FExotic Components of the
Toric Hilbert Scheme

René Birkner

My

Ms

M3

Mi

Mz

Dissertation, April 2010
Freie Universitat Berlin Betreut von:
Fachbereich Mathematik und Informatik Prof. Dr. Klaus Altmann



Eidesstattliche Erklirung
Geméf §7 (4) der Promotionsordnung versichere ich hiermit, diese Arbeit selbst-
standig verfasst zu haben. Ich habe alle bei der Erstellung dieser Arbeit benutzten
Hilfsmittel und Hilfen angegeben.

Berlin, den 13. April 2010

René Birkner

Erstgutachter Zweitgutachterin
Prof. Dr. Klaus Altmann Prof. Dr. Diane Maclagan
Freie Universitiat Berlin University of Warwick
Fachbereich Mathematik und Informatik Mathematics Institute

Datum der Disputation: 14.07.2010



Abstract

We introduce an explicit construction of the non-coherent components of toric
Hilbert schemes. In particular, we show that the polytope describing the nor-
malisation of such a non-coherent component is in fact a state polytope of some
homogeneous ideal. We give an explicit construction of this ideal, the so-called
generalised universal family. We use this construction to compute examples with
interesting characteristics, such as an embedded component in the coherent com-
ponent. Furthermore, we construct a stratification of the toric Hilbert scheme
by the maximal subtorus action that leaves the corresponding A-graded ideals
invariant. Finally, we present a correspondence between the toric Hilbert scheme
and the moduli space of stable toric pairs constructed by Alexeev.
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Chapter 1

Introduction

In [Gro95| Grothendieck introduced the classical Hilbert scheme which param-
etrises all subschemes of Pu’g_l with the same fixed Hilbert polynomial. Hereby,
the total coordinate ring S = k[z1, ..., z,] is endowed with the classical Z-grading,.
In toric geometry one works with multigraded rings, i.e. the degree of each x;
is an element in an abelian group A, for example Z%. In an analog of the clas-
sical case one can define the multigraded Hilbert function for some ideal I in
the multigraded ring S, that counts the dimension over k of (S/I), for each
multidegree a € A. Haiman and Sturmfels [HS04] showed that there is a multi-
graded Hilbert scheme, which parametrises all homogeneous ideals with a fixed
multigraded Hilbert function in S.

Before that, a special case of multigraded Hilbert schemes, the toric Hilbert
schemes, had already been studied by Arnol’d [Arn89|, Korkina, Post and Roelofs
[Kor92, KPR95|, Sturmfels [Stu94|, Peeva and Stillman [PS02, PS00], Maclagan
and Thomas [MT03, MT02], and others. This toric Hilbert scheme is given by
the multigraded Hilbert function of the toric ideal I4 in S. If the set of degrees
is A = {a; := deg(z;)} C Z¢ then the multigraded Hilbert function is 1 for a in
the semigroup generated by A and 0 otherwise. At first all ideals with the same
multigraded Hilbert function as the toric ideal 4 were called A-graded ideals.

The toric Hilbert schemes are on the one hand more structured than the
classical Hilbert schemes, but also more constricted than general multigraded
Hilbert schemes, so that they can be studied more intensely. On the other hand,
they still have many interesting characteristics one might not expect, for example
the intersection behaviour of their components. Thus, they provide a very good
class of examples to understand multigraded Hilbert schemes.

This thesis is structured into five chapters. We start in Chapters II and III
by citing most of the facts about A-graded ideals and the toric Hilbert scheme
given mainly in [Stu94|, [PS02, PS00| and [MT03, MT02]. By this we also have
a consistent nomenclature to work with in the following chapters. Chapters TV
and V present the new results of the current author. The last chapter depicts the
moduli space of stable toric pairs by Alexeev and shows the correspondence to
the toric Hilbert scheme established by the present author. Although this thesis
is written to be self-explanatory and complete, we assume that the reader has
basic knowledge of algebraic geometry and toric varieties as for example in the
first chapters of [Har77| or [Ful93], respectively.

In Chapter II of this work we collect most of the facts known so far about A-
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graded ideals. In general, an initial ideal of some ideal I has the same multigraded
Hilbert function as I (Lemma I1.2.7), so that we get a set of A-graded ideals by
taking all initial ideals of I 4 for all different weight vectors. An ideal isomorphic
to such an initial ideal of the toric ideal is called coherent, where isomorphic
means that the corresponding algebras are isomorphic as multigraded k-algebras.
Hence, the isomorphism classes of coherent A-graded ideals are in bijection with
the cones of the Grobner fan of 4.

In Chapter III we give the two equivalent definitions of the toric Hilbert
scheme by Maclagan and Thomas, and by Peeva and Stillman. They construct
a projective scheme that parametrises all A-graded ideals. The global equations
of this scheme are in general very extensive, but Peeva and Stillman show that
there is a cover of affine open charts around the monomial A-graded ideals and
that the calculations of the local equations for these affine charts are much more
feasible (Section I11.3). They show that the toric Hilbert scheme can have several
irreducible components. However, there is a unique component containing the
toric ideal (Theorem I11.2.4), which in fact contains exactly all coherent A-graded
ideals. Therefore, this component is called the coherent component of the toric
Hilbert scheme. Moreover, the normalisation of the coherent component is the
toric variety associated to the Grébner fan of the toric ideal (Theorem III1.2.5).
A third construction by Sturmfels [Stu94| shows that the underlying reduced
structure of each irreducible component of the toric Hilbert scheme is given by
binomial equations so that all these reduced components are projective toric
varieties and therefore each of them contains a dense torus, the so-called ambient
torus of that component. Thus, this implies the existence of a polytope Py for
each component V' of the toric Hilbert scheme such that the normalisation of
this component is the toric variety associated to the normal fan of Py, (Corollary
I11.2.3).

The main part of this work is Chapter IV where we give an explicit construc-
tion of the polytope Py for an arbitrary non-coherent reduced component V of a
toric Hilbert scheme. For this we use the local equations around a monomial A-
graded ideal M in new variables y to construct a universal family Jy(p) for each
non-coherent irreducible component containing M (Definition IV.1.21), where p
denotes an associated prime of the local equations defining the underlying reduced
structure V,, of such a non-coherent irreducible component.

Main Theorem 1 (Theorem IV.1.22). The universal family Jy(p) parametrises
the ambient torus of the reduced irreducible non-coherent component V, in the
toric Hilbert scheme over the points in (k*)dim(vf’). To be precise, the closed points
of this irreducible component of the toric Hilbert scheme intersected with its am-
bient torus are exactly those A-graded ideals that are given by substituting a point

()\i>i:1,...7dim(\/l,) c (k*)dim(VP) mnto JM(p)

Thus, the ambient torus (k*)™("») of a non-coherent component is differ-
ent from the torus Spec(k[z*']) of the coherent component. Then we construct
a homogenised version J//\;G) of Jp(p) by introducing a new set of variables
21, .., Zdim(v,) With the same degrees as the y variables (Definition IV.3.1). This

homogeneous family .]//\—/1\/(;1) is called the generalised universal family and also gives
the ambient torus of the non-coherent component. But more importantly, it gives
the main result of that chapter:



Main Theorem 2 (Theorem 1V.3.4). Let M be a monomial A-graded ideal and

component V, containing M. Then Jum(p) is homogeneous with respect to a strictly
positive grading and the normalisation of the component V, is the toric variety

)| a generalised universal family of a reduced

—_—~—

defined by the normal fan of the state polytope state(Jum(p)), i.e. the Grobner fan
of Jrm(p)-

Furthermore, for each A-graded ideal I contained in some non-coherent com-
ponent V,, the ambient torus orbit of I in this component corresponds to a face

—_~—

Fy of the state polytope of Ju(p) giving V,. In particular, vertices correspond
to monomial A-graded ideals and edges correspond to one-dimensional orbits
of A-graded ideals which are generated by one binomial ™ — Ax™ for A € k*
and further monomials. The theorem allows one to construct all non-coherent
components explicitly and study their properties.

Using our explicit construction we give various examples especially in Chap-
ter V that demonstrate different very interesting intersection behaviours of the
components of a toric Hilbert scheme which have not been found so far. Thus, we
show that there can be a non-coherent component intersecting the coherent com-
ponent, but the intersection is not a face of each of the corresponding polytopes
(Example IV.1.4). On the other hand, there are also pairs of components whose
intersection is given by a facet of each of the corresponding polytopes (Example
V.2.1). Then again, embedded components do appear in toric Hilbert schemes
(Example V.2.2). Moreover, there are even embedded components in the coher-
ent component that can be given by facets of the state polytope of the toric ideal
(Example V.2.3).

In toric geometry it is often of interest to form a quotient by a subtorus action
on some variety. The torus (k*)" acts diagonally on S = k[z1, ..., z,] and if the
variety is given by some ideal I C S then a k-dimensional subtorus action on
S/1 is given by a k-dimensional grading D on S such that I is homogeneous with
respect to D. This is equivalent to / being invariant under the subtorus action.
Thus, in Section V.1 we study for each A-graded ideal I the maximal rank of a
subtorus of (k*)” under whose action I is invariant. It turns out that for every
reduced irreducible component V, containing I all A-graded ideals corresponding
to the (k*)4™(V»)_orbit of I have the same space of possible subtorus actions.
Moreover, we prove a correspondence between the restriction space V; of the
grading D inducing an invariant action, and the edges of the face F}, where the
restriction means that Ker(D) must contain V;:

Main Theorem 3 (Theorem V.1.18). Let I be an A-graded ideal, F; the corre-
sponding face of the polytope of some component containing I, and denote by Gr,
the set of binomials corresponding to the edges of Fr. Then the restriction space
18 given by

Vi=span{m —n|z™ — " € G, }.

This means the maximal possible rank of a subtorus action induces a stratifi-
cation on the toric Hilbert scheme. In this stratification each face of the polytopes
Py corresponds to a subset of a stratum and each stratum is then given by the
collection of all faces with the same span of their edges (Remark V.1.20).
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Finally, in the last chapter we establish a connection between the toric Hilbert
scheme and the moduli space of stable toric pairs introduced by Alexeev in [Ale02].
For this, we first follow Alexeev’s construction of stable toric pairs and their
moduli space. A stable toric pair (P, ©) is a polarized stable toric variety (P, L)
with a Cartier divisor ©, that does not contain any torus orbits, and such that
L = Op(©). He shows that every polarized stable toric variety is isomorphic to a
projective variety P[A, t] over a complex of lattice polytopes A which is embedded
on height 1 in a vector space of one dimension higher (Theorem VI.2.8). The
variety P[A, ] is obtained by gluing the irreducible projective varieties P(J) for
all 9 € A along the intersections of the polytopes, where P(0) is the projective
spectrum of the semigroup algebra given by the lattice points of the cone over ¢
(Definitions VI.2.2 and VI.2.4).

If for one fiber P[A,¢] in a flat family of stable toric pairs the complex A is a
cell decomposition of a polytope @) then for every fiber in that family the complex
is some cell decomposition of ) (Lemma VI.3.6). Using this, Alexeev constructs
a coarse moduli space T PT[Q)] of stable toric pairs given by cell decompositions of
the same polytope Q. Then he shows that there is a component in T PT[Q] that
corresponds to all coherent subdivisions of (). Note that the coherent subdivisions
of a polytope @) are in bijection with the faces of the secondary polytope of @)
(see [GKZ08]).

Assume that @) is a normal lattice polytope embedded at height 1, where
normal means that the semigroup of lattice points of the cone over () is generated
by the lattice points of (). We denote the lattice points of the embedded @
by A = {ai,...,a,}. Then we show that for each decomposition A of @ into
normal polytopes we have P[A, 1] = K[z, ...,x,]/I for a reduced A-graded ideal
I. Moreover, the main result of the last chapter establishes a correspondence
between a subset of the moduli space of stable toric pairs TP%[Q] and a subset
of the toric Hilbert scheme H 4.

Main Theorem 4 (Theorem VI.6.4). There is a one-to-one correspondence be-
tween general points of orbits of reduced A-graded ideals and unions of all strata
of stable toric pairs with the same normal cell decomposition of Q).

Furthermore, we show that both notions of coherence correspond to each
other.

Main Theorem 5 (Theorem VI.6.6). In the correspondence of Theorem VI.6.4
orbits of coherent A-graded ideals correspond to subsets with coherent cell decom-
positions.

This means that each face of the state polytope of the toric ideal of A giving a
reduced initial ideal corresponds to a face of the secondary polytope of the convex
hull of A giving a decomposition into normal polytopes.



Chapter 11
A-Graded Ideals

In this first chapter we mainly cite proofs as we are collecting already known
facts about A-graded ideals from [Stu94|, [PS02|, and [MT02]. We begin with
the definition of A-graded ideals and state some first properties.

II.1 Definitions and Properties

We will be using the lattice M := Z¢ with its associated vector space over Q
Mg = M ®z Q and dual lattice N := Homgz(M,Z) = Z% with corresponding
Q-vector-space Ng := N ®z Q. We will work over an algebraically closed field k.

Let A be a collection of n vectors aq,...,a, in M such that 0 € M is not
contained in their positive hull. One can also define A as a linear map of lattices
A Z" — M by e; — a; such that

Ker(A) NN" = 0. (IL1)

We will often make use of both notations. We denote by N.A the semigroup
generated by aq,...,a, in M. This is the image of N” under A. Suppose that
A has rank d. Otherwise we can restrict M to the sublattice M N A(Q") in
which A has full rank. Define a polynomial ring S := k[zq,...,x,] over k with
an M-grading given by A. This just means that z; has degree a;. Furthermore,
an element r € S is M-homogeneous if every term of r has the same degree in
the M-grading induced by A, and an ideal I C S is M-homogeneous if for every
r € I and its decomposition r = r, into M-degree parts r, € I holds for each
a, where r, is the sum over all terms in r with degree a € M.

Definition IT.1.1. An ideal I C S is called A-graded if it is M-homogeneous

and
1 ifae NA

0 otherwise (11.2)

i (5/1), - {

holds for its multigraded Hilbert function. It is called weakly A-graded if the
left-hand side is less than or equal to the right-hand side. We call a k-algebra
A-graded if it is of the form S/I for some A-graded ideal I.

A special A-graded ideal is the toric ideal I, which is the kernel of the

1 d
homomorphism S — k[t5, ..., 5] that maps z; to t% = t{* ... .-ty for 1 <i < n.
Therefore, I4 = (x* — x|a,b € N",a — b € Ker(A)) is generated by binomials
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and is by definition A-graded, because it identifies all monomials of the same
degree.

Remark 11.1.2. Since 14 is A-graded, we can also say that an M-homogeneous
ideal I C S is A-graded if it has the same multigraded Hilbert function as 4.

Example II.1.3. Let A = {(3),(}),(2?)} C Z? induce a multigrading on the
ring S = Kk[z1, 22, x3]. Then the toric ideal for this Ais [4 = (z123 — x3). Another
A-graded ideal for this A is for example the monomial ideal (zix3). o

Being a binomial ideal also holds for every other (weakly) A-graded ideal. To
see this, let @ and x® be of the same degree, say c. Since dim(S/I). < 1 there
exist a, f € k which are not both zero such that ax® — Bx® € I. Hence every
polynomial in I can be reduced to binomials. If one of them, for example x%, is
not in I then a # 0 so that we can set « = 1 and get the following:

Lemma TI1.1.4. Let I be an A-graded ideal in S and x*, x® two monomials of
the same degree a € NA with ¥ ¢ 1. Then there is a unique Qu, € k such that
T — Q- ¥ € 1. ]

Definition II.1.5. A binomial % — x¥ € I is called primitive (or Graver) if
there are no proper monomial factors % of * and ¥’ of ¥ with z* —x¥ € I 4.
A degree a € NA is called a primitive (or Graver) degree if there exists some
primitive binomial &% — ¥ with degree Au = Av = a and we denote the set of
all primitive degrees by Pd(A). The set of all primitive binomials is called the
Graver basis and we denote it by G(A).

By [Stu96, Theorem 4.7 there are only finitely many primitive binomials and
hence Pd(A) and G(.A) are finite.

Remark. From now on we will use alphabetical variables a,b,c,... instead of
X1, T, T3, ... in almost all examples to improve lucidity.

Example I1.1.6. Let A = {1,2,3} C Z' define a grading on S = k[a, b, ¢]. Then
the toric ideal is
4= <a2—b,ab—c>.

The Graver basis in this case is
G(A) = {a* —b,ab — c,a® — c,ac — V*,b* — *}

with primitive degrees Pd(A) = {2,3,4,6} and the monomials of which the
Graver basis elements consist are

mon(G(A)) = {a2,a3,b, b2 03, ¢, 02,ab,ac}.

These primitive binomials are useful to construct weakly A-graded ideals.

Proposition 11.1.7. Let I be an ideal in S. Then I is weakly A-graded if and
only if for every primitive binomial x* — x¥ there exists (o : 3) € P such that
ax™ — fx¥ € I.

Proof. See [PS02, Proposition 2.1]. O



A refinement of this proposition gives a useful property of A-graded ideals.

Lemma I1.1.8. Let I be an A-graded ideal in S. Then there exist unique i, € k
such that
I =(x" — ayx’|z" —x® € G(A) and ¥ ¢ I).

In particular, there is a minimal set of generators of I consisting of primitive
binomials with coefficients.

Proof. See [PS02, Corollary 2.3] or [Stu94, Lemma 2.2|. O

Proposition I1.1.7 enables us to construct weakly A-graded ideals: For every
¥ — x¥ € G(A) pick some (yy : fus) € P! and then set

I = (o™ — Bupx’ | " — ¥ € G(A)). (I1.3)

These ideals are all weakly A-graded. However, since we are actually interested
in A-graded ideals, Lemma II1.1.8 ensures that we also get all A-graded ideals by
this method. We only need a criterion to distinguish the A-graded ones from the
weakly A-graded ones.

Obviously, we cannot check dimy (S/1), = 1 for all a € NA, so we are looking
for smaller finite parts of N.A on which it is sufficient to check the condition. Let
R C M. We say that I is A-graded on R if it has the same Hilbert function on
R as the toric ideal, that is

dimy, (S/1), = dimy (S/14),

for all a € R. Now we need to find some R such that being A-graded on R implies
being A-graded. A first approach was done by Sturmfels in [Stu94, Section 5.
He defined the zonotope

Z(A) = {Z)\i~ai|0 <)\ <rfori= 1,...,n} C My
i—1

for r > 0. Then he showed the following:

Proposition II.1.9. Let a = max{||a||2]|i = 1,...,n}, r = (n — d)*" - a®™®", and

let I be generated as in (11.3). Then I is A-graded if it is A-graded on Z,.(A)NM.
Proof. See [Stu94, Proposition 5.1]. O

Since the r in Proposition 11.1.9 grows double-exponentially it gives a rather
high bound for the zonotope on which one has to check for A-gradedness. Already
in this paper Sturmfels mentioned that this bound seems too big and conjectured
that r = (n — d) - a® is large enough. This was then proven in [PS00]. Set

mon(G(A)) = {z*|3x": a* —a’ € G(A)},

T := {lem(mq,...,my)|m; € mon(G(A)),1 <i<n}, and
V = {deg(m)—ZajlmeT,Jg[n]}CM.
jedJ

Then V is a smaller bounding region as the next theorem shows.
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Theorem I1.1.10. If a weakly A-graded ideal I generated as in equation (I1.3)
is A-graded on'V then it is A-graded.

Proof. See [PS00, Theorem 5.2]. O

Hence, the zonotope Z,(A) with r = (n — d) - a® suffices since it contains

VN NA.

Example I1.1.11 (continuing II1.1.3). For A = {(}),(1),(?)} C Z* we have
n=3,d=2, and

a:nmx{Vava%}:vﬁ

Thus, for the bound in Proposition I1.1.9 we get
r=1-5%= 390,625

so that the zonotope Z,.(A) has 762,940,625,001 lattice points. On the other
hand, the bound resulting from Theorem I1.1.10 amounts to

r=(3-2-v5 =5

so that for this r the zonotope Z,(.A) has only 141 lattice points. Finally, there
is only one Graver degree which has just the two monomials b® and ac so that we
get

T= {1)3, ac, ab3c} )

Computing V results in the smallest region, i.e.

VONA={(5),(1),(3),(2),(3),(3),(5),(1),(3),(5),(3),(§)}

which consists of only 12 lattice points (See Figure I1.1).

I1.2 Grobner Degenerations and the State Poly-
tope

Monomial A-graded ideals play a central role in studying A-graded ideals. Initial
ideals with respect to a term order are monomial ideals. Therefore, we recall
some basic facts about term orders and Grébner bases. For more information on
Grobner bases we refer to [CLO07, Chapter 2| or [Stu96, Chapter I]. First of all
we start with term orders.

A term order < on a polynomial ring S = k[z, ..., x,] is a total order on the
monomials of .S such that 1 is the unique minimal element and m; < my implies
my -n < my-n for all monomials my, ms,n € S. For example, on k[z, y, z] we can
define the so-called lexicographic term order <jex by 2 <jex ¥ <lex © Which means
a monomial is of higher order than another if the x exponent is greater. If they
have the same x exponent, then the y exponents are compared and so on, e.g.

2220 < 2Pyz and  2Pyt2® <o 289720
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[ Z.(A),r =390625
””” W Z.(A),r=5
e YNNA

Figure I1.1: The two zonotopes and V N NA

Such a term order gives a unique initial term in<(f) for every f € S, which is
the monomial with the highest order in f with respect to <. Let I C S be some
ideal. Then the initial ideal of I is defined as in.(I) := (inx(f)|f € I). Note
that if {f1,..., f-} is a set of generators for I, the set {inL(f1),...,in<(f,)} need
not be a generating set for in,(I). For example, if [ = (x — y,x — 2) C k|z, y, 2]
with z <y < x, then inL (/) = (x,y).

Definition I1.2.1. A finite set { f1, ..., f.} C I is a Grobner basis of I with respect
to < ifing(I) = (in<(f1), ..., in<(f)). It is called reduced, if for every two distinct
fi, fj no term of f; is divisible by inL(f;).

Note that every Grobner basis is also a generating set of the ideal and the
reduced Grobner basis is unique for a given term order and an ideal. However,
two term orders with different initial ideals might give the same reduced Grébner
basis but with different initial terms. Thus, if we also mark the initial terms in
a reduced Grébner basis we call it a marked reduced Grobner basis. Then initial
ideals of an ideal I are in one-to-one correspondence to marked reduced Grébner
bases of I. Grobner bases can be computed with the Buchberger Algorithm (See
[CLO07, Chapter 5]). In this computation new polynomials are generated, that
might have initial terms not given so far, by using the following.

Definition I1.2.2. Let f, g € S be two polynomials and < a term order. Denote
by h the least common multiple of the initial monomials of f and g, i.e. the
initial terms without coefficients. Then the S-polynomial of f and g is defined as

h h
()’ s

Basically, the Buchberger algorithm takes a generating set of the ideal, com-
putes the S-polynomial for a pair of polynomials in the generating set, and reduces

S(f.g) =

)7
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this S-polynomial by the generating set. If the reduction is not zero it is added to
the generating set. This is repeated until no new polynomials are added. Then
this set will be reduced by itself, i.e. if any term is divisible be the initial term
of another polynomial, then the appropriate multiple of that other polynomial is
subtracted from the first. If our ideal is a binomial ideal and we start with a set
of binomial generators then only binomials occur in the computation, so that we
get:

Remark 11.2.3. Every reduced Grobner basis of a binomial ideal consists only of
binomials.

Example II.2.4 (continuing II.1.6). Let S = k[a,b, ] with A = {1,2,3} as
before, and the toric ideal I4 = (a* —b,ab — c). If we take the lexicographic
term order <; on S with the order ¢ <; b <; a then

in, (14) = (a®, ab,ac,b”)
is the initial ideal with respect to this term order and

le{aQ—b,ab—c,ac—bQ,b‘g’—CQ}

is the reduced Grobner basis to this term order. If we take on the other hand the
lexicographic order <5 with a <5 b <5 ¢ then

in%z(IA) = <b7 C>

is the initial ideal with respect to this term order and
Gy = {b—a2,c—ab}

is a Grobner basis. If we replace ¢ — ab by ¢ — a® it is the reduced Grébner basis.

¢
A slightly different approach on constructing initial ideals is by weight vectors.
Let w € Q" be a weight vector, that means a monomial ¢ = 2% - ... - 2% has

weight w-d € Q. Then for f =Y f;z% the initial term with respect to w, in,(f),
is defined as the sum of all f;x% where w -d; is maximal for all terms in f and for
an ideal I the initial ideal with respect to w is defined as in, (/) = (in,(f) | f € I).
This need not be a monomial ideal, but for generic w it is.

Proposition I11.2.5. For any ideal [ C S and any term order < on S there exists
a weight vector w € N such that in,,(I) = inL([).

Proof. See |Stu96, Proposition 1.11]. O
We say that w € Q" is generic for I if in, (/) = in<(I) for some term order <.

Definition II1.2.6. For each positive weight vector w € Q% the ideal in,([) is
called a Grébner degeneration of I.

Note that for generic weight vectors the Grobner degenerations are the initial
ideals of I. They are useful, because passing from an ideal to one of its initial
ideals preserves the Hilbert function.
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Lemma 11.2.7. Let I C S be a homogeneous ideal and < a term order. Then I
and in< (1) have the same multigraded Hilbert function.

Proof. See |[CLO07, 9.§3 Proposition 9]. O

Thus, take a Grobner degeneration in, (/) and any term order <. Then
in<(in, (7)) is an initial ideal of in,(I) and I (see [Stu96, Proposition 1.8|), and
hence every Grobner degeneration of  has the same multigraded Hilbert function
as I.

A finite set is called a universal Grébner basis of I if it is a Grobner basis for
every term order <. For the existence of a universal Grobner basis we consider
the following theorem:

Theorem I1.2.8. Let I C S be an ideal. There are only finitely many distinct
marked reduced Gribner bases of I or equivalently there are only finitely many
distinct initial ideals of 1.

Proof. See [Stu96, Theorem 1.2]. O

Hence, the union of all reduced Grobner bases of [ is finite and thus a universal
Grobner basis for I. We will refer to the union of all reduced Grobner basis of an
ideal I as the universal Grobner basis UGB(I).

Example I1.2.9 (continuing I1.1.6). For A = {1, 2,3} we already had two initial
ideals of 14 :

M =ing, (I4) = (a? ab,ac,b®) forc <1 b<;a
My =ing, (I4) (b, c) fora <2 b <z c

There are four more different initial monomial ideals:

Ms=ing, (I4) = (a?, c) for b <3 a <3¢
My =ing, (I4) = (a* ab,ac,c?) forb<4c<4a
Ms=ing, (I4)= (a? ab,b?)

Mg =ing, (I4) = (b, a®) for ¢ < a <g b,

where <j first compares the total degree and if they are equal uses ¢ < a < b.
The six marked reduced Grobner bases are

Gi = {&®—bab—cac— 10—},
G, = {b-dtc—d'},

Gz = {a_Q—b,Q—ab},

Gi = {&®—bab—cac— 17—},
Gs = {a_z—b,a_b—c,b_z—ac},and
Gy = {b—atd’—c},

respectively.
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For a toric ideal I4 the universal Grobner basis UGB(/4) is contained in
the Graver basis G(.A), since by [Stu96, Lemma 4.6] every element of a reduced
Grobner basis is primitive. If we consider two different weight vectors wy,ws € Q™,
then it can happen that iny, (I) = in,, (/). This thus defines an equivalence
relation on the weight vectors. For a positive w € Q2 the Grébner cone K, (1) is
the set of all w’ € Q" such that in, (I) = in,(I). This means each Grébner cone
is the set of all weight vectors that give the same Grobner degeneration. Since
every positive weight vector gives a Grobner degeneration the set of all Grobner
cones covers the positive orthant in Q.

Lemma I1.2.10. Let I C S be an ideal and w € Q% be a positive weight vector.

Then K,(I) C Q" is a convex polyhedral cone. In particular, if w is generic for
I with Grébner basis G then we have

Ko(I)={w" € Q"| iny,(g) =in,(g) for all g € G}.
Proof. See [Stu96, Proposition 2.3]. ]

Note that these cones do not necessarily cover Q" since for ' ¢ Q2 arbitrary
there need not exist an w € Q% such that in,, (/) = in, (). -

In the toric case the lemma gives the following description: Let w be generic
for I 4 and denote by G = {g; = ™ — ™ |i = 1, ..., k} the corresponding marked
reduced Grobner basis where in,(g;) = ™. Thus, for every ' € Q" we have
in, (g;) = in,(g;) if and only if w' - m; > W' - n;. Hence, we get the following
corollary:

Corollary I1.2.11. Let w be generic for a toric ideal 14 with corresponding
marked reduced Grobner basis G = {g; = ™ —x™ |i=1,....k}. Then the Grib-
ner cone 1s given by

Ko(Ig) ={o" € Q" |- (m; —m;) >0 fori=1,.. k}. O

Hence, if we let w vary over all weight vectors we get a collection of convex
polyhedral cones.

Definition I1.2.12. The collection GF(I) of the convex polyhedral cones
{zcw(f) lwe N"}

and all their faces is called the Grobner fan of I and its support the Gribner
region GR(I).

In the Grobner fan the cones of maximal dimension are the cones K, (1) of
weight vectors w which are generic for I, because the restriction for in, () to be
a monomial ideal is that w is greater on the leading term than on every other
term for every element of the corresponding Grobner basis of I. This means that
K, (I) is the intersection of open half-spaces in Q™ which is n-dimensional if it is
non-empty. On the other hand, if w is not generic then there is a ¢ € UGB([)
with two terms of the same order, so I, () is contained in some hyperplane and
hence has dimension lower than n. By the next proposition it is a face of one of
the n-dimensional cones.
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Proposition I1.2.13. The Grobner fan GF(I) is a fan. The n-dimensional cones
are in one-to-one correspondence to the initial monomial ideals of 1.

Proof. See [Stu96, Proposition 2.4]. ]

Example I1.2.14 (continuing I1.1.6). The toric ideal I4 = (a* — b,ab — ¢) has
six initial monomial ideals and n = 3. Hence, the Grobner fan has six three-
dimensional cones which by Corollary 11.2.11 are given by the closures of

Ke(la) = {w€@3|(32(1)91)-w>0},

where the condition > 0 for a matrix means that each entry is strictly positive.

O

Note that for a toric ideal I4 the lineality space of every cone in GF(I4) is
given by the row space of A. In fact, w and —w are in a Groébner cone if and
only if in,(g) = g for all g € G(A), because I 4 does not contain any monomials,
so that there is no g € G(A) with in,(g) # g. The span of the m — n for all
™ — 2" € G(A) is exactly Ker(A), so that this is equivalent to w € (Ker(.A))".

Consider two generic, i.e. full dimensional, cones ICy, (14),/Ky,(l4) in the
Grobner fan GF(I4) of a toric ideal 14, which intersect in a common face F' of
codimension-one. Let G; and G, be the corresponding marked reduced Grébner
bases of I4. Then w € Q" is in KC,,, (I 4) if the marked Grobner basis with respect
to the term order w is G;. This is the case if and only if in,(g) = in,, (¢) for all
g € G;. Since all g € G, are binomials, we have g = ™9 — ™ with leading term
x™s with respect to wy. Thus, in,(g) = in,, (g) is equivalent to wy - My > wy - Ny
Since Gy # G, there exists some gy = ™0 — x&™ € G; such that wy -my > wy - Ny
and ws - my < wy - ny. But if we take a weight w in the interior of F' then
w - Mmy = w - Ny, because w lies in the closure of IC, (14), and we therefore have
w € (mg — ng)*t. This leads to:

Lemma I1.2.15. Let K, (14), Ku,(14) be two generic cones in GF(14) with com-
mon face I of codimension-one. Then there exists a unique g = ™ — x™ in
UGB(14) such that

Kon(Ta) N (m —n)* = F = Ko, (Ta) N (m — n)*.

Proof. Let wy be in the relative interior of F. By the above, there exists some
g =a™ —x" € UGB(I,) such that wy € Ko, (I4) N (m —n)" for i = 1,2, and
in addition we have w - (m —n) > 0 for all w € K, ({4) and w- (n —m) >0
for all w € K,,(L4). But this means K, (14) N (m —n)" is a face of K, (14) for
¢ = 1,2 and since F'is a facet of both cones and a point in its relative interior
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is contained in Ky, (14) N (m — n)*, the desired equality holds. Thus, it remains
to prove the uniqueness. Let ¢ = ™ — x™ be a different element of UGB(I4)

such that F = (m/ — n/)t N K, (I4) for i = 1,2. Then (m' —n') = \(m —n)
for some X\ # 0 € Q. But g and ¢’ are primitive and hence \ = 1. ]

The Grobner fan GF(I) need not be complete for arbitrary I, but there is a
nice condition that ensures completeness. Moreover, it implies that GF(I) is the
normal fan of some polytope, which is an even more special property.

Definition I1.2.16. Let I/ C S = k|zy,...,x,] be a homogeneous ideal with
Grobner fan GF(7) in Q™. A polytope in Q", that has the Grébner fan GF (/) as
its normal fan, is called a state polytope for I.

In the toric case, because the lineality space of GF(I4) is the row space of A,
a state polytope for I 4 has to be (n — d)-dimensional and its affine hull has to be
a translation of Ker(A).

Theorem 11.2.17. Let I C S be a homogeneous ideal with respect to a strictly
positive Z-grading. Then there exists a state polytope state(I).

Proof. See [Stu96, Theorem 2.5|. O

Sturmfels’ proof is by construction of a state polytope state(l). We will call
this polytope the state polytope. However, for a toric ideal I, we can see the
completeness directly. Since we assumed Ker(A) N N" = 0 (see (IL.1)), there
exists a strictly positive weight vector wg in the row span of A. This means that
in,,(g) = g for all g € G(A). Thus, inyy+w(la) = in,(l4) for all w € Q™ and
therefore every weight vector is equivalent to some strictly positive weight vector,
which means that the Groébner fan covers Q.

Corollary I1.2.18. For every collection A of lattice points whose matriz satisfies
Ker (A) NN™ = 0 there exists a state polytope for the toric ideal I 4.

Proof. Just note that the strictly positive weight vector wg in the row span of A
induces a strictly positive Z-grading on [ 4. O

Example II.2.19 (continuing II.1.6). A state polytope for I, is a hexagon
since it must be two-dimensional with six vertices. We use [Stu96, Theorem 2.5]
to compute the state polytope. Then the vertices of state(I4) correspond to the
initial monomial ideals in the following way:

21

M1<—> M2<—> MSH

My Ms < Mg

(ORI S -
L O O O © W

NN OO

See Figure I1.2.
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Figure 11.2: A state polytope for I4

Remark. All computations with convex polyhedral objects have been done with
Polyhedra |Bir09], a package for the computer algebra software Macaulay2 |GS|
written by Grayson and Stillman.

By definition, the faces of the state polytope are in one-to-one correspondence
with the cones in the Grobner fan. As the latter classify all Grobner degenera-
tions, we have the same correspondence between the Grobner degenerations of 1
and the faces of state(]). Furthermore, the edges of the state polytope state(/4)
of a toric ideal correspond to the codimension-one faces of the Grébner cones of
highest dimension. Thus, in combination with Lemma I1.2.15 we get the following
corollary.

Corollary 11.2.20. Every edge of the state polytope of a toric ideal I4 can be
labeled by an element g = ™ — x™ of the universal Gribner basis UGB(I4) such
that the edge is parallel to (m —n). O

Example I1.2.21 (continuing I1.1.6). The edge directions in state(l4) are:

1 2
—2 <~ ac — b2 (M1 to M5) -1 — CL2 —b (M5 to Mﬁ)
1 0
3 —2
0 < (13—C<M6 to Mg) 1 e b—a2 (Mg to M3)
—1
-1
-1 < c—ab (./\/lg to M4) -3 < 62 — b3 (M4 to Ml)
1 2

Hence, we can label the edges as in Figure I1.3.

O

For a toric ideal I4 there is a construction of a state polytope that simplifies
the one in [Stu96, Theorem 2.5]. This construction uses certain degrees and
monomials similar to those in Definition I1.1.5, but this time for Grobner bases
instead of Graver bases.
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c—ab
My
A —b
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N b—a?
ac—b
5
a?—b
Mg
a® —¢
Mo

Figure I1.3: The edges of state(I4) labeled by the elements of UGB(1,4)

Definition I1.2.22. We say an integral vector a € NA is a Grébner degree if
there exists an element g of the universal Grobner basis UGB(74) of degree a.
For such a Grobner degree a the convex hull of A~!(a) NN" is called the Grébner
fiber of @ and in general for an arbitrary degree b € NA we call the convex hull
of A71(b) NN" the fiber of b.

Note that equivalently the Grobner fiber is the convex hull of the exponent
vectors of all monomials in S of degree a. These polytopes are used for the
following construction.

Theorem 11.2.23. The Minkowski sum of all Grébner fibers is a state polytope
for 1 4.

Proof. See [Stu96, Theorem 7.15]|. O

Obviously, for g = ™ —ax™ € UGB(14) of Grébner degree a the points m and
n are lattice points in the same Grobner fiber. On the other hand, if we take two
arbitrary lattice points m.,n in a Grobner fiber, we want to know when ™ — ™
is in the universal Grébner basis. We have already seen that every element of a
reduced Grobner basis is primitive so that ™ — ™ has to be primitive. This
means we have reduced to the case where m and m are lattice points in a fiber
of a Graver degree and ™ — x™ is a Graver binomial.

Theorem I1.2.24. Let g = ™ — x™ € G(A) be a Graver binomial. Then g is
in the universal Grobner basis of 14 if and only if the line segment [m,n| is an
edge of the fiber of A-m.

Proof. This is basically [Stu96, Theorem 7.8]. We only have to note that the
exponent vectors of the Graver binomials are the primitive vectorsl. O]

As a consequence we get an improvement to Corollary 11.2.20. The edge
directions of a Minkowski sum of polytopes are the edge directions of the sum-
mands, hence the edge directions of the state polytope are all the edge direc-
tions of the Grébner fibers (Theorem I1.2.23). Thus, since for every element
g =a™—x" € UGB(I,) the line segment [m, n| is an edge of the corresponding
Grobner fiber (Theorem 11.2.24), we have the following:
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Corollary 11.2.25. The edges of the state polytope of 14 are each labeled by a
unique element g = x™ — x™ of the universal Grébner basis of 14 such that
(m — m) is parallel to the edge and for every g € UGB(I4) there is at least one
edge labeled by g. [

Note that this is a slight refinement of Corollary 7.9 in [Stu96].

I1.3 Varying A-Graded ldeals

Now we have collected the tools to identify A-graded ideals and recalled some
facts about Grobner degenerations, so we can focus on how to get new A-graded
ideals out of given ones.

If we fix some A-graded ideal I and choose some weight vector w € N" we
have the initial ideal in, (/) = (in,(f) | f € I). Then by Lemma I1.2.7 in, (/) has
the same Hilbert function as I and is therefore also A-graded.

On the other hand, we have assumed Ker(.4) N N” = 0. This implies that
there is a vector w’ in the row span of A which is strictly positive. Since 4 is
homogeneous with respect to A it is homogeneous with respect to every vector in
the row span of A so if we take the grading deg(x;) = w, then I 4 is homogeneous
with respect to some strictly positive grading and by Theorem I1.2.17 there is the
state polytope state(l4). Hence, the Grébner fan of 14 covers all of Q" and there
is a strictly positive integer vector in the interior of each cone of the fan, in fact
even in the common lineality space of all cones.

We denote the natural action of the torus (k*)” on S by A\.a; = \; - ; for
A € (k*)". In other words the action corresponds to the grading given by the
identity I, on S. Then two A-graded ideals I, I’ are called isomorphic as A-graded
ideals if there exists a A € (k*)™ such that A\.I = I’. This means the algebras S/
and S/I’ are isomorphic as M-graded k-algebras. Such isomorphisms lead to the
notion of coherence:

Definition I1.3.1. An A-graded ideal is called coherent if it is isomorphic as an
A-graded ideal to some initial ideal in,(14) of the toric ideal.

Lemma I1.3.2. Two different initial ideals of 14 are not isomorphic as A-graded
ideals.

Proof. Denote the Graver basis by G(A) = {&™ —x™,...,x™ — x™} and the
two different initial ideals of the toric ideal I4 by I; and I5. Since I is A-graded
it is generated in the Graver degrees so that without loss of generality we have

- m n m; n; m; m
L =(x™ —g™, .. ™ —x™ ™ L x™) .

Assume that I; and I, are isomorphic. Then there exists some A € (k*)" such
that I, = M\.I;. But I, is also an initial ideal of the toric ideal so that it is
generated by some of the ™ — ™ and some of the monomials, too. Thus, I,
contains only binomials with +1 and —1 as coefficients. Thus, we get

A = fori=1,..,1

and hence that I, = A.I; = I; which is a contradiction. O
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If we pick a coherent A-graded ideal I then there is some w € N™ such that
I = in,(I4). This weight vector w is in the relative interior of a cone o of the
Grobner fan and hence by definition I 2 in,, (1 4) if and only if w’ is in the relative
interior of o. This means:

Lemma I1.3.3. The isomorphism classes as A-graded ideals of coherent A-graded
ideals are in one-to-one correspondence with the cones of the Grobner fan of
14. ]

Recall that if the weight vector w is in the relative interior of an n-dimensional
cone in the Grobuner fan, then in, (/) is a monomial ideal. These n-dimensional
cones correspond to the vertices of state(/) and thus we get the following equiv-
alent correspondence:

Corollary 11.3.4. The isomorphism classes of coherent A-graded ideals are in
one-to-one correspondence with the faces of the state polytope of 1 4. In particular,
monomial coherent A-graded ideals correspond to vertices. [

This leads to the notion of adjacent initial ideals of 4. Let M; and M be
two initial monomial ideals of 14 (or coherent monomial A-graded ideals). Let
v1 and vy be the corresponding vertices of state(/4). Assume that v; and vy are
connected by an edge e of the state polytope. Then M; and M, are said to be
adjacent and there is some A-graded ideal Iy, a4, such that My and M, are the
only initial ideals of /. This ideal is in, ([ 4) for some w in the interior of the cone
in GF(I4) that corresponds to the edge e. Let gy = ™ — ™ be the element of
UGB(I4) which labels e as in Corollary 11.2.20 with ™ € My, ™ ¢ M, and
x" §é /\/ll,ar:" S MQ.

Lemma 11.3.5. The ideal connecting My and My is given by

[/\/11,/\/(2 = inw(IA)
= (x%|x® is a minimal generator of M,a # m) + (x™ — x™).

Proof. See |[HT00, Theorem 3.6]. O

This means passing from one coherent monomial A-graded ideal to another
adjacent one involves “flipping” the term order on some gy = ™ — x™ in the
corresponding two marked Grobner bases of 14, whereas all other g in the two
respective marked Grébner bases keep their orientation. Note that the orientation
of a g € G(A) with both terms in the ideals might flip. The ideal I = in,(I4) is
called the wall ideal for the flipping from M, to My because it is the Grébner
degeneration of I 4 by a weight vector w in the interior of the common face of the
cones in GF(I4) corresponding to M; and M,.

Example I1.3.6 (continuing I1.1.6). For A = {1, 2,3} we had the two A-graded
ideals M, = (a2, ab,ac,b®) and M5 = (a? ab,b*). They are adjacent since they
are connected by an edge of the state polytope (see Figure 11.3). The ideal
connecting M; and Mj is

I, ms = <ac — b2, a2, ab, b3> .
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This “fipping” and adjacency have been extended to all monomial A-graded
ideals by Maclagan and Thomas (|[MT02, Section 2|).

Definition I1.3.7. Let M be a monomial A-graded ideal and g = ™ — x™ in
G(A) with £™ a minimal generator of M and ™ ¢ M. We define the wall ideal
of g to be

Win—n = (%] a # m,x* is a minimal generator of M) + (x™ — &™)

= (z*|z® — 2 € G(A),z* € M,z® ¢ M,a #m) + (" — ™)
and the flipping of M along g to be
My = (x| 2* — x® € G(A), 2% € M, 2" ¢ M,a #m) + (z").

Note that both, the wall ideal and the flipping ideal, are M-homogeneous but
not necessarily A-graded.

One can construct the initial ideal of W,,,_,, with respect to ™ < x™, because
only S-polynomials of ™ — ™ with monomials have to be computed for the
Grobner basis. But these are multiples of ™ and so the only binomial is ™ —x™.
Thus, for every element of W, _,, there is a unique initial term and a Grébner
basis can be computed. Hence, the initial ideal of W,,,_,, with respect to ™ < x™
is well defined.

Lemma I1.3.8. The ideal My, is weakly A-graded and is the initial ideal of
Win—n with respect to x™ < x™.

Proof. See [MT02, Lemma 2.8 + 2.9|. O

If M is coherent and g € UGB(14) corresponds to one of the codimension-one
faces of the Grobner cone given by M as in Lemma I1.2.15, then My, and Wi,y
coincide with the ideals we had constructed before and are both again A-graded.
Since this is not the case for general monomial A-graded ideals or for a g not
corresponding to a codimension-one face, the notion of a flippable element of the
Graver basis for a monomial ideal is defined due to [MT02| and we give their
characterization of when this is the case:

Definition II.3.9. Let M C S be a monomial A-graded ideal. A binomial
g=x™ —x" € G(A) is called flippable if ™ is a minimal generator of M,
x" ¢ M and My, is again an A-graded ideal.

Theorem 11.3.10. Let M be a monomial A-graded ideal and g = ™ — x™ be a
Graver binomial. Then g is flippable for M if and only if M is the initial ideal
of Win_n with respect to x™ < ™.

Proof. See [MT02, Theorem 2.11|. ]

Example I1.3.11 (continuing I1.1.6). For each of the six monomial A-graded
ideals there are precisely two elements in the Graver basis that are flippable.
These two correspond to the binomials labeling the two edges emerging from
the vertex of the state polytope corresponding to this monomial ideal (see again
Figure 11.3). o
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Definition II1.3.12. The fiip graph of A has all monomial A-graded ideals as
vertices. There is an edge labeled by the Graver binomial g between two monomial
A-graded ideals M and M’ if M’ can be obtained from M by flipping along g.
The set of all Graver binomials that appear as an edge in the flip graph is called
Flips 4.

Because all coherent monomial A-graded ideals are the vertices of the state
polytope and we have seen that the edges of the state polytope correspond to flips
along elements of UGB(14), the edge graph of the state polytope is a subgraph
of the flip graph. Because of Corollary 11.2.25 every element of the universal
Grobner basis of 14 appears at least on one edge of the state polytope and hence
is flippable. Therefore, the universal Grobner basis is contained in Flips 4.

Remark 11.3.13. In general the universal Grobner basis, the flips, and the Graver
basis may be distinct sets, i.e. there exists an A such that

UGB(14) G Flips, G G(A).

Maclagan and Thomas give various examples for combinations of proper subsets
and equal sets in [MT02, Remark 2.14|.

Example I1.3.14 (continuing I1.1.6). For A = {1, 2,3} the flip graph coincides
with the edge graph of the state polytope of I4 and thus we have in fact

UGB(14) = Flips, = G(A),
see Figure I1.3. O

This allows one to investigate the combinatorics of A-graded ideals by looking
at a monomial A-graded ideal and find the “neighbours” by determining the flips
of that monomial ideal. The computer software TiGERS [HT00| written by
Huber and Thomas enables one to start from a monomial A-graded ideal and
by computing all the flips to “walk” to all adjacent monomial A-graded ideals.
Hence, one can investigate the complete flip graph of the A-graded ideals.

This walk along the flip graph enumerates all monomial A-graded ideals if
the flip graph is connected. Then one takes an initial monomial ideal M of 4
and can get from there to every monomial A-graded ideal along Flips 4. But if
the flip graph is not connected this is simply not possible. Thus, one needs to
compute the set of all monomial A-graded ideals first. This can for example be
done with the following construction:

Construction I1.3.15. Let A satisfy Ker(A) NN" = 0. We compute the toric
ideal 4 and the Graver basis G(.A). For each Graver degree a we select a standard
monomial s, and denote by M, the set of all other monomials of degree a. Note
that we do this degree by degree and thus do not choose an s,, that is already
in the ideal generated by all the previous M,s, because then the resulting ideal
could not be A-graded anyway. Then let M be the ideal generated by the M,
for all Graver degrees. By Lemma II.1.8 with «a,, = 0, we get all monomial
A-graded ideals and some monomial weakly A-graded ideals as M, if we do this
for all combinations of standard monomials. Thus finally, we collect all M’s,
that have the same multigraded Hilbert function as I 4. This can for example be
checked with the computer algebra software MACAULAY2 [GS].

20



Remark 11.3.16. In [SST02, Section 1| the authors state the implementation of
the above algorithm in MACAULAY2 [GS|. This implementation is included in
the package TORICHILBERTSCHEMES |Bir10].

Furthermore, Santos has given an example in [San05| where the flip graph of
A is disconnected. What this means for the A-graded ideals will be shown in
I11.2.
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Chapter 111

Toric Hilbert Schemes

So far we have constructed or changed A-graded ideals “by hand”. But like the
classical Hilbert scheme for the Z-grading, which parametrises all subschemes of
P"™ with the same Hilbert polynomial, there is a scheme that parametrises all A-
graded ideals. This toric Hilbert scheme parametrises all subschemes of Spec(.S)
with the same multigraded Hilbert function as S/14.

A parameter space for A-graded ideals was first constructed by Sturmfels in
[Stu94, Chapter 5|. This construction was then improved by Peeva and Stillman
[PS02| who defined the toric Hilbert scheme. We will give the construction of the
toric Hilbert scheme in a version of Maclagan and Thomas [MT02| and add some
details of how this is the same as in [PS02].

II1.1 Construction and Definition

Let a € Pd(A) C NA be a primitive degree. We denote the number of elements
in the fiber of a under the map A by |a| + 1 and the set of all such monomials
by Gm(A),, and assume that we have ordered them. Note that Gm(A), are
exactly the monomials in the Graver fiber. The Graver basis of A is finite, so
that we have Pd(A) = {ay,...,a;}. From this we define the following product of
projective spaces over k
P =P x . x P

The toric Hilbert scheme will be a closed subscheme of P and the construction is
motivated by Lemma II.1.8. For this we denote a homogeneous point in IP’]L‘“| by

£%i = ( PRI é‘l‘;"i') where £ corresponds to the j-th element ™7 in Gm(A)aq.
Equivalently, for some m € Gm(A), we also use the notation &2, for the corre-

sponding coordinate of £*. Hence, to every given point £ = (£*,...,{") € P we
can associate an ideal I C S by

l
I = Z (€3 g™ — % . 2™ | 2™ 2™ € Gm(A)g,) - (I1L.1)

Let ™ — a™ be a Graver binomial of degree a. Then there exists some point
(o : B) € PL such that ax™ — fa™ € I, except for the case when &2, = £2 = 0.
But there has to be an ™ in the Graver fiber of a such that ¢, # 0, which
implies in this case

Gy @™ = €y @™ — ™ € I
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Thus, we have 1- 2™ — 0-x™ € Iz and because of Proposition I1.1.7 I, is weakly
A-graded. Note that ™ € I with deg(z™) = a if £2, = 0.

On the other hand, consider an A-graded ideal I and fix a Graver degree a.
Since dimy (S/I), = 1, there is a monomial in Gm(A), that is not contained in
I. Without loss of generality we may assume that it is ™°. It also follows from
the one-dimensionality of every degree a part of S/I that for i = 1,...,|a| there
exist unique «; € k such that a; - ®™° — ™ € [. Set

£ = (1 o TR a‘a|) .

If we do this for all @ € Pd(.A) we get a point {(I) = (£, ...,£%) € P.

These two maps induce a bijection between the A-graded ideals and a subset
of P. Indeed, let I be A-graded. Then for every a € Pd(A) there is some i,
with & # 0 and we can write

£% = (56‘/ Z) ol fﬁq/fzao)

This implies directly that each «; in the construction above is exactly &£7/¢7
which means £(I¢) = £ On the other hand, take an A-graded ideal I and fix
some @ € Pd(A). Then again we may assume that {(I)® = (1:aq:...: qjq|).
Therefore, we get £§ - ™ — & - ™ = —(a; - ™ — ™). Since

g ea™ gl a™ = (e 2™ —a™) — €H(Er 2™ — a™)

= aj(og-x2™ —2x™) — (o™ —x™) e ]

we have I¢;) C I, but because I contains all generators of I we get Iy = 1
because of Lemma I1.1.8. Note that the toric ideal I 4 corresponds to the point
in P with £*=(1:...:1) for all @ € Pd(A).

To get the bijection between A-graded ideals and a subset of P we have to give
equations on P such that for exactly those points ¢ fulfilling these equations I is
an A-graded ideal. The ideal I, is weakly A-graded so we fix a subset R C NA
such that being A-graded on R implies that the ideal is A-graded. A good choice,
for example, would be V from Theorem I1.1.10. With this fixed R it follows that
I¢ is not A-graded exactly if there exists some degree a € R such that I, contains
every monomial of degree a. The homogeneous polynomials of degree a in I, are
linear combinations of binomials

5;?.wmi.wv_§f.mmj.wv
where ™ — x™ is a Graver binomial of degree b and the total degree of such a
binomial is A(m;+7v) = A(m;+~) = a. This is equivalent to linear combinations
of binomials
5]1? L™ — @b "

where ™ and x™ have degree a and m = n — m; + m; for a Graver binomial
x™ —a™i. Let M, be a matrix whose |a|+ 1 rows are labeled by the monomials
of degree a and whose n, columns are labeled by pairs of monomials ™, x™ of
degree a such that there exists a Graver binomial ™ — ™ of degree b with
m = n — m; + m,;, which is unique since it is primitive. The column of M,
corresponding to the pair ™, ™ consists of fjl? in the ™ row, —&2 in the ™
row, and zero elsewhere.
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Since homogeneous polynomials of degree @ in S are in one-to-one corre-
spondence with vectors in k!®*!, the homogeneous polynomials of degree a in
I¢ correspond to the image of the map o4 : k" — kle+1 o — Myx. Thus, Ie
is not A-graded exactly if there is an @ € R such that o, is surjective, which
means there is a maximal minor of M, that is not vanishing. Therefore, we get
the following description due to Maclagan and Thomas [MT02].

Definition ITI.1.1. Choose an R as before and let P and M,, for all @ € R,
be as before. Then we define the toric Hilbert scheme H4 C P to be the scheme
given by the ideal generated by the maximal minors of M, for all @ € R. By
using (IIL.1) the closed points in H 4 parametrise all A-graded ideals.

Example ITI.1.2. Let again A = {1,2,3}. Then we had the Graver basis
G(A) = {a* = b,ab — c,a® — ¢c,ac — V*,b* — *}

and the primitive degrees Pd(A) = {2,3,4,6}. Thus, we can divide the Graver
monomials into

gGm(A)s = {a*,b}  Gm(A); = {d’,ab,c}
Gm(A)y = {a4, a’b, ac, bQ} gm(A)g = {aG, a'b, ale, a®b?, abe, b3, 02}

Hence, in this example we get
P =P x P x P} x P{.

Exemplarily, we will compute the matrices M, for the degrees 2 and 3, and give
their maximal minors. So let the degree be 2. There are 2 monomials of degree 2
so that M, has two rows, the first labelled by a? and the second by b. Then there
are two (ordered) pairs of monomials (a?,b) and (b, a?) such that there exists a
Graver binomial which in this case are a? —b and b — a? respectively satisfying the

exponent condition because for example for the first pair ( §) = (g ) — ( g ) + ( § ) .

Thus, in the first column we get & in the a? row and —£2% in the b row. The
second column equals the first with permuted signs so that we get

(a2,b) (b, a?)
2 42 2
]\42 — < £b2 §b > C;)
- (L2 (12 9
where we have noted down the labels of the rows and columns.

For degree 3 we have the three monomials a®, ab, and c labelling the rows and
there are six pairs of monomials (a3, ¢), (c,a®), (ab, c), (¢, ab), (a®, ab), (ab, a®) with
the same exponent difference as the Graver basis element a® — ¢ for the first two,
ab — ¢ for the second two, and a? — b for the last two. Therefore, the matrix for

degree 3 is

(a®,c) (c,a®) (abec) (c,ab) (a®,ab) (ab,a®)

& =& 00 g =g a’

_23 a33 &0 &, 0 0 c

where we again labelled the rows and columns. Then there is just one maximal
minor of My which is 0 and the ideal generated by the maximal minors of Mj is

(G858 — L6268 0
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Remark. From now on we will use £ and Iz or I and I(§) interchangeably for
£ € H, and A-graded ideals I. So for example we write [4 for the toric ideal as
well as for the point in H 4 that corresponds to [ 4.

This construction was evolved from the definition of Peeva and Stillman [PS02]

in which they use the Fitting ideals (see [Eis95, Section 20.2]). Let P be as above
and consider the subset ) C P x A} given by

IY)= (& 2™ — &2 -x™ | Va € Pd(A) and 2™, 2™ € Gm(A),)

n m

with projection ¢ : ) — P and the grading on Oy induced by the grading of A
on S. Hence, ¢* is M-homogeneous and therefore we can write

where L, are coherent Op-modules and Ly = Op (see [PS02, Definition 3.1]).
We define an ideal of Op

dets(¢) = > Fitto(La),

where Fittg(Lg) is the 0-th Fitting ideal of L.
Before we explain what the 0-th Fitting ideal is in this case, we state the
definition of the toric Hilbert scheme by Peeva and Stillman:

Definition I11.1.3. The toric Hilbert scheme is defined as
Ha =V (dets(¢)) C P.

For further details see [PS02, Section 3+4]. To see that both definitions are
the same we have to examine the Fitting ideal for a fixed degree a. For this we
have to construct a free resolution of Op-modules

FfiG—>La—>0

and choose bases for F' and G. Then Fitto(L,) is the ideal generated by the maxi-
mal minors of the matrix representation of f, (see [Eis95, Corollary-Definition
20.4]). This can be done by taking G := kl%l*1 with e; — 2™ the i-th element
of the fiber of a. Then the kernel of this map is given by the generators of 1()))
and thus M, is a matrix representation of f,. It is left to the reader to verify by
set theoretic arguments that it suffices to take R instead of NA as the index set
for dets(¢), which implies that the definitions are the same.

In Sturmfels’ construction [Stu94, Chapter 5| the parameter space of A-graded
ideals is not given by determinantal equations. He considers the product space
P’ .= [[Plel for all @ € Z,(A)NNA where Z,(A) is the zonotope with edge length
r=(n—d)¥ -a?". With the same notation for £ € P’ as before he defined the
closed subscheme P4 C P’ by the equations

my 53%% =&my 5%371’
whenever deg(m,) = deg(ms) = a and deg(n) = b. This is also a description of

all A-graded ideals.

Theorem II1.1.4. There exists a natural bijection between the set of A-graded
ideals in S and the set of closed points of P4.

Proof. See |Stu94, Theorem 5.3|. O
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II1.2 Components

In [HS04] Haiman and Sturmfels give general constructions of different multi-
graded Hilbert schemes. In particular, their work shows that the toric Hilbert
scheme H 4 by Peeva and Stillman and the parameter space P4 by Sturmfels are
in fact the same, i.e. Hq = Py4. For this use [HS04, Propositions 5.2 + 5.3| in
combination with [HS04, Theorem 3.16]. Thus, we get the following:

Lemma II1.2.1. The toric Hilbert scheme H 4 is given by binomial equations. [

If we use the primary decomposition theorem from the work of Eisenbud and
Sturmfels on binomial ideals |ES96, Theorem 7.1] it follows that every irreducible
component of H 4 is generated by binomial ideals. Since the radical of a binomial
ideal is again a binomial ideal (see [ES96, Theorem 3.1|) the reduced structure of
each irreducible component, i.e. the variety given by the radicals of a covering of
local rings, is given by binomial equations. This argument proves the following
lemma:

Lemma I11.2.2. The underlying reduced structure of each component of the toric
Hilbert scheme is a (not necessarily normal) projective toric variety. [

Corollary I11.2.3. For each irreducible component V' of the toric Hilbert scheme
there is a polytope Py such that the projective variety of the normal fan of Py is
the normalisation of V. O

Note that we do not mean a distinguished polytope as we are not interested
in the polarisation, just in the scheme structure.

We have seen in Chapter II that the faces of the state polytope are in bijection
with the isomorphism classes of coherent A-graded ideals. On the other hand,
the closure of the orbit of I4 under the action of the n-torus 7' = (k*)" in ‘H 4 is
the set of coherent A-graded ideals.

Theorem 111.2.4. There exists exactly one irreducible component containing I 4.
If char(k) = 0, then this component is reduced and the point I 4 on H 4 is smooth.

Proof. See |PS02, Theorem 5.3|. O

This means that all coherent A-graded ideals are contained in this compo-
nent. Therefore, we call the irreducible component containing I 4 the coherent
component. There is a refinement of the above and the theorem, which takes
the correspondence between coherent A-graded ideals and the Grobner fan into
account.

Theorem 111.2.5. The toric ideal 14 lies on a unique irreducible component of
the toric Hilbert scheme H 4, the coherent component. The normalisation of the

coherent component is the projective toric variety defined by the Grobner fan of
14.

Proof. See [SST02, Theorem 4.1]. O

Thus, the coherent component of the toric Hilbert scheme is already well
described.
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Example IT1.2.6. We continue Example I1.1.6 from Chapter II, so that we have
A = {1,2,3} C Z'. We already computed that state(l4) is a hexagon (see
Figure 11.2). Thus, the normalisation of the coherent component of the toric
Hilbert scheme H 4 is the toric variety associated to the normal fan of a hexago%

Lemma II1.2.7. Let I C S be an A-graded ideal which contains no monomials.
Then I is torus isomorphic to the toric ideal I 4.

Proof. See [Stu94, Lemma 4.3]. O

Hence, for an A-graded ideal which does not lie on the coherent component
it follows that it contains monomials.

Now we will extend characteristics of the coherent component and the state
polytope to non-coherent components and their polytopes. For this, let (H ),y
be the underlying reduced scheme of H 4. By Lemma II1.2.2 and Corollary I11.2.3
each component of (H.4),.q is a projective toric variety and there is a polytope
Py for every component V' of (Hu),.q such that the toric variety of Py is the
normalisation of V. Note that every component of (H4),, is the underlying
reduced scheme of an irreducible component of H 4. The polytope for the coherent
component is the state polytope of I 4.

Definition II1.2.8. We call the dense torus of an irreducible component V' of
(H.A),q the ambient torus of V.

Note that the ambient torus of a non-coherent component is in general differ-
ent from the n-torus T' = Spec(k[z*!]) which is the ambient torus of the coherent
componernt.

Now fix some component V of (H 4),.4 with corresponding polytope P,. Then
there are similar results as for the state polytope of 14 in Chapter II.

Lemma II1.2.9. Vertices of Py correspond exactly to the monomial A-graded
ideals in V.

Proof. See [IMT02, Lemma 3.4|. O

The edges of the state polytope correspond to flips of coherent monomial A-
graded ideals along elements of the universal Grobner basis of A. Almost the
same holds also for non-coherent components.

Theorem IT1.2.10. Let M, and My be monomial A-graded ideals corresponding
to vertices py and ps of Py. My and My are connected by a single flip if and
only if there is an edge e of Py connecting py and ps.

Proof. See [MT02, Theorem 3.6|. O

We have seen that flips are done along elements of the Graver basis of 14, so
we can label each edge of P, by the Graver basis element of the corresponding
wall ideal. The only difference now in the general case is that the edges of Py, are
labeled by elements of G(A) but not necessarily of UGB(.A). This description of
the toric Hilbert scheme in terms of polytopes and flips leads to the following:

Theorem I11.2.11. The toric Hilbert scheme H 4 is connected if and only if the
flip graph of A is connected.
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Proof. See IMT02, Theorem 3.1|. O

Lemma I11.2.12. Any torus acting on the underlying reduced structure of an
wrreducible component of a Toric Hilbert Scheme H 4 acts diagonally by scaling
each coordinate.

Proof. The global equations of H 4 are a binomial ideal by Lemma II1.2.1. From
[ES96, Theorem 7.1] it follows that the associated primary ideals are also binomial
ideals. Thus, the irreducile components are given by binomial equations. Using
[ES96, Theorem 3.1| we get that also their radicals are binomials ideals. Hence,
the underlying reduced irreducible structure of an irreducible component is given
by binomial equations. Therefore, any torus must act diagonally. O]

II1.3 Local Equations

There are explicit global equations given in the construction of the toric Hilbert
scheme by Peeva and Stillman. Unfortunately, R C N.A may have to be chosen
very large and the matrices M, may get even larger, so we get a huge amount of
maximal minors. Thus, these global equations are rather hard to compute. But
Peeva and Stillman showed that the local equations of the toric Hilbert scheme
around a monomial A-graded ideal can be calculated efficiently.

Fix some monomial A-graded ideal M. Then for every degree a € NA there
is a unique monomial s, which is not in M. This is called the M-standard
monomial of degree a.

Definition II1.3.1. Let Uy C H 4 be the affine open subscheme
U :=HaN{E #0| acPd(A)}.

This means we have chosen an affine chart for every Pl®l in P and intersected
these with the toric Hilbert scheme. Since we have seen in the construction that
x™ e M if £& =0, it follows that M is contained in U,.

Remark 111.3.2. The affine open subscheme Uy, corresponds exactly to those A-
graded ideals with the same standard monomials as S/ M.

Now consider an arbitrary A-graded ideal I. Take any initial monomial ideal
M of I. Then the M-standard monomial s, of degree a of M forms a vector
space basis of (S/I), for every @ € N.A. Since therefore s, is not contained in
I, which means {2 # 0 for all @ € Pd(A), we have I € Ups. Thus, we get the
following;:

Lemma IT1.3.3. The set {Un} is an affine open cover for H 4, where M runs
over all monomial A-graded ideals. [

For a fixed M with M-standard monomials s, we set
7= {€23,| a € Pd(A), deg(z™) = a,2™ # 5}

Now, in the original coordinates of P, the affine chart Uy, is obtained by setting
§2 =1, since they are all not equal to 0. This means Uy, is given by an ideal in
k[Z]. This ideal is the restriction of dets(¢) to k[Z]. Alternatively, this ideal can

28



be obtained by describing the points (i.e. A-graded ideals) in Uy in the following
way: Because of Lemma II.1.4 and Lemma I1.1.8 these are all generated by

(2™ — ap, - Sa | @ € Pd(A),deg(x™) = a,x™ # sq)
for some o2 € k. Thus, as in the construction of H4 we get the following:

Lemma II1.3.4. Let M be a monomial A-graded ideal. For the affine open
chart Upg = Ha N {fs‘f‘a #0 ’ ac Pd(A)} and the corresponding set of variables
Z ={&% | a € Pd(A),deg(x™) = a,x™ # sq} set

G:= (™ —£&2 - 5q| a € Pd(A),deg(x™) = a,x™ # sq) Ck[Z] @k S and
F = 3 cna Fitto (K[ Z][xq, ..., 2,]/G),) € Kk[Z].
Then
Upn = Spec (k[Z]/F).
In particular, the ideal F is generated by the maximal minors of matrices of the

form
1

0 )
1

a a a a a
Ty Tal-1  Ta| Ty

To

(where we assume that sq = x™al ). Therefore, we have

F:Z(G:sa)

aeNA

and thus F' is a binomial ideal.

Proof. See |PS02, Corollary 4.5]. O

Note that the matrix in Lemma I11.3.4 comes from the construction of Macla-
gan and Thomas. In this case there exist only pairs (1, —£%,) with ™ # s, which
have to be written into M,. If we convert this matrix into its reduced column
echelon form we get on the one hand the desired form above and on the other

hand that 7, ..., r{* are the generators of (G : sq).

Lemma II1.3.5. Let V C H 4 be an irreducible component containing M. Then
Um N V), contains the ambient torus of Vieq.

Proof. We may assume that V' is already reduced. Let £ be a point on the ambient
torus of V. Then the corresponding A-graded ideal is

= (gax™ — o x| 2" € Gm(A)g,a € Pd(A)) .

By Lemma II1.2.12 the ambient torus acts diagonally on the coefficients £2, &2,
by the construction of the toric Hilbert scheme. Hence, if £™° € I then ™° € |
holds for every I in the ambient torus orbit of I;. Moreover, £™° € I implies
x™ € [ for every I’ in the closure of the ambient torus orbit.

On the other hand, since M lies on V, i.e. the closure of the ambient torus,
x™ ¢ M implies ™ ¢ I for every [ in the ambient torus. Thus, the monomials
of S/M are standard monomials for all ideals in the ambient torus of V. Hence
by Remark II1.3.2 the ambient torus lies in U,. [
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Now suppose that M is a coherent monomial A-graded ideal. We will give
an efficient description of k[Z]/F constructed by Peeva and Stillman.

Construction IT1.3.6 (Local coherent equations). The ideal M has a unique
minimal set of monomial generators. We call this set Gy = {fi|1 <i < pum}
where py is the number of generators of M. Then for every f; there is an M-
standard monomial of degree deg( f;) which we call s;. Note that f;—s; is primitive
because if it were not, f; would not be a minimal generator of M. Consider the
ring k[x1, ..., Tn, Y1, ..., Ypy,) and the ideal Ju( generated by the set

Gu={fi—vi-si|1<i<pm}.

We fix a term order <, on S such that M = in._ (I4) and an arbitrary term
order <, on Kk[yi, ..., yp,,]. Denote by < the product term order of <, and of <,
on k[xq, ..., Zpn, Y1, ..., Yp,,|, which means

/ / / / /
z* Yy’ = 2% Y Sz -, ¥ or xz® =z y* =, y¥.

For each pair of binomials u and v in G we form their S-polynomial s(u,v)
which is a homogeneous binomial with respect to the M-grading induced by A on
k[z1, ..., 2,]). Then we choose a reduction of s(u,v) by G to (e(y) — h(y)) - Suw,
where e and h are monomials in klyi,...,yp,,]. Since <, is a term order with
M = in__(I4), Sup is the M-standard monomial in the degree of s(u,v). Set
r(u,v) = e(y) — h(y) € k[y1, ..., yp,,] and define

Iy = <r(u,v) |u,v € m> Cklyt, s Yppil-

Note that the construction of I, does not use the Graver basis, but needs the
term order <, for the reduction.

Theorem II1.3.7. Let M be a coherent monomial A-graded ideal. Then

U = Spec (k[Z]/F) = Spec (k[y1, -, Ypr | /IM) -
Proof. See |[PS00, Theorem 3.2]. ]

Remark 111.3.8. From now on most of the computations in the examples have
been carried out by using MACAULAYZ2, a computer algebra software by Grayson
and Stillman |GS], and the package TORICHILBERTSCHEMES |Birl0| containing
algorithms from |[SST02| and self-written code.

Example I11.3.9. Let A = {1,3,4,7} C Z' and S = K|a, b, c,d]. Then the toric
ideal is 14 = (a® — b, ab — ¢, bc — d) and the Graver basis has 27 elements. There
are 53 monomial A-graded ideals of which 2 are non-coherent. We pick one of
the coherent ones and apply Construction II1.3.6 to it:

M = <a3, ab,b?, be, ad, a*c?, bd?, ac®, d4>

This is the initial monomial ideal of the toric ideal I 4 with respect to the weight
vector w = (265,342,1,40). The standard monomials in the degrees of the gen-
erators are

{81,..:,80} = {b, c,a’c,d, ¢, bd, act, d, 07}
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respectively. Hence, the ideal Jy is generated by

Gum = {a® —yb,ab—yoc,b* — ysa’c,be — yud, ad — ysc?,
a’c? — ygbd, bd® — yract, ac® — ygd®, d* — ygc7} .

Our term order < is given by <, on kla,b,c,d] and arbitrary on klyi, ..., yo|. If
we form S-polynomials and reduce them using this term order we get

3(a3 — b, ab — yoc) = yoa’c — yi b2

Here y;b% is the leading term and thus b® — ysa®c reduces the S-polynomial to
yaac — yrysa’c = (Y2 — y1ys)a’c, so that we get

r(a® — y1b,ab — yac) = (y2 — y1y3)-

We continue with the remaining pairs but omit pairs where the leading terms are
coprime since they give no equations. The leading terms are underlined:

3(613 — b, ad — y502) = y5a202 — y1bd ~ ysysbd — y1bd = (y5yﬁ - yl)bdv
s(a® — y1b, ac® — ysd®) = yga’d® — y,bc® ~s ysysactd® — y1be®
~ y%ygc‘ld — 41bc®
2ectd — 4 — (1120, 4]
~> YsYsC Y1yac (95?/8 y1y4)c )

s(ab — yac,be — ysd) = ysad — Yoc® ~ yaysc® — yo® = (Yays — y2)¢*

Continuing with the remaining pairs in the same way gives the local equations of
the toric Hilbert scheme around M as

Iv = <y2 — Y1Y3, Y1 — YsYe, Y1Ys — ygyg, Y2 — YalYs,Ys — Ys¥Y9, Ya — Y71Ys,
Ys — Ye¥Y7, YaYo — YsY7, YalYe — Ys5Y8, Y3Ys — Y4, y3y§ - y2y7} . O

We state one of the lemmata used by Peeva and Stillman for the proof since
it shows how this construction and that of Lemma III.3.4 are connected.

Lemma II1.3.10. In k(y1, ..., yp,,| we have

Iy = Z ((IM)a : Sa)
= ) Fitto (K[y1, -y Ypur [21, ey 2l [ T0),) -

Proof. See |PS00, Lemma 3.5]. O

The binomials f; — v; - s; in G can also be written as ™ — Ea - sq for
some a € Pd(A) and some monomial ™ of degree a. Thus, the variables
Y1, -5 Ypp COITESpONd to certain variables £ € Z. We denote this set of variables
by Zsmau C Z. Hence, we can interpret Iy, also as an ideal in K[Zgqu]-

In the non-coherent case the description of Uy, is not so easy because we
do not have a term order for which M is the initial ideal of I4. We can still
compute k[Z]/F using Lemma I11.3.4, but Construction II1.3.6, which would be
much more efficient cannot be used, since the proof uses the term order <, and
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the reduction with respect to it. Note that, although we do not have a term order
<, we can still construct I, as defined in Lemma I11.3.10. However, Theorem
IT1.3.7 does not hold in the non-coherent case. But Peeva and Stillman enhanced
this construction to the non-coherent case. They calculated the local ring of H 4
in the point M.

Theorem II1.3.11. The local ring of H4 at M is

Orim ZK[Z]i2) [ F = K[ Zomant) (Zoman) I = K[y1, ---,pr]< >/f/v1-

y17~~7pr

Proof. See [PS00, Theorem 4.4]. O

There is even a similar construction to Construction II1.3.6 that uses F. Mora’s
tangent cone algorithm (see [Mor82]) in a simplified way instead of the Grobner
reduction by G. We end this chapter by giving the construction of I, for a
non-coherent monomial A-graded ideal M.

Construction II1.3.12 (Local non-coherent equations). The first steps are
exactly as in Construction I11.3.6. There is again a minimal set of monomials
Gam = {fi|1 <i < pm} generating M, where ppy is the number of generators of
M. Let s; be the M-standard monomial of degree deg(f;). Still f;—s; is primitive
by the same argument as before. Consider the ring kixy, ..., Z,, Y1, ..., Yp,,] and
the ideal Jy( generated by the set

Gu=1{fi—yi-si|1<i<pm}.

Now we can not fix a term order as before. We have to use the second reduction
process from Peeva and Stillman in [PS00].

Fix an order < on the monomials of k{x1, ..., z,, y1, ..., Yp,,] With y; <1 < z;
for all 7, 7. Note that this is not a term order since 1 is not the minimal element.
Then f; is the initial term of each element in G,s. Let m be a monomial in
K[Z1, ., Ty Yis o, Ypog)- Then the remainder R(m,Gr) is constructed as follows.
If m is not divisible by any of the monomials f; then R(m, G, ) = m. Otherwise,
m = f; - u for some ¢ and monomial u. Then we reduce m to m; :== u-y; - s;. We
repeat this reduction until either we get at some point an m, that is not further
reducible by that method, in which case we set R(m,G ) = m,, or we obtain a
loop

m—my — Mg — ... 2> My — ... =2 MMj —> ...

where m; divides m;. Then we set R(m, G ) = 0. This reduction is extended to
polynomials by linearity. Note that the remainder of any monomial is either 0 or
Y® - s, for some standard monomial s, and e € NPM,

For each pair of binomials v and v in Gy form their S-polynomial s(u,v) and
set

r(u,v) = R(s(u,v), Gar)/Suw,

where s,, is the standard monomial in the degree of s(u,v). Then
Iy = <r(u,v) !u,v € m> Cklyr, s Ypui)-
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Example II1.3.13 (continuing ITI.3.9). Now we consider a non-coherent mono-
mial A-graded ideal for A = {1,3,4,7}:

M= <a3,ab, b?, be, ad, a202,ac4,bd3,d4>
The standard monomials in the degrees of the generators are
{81, ..., 80} = {b, c,a’c,d, ¢, bd, bd?, ¢, 07} ,

respectively. Hence, the ideal Jy is generated by

GM = {CLB - ylba ab — YoC, b — 3/361207 be — y4d7 ad — 3/502,
a’c? — ygbd, ac — yrbd?, bd® — ygc®, d* — ygc7} :
For ab — y,c and b? — ysa®c the S-polynomial is

s(ab — yac, b* — ysa’c) = yobe — ysa®e.

Then we get o
R(yabe, Ga) = yayad

by using bc — y4d, and L
R(ysa’c, G ) = y1ysyad
by using a® — 110 and then bc — yud. Thus, we get the remainder

R(s(ab — yac,b* — y3a°c), Gm) = Yayad — y1y3yad

and hence
r(ab — ysc, b — ysa®c) = yays — y1Ysya.

The next pairs result in:

s(be — yud, a*c* — ygbd) = ysa’ed — ygb*d
~ Yaysac’ — ysysysac® = (Yays — y3y5y6)ac3
s(ad — ysc®, bd® — ysc®) = ygac® — ysbcd?

s Yayryscd® — yaysed® = (yayrys — yays)ed”

If we continue this for the remaining pairs we get the equations of the local ring
in M of the toric Hilbert scheme as

Iv = <y2y4 — Y1Y3Ya, YaYs — Y3YsYe, YaY9 — Y, Ys — Y7Ys, YsYr — Ye,
Y1 — Ys¥Ye, YalYe — Y2U7, Y3Ye — Ya, Y2 — YalYs, Y1Ya — Y2Ys,
Y1ys — Y2, 933152) - y4y8> .
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Chapter IV

A Polytope of a Non-Coherent
Component

We want to understand the geometry of all components. Until now we have seen
that the coherent component is (up to normalisation) the toric variety associated
to the state polytope of the toric ideal I4. For the non-coherent components
it was only known until now that there exists such a polytope describing the
normalisation. Using the local equations and various facts given so far, we will
derive an explicit construction of the polytope corresponding to the normalisation
of the underlying reduced structure of a given non-coherent component of the toric
Hilbert scheme.

IV.1 Universal Families

As before, we have our set of points A € Z?% with toric ideal I4. Let M be a
monomial A-graded ideal. At first, assume that M is coherent. Then by Theorem
I11.3.7 we can compute the local equations Iy C K[y, ..., y] of H4 around M
where [ is the number of generators of M = (™ ... ™).

Definition IV.1.1. We call the ideal

my my

Jpm =™ =y 51, ™ =y -s)

from Construction I11.3.6 the universal family of Uy with defining ideal Ip4.

Note that by Lemma I11.3.4 the A-graded ideals that correspond to the points
in Ung C Hy are precisely given by Juy for all (yy, ..., ) in the variety of Iy.

We now give a construction of a new universal family that describes the am-
bient torus of the underlying reduced structure of an non-coherent component
containing M. This is done in several steps. Firstly, we remove redundant vari-
ables from I, and Ju (Construction 1V.1.2). Then we construct the primary
decomposition of the resulting defining ideal I, to get the primary ideals g defin-
ing the irreducible components containing M (Propositions IV.1.6 and IV.1.11).
Because the underlying reduced structure of each component is a projective toric
variety we take the radical p = /g for each of these primary ideals (Definition
IV.1.13). Then we set the variables that are generators of p to zero in the uni-
versal family J}, (Construction IV.1.15). Now the prime ideal p has become a
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pure binomial ideal, i.e. containing no monomials, and we perform a change of
the y coordinates in J), so that p becomes trivial and we get a universal family
that describes the ambient torus of the reduced structure of that non-coherent
component without any defining ideal (Construction IV.1.17). We will now go
through this construction step by step.

As seen in Construction I11.3.6, the ideal I, is a binomial ideal, which also
follows from Lemma II1.2.1. Hence, the generators of I, may contain binomials

of the form
b.
Yi — H yj]
J#i
for some exponents b;. Then we call the single variable y; a redundant vari-
able, since we can remove y; from [ and Jy by substituting y; by the product

b.
-

Construction IV.1.2 (Removing redundant variables). Let .Jy( be the uni-
versal family of a neighbourhood Uy, with defining ideal 1. Let y; be a redun-
dant variable given by

bj
Yi — H y; € I
i
Then we remouve the redundant variable from I, and Jy, with the maps
. Yj if j#1
D, : kly] — kly; i), y; —> bi e o
[yl = Kly; |7 # 1, v {H#iyj if =i

and V; = Idyje) @P; : k[z, y] — k[, y; | j # 1], respectively.

We repeat this until there are no more redundant variables. Then we denote
by v C {1,...,1} the indices of the remaining variables in I, and Jy and write
I, and J), for the ideals obtained by removing the redundant variables in I,
and Jy respectively. This means we have

I'i C Kklyi|ier] and
J.i\/l = <wmj_pj(y)'8j|j:1a“'>l>>

where p;(y) is the monomial into which y; has been converted by removing all
redundant variables.

Remark IV.1.3. The points in Uy, are still completely described by substituting
a solution of I, into J)\,.

Example IV.1.4. This continues Example I11.3.9 from Chapter III. Let the
grading be A = {1,3,4,7} C Z! and consider the monomial A-graded ideal

M = <a3,ab, b2, be, ad, aQCQ,bdZ,ac5,d4> )

This ideal is coherent with weight vector w = (265, 342,1,40) and by using Con-
struction II1.3.6 we get the universal family

Jum = {a® —yib,ab — yoc, b* — ysa’c, be — yud, ad — ysc?, a*c? — ygbd,
bd? — yract; ac® — ygd?, d* — yoc”)

35



with the defining ideal

Iv = <y5 — YsYo, Y4 — Y7Ys, Ys — YelY7, YaY9 — YsY7, Y1 — Ys¥Ye, YalYs — Ys¥Ys,
YsYs — Y4, Y2 — YaYs5, Y1Y3 — Y2, Y2Y7 — ysy§> .

There are four redundant variables, y1, y2, y4, and ys, given by

Ys — Y7Ys, Ys — YsY9, Y1 — YsYe, Y2 — Y4Ys.-

If we remove the redundant variables from I, we get

Iy = (0,0, ysys — Ysyr, Yrysyo — YrYslo, YesYs — YsYsyo: Yeyrys — Yalo,
Ys¥e — YrYs: 0, YsYsYs — V7YYo )
= (Ysyr — YsYo Ysls — YrYs) ;

and the universal family becomes

vaz = <a3 — Y6YsYob, ab — y??nggca b — y3a2c, be — yrysd, ad — ysy9027
a’c® — ygbd, bd® — yract, ac® — ygd®, d* — ygc7> . O

Still Iy, gives only a parametrisation of the neighbourhood U of M and not
of the different components that contain M. However, if we decompose I, into
its primary ideals, then each of these primary ideals determines exactly one of
the possibly embedded components of H 4 intersecting Uy,.

Lemma IV.1.5. Let M be coherent and I, = ()¢ be a minimal primary de-
composition, then every component V(g;) C Upn contains M.

Proof. Fix a primary ideal g; and take a point u € V(g;). This gives an A-graded
ideal

I = (‘]M>(y):p = <mmj _pj(/“L)SJ ’ .] - 17 Jl>
on the component V given by g. Recall the action of the n-torus T = (k*)" on
S =Kk[zy,...,z,] by

for A € T which maps A-graded ideals to A-graded ideals. Hence, T" acts on H 4
and the orbit of a point under the T-action lies in the same irreducible component
as the point. Thus, the T-orbit of I lies in V. Furthermore, M was coherent
so that there exists some w € N" such that M = in, ({4). Finally, because
{x™ —s;| j=1,...,1} is the reduced Grobner basis with respect to w we get
that

M= (x™|j=1,..1) Cin, ()

which is in fact an equality because both ideals are A-graded. This implies that
M lies in the closure of the T-orbit of I by [Eis95, Theorem 15.17] and thus it
lies on V. [

So let the primary decomposition be

Then V(g) is isomorphic to an irreducible, affine subset of H 4, in fact of U,
containing M. In particular, the closed points of V/(g;) substituted into J}, give
exactly all A-graded ideals in that component intersected with U, which are the
closed points of that component. This gives us the following proposition:
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Proposition IV.1.6. Let M be a coherent monomial A-graded ideal with local
equations Iy, and universal family J),, both after removing redundant variables.
Let I'y = ¢ N ...N g, be a primary decomposition. Then V(g) € Huy is an
irreducible component containing M for i = 1,...,k and one of them is the co-

herent component. Furthermore, V (q;) is the coherent component if and only if
g contains no monomials.

Proof. The first statement follows from Remark 1V.1.3 and that V' (g;) is an affine
open subset of an irreducible component containing M, which by Lemma I11.3.5
is dense, so that V'(g;) is in fact the component. Furthermore, M is coherent so
one component must be the coherent one. For the last part, since g; is generated
by binomial differences, it contains no monomials exactly if (1,...,1) is in V (g).
But this point corresponds to the A-graded ideal

m m

(™ — 51, .., 2™ — ),

which is the toric ideal I 4, because {&™! — sq, ..., ™ — s;} is a Grobuner basis of
I 4 with respect to a term order giving M as initial ideal. Thus V(g;) contains
the orbit of 4 under the action of the torus 7" = (k*)" which is the torus of the
coherent component. Since I4 only lies on the coherent component, the closure
of V(g) closure is the coherent component. O

Since the coherent component is already completely described by the state
polytope of the toric ideal, we can ignore the primary ideal that corresponds to
the coherent component and just consider the remaining ¢;’s containing at least
one monomial generator.

Example IV.1.7 (continuing IV.1.4). A primary decomposition of the defining
ideal after removing the redundant variables is

I = (Y6, ys) N (Y7 — YsYo, Yoy — YsYo, Y3l — YrYs ) - (IV.1)

Therefore, M lies on two components, which are both reduced. Since M is
coherent one of the components is the coherent component which must be given
by the latter primary ideal, because it contains no monomials. o

Now assume that M is a non-coherent A-graded ideal and we have computed
Jpm and the local equations I using Construction I11.3.12.

Definition IV.1.8. Let M be a non-coherent monomial A-graded ideal. Then
we call the ideal
Jm = (@™ =y 81, ™ =y - s)

from Construction II1.3.12 the universal family of Up, with defining ideal In4.

Remember that this time [, only describes the local ring of the toric Hilbert
scheme at M, i.e.

Onpiv = K[Z]iz) | F = Klyr, . ypudy /Iy

y1,~--7pr>

Now we are interested in the components of Uy, that contain M. To get a
description of these components we will use two facts from commutative algebra.
The first one describes localisation of primary ideals.

37



Lemma IV.1.9. Let S C R = kly] be multiplicatively closed and ¢ C R be
p-primary. Then

e SNp#£0 =S 'g=8"'R
e SNp=0= S'qis S 'p primary and (S'g) N R=g¢q

Proof. See [AM69, Proposition 4.8]. O
The second one is about primary decomposition in localisations.

Lemma IV.1.10. Let [ = (', ¢ C R be a minimal primary decomposition,
S C R multiplicatively closed, and p; = |/, and pp1, ..., pn the associated primes
with py NS # 0. Then

8_1.7:“8_1% and (ST'I)NR= U(I:S):ﬂq,»
=1 seS =1
are minimal primary decompositions.
Proof. See |[AM69, Proposition 4.9]. O

So in our case we have Uy = Spec (k[Z]/F), but we do not know F'. Instead
we have k[Z]z)/F = kly|y). Recall

G:= (™ —¢&2 - 5q| a € Pd(A),deg(x™) = a,x™ # s,) Ck[Z] @ S and
F = 3 ena Fitto (K[ Z][z1, ..., 2]/ G),) € Kk[Z].

from Lemma II1.3.4, and that by Z,,,.; we denoted those variables of Z that
correspond to yi, ..., Yp,, as in Theorem II1.3.11. If we take some ™ — & - Sq € G
with €2, & Zgmau, then there is a reduction of €™ — £2, - s4 by G g to

(R (z™ Gum) — &) - sa

as in Construction I11.3.12, where R (:r;m,GM) is a monomial in Z,,,; which
might be zero. Set

Zred = {{:gb - R (wmam) ‘ 551 ¢ Zsmall} .

Note that Z,.q C F and k[Z]/Z,cq = K[ Zsmau] = K[v1, ..., Yp, ). Hence, there is an
ideal I’ C k[y] such that
k[Z]/F = k[y]/F'.

But this means we get on the one hand
Unm = Spec (k[y]/F")

and on the other hand

1%

K[y / F” k[Z]z)/F

k[y] (y>/]Ma
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where the isomorphism between k[y|.,,/F" and k[y] /I is the identity. How-
ever, recall that

I = (r(u,v) |u,v € Gu) Cklyly)
and that in fact 7(u, v) € kly] by construction. Thus, set the ideal

T = (r(u,0) | w0 € Gag) C Kly)
and the multiplicatively closed set S = k|y] \ (y). Then we have
SUy=1Iy=8"F.

Now let .
-f/\v/l = m qi
i=1

be a minimal primary decomposition in k[y] with prime ideals p; = ,/g. Note
that, although f;,l is similar to I, in the coherent case before, the primary
decomposition of it does not only give the components containing M. Therefore,
we have to distinguish them further.

Assume that g NS =0 fori=1,...,mand gNS#Dfori=m+1,....k for
some m. Then by using Lemmas IV.1.9 and IV.1.10 we have that

m

I = ﬁs_l% and Iy Nkly = ()¢

i=1 =1

are minimal primary decompositions. On the other hand,

IMﬂk[y]:U<m:s):U(F':s)

SES seS

is the saturation of I, considered as an ideal in k[y] with respect to k[y]\ (y) and
moreover the saturation of F’. But the latter are the functions that do not vanish
on the point (0), the point that corresponds to M. Hence, V (Ip Nk[y]) C U
is the intersection of Uy, with all components of H 4, that contain M. Thus,
V (g Nkly]) C U is isomorphic to an irreducible subset of Uy containing M
and all ¢, Nk[y] give exactly the reduced components of H 4, that contain M,
intersected with . Note that again there might be embedded components.
These primary ideals give the following description of Up,.

Proposition IV.1.11. Let M be a non-coherent monomial A-graded ideal with
universal family J), and defining ideal I\, both after removing redundant vari-
ables. Let Iy = ¢ N ... N g be the primary decomposition in Kly; |i € t|. Then

V(gj) € Ha is an irreducible component containing M if and only if none of the
generators of q; is a unit in kly; |1 € t)(y,jicy) -

Proof. First of all note that removing redundant variables still maps I, to an
isomorphic description in the local ring since

Yi — H y?j

J#i
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is not a unit in kfy],. Let g be one of the primary ideals in a minimal primary
decomposition of I in k[y] with prime ideal p; = ,/g; and denote the multi-
plicatively closed set S :=k[y; |7 € t] \ (y;|¢ € ). Then V(g;) is the intersection
of a reduced irreducible component containing M with Uy, if and only if p; is
an associated prime of | J, s (/o : 5). But by using the above, p; is an associated
prime of | J .5 (Ip : 5) exactly if none of the generators of g; is a unit in S. Again,

by Lemma II1.3.5 the closure V(g;) is an irreducible component of H 4. O

Remark. Note that all components of Uy, containing M are in fact non-coherent
and therefore all primary ideals contain a monomial generator.

Example IV.1.12 (continuing IV.1.4). Now we consider the non-coherent A-
graded ideal
My = <a3, ab,b?, be, ad, a*c?, act, bd?, d4> )

Using Construction I11.3.12 we get the universal family
o = (a® = y1b, ab — yac, b* — ysa’c, be — yad, ad — y5¢?,
a’c? — ygbd, ac* — yrbd?, bd® — ygc®, d* — ygc7>

with the defining ideal

IMo = <3/4Z/9 —Ys,Ys — YrYs, YsY7 — Y6, YsYs — Y1, YalYe — Y27,
YslYe — Ya, Y2 — YaYs, Y1Y4 — Y2Ys, Y1Y3 — Y2, y3y§ - y4yg> .

There are five redundant variables, y;, ¥, ys, ¥s, and yg, given by

Ys — YalYo, Y5 — Y7Ys, Yo — Ys¥Y7, Y1 — YsYs, Y2 — YaVs.

If we remove the redundant variables from I, we get

Iy, = <0> 0,0,0,Y3Y2Y9 — Y3Y3Ys, YsYaY3Ys — Ya, 0,
YSYSYS — YaYaYa. YsYaYaYe — Yayre, YsUiYays — Yile)

= (Ysya¥ayo — Ya)

and the universal family becomes

J/Mo = <a3 - yiy?yéh ab — 92979907 b* — ysa*c, be — yad, ad — ysyryoc?,
a’c® — y4y$ygbd, act — y7bd?, bd® — y419c®, d* — ygc7> .

For the defining ideal
I = (ysyzye — 1) N (ya)
is a minimal primary decomposition. The first primary ideal contains an element

of k[ys, Ya, y7, Yo| \ (U3, Ys, Y7, Yo), so only (ys) determines an irreducible component
containing M. o

From now on the construction is the same for coherent and non-coherent
monomial ideals, since the primary ideals in Propositions IV.1.6 and IV.1.11
giving non-coherent components have exactly the same properties. We want to
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construct the polytope that defines the reduced underlying structure of a non-
coherent component, so we fix one of these primary ideals g; and take the radical
pi = /gi- Then V(p;) is an affine open chart of the underlying reduced scheme
of the non-coherent component given by g,. To be more precise, it is isomorphic
to an affine open chart, where the isomorphism is given by the universal family
Ji- In other words, if the y’s in J), are considered as coefficients, then those
coefficients satisfying p; give exactly the A-graded ideals that correspond to the
points of that component.

Definition IV.1.13. Let p be an associated prime of I}, with corresponding
primary ideal ¢ and irreducible component V(g) C H 4 as in Proposition 1V.1.6
or IV.1.11. Then we denote the reduced scheme of the corresponding component

by
Vo= (V(9) € (M-

re

Remark TV.1.14. Since p = ,/q we have

‘/P = V(P) - (HA)red :

We now give a construction via torus invariant isomorphisms to get a universal
family Ja((p) that gives an open affine chart of the component for all values of
the remaining y-variables. This means we will perform a change of coordinates
on the y’s in J), and p, that makes p trivial. Since the solutions of p give all
A-graded ideals in the torus of that component we will get a new universal family
where every set of values for y gives a point on that component.

Since p is a binomial prime ideal, a minimal generating set is of the form

p= <y¢,yb+ — y”_>

for some 7 € t and some b, b~ € N*. Then the first step is to remove the y;’s in
p and J), by just setting them to zero.

Construction IV.1.15 (Removing single variables). Let M be a monomial
A-graded ideal and p an associated prime of I),. Denote by t’ the indices of the
variables, that are not contained in p, and by J, the set of all j € {1, ..., pr} such
that y; [ p;(y) for all y; € p, i.e. all indices where p;(y) remains unchanged and
is not set to zero. Then we remove the single variables by applying the map

. . y . ) / .
\I/.]k[yz|2€t]—>k[yl|26t],y]r—>{ 0 ifjév

to p, where we get
P="(p) = <yb+ - y”7> :
and by applying Idyz ®W¥ to J),, where we get
g =Ty @U(Jy) = (&™ —y% - s;| j € J,) +{(x™ | j € J,)

in klz,y;|i € '], for some b; € N¥, j ¢ J,.
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Remark IV.1.16. For the affine chart of V, containing M we get the isomorphism
V, N (Uni)rea = Spec (kly; |i € ¥']/p'), where (Uni)rea is the underlying reduced
scheme of Uy.

Because p’ is prime, if we take a generator y®" — yb", the difference of the
exponent vectors b := bt — b~ is coprime. Hence, there is an isomorphism
A € GL(¥',Z) such that A-b = ey, the first vector of the canonical basis. This is
equivalent to a torus invariant isomorphism

O k[yf|iet] wk[yFied], y—yh,

where A; denotes the i-th column of A. This means that on the spectrum of
these rings ®4 gives an isomorphism on their tori. Using ®4, we can map p’ to
some prime ideal ®4(p') in k[ |7 € ¢/] by sending the binomial y*" — ¢ with
b=b" — b~ to the binomial

y/A(b)+ . y/A(b)*7
which differs only by a unit from
y/(Ab)+ . y/(Ab)*7

where Ab = (Ab)™ — (Ab)~ is the unique decomposition into two positive vectors.
If we extend ® 4 by the identity on the x;, we can apply it to the universal family
= (@™ — yb -sj\je Jo) +{(x™i| j ¢ J,) toget

DA(T) = (@ —y s | G 1)+ (] )

in k[x,y'*!]. Here the y’ terms have become Laurent monomials, as they might

have negative exponents.

Construction IV.1.17 (Change of coordinates). Let y*" — y® € ¢/ be an
element of a minimal generating set. Fix a matrix A € GL(v/,Z) with torus
invariant morphism

Ouk[yft|iev] —wkyFiev], u—y?,
such that ®4(y®" —y® ) =y, — 1. Then compute the new universal family
Pa(i) = (@™ =y si| € Tp) + (2™ | ] ¢ Ty)
where we set y| to be 1 and the new prime ideal
DA(p) = <y’(A”)+ — gy ( Y-yt e p’>
from which we also remove y] — 1 since it has become zero.

Lemma IV.1.18. Let Jy = (x™ — y% - s; ‘ JjEJ)y+{x™i|j¢J,) beauni-
versal family of a local chart of Ha and p C K[y; |1 € t] be a binomial prime ideal
with no monomial generators that gives a reduced irreducible component on this
chart. For a generator yb" —y®” of p choose an isomorphism ® 4 as above and set
the universal family ®4(Jp) C K[z, y'='] and the prime ideal ® 4(p) € K[y, |i € 1]
as before. Then the prime ideal ®4(p) gives the intersection of the same irre-
ducible component with its ambient torus.
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Proof. Consider ®4 on the Laurent polynomials of both rings:
Dyck[yict] ok[yier], yi—y™
This induces the second isomorphism of
V(p) =k[y |iex] /p=k [y |ict]/Palp).

This means that the points ();),., in V (®4(p)) substituted into ® 4 (Juq) param-
etrise V(p) N T,. Hence, also V (®4(p)) gives the ambient torus of V. O

The advantage of Lemma TV.1.18 is that the binomial y®" —y®, that we have
used to get A, is sent to y; — 1 under ®4. Hence, we can substitute 1 for y; in
®,4(p) and ®4(Jp) and by this remove one more variable and one generator of
® 4(p). The resulting prime ideal and universal family again satisfy the conditions
for Lemma IV.1.18 and thus we can repeat this reduction until p has become the
zero ideal. Thus, we can remove p with the following construction.

Construction IV.1.19 (Computing the universal family). Let M be a
monomial A-graded ideal. Compute the universal family J; and the defining
ideal I, as in Proposition II1.3.6 or I11.3.12, if M is coherent or non-coherent,
respectively. Then reduce the redundant variables in Jy( and I, according to
Construction IV.1.2 to J}, and I',. If M is coherent use Proposition IV.1.6 and
if M is non-coherent use Proposition IV.1.11 to determine the primary ideals
i, -, g that determine the non-coherent components containing M. Let p = | /g;
be one of the associated primes. Then use Construction IV.1.15 to remove the
single variables in p from J), and p to get J4, and p/, respectively. Pick a
minimal generator ybl+ — % of ¢ and use the corresponding isomorphism ® 4, as
in Construction IV.1.17 to get ® 4, (¢') and ® 4, (J4,). Repeat this until the image
of the prime ideal under the repeated isomorphisms is @4, (...(®4,(¢"))) = (0).
Denote the ideal resulting from applying ®4, o...0 @4, to J\; by Jm(p).

Remark TV.1.20. The k steps in Construction IV.1.19 can also be done in one
step. For this one uses one isomorphism over 7Z that maps to the torus. For
lucidity we have shown the removal of p step by step. Although, when imple-
menting this construction one should use the single isomorphism over Z to the
torus. Furthermore, one can combine algorithmically Construction IV.1.15 and
the repeated steps of Construction IV.1.17 into one single morphism to the torus
over Z.

Definition IV.1.21. Let M be a monomial A-graded ideal, Ju, the universal
family of Uy, with defining ideal I, p a prime ideal as in Proposition IV.1.6 or
IV.1.11 defining the underlying reduced scheme V, of a non-coherent irreducible
component containing M. Then we call the ideal resulting from removing the
single variables in p as in Construction IV.1.15 and the reduction of Jx by every
generator of p as in Construction IV.1.19

Julp) = (™ —y% -s;| je J)y+{(x™ | j¢ J,)

in k [,y | i € t(p)] the universal family of the component V,, where t(p) de-
notes the remaining variables and b; € Z#%#) are the resulting exponents.
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Theorem IV.1.22. Let Jy be a universal family with a prime ideal p which
together give an affine chart of a reduced irreducible component V, of the toric
Hilbert scheme. Let Jap(p) be the universal family of this component. Then
(k*)#*(®) = Spec (k [y;tl ‘ S t(p)}) is 1somorphic to the reduced irreducible com-
ponent V, intersected with its ambient torus by substituting these points into
Jm(p). To be precise, the closed points of this irreducible component of the toric
Hilbert scheme intersected with its ambient torus are exactly those A-graded ideals
that are given by substituting a point (\;)icp) € (K*)# into Ju(p).

Proof. The theorem follows directly from Lemma IV.1.18. Denote by A; the ma-
trix of the i-th reduction and let V;,T be the intersection of the reduced irreducible
component, given by p, with its torus. Now we use the lemma at every step of the
reduction to get the isomorphism between V' and V (@4, (...(®4,(p)))) N T via
Dy, (-o(Pa,(Jrm))). A minimal generating set of p is finite, so after h reduction
steps we get @4, (...(P4,(p))) = (0) because we have removed all generators, thus
(k*)#*(?) = V/(0) is isomorphic to VI via Ju(p) = @a, (- (Pa, (Jm)))- O
Corollary IV.1.23. The ambient torus of a non-coherent irreducible component
of Ha is given by one universal family Ju(p) in k [z, y; | i € t(p)]. Hence, the
dimension of this component is #¢(p). This means that the dimension of every
non-coherent component is bounded by the number of elements in the Graver basis,
since #v(p) is bounded by the number of generators of Jy and all ™ — s; are
Graver.

Furthermore, since Jap(p) gives the ambient torus of the irreducible compo-
nent, the closure of the torus is the whole component. [

Remark IV.1.24. The ambient torus of a reduced non-coherent component V, is
given by T, := Spec (k [yiil ‘ 1€ t(p)]), i.e. the points of T}, correspond to the

points in the ambient torus of V, via Juy(p). We refer to T, as the ambient torus
of the non-coherent component V,. Note that the ambient torus of the coherent
component is the n-torus 7' = Spec(k[z*!]) to which T}, is the analog for a non-
coherent component.

Example IV.1.25 (continuing IV.1.4). For the coherent ideal
M = <a3, ab,b?, be, ad, a*c?, bd?, ac®, d4>

the primary ideal in the primary decomposition of I}, that does not give the
coherent component, is

q= <y67 y8> .

This is already a prime ideal, so p = g and thus if we apply Construction IV.1.15
to remove the single variables we get p’ = (0) and

Jm(p) = Ty = <b2 — ysa’e, bd® — yract, d* — yoc”, a3, ab, be, ad, a*c?, ac5> ,
since there are no binomials in p. For the non-coherent ideal
My = <a3, ab,b? be, ad, a*c?, act, bd®, d4>
the primary ideal of Iy, that determines a non-coherent component is
o = (ya) -
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This is also already a prime ideal which contains no binomials, so py = ¢y and if
we apply Construction IV.1.15 to remove the single variables we get g, = (0) and

Iy (po) = Jj(,to = <l72 — ysa’e, act — ybd?, d* — yoc”, a®, ab, be, ad, a3, bd3> 5

We now give a slight variation of Theorem IV.1.22 that avoids Laurent mono-
mials.

Corollary IV.1.26. Let Jy(p) = (™ —y% - s; ‘ jE )+ (x™|j¢ J,) in
k [a:,ylfﬂ ‘ i € t(p)] be the universal family of V,. Then

_ . + . m; y
Im(p) = <be‘ 2™ -yt s j e JP>+<£B i ¢ )

i k [:I:,yii| 1€ t(p)} is also a universal family for V, giving an isomorphism
between (kK*)#*#) and V, intersected with its ambient torus, where b; = b;“ - b
18 the unique decomposition into two positive vectors.

Proof. Just note that it is an isomorphism of tori. Thus we do not change the
isomorphism by multiplying the j-th generator of Juy(p) with y® | because this
is just multiplication with a unit. O

The universal family Ja(p) has the advantage that it defines the ambient
torus of the non-coherent irreducible component on its own, which means we do
not need any equations on the coefficients in y anymore.

We now apply Construction IV.1.19 to a monomial A-graded ideal where all
steps of the construction of Ju(p) have to be done.

Example IV.1.27. Let A= {(2),(%),(3).(2),(3).($)} C Z. Then the toric
ideal is
Iy = <ch — 2, act —be, b —ae,cd — af,Se® — f5,c3e® — df°, be” — A1,
a’eeS — B3 a3 — d' 2 atbeet — AP f,d° — a5b64> )
The Graver basis has 381 elements and there are 9588 monomial A-graded ideals,

which were found by using Construction I1.3.15. We choose the non-coherent
monomial A-graded ideal

M = <ch,ae,acQ,cd,abcf,agcf,b3cf,agbe,a3f2,ab3f2,0863,
V2, df°, bfe d*f4, af®, bieet, d 2 00c, ad® £3, ab?, d6e>
which has 22 generators. Thus, the universal family Jy, of this ideal is in
kla,b,c,d, e, f,y1,...,y22], and the defining ideal I lies in klyi, ..., y22] and has
40 generators. The equations give 14 redundant variables (all variables except
Ya, Y11, Y12, Y14, Y17, Y20, Y21, and ys2), so if we remove them we get

Ty = (b — ynyue’, ae — ynynb®, ac® — yiyiays ysbe, cd — yaaf,
abef — yayays Ysade?®, a’cf — yayiaysiysobde, b e f — yayiayayaade?,
a2bf2 - 912y§1y§2d2627 a3f2 - 912y§1y32bd267 abgf2 - y12921922d2€3>
e’ — y11f6, b5f2 - y12d2€4, df5 - y2y12y14y§193203667 bf6 - y140665,
& f* = yioyasbe”, af® — yiyayrays yaac'e®, bleet — yird® 2,
d4f2 - y1292256€3, e — y4y21d5f, ad3f3 - y2056063,
ab® — yo1d®, dbe — y22611>
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and the defining ideal

[fw = <y17?/20 — Y21Y22, YaY20 — Y12Y22, Y12Y17 — Ya4Y21, yiylzyilyig — Y11Y14,
y4yf1yf4y17y21y22 — Y12, y%yﬁymym - ?J?gyzlyfﬁ

for which we can construct the primary decomposition

Ij\xt = <y17y20 — Y21Y22, YaY20 — Y12Y22, Y12Y17 — YaY21, yiylzyglygg — Y11Y14,
9%19%49%7922 -1 y?lyil4y21y22 - 9%292ly§2>
N (Yas Y11, Y12, Ya7¥oo — Y21Y22)
N (Y11, Y12, Y20, Y21)
N (Ya, Y12, Y14, Y17Y20 — Y21Y22) -

The first primary ideal contains an element of k[y]\ (y), so it does not define a non-
coherent component containing M. Hence, M lies on 3 non-coherent components
and all three of them are reduced. Therefore, p = (Y4, Y11, Y12, Y17Y20 — Y21Y22)
defines an affine chart of a reduced irreducible component containing M. Now
we apply Construction IV.1.15 to remove the single variables in p which gives

7' = (y17Y20 — Y21Y22) and the new universal family

J//(/( = <ae - 921922527 bf6 - y1406€57 bcet — yl7d3f37 ad3f3 - ?J20b60€3;
ab® — ynd®, dbe — y22611> + <ch, ac?, cd, abef,a’cf,bcf,
Cl2bf2, a3f2, abng, 0863, b5f2, d]('57 d2]('47 (lf6, d4f2, b90> ]
There is one more binomial generator yi7ys0 — Yo1Y22 in p’ left, which has the
exponent vector (0,1,1,—1,—1)" in the remaining variables y14, y17, Y20, Y21, Yo2-

Hence, we have to apply one isomorphism from Construction IV.1.17 to remove
that binomial. Our choice for this is

01 000
1 0 000
A=]10 -1 10 0 | € GL(52).
001 010
01 00 1

This means we get the isomorphism

D K[y vl va0 s var s v ] = Klyg
that maps
YoY3lYa
Y14 &> Y1, Y17 — Y20 F Y2, Yo1 +> Y3, and Yoo > yy.
2

Hence, ®4(p') = yo — 1 and the universal family is mapped to

Du(Jy) = <ae — ysyab®, bf°® — y1c®e® breet — %d‘?’f?’?

ad® 2 — yob®ce?, ab? — y3d®, d%e — y4b“> +
<b02,a02,cd, abef,a’cf,b3cf, a®bf?, a®f2,
ab?’fQ, 0863, b5f27 df5, d2f47 af6, d4f2, b90> ]
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But now we have to set yo to 1 so we get that the universal family of the component
V,is
P

Y2
ad® f3 — yabbee?, ab® — ysd®, de — y4bll> +
<bc2,a02,cd, abef,a’cf,b3cf, a®bf?, a®f?,
abeZ7 0863, b5f2, de’ d2f47 leﬁ, d4f2, b90>

JM(F) — <ae _ y3y4b2, bf6 . y16665, b4C€4 . y3y4d3f37

in k[a’7 ba C, da €, f’ Y1,Y2,Ys, 94]

IV.2 Isomorphic Universal Families

So far, we have constructed universal families Jy(p) for every monomial A-graded
ideal M which gives the ambient torus of some reduced non-coherent component
V, containing M. Thus, if we want to describe all non-coherent components, we
have to compute all universal families for each monomial A-graded ideal. But
this means that we would construct for one non-coherent irreducible component
different universal families, one for each monomial A-graded ideal in that com-
ponent. Hence, we have to find a method to check for two universal families if
they define the same non-coherent component.

Consider two monomial A-graded ideals M, My with two prime ideals p;, po
giving reduced irreducible components V,,,V,, of H 4 that contain M; and My,

J 2
respectively. Then we have the two universal families

Ji= Iy (p) = <a:mf —ybi ‘ j e JP1> + <a:mj | j ¢ Jp1> and (1V.2)

Jyi= Juy(p) = (&% —y'9 x| je )+ (x“|j¢ Jy,), '
where again My = (2™ | j =1,...,pnm,) and My = (x% | j =1,...,pr,). Recall
that J,, are all indices in {1,...,paq,} whose variables were not set to zero by
the removal of single variables (Construction 1V.1.15), and the bj,c; are the
exponents of y and y’, respectively, of the remaining binomials after Construction
IV.1.19. Note that we have already renumbered the coefficients, such that the
new variables are y = (y1, ..., y,) and ¥’ = (¥}, ..., ¥.) with r = t(p1) and s = ().

Lemma IV.2.1. Let Jy and Jy be two universal families as in (IV.2) which
parametrise the ambient torus of the same reduced non-coherent irreducible com-
ponent of Ha, then Jiy—1)) = J2(y=q). This means the A-graded ideals given
by the identity in J, and Jy are the same.

Proof. If J; and J, parametrise the same A-graded ideals then there is some
A= ()\1, ...,)\5) such that J1 (y=(1)) = J2 (y'=(N\))- Now let ™ — ™ be a Graver
binomial in J; (,—(1)). Because they are equal, ™ —a™ € Jy(,y—(x)) holds as well.
But we have £™ — XY - x™ € Jy (,y—(a)) for some w € Z*, so we must have A¥ =1
which is satisfied for A = (1). Because this holds for every Graver binomial, we
get Jiy—1) = Jo=) = J2@=@)), since by Lemma II.1.8 every A-graded
ideal is determined by its coefficients of the Graver binomials. O]
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Remark 1V.2.2. Note, that in fact A = (1) since the parametrisation by Js is
an isomorphism. Furthermore, if the two families J; and J; are isomorphic then
r = s since the dimension of the component is the number of remaining variables
in the universal family.

On the other hand, consider two universal families J; and J; with equal ideals
for the 1dent1ty Jl (y=(1)) = J2 (y'=(1)) and let £™ — ™ be in Jl (y=(1)) with
x™, x™ ¢ J;. Since the fibers of the universal families in the point (1) are the
same there is a unique b, € Z° such that =™ — y’b3‘ -x™ € Jy. In fact, this
existence is not so trivial so that we will construct b explicitly. For this we
denote by

2™ — v = Y pil) - (@ — %)
i€
a decomposition into the generators given by .J; (s —(1)) where the p;(x) are poly-
nomials in . Then we split the p; into monomials and rearrange the summands
to get the telescoping series

x™i — ™ = Zmlk (m) . (m“ik _ mvik) ’
i

i.e. my (x)x"*x —m;,_ (x)x"* 1 = 0. We may assume that all m,, are positive,
because otherwise we interchange x“* and x%*. If we insert the appropriate
terms from k[y'*1] on the right hand side we get a telescoping series in k|x, y'*!]

> ((H y) iy (@) - (2 — g w>) (1v.3)

ik v<k

where we take the negative y’ exponent if we interchanged the @ terms. But then
this telescoping sum equals ™ — y'% - ™, where

/
b] - E CZ’V.
12

Hence, the exponent b;- is a linear combination of the ¢;. Because ™, x™ ¢ J;
we have that b} is unique. This means when rearranging the generators of Jj
to get the same x binomials as in J; we get the new y’ exponents b} as linear
combinations of the ¢;. Thus, we get the following proposition:

Proposition IV.2.3. Let J; and Jy be two universal families given by equation
(1V.2) with Jy(y—1)) = Jo@=@)- Set n1 = #(J,) and ny = #(J,,). Then
there is an ny X ng matriz By o and an ng X ny matriz By such that for the
binomials ™ — y’b9 -x™ € Jy and x% — yc.{i -x% € J; we have
(b;')jeJ,,l = <Ci)z‘eJP2 B
(c;‘)jeJPQ = (bi)ierl 'BL2'
O

Remark 1V.2.4. If, on the other hand, we start with the ™ — y'% - 2™ € Ja,
then by the same argument as before we can reconstruct the &% — y'% - %, so
that in fact

. / .
J2 — <wm] . y/bj .

jEJP1>+<a’mj‘j¢Jp1>'
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Using the above we can give a complete description of when two universal
families give the same non-coherent component of the toric Hilbert scheme.

Theorem IV.2.5. Two universal families J, and Jo parametrise the ambient
torus of the same non-coherent component of the toric Hilbert scheme if and only
if Jiy=1)) = J2@=q), " =5 fory=(y1,...,yr) and y' = (y1,...,y.), and there
exists an isomorphism ® € GL(r,Z) such that ®(b;) = b for j € J, in the
notation of Proposition IV.2.35.

Proof. 1f J; and J, parametrise the ambient torus of the same non-coherent com-
ponent, then by Corollary TV.1.23 their dimensions must be the same which are
r and s, so we have r = s. We also get Ji (y—)) = J2(y=@)) by Lemma TV.2.1
so that we can write

Jio= (™ =yt a™|je ) +(a™ | )¢ Jy) and
Jy = <wmj_y/b;'.mn7 jerl>+<$mj|j¢JP1>'

Since these are all but one condition on the right hand side, it remains to show
the equivalence to the Z-isomorphism ®. But J; and .J; parametrise the ambient
torus of the same non-coherent component exactly if there is an isomorphism of
their parametrising tori Spec(k[y*!]) and Spec(k[y'*!]) which gives exactly the
same points on H 4 by the two universal families J; and J,. This means, if and
only if there exists some @ : k[y*!] — k[y*!] such that

'(J1) = <wmj - ¢ (ybj) -z | JE€ ‘]P1> + <mmj FE: JP1> = Ja.
This is equivalent to an isomorphism ® € GL(r,Z) such that ®(b;) = b]. O

Remark IV.2.6. Construction IV.1.19 and Theorem IV.2.5 allows us to compute
all non-coherent components of a toric Hilbert Scheme for a given A. To do this,
one has to compute for each monomial A-graded ideal M the universal families
of all non-coherent components containing M. Then one collects all isomorphic
universal families into one component. By doing this, one has for each component
already the list of all monomial A-graded ideals contained in this component.

Example IV.2.7 (continuing IV.1.4). We have computed the universal family
J1 = Ju(p) = <b2 — ysa’e,bd® — yract, d* — yoc”, a®, ab, be, ad, a’c?, a05>

for the coherent M = (a3, ab, b?, be, ad, a*c?,bd?, ac®, d*) and the universal family
Jo = I (po) = <b2 — ysa’c, act — yrbd?, d* — yoc”, a®, ab, be, ad, a*c?, bd3>

for the non-coherent My = (a®, ab, b?, bc, ad, a®c?*, act, bd®,d*). When substituting
(1) we get

J1(y=1)) = <b2 — a’c,bd® — act,d* — ¢, a®, ab, be, ad, a*c?, ac5>

and

J2 (y=(1)) = <62 —a’c,act —bd?,d* — ¢, a, ab, be, ad, a*c?, bd3> :
Furthermore, since we have both, ac® = c(ac* —bd*) +d-bc € Jy (y—1) as well as
bd3 = d(bd2 — CLC4) + C4 -ad € JQ (y=(1))» we get Jl (y=1)) = J2 (y=(1))-
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The number of remaining variables in J; and in Jy are 3, hence r = s. Finally,

we have . . .
b1:<8)7b2:(_01)7b3:(_01)7
bi=(g) v=(}) 0=(5).

so that

1 0 O
o = 0 -1 0
0O 0 1

is an isomorphism of the two universal families. Hence, J; and J, describe the
same non-coherent component and both M and M, lie on that component. When
applying Construction IV.1.19 to the remaining 51 A-graded monomial ideals we
get that only six of them are also contained in a non-coherent component, which
is in fact the same component:

M, = <a3, ab,b?, be, ad, a*c?, ac*, bd®, c7> ,

My = <a3, ab, a’c, be, ad, b, b%d, bd?, ac’, d4> ,

Mz = <a3, ab,b?, be, ad, a*c?, bd?, ac®, c7> ,

My = (d® ab,d’c,be,ad,b’,b*d, ac*,bd®, d*)

M5 = <a3,ab, a’c,be, ad, b®, b2d, ac4,bd3,c7>, and
Mg = <a3, ab, a*c, be, ad, b, b*d, bd*, ac’, c7> ,

where all of them but Mg are coherent. Thus, the component V, given by Ja(p)
contains 8 monomial A-graded ideals. o

In this example it is quite clear that the two universal families define the same
non-coherent component already from the equality of the two ideals when (1) had
been substituted. One could assume now that having the same A-graded ideal
given by the identity may suffice for two universal families to define the same
component. This would mean that Lemma IV.2.1 would in fact be an if and only
if. The following is a counterexample to this.

Example IV.2.8 (continuing IV.1.27). Consider the A-graded monomial ideal
M = <€2, be, ae, cd, a’c®, b3d, ac'?, b3 b*c'?, ab3cd, &P f3, ab*ct, dPeft, d* £2,
bGCﬁ d5f d6 a3d2f4 b905 b1203 a8df5 b1502 b18>

with 23 generators. The defining ideal of U, after removing redundant variables
is

[j\/[ = <y15y18 — Y20Y21, Y12Y13Y15 — Y2Y12, Y11Y13Y15 — Y2Y11,
920y;1yz3 — Y11Y15, y18y§0y21 — Y11Y1s5,
Y13Y15Y20Y21 — Y2Y20Y21, Y11Y15Y20Y21 — y12y13>

in k[y1, ..., y23] which has a primary decomposition into 12 primary ideals. Two
of them are

qi = <y11, Y12, y%& Y18Y21, y§1, Y15Y18 — Y20Y21, Y13Y15 — y2> and
P = <yn;y127y187y21>>
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of which the former is not reduced. The radical of the primary ideal ¢ is then
= (Y11, Y12, Y18, Y21, Y2 — Y13¥15). Lhe two reduced components corresponding
to these prime ideals are given by the universal families

Ji = (be —yiysac®, def* — yb° 00 — ysad® f*, 6" — y,a®df®,
bi® — y5a11f6> + <€2, ae,cd,a’*c?, b*d, ac'? b*c?, b*c'?, abc®,
d3f3, abQCll7 d4f2, d5f, dfi7 a3d2f4, bQCS, a,Sde, blBC2>

and

Jo = <be —yoac?, d*eft — y b7, 008 — ysad® 4, 012 — yaabdfd,
bt — y5a11f6> + <62, ae, cd, a’c?, b3d, ac?, b3, b?ct?, abP s,

d3f3,ab2011,d4f2,d5f, d6,a3d2f4,6905,a8df5,b1502> 7

where we have mapped y13, Y15, Y20, Y23 t0 Y1, Y3, s, y5 and in J; have replaced y,
by y1y3. Not only are these two not isomorphic by construction, also the first one
is four-dimensional and the second five-dimensional. But substituting y = (1) in
J1 and J, gives the same ideal

<b€ _ (102, d2€f4 _ b568, b666 o ad2f4, b1263 o CLGdf5, b18 o a11f6> +
(€2, ae, cd, a®c?, b3d, ac'?, 3% 0?2 ab3c®, d3 f3,

CLb20117 d4]c27 d5f, dG, a3d2f4, bQCS’ agdf5, b1562> .

Furthermore, as can be seen from p; and py, the reduced component V,, is an
embedded component in V,,. o

IV.3 The Polytope

This section is about the construction of the polytope of a non-coherent compo-
nent. Recall, that the coherent component is given by the state polytope of the
toric ideal I4. For a non-coherent component we will show that the polytope
is again a state polytope. Unfortunately, Jy(p) and Jr(p) are not necessarily
homogeneous with respect to a strictly positive grading. But the non-coherent
component given by the universal family is the projective closure, so that we want
to homogenise the universal family. Thus, we define a last little modification we
will be using to construct the polytope whose normal fan is the normalisation of
the reduced non-coherent component V.

Definition IV.3.1. Let M be a monomial A-graded ideal, p a prime ideal as in
Proposition IV.1.6 or IV.1.11, and

Imp) = (™ —y% -s;|je Ty +{(x™|j¢J,)

ink [@,y;"" | i € v(p)] the universal family of the component V}. Then we consider
an additional set of variables {z;|i € t(p)} and define the generalised universal
family of the component V, as

—_—

Jm(p) = <ij+be ™ — 2Pyt s

JE )+ (@™ ¢ )
in k[z,y;, 2i |1 € v(p)].

ol



—~——

Remark. Note that Jy(p) is just a homogenisation of Ju(p)'.

Example IV.3.2 (continuing IV.1.4). The generalised universal family for M
and p = (ys,ys) is

—_——

Jm(p) = <z162 — yra’c, 20bd? — yoact, z5d? — ysc”, a®, ab, be, ad, a*c?, ac5>

after replacing ys, y7, yo by y1, Y2, ys, respectively.
The generalised universal family for My and py = (y4) is

—_—

I (po) = <z1b2 — yra’c, zoact — yobd?, z5d* — ysc”, a®, ab, be, ad, a*c?, bd3>

after replacing ys, y7, yo by y1, y2, y3, respectively.
Example IV.3.3 (continuing IV.1.27). The universal family was

Jm(p) = <a€ — ysysb®, bfS — y1cPe’ bheet — %d?’f?’,

ad® f3 — yobPee?, ab® — y3d®, d%e — y4bn> +
<b02, ac?, cd, abef, a’cf, b3cf,a®bf?, a3 f2,
ab3f2, 0863, b5f27 df5, d2f4, af6, d4f27 b90>

in kla,b,c,d, e, f,y1,y2,ys, ya] so that the generalised universal family is
Jum(p) = (zszaae — ysyab®, 21bf° — y1®e, yazszabtee® — ysyazad® f2,
zoad® 2 — yabBce®, 23ab? — y3d®, z4dfe — y4bll> +
<ch, ac?, cd, abef, a’cf, b3cf,a®bf?, a3 f2,
ab3f2, 6863, b5f2, df57 d2f47 CLfG, d4f2, bgc>

in Kla, ..., fLy1, o, Y, 21, -0y 24)-

We have done all the preliminary work now, so that we can start directly with
the theorem and the rest of the section will construct the proof of it in four steps.

Theorem 1V.3.4. Let M be a monomial A-graded ideal and consider a gener-
alised universal family Jp(p) C k[, y:, 2|1 € t(p)] of a reduced component V,

e~

containing M. Then Jy(p) is homogeneous with respect to a strictly positive
grading and the normalisation of the component V), is the toric variety defined by

P P

the normal fan of the state polytope state(Ja(p)), i-e. the Grobner fan of Jy(p).

Before we prove the theorem we have to show four steps we will use in the
proof.

Lemma IV.3.5. Let M’ C k[x,y, 2] be an initial monomial ideal of Ja(p) with

respect to a term order on klx,y, z]. Then My = M/(y):(z):l is @ monomial A-

graded ideal in the component V,. Furthermore, M’ is the only initial monomial

—~——

ideal of Jm(p) with My = M|

y)=(2)=1"

02



Proof. Recall that the number of  variables is n. We denote by n, and n, the
number of y and z variables, respectively. Then the torus

7— — (k*)n+ny +nz

acts on k[z,y, z| coordinate-wise. Let A = (Ar,..., Ay, Ay, Az) € T be arbitrary,
where A, and A, denote the coordinates acting respectively on y and z. Note
that (A1, ..., \,) is in fact an element of the torus T' that acts coordinate-wise on
S =k|x1, ..., z,]. By trivial extension to y and z such an element (A, ..., A,) also
acts on k[, y, z]. Then one can easily check that

P

(@) = () Tup)

y)=(2)= (1) =Dy:(2)=As

Y)=Ay
— (()\1, eey )\n> : (JM (p>)(y):/\y,(z)=)‘~’~)

holds. Since (JM (p))( o) is A-graded and in V, for every A € T and the
Y)=Ay,(2)=A2
n-torus orbit of an A-graded ideal in V, is an A-graded ideal in V,, we also have

that

<A"%) (¥)=(2)=1

is an A-graded ideal in V, for every A € 7. Moreover, the monomial ideal M’ is
given as the initial ideal with respect to a weight vector w € N*"*"v+"=  Hence,
by using |Eis95, Theorem 15.17] we get that

—_~—

p— , — M
M= M- = (mW (JM (P)>>(y)—(z)—1
is an A-graded ideal in V, and since M’ is monomial, M, is too.
For the second part, we fix the minimal set of generators { f1, ..., f;} of M; and
denote by s; the standard monomial in the degree of f;. Since M is a monomial
A-graded ideal in V,, we get another generalised universal family

e~ —

J/\/ll(Pl) _ <zc;ryc;fi _ ZC;ijSi 1 E JP1> + <fl’ ) §é Jp1>,

—_— —_—

which also gives V,. Thus J, (p1) is isomorphic to Ju(p), so that in fact

—~——

Tulp) = <zbfyb;fi _abigbl s,

i€ T )+ (il i ¢ )

—_——

holds after a suitable change of y and z coordinates in Ju, (p1) as in Theorem

IV.2.5. Because all s; are not in M, the 2% ybj s; are also not in M’, so that we
can choose a term order < on k[z, y, z] such that

2b ybi s; < 2bi ybi fi.

Then we claim that

. b . b b, bF
Gty 1= {22y fi— 22 s

i€ T bU{fili¢ Ty}
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together with a possibly empty set of monomials in klz,y, 2] is the reduced
Grobner basis of Juy(p) with respect to the term order <. To show this, we start
with a pair of binomials

+ + oy -t )
20y — 2y s 2%yt f— 2% g% s in Gy,

and compute their S-polynomial z? y? @™ — 2% y? ™. Then there are two

P

cases, either we have that z? y® =™ and 2% y® &™ are not in Jy(p) or they
both are. First assume they are not. Then by using Construction I11.3.6 if M,
is coherent or Construction I11.3.12 if M is non-coherent, ™ — x™ reduces to
zero via the binomials f; — s; for i € J,, because both monomials reduce to the
standard monomial in their common degree But then we can use the telescoping

sum (IV.3) again to reduce 2" y? ™ — 20 y* " via the 2% ybi f; — 20 yb's;
in Gy, to zero because the exponents b; satisfy the local equations.

On the other hand, if 2" y?" ™ and 2z y? &™ are both in Jy(p) then their
difference reduces either to a monomial in k[x,y, 2| or to zero. Therefore, G4,
together with a possibly empty set of monomials is a Grébner basis for <. Fur-
thermore, the set G4, itself is reduced, because no f; divides any s; and hence
no zb yb f; divides any 2% yb;‘r sj. The additional monomials do also not re-
duce any element of G oy, because on the one side reducing one of the binomials

—_——

would result in 2% y® s; being in Ju(p) which is a contradiction, and on the
other side the remaining f; are minimal generators of M; so that there cannot

be any x* € Ju(p) dividing f;. Thus, G, U {monomials in k[x,y, 2|} is the
reduced Grobner basis of Ju(p) with respect to the term order <. Therefore, M’
is the unique initial monomial ideal of Jrs(p) that gives M; when substituting

1, because the reduced Grébner basis is given by M;. O

e~ —

Since we know the correspondence between initial monomial ideals of Ju(p)
and monomial ideals in V, now, we are interested in the Grébner cone of these
initial ideals.

—_——

Proposition IV.3.6. Let M’ be an initial monomial ideal of Jap(p) with mono-
mial A-graded ideal My = M, _ ., = (&™,...,x™). Then the cone of mazi-

mal dimension in the Grébner fan of Jyp(p) corresponding to M’ is

—_—

Jz{w ‘(w,vi> >0, ™ %JM(p)} for

(mi—ni
v; = —b; )
) b; 3

where ™ is the standard monomial in the degree of ™ and b; € Z#®) unique

such that 2 - yb @™ — 20 .yt gmioe Ty (p).

e~

Proof. Let < be a term order on k[, y, z] such that M’ = in_ (JM(p)>. Then
as shown in the proof of Lemma IV.3.5

—_—— —_—

{Zb+ yb: L™ b yb;r L™ ™ ¢ JM(p)} U {mmi € JM(P)}
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—~——

is a subset of the reduced Grobner basis of Jy(p) with respect to < that contains
all binomials of the reduced Grobner basis. Thus, the relative interior of the
corresponding Grobner cone o is given by all w € Z" "™ *"= guch that

b b, m;

- +
mi_zbi .ybi .wni>:zz .yz -

. + ~
m,, (zbi . ybz‘ B

—_—

for all ®™ ¢ Ja(p). But this holds exactly if

—_——

o= {w ‘ (w,v;) >0, ™ ¢ JM(p)} for

]

Before we give the last lemma needed for the proof of the theorem we state a
short proposition we need for this lemma.

Proposition IV.3.7. Let

i€ JP> + <wmi

i¢Jy)

JM(P) = <zb?—ybi_ . wmi — zbi_ybj— . mni

be the generalised universal family of an irreducible component V, containing M.
Then we have

kly® |i € J,,y = (yj)jec(n) Zk[2zPy V2™ i € T,y = (y))jep)-

Proof. The first step is that for y = (yj)j@(p) and z = (zj)ja(p)

kiy®|i € J,) 2 k[zby b i€ J)

holds, since this is just the diagonal embedding. Secondly,

k[zPy % |i e J) 2 k[zPy bia™ " i € J)
holds, because the relations on the &™i~™ are the same as the relations on the
y%. In fact, any relation between the &™i~™ can be rewritten to taking an S-

polynomial of two of them and reducing this. But this is exactly the construction
of the local equations which have been used for the base change to the y%, so
that these also satisfy these relation. O

Lemma IV.3.8. Let V, be a reduced irreducible component containing an A-
graded monomial ideal M and let {b,|l € Jp} be the exponent vectors in the
generalised universal family obtained from M for this component. Then

(L{M)red nv,= Spec(k[zbiy_biwmi_m KES Jp Y = (yj)jet(l’)])

holds.
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Proof. To prove this we will go through the construction of the b; exponents of y
and z again to illustrate the claim of the lemma. The affine chart of the reduced
structure of the irreducible component determined by p that contains M is given
by

(Unt)rea NV, = Spec (klyi |7 € V]/7),

by Remark IV.1.16. Now let A4, ..., A, be the matrices used for the reduction as
in Construction IV.1.17 to remove the binomials in p’ and let A := A, - ... - 4
be their product, then we set b; to be the i-th column of A. Thus, we get the
surjective morphism

i €7,y = W)jer]/ -1

Dy Ky |ied] — klyb
Yi — ybi

for k € v/ \ t(p). By construction of A the kernel of ®, is exactly p’ so that we
have

kly; |[i €]/ 2 Kk[y* |i €',y = (y))jer]/ t1)-

Now we set gy to 1 for k € ¢\ t(p) by projecting the b; to the t(p) variables.
Le. if 7 is the projection from the v variables to the t(p) variables, then with

b; := m(b;) we have

kly:|i € ¥']/p = k[y"

i€ty = (Yj)jen);

where the b; are precisely as defined before. Note that the indices of the removed
redundant variables are J, \ v'. But for ¢ € J, \ ' the resulting exponent of J,
isb;, = Zja, Ajb; for A\; € N, because y; was a redundant variable. Thus, adding

yb for i € J, \ v/ to the generators of the ring does not change the ring, so that
klyi | € V]/p = k[y* i € Jp,y = (¥))jexp)-
Finally, by using Proposition IV.3.7 we get

kly;|i e ¥]/p = k[zbi ] yfbi T

i€ Jpy = (Yj)ien)
O

Note that for the coherent component this is similar to the construction in
the proof of [SST02, Theorem 4.1].
Now we have collected all steps and can prove the theorem.

Proof of Theorem IV.3.4. First of all, note that

—_—

Tulp) = <Zb;r b ™ b ‘ybj ™

JE )+ (@™ ¢ )

is homogeneous with respect to a strictly positive grading for the degree vector
(a,1,1), where a is a strictly positive vector in the row span of A and 1 is the
classical degree vector on y and z. Thus, by Theorem I1.2.17 there exists a state

polytope P = state(Ja(p)). Now let o be a maximal cone in the normal fan of P,
i.e. in the Grobner fan. Then this gives an initial monomial ideal M’ C k[x, y, z]

—_——

of Jap(p), which in turn by Lemma IV.3.5 when substituting (y) = (z) = 1 gives
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a monomial A-graded ideal M; in V,. Now there are two cases, either M, is

P

the original monomial ideal M we used to construct Jy(p) or M; is some other
monomial ideal on that component.

For the first case, assume this monomial is M. Then by Proposition 1V.3.6
the cone o is given by {w|(w,v;) > 0} for

m;—mn; .
v; 1= ( —b; >,z€ Sy

(3

Hence, we have that oV is the positive hull over Q of {vi |i e JF}. The affine
chart of V,, that contains M, is given by

(Up) oq NV, = Spec (kly; | i € ¥']/p)
see Remark IV.1.16. But by Lemma IV.3.8 we have

(Z/[M)red N ‘/p = SpeC(k[zbiy_bimmi—ni

i€ Jpy = (U))jep))

and the exponent vectors on the right hand side are the v;, the generators of the
cone o”. Thus, if we denote by M, := (Q-c") NZ" ™ "= the lattice of o, we
conclude that

Spec (k[o¥ N M,])

is the normalisation of
Spec (k[y: |i € ¥']/p'),
the affine chart of V, containing M.
Secondly, let M; # M. Then for the monomial ideal M; we get another
universal family

Tatg = (5% — g% - @% | € Jn) + (2] § ¢ Jp)

where p; is the prime ideal that gives V, for M. By Theorem IV.2.5 there is an
isomorphism @ : k[y*!] — k[y*!], such that ®(Jr,) = Ju. Thus, if we apply ®
(extended to 2’) to the general universal family we get

—~—

q)(JMl (p1)> — <zq)(cj)+ . yq)(cj)_ . w“j o Z(I)(Cj)_ . yq)(cj)+ . wvj
+ (x| j & Jy)
= Jm(p)-
Then Proposition IV.3.6 implies, as it did for M, that o is generated by

, U; —U; J
o= —2(c) ’ .
Vi ( <I>(cf) ) S

On the other hand we have (U, ),eq NV, = Spec (k[y']/p;) by Remark IV.1.16
and by the same argumentation as above we get

j € )

kly']/py = k2" -y~ a7 i€ T,y = (yj)jecto)]

But ® is an isomorphism over Z so if we apply Idy, ®@® (again extended to 2')
to the right hand side we get

]k[Z/q)(Cz) . y/—qJ(Ci) . wui—vi

i € Jp, ¥ = (Uj)jecto)s
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which implies that Spec (k[o¥ N M,]) is the normalisation of the affine chart of
V, containing M. Note that for every maximal cone o we get the same lattice
M, =: M,.

The normalisation maps for all maximal cones which we have just constructed
map the identity point to the ideal

Iimy=ay = (™ —a™ | je J)+(x™|j¢ J,) CV,

Clearly, all these normalisation maps are equivariant under the action of the torus
Hom(M,,k*). Hence, there exists a unique Hom(M,, k*)-equivariant morphism

—_—

U from the projective toric variety given by the Grébner fan of Jy(p) onto the
non-coherent component V, C (H4),.q, that restricts to the normalisation maps
constructed above on each affine open chart. Hence, ¥ is the normalisation mor-
phism E(\)E the projective toric variety, given by the normal fan of the polytope

state(Jum(p)), to V. O

—_—

Definition IV.3.9. We call a state polytope state (JM (p)) of a generalised uni-
versal family a generalised state polytope of A.

Corollary 1V.3.10. Let

—~—

Tnalp) = (2 gt @™ — 20yt ) 4 (@)

be a generalised universal family of a non-coherent component V' of a toric Hilbert
scheme H 4. Furthermore, let F' be a face of state (JM (p)) with defining normal

vector w € ZMH24mV) - Then the orbit in V corresponding to F is given by

—_—

in, (J
( mlp ))(y)/\»(z)u
for all A\, p € (k%)™

e~

Proof. First, note that the edges of state (J m( p)> correspond to wall ideals which

are generated by just one primitive binomial and monomials. Thus, a face F
corresponds to the orbit, that contains those A-graded ideals that contain the
primitive binomials corresponding to its edges with coefficients and monomials,
and has exactly these wall ideals as one-dimensional orbits in its closure. But

—_—

these are precisely the binomials in Ja(p) with
in,, (zb+yb_sc zb_y i ™ > = zb+yb_sc — 2% yb+a:

Thus the claim follows. O

—~—

Definition IV.3.11. For a face F' with normal vector w of state (JM (p)) we call
the general point which is given by the identity in the orbit corresponding to F

Ip = (inw (‘%»(y):(z):l

the general ideal of F.

o8



Remark TV.3.12. An ideal [ in the orbit corresponding to a face F' with binomial
generators with trivial coefficients is the general ideal of F'.

Example IV.3.13 (continuing IV.1.4). For A = {1, 3,4, 7} and the monomial
A-graded ideal M = (a3, ab,b? bc,ad,a’c? bd?, ac®,d*) we have computed the
generalised universal family

—_—

JIm(p) = <zlb2 — y1a’c, 20bd? — yoact, z5d? — ysc”, a®, ab, be, ad, a*c?, ac5>

of the reduced non-coherent irreducible component V. This component V' con-

e~ —

tains the eight monomial ideals M, Mg, My, ..., Mg. A state polytope for Ja(p)
is a cube in Q'° (there are 10 variables in total) with the vertices corresponding
to the monomial ideals in the following way:

M < (1,-1,4,-2,0, 100,1,0)t
My & (,000000000)

M; < (0,0, 7400,1,00 -1
My & (- 1,1,3 —1,0,1,1,0)
Ms & (1,— 3,2,0 1,1,0,1,—1)t
My & (= 2,2, 1,0,0,1,0,0)t
Ms & (=2,2,-8,4,-1,0,1,1,0,—1)"
Me < (—-1,1,-4,2,—1,-1,1,1,1,-1)"

A sketch of the polytope in its affine hull is given in Figure IV.1. Note that the

Ms M

My

Mo

N Ms

Mo M

Figure IV.1: state(J/M\/(p))

two non-coherent vertices My and Mg are on opposing sides of the polytope,

29



thus the intersection with the coherent component is not given by a face of the
this polytope. The polytope of the coherent component is three-dimensional
and has 51 vertices (the coherent monomial ideals). One can compute that the
intersection is not a face of this polytope either. See Figure IV.2 for a sketch of
the two-dimensional faces of the state polytope of I4 that contain the coherent
monomial ideals of the non-coherent component.

My

My

Mo

Figure IV.2: The two-dimensional faces of state(l4) that contain the coherent
monomial ideals of the non-coherent component

Furthermore, in [Stu96] Sturmfels has computed a family of A-graded ideals
for this A in the proof of [Stu96, Theorem 10.4]:

2 2 4 2 .7 4

(x{x3 — 15, X105 — Coamy, T§ — C31,
3 37 2 3

Ty, T\ Ty, T1Tg, Ty, T3T4, T3, ToTy)

(IV 4)

for ¢1, o, c3 € k*. Moreover, he shows that there is a k* parametrisation of this

family identifying all A-graded ideals with cic3/c3 constant, because these are

isomorphic as A-graded ideals. The family (IV.4) is exactly the ambient torus of

the non-coherent component constructed above if we identify 1, x5, x3, x4 With
23

a, b, c,d, respectively, and ¢y, co, c3 with ;—17 ;—2, e respectively. Recall that the

primary decomposition (IV.1) of the defining ideal of M was

Iy = (e, ys) N (Y2 — Ysyo, YoYr — YsYo, YsYs — YrUs) -

The first primary ideal yields the non-coherent component V' and the second ideal
the coherent component. Hence,

(Y3 — ysyo)
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gives the intersection of V' with the coherent component. Note, that we have
identified y3 with Z—i, y7 with Z—;, and yg with Z—: Thus, the isomorphism class
cicz/c3 = 1 corresponds exactly to the intersection of V' with the coherent com-
ponent.

9

Remark TV.3.14. This example implies that two A-graded ideals, that correspond
to points in the same orbit in a non-coherent component, need not be isomorphic
as A-graded ideals. This is in contrast to the coherent component, where the
orbits are exactly the isomorphism classes.
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Chapter V

Properties of Toric Hilbert Schemes

In this chapter we will state properties of toric Hilbert schemes which we have
found and they will be shown using the generalised universal families and gener-
alised state polytopes. We start with a stratification of the toric Hilbert scheme
by considering actions of subtori. Then we provide some results on the intersec-
tion behaviour of the irreducible components of toric Hilbert schemes.

V.1 Stratification by Subtorus Actions

The goal of this section is to give a stratification of the toric Hilbert scheme
induced by the maximal dimensional subtorus action that leaves the A-graded
ideals invariant for each stratum.

By construction the torus (k*)" acts on S by

for A= (A1, ..., \n) € (k)"

Definition V.1.1. A k-dimensional subtorus T C (k*)" is a torus (k*)* = T
with the isomorphism given by n integer vectors {di, ..., d, } C Z* such that

(k*)* — T
a=(ar,..,0) — (a®, .., a®),
k
where a® = o/lil1 Cal

Remark V.1.2. By this definition the action of 7" on S is given by

a.x; = ot

. ’IZ
for a € (]k*)k This is equivalent to a Z*-grading on S given by
deg(z;) = d; € Z".

Definition V.1.3. We say that a subtorus 7' C (k*)" is given by a k times n
matrix D so that the columns D; define the action on S and equivalently the
corresponding Z*-grading.

62



Now let I C S be A-graded and choose a subtorus 7" given by a matrix D.
Then [ is homogeneous with respect to the grading induced by D exactly if for
every binomial ™ — Sypx? € I we have Du = Dwv, since deg(x*) = Du. But
the binomial au,x® — By,x? is invariant under the action of 7' if and only if «*
and x¥ have the same degree with respect to the D-grading, i.e. the binomial is
homogeneous. Thus, we get the following proposition:

Proposition V.1.4. An A-graded ideal I C S is invariant under the subtorus
action induced by D if and only if

Du = Dv  for all aypx® — Bypx® € 1 (V.1)
holds. ]

Condition (V.1) in Proposition V.1.4 only has to be checked for a set of
generators. Hence, we use Lemma II.1.8 to write

I =(x" — aux’|z" —x¥ € G(A) and ¥ ¢ I)

generated by primitive binomials. Thus, we have to check those primitive bino-
mials where g, # 0.

Definition V.1.5. Let I C S be A-graded and a,, € k as in Lemma II.1.8 such
that
I = (" — aypx’|z* —x € G(A) and =¥ ¢ I) .

Then we denote the set of Graver binomials for which the coefficient is not zero
by
Gr=(x"—x" € G(A) | aup #0) .

This directly implies the following:

Corollary V.1.6. An A-graded ideal I C S is invariant under the subtorus
action induced by D exactly if

Du = Dv for all x* — x¥ € G;. ]

Definition V.1.7. For a given subset G; of the Graver basis G(.A) denote the
submodule generated by the differences of the exponent vectors by

Vi =span{u —v|x" — x € G;}.

Proposition V.1.8. An A-graded ideal I C S is invariant under the subtorus
action induced by D if and only if

Vi C Ker(D).
Proof. I is invariant exactly if

Du = Dv for all 2% — ¥ € G;
& Du—v)=0 forallz*—a"eg
< Ker(D) D V.
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This means all possible subtorus actions under which [ is invariant are de-
termined by V;. The smallest such subtorus is the trivial one (k*)o, whereas the
maximal subtorus given by D must satisfy

Vi = Ker(D).

Proposition V.1.9. Let I be an A-graded ideal. Then the rank of a mazimal
subtorus under whose action I is invariant s

n — rank (V7).
Proof. Let D induce a subtorus action with V; = Ker(D). Then
rank (V) = rank (Ker(D)) = n — rank(D). O

Now we have all that is needed to construct the desired stratification on the
toric Hilbert scheme.

Definition V.1.10. Two A-graded ideals I, I; lie in the same subtorus rank
stratum if

rank (V) = rank (Vz,) .

Definition V.1.11. Two A-graded ideals Iy, I5 lie in the same degree stratum if
they have the same module of maximal possible degrees, i.e.

Vi, = V.

This stratification is a refinement of the coarser subtorus rank stratification.

Note that V; becomes of maximal rank if G; = G(A), i.e. all coefficients are
not zero. This is the case for example for the toric ideal 4. For any A-graded
ideal I we have G; C G(A) so that V; C V;, and therefore the rank of V;, is the
upper bound for all V7. But since {u — v |x* — x” € G(A)} spans Ker (A), the
maximal dimension for V; is n — d. Thus, the maximal dimension of a subtorus
is at least d.

Example V.1.12. We continue Example IV.1.4 with A = {1, 3,4, 7} from Chap-
ter IV. If we take the generalised universal family of the non-coherent component
and substitute (1) then we get the A-graded ideal

I = <62 —a?c,act —bd?,d* — ¢, a®, ab, be, ad, a2, bd3>
in the torus of the non-coherent component. For this ideal we get

gr= {b2 —a’c,act —bd?, ¢ — d4}

q-w{(2).(2) (1)}

But V; has rank 2, thus a maximal subtorus that leaves [ invariant has rank 2
and must be given by a matrix D with

o - (3)-(3)} <>
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Now we will construct descriptions of the strata that use the polytopes of the
components. Let I be any A-graded ideal. Then I lies on some component V' of
the toric Hilbert scheme H 4. By Theorem 1V.3.4 there is a polytope P giving
the normalisation of this component (if it is the coherent component one uses
Theorem II1.2.5).

Definition V.1.13. Let [ be an A-graded ideal and P the polytope correspond-
ing to a component containing /. We denote by F; the face of P that defines the

torus orbit containing I, and by F 1(1) the set of primitive binomials that label an
edge of F7J.

Note that F} is not unique since I might be contained in several components,
so that it is some face corresponding to I.

Let e be an edge of F;. Then by Theorems I1.3.10 and II.2.10 there is a
Graver binomial g. € G(A) and an ideal W, € H 4 corresponding to that edge.
Since e is an edge of F7 the wall ideal W, is in the closure of the orbit containing
1. Thus, if g. = ™ — x” then without loss of generality we have

T — o’ €1 with au, # 0. (V.2)

Proposition V.1.14. Let I be an A-graded ideal with some corresponding face
Fr. Then we have

{ge | € is an edge of F1} C Gj.

Proof. For each edge e of Fy, the Graver binomial g. = &% — x? satisfies (V.2),
hence the claim holds. O]

Corollary V.1.15. Let I be an A-graded ideal with some corresponding face F7.
Then the span of

{u—v|m“—m” € F}l)}
18 a subspace of V7. [
For a coherent ideal I there is a different description of the restriction module.

Lemma V.1.16. Let I be a coherent A-graded ideal and Fy the corresponding
face of the state polytope of 14. Then the translation of the affine hull of Fr, so
that it contains the origin, equals V7j.

Proof. First note that if I is torus isomorphic to I’ then V; = Vp/, since non-zero
Qe Stay exactly non-zero under the torus isomorphism. Thus, we may assume
I =in,(I4) for all w in the relative interior of the normal cone of Fj. Now let w
be in the relative interior of the normal cone of F;. Then since I = in,(I4) we
get for all x* — x” € G(A) that

w-(u—v)=0 & x*—x"€(g

holds. Furthermore, for every w in the normal cone of Fj, i.e. even for the
extremal rays, we have

¥ —x2'€G = w-(u—v)=0. (V.3)
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On the other hand, take a generating set of rays wy, ..., w; for the normal cone of
F; and write them in a matrix W as rows. Then the kernel of W is exactly the
affine hull of F} translated so that it contains the origin. Combining this with
(V.3) we get that V7 is contained in the translation of the affine hull of F;. But
by Corollary V.1.15 we have

span{u—v|a:“—a:”EF](1)} g\/jgspan{u—v|w“—w”€F](1)}

and thus the equality holds. O

Now consider a non-coherent A-graded ideal I. Then the edges of the gen-
eralised state polytope are not parallel to the difference of the exponent vectors
of the corresponding Graver binomials, because they are embedded into a higher
dimensional space due to the new variables y and z. But still, by Corollary
V.1.15 the span of the exponent vectors is contained in the restriction space.
Furthermore, we even get a similar result as in the coherent case.

Lemma V.1.17. Let I be a non-coherent A-graded ideal and Fy the corresponding
face of the polytope of some non-coherent component containing I. Then Vi is
generated by the exponents of the Graver binomials corresponding to the edges of
Fy.

Proof. Let v be a vertex of F; and M the corresponding monomial A-graded
ideal. We compute the generalised universal family

—_—

Im(p) = <Zef+ye; ™ - 2%y x| e JP> +(@™ | ¢ Jy)

for the component containing I and choose a weight vector w in the relative

e~

interior of the normal cone of F;. Then we have [ = <inw <JM (p)))( )
Y)=X(z)=p
for some A and g in the torus by Corollary IV.3.10. Denote by

mj—n;
QWZ{wmj—w"f]jer,w-( = ):O}
the subset of binomial generators of Jy(p), that are homogeneous with respect
to w. Note that by definition of J, we have for each of the ™7 —x™ that neither
x™ € [ nor ™ € [. Then [ is generated by some monomials and the binomials
in G, with some non-zero coefficient, so that

Vi =span{m; —n;|x™ —x™ € G,}.

On the other hand, consider the wall ideals W7, ..., W, corresponding to the edges
of F; emerging from v. Then again for each wall ideal W; there is a unique
Graver binomial g; € G(A) that is the binomial generator of W;. But the wall
ideals are constructed by flips (see I1.3), so that in fact the g; are some of the

x™ —x™ from the generators of Jy(p). Furthermore, the wall ideals are in the
closure of the orbit of I. Thus, w is also equal on the two terms of the binomials

zejyef S — 2% yej -&™ corresponding to the g;, so that
{917 "'>gl} g gw-
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Now take a binomial g = ™ — a™ € G, \ {1, ..., g1 }- Then there is an exponent
e such that

—_—~—

ze""ye_ . wm _ ze_ye"" . 11" c JM(P)

and hence (m—_en> is in the affine hull of Fj translated to the origin. But the

e
mi1—n] m;—ny
—e1 PIRERD) —e]
€1l €

exponent vectors
of {g1, ..., ¢} span the translation of the affine hull of F so that m —n is a linear
combination of the m; — n;. Therefore, we get that

span{m; —n;|i=1,..,} =V

already holds for the edges emerging from one vertex and, moreover, holds for
the set of all edges of Fj. O

Combining the previous two lemmata we get the following description of the
restriction space.

Theorem V.1.18. Let I be an A-graded ideal, F; some corresponding face and
denote by G, the set of Graver binomials corresponding to the edges of Fr. Then
the restriction space is given by

Vi =span{m —n|z™ —x" € G, }.

Proof. 1If I is coherent use Corollary V.1.15 and Lemma V.1.16. If [ is non-
coherent use Lemma V.1.17. ]

Corollary V.1.19. Let I be an A-graded ideal and F; some corresponding face.
Take any verter of Fy. Then the exponent vectors of the Graver binomaials of the
edges emerging from that vertex span Vi. O

Remark V.1.20. Theorem V.1.18 means that the degree stratification is given by
the faces of the polytopes of the components. To be precise, each face corresponds
to a subset of a stratum and each stratum is then given by the collection of all
faces with the same span of their edges. Whereas, for the coherent component
span means the affine hull of the face, and for the non-coherent components span
means the span of the difference of the exponents of the Graver binomials of the
edges.

For the coherent component we get that exactly all parallel faces belong to
the same degree stratum. In a non-coherent component also non-parallel faces
may belong to the same stratum.

Corollary V.1.21. Let I and Iy be two A-graded ideals such that Fy, s a face
of Fr,. Then Vi, is a subspace of V7, . ]

Example V.1.22. We continue Example I1.1.6 from Chapter II with the grading
induced by A = {1, 2,3}. For this A there was only one component, the coherent
component given by a hexagon (see Figure V.1). The degree stratification has 7
strata. The stratum S7, that contains the monomial A-graded ideals, on which
the complete torus (k*)* acts invariantly, .e.

Sl - {M17 M27 M37 M47 M57 Mﬁ} .
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Figure V.1: The polytope state(l4) of the coherent component

The second stratum is given by the two parallel edges which are underlined in
Figure V.1 so that

Sy = {<a2 — \b, ab, ac, c2> , <a2 — b, ab, b2> I\ € k*} 7

i.e. it consists of the torus orbits of the two wall ideals. Thus, the restriction on
. . . . . 2

the torus action to leave them invariant is given by <51>' Then there are the

strata of the remaining four edges

S3 = {<a3—/\c,b> |)\E]k*},
Sy = {<c—)\ab,a2> |)\€k*},
Sy = {<02 — A2, a?, ab, ac> |\ e ]k*} , and
Seg = {<ac—>\b2,b> ])\le*},
where the four restriction spaces are span (_81> , Span (:ﬁ) , span <—23)7 and

span (712), respectively. And last, the two-dimensional stratum

Sy ={{a® = \b,ab— pc) |\, p € k*}
which is the orbit of the toric ideal, where the only non-trivial subtorus actions
are one-dimensional and given by multiples of A. o
Now we will transfer the description of the degree stratification to the subtorus

rank stratification.

Lemma V.1.23. Let I be a coherent A-graded ideal with some corresponding
face Fy. Then the rank of a mazimal subtorus action is n — dim (Fy).

Proof. The maximal rank of a subtorus is n — rank (V7). But by Lemma V.1.16
the latter is dim (Fy). O

Lemma V.1.24. Let I be a non-coherent A-graded ideal with some corresponding
face Fr of a generalised state polytope. Then the rank of a maximal subtorus action
is greater or equal to n — dim (F7y).
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Proof. Denote the edges of F; by

mi—mng m;—ng
—e] ey —e .
e e;

Then we have

rank (V;) = rank(span{m; —nq,...,m; — n;})
< rank (Spé%n{(mi;lnl) ,...,(mi;znl>})
el €]
and thus the claim follows. O]

Remark V.1.25. For the coherent component the part of the subtorus rank stra-
tum of rank k corresponds to the interior of all faces of codimension k. Note
that it is the codimension of the face within the ambient space, not within the
polytope.

For the non-coherent component this does not hold. First of all, the ambient
space does not have dimension n. There the stratum corresponding to an (n —
k)-dimensional face may have maximal subtorus rank greater than k. But the
maximal rank is at least k.

Example V.1.26 (continuing V.1.22). The subtorus rank stratification consists
of three strata of maximal ranks 3, 2, and 1, corresponding to the codimension
of the faces of the state polytope state(l4):

Sro= S
St = S3US5US;USsU Se
ST o= S

O

Corollary V.1.27. Let I be a non-coherent A-graded ideal with corresponding
face Fy. If the dimension of Fy is either 0, 1, or 2, then the rank of a mazximal
subtorus action is n — dim (Fy).

Proof. Denote by k the maximal rank of a subtorus action on /. We have n > k
and by Lemma V.1.24 k > n — dim (F7). The case dim (F7) = 0 is trivial.
For dim (F7) = 1 there is just one edge and hence exactly one Graver binomial
g, whose exponent vector generates V7. Thus, we have rank (V;) = dim (F7}).
Finally, if dim (F7) = 2 then take the edge directions

mi—ng m;—ny
—e1 e —ey
er PRERE) e

of F;. Assume dim (span {m; — ny,...,m; — n;}) = 1. Then for each pair i # j
we get m; —n; = A(m; —n;) for A # 0. But this is a contradiction since there
are at least two distinct Graver binomials. ]

Example V.1.28 (continuing V.1.12). The non-coherent component was given
by a three-dimensional cube. Since the opposing facets are in fact parallel one
would assume that it has eight degree strata. One for the vertices, one for each
of the three different edge directions, one for each of the three different pairs of
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parallel facets and one for the cube itself. But it turns out that it only has five
degree strata. One stratum is the collection of monomial ideals

Sl = {M7M07M17 "'7M6}7

where the complete torus action of (k*)? is invariant. Then there are three strata

Ss, S3, and Sy, where each stratum contains the orbits of the four wall ideals

containing b*> — a?c, ac* — bd?, and d* — ¢, respectively. The maximal torus
-2 1

actions on each stratum have rank 3 and are restricted by (21>, (_41> and
0 —2

0

O], respectively. The fifth stratum Sy is given by the six two-dimensional

4
faces and the complete cube, because each two-dimensional face and the cube

have the same restriction space

wf(2)- ()} = w{(5) ()= {(2) (4}
- e {(1)-(3)-(4)}

The subtorus rank stratification has only three strata, because S; and S5 remain
strata of their own and Sy, S3, and S; become a new stratum. o

Therefore, we see that the maximal rank subtorus action on the torus of a
non-coherent component might be higher than the maximal rank of a subtorus
action on the toric ideal, 7.e. on the torus of the coherent component. But that
the maximal restriction space V;, can also occur on a non-coherent component,
shows the next example.

Example V.1.29. We continue Example IV.1.27 from Chapter IV, where we had
A={(9),(3),(3),(3),(3),($)} € Z*. Consider the non-coherent component
C given by the following universal family of that component

Im(p) = (0 — y3yiaae, cd — ysysaf, df* — yryzyac’e®,
a*beet — yoy3yad® f, a’bet — yoysd®) +
(bc?, ac?, 3d, Be3, d? f4, be®, A3 f3, d f?) .
Then for the A-graded ideal
I= (b*—ae,cd —af,df> — c*e® a'beet — & f, a®be — d°) +
(bc? ac?, 3d, B3 d? f4, cbed, a3 f3, d1 f?) .
in the interior of the component we have
g, = {b2 —ae,cd — af,df’ — €8, a*bee — d° f, aPbet — d6}
and thus

-1 -1 0 4 5
ANEANEANSANS
— 0 1 -
V} = Span 0 ) 1 ) 1 ) -5 ) —6
-1 0 —6 4 4
0 -1 5 -1 0
2 -1 1 3
-3 -9 -2 -3
— 2 1
= span o I T I
0 0 1 0
0 0 0 1

Hence, rank (V7) = 4 and a maximal subtorus, that has invariant action, has rank
2. But that means V; = Vp,. o
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V.2 Intersection Behaviour

In this section we will present some cases of intersection behaviour of components
in toric Hilbert schemes. They will all be shown by examples where this behaviour
appears.

Example V.2.1. In this example we will present two non-coherent components
that contain exactly the same coherent monomial A-graded ideals and their in-

tersection is given by a facet of each of the two generalised state polytopes for
the two components. For this we take A = {(2),(3),(3),(2),(3),($)} in Z%
We consider the coherent monomial A-graded ideal

M = (€2 ae,ac?, cd, bde, b*d, bc'%, b3c?, bAcPe, b?c'? b5, d* f2,05¢8, ad? f3,
& f, B e, 810 atdf4 b10c3e, B2E, T df5, b3 e, b15¢2, b1, all f6)

The universal family J,, has 26 binomial generators and hence we have 26 new
variables v, .., Y26 and the defining ideal with removed redundant variables is

[/M = <?/18?/19 — Y21Y22, Y11Y14 — Y21Y22, Y14Y18Y25Y26 — Y19Y21Y25Y26,
Y1Y21Y22 — Y25Y26, y21y§2y§5y26 — Y19Y21Y25Y26,
%93/2119223/353/26 - y14y21y25y26>

in the ring k[y1, Y11, Y14, Y18, Y19, Y21, Y22, Yas, Yae] over the remaining nine variables.
Then

I,M = <y%9 — Y14Y22, Y18Y19 — Y21Y22, Y11Y19 — Y18Y22, yfg — Y11Y21,
Y14Y18 — Y19Y21, Y11Y14 — Y21Y22;, 952925 — Y19, Y19Y22Y25 — Y14,
Y18Y22Y25 — Y21, Y11Y22Y25 — Y18, Y1Y21Y22 — Y25Y26, yz2y§5y26 — Y1Y19Y21,
y19y§5y26 — Y1Y14Y21, y1y18y52 — Y26, y1y18y%5y26 - y%yﬁl,
Y1y YasYa6 — YTYisYat, YiYioUsYas — Y1YasYas) N
(Y11, Y19, Y22, Y26) N (Y11, Y1s, Y22, Y26) N (Y14, Y1s, Y22, Y26) N
(Y1, Y26, Y11Y14 — Y21Y22, Y18Y19 — Y21Y22) N ...

is a primary decomposition, where we omitted the remaining 12 primary ideals.
The first primary ideal gives the coherent component. We take the two primary

ideals g1 = (Y11, Y19, Y22, Y26) and ¢ = (Y11, Y18, Y22, Y26)- Then we get the two
non-coherent components V; and V5, respectively, containing M which are already
reduced, since the two ideals are in fact prime. Thus, we get the universal families

Ji = <€2 — b, ad® 2 — yab" e, et — ysadd® 4, 12 — ysabdfd,
pl6p _ y6a10f6> +
<ae, ac?, cd, bde, b*d, be'Oe, b3c? bicBe, b2ct? 6560, d* f2,
b568, d5f, b7C46, dG, a4d2f4, 610036, a7df5, blSCQG, b15627 a11f6> and
Jo = <62 —bc?, ad® 2 — b’ Pe, atd? [ — y,b'0c%e, b2 — ysaldf®,
L6, _ y6a10f6> i
<ae, ac?, cd, bde, b3d, bee, B3¢0 bicBe, 22, b0, dt 2,

b5CS, d5f, b7C46, dﬁ, d904, 610636, a7df5, 1)13026, b15€2, a11f6> ’
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after replacing y1, y14, Y18, Y19, Y21, Y25 Y Y1, Y2, Y3, Y4, Y5, Y6 Then, on V; there are
4 coherent monomial ideals: M,

My = {ae,bc?, ac?, cd, de? bde, b3d, c®e3, 3eb be™, B¢, ce®, bicet, d* f2, €,
b3€6, ad3f3, d5f, 6565, dﬁ, 5764, a4d2f4, bQCeZ’,, bHCBQ, a7df5, b12€3,
b14€2, b166, a11f6> 7

given by Y1 —> 00, Y2 = 0793 = 1,% - 1796 = 07

My = {ae,bc?, ac?, cd, de?, bde, b3d, c®e3, 3¢5 be™, ce®, ce®, bicet, d* f2, €,

6366, ad3f3, d5f, b565, dG, 5764, a4d2f4, 59063, 511662, a7df5, 51263,
14,2 10 6

be* a'’ fO)

given by Y1 —7 00, Y2 = an3 = 17y5 = 17y6 — 00, and
My = (€% ae,ac?, cd, bde, b?d, bc'%c, b3 bicle, 0?ct? 00 dh f2, 008, ad? f3,
de, b7C4€, dﬁ, b964’ a4d2f4, 610636, 51203, a7df5, 513026, b1502, a10f6> ,
given by y; = 0,y = 0,y3 = 0,y5 = 0,y — 00. Moreover, on V; there are 28
non-coherent monomial ideals

/ /
Ty ooy Mg,
The non-coherent monomial ideals on V5 are also 28,

" "
1%y 28+

The two components have only 16 non-coherent monomial ideals in common, the
other 12 are different on V; and V4, for example we have M/ ¢ V5 and M7 ¢ V7,
for

M| = (€% ae,ac?, cd, bde, b?d, bc'%e, b3 bicle, b?ct? 08 dh f2, 7B, dP f,
b7C3€, d6, (L2d3f3, 51203, a7df5, b13c2e, b1502, blﬁe, a11f6> and

MY = (€2, ae,ac?, cd,bde, b3d, bc'%, b3c?, b e, b?c'? 055, dh f2,05¢3, d° f,
57036, d67 a2d3f3, 5904, 510026, a5d2f4, b12c3’ a7df5, b1502, blG67 a11f6> )

But the coherent monomial ideals on V5 are the same as on Vi, i.e
{MJ Mh M27 M?)} )

because they are given by the same values for y1, ¥, ys5, ys and for y, = 0.
Moreover, the 20 common monomial ideals are all the monomial ideals in the
closure of the orbit of

I= (e —bc? ad®f3 —b'c3e, bt b2 — abdfs, b0 — al®fO) +
{ae,ac?, cd, bde, b3d, bctOe, b3, bicbe, b2ct2 19cP, dt f2,
6568, de’ b7C4€, d6, a4d2f4, b10636, a7df5, 513026, blSCQ7 a11f6> )

Furthermore, the ideal I itself lies on both components, because it is given by
Y1 =Y =Ys =Yg = 1,y3 = y4 = 0. Thus, the intersection of V; and V5 is the
closure of the orbit of I, which is a codimension-one face of both generalised state
polytope. In fact, one can compute that the two cones in the normal fans of the
state polytopes are one-dimensional up to the respective lineality space of the
two normal fans. O
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Example V.2.2. Now we give an example of an embedded component whose
generalised state polytope is a facet of the generalised state polytope of the
component in which it is embedded. For this we take again the grading by
A=4{(2),(3),(3),(3),(4),($)} in Z*. We consider the non-coherent mono-
mial A-graded ideal

M = (be,bc? b2, cd,act, abcf, (l263f a’bf? adc? f?, cBe3, 3, bfS, atef3,
ac?e®, bdf®, a’ceb, bd? f4, e, aleb, a’c®e®, a’c3e?, d4 3 bd* f2, abc?e3,

bd® f,bd%, a’ce® f, bd®, a” ce3f, e3f2 d?) .

The universal family Jy( has 29 binomial generators and thus there are 29 new
variables vy, .., y29. After removing the redundant variables, the defining ideal

If\/l = <?/13y2sy29 — Y20Y23, y12y§oy§3y§8?/29 - ?/239%89297
y12y13y§oy§3 - ?/13920933)

in k[v12, Y13, Y20, Y23, Yos, Y2o] has the following primary decomposition

Y20, y29> <y23, Y23Y23, y287 Y13Y28Y29 — y2oy23> N
Y13Y28Y29 — Y20Y23, y12920923 1> <?Jls, ?st)

fj\/[ = <y20, Y20Y28, y287 Y13Y20, y13, Y13Y28Y29 — y20y23> <y207 928> M
{
(
<y13, 9139237 y13y23a 9233/233/28, y23y28, 3/287 Y13Y28Y20 — Y20Y23) -

Let ¢ = <y§0>y20y28>y§87y13920>y%3>yl3928y29 — y20y23) and g = (Y20, y28) be two
primary ideals of the decomposition. They give two non-coherent components

Vi and V5 containing M and we compute their reduction. Hence, we take their
radicals:

n = \/ﬁ = <Z/1371/2071/28>
p = \/@ = = <y20>y28>

Thus, the two universal families are

J, = <bf6_,y106€5’bd4f2 ysalc2ed d12_y4a13f6>+
<be,b02,b2,cd,ac4,abcf, Efa?bf? a3 12, Be, A3eb, atef?, ac?ed,
bdf®, a’cel, bd® f1, €%, ae®, a®Pe® aPcPe?, de?, aSc?e?, bd’ f, bd®,
a’ce®f,bd®, a’ce® f, a863f2> and

J, = <bf6_y S5 a4cf3—y2d363 bt f? — ygatcted de—y a13f6>+
<be be?, b2, ed, act abcf a’Af,a*bf?, a’P f2, Be?, e ac’e’,
bdf®, a’ce® bd® f1, €%, aPeb, ad3e®, aPBed, dhe?, aScPed, bdP £, bd®,

a’ce® f,bd®, a’ce3f, a863f2>,

respectively, after substituting the remaining four variables 19, y13, Y23, Y29 by
Y1, Y2, Y3, Y4. But this means V) is an embedded component in V5. Furthermore,
one can compute that the state polytope of Js is a four-dimensional hypercube
and that the state polytope of J; is a three-dimensional cube which is a facet of
state(J2).

O
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Example V.2.3. Here we give an example of an embedded component in the
coherent component. Again, let A = {(2),(2),(3),(2),(3),(%)} in Z2. We
consider the coherent monomial A-graded ideal
M = {ae,bc?, ac?, cd,abef, a’cf, b3cf,a’bf?, a3 f2, ab® f2, BSe3 15 f2,

e, d? f4, 5e’, adf®, ceB, bteet, a® 6, d* f2, 15¢ce?, b7c, ab? S,

ab®, b8ce?, b* 6, dCe) .
The universal family Ju, has 27 binomial generators and hence we have 27 new
variables ¥, .., y27. The defining ideal with removed redundant variables is

];\4 = <y16y17 — Y24Yo2r, y§4y2sy§7 — Y1217, y12916y243/25y§7 - yfgy27>

in the ring k{y12, Y16, Y17, Y24, Y25, Y27] Over the remaining six variables. Then

Ij\/{ = <y16y17 — Y24Y27, Y16Y24Y25Y27 — y12> N <y17, y27> N <yf2, 17, y24>
is a primary decomposition. Note that the first primary ideal gives the coherent
component. We take
q= <y%27y177y24>-
Then we get a non-coherent component V' which is not reduced. If we take the

radical p 1= \/q = (Y12, Y17, Y24) then the reduced structure of V is given by the
universal family

Jm(p) = (adf® — yibee”, b¥ce? — yoa?d® f3, dbe — ysb) +

(ae,bc?, ac?, cd, abef,a’cf,b3cf,a*bf? a2, ab® f2, e, b° f2,

A3eb, d2f1, cBed, ce®, bicet, a? fO,d1 2, b0ce3, boc, ab?® fO, ab®, bt fO) |
after replacing 16, Y25, Y27 by 41,92, y3. The closure of the orbit of the general
point

I'= Jpulp) (y1=y2=y3=1)
in V' contains 8 monomial ideals. These are given by the following limits in the
universal family:

M = Ju(p) (y1=y2=y3=0) My = Jm(p) (y1=y2=0,y3—00) ’
Mz = Jm(p) (y1=y3=0,y2—00) ’ Ms = Ju(p) (y2=y3=0,y1—00) ’
My = Jm(p) Ms = Jm(p)

(y1=0,y2,y3—00) ’ (y2=0,y1,y3—00) ’

M = Tn(P) (oo A0d Mz = Ja(p),

One can also describe these monomial ideals as initial ideals of the generalised

—_—

Y1,Y2,Y3—+00)

universal family Jy(p). Then we get the following correspondence between weight
vectors on Kla, ..., f, Y1, Y2, Y3, 21, 22, 23] and monomial ideals:

M < (00001,1,1) My <> (0001,1,1,0)
My > (0,0,1,0,1,0,1) M3 <> (0,1,0001,1)
My < (001,1,1,00) Ms <> (0,1,0,1,01,0)

Mg <> (0,1,1,0001) and My <> (0,1,1,1,000),
where 0 is the zero weight vector on a,..., f. Note that all of these ideals are
coherent. In fact, even I is coherent, and it corresponds to a three-dimensional
face, i.e. a facet, of the state polytope state(l4). Therefore, the coherent com-
ponent contains an embedded component which is given by a facet of the state
polytope. O
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V.3 Outlook

So far, we have computed amongst others the above examples and found the
presented characteristics. While doing this we have also been looking for other
characteristics while going through different A-gradings. For example: Are there
non-coherent components consisting just of one monomial ideal? Are there two
non-coherent components that have exactly the same monomial ideals? This
would in particular mean that a non-coherent component would not be deter-
mined by its monomial A-graded ideals.

We have seen that the coherent component is given by the Grobner fan, i.e.
a state polytope, of the toric ideal I, and each non-coherent component V,

—_—

by the Grébner fan of a generalised universal family Jy(p). This means the
normalisation of V, is given by the toric variety associated to a state polytope of

—~—

the binomial ideal Jy(p). Then the question arises whether this component may
also be realised as the coherent component of the toric Hilbert scheme of some
other A’. If this is the case it would be interesting to know if there is a connection
between the non-coherent components of H 4 and the other components of H 4
besides V. For example, H 4 could be a local chart around V.

To investigate on this there are several steps to study. First of all, the natural
candidate for the toric ideal of A’ would be

e~

1= (24 g am — 2y a™ ) C Tulp),

where these are the binomial generators of Juy((p). Then one has to check under
which conditions

e~ —

state(I) = state(J(p))

holds. Furthermore, I need not be a toric ideal. To check if I is a toric ideal and
find the corresponding A’ in this case one can use the criterion in [Alt00].

—_——

Conjecture V.3.1. If for a generalised universal family Ja(p) the ideal genera-
ted by its binomial generators

+ o= m. - ot
I:= <zei Y& ™ — 2% y% :c"2> ,

is a toric ideal for some A’ and state(I) = state(Jp(p)) then
Hay =V,

i.e. the toric Hilbert scheme of A" consists only of the coherent component which
is isomorphic to the reduced non-coherent component V.
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Chapter VI

Stable Toric Pairs

In his work Complete moduli in the presence of semiabelian group action [Ale02]
Alexeev constructs the so-called stable toric pairs. Such a stable toric pair consists
of a polarised stable toric variety together with a Cartier divisor on it. Polarised
stable toric varieties arise from convex rational polytopes as the projective variety
associated to the cone over the polytope. For a polytope he constructs a proper
Artin stack of stable toric pairs and shows that this stack has a coarse moduli
space. We will show that a subset of the toric Hilbert scheme consists of certain
stable toric pairs. Furthermore, we construct a connection between the toric
Hilbert scheme and a coarse moduli space of stable toric pairs.

For most of the first part of this chapter we will cite [Ale02| and follow his
definitions and constructions. First of all, we start by introducing affine stable
toric varieties as they are the basis for constructing stable toric pairs. Throughout
this chapter we use the following notations:

Let M’ = Z% ! be a lattice with associated vector space Mg == M' @7 Q over
Q. This lattice is embedded in the lattice M := M’ & Z = Z¢ with its associated
vector space Mg := M ®z Q over Q. We denote the embedding of M’ into M on
height 1 by

. M — M
m +— (m,1).
By abuse of notation we will also write ® for ® @z Q : Mg — Mg, the associated
embedding over Q.

Furthermore, we will work with cones and polytopes. A convex rational poly-
hedral cone is the positive hull (denoted by Cone) of a finite set of points in Mg
and a convex rational polytope is the convex hull (denoted by ConvHull) of a

finite set of points in Mg. For more details on convex polyhedral objects see
[Zie95).

VI.1 Affine Stable Toric Varieties

Definition VI.1.1. A complex A of lattice polytopes in My is a finite collection
A = {0;} C My, of polytopes such that

e all vertices are in M’,

e for any o € A all faces of § are in A, and
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e for 61,09 € A we have that d; N J is a face of each.

A fan ¥ in My is a finite collection ¥ = {0;} C My of convex rational polyhedral
cones such that

e for any o € ¥ all faces of ¢ are in ¥, and
e for 01,09 € X we have that o1 N oy is a face of each.

Note that every complex of lattice polytopes and every fan is equipped with
a partial order, i.e. for two polytopes 61,0, we say 0; > 0o if d5 is face of 6;. A
fan is equipped with the same partial order. This defines a poset structure on
complexes of lattice polytopes and on fans.

Definition VI.1.2. Let A be a complex of lattice polytopes or a fan. Then we
denote the support of A by
N

JSTAN

Note that the support of a complex or a fan need not be convex.

Definition VI.1.3. A pointed cell complex is a complex of lattice polytopes A
together with a set of points P C M’ N ([Usea 6) such that for each 6 € A the
vertices of ) are contained in P N 4.

A (pointed) cell decomposition of a polytope @ is a (pointed) cell complex A
such that the support of A equals Q.

Recall from toric geometry (see [Oda88]|, [Ful93], or [CLS]), that for a rational
polyhedral cone o C Mg the intersection of that cone with the lattice M gives a
semigroup with corresponding semigroup algebra:

Sy :=MnNo R, :=Kk[S,]

Definition VI.1.4. Let 0 C Mg be a cone. Then we denote the associated lattice
by M, := M N (Q- o) and the associated torus by T, := Hom (M,,k*). For a
polytope § C M’ we define by My := MN(Q - ®(0)) the associated sublattice in M
and the associated torus by Ts := Hom (M5, k*). For a complex of lattice polytope
or a fan we get an associated torus for each polytope or cone and projection maps
¢ji T, — Ty, whenever o; > o0, induced by M,, C M,,.

Definition VI.1.5. Let ¥ = {0;} be a fan in Mg. Then we define the sheaf R[>
on the poset structure of > by

R[Y|(0) = R, =k[M No] foreach o € ¥
with epimorphisms
pr;; © Ry — R,
s { x® s€ S,
H

x 0 otherwise

for all o; > 0.
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Lemma VI1.1.6. The module of global sections H® (¥, R[Y]) is a free module with
basis

{azs, s € lim SU}
—o

and multiplication

5 ot — x5t s, te S, for someo €2
0 otherwise

Proof. See [Ale02, Lemma 2.3.2]. O

Remark VI.1.7. Note that the basis of H° (3, R[Y]) is exactly {x?®, s € |o|}, since
the direct limit of the S, just identifies lattice points on the intersection of cones.

Definition VI.1.8. Let X be a fan and R[X] be the sheaf constructed in Def-
inition VI.1.5. Then we define an algebra R[Y] := H° (X, R[Y]) and the affine
variety A[Y] := Spec R[X]].

Example VI.1.9. Let M = Z? and consider the fan X given by the two cones
o1 := Cone{(}),(1)}, o2 := Cone{(}),(9)}, and all their faces. Denote their
intersection by 7 = Cone {( 1)} and the two other faces by 71 C o7 and 7 C 09,
see Figure VI.1. Then we have

02 T

T2 01

Figure VI.1: The fan X

Ral = k[l’l, x?]a Rag = k[ﬂfg, 1'3]7
R. =Kk[z], R;=Kklzs], and R,, =k|x3].

Thus we get
R[E] == k[l’l, 9, 1’3]/ (ZL‘ll’g)

and hence that A[Y] is the union of two planes which intersect in a line.

9
Now we will define a twisted version of R[X] by using cocycles in the torus.

Definition VI.1.10. Let ¥ be a fan in Mg or a complex of lattice polytopes
in M(’@ Then a collection ¢ := {ti’j €Ty, |oj > 0,} of torus elements is called a
cocycle for 3 if

thi = 0jilte;) -t in T,

for all ¢, j, k with o}, > 0; > 0.
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Definition VI.1.11. Let X be a fan in Mg and ¢ a cocycle for ¥. Then we define
the twisted sheaf R[>, ¢] with the same sections R[¥,t](0) := R[X](0) = R, as
before, but with twisted homomorphisms
Dji = 1ji DL, -
Furthermore, we define the global section algebra and corresponding variety
R[X,t] = HY (X, R[%,t]), A[X,t] = Spec R[%, 1].

In fact the original algebra and variety from Definition VI.1.8 are just a special
case of these since R[X] = R[X, 1].
Remark VI.1.12. Note that by construction we have

1 ac|X|NnM

dimy (R[%,t],) = { 0 otherwise

The varieties A[X,¢] are a certain type of affine toric varieties, the so-called
affine stable toric varieties. For this, Alexeev denotes the notion of a seminormal
variety in [Ale02, Definition 1.1.6].

Definition VI.1.13. A reduced variety X is called seminormal if every finite
bijective morphism to X is an isomorphism.

Then he uses this notion of seminormality to define stable semiabelic varieties
[Ale02, Definition 1.1.5], where we state the definition in the toric case as we only
need this one.

Definition VI1.1.14. A stable toric variety is a seminormal toric variety X with
e finitely many orbits and
e the stabiliser of every point is connected.

Theorem VI.1.15. For every fan ¥ and a cocycle t on it the variety A[X, t] is
an affine stable toric variety. Furthermore, every affine stable toric variety is
isomorphic to A[X,t] for some ¥ and t.

Proof. See Lemma 2.3.11 and Theorem 2.3.14 in [Ale02]. O

VI.2 Projective Stable Toric Varieties

Before we will construct the projective version of the stable toric varieties, recall
the following.

Definition VI1.2.1. A polarised toric variety is a projective toric variety with an
ample invertible sheaf.

To construct the projective version we will recall the correspondence between
polytopes and projective toric varieties. In fact, each lattice polytope § C M@
defines a projective toric variety with a line bundle L and an action of the torus
T = Hom (M,k*) on L. For this, embed 0 with ® into Mg on height 1 and take
the cone over the embedded polytope.
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Definition VI.2.2. Let § be a polytope in Mg. Then we denote the cone over
the embedded polytope ®(0) in Mg by

Cs={N-(d,1)|d €\ € Qs0} C My.
For a complex of polytopes we define the associated fan by
Ca ={Cs|6 € A}.
Using the cone Cy over the polytope 6 we get the semigroup algebra
Ss == k[Cs N M]
and the associated projective toric variety
P(0) := Projk[Ss]
with the linearised ample invertible sheaf Ls = O(1).

Definition VI.2.3. We say that a polytope 6 C My, is normal if the semigroup
Cs N M is generated by
{(p. 1) pedn M},

i.e. by the lattice points at height 1 of Cs.

Before we extend the construction to complexes of lattice polytopes, note that
a cocycle for A is also a cocyle for Ca.

Definition VI.2.4. Let A be a complex of lattice polytopes in Mg and t a
cocycle for A. Then we define an algebra

RIAt] := R[Ca, ]
with associated projective variety
P[A, ] := Proj R[A, t]
and an ample sheaf L[A,t] on it as O(1).

Remark. In [Ale02], Alexeev considers the torus 7" as a sheaf on the poset A and
he uses cohomology classes [7] € H' (A, T) instead of the cocycles t. But for the
algebra he then uses a representative 7 which is a cocycle for Ca.

Remark V1.2.5. The polytopes o € A need not be normal so that the algebras
k[Cs N M] and R[A,t] are not necessarily generated in degree 1. But they are
finite over the elements of degree 1 though and thus O(1) is an invertible sheaf,
i.e. a line bundle.

Example VI1.2.6. Let M’ = Z? and consider the complex A consisting of the
two polytopes
61 := ConvHull {(}),(9), (")} and

b9 := ConvHull {({), (%), ()},

and all their faces, which is the two-dimensional crosspolytope divided by a diag-
onal (See Figure VI.2). Then Cj is given by the two cones Cj,, Cs, and all their
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Figure VI.2: The cell complex A

faces. The semigroup Cs, N M is generated by { ((1)) , (?) , <_01) , <§) } and the

1 1

semigroup Cs, N M by {(ti)) , (—01> , <7)1) , (%)} If we identify x, ..., x5 with

1 1
(1) (1) () (5) (). respectively, we e
0), (1) 9 ):(7):(0), respectively, we ge

Ss, = k[x1, 29, 3, 75] / (11203 — x%) ;o Ss, = K[z, 13, 24, 25/ (11703 — x%) )

and  Ss,ns, = K[z1, 23, 75]/ (T123 — 72) .
Thus, we have

R[A, 1] = k[l’l, Lo, T3, T4, I5]/ ($2I4, T1x3 — Ig) .

The analogon of Theorem VI.1.15 follows now for the projective case.

Theorem VI1.2.7. For every complex of lattice polytopes A with cocycle t on it the
projective variety P[A, t] together with the ample sheaf LA, t] is a polarised stable
toric variety with T-linearised action on L[A,t]. Furthermore, as a topological
space we have

P[A,t] = i%rélA P(6).

Proof. See Theorem 2.4.4 and Corollary 2.4.5 in [Ale02]. O

This means as in the affine case the projective variety P[A, ¢] is glued from the
irreducible varieties P(J) along the morphisms arising from the poset structure of
the complex. Moreover, we get the same characterisation of stable toric varieties.

Theorem VI1.2.8. Every polarised stable toric variety (P, L) with linearised am-
ple sheaf L is isomorphic to P[A,t] with LA t] for some complex of lattice poly-
topes A with a cocycle t.

Proof. See |Ale02, Theorem 2.4.7]. O
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VI.3 Stable Toric Pairs and their Moduli Space

Now the polarised stable toric varieties will be specified further. For this we
consider pairs (IP, ©) of a projective toric variety P and a Cartier divisor © on it
which is equivalent to a triple (P, L,6), where L = O (0) and 0 # 0 in H° (P, L)
is an equation of ©. This means we have to add a section 6 to a polarised stable
toric variety to get such a pair. However, in order that © does not contain any
T-orbits we need to formulate a condition on 6.

We start with an irreducible P. Hence, (P, L) = (P(d), Ls) for some lattice
polytope 6. This means we have the canonical decomposition of the module of
global sections

and thus an equation 6 of a Cartier divisor can be written as
0= E emax’™.
meMnNo

This allows us to formulate the condition on 6.

Lemma VI1.3.1. The divisor © does not contain any T-orbit if and only if e, # 0
for all vertices of §.

Proof. See [Ale02, Lemma 2.6.1]. O

To have a more geometric version which we will also be using in the general
case we define the following subset of lattice points given by a divisor.

Definition VI1.3.2. Denote the set of non-zero coefficients of a divisor © by
C(©)={me M]e,, #0}.

With this description Lemma VI.3.1 reformulates to the following:

Corollary VI1.3.3. The divisor © does not contain any T-orbit entirely if and
only if the vertices of 6 are contained in C(O) or equivalently § is the convex hull

of C(©). O]

Now we take a general (P, L), i.e. (P,L)[A,t]. Then the equation 6 of a
divisor can be written as
1= Y e

meMNA

and thus the definition of the set C'(©) as before is also suitable in the general
case. Then again we get a similar condition for the divisor © not to contain any
T-orbits.

Corollary VI.3.4. A divisor © on a polarised stable toric variety (P, L)[A, t] does
not contain any T-orbits exactly if all vertices of the polytopes of the complexr A
are contained in C(O). H

This is a geometrically suitable criterion, so that we can define what stable
toric pairs are.
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Definition VI1.3.5. A stable toric pair (P,0) is a polarised stable toric variety
(P, L) together with a Cartier divisor O, that does not contain any T-orbits, such
that Op(@) = L.

For these stable toric pairs Alexeev constructs a moduli space. But first of
all he shows a connection between geometric fibers of stable toric pairs and cell
decompositions of a polytope.

Lemma VI.3.6. Let f : (P,0) — S be a flat family of stable toric pairs with a
linearised action of a split torus T/S over a connected locally Noetherian base S.
If one geometric fiber (Ps, O4) corresponds to a cell decomposition of a polytope
Q C Mg then any other geometric fiber corresponds to a (possibly different) cell
decomposition of the same polytope ().

Proof. See [Ale02, Lemma 2.10.1]. O

This basically means that flat families of stable toric pairs consist of vari-
eties arising from cell decompositions of the same polytope. This enables one to
construct moduli stacks with substacks that have a connection to toric Hilbert
schemes, as we will show later. For more details on stacks see [Fan01].

Definition VI.3.7. Fix a lattice M’ together with its corresponding split torus
T" = SpecZ[M']. Denote by TPT the moduli stack on the category of locally
Noetherian schemes associating to each scheme S the groupoid of flat families of
stable toric pairs (P, ©)/S together with a linearised action of Ts. By the previous
lemma, for a fixed polytope @ C Mg we have a connected substack TPY[Q] for
which every geometric fiber in a family corresponds to a cell decomposition of ().

The substack 7PY[Q] is of interest for this work so we will focus on this one.

Theorem VI1.3.8. The substack TP™[Q] is a proper Artin stack of finite presen-
tation over Z with finite stabilisers. It has a coarse moduli space T P[Q] which
18 a proper scheme over 7.

Proof. See [Ale02, Theorem 2.10.10]. O

VI.4 Approximation of the Moduli Space

Alexeev has constructed a simplification of the moduli space TP¥[Q)], i.e. there
is a finite morphism from TPY[Q] to its simplification which is projective over
the base scheme. This simplification is constructed by first subdividing () into
cells and then defining a projective normal toric scheme for each cell.

Definition VI.4.1. Let P, := M'NQ be the set of lattice points of the polytope
Q, M" := Hom (Ppax, Z) a lattice and define a semigroup homomorphism by

¢ : Hom (Pmaxa ZZO) — CQ nM
1, = (p,1)

where 1, is 1 on p and 0 elsewhere. For each point ¢ € ®(Q) take the minimal
natural number N such that Ngq is integral and define the semigroup

Hq = ¢—1 (ZZON(]) .
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Example VI.4.2. Consider the lattice M’ = Z? and let Q be the crosspolytope
in Mg. Then the lattice points of Q) are

Pmax:{((1))7((1))’(_()1)7<—01)7(8)}

which we identify with {pi,...,ps} in that order. In this example we take the

point ¢ = (192) € ®(Q). Then N = 2 is the minimal natural number with
1

Ngq integral. The homomorphism ¢ is given by the matrix ((1) 10 ((1%) so that

111 1
¢~ (Nq) = {1, + 1, } and
¢_1(2 ’ NQ) = {2 ) 1p2 +2- 1psv 1p1 +2- 1132 + 1p373 ) lpz + 1p4}-
Further computation shows that I, is generated by

{1P2+1p571pl+2'1P2+1p373'1p2+1p4}' <>

Definition VI1.4.3. Denote by o the simplex in Hom (Ppax, Q>¢) with vertices
1, for p € Prax and let ¢ be the restriction of ¢ ®z Q to o, i.e. ¥ maps o to Q.
For every ¢ € Q we denote the fiber of this map by 4, := ¥ 1(q).

Remark V1.4.4. Since ¢ is linear over Z and N was chosen minimal, H, is a
saturated semigroup. By construction of 9, it follows that H, consists of the
lattice points in Cs_, the cone over 4.

Example VI.4.5 (continuing VI.4.2). For the crosspolytope @) the simplex

o has five vertices and by mapping 1,, — e; we identify Hom (Pyax, Z) with

. L 10-10 0 . . .
Z°. Then again 1 is given by <(1)% 0 -1 (1)> Thus, 9, is the intersection of

ConvHull {ey, ..., e5} with 43" (¢). This is given by

111 3 1 1 1
Hulld (=, =, = 20, - -
ConvHul {<472747070>7<074707470)7(072707072)}7

t.e. it is a triangle. O

Fix a face F' of 6,. By construction, F'is given by the intersection of a face Fi,
of o with (¢ ® Q)™ (¢). Denote the vertices of F, by {1,,,...,1,,}. Then every
point of F' is a convex linear combination of the points {1,,,..., 1, } so that ¢ lies
in the convex hull of {py, ..., p;} which is a pointed lattice subpolytope of Q. On
the other hand, each pointed lattice subpolytope of () determines a set of vertices
of o and thus a face of §,. Therefore, we get the following lemma:

Lemma VI.4.6. The faces of §, are in one-to-one correspondence with pointed
lattice subpolytopes 6 C Q) that contain q in their relative intertor. Simplicial
subpolytopes correspond to vertices of d,. O

Example V1.4.7 (continuing VI.4.2). The fiber of ¢ = (1(/)2) was a triangle in
1
Q° with the vertices

1 1 3 1 111
U1 = (07 570707 5) y V2 1= <07 1707170) y U3 1= (175717070)
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D2 U1

P3 D1

U3 2
P4

Figure VI.3: The point ¢ in ) and its fiber polytope d,

and the facets fi, fa, f3 as pictured in Figure VI.3. Then Lemma VI1.4.6 gives
the following correspondence between the faces of d, and sets of lattice points:
The vertices correspond to the sets of lattice points that appear as non zero
coordinates, i.e. vy <> {p2,ps}, vo < {p2,ps}, and vy < {p1,p2,ps}. The
edges correspond to the union of the sets from the two vertices in that edge,
i-e. fi <> {p2,01,ps5}, fa <> {1, P2, 3,04}, and f3 <> {p1,p2, 3,5} Finally, the
complete polytope J, corresponds to the set of all points {p1, p2, ps, ps, p5}. The
pointed lattice subpolytopes containing ¢ in their interior are shown in Figure
V1.4 together with the corresponding face. o

Definition VI1.4.8. Define the projective normal toric scheme associated to a
point g € () as
F, := Proj H,,.

Remark V1.4.9. As a scheme, F} is the toric variety defined by the normal fan of
04, because by Remark VI.4.4 H, was the lattice semigroup of the cone over .

If two polytopes d,, and ¢, are combinatorial equivalent with parallel faces
then their normal fans are equal and thus F,, = Fj, as schemes. On the other
hand, that d,, and J,, are combinatorial equivalent and have parallel faces is by
Lemma VI.4.6 equivalent to ¢; and ¢ lying in the relative interior of exactly
the same lattice subpolytopes of (). Furthermore, if §,, is obtained from d,, by
contracting some faces, i.e. a degeneration, then F is a refinement of I, which
gives a natural morphism Fj, — F,,. This map is birational if both polytopes
have the same dimension.

This means () can be naturally subdivided into locally closed polytopal do-
mains D,. Each domain consists of all points ¢ with the same F,. By construction
of §, this means if D,, C D,, then for each pair of points q; € D,,, s € D,, the
fiber 9,, is a degeneration of d,,. Note that by Lemma VI.4.6 and the above two
points are in the same domain D, exactly if they are contained in the relative
interiors of the same lattice subpolytopes of (). Hence, the subdivision can be
obtained by intersecting the images under ¢ of all subsets of faces of . By this
we get a cell decomposition of () which does not necessarily consist of lattice
polytopes. The domains D, are then the relative interiors of the polytopes in
this cell decomposition.
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(1 D2 %) b2

V%

Figure VI.4: The pointed subpolytopes containing ¢ in their relative interior

Example VI.4.10 (continuing VI.4.2). If we intersect all subpolytopes of Q) we
get a decomposition into four two-dimensional polytopes

Dy == ConvHull{(}),(9).(9)}, Dy := ConvHull{(3}),(9), ()},
')

D3 := ConvHull{( '), (%), (3)}, Dy:=ConvHull{(}),(%),(3)},

and all their faces (See Figure V1.5). For each of the four two-dimensional domains
the fiber polytope is a triangle. If we take the centroids as representatives for
each domain, then we get the following fiber polytopes:

(15) < o= ConvHul {(,4,£.0.0),(3.3.0.£,0). (2.4.0,0.3)}
(W) & 2= ComvHull{(§,5.3,0,0),(0.3.3,4.0), (0.3, 5.0.3)}
(2V3) & 8= ConvHull{(£0,4,4,0),(0.4,4,2.0),(0.0.3.3.3)}
(14%) e o= ComvHul{(1,0,45.0), (40,50, (20,0.3)}

The result of this partition is that for the subdivision {D,} we have a pro-
jective normal toric scheme F,, for each domain D,, and whenever D,, C D,,
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Figure VI.5: The decomposition into domains {D, }

we have a natural morphism F,, — F,,. Hence, this defines an inverse system of
projective normal toric varieties on the partially ordered set given by {D,}.

Definition VI.4.11. Define the simplification scheme

Tsimp = lim Fa.
~{Da}

Theorem VI1.4.12. For each D, there is a natural morphism TP"[Q] — F,
compatible with the morphisms F,, — F,, from the poset structure of the subdi-
vision and, hence, a morphism f : TP7[Q] — Tyimp-

Proof. See [Ale02, Theorem 2.11.8]. O

Alexeev shows even more properties of TPT[Q], of the simplification scheme
Tiimp, and of the morphism between them which explain the term simplification.

Corollary VI.4.13. The schemes TP"[Q] and Tyim, have natural stratifications
with strata in one-to-one correspondence with cell decompositions A of Q). For
every A these strata are isogeneous. Moreover, the morphism f : TP"[Q] — Tyimp
is finite and TP™([Q) is projective over the base scheme.

Proof. See corollaries 2.11.10 and 2.11.11 in [Ale02]. H

VI.5 Secondary Polytopes and their Generalisa-
tion

The polytopes 0, of the domains {D,} are all parallel to the kernel of the mor-
phism Hom (Ppayx, Q) — Mg. Denote the Minkowski sum of these polytopes by
> (@, Pnax) := > 0a. Then the normal fan of > (Q, Ppax) is a refinement of each
normal fan of some d,. Hence, the projective toric variety Fy~(Q py..) given by
this fan maps to every F,. Thus, there is a natural map to Tyimp.

Theorem VI.5.1. The projective toric variety Fs(q,p,..,) maps isomorphically
onto an irreducible component of Tgy,. Moreover, it maps isomorphically onto
an irreducible component of TP[Q).

Proof. See Theorem 2.12.2 and Corollary 2.12.3 in [Ale02]. O
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Remark V1.5.2. The Minkowski sum > (Q, Prax) is exactly the secondary polytope
of @ defined in [GKZ08, Chapter 7] by Gelfand, Kapranov, and Zelevinsky which
was later described as a special case of the fiber polytopes defined by Billera and
Sturmfels in [BS92, Section 2| when the source polytope is a simplex.

Example VI.5.3 (continuing VI.4.2). The four polytopes 6, ..., 4 are all obvi-
ously combinatorial equivalent (they are all triangles) and they also have parallel
faces, i.e. the edge directions are

{(1,-1,1,-1,0),(1,0,1,0,—-2),(0,1,0,1,-2)}

for each polytope d;. Thus, the Minkowski sum > (Q, Pnax) iS again a triangle
and it is given by

424 2 2424 22224
ConvHullS (=, =, =,=.0),(=,=,=,=,0),(=,2,=,=,= ) ¢.
3333 3'3°3°3 3’3333 0

As for A-graded ideals there is also a notion of coherency for cell decomposi-
tions of polytopes.

Definition VI.5.4. A map ¢ € Hom (Pp.x, Q) is called a height function on Q.

For a height function ¢ on @) consider the convex hull @)y of the rays

{(p,h) | € Puax, h > 9(p)} € Mg.

Then the projections to Mg of the compact faces of this polyhedron form a cell
decomposition A of lattice polytopes of (). Denote by P, the subset of lattice
points p € Ppax such that (p, ¢ (p)) lies on the boundary of Q). Thus, for a height
function ¢ the pair (Ay, P,) is a pointed cell decomposition of Q).

Definition VI.5.5. A pointed cell decomposition (A, P) is called coherent (or
regular by some authors) if (A, P) = (Ay, P,) for a height function ¢ on @ (See
[GKZ08, Chapter 7.C]).

Now we describe the correspondence between the secondary polytope of @) and
the coherent pointed cell decompositions in detail as we will use this later. For
this, fix a coherent decomposition (A, Py) with corresponding height function
Y on Q. Then set ¥ := 1) o ¢. This function lies in the dual of the vector
space over Q associated to the lattice M” = Hom (Pyayx, Z) which contains o, i.e.
1) € Hom (M&, Q). Consider a point ¢ € ) and denote by F, 7 the face of 0, on

which 1 attains its minimum. Denote this minimum by my,q. As before, F, 7 is

the intersection of (¢ @ Q)" (q) with a face of o. This face of o is spanned by a
set of points,

{1,,,...1,}.

For each choice of non zero coefficients \q, ..., \; € Q such that ¢ = 22:1 Aip; we
have

!
D i) = my,
i=1

since 9 attains its minimum on this face.
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On the other hand, consider any other set of points {p’l, ...7p;}, that is not
contained in {1,,,...,1, }, and a choice of non zero coefficients i, ..., pt; € Q such
that ¢ = > _7_, p;. Then due to the minimality of ¢ it follows that

j
Zuzw(pi) > My q
i=1
holds. Thus, the lattice polytope of the pointed cell decomposition (A, Py)
containing ¢ in its interior is exactly the convex hull of {1,,...,1,} and the
points in P,, that lie in this polytope, are also {1,,, ..., 1,,}.
Note that this means that the face F, ; of 9, does not depend on the choice of
Y. If we take a different height function w’ such that (Ay, Py) = (Ay, Py) then
the above shows that the face of d, on which 1)’ attains its minimum must be the
same, since the polytope containing q is identical.
Moreover, if we pick another point ¢’ in the same domain as ¢ then F, s
the same face up to the combinatorial equivalence of J, and d,. Hence, for each
domain D, the height function 9 defines a unique face F, ; of d,.

Lemma V1.5.6. The faces of the secondary polytope > (Q, Pmas) correspond bi-
jectively to the coherent pointed cell decompositions of Q). In particular, the ver-
tices correspond to the coherent triangulations.

Proof. Let (Ay, Py) be a coherent pointed cell decomposition of () with height
function 1) € Hom (M”,Q). Denote by [y the face of S(Q, Puax) on which v

attains its minimum. But the face of a Mlnkowskl sum on which ¢ attains its
minimum is the Minkowski sum of the faces of the summands on which v attains

its minimum, i.e.
Fg=2 Fug
{Da}
On the other hand, every ¢/ € Hom (Mé, Q) comes from a height function ¢/

on (). Therefore, if 1’ attains its minimum on F then it follows that F, = Fy g
for every domain D, and thus

(Ay, Py) = (A, Pyr),

which shows the claimed correspondence.

Finally, F; is a vertex of the generalised state polytope if and only if each
F,ypisa Vertex of 6, and hence exactly if every point in () lies in a simplex in the
decomposition by Lemma VI.4.6. This is equivalent to A, being a triangulation.

m

Example VI.5.7 (continuing VI.4.2). For the two-dimensional crosspolytope
the secondary polytope was

> (Q. Punax) = ConvHull {( $.2.430), (34.3.40), (3323.4)}.

If we identify the above vertices with vy, vy, v3 in that order we get for each of
these vertices a vector in the interior of the normal cone which we name nq, ng, n3
respectively, i.e.

ny=(1,2,1,2,2),ny = (2,1,2,1,1), and n3 = (2,2,2,2,1).
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This means the vertex v; corresponds to the pointed cell decomposition given by
the height function defined by n;. In Figure V1.6 we can see the height function,
the compact faces of @),,, and the resulting pointed cell decomposition. Note

)
|
el
[
'
11
P
] (I (] ¢ .
I [ : I
| : | D2 ! D2 D2
| |
b3 02?1 p5‘0 Y4 ps3 P1
y2! P4 P4

Figure VI.6: The height function, the compact faces of (),,, and the resulting
pointed cell decomposition

that this decomposition does not contain ps.

If we do the same for ny we get the decomposition into two triangles by tak-
ing the other diagonal and this one does also not contain ps. For ng we get the
pointed cell decomposition into four triangles (See Figure VI.7). Note that this

]
|

. | ) W

| | |

I e | I

| | | |

| | | |

I I 9! I

| 1 | |

: | D2 : D2 D2

! ! ﬂ\
b3 0?1 p3‘0ﬁ1 p3wp1

y2 2 P4

Figure VI.7: The height function, the compact faces of @),,, and the resulting
pointed cell decomposition

time the pointed cell decomposition contains all five points. Recalling that the
height functions for the facets are in the facets of the normal cones of the vertices
we get the pointed cell decompositions for the edges. The decomposition corre-
sponding to Y (Q, Ppuax) itself is the complete @) with all points, since this can be
decomposed into all the others. Therefore, if we denote the edges of > (Q, Prax)
by fi = ConvHull {vy,v3}, fo = ConvHull {v, v3}, and f3 = ConvHull {vs,v;}
we get the complete correspondence as shown in Figure VI.8.
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P4 P4 P4

Z(Qa Praz) D2

Figure VI.8: The correspondence between pointed cell decompositions of the
crosspolytope @ and the faces of > (Q, Prax)

Before comparing certain moduli spaces of stable toric pairs with toric Hilbert
schemes, we will give Alexeev’s construction of his generalised secondary poly-
topes in [Ale02, Section 2.12].

For this we fix a polytope @ together with a pointed cell decomposition (A, P).

Definition VI1.5.8. Define the sheaf of height functions Hom on the poset struc-
ture of (A, P) by
Hom (§) := Hom (Fy,Z)

where P; = PN 6. For each 0 € A set the map

¢s : Hom (Pg,Z) — Ms
(Ap) = ZpeP5 Ap (1,p)

and define the kernel sheaf L on the poset structure of (A, P) by
L (§) := Ker (¢5)

Again, for both we have the associated sheafes Homg := Hom ®z Q and
Lo :=L®Q over Q. For the generalised secondary polytopes we need the spaces
Co (Homg) and By (Lg) so we will first recall them. If @ has dimension d then
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the 0-th group in the Cech complex of Homy, is just

HomQ @ Hom (FP5, Q) ,
SeA(d)

where A are the d-dimensional polytopes in the cell decomposition. This means
that for each maximal polytope we have the space of height functions. Further-
more, the first group in the Cech complex of L is

Ch (L@) = @ L@ (5)
seAald-1)
= @ Ker (Hom (P5,Q) — (M5)@) :

seAld-1)

In other words, for each codimension-one polytope we get the space of relations
among the points of the pointed cell decomposition contained in this polytope.
Finally, By (LLg) is the image of Cy (LLg) in Cy (Homg). This means every relation
is mapped into the two d-dimensional polytopes that contain the corresponding
codimension-one polytope with positive sign and negative sign, respectively.

Definition VI.5.9. Let (A, P) be a pointed cell decomposition of ). Then
we define the generalised secondary polytope ¥ (A, P) to be the projection in
Co EHo_m@g /Bo (Lg) of the direct product of the secondary polytopes X (d, Ps) in
Co HO_mQ .

Example VI.5.10 (continuing VI.4.2). Take the pointed cell decomposition

(A7P) = ({5la 52} ) {plap27p3>p4ap5}) )

with §; = ConvHull {p1, p2, ps3, ps} and ds = ConvHull {py, p3, ps4,ps}. Then we
have Cy (Homg) = Homg (1) @ Homg(d2) and if we identify 1,,,1,,,1p,,1,, in
that order with the canonical basis in Q! = Homg(01) and 1,,,1,,,1,,, 1,; with
the one in Q* = Homg(d,) we get Co (Homg) = Q.

A triangle with an additional point on one of the edges has three pointed
cell decompositions: The whole triangle with the point, the triangle without the
point and the subdivision into two triangles. Thus, the secondary polytope of d;
and that of d5 are both just a line segment, where the interior corresponds to the
first decomposition and the vertices to the other two. The secondary polytopes
can be computed as

S (6,M'né) = ConvHull{(%,2,2,0,0,0,0,0),(3,2,1,2,0,0,0,0)}
and
¥ (02, M'Ndy) = ConvHull {(0,0,0,0,%,2,2,0),(0,0,0,0,3,2,5,2) },

so that direct sum of the two is the tetragon

2 2 2 222001212

$%4%0,.(3%%0335%3), (V11)

1212222 12121212 :
(57 3737373733 0) ) (57 37373737373 5)}

There is just one pointed face of dimension one in the complex A, that has non

trivial relations, 0y := ConvHull {p1, p3, ps}, so that the first group in the Cech

complex of Lg is just
Ci (Lg) = Lg (6) = Q,
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because there is just the relation 1, +1,, —2-1,.. Thus, the image of this group
in Cy (Hom@) is the one-dimensional subgroup

By (Lg) =span{(1,0,1,-2,-1,0,—1,2)}.

The affine hull of (VI.1) contains By (Lg) so that the generalised secondary poly-
tope is a line segment. o

Remark V1.5.11. If a polytope 6 € Al4=D is a simplex and Ps are only the vertices
then Lo (Q) = 0. Thus, if every codimension-one polytope of the pointed cell
decomposition is such a simplex we get C (Lg) = 0 and hence By (Lg) = 0.

As in Definition VI.5.4 we can define an analogon to a height function on @
on a pointed cell decomposition.

Definition VI.5.12. A system of height functions b on (A, P) is a collection of
height functions ¢; € Hom (Fj,, Q) for each §; € A such that ¢; — v, is linear on
0; N9;, i.e. an element

¢ € Hom (Cy (Homyg) /By (Lg) , Q) ,

because the functions that are orthogonal on By (Lg) are exactly those which are
linear on the intersections.

As for the height functions, a system of height functions ¢ on (A, P) defines
a pointed cell decomposition (6; ., Fs, ;) of each §; € A. Since the ¢; differ by
linear functions on the intersection of two polytopes d; and ¢; the pointed cell
decompositions 0;, and d;,, satisfy the decomposition condition. This means
a pair of polytopes, one from each decomposition, intersects in a common face.

Hence,
(Ay, Py) == (U Siasr | Péi,m)

5i€A &EA

is a pointed cell decomposition of @) and a subdecomposition of(A, P).

Definition VI.5.13. A subdecomposition of a pointed cell decomposition (A, P)
of @ is called regular if it is given by (A, Py) for a system of height functions ¢
on (A, P).

Lemma VI1.5.14. The faces of the generalised secondary polytope ¥ (A, P) are
in one-to-one correspondence to the reqular subdecompositions of (A, P).

Proof. Let (Ay, Py) be a regular subdecomposition of (A, P). Then as in Lemma
VI.5.6 the coherent pointed cell decomposition of 6 € A corresponds to a unique
face Fs of X (9, Ps). Hence, we get a face

F=@F o PE(6p)

JSTAN JSTAN

which maps to a face F, of X (A, P) because the 1); differ by linear functions on
the intersections. Also, 1 attains its minimum over ¥ (A, P) on Fy.

On the other hand, every ¢/ € Hom (Co (Ho_m@) /Bo (Lg) ,Q) that attains its
minimum over X (A, P) on F;, must attain its minimum on Fj for each X (0, F).
Thus, it follows that

(Ayr, Pyr) = (Ay, Py) -
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Example VI.5.15 (continuing VI.4.2). The generalised secondary polytope of
the pointed cell decomposition

(AJD) = ({51,52} ) {P17P27p37]94,p5})

is a line segment. The interior of the segment corresponds to the pointed cell
decomposition (A, P) itself. One vertex corresponds to the pointed cell decom-
position (A, {p1, p2,ps,ps}) where the non-vertex point is not contained. The
other vertex corresponds to the subdecomposition into four triangles. This is
shown in Figure VI.9.

D2 D2

D3 D1

D3 P1

Figure VI.9: The subdecompositions and their correspondence to the faces of the
generalised secondary polytope

O

Equip Cy (Homy)) /By (Lg) with the lattice Cy (Hom) /By (1) modulo torsion.
Then we set Fya p) to be the toric scheme given by 3 (A, P) with respect to this
lattice.

Lemma VI1.5.16. There is a natural morphism
FE(A,P) — Tsimp

which 1s finite to the image.

Proof. See [Ale02, 2.12.13]. O

VI.6 Correspondence to Toric Hilbert Schemes

We have seen in Remark VI.1.12 that the multigraded Hilbert function of an
algebra R[A, t] looks like the multigraded Hilbert function of a toric ideal. From
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this the conjecture arouses that for a suitable choice of a polytope @ each R[A, ]
for a pointed cell decomposition of () might be an A-graded algebra where A are
the lattice points of (). As we will see, this does not hold for general polytopes
and it need not hold for all decompositions of a polytope ). In this last section
we will investigate on this conjecture and give criteria on (), as well as on the
A-graded ideals, where A are the lattice points of @, and on the pointed cell
decompositions of ), so that these A-graded algebras are in fact stable toric
varieties of the type R[A, 1] and vice versa.

First of all, recall from Definition VI.2.3 that a polytope 0 is called normal if
the semigroup Cs N M is generated by the elements at height 1.

Definition VI.6.1. We call a pointed cell decomposition (A, P) normal if every
0 € Ais normal and Ps =6 N M.

Now fix a normal polytope @ C M, and let QN M’ = {pi, ..., p,} be its lattice
points. Denote the embedded lattice points of @ in M by A = {ay,...,a,}, i.e.
a; = (pi, 1), and by d the rank of M. Then the matrix A satisfies the condition
Ker (A) N N™ = 0, because the last row is (1) € Z". As in the previous chapters,
set S :=k[z1, ..., x,] with deg(x;) = a;.

Let I be an A-graded ideal. Then I lies on some orbit on a component of H 4.
The general ideal of this orbit contains just pure binomials and monomials.

Lemma VI1.6.2. Let I be a reduced A-graded ideal which is the general point of
an orbit, i.e.

I=(x™ —x™, . ™ —x™)+ (™, ..., x%).
Then Proj(S/I) is seminormal.

Proof. Let I = () ¢; be a minimal primary decomposition of I. Because I is
reduced, the ¢; are in fact prime. We fix one ¢;. As in Section IIL.2, g; is a
binomial prime ideal so that the irreducible component of Proj(S/I) given by
S/q; is a toric variety. We will show that it is even a normal toric variety. Let
Zi,, ..., ; be the variables not appearing in ¢; with respective degrees a;,, ..., a;
Thus, S/g; is normal exactly if N - (a;,, ..., a;,) € NA is saturated.

Assume N - (a;,, ..., a;) is not saturated. Then there exists some lattice point
a € (Qso- (i, -..,a;)) N M such that for all ™ € k[x| of degree a with ™ ¢ [
we have £ € ¢; and because a € NA such my exists. Since a € Qxo-(aiy, .., a;,),
there exists a strictly positive N € N such that N-a € N- (a;,, ..., a;,). Thus, we
have some ™ ¢ g; of degree N - a. Since I is reduced we also have (z™)" ¢ T
of degree N - a. Hence, because I is A-graded and both ™ and (z)" are not
in [ we get

1

™ — (:I:mO)N e I

On the other hand, I = () ¢; is a primary decomposition, so that there exists
some ™ ¢ g; such that ™™™ € I. But by multiplying with ™ we get

x" - (a:m — (a:mo)N) = g™t — gmotn . (gmo)N e 1)
which implies ™*™ € I. Thus, we also have ™™ € ¢; which is a contradiction

to g; being prime. Hence, the desired normality follows. Then Proj(S/I) is
seminormal by [Pic98, Proposition 5.14]. O
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This means if I is a reduced A-graded ideal we get that Proj (S/I) is a semi-
normal toric variety. Furthermore, one can easily see that it has finitely many
orbits and the stabiliser of each point is connected. Thus,

P; := Proj (S/1)

is a stable projective toric variety. Because the degree of x; is a; there must be
a pointed cell decomposition (A, P) of @ such that Py = P[A,1]. To be precise,
P; is only isomorphic to P[A,1] by Theorem VI.2.8 where we omit the sheaf.
But the binomials in P[A, 1] are also pure binomials by construction so that the
isomorphism is in fact the identity.

Remark V1.6.3. The proof of Lemma VI1.6.2 even shows that each polytope ¢ in
the decomposition A corresponding to [ is given by one of the associated primes
;- This means ¢ is the convex hull of the points p;,, ..., p;, corresponding to the
variables not in g; as in the proof for some j. Furthermore, the points p;,, ..., p;,
are exactly the lattice points of 4 and ¢ is normal.

On the other side, consider a stable toric pair (P,©) with P = P[A, 1] and
A a pointed cell decomposition of (). Assume that A is normal. Then for each
d € A the subset 6 N {ay, ..., a,} generates the semigroup Cs N M. Hence,

RIA 1] =k[xy, ..., x,]/ I

for some homogeneous ideal o and deg(x;) = a;. In particular, I is generated
by the binomials given by the relations on each cone Cj and the monomials

{z* - 2®|Bs € A:a,be}.
By Remark VI.1.12 we get

. - 1 ae€e ‘C5| NnM
dimy (R[A, 1]a) = { 0 otherwise
Thus, since |Cs5| N M = NA, it follows that I is a reduced A-graded ideal.

Theorem VI.6.4. There is a one-to-one correspondence between general points
of orbits of reduced A-graded ideals and unions of all strata of stable toric pairs
with the same normal cell decomposition.

Proof. For a normal cell decomposition A of @) let o be the ideal in
RIA 1] = S/IA.

Then, by the above, I is a reduced A-graded ideal and the general ideal in some
orbit of the toric Hilbert scheme H 4. Note, that since I is the general point of
that orbit this general point is unique.

On the other hand, consider a reduced A-graded ideal I which is the general
point in its orbit. Then

Proj (S/I) = Proj R[A, 1]

for some cell decomposition A of (). This decomposition is normal, because by
Remark VI.6.3 every 0§ € A is normal. ]
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Before we specify the correspondence even further we need a detail about
height functions and their decompositions.

Lemma V1.6.5. Let Q) be a lattice polytope with lattice points {p1, ..., pn} and ¥
a height function on Q with corresponding pointed cell decomposition (Ay, Py) of
Q. Take a lattice point p in the relative interior of some Cs with a representation
p=2_,.cp Ni(pi;1). Then for every representation

p= > w1

{p;}ZPs

it follows that
o) > D A(p).

(v }er: PicPs

Proof. If comparing the last coordinate of the two representations we get that
Sui=> A=A Letp/ := %p. By Definition VI.5.4 the convex hull of

{(pi; ¥ (pi)) | pi € Ps}

is a compact facet of (). Let h be a normal vector to this facet with positive
last coordinate and ms the value h attains on this facet. Then @), lies in the
half-space

{m|h-m >ms} C Mg.

Thus, for every point p; € Prax \ Ps the lift (p}, 1 (p})) does not lie in the boundary
of the half-space, because otherwise it would lie in the facet. But all of these points
lie in the interior of this half-space. Therefore, the point > (n)ep; K (ph, 0 (p5))
is also not contained in the boundary. Hence, it follows that

nel Y B ket | > Eims
{ri}zps {ri}zps
_ h.<p',2ﬁw<pi>>,
pz'EPa/\

which implies

8 VA SRLT) >h-<p'a2%1/f(17i))-

{ri}zps pi€Fs

But the last coordinate of h was chosen positive so that

Z pi(p;) > Z A (pi)

{v}ers PiEPs

holds. O
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Theorem VI1.6.6. In the correspondence of Theorem VI.6.4 orbits of coherent
A-graded ideals correspond to strata with coherent cell decompositions.

Proof. Let A be a coherent normal cell decomposition of ) and choose a Z-valued
height function ¢ such that A = Ay and Py = Ppax. Then v is also a weight
vector ¢ = w = (wy,...,w,) € Z". As in Theorem VI.6.4 we have the ideal I
such that R[A, 1] = S/Ia which is an A-graded ideal. On the other hand in,, (14)
is also an A-graded ideal.

Let ™ — x™ € In. Then there is some 6 € A such that p; € § for all i
with m; # 0 or n; # 0. Recall that z; corresponds to a; = (p;,1). Thus, since
Ps contains all lattice points of §, the restriction of ¥ to Ps extends to a linear
function on §. But this means for [ := ) m; = ) n; that we have

wem o= Y ma(p)
()
RNEN
= D> nmt(p) =w-n.

Hence, we get in, (€™ — ™) = ™ — x™ so that
™ —x™ ein, (14).

Now consider ™ € Ix. Because Ix is A-graded there exists a unique ™ ¢ Iz
such that deg (™) = deg (™). This implies ™ — x™ € I 4 and that there exists
a 0 € A such that p; € § for all ¢ with n; # 0. But ™ € I induces in particular
that there exists p; ¢ ¢ such that m; # 0. Hence, by Lemma VI.6.5 we have

wem =Y mah(p) > ni(p) =w-n

and therefore
in, (™ — x") = ™.

Thus, we get I C in,, (I4), but because both are A-graded they must be equal.

For the other direction, let I = in, (I4) be a reduced coherent A-graded
ideal. Then w = (wy,...,w,) is also a height function ¢ on @ with ¥ (p;) = w;.
Denote by (A, Ppax) the induced pointed cell decomposition for which we have
In =in, (I4) = I. Then for every 6 € A@ the restriction of ¢ to § N M’ extends
to a linear function on ¢§. In fact, every affine dependency of lattice points in
corresponds to a binomial ™ — x™ € [x. But this means w - m = w - n so that
v extends linearly.

Now take a point p; € Pyay \ 6. Because 6 is of maximal dimension, Cy is, so
that there exists a lattice point ¢ = > m;(p;, 1) € Cs such that p' := (p;,1) + ¢
is in the relative interior of Cs. Since ¢ is normal we can choose m; such that
m; = 0 for p; ¢ § and a representation p’ = > n;(p;, 1) with the same property
for the n;. Then consider the binomial

™t — g e I 4.

98



The first monomial ™% is in In = in,, (I4) because there is no polytope in A

that contains p; and all other p; with m; # 0. In fact, this polytope would be dif-
ferent from 0 so that the cone over it could not contain p’ which is a contradiction.
Hence, we get

w-(m+1,) >w-n.

But this means that (p;, ¢ (p,)) = (p;, w;) is above the affine hull of

{(pi, ¥(ps)) |pi €0}
Therefore, we get (A, Puax) = (Ay, Py). -

Remark VI.6.7. Theorem VI1.6.6 has some similarities to Theorem [Stu96, Theo-
rem 10.10]. Note that we are not considering all A-graded ideals, but instead
the orbits of the reduced ones. Furthermore, our correspondence outlines, that
coherent on the toric Hilbert scheme corresponds to coherent on Alexeev’s moduli
space. This points out that the correspondence might even be component-wide.

Corollary VI.6.8. Let I be a reduced coherent A-graded ideal and (A, Pyaz) the
corresponding pointed cell decomposition of Q. Then the normal cone of state (I4)
corresponding to I and the normal cone of the secondary polytope > (Q, Praz)
corresponding to (A, Ppa) are equal.

Proof. Just note that the proof of Theorem VI.6.6 shows that each weight vec-
tor giving [ as an initial ideal of I4 is a height vector giving the pointed cell
decomposition (A, Pyayx), and vice versa. H

Example VI.6.9. We will use all the previous results from the running Example
VI.4.2. For the crosspolytope Q = ConvHull {py, ps, ps, ps, ps} we thus set

A = {a1=(]71>1):<(11)> (p2,1 =<?>,a3 (p3, 1 (7131>7
o= = () == ()}
Then the toric ideal is
I4= <3:1:U3 — 22, Toxy — x§> C S =klxy, ..., 5]
which has three initial monomial ideals
My = (3133, 2a14) , Mo = (m123,23) , Mz = (zom4, 23) .

These are the only monomial A-graded ideals and one can check that there is
only the coherent component. Thus, the state polytope of I 4 must be a triangle,
and in fact computation shows that

state (14) = ConvHull {wy, we, w3},
with w; = (6,6,6,6,7),wy = (6,7,6,7,5), and wy = (7,6,7,6,5). We have

ordered the vertices so that M, corresponds to w; for i = 1,2,3. If we denote
the edges of state (I4) by e; := ConvHull {wy,wsy}, e5 := ConvHull {ws, w3}, and
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e3 := ConvHull {wy, w3}, we get the correspondence to the orbits of the wall
ideals as

e & W;:= {<x2x4 — )\mg,xla:3> |\ e ]k*} ,
ey & Wy:i= {<£U1$3 — Aoy, x§> |\ € ]k*} ,
e3 < Wiy:= {<:1c1m3 — A3, x2x4> PXS ]k*} ,

and the whole polytope corresponds to the orbit of the toric ideal I 4. The reduced
ideals are M, the two orbits corresponding to e; and e3, and the orbit of the toric
ideal. Therefore, in the correspondence of Theorem VI1.6.4 these ideals correspond
to cell decompositions of ). These decompositions are shown in Figure VI.8.
Since the monomial ideal must correspond to a decomposition into simplices
with no interior lattice points, M; corresponds to the decomposition into four
triangles. The two one-dimensional orbits must hence give the decompositions
into two triangles, so that they contain the one binomial relation. Thus, W;
gives the division by the vertical diagonal and W3 the division by the horizontal
diagonal. Finally, the complete polytope corresponds to the trivial decomposition.
Note that all decompositions appear in the correspondence, since all of them are
normal.

For the coherency correspondence in Theorem VI.6.6 we have to be more
precise. Here we only get the pointed decompositions. Thus, we can allocate the
faces {wy, ey, e3, state(I4)} to faces of > (Q, Pnax) and get

wy <> vz state(La) <> D_(Q, Prax)
e1 < fo ez <> f1

O

Now that we have described the correspondence in the coherent case we will
generalise the results to general points on the toric Hilbert scheme and general
decompositions.

For this let I be any reduced A-graded ideal with trivial binomial coefficients,
i.e.

I={(x™ —a™)+ ().

Then I defines a normal pointed cell decomposition (A, Pyayx) of @ by Theorem
VI1.6.4 with I = Ix. On the other hand, I lies on some (not necessarily unique)
component V' of the toric Hilbert scheme H 4. Assume that V' is a non-coherent

—_—

component and denote by Ju(p) the generalised universal family and by Py the
generalised state polytope of this component. Then there is a face F; of Py
corresponding to [ and since it is generated by pure binomials [ is in fact the
general ideal of F;. By Corollary IV.3.10 the torus orbit of I in V' is thus given
by

—_——

ing, <JM (P))

(¥)=\(2z)=p

for a normal vector w on F; and A, € (k)™ But because I is the general
ideal of I we get that the torus is parametrised by the universal family
- ot

Jr = <zejye; x™ — 2% y® w“> + (") (VI1.2)
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for all (y), (z) € (k*)"™FD),
The orbits in the closure of the orbit of I correspond to the faces of I}, or

—_——

equivalently to the initial ideals of the generalised universal family Ja(p) of the
component V', that are also initial ideals of J;. Now let I; be the general ideal of
one of the faces I} of F;. Then, since I; corresponds to a face of F; and thus in
particular to a face of P, we get that there exists a weight vector w such that

)

However, because Fj is a face of F' we get

(¥)=(z)=1

I, = (in,, (JI))(y)z(z)zl :

Proposition VI1.6.10. Let I be a reduced A-graded ideal which lies on a non-
coherent component V' with corresponding face F; of the polytope P,. Denote by
(A, Ppaz) the corresponding pointed cell decomposition of Q). Let Iy be the general
tdeal of a face Fy of Fy that is reduced. Then I, corresponds to a pointed cell
decomposition (A1, Ppay) which is a sub decomposition of (A, Ppag)-

Proof. By Theorem VI.6.4 the ideal I; corresponds to a pointed cell decomposi-
tion (Aq, Pyax) and since I; is the general ideal of F} we have

[1 :IAl'

Now take 0 € A; and denote its lattice points by {pi,,...,p;,} = 0 N M'. Then
we have x;, - ...  x;, ¢ Ia,, because the corresponding points are contained in the
common polytope §. Furthermore, we have

I, = (in,, (JI))(y):(z):l , (VL.3)
so it follows that x;, - ... - x; ¢ I as well, because (VI.3) implies
" el =x"el.

Finally, this concludes that there exists dy € A such that {p;,,...,p;, } C do. Thus,
A is a subdecomposition of A. n

Now we will show what the universal family (VI.2) has to do with the toric
Hilbert scheme of the lattice points of one of the polytopes in the corresponding
cell decomposition. As before, denote by (A, Ppax) the pointed cell decomposition
given by I. Take a polytope § € A and denote its lattice points by {pi,, ..., s }-
Then consider the ideal

‘]]|6 = JI@i=0|pigs) © klziy, .o i, Y, 2]
which we get by substituting 0 for all variables not corresponding to points in 9.

Lemma VI1.6.11. The family of ideals in K[x;,, ..., x;] parametrised by Ji|s for
(), (2) € (&)™ s the torus of the coherent component of the toric Hilbert
scheme of A ={(pi,, 1), ..., (pi,, 1)}
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Proof. Note that when substituting (y) = (z) = 1 we get

(JI’(S)(y):(z):l = L(ai=0.p:¢9)-

By construction of Ay it follows that we get the toric ideal, i.e.

la,=0pigs) = Lar-

Moreover, for every a € NA" we have

dimy (S/ (1)) = (o100 ) = 1

for every A, pu € (k*)"™@) and there exists ™ € k[z;, , ..., x;] such that ™ ¢ J;.

Thus, after the restriction we get that

( JI| 6)(y)=)\,(z)=/1, (VI4)

is A'-graded for every A\, u € (k*)dim(F’ ). Since they all contain no monomials

they are all isomorphic as A’-graded ideals to I 4. Therefore, all ideals given by
V1.4 lie in the torus of the coherent component of H 4.

On the other hand, let I; be an A’-graded ideal in the torus of the coherent
component of H . Then there are v;,,...,v;, € k* such that I, is isomorphic to
Ty via x;; + vgx;,. Extend this to v = (v1,...,v,) by setting the v; = 1 for
p; ¢ 0. Then we get that [ is isomorphic as an A-graded ideal to ®,(I) which
lies on the orbit of I. Thus, there exist A,z € (k*)™™*) such that

(I)V(]) = (‘]])(y):/\,(z):u :

But this implies for the restriction that

L= (D) im0 pigs) = (1l y=n (2024
holds, so that I, is given by the parametrisation. O

Theorem VI1.6.12. Let I be a reduced A-graded ideal with corresponding face
Fr of the polytope Py of a non-coherent component V' and let (A, Ppg,) be the
corresponding pointed cell decomposition of (). Furthermore, let I be the general
ideal of a face Fy of Fy that is reduced. Then the subdecomposition (A1, Phpgg) is
a coherent cell decomposition on every § € A.

Proof. Fix § € A. Then by Proposition VI.6.10 I; defines a normal cell decom-
position {J;} of 4. By Lemma VI.6.11

(Jl‘é)(y):)\,(z)zu (VI5)

for \, u € (k*)dim(FI) gives the torus of the coherent component of H 4 for the
grading A" = {(p;, 1) ..., (pi,, 1)}. Take a normal vector w of Fy in Py,. Then we
have

I = (Jh)((y):(z):n = (iny, (‘]I))((y):(Z)zl)
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and restricting this to ¢ results in

hmongs = (0 ()=o)

—= inw J T;= L >
(( ( 1))( i=0.0i%0) | ()= (2)=1)
= (in, (J7| 5))((y):(z)=1) :

(xi=0,p; ¢5)

Thus, it follows that I; (;,—0,¢s) lies in the closure of the torus given by equation
(VL.5) and hence in the coherent component of H 4. Therefore, there exists a
weight vector w’ = (w] , ..., w] ) such that

L (z;=0,p;¢5) — n,, ([.A’) )

since its binomial generators have trivial coefficients. Hence, the cell decompo-
sition ({d;}, Pmax) of 0 is by Corollary VI.6.8 given by the height function w’ so
that ({0;}, Punax) is coherent. O

Remark V1.6.13. Note that we have not proven, that (Aj, Pyax) is a regular
subdecomposition, just that on each 6 € A we get a height function that gives
the decomposition A; N4, i.e. a coherent decomposition of 9.

This means, if the general ideal I of a non-coherent is reduced with correspond-
ing decomposition (A, Ppax), then the orbits of this component, that consist of
reduced A-graded ideals correspond to subdecompositions of the pointed cell de-
composition (A, Ppax). The subdecompositions are coherent on each polytope &
of the original decomposition (A, Ppax) and fit on the intersections. Although,
these two properties also hold for regular subdecompositions it does not imply
that the subdecompositions given by the above orbits are in fact regular.

Moreover, the conclusion that a subdecomposition of (A, Pyax), that is coher-
ent on every 0 € A and fits on the intersections, is in fact regular is false as the
next example shows.

Example VI1.6.14. We consider the pointed cell complex of lattice polytopes
(A, Phax) = ({01, 02}, {p1, ..., p13}) of two triangles in the plane with

51 = COHVHuH{plap2ap3ap4ap57p67p77p87p9}7
0 = ConvHull {ps, ps, p7, Ds, Do, P10, P11, P12, P13}

and

pr=(3),p2=(1),p3=(0)pa= (1) ps=(8),p6 = (9),pr=(3),
ps=(L2),po=(2%),p10= (1) .p1n = (_01>7p12 = (:i) ;D13 = (_02)7
as shown in Figure VI.10.
Now we take the subdecomposition (A’, P) consisting of the ten polytopes

!

6/1 = ConvHull {plap27p57p6}7 2 — ConvHull {p17p37p6} )

5;’, - COHVHHH {p17p37p47p9} ) 5:1 - COHVHHH {p37p67p77p8} )
d5 = ConvHull {p3, ps, po}, 0 = ConvHull {ps, ps, p11},

!

6’/7 = COHVHUH {p57p107p117p13} ) 8 — COHVHUH {p67p77p87p11} )
5{) - COHVHUH {p8ap97p127p13} ) 6; - COHVHUH {p87p117p13} )
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P13

Figure VI.11: The subdecomposition (Ay, P)

see Figure VI.11. The subdecompositions of d; and d, are coherent on each poly-
tope by using the two height functions ¢; = (4,3,1,5,2,1,1,1,6) and respectively
e = (10,2,2,2,6,9,2,7,8).

Assume that a system of height functions ® exists that gives the subdecom-
position (A’, P). This system is given by heights

(wly Wy, W3, Wy, W5, We, W7, WS, wg)
on the lattice points of §; and heights
/ / ! / ! / / / /
(ws, wg, wy, wg, Wy, Wig, Wiy, Wig, Wiz)

on the lattice points of d,. The values ws, wg, w7, wg define a linear function on §;
and the values wg, w’, wg, w}; define a linear function on d, which we can subtract
from &; and J,, respectively, without changing the subdecomposition. Thus, we
may assume ®; = &, on d; NIy and

w3 = we = wy = wg = Wy = wy, = wyg = wi; =0, w5 = wy, and wg = wy.

The subdivision of the quadrangle ConvHull {p1, ps, ps, 6} into &) and d5 implies
wy + wg < w3 + ws and since ws = wg we get w; < ws. The same argument for
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the other four outer quadrangles results in wy < wy, wi; < wy, and wi < wis.
But this leads to the contradiction

Wy < wy < wy = Wi < Wiy < Wy = Wy.

Hence the subdecomposition can not be regular.

On the other hand the question arises if this subdecomposition comes from
an initial ideal of the A-graded ideal corresponding to the cell complex (A, P).
To investigate on that take a monomial A-graded ideal that corresponds to a
subdecomposition, i.e. triangulation of (A, P) and one that is also an initial
ideal of the ideal corresponding to (A, P). The only triangulation of A; is
shown in Figure VI.12 and when identifying (p;, 1) with z; this corresponds to
the non-coherent monomial A-graded ideal

Ds
DP1o Pe b2
P13 A 2
P12 Ds y2
P9

Figure VI.12: The triangulation of (A4, P)

M = <I1$5,$1$7,$1I8,$1$97I1$10,$1$11,$1$12,I1J313,$2$37$2l‘47$2$7,
ToXg, X2Tg, T2X10, T2X11, L2X12, L2X13, L3L5, L3L10, L3L11, L3L12,
XL3T13, LyZ5, Ty, TaL7, T4Tg, T4X10, L4T11, L4L12, X413, 57, T5L3,
T5Tg, T5T12, L5L13, LeLs, LeLy, L6L10, LeL12, L6L13, L7L9, L1710,

X7X12,T7T13, L8L10, L9X10, L9L11, 913, L10L12, 5U11$12>

with 50 generators, where the M-grading on S = k|xy, ..., z13] is given by

We compute the universal family Jx, which has 50 binomial generators and hence
50 new variables y1, .., yso and compute the defining ideal with removed redundant
variables

Iy = (Y1alsYasYssYasYasyasag — Yas)

in the ring k[y1, ya, Yo, Y20, Y26, Y35, Y38, Y43, Yag, Yso] over the remaining ten vari-
ables. Then

Iy = <yly4y§y§6y35y§8y4sy§o - 1> N (Ya3)
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is a primary decomposition where the first ideal corresponds to the coherent
component. Thus, we consider ¢ = (ys3) since M is an initial ideal of I, so
that they have to lie in the same component. Hence, we get the already reduced
non-coherent component V' which is given by the universal family

—_—

2 2
JIm (P) = <$1$5 — Y1T9, T1X8 — Y4Y26X3L4, L1X9 — Y4y, ToL3 — Y9T1Tg,
2 2
T3T5 — Y1YgXaXe, T3T11 — Y20T7, LaTg — Y26X3T9, T5T13 — Y35TL 1,
2
Telg — Y36T7, LeL1o — Y38T5T11, LeL13 — Y35Y38L10L11,

2
T9x11 — Y48Y50T8T12, T9L13 — Y4819, L11L12 — y50$89€13> +

()

where the % are the monomial generators of M not appearing in one of the
binomials. Then one can check that the point

(y1, Ya, Y9, Y20, Y26, Y35, Y36, Y38, Y48, ?/50) = (1, 1,0,0,0,1,1,0,1, 0)

gives the ideal Ia, corresponding to the subdecomposition A; (see Figure VI.11).
On the other hand,

(yla Ya, Y9, Y20, Y26, Y35, Y36, Y38, Y48, yso) = (17 ,1,1,1,1,1,1,1, 1)

corresponds to the cell decomposition Ay into the five tetragons

COHVHUH {pl; P2, P3, Ps, pﬁ} y COHVHUH {pl;p37p4>p87p9} )
ConvHull {p37p67p77p87p11} ) ConvHull {p57p67p107p117p13} ) and
COHVHHH {pSaPQapllapl%plfﬂ} )

shown in Figure VI.13. But this means that [, arising from the decomposition

Figure VI.13: The cell decomposition corresponding to the torus of V'

A of @ into two triangles, does not lie on the component V' because A is not a
subdecomposition of A,.

O
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On the other hand, it is not clear if every subdecomposition of (A, Py.y), that
is coherent on each § € A arises from the general ideal of a face of F;. Moreover,
it could be that the subdecomposition arising from the general ideal of a face of
F; as above is a regular subdecomposition. The open question remains if there is
an analog to the coherent case, i.e. to Theorem VI.6.6.

Conjecture VI1.6.15. The subdecomposition (A1, Praz) 0f (A, Prag) given by a
reduced general ideal of a face Fy of Fy is in fact reqular. Moreover, for every nor-
mal regular subdecomposition (A1, Ppas) of (A, Ppag) the ideal Ia, is the general

1deal of a face of Fj.

This would mean that the correspondence from Theorem VI.6.4 maps com-
ponents in the toric Hilbert scheme to components in the moduli space of stable

toric pairs. We have already shown that this is true for the coherent components
of both sides.
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Zusammenfassung

Diese Dissertation befasst sich mit der Analyse und Konstruktion der irreduziblen
Komponenten von torischen Hilbert Schemata.

Das torische Hilbert Schema parametrisiert alle Ideale in einem gegebenen
multigraduierten Ring, die dieselbe multigraduierte Hilbertfunktion haben wie
das torische Ideal. Dieses Schema wurde von V. Arnol’d, B. Sturmfels, I. Peeva,
M. Stillman, D. Maclagan, R. Thomas und anderen entwickelt und untersucht.
Es ist bekannt, dass das torische Ideal auf einer eindeutigen und somit ausgeze-
ichneten irreduziblen Komponente des torischen Hilbert Schemas liegt, der soge-
nannten kohirenten Komponente. Die Normalisierung der kohirenten Kompo-
nente ist die torische Varietét, die durch den Grobner Facher des torischen Ideals
gegeben ist.

Dariiber hinaus kann ein torisches Hilbert Schema weitere irreduzible Kompo-
nenten, die sogenannten nicht-kohirenten Komponenten besitzen. Durch Ergeb-
nisse von M. Haiman und B. Sturmfels wird gezeigt, dass die zugrunde liegende
reduzierte Struktur jeder nicht-kohidrenten Komponente eine projektive torische
Varietdt ist. Das bedeutet, dass auch die nicht-kohdrenten Komponenten, respek-
tive deren Normalisierungen durch polyedrische Facher gegeben sind.

Der Hauptteil dieser Dissertation besteht aus der expliziten Konstruktion von
sogenannten verallgemeinerten universellen Familien, die die nicht-koharenten
Komponenten parametrisieren. Uberdies zeigen wir, dass die Normalisierung der
zugehorigen nicht-kohdrenten Komponente die torische Varietdt assoziiert zum
Grobner Facher der verallgemeinerten universellen Familie ist.

Diese Konstruktion erméglicht die Berechnung konkreter Beispiele, die unter
anderem zeigen, dass es torische Hilbert Schemata gibt, bei denen der Schnitt
zweier Komponenten die Vereinigung von Orbits sein kann aber nicht muss.
Dariiber hinaus gibt es Schemata mit eingebetteten Komponenten, sogar in der
koharenten Komponente. Eine weitere Anwendung der Konstruktion ist die Strat-
ifizierung des torischen Hilbert Schemas anhand der moéglichen Subtorus Wirkun-
gen. Wir zeigen, dass jedes Stratum durch die Vereinigung von Seiten der Poly-
tope gegeben ist, die die Komponenten beschreiben.

Abschliefsend geben wir fiir ein Gitterpolytop @) die Beschreibung des Modul-
raums der stabilen torischen Paare mit punktierter Zerlegung von () nach V. Alex-
eev an. Dann stellen wir eine Beziehung zwischen Orbits des torischen Hilbert
Schemas, gegeben durch die Gitterpunkte von @), und Strata im Modulraum der
stabilen torischen Paare, die der gleichen Unterteilung von () entsprechen, her.
Insbesondere verbindet diese Beziehung genau die kohdrenten Komponenten bei-
der Raume.
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