Appendix B

Integrals

Here we present the explicit calculations leading to the results discussed
in Chapter 4. Due to the great number of indices appearing in the calculation
of the integrals, we shall use Greek indices instead of Latin ones. In all
calculations the Greek indices take the values 1 and 2.

B.1 Tensor structure

Typical integrals appearing in our calculations are of the form

/ d%k kK, _
(2m)2 [rok? + Kokt — (1o + 2k0k2)(q - k)2 + Ko(q - k)4m
n 7 ql/
Fy (q2)5uv + Gy (q2)ql;2
(B.1)
/ d’k kukykokgs _
(2m)2 [rok? + Kok? — (ro + 2k0k?)(q - k)2 + Kko(q - k)4
n n Quqv n 9u9v49a9
Fi(q")OBap + perm.) + Gi(a*) (%57 0ap + perm.) + Hi'(¢") 2255
(B.2)
/ d?k kuk,koksksk, _
(2m)2 [rok? + Kok* — (1o + 2k0k?)(q - k)2 + ko(q - k)4m

quqy

F3(q%)(6,100805, + PETm.) + GZ(qQ)(q—Q(Saﬂ(SU,, + perm.)
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4u9v9a9 9u9v9093959
+HP () (P s % 655p + perm.) + Jp (¢?) LA }f 2
(B.3)

/ d%k kuk,kokgkakpky, ko, B
(27)2 [rok? + Kokt — (ro + 2K0k2)(q - k)2 + Ko(q - k)4n
n n q ql/
Fy (QQ)((SW(Saﬂéapémm + perm.) + G (qg)(g—zéaﬂ(sapfsmm + perm.)
n 9u9v9a9 n vq0989c
() (P 1 G, + porm.) 4 I (47) (PR, 4 perm)

9u9v9098959p9 11 91

+Ln q2
8( ) qg

(B.4)

/ d2k kukokokgkokoky, by ko, ks, _

(271')2 [’f‘()]€2 + Klok4 — (’r‘o —+ 2/{0k2)(q . ]g)2 + Ho((] . k)4]n -
Fl% (q2)(6/u/5aﬁ60p6u1u16a151 + perm.)
+Gqfo(q2)(%5aﬂ5ap5myl 0ayp, + perm.)
+H?0(q2)(quq:l%60p5uly15alﬂl + perm.)

919090495959
+J1nO(q2)(L6ﬂ”5u1V15alﬂl + perm.)

+L7110 (qz) ( qNQVQaQﬁqu;tQpC]m qu 5

a1 + perm.)

_{_M{LO (q2) qquchQﬁqai]ﬁOqM 9v190, 96,

(B.5)

/ d%k kukokokgkokpky ky ko, kp ko kp, B
(2m)2 [rok? + Kok* — (1o + 2K0k?)(q - k)2 + Ko(q - k)*]" -
F1"2(q2)((5W(5a5(50,,(5u1,,15a151(501,,1 + perm.)

4udv
+G?2 (q2)(;—26aﬂ50p5p,1u1 5alﬂ1501p1 + perm.)

n 9u9v 9095
+H12(q2)(u50p5u11/1 5a1ﬁ1 501/)1 + perm.)

q4
9u19v9298954
+J1n2(q2)('uq—6ﬁpéuw1 6041,31 (501p1 + perm.)

+L?2 (q2) ( 919909890909, 91, 5

e a1ﬂ1601p1 + perm.)
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+M{¢2(q2)(qquQaQ6qan0qN1 4190, 98, 501p1 + perm.)

+N{12 (qz) q,quQaQ,BQO'qugigul 401981951 9p;

/ d?k kukokakgkokoky, kv ko kg ko ko kaykp, .

(2m)2 [rok? + Kok* — (1o + 2kK0k?)(q - k)2 + Ko(q - k)*]"
F14(q%) (8,000,901 0o 1001 pr s -+ DETINL)
+G?4(q2)(q;#%ﬂéo’péuwl5a1ﬁ150191502p2 + perm.)

9uqvaq
+H{L4(q2)(“T4aﬁ50P5u1V1 5a1[31601p1502p2 + perm.)

n 919v9298954
+J14(q2)(%5uw1 6a1ﬁ1 501/)1 502/)2 + perm.)

9u9v 909890 9p9u, Qv
+L71l4(q2)( : < 3 = 15a1ﬁ1501p1502p2 + perm.)
My g7) (PR g
+N{7,4 (qQ)(QMQanQﬂQO'QPQSigm Q(Jq Qﬂ1 QU1 q,o1 5

+P& (q2) QMQI/QQqﬂqO'qpqu1 q;112041 qﬁ1 q0'1 Qp1 q0'2 sz . (B 7)

o1p1 502/)2 + perm.)

02p *+ PeTmL)

Multiplying (B.1)-(B.7) with adequate combinations (g, gy, - - - qu,)/¢"
and contracting indices, we obtain the following systems of equations:

{ AP = 2F} 4GP

B.
B = F}+G} (B:8)
Ap = SEFP+8GT+ HY
By = 4F+7GY+ HY (B.9)
CT = BF7+6GT + HI
Ay = ASFp +T2GE+18HE + J7
By = 24FD +60GY + 1TH + Jp (5.10)
Cr = 18FP +51G} + 16H + J¢ |

DI = 15F7 +45GT + 15H] + J¢
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(A7 = 384F7 + 768Gy + 288HY + 32J% + L3
By = 192F§ + 624G} + 264H + 31J% + L
§ C§¢ = 144F} + 528G + 243HY + 30J¢ + LE (B.11)
Dg = 120F3 + 465G + 225HF +29J3 + Lg
| B = 105F3 4 420Gg + 210HZ + 28Jg + Ly
(AT, = 3840FT, + 9600GT, + 4800HT, + 800J7,
+50L7%, + M,
BYy = 1920F7y + 7680G7, + 4320H7, + 760J7,
+49L7% + M7,
Cry = 1440F], + 6480G7, + 3930HT, + 723.J7,
< +48L7%y + M7, (B.12)
DY, = 1200F7, + 5700G7, + 3615H7, + 689.J7, '
+4TLY + MDy
ET, = 1050F] + 5145G7, + 3360H7, + 658.J7,
+46L%, + M7,
Fro = 945F% + 4725G7, + 3150H + 630J7,
\ +45L1, + M,
(AT, = 46080F7, + 138240G", + 86400H7, + 19200J7,
+1800L7%, + 72M7, + N,
BY, = 23040F7, + 109440G?%, + 76800H7, + 18000.J7,
+1740L%, + 7T1M7, + N7,
Cr, = 17280F}, + 92160G7, + 69360HT, + 16944.J7,
+1683LT, + 7T0M7, + N7,
< D}, = 14400F7, + 81000GY, + 63540H7, + 160177, (B.13)
+1629L7, + 69M7, + N7, '
ET, = 12600F7, + 73080G7, + 58905H7, + 15204.J7,
+1578L7%, + 68M7, + N7,
Fr, = 11340F% + 67095GT, + 55125 HY, + 14490J7%,
+1530L7%, + 67M7, + N7y
Gt = 10395F0, + 62370GT, + 51975 HY, + 138607,
{ +1485L7, 4+ 66 M7, + NT,
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where

n
A14

n
B14

n
014

119

645120F" + 2257920GT, + 1693440 HT, + 470400J7,
+58800L", + 3528 M™, + 98N, + Pr,
322560 F7, + 1774080GT, + 1491840 HT, + 436800J%,
+56280L", + 3444MP, + 9TNT, + P,
241920FT, + 1491840G?, + 1340640 HT, 4 408240.J7,
+53970L", + 3363MT, + 96N, + Pr,
201600 F™, + 1310400GT, + 1224720 HT, + 383880.J7,
+51855L7, + 3285 M, + 95N™, + Pr,

176400 F, + 1181880G7, + 1133370 HT, + 362985.J",

+49920L7, + 3210M™, + 94N™, + PI,
158760.F, + 1084860G7, + 1059345 H?, + 3449257,
+48150L", + 3138M™, + 93NT, + Pr,
145530F", + 1008315GT, + 997920 H™, + 329175.J%,
+46530L7, + 3069 MY, + 92N, + PI,
135135F7, + 945945G7, + 945945 H?, + 3153157,
+45045L", + 3003MT, + 91NT, + Pr.,

d%k

k2

(B.14)

I

2m)2 [rok? + Kok — (ro + 2K0k?)(q - k)% + Ko(q - k)*]"

d?k

(k-9)?/q°

I

2m)2 [rok? + kok* — (1o + 2k0k?)(q - k)2 + Ko(q - k)4

d%k

k4

I

2m)? [rok? + Kok* — (1o + 2K0k?)(q - k)? + Ko(q - k)*]"

d?k

K (k-q)?/q¢

/ (2m)? [rok? + Kok* — (ro + 2k0k?)(q - k)2 + ro(q - k)*]"

d%k

(k-q9)*/q"

i

27)2 [rok? + kok* — (1o + 2k0k?2)(q - k)% + Ko(q - k)4" (

d?k

k6

/7

2m)2 [rok? + kok* — (o + 2rkok?)(q - k)% + Ko(g - k)*]"

d%k

k'(k-q)?/q

I

27-‘-)2 [7‘0]{]2 + Ii()k4 _ (7«0 + 21{0]{]2)((] . k-)? + K;O(q . k)4]n
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Al
Biy
Clo
Diy
Efo
Fy

n
A12

d?k

APPENDIX B. INTEGRALS

K2k - q)*/q"

/ (2m)2 [rok? + Kok* — (10 + 2kK0k?) (¢ - k)% + Ko(q -

d%k

(k-9)°/q°

_ (B.22)

I

2m)2 [rok? 4+ kok* — (o + 2k0k?)(q - k)% + Ko(q -

d?k

k8

(B.23)

I

2m)2 [rok? + kok® — (7o + 2Kok?)(q - k)2 + Ko(q

d%k

kS(k-q)°/q°

(B.24)

I

2m)2 [rok? 4+ kok* — (o + 2k0k?)(q - k)% + Kol(q -

d?k

k4(k - q)*/q

(B.25)

I

2m)2 [rok? + kok® — (1o + 2Kok?)(q - k)2 + Ko(q

d%k

k2(k - q)°/q°

— (B.26)

I

2m)2 [rok? 4+ kok* — (o + 2k0k?)(q - k)% + Ko(q -

d?k

(k-9)°/d°

_ (B.27)

I

27m)2 [rok? 4+ kok* — (ro + 2k0k?)(q - k)% + Kol(q -

d?k

klO

— (B.28)

I

2m)2 [rok? + kok* — (ro + 2k0k?)(q - k)% + Ko(q -

d%k

k3 (k-q)/q°

— (B.29)

I

27m)2 [rok? 4+ kok* — (o + 2k0k?)(q - k)% + Ko(q -

d%k

KS(k-q)'/q"

(B.30)

/ (2m)2 [rok? + kok* — (10 + 2K0k?)(q - k)% + Ko(q -

d%k

k'(k - q)%/q®

(B.31)

I

27m)2 [rok? 4+ kok* — (o + 2k0k?)(q - k)% + Ko(q -

d%k

k2 (k-q)®/¢

_ (B.32)

/ (2m)2 [rok? + kok* — (10 + 2K0k?)(q - k)% + Ko(q -

d%k

(k-9)'/q"

~ (B.33)

I

27m)2 [rok? 4+ kok* — (ro + 2k0k?)(q - k)% + Ko(q -

d%k

k12

_ (B.34)

/ (27)2 [rok? + Kok* — (ro + 2k0k?)(q - k)2 + Ko(q -

(B.35)
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B
Ch
Dy
Er
F
Gy
Aty
By
Ol
Dy
By
F,

)
C;14

d?k

Kk - 9)*/q°
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(B.36)

d?k

(2m)2 [rok? + Kok* — (ro + 260k?)(q - k)2 + Ko(q -

k(k-q)'/q"

k)4

2m)2 [rok? 4+ kok* — (o + 2r0k?)(q - k)% + Kol(q -

d?k

Kok - q)°/q°

T (B.37)

(B.38)

2m)2 [rok? + kok* — (1o + 2K0k?)(q - k)% + Ko(q -

d?k

k'(k-q)®/q®

k)4

2m)2 [rok? 4+ kok* — (o + 2r0k?)(q - k)% + Kol(q -

d?k

K2k - 0)°/q"

T (B.39)

(B.40)

271')2 [’f’()k2 -+ 1{0]{54 — (’f’() + 2I€()I€2)(q . k)2 =+ Ko(q .

d?k

(k . q)12/q12

k)4

27)2 [rok? + kok* — (ro + 2k0k?)(q - k)% + Ko(q -

d?k

k14

e (B4

(B.42)

2m)2 [rok? + kok* — (1o + 2K0k?)(q - k)2 + Ko(q -

d%k

K2 (k- 9)° /¢

k)4

2m)2 [rok? + kok* — (ro + 2Kk0k?)(q - k)% + Ko(q -

d?k

k(K- q)*/q"

T (B.43)

27)2 [rok? + kok* — (ro + 2k0k?)(q - k)% + Ko(q -

d%k

k3 (k-q)°/q°

T (B.44)

(B.45)

d?k

(27)2 [rok? + Kok* — (ro + 260k?)(q - k)2 + Ko(q -

kS(k-q)*/q®

k)4

27)2 [rok? + kok* — (ro + 2k0k?)(q - k)% + Ko(q -

d%k

K (k)" /q"

AT (B.46)

(B.47)

d?k

(27)2 [rok? + Kok* — (ro + 260k?)(q - k)2 + Ko(q -

Bk ) /g

k)4

27m)2 [rok? 4+ kok* — (ro + 2r0k?)(q - k)% + Ko(q -

d%k

(k . q)14/q14

AT (B.48)

. (B.49)

(27)2 [rok? + Kok* — (ro + 2K0k?)(q - k)2 + Ko(q -

k)4
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The systems of equations (B.8)-(B.14) can be inverted, yielding:

Iy
Gy

Iy
G
H

( Fp
Gg
Hg

L Jg

( Fo

Gg

 Hg

Jg

Ly

F

Gy
Hij
Ut
L

n
M,

Il | |
|"‘cn|"‘ :“
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A; — By
—A% +2BY
(A7 — 2B} + C7)
( — A%} + 5B} — 4C7)
— 8B7 + 8C}

(A” — 3B +3C% — DY)
(— AR + 8B — 13CF + 6DF)
AR — 13By + 28C% — 16Dy)
—A” + 18B7 — 48C% + 32D¢

195( — 4By + 6C% — 4D? + E})

195( A" + 113" 27CH + 25DF — 8EY)
05 (3A” 54B% + 179CF — 208D} + 80EY)

2 (—Ag + 25BF — 104CF + 144DF — 64E7Y)
Ag — 32B} + 160C% — 256D} + 128E%
sr= (A7) — 5B + 10CT) — 10D},

+5ET — F1)

o= (— A’fo + 14B}, — 46CT, + 64D},
—41E7% + 10F)

315 (AT, — 23BY, + 103CT, — 181D7,
+140E7, — 40FD)

=(— A"O + 32B7, — 181CT, + 382D7,
—344E + 112F{6)

LAn, — 413?0 + 280CT, — 688D,
+704E?0 — 256 FT)

— A7 + 5087, — 400CT, + 1120D7,
—1280E7, + 512F7

W |

==
Am

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)



B.1. TENSOR STRUCTURE

4 FinQ
Gy
Hi,
Ut
L,
M,
Ny

C
Gy

n
H14

n
‘]14

n
L14

n
MY

n
N14

mn
P14

10305 (Afe — 6B, + 15CT, — 20D7,

+15E7, — 6F1, + G7,)

o305 (— Agg + 17B}, — 70CY, + 130DF,

—125E12 + 61F — 12G7,)

=265 (AT — 28 BT, + 158CY, — 372D7,

+433E — 248F7, + 56G,)

3465 ( —

—5388E{l2 + 3528F1”2 896G",)

155 (BAT, — 250By, 4 2165CT, — 7184D7,

+11152E7, — 8192F7, + 2304G7,)

11 (=Al, + 61By, — 62007, + 2352DF,

—4096 ET, + 3328 F%, — 1024G%,)

Aty — T2B, + 840CT, — 3584 D,

+6912E" — 6144FT, + 2048G™,

REET (A'f4 7BY, + 210 35D14

135135( A’f4 +20B%, 9_90;14 +230D%,

—295E + 216, — 85GT, + 14HY)

e (3A7f4 99BY, 4 674CT, — 1990D7,

+3095E7, — 2663F7, + 1024G7,
224H1"4)

45045 ( IS

—12941E7, + 12754F& 6496G7,

+1344H )

6435 ( _

+269687E - 29888F{ﬁl + 168960?4

—3840HY,)

35 (—3AY, + 216 BY, — 2663CT, + 12754D7,

—29888EY, + 36736 F], — 22784G?,

+5632H7,)

15 (AT, — 85B, +1204C7, — 6496D7,

+16896E}, — 22784 F], 4 15360GT,

—4096H?,)

— A7}, + 98By, — 1568CT, + 9408D7,

—26880E7, + 39424F7, — 28672GT,

+8192HY,

5A”2 + 19587, — 1395CT, + 3961D7,

5AT, + 230BT, — 1990CT, + 7104D7,

5AT, — 205B™, + 3095CT, — 12941D",

123

(B.55)

(B.56)
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Inserting the results (B.50)-(B.56) in the expressions (B.1)-(B.7), we are
able to determine those integrals. The evaluation of the (B.15)-(B.49) for
n =1,2,3,4 in dimensional regularization is sketched in the next section.

B.2 Evaluation of integrals in dimensional
regularization

Consider the integral

Al — /(12]€ K
27 ) (21)2rok? + Kokt — (1o + 2k0k2)(q - k)2 + Ko(q - k)*

_ / d?k k?
N (2m)2 rok? + Kok* — (1o + 2K0k?)k2¢? cos? 0 + kok*q* cos* 0

=/ & i (B.57)
) (2m)2rek2(1 — g2 cos? 0)[1 + 202 (1 — ¢ cos? 0)]’ '

where 6 is the angle between the two vectors £ and ¢. Making the change of
variables

To 1 2

k* — (B.58)

kol —q2cos?f

and choosing the coordinate system such that the constant vector ¢ is parallel
to the z-axis, we obtain

1 2w 1 o0 k
AL = / | de s B.59
? Am2kg Jo a0 (1 —g%cos?6)? Jo 1+ k2 (B:59)

The integral in 6 is finite and can be evaluate immediately to give

S "2 - )
= ) B.60
o Y@ty = 1=g)pP (B.60)

The k-integral is divergent. To deal with it, we first consider its counterpart
in D dimensions, namely, the integral

S T
/0 d/f1 T2 = g ¢ (D§) , (B.61)
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which diverges in the ultraviolet for D = 2. Writing D = 2 — ¢, expanding
(B.61) in €, and inserting the resulting expression together with (B.60) in
(B.59), we finally obtain

Al — 1 2 - q2 1
2 Amky (1 —q2)3/2 €

+ O(€°). (B.62)

All integrals (B.15)-(B.49) can be evaluated in a similar way. The results are
shown in the following tables. Infrared divergent integrals are also treated
in the same way, and we distinguish them from the UV-divergent ones by
adding the subscript ir to the expansion parameter e. Finite integrals are
not listed.

n=1
11 2-¢ 1
A2 Amko (1—q2)3/2 ¢

T 1 T T
By Amko (1—¢2)3/2 €
Al | —_mo 8—8¢%+3¢* 1

4 16mk2 (1—q2)5/2 ¢

Bl —_mo__4-¢ 1
4 167k2 (1—¢2)5/2 ¢
Cl| —3n 1 1
4 167k3 (1—q2)3/2 ¢

n=2
2 1 _2-¢° 1
A2 47rr(2] (1—¢2)3/2 ¢,
2 1 T 1
B2 4rra (1—¢2)3/2 €ir
A2 1 16—24¢°+18¢"—5¢° 1
6 327k32 (1—¢2)7/2 €
Bg 1 8—4¢°+¢* 1

32mk2 (1-¢q2)7/2 €
C?2 1 6—¢> 1
6 32mk2 (1-¢2)7/2 ¢
2 5 T T
Dg 32mk2 (1—q2)7/2 ¢
A2 | _ 1o 128—25642+288¢%—160¢°% +354¢° 2
8 256mK3 (1—¢2)9/2 €
B2 _ ro_ 64—48¢%+24¢"—5¢% 2
8 256k (1—¢q2)9/2 €
2 1o 48-16¢%+3¢% 2
8 256mk3  (1—¢2)%2 ¢
D2 __5rg 8—¢®> 2
8 256mK3 (1—q2)%/2 ;

o — 357 T 32
8 256mk3 (1—¢2)9/2 ¢
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n=3

Aj

1 8-8¢°+3¢* 1

1673 (1—¢2)5/2 &,

Bj

_1__4-¢ 1
1671'7‘8 (1—¢2)5/2 &,
3 I

Ci

1
167rro3 (1—¢2)5/2 ¢,

3
AlO

1 256—640¢° +960¢"—800¢°+350¢°—63¢™° 1
5127k3 (1—gq?)11/2 €

3
BlO

1 128—128¢%+96¢%—40¢°5+7¢% 1
512mk3 (1—¢2)11/2 €

3
Co

3 32—16¢%2+6¢%—¢® 1
512rky  (1—g2)11/2 ¢

3
DIO

1 80—20¢%+3q¢% 1

512rky (1—¢2)!1/2 ¢

3
ElO

7 10—¢> 1
3 €

3
FIO

5127k3 (1—¢2)11/2
63 T T
512mk3 (1—¢2)11/2 ¢

n=4

As

1 16—24¢°+18¢*—5¢°% 1

327rg (1—¢2)7/2 €ir

Bg

1 8—4¢’>+¢* 1
32nrs (1—¢2)7/2 &,

Cs

1 6—¢> 1

Dy

32mrd (1—=®)7/2 &,
5 T T

32mrd (1—®)772 &,

4
A14

1 2048—7168¢%+16128¢% —22400¢°+19600¢° — 10584910 +3234¢'% —429¢1% 1

40967k

(1,(]2)15/2 €

4
B14

1

1024—1536¢2+1920¢* —1600¢°+840¢°—252¢ " +33¢ 1

40967k (1—¢2)15/2 €

4
Ciy

1 768—640¢>+480¢%—240¢%+7048—9¢™° 1
40967k (1—q2)15/2 €

4
D14

1 640—320g° +144¢" —40¢%+54¢% 1
4096k (1—¢q2)15/2 €

4
E14

1 560—168¢%+42¢*—54¢°% 1
40967k (1—¢2)15/2 €

3 168—28¢°+3¢* 1
40967ky  (1—¢2)15/2 ¢

4
Gy

33 14—¢% 1

4
H14

409673 (1—¢2)15/2 ¢
229 T T
4096mk] (1—¢2)15/2 ¢




