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Magnon-mediated electric current drag and nonlocal spin-Peltier effect in the ac regime
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Electron-magnon coupling at the interface between a normal metal and a magnetically ordered insulator
modifies the electrical conductivity of the normal metal, an effect known as spin-Hall magnetoresistance. It can
also facilitate magnon-mediated electric current drag, the nonlocal electric current response of two normal metal
layers separated by a magnetic insulator. Additionally, spin and heat transport are coupled both in the magnetic
insulator and across the interfaces to normal metals. In this article, we present a theory of these spintronic and
spin-caloritronic effects for time-dependent applied electric fields E (ω), with driving frequencies ω up to the
terahertz regime. Our model describes how the dominant transport mechanism, coherent or incoherent magnons,
evolves with the driving frequency ω.
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I. INTRODUCTION

In spintronic devices containing magnetic insulators, a
central role is played by the conversion between magnonic
and electronic spin and heat currents at magnetic-insulator–
normal-metal interfaces. Such conversion is at the heart of the
spin-Seebeck effect [1,2], the excitation of a spin current in a
normal metal by a temperature gradient across the interface,
and its inverse, the spin-Peltier effect. When combined with
spin-charge conversion in the normal metal, which originates
from the spin-Hall effect (SHE) and its inverse [3,4], the inter-
facial magnon-electron coupling also enables key spintronic
effects, such as current-induced magnetization switching [5,6]
and spin-Hall magnetoresistance (SMR) [7–17].

In a geometry with multiple magnetic-insulator–normal-
metal interfaces, nonlocal effects appear, in which electronic
currents are converted into magnonic currents and back. An
example of such an effect is magnon-mediated current drag. In
this effect, an electrical current in one normal metal creates,
via the spin-Hall effect and interfacial electronic-current-to-
magnonic-current conversion, a magnonic spin current in an
adjacent magnetic insulator. This magnonic spin current is
then converted into an electronic spin current at the inter-
face with a different normal metal, inducing a charge current
in this second normal metal layer via the inverse spin-Hall
effect [18–26]. Such nonlocal spintronic effects not only pro-
vide information about the efficiency of interfacial conversion
processes; unlike local spintronic effects, they also give valu-
able insights into magnonic relaxation channels in magnetic
insulators.
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With the availability of experimental methods to investi-
gate spintronic effects in the high-frequency terahertz (THz)
regime [27,28], it becomes necessary to also theoretically
describe such effects in the limit of ultrafast driving. In this
article and in the companion article [29], we accomplish this
task for spintronic effects in the prototypical geometry of
an N|F|N trilayer (N: normal metal, F: ferromagnetic insu-
lator), shown schematically in Fig. 1 and described in detail
in Sec. II A. The emphasis of the present article is on linear
nonlocal transport in response to a time-dependent electric
field E1(ω) in one of the normal-metal layers. This includes
magnon-mediated current drag—a current i2(ω) in the second
N layer in response to the applied electric field E1(ω) in
the first—and the nonlocal spin-Peltier effect, a temperature
change δT2(ω) linear in E1(ω). The companion article [29] fo-
cuses on local and nonlocal nonlinear response to the applied
electric field.

Our article builds on existing theories of linear spintronic
effects in the dc limit [15–19,30,31] and extends them to the
regime of high driving frequencies ω. It also extends previous
work on linear charge transport in F|N bilayers with ac driving
by Reiss et al. [32].

Spin transport across the magnetic insulator F has contri-
butions from coherent magnetization dynamics and from spin
transport by incoherent (thermal) magnons. Which of these
contributions dominates the response depends on the driving
frequency ω and may be different for local and nonlocal
spintronic effects. As a rule of thumb, coherent magnetization
dynamics is relevant for the (local) spin-Hall magnetoresis-
tance at low frequencies [15,16] (although there also is a
smaller contribution from thermal magnons [17]) and at high
frequencies near magnon resonances [33,34], whereas inco-
herent magnons dominate the response otherwise [32]. On
the other hand, the nonlocal response is mediated by inco-
herent magnons at low frequencies [18,19], whereas coherent
magnetization dynamics is relevant near resonances only. The
theory presented in this article must therefore address spin
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FIG. 1. Geometry of the N|F|N trilayer consisting of two normal
metals N1 and N2 and a magnetically ordered insulator F. Via the
spin-Hall effect (SHE), an in-plane electric field E1(t ) = E (t )ex in
N1 causes a spin current through the F|N interfaces, which, via the
inverse spin-Hall effect (ISHE), causes a correction to the charge
current in N1 (not shown here). This correction to the charge con-
ductivity is the spin-Hall magnetoresistance (SMR). In addition, a
nonlocal current response arises in the N2 layer, which is referred
to as magnon-mediated current drag. In the magnetic insulator F,
the component js⊥ of the spin current polarized perpendicular to
the equilibrium magnetization direction meq is carried by coherent
magnons, whereas the collinear component js‖ is carried by inco-
herent, thermal magnons. The coherent magnons couple at the F|N
interfaces via spin-transfer torque (STT) to the electronic spin accu-
mulation in N. Incoherent magnons are excited by spin-flip scattering
of electrons in N at the F|N interfaces. In this article, we calculate
the charge currents ik linear in Ej for driving fields Ej (t ) ∝ cos(ωt )
with driving frequencies ranging from the dc limit ω = 0 to the THz
regime.

transport by coherent and incoherent magnons on equal foot-
ing, whereby coherent and incoherent magnons constitute
parallel channels of spin transport through F.

For the description of nonlocal response across multiple
interfaces, we find it advantageous to use an effective mag-
netoelectric circuit theory [32]. In this approach, the response
of each individual part of the system—the two normal-metal
layers N1 and N2, the magnetic layer F, and the two in-
terfaces N1|F and F|N2—is described with the help of an
effective impedance. In a second step, the response of the total
system is found using Kirchhoff-like laws to combine these
impedances. The impedances relate spin and heat currents
to their “driving forces,” which are spin accumulation and
temperature for N1 and N2 and magnon chemical potential
and temperature for F. Magnonic relaxation processes, which
are essential for the nonlocal response across the magnetic
insulator layer, are included in the impedance of the F layer.
This circuit-based approach unfolds its full potential when
applied not only to linear response but also to nonlinear
phenomena—an endeavor we undertake in our companion
article, Ref. [29].

The frequency dependence of spintronic effects in an
N|F|N trilayer has its origin in the frequency dependence
of magnon transport through the magnetic insulator F [32].
For incoherent magnons, relevant timescales are the various
elastic and inelastic relaxation times and the time required to
diffuse across F [30,35]. For coherent magnons, the relevant
timescale is the time of flight between the two F|N interfaces.
For yttrium iron garnet (YIG), these timescales result in char-
acteristic frequencies in the THz range and below, depending
on device parameters. On the other hand, the fundamental
processes coupling spin and charge currents at the two F|N
interfaces, as well as the spin-charge conversion in N mediated
by the spin-Hall effect and its inverse, may be considered
frequency independent, at least for frequencies up to the THz
range. The reason is that unless the interface is very disor-
dered, the transit time of electrons and magnons through the
interface region is simply too short to result in an appreciable
frequency dependence. Indeed, the spin-transfer torque (STT)
[36,37], the interfacial spin-Seebeck effect [38,39], and the
spin-Hall effect and its inverse [40,41] have been shown to
persist unchanged well into the THz frequency range.

In this article, we estimate the magnitude of the cur-
rent response for a prototypical Pt|YIG|Pt trilayer. For this
material combination, we find that up to driving frequen-
cies in the low gigahertz (GHz) range, the SMR effect and
the magnon-mediated current drag effect are of comparable
magnitude to the dc limit, which has been observed experi-
mentally [7–10,12,13,25]. For higher frequencies, up to the
THz regime, the nonlocal signal is suppressed, except at
magnon resonances where its strength may exceed the dc
limit. For all frequencies considered, the nonlocal magnon-
mediated current drag effect is at most as efficient as the local
SMR effect, which typically gives a correction to the charge
conductivity of order ∼10−4 [7–10,12,13].

The remainder of this article is organized as follows: We
review the system geometry and introduce the basic elements
of the magnetoelectric circuit theory in Sec. II. In Sec. III
we combine the spin impedances defined in Sec. II to ob-
tain the nonlocal electrical current response to an applied
electric field in one of the normal-metal layers. This is the
magnon-mediated current drag effect. In Sec. IV we consider
the temperature change linear in the applied electric field.
This is the spin-Peltier effect. We conclude in Sec. V. The
Appendixes contain details of our calculation. Our findings
are illustrated by a numerical evaluation of local and nonlocal
conductivities for a Pt|YIG|Pt trilayer. To facilitate the eval-
uation of our results for device parameters not considered by
us or for other material combinations, an open source code
is available to evaluate the local and nonlocal response for
different materials and system sizes [42].

II. LINEAR RESPONSE AND MAGNETOELECTRIC
CIRCUIT ELEMENTS

We first review the fundamental linear-response relations
between currents and their driving forces for the separate
parts of the N|F|N trilayer. The currents are spin, charge,
and heat currents. The driving forces are the applied elec-
tric field, the spin accumulation in the normal metals, the
magnon chemical potential, and the electron and magnon
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temperatures. In Secs. II B–II D, we present separate relations
relating currents to the driving forces for the bulk of the two
normal-metal layers N1 and N2, across the F|N interfaces,
and for the bulk of the ferromagnetic insulator F, respectively.
Following Ref. [32], we formulate these relations in terms
of impedances, the coefficients of proportionality between
current and its driving force. Before that, in Sec. II A, we
review some essential aspects of the setup we consider.

A. System geometry and notation

The N|F|N trilayer we consider is shown schematically
in Fig. 1. It consists of two normal metals N1 and N2,
separated by a ferromagnetic insulator F. We choose coor-
dinates such that N1 and N2 are located at 0 < z < dN1 and
−dF − dN2 < z < −dF, whereas the ferromagnetic insulator F
is at −dF < z < 0. Spatially uniform time-dependent electric
fields E j (t ) = Ej (t )ex, j = 1, 2, are applied in N1 and N2 in
the x direction.

In the following, we denote spatial directions by super-
scripts and spin directions by subscripts or boldface vector
notation. The (position-dependent) magnetization direction of
the ferromagnetic insulator F is denoted by the unit vector
m(z, t ), where −dF < z < 0. The equilibrium magnetization
direction is written as

meq = mxex + myey + mzez. (1)

We will find it useful to decompose vector-valued variables,
such as the magnetization direction m(z, t ), the spin current
iz
s (z, t ), or the spin accumulation eus(z, t ) into components

parallel to and perpendicular to meq. Hereto, we choose a
complex unit vector e⊥, whose real and imaginary parts span
the perpendicular plane to meq and that fulfills

e⊥ × meq = ie⊥. (2)

A convenient choice is [32]

e⊥ = 1√
2
(
m2

x + m2
z

) [(
m2

x + m2
z

)
ey

− (mzmy − imx )ez − (mxmy + imz )ex
]
. (3)

Writing the magnetization m(z, t ) in the basis {meq, e⊥, e∗
⊥},

we have

m(z, t ) = m‖(z, t )meq + m⊥(z, t )e⊥ + m∗
⊥(z, t )e∗

⊥, (4)

where m‖(z, t ) =
√

1 − 2|m⊥(z, t )|2 because the vector
m(z, t ) is normalized. The decomposition into components
parallel to and perpendicular to meq for other vector-valued
variables is analogous. Because the dynamical variables in
N1, N2, and F are mainly needed at the ferromagnet–
normal-metal interfaces at z = 0 and z = −dF, we use the
shorthand notation m1(t ) = m(0, t ), m2(t ) = m(−dF, t ) and
analogously for the other variables.

Since the applied electric fields Ej (t ) are real, its Fourier
transform Ej (ω) obeys Ej (−ω) = E∗

j (ω). The transverse
component of a vector-valued variable, such as m⊥(z, t ), is
complex, so that its Fourier transforms at frequencies ω and
−ω are not complex conjugates of each other.

The goal of the calculations in this article is to calcu-
late the charge currents ix/y

k (z, ω) and change in temperatures

δTk (z, ω) in N1 and N2 to linear order in the applied electric
fields. Our result for the charge-current response is expressed
in the form of local ( j = k) and nonlocal ( j �= k) charge
conductivities σk j (ω), which relate the applied field Ej (ω) in
normal-metal layer j = 1, 2 to the spatially averaged charge-
current density īx/y

k (ω) in layer k = 1, 2,

īx
k (ω) =

2∑
j=1

σ xx
k j (ω)Ej (ω), (5)

īy
k (ω) =

2∑
j=1

σ
yx
k j (ω)Ej (ω). (6)

Our result for the spin-Peltier effect is a linear relation of the
form

�T ek (ω) =
2∑

j=1

ηx
k j (ω)Ej (ω), (7)

where �T e j (ω) is the spatially averaged change of the elec-
tron temperature in N j, j = 1, 2. [The response coefficients
ηx

k j (ω) are related to the Peltier coefficient, as discussed in

Sec. IV.] Results for the nonlocal conductivities σ
x/yx
k j (ω) and

the response coefficients ηx
k j (ω) are given in Secs. III and IV,

respectively.

B. Normal metal

Transport of charge and spin in the normal metals N1 and
N2 is coupled via the spin-Hall effect and the inverse spin-
Hall effect. To linear order in the applied field and the induced
potential gradients, the charge-current densities ix,y(z, ω) and
the spin-current density iz

s (z, ω) satisfy the phenomenological
response equations [3,4,43,44]:

ix(z, ω) = σN jE j (ω) − θSH j
σN j

2

∂

∂z
usy(z, ω), (8)

iy(z, ω) = θSH j
σN j

2

∂

∂z
usx(z, ω), (9)

iz
s (z, ω) = − σN j

2

∂

∂z
us(z, ω) − θSH jσN jE j (ω)ey, (10)

where we write the indices j = 1, 2 in accordance with the
position z in N1 or N2. Here, θSH j is the spin-Hall angle and
σN j the electrical conductivity of layer N j. The spin current
iz
s (z, ω) is defined in units of an equivalent charge current,

such that iz
sz = iz

↑ − iz
↓, with iz

σ the charge-current density car-
ried by electrons with spin σ with respect to the z axis, and
analogous for iz

sx and iz
sy. Similarly, the spin accumulation is

defined in terms of equivalent voltage units, eusz = μ↑ − μ↓,
with μσ the chemical potential for electrons with spin σ with
respect to the z axis, and analogous for usx and usy.

The spin accumulation also determines the spin density
ρes(z, ω),

ρes(z, ω) = e2νN jus(z, ω), (11)

where νN j is the electronic density of states in N j, j = 1, 2,
and the spin density is measured in equivalent charge units.
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Spin current and spin density satisfy the continuity equation:

−iωρes(z, ω) + ∂

∂z
iz
s (z, ω) = −geμ, jus(z, ω), (12)

where

geμ, j = e2 νN j

τsf, j
, (13)

with τsf, j the spin-flip time in N j. Combining Eqs. (10)–(13),
one finds that the spin accumulation satisfies

∂2

∂z2
us(z, ω) = 1

λN j (ω)2
us(z, ω), (14)

where

λN j (ω)2 = σN j

2e2νN j (1/τsf, j − iω)
(15)

is the spin-relaxation length in N j, j = 1, 2. We will only
consider frequencies ω 
 1/τsf, j and, hence, neglect the fre-
quency dependence of λN j throughout. This is an excellent
approximation for Pt, which is the metal we choose for our
numerical evaluation in Sec. III B. For metals with larger
spin-relaxation rates, such as W, for which 1/τsf is the THz
range [45], one simply replaces λN j → λN j (ω) in the follow-
ing equations (19) and (20) to accurately describe the spin
accumulation dynamics [46].

We assume that λN j is much smaller than the thickness
dN j of each normal-metal layer, so that only the spin accu-
mulations us j (ω) at the interfaces between F and N j at z = 0
(for j = 1) and z = −dF (for j = 2) contribute to the inverse
spin-Hall effect. From Eqs. (8) and (9) one then finds that the
spatially averaged corrections to the charge-current densities
in N1 and N2 read

δīx
j (ω) = (−1) j−1θSH j

σN j

2dN j
us jy(ω), (16)

δīy
j (ω) = − (−1) j−1θSH j

σN j

2dN j
us jx(ω), j = 1, 2, (17)

where eus jy/x (ω) is the spin accumulation at the interface
between N j and F, whereas Eq. (10) gives a relationship
between the spin voltage us j (ω) and the spin current is j (ω)
at the interface,

(−1) j−1ZN j (ω)is j (ω) = us j (ω) − δus j (ω). (18)

Here, the “spin impedance” ZN j , j = 1, 2, is [32]

ZN j = 2λN j

σN j
(19)

and δus j (ω) a source term proportional to the applied electric
field,

δus j (ω) = 2(−1) j−1λN jθSH jE j (ω)ey. (20)

At the ferromagnet–normal-metal interfaces and in the
bulk ferromagnet, spin and heat transport are coupled (see
Secs. II C and II D). To ensure that response relations
for spin and heat have the same form, we use units,
such that heat current density (kBT/2e)iz

Q(z, t ), energy den-
sity (kBT/2e)ρeQ(z, t ), and temperature change �Te(z, t ) =
(e/kB)ueQ(z, t ) of the conduction electrons have the dimen-
sion of an equivalent charge current, charge density, and
voltage, respectively. The temperature change �Te(z, t ) is

measured with respect to the lattice temperature T , which
is assumed to remain constant throughout. To describe heat
transport in N1 and N2, we use the continuity equation for the
energy density and heat current density:

−iωρeQ(z, ω) + ∂

∂z
iz
Q(z, ω) = −geQ, jueQ(z, ω), (21)

where geQ, j is a constant describing the energy exchange with
the lattice,

geQ, j = 2e2

k2
BT

Ce j

τep, j
. (22)

Here, Ce j is the electronic heat capacity and τep, j the charac-
teristic electron-phonon relaxation time in N j, j = 1, 2. The
energy density ρeQ(z, ω) is related to the electron temperature,
while the heat current density iz

Q(z, ω) is proportional to its
gradient,

ρeQ(z, ω) = 2e2

k2
BT

Ce jueQ(z, ω), (23)

iz
Q(z, ω) = − 2e2

k2
BT

κe j
∂

∂z
ueQ(z, ω), (24)

with κe j the electronic heat conductivity in N j, j = 1, 2.
Equation (21) then becomes

∂2

∂z2
ueQ(z, ω) = 1

lep, j (ω)2
ueQ(z, ω), (25)

with the thermal relaxation length

lep, j (ω)2 = κe j

Ce j (1/τep, j − iω)
, j = 1, 2. (26)

With the boundary conditions that the heat currents vanish at
the interfaces with vacuum at z = dN1 and z = −dN2 − dF, we
find that the excess electron temperature ueQ j and the elec-
tronic heat current iQ j at the two ferromagnet–normal-metal
interfaces j = 1, 2 are related as

(−1) j−1ZQN j (ω)iQ j (ω) = ueQ j (ω) − δueQ j (ω), (27)

where

ZQN j (ω) = k2
BT

2e2

lep, j (ω)

κe j
coth

dN j

lep, j (ω)
(28)

is a “thermal impedance” and δueQ j (ω) a source term, which
is included for future reference. [The source term δueQ j (ω)
represents the effect of local heating. It must be set to zero
when considering the linear response to an applied electric
field.]

Anticipating that heat and longitudinal spin current are
coupled at the F|N interfaces and inside F, we combine the
longitudinal component [with respect to the equilibrium mag-
netization direction; see Eq. (4)] of the spin current, is j‖(t ),
and the heat current iQ j (t ) into a single two-component vector,

I j (ω) =
(

is j‖(ω)
iQ j (ω)

)
, (29)

with similar definitions for Ue j (ω) = (us j‖(ω), ueQ j (ω))T

and δUe j (ω) = (δus j‖(ω), δueQ j (ω))T. Consequently, we also
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combine the impedances ZN j and ZQN j for spin and heat
transport into a 2 × 2 matrix,

ZN j (ω) =
(

ZN j 0
0 ZQN j (ω)

)
. (30)

C. F|N interfaces

At the fundamental level, the coupling between magnonic
and electronic spin and heat currents at the interface between
a magnetic insulator and a normal metal has its origin in
the spin-transfer torque [47,48] and spin pumping [49]. For
both effects, the strength of the coupling across the interface
is described by the spin-mixing conductance [50]. Whereas
the spin-transfer torque and spin pumping were originally
discussed in the context of coherent magnetization dynamics,
they are now understood to also govern the coupling of inco-
herent thermal magnons to electronic excitations in the normal
metal [51,52].

The coherent transverse component is j⊥(ω) of the spin
current across the ferromagnet–normal-metal F|N j interface,
j = 1, 2, depends on the transverse component m⊥ j (ω) of the
magnetization and the transverse component us j⊥(ω) of
the spin accumulation in the normal metal. In linear response,
the equation for the transverse components of the spin currents
across the F|N interfaces is [49,53]

us j⊥(ω) + h̄ω

e
m⊥ j (ω) = −(−1) j−1ZFN j⊥is j⊥(ω), (31)

where ZFN j⊥ is the interfacial spin impedance [32]

ZFN j⊥ = 1

g↑↓ j
, (32)

with g↑↓ j the spin-mixing conductance per unit area of the
F|N j interface, j = 1, 2 [50].

The incoherent, longitudinal spin current through the inter-
face depends not only on the magnon chemical potential μm j

and the longitudinal component μs j‖ of the spin accumulation
at the interface [52,54], but, via the interfacial spin-Seebeck
effect, also on the difference �Te j − �Tm j of electron and
magnon temperatures across it. At the same time, a tempera-
ture difference and/or a difference between spin accumulation
and magnon chemical potential also causes a heat current
through the interface [55,56]. For an expression of the longitu-
dinal spin current and the heat current at the two interfaces we
again switch to equivalent charge units, writing um j = μm/e
and umQ j = kB�Tm j/e, and define the two-component spinor
Um j = (um j, umQ j )T. One then has [30,32]

Ue j − Um j = − (−1) j−1ZFN j‖I j, (33)

where ZFN j‖ is the interfacial impedance matrix,

Z−1
FN j‖ = 3k3

TReg↑↓ j

16π3/2s

(
4ζ (3/2) 10ζ (5/2)

10ζ (5/2) 35ζ (7/2)

)
. (34)

Here, kT is the thermal magnon wave number,

kT =
√

kBT

h̄Dex
, (35)

where T is the equilibrium temperature, s the equilibrium spin
density in F, and ζ the Riemann zeta function. Note that all

four elements of the 2 × 2 impedance matrix ZFN j‖ have the
same dimension, because spin and heat currents, as well as
spin accumulation and temperature, are measured in the same
units.

D. Ferromagnetic insulator

In the ferromagnetic insulator F, the spin current iz
s (z, t ) is

carried by magnons. It has a coherent transverse component,
which is related to the magnetization dynamics, as well as
an incoherent longitudinal component, which is carried by
thermal magnons. Below, we give expressions linking the
magnonic spin and heat currents at the F|N interfaces to the
two-component magnon potentials Um1(ω) and Um2(ω) and
the magnetization amplitudes m⊥1 and m⊥2. For the ther-
mal magnons, we employ a phenomenological description of
magnon-mediated spin and heat transport, while the coherent
magnetization dynamics is described by the Landau-Lifshitz-
Gilbert equation.

1. Coherent magnetization dynamics

The transverse magnetization amplitude m⊥(z, ω) satisfies
the linearized Landau-Lifshitz-Gilbert equation,

−Dex
∂2

∂z2
m⊥(z, ω) = (ω + iαω − ω0)m⊥(z, ω), (36)

where ω0 is the ferromagnetic-resonance frequency, which
includes effects of static external magnetic fields, the demag-
netization field, and anisotropies, Dex is the spin stiffness, and
α the bulk Gilbert damping coefficient. The transverse spin
current is given by

jz
s⊥(z, ω) = ih̄Dexs

∂

∂z
m⊥(z, ω). (37)

Solving Eq. (36) with the boundary conditions m⊥(0, ω) =
m⊥1(ω), m⊥(−dF, ω) = m⊥2(ω), we find

m⊥(z, ω) = m⊥1(ω) sin(k(ω)(z + dF))

sin(k(ω)dF)

− m⊥2(ω) sin(k(ω)z)

sin(k(ω)dF)
, (38)

where k(ω) is the magnon wave number at frequency ω,

k(ω)2 = ω(1 + iα) − ω0

Dex
. (39)

For definiteness, in expressions that contain k(ω), we choose
the sign of k(ω) such that Im k(ω) > 0. Combining Eqs. (37)
and (38), one obtains a relation between the transverse spin
currents and the transverse magnetization amplitudes at the
two ferromagnet–normal-metal interfaces,

(−1) j−1(h̄ω/e)[m⊥ j (ω) cos(k(ω)dF) − m⊥k (ω)]

= −iZ∞
F⊥(ω)is j⊥(ω) sin(k(ω)dF), j �= k, (40)

where

Z∞
F⊥(ω) = h̄ω

2e2Dexk(ω)s
. (41)

014419-5



FRANKE, AKRAP, AND BROUWER PHYSICAL REVIEW B 113, 014419 (2026)

2. Thermal magnons

Following Cornelissen et al. [30], we describe thermal
magnons in F in terms of the magnon chemical poten-
tial μm(z, t ) and the difference �Tm(z, t ) = Tm(z, t ) − T of
the magnon temperature and the lattice temperature. We
again switch to equivalent charge units and combine the
magnon chemical potential μm(z, t ) = eum(z, t ) and tem-
perature �Tm(z, t ) = eumQ(z, t )/kB into the two-component
spinor Um(z, t ) = (um, umQ)T. We also combine the deviations
of the magnon spin density (h̄/2e)ρms(z, t ) and the magnon
energy density (kBT/2e)ρmQ(z, t ), both measured in charge
units, into the two-component spinor Pm(z, t ) = (ρms, ρmQ)T.

To linear order in Um(z, t ), Pm(z, t ) may be expanded as

Pm(z, t ) = CmUm(z, t ), (42)

where the 2 × 2 matrix Cm is a generalized heat capacity.
Expressions for the four elements of the matrix Cm in terms

of the magnon density of states are given in Appendix A. The
magnon spin density and magnon energy density satisfy the
continuity equation

∂

∂t
Pm(z, t ) + ∂

∂z
I (z, t ) = −GmUm(z, t ), (43)

where I (z, t ) = (iz
s‖(z, t ), iz

Q(z, t ))T is a two-component
spinor combining the longitudinal magnon spin current and
the magnon heat current, both measured in equivalent charge
units. The 2 × 2 matrix Gm describes the combined effect
of various forms of spin and energy relaxation of magnons.
In Appendix A we express Gm in terms of the relaxation
times τm,ex, τmp,ex, τm,rel, τmp,rel, and τel for exchange-based
spin-conserving magnon-magnon and magnon-phonon scat-
tering, relativistic spin-nonconserving magnon-magnon and
magnon-phonon scattering, and elastic magnon-impurity scat-
tering.

Finally, the magnon spin and heat current densities depend
linearly on gradients of the magnon chemical potential and the
magnon temperature,

I (z, ω) = −�(ω)
∂

∂z
Um(z, ω), (44)

where �m(ω) is the generalized conductivity matrix [30]

�m(ω) = 1

1 − iωτm

(
σm eLm/kBT

eLm/kBT 2e2κm/k2
BT

)
, (45)

with the magnon spin conductivity σm, the bulk spin-Seebeck
coefficient Lm, the magnon heat conductivity κm, and

τ−1
m = τ−1

m,ex + τ−1
m,rel + τ−1

mp,ex + τ−1
mp,rel + τ−1

m,el. (46)

Expressions relating σm, Lm, and κm to the relaxation time τm

are given in Appendix A.
Combining Eqs. (42), (43), and (44), we find that the two-

component spinor Um(z, t ) obeys the diffusionlike equation

∂2

∂z2
Um(z, ω) = �(ω)−2Um(z, ω), (47)

where

�2(ω) = (Gm − iωCm )−1�(ω). (48)

We choose the sign of �(ω) such that Re lm(ω) > 0 for the
two eigenvalues lm(ω) of �(ω), m = 1, 2. The solution of
Eq. (47) can then be written in a form similar to Eq. (38),

Um(z, ω) = sinh(�(ω)−1(z + dF))

sinh(�(ω)−1dF)
Um1(ω)

− sinh (�(ω)−1z)

sinh (�(ω)−1dF)
Um2(ω), (49)

where Um1(ω) = Um(0, ω), Um2(ω) = Um(−dF, ω) refer to
values taken at the interfaces with the normal metals N1
and N2. From Eqs. (44) and (49), we relate spin and heat
currents with the magnon chemical potential and the magnon
temperature,

(−1) j−1[cosh (�(ω)−1dF)Um j (ω) − Umk (ω)]

= − sinh(�(ω)−1dF)Z∞
F‖ (ω)I j (ω) (50)

for j �= k, where

Z∞
F‖ (ω) = �(ω)�(ω)−1. (51)

III. MAGNON-MEDIATED CURRENT DRAG

In Sec. II we established linear relations between (general-
ized) currents and voltages for each part of the N|F|N trilayer
separately. When combining these relations, they constitute
a system of equations, from which we can deduce the linear
response of the trilayer to the applied electric fields E1(ω) and
E2(ω) in N1 and N2. In this Section, we discuss the charge
current response, which is characterized by the linear conduc-
tivities σ xx

k j (ω) and σ
yx
k j (ω) of Eqs. (5) and (6), respectively.

The thermal response will be discussed in Sec. IV.

A. Trilayer response

Solving the coupled equations (18), (31), and (40) for the
transverse components of the spin accumulations us j at each
interface j = 1, 2, we find a linear relationship between the
transverse spin accumulation us j⊥(ω) at the interface and the
source terms δusk (ω) of Eq. (20),

us j⊥(ω) =
2∑

k=1

f jk⊥(ω)δusk⊥(ω). (52)

The dimensionless response coefficients f jk⊥(ω) depend on
the impedances ZN j , ZFN j⊥, Z∞

F⊥(ω), and on the product
k(ω)dF. For the explicit expression we refer to Appendix B.
Similarly, for the longitudinal component of the spin current
and the heat current at the interfaces we find from Eqs. (18),
(27), (33), and (50) that

Ue j (ω) =
2∑

k=1

F jk (ω)δUek (ω), (53)

where the dimensionless 2 × 2 matrices F jk (ω) depend on
the impedances ZN j , ZFN j‖, Z∞

F‖ (ω), and on the product
�(ω)−1dF; see Appendix B.
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Using the source term (20), we may then calculate the spin
accumulation in response to an applied field,

us j (ω) = 2
2∑

k=1

(−1)k−1λNk (ω)θSHkEk

× [F jk (ω)11(ey · meq )meq

+ f jk⊥(ω)(ey · e∗
⊥)e⊥

+ f jk⊥(−ω)∗(ey · e⊥)e∗
⊥], (54)

where the index 11 of F jk (ω)11 points to the matrix element
of the 2 × 2 matrix. From here, we find the local and nonlocal
conductivities

σ xx
k j (ω)

σNk
= δk j

[
1 + λN j

dNk
θSH jθSHk

]

+ λN j

2dNk

[
sk j (ω)

(
1 − m2

y

) + s′
k j (ω)

]
, (55)

σ
yx
k j (ω)

σNk
= λN j

2dNk
[sk j (ω)mxmy + s′′

k j (ω)mz], (56)

where we used Eqs. (1) and (3) for the unit vectors meq and
e⊥ and we introduced the dimensionless response coefficients

sk j (ω) = (−1) j+kθSH jθSHk[ fk j⊥(ω) + fk j⊥(−ω)∗

− 2Fk j (ω)11],

s′
k j (ω) = (−1) j+k2θSH jθSHk[Fk j (ω)11 − δk j],

s′′
k j (ω) = (−1) j+kiθSH jθSHk[ fk j⊥(ω) − fk j⊥(−ω)∗], (57)

which each describe contributions to the conductivity with
different characteristic dependences on the magnetization di-
rection meq [21,22,24,25].

Equations (55)–(57) are a central result of this article. They
generalize the theory of Ref. [32] to the nonlocal response
and go beyond Ref. [32] by including magnon relaxation pro-
cesses in F and the coupling of spin and heat transport across
the F|N interfaces. The term proportional to mxmy in Eq. (56),
with the dimensionless off-diagonal conductivity coefficient
sxy

11, can be identified with a spin-Hall version of the planar
Hall effect, which is symmetric under magnetization rever-
sal. The terms proportional to mz correspond to a spin-Hall
version of the anomalous Hall effect, which is antisymmet-
ric under magnetization reversal. In the low-frequency limit,
Eqs. (55)–(57) reproduce existing results of Refs. [18,30].
Upon sending the interface transparency between F and N2
to zero, the trilayer considered here effectively becomes a
bilayer, and our results reproduce previous results of the bi-
layer spin-Hall magnetoresistance of Refs. [15–19,30,31] in
the zero-frequency limit and Ref. [32] for nonzero frequency.

The frequency dependence of the local and nonlocal spin-
Hall conductivity arises from the frequency dependence of
the response of the F layer. The response of the F|N inter-
faces and the normal metals N j is frequency independent
for frequencies well into the THz range. The frequency de-
pendence of the transverse contribution, represented by the
coefficient fk j⊥, reflects the excitation of coherent magnetiza-
tion modes, starting with the uniform ferromagnetic resonance
mode [57,58], and including nonuniform magnon modes for
higher frequencies [32]. The frequency dependence of the

TABLE I. Material parameters for YIG and Pt. The electron-
phonon time τep ≈ 40 fs in Eq. (21) is calculated from lep and κe,
which is in turn calculated from σN via the Wiedemann-Franz law.
The timescale τm,ex is mainly associated with “four-magnon scat-
tering” and we estimate the combined relaxation times τm,rel and
τmp,rel from the Landau-Lifshitz-Gilbert equation, since both pro-
cesses are not magnon-number conserving. At room temperature,
spin-nonconserving “three-magnon scattering” can be neglected in
comparison to the spin-conserving four-magnon scattering [62]. The
impurity scattering τm,el is fitted to reproduce the magnon conduc-
tivity σm ≈ 4 × 105 Sm−1 measured in Ref. [21]. A comparison to a
microscopical model as discussed in Ref. [35] yields a similar order
of magnitude for the relaxation time at room temperature.

Quantity Value Ref.

T 300 K -
g↑↓ (6 + 0.3i) × 1013 �−1 m−2 [10,12,59]

YIG

dF 6 × 10−8 m -
α 2 × 10−4 [21]
ω0/2π 8 × 109 s−1 [10]
Dex 8 × 10−6 m2 s−1 [60]
a 1.2376 × 10−9 m [61]
sa3 10 [61]
τm,el 0.11 ps -
τm,ex 2.7 ps [62]
τmp,ex 0.5 ps [30]
τm,rel, τmp,rel 2h̄/(αkBT ) ≈ 255 ps -

Pt

dN 4 × 10−9 m -
θSH 0.1 [12]
λN 2 × 10−9 m [60]
σN 9 × 106 �−1 m−1 [63]
Cp 2.73 × 106 J K−1 m−3 [64,65]
Ce 0.13 × 106 J K−1 m−3 [64–66]
lep 4.5 × 10−9 m [55,60]

longitudinal contribution arises from the diffusive motion of
incoherent, thermal magnons through the F layer and typically
already sets in at lower frequencies.

B. Numerical estimates

We now present characteristic numerical estimates for the
local and nonlocal spin-Hall magnetoresistance effect, us-
ing material and device parameters for a Pt|YIG|Pt-trilayer.
[We regard the ferrimagnet yttrium iron garnet (YIG) as fer-
romagnetic.] The material and device parameters used are
summarized in Tables I and II. We assume equal thickness
dN1 = dN2 for the two Pt layers. The dimensionless coef-
ficients sk j (ω), s′

k j (ω), and s′′
k j (ω), which each describe a

contribution to the local and nonlocal conductivities with a
different characteristic magnetization dependence, are shown
in Figs. 2 and 3 as a function of the driving frequency ω. The
frequency dependence of the longitudinal response is domi-
nated by the two lengths lm(ω), m = 1, 2, for magnon spin
and energy relaxation, which are the two eigenvalues of the
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TABLE II. Derived quantities for YIG from the Boltzmann the-
ory in Appendix A. The characteristic length scales associated with
magnon transport mediated (mainly) by the magnon chemical poten-
tial or magnon temperature are the eigenvalues of �[Eq. (48)] at zero
frequency, l1 ∼ lμ and l2 ∼ lT, respectively (see Sec. III B). Consis-
tent with Ref. [30], our model suggests that the magnon chemical
potential carries farther than the magnon temperature. In general,
Refs. [21,30,67] suggest a longer magnon spin-diffusion length than
the value listed here. We attribute this difference to a shortcoming
of the relaxation-time approximation in the Boltzmann theory that
neglects subthermal magnon transport, as discussed in Ref. [68].

Quantity Value Eq.

lμ 20 nm (62)
lT 7 nm (63)

Cm [Cm]11 150 ns �−1 µm−3 (A5)
[Cm]12 11 ns �−1 µm−3 (A5)
[Cm]21 11 ns �−1 µm−3 (A5)
[Cm]22 15 ns �−1 µm−3 (A5)

c = (k2
BT/2e2 )[Cm]22/ρYIG 3.3 J kg−1 K−1 (A5)

Gm [Gm]11 11 × 102 �−1 µm−3 (A21)
[Gm]12 45 × 100 �−1 µm−3 (A21)
[Gm]21 45 × 100 �−1 µm−3 (A21)
[Gm]22 29 × 103 �−1 µm−3 (A21)

�m(0) [�m]11 = σm 0.41 �−1 µm−1 (A28)
[�m]12 = eLm/kBT 0.55 �−1 µm−1 (A29)
[�m]21 = eLm/kBT 0.55 �−1 µm−1 (A29)
[�m]22 = 2e2κm/k2

BT 1.63 �−1 µm−1 (A30)

σm 4.1 × 105 S m−1 (A28)
Lm 1.4 × 104 A m−1 (A29)
κm 1.8 W K−1 m−1 (A30)

FIG. 2. Real part (solid line) and imaginary part (dashed line) of
local linear response coefficients s11(ω) (blue), s′

11(ω) (orange), and
s′′

11(ω) (green); see Eq. (57). The three dimensionless coefficients
have a different dependence on the direction of the magnetization
in F and characterize the local conductivity correction from the
coupling of N to F|N. We note that the coefficient s11(ω) is directly
proportional to the SMR response calculated in Ref. [32], while
s′′

11(ω) describes the anomalous Hall effect.

FIG. 3. Magnon-mediated electric current drag. Real part (solid
line) and imaginary part (dashed line) of nonlocal linear response
coefficients s21(ω) (blue), s′

21(ω) (orange), and s′′
21(ω) (green); see

Eq. (57). At low frequency, the nonlocal conductivity is mediated by
thermal magnons, but coherent spin waves dominate at GHz to THz
frequencies.

2 × 2 matrix �(ω); see Eq. (48). The frequency dependence
of these two relaxation lengths is shown separately in Fig. 4.

One of the key features of the spin-Hall magnetoresistance
effect is that the electrical conductivity depends on the di-
rection of the magnetization in F; see Eqs. (55) and (56).
Specifically, both σ xx

k j and σ
yx
k j show a characteristic sinelike

behavior with respect to the angle θ between the magneti-
zation direction and the y axis. While σ

yx
k j changes sign as a

function of the magnetization direction, the corrections to the
local conductivities σ xx

11 and σ xx
22 are strictly positive for zero

frequency. In the zero-frequency limit, the nonlocal conduc-
tivities σ xx

12 and σ xx
21 are negative, except for a magnetization

in the xz plane, for which σ xx
12 = σ xx

21 vanishes. Hence, the
nonlocal response of the N|F|N trilayer is such that it can

FIG. 4. Eigenvalues l1 and l2 of �[Eq. (48)]. The eigenvalues
at zero frequency correspond to the characteristic decay lengths lμ
[Eq. (62)] and lT [Eq. (63)] for magnon or heat transport, respec-
tively. Their numerical values are given in Table II. We refer to
Sec. III B for an estimate of lm(ω), m = 1, 2, in the large-frequency
limit.
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act as a pure spin valve; being able to switch the nonlocal
response on and off, if it is possible to rotate the magnetization
into and out of the xz plane, e.g., via an external magnetic
field.

C. Analytical estimates

We now give order-of-magnitude estimates for the magnon
relaxation lengths lm(ω), m = 1, 2, which are the eigenvalues
of the 2 × 2 matrix �(ω). Order of magnitudes for the spin
impedances are given in Appendix C.

In the large-frequency limit, we may approximate

�(ω) ≈ eiπ/4

√
ω
C−1/2

m �1/2
m , (58)

where ω > 0 and �(ω) = �(−ω)∗. Here, we can neglect
the frequency dependence of �m(ω) for frequencies smaller
than the magnon momentum relaxation, ω < τ−1

m , which has
a timescale of τm < 0.1 ps. Since the four entries of the re-
sponse matrix �m are all of comparable magnitude—all four
entries are governed by the momentum relaxation time τm—
the two relaxation lengths

l1(ω) ∼ (DexτmkBT/h̄ω)1/2(h̄ω0/kBT )1/4, (59)

l2(ω) ∼ (DexτmkBT/h̄ω)1/2, (60)

are determined by the two principal values of the response
matrix Cm, which differ by a factor ∼√

kBT/h̄ω0; see Ap-
pendix A. As seen in Fig. 4, however, for the longer relaxation
length the asymptotic frequency dependence sets in only for
frequencies well above 1 THz.

The transverse response is dominated by the impedances
of the two ferromagnet–normal-metal interfaces, except in the
vicinity of resonance frequencies

ωn = Dex

(
nπ

dF

)2

+ ω0, (61)

where it shows a sharply peaked behavior as a function of the
driving frequency ω.

For the low-frequency limit of the longitudinal re-
sponse, the relaxation lengths lm(ω) for magnon spin and
energy density depend not only on the momentum relax-
ation time τm, but also on the much longer relaxation
times τmp,ex (exchange-based magnon-phonon scattering),
τmp,rel (spin-nonconserving magnon-phonon scattering), and
τm,rel (spin-nonconserving magnon-magnon scattering). Of
these, relaxation by exchange-based magnon-phonon scatter-
ing is dominant at room temperature. Since exchange-based
magnon-phonon scattering conserves the magnon spin den-
sity, but not the magnon energy density, the smallest relaxation
length l2(0) ∼ lT describes the relaxation of the magnon tem-
perature, whereas the relaxation length l1(0) ∼ lμ for the
magnon chemical potential is much larger. To find an order-
of-magnitude estimate, we neglect the off-diagonal elements
of the matrices G(ω) and �(ω) in Eq. (48) and find (compare

FIG. 5. Local and nonlocal spin-Peltier effect in an N|F|N tri-
layer. Since longitudinal spin and heat currents are coupled inside
F and at the two N|F interfaces, the flow of a spin current linear in
the applied electric field also implies the flow of a heat current and,
hence, the generation of a temperature gradient.

with Ref. [30])

lμ ≡ ([
G−1

m

]
11[�]11

)1/2

≈ (2DexτmτrelkBT ζ (3/2)/
√

π h̄)1/2(h̄ω0/kBT )1/4, (62)

lT ≡ ([
G−1

m

]
22[�]22

)1/2 ≈ (4Dexτmτmp,exkBT/h̄)1/2. (63)

Here, τrel = min(τm,rel, τmp,rel ) and the subscripts “11” and
“22” point to the upper-left and lower-right matrix elements
of the 2 × 2 matrices, respectively. The values of lμ and lT are
shown in Table II and are close to the actual eigenvalues of �;
see Fig. 4.

IV. SPIN-PELTIER EFFECT

A consequence of the linear coupling of spin and heat
currents across the F|N interfaces is that heat currents can
be driven into or out of the normal metal to linear order
in the applied electric field; see Fig. 5. The sign of these
heat currents depends on the sign of the electric field or the
magnetization in F, so that not only current-induced heating,
but also current-induced cooling of electrons in N1 or N2, is
possible (at the expense of heating up the magnons in F and/or
the other normal-metal layer) [55]. This makes it possible
to construct thermoelectric heaters or coolers based on the
coupling between spin and heat transport in ferromagnetic-
insulator/normal-metal heterostructures.

The linear response relation (53), combined with Eq. (20)
for the source term δus j , gives the change �Te j = (e/kB)ueQ j

of the electron temperature at the F|N j interface to linear
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order in the applied electric field,

�Te j (ω) = 2e

kB

2∑
k=1

(−1)k−1F jk (ω)21λNkθSHkEk (ω)my. (64)

The spatially averaged temperature change �Te j (ω) in N j,
j = 1, 2, is then given by Eq. (7), with

ηx
k j (ω) = 2e

kB
(−1) j−1Fk j (ω)21λN jθSH jmy

× lep,k (ω)

dNk
tanh

dNk

lep,k (ω)
. (65)

The maximum cooling that can be obtained in such a spin-
Peltier effect is bounded by competition with Joule heating
from charge currents in N. This is an effect quadratic in the
applied field, which is considered in detail in our companion
article, Ref. [29]. An estimate in the zero-frequency limit
Ej (t ) = Ej can already be obtained from the linear theory
developed here. Neglecting the heating from dissipative spin
currents in the N layers [69,70], which is quadratic in the spin-
Hall angle, the Joule heating rate σN jE2

j implies a temperature
change δTe j = (e/kB)δueQ j at the F|N j interface, where

δueQ j = kB

e

σN jτep, j

Ce j
E2

j , (66)

with Ce j the electronic heat capacity of N j, j = 1, 2. The
interfacial temperature change from Joule heating can be used
as a source term in the linear-response relation (53), which
gives the quadratic-in-E contribution to the change of the
electronic temperature at the F|Nk interface,

�T (2)
ek =

2∑
j=1

Fk j (0)22
σN jτep, j

Ce j
E2

j , (67)

where the linear-response coefficient Fk j (ω) was defined in
Eq. (53).

Figure 6 shows the temperature change �Te j at the two F|N
interfaces for a Pt|YIG|Pt trilayer as a function of the applied
electric field E1 = E in N1, taking into account the linear-in-E
and quadratic-in-E temperature changes of Eqs. (64) and (67).
Material and device parameters are taken from Tables I and II.
Our semiphenomenological transport equations include heat
exchange with the phonon bath, assuming a phonon heat ca-
pacity large enough that the phonon bath temperature stays
constant; see Sec. II. The estimates of Fig. 6 do not consider
phonon-mediated heat transport through the F layer, which
is an additional nonlocal heating source and, hence, limits
the maximal temperature change that can be achieved in the
nonlocal setup.

Although the nonlocal linear-in-E cooling effect via the
spin-Peltier effect is smaller than the local effect, the dif-
ference between the temperature changes from nonlocal and
local Joule heating is even larger—both nonlocal effects are
magnon mediated—so that the maximum cooling effect in
the nonlocal setup (electric field and temperature change are
in different N layers) is larger than in the local setup (elec-
tric field and temperature change in the same layer). The
smallness of the nonlocal Joule heating effect comes, in part,

µ

FIG. 6. Temperature change �Te j at the F|N j interface vs ap-
plied electric field E1 for meq = ey and for material and device
parameters listed in Tables I and II, except for the thickness dF =
10 nm. The maximum cooling temperature � is determined by the
competition of linear-in-E spin-Peltier cooling and quadratic-in-E
Joule heating. The insets show a zoom-in for �Te near E = 0 and
the maximum nonlocal cooling as a function of magnetic field ω0

and thickness dF.

because the relaxation length for magnon heat transport in F is
smaller than that for magnon spin transport; see Fig. 4. How-
ever, both heat and spin currents have the same asymptotic
dependence on dF because of the coupling of heat and spin
currents across the F|N interfaces.

The local spin-Peltier effect has been observed by Flipse
et al. [55] for Pt|YIG bilayers. Thermal imaging by Dai-
mon et al. [71] underscores that the spin-Peltier effect allows
pinpoint modulation of the temperature in the mK regime,
consistent with the estimates given above. The spatial separa-
tion of spin injector and heat detector, which may significantly
enhance the maximum temperature reduction obtainable using
the spin-Peltier effect, was already accomplished in measure-
ments by Sola et al. [72], who experimentally proved the
reciprocity between spin-Seebeck and spin-Peltier effect in an
YIG|Pt bilayer. Uchida et al. [73] achieved an enhancement
of the spin-Peltier effect in ferromagnet–normal-metal multi-
layers upon increasing the number of layers. Their observed
enhancement of the temperature modulation (integrated over
all layers) with an increased number of layers can be attributed
to a reduced spin backflow compared to a single bilayer of
Fe3O4|Pt. Both Refs. [72] and [73] aimed to separate the
spin-Peltier effect from Joule heating by an ac modulation of
the source voltage. Without such modulation, Joule heating
and (nonlocal) spin-Peltier cooling are in direct competition,
and one has to resort to nonlocal probes to disentangle the two
effects.

V. CONCLUSION

The comprehensive linear-response theory discussed in
this article describes magnon-mediated transport effects in
multilayers combining ferromagnetic insulators and normal
metals for driving frequencies ranging from the dc limit well
into the ac (THz) regime. Our approach, which describes
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the coupling across the magnetic-insulator–normal-metal in-
terface using the spin-mixing conductance and otherwise
relies on semiphenomenological transport equations, estab-
lishes a consistent, unified description of a plethora of
spintronic effects reported in the literature. These include the
spin-Hall magnetoresistance [15–17,32], magnon-mediated
electric current drag [18,24,25], nonlocal magnon-mediated
magnetoresistance [31], as well as spin-caloritronic effects
[55,74]. Having a common theoretical framework allows a
quantitative comparison between mechanisms based on inco-
herent and coherent magnon transport and between different
driving frequencies.

In principle, in addition to the magnon-mediated effect
considered here, Coulomb interactions may also directly
cause an electrical current drag. In the dc limit, such Coulomb
drag is usually very small in metals, because it requires an
electron-hole asymmetry in the conductivity of the normal
metal [75]. At finite frequency, depending on the precise
measurement geometry, a Coulomb-mediated current drag can
also be caused by parasitic capacitive couplings. In either
case, the magnon-mediated electrical current drag can be
distinguished from Coulomb-mediated effects by its unique
dependence on the magnetization direction.

The effects discussed in this article also have nonlinear
counterparts, most notably the unidirectional spin-Hall mag-
netoresistance [74,76,77] and the spin-torque diode effect
[78–84]. The nonlinear response cannot only be distinguished
from the linear response by its dependence on the strength
of the driving field, it also has a different characteristic de-
pendence on the magnetization of the ferromagnetic layer.
The unidirectional spin-Hall magnetoresistance includes a
spin-dependent modulation of the interface conductivity that
has an m3

y dependence on the magnetization in a longitudi-
nal measurement setup. The spin-torque diode effect, on the
other hand, arises from the precession of the magnetization
in F and therefore shows spin-wave resonances and has an
my(1 − m2

y ) magnetization dependence. These effects are ac-
companied by a spin-Seebeck contribution from Joule heating
that scales with my. All these bilinear effects have in common
that they are asymmetric under a reversal of the magnetization
direction, which allows for the detection of magnetization
switching in a two-terminal setup [76]. The linear response
theory established in this work offers a suitable framework to
also analyze the quadratic-in-applied-field response. We refer
to our companion article [29] for further details.
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APPENDIX A: DERIVATION OF PHENOMENOLOGICAL
TRANSPORT EQUATIONS FROM BOLTZMANN THEORY

In this appendix, we derive expressions for the matrices Cm,
Gm, and �(ω) in Eqs. (42)–(44), respectively, that describe
incoherent magnon transport in a ferromagnet. Numerical es-
timates for these matrices are presented in Table II.

We express the magnon spin and energy density in terms
of the magnon distribution function nk(z, t ), which we lin-
earize around the equilibrium distribution function n0(ωk ) =
1/(eh̄ωk/kBT − 1),

nk(z, t ) = n0(ωk ) +
(

− ∂n0

∂ωk

)
ψk(z, t ). (A1)

Consistent with a description in terms of magnon spin and en-
ergy density and the corresponding currents, for the deviation
from equilibrium ψk(z, t ) we use the ansatz

ψk(z, t ) = 1

h̄
μm(z, t ) + ωk

T
�Tm(z, t )

+ vkz

[
1

h̄
πmμ(z, t ) + ωk

T
πmT (z, t )

]
, (A2)

where μm = eum is the local magnon chemical potential,
�Tm = (e/kB)umQ the difference between the local magnon
temperature and the temperature T of the phonon bath (which
we assume to be constant), and πmμ and πmT are generalized
potentials that determine the magnon spin and energy cur-
rents, respectively.

We combine the magnon spin and energy densities
(h̄/2e)ρms and (kBT/2e)ρmQ into a two-component spinor,

Pm(z, t ) =
(

ρms(z, t )
ρmQ(z, t )

)
, (A3)

where we used equivalent charge units. In terms of the distri-
bution function nk(z, t ), Pm(z, t ) reads

Pm(z, t ) = 2e

(2π )3

∫
dk

(
− ∂n0

∂ωk

)
ψk(z, t )

(
1

h̄ωk
kBT

)
. (A4)

Substitution of the ansatz (A2) then gives Eq. (42) of the main
text with

Cm = 2e2

h̄

(
F0,0 F0,1

F0,1 F0,2

)
, (A5)

where

Fm,n = 1

(2π )3

∫
dk

(
h̄v2

kz

4DexkBT

)m(
h̄ωk

kBT

)n(
− ∂n0

∂ωk

)
.

(A6)

Explicit expressions for the moments Fm,n may be obtained
for the magnon dispersion

ωk = ω0 + Dexk2. (A7)

In this case, the integrations over k in Eq. (A6) can be replaced
by integrations over ω and one finds

Fm,n = 1

2m + 1

√
kBT

h̄D3
ex

∫ ∞

ξ0

dξ
ξ n(ξ − ξ0)m+1/2

16π2 sinh2(ξ/2)
, (A8)
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where ξ0 = h̄ω0/kBT . For n = 0, one thus finds

Fm,0 = �(m + 1/2)

8π2Dex

√
kBT

h̄Dex
Lim+1/2(e−ξ0 ), (A9)

where Li(z) is the polylogarithm and � the gamma function,
whereas moments Fm,n with n = 1 and n = 2 can be obtained
from the recursion relations

Fm,1 = ξ0Fm,0 + 2m + 3

2m + 1
Fm+1,0,

Fm,2 = ξ 2
0 Fm,0 + 2

2m + 3

2m + 1
ξ0Fm+1,0

+ 2m + 5

2m + 1
Fm+2,0. (A10)

Numerical values for the coefficients of Cm, using the parame-
ters listed in Table I, are given in Table II. In the limit ξ0 
 1,
which is applicable to YIG at room temperature, one may
approximate

Fm,n ≈ �(m + n + 1/2)

8π2Dex

√
kBT

h̄Dex

×
{√

π/ξ0 if m = n = 0,
2m+2n+1

2m+1 ζ (m + n + 1/2) if m + n > 0,

(A11)

with ζ the Riemann zeta function.
This simple model estimate for the volumetric magnon

heat capacity [Cm]22 is (numerically) close to the result ob-
tained in Ref. [68] and agrees with experimental data at low
temperatures T < 10 K. At room temperature it is difficult to
directly measure the magnon contribution to the heat capacity
by taking the difference of high magnetic-field and low-field
heat capacities because of the large magnetic field needed to
freeze out magnons [85]. Experiment [68] and theory [85]
show that the increase of heat capacity at higher temperatures
is likely to be slower than T 3/2. Although this means that
Eq. (A5) probably overestimates the magnon heat capacity
at T = 300 K, the numerical value obtained from Eq. (A5)
is still of the same order of magnitude as other values given in
the literature; see, e.g., Ref. [85].

For the magnon spin and heat current densities I (z, t ) we
find in the same manner, again using two-component spinor
notation,

I (z, t ) = Vm�(z, t ), (A12)

where �(z, t ) = (πmμ(z, t )/e, kBπmT (z, t )/e)T and

Vm = 2e2

h̄

∫
dk

(2π )3
v2

kz

(
− ∂n0

∂ωk

)

×
(

1 h̄ωk/kBT
h̄ωk/kBT (h̄ωk/kBT )2

)

= 2e2

h̄

4DexkBT

h̄

(
F1,0 F1,1

F1,1 F1,2

)
. (A13)

To find expressions for the matrices Gm and �m, introduced
in the spin continuity Eq. (43) and Ohm’s law for thermal

magnons in Eq. (44), respectively, we use the Boltzmann
equation for the linearized distribution function ψk(z, t ),

∂ψk(z, t )

∂t
+ vkz

∂ψk(z, t )

∂z
=

∑
α

∫
dk′�(α)

k,k′ψk′ (z, t ),

(A14)

where the summation is over different relaxation processes,
labeled by α, and �

(α)
k,k′ denotes the corresponding tran-

sition rates. To obtain closed equations for μm(z, t ) and
�Tm(z, t ), we multiply Eq. (A14) by h̄(−∂n0/∂ωk ) and
by h̄ωk(−∂n0/∂ωk ), substitute the ansatz (A2) for the lin-
earized distribution function, and integrate over k. Integrals
on the right-hand side containing odd powers of vkz vanish,
so that the right-hand side is a linear function of μm(z, t )
and �Tm(z, t ) only. The resulting equation has the form of
Eq. (43), with

Gm = − 2e2

h̄

∫
dkdk′

(2π )3

(
− ∂n0

∂ωk

)

×
∑

α

�
(α)
k,k′

(
1 h̄ωk′/kBT

h̄ωk/kBT h̄2ωkωk′/(kBT )2

)
. (A15)

The relaxation-time approximation corresponds to the sim-
ple choice

�
(α)
k,k′ = − 1

τα

[
δk,k′ − 1

(2π )3

(
− ∂n0

∂ωk′

)
c(α)

k,k′

]
, (A16)

where δk,k′ is the Dirac delta function and τα is the relaxation
time, which is independent of k. The second term between the
square brackets is a phenomenological correction term that
ensures conservation of magnon spin density and/or magnon
energy density, if applicable [86]. We consider five relax-
ation processes for magnons: exchange-based spin-conserving
magnon-magnon (α = “m,ex”) and magnon-phonon scatter-
ing (α = “mp,ex”), relativistic spin-nonconserving magnon-
magnon (α = “m,rel”) and magnon-phonon scattering (α =
“mp,rel”), and elastic magnon-impurity scattering (α = “el”).
For elastic magnon-impurity scattering, which relaxes the
magnon currents, but not the magnon spin and energy densi-
ties, and for exchange-based magnon-magnon scattering, one
has

c(α)
k,k′ = 2e2

h̄
(1 h̄ωk/kBT )C−1

m

(
1

h̄ωk′/kBT

)
, (A17)

with α = m,ex or α = el. (If umklapp processes were ruled
out, exchange-based magnon-magnon scattering would also
conserve magnon momentum density, which would result in
a modified correction term.) Similarly, for exchange-based
magnon-phonon scattering, which conserves magnon spin
density, but not magnon energy density, and for relativis-
tic three-magnon scattering, which conserves magnon energy
density, but not the magnon spin density, one has

cmp,ex
k,k′ = 2e2

h̄

1

[Cm]11
, (A18)

cm,rel
k,k′ = 2e2

h̄

(
h̄

kBT

)2
ωkωk′

[Cm]22
. (A19)

Finally, for relativistic magnon-phonon scattering, which con-
serves neither the magnon spin density nor the magnon current
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density, one may set

cmp,rel
k,k′ = 0. (A20)

Calculating the four elements of the relaxation matrix Gm

in the relaxation-time approximation (A16) then results in

Gm = Cmτ−1
mp,rel + (1 − γ )

×
(

[Cm]11τ
−1
m,rel 0

0 [Cm]22τ
−1
mp,ex

)
, (A21)

with

γ = [Cm]12[Cm]21

[Cm]11[Cm]22
, (A22)

and the total momentum relaxation time τm in Eq. (45) be-
comes Eq. (46).

Numerical estimates for the scattering times are
given in Table II. Without the terms proportional
to γ and upon identifying (notation of Ref. [30])
�sμ = τ−1

mp,rel + τ−1
m,rel and �22 = τ−1

mp,rel + τ−1
mp,ex as well as

the cross terms �sT = τ−1
mp,rel[Cm]−1

22 [Cm]12 (in 1/Js) and

�Qμ = −τ−1
mp,rel[Cm]12[Cm]−1

11 , Eqs. (43) and (A21) reproduce
the spin and heat continuity equations for magnon transport
from Ref. [30].

In a similar manner, the linear-response Eq. (44) can be ob-
tained from the Boltzmann Eq. (A14) upon multiplication by
(2e/h̄)h̄vkz(−∂n0/∂ωk ) and by (2e/kBT )h̄ωkvkz(−∂n0/∂ωk ),
followed by integration over k. This gives

∂

∂t
I (z, t ) + Vm

∂

∂z
Um(z, t ) = − τ−1

m I (z, t ), (A23)

where τm is a 2 × 2 matrix defined as

τ−1
m =

∑
α

τ (α)−1
m , (A24)

with

τ (α)−1
m Vm = − 2e2

h̄

∫
dkdk′

(2π )3

(
− ∂n0

∂ωk

)
�

(α)
k,k′vkzvk′z

×
(

1 h̄ωk/kBT
h̄ωk/kBT (h̄ωk/kBT )2

)
. (A25)

Hence, Eq. (44) follows, with

�(ω) = (1 − iωτm )−1τmVm, (A26)

where 1 is the 2 × 2 unit matrix. In the relaxation-time ap-
proximation (A16) one has

τ−1
m = 1

∑
α

τ−1
α , (A27)

consistent with Eq. (46). For the magnon conductivity σm, the
spin-Seebeck coefficient Lm, and the magnon thermal conduc-
tivity κm, we thus find, in the relaxation-time approximation,

σm = 8e2τmDexkBT

h̄2 F1,0, (A28)

Lm = 8eτmDexk2
BT 2

h̄2 F1,1, (A29)

κm = 4τmDexk3
BT 2

h̄2 F1,2. (A30)

These three results agree with Ref. [30]. We may overestimate
κm at room temperature since the total thermal conductivity
of YIG is only 2 times larger than our prediction for κm [87]
and the magnon contribution is often assumed to be smaller
than the phonon contribution, e.g., in Ref. [88]. Since we
adjusted magnon impurity scattering to correctly reproduce
the spin conductivity, we obtained a similar σm as measured
in Ref. [21].

APPENDIX B: SPIN IMPEDANCES

In this appendix, we solve the system of equations estab-
lished in Sec. II and express the dimensionless linear response
coefficients fk j⊥(ω) and Fk j‖(ω) introduced in Sec. III in
generalized impedances.

As a first step, we solve Eqs. (18), (27), (31), (33), (40),
and (50) for the spin current is j through the F|N j interfaces,
j = 1, 2, in response to a source δuk ,

is⊥ j (ω) = −
2∑

k=1

(−1)k−1Zjk⊥(ω)−1δusk⊥(ω),

I j (ω) = −
2∑

k=1

(−1)k−1Z jk‖(ω)−1δUek (ω). (B1)

The total local and nonlocal spin impedances for transverse
transport read

Z11⊥(ω) = ZN1 + ZFN1⊥(ω) + [cos(k(ω)dF)(ZN2 + ZFN2⊥) − i sin(k(ω)dF)Z∞
F⊥(ω)]

× [cos(k(ω)dF)Z∞
F⊥(ω) − i sin(k(ω)dF)(ZN2 + ZFN2⊥)]−1Z∞

F⊥(ω), (B2)

Z21⊥(ω) = (ZN1 + ZFN1⊥)(Z∞
F⊥(ω))−1[cos(k(ω)dF)Z∞

F⊥(ω) − i sin(k(ω)dF)(ZN2 + ZFN2⊥)]

+ cos(k(ω)dF)(ZN2 + ZFN2⊥) − i sin(k(ω)dF)Z∞
F⊥(ω). (B3)

The effective impedances Z12⊥(ω) = Z21⊥(ω) and Z22⊥(ω) are obtained from Eqs. (B2) and (B3) by interchanging the indices
1 ↔ 2. Note that Zj j⊥(ω → 0) = ZN j + ZFN j⊥ since Z∞

F⊥(0) = 0.
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The longitudinal response has generalized impedances

Z11‖(ω) =ZN1 + ZFN1‖ + [sinh(�(ω)−1dF)Z∞
F‖ (ω) + cosh(�(ω)−1dF)(ZN2 + ZFN2‖)]

× [cosh(�(ω)−1dF)Z∞
F‖ (ω) + sinh(�(ω)−1dF)(ZN2 + ZFN2‖)]−1Z∞

F‖ (ω), (B4)

Z21‖(ω) = (ZN1 + ZFN1‖)(Z∞
F‖ (ω))−1[cosh(�(ω)−1dF)Z∞

F‖ (ω) + sinh(�(ω)−1dF)(ZN2 + ZFN2‖)]

+ sinh(�(ω)−1dF)Z∞
F‖ (ω) + cosh(�(ω)−1dF)(ZN2 + ZFN2‖). (B5)

The effective impedances Z12‖(ω) and Z22‖(ω) are obtained
from Eqs. (B4) and (B5) by interchanging the indices 1 ↔ 2.

The coefficients fk j⊥(ω) and Fk j‖(ω) defined in Eqs. (52)
and (53), respectively, are then readily obtained by inserting
Eq. (B1) into Eq. (12). We find

fk j⊥(ω) = δk j − (−1) j+k ZNk

Zk j⊥(ω)
, (B6)

and the 2 × 2 matrix

Fk j (ω) = I2δk j − (−1) j+kZNk (ω)Z−1
k j‖(ω). (B7)

APPENDIX C: ANALYTICAL ESTIMATES FOR SPIN
IMPEDANCES

The dimensionless conductivity corrections sk j (ω) and
s′′

k j (ω) are determined by the transverse and longitudinal
effective impedances Zk j⊥(ω) and Zk j‖(ω) [see Eq. (57)],
whereas the conductivity correction s′

k j (ω) has a longitudi-
nal contribution only. To gain a qualitative understanding of
their frequency dependence, we now discuss the transverse
and longitudinal effective impedances Zk j⊥(ω) and Zk j‖(ω)
separately.

For the transverse response, the effective impedance
Zk j⊥(ω) is dominated by the impedances of the two
ferromagnet–normal-metal interfaces, except in the vicinity of
resonance frequencies [see Eq. (61)], where one may approx-
imate

Z11⊥(ω) ≈ ZFN1⊥

+ ZFN2⊥
1 − i(−1)n(ω − ωn) 2e2dFs

h̄ωn(1+δn,0 ) ZFN2⊥
,

Z21⊥(ω) ≈ ZFN1⊥ + ZFN2⊥

− i(−1)n(ω − ωn)
2e2dFsZFN1⊥ZFN2⊥

h̄ωn(1 + δn,0)
. (C1)

[These expressions neglect the decay of coherent magnons,
which is described by the Gilbert damping constant α in
Eq. (39).] As a result, the transverse contributions to the
local and nonlocal response coefficients sk j (ω) and s′′

k j (ω)
have sharp resonant features in the vicinity of the resonance
frequencies, where the sign of the resonant feature alternates
between resonances. At frequency ω = 0, the transverse con-
tribution to the nonlocal conductivities is strictly zero.

If the frequency ω is large enough that lm(ω) 
 dF, m =
1, 2, the effective impedances Z jk‖(ω) become

Z11‖(ω) ≈ ZFN1‖ + eiπ/4

√
ω
C−1/2

m �−1/2
m ,

Z21‖(ω) ≈ e−iπ/4√ω

2
ZFN1‖�1/2

m C1/2
m e�(ω)−1dFZFN2‖, (C2)

where Z12‖(ω) and Z22‖(ω) can be obtained by interchanging
the labels 1 ↔ 2 and Z j j‖(ω) = Z j j‖(−ω)∗. The exponential
increase of Z21‖(ω) with dF signals an exponential suppres-
sion of the longitudinal contribution to the nonlocal response
with

√
ω in the limit of large frequency ω. For the material

parameters of a Pt|YIG|Pt trilayer with dF in the nanometer
range, this means that the longitudinal contribution to the
nonlocal conductivities becomes vanishingly small for ω in
the GHz range and above.

In the limit of small thickness dF 
 lT(
 lμ) of the ferro-
magnetic layer, the longitudinal impedances become

Z11‖(0) ≈ Z21‖(0)

≈ ZFN1‖ + ZFN2‖ + dF�
−1
m (0). (C3)

If lT 
 dF 
 lμ, no simple approximate expressions for
the effective impedances can be derived. Since in this

µ

FIG. 7. Spin impedances defined in Eqs. (19), (32), (34), (41),
and (51) for a Pt|YIG|Pt trilayer. For the matrix impedances ZFN‖
and Z∞

F‖ , this figure shows the absolute values of the two eigenval-
ues. The interface impedances dominate the spin transport except at
low frequency, where a magnon chemical potential builds up in F,
which results in a large longitudinal magnon impedance. Material
and device parameters are taken from Tables I and II.
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intermediate regime a nonequilibrium magnon distribution
exists in the entire ferromagnetic layer, the order of magnitude
of the nonlocal response is still that of Eq. (C3), albeit with a
different numerical prefactor. In the limit of large dF, such that
(lT 
)lμ 
 dF, one finds

Z11‖(0) ≈ZFN1‖ + Z∞
F‖ (0)

Z21‖(0) ≈ 1
2 (ZFN1‖Z∞

F‖ (0)−1 + 1)e�(0)−1dF

× (ZFN2‖ + Z∞
F‖ (0)), (C4)

where

Z∞
F‖ (0) = G−1/2

m �−1/2
m (C5)

is the zero-frequency spin impedance of the ferromagnet. For
Z21‖(0), this gives the order-of-magnitude estimate

Z21‖(0) ∼ 2e2kBT
√

τm

h̄2Dex
√

τrel

(
ZFN1‖ + h̄2Dex

√
τrel

2e2kBT
√

τm

)

×
(

ZFN2‖ + h̄2Dex
√

τrel

2e2kBT
√

τm

)
edF/lμ, (C6)

from which one easily derives an order-of-magnitude estimate
for the nonlocal conductivities.

In Fig. 7 we show (the absolute value of) the transverse
impedances ZFN⊥ and Z∞

F⊥ as a function of frequency, as well
as (the absolute values of) the eigenvalues of the longitudinal
impedances ZN, ZFN‖ and Z∞

F‖ , using the parameters from
Tables I and II.
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