSNoI�hXQJI�ZUb�GSOEQJI0Ògk�NXLEI�H_ijI�hXTUhENP`"OEQJI�H[{"`%HUH.�%GSNXLDI�G�HJI+3�Z�I�h��
|UhXÇ�t	TUHUV[RUI�hg�'GSI�bSI�hXhEI�GSOEQ$TUHUVKG�Hqk"ZUG�VjI�H�rDTUHU{�LEI�H�NXG�HUHMijk"b�b�TUHJR*t�ÇUh n�¾ V�b�GSOPQJImÔdI�hXZ�I�NENEI��
hXTUHUVjI�Hq`%TJOPQ�HJk"L«\�I�HJR�G�VJ}



��}21�FDi"`%b�T�`%LXGSk"HJN�`%HJNP`%LXc �)�

Õ¬ÇUh¨RUI�Hl��I�HJOPQ n `%hX{$G�HUV�|UhEk"cvI�NEN�NXG�HJRa\�I�G�LEI�hEI[Y«s%QUHUb�GSOEQJI�x*r¬k"hXLP`%bSI*QJI�hP`%HUc�TUc�GSI�QJI�H.}
��H$LEI�h.Y«s%QUHUb�GSOEQJI�H�x�r¬k"hXLP`%bSI�H_NEk"b�bSI�HmQUGSI�h¬r�k"hXLP`%bSI�ijI�hENXLP`%HJRUI�H4\�I�hERUI�H.�uR�GSIdV�h ¾ �jI�hEI 3gZ:I�h��
I�G�HJNXLXG n_n TUHUVjI�H�G�H¨RUI�h ��QJI n I�HM\�`%QUbJRUI�h�Z�I�hEI�G�LXVjI�NXLEI�b�b�LEI�H�ª�HUQ�`%b�LEI��uZ:I�G$RUI�H<ÕUTUHU{�LXGSk"HJI�H
TUHJR ��k�k"bSN�NEk
\]GSIAZ:I�G.RUI�HW�'GSI�b�V�hXTU|U|:I�HqQ�`%Z:I�H.}
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�'TUh.FDh n G�LXLXb�TUHUV�RUI�h.I�G�HUc�TUZ�I�c�GSI�QJI�HJRUI�H���I�\�I�hXLXTUHUVjNX|�I�hENX|:I�{�LXG�ijI�H4bp`"NPNEI�HmNXGSOEQ¨R�hEI�Gj\]GSOEQ��
LXG�VjI��$LP`%{$QJk"bSRUI�hXV�hXTU|U|�I�H�GSRUI�HMLXG
�Jc�GSI�hEI�H%�:y ,
�¬¯�I�hdr�k"hXLP`%b�Z�I�LXhEI�G�Z:I�hv�'y 1j�¬R�GSI]r�k"hXLP`%b�H$TULXcvI�h
NEkv\]GSI_y!�j��RUI�h8.�I�bSR�VjI�Z�I�hv} 	�`"OEQ©RUI�h �oÐ$|�k"bSk"V�GSI�ijk"H ��G�LEOPQJI�b�b§T.}E`�}�y ,v��� � ��y	egZUZUG�bSR�TUHUV
��}21j�0{ ¾ HUHJI�H�R�GSI�NEI�R�hEI�G .�hXTU|U|�I�HÏ`%HUQ�`%HJR�RUI�hAe�LXLXhXG�ZUTULEI<Y��W`"OEQ$LATUHJR�FdG�H��JTJNEN x��'Y�	.I��
V�G�LXG n G�LPs%LgRUI�N0egHJNX|UhXTJOEQJN�xATUHJRwY�¯ghXG�HUV�b�GSOPQU{jI�G�L�RUI�Nge�HJNE|UhXTJOEQJN xmG�H�t!k"b�VjI�HJRUI<�$LP`%{jI�QJk"b��
RUI�hXL�Ð�|:I�H©TUH$LEI�hXV�b�GSI�RUI�hXLg\�I�hERUI�H%�

,�}0r¬k"hXLP`%b�Z:I�LXhEI�G�Z�I�h�Z�I�NXG�LXcvI�H `%b�bSIwR�hEI�G�e�LXLXhXG�ZUTULEI�}��$GSIKQ�`%Z�I�H R�GSI ��`"OPQML_TUHJR®RUI�H
FDG�H��JTJNEN
��r¬k"hXLP`%b�G�HUQ�`%b�LEI¨TUHJR©�!t�TUHU{�LXGSk"H�`%b�G�LPs%L�H�`"OEQ�G�QUhEI�HW�'GSI�bSI�H�TUHJR�^ÖÇUHJNPOEQJI�H
c�T�VjI�NELP`%b�LEI�H.}'egbSNg��I�LXhEI�G�Z�I�h�GSNXL�R�GSI�NEI�h���`"OPQMLP`%HJNX|UhXTJOPQa`%TJOEQ�bSI�V�G�LXG n } 	.I�LXc�LXb�GSOPQ
GSNXL[`%TJOPQ R�GSIw¯�hXG�HUV�b�GSOEQU{jI�G�L[VjI�VjI�Z�I�H.�DT n R�GSI�VjI�NEI�LXc�LEI�H½�'GSI�bSIwR�TUhEOEQÖRUI�H r¬k"h��
LP`%b�Z�I�LXhXGSI�ZlG n ijk"hXVjI�NPI�QJI�H®�:I�G�LXhP`%Q n I�H,c�TlI�hXhEI�GSOPQJI�H.}�¯�I�h<r�k"hXLP`%b�Z�I�LXhEI�G�Z:I�h�Q�`%L
G�HJNXVjI�NP` n LoI�G�HJI�HKNPI�QUhdNXLP`%hX{jI�H[FDG�H��JTJNEN�`%T�t�RUI�HKr�k"hXLP`%b�Z�I�LXhXGSI�ZKTUHJR�GSNXLdNEk n G�LoRUI�h
�$LP`%{�QJk"bSRUI�hXL�Ð�|:k"bSk"V�GSImI�H$LENX|UhEI�OEQJI�HJRqI�G�H�O &�� MU¢u¡%¦�¥:9L6�¢E£wy	I�HUV�b�}��WTU¢���"U¥ �	¥��%¢%�]�$LP`%{jI��
QJk"bSRUI�hv}

1�}0r¬k"hXLP`%b�HMTULXcvI�hv��R�GSI0c�T[I�G�HJI�h�RUI�h�`%HMi�GSNXGSI�hXLEI�Hw�'GSI�b�V�hXTU|U|:I�HKVjI�Q ¾ hEI�H.�jZ�I�NXG�LXcvI�H n G�H��
RUI�NXLEI�HJN<R�GSI�e�LXLXhXG�ZUTULEI[Y�	.I�V�G�LXG n G�LPs%L x*TUHJRÏY�¯ghXG�HUV�b�GSOPQU{jI�G�L x*RUI�N<e�HJNX|UhXTJOPQJNv}�¯�GSI
	.I�V�G�LXG n G�LPs%LmZ�I�V�hXÇUHJRUI�L4NXGSOPQÏRJ`%hXG�H.�§RJ`"NENAI�G�H 	gTULXcvI�hmI�G�HJI�H�VjI�\]GSNENEI�H�e�HJNE|UhXTJOEQ
`%HÏR�GSI 'gT�`%b�G�LPs%L¨RUI�hAVjI�Z�k"LEI�HJI�Ha¯�GSI�HJNXLEI_NXLEI�b�bSI�Ha{"`%HUH.��T n R�GSI�NEI 	gTULXcvI�HÏZUhXG�H��
VjI�HJR*ijI�hX\�I�HJRUI�H©c�T�{ ¾ HUHJI�H.}�^zG�hER�R�GSI�NEI�N 'gT�`%b�G�LPs%LENXHUG�ijIv`%T©HUGSOPQML�I�hXhEI�GSOPQMLv�U\]G�hER
RJ`"N_r¬k"hXLP`%b]HUGSOEQML[G n VjI�\]ÇUHJNPOEQMLEI�Hz� n t�`%HUVWVjI�HMTULXc�L_TUHJR®RUI�h_r¬k"hXLP`%b�Z:I�LXhEI�G�Z�I�h
Q�`%L�NEI�G�HJI��'GSI�bSIgijI�h�t	I�QUb�Lv}�¯�GSIg¯�hXG�HUV�b�GSOPQU{jI�G�L0I�hXV�G�ZUL�NXGSOPQ�`%TJN�RUI n � n NXLP`%HJR§��RJ`"NEN
ª«H�t	k"h n `%LXGSk"HJI�HfNEkv\]GSI�¯�GSI�HJNXLEI�HMTUh¨RJ`%HUH 	�TULXcvI�HÏZUhXG�HUVjI�HJRfNEI�G�H�{ ¾ HUHJI�H.��\�I�HUH
NXGSI¨G�HUHJI�hXQ�`%b�ZaRUI�N�Z:I�H ¾ LXG�V�LEI�Hl�:I�G�LXhP`%Q n I�HJNmZ:I�hEI�G�LXVjI�NXLEI�b�b�LA\�I�hERUI�H.}§ª�H�t!k"h n `%LXGSk%�
HJI�HfZ:I�GSNX|UGSI�bSNE\�I�GSNEI�NXG�HJR,`%ZfI�G�HJI n Z�I�NXLXG n_n LEI�H �:I�G�LX|UTUHU{�L�ijI�hP`%b�LEI�L<TUHJRfHUGSOPQML
n I�QUh0QUG�b�t	hEI�GSOEQ.}
¯A`"N4e�LXLXhXG�ZUTUL¨Y���`"OPQML�TUHJRaFdG�H��JTJNEN x[\]G�hERaI�G�HfI�G�HUcvI�b�HJI�h 	gTULXcvI�hwy�TUHMLEI�h<i$GSI�bSI�H
LP`%TJNEI�HJR�r¬k"hXLP`%b�Z:I�NXTJOPQJI�hXH'��G�H�RUI�h��gI�VjI�b'HUGSOPQML]Q�`%Z�I�H.}�e�TJNXH�`%Q n I�\�s%hEIgQUGSI�h]I�G�H
I�G�HJI�h8.�I�\�I�hX{�NEOPQ�`ut�L�s%QUHUb�GSOPQJI�h��'TJNP` n_n I�HJNEOPQUb�TJNEN]i�GSI�bSI�h 	�TULXcvI�hv}U¯�GSI�NEI�h]Õ�`%b�b�GSNXL
`%Z�I�h0I�QJI�h0TUHM\�`%QUhENEOEQJI�G�HUb�GSOPQ�TUHJRw\]G�hERwRJ`%QJI�h�QUGSI�h]HUGSOPQML�Z�I�LXhP`"OEQ$LEI�Lv}
	�`"OEQ RUI�h*�$LP`%{jI�QJk"bSRUI�hXL«Ð$|�k"bSk"V�GSI�I�hXV�G�ZUL[NXGSOEQz`%TJN�RUI�H c�\�I�G�QUGSI�h�c�TUVjI�k"hER�HJI�LEI�H
e�LXLXhXG�ZUTULEI�HÓt	ÇUhwI�G�HJI�H×r�k"hXLP`%b�H$TULXcvI�hqRUI�h �dÐ�| &�¡ 6 F "RMj¥3MU¢E£zy	I�HUV�b�}�� TU¢��D¢#"WTU¢#" � �
�$LP`%{jI�QJk"bSRUI�hv}�FDG�H½I�G�HUcvI�b�HJI�h 	gTULXcvI�h*Q�`%L*NEk n G�LK{jI�G�HJI�H½V�hEk �jI�HzFDG�H��JTJNPNv}�¯�I�H��
HJk�OEQfGSNXL¨I�G�H,��I�LXhEI�G�Z:I�h<G n 	�k"h n `%b�t!`%b�b�Z�I�NXLXhEI�ZULv��RUI�H .�hEk ��LEI�G�b�NEI�G�HJI�h�Ò�b�GSI�HMLEI�b
c�T�t	hXGSI�RUI�H©c�T�NXLEI�b�bSI�H.�JRJ` n G�LgI�G�H©I�h�t	k"b�V�hEI�GSOPQJI�h�r¬k"hXLP`%b�Z:I�LXhXGSI�Z�I�h n�¾ V�b�GSOEQ$Lg\]G�hER§}
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��}]¯�I�h .�hXTU|U|:IARUI�h8.AI�bSR�VjI�Z:I�h0bp`"NPNEI�HwNXGSOEQ n G�HJRUI�NELEI�HJN0R�GSIme�LXLXhXG�ZUTULEI�Y��W`"OEQ$L0TUHJR
FDG�H��JTJNEN x*NPkv\]GSI[Y�	.I�V�G�LXG n G�LPs%L x*c�TJk"hER�HJI�H.}�¯�GSI�NEIKZ:I�NXG�LXcvI�H,NXGSIKR�TUhEOEQ®R�GSI�ÔdI�h�t	Ç��
V�TUHUVjNXVjI�\�`%b�L_ÇUZ�I�h<R�GSI �JH�`%HUc�GSI�b�bSI�H ��I�NPNEk"TUhEO�I�H.}�¯A`"N�e�LXLXhXG�ZUTUL<Y�¯�hXG�HUV�b�GSOEQU{jI�G�L x
\]G�hER©QUGSI�h�HUGSOPQML�c�TUVjI�k"hER�HJI�Lv�'RJ`[RUI�h .�I�bSR�VjI�Z�I�h�G�H�RUI�h���I�VjI�b�HUGSOEQML�G�H©{jk"HU{�hEI�LEI
y	I�ijI�HMLXTJI�b�b0cvI�G�LX{�hXG�LXGSNEOEQJI
�_rDhEk%Î�I�{�LEIwRUI�N_r¬k"hXLP`%bp`%HMZUGSI�LEI�hEN*I�G�HUVjI�ZUTUHJRUI�H GSNXLv��NEk"H��
RUI�hXH n G�L�R�GSI�NEI n I�QJI�h¨bp`%HUV"t	hXGSNXLXG�VjI��¬NXLXhP`%LEI�V�GSNEOPQJIw�'GSI�bSIKijI�hEI�G�HMZ�`%hXLv}D¯�I�h��$LP`%{jI��
QJk"bSRUI�hXL�Ð�|:k"bSk"V�GSI�I�HMLENX|UhEI�OPQJI�HJR§�MGSNELoRUI�h .�I�bSR�VjI�Z�I�h�`%bSN<T�| O_¥�" & " � ¢E£_y	I�HUV�b�}���T�| O_¥/.
" & " � �¨�$LP`%{jI�QJk"bSRUI�hmc�T�{�bp`"NENXG
�Jc�GSI�hEI�H.}.ª«HÏNEI�G�HJI n FDG�H��JTJNENEZ:I�hEI�GSOPQab�GSI�V�LmR�GSI_FDH$L��
NEOEQJI�GSR�TUHUVjNXVjI�\�`%b�L*RJ`%hXÇUZ�I�hv�dk"Z RUI�h�r¬k"hXLP`%b�Z:I�LXhXGSI�Z t	k"hXLXVjI�t	ÇUQUhXL_ZUc�\m}D\�I�G�LEI�hXQUG�H
�JH�`%HUc�GSI�hXL]\]G�hERKk�RUI�h�HUGSOEQML�TUHJR*\�I�bSOPQJI�H©NXLXhP`%LEI�V�GSNEOPQJI�H©�'GSI�bSI�HwR�GSI�NEI�h�TUH$LEI�hXb�GSI�V�Lv}
e�T�tDR�GSIAe�TJNE|UhPs%V�TUHUV�{jk"HU{$hEI�LEI�hgrDhEk%Î�I�{�LEIAG�Hq�'TJNP` n_n I�HUQ�`%HUV n G�L0RUI n ��I�LXhXGSI�Z
\]G�hER©RUI�h .�I�bSR�VjI�Z�I�h0G�H�RUI�h0�gI�VjI�b.\�I�HUG�VjI�h�FdG�H��JTJNEN0HJI�Q n I�H.}

Ôdk"HzRUI�HÖR�hEI�GgQUGSI�h�`%bSN[\]GSOEQMLXG�V,GSRUI�H$LXG
�Jc�GSI�hXLEI�H×�$LP`%{jI�QJk"bSRUI�hXV�hXTU|U|�I�H½\�I�hERUI�H½RUI�h
r¬k"hXLP`%b�Z:I�LXhEI�G�Z�I�h]TUHJR�R�GSIgr¬k"hXLP`%b�HMTULXcvI�h�G�H*R�GSI�egH�`%b�Ð�NEIgI�G�HMZ�I�cvk"VjI�H.}UFDG�HJI���I�LXhP`"OEQMLXTUHUV
RUI�h .�I�bSR�VjI�Z:I�h<GSNXL¨QUGSI�h4HUGSOEQ$L¨ijk"hXVjI�NPI�QJI�H.��`%TJNEVjI�QJI�HJRÏijk"H,RUI�h¨egHUH�`%Q n I���RJ`"NEN4c�\]G��
NEOPQJI�H .�I�bSR�VjI�Z:I�h<TUHJR,r�k"hXLP`%b�Z�I�LXhEI�G�Z�I�h�I�G�HJI[VjI�\]GSNENPI*egZJNXLXG n_n TUHUV�ijk"hXb�GSI�V�L�TUHJRfRUI�h
��I�LXhEI�G�Z�I�h�NEk n G�L0Z�I�hEI�G�LEN]G n egT�t�LXhP`%V_TUHJR©G n �$G�HUHJI4RUI�N8.�I�bSR�VjI�Z�I�hEN�`%V�GSI�hXLv}
��� ����� �1���1��
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ÕJk"b�VjI�HJRUI0�'GSI�bSI�TUHMLEI�hXb�GSI�VjI�H_RUI n G�H<R�GSI�NEI�h¬e�hXZ�I�G�L�I�HML�\]GSOP{jI�b�LEI�H�FDi�`%b�T�`%LXGSk"HJNP`%HJNP`%LXc �Uy ,
�
RJ`"N�FDh�t!k"b�VjNXHUG�ijIv`%T®I�G�HJI�N�r�k"hXLP`%bSN�hEIv`%b�GSNXLXGSNPOEQ,I�G�HJNEOEQ�s%LXcvI�H.�0y 1j�mijk"hXQ�`%HJRUI�HJI©��OEQM\�`"OEQ��
NXLEI�b�bSI�HWGSRUI�H$LXG
�Jc�GSI�hEI�HlNEk
\]GSI�y!�j� � ¾ V�b�GSOEQU{jI�G�LEI�HÏc�TWÔdI�hXZ�I�NENEI�hXTUHUVjNP`%HJN�s%LXcvI�HÏI�hX{jI�HUHJI�H.}
FDH$LENX|UhEI�OEQJI�HJR�RUI�H�G�HqegZJNEOPQUHUG�LXL���}21�} �KI�G�HUVjI�t�ÇUQUhXLEI�H���I�V�hXG���GSOEQU{jI�G�LEI�H�GSNELgRUI�h���I�\�I�h��
LXTUHUVjNXc�\�I�OE{©RUI n H�`"OPQqI�G�HJI z�|v£&O &(�	¥��%¢¨FDi�`%b�T�`%LXGSk"H.}

��� ���V� �<� ���)
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¯�I�hA��I�\�I�hXLXTUHUVjNP`%HJNP`%LXc[GSNXL�NPkv\�k"QUboG n ��`%Q n I�H�I�G�HJI�h�I�G�H n `%b�G�VjI�HÏ�gHMLEI�hENETJOEQMTUHUVJ�¬`%bSN
`%TJOPQ*G�HwI�G�HJI�h�	�`%HUV�cvI�G�LENXLXTJR�GSImRUI�HU{�Z�`%hv}�¯�GSI�|UhXG n s%hEI�H��'GSI�bSNEI�LXc�TUHUVjI�HwG�H�R�GSI�NEI�h]e�hXZ�I�G�L
y	NXGSI�QJI�rDTUHU{�L<Y���I�\�I�hXLXTUHUVjNXc�\�I�OE{Mx��<{ ¾ HUHJI�H n G�LXLEI�bSN�I�G�HJI�h�I�G�H n `%b�G�VjI�H �gHMLEI�hENETJOEQMTUHUV
I�hXhEI�GSOPQML[\�I�hERUI�H.}D¯�GSI�G�H,R�GSI�NPI�h�e�hXZ�I�G�L�ijk"hXVjI�HJk n_n I�HJI©Õ�`%b�bSNXLXTJR�GSI©I�h�t!k"b�V�L�RJ`%QJI�h_G n
��`%Q n I�H�I�G�HJI�h]I�G�H n `%b�G�VjI�H©¯A`%LEI�HJI�h�t�`"NENXTUHUVJ}�FDG�HJI�	�`%HUV�cvI�G�LENXLXTJR�GSI�\�s%hEI�I�G�HJI n�¾ V�b�GSOPQJI
�'TU{�TUH�t�LENPk"|ULXGSk"H.��T n R�GSI]e�TJNE\]G�hX{$TUHUVjI�H�ijk"hXVjI�HJk n_n I�HJI�h G�HJRUI�hXTUHUVjI�H[c�T_ÇUZ:I�hX|UhXÇ�t!I�H
TUHJRwT n \�I�G�LEI�h�t	ÇUQUhEI�HJRUImÔdI�hXZ�I�NENEI�hXTUHUVjI�H�c�Tw{jk"HUc�G�|UGSI�hEI�H.}
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��I�HJOEQ n `%hX{�G�HUVl`%bSN���I�\�I�hXLXTUHUVjNENELXhP`%LEI�V�GSI©I�HMLENX|UhXGSOPQML[RUI n egHJNP`%LXcwRUI�h�{jk n |�`%hP`%LXG�ijI�H
egH�`%b�Ð�NPI�}M¯�GSI�FDhXVjI�ZUHUGSNPNEI�`%b�bSI�h�G�HKR�GSI��gHMLEI�hENXTJOPQMTUHUV�I�G�HMZ�I�cvk"VjI�HJI�Hwr�k"hXLP`%bSI�R�GSI�HJI�Hw`%bSN
��I�\�I�hXLXTUHUVjN n `��jNXLP`%ZÖZUc�\m}���I�HJOEQ n `%hX{�N�t	ÇUh�R�GSI©ª«HMLEI�hX|UhEI�LP`%LXGSk"H½RUI�h[FDhXVjI�ZUHUGSNENEIqRUI�N
ÎXI�\�I�G�bSN�Z:I�LXhP`"OPQMLEI�LEI�HWr�k"hXLP`%bSNv}



��}21�FDi"`%b�T�`%LXGSk"HJN�`%HJNP`%LXc � �
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e�TJNwRUI�H×I�G�H$Z:I�cvk"VjI�HJI�H �$LP`%{�QJk"bSRUI�hXV�hXTU|U|�I�H I�hXVjI�Z�I�H×NXGSOEQÓc�\�I�G4FDZ�I�HJI�H `%T�t<RUI�HJI�H
¯�`%LEI�H�I�h�t!`"NPNXL0TUHJRq`%H�`%b�Ð�NXGSI�hXLg\�I�hERUI�H�{ ¾ HUHJI�H%�'¯�GSImG�HJR�G�i�GSR�TJI�b�bSI<FDZ:I�HJI¨I�G�HJI�N�r¬k"hXLP`%b��
HMTULXcvI�hEN�TUHJR[R�GSIgk"hXVM`%HUGSNP`%LXGSk"H�`%bSI�FDZ:I�HJI�I�G�HJI�N�r�k"hXLP`%bp`%H$ZUGSI�LEI�hENv}Ue�TJN�RUI�h�G�HJR�G�i�GSR�TJI�b�bSI�H
r�I�hENX|�I�{�LXG�ijI�I�G�HJI�N 	gTULXcvI�hEN�bp`"NENEI�H_NXGSOPQ�|:I�hEN ¾ HUb�GSOPQJI �qI�G�H$TUHUVATUHJR_FDG�HJR�hXÇJOE{jI0c�T n r¬k"h��
LP`%b:VjI�\]G�HUHJI�H.}U¯�GSI���I�LXhP`"OEQ$LXTUHUV*`%TJN]RUI�h]k"hXVM`%HUGSNP`%LXGSk"H�`%bSI�H�r¬I�hENX|�I�{$LXG�ijIARUI�N]r¬k"hXLP`%bp`%H��
ZUGSI�LEI�hEN0I�hXbp`%TUZULgR�GSImFdh�t!`"NENETUHUV_ijk"H���I�hEI�G�LENXLEI�b�b�TUHUVjNX|UhEk"cvI�NENEI�Hqijk"H�r¬k"hXLP`%b�G�HUQ�`%b�LEI�H.}

FDG�HJI�\�I�G�LEI�hEIÏFdZ:I�HJI���R�GSI�G�HÓ��I�LXhP`"OPQML©VjI�cvk"VjI�H½\]G�hER§��GSNXL�R�GSIÏ�$Ð�NELEI n I�Z:I�HJIWRUI�N
r�k"hXLP`%bSNv} �gGSI�ho\�I�hERUI�HwR�GSIgk"Z�Î�I�{�LXG�i�I�h�t!`"NPNXLEI�H[¯A`%LEI�HKc�T n 	gTULXcvI�hXijI�hXQ�`%b�LEI�Hw`%H�`%b�Ð�NXGSI�hXLv}

e�b�bSIDR�hEI�G$Z:I�LXhP`"OPQMLEI�LEI�H�FDZ�I�HJI�HKy	ª�HJR�G�i�GSR�TUT n �%­ghXVM`%HUGSN�`%LXGSk"H.�
r¬k"hXLP`%bSNXÐ�NELEI n �§I�hXVMs%H��
cvI�H�NEGSOEQ�c�T_I�G�HJI n T n t!`"NENPI�HJRUI�hEI�H���I�LXhP`"OPQMLXTUHUVjN�t!I�bSR§�$`%bSN�I�Nd`%T�t'�]`"NXGSN�H$TUh�I�G�HJI�hdFdZ:I�HJI
hEIv`%b�GSNXGSI�hXZ�`%h0\�s%hEI�}:��k�Z:I�NXLEI�Q$L�`%TJOEQ�R�GSI�� ¾ V�b�GSOEQU{jI�G�Lv���'TJNP` n_n I�HUQ�s%HUVjImc�\]GSNPOEQJI�H©ijI�h��
NEOEQUGSI�RUI�HJI�H*FDZ:I�HJI�H�y�cj}X��} 	�TULXcvI�h n I�G�H$TUHUVjI�HKTUHJR 	gTULXcvI�hXijI�hXQ�`%b�LEI�H'�dc�T[I�hX{jI�HUHJI�H[TUHJR
RJ`%hP`%TJN]QUG�b�t�hEI�GSOPQJI4FDhX{jI�HUH$LXHUGSNENEImt�ÇUh0R�GSImFdi"`%b�T�`%LXGSk"Hqc�TwVjI�\]G�HUHJI�H.}
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��I�HJOPQ n `%hX{$G�HUVat�TUHU{�LXGSk"HUGSI�hXL_HMTUh*`%T�t��]`"NXGSN �$T�`%HMLXG�LP`%LXG�ijI�h*¯�`%LEI�H.}oFdN_{ ¾ HUHJI�H RJ`%QJI�h
HMTUh-��I�LXQJk$RUI�H�QJI�hP`%HUVjI�cvk"VjI�H�\�I�hERUI�H.�'R�GSIm¯A`%LEI�H�I�HMLENE|UhEI�OEQJI�HJRUI�H��dÐ�|JN]b�GSI�t	I�hXH.}

¯�GSI�egH�`%b�Ð�NEI�I�h�t!k"b�V�L�G n �g`%Q n I�H_I�G�HJI�hdÕ�`%b�bSNXLXTJR�GSI�� n G�LDRUI�hDÒ�k"HJNEI �$TJI�HUc0RUI�h�G�H_e�Z��
NEOEQUHUG�LXL���}21�} � Z�I�NEOEQUhXGSI�Z�I�HJI�H*Ôdk"h���TUHJR 	�`"OEQ$LEI�G�bSI�}�^ÖGSIgRUk"hXL�I�Z�I�H�t!`%b�bSN�Z:I�NPOEQUhXGSI�Z�I�H.�jGSNXL
R�GSI<Õ'`%b�bSNXLXTJR�GSI�VjI�H�`%T�VjI�HJk n_n I�HÏ{jI�G�HJI_I�G�VjI�HJNXLPs%HJR�G�VjI ��I�LXQJk�RUI<RUI�hm¯A`%LEI�HJI�h�t�`"NENXTUHUV
TUHJR_�«`%H�`%b�Ð�NEI��MNEk"HJRUI�hXHKZ:I�G�HUQ�`%b�LEI�L�R�GSI�egHM\�I�HJR�TUHUV_I�G�HJI�h�k�RUI�h n I�QUhEI�hEI�h�I�HMLENX|UhEI�OPQJI�H��
RUI�h*�qI�LXQJk�RUI�H©G�H�Ògk n ZUG�H�`%LXGSk"H.}

Õ¬ÇUh.ÎXI�RUI0Z�I�LXhP`"OEQMLEI�LEI�egH�`%b�Ð�NPI�I�Z:I�HJI�\]G�hER�QUGSI�h�I�G�HJI�NX|�I�c�GSI�b�bSI-��I�LXQJk$RUIgI�G�HUVjI�NEI�LXc�Lv}
¯gGSI�G�HJR�G�i�GSR�TJI�b�bSI[r¬I�hENX|�I�{$LXG�ijI[RUI�N 	gTULXcvI�hENA\]G�hER n G�LXLEI�bSN4I�G�HJI�N4NXLXhXTU{$LXTUhXGSI�hXLEI�HfÕUhP`%VjI��
Z:k"VjI�HJN n G�L<ijk"hXVjI�VjI�Z:I�HJI�H egHML«\�k"hXLX{�`%LEI�Vjk"hXGSI�H I�h�t!`"NPNXLv}�ª«HJR�G�i�GSR�TJI�b�bSI*FdG�HJR�hXÇJOE{jIwNXG�HJR
NEk�ZUGSN�c�TWI�G�HJI n VjI�\]GSNENPI�H�.�hP`"R �$T�`%HMLXG�LP`%LXG�i n I�NENXZ�`%hv}:¯gGSI<k"hXVM`%HUGSNP`%LXGSk"H�`%bSI_r¬I�hENX|�I�{M�
LXG�ijI<RUI�N�r¬k"hXLP`%b�Z:I�LXhEI�G�Z�I�hENm\]G�hER n G�LXLEI�bSNAI�G�HJI�NANXLXhXTU{�LXTUhXGSI�hXLEI�H�ª�H$LEI�hXi$GSI�\0N4I�h�t!`"NENELv}��'GSI�b
GSNXL¨I�Nv� n�¾ V�b�GSOEQJNXL�|UhPs%c�GSNEI�� �$T�`%HMLXG�LP`%LXG�ijI�e�TJNPNP`%VjI�Hac�T,e�T�t	\�I�HJR�TUHUVjI�Hft	ÇUh¨R�GSI*r ��I�VjI
ijk"H©ª�HUQ�`%b�LEI�H©c�T©I�hXQ�`%b�LEI�H.}�¯gGSIAegH�`%b�Ð�NEI�RUI�h�	�TULXc�TUHUV[`%T�tDr¬k"hXLP`%bSNXÐ�NELEI n I�Z:I�HJI¨I�h�t	k"b�V�L
n G�LXLEI�bSN�egTJNX\�I�hXLXTUHUV�ijk"H�^ÏI�ZJNEI�hXijI�h���	.k"VjRJ`%LEI�H.}

¯�GSI[c�TUhgÎ�I�\�I�G�b�G�VjI�H �qI�LXQJk�RUI[QJI�hP`%HUVjI�cvk"VjI�HJI�H ��I�\�I�hXLXTUHUVjNX{$hXG�LEI�hXGSI�H®\�I�hERUI�H,HMTUH
G n t	k"b�VjI�HJRUI�H�e�ZJNEOPQUHUG�LXL�RUI�LP`%G�b�b�GSI�hXL�Z�I�NEOPQUhXGSI�Z:I�H.}
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e�T�t	Z�`%TJI�HJR `%T�t�k"Z�I�H®ijk"hXVjI�HJk n_n I�HJI�HÖÕJI�NELXbSI�V�TUHUVjI�H c�T eg{$LXG�i�G�LPs%LENXZ�I�hEI�GSOEQ.�DegH�`%b�ÐM�
NEI�I�Z:I�HJI�H�TUHJRK� n I�LXQJk�RUI�Hw\�I�hERUI�HwQUGSI�h]R�hEI�G§��I�hEI�GSOPQJIAc�TUh]FDHML«\]GSOE{�b�TUHUV[ijk"HwÒ�hXG�LEI�hXGSI�H
Z:I�LXhP`"OPQMLEI�L���y ,
��R�GSI 'gT�`%b�G�LPs%LdRUI�hDZ�I�hEI�G�LXVjI�NXLEI�b�b�LEI�H[ª«H�t	k"h n `%LXGSk"HJI�H.�Jy 1j�¬R�GSI�'gT�`%b�G�LPs%LdRUI�N
r�k"hXLP`%bSNXÐ�NXLEI n N4G�Ha��I�c�TUVq`%T�t�R�GSI[ª�H�t!k"h n `%LXGSk"HJNXZ�I�hEI�G�LENXLEI�b�b�TUHUV�NPkv\]GSI�y!�j��R�GSI[e�T�t	\�I�H��
R�TUHUVjI�H©c�TUh���I�hEI�G�LENXLEI�b�b�TUHUV[TUHJRwr.��I�VjImijk"H�ª«HUQ�`%b�LEI�H.}

e�TJNEVM`%HUVjNX|UTUHU{$L�t�ÇUh�R�GSIo¯�I��JHUG�LXGSk"H¨ijk"H���I�\�I�hXLXTUHUVjNX{�hXG�LEI�hXGSI�H<t�ÇUh�R�GSI�NEIo��I�hEI�GSOEQJI�GSNXL
R�GSI0ÕUhP`%VjI�NXLEI�b�b�TUHUV<H�`"OEQ*RUI�hEI�HK��I�bSI�i�`%HUc0t	ÇUhdHUGSOPQML���{jk n_n I�hXc�GSI�b�bSIAª«H�t	k"h n `%LXGSk"HJNX|�k"hXLP`%bSI�}
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¯�GSI<G�HÏegZJNEOEQUHUG�LXL4��}21�} �KZ�I�NEOEQUhXGSI�Z�I�HJI�H ��k$RUI�b�bSI�NXLEI�b�bSI�H�R�hEI�GDijI�hXZUhEI�G�LEI�LEI�egHJNPs%LXcvI
c�T©`%bSN�hEI�bSI�i"`%H$L]I�hP`"OEQMLEI�LEI�H�Ôo`%hXGp`%ZUbSI�Hwijk"H�ªX�M��FDh�t!k"b�V�TUHJRKRUI�hEI�H�VjI�VjI�HJNEI�G�LXG�VjI�h0egZUQ�s%H��
V�G�V�{jI�G�LEI�H_RJ`%h]y	NXGSI�QJI �¬`%Z:I�b�bSI]��}-,
��}���G�L¬RUI�h�Ôo`%hXGp`%ZUbSI�H�`%TJNE\�`%QUbJ\]G�hER¨G n |Ub�G�c�G�L�Z:I�NXLXG n_n Lv�
\�I�bSOEQJI4egH�`%b�Ð�NEI�I�Z:I�HJI�HqI�Z:I�H�t�`%b�bSN0`%bSN]hEI�bSI�i�`%HML0c�T�I�hP`"OPQMLEI�H�NXG�HJR§}U¯A`"N0¯ ����� 1wy	egZUZUG�b��
R�TUHUV©��} 9 ��GSNXL�QUGSI�hXZ:I�G�RJ`"N�I�G�HUc�G�VjI���\�I�bSOEQJI�NmHJI�Z:I�HWRUI�h�G�HJR�G�i$GSR�TJI�b�bSI�H�FDZ�I�HJI_`%TJOEQ�R�GSI
k"hXVM`%HUGSNP`%LXGSk"H�`%bSIAFdZ:I�HJI�NEkv\]GSI�R�GSIgLEI�OEQUHUGSNEOPQJIm�$Ð�NXLEI n I�Z�I�HJI�I�G�HMZ�I�c�GSI�QMLv}�¯�GSI�NEI�N��qk�RUI�b�b
\]G�hER�RJ`%QJI�h�QUGSI�h�`%bSN7.�hXTUHJR�bp`%VjI<c�TUh�¯�I��JHUG�LXGSk"HWijk"HW��I�\�I�hXLXTUHUVjNX{�hXG�LEI�hXGSI�H�QJI�hP`%HUVjI�cvk%�
VjI�H.}

ª n ÕJk"b�VjI�HJRUI�HW\�I�hERUI�H�R�GSI�Ò�hXG�LEI�hXGSI�HWI�H$LENX|UhEI�OEQJI�HJR�RUI�HWR�hEI�G�t	k"{�TJNENXGSI�hXLEI�HWe�H�`%b�Ð$�
NEI�I�Z�I�HJI�H�NX|�I�c�G
�Jc�GSI�hXL0TUHJR©I�hXbps%TULEI�hXLv}

��µuÌ«¶UÃvÃ
Ê¬º�Å �'¹'º��©Ê�·vËj´Mµ��'´$µ%Í�¶J»�·v´$º
¯�GSI4�$Ð�NXLEI n HMTULXc�TUHUVKGSNXL]I�G�HJIARUI�h�NEI�OEQJN�G n ¯ ���W� 1_`%bSN]\]GSOEQ$LXG�V�t	ÇUh]R�GSIAFDh�t!`"NPNXTUHUV_ijk"H
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s = {r1, r2, ..., rL}

`%H���I �$TJI�NXLENv}

�w´���º¬¸�·
¸�¹:º�� � �h�#�8��L#�����M���>��

�D #"o������� ���������!&"�
s ∈ S 9��	�O9<���' M���������U�_�������49�j0�4<

� �J�����
r
+�,������������m M�49 !�&"�c.u��7:�Z�].��"#$�8&"�X "�:���P,����� $���©
%&��J�a)« M&"�	#$��������������9����

con(ri) =��1@+d�����������:�¨&%
u�	�21%� �����P���!&"��?

¯A`�H$TUhoR�GSI]ijk"H[RUI�h �gk n I�|�`%VjI�`%TJNEVjI�QJI�HJRUI�HKÒ�b�GSOE{�|�t�`"RUI0TUHMLEI�hENETJOEQML�\�I�hERUI�H.�$NXG�HJR
H$TUh�ÎXI�HJI���I�NPNXGSk"HJNoG�H$LEI�hEI�NENP`%H$Lv��R�GSI n G�HJRUI�NXLEI�HJN�I�G�HJI�H �gk n I�|�`%VjI����gI �MTJI�NXL�Z�I�G�HUQ�`%b�LEI�H.�
R§}�Q.}�HMTUh &�{ �	¥��%¢���I�NENEGSk"HJNm\�I�hERUI�HlZ:I�LXhP`"OPQMLEI�Lv}�¯�GSI ��I�HUVjI[`%b�bSI�h<`%{�LXG�ijI�Hf��I�NENXGSk"HJN4GSNXL
I�H$LENX|UhEI�OEQJI�HJR�¯�I��JHUG�LXGSk"H � Z�I�NXLXG n_n L�R�TUhEOPQ

S
�����

= {s ∈ S|con(ri) =
� ∧ ri ∈ s} y ��}-,
�

t	ÇUh�`%b�bSI
i = 1, ..., L

}

�w´���º¬¸�·
¸�¹:º�������b ���>�
	MbZ���lY* �" �����
seq(s) = 〈a1a2...an〉

9��	�
n ∈ N

������� ��� � �J���c.0+
 �?��#?J�����:�B1>&"��� ���('��' "��#�#$�8&"�X "�:���������������=+'&"���S���Kj0� � �U����������� �����P����&��

s
?�-¨&"�J�������

sseq(s) =
〈b1b2...bm〉

�����:� ����)���� � �J���c.^1�&"� seq(s)
+< M&"�	#$�������������Q9<�	�

sseq(s) � seq(s)
+�#M���'&"�

 j&��J� ,����J� �����
i
�8w"�����	�������/9��	�

ai, ..., a(i+m−1) ∈ s
���' 

a(i+j−1) = bj

3=A��*&����S�
j =

1, ...,m
?

¯�GSI<G�HMLEI�hEI�NPNXGSI�hEI�HJRUI[�$TUZJNEI �$TJI�HUc�I�G�HJI�NAÒ�b�GSOP{$|�t�`"RUI�N�G�H�I�G�HJI�hA��I�NETJOEQJI�hENEI�NENEGSk"H�Z�I��
V�G�HUH$L n G�L�RUI n I�hENXLEI�H��'TUV�hXG
�a`%T�tdI�G�HJI¨��I�G�LEI4RUI�N �dÐ�|JN � TUHJR©I�HJRUI�L n G�L�RUI n I�hENXLEI�H
�'TUV�hXG
�f`%T�t�I�G�H��'GSI�bSRUk"{�T n I�HMLARUI�N��dÐ�|JN

z ∈ Z }:FDG�HJI<I�HMLENX|UhEI�OPQJI�HJRUIK�$TUZJNEI �$TJI�HUc<NPI�G`%bSN
z
.�
 !J¡ A�¢NS�!�¢#"U¤_Z�I�cvI�GSOEQUHJI�L0TUHJRwRJ`%hXVjI�NXLEI�b�b�L n G�L

z
�
sseq(s)

}�ÕJk"h n `%b�`%TJNEVjI�R�hXÇJOE{�L0GSNXL
z
�
sseq(s)

I�G�HJI¨�$TUZJNEI �$TJI�HUc
sseq

RUI�h���I�NENXGSk"H
s
�UNPk_RJ`"NEN

con(b1) = con(ai) =
� y ��}21j�

n G�L i = minj=1,2,...,n{j|con(aj) =
� } TUHJR

con(bm) = con(ai+m−1) = z
y ��} �j�

n G�L
m = minj=1,2,...,n−1{j|con(ai+j−1) = z} }Õ�k"b�VjI�HJRUI4egTJNXH�`%Q n IA\]G�hER�t	ÇUh0RUI�H�Õ�`%b�b

z 6= ¯m­AÑzZ�I�G.RUI�h���I�LXhP`"OEQ$LXTUHUVKijk"HW�$TUZ��
NEI �$TJI�HUcvI�H©VjI n `"OPQML��

ÕJhP`%V�L�I�G�H 	gTULXcvI�h*Z�I�GSNX|UGSI�bSNX\�I�GSNEI�,v�ÏQJI�hXTUH$LEI�hXbp`"R�Z�`%hEIÏ¯�k"{$T n I�H$LEIWijk"HzI�G�HzTUHJR
RUI�hENEI�b�Z�I�Hf��I�G�LEI*`%H.�.NEk�Q�`%L4I�h ,v�q�'TUV�hXG
��I�I�hXcvI�TUV�Lv��k"QUHJI�NXGSOPQÏG�HaRUI n r¬k"hXLP`%bo\�I�G�LEI�h
t!k"hXLXZ:I�\�I�V�Lwc�T½Q�`%Z:I�H.}�egTJN*R�GSI�NPI�H×�'TUV�hXG
�§I�HÓ{ ¾ HUHJI�H×`%bSNEkf{jI�G�HJIW�0ÇJOE{�NEOPQUb�ÇJNENEI�c�TUh
��I�HMÇ��0TUHJR�r¬k"hXLP`%bSNXLXhXTU{�LXTUhmVjI�cvk"VjI�H�\�I�hERUI�H.}§Õ¬ÇUhmRUI�H�Õ�`%b�b

z 6= ¯m­AÑ \�I�hERUI�HlRJ`%QJI�h
G�H®RUI�h<Z:I�LXhP`"OPQMLEI�LEI�Hz�$TUZJNEI �$TJI�HUc�ijk"hXQ�`%HJRUI�HJI©¯m­AÑo� �'TUV�hXG
��I*HUGSOPQML n G�LXVjI�c
s%QUb�Lv}d¯�I�h



��}21�FDi"`%b�T�`%LXGSk"HJN�`%HJNP`%LXc ���

^ÏI�hXL[ijk"H
m
\]G�hERÖRUI n I�HMLENX|UhEI�OPQJI�HJRÓT n R�GSIqe�HUc
`%QUbA`%HÖ¯m­AÑo� �'TUV�hXG
�§I�HzG�HzR�GSI�NEI�h

�$TUZJNEI �MTJI�HUc4ijI�hXhXG�HUVjI�hXLv}
FDG�Hl�'TUV�hXG
�D�§RUI�h4`%T�t�I�G�HJI�hAijk"hP`%HUVjI�VM`%HUVjI�HJI�H,�$TJOPQ n `"NEOEQUG�HJI�H���k$RUI�hm¯�����egZ�t�hP`%VjI

Z�`"NXGSI�hXLv��GSNXL[`%HUQ�`%HJR®ijk"H®c�\�I�G�ÒAI�HUHUcvI�GSOEQJI�HÖGSRUI�HMLXG
�Jc�GSI�hXZ�`%h���y ,
�<FdN_GSNXL�I�G�H �gI �MTJI�NXL
H�`"OEQÖI�G�HJI�h��$TJOEQJI�hXVjI�ZUHUGSNXb�GSNXLEI,y

con(ri) = { 	 ,
¯�� 	 } ��TUHJR��%k�RUI�hqy 1j��RUI�h[c�TUVjI�Q ¾ hXG�VjI��I�t!I�hXhEI�hEI�G�HMLXhP`%V_cvI�G�V�L0`%H.��RJ`"NEN�RUI�h��gI �MTJI�NXL]`%TJN]I�G�HJI�h��$TJOEQ�`%H�t	hP`%VjI�hEI�NXTUb�LXGSI�hXLv}Uª«H*R�GSI��

NEI n Õ�`%b�b�{�`%HUHlR�GSI�NEI�h_`%T�t .�hXTUHJRfRUI�N<��I�t!I�hXhEI�hEI�G�HMLXhP`%VjNv��RJ`%hXVjI�NXLEI�b�b�L n G�L refcon(ri)
�

I�G�HJI n Ò�k"HUcvI�|UL�`%TJN0RUI�h-��I�HUVjI R = { � � , � .m� , � ¯��0� } c�TUVjI�k"hER�HJI�Lg\�I�hERUI�H.}
�w´	�Dº�¸�·
¸�¹'º�� � ��
��>���8��Lc� ���M���>��

�D #"������:� ���������!&"�

s ∈ S 9����� M�����'��)��v� � �J���c.
z
<
sseq(s)

+0��� ,�������������
"�����:����������9�&%�����$���:��� <n&v M���<-;5 <�j0� � �U�������w���'����&"�������a�����: >+]�p���
�������O7#&"���	�	��1%� �����P���!&"�v)E��.@&E#M���l&��=34 M��� NJ(=7

z
 $���¨&�)!#M�����43����:��� �.������ 	&%

�c9[���������*?

	�TULXcvI�hv��R�GSI�I�G�HJI��$TJOPQ n `"NEOEQUG�HJIKy�|:k"hXLP`%b�G�H$LEI�hXH©k$RUI�h�I�+�LEI�hXH'��k�RUI�h�I�G�HJI�¯A`%LEI�HMZ�`%HU{
c�T n egT ��HJRUI�HWijk"Ha��I�G�LEI�H�ijI�hX\�I�HJRUI�H.�§NXG�HJR�HUGSOEQ$L4`%ZUQ�s%HUV�G�Vwijk n 	�`vi$G�VM`%LXGSk"HJN n I�H$Ç
TUHJR¨RUI�h�|UQMÐ�NXG�{�`%b�GSNEOEQJI�H 	§G�HU{�NXLXhXTU{�LXTUhDRUI�N¬r¬k"hXLP`%bSNv}�FDH$LENX|UhEI�OEQJI�HJRUI�Ò�b�GSOE{�|�t!`"RUI�{ ¾ HUHJI�H
RJ`%QJI�h�{jI�G�HJI�H�e�T�t!NEOPQUb�TJNENoc�TUh('gT�`%b�G�LPs%L�ijk"H ��I�HMÇ���TUHJRKr¬k"hXLP`%bSNXLXhXTU{�LXTUh�VjI�Z�I�H.}U��k"bSOEQJI
"U¥:9L6 � . � | AX¥ �	¥��%¢m��I�NENXGSk"HJNDNXG�HJR_NEk n G�LDQUGSI�hoTUHUG�HMLEI�hEI�NENP`%H$LoTUHJR�\�I�hERUI�H�G n ^ÏI�G�LEI�hEI�H[HUGSOPQML
Z:I�LXhP`"OPQMLEI�Lv}D¯�GSI ��I�HUVjIw`%b�bSI�h¨|�k�NXG�LXG�ijI�H ��I�NENXGSk"HJN n G�L_��I�c�TUV�`%T�t

z
GSNXL�I�HMLENX|UhEI�OPQJI�HJR

¯�I��JHUG�LXGSk"H���Z:I�NELXG n_n L�R�TUhEOPQ

S
��� �
z

=
{

s ∈ S|z � sseq(s) � seq(s) ∧ con(ri) 6= { 	 ,
¯���	 }

∧ refcon(ri) 6= { � � , � .m� , � ¯��]� }}
y ��} *$�

t�ÇUh�`%b�bSI
ri � z

�
sseq(s)

}
�w´	�Dº�¸�·
¸�¹'º �����dW	� ���c�8��LM������� L#

�

z
��
Q�
	�bl���>�8�= �"�-m�!�a�
�g��
u�	�21v�	�('�� 1�&"� j�� � �J�������

�'&j���½�����:�09 ��7U��.������������ �.�!���� 	&"

�M9[���'�������	(=7
z
�E����&j�	��1:.��½&����S��� &%
%�	��1%��� ���������!&"�U�������

)E�����	�29Q9_�� "�������

eff(z) =
|S �����

z
|

|S ����� | .
y ��} �j�

¯�I�hgF �§I�{$LXG�i�G�LPs%LENX\�I�hXLgV�G�ZUL�`%H.��\]GSI4V�hEk �KRUI�hgegHMLEI�G�b�I�G�HJI�NgZ:I�NXLXG n_n LEI�H��'GSI�bSRUk"{�T��
n I�HMLEI�HML«Ð$|JN�G�H�RUI�HW`%{�LXG�ijI�HÏ��I�NENXGSk"HJNgGSNXLv}��jI¨Q ¾ QJI�h�I�G�HqNEk"bSOPQJI�hg^ÏI�hXL�GSNXLv��RUI�NELEk n I�QUh
��I�NENXGSk"HJN0I�H$LXQ�`%b�LEI�HqI�HMLENE|UhEI�OEQJI�HJRUI_�'TUV�hXG
��I�}
�w´	�Dº�¸�·
¸�¹'º �
���dW	� Y	�d���lY L#

�

z
��
h� 	MbZ�M���8�4 �"�-m��� �Z'"�$#M�������:���

z
< ��� )��v� � �J���c.W���

s ∈ S +o j&"�!#M�������������]&"�±� length
(
z
<
sseq(s)

) + ,D���X )P�����	�29Q9��� "�������q "�!��/g�c.
&%�M�� M���< j&"�����
��������&"�������:���K�����09��������=+Z� �J�!���$�K9����S#M�s.*'%�M����R

length
(
z
<
sseq(s)

)
= msz

−1
?J-m�!�m "�$�X����<

�����M�����!�	���	�����¨���[.������c. 1�&"� j0� � �J�������[�'&j���a�����:�49 �.������ 	&%

�c9[�����r1�&u9 NU(=7
z
+r)E��.@&E#M���

&"�=3[&����S� 7#&%���	�	�21%��� ���������!&"�U�h9������������49 ��������7'�E�X�������: M����j0� � �U�����2+��p���g j&"��� )E�����	�29�9_�
 "�$�X���

efz(z) =
|S �����

z
|∑

s∈S �����
z

length
(
z
<
sseq(s)

) .
y ��} 9 �



� 9 ��}
5��4,������	���$#%�=9 &v $�����M3=A�� �_�*)�7#&�����&"�S�

¯�I�h�F ��c�GSI�HUc�\�I�hXL[GSNXL¨I�G�H,ª�HJR�G�{�`%LEk"h�RJ`ut�ÇUhv��\]GSI[i�GSI�bSIw��I�G�LEI�HfR�TUhEOPQJNEOEQUHUG�LXLXb�GSOPQ G�H
RUI�H,|�k�NXG�LXG�ijI�HÖ��I�NENXGSk"HJN_`%HUVjI�t	hP`%V�L_\�I�hERUI�H n ÇJNPNEI�H.��Z:I�ijk"h_RUI�h_I�hENXLEI©�'TUV�hXG
�×`%T�tgI�G�H
�'GSI�bSRUk"{�T n I�HML�RUI�N �oÐ$|JN

z
I�h�t	k"b�V�Lv}��jI�Q ¾ QJI�h<R�GSI�NEI�hm^ÏI�hXL4GSNELv�.RUI�NXLEk©{�ÇUhXcvI�h4NXG�HJRaR�GSI

I�H$LENX|UhEI�OEQJI�HJRUI�HWÒ�b�GSOE{�|�t!`"RUI4G n ¯�TUhEOEQJNEOPQUHUG�LXLv}

Nmµ%¹�³o¹�Ã
¸�·
¸�¹'º �×-<�����
�g��
u�	��1
���('����4<����' � M���D�
�[.������c.S,�������34A$���.�"#"��� �g�]&"�43������ �.�!���� 	&u<


�c9[�����������:��� )E�����	��9Q9_�����:NJ(=7��d�����' e��' ��p
%&j�(&"�X��� 3=A��] j&%�����'�S#M�!#M����#M�*)��X&j���$���te��������E���P�v�
�v���������U�¨ M��� �A��� .u���m�S&u,D�!� 34A$� �:����,o&j���j������������������ $���A�W����AM<]���' h�6&"����&"� ���	���M
u�	���*?

�'GSI�b���ZUc�\m}U^ÏI�ZJNEI�hXijI�hERUk"{�T n I�HMLEI n G�L0QJk"QJI n F.��I�{�LXG�i$G�LPs%LENX�oTUHJR©QJk"QJI n F ��c�GSI�H��
c�\�I�hXL_\�I�hERUI�H k%t	L�`%HUVjI�t�hP`%V�Lv�DNXG�HJRlbSI�GSOEQ$L�c�T �JHJRUI�H®TUHJR®`%T�tghEI�bp`%LXG�if{$TUhXcvI�H®r�t�`"RUI�H
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n G�L�QJk"QJI n F ��I�{�LXG�i�G�LPs%LEN���Î�I�RUk�OEQ<HUGSI�R�hXG�VjI n F ��c�GSI�HUc�\�I�hXLD\�I�hERUI�H_c�\�`%hDk%t	L�`%HUVjI�t	hP`%V�Lv�
NXG�HJR�`%Z:I�h�T n NXLPs%HJR�b�GSOEQWc�TqI�hXhEI�GSOPQJI�H,y�cj}g��}JR�TUhEOEQWI�G�HJIm{jk n |Ub�G�c�GSI�hXLEI ��I�HMÇ�t	ÇUQUhXTUHUV$��}
FDH$LENX|UhEI�OEQJI�HJR*c�T[k"ZUG�VjI�h�e�HUH�`%Q n I�{"`%HUH n `%H[QUGSI�hoRJ`�ijk"H�`%TJNXVjI�QJI�H.�MRJ`"NENoRUI�hEI�HKr¬k�NXG��
LXGSk"HUGSI�hXTUHUV�G n r¬k"hXLP`%b�k$RUI�h�`%Z:I�h¬R�GSI ��I�HMÇ�t	ÇUQUhXTUHUV�`%H<R�GSI�NEI�h��$LEI�b�bSI�ijI�hXZ�I�NENEI�hXTUHUVjN�t�s%QUG�V
GSNXLv}U��I�G.¯�k"{�T n I�HMLEI�H n G�L�HUGSI�R�hXG�VjI�h�F �§I�{$LXG�i�G�LPs%Lv�UTUH�`%ZUQ�s%HUV�G�V[ijk n F ��c�GSI�HUc�\�I�hXLv�'GSNXL
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+

egTJN�RUI�h�egH�`%b�Ð�NEI�RUI�N 	gTULXcvI�hXijI�hXQ�`%b�LEI�HJN�bp`"NENEI�H[NEGSOEQ*{jI�G�HJI�ª«H�t	k"h n `%LXGSk"HJI�H*ÇUZ:I�h�R�GSI
�'T�t	hXGSI�RUI�HUQJI�G�L0RUI�h 	gTULXcvI�h�c�T*RUI�H�ª«HUQ�`%b�LEI�H�RUI�h0`%HUVjI�t	hP`%V�LEI�H��'GSI�bSRUk"{$T n I�H$LEIm`%ZUbSI�G�LEI�H.}
¯A`ut	ÇUh0GSNXL0I�G�HJIAR�G�hEI�{�LEIm��I�t�hP`%V�TUHUV�HJk"L«\�I�HJR�G�VJ}
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ª n ijk"hXb�GSI�VjI�HJRUI�H e�ZJNEOPQUHUG�LXL¨\]G�hER,R�GSI*FDHML«\]GSOE{�b�TUHUVaRUI�N<ÕUhP`%VjI�Z:k"VjI�HJN�c�TUh�FDh�t�`"NENXTUHUV
RUI�h!	�TULXcvI�h n I�G�H$TUHUVjI�HqZ�I�NEOEQUhXGSI�Z�I�H.}

�]`"NXGSN�t	ÇUh�R�GSI �gI�hXbSI�G�LXTUHUVfRUI�h�hEI�bSI�i�`%HMLEI�HÖÒ�hXG�LEI�hXGSI�HÖc�TUh .�I�NXLP`%b�LXTUHUVlRUI�h[ÕUhP`%VjI�H
GSNXL0RJ`"N0¯ ����� 1<G�HqI�G�HJI�h0ijI�hEI�G�H�t!`"OPQMLEI�HWÕJk"h n y	egZUZUG�bSR�TUHUV ��} �j���J¯�GSI !)A�¢���Ògk n |:k"HJI�H$LEI
\]G�hER�HUGSOEQ$L<I�G�H$Z:I�cvk"VjI�H.��RJ`wR�GSI�NEI�NXGSOPQl`%T�t0RJ`"N 	gTULXcvI�hXijI�hXQ�`%b�LEI�HlTUHJRÏHUGSOEQML�`%T�t!	�TUL��
cvI�h n I�G�HMTUHUVjI�HÏZ�I�c�GSI�QML��§RUI�N�^ÏI�G�LEI�hEI�H�\�I�hERUI�HÏk"hXVM`%HUGSN�`%LXGSk"H�`%bSI�e�TJNE\]G�hX{$TUHUVjI�H y�|v£"M(& .
"U¥�¤ &(�	¥�|�" &u¦�¥UO �%&�9 � ��G n ijk"hXb�GSI�VjI�HJRUI�HqegHJNP`%LXcAHUGSOEQ$L�Z�I�LXhP`"OEQ$LEI�Lv}

egZUZUG�bSR�TUHUV ��} ���UÔdI�hEI�G�H�t�`"OEQ$LEI�Ng¯ ���W� 1
¯�I�hdR�G�hEI�{$LEI�NXLEI�^ÏI�VJ�MRUI�H[FDh�t!k"b�VmI�G�HJI�Ndr�k"hXLP`%bSN�`%T�t:�]`"NXGSNoRUI�h 	�TULXcvI�h n I�G�H$TUHUVjI�HKc�T

Z:I�\�I�hXLEI�H.��VjI�Q$LgÇUZ�I�h�I�G�HJI¨FDh�t�`"NENXTUHUV�RUI�h�G�HJR�G�i�GSR�TJI�b�b¬\�`%QUhXVjI�HJk n_n I�HJI�HÏe�TJNE\]G�hX{$TUH��
VjI�H�y�¥�"WTj¥��
¥:T�! &u¦'¥UO �%&�9 � ��}jª«H�RUI�H n I�GSNXLEI�H[ÕDs%b�bSI�H[NXG�HJR_R�GSI�NPI�`%Z:I�hDZ�I�NEk"HJRUI�hENdNPOEQM\�I�hoc�T
n I�NENEI�H.}jFDG�H�t�`"OEQJI�h�c�TK`%H�`%b�Ð�NXGSI�hEI�HKNXG�HJR[RJ`%VjI�VjI�HKR�GSI0Ògk"HJNXLXhXTU{$LEI0Y �$Ð�NELEI n ��ZUc�\m}j^ÏI�Z��
NXG�LEI �MT�`%b�G�LPs%L xay:A�2�A�� ¢CO S�! &u¦�¥ �U2D���¬Y�ª«H�t	k"h n `%LXGSk"HJN��$T�`%b�G�LPs%L xay�¥�"�z�|v£&O &(�	¥�|�" S�! &u¦�¥ �32d�<k$RUI�h
Y%	�TULXcvI�hXc�T�t	hXGSI�RUI�HUQJI�G�L x�y,!)A�¢E£ A &(�	¥VA8z &�9 �	¥�|�"'�_y	NXGSI�QJI_egZJNEOPQUHUG�LXL¨��}21�} �j��}�­gZM\�k"QUb ��I�NENEI�h��
VjI�ZUHUGSNENEI_`%T�t��]`"NXGSNAR�GSI�NEI�hmÒgk"HJNXLXhXTU{�LEI n I�GSNXLmI�G�HJI<V�TULEI_e�|U|UhEk�+�G n `%LXGSk"HaRUI�hmegTJNX\]G�h��
{$TUHUVjI�H½RJ`%hENXLEI�b�bSI�H.��{�`%HUH n `%HÓR�GSI�NEIqHUGSOEQ$Lw|�`%TJNEOEQ�`%bATUHJRÖTUHJI�G�HUVjI�NEOEQUhPs%HU{�Lq`%bSN�FDh��
NP`%LXc�QJI�hP`%HUc�GSI�QJI�H.�JRJ`�R�GSI�e�ZUQ�s%HUV�G�V�{jI�G�LEI�H©c�\]GSNPOEQJI�H�R�GSI�NEI�H�HUGSOPQML0G n_n I�h�`%TJNXhEI�GSOPQJI�HJR
NXLP`%hX{�NXG�HJR,y��dTULXQ�`"N�T.}��ok"TUHUV#,v�����j��}:^ÏI�HUH n�¾ V�b�GSOEQÏNEk"b�b�LEI�H�RJ`%QJI�h�G n_n I�hAR�GSI�e�TJN��
\]G�hX{$TUHUVjI�HaR�G�hEI�{�LmI�h�t�`"NENXL�\�I�hERUI�H.}�^ÖGSI�¯�I 	.k"HJI_T.} ��O 	.Iv`%HÖy 1������j�A`%Z�I�h4`%H n I�hX{jI�H.�
{ ¾ HUHJI�H*egTJNX\]G�hX{�TUHUVjI�H[HUGSOEQ$L�ijk"b�bSNXLPs%HJR�G�V¨ijI�hENELP`%HJRUI�HKTUHJRKG�HMLEI�hX|UhEI�LXGSI�hXL�\�I�hERUI�H.��k"QUHJI
I�G�HJI_��I�LXhP`"OPQMLXTUHUVqijk"Ha��hEN�`"OEQJI�H.}§¯A`%QJI�hmGSNXLAI�NA\]GSOPQMLXG�VJ� n�¾ V�b�GSOPQJNXLmi�GSI�bSI_Ò�k"HJNXLXhXTU{�LEI
ZUc�\m}�ªX�M��FDh�t	k"b�VjNE{"`%LEI�Vjk"hXGSI�H�G�H�RUI�HqegH�`%b�Ð�NEI�|UhEk"cvI�NEN n G�L�I�G�HUc�TUZ:I�c�GSI�QJI�H.}�¯�I�h�ÕUhP`%VjI�Z�k%�
VjI�H \]G�hER NEk n G�L*`%TJN[ÕUhP`%VjI�Hzc�TJNP` n_n I�HUVjI�NEI�LXc�Lv��R�GSI©NXGSOPQz`%T�t4`%b�bSIwG n ijI�hEI�G�H�t�`"OEQ$LEI�H
¯����W� 1�I�HMLXQ�`%b�LEI�HJI�HWÒm`%LEI�Vjk"hXGSI�H�Z�I�c�GSI�QJI�H.}

�'TUh<Fdh�t!`"NENETUHUV�RUI�h�Òm`%LEI�Vjk"hXGSI�H,Y �$Ð�NELEI n �MT�`%b�G�LPs%L xÏy:A�2$A � ¢CO S�! &u¦�¥ �32D����Y�ª«H�t	k"h n `%LXG��
k"HJN��MT�`%b�G�LPs%L x y�¥�"�z�|v£&O &(�	¥�|�"�S�! &u¦�¥ �U2D�KTUHJRzY%	gTULXcvI�hXc�T�t�hXGSI�RUI�HUQJI�G�L xÖy,!)A�¢E£ A &(�	¥VA�z &�9 �	¥�|�"'�
\�I�hERUI�HaijI�hXZUhEI�G�LEI�L�`%HUVjI�\�I�HJRUI�LEI*Ò�hXG�LEI�hXGSI�Hf`%TJN4Z:I�NXLEI�QJI�HJRUI�HaTUHJRÏZ�I�hEI�G�LENAVjI�LEI�NXLEI�LEI�H
e�HJNPs%LXcvI�HAÇUZ�I�hXHJk n_n I�H*y	NEGSI�QJIde�bp`"R�\�`%HUGMT.}�r�`%b�i$Gp`�1���� 1���	§G�TmT.}�eghXHJI�LXL51���������	�I�VM`"NXQ
T.}E`�}�1������j��}§egTJN�RUI�hm��OPQM\]GSI�hXG�V�{jI�G�L¨QJI�hP`%TJNv�§e�TJNE\]G�hX{$TUHUVjI�HÏR�G�hEI�{�L�c�TWI�h�t�`"NENEI�HWZUc�\m}
Ò�hXG�LEI�hXGSI�Hac�TUh¨Fdh�t!`"NENETUHUV©ijk"HlegTJNX\]G�hX{�TUHUVjI�Hac�TlRUI��JHUGSI�hEI�H½y	NXGSI�QJI[egZJNEOPQUHUG�LXL<��}21�} �j���
Z:I�c�GSI�QJI�H�R�GSI n I�GSNXLEI�H©QUGSI�hgZ:I�{�`%HUHMLEI�H�e�HJNPs%LXcvI4NXGSIAHUGSOEQ$LgI�G�H.}'ª�H©I�G�HUG�VjI�H��$LXTJR�GSI�H�bp`"N��
NEI�H[NXGSOPQK`%Z:I�h n G�HJRUI�NXLEI�HJN�i$GSI�hoÕ'`%{$LEk"hEI�HKGSRUI�HMLXG
�Jc�GSI�hEI�H.��R�GSI0R�TUhEOEQ*^a`%QUhXHJI�Q n TUHUV�ijk"H
�$Ð�NXLEI n �$T�`%b�G�LPs%Lv��ª«H�t!k"h n `%LXGSk"HJN��MT�`%b�G�LPs%L�k$RUI�h 	�TULXcvI�hXc�T�t	hXGSI�RUI�HUQJI�G�LgZ�I�I�G�H��JTJNENXL�\�I�hERUI�H
{ ¾ HUHJI�HmTUHJRmRJ`%QJI�h¬`%bSN.|:k"LEI�H$LXGSI�b�bSIoÒ�hXG�LEI�hXGSI�H4c�TUh �qI�NENETUHUV]G�HJR�G�i$GSR�TJI�b�bSI�h�e�TJNE\]G�hX{$TUHUVjI�H
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ijk"HWª�HUQ�`%b�LEI�HÏ` n I���c�GSI�HMLEI�NXLEI�H�GSNELv��\�I�HUHWR�GSI<ÕUhEI �$TJI�HUc�ijk"H GgHJRUI�hXTUHUVjI�H�RUI�h�ª«HUQ�`%b��
LEI<RUI�hA��I�NETJOEQJN�t	hEI �MTJI�HUc�\]GSI�RUI�hX{jI�QUhEI�HJRUI�h 	gTULXcvI�hAI�HMLENX|UhXGSOPQMLv}�^ÏI�HUH�I�G�H
	gTULXcvI�hm`%bSNEk
I�G�H n `%b�|UhEk*^Ïk$OPQJI�RJ`"NAr�k"hXLP`%bDZ�I�NXTJOEQ$Lv�:GSNXL�I�N�ijI�hXVjI�Z�I�HJI ��ÇUQJI���t	ÇUh�R�GSI�NEI�HWc�\�I�G n `%b
|UhEk4^Ïk$OPQJI�Ñ�k"HMLEI�H$L�c�T�`%{$LXT�`%b�GSNEGSI�hEI�H.}M¯�GSI ��s%b�t�LEI0RUI�h G�HJRUI�hXTUHUVjI�HK\]G�hER[I�hdHUGSOPQML n G�L��
Z�I�{jk n_n I�H.}Ue�T�t�RUI�h0`%HJRUI�hEI�Hq��I�G�LEIg\]ÇUhERUIAI�h]NEOPQUHJI�b�b§VjI�bp`%HUV�\�I�G�b�Lv�U\�I�HUH©RUI�hgÑ�k"HMLEI�H$L
H$TUh�`%b�bSI[c�\�I�G�^Ïk$OPQJI�HaVjIvs%HJRUI�hXL<\]G�hER§}�¯�GSI n�¾ V�b�GSOPQJIKÒgk"HJNEI �$TJI�HUcK\�s%hEIKRUI�h¨ÔdI�hXb�TJNXL
R�GSI�NEI�N�	�TULXcvI�hENv}
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¯�`%LEI�H n `%LEI�hXGp`%bSN�HUGSOEQ$L0R�TUhEOEQ�t	ÇUQUhXZ�`%h<y	NXGSI�QJI�Òm`%|UG�LEI�b 9 ��}�¯A`%c�Tw\�s%hEIAI�G�H ��I�OEQ�`%HUGSN n TJN
H ¾ LXG�V�VjI�\�I�NEI�H.�DRUI�h<\]GSI�RUI�hX{jI�QUhEI�HJRUI 	�TULXcvI�h_I�hX{jI�HUH$L_TUHJRfR�GSI�NPI*ª«H�t!k"h n `%LXGSk"HfG�H®RUI�h
^ÏI�ZJNEI�hXijI�h���	.k"VjRJ`%LEI�G:t	I�NELXQ�s%b�Lv}j��I�G�{jI�G�HJI n RUI�hoG�HKRUI�hoÕ�`%b�bSNELXTJR�GSI�Z�I�LXhP`"OEQ$LEI�LEI�H*r¬k"hXLP`%bSI
\�`%h�I�G�HlNEk"bSOPQJI�h���I�OEQ�`%HUGSN n TJN<ijk"hXQ�`%HJRUI�H.}¬FoN4\]G�hERaQUGSI�h<RJ`%QJI�h<I�G�HJI*`%ZUVjI�NEOPQM\�s"OEQMLEI
ÕJk"h n RUI�h<e�T�t	\�`%HJRUNP`%H�`%b�Ð�NEI[ijk"hXVjI�HJk n_n I�H.}¬¯�GSI�NEIKNEk"b�bdc�TJNP` n_n I�H n G�L¨RUI n FDhXVjI�Z��
HUGSNK`%TJN*RUI�h[� n t	hP`%VjI©c�T n G�HJRUI�NEL*I�G�HJI�HzI�hENXLEI�H �gG�HM\�I�GSN*RJ`%hP`%T�tmb�GSI�t!I�hXH.�ok"ZzR�GSI�eg{M�
LXT�`%b�GSNXGSI�hXTUHUVjNXQ�s%T��JV�{jI�G�L¨RUI�hmª«HUQ�`%b�LEI_`%TJNXhEI�GSOEQJI�HJRaGSNXLv}�e�T��jI�hERUI n NPk"b�b�LEI_RJ`"NAFDhXVjI�ZUHUGSN
I�G�HJI�H�I�hENXLEI�H�FDG�HJR�hXTJOP{©ijk n R�TUhEOPQJNEOEQUHUG�LXLXb�GSOPQ�HJk"L«\�I�HJR�G�VjI�H�egT�t�\�`%HJR©c�TUh�r¬k"hXLP`%b�|���I��
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VjI�VjI�Z�I�H.}UÕ¬ÇUh�R�GSIAe�TJNE\�I�hXLXTUHUV�\�I�hERUI�H�R�GSI���s%T��JV�{jI�G�LEI�H n G�L0RUI�HJI�H�ª«HUQ�`%b�LEIAI�hENXLEI�b�b�Lv�
VjI�b ¾ NEOPQMLgTUHJR�`%{$LXT�`%b�GSNEGSI�hXL0\�I�hERUI�H.��Z:I�LXhP`"OPQMLEI�Lv}
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.��$� �Z�%�����M�$��# 1"����&������������Ö+�&"�������'����) TU¢E¦	¢ � ¢X1_?

¯�GSI�NEIm��`%QUbSI�H©{ ¾ HUHJI�H�`%Z�I�h�HUGSOEQ$L�I�G�H�t!`"OPQ�`%bSN]��I�HJOEQ n `%hX{$��Ò�hXG�LEI�hXGSI�H�ÇUZ�I�hXHJk n_n I�H
\�I�hERUI�H.} .�hEk �jI�r�k"hXLP`%bSI�Q�`%Z�I�HwNEI�QUh�i$GSI�bSIA��I�G�LEI�HwTUHJR*Z:I�H ¾ LXG�VjI�HwRJ`%QJI�h�G n 	gk"h n `%b�t�`%b�b
`%TJOPQ n I�QUh GgHJRUI�hXTUHUVjNXijk"hXVMs%HUVjI�ZUc�\m}�r ��I�VjIv`%T�t	\�`%HJR©`%bSN�{$bSI�G�HJI�r¬k"hXLP`%bSI�}UFDG�H�NXG n |UbSI�h
ÔdI�hXV�bSI�GSOPQfR�GSI�NEI�h_��`%QUbSI�Hl\]ÇUhERUI*`%bSNEkwc�T n c�\]G�HUVjI�HJRUI�H,FdhXVjI�ZUHUGSNmt	ÇUQUhEI�H.��RJ`"NEN4V�hEk �jI
r¬k"hXLP`%bSI]Z�I�G�RUI�hDF ��c�GSI�HUc�Z�I�LXhP`"OEQ$LXTUHUV<NEOPQUbSI�OEQ$LEI�h�`%ZJNEOEQUHJI�GSRUI�H.}M� n QUGSI�hDI�G�HJI�H�hEIv`%b�GSNXLXG��
NEOPQJI�H�ÔdI�hXV�bSI�GSOEQ*R�TUhEOEQ�t	ÇUQUhEI�H[c�T�{ ¾ HUHJI�H.�j\�I�hERUI�HKR�GSI�NPI�^ÏI�hXLEI]hEI�bp`%LXG�i$GSI�hXLv�jG�HJRUI n n `%H
NXGSI�G n ÔdI�hXQ�s%b�LXHUGSNoc�TUhdegHUc
`%QUb�RUI�ho��I�NXTJOPQJI�hENEI�NENXGSk"HJN�`%TJNdI�G�HJI n Z�I�NXLXG n_n LEI�H��:I�G�LXhP`%T n
Z�I�LXhP`"OEQ$LEI�Lv}
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J��C�������	�� �" �����
V = {v1, v2, v3, ..., vz}

 "���¨�W���$#$�[&"���S��� $�&��=<
#	'��$#M�r34A$�K�����:���i)E���	��&j���$���������
�¬�����	�X&"�c9 ���' 

Vvtyp

 "�!���W���$#M��&"������� $�&"�	#�'"�$#M�©�����:���
)E�����	�29�9_����� NU(=7��

vtyp
34A$�� "��������� �¬�����	�X&"�c9�+l9����

Vvtyp ⊆ V
���' 

vtyp(vi) = vtyp(vj)34A$�<&"���S�
vi,j ∈ Vvtyp

+
i 6= j

�$�: 
vtyp ∈ {create, update, delete} ?

¯A`"N�ÔdI�hXQ�s%b�LXHUGSN�RUI�h�egHUc
`%QUb�`%H¨Ôdk"hXVMs%HUVjI�H<I�G�HJI�N�Z:I�NELXG n_n LEI�H �dÐ�|JN�c�TUh¬e�HUc
`%QUb�RUI�h
��I�NXTJOPQJI�hENEI�NENXGSk"HJNo`%TJNoI�G�HJI n Z:I�NXLXG n_n LEI�H*�:I�G�LXhP`%T n {�`%HUH[`%bSNDª�HJR�G�{�`%LEk"hdRJ`ut	ÇUhDVjI�NEI�QJI�H
\�I�hERUI�H.�J\]GSIAbSk"QUHJI�HJR GgHJRUI�hXTUHUVjNXijk"hXVMs%HUVjI<NXG�HJR§}
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�J���

cav
3=A��������:���k)E�����	��9Q9_����� $�&"�!#j&"�$#%���	(=7

vtyp
���' < M���]�W���$#M� S &"���S���;)P���	��&M���$���������

�����P���!&"�U�4&"�$�¨�����:�49G)P�����	�29Q9������ �¬�����	�X&"�c9 ������#$�!#M�*)E���f "�������

cav(vtyp) =
|Vvtyp|
|S| .
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�E���	����������� ���$#�) ���X�E&����«1@+./�
u�	�U&"� �����������$��#K)��*7U j&����«14���' �C�%�����M���$#*)« M��������� 1p1�&"� �6&"����&"����&"� <
�����'�o���y5���.���#w&"�43¨ "���g/g�#.v&%�M�� $��� ����� .
���n9�&j�������D?

�MI n I�QUh���I�NXTJOEQJI�hENEI�NPNXGSk"HJNgI�G�H�r�k"hXLP`%b�ijk"hX\�I�GSNXLv��RUI�NXLEk�Z�I�NENEI�h0GSNELgRJ`"NAÑ�k"HMLEI�HMLPs%H��
RUI�hXTUHUVjNXijI�hXQ�s%b�LXHUGSN�Z�I�cvk"VjI�H*`%T�t�I�G�HJI�H*Z�I�NXLXG n_n LEI�H*Ôdk"hXVM`%HUVJ�$R§}fQ.}$RUI�NXLEkmVjI�hXG�HUVjI�h�GSNXL
RUI�hor¬k"hXLP`%b�|���I�VjIv`%T�t	\�`%HJR¨Î�I�hEIv`%b�GSNEGSI�hXLEI�h���I�NENXGSk"H.}�¯�GSI�NEI�NDbps"NPNXLdNXGSOEQ*`%bSNDF ��c�GSI�HUc�{$hXG�LEI�hXG��
T n RUI�N�r¬k"hXLP`%b�Z:I�LXhXGSI�ZJN¬G�H$LEI�hX|UhEI�LXGSI�hEI�H.�"\�I�HUH n `%H¨RJ`�ijk"H_`%TJNXVjI�Q$Lv�
RJ`"NEN¬I�G�HJI�GgHJRUI�hXTUHUV
T n NEk�bSk"QUHJI�HJRUI�h�GSNXLv�XÎXI n I�QUh 	�TULXcvI�h¬R�GSI�NEIo\�`%QUhXHJI�Q n I�H.}"¯�`%QUG�H$LEI�hDNXLEI�QML�I�G�HJI�s%QUHUb�GSOPQJI3gZ:I�hXbSI�V�TUHUVK\]GSImZ�I�G�RUI�hgÔdI�h n `%hX{$LXTUHUV*ijk"H�^ÏI�hXZ�I�cvI�G�LXhP`%T n G�Hqcj}X��}���Ôg� ��I�HJR�TUHUVjI�H.}
�jI n I�QUh��'TJNEOPQ�`%TJI�h0I�G�HJIA��I�HJR�TUHUV_Q�`%Lv��RUI�NXLEk n I�QUh�|�k"LEI�HMLXGSI�b�bSIAÒ�TUHJRUI�H©I�hXhEI�GSOEQ$L0I�G�HJI
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^ÏI�hXZ:I�I�G�H$ZUbSI�HJR�TUHUVATUHJR¨RUI�NXLEkgLEI�TJI�hEI�h�\]G�hER¨I�H$LENX|UhEI�OEQJI�HJRUI�hD^ÏI�hXZ�I�cvI�G�LXhP`%T n ijI�hX{�`%T�t�Lv}
¯�I�h¨FDG�HJNP`%LXcKI�G�HJI�h4^ÏI�hXZ:I�I�G�H$ZUbSI�HJR�TUHUV�\]G�hERaRUI n H�`"OEQ®`%bSNmT n NEkwbSk"QUHJI�HJRUI�h¨VjI�NEI�QJI�H.�
Î�I n I�QUh��'TJNPOEQ�`%TJI�h�R�GSI�NEIm|:k"LEI�H$LXGSI�b�b�ijI�h�t!k"b�VjI�H©{ ¾ HUHJI�H.}

FDG�H�c�T�{�bSI�G�HJI�hA^ÏI�hXL4RUI�N4Ñ�k"HMLEI�H$LPs%HJRUI�hXTUHUVjNXijI�hXQ�s%b�LXHUGSNENEI�N<t	ÇUhmI�G�HJI�H�Z:I�NELXG n_n LEI�H
Ôdk"hXVM`%HUVw{"`%HUHa`%b�bSI�hER�G�HUVjNmI�G�HÏª«HJR�G�c�RJ`ut	ÇUhmNEI�G�H.��RJ`"NENm`%HÏRUI�h¨�$LEI�b�bSI�c�T�\�I�HUG�V©r¬k"hXLP`%b��
|���I�VjIv`%T�t�\�`%HJRaZ�I�LXhXGSI�Z:I�Hl\]G�hERÏTUHJRlR�GSI5.�I�t�`%QUh4Z�I�NXLEI�QMLv��RJ`"NEN 	gTULXcvI�h4ijI�h n I�QUhXL�`%T�t
ijI�hP`%b�LEI�LEI�HWÑ�k"HMLEI�H$LgNXLEk �jI�H.}
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¯�I�h�ijk"hP`%HUVjI�VM`%HUVjI�HJI]e�ZJNEOPQUHUG�LXL�Z�I�NEOEQUhEI�G�ZUL�RUI�LP`%G�b�b�GSI�hXL�RUI�H¨egT�t�Z�`%T<RUI�N.QUGSI�h�I�H$L�\]GSOP{jI�b��
LEI�HWFdi"`%b�T�`%LXGSk"HJNP`%HJN�`%LXcvI�N�t�ÇUh�HUGSOEQ$L���{jk n_n I�hXc�GSI�b�bSIKª«H�t!k"h n `%LXGSk"HJNX|:k"hXLP`%bSI�}§¯�GSI�RUI��JHUGSI�h��
LEI�HW��I�\�I�hXLXTUHUVjNX{$hXG�LEI�hXGSI�Ha\�I�hERUI�HÏG n FDH$LENEOEQJI�GSR�TUHUVjN n k�RUI�b�boÇUZ�I�hXHJk n_n I�H.}§¯�GSI�Ò�k"H��
NXLXhXTU{$LXGSk"H�RUI�N �qk�RUI�b�bSN�Z:I�V�G�HUH$L n G�L�RUI�hDe�T�t!NXLEI�b�b�TUHUV�RUI�N��'GSI�bSNEÐ�NXLEI n N
}u¯A`"Nd­gZ:I�hXc�GSI�b�GSNXL
R�GSImFDh�t�`"NENXTUHUV�ijk"Hq^ÏI�ZU|:k"hXLP`%bSI�h�t!k"b�VJ}'¯�GSIAH�`"OPQ�t	k"b�VjI�HJRUI�HÏ­g|�I�hP`%LXGSk"H�`%b�GSNXGSI�hXTUHUVjNENXLXT�t!I�H
Z�`"NXGSI�hEI�HW`%T�t�RUI�HWR�hEI�G¬G n ijk"hP`%HUVjI�VM`%HUVjI�HJI�HaegZJNEOEQUHUG�LXLARUI��JHUGSI�hXLEI�H���I�\�I�hXLXTUHUVjNX{�`%LEI��
Vjk"hXGSI�HaY%	gTULXcvI�hXijI�hXQ�`%b�LEI�H�x��¬Y%	�TULXcvI�h n I�G�H$TUHUVjI�H�x�TUHJRaY�egT�t�\�I�HJR�TUHUVjI�H�x n G�L�RUI�HfRUk"hXL
RUI��JHUGSI�hXLEI�HlÒ�hXG�LEI�hXGSI�H.}¬FdNmTUH$LEI�hXb�GSI�V�L<R�GSI�egHUH�`%Q n I���RJ`"NPN4R�GSI�NEI�y��'GSI�b�� �mÒ�hXG�LEI�hXGSI�HlR�GSI
��I�R�G�HUV�TUHUVjI�HKt	ÇUh�­g|:I�hP`%LXGSk"H�`%b�G�LPs%Lv�§y��'GSI�b�� �«Ôdk"b�bSNXLPs%HJR�G�V�{jI�G�L�TUHJRK��I�R�TUHJRJ`%HUc�t	hEI�G�QJI�G�L�I�h��
t�ÇUb�bSI�HKTUHJRKRJ`"NEN�{jI�G�HJI�NXÐ�NELEI n `%LXGSNEOEQJI�Hw��I�c�GSI�QMTUHUVjI�H�c�\]GSNEOPQJI�H�R�GSI�NPI�HKijk"hXb�GSI�VjI�HÏy	NXGSI�QJI
e�ZJNEOPQUHUG�LXL/*J}-,
��}J¯�GSIAI�HMLENE|UhEI�OEQJI�HJRUI_�'GSI�b�QUGSI�hP`%hEOEQUGSI¨GSNXL0G�H©egZUZUG�bSR�TUHUV ��} �_RJ`%hXVjI�NXLEI�b�b�Lv}

�������	� �5% �)#$��
 �+��
�����,��)���

�'GSI�b�{$hXG�LEI�hXGSI�H<t	ÇUh�R�GSI�Ò�k n |�k"HJI�HMLEI�Y%	gTULXcvI�hXijI�hXQ�`%b�LEI�H�x�NXG�HJR<R�GSI�F ��I�{�LXG�i�G�LPs%LEN�� (
eff(z)

)
TUHJRaF ��c�GSI�HUc�\�I�hXLEI (

efz(z)
) t	ÇUh¨R�GSI[ijk"HlRUI�h �gk n I�|�`%VjI*`%TJNXVjI�QJI�HJRUI�H �'TUV�hXG
��I*`%T�t

�'GSI�bSRUk"{$T n I�H$LEI0RUI�N �dÐ�|JN
z ∈ Z y	NXGSI�QJI�Ò�k"HUcvI�|ULXQUGSI�hP`%hEOPQUGSI0G�H_e�ZUZUG�bSR�TUHUV���}-,�NEk
\]GSI]R�GSI

��`%Z�I�b�bSI�H���}-,dTUHJR ��}21j��}
¯�GSIDhEI�NXTUb�LXGSI�hEI�HJRUI�FDHMLENPOEQJI�GSR�TUHUVjN n `%LXhXG
+<Z:I�G�HUQ�`%b�LEI�L¬NEk n G�L�cvI�QUH
Ò�hXG�LEI�hXGSI�HKy ��`%Z�I�b�bSI 9 } �j���vFdG�HJI�H4F �§I�{$LXG�i�G�LPs%LEN���TUHJRmI�G�HJI�H¨F ��c�GSI�HUc�\�I�hXL'Î�I�Z�I�LXhP`"OEQ$LEI�LEI n
�'GSI�bSRUk"{$T n I�H$LEI�HML�Ð�|.}�¯gGSI�e�H$\�I�HJR�TUHUVlI�G�HJI�h 	gTULXcvI�H�t	TUHU{$LXGSk"H y	NEGSI�QJI©e�ZJNPOEQUHUG�LXL *J}-,
�
c�TUh 	gk"h n `%b�GSNXGSI�hXTUHUV�RUI�h4FDhXVjI�ZUHUGSNX\�I�hXLEI*`%T�t]RJ`"Nmª«HMLEI�hXi�`%b�b [0, 1]

GSNXLmQUGSI�hAHUGSOPQML4H ¾ LXG�VJ�
RJ`�R�GSI0F �§I�{$LXG�i�G�LPs%LEN��.TUHJR�F ��c�GSI�HUc�\�I�hXLEI�Z�I�hEI�G�LENdHJk"h n `%b�GSNEGSI�hXLoNXG�HJR§}$�$GSI]{ ¾ HUHJI�HKR�G�hEI�{$L
`%bSN]|�`%hXLXGSI�b�bSI 	gTULXcvI�HM\�I�hXLEI¨ÇUZ�I�hXHJk n_n I�H�\�I�hERUI�H.}

¯�I�H¨ijI�hX\�I�HJRUI�LEI�H*�'GSI�b�{$hXG�LEI�hXGSI�H_I�H$LENX|UhEI�OEQJI�HJR_\]G�hER<RUI�hD��LXG�b�G�L«Ð<��O�k"hEI�t�ÇUh�R�GSI�Ò�k n �
|:k"HJI�H$LEI�Y%	�TULXcvI�hXijI�hXQ�`%b�LEI�H�x4Z�I�NXLXG n_n LgR�TUhEOEQ

U
�����
� ������
��
	-
��#����� ��
�� (ai) =

5∑

j=1

wj ·
[

2∑

k=1

wjk · xjk(ai)

]
,

y ��} �j�

t�ÇUh_`%b�bSI
ai ∈ A

TUHJR
xjk ∈ {eff(z), efz(z)} n G�L j

`%bSN<ª«HJRUI�+Ït�ÇUh�RUI�H �dÐ�|fRUI�N
�'GSI�bSRUk"{$T n I�H$LEI�N]TUHJR k

`%bSN�ª«HJRUI�+�t	ÇUh�RUI�H¨ÎXI�\�I�G�bSN]I�HMLENE|UhEI�OEQJI�HJRUI�H©F �§I�{$LXG�i�G�LPs%LEN��DZUc�\m}
F ��c�GSI�HUc�\�I�hXL_y	NXGSI�QJIAegZUZUG�bSR�TUHUV *J} ��TUHJR �¬`%Z:I�b�bSI 9 } �j��}
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egZUZUG�bSR�TUHUV ��} ���'�'GSI�b�QUGSI�hP`%hEOEQUGSI4t	ÇUh]^ÏI�ZU|:k"hXLP`%bSI�h�t!k"b�V

��� ����� � %��)#$��
�� ���	��% � 	J���

egbSN4�'GSI�b�{$hXG�LEI�hXGSI�HWt	ÇUhAR�GSI�Ò�k n |�k"HJI�HMLEI_Y%	gTULXcvI�h n I�G�HMTUHUVjI�H�x�\�I�hERUI�HaR�GSI_`"OEQML¨ÕUhP`%VjI�H
RUI�h�Òm`%LEI�Vjk"hXGSI�ª«e]�A��G�H���`%Z�I�b�bSI ��} �_c�TUh�FDh�t!`"NPNXTUHUV*RUI�h�G�HJR�G�i�GSR�TJI�b�bSI�HWegTJNX\]G�hX{�TUHUVjI�H
RUI�h<r�k"hXLP`%b�H$TULXc�TUHUV�QJI�hP`%HUVjI�cvk"VjI�HÓy	¯�I�b�G���T.}%	�I�HUc�1�������`j��}�¯gGSI�NPI�k"|:I�hP`%LXGSk"H�`%b�GSNEGSI�hEI�H
R�GSI*i�GSI�h<ijI�hX\�I�HJRUI�LEI�H ��I�\�I�hXLXTUHUVjNX{jk"HJNELXhXTU{$LEI©Y ^zGSNENEI�H�x���Y ÔdI�hXLXhP`%TJI�H�x���Y�I n |�t	TUHJRUI�HJI�N
��GSNXG�{jkux©TUHJR®Y�	.k
ÐM`%b�G�LPs%L x�}�^zGSIwG�Hze�ZJNEOPQUHUG�LXL ��}21�} �aijI�hERUI�TULXb�GSOEQ$Lv��TUH$LEI�hXb�GSI�V�LKQUGSI�h*R�GSI



��} ��FDHMLENEOPQJI�GSR�TUHUVjN n k�RUI�b�b � �

e�HUH�`%Q n I��:RJ`"NEN�R�GSI�NEI<ÕUhP`%VjI�H y�ZUc�\m}'Ò�hXG�LEI�hXGSI�HWG�HWRUI�h�FDH$LENEOEQJI�GSR�TUHUVjN n `%LXhXG
+J��G�H�`%TJN��
hEI�GSOEQJI�HJRUI n �W`��jIAG�HJR�G�i�GSR�TJI�b�b.\�`%QUhXVjI�HJk n_n I�HJI�egTJNX\]G�hX{�TUHUVjI�H�I�h�t!`"NPNEI�H.}

¯�GSIgegHML«\�k"hXLEI�H©\�I�hERUI�H n G�LXLEI�bSN]I�G�HJI�h���`%LXG�HUVjNX{�`%bp`mVjI n I�NENPI�H.}$^zGSI�k"Z:I�H*Z:I�NPOEQUhXGSI��
Z:I�H.��\]G�hERzZ:I�G��g`%LXG�HUVjNX{�`%bSI�H½k%t�L�R�GSIWe�HUH�`%Q n I�VjI�LXhEk��§I�H.��RJ`"NPN*R�GSI�NPI�`%bSN*G�HMLEI�hXi�`%b�b��
Z�`"NXGSI�hXLEIÏ�${"`%bSI�HzG�HMLEI�hX|UhEI�LXGSI�hXL©\�I�hERUI�H½{ ¾ HUHJI�H.}]¯�`lR�GSI�.�I�t�`%QUhKZ�I�NXLEI�QMLv��RJ`"NEN*HUGSOPQML
`%b�bSI�� n t�hP`%VjI�LEI�G�b�HJI�Q n I�hwG�H$LEI�hXi"`%b�bSNX{�`%b�GSI�hXLEIW��hXLEI�G�bSIW`%ZUVjI�Z�I�H.�o\]G�hERzR�GSI�NEI�hKegHUH�`%Q n I
QUGSI�h0HUGSOEQ$LgVjI�t!k"b�V�L�TUHJRqR�GSI¨�${"`%bp`�\]G�hERq`%bSN�­ghER�G�H�`%bSNX{"`%bp`�Z:I�LXhP`"OPQMLEI�Lv}:e�bSNgÒ�k"HJNEI �$TJI�HUc
{"`%HUH*t	ÇUh�R�GSI���I�hXbSI�G�LXTUHUV�RUI�h]|�`%hXLXGSI�b�bSI�H 	gTULXcvI�HM\�I�hXLEI<`%T�t¬�]`"NXGSN]RUI�h0egHML«\�k"hXLEI�H�c�TwI�G��
HJI�h�ÕUhP`%VjI�HUGSOEQML�RUI�h�¯�TUhEOPQJNEOEQUHUG�LXLENX\�I�hXL0RUI�h���`%LXG�HUVjNdVjI�HJk n_n I�H*\�I�hERUI�H.}U�$LP`%LXLERUI�NENEI�H
\�I�hERUI�HaR�GSI 'gT�`%hXLXG�bSI_QJI�hP`%HUVjI�cvk"VjI�H.}¬��k�\]G�hERÏ`%TJOEQaRUI�hmFDG�H��JTJNPNAijk"HÏe�TJNEhEI�G��jI�hXHa`%T�t
RJ`"N�FDhXVjI�ZUHUGSNKijI�hXhXG�HUVjI�hXLv}oFDG�Hz��I�GSNE|UGSI�b]t�ÇUh�I�G�HJI�Hze�TJNPNEOEQUHUG�LXL[I�G�HJI�hKI�HMLENX|UhEI�OPQJI�HJRUI�H
FDhXVjI�ZUHJNXG n `%LXhXG
+©GSNXL]G�H �¬`%Z:I�b�bSI���} � VjI�VjI�Z:I�H.}

��`%Z�I�b�bSI���} � �%��I�GSNX|UGSI�bp`%TJNENEOPQUHUG�LXLdRUI�h �MT�`%hXLXG�b�Z�`"NXGSI�hXLEI�H_FDhXVjI�ZUHUGSN n `%LXhXG
+<c�TUhDÒ�k n |�k"HJI�H��
LEI�Y%	�TULXcvI�h n I�G�H$TUHUVjI�H�x

cj

~yN����

cjk

~yN"���!c ~yN"��� �

cjkl

c � �,�738�����42 
T�W5��436� h � �,��3G������2 c � �,�73G������2 
T�W5��E3G� h � �,��3G������2
ai

h \ o h h \

�'TUh¨��I�NXLXG n_n TUHUV�RUI�h¨|�`%hXLXGSI�b�bSI�H 	gTULXcvI�HM\�I�hXLEIK\]G�hERfR�GSI�G�HfR�GSI�NEI n Õ'`%b�b�k"hER�G�H�`%bSI
	�TULXcvI�H�t	TUHU{$LXGSk"H

u
(
xjkl(ai)

)
=

xjkl(ai)

5

y ��} �j�

n G�L xjkl ∈ {1, 2, ..., 5} I�HMLENX|UhEI�OPQJI�HJR RUI�Hft�ÇUH�tA�$LXT�t	I�H RUI�h�G n ÕUhP`%VjI�Z�k"VjI�H ijI�h��
\�I�HJRUI�LEI�H×�g`%LXG�HUVjNE{"`%bp`lI�G�HUVjI�NEI�LXc�Lv}��'TzZ:Iv`"OPQMLEI�HÓGSNXL*QUGSI�hXZ:I�G���RJ`"NEN�R�GSIW`%ZUVjI�bSI�G�LEI�LEI�H
	�TULXcvI�H$\�I�hXLEI[NPk n G�L�H$TUh¨`%bSNAk"hER�G�H�`%boNX{�`%b�GSI�hXLEI�^ÏI�hXLEI�Z�I�LXhP`"OEQMLEI�L4\�I�hERUI�HlR�ÇUh�t!I�H.}§FDG�H
��I�GSNE|UGSI�b't	ÇUh�I�G�HJI�H�egTJNENEOPQUHUG�LXL]I�G�HJI�h�I�H$LENX|UhEI�OEQJI�HJRUI�H�FDHMLENPOEQJI�GSR�TUHUVjN n `%LXhXG
+wGSNXL�G�H ��`u�
Z:I�b�bSI ��} ��VjI�VjI�Z�I�H.}

��`%Z�I�b�bSI-��} ���j��I�GSNX|UGSI�bp`%TJNENEOPQUHUG�LXL�RUI�h
�$T�`%hXLXG�b�Z�`"NXGSI�hXLEI�H*FDHMLENEOPQJI�GSR�TUHUVjN n `%LXhXG
+Kc�TUh�Ò�k n �
|:k"HJI�H$LEI�Y%	�TULXcvI�h n I�G�H$TUHUVjI�H�x

wj

] � �8\ �

cj

~yN����

wjk

] � � �6o ] � h � o

cjk

~yN"���fc ~yN"�����

wjkl

] � h.h ] � h.h ] � h6h ] � h.h ] � h.h ] � h.h

cjkl

c � �,�73G������2 
T�W5��E3G� h � �,�738������2 c � �,��3G������2 
T�W5��43G� h � �,�738������2
ai

] � � ] � � ] �4c ] � � ] � � ] � �

¯�I�HmijI�hX\�I�HJRUI�LEI�H_�'GSI�b�{$hXG�LEI�hXGSI�H<I�HMLENX|UhEI�OPQJI�HJR§�u\]G�hER4RUI�h���LXG�b�G�L«Ð4��O�k"hEI�t�ÇUh.R�GSIoÒ�k n �
|:k"HJI�H$LEI�Y%	�TULXcvI�h n I�G�H$TUHUVjI�H�x¨Z�I�NXLXG n_n L�R�TUhEOPQ
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U
�����
� �����%
���� 
�����������
%� (ai) =

4∑

j=1

wj ·
[

2∑

k=1

wjk ·
[ 3∑

l=1

wjkl · u
(
xjkl(ai)

)]
]

,
y ��}-,v�j�

t	ÇUh*`%b�bSI
ai ∈ A n G�L j

`%bSNKª�HJRUI�+®t	ÇUh[R�GSI_ÎXI�\�I�G�b�G�VjIqÕUhP`%VjI�Z�k"VjI�HU{"`%LEI�Vjk"hXGSI��
k
`%bSN

ª«HJRUI�+qt	ÇUhmR�GSI�ÎXI�\�I�G�b�G�VjI�ÕUhP`%VjI[I�G�HJI�hmÕUhP`%VjI�Z:k"VjI�HU{�`%LEI�Vjk"hXGSI*NEkv\]GSI
l
`%bSNmª«HJRUI�+qt	ÇUhARUI�H

ÎXI�\�I�G�b�G�VjI�H �MT�`%hXLXG�b�Z�`"NXGSI�hXLEI�H
	�TULXcvI�H$\�I�hXL�c�T©I�G�HJI�h�ÕUhP`%VjI[y	NEGSI�QJI ��`%Z�I�b�bSI���} �j��}

��� ����� �H%�� �1����
 %�� 	+���
egbSN[�'GSI�b�{$hXG�LEI�hXGSI�H t�ÇUh_R�GSI�Ò�k n |�k"HJI�HMLEI©Y�e�T�t	\�I�HJR�TUHUVjI�H�x©\�I�hERUI�HÖR�GSI�Ñ�k"HMLEI�HMLPs%HJRUI��
hXTUHUVjNXijI�hXQ�s%b�LXHUGSNPNEI�t�ÇUh�FDhENXLEI�b�bSI�H (

cav(create)
) �"e�{�LXT�`%b�GSNXGSI�hEI�H (

cav(update)
) TUHJR 	 ¾ �

NEOPQJI�H (
cav(delete)

) QJI�hP`%HUVjI�cvk"VjI�H.}�¯�GSI 	gTULXcvI�H�t�TUHU{�LXGSk"H©c�TUh ��I�hXbSI�G�LXTUHUV[RUI�h]|�`%hXLXGSI�b��
bSI�H 	gTULXcvI�HM\�I�hXLEI4GSNEL

u
(
xj(ai)

)
= 1 − xj(ai) ∗ 100

y ��}-, ,
�
n G�L xj ∈ {cav(create), cav(update), cav(delete)} TUHJR5,v����`%bSNd�${"`%b�GSI�hXTUHUVjN�t�`%{�LEk"hv�RJ` n G�L�R�GSI4^ÏI�hXLEI¨HUGSOEQ$L�c�T�{�bSI�G�H�\�I�hERUI�H.}�¯�GSI¨hEI�NXTUb�LXGSI�hEI�HJRUI�H�FDhXVjI�ZUHUGSNENEI¨\�I�hERUI�H�\]GSI

t!k"b�V�L.G�HMLEI�hX|UhEI�LXGSI�hXL��%�jIDVjI�hXG�HUVjI�h¬I�G�H 	gTULXcvI�HM\�I�hXL¬GSNXLv��RUI�NXLEk0V�h ¾ �jI�h�GSNXL.RUI�h�I�H$LENX|UhEI�OEQJI�HJRUI
egT�t�\�`%HJR�ZUc�\m}$R�GSI0e�HUc
`%QUb'RUI�hoÔdk"hXVMs%HUVjI¨y

create
�
update

k$RUI�h
delete

�¬G n ÔdI�hXQ�s%b�LXHUGSN
c�TUh�egHUc
`%QUb�RUI�h0��I�NXTJOPQJI�hENEI�NENXGSk"HJNv}

¯�I�HmijI�hX\�I�HJRUI�LEI�H_�'GSI�b�{�hXG�LEI�hXGSI�H¨I�H$LENX|UhEI�OEQJI�HJR§�u\]G�hERmRUI�h��gLXG�b�G�L�Ð4��O�k"hEI�t	ÇUh�R�GSIdÒgk n �
|�k"HJI�HMLEImY�e�T�t	\�I�HJR�TUHUVjI�H�x4Z�I�NXLXG n_n LgR�TUhEOEQ

U
�����
� ��� ��
����&������
�� (ai) =

3∑

j=1

wj · u
(
xj(ai)

)
,

y ��}-, 1j�
t	ÇUhA`%b�bSI

ai ∈ A n G�L j
`%bSN�ª�HJRUI�+wt	ÇUh�RUI�HKÎXI�\�I�G�b�G�VjI�HlÑ�k"HMLEI�H$LPs%HJRUI�hXTUHUVjNXL�Ð�|Öy	NXGSI�QJI

�¬`%Z:I�b�bSI 9 }21 1j��}
��� ���V� � ���P��� � � ���1��
)��% � 	
Õ¬ÇUh�R�GSI���I�hEI�OPQUHMTUHUV_RUI�N .�I�NP` n LEI�hXVjI�ZUHUGSNPNEI�No\�I�hERUI�H*R�GSIg��LXG�b�G�L«ÐK��O�k"hEI�N�RUI�h�I�G�HUcvI�b�HJI�H
Ògk n |:k"HJI�H$LEI�H8`%bSNw|�`%hXLXGSI�b�bSI 	�TULXcvI�H$\�I�hXLEIaQJI�hP`%HUVjI�cvk"VjI�H.��VjI�\]GSOPQMLEI�L�TUHJR½c�T I�G�HJI n.�I�N�` n L����gLXG�b�G�L�Ðq��O�k"hEImNXT n_n GSI�hXLv}
�w´���º¬¸�·
¸�¹:º�� 	 �	�h���uJ��^����
;�8������������
�

I*�� #"d-<��� #�����&_9���<
���	��� �	�	( �:��&"�E�

U ��� ������������ (ai).��©�����:�09 �6&"����&"�������X�X���M�:�������!���w&"�M�m M�������	�������	( �:��&��X���4 M���%)E���	�X&j���$��������� !%&_9t7�&"�:��� <
����� o ����� .
���41%������&"������� q +Do �A��� .u���49������J���$#M��� q ���' /o�/g�434,����' "���$#M��� q  "�������

U ��� ������������ (ai) = w1 · U ��� ���� � �!��"�#$��"&%���' �(�!) (ai)

+ w2 · U ��� ���� � �!��"��*��+,) � )�-.�!) (ai)

+ w3 · U ��� �� �0/21 �!)43 � )�-5�!) (ai) ,

y ��}-,v�j�



��} *K�'TJNP` n_n I�H�t!`"NPNXTUHUV ���

9<�	� ∑3
j=1 wj = 1

���' 
wj ≥ 0

��������7'�X�E�������' l M��� ���8'�3v���X���c.01�&��P�������������$#M���Ó M���<���'��<
���������	 M���P�*?

¯�I�h .�I�NP` n L�����LXG�b�G�L«Ðq��O�k"hEImNXLEI�b�b�L�I�G�HJI�H�.�I�NP` n LXH$TULXcvI�HM\�I�hXLmRJ`%hv�JRUI�h�NXGSOPQq`%TJN�RUI�H
R�hEI�G§QUGSI�h0Z:I�LXhP`"OPQMLEI�LEI�HW��I�\�I�hXLXTUHUVjNX{jk n |�k"HJI�HMLEI�HÏ`%ZUbSI�G�LEI�Lv}

�w´	�Dº�¸�·
¸�¹'º � ���dW I8`	
�� �	 �"�-<���¨���23S&"� # )�.S,B?� j&%�4����3S&"�~#%������1%�E&"�,�����:���%e��*3S&"�49�&��	��&��U�=<
7#&"����&"�±�����® M����5����E��������������� ���$# 1�&��ve��J��&"��������+;)E��.@&E#M���z&"�=3* "�!� )E���	�X&j������������� !4���������������
�$�' y���8'�3v���X���c.01�&��P�������������$#M���½ M���¨���������������! M�����s+��p���;)E�����	��9Q9_�g ��$�X���l M��������� #�����&u9_��<
���	��� �	�	( �:��&"�E�

U � � ����!������� �X����&��	�21p.��q $�������	#$�*)��J���P�v���Ï M���¨&"�: M���E��� �6&"����&"���@?

e�TJNoRUI�H[¯�I��JHUG�LXGSk"HJI�H ,���TUHJR0, 9 t	k"b�V�Lv�jRJ`"NPNdRJ`"NdI�h�t!k"b�V�hEI�GSOEQJNXLEI�r�k"hXLP`%b��$RJ`%hXVjI�NXLEI�b�b�L
n G�L a∗

�URUI�H©Q ¾ OEQJNELEI�H .�I�NP` n L�����LXG�b�G�L«Ðq��O�k"hEIAZ:I�NEG�LXc�L��
U
�����
��
�� �$� � (a∗) ≥ U

�����
��
�� �$� � (ai) ,

y ��}-, *$�
n G�L a∗ 6= ai

t	ÇUh�`%b�bSI
a∗, ai ∈ A

}M¯�GSI .�I�\]GSOEQ$LXTUHUV�NE|UGSI�VjI�b�L�R�GSI�rdhPsut	I�hEI�HUc�ijk"hENXLEI�b�b�TUHUVjI�H
RUI�N¨FDH$LENEOEQJI�GSRUI�hEN�Z:I�c�ÇUV�b�GSOPQfR�GSI�NEI�h�R�hEI�G�Ò�k n |�k"HJI�HMLEI�H®\]GSRUI�hv}�FDHMLENE|UhEI�OEQJI�HJR®R�GSI�NEI�H
Ôdk"hENXLEI�b�b�TUHUVjI�HaTUHJRÏRUI n ��I�\�I�hXLXTUHUVjNEI�hXVjI�ZUHUGSN<{ ¾ HUHJI�Hf��OEQUb�ÇJNPNEI_VjI�cvk"VjI�Ha\�I�hERUI�H.��k"Z
TUHJR�G�H©\�I�bSOPQJI n ��I�hEI�GSOEQ�I�G�HJIAÔdI�hXZ:I�NPNEI�hXTUHUV�ijk"hXVjI�HJk n_n I�H�\�I�hERUI�HqNEk"b�b�LEI�}

� 3�2 �[9 # �g> >@BD; ��� #�#�9<;
	

ª�HwR�GSI�NEI n Òm`%|UG�LEI�b.\]TUhERUIAI�G�H©NX|�I�c�G
��NEOPQJI�h0FDi"`%b�T�`%LXGSk"HJN�`%HJNP`%LXcmTUHJR�RJ`%hP`%T�tD`%T�t	Z�`%TJI�HJR
I�G�H n TUb�LXGp`%LXLXhXG�ZUTULXG�ijI�NaFDHMLENEOPQJI�GSR�TUHUVjN n k�RUI�b�b_c�TUhqFDh�t!k"b�VjNXZ�I�\�I�hXLXTUHUV½HUGSOEQ$L���{jk n_n I�h��
c�GSI�b�bSI�h�ª«H�t!k"h n `%LXGSk"HJNX|:k"hXLP`%bSIAI�H$L�\]GSOP{jI�b�Lv}Je�bSN�V�hXTUHJR�bSI�VjI�HJRUIm��I�\�I�hXLXTUHUVjNENXLXhP`%LEI�V�GSIA\]TUh��
RUId��I�HJOEQ n `%hX{�G�HUVgVjI�\�s%QUb�Lv�uR�TUhEOPQUVjI�t�ÇUQUhXL n G�LXLEI�bSN�RUI�h 	gTULXc�\�I�hXLP`%H�`%b�Ð�NEI�}%¯�GSI�NEIdI�hXbp`%TUZUL
I�G�HJI�H�NXÐ�NXLEI n `%LXGSNEOEQJI�HqTUHJR©{jk"HJNXGSNELEI�HMLEI�H�ÔdI�hXV�bSI�GSOPQ.��Z�`"NEGSI�hEI�HJRq`%T�tdRUI�H�rDhPsut!I�hEI�HUc�ijk"h��
NXLEI�b�b�TUHUVjI�H�RUI�N0FDH$LENEOEQJI�GSR�TUHUVjNELXhPs%VjI�hENv}

¯�I�h�RUI n FdHMLENEOPQJI�GSR�TUHUVjN n k$RUI�b�b�c�TUV�hXTUHJRUI_b�GSI�VjI�HJRUI_FDi�`%b�T�`%LXGSk"HJNP`%HJNP`%LXc�GSNEL�NE|:I�c�G��
I�b�bot	ÇUh4HUGSOPQML���{jk n_n I�hXc�GSI�b�bSI�ª«H�t!k"h n `%LXGSk"HJNX|:k"hXLP`%bSI*{jk"HUc�G�|UGSI�hXLv}D¯A`"N<Ò�k"HUcvI�|UL�bSI�V�L<t	I�NXLv�
\�I�bSOEQJI�egH�`%b�Ð�NPI�I�Z:I�HJI�H.�'� n I�LXQJk�RUI�HqTUHJRq��{�hXG�LEI�hXGSI�Hqc�TUh���I�\�I�hXLXTUHUVwG�HW��I�c�TUVw`%T�t�R�GSI
Z:I�LXhP`"OPQMLEI�LEI�HÖ�$LP`%{�QJk"bSRUI�hXV�hXTU|U|:I�H®QJI�hP`%HUVjI�cvk"VjI�H®\�I�hERUI�H,NPk"b�bSI�H.}�¯�hEI�G���I�hEI�GSOPQJI*\�I�h��
RUI�Hw`%H�`%b�Ð�NXGSI�hXL���RJ`"N 	�TULXcvI�hXijI�hXQ�`%b�LEI�H.��R�GSI 	gTULXcvI�h n I�G�HMTUHUVjI�H�TUHJRwR�GSIgegT�t�\�I�HJR�TUHUVjI�H
c�TUh�r.��I�VjI©RUI�h�ª�HUQ�`%b�LEI�}D¯�GSIKt	ÇUh�R�GSI�NPIw��I�hEI�GSOPQJIw{jk"HUc�G�|UGSI�hXLEI�H Ò�hXG�LEI�hXGSI�H c�TUh�¯A`%LEI�H��
I�h�t!`"NENETUHUV�\�I�hERUI�HÓ`%bSN*�'GSI�b�{�hXG�LEI�hXGSI�H G n FDH$LENEOEQJI�GSR�TUHUVjN n k$RUI�b�b�ÇUZ�I�hXHJk n_n I�H.}�¯�GSI�NEI�N
Z:I�NXLEI�Q$LKRUI n I�H$LENX|UhEI�OEQJI�HJR `%TJN*RUI�HÖÒgk n |:k"HJI�H$LEI�H½Y%	�TULXcvI�hXijI�hXQ�`%b�LEI�H�x���Y%	gTULXcvI�h n I�G��
HMTUHUVjI�H�xmTUHJR�Y�egT�t�\�I�HJR�TUHUVjI�H�x�}
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Ôdk"hXb�GSI�VjI�HJRUI�NgÒm`%|UG�LEI�b�Z:I�NEOPQUhEI�G�ZULgR�GSImegHM\�I�HJR�TUHUV*RUI�N0G�H�Òm`%|UG�LEI�b �_I�H$L�\]GSOP{jI�b�LEI�HW��I��
\�I�hXLXTUHUVjN n k�RUI�b�bSN4G n �g`%Q n I�HaI�G�HJI�h<Õ�`%b�bSNXLXTJR�GSI[ijk"HÏi$GSI�h¨RUI�TULENEOEQJI�H,��G�bSR�TUHUVjNENEI�hXijI�h��
r�k"hXLP`%bSI�H.}

e�ZJNPOEQUHUG�LXL���}��*V�G�ZUL<I�G�HJI*{�TUhXcvIKFDG�H�t	ÇUQUhXTUHUV�c�T®RUI�HlZ�I�LXhP`"OEQ$LEI�LEI�H r¬k"hXLP`%bSI�H.}De�Z��
NEOEQUHUG�LXL���}���Z:I�NEOPQUhEI�G�ZULKR�GSI©�gHMLEI�hENETJOEQMTUHUVfc�T n 	gTULXcvI�hXijI�hXQ�`%b�LEI�H.}�¯�GSI©rdhEk"cvI�NENEI©RUI�h
¯�`%LEI�H$Z:I�NPOEQ�` ��TUHUVJ�§¯�`%LEI�H�`%T�t	Z�I�hEI�G�LXTUHUV*TUHJR�FDhXVjI�ZUHUGSNXQJI�hXbSI�G�LXTUHUV�\�I�hERUI�H�RJ`%hXVjI�NXLEI�b�b�Lv�
VjI�t	k"b�V�L¬ijk"H<RUI�h�egTJNX\�I�hXLXTUHUVJ��ª«HMLEI�hX|UhEI�LP`%LXGSk"H_TUHJR<¯�GSNX{$TJNPNXGSk"H¨RUI�h�FDhXVjI�ZUHUGSNENEI�}"¯�GSI�e�Z��
NEOEQUHUG�LXLEI���} �Ïy 	�TULXcvI�h n I�G�H$TUHUVjI�H'�¨TUHJR���}  fy	egT�t	\�I�HJR�TUHUVjI�H'�4NXG�HJRa`%H�`%bSk"V�`%T�t	VjI�Z�`%TULv}
ª�H[egZJNEOPQUHUG�LXL!��} �A\�I�hERUI�H*R�GSI�FDhXVjI�ZUHUGSNENEIgc�T 	gTULXcvI�hXijI�hXQ�`%b�LEI�H.� 	gTULXcvI�h n I�G�HMTUHUVjI�H�TUHJR
e�T�t	\�I�HJR�TUHUVjI�HzG�H I�G�HJI n#"%$'&)(+*-,.*�/102$43�365�78,9$4:<;.5=$4;.,?>27@0A$45�7@$B"%$'&C(+*-,9$4;EDF/G3�:H&.IJ$4K!$4;EL,.>272:MKN5�;90POH/G;.:H$47@/G*Q*�$47SRJTUI@&9V)W2725�,., � R � IJ$45�72WX(+3�,9$4,%0Y5=$[Z1V)W23�>@&9&EDF/G3�:H$4;.>272:H$47�\'>P]^$4;ELIJ$'&9&)$4;.>272:H$47S_10Y5=$`&95=V9Wa(+>@&N02$4;cb678,9$4;9&.>@V9W8>272:�Ded2;N$45�7@$47a02$4;gfh/G;.,)(+3�Ii$4,.;9$45�IJ$4;6$4;.:H$4Ii$47SRT6I@&9V)W2725�,., � R � Dj(G&9&.,N0@(G&ckl(+m25�,9$43n\'>@&)(+*Q*�$47SR
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EH/G72\p$478,.;.5=$4;.,U&.5=V)W (+>YD�0Y5=$ 9 72WX(+3�,9$<_2K $4725�:H$4;U(+>YDR@%$'&.5�:<7 >27@0 &.mi$4\'5=$43�3=$SDRTi$
E1,9$<R�U > 02$47
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� → ��� �"! ���*� ��� → � �#� �"! � ��� � �
� ��� ��� � ������� → �#� �"! � ��� � ��� � → �#� �"! � � � $���%�� → ��� �"! � b � ��b $�� → ��� �"! �'&�� (�$�� → ��� � ��� ��� →� ��� �"! � ��� � �
b ��� ��� � ������� → �#� �"! � ��� � ��� � → �#� �#! � � � $���%�� → �#� �#! � b � ��b $�� → �#� �#! �+&�� (�$�� → � �#��,
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& ��� ��� � ������� → ��� �"! � ��� � ��� � → �#� �#! � � � $���%�� → ��� �"! � b � ��b $�� → �#� � ��� &�$�� → �#� � � �F��%�� →� ��� �"! � ��� � �
$ ��� ��� � ������� → ��� �"! � ��� � ��� � → ��� �"! � � � $���%�� → ��� �"! � b � ��b $�� → ��� � ��� &�$�� → � ��� �"! � ��� $��
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% ��� ��� � ������� → ��� �"! � ��� � ��� � → �#� �#! � � � $���%�� → �#� � ��� ����� → � ��� �"! � ��� (��
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Û(Yobs, Ymis) ≈ E(V |Yobs, Ymis)
F?/[L { ~

F`'*%y) 'A'*%&)^+-' E '*� :A8.)^!$8.+-,.'S) '*#('*) E '*� @��9,.'*#&#M,.'*!6� �"#&#(C EZY +-,=%&) '*+W+\3 E '*+W8.+-,x,.'*!z/ �T.!$%(�"!$% � tB'*! E '*%&#&8.+.)-L0X-'*!$+-'*!
?6%&!7,�35+.) '*+-�"�V�n'*+ o ,-3"C7CZ<?>.!n,=%('�Y9_D2 Y5E :*<P8.+Z9 E %(�"+-'*+ o < 35#&#(C8.+ FH'�9^35+.+ E o :A8.�V%&+-,.'AC E 35T.T.!7� 79%&�K3 E %&� F n → ∞ ~X,=%(' D��"!$�K35#&� '*! E '*%&#&8.+.)K)^%&# E �

Q − Q̂√
Û

∼ N(0, 1) .
F?/uL � ~

HR'*%_HR'A,-35!�<yC7�"#&# E '*+K,=%('�Y9_D2 Y5E :*<P8.+Z9 E %(�"+-'*+O) 'A'*%&)^+-' EBE !D35+-C�<Q�"!$�V%('*! E ?N'*!7,.'*+ o 8.��,=%(' �C7'k3"C'w �VT E � E %(C7_D2-'{D��"!$�K35#&� '*! E '*%&# E 2-'*% E :A8x) '�? Y 2.!$#('*%(C E '*+ML+�%(' S 8-CD35�V�n'*+=<P>.2.!$8.+.)Z,.'*!
m

35F.) '*#('*% E ' E '*+WY9_72 Y5E :;'*!6'*!�<Q�"#&) E +43"_72r'*%&+-'*��C7%&�VT.#('*+
.�!$%&+.:A%&TeF Y9_7243�<Q'*!S] � � £ o YHLM] 
 £[x�L=%&+W/�+.#('*2.+I8.+.)r35+W/z8.F.%&+m] � � £ o YHLH£ � x�L�~��+�%(' S 8-Cb35�V�n'*+=<P>.2.!$8.+.)j,.'*!

m
.B8.+Z9 E C7_D2 Y5E :;'*!k<?>.!

Q
'*!�<Q�"#&) E ,=8.!7_72bHN%&#(,=8.+.)�,.'AC

@�% E$E '*#;?N'*! E 'AC Q̄
>.F`'*!135#&#('

Q̂(t) <?>.!135#&#('
t = 1, 2, ...,m

�V% E

Q̄ =
1

m

m∑

t=1

Q̂(t) .
F?/[L } ~

+�%(' S 8-CD35�V�n'*+=<?>.2.!$8.+.)�,.'*!
m

ts35!$%w35+.:;C7_D2 Y5E :;'*!k<?>.!
Q̄

F`'AC E '*2 E 358-C\,.'*!+81�"�VT`� �+-'*+ E ' Ū o ,yL�2MLX,.'*� @�% E$E '*#;?N'*! E ,.'*!
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$% &'( ) ← *( + ,' )- & '

Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE

./ $ 01

←

./ $ 0 243 5 56 7 23 2 2 28

<

243 2 2 21 23 2 2 28 1 9 3 6 8 7 9 :1 ; 9

<

243 21 243 2 51 < 243 2 2 2 7 23 < < < <

./ $ 0 9

←

./ $ 0 243 9 <1 23 2 2 2 7

<

243 2 2 21 23 2 2 2 7 1 53 : 5 9 < :6 < 7

<

243 21 243 2 5 21 243 2 2 2 : 23 < < < <

./ $ 0 5

←

./ $ 0 243 9 ; 5 < 23 2 2 26 243 2 2 21 243 2 2 2 ; 1 243 1 8 < 7 1 : 9

<

243 21 243 9 21 1 243 21 9 6 23 < < 8 7

./ $ 0 :

←

./ $ 0 243 9 <6 6 23 2 2 2 : 243 2 2 21 243 2 2 2 7 1 543 : : ; 5 < 2

<

243 21 243 9 6 7 8 243 21 <1 23 < < 6 9

= >? @1

←

= >? @ 243 7 2 5 6 23 2 2 21 243 2 2 21 243 2 2 2 9 5 :3 ; < 8 7 9 <

<

243 21 243 7 ;1 243 2 7 21 23 < < 21

= >? @ 9

←

= >? @ 243 7 5 7 < 23 2 2 2 9

<

243 2 2 21 23 2 2 2 9 5 7 3 56 9 : 58 5

<

243 21 243 1 1 7 : 243 2 2 7 23 < < <

A . B *1

←

A . B * 243 6 8 2 6 23 21 6 : 243 21 :6 243 2 5 5 < 543 6 : : 7 1 7

<

243 21 1 3 2 6 6 5 243 2 ; 9 5 23 < ; 5 ;

A . B * 9

←

A . B * 243 : :1 7 23 2 9 1 < 243 21 ; 8 243 2 : : : 9 3 2 <6 1 1 7 243 2 7 1 3 2 9 9 243 2 ; 21 23 < ; : 9

B ? B 01

←

C AD 0 243 :1 5 7 23 2 2 2 7

<

243 2 2 21 23 2 2 26 1 8 3 :6 56 1 < 2 5

<

243 21 243 2 : ; 243 2 21 23 < < < ;

B ? B 0 9

←

C AD 0 243 5 7 8 5 23 2 21

<

243 2 2 21 23 2 21 1 1 23 < < 56 9 9 2 2

<
243 21 243 2 : : 7 243 2 2 2 < 23 < < < ;

B ? B 0 5

←

C AD 0 243 5 ; 9 9 23 2 2 2 ;

<

243 2 2 21 23 2 2 2 ; 1 53 9 9 56 1 < 7 5
<

243 21 243 2 :8 : 243 2 21 23 < < < ;

B ? B 0 :

←

E D F 0 243 5 8 8 8 23 2 2 9 243 2 2 21 243 2 2 9 1 ;43 9 56 1 1 1 8
<

243 21 243 2 6 5 6 243 2 21 8 23 < < <8

B ? B 0 7

←

E D F 0 243 : 91 8 23 2 21 8 243 2 2 2 5 243 2 2 9 1 <43 9 8 2 < 1 2 5
<

243 21 243 9 : : ; 243 21 6 < 23 < < 6 6

B ? B 0 6

←

E D F 0 243 :1 9 1 23 2 21 6 243 2 2 2 5 243 2 21 < <43 7 :6 5 1 : ;

<

243 21 243 1 <6 1 243 21 9 1 23 < < 8 6

G D A E1

←

G D A E 243 6 ; ;1 23 2 2 5 243 2 21 243 2 2 : 9 1 243 6 2 ; 71

<

243 21 243 5 ;8 9 243 2 51 8 23 < < 58

G D A E 9

←

G D A E 243 :8 8 23 2 21 < 243 2 2 2 : 243 2 2 9 : <43 ; 2 ; ; 1 21

<

243 21 243 9 :8 1 243 21 8 9 23 < < 6 6

H . B B 1

←

H . B B 243 7 8 8 : 23 2 2 2 7 243 2 2 21 243 2 2 2 6 9 543 8 1 < 6 1 2 6

<

243 21 243 9 : 243 21 6 7 23 < < 6 8

H . B B 9

←

H . B B 243 : < 5 9 23 2 2 2 5
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243 2 2 21 23 2 2 2 5 9 8 3 9 7 2 9 51 ;
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243 21 243 1 9 6 1 243 2 2 7 < 23 < < ; ;
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� � !"# ← $ "% & !# '  ! Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE
() � *+ ← () � * , -.+ /0 , - , , ,0 , - , , ,+ , - , , ,1 + + -23 4+ 4 . 1 < , - ,+ , - ,1 4 , - , , . , - / / /3

() � *5 ← () � * , -. , / . , - , , ,3 < , - , , ,+ , - , , , 2 + 3 - , 25 2 0 . 1 < , - ,+ , - ,0 / 2 , - , ,5 4 , - / / / 2

() � * . ← () � * , -5 . / 4 , - , , ,1 , - , , ,5 , - , ,+ 0 -2 .+ 5 + + 0 < , - ,+ , -5 5 45 , - ,+ 2+ , - / /0

() � * 3 ← () � * , -. 2 2 1 , - , ,+ + , - , , ,+ , - , ,+ . + , - , 2 . / 5 0 4 < , - ,+ , -+ . 41 , - , , 40 , - / /1 0

6 78 9+ ← 6 7 8 9 , -2 , 41 , - , , ,0 < , - , , ,+ , - , , ,1 + 1 -5 /+ 4 40 . / < , - ,+ , - ,5 2 , - , , , . , - / / / /

6 78 95 ← 6 7 8 9 , -2 / 2+ , - , ,+ + < , - , , ,+ , - , ,+ + + 0 - 43 5 . 1 + . < , - ,+ , - , . . 2 , - , , , 2 , - / / / /

: ( ; $ + ← : ( ; $ , - 45 + + , - ,0 + , - ,5 + 2 , - , / 41 + - / / 4 4 2 4 , - , 2 , -. 45 2 , - ,5 /+ , - / /3 5

: ( ; $ 5 ← : ( ; $ , -25 5 0 , - , 40 2 , - , . 40 , -+ + + 4 + -2 43 1 5 2 , -+ . , - 4 25 4 , - , 2 4 , - /1 1 /

;8 ; *+ ← < := * , -. 1 /3 , - , , ,3 < , - , , ,+ , - , , ,3 + / -2 , 4 . 5 2 4 2+ < , - ,+ , - ,+ 5 4 , - , , ,+ +

;8 ; *5 ← < := * , -. /3 / , - , , , 2 < , - , , ,+ , - , , , 2 + 1 -5 25 0 + 4 40 0 < , - ,+ , - ,+ 2 0 , - , , ,+ +

;8 ; * . ← < := * , -. . /3 , - , , , 2 < , - , , ,+ , - , , , 4 + 3 - , / 2 . + , 43 < , - ,+ , - , 4 2 . , - , ,+ 1 , - / / / 4

;8 ; * 3 ← >= ? * , -3 . 1 + , - , , , / , - , , ,+ , - , ,+ + . -1 5 5 5 3 5 , < , - ,+ , -+ ,1 + , - , ,3 2 , - / / /+

;8 ; * 2 ← >= ? * , -. 1 2 . , - , , ,1 < , - , , ,+ , - , , ,1 + . -2 4 . . + + 3 + < , - ,+ , - , 45 / , - , ,+ 0 , - / / /0

;8 ; * 4 ← >= ? * , -. 0 5 5 , - , ,+ 0 , - , , ,5 , - , ,+ / 1 -23 3 4 . 0 , < , - ,+ , -+ + 2 / , - , , 2+ , - / / /

@ = : >+ ← @= : > , - 41 0 3 , - , , .+ , - , ,+ , - , ,3 3 + , -. 1 5 0 3 1 < , - ,+ , -3 ,5 . , - , . .5 , - / / .3

@ = : >5 ← @= : > , -2 ,5 5 , - , ,5 , - , ,+ + , - , , . . 1 -0 + 3 4 5 2 < , - ,+ , - 4 2 1 2 , - , 2 4 2 , - /1 1 1

A ( ; ;+ ← A ( ; ; , - 4 ,5 5 , - , , ,0 , - , , ,+ , - , , ,1 5 + -. , 2+ 3 + 2 < , - ,+ , -+ ,1 1 , - , ,3 2 , - / / /+

A ( ; ;5 ← A ( ; ; , -3 /3 3 , - , , , 2 , - , , ,+ , - , , , 2 5 + -5 . ,0 . ,3 < , - ,+ , -+ 5 / 2 , - , , 4+ , - / /1 1
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A . B * 23 9 <1 243 1 8 7 5 23 5 2 9 ; 243 7 5 ; 8 243 5 < 6 7 ; 23 8 2 9 3 28 9 < 23 1 1 9 : 243 < 8 ;

A . B * 9
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������� /10 5>/6/7; /�0 /6/72
������� /10 34?F9>5 /�0I":2>3>8
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������� /10 3>86/72 /�0 />?73>3
�V���*� /10 94<796; /�0 /6/68�"

:h<>D 03,/,10 3]\*)��Be�[a03S ( (+,/GF0X8 �XF��CE7465 �:(+*-*F03, <>G-.1(+46?-$@<>G-*-. � M��7*�/;+
p

Q̄ ����� 

�&� ������� 	R
Q��
 �����S� ���L�1� ���S��� �����S� � �L�*�

Q̄ �
�	������� ��� � �	�
������� $&%(',ACB
	�
���
 /10 2436872 $&%(+*A.-
�����S� /10 94/7;4? /�0 3>?F2:? $&%(',+!GHJ
���L�1� /�0 /69>5 /�0 /794?72 /�0 /6<63>5 $&%('*$*GH+
������� /10 3>37;>8 /�0 36<63>< /�0 56/686; /10 /68 $&%(',J!GR-
������� /10 2487;6; /�0 96;4?7; /�0 31"E/>8 /�0 /65>?79 /�0 36<1"E2 $&%('*A.-
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 	�� � � � �� � � �� � � 	 �� � � � �� � �� � � �� 	 �� � Q̄ � � � �� �

<� �� Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE
() � * → : ( ; $ , -+ + 5 1 , - ,+ / / , - , , . 2 , - ,5 3 + , -0 5 0 + + . , > , - , 2 , -5 + 5 5 , - ,+ . 0 , - / /0 .

() � * → @ = : > , -3 2 , / , - ,+ , 4 , - , ,+ 4 , - ,+ 5 2 3 - , . ,+ + 43 < , - ,+ , -+ 1 3 4 , - ,+ + , - / /0 1

() � * → A ( ; ; , -. 4 / , - ,+ ,3 , - , ,5 . , - ,+ .5 . -5 ,0 0 1 / < , - ,+ , -5 41 3 , - ,+ /3 , - / / 4+

< := * → : ( ; $ , -+ 1 + / , - ,+ 1 0 , - , ,+ 5 , - ,5 ,5 + -5 1 + . 1 ,0 > , - , 2 , - ,0 2 0 , - , ,5 3 , - / / / 2

< := * → @= : > , -+ + + . , - , ,1 0 , - , ,+ 1 , - ,+ , / + - , 40 4 + ,3 > , - , 2 , -5 3 . 1 , - ,+ 41 , - / / 4 4

< := * → A ( ; ; , -5 1 , 2 , - , ,1 . , - , , , 4 , - , , / 5 - / 4 25 0 .5 < , - ,+ , - ,0 /1 , - , ,5 4 , - / / / 2

: ( ; $ → 6 7 8 9 , - , 25 0 , - , ,3 4 , - , ,5 5 , - , ,0 5 , - 45 ,1 .+ > , - , 2 , - 2 2 0 . , - ,3 1 , - / / , 2

>= ? * → : ( ; $ � , -+ + 1 / , - ,+ 41 , - , , .3 , - ,5 ,1 � , -1 5 .3 + , 4 > , - , 2 , -5 3 , 4 , - ,+ 4 2 , - / / 40

>= ? * → @ = : > , -+ 43 / , - ,+ + 2 , - , , ,3 , - ,+ 5 + -2 ,0 + 5 /1 + > , - , 2 , - , . 1 , - , , ,0 , - / / / /

>= ? * → A ( ; ; , -+ , 4 4 , - ,+ , - , ,5 4 , - ,+ .+ , - / .+ 0 0 , > , - , 2 , - .+ . . , - ,5 3 , - / / 25

@= : > → 6 7 8 9 , -3 . . . , - , , 2+ , - , ,+ , - , , 43 2 -3 5 1 5 + , . < , - ,+ , -5 3 3 0 , - ,+ 4 / , - / / 4 4

@= : > → : ( ; $ , -+ 2 1 4 , - ,+ 2 4 , - ,+ + . , - ,5 /+ , - /5 /3 + 1 > , - , 2 , -1 0 ,0 , - ,0 + 2 , - /1 2 /

A ( ; ; → 6 7 8 9 , -3 , ,+ , - , ,3 + , - , , ,5 , - , ,3 3 4 - ,5 4 + ,0 2 < , - ,+ , - , 43 / , - , ,+ 1 , - / / / 4
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��� ��� � �� �	� � �� 
�� � 
 � 
 ��� 
 � ��� � �� � �� � � � � 
� � #! � � � � � �� �� � 
� � �

Q̄

 ! "� # �

C �% �

Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE

./ $ 0

→

A . B * 243 1 6 2 6 23 21 < 7 243 2 2 7 6 23 2 9 6 9 243 < < 9 1 6 2

>

243 2 7 23 5 : ;1 243 2 9 8 6 23 < < : 7

./ $ 0

→

G D A E 243 9 : 9 23 2 2 ; < 243 2 21 : 23 21 26 9 3 5 7 : < 1 7 <

<

243 21 23 1 ; ; 243 21 1 5 23 < < 8 8

./ $ 0

→

H . B B 243 : 9 1 ; 23 21 1 243 2 2 2 5 23 21 1 5 543 < 6 1 6 5 <1 7

<

243 21 23 2 5 5 243 2 2 2 7 23 < < < <

C AD 0

→

A . B * � 243 1 ; < ; 23 21 ; : 243 21 1 < 23 2 5 9 8 � 1 3 2 : < 7 9 2

>

243 2 7 23 8 8 < : 243 2 6 7 7 23 < ; 8 1

C AD 0

→

G D A E 243 9 6 1 ; 23 2 2 <8 243 2 2 5 5 23 21 56 9 3 9 : 2 < :8

<

243 2 7 23 : 2 6 8 243 2 5 5 6 23 < < 5 5

C AD 0

→

H . B B 243 1 7 ; ; 23 21 9 8 243 2 2 2 < 23 21 5 < 1 3 5 : <1 6 28

>

243 2 7 23 2 ; ; 5 243 2 2 51 23 < < < :

A . B *

→

= > ? @ 243 2 7 9 5 23 2 2 5 5 243 2 2 2 9 23 2 2 5 7 243 ; ;1 8 ; 51

>

243 2 7 23 2 8 :6 243 2 2 9 5 23 < < < 7

E D F 0

→

A . B * 243 2 :8 8 23 21 8 7 243 2 2 7 ; 23 2 9 : 7 243 5 2 :8 : <

>

243 2 7 23 5 < ;8 243 2 5 9 ; 23 < < 5 7

E D F 0

→

G D A E 243 9 ; 9 9 23 2 2 6 : 243 2 2 5 5 23 21 2 : 9 3 8 8 5 < 9 8

<
243 21 23 6 9 7 7 243 2 7 5 ; 23 < ; < :

E D F 0

→

H . B B 243 1 9 :1 23 2 2 ; : 243 2 2 51 23 21 91 1 3 1 9 ; 8 : 9

>

243 2 7 23 : :1 5 243 2 58 1 23 < < 9 6

G D A E

→

= > ? @ 243 58 5 7 23 2 2 6 7 243 2 2 :8 23 21 9 9 543 5 ; 7 8 1 ;
<

243 21 23 ; 7 < < 243 2 8 2 ; 23 < ; 6

G D A E

→

A . B * 243 1 9 :8 23 2 9 1 ; 243 21 1 : 23 2 5 7 7 243 6 6 1 6 9 6
>

243 2 7 23 6 9 ;1 243 2 7 : 23 < ; < 5

H . B B

→

= > ? @ 243 : :6 9 23 2 2 7 ; 243 2 2 9 7 23 2 2 ; ; :3 8 6 9 1 5 :

<

243 21 23 7 1 7 243 2 : :1 23 < <1 5
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 	�� � � � �� � � �� � � 	 �� � � � �� � �� � � �� 	 �� � Q̄ � � � �� �

<� �� Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE
() � * → : ( ; $ , - , 2 1 / , - , .+ + , - ,+ 0 3 , - , 25 , -5 2 1 3 5 3 > , - , 2 , - 40 + + , - , 2 0 2 , - /1 1 4

() � * → @ = : > , -5 4 . , - ,+ 3 2 , - , , , 2 , - ,+ 2+ 5 -+ . 1 . 5 . 0 / < , - , 2 , - ,3 5 0 , - , , ,1 , - / / /1

() � * → A ( ; ; , -3 3 , / , - ,+ ,3 , - , ,+ + , - ,+ + 1 3 - , 4 4 2 .+ , < , - ,+ , -+ 5 1 + , - , , 4 , - / /1 1

< := * → : ( ; $ � , -+ 25 0 , -+ 5 1 4 , -5 3 4 . , -3 5 3 5 � , -5 .3 2 1 > , - , 2 5 -5 /1 , -+ + 4 , - /0 0 .

< := * → @= : > , -+ 43 . , - ,5 , - , ,1 0 , - , . ,3 , - /3 5 . .3 > , - , 2 , - 25 5 , - ,3 3 1 , - / /+ +

< := * → A ( ; ; , -5 , 4+ , - ,5 + 3 , - , ,5 0 , - ,5 3 4 + -.+ 5 / 5 . 1 > , - , 2 , -+ 3 1 4 , - , ,0 0 , - / /1 2

: ( ; $ → 6 7 8 9 � , - ,+ 0 / , - , , 2 2 , - , ,5 5 , - , ,1 + � , -+ /1 1 . 0 > , - , 2 , -3 1 . 2 , - ,3 + 5 , - / /+ 1

>= ? * → : ( ; $ , -+ . 0 5 , - ,1 0 . , - , 2 . 4 , -+ 2+ 4 , -. 25 3 5 5 > , - , 2 , -0 . 0 , - , 45 2 , - /1 0 0

>= ? * → @ = : > , -.5 . / , - ,+ 43 , - , , /+ , - ,5 0 3 + - / 2 1 + 5 2 > , - , 2 , - 4 4 4+ , - , 2 0 + , - /1 1 0

>= ? * → A ( ; ; , -+ 1 + , - ,5 ,1 , - , ,+ 2 , - ,5 5 0 + -5 ,5 + 4 , 4 > , - , 2 , - ,1 1 3 , - , , .+ , - / / /3

@= : > → 6 7 8 9 , -3 1 25 , - , , 4 . , - , , ,3 , - , , 40 2 - /+ 3 1 , 4 < , - ,+ , - ,0 2 1 , - , ,5 3 , - / / / 2

@= : > → : ( ; $ , - , 4 , / , - ,5 1 3 , - ,+ + 2 , - ,3 5 5 , -5 / 43 . 0 > , - , 2 , -3 1 3 / , - ,3 + . , - / /+ 1

A ( ; ; → 6 7 8 9 , -3 ,3 + , - , , 4 / , - , , , . , - , ,0 . 3 -0 3 + 3 + 1 , . < , - ,+ , - ,3 /3 , - , ,+ + , - / / /1
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�� � 
 � 
 ��� 
 � ��� � �� � �� � � � � 
� � #! � � � � � �� �� � 
� � �

Q̄

 ! "� # �

C �% �

Q̄ Ū B̂ T̂ t [ν] p r λ̂ RE

./ $ 0

→

A . B * � 243 1 9 5 23 21 :6 243 2 2 5 9 23 21 ; : � 23 < 2 6 1 < 5

>

243 2 7 23 9 6 1 6 243 21 ; 8 23 < < 6 5

./ $ 0

→

G D A E 243 5 7 8 23 2 2 ; 5 243 2 21 8 23 21 2 : 543 7 2 51 1 2 9

<

243 21 23 9 : 7 6 243 21 8 23 < < 6 6

./ $ 0

→

H . B B 243 7 9 < 7 23 2 2 <1 243 2 2 2 8 23 2 2 < < 7 3 5 2 < < 7 : 2

<

243 21 23 2 < :1 243 2 2 5 7 23 < < < 5

C AD 0

→

A . B * 243 21 5 7 23 21 : 243 2 2 5 5 23 21 ; 243 1 21 1 ; :

>

243 2 7 23 9 8 ;8 243 2 9 2 : 23 < < 7 <

C AD 0

→

G D A E 243 9 ; : 5 23 2 2 ;1 243 2 21 8 23 21 2 9 9 3 ;1 5 9 < 7

<

243 21 23 9 7 8 1 243 21 ; 9 23 < < 6 :

C AD 0

→

H . B B 243 1 8 6 7 23 21 1 6 243 2 2 2 6 23 21 9 : 1 3 7 ;6 5 1 2 2 <

>

243 2 7 23 2 6 8 9 243 2 21 < 23 < < <6

A . B *

→

= > ? @ 243 21 : ; 23 2 2 7 243 2 2 5 7 23 2 2 < 9 243 1 7 : ; 1 <

>

243 2 7 23 ; : 7 < 243 2 6 < < 23 < ; 6 9

E D F 0

→

A . B * 243 9 2 9 5 23 21 91 243 2 2 5 8 23 21 6 7 1 3 7 8 5 6 7 7

>

243 2 7 23 5 6 ; : 243 2 9 < 8 23 < < :1

E D F 0

→

G D A E 243 1 ;1 5 23 2 2 6 < 243 2 2 2 6 23 2 2 8 8 9 3 2 6 6 : 2 <

<
243 2 7 23 1 2 <8 243 2 2 :6 23 < < <1

E D F 0

→

H . B B 243 2 5 5 : 23 2 2 8 1 243 2 2 2 8 23 2 2 ; 243 5 8 : < 5 7 6

>

243 2 7 23 1 1 ; : 243 2 2 7 5 23 < < ; <

G D A E

→

= > ? @ 243 : 2 5 ; 23 2 2 8 6 243 2 2 5 5 23 21 1 6 543 8 7 5 5
<

243 21 23 7 9 6 243 2 : 7 1 23 < <1 1

G D A E

→

A . B * 243 : 9 2 ; 23 21 9 8 243 2 2 9 ; 23 21 6 543 5 9 6 7 < 9
<

243 21 23 9 6 9 : 243 21 ; 8 23 < < 6 5

H . B B

→

= > ? @ 243 56 ;1 23 2 2 7 6 243 2 21 : 23 2 2 8 5 :3 5 21 ; 8 9

<

243 21 23 5 2 6 6 243 2 9 5 5 23 < < 7 :
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