
Chapter 2

The Neumann Problem

2.1 The inhomogeneous pluriharmonic system

2.1.1 Preliminaries and Definition

The Neumann problem for the unit ball has been considered recently, see [2]. However for the
polydisc which is another fundamental domain in CI n(n > 1) and as was first realized by C.
Caratheodory topologically different from the unit ball, see [14], it remained open. The very
first thing here is how to define the boundary function of the torus ∂0DI

n(n > 1).

In the case of a unit bidisc, i.e. Ω = DI 2 we know that ∂DI 1 ∪ ∂DI 2 ∪ ∂0DI
2 =: (∂DI × DI ) ∪

(DI × ∂DI ) ∪ (∂0DI
2) is the whole boundary of DI ×DI and CI 2 \DI 2 = (DI − ×DI +) ∪ (DI + ×

DI −)∪ (DI −×DI −) is the outside of DI ×DI with respect to the whole boundary. The domains
DI − × DI + and DI + × DI − are the outside of DI + × DI + related to ∂DI 1 and ∂DI 2. So the
remaining part DI − ×DI − may be considered as the outside of DI ×DI related to the essential
boundary ∂0DI

2.

6

∂DI 2

DI + ×DI −

r1

r2

DI + ×DI +
∂DI 1 DI − ×DI +

∂0DI
2

DI − ×DI −

-

s

Thus the essential boundary ∂0DI
n(n > 1) divides CI n into 2n parts rather than just in

an inner and an outer domain as the whole boundary does or as in the case n = 1 . For
DI n = Xn

k=1 DI
+ , ∂0DI

n = Xn
k=1 ∂DI , let out∂0DI n(DI n) := Xn

k=1 DI
− =: DI −n. This means

that we have to consider DI −n as the outside of DI n relative to the essential boundary ∂0DI
n.

The sense of this kind of devision of CI n related to ∂0DI
n can be explained by further discussion

of the Riemann problem related to ∂0DI
n, see [20]. Since analytic functions in DI n can be
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34 CHAPTER 2. THE NEUMANN PROBLEM

described completely by their values just on the essential boundary ∂0DI
n, see [27], we have to

restrict our discussion to the essential boundary. Its boundary function ρ is defined by

ρ(z) =
n∑
j=1

(| zj |2 −1) , z = (z1, · · · , zn) ∈ DI n ∪ ∂0DI
n ∪DI −n. (2.1)

Let Ω be a smooth domain in CI n and fk`(z) ∈ L1(Ω)∩C1(Ω) be given functions. Consider the
following inhomogeneous system of n2 independent equations

∂2u

∂zk∂z`
= fk`(z), 1 ≤ k, ` ≤ n , (2.2)

with given right – hand sides, satisfying the condition

∂fks
∂z`
− ∂f`s
∂zk

= 0,
∂fsk
∂z`
− ∂fs`
∂zk

= 0 , 1 ≤ s ≤ n . (2.3)

The Problem N1. Find a C1(Ω) – solution of system (2.2), satisfying the Neumann condition

∂u

∂νζ
= γ0(ζ), ζ ∈ ∂Ω , (2.4)

where Ω is a smooth enough domain in CI n and ∂u/∂νζ denotes the outward normal derivative
of u(z) at the point ζ ∈ ∂Ω.

By definition, see [2] page 172, it is known that

∂u

∂νζ
=

n∑
j=1

(
ρzj

∂u

∂zj
+ ρzj

∂u

∂zj

) 2

| gradρ |

∣∣∣
ζ
, ζ ∈ ∂Ω

where ρ(z) is the boundary function of Ω defined on ∂Ω as follows.

< i > ρ(ζ) = 0, | gradρ |ζ 6= 0, ζ ∈ ∂Ω;

< ii > ρ(z) < 0, z ∈ Ω;

< iii > ρ(z) > 0, z ∈ out Ω = CI n \ Ω.

Hence from the representation (2.1) of the boundary function ρ for the polydisc ∂0DI
n we have

ρxj = 2xj, ρyj = 2yj, | gradρ |2∂0DI n
= 4

n∑
j=1

(x2
j + y2

j ) ||zj |=1= 4n,

the Neumann condition (2.4) for the polydisc turns out to be

n∑
j=1

(
zj
∂u

∂zj
+ zj

∂u

∂zj

)∣∣∣
ζ
= γ(ζ), ζ ∈ ∂0DI

n , (2.5)

with γ(ζ) = γ0(ζ)
√
n.
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2.1.2 Specification and the Solution

The condition (2.5) can be written as

Re v(ζ) = Re γ(ζ), Re w(ζ) = −Imγ(ζ), ζ ∈ ∂0DI
n, (2.6)

with

v(z) = 2
n∑
k=1

zk(Re u)zk , w(z) = 2i
n∑
k=1

zk(Im u)zk .

According to (2.2) these functions satisfy the inhomogeneous Cauchy-Riemann systems

vzk =
n∑
`=1

z`(fk` + f `k) =: Fk, wzk = i
n∑
`=1

z`(fk` − f `k) =: Φk (2.7)

in DI n with the right-hand sides because of (2.3) satisfying the compatibility conditions

Fkz` = F`zk , Φkz` = Φ`zk , 1 ≤ k, ` ≤ n.

Therefore if the compatibility conditions are satisfied then υ(z), w(z) must be the solutions of
the Schwarz problem (2.6) , (2.7) and this problem was solved, see [2] Chapter 5 and [3] . Thus
under the solvability conditions

J −Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

Fk1ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dζkτdηkτ = 0 (2.8)

J? −Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

Φk1ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dζkτdηkτ = 0 (2.9)

we have the solutions

υ(z) =
n∑
ν=1

∑
1≤k1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

{
Fk1ζk2

···ζkν

×
ν∏
τ=1

zkτ
1− zkτ ζkτ

− (−1)νFk1ζk2
···ζkν

ν∏
τ=1

1

ζkτ − zkτ

} ν∏
τ=1

dξdηkτ

+I +
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)λ

πν

∫
DI k1

· · ·
∫
DI kν

Fk1ζk2
···ζkλζkλ+1

···ζkν
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×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ + iC1 , (2.10)

w(z) =
n∑
ν=1

∑
1≤k1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

{
Φk1ζk2

···ζkν

×
ν∏
τ=1

zkτ
1− zkτ ζkτ

− (−1)νΦk1ζk2
···ζkν

ν∏
τ=1

1

ζkτ − zkτ

} ν∏
τ=1

dξkτdηkτ

+I? +
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)λ

πν

∫
DI k1

· · ·
∫
DI kν

Φk1ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ + iC2 (2.11)

where

Fk1zk2
···zkλzkλ+1

···zkν =
ν∑

α=λ+1

(fk1kα + fkαk1
)zk2

···zkλzkλ+1
···zkα−1

zkα+1
···zkν

+
n∑
`=1

z`(fk1` + f `k1
)zk2

···zkλzkλ+1
···zkν (λ < ν) ,

Fk1zk2
···zkν =

n∑
`=1

z`(fk1` + f `k1
)zk2

···zkν (λ = ν) ,

J =
1

(2πi)n

∫
∂0DI n

Re γ(ζ)
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
,

I =
1

(2πi)n

∫
∂0DI n

Re γ(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ
,

Φk1zk2
···zkλzkλ+1

···zkν = i
ν∑

α=λ+1

(fk1kα − fkαk1
)zk2

···zkλzkλ+1
···zkα−1

zkα+1
···zkν

+ i
n∑
`=1

z`(fk1` − f `k1
)zk2

···zkλzkλ+1
···zkν (λ < ν) ,

Φk1zk2
···zkν = i

n∑
`=1

z`(fk1` − f `k1
)zk2

···zkν (λ = ν) ,

J? =
1

(2πi)n

∫
∂0DI n

(
−Im γ(ζ)

) n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
,

I? =
1

(2πi)n

∫
∂0DI n

(
−Im γ(ζ)

)[
2

ζ

ζ − z
− 1
]dζ
ζ
,
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and C1, C2, are arbitrary real constants. Since v(0) = w(0) = 0 follow by their definitions,
from (2.10) and (2.11) we obtain

iC1 +
1

(2πi)n

∫
∂0DI n

Re γ(ζ)
dζ

ζ
−

n∑
`,ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

×
[
ζ`(fk1` + f `k1

)ζk2
···ζkν

] ν∏
τ=1

dζkτdηkτ
ζkτ

= 0 (2.12)

iC2 +
1

(2πi)n

∫
∂0DI n

(
−Imγ(ζ)

)dζ
ζ
− i

n∑
`,ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

×
[
ζ`(fk1` − f `k1

)ζk2
···ζkν

] ν∏
τ=1

dζkτdηkτ
ζkτ

= 0 (2.13)

i.e.

C1 = Im
n∑

`,ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[
ζ`(fk1` + f `k1

)ζk2
···ζkν

] ν∏
τ=1

dζkτdηkτ
ζkτ

,

C2 = Re
n∑

`,ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[
ζ`(fk1` − f `k1

)ζk2
···ζkν

] ν∏
τ=1

dζkτdηkτ
ζkτ

,

1

(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ
=

n∑
`,ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

×
[
ζ`fk1`ζk2

···ζkν

ν∏
τ=1

dζkτdηkτ
ζkτ

+ ζ`f`k1ζk2
···ζkν

ν∏
τ=1

dζkτdηkτ
ζkτ

]
. (2.14)

Again by the definitions of v(z) and w(z) we get

n∑
k=1

zkuzk(z) =
1

2
(v(z)− iw(z)) = G(z, z) ,

n∑
k=1

zkuzk(z) =
1

2
(v(z)− iw(z)) = H(z, z)

(2.15)

Since
n∑
k=1

zkGzk(z, z) =
∑
k,`=1

zkz`fk`(z) =
n∑
k=1

zkHzk(z, z)

the system (2.15) is compatible. Clearly, the homogeneous system

n∑
k=1

zkuzk = 0 ,
n∑
k=1

zkuzk = 0 , (2.16)



38 CHAPTER 2. THE NEUMANN PROBLEM

corresponding to (2.15) means that its C1-solution is holomorphic as well as antiholomorphic
in DI n and therefore is a constant. So the general solution to (2.15) is a sum of a particular
solution to (2.15) and a constant. A particular solution to system (2.15) is given by

u(z) =

∫ 1

0

G(sz, sz)
ds

s
+

∫ 1

0

H(sz, sz)
ds

s
. (2.17)

Next we simplify the conditions such as (2.8), (2.9) and the solution (2.17). Actually the
conditions (2.8) and (2.9) are equivalent to

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

{ 1

(2πi)n

∫
∂0DI n

γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ

−(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

[ ν∑
α=λ+1

fk1kαζk2
···ζkλζkλ+1

···ζkα−1
ζkα+1

···ζkν
+

n∑
`=1

ζ`fk1`ζk2
···ζkλζkλ+1

···ζkν

]

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dζkτdηkτ

−(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

[ ν∑
α=λ+1

fkαk1ζk2
···ζkλζkλ+1

···ζkα−1
ζkα+1

···ζkν
+

n∑
`=1

ζ`f`k1ζk2
···ζkλζkλ+1

···ζkν

]

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dζkτdηkτ

}
= 0 . (2.18)

Substituting (2.10) and (2.11) into (2.15), the representation (2.17) gets the form

u(z) =

∫ 1

0

n∑
`,ν=1

∑
1≤k1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

[
ζ`f`k1ζk2

···ζkν

×
( ν∏
τ=1

szkτ
1− szkτ ζkτ

− (−1)ν
ν∏
τ=1

1

ζkτ − szkτ

)

+ζ`fk1`ζk2
···ζkν

( ν∏
τ=1

szkτ
1− szkτ ζkτ

− (−1)ν
ν∏
τ=1

1

ζkτ − szkτ

)] ν∏
τ=1

dξkτdηkτ
ds

s

+

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − sz
+

ζ

ζ − sz
− 1
]dζ
ζ

ds

s
+ C

+

∫ 1

0

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)λ

πν

∫
DI k1

· · ·
∫
DI kν

{

×
[ ν∑
α=λ+1

fkαk1ζk2
···ζkλζkλ+1

···ζkα−1
ζkα+1

···ζkν
+

n∑
`=1

ζ`fk1`ζk2
···ζkλζkλ+1

···ζkν

]
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×
λ∏
τ=1

szkτ
1− szkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − szkτ

+
[ ν∑
α=λ+1

fk1kαζk2
···ζkλζkλ+1···ζkα−1ζkα+1···ζkν

+
n∑
`=1

ζ`fk1`ζk2
···ζkλζkλ+1

···ζkν

]

×
λ∏
τ=1

szkτ
1− szkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − szkτ

} ν∏
τ=1

dζkτdηkτ
ds

s
. (2.19)

Theorem 6 Let fk` ∈ C1(DI n)∩L1(DI n) and satisfy the conditions (2.3). Then problem N1 is
solvable if and only if the condition (2.14) holds and the condition (2.18) holds for any z ∈ DI n.
The solution is given by (2.19). The corresponding homogeneous problem has no nontrivial
solutions.

Corollary 1 Problem N1 for pluriharmonic functions in DI n (n ≥ 1) is solvable if and only if

1

(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ
= 0 (2.20)

holds and the condition

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)ν

∫
∂0DI n

γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 (2.21)

holds for any z ∈ DI n. Then the solution to N1 is

u(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − sz
+

ζ

ζ − sz
− 1
]dζ
ζ

ds

s
+ C . (2.22)

In this case (2.14) coincides with (2.20) and (2.18) with (2.21) and C1 = C2 = 0 in (2.14)
because of fk`(z) = 0. But from (2.10) and (2.11) it follows that

v(z)− iw(z) =
1

(2πi)n

∫
∂0DI n

γ(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ

v(z)− iw(z) =
1

(2πi)n

∫
∂0DI n

γ(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ

So the equations (2.15) according to the representation u(z) = ϕ(z) + ψ(z) and together with
condition (2.20) turns out to be the following partial differential equations for the holomorphic
functions ϕ and ψ in DI n.

n∑
k=1

zkϕzk =
1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − z
− 1
]dζ
ζ

(2.23)

n∑
k=1

zkψzk =
1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − z
− 1
]dζ
ζ
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Transforming the variables via

ω1 = z1, ω2 = z1/z2, · · · , ωn = z1/zn

we obtain

ω1
∂ϕ

∂ω1

=
1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ1

ζ1 − ω1

ζ2

ζ2 − ω1/ω2

· · · ζn
ζn − ω1/ωn

− 1
]dζ
ζ
,

ω1
∂ψ

∂ω1

=
1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ1

ζ1 − ω1

ζ2

ζ2 − ω1/ω2

· · · ζn
ζn − ω1/ωn

− 1
]dζ
ζ
.

Integrating these equations we get

ϕ(ω) =
1

(2πi)n

∫
∂0DI n

γ(ζ)

∫ ω1

0

[ ζ1

ζ1 − t

n∏
τ=2

ζτ
ζτ − t/ωτ

− 1
]dt
t

dζ

ζ
+ C◦1 ,

ψ(ω) =
1

(2πi)n

∫
∂0DI n

γ(ζ)

∫ ω1

0

[ ζ1

ζ1 − t

n∏
τ=2

ζτ
ζτ − t/ωτ

− 1
]dt
t

dζ

ζ
+ C◦2 .

Transforming 0 ≤ s = t/ω1 ≤ 1 and returning to the original variables gives

ϕ(z) =
1

(2πi)n

∫
∂0DI n

γ(ζ)

∫ 1

0

[ 1

1− szζ
− 1
]ds
s

dζ

ζ
+ C◦1 , (2.24)

ψ(z) =
1

(2πi)n

∫
∂0DI n

γ(ζ)

∫ 1

0

[ 1

1− szζ
− 1
]ds
s

dζ

ζ
+ C◦2 .

It is also possible to solve (2.23) applying power series, i.e. let

ϕ(z) =
∑
k

αkz
k,

where k = (k1, · · · , kn), k1, · · · , kn ∈ N ∪ {0}, z ∈ DI n.

Keeping (2.20) in mind and representing both sides of (2.23) as series leads to

∞∑
k1=0

· · ·
∞∑

kn=0

(k1 + · · ·+ kn)αk1···knz
k1
1 · · · zknn

=
1

(2πi)n

∫
∂0DI n

γ(ζ)
∞∑
k1=0

· · ·
∞∑

kn=0

(z1ζ1)k1 · · · (znζn)kn
dζ

ζ
.

By the Lebesgue theorem we know

| k | αk =
1

(2πi)n

∫
∂0DI n

γ(ζ)ζ
k dζ

ζ
, 0 ≤| k | .
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This means

αk =
1

(2πi)n

∫
∂0DI n

γ(ζ)
ζ
k

| k |
dζ

ζ
, | k |> 0.

i.e.

ϕ(z) =
∑
|k|>0

( 1

(2πi)n

∫
∂0DI n

γ(ζ)
ζ
k

| k |
dζ

ζ

)
zk + C◦1

=
1

(2πi)n

∫
∂0DI n

γ(ζ)
∑
|k|>0

(zζ)k

| k |
dζ

ζ
+ C◦1 . (2.25)

In the same way

ψ(z) =
1

(2πi)n

∫
∂0DI n

γ(ζ)
∑
|k|>0

(zζ)k

| k |
dζ

ζ
+ C◦2 .

By the way, comparing (2.25) with (2.24) we get the sum of an interesting series :

∞∑
|k|>0

(zζ)k

|k|
=

∫ 1

0

[ 1

1− szζ
− 1
]ds
s
, for z ∈ DI n, ζ ∈ ∂0DI

n.

If we choose ζ = (1, · · · , 1) ∈ ∂0DI
n then it turns out to be

∞∑
k1=0

|k|>0

· · ·
∞∑

kn=0

zk1
1 · · · zknn

k1 + · · ·+ kn
=

∫ 1

0

[ 1

1− sz1

· · · 1

1− szn
− 1
]ds
s
, z ∈ DI n.

By the induction method it is easy to get∫ 1

0

[ 1

1− sz1

· · · 1

1− szn
− 1
]ds
s

=
n∑
ν=1

zn−1
ν

n∏
µ=1
µ6=ν

1

zν − zµ

∫ 1

0

zν
1− szν

ds

= −
n∑
ν=1

zn−1
ν log(1− zν)

n∏
µ=1
µ6=ν

1

zν − zµ
.

2.2 The inhomogeneous pluriholomorphic system

2.2.1 Preliminaries and Definition

The Neumann problem for the inhomogeneous pluriholomorphic system in the unit ball was
studied in [2] page 225. However, about the Neumann problem even for the homogeneous
pluriholomorphic system in the unit polydisc nothing can be found in the literature , although
a great deal of research has been done about the ∂− Neumann problem in polydiscs, see [6],
[9], [25] etc.
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Let fkl , γ be given functions with fklzj ∈ L1(DI n) ∩ C(DI n), γ ∈ C(∂0DI
n). We denote by

ZZ+ the set of non-negative integers, i.e., ZZ+ = {0}∪ NI where NI is the set of positive integers.
Consider the following inhomogeneous system of n(n+ 1)/2 independent equations

∂2u

∂zk∂z`
= fk`(z) , 1 ≤ k , ` ≤ n, (2.26)

with given right – hand sides satisfying the condition

fk`(z) = f`k(z) ,
∂fk`
∂zs
− ∂fks

∂z`
= 0 , 1 ≤ s ≤ n . (2.27)

Problem N2 . Find a C1(DI n) – solution of system (2.26), satisfying the Neumann condition

∂u

∂νζ
= γ0(ζ) , ζ ∈ ∂0DI

n , (2.28)

where ∂u/∂νζ denotes the outward normal derivative of u(z) at the point ζ ∈ ∂0DI
n.

By the definition it is known that, see the previous section or [22], the Neumann condition
(2.28) for the unit polydisc turns out to be

n∑
j=1

(
zj
∂u

∂zj
+ zj

∂u

∂zj

)∣∣∣
ζ
= γ(ζ) , ζ ∈ ∂0DI

n , (2.29)

with γ(ζ) = γ0(ζ)
√
n/2.

It is also known that the general solution to (2.26) is representable as

u(z) = φ0(z) + < φ(z) , z > + u0(z) (2.30)

where φ(z) =
(
φ1(z), · · · , φn(z)

)
and every φk(z), k = 0, 1, · · · , n is an arbitrary function,

analytic in DI n ; u0(z) is a special solution to (2.26) given by

u0 =
n∑
µ=1

(−1)µ+1
∑

1≤`1≤n
1≤`2,···,`µ≤n

T`µ · · ·T`2T 2
`1
f`1`1ζ`2 ···ζ`µ

+
n∑
ν=2

(−1)ν
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1f`1`2ζ`3 ···ζ`ν (2.31)

see the previous chapter or [21].

It is well known that for any given real – valued continuous function γ on ∂DI there
exists an analytic function w in DI , the real part of which has the boundary values γ on
∂DI , Re w = γ . A solution can be given by the Schwarz integral Sγ which is the complex
counterpart of the Poisson integral Pγ . Hence γ turns out to be the boundary values of
a harmonic function in DI . For two complex variables in order that a given real – valued
function on the distinguished boundary ∂0DI

2 of the unit bidisc DI 2 is the boundary value
function of the real part of an analytic function in DI 2 it has to belong to the space ∂PhDI 2

of boundary values of pluriharmonic functions in DI 2 . It is known that not every function
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defined on ∂0DI
2 is in ∂PhDI 2 , see [2] page 243. However, for our discussion we need to look

at the problem a little bit further. Let the real– valued function γ on ∂0DI
2 be representable

by a Fourier series

γ(z1, z2) =
+∞∑

i,k=−∞

aikz
i
1z
k
2 , aik =

1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)ζ
i

1ζ
k

2

dζ1

ζ1

dζ2

ζ2

a−i,−k = aik , i, k ∈ ZZ , (z1, z2) ∈ ∂0DI
2. (2.32)

Thus for the given γ we have two real pluriharmonic function in CI 2 : one in DI ++ :=
DI 2 (DI −− = { z|z = (z1, z2) , |z1| > 1 , |z2| > 1 }) , i.e.,

+∞∑
i,k=0

{
aikz

i
1z
k
2 + a−i,−kz

i
1z
k
2

}
−a0,0 (2.33)

and one in DI +− = { z|z = (z1, z2) , |z1| < 1 , |z2| > 1 } (DI −+) ,

+∞∑
i,k=1

{
ai,−kz

i
1z
−k
2 + a−i,kz

−i
1 zk2

}
(2.34)

Clearly, if γ ∈ ∂PhDI 2 , then obviously a−i,k = ai,−k = 0 for i, k ∈ NI ,i.e.,

ai,−k =
−1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)ζ
i

1ζ
k
2

dζ1

ζ1

dζ2

ζ2

= 0 , i, k ∈ NI , (2.35)

or equivalently

1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)
z1ζ1

1− z1ζ1

z2ζ2

1− z2ζ2

dζ1

ζ1

dζ2

ζ2

= 0 , (z1, z2) ∈ DI 2 . (2.36)

If γ ∈ ∂PhDI +− , then ai,k = a−i,−k = 0 for i, k ∈ ZZ+ . This means γ satisfies

ai,k =
1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)ζ
i

1ζ
k

2

dζ1

ζ1

dζ2

ζ2

= 0 , i, k ∈ ZZ+ , (2.37)

equivalently

1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)
1

1− z1ζ1

1

1− z2ζ2

dζ1

ζ1

dζ2

ζ2

= 0 , (z1, z2) ∈ DI 2 . (2.38)

Evidently, it is easy to see that ∂PhDI 2 = ∂PhDI −− , ∂PhDI +− = ∂PhDI −+ .

Further, if γ belongs to ∂HDI 2 the space of boundary values of functions, holomorphic in
DI 2 , then γ satisfies the condition (2.36) and

a−i,−k =
1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)ζ i1ζ
k
2

dζ1

ζ1

dζ2

ζ2

= 0 , i, k ∈ ZZ+ , i+ k 6= 0, (2.39)

as well, i.e.,

1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)
[ 1

1− z1ζ1

1

1− z2ζ2

− 1
]dζ1

ζ1

dζ2

ζ2

= 0 , (z1, z2) ∈ DI 2 , (2.40)
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equivalently

1

(2πi)2

∫
∂0DI 2

γ(ζ1, ζ2)
[ z1ζ1

1− z1ζ1

+
z2ζ2

1− z2ζ2

− z1ζ1

1− z1ζ1

z2ζ2

1− z2ζ2

]dζ1

ζ1

dζ2

ζ2

= 0 . (2.41)

For our further discussion we need Theorem 5.1 from [2]:

Theorem 7 Let γ be real–valued continuous on ∂0DI
n satisfying

n−1∑
k=1

1

(2πi)n

∫
∂0DI n

γ(ζ)

[( k∏
ν=1

ζν
ζν − zν

− 1

)
zk+1

ζk+1 − zk+1

+

( k∏
ν=1

ζν
ζν − zν

− 1

)
zk+1

ζk+1 − zk+1

]

×
n∏

ν=k+2

(
ζν

ζν − zν
+

ζν
ζν − zν

− 1

)
dζ

ζ
= 0

or equivalently γ ∈ ∂PhDI n . Then for any real c

ϕ(z) :=
1

(2πi)n

∫
∂0DI n

γ(ζ)

[
2

ζ

ζ − z
− 1

]
dζ

ζ
+ ic

is analytic in DI n satisfying Re ϕ(ζ) = γ(ζ) on ∂0DI
n .

On the basis of this theorem and from our discussion above we can get some conclusion
about the boundary values of holomorphic functions in polydiscs.

Lemma 2 Let γ be real–valued continuous on ∂0DI
n satisfying γ ∈ ∂HDI n :

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 . (2.42)

Then

φ(z) :=
1

(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ − z
(2.43)

is analytic in DI n satisfying φ(ζ) = γ(ζ) on ∂0DI
n .

2.2.2 The classical problem

From (2.30) it follows that

uzk = φk(z) + u0zk , uzk =
∂φ0

∂zk
+

n∑
µ=1

zµ
∂φµ
∂zk

+
∂u0

∂zk
. (2.44)

where

u0zk =
n∑
ν=1

(−1)ν+1
∑

1≤k1<···<kν≤n

Tkν · · ·Tk1fk1k ζk2
···ζkν

, 1 ≤ k ≤ n .
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Substituting these expressions into (2.29), we obtain an equality for ζ ∈ ∂0DI
n ,

n∑
k=1

ζk

(
φk(ζ) +

n∑
j=1

ζj
∂φk
∂ζj

+
ζk
n

n∑
j=1

ζj
∂φ0

∂ζj

)
=

n∑
k=1

ζk

(ζk
n
γ(ζ)− ∂u0

∂ζk
− ζk
n

n∑
j=1

ζj
∂u0

∂ζj

)
. (2.45)

Evidently this equality is satisfied if

φk(ζ) +
n∑
j=1

ζj
∂φk
∂ζj

+
ζk
n

n∑
j=1

ζj
∂φ0

∂ζj
=
ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
−∂u0

∂ζk
(2.46)

hold for any ζ ∈ ∂0DI
n and k ∈{1, 2, · · · , n} . Since the left hand–side represents the boundary

values of a holomorphic function in DI n , the right hand–side does too. Thus according to
Lemma.1, the problem is solvable if and only if the following conditions are satisfied,

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

{< ζ, z >

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
− < gradζu0, z >

}

×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 , z ∈ DI n . (2.47)

Then

φk(z) +
n∑
j=1

zj
∂φk
∂zj

+
zk
n

n∑
j=1

zj
∂φ0

∂zj

=
1

(2πi)n

∫
∂0DI n

{ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
−∂u0

∂ζk

} dζ

ζ − z
, z ∈ DI n (2.48)

is analytic in DI n and satisfies condition (2.47).

To derive the solution of problem N2 we apply the Cauchy formula to (2.46) and by taking
into account

1

2πi

∫
∂DI

Tf(ζ)
dζ

ζ − z
= 0

i.e.,
1

(2πi)n

∫
∂0DI n

u0zk

dζ

ζ − z
= 0

we get the following partial differential equations for z ∈ DI n,

φk(z) +
n∑
j=1

zj
∂φk
∂zj

= −zk
n

n∑
j=1

zj
∂φ0

∂zj
+

1

(2πi)n

∫
∂0DI n

ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − z
. (2.49)

By the transformation

ω1 = z1 , ω2 =
z1

z2

, · · · , ωn =
z1

zn
,

we obtain for (2.49) the equations

ω1
∂φ1

∂ω1

+ φ1 = −ω
2
1

n

∂φ0

∂ω1

+
1

(2πi)n

∫
∂0DI n

ζ1

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
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× dζ1

ζ1 − ω1

dζ2

ζ2 − ω1/ω2

· · · dζn
ζn − ω1/ωn

,

ω1
∂φk
∂ω1

+ φk = − ω2
1

nωk

∂φ0

∂ω1

+
1

(2πi)n

∫
∂0DI n

ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
× dζ1

ζ1 − ω1

dζ2

ζ2 − ω1/ω2

· · · dζn
ζn − ω1/ωn

, k = 2, · · · , n.

Integrating these equations we have

ω1φ1 = −
∫ ω1

0

t2

n

∂φ0

∂t
dt+

∫ ω1

0

1

(2πi)n

∫
∂0DI n

ζ1

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]

× dζ1

ζ1 − t
dζ2

ζ2 − t/ω2

· · · dζn
ζn − t/ωn

dt+ C1

ω1φk = −
∫ ω1

0

t2

nωk

∂φ0

∂t
dt+

∫ ω1

0

1

(2πi)n

∫
∂0DI n

ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

]
× dζ1

ζ1 − t
dζ2

ζ2 − t/ω2

· · · dζn
ζn − t/ωn

dt+ Ck , k = 2, · · · , n.

Substituting ω1 = 0 on both sides we see that Ck = 0, k = 1, 2, · · · , n. Returning to the
original variables we have

z1φ1(z) =

∫ 1

0

z1

(2πi)n

∫
∂0DI n

ζ1

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds

−z1

∫ 1

0

sz1

n

n∑
j=1

(szj)
∂φ0(sz)

∂(szj)
ds

z1φk(z) =

∫ 1

0

z1

(2πi)n

∫
∂0DI n

ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds

−z1

∫ 1

0

szk
n

n∑
j=1

(szj)
∂φ0(sz)

∂(szj)
ds , k = 2, · · · , n,

i.e., for k = 1, · · · , n , we have

φk(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

ζk
n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds−

∫ 1

0

s2zk
n
dφ0(sz). (2.50)

Hence the representation (2.30) gets the form

u(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds+ u0(z)
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+ φ0(z)−
∫ 1

0

< sz, sz >

n
dφ0(sz) . (2.51)

If we take

φ0(z) =
∑
|κ| ≥0

aκz
κ , z ∈ DI n ,

then

φ0(z)−
∫ 1

0

< sz, sz >

n
dφ0(sz) =

∑
|κ| ≥0

aκz
κ

−
∫ 1

0

s2|z|2

n

[ n∑
j=1

( ∑
|κ| ≥1

aκκj(sz)κ/szj

)
zjds

]

=
∑
|κ| ≥0

aκz
κ −

∫ 1

0

s|z|2

n

∑
|κ| ≥1

aκ|κ|(sz)κds

= a0 +
∑
|κ| ≥1

aκ

[
1− |κ||z|2

n(|κ|+ 2)

]
zκ .

Thus

u(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds+ u0(z)

+
∑
|κ| ≥0

aκ

[
1− |κ||z|2

n(|κ|+ 2)

]
zκ , z ∈ DI n . (2.52)

Theorem 8 Problem N2 is solvable if and only if its right–hand sides satisfy condition (2.47)
on ∂0DI

n . The general solution can be given by (2.52). The corresponding homogeneous problem
has infinitely many linearly independent non–trivial solutions,[

1− |κ||z|2

n(|κ|+ 2)

]
zκ , |κ| > 0, z ∈ DI n .

The problem N2 is not well posed.

2.2.3 The modified problem

Since the solution (2.52) includes a free analytic function, clearly to get a fixed solution only a
Schwarz problem is needed to be solved. So we introduce an additional boundary condition.

Problem N∗2 Find a C1(DI n) solution to system (2.26) satisfying the Neumann condition
(2.28) and

Re u(ζ) = γ∗(ζ) , ζ ∈ ∂0DI
n . (2.53)

We call this problem the modified Neumann problem for system (2.26).
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Let fk` = 0 in (2.26). Then the solvability condition (2.47) takes the form

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

< ζ, z >

n
γ(ζ)

λ∏
τ=1

zkτ
ζkτ − zkτ

×
ν∏

τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 , ζ ∈ ∂0DI

n , z ∈ DI n ∪ ∂0DI
n (2.54)

and it means that every ζkγ(ζ) on ∂0DI
n ( k = 1, · · · , n) belongs to ∂HDI n . Actually it is

evident that γ(ζ) ∈ ∂HDI n . Note ζ1γ(ζ) = ϕ1(ζ) , ϕ1(ζ) ∈ ∂HDI n , then γ(ζ) = ζ1ϕ1(ζ) .
If γ(ζ) /∈ ∂HDI n , then ζ2ζ1ϕ1(ζ) /∈ ∂HDI n . But by the condition above ζ2γ(ζ) ∈ ∂HDI n . This
is a contradiction. Hence condition (2.54) becomes

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0. (2.55)

Substituting (2.53) into (2.52) shows

∑
|κ| ≥0

aκζ
κ

+ aκζ
κ

2 + |κ|
= γ∗(ζ)−Re

∫ 1

0

1

(2πi)n

∫
∂0DI n

< η, ζ >

n
γ(η)

dη

η − sζ
ds =: 2Γ(ζ),

i.e.,

Re
∑
|κ| ≥0

aκζ
κ

2 + |κ|
= Γ(ζ) , ζ ∈ ∂0DI

n . (2.56)

Due to the character of the left–hand side of (2.56), the right–hand side Γ(ζ) on ∂0DI
n is also

the boundary values of a function, pluriharmonic in DI n . This means the given function Γ(ζ)
on ∂0DI

nmust satisfy the condition,

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

Γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 (2.57)

In fact due to γ(ζ) ∈ ∂HDI n , it follows that

2Γ(ζ) = γ∗(ζ)−Re
∫ 1

0

< sζ, ζ >

n
γ(sζ)ds = γ∗(ζ)−Re

∫ 1

0

sγ(sζ)ds .

Hence

Re

∫ 1

0

sγ(sζ)ds ∈ ∂PhDI n

the condition (2.57) implies that γ∗(ζ) ∈ ∂PhDI n ,i.e.,

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

γ∗(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0. (2.58)
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So if condition (2.58) is satisfied, then the Schwarz problem (2.56) is solvable and the solution
is given by ∑

|κ| ≥ 0

aκz
κ

|κ|+ 2
=

1

(2πi)n

∫
∂0DI n

Γ(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ

+ iC0

=
∑
|κ| > 0

2

(2πi)n

∫
∂0DI n

Γ(ζ)(zζ)κ
dζ

ζ
+

1

(2πi)n

∫
∂0DI n

Γ(ζ)
dζ

ζ
+ iC0

with an arbitrary real constant C0, is analytic in DI n and satisfies equation (2.56), see [2] page
251. One can see that

a0 =
2

(2πi)n

∫
∂0DI n

Γ(ζ)
dζ

ζ
+ i2C0 , aκ =

2(2 + |κ|)
(2πi)n

∫
∂0DI n

Γ(ζ)ζ
κdζ

ζ
, |κ| > 0 . (2.59)

Hence if conditions (2.55) and (2.58) are satisfied, i.e., if γ(ζ) ∈ ∂HDI n and γ∗(ζ) ∈ ∂PhDI n ,
then problem N∗2 with fk` = 0 is solvable and the solution is given by

u(z) =
∑
|κ| ≥0

aκ

[
1− |κ||z|2

n(|κ|+ 2)

]
zκ +

∫ 1

0

1

(2πi)n

∫
∂0DI n

< ζ, z >

n
γ(ζ)

dζ

ζ − sz
ds , z ∈ DI n . (2.60)

But from∑
|κ| ≥0

aκ

[
1− |κ||z|2

n(|κ|+ 2)

]
zκ =

∑
|κ| >0

1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[
2 + |κ|n− |z|

2

n

]
(zζ)κ

dζ

ζ
+ a0

= a0 +
2

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− zζ
− 1
]dζ
ζ

+
∑
|κ| >0

n− |z|2

n(2πi)n

∫
∂0DI n

2Γ(ζ)|κ|(zζ)κ
dζ

ζ

= a0 +
2

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− zζ
− 1
]dζ
ζ

+
∑
|κ| >0

n− |z|2

n(2πi)n

∫
∂0DI n

2Γ(ζ)
∂

∂t
(tzζ)κ

∣∣∣
t=1

dζ

ζ

= a0 +
n− |z|2

n

∂

∂t

1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− tzζ
− 1
]dζ
ζ

∣∣∣
t=1

+
2

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− zζ
− 1
]dζ
ζ

we get

u(z) = iC0 +
n− |z|2

n

∂

∂t

1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− tzζ
− 1
]dζ
ζ

∣∣∣
t=1

+
1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 2

1− zζ
− 1
]dζ
ζ

(2.61)

where C0 is an arbitrary real constant. Next we make some simplifications. Let

I1 =
1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 2

1− zζ
− 1
]dζ
ζ
, z ∈ DI n,
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then

I1 =
−1

(2πi)n

∫
∂0DI n

{
Re

∫ 1

0

1

(2πi)n

∫
∂0DI n

< η, ζ >

n
γ(η)

dη

η − sζ
ds
}[ 2

1− zζ
− 1
]dζ
ζ

+
1

(2πi)n

∫
∂0DI n

γ∗(ζ)
[ 2

1− zζ
− 1
]dζ
ζ

=: −I1a − I1b + I1c

where

2I1a =
1

(2πi)n

∫
∂0DI n

∫ 1

0

1

(2πi)n

∫
∂0DI n

< η, ζ >

n
γ(η)

dη

η − sζ
ds
[ 2

1− zζ
− 1
]dζ
ζ
.

By changing the order of integration, we have

2I1a =
1

(2πi)n

∫
∂0DI n

∫ 1

0

γ(η)
{ 1

(2πi)n

∫
∂0DI n

< η, ζ >

n

1

1− sζη

[ 2

1− zζ
− 1
]dζ
ζ

}
ds
dη

η
,

but
1

(2πi)n

∫
∂0DI n

< η, ζ >

n

1

1− sζη

[ 2

1− zζ
− 1
]dζ
ζ

=
n∑
k=1

1

n(2πi)n

∫
∂0DI n

ηkζk
1− sζkηk

n∏
τ=1
τ 6=k

1

1− sζτητ
2dζ

ζ − z
− 1

(2πi)n

∫
∂0DI n

< ζ, η >

n

dζ

ζ − sη

=
n∑
k=1

2

n(2πi)n

∫
∂0DI n

ηk

[
ζk +

sηk
1− sζkηk

] n∏
τ=1
τ 6=k

1

1− sζτητ
1

1− zζ
dζ

ζ
− < sη, η >

n

=
n∑
k=1

2

n
ηk

sηk
1− szkηk

n∏
τ=1
τ 6=k

1

1− szτητ
− s = s

[ 2

1− szη
− 1
]
,

leads to

2I1a =

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(η)
[
2

η

η − sz
− 1
]dη
η
sds

The second part of I1 which has to be simplified is

2I1b =
1

(2πi)n

∫
∂0DI n

∫ 1

0

1

(2πi)n

∫
∂0DI n

< η, ζ >

n
γ(η)

dη

η − sζ
ds
[ 2

1− zζ
− 1
]dζ
ζ
.

By changing the order of the integrals

2I1b =
1

(2πi)n

∫
∂0DI n

∫ 1

0

γ(η)
{ 1

(2πi)n

∫
∂0DI n

< ζ, η >

n

1

1− sηζ

[ 2

1− zζ
− 1
]dζ
ζ

}
ds
dη

η

and from

1

(2πi)n

∫
∂0DI n

< ζ, η >

n

1

1− sηζ

[ 2

1− zζ
− 1
]dζ
ζ

=
n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkηk
n
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×
[
1 + sηkζk +

(sηkζk)
2

1− sηkζk

] n∏
τ=1
τ 6=k

1

1− sητζτ

{
2
[
1 +

zkζk
1− zkζk

] n∏
τ=1
τ 6=k

1

1− szτζτ
− 1
}dζ
ζ

=
n∑
k=1

1

2πi

∫
∂DI k

1

n

[
ζkηk + s+ s

sηkζk
1− sηkζk

]{
2
[
1 +

zkζk
1− zkζk

]
−1
}dζk
ζk

=
n∑
k=1

1

2πi

∫
∂DI k

1

n

[
ζkηk + s+ s

sηkζk
1− sηkζk

][
1 +

2zkζk
1− zkζk

]dζk
ζk

=
n∑
k=1

1

n

[
s+ 2zkηk

]
we have

2I1b =
1

(2πi)n

∫
∂0DI n

∫ 1

0

γ(η)
[
2
< z, η >

n
+ s
]
ds
dη

η

=
2

(2πi)n

∫
∂0DI n

< z, η >

n
γ(η)

dη

η
+

1

2(2πi)n

∫
∂0DI n

γ(η)
dη

η
.

Thus we have got I1 calculated as

I1 =
1

(2πi)n

∫
∂0DI n

γ∗(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ
− 1

2

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[
2

ζ

ζ − sz
− 1
]dζ
ζ
sds

− 1

(2πi)n

∫
∂0DI n

< z, ζ >

n
γ(ζ)

dζ

ζ
− 1

4(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ
.

Let

I2 :=
1

(2πi)n

∫
∂0DI n

2Γ(ζ)
[ 1

1− tzζ
− 1
]dζ
ζ
.

Similar to I1 it is easy to get

I2 =
1

(2πi)n

∫
∂0DI n

γ∗(ζ)
[ ζ

ζ − tz
− 1
]dζ
ζ
− 1

2

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − stz
− 1
]dζ
ζ
sds

− 1

2(2πi)n

∫
∂0DI n

< tz, ζ >

n
γ(ζ)

dζ

ζ

So we have

u(z) = iC0 +
n− |z|2

n

∂

∂t

{ 1

(2πi)n

∫
∂0DI n

γ∗(ζ)
[ ζ

ζ − tz
− 1
]dζ
ζ

−1

2

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[ ζ

ζ − stz
− 1
]dζ
ζ
sds− 1

2(2πi)n

∫
∂0DI n

< tz, ζ >

n
γ(ζ)

dζ

ζ

}∣∣∣
t=1

+
1

(2πi)n

∫
∂0DI n

γ∗(ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ
− 1

2

∫ 1

0

1

(2πi)n

∫
∂0DI n

γ(ζ)
[
2

ζ

ζ − sz
− 1
]dζ
ζ
sds

− 1

(2πi)n

∫
∂0DI n

< z, ζ >

n
γ(ζ)

dζ

ζ
− 1

4(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ
, (2.62)

where C0 is an arbitrary real constant.

Lemma 3 The modified Neumann problem N∗2 for pluriholomorphic functions in DI n is
uniquely solvable if and only if the condition (2.55) and (2.58) are satisfied,i.e., γ ∈ ∂HDI n

and γ∗ ∈ ∂PhDI n . The solution which is unique up to an arbitrary real constant, is given by
(2.62). The problem is well – posed.
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Next we clarify the solution and the solvability conditions of the modified problem N∗2 for the
inhomogeneous system (2.26). By substituting the condition (2.53) into the representation
(2.52) we have , ∑

|κ| ≥0

(
aκζ

κ
+ aκζ

κ
) 1

|κ|+ 2
= γ∗(ζ)−Re u0(ζ)

−Re
∫ 1

0

1

(2πi)n

∫
∂0DI n

< η, ζ >

n

[
γ(η)−

n∑
j=1

ηj
∂u0

∂ηj

] dη

η − sζ
ds =: 2F (ζ) , ζ ∈ ∂0DI

n ,

i.e.,

Re
∑
|κ| ≥0

aκζ
κ

|κ|+ 2
= F (ζ) , ζ ∈ ∂0DI

n . (2.63)

This means again F ∈ ∂PhDI n , because the left-hand side belongs to ∂PhDI n , i.e.,

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

F (ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 ,

z ∈ DI n . (2.64)

Then the Schwarz problem (2.63) is solvable and the solution can be given by∑
|κ| ≥ 0

aκz
κ

|κ|+ 2
=

1

(2πi)n

∫
∂0DI n

F (ζ)
[
2

ζ

ζ − z
− 1
]dζ
ζ

+ iC1

and from it one can derive that

a0 =
2

(2πi)n

∫
∂0DI n

F (ζ)
dζ

ζ
+ i2C1 , aκ =

2(2 + |κ|)
(2πi)n

∫
∂0DI n

F (ζ)ζ
κdζ

ζ
, |κ| > 0 ,

where C1 is an arbitrary real constant. Substituting them into (2.52) we get

u(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds+ u0(z)

+
∑
|κ| ≥0

2 + |κ|
(2πi)n

∫
∂0DI n

[
1− |κ||z|2

n(|κ|+ 2)

]
F (ζ)(zζ)κ

dζ

ζ
+ i2C1 , z ∈ DI n .

Similarly to the case of the pluriholomorphic system we obtain

u(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ(ζ)−

n∑
j=1

ζj
∂u0

∂ζj

] dζ

ζ − sz
ds+ u0(z) + iC∗

+
∂

∂t

n− |z|2

n(2πi)n

∫
∂0DI n

F (ζ)
[ 1

1− tzζ
− 1
]dζ
ζ

∣∣∣
t=1

+
1

(2πi)n

∫
∂0DI n

F (ζ)
[ 2

1− zζ
− 1
]dζ
ζ

(2.65)

where C∗ is an arbitrary real constant.

Theorem 9 The modified Neumann problem N∗2 for the inhomogeneous pluriholomorphic sys-
tem (2.26) in DI n is solvable if and only if the conditions (2.47) and (2.64) are satisfied. The
solution which is unique up to an arbitrary real constant, is given by (2.65). The problem is
well – posed.
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2.2.4 A simple application

Find the sums ∑
|k|>0

xk

|k|
,

∑
|k|>0

|k|xk , |x1| < 1, · · · , |xn| < 1 .

By the above method we get∑
|k|>0

xk1
1 · · ·xknn

k1 + · · ·+ kn
=

∫ 1

0

( 1

1− sx1

· · · 1

1− sxn
− 1
)ds
s
,

∑
|k|>0

(k1 + · · ·+ kn)(xk1
1 · · ·xknn ) =

∂

∂s

( 1

1− sx1

· · · 1

1− sxn
− 1
)∣∣∣

s=1
.

2.3 The inhomogeneous Cauchy-Riemann system

2.3.1 Preliminaries and Definition

From the literature it is known that about the ∂ – Neumann problem a great deal of research
has been done, not only in polydiscs and in the unit ball, see [6], [9] and [25] etc., but also
in general domains, see [15] and [12]. However, about the Neumann problem even for the
homogeneous holomorphic system in the unit polydisc nothing can be found in the literature,
while similar problem is solved in the case of the unit ball, see [3].

Let fk , γ be given functions with fkzj ∈ C(DI n), γ ∈ C(∂0DI
n). Consider the following

Cauchy-Riemann system of n independent equations

∂u

∂zk
= fk(z) , 1 ≤ k ≤ n , (2.66)

with given right – hand sides, satisfying the condition

∂fk
∂z`
− ∂f`
∂zk

= 0 , 1 ≤ `, k ≤ n . (2.67)

Problem N3 . Find a C1(DI n) – solution of system (2.66), satisfying the Neumann condition

∂u

∂νζ
= γ0(ζ) , ζ ∈ ∂0DI

n , (2.68)

where ∂u/∂νζ denotes the outward normal derivative of u(z) at the point ζ ∈ ∂0DI
n.

By definition it is known that, see the previous sections or [22], the Neumann condition
(2.68) for the unit polydisc turns out to be

n∑
j=1

(
zj
∂u

∂zj
+ zj

∂u

∂zj

)∣∣∣
ζ
= γ(ζ) , ζ ∈ ∂0DI

n , (2.69)

with γ(ζ) = γ0(ζ)
√
n.
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2.3.2 The problem

It is known that the general solution to (2.66) is representable as

u(z) = φ(z) + u0(z) (2.70)

where φ(z) is an arbitrary function analytic in DI n and

u0(z) =
n∑
µ=1

(−1)µ+1
∑

1≤k1<···<kµ≤n

Tkµ · · ·Tk1fk1ζk2
···ζkµ

, z ∈ DI n , (2.71)

see Chapter 1 Theorem 1 or [2] Theorem 5.2 . Substituting (2.70) into (2.69) we have

n∑
α=1

ζαφζα = γ(ζ)−
n∑

α=1

(ζαfα + ζαu0ζα) , ζ ∈ ∂0DI
n . (2.72)

Since the left–hand side represents the boundary values of an analytic function in DI n , the
right hand–side has to satisfy

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[
γ(ζ)−

n∑
α=1

(
ζαfα + ζαu0ζα

)]

×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 , z ∈ DI n, (2.73)

see Lemma 1 in the previous section or [23]. Then by the Cauchy integral for equation (2.72)
we get

n∑
α=1

zα
∂φ

∂zα
=

1

(2πi)n

∫
∂0DI n

[
γ(ζ)−

n∑
α=1

(
ζαfα + ζαu0ζα

)] dζ

ζ − z
. (2.74)

Applying
1

2πi

∫
∂DI

ζ
κ
Tf(ζ)

dζ

ζ − z
= 0, f ∈ L1(DI ), 0 ≤ κ, z ∈ DI , (2.75)

see [2] page 305, from (2.71) and (2.74) it is obvious that

n∑
α=1

zα
∂φ

∂zα
=

1

(2πi)n

∫
∂0DI n

[
γ(ζ)−

n∑
α=1

(
ζαfα + ζαΠαfα

)] dζ

ζ − z
(2.76)

where, Πj : Cα(DI )→ Cα(DI ), see [29],

Πjfj = − 1

π

∫
DI j

fj(ζ)
dζjdηj

(ζj − zj)2
, zj ∈ DI j

and

Πf = Tfζ −
1

2πi

∫
∂DI

f(ζ)
dζ

ζ − z
, f ∈ C1(DI ) ∩ C(DI ),
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see again [2] page 282.

Since the left–hand side of (2.74) vanishes for z = 0 ∈ DI n so the right–hand side has to vanish,
i.e.

1

(2πi)n

∫
∂0DI n

γ(ζ)
dζ

ζ
=

n∑
α=1

1

(2πi)n

∫
∂0DI n

(
ζαfα + ζαΠαfα

)dζ
ζ
. (2.77)

Transforming the variables via

u1 = z1, u2 = z1/z2, · · · , un = z1/zn ,

integrating the transformed equation and returning to the original variables one obtains

φ(z) =

∫ 1

0

1

(2πi)n

∫
∂0DI n

[
γ(ζ)−

n∑
α=1

(
ζαfα + ζαΠαfα

)] dζ

ζ − sz
ds

s
+ C (2.78)

where C is an arbitrary complex number.

Taking into account that

1

2πi

∫
∂DI

ζκTf(ζ)
dζ

ζ − z
=

1

π

∫
DI

f(ζ)
ζκ − zκ

ζ − z
dξdη,

f ∈ L1(DI ), 0 < κ , z ∈ DI , (2.79)

see [2] page 305, and

1

2πi

∫
∂DI

f(ζ)
dζ

ζ − z
=

1

π

∫
DI

ζf(ζ)
dζ

1− zζ
= − 1

π

∫
DI

ζfζ(ζ)
dξdη

1− zζ
,

f ∈ C1(DI ) ∩ C(DI )

it is easy to derive

Πf = Tfζ −
1

2πi

∫
∂DI

f(ζ)
dζ

ζ − z
= Tfζ +

1

π

∫
DI

ζfζ(ζ)
dξdη

1− zζ
, z ∈ DI ,

and further with η = ξ + iτ

1

2πi

∫
∂DI

ζΠf
dζ

ζ − z
=

1

2πi

∫
∂DI

ζ

[
Tfζ +

1

π

∫
DI

ηfη(η)
dξdτ

1− ζη

]
dζ

ζ − z

=
1

π

∫
DI

fη(η)dξdτ +
1

π

∫
DI

fη(η)

[
1

2πi

∫
∂DI

ζη

1− ζη
dζ

ζ − z
dξdτ

]
=

1

π

∫
DI

[
fη(η) + fη(η)

zη

1− zη

]
dξdτ =

1

π

∫
DI

fη(η)
dξdτ

1− zη
.

By the Green’s theorem it follows that

1

2πi

∫
∂DI

ζf(ζ)
dζ

ζ − z
=

1

2πi

∫
∂DI

f(ζ)
1

ζ − z
dζ

ζ



56 CHAPTER 2. THE NEUMANN PROBLEM

= − 1

2πi

∫
∂DI

f(ζ)
dζ

1− zζ
=

1

π

∫
DI

fζ(ζ)
dξdτ

1− zζ
.

Therefore
1

2πi

∫
∂DI

(
ζf + ζΠf

)
dζ

ζ − z
=

2

π

∫
DI

fζ(ζ)
dξdη

1− zζ
. (2.80)

Thus (2.78) takes the form

φ(z) =

∫ 1

0

[
1

(2πi)n

∫
∂DI n

γ(ζ)
dζ

ζ − sz
−

n∑
j=1

1

(2πi)n−1

∫
∂DI n−1

2

π

∫
DI j

fjζj
dξjdηj

1− szjζj

×
∏
k=1
k 6=j

dζk
ζk − szk

]
ds

s
+ C .

Further, by the Pompeiu formula for zk ∈ DI k, 1 ≤ k ≤ n, k 6= j one derives

Φ(z) =

∫ 1

0

[
1

(2πi)n

∫
∂DI n

γ(ζ)
dζ

ζ − sz

−
n∑
µ=1

∑
1≤λ1≤n

1≤λ2<···<λµ≤n

2

πµ

∫
DI λ1

∫
DI λ2

· · ·
∫
DI λµ

fλ1ζλ1
ζλ2
···ζλµ

× 1

1− szµ1ζλ1

µ∏
τ=2

1

ζλτ − szλτ

µ∏
τ=1

dξλτdηλτ

]
ds

s
+ C . (2.81)

So the solution to problem N3 can be given by

u(z) = −
n∑
ν=1

∑
1≤k1<···<kν

1

πν

∫
DI k1

· · ·
∫
DI kν

fk1ζk2
···ζkν

ν∏
τ=1

dξkτdηkτ
ζkτ − zkτ

+

∫ 1

0

[
1

(2πi)n

∫
∂DI n

γ(ζ)
dζ

ζ − sz
−

n∑
µ=1

∑
1≤k1≤n

1≤k2<···<kµ≤n

2

πµ

∫
DI k1

∫
DI k2

· · ·
∫
DI kµ

fk1ζk1
ζk2
···ζkµ

× 1

1− szkζk1

µ∏
τ=2

1

ζkτ − szkτ

µ∏
τ=1

dξkτdηkτ

]
ds

s
+ C . (2.82)

Also making some simplifications one can get a more explicit form of (2.73). We rewrite
condition (2.73) as

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

γ(ζ)
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

ζkτ
ζkτ − zkτ

dζ

ζ

=
n∑

α, ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

(
ζαfα + ζαu0ζα

)
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×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
=: I . (2.83)

Applying
1

2πi

∫
∂DI

f
z

ζ − z
dζ

ζ
=

1

π

∫
DI

fζ
z

1− zζ
dξdη , z ∈ DI ,

and
1

2πi

∫
∂DI

f
z

ζ − z
dζ

ζ
=

1

π

∫
DI

fζ
z

1− zζ
dξdη , z ∈ DI ,

we have

I =
n∑

α, ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
1≤kν+1<···<kn≤n

1

(2πi)n−ν

∫
∂0DI n−ν

1

πν

∫
DI k1

· · ·
∫
DI kν

×
(
ζαfα + ζαu0ζα

)
ζk1
···ζkλζkλ+1

···ζkν

λ∏
τ=1

zkτdξkτdηkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτdξkτdηkτ
1− zkτ ζkτ

n∏
τ=ν+1

dζkτ
ζkτ

=
n∑

α, ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
1≤kν+1<···<kn≤n

1

πν(2πi)n−ν

∫
DI k1

· · ·
∫
DI kν

∫
∂0DI n−ν

×
[(
ζαfα

)
ζk1
···ζkλζkλ+1

···ζkν
+
(
ζαfkν ζα

)
ζk1
···ζkλζkλ+1

···ζkν−1

]

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

n∏
τ=ν+1

dζkτ
ζkτ

Let
n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

Fζk1
···ζkλζkλ+1

···ζkν

λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

= J.

Replacing the summation index ν by µ = ν − λ we have

J =
n−1∑
λ=0

n−λ∑
µ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kλ+µ≤n

Fζk1
···ζkλζkλ+1

···ζkλ+µ

λ∏
τ=1

zkτ
1− zkτ ζkτ

λ+µ∏
τ=λ+1

zkτ
1− zkτ ζkτ

.

Denote {kλ+1, · · · , kλ+µ} = {h1, · · · , hµ}, {k1, · · · , kλ} = {hµ+1, · · · , hµ+λ} , where

1 ≤ h1 < · · · < hµ ≤ n , 1 ≤ hµ+1 < · · · < hµ+λ ≤ n .

Thus J can be written as

J =
n−1∑
λ=0

n−λ∑
µ=1

∑
1≤h1<···<hµ≤n

1≤hµ+1<···<hµ+λ≤n

Fζh1
···ζhµζhµ+1

···ζhµ+λ

µ∏
τ=1

zhτ
1− zhτ ζhτ

µ+λ∏
τ=µ+1

zhτ
1− zhτ ζhτ

.
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Again replacing the summation index λ by ν = µ+ λ we get

J =
n∑
ν=1

ν∑
µ=1

∑
1≤h1<···<hµ≤n

1≤hµ+1<···<hν≤n

Fζh1
···ζhµζhµ+1

···ζhν

µ∏
τ=1

zhτ
1− zhτ ζhτ

ν∏
τ=µ+1

zhτ
1− zhτ ζhτ

.

By virtue of

1

(2πi)n

∫
∂0DI n

f(ζ)
dζ

ζ
= f(z) +

n∑
k=1

k∑
µ=0

∑
1≤ν1<···<νµ≤n

1≤νµ+1<···<νk≤n

(−1)k−µ

πk

∫
DI ν1

· · ·
∫
DI νk

× fζν1 ···ζνµζνµ+1 ···ζνk

µ∏
τ=1

1

ζντ − zντ

k∏
τ=µ+1

zντ
1− zντ ζντ

k∏
τ=1

dξkτdηkτ , f ∈ C1(DI n), (2.84)

see [2] page 262, we obtain

I =
n∑

α, ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

{

×
[(
ζαfα

)
ζk1
···ζkλζkλ+1

···ζkν
+
(
ζαfkλ ζα

)
ζk1
···ζkλ−1

ζkλ+1
···ζkν

]

+
n−ν∑
`=1

∑̀
µ=0

∑
1≤σ1<···<σµ≤n−ν

1≤σµ+1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

(−1)`−µ

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`

×
[(
ζαfα

)
ζk1
···ζkλ

+
(
ζαfkλ ζα

)
ζk1
···ζkλ−1

]
ζkλ+1

···ζkν ζkν+σ1
···ζkν+σµ

ζkν+σµ+1
···ζkν+σ`

×
µ∏
τ=1

1

ζkν+στ
− zkν+στ

∏̀
τ=µ+1

zkν+στ

1− zkν+στ
ζkν+στ

∏̀
τ=1

dξkν+στdηkν+στ

}

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

=
n∑

α, ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

{

×
[(
ζαfα

)
ζk1
···ζkλζkλ+1

···ζkν
+
(
ζαfkλ ζα

)
ζk1
···ζkλ−1

ζkλ+1
···ζkν

]

+
n−ν∑
`=1

∑
1≤σ1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

(−1)`

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`
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×
[(
ζαfα

)
ζk1
···ζkλ

+
(
ζαfkλ ζα

)
ζk1
···ζkλ−1

]
ζkλ+1

···ζkν ζkν+σ1
···ζkν+σ`

×
∏̀
τ=1

zkν+στ

1− zkν+στ
ζkν+στ

∏̀
τ=1

dξkν+στdηkν+στ

+
n−ν∑
`=1

∑̀
µ=1

∑
1≤σ1<···<σµ≤n−ν

1≤σµ+1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

(−1)`−µ

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`

×
[(
ζαfα

)
ζk1
···ζkλ

+
(
ζαfkλ ζα

)
ζk1
···ζkλ−1

]
ζkλ+1

···ζkν ζkν+σ1
···ζkν+σµ

ζkν+σµ+1
···ζkν+σ`

×
µ∏
τ=1

1

ζkν+στ
− zkν+στ

∏̀
τ=µ+1

zkν+στ

1− zkν+στ
ζkν+στ

∏̀
τ=1

dξkν+στdηkν+στ

}

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

Replacing the summation over ` by one over γ := ν + ` and changing the order of summations
give for the last two terms

n∑
α=1

n∑
γ=2

γ−1∑
ν=1

ν∑
λ=1

∑
1≤h1<···<hλ≤n, 1≤hλ+1<···<hν≤n ,{k1,···,kλ}={h1,···,hλ}

1≤hν+1<···<hγ≤n ,{kλ+1,···,kν ,kν+σ1 ,···,kν+σγ−ν }={hλ+1,···,hν ,hν+1,···,hγ}

(−1)γ−ν

πγ

×
∫
DI h1

· · ·
∫
DI hγ

[(
ζαfα

)
ζh1
···ζhλ

+
(
ζαfhλ ζα

)
ζh1
···ζhλ−1

]
ζhλ+1

···ζhγ

×
λ∏
τ=1

zhτ
1− zhτ ζhτ

γ∏
τ=λ+1

zhτ
1− zhτ ζhτ

γ∏
τ=1

dξhτdηhτ

+
n∑

α=1

n∑
γ=2

γ−1∑
ν=1

ν∑
λ=1

γ−ν∑
µ=1

∑
1≤h1<···<hλ≤n, 1≤hλ+1<···<hν≤n ,

1≤hν+1<···<hν+µ≤n ,1≤hν+µ+1<···<hγ≤n ,
{kλ+1,···,kν ,kν+σµ+1 ,···,kν+σγ−ν }={hλ+µ+1,···,hν+µ,hν+µ+1,···,hγ}

{k1,···,kλ,kν+σ1 ,···,kν+σµ}={h1,···,hλ,hλ+1,···,hλ+µ}

(−1)γ−ν−µ

πγ

×
∫
DI h1

· · ·
∫
DI hγ

[(
ζαfα

)
ζh1

+
(
ζαfh1 ζα

)]
ζh2
···ζhλζhλ+1

···ζhλ+µ
ζhλ+1+µ

···ζhν+µ
ζhν+µ+1

···ζhγ

×
λ∏
τ=1

zhτ
1− zhτ ζhτ

λ+µ∏
τ=λ+1

1

ζhτ − zhτ

γ∏
τ=ν+µ+1

zhτ
1− zhτ ζhτ

γ∏
τ=1

dξhτdηhτ .

Since ∑
{kλ+1,···,kν ,kν+σ1 ,···,kν+σγ−ν }={hλ+1,···,hν ,hν+1,···,hγ}

1 =

(
γ−λ

ν−λ

)
,
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for some aλ with 1 ≤ λ ≤ ν we have

γ−1∑
ν=1

ν∑
λ=1

(−1)γ−ν
(

γ−λ

ν−λ

)
aλ =

γ−1∑
λ=1

γ−1∑
ν=λ

(−1)γ−ν
(

γ−λ

ν−λ

)
aλ

=

γ−1∑
λ=1

γ−λ−1∑
ν=0

(−1)γ−λ−ν
(

γ−λ

ν

)
aλ =

γ−1∑
λ=1

[(
1− 1

)γ−λ
−
(

γ−λ

γ−λ

)(
− 1
)0
]
aλ = −

γ−1∑
λ=1

aλ .

Similarly from ∑
{k1,···,kλ,kν+σ1 ,···,kν+σµ}={h1,···,hµ+λ}

1 =

(
µ+λ

λ

)
,

∑
{kλ+1,···,kν ,kν+σµ+1 ,···,kν+σγ−ν }={hλ+µ+1,···,hγ}

1 =

(
γ−µ−λ

ν−λ

)
,

for some aλµ with 1 ≤ λ ≤ ν , 1 ≤ µ ≤ γ − ν it can be easily shown that

γ−1∑
ν=1

ν∑
λ=1

γ−ν∑
µ=1

(−1)γ−ν−µ
(

γ−µ−λ

ν−λ

) (
µ+λ

λ

)
aλµ

=

γ−1∑
λ=1

γ−1∑
ν=λ

γ−ν∑
µ=1

(−1)γ−ν−µ
(

γ−µ−λ

ν−λ

) (
µ+λ

λ

)
aλµ

=

γ−1∑
λ=1

γ−λ∑
µ=1

γ−µ∑
ν=λ

(−1)γ−ν−µ
(

γ−µ−λ

ν−λ

) (
µ+λ

λ

)
aλµ

=

γ−1∑
λ=1

γ−λ∑
µ=1

γ−µ−λ∑
ν=0

(−1)γ−ν−λ−µ
(

γ−µ−λ

ν

) (
µ+λ

λ

)
aλµ

=

γ−1∑
λ=1

γ−λ∑
µ=1

[
(1− 1)γ−µ−λ

](
µ+λ

λ

)
aλµ = 0.

Finally we have simplified I as

I =
n∑

α, ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[(
ζαfα

)
ζk1

+
(
ζαfk1 ζα

)]
ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

−
n∑

α=1

n∑
γ=2

γ−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kγ≤n

1

πγ

∫
DI k1

· · ·
∫
DI kγ

[(
ζαfα

)
ζk1

+
(
ζαfk1 ζα

)]
ζk2
···ζkλζkλ+1

···ζkγ
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×
λ∏
τ=1

zkτ
1− zkτ ζkτ

γ∏
τ=λ+1

zkτ
1− zkτ ζkτ

γ∏
τ=1

dξkτdηkτ

=
n∑

α, ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[(
ζαfα

)
ζk1

+
(
ζαfk1 ζα

)]
ζk2
···ζkν

×
ν∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ .

Therefore condition (2.83) turns out to be

n∑
ν=1

ν−1∑
λ=0

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
DI n

γ(ζ)
λ∏
τ=1

zλτ
ζλτ − zλτ

ν∏
τ=λ+1

ζλτ
ζλτ − zλτ

dζ

ζ
=

n∑
α, ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[(
ζαfα

)
ζk1

+
(
ζαfk1 ζα

)]
ζk2
···ζkν

ν∏
τ=1

zkτdξkτdηkτ
1− zkτ ζkτ

. (2.85)

2.3.3 An alternative

In the following we give an alternative to the solvability condition (2.85). Let ϕ belong to the
Wiener algebra:

W (∂DI ;CI ) =
{
f
∣∣∣f(z) =

+∞∑
−∞

ακz
κ, z ∈ ∂DI , ‖ f ‖W :=

+∞∑
−∞

|ακ| <∞
}
,

see [18] and [28]. Then ϕ is representable as a Fourier series

ϕ(ζ) =
∞∑
k=0

αkζ
k +

∞∑
k=1

α−kζ
−k

and the series converges absolutely and uniformly to ϕ(ζ) , ζ ∈ ∂DI . If α−k = 0 (αk =
0) k ∈ NI then ϕ(ζ) is the boundary value of a function, holomorphic in DI (DI −) , i.e.,
ϕ ∈ BH(DI )(ϕ ∈ BH(DI −)) .

So, if ϕ ∈ W (∂DI ;CI ) then condition ϕ(ζ) ∈ BH(DI ) is equivalent to α−k = 0, k ∈ NI , i.e.,

1

2πi

∫
∂DI

ϕ(ζ)ζk
dζ

ζ
= 0 .

This leads to
∞∑
k=1

1

2πi

∫
∂DI

ϕ(ζ)(zζ)k
dζ

ζ
= 0 , z ∈ DI ,

namely
1

2πi

∫
∂DI

ϕ(ζ)
zζ

1− zζ
dζ

ζ
= 0 , z ∈ DI .
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Let ϕ ∈ W (∂DI 2, CI ) and ϕ(ζ) ∈ BH(D2). Then

αk1−k2 = 0, α−k1 −k2 = 0, αk1−k2 = 0, (k1, k2) ∈ ZZ2
+ \ (0, 0)

where

αk1,k2 =
1

(2πi)2

∫
∂DI 2

ϕ(ζ)ζ−k1
1 ζ−k2

1

dζ

ζ
, (k1, k2) ∈ ZZ2

and it holds if and only if

1

(2πi)2

∫
∂DI 2

ϕ(ζ)

[
1

1− zζ
− 1

]
dζ

ζ
= 0 , z ∈ DI 2 .

This is the same as

n∑
ν=1

ν−1∑
µ=0

∑
1≤λ1<···<λµ≤n

1≤λµ+1<···<λν≤n

1

(2πi)n

∫
∂DI n

ϕ(ζ)

µ∏
τ=1

zλτ
ζλτ − zλτ

ν∏
τ=µ+1

zλτ
ζλτ − zλτ

dζ

ζ
= 0, n = 2.

II. In the case ϕ ∈ W (∂DI n, CI ), it is easy to conclude from the Plemejl formula that ϕ ∈
BH(DI n) if and only if

1

(2πi)k

∫
∂0DI k

ϕ(η)
dη∗

η∗ − ζ∗
=

1

2k
ϕ(ζ(k)),

η = (η∗, η
′
) , ζ(k) = (ζ∗, η

′
) ∈ ∂0DI

n ; ζ∗ , η∗ ∈ ∂0DI
k , k = 1, 2, · · · , n− 1, n. (2.86)

Clearly from (2.86) it follows that

1

(2πi)n

∫
∂0DI n

ϕ(η)
dη

η − ζ
=

1

2n
ϕ(ζ), ζ ∈ ∂0DI

n . (2.87)

However, this is not a sufficient condition. For example take

ϕ(ζ) = ζk1
1 ζ
−k2
2 ζ−k3

3 , ζ ∈ ∂0DI
3, k1, k2, k3 ∈ NI ,

then by

1

2πi

∫
∂DI

ζk
dζ

ζ − η
=

1

2
ηk ,

1

2πi

∫
∂DI

ζ−h
dζ

ζ − η
= −1

2
η−h , k ∈ ZZ+ , h ∈ NI , η ∈ ∂DI ,

it is evident that

1

(2πi)3

∫
∂DI 3

ϕ(ζ)
dζ

ζ − η
=

1

23
ϕ(η), but ϕ(ζ) = ζk1

1 ζ
−k2
2 ζ−k3

3 /∈ BH(DI 3) .

And yet, together with (2.87) the condition

1

(2πi)k

∫
∂DI k

ϕ(ζ∗, ζ
′
)

dζ∗

ζ∗ − η∗
=

1

2k
ϕ(η∗, ζ

′
),

ζ∗ = (ζ1, · · · , ζk) , η∗ = (η1, · · · , ηk) ∈ ∂DI k; ζ
′ ∈ ∂DI n−k (k = 1, · · · , n− 1) , (2.88)
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without loss of generality, is a sufficient condition. In one variable case (2.88) vanishes au-
tomatically. Actually, it is evident that condition (2.87) together with (2.88) is equivalent
to

1

2πi

∫
∂DI k

ϕ(ζ)
dζk

ζk − ηk
=

1

2
ϕ(ζ)

∣∣∣
ζk=ηk

, ηk ∈ ∂DI k, k = 1, · · · , n. (2.89)

This is exactly the definition for a given function ϕ on ∂DI n to satisfy ϕ ∈ BH(DI n).

Thus the solvability condition (2.85) for N3 just can be replaced by

1

(2πi)n

∫
∂DI n

[
γ(ζ)−

n∑
α=1

(ζαfα + ζαu0ζα)
] dζ

ζ − η

=
1

2n

[
γ(η)−

n∑
α=1

(ηαfα + ηαu0ηα)
]
, η ∈ ∂DI n , (2.90)

1

2πi

∫
∂DI

[
γ(ζ)−

n∑
α=1

(ζαfα + ζαu0ζα)
] dζk
ζk − ηk

=
1

2

[
γ(ζ)−

n∑
α=1

(ζαfα + ζαu0ζα)
]
|ζk=ηk , k = 1, · · · , n− 1 . (2.91)

Since
1

2πi

∫
∂DI

Tf
dζ

ζ − z
= 0

is valid even on the boundary ∂DI , (2.90) can be simplified as

1

(2πi)n

∫
∂DI n

[
γ(ζ)−

n∑
α=1

(ζαfα + ζαΠαfα)
] dζ

ζ − η

=
1

2n

[
γ(η)−

n∑
α=1

(ηαfα + ηαu0ηα)
]
, η ∈ ∂DI n . (2.92)

Thus the following result is proved.

Theorem 10 Let fkzj ∈ L1(DI n) ∩ C(DI n) satisfy (2.66).

< a > The conditions (2.77) and (2.92) are necessary in order that problem N3 is solvable.
If the condition (2.91) is also satisfied then the problem is uniquely solvable with a normalising
condition. The solution can be given by (2.82).

< b > If the conditions (2.77) and (2.85) hold then problem N3 is uniquely solvable up to
an arbitrary constant. The solution is given by (2.82). The homogeneous problem has only the
trivial solution. The problem is well – posed.
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