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Heterostructures of normal metals (N) and magnetic insulators (F) show paradigmatic effects, such as spin-
Hall magnetoresistance and electric drag currents. These effects are linear in the applied electric field E (ω).
Normal metal–magnetic insulator heterostructures also exhibit a characteristic nonlinear response quadratic in
E (ω), referred to as unidirectional spin-Hall magnetoresistance or spin-torque diode effect. In this article, we
develop a theory of the bilinear response of FN bilayers and NFN trilayers for finite frequencies ω of the driving
field and for four contributions that have been previously considered in the literature: Joule heating, phonon-
mediated unidirectional magnetoresistance, the spin-torque diode effect, and magnonic unidirectional spin-Hall
magnetoresistance. We identify their distinct dependencies on frequency and the magnetization direction of the
magnetic insulator and examine their scaling with magnetic field and system geometry, providing a framework
for experimental differentiation.
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I. INTRODUCTION

The combination of nonmagnetic metals and magnetically
ordered materials is at the heart of spintronics. Their inter-
faces couple spin, charge, and heat transport and give rise to
key spintronic effects driven by spin accumulations, electric
fields, and temperature gradients [1]. In this article, we con-
sider bilayer and trilayer systems consisting of normal metals
and a magnetic insulator. Such multilayers exhibit a rich set
of spintronic phenomena, which arise from the conversion
of electronic excitations in the normal metal to magnonic
excitations in the ferromagnetic insulator at their interface.
Prominent such spintronic effects are current-induced magne-
tization switching [2,3], spin-Hall magnetoresistance [4–14],
and the spin-Seebeck and spin-Peltier effects [15–17].

The spin-Hall magnetoresistance refers to a dependence of
the in-plane conductivity of a bilayer consisting of a normal
metal (N) and a ferromagnetic insulator (F) on the magneti-
zation direction of F [4–14]. Central to this effect is that the
spin-Hall effect (SHE) in N drives a spin current between N
and F, which, via the inverse spin-Hall effect (ISHE), has a
back action on the in-plane charge current in N. Since the
magnitude of the spin current between N and F depends on
the magnetization direction in F, the resulting change of the in-
plane conductivity of N depends on it, too. Magnetotransport
effects have also been observed in N|F|N trilayers, in which
application of an electric field in one N layer leads to a current
response in the other. This nonlocal response is known as
magnonmediated current drag [18–26].
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Being a linear-response effect, the spin-Hall magnetoresis-
tance is invariant under reversal of either the current direction
or the magnetization direction. These symmetries are broken
in the current response quadratic in the applied electric field
E , which is therefore referred to as unidirectional spin-Hall
magnetoresistance (USMR) [27–29]. Unidirectional magne-
totransport effects have been proposed as a building block
for spintronic applications, such as multistate memory devices
[30]. The USMR effect was originally observed in multilayers
involving a metallic ferromagnet, but subsequently predicted
[31,32] and measured [33] in bilayers featuring a ferromag-
netic insulator.

In the literature, different sources of a nonlinear spin-Hall
magnetotransport have been proposed for multilayers contain-
ing a ferromagnetic insulator, see Fig. 1: (i) Joule heating in
N, in combination with the spin-Seebeck [15,16] and ISHE
effects [21], (ii) a linear-in-E conductivity change of N [34]
from the heating or cooling of N by the spin-Peltier effect [17],
(iii) the intrinsic nonlinearity of stimulated magnon emission
from spin-flip scattering at the F|N interface [32], and (iv) a
modulation of the linear response from the coherent driving of
large-amplitude magnetization modes in F [35–40], analogous
to the spin-torque diode effect [41,42]. Since the conductivity
of N is dominated by electron-phonon scattering, the second
mechanism is referred to as “phononmediated USMR.” Since
these four mechanisms for the USMR effect have almost
identical nonlinear signatures in electrical transport, distin-
guishing them requires an understanding of their dependence
of relevant system parameters, such as the full dependence on
magnetization direction or the sample geometry.

In this article, we calculate the USMR effect for these
four sources of the nonlinear response—which, for brevity,
we refer to as “Joule-heating,” “phononmediated,” “interfa-
cial,” and “spin-torque” USMR—in a common theoretical
framework, so that we can compare their magnitude and
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FIG. 1. Schematic illustration of the four sources of unidirectional spin-Hall magnetoresistance in ferromagnetic insulator-normal metal
multilayers considered here: (a) Joule heating in N drives a spin current from N to F via the spin-Seebeck effect. This spin current affects the
in-plane charge current in N via the inverse spin-Hall effect (ISHE). (b) Via the spin-Peltier effect, the linear-in-E spin current from N to F
associated with the spin-Hall magnetoresistance effect changes the temperature in N. The temperature change implies a conductivity change
and, hence, a quadratic-in-E contribution to the in-plane current response. (c) Stimulated magnon excitation from spin-flip scattering at the
F|N interface is intrinsically nonlinear. This gives a nonlinear dependence of the spin current through the F|N interface on the applied field E
and, via the ISHE, of the charge response in N. (d) Analogous to the spin-torque diode effect, a strong coherent excitation of magnetization
modes in F causes a modulation of all linear response coefficients and, hence, a unidirectional response. The coordinate system of F in (d) is
rotated with respect to N and other panels for clarity. Processes linear in the electric field E are colored in blue, while processes quadratic in E
are orange.

characteristic dependence on the magnetization direction.
Motivated by recent experiments that address spintronic ef-
fects on ultrafast time scales [43–46], we calculate these
contributions to the USMR effect for driving frequencies ω

up to the THz frequency range. In addition, we consider
unidirectional magnonmediated current drag—the nonlocal
counterpart of the USMR effect—in a trilayer geometry [21],
where the driving field E and the current response are in dif-
ferent layers. The frequency dependence and the comparison
between local and nonlocal responses give additional possibil-
ities to distinguish the different mechanisms for USMR. We
find that, depending on the driving frequency ω, of the four
mechanisms mentioned above, all but the interfacial USMR
mechanism can dominate the quadratic-in-E charge current
response.

Our work builds on and unifies a large number of previous
theoretical works in this field. This includes geometric con-
siderations of the magnetization direction dependence of the
USMR effect [27,33], magnetization dynamics in F based on
the Landau-Lifshitz-Gilbert equation, which is either solved
numerically [31,33] or analytically for a uniformly precessing
mode [35,38,47], diffusion equations for spin and heat trans-
port in N and F [31,32,34,47], and nonperturbative relations
between spin accumulations and temperatures across F|N

interfaces [32]. Our theory of the nonlinear spin-Hall magne-
toresistance strongly relies on theories of the linear spin-Hall
magnetoresistance effect. For F|N bilayers, such theories were
put forward in Refs. [12–14] in the zero-frequency limit and
in Ref. [48] for finite frequencies. In our companion article
[49], we extend the theory of Ref. [48] to nonlocal linear
response in an N|F|N trilayer, accounting for the driving of
coherent magnetization modes via the spin-Hall effect as well
as for diffusive transport of thermal magnons in F [50]. In
the present article, we use the fundamental linear-response
relations derived in Ref. [49] as the starting point for our
calculations.

One aspect in which the present article goes beyond the
existing literature on the USMR effect is that we consider
driving frequencies ω up to the THz regime. In this frequency
range, the frequency dependence of nonlinear effects in N|F|N
trilayers arises primarily from magnon transport and the co-
herent excitation of magnetization modes in F. Both effects are
fully captured within the linear response theory of the spin-
Hall magnetoresistance effect [48,49]. Relevant time scales
are the diffusion time for thermal magnons across F [50,51]
and the inverse spectral widths of coherent magnetization
modes in F [35,38,47]. The former time scales correspond
to characteristic frequencies in the THz range, making the
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FIG. 2. Geometry of the N|F|N trilayer, consisting of two nor-
mal metals N1 and N2 and a magnetically ordered insulator F. An
in-plane electric field E j (t ) = Ej (t )ex in one of the normal metal
layers gives rise to charge currents in both layers. In this article, we
calculate the current contribution i(2)

i quadratic in the applied field Ej

for driving fields Ej (t ) ∝ cos(ωt ) with driving frequencies ranging
from the dc limit ω = 0 to the THz regime.

nonlinear response of such systems highly frequency-
dependent in this regime. In contrast, the linear transport and
sources of nonlinearity in N and at the F|N interface have only
a weak intrinsic frequency dependence for ω in the THz range
and below [44,45,52,53].

The remainder of this article is organized as follows: In
Sec. II, we introduce the system of interest and the bilinear
conductivity, which describes the quadratic-in-E response to
an applied electric field E . In Sec. III, we review the spin-
dependent transport equations for the normal metal layers
and briefly discuss the structure of the linear-response the-
ory of Ref. [49], as far as necessary for the calculation of
the quadratic-in-E response considered here. The theory of
the quadratic-in-E current response is developed in Sec. IV.
We present our result in terms of four response coefficients,
calculated separately for each of the four sources of nonlinear
response we consider, which each represent a different char-
acteristic magnetization-direction dependence of the bilinear
conductivity. Numerical estimates for material and device pa-
rameters of a typical Pt|YIG|Pt trilayer are given in Sec. V.
We conclude in Sec. VI. Appendixes contain additional details
of our calculations and a brief summary of the linear-response
results of Ref. [49] used for our calculations. To facilitate the
evaluation of our results for device parameters not considered
by us or for other material combinations, an open source code
is available to evaluate local and nonlocal, linear and nonlinear
response for different materials and system sizes [54].

II. N|F|N TRILAYER AND BILINEAR RESPONSE

We consider an N|F|N trilayer consisting of two normal
metals N1 and N2, separated by a ferromagnetic insulator F,
see Fig. 2. We choose coordinates such that N1 and N2 are
located at 0 < z < dN1 and −dF − dN2 < z < −dF, whereas
the ferromagnetic insulator F is at −dF < z < 0. The coupling
strength between F and Ni, i = 1, 2, is set by the spin mixing
conductance g↑↓i of that interface [55,56]. If desired, results

for an N|F bilayer can be obtained from the charge response
of the N|F|N trilayer we consider here by setting g↑↓2 = 0.

The ferromagnetic insulator has a magnetization direction
indicated by the unit vector

meq = mxex + myey + mzez. (1)

To describe the direction perpendicular to meq, we choose a
complex unit vector e⊥, whose real and imaginary parts span
the perpendicular plane to meq and that fulfills

e⊥ × meq = ie⊥. (2)

Using the complex basis {meq, e⊥, e∗
⊥}, the magnetization

m(z, t ) can then be decomposed into longitudinal and trans-
verse components as

m(z, t ) = m‖(z, t )meq + m⊥(z, t )e⊥ + m∗
⊥(z, t )e∗

⊥, (3)

where m⊥(z, t ) is complex and m2
‖ = 1 − 2|m⊥|2.

Spatially uniform time-dependent electric fields Ej (t )ex,
j = 1, 2, are applied in N1 and N2, with

Ej (t ) = 1

2π

∫ +∞

−∞
dωEj (ω)e−iωt . (4)

Up to quadratic order in the applied fields, the spatially aver-
aged current response may be written as

īx/y
i (t ) = īx/y

i (t )(1) + īx/y
i (t )(2), (5)

where īx,y
i (t )(1) is linear in the applied electric field Ej and

īx/y
i (t )(2) is bilinear, i.e., it is proportional to a sum of prod-

ucts EjEk with j, k = 1, 2. The linear response īx/y
i (t )(1) is

considered in detail in our companion article [49]. Fourier
transforming to time, the bilinear response īx/y

i (t )(2) can be
expressed as

īx
i (�)(2) =

2∑
j,k=1

∫
dω

2π
σ

xxx(2)
i jk (ω+, ω−)Ej (ω+)Ek (ω−)∗,

īy
i (�)(2) =

2∑
j,k=1

∫
dω

2π
σ

yxx(2)
i jk (ω+, ω−)Ej (ω+)Ek (ω−)∗, (6)

where ω± = ω ± �/2. In this article, we calculate the bi-
linear conductivity σ

x/yxx(2)
i jk (ω+, ω−) for the four sources of

nonlinear response discussed in the introduction. Since the
calculation of the bilinear response builds on the calculation
of linear response, we first briefly review the currents that flow
in linear response to the applied electric field, before we turn
to the bilinear response in Sec. IV.

III. LINEAR RESPONSE

The calculation of the quadratic-in-applied-field response
builds on the linear-response theory. A complete calculation
of the local and nonlocal linear current response to a time-
dependent electric field and/or a time-dependent Joule heating
term is given in our companion article [49]. We here review
the main results of that article, as far as they are necessary for
a theory of the quadratic response, referring to Ref. [49] and
Appendix A for details.
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Charge and spin transport. Transport of charge and spin
in the normal metals N1 and N2 is coupled via the spin-
Hall effect and the inverse spin-Hall effect. To linear order
in the applied electric field Ex

i (ω) and the gradients of
the induced spin accumulation us(z, ω), the charge current
densities ix,y(z, ω) satisfy the phenomenological response
equations [57–60]

ix(z, ω) = σNiEi(ω) − θSHi
σNi

2

∂

∂z
usy(z, ω), (7)

iy(z, ω) = θSHi
σNi

2

∂

∂z
usx(z, ω), (8)

where θNi, σNi, and us(z, ω) are the spin-Hall angle, the lin-
ear electrical conductivity, and the spin accumulation in Ni,
respectively. (The indices i = 1, 2 are written in accordance
with the position z in N1 or N2.) Here, and in the follow-
ing, we denote spatial directions by superscripts and spin
directions by subscripts or boldface vector notation. The spin
accumulation is defined as eusz = μ↑ − μ↓, where μσ is the
chemical potential for electrons of spin σ , the spin direction
being defined with respect to the z axis, with analogous defini-
tions for usx and usy. Upon integrating Eqs. (7) and (8) to z, the
spatially averaged corrections δīx,y

i (ω) to the charge current
densities in N1 and N2 can be expressed in terms of the spin
accumulations at the interface usi(ω) [12,13],

δīx
i (ω) = (−1)i−1θSHi

σNi

2dNi
usiy(ω), (9)

δīy
i (ω) = − (−1)i−1θSHi

σNi

2dNi
usix(ω), i = 1, 2. (10)

Because the dynamical variables in N1, N2, and F are mainly
needed at the ferromagnet-normal metal interfaces at z =
0 and z = −dF, we use the short-hand notation us1(t ) =
us(0, t ), us2(t ) = us(−dF, t ), and analogously for the other
variables. (The exception to this notation is the charge current
density īx,y

j (t ) of Eq. (5), which is the average over the cross-
section of layer j.)

To find the spin accumulations at the interfaces usi(ω),
we combine the phenomenological response equations for the
spin current density iz

s (z, ω) in Ni [57–60],

iz
s (z, ω) = −σNi

2

∂

∂z
us(z, ω) − θSHiσNiEi(ω)ey, (11)

with the continuity equation for the spin density

−ie2ωνNius(z, ω) + ∂

∂z
iz
s (z, ω) = −e2 νNi

τsf,i
us(z, ω). (12)

Here νNi and τsf,i are the electronic density of states and the
spin-flip time in Ni, i = 1, 2, respectively. The spin current
density is defined as iz

sz = iz
↑ − iz

↓, where iz
σ is the charge

current carried with spin σ , defined with respect to the z axis,
with analogous definitions for iz

sx and iz
sy. Solving Eqs. (11)

and (12), one finds a relation between the spin accumulation
usi(ω) and spin current isi(ω) at the interface, which we write
in the concise form [48]

(−1)i−1ZNi(ω)isi(ω) = usi(ω) − δusi(ω), (13)

where ZNi(ω) is the “spin impedance” of Ni,

ZNi(ω) = 2λNi(ω)

σNi
(14)

with the spin relaxation length

λNi(ω)2 = σNi

2e2νNi(1/τsf,i − iω)
, (15)

and δusi(ω) a source term proportional to the applied electric
field,

δusi(ω) = 2(−1)i−1λNi(ω)θSHiEiey. (16)

Since we will only consider frequencies ω 	 1/τsf,i, we ne-
glect the frequency dependence of λNi—and consequently
ZNi.

Heat transport. Since the F|N interface couples spin and
heat transport, the linear response to the applied electric field
also includes a change �Te(z, ω) of the temperature away
from its equilibrium value T . To relate �Te(z, ω) and the heat
current jz

eQ(z, ω) in Ni to their values at the F|N interfaces, we
combine the phenomenological equation for thermal conduc-
tivity,

jz
Q(z, ω) = −κei

∂

∂z
�Te(z, ω), (17)

with the continuity equation for heat transport,

−iωCei�Te(z, ω) + ∂

∂z
jz
Q(z, ω) = − Cei

τep,i
�Te(z, ω)

+ s(z, ω), (18)

where κei, Cei, and τep,i are the electronic contribution to
the thermal conductivity and the heat capacity and the char-
acteristic electron-phonon relaxation time in Ni, i = 1, 2,
respectively, and s(z, ω) is a source term from Joule heating.
To bring about the formal analogy to charge and spin trans-
port, we measure jz

Q and �Te in units of an equivalent charge
current density iz

eQ and voltage ueQ,

iz
Q(z, t ) = 2e

kBT
jz
Q(z, t ), (19)

ueQ(z, t ) = kB

e
�Te(z, t ). (20)

Solving Eqs. (17) and (18) with the boundary condition that
the heat current vanishes at the interfaces with vacuum at z =
dN1 and z = −dN2 − dF, we find that the relation between the
temperature change and heat currents at the normal metal–
ferromagnet interfaces can be cast in a form identical to that
of Eq. (13),

(−1)i−1ZQNi(ω)iQi(ω) = ueQi(ω) − δueQi(ω). (21)

Here, the “thermal impedance” is

ZQNi(ω) = k2
BT

2e2

lep,i(ω)

κei
coth

dNi

lep,i(ω)
(22)

with the thermal relaxation length

lep,i(ω)2 = κeiτep,i

Cei(1 − iωτep,i )
, i = 1, 2, (23)

whereas

δueQ1(ω) = kBlep,1(ω)

eκe1

∫ dN1

0
dz′ cosh dN1−z′

lep,1(ω)

sinh dN1
lep,1(ω)

s1(z′, ω) (24)
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is a source term representing the effect of Joule heating in N1,
with an analogous expression for δueQ2(ω).

Longitudinal and transverse spin transport. In the descrip-
tion of the response of the full N|F|N trilayer, we find it
useful to decompose vector-valued variables, such as the spin
accumulations usi(t ), the spin currents isi(t ), or the source
terms δusi(t ) into components parallel to and perpendicular
to the magnetization direction meq. The parallel components
describe spin-flip scattering at the F|N interfaces and spin
transport by thermal magnons in F [50,61–63]; the trans-
verse components couple to coherent magnetization dynamics
[64,65]. Using the complex basis {meq, e⊥, e∗

⊥}, see Eq. (3),
we write

usi(t ) = usi‖(t )meq + usi⊥(t )e⊥ + u∗
si⊥(t )e∗

⊥, (25)

with analogous expressions for isi(t ) and δusi(t ). The rela-
tion (13) then applies to longitudinal (‖) and transverse (⊥)
components separately. Note that the time-domain variables
iz
s⊥(z, t ), us⊥(z, t ), and δus⊥(z, t ) are complex, so that their

Fourier transforms at frequencies ω and −ω are not complex
conjugates of each other.

At the F|N interfaces and inside F, the heat current iQi(t )
is coupled to the longitudinal component isi‖(t ) [50,63]. To
simplify expressions for coupled spin and heat transport,
we therefore combine isi‖(t ) and iQi(t ) into a single two-
component vector,

Ii(ω) =
(

isi‖(ω)
iQi(ω)

)
, (26)

with similar definitions for the generalized spin accu-
mulation Uei(ω) = (usi‖(ω), ueQi(ω))T and δUei(ω) =
(δusi‖(ω), δueQi(ω))T. We also combine the impedances
ZNi and ZQNi for spin and heat transport into a 2 × 2 matrix

ZNi(ω) =
(

ZNi 0
0 ZQNi(ω)

)
. (27)

Interface with ferromagnet. To complete the linear-
response theory, equations governing spin and heat transport
across the two normal metal–ferromagnet interfaces at z =
0 and z = −dF and inside the ferromagnetic insulator for
−dF < z < 0 are needed. The equations governing spin and
heat transport across the two F|N interfaces will be discussed
in Sec. IV, where we also consider the leading nonlinear
corrections to these equations. For the equations governing
spin and heat transport inside the ferromagnetic insulator F,
we refer to Ref. [48] and the companion article [49].

The solution of all linear-response equations, including
those not shown here explicitly, can be summarized in terms
of separate linear relations between the source term δus j⊥(ω)
and the transverse spin accumulation us j⊥(ω) and between the
two-component source term δUei(ω) and the generalized spin
accumulation Uei(ω),

usi⊥(ω) =
2∑

j=1

fi j⊥(ω)δus j⊥(ω),

Uei(ω) =
2∑

j=1

Fi j (ω)δUe j (ω),

(28)

where the dimensionless coefficients fi j⊥(ω) and Fi j (ω) =
Fi j (−ω)∗ are complex numbers and 2 × 2 matrices, respec-
tively. Explicit expressions for fi j⊥(ω) and Fi j (ω) in terms of
the spin mixing conductances g↑↓i of the N|F interfaces and
properties of F are given in Ref. [49] and Appendix A. The
current densities īx,y

i (ω) follow immediately upon substitution
of Eq. (28) into Eqs. (9) and (10).

In the next Section, we repeatedly apply Eq. (28) at the
frequencies �, ω+ and ω−, with suitably chosen source
terms δusi⊥(ω) and δUei(ω), to find the bilinear conductivities
σ

x/yxx(2)
i jk (ω+, ω−). The frequency dependence of the bilinear

response is dominated by the frequency dependence of the di-
mensionless linear-response coefficients fi j⊥(ω) and Fi j (ω).
As is described in detail in Ref. [49], the longitudinal response
coefficient Fi j (ω) is a smooth function of ω, whereas the
transverse response coefficient fi j⊥(ω) has sharp maxima in
the vicinity of the frequencies ωn of resonant magnetization
modes of F.

IV. BILINEAR RESPONSE

In this section, we calculate the nonlinear conductivities
σ

x/yxx(2)
i jk (ω+, ω−) for the “Joule-heating,” “phononmediated,”

“interfacial,” and “spin-torque” mechanisms discussed in the
introduction. For these four mechanisms, we find that the
dependence of σ

(2)
i jk (ω+, ω−) on the magnetization direction

meq is of the form

σ
xxx(2)
i jk (ω+, ω−) = σNi

dNi

[
vi jk (ω+, ω−)my + ri jk (ω+, ω−)

× my
(
1 − m2

y

)]
, (29)

σ
yxx(2)
i jk (ω+, ω−) = − σNi

dNi

[
wi jk (ω+, ω−)mx + ri jk (ω+, ω−)

× mx
(
1 − m2

y

) + ti jk (ω+, ω−)mymz
]
,

(30)

where vi jk (ω+, ω−), wi jk (ω+, ω−), ri jk (ω+, ω−), and
ti jk (ω+, ω−) are response coefficients with the dimension
of [length]/[electricfield]. The bilinear response of Eqs. (29)
and (30) changes sign under a π rotation of the magnetization
direction meq around the z axis. For meq in the xy plane this
is consistent with the magnetization-direction dependence
of the phenomenological theory of Ref. [27] and with
the experimental observations in Refs. [33] and [66]. (No
out-of-plane magnetization directions were considered in
these references.) Equations (29) and (30) also imply that
there is no bilinear response in the x direction, i.e., in the
direction of the applied electric field, if meq is in the xz plane,
whereas the bilinear response in the y direction disappears if
meq is in the y direction.

In the following four sections, we calculate the response
coefficients vi jk (ω+, ω−), wi jk (ω+, ω−), ri jk (ω+, ω−), and
ti jk (ω+, ω−) for each source of bilinear response separately.
In Sec. V, we then numerically evaluate these results using
parameter values for a Pt|YIG|Pt trilayer. Additional details
of the calculation can be found in Appendix B.
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A. Joule heating contribution

The Joule heating rate s(z, t ), see Eq. (18), has contribu-
tions from charge and spin currents [67,68], which for our
geometry read

s(z, t ) = Ei(t )ix(z, t ) − 1

2

∂

∂z

(
us(z, t ) · iz

s (z, t )
)
. (31)

Here we neglect corrections to the Joule heating from the spin-
Hall effect and its inverse since they are proportional to the
square of the spin-Hall angle and approximate

si(t ) = σNiEi(t )2 (32)

for the normal layer Ni, i = 1, 2. Complete expressions,
which include the Joule heating from dissipative spin currents,
are given in Appendix B.

Inserting the approximation (32) into Eq. (24) and perform-
ing a Fourier transform, the source term δueQi(�) in Eq. (21)
becomes

δueQ j (�) = kBlep, j (�)2

2πeκei
σN j

∫
dωEj (ω+)Ej (ω−)∗, (33)

where ω± = ω ± �/2.
According to Eq. (28), the source term δueQi(�) gives rise

to a longitudinal spin accumulation us‖ j (�) at frequency �.
The quadratic-in-E charge current densities can then be calcu-
lated from the inverse spin-Hall effect, see Eqs. (9) and (10).
We find that the charge current associated with Joule heating
is of the form (6), where the nonzero response coefficients vi jk

and wi jk defined in Eqs. (29) and (30) read

vJo
i jk (ω+, ω−) = wJo

i jk (ω+, ω−)

= (−1)i−1θSHiFi j (�)12
kBlep, j (�)2

2eκe j
σN jδ jk,

(34)

where the 2 × 2 matrix Fi j (�) was introduced in Eq. (28).
The coefficient ti jk (ω+, ω−) vanishes for the Joule heating
mechanism. The coefficient ri jk (ω+, ω−) vanishes for the ap-
proximation (32), but not if the contribution from dissipative
spin currents is included. We refer to Appendix B for the
complete expressions.

B. Phononmediated contribution

Via the spin-Peltier effect, a spin accumulation at the F|N
interface causes a heat current through the interface and,
hence, a change �Tei of the electron temperature in N1 and
N2 that is linear in the applied electric field. The temperature
change at the F|N interfaces is

�Tei(ω) = 2e

kB
my

∑
j

(−1) j−1Fi j (ω)21λN jθSH jE j (ω), (35)

see Eqs. (16), (20), and (28). Away from the interface, one has

�Te(z, ω) = �Te1(ω)
cosh[(z − dN1)/lep,1]

cosh(dN1/lep,1)
(36)

for N1, see Eqs. (17) and (18), with an analogous expres-
sion for N2. The temperature change �Te(z, ω) comes with a
change in conductivity, which, together with the applied field

itself, leads to a current response quadratic in E . Since the
conductivity of the normal layers is dominated by electron-
phonon scattering, this contribution to the bilinear response
essentially involves coupling to the phonon bath, which is why
it is referred to as “phononmediated” USMR [34].

So far we have neglected any change of the phonon temper-
ature and treated the phonons as a bath at fixed temperature
T . This approximation is justified because the phonon heat
capacity Cp is typically much larger than the electronic heat
capacity. For a description of phononmediated USMR, we
need to take the change of the phonon temperature into ac-
count. Neglecting the phonon thermal conductivity, one has

�Tp(z, ω) = gi(ω)�Te(z, ω), i = 1, 2, (37)

with

gi(ω)−1 = 1 + (1 − iωτp,i )
Cpi

Cei

τep,i

τp,i
, (38)

where τp,i is the relaxation time for heat conduction to the
substrate. (Equation (18) for the electron temperature does not
change upon taking into account the change of the phonon
temperature in the limit Cei 	 Cpi, see Appendix B.)

The temperature dependence of the conductivity is

σN(z, t ) = σNi(1 − αTi�Tp(z, t )), (39)

with αTi the temperature coefficient of resistance of Ni. There
is a direct bilinear contribution to the charge current īx

i (�),
which follows from the first term in Eq. (7). This direct con-
tribution has the form (6) with

v
ph
i jk (ω+, ω−) = − δik (−1) j−1θSH jFi j (ω+)21λN j

× 2e

kB
αTigi(ω+)lep,i(ω+) tanh

dNi

lep,i(ω+)
.

(40)

The coefficients w
ph
i jk , rph

i jk , and tph
i jk , which determine the Hall

response, vanish for this direct phononmediated bilinear con-
tribution to the charge current [34]. In Appendix B we also
consider a small, indirect contribution to the charge current,
which follows from the effect that �Te(z, ω) has on the spin
accumulation in N1 and N2. For this indirect effect, all re-
sponse coefficients are nonzero.

Sullivan, et al. [34] measured and calculated this contribu-
tion to the USMR for driving frequency up to 105 Hz. Their
theoretical model relies on diffusion equations for spin and
temperature in F and N and coupling via the spin-mixing
conductance at the F|N interface. In our approach, this part
of the calculation is absorbed in the linear response matrix
Fi j , see our companion article [49].

C. Interfacial contribution

The transport of spin and heat via incoherent magnons
through ferromagnet- normal metal interfaces is governed
by the spin-mixing conductance g↑↓i [55,56,61,69]. The lon-
gitudinal component of the spin current is‖i and the heat
currents iQi through the F|Ni interface, which together form
the two-component vector Ii, see Eq. (26), depend on the
(generalized) spin accumulation Uei = (usi‖, ueQi )T in Ni and
its counterpart Umi = (−μmi/e, kB�Tmi/e)T in F, where μmi
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and �Tmi are the magnon chemical potential and excess tem-
perature at the interface with Ni, i = 1, 2. To leading order
in g↑↓i, but without restriction to small potential differences,
the longitudinal spin and energy current densities through the
F|Ni interface read [50,61–63]

Ii = 8e Re g↑↓i

h̄2s
(−1)i−1

∫
dενm(ε)(ε − eusi‖)

(
1
2ε

kBT

)

×
[

f

(
ε − eumi

kBTm

)
− f

(
ε − eusi

kBTe

)]
, (41)

where f (z) = 1/(ez − 1) the Planck function, s is the spin per
volume in F, νm(ε) the magnon density of states, and we use
the two-component vector notation of Eq. (26). We assume
a quadratic magnon dispersion ε(k) = h̄(ω0 + Dexk2), with
ω0 the ferromagnetic resonance frequency and Dex the spin
stiffness, which gives

νm(ε) = 1

4π2 h̄Dex

√
ε − h̄ω0

h̄Dex
. (42)

Expanding Eq. (41) to second order in the differences
usi‖ − umi and ueQi − umQi = kB(�Tei − �Tmi )/e and taking
the limit h̄ω0/kBT → 0 gives [48,50]

Uei − Umi = − (−1)i−1ZFNi‖
(
Ii + δI in

i

)
, (43)

where ZFNi‖ is the 2 × 2 interfacial impedance matrix,

Z−1
FNi = 3k3

TReg↑↓i

16π3/2s

(
4ζ (3/2) 10ζ (5/2)

10ζ (5/2) 35ζ (7/2)

)
, (44)

with ζ the Riemann zeta function and kT the thermal magnon
wave number,

kT =
√

kBT

h̄Dex
. (45)

The matrix impedance ZFNi describes the coupled spin and
heat transport through the F|N interface [50], which includes
the linear longitudinal spin impedance [61] and the interfacial
spin-Seebeck effect [69]. The correction δIi is quadratic in the
current density Ii and the generalized spin accumulation Uei

[32],

δI in
iα =

2∑
β,γ=1

[(−1)i−1UeiβAαβγ + IiβBi,αβγ ]Iiγ , (46)

where explicit expressions for the rank-three tensors Ai and
Bi are given in Appendix B. The Greek indices refer to the
two-component matrix notation of Eq. (26).

For a calculation of the bilinear charge current response,
the linear-response equations must be solved with the source
term δIi(�) in Eq. (43), but without the sources δusi⊥(�) and
δUei in Eqs. (13) and (21). This is most easily accomplished
if we change variables to the generalized spin accumulation
Ũei(�),

Ũei(�) = Uei(�) + (−1)i−1ZFNi‖δI in
i , (47)

which, by construction, obeys Eq. (43) without the source
term δI in

i and Eq. (13) and (21) with sources δũsi⊥(�) =
0, (δũsi‖(�), δũeQi(�))T = (−1)i−1ZFNi‖δI in

i . Since these are

the same source terms as in the original linear-response prob-
lem, the linear-response relation (28) can be used to calculate
Ũei(�). From there, we find the spin accumulation usi‖(�)
from Eq. (47). For the bilinear charge current response, we
thus find vin

i jk = win
i jk = −rin

i jk with

vin
i jk (ω+, ω−) = 2

2∑
l=1

(−1)i+ j+k+lθSHiθSH jθSHkλN jλNk

×
2∑

α,β,γ=1

[F̃il (�)ZFNl‖]1α[ZNl (ω−)∗−1

× F̃lk (ω−)∗]γ 1{[ZNl (ω+)−1F̃l j (ω+)]β1

× Bl,αβγ − Fl j (ω+)β1Aαβγ }, (48)

where we abbreviated

F̃i j (ω) = δi j1 − Fi j (ω). (49)

The response coefficient t in
i jk (ω+, ω−) = 0.

Sterk, et al. [32] also use Eq. (41) as the starting point of
their theoretical analysis of the interface contribution to the
USMR. Our calculation differs from that of Sterk, et al. in that
we account for the coupled spin and heat transport across the
interface, whereas Ref. [32] only considers the spin current isi‖
in response to a difference of spin accumulation/magnon po-
tential across the interface, i.e., restricts to the 11-component
of Eq. (46).

D. Spin-torque contribution

Since the physical mechanisms for spin transport parallel
and perpendicular to the magnetization direction are differ-
ent, there are separate equations governing longitudinal and
transverse spin transport through the F|N interfaces. The fun-
damental equation for longitudinal spin transport through the
F|N interfaces is Eq. (43), which describes longitudinal spin
transport in combination with heat transport. Here, we are
interested in transport linear in the (generalized) spin accu-
mulation difference Uei − Umi, which allows us to neglect the
source term δI in

i (t ) in Eq. (43).
The fundamental equation for the transverse linear spin

transport through the interface between F and N is [64,65]

usi⊥(t ) + i
h̄

e
ṁ⊥i(t ) = − (−1)i−1 isi⊥(t )

g↑↓i
. (50)

Here, m⊥i(t ) is the complex transverse magnetization compo-
nent at the F|Ni interface, see Eq. (3).

The longitudinal and transverse components, as they ap-
pear in Eqs. (43) and (50), are taken with respect to the
instantaneous magnetization direction mi(t ). For linear re-
sponse, the difference between mi(t ) and the equilibrium
magnetization direction meq may be neglected and one works
with longitudinal and transverse components defined with
respect to meq, as was done in Sec. III. Taking into account
the difference between mi(t ) and meq to leading order in
m⊥i gives a quadratic-in-E correction to the current response.
We refer to this contribution to the nonlinear response as the
“spin-torque” contribution, because it derives from the spin-
torque driven coherent magnetization dynamics of F [41,68].
A theory for this effect was previously formulated by Chiba,
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Bauer, and Takahashi [35] for an F|N bilayer in the macrospin
approximation and without accounting for longitudinal spin
currents and heat transport across the interface. Gems, et al.
[70] cast the theory of Ref. [35] in the magnetoelectric circuit
formulation, which took account of spin relaxation by longi-
tudinal spin currents across the F|N interface, and included
coherent magnetization modes beyond the uniform one. The
full theory of the spin-torque diode contribution must also
contain a contribution to the nonlinear response from spin
currents by thermal magnons, which was not included in
Refs. [35,70].

In Appendix B we show that shifting from longitudi-
nal/transverse components defined with respect to mi(t ) to
components defined with respect to meq amounts to the in-
clusion of source terms into Eqs. (43) and (50), so that they
now read

Uei(t ) − Umi(t ) = − (−1)i−1ZFN‖
[
Ii(t ) + δI to

i (t )
]
,

usi⊥(t ) + i
h̄

e
ṁ⊥i(t ) = − (−1)i−1 isi⊥(t ) + δito

si⊥(t )

g↑↓i
, (51)

where

δI to
iα (t ) = − 2 Re m∗

⊥i(t )isi⊥(t )δα,1

− 2(−1)i−1 Re m∗
⊥i(t )us⊥i(t )

(
Z−1

FNi‖
)
α1

,

δito
si⊥(t ) = m⊥i(t )isi‖(t ) + (−1)i−1g↑↓im⊥i(t )usi‖(t ). (52)

The first term of the longitudinal source current δI to
iα is

associated with the coherent magnetization dynamics. This
is the source of nonlinear response that was considered in
Ref. [70]. The second term contributing to δI to

iα and the first
term contributing to δito

si⊥ involve spin currents carried by
thermal magnons and were not considered in Refs. [35,70].
For spin currents associated with coherent magnetization dy-
namics, the bilinear corrections of Eq. (51) may also be
obtained by expansion of the full, nonlinear interface relation
of Refs. [64,65] to second order in the amplitudes m⊥i and μsi
of the magnetization and spin accumulation at the interface
[70].

The source terms δI to
i and δito

si⊥ may be calculated from the
linear-response theory of Sec. III. The magnetization ampli-
tude m⊥i(ω) can be calculated from Eqs. (13), (28), and (50),
from which we find

m⊥i(ω) = −
2∑

j=1

(−1) j−1ηi j⊥(ω)θSH jσN jE j (ω)e∗
⊥ · ey, (53)

where

ηi j⊥(ω) = e

h̄ω

ZN j

ZNi
(ZN jδi j − (ZNi + g−1

↑↓i ) f̃i j⊥(ω))

and we abbreviated

f̃i j⊥(ω) = δi j − fi j⊥(ω). (54)

We then calculate the charge current response by solving the
linear-response equations with the additional source terms
δisi⊥(�) and δI (�) of Eqs. (B25) and (B26), but without the
source terms δusi⊥(�), δusi‖(�), and δueQi(�) in Eqs. (13)
and (21). Proceeding as in Sec. IV C we find that a quadratic-
in-E contribution to the charge current is given by response

coefficients

wto
i jk (ω+, ω−) = ϕi jk (ω+, ω−) + ϕi jk (−ω+,−ω−)∗,

rto
i jk (ω+, ω−) = ρi jk (ω+, ω−) + ρi jk (−ω+,−ω−)∗

− ϕi jk (ω+, ω−) − ϕi jk (−ω+,−ω−)∗,

t to
i jk (ω+, ω−) = iϕi jk (ω+, ω−) − iϕi jk (−ω+,−ω−)∗,

where we abbreviated

ϕi jk (ω+, ω−) = (−1)i+ j+k−1θSHiθSH jθSHkλNkσN j

×
2∑

l=1

f̃il⊥(�)
[
ηl j⊥(ω+)Flk (ω−)∗

− g−1
↑↓lηl j⊥(ω+)Z−1

Nl (ω−)∗F̃lk (ω−)∗
]

11,

ρi jk (ω+, ω−) = (−1)i+ j+k−1θSHiθSH jθSHkλNkσN j

×
2∑

l=1

F̃il (�)
[
ηl j⊥(ω+) flk⊥(ω−)∗

+ ZFNl‖ηl j⊥(ω+)Z−1
Nl f̃lk⊥(ω−)∗

]
11.

Being cubic in the spin-Hall angles θSHi, the spin-torque
contribution is typically smaller than the Joule-heating and
phononmediated contributions to the bilinear response. This
smallness can be compensated, however, if the frequencies �

or ω± are equal to a resonance frequency

ωn = Dex

(
nπ

dF

)2

+ ω0, (55)

of F, where the transverse linear-response coefficients fi j⊥ and
ηi j⊥ are resonantly enhanced [49]. This resonant enhance-
ment occurs for the coefficients ϕi jk (ω+, ω−) for � = ωn or
ω+ = ωn and for ρi jk (ω+, ω−) if ω+ = ωn or ω− = ωn. For
these frequencies, the spin-torque contribution is the dominant
source of nonlinear response, as we discuss in detail in the
next Section.

V. NUMERICAL ESTIMATES

We now evaluate and compare the bilinear-response
coefficients vi jk (ω+, ω−), wi jk (ω+, ω−), ri jk (ω+, ω−), and
ti jk (ω+, ω−) for typical parameters for a Pt|YIG|Pt trilayer.
Here, we consider a harmonic driving field in N1,

E1(t ) = 2E cos(ωt ), E2(t ) = 0, (56)

so that the quadratic-in-E current response has components at
frequencies � = 0 and � = 2ω,

īx
i (t )(2) = σ x,dc

i11 E2 + Re σ x,ac
i11 E2e−2iωt , (57)

īy
i (t )(2) = σ

y,dc
i11 E2 + Re σ

y,ac
i11 E2e−2iωt , (58)

with real response coefficients σ
x/y,dc
i11 = σ

x/yxx(2)
i11 (ω,ω) +

σ
x/yxx(2)
i11 (−ω,−ω) and complex response coefficients

σ
x/y,ac
i11 = 2σ

x/yxx(2)
i11 (ω,−ω). Hence, the bilinear response

at frequencies � = 0 and � = 2ω is governed by the
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FIG. 3. Real part (solid lines) and imaginary part (dashed lines) of local nonlinear response coefficients from Joule-heating (orange),
phononmediated (brown), interfacial (green), and spin-torque (blue) contributions for a Pt|YIG|Pt trilayer, vs. driving frequency ω, with
material and device parameters taken from Tab. I. The left panels show the dc response at frequency � = 0, the right panels show the ac
response at � = 2ω. The response coefficients are normalized by the local zero-frequency Joule-heating coefficient vdc,Jo

111 (0).

dimensionless response coefficients

vdc
i11 = vi11(ω,ω) + vi11(−ω,−ω),

vac
i11 = 2vi11(ω,−ω),

(59)

with analogous definitions for w
dc/ac
i11 , rdc/ac

i11 , and tdc/ac
i11 .

In Figs. 3–6, we compare the four bilinear-response coeffi-
cients v

dc/ac
i11 , wdc/ac

i11 , rdc/ac
i11 , and tdc/ac

i11 that describe local (i = 1)
and nonlocal (i = 2) response with typical parameters for a
Pt|YIG|Pt trilayer, for all four bilinear response mechanisms
considered in Sec. IV. We make use of the expressions for
the linear response coefficients fi j⊥ and Fi j , which enter into
the expressions of Sec. IV, given in Ref. [49] and Appendix
A. The material and device parameters used are summarized
in Tab. I. For the Joule-heating and phononmediated USMR,
we also include contributions not included in Sec. IV, such as
the Joule-heating from dissipative spin currents in N. These
contributions are calculated in Appendix B. The response
coefficients shown in Figs. 3–6 are normalized to the local
response coefficient for Joule heating vdc

111, which is the largest
response coefficient for the Pt|YIG|Pt trilayer in the dc limit.
Figures 3 and 4 show the frequency dependence of the coeffi-
cients for local and nonlocal bilinear response, respectively.
The dependence on ferromagnetic resonance frequency ω0,
which depends on the applied magnetic field, and the thick-
ness dF of the F layer is illustrated in Figs. 5 and 6 for the

limit of low driving frequency ω. [The parameters ω0 and dF

enter our calculations through the linear-response coefficients
Fi j and fi j⊥, see Ref. [49] and Appendix A. The ferromag-
netic resonance frequency ω0 also enters through the magnon
density of states, which determines the transport of spin and
heat through the F|N interfaces, see Eq. (42).]

Low-frequency limit. The contributions from Joule heating
or phononmediated USMR, which are linear in the spin-
Hall angle θSH, dominate the local low-frequency bilinear
response, except in the limit of small ferromagnetic resonance
frequency ω0 and/or F-thickness dF, where the spin-torque
contribution dominates. The Joule-heating and phononmedi-
ated USMR can easily be distinguished by comparison of the
xxx versus yxx response: while the Joule-heating contribution
is of similar magnitude in both cases, the phononmediated
USMR has a significant xxx response only [34]. The shift from
Joule-heating dominated to spin-torque dominated bilinear
response comes with a shift of the dominant magnetization
dependence from σ x/yxx(2) ∝ my/x to a pure Hall response
σ yxx(2) ∝ mymz [corresponding to a shift from response coef-
ficients v and w to t , see Eqs. (29) and (30)]. The interfacial
USMR contribution, which is cubic in the spin-Hall angle
[32], is smaller by at least three orders of magnitude for all
parameter values considered.

The nonlocal response in the low-frequency limit is dom-
inated by the Joule-heating contribution for almost the full
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FIG. 4. Same as Fig. 3, but for the nonlocal bilinear-response coefficients, which describe the quadratic-in-E charge current in N2 for an
applied electric field in N1. (The response coefficients are again normalized by the local coefficient vdc,Jo

111 (0).)

parameter range considered, except for the regime of very
small ω0 and dF, where the spin-torque USMR contribution
takes over. For the nonlocal response, the phononmediated
and interfacial USMR are smaller than the leading contribu-
tion by at least three orders of magnitude.

The increase of the spin-torque contributions upon decreas-
ing ω0 shown in Fig. 5 reflects the increased susceptibility of
the magnetization in this limit. On the other hand, the local
Joule-heating and interfacial USMR contributions, which rely
on thermal magnons, depend only weakly on ω0 for small
anisotropies but decrease in the limit of very strong magnetic
fields [32]. This is different for the nonlocal response, because
an increase in ω0 has a strong effect on the magnon relaxation
lengths and, hence, leads to a strong increase of those contri-
butions to the bilinear response that involve the transport of
incoherent magnons across the ferromagnetic layer.

The 1/dF-scaling of the spin-torque contribution at low
driving frequency shown in Fig. 6 sets in for |k(0)|dF � 1,
where k(0) = i

√
ω0/Dex. Our findings support the finding of

Sterk, et al. [32] that the local interfacial USMR is inde-
pendent of dF in most parameter regimes. The monotonic
field dependence of the interfacial USMR is specific to fer-
romagnetic insulators, whereas Cheng, et al. [77] show that
the antiferromagnetic USMR inherits the nonmonotonic field
dependence of the antiferromagnetic magnon numbers.

Frequency dependence. The Joule-heating, phononmedi-
ated, and interfacial USMR contributions involve longitudinal
spin transport only, which is mediated by incoherent (thermal)

magnons. Correspondingly, these are smooth functions of the
driving frequency ω. The spin-torque contribution to the bi-
linear response also involves coherent magnetization modes.
It shows sharp features as a function of the driving frequency
ω if ω equals a resonance frequency ωn, see Eq. (55), or if ω =
ωn/2, whereby for the local response the resonant features at
ω = ωn/2 are weaker than those at ω = ωn, see Fig. 3. Away
from the resonance frequencies, the xxx bilinear response for
all meq and the yxx response for mz = 0 are dominated by the
Joule-heating and phononmediated USMR contributions. In
the vicinity of the resonance frequencies, the bilinear response
is dominated by the spin-torque contribution. It has sharp
resonant features, whereby the coefficients vto

i jk = wto
i jk , rto

i jk ,
and t to

i jk describing contributions with different characteristic
magnetization dependences all have a comparable magnitude
at ω ≈ ωn. Additional resonances appear at ωn/2 in the ac
response.

In Appendix C, we give analytical order-of-magnitude es-
timates for the dimensionless bilinear-response coefficients.

VI. CONCLUSION

In this work, we presented a theory of quadratic-in-
applied-field response of bilayers and trilayers of magnetic
insulators and normal metals, using the linear-response the-
ory of our companion article [49] as a starting point. Our
theory takes into account four sources of unidirectional
spin-Hall magnetoresistance (USMR) that were previously
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TABLE I. Material parameters for YIG and Pt. Additional pa-
rameters for YIG can be found in Table A1. The electron-phonon
time in Pt, τep ≈ 40 fs in Eq. (18), is calculated from lep and κe,
which is in turn calculated from σN via the Wiedemann-Franz law.
The bilinear-response coefficients in Figs. 3–6 are normalized by
vdc,Jo

111 (0), which is calculated from the parameters listed in the table
using Eqs. (59) and (34).

Quantity Value Ref.

T 300 K -
g↑↓ (6 + 0.3i) × 1013 �−1 m−2 [7,9,71]

YIG

dF 6 × 10−8 m -
ω0/2π 8 × 109 s−1 [7]
Dex 8 × 10−6 m2 s−1 [72]
s 5.28 × 1027 m−3 [73]

Pt

dN 4 × 10−9 m -
θSH 0.1 [9]
λN 2 × 10−9 m [72]
σN 9 × 106 �−1 m−1 [74]
Cp 2.73 × 106 J K−1 m−3 [75,76]
Ce 0.13 × 106 J K−1 m−3 [34,75,76]
lep 4.5 × 10−9 m [17,72]
αTCR 1.2 × 10−3 K−1 [34]
τp 1 ps -
|vdc,Jo

111 (0)| 1.78 × 10−19 m2 V−1 Eqs. (34) and (59)

considered in the literature—Joule heating from charge and
spin currents [67,68], phononmediated unidirectional magne-
toresistance [34], spin-orbit torque [28,33], and a magnonic
interfacial contribution [28,32,33]—and allows a quantita-
tive comparison of these four mechanisms over a broad
range of frequencies up to the THz regime. We identify the
characteristic magnetization-direction dependence of each of
the four mechanisms and show that the dominant bilinear
effect changes with the driving frequency of the applied
electric field (see Figs. 3 and 4). In addition, the individual
contribution of each of the effects to the total bilinear re-
sponse changes with external magnetic field and geometry
and can be vastly different in a local or nonlocal measure-
ment (see Figs. 5 and 6). These results offer key insights
for experimental differentiation of nonlinear effects and un-
derscore their potential for advancing nonlinear spintronic
applications.

We briefly highlight some findings. Many experiments ob-
serve Joule heating effects as the dominant second-harmonic
response to an ac driving field E [78,79]. There are, however,
parameter regimes where Joule heating is not the dominant
contribution to the quadratic-in-E response. Strong electron-
phonon coupling in the normal metal N combined with a
small phonon heat capacity leads to a large temperature
change mediated by the spin-Peltier effect [34]. Since the
electrical conductivity of the normal metal layers depends on
phonon temperature, this gives rise to a phononmediated uni-
directional magnetoresistance, which can be of comparable
magnitude to the unidirectional response from Joule heating.

FIG. 5. Local (top) and nonlocal (bottom) bilinear-response co-
efficients in the limit of low driving frequency ω → 0 as a function
of the ferromagnetic resonance frequency ω0. Device and parameter
values other than ω0 are taken from Table I; the value for ω0 used in
other plots is denoted as a black line.

Other parameter regimes in which Joule heating may not
be the dominant contribution to the quadratic-in-E response
include small magnetic anisotropies, small thicknesses of the
magnetic insulator F, and a driving frequency close to reso-
nant frequencies of coherent magnons. In these instances, the
spin-torque diode effect is expected to dominate [2,33]. A sub-
ordinate role throughout the entire parameter range is played
by the interfacial magnonic USMR, which we find to be at
least two orders of magnitude smaller than the Joule heating
or spin-torque contributions in the dc limit. The USMR ef-
fect is significantly larger in magnetic metals [27], where the
largest contribution is from the electronic spin accumulation
not present in insulators. In addition, the latter have a smaller
thermal conductivity, which results in inhomogeneous heating
in F and N and ultimately to Joule heating as the dominant
second-order-in-E response [32].

Our analysis of the quadratic-in-E response focused on
four contributions that were previously discussed in the litera-
ture. There are other contributions to the nonlinear response
that we did not consider here. Notably, the spin-Peltier ef-
fect not only causes a linear-in-E temperature change of
N (which we consider in Sec. IV B—this is the phonon-
mediated USMR contribution of Ref. [34]), but also a
linear-in-E change of the temperature and chemical poten-
tial of the magnons in F. Since the magnon dispersion and
the magnon scattering and damping rates depend on the
magnon temperature and chemical potential, this gives a
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FIG. 6. Local (top) and nonlocal (bottom) bilinear-response co-
efficients in the limit of low driving frequency ω → 0 as a function
of the thickness dF of the ferromagnetic layer. The value for dF used
in other plots is denoted as a black line.

quadratic-in-E contribution to the SMR effect, which we do
not consider.

The bilinear-response coefficients σ xxx(2) and σ yxx(2) that
we calculate here are sufficient for a theoretical description of
the unidirectional spin-Hall magnetoresistance effect, which
describes the quadratic-in-E response to an alternating electric
field. We do not explicitly consider the bilinear response with
respect to two electric fields in N that are applied in different
directions, although such a response, described by bilinear-
response coefficients σ xxy(2) and σ yxy(2), can in principle also
be accessed within our approach. Bilinear-response coeffi-
cients σ xxy(2) and σ yxy(2) would describe, e.g., an all-electric
realization of the experiment of Ref. [80] (see also Ref. [81]),
in which the width of the ferromagnetic resonance peak in
F is manipulated via an additional dc current in N. In such
an experiment, the ac current that excites the ferromagnetic
resonance via the spin-Hall effect must be perpendicular to
the dc current that is used to tune the resonance width.

Since all four bilinear contributions change sign under
reversal of the magnetization direction, they constitute a
unidirectional magnetoresistance (UMR) in F|N multilayers.
Unidirectional effects are also present in heterostructures with
antiferromagnetic-insulator [77,82–84], topological-insulator
[85], or magnetic-metal [27,28] layers and their origins differ
between those systems. Recent years have shown a particular
interest in antiferromagnetic UMR, which is driven by both
magnon dynamics—altered by a field-induced spin canting—
and an interfacial Rashba splitting [82,83]. We note that

antiferromagnetic UMR effects show a different experimental
signature compared to the ferromagnetic effects discussed
here, especially with regard to its dependence on external
magnetic fields.

From an applied perspective, bilinear mechanisms offer
additional functionality in spintronic devices. Their unidirec-
tional nature enables the detection of magnetization switching
in a two-terminal setup [27] or multi-state memory devices
[30]. Controlling unidirectional response on ultrafast time
scales may be an important step towards efficient and fast
spintronic information processing.
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APPENDIX A: LINEAR RESPONSE COEFFICIENTS

In this Appendix, we summarize the linear response of
an N|F|N trilayer to an applied field, using the formalism of
Ref. [49]. In the main text, the linear response is captured by
the dimensionless response coefficients fi j⊥(ω) and Fi j (ω),
see Eq. (28). These coefficients describe the response of the
entire N|F|N trilayer, including the central F part, which is not
considered explicitly in the main text. Referring to Ref. [49]
for a complete description, we here summarize the essentials.

In Ref. [49], coherent magnon transport through F, which
contributes to the transverse component iz

s⊥(z, t ) of the spin
current, is described for magnons with a dispersion

k(ω) =
√

ω(1 + iα) − ω0

Dex
, (A1)

where ω0 is the ferromagnetic resonance frequency, Dex the
spin stiffness, and α the phenomenological Gilbert damping
coefficient. For the response coefficient fi j⊥(ω), Ref. [49]
then finds

f ji⊥(ω) = δ ji − (−1)i+ j ZN j

Z ji⊥(ω)
, (A2)

where

Z11⊥(ω) = ZN1 + g−1
↑↓1 + [cos(k(ω)dF)

(
ZN2 + g−1

↑↓2

)
− i sin(k(ω)dF)Z∞

F⊥(ω)]
[

cos(k(ω)dF)Z∞
F⊥(ω)

− i sin(k(ω)dF)
(
ZN2 + g−1

↑↓2

)]−1
Z∞

F⊥(ω), (A3)

Z21⊥(ω) = (
ZN1 + g−1

↑↓1

)
(Z∞

F⊥(ω))−1[ cos(k(ω)dF)Z∞
F⊥

− i sin(k(ω)dF)
(
ZN2 + g−1

↑↓2

)] + cos(k(ω)dF)

× (
ZN2 + g−1

↑↓2

) − i sin(k(ω)dF)Z∞
F⊥(ω) (A4)
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with ZNi defined in Eq. (14) and

Z∞
F⊥(ω) = h̄ω

2e2Dexk(ω)s
. (A5)

The effective impedances Z12⊥(ω) = Z21⊥(ω) and Z22⊥(ω)
is obtained from Eqs. (A3) and (A4) by interchanging the
indices 1 ↔ 2.

Incoherent magnons, which contribute to the longitudinal
component iz

s‖(z, t ) of the spin current and to the heat current,
are described with the help of 2 × 2 generalized conductivity
and heat capacity matrices �m(ω) and Cm [49],

�m(ω) = 1

1 − iωτm

(
σm eLm/kBT

eLm/kBT 2e2κm/k2
BT

)
(A6)

Cm =
(

cm,sμ cm,sT

cm,Qμ cm,QT

)
, (A7)

where τm is the magnon momentum relaxation time,
σm the magnon conductivity, Lm the spin-Seebeck co-
efficient, κm the magnon thermal conductivity, cm,sμ =
(2e/h̄)∂ρms/∂um, cm,sT = cm,Qμ = (2e/h̄)∂ρms/∂�umQ, and
cm,QT = (2e/kBT )∂ρms/∂�umQ, with ρms and ρmQ the
magnonic angular-momentum and energy density, respec-
tively. Together, these matrices determine the relaxation
lengths of coupled magnon spin and heat transport via the
2 × 2 matrix [49]

�2(ω) =
[

1 − iωτmp,rel

τmp,rel
Cm + (1 − γ )

(
cm,sμ

τm,rel
0

0 cm,QT

τmp,ex

)]−1

× �(ω), (A8)

with τmp,rel, τm,rel, and τmp,ex the relaxation times
for spin-nonconserving magnonphonon scattering,
spin-nonconserving magnonmagnon scattering, and
spin-conserving magnonphonon scattering, respectively,
and

γ = cm,sT cm,Qμ

cm,sμcm,QT
. (A9)

In Ref. [49], it is then shown that

F ji(ω) = I2δ ji − (−1)i+ jZN j (ω)Z−1
ji‖ (ω), (A10)

with

Z11‖(ω) =ZN1 + ZFN1‖ + [sinh(�(ω)−1dF)�(ω)�m(ω)−1

+ cosh(�(ω)−1dF)(ZN2 + ZFN2‖)]

× [cosh(�(ω)−1dF)�(ω)�m(ω)−1

+ sinh(�(ω)−1dF)(ZN2 + ZFN2‖)]−1

× �(ω)�m(ω)−1 (A11)

Z21‖(ω) = (ZN1 + ZFN1‖)�m(ω)�(ω)−1

× [cosh(�(ω)−1dF)�(ω)�m(ω)−1

+ sinh(�(ω)−1dF)(ZN2 + ZFN2‖)]

+ sinh(�(ω)−1dF)�(ω)�m(ω)−1

+ cosh(�(ω)−1dF)(ZN2 + ZFN2‖). (A12)

TABLE II. Additional parameters governing magnon transport
in YIG. The relaxation lengths lT (�) < lμ(�) are the eigenvalues
of �(�), see Eq. (A8). The impurity scattering time τm, the spin-
Seebeck coefficient Lm, and the magnon thermal conductivity κm

are obtained from the magnon conductivity σm via Drude-Boltzmann
theory, see Ref. [49]. The time scale τm,ex is mainly associated with
“four-magnon scattering” and we estimate the combined τm,rel and
τmp,rel from the phenomenological Gilbert damping constant, since
both processes are not magnonnumber conserving. At room tempera-
ture, spin-nonconserving “three-magnon scattering” can be neglected
in comparison to the spin-conserving “four-magnon scattering” [86].

Quantity Value source

σm 4.1 × 105 S m−1 Ref. [21]
Lm 1.4 × 104 A m−1 [49]
κm 1.8 W K−1 m−1 [49]
α 2 × 10−4 [21]
τm 0.11 ps -
τm,ex 2.7 ps [86]
τm,rel, τmp,rel 2h̄/(αkBT ) ≈ 255 ps -
lμ(0) 20 nm [49]
lT(0) 7 nm [49]
Cm cm,sμ 150 ns �−1 µm−3 [49]

cm,sT 11 ns �−1 µm−3 [49]
cm,Qμ 11 ns �−1 µm−3 [49]
cm,QT 15 ns �−1 µm−3 [49]

The impedances ZNi, ZNi, and ZFNi‖ are defined in Eqs. (14),
(27), and (44), respectively. The impedance matrices Z12‖(ω)
and Z22‖(ω) are obtained from Eqs. (A11) and (A12) by
interchange of the indices.

Typical values for the additional parameters appearing in
this Appendix for magnons in YIG are summarized in Table
II.

APPENDIX B: BILINEAR RESPONSE

In this Appendix, we present additional details for the
calculation of the nonlinear response in Sec. IV.

1. Joule heating contribution

The Joule heating rate is [67,68]

s(r, t ) = − 1

e
∇ · (i(r, t ) · ϕc(r, t ))

− 1

h̄
∇ · (js(r, t ) · μs(r, t )), (B1)

where ϕc(r, t ) is the electrochemical potential, js(r, t ) =
(h̄/2e)is(r, t ) the spin current tensor, and μs(r, t ) =
eus(r, t ) the spin accumulation. The charge current den-
sity iz(r, t ) = 0, whereas ix(r, t ) and iy(r, t ) depend on z
only. The electrochemical potential ϕc(r, t ) does not de-
pend on y. Hence, the first term in Eq. (B1) simplifies
to −(1/e)(ix(z, t )∂ϕc(r, t )/∂x = ix(z, t )Ei(t ). For the second
term, we note that both is(r, t ) and us(r, t ) depend on z only,
so that Eq. (31) of the main text follows.

Using Eqs. (7)–(12), the charge and spin current densities
in N1 can be expressed in terms of the applied field E1(t ) and
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the spin accumulation us1(t ) at the F|N1 interface at z = 0,

us(z, t ) = us1(t )e−z/λN1 ,

ix(z, t ) = σN1E1(t ) + θSH1σN1

2λN1
e−z/λN1 us1(t ) · ey,

iz
s (z, t ) = − θSH1σN1E1(t )ey + σN1

2λN1
e−z/λN1 us1(t ), (B2)

with analogous equations for the charge and spin current den-
sities in N2. From Eq. (31) we then find the local Joule heating
rates

s1(z, t ) = σN1E1(t )2 + σN1

2λ2
N1

|us1(t )|2e−2z/λN1 ,

s2(z, t ) = σN2E2(t )2 + σN2

2λ2
N2

|us2(t )|2e−2(dF−z)/λN2 . (B3)

in N1 and N2, respectively.
In our model, the Joule heating rate appears in the electron

heat continuity equation (18). The energy injected into the
electronic system raises both electron and phonon temper-
atures. Due to the relatively low heat capacity of electrons
compared to the phonon subsystem, Ce 	 Cp, the electron
temperature increases more significantly under the same en-
ergy input. In addition to electron-phonon scattering, τep, we
introduce a coupling of phonons to a bath, e.g. a substrate,
τp. This leads to a quasi-equilibrium, where energy is contin-

uously supplied by the electric field but relaxation processes
maintain a steady-state temperature difference between elec-
trons and phonons. The temperature ratio is determined by
the ratios of the heat capacities and the relaxation times, see
Eq. (38), which follows from two coupled rate equations for
electron and phonon temperatures. In the following, we take
the limit Cei 	 Cpi, so that �Tp may be neglected when
calculating the Joule-heating contribution. (For the phonon-
mediated contribution, we consider a finite �Tp given by
Eq. (38).)

Inserting Eq. (B3) into Eq. (24) and performing a Fourier
transform, the source terms δueQi(�) in the boundary condi-
tion (21) become

δueQi(�) = k2
Blep,i(�)2σNi

2πe2κei

∫
dω

[
Ei(ω+)Ei(−ω−)

+usi(ω+) · usi(−ω−)

4λNilep,i(�)
ni(�)

]
, (B4)

where we abbreviated (assuming dNi � λNi)

ni(�) = 4lep,i(�)2 coth(dNi/lep,i(�)) − 2lep,i(�)λNi

4lep,i(�)2 − λ2
Ni

. (B5)

The interfacial spin accumulations usi(±ω±) can be ex-
pressed in terms of the electric field, see Eq. (28). For the
source term δueQi(�) of Eq. (B4), this gives

δueQi(�) =
∑

j,k

∫
dω

2π
Ej (ω+)Ek (ω−)∗σN jσNk

λNikBlep,i(�)

σNieκei

{
lep,i(�)

λNi
δi jδik + (−1) j+kθSH jθSHkni(�)

× [|meq · ey|2Fi j (ω+)11Fik (ω−)∗11 + |e⊥ · ey|2[ fi j⊥(ω+) fik⊥(ω−)∗ + fi j⊥(−ω+)∗ fik⊥(−ω−)]]

}
. (B6)

The first term proportional to δi jδik is the same as in Eq. (33) of the main text. Combining Eqs. (7), (8), (28), and (B6) we find that
the charge conductivity associated with Joule heating can be written in the form of Eqs. (29) and (30), where the dimensionless
coefficients vi jk , wi jk , and ri jk read

vJo
i jk (ω+, ω−) = wJo

i jk (ω+, ω−) = (−1)i+ j+k−1θSHiσN jσNk

2∑
l=1

Fil (�)12
kB

2e

λNl lep,l (�)

σNlκel

× {(lep,l (�)/λNl )δl jδlk + θSH jθSHknl (�)Fl j (ω+)11Flk (ω−)∗11}, (B7)

rJo
i jk (ω+, ω−) = − 1

2
(−1)i+ j+k−1θSHiθSH jθSHkσN jσNk

2∑
l=1

Fil (�)12
kB

2e

λNl lep,l (�)

σNlκel
nl (�)

× {2Fl j (ω+)11Flk (ω−)∗11 − fl j⊥(ω+) flk⊥(ω−)∗ − fl j⊥(−ω+)∗ flk⊥(−ω−)}. (B8)

The term proportional to δl jδlk in Eq. (B7) corresponds to
Eq. (34) of the main text.

2. Phononmediated contribution

There are additional contributions to the bilinear response
from phononmediated UMR to the ones derived in the main
text that scale with the cube of the spin-Hall angle. One
obtains these contributions by solving the bilinear part of
the coupled differential Eqs. (7), (8), (11), and (12) with
time-dependent σNi(t ) and τsf,i(t ), which both change with

phonon temperature according to Eq. (39). Specifically, we
insert Eq. (11) into (12) and consider only terms bilinear
in E . We split products of time-dependent quantities, e.g.,
σN(z, t )∂2

z us(z, t ), into terms proportional to the second order
spin accumulation, σ

(0)
N ∂2

z u(2)
s (z, t ), and products of linear-in-

E quantities, σ
(1)
N (z, t )∂2

z u(1)
s (z, t ). The former amounts to a

diffusion equation for the spin accumulation,

(
e2νNi

τ
(0)
sf,i

− i�e2νNi − σ
(0)
Ni

2

∂2

∂z2

)
u(2)

s (z,�) = ξ(z,�), (B9)
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while the latter constitutes a source term from the linear re-
sponse theory,

ξ(z, t ) =
(

σ
(1)
N (z, t )

2

∂2

∂z2
− e2νNi

τ
(1)
sf (z, t )

)
u(1)

s (z, t )

+ θSHi
∂

∂z
σ

(1)
N (z, t )Ei(t )ey. (B10)

The solution of Eq. (B9) has the form of Eq. (13) with
source voltage [cf. Eq. (24)]

δus1(�) = ZN1

∫ dN1

0
dz′ ξ(z′,�) cosh dN1−z′

λN1

sinh dN1
λN1

, (B11)

which gives the bilinear charge current from Eqs. (7), (8), and
(28). We identify the dimensionless coefficients

v
ph
i jk (ω+, ω−) = νi jk (ω+, ω−) + ζi jk (ω+, ω−),

w
ph
i jk (ω+, ω−) = − rph

i jk (ω+, ω−) = ζi jk (ω+, ω−)

+ ηi jk (ω+, ω−) + ηi jk (−ω+,−ω−)∗,

tph
i jk (ω+, ω−) = − iηi jk (ω+, ω−) − iηi jk (−ω+,−ω−)∗,

(B12)

where we defined

νi jk (ω+, ω−) = − δik (−1) j−1θSH jFi j (ω+)21λN j

× 2e

kB
αT,igi(ω+)lep,i(ω+) tanh

dNi

lep,i(ω+)
,

ηi jk (ω+, ω−) = 1

2
θSHiθSH jθSHkλN jλNk

2e

kB

×
2∑

l=1

αT,l gl (ω+) fil⊥(�)

×
{

(−1)i+ jδlkn′
k (ω+)Fk j (ω+)21

+ (−1)i+ j+k−1n′′
l (ω+)

2lep,l (ω+)

λNl

× Fl j (ω+)21 flk⊥(−ω−)

}
,

ζi jk (ω+, ω−) = − θSHiθSH jθSHkλN jλNk
2e

kB

×
2∑

l=1

αT,l gl (ω+)Fil (�)11

×
{

(−1)i+ jδlkn′
k (ω+)Fk j (ω+)21

+ (−1)i+ j+k−1n′′
l (ω+)

2lep,l (ω+)

λNl

× Fl j (ω+)21Flk (−ω−)11

}
. (B13)

The factors n′ and n′′ in Eq. (B13) result from the integral in
Eq. (B11) with dN � λN (c.f. Eq. (B5)),

n′
l (ω) = λNl lep,l (ω) − λ2

Nl tanh (dN/lep,l (ω))

l2
ep,l (ω) − λ2

Nl

,

n′′
l (ω) = 2λNl lep,l (ω) − λ2

Nl tanh (dN/lep,l (ω))

4l2
ep,l (ω) − λ2

Nl

. (B14)

3. Interfacial contribution

To obtain the nonlinear response relation (46), we expand
Eq. (41) to second order in the potential differences and take
the limit h̄ω0/kBT → 0. We find that the response matrices in
Eq. (46) read

A1βγ = e

kBT

1

ζ (3/2)

(
2ζ (1/2) −2ζ (3/2)

−6ζ (3/2) −15ζ (5/2)

)
N ,

A2βγ = e

kBT

1

2ζ (3/2)

(
12ζ (3/2) 30ζ (5/2)

50ζ (5/2) 175ζ (7/2)

)
N ,

Bi,1βγ = e

kBT

2

ζ (3/2)

4π3/2s

3k3
TRe g↑↓i

× N
(

4ζ (1/2) 6ζ (3/2)

6ζ (3/2) 15ζ (5/2)

)
N ,

Bi,2βγ = − e

kBT

5

ζ (3/2)

4π3/2s

3k3
TRe g↑↓i

× N
(

4ζ (3/2) 10ζ (5/2)

10ζ (5/2) 35ζ (7/2)

)
N , (B15)

where we abbreviated

N =
(

4ζ (3/2) 10ζ (3/2)

10ζ (3/2) 35ζ (5/2)

)−1

. (B16)

Since we already know the linear response of the spin
accumulation to an applied electric field from Eq. (28),

Uei(ω) =
2∑

j=1

(−1) j−1Fi j (ω)

(
2λN jθSH jE jmy

0

)
(B17)

and the linear relation between voltages and currents from
Eqs. (13) and (21),

Uei(ω) = (−1)i−1ZNi(ω)

[
Ii(ω) +

(
θSHiσNiEiey

0

)]
, (B18)

we can also express the currents in response to the applied
field as

Ii(ω) = −
2∑

j=1

(−1)i+ jZ−1
Ni (ω)F̃i j (ω)

(
2λN jθSH jE j (ω)my

0

)
.

(B19)
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Inserting Eqs. (B17) and (B19) into Eq. (46), we obtain the
source current

δI in
iα = 4|meq · ey|2

2∑
j,k=1

∫
dω

2π
λN jλNkθSH jθSHkE j (ω+)

× Ek (ω−)∗(−1) j+k
∑
β,γ

[ZNi(ω−)∗−1F̃ik (ω−)∗]γ 1

× {[ZNi(ω+)−1F̃i j (ω+)]β1Bi,αβγ − Fi j (ω+)β1Aαβγ }.
(B20)

The average charge current from the nonlinear interface
relation reads, using Eqs. (7), (8), (28), and (B20),

δīx
i (ω) = − (−1)i−1θSHi

σNi

2dNi

2∑
l=1

(−1)l−1

×
∑

α

[F̃il (�)ZFNl‖]1αδI in
lα (�)my. (B21)

Finally, we identify the response coefficients as Eq. (48) of the
main text.

4. Spin-torque contribution

In the linear response theory of Sec. III, we have used the
equilibrium magnetization direction meq as the reference di-
rection to define longitudinal and transverse spin currents. For
the response bilinear in the driving field, the deviations of m
from the equilibrium direction meq must be taken into account
when defining the longitudinal and transverse contributions.
Hereto, we write the magnetization at the interface with Ni as
in Eq. (25) of the main text.

To define longitudinal and transverse spin transport with
respect to the instantaneous magnetization direction mi(t ), we
define the time-dependent complex basis vector ẽ⊥i(t ) such
that it satisfies the time-dependent version of Eq. (2),

ẽ⊥i(t ) × mi(t ) = iẽ⊥i(t ). (B22)

To first order in the magnetization amplitude m⊥i(t ) one then
has

mi(t ) = meq + m⊥i(t )e⊥ + m⊥i(t )∗e∗
⊥,

ẽ⊥i(t ) = e⊥ − m∗
⊥i(t )meq. (B23)

The longitudinal and transverse spin currents through the F|N
interfaces depend on the longitudinal and transverse compo-
nents of the spin accumulation in N, which must be calculated
relative to the basis vectors mi(t ) and ẽi⊥(t ), respectively.
From Eq. (B23) we find

ũsi‖(t ) = u‖i(t ) + 2 Re m∗
⊥i(t )usi⊥(t ),

ũsi⊥(t ) = u⊥i(t ) − m⊥i(t )usi‖(t ), (B24)

where us‖(t ) and us⊥(t ) are the longitudinal and transverse
components of us(t ) defined with respect to the equilibrium
magnetization direction meq. Longitudinal and transverse
components ĩsi‖(t ) and ĩsi⊥(t ) of the spin currents at the in-
terfaces, defined with respect to the mi(t )-dependent basis
vectors at the interfaces, can then be calculated from the linear
response theory, replacing usi‖(t ) and usi⊥(t ) by ũsi‖(t ) and
ũsi⊥(t ), respectively,

ĩsi⊥(t ) = − (−1)i−1g↑↓i[ũsi⊥(t ) + i(h̄/e)ṁ⊥i(t )], (B25)

Ĩi(t ) = − (−1)i−1Z−1
FNi‖[Ũei(t ) − Umi(t )]. (B26)

Here we used the two-component vector notation with Ĩi(t ) =
(ĩsi‖(t ), iQi(t ))T and Ũei(t ) = (ũsi‖(t ), ueQi(t ))T. We express
the relation

isi(t ) = ĩsi‖(t )mi(t ) + 2 Re ĩsi⊥(t )ẽ⊥i(t ) (B27)

in terms of its longitudinal and transverse components defined
with respect to the time-independent basis vectors meq and e⊥
and obtain

isi‖(t ) = ĩsi‖(t ) − 2 Re m∗
⊥i(t )ĩsi⊥(t ),

isi⊥(t ) = ĩsi⊥(t ) + m⊥i(t )ĩsi‖(t ). (B28)

These equations can be used as the starting point to cal-
culate the spin currents through the F|N interfaces to second
order in the driving fields Ei(t ), i = 1, 2. For longitudinal spin
transport and for heat transport across the interface and for the
transverse component, we thus find Eq. (50) of the main text.
Explicitly calculating the source terms δI to

i and δito
s⊥i we find

δI to
i (�) =‖e⊥ · ey|2

∑
j,k

∫
dω

2π
Ej (ω+)Ek (ω−)∗θSH jθSHkλNkσN j (−1)i+ j+k−1

×
[

[ηi j⊥(ω+) fik⊥(ω−)∗ + ηi j⊥(−ω+)∗ fik⊥(−ω−)]Z−1
FNi‖

(
1
0

)

× Z−1
Ni [ηi j⊥(ω+) f̃ik⊥(ω−)∗ + ηi j⊥(−ω+)∗ f̃ik⊥(−ω−)]

(
1
0

)]
, (B29)

δito
si⊥(�) = − (e∗

⊥ · ey)(meq · ey)
∑

j,k

∫
dω

2π
Ej (ω+)Ej (ω−)∗θSH jθSHkλNkσN j (−1)i+ j+k−1

× ηi j⊥(ω+)
[
g↑↓i[Fik (−ω−)]11 − [

Z−1
Ni (−ω−)F̃ik (−ω−)

]
11

]
, (B30)
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where we used a similar expression to Eq. (B19) for the linear-
in-E transverse spin current,

isi⊥(ω) = − 2
2∑

k=1

(−1)i+kZ−1
Ni (ω) f̃ik⊥(ω)

× λNkθSHkEk (ω)my. (B31)

The bilinear currents in Eqs. (B29) and (B30) are related to
the source voltages in the linear response Eq. (28) through a
similar variable change as discussed in Eq. (47) of Sec. IV C.

APPENDIX C: ORDER-OF-MAGNITUDE ESTIMATES

To illustrate the scaling of the bilinear response with
the device and material parameters and with frequency, we
now present order-of-magnitude estimates for the bilinear-
response coefficients. These estimates are based on estimates
for the dimensionless coefficients fi j⊥(ω) and Fi j (ω) from the
linear response theory of Ref. [49], which we do not repeat
here.

As in Ref. [49], we assume ωτep � 1, so that the thermal
relaxation length lep is approximately frequency-independent.
We also assume that the thickness dF of the ferromagnetic
layer is much larger than the characteristic magnon relax-
ation length lμ and lT , which are the eigenvalues of �(ω),
see Eq. (A8). In the low-frequency limit, the larger of these
two lengths, lμ, predominantly relaxes the magnon chemical
potential μm, whereas the smaller of the two, lT , relaxes
the difference �Tm of the magnon temperature and the bath
temperature [50]. We also use lμ to denote the larger of the
two relaxation length in the high-frequency regime, where an
interpretation as a “chemical potential relaxation length” and
a “temperature relaxation length” is no longer appropriate. We
further abbreviate

zFN,i = s

k3
T Re g↑↓,i

, (C1)

zF(�) = h̄2Dex

2e2kBT
√

τm max(1/τrel,�)
, (C2)

where τm is the total momentum relaxation time and τrel =
min(τm,rel, τmp,rel ) describes the faster of the two spin-
nonconserving relaxation processes in F, and set

zi(�) = max(zFN,i, zF(�)). (C3)

From the theory of Sec. IV A and making use of the explicit
expressions for the dimensionless linear response coefficients
fi j⊥(ω) and Fi j (ω), see Appendix A,we obtain the order-of-
magnitude estimates

vJo
111 = wJo

111 ∼ −θSH1
kBτep,1

eCe1

λN1

z1(�)
, (C4)

vJo
211 = wJo

211 ∼ −θSH2
kBτep,1

eCe1

σN1

σN2

λN2zF(�)

z1(�)z2(�)
e−dF/lμ, (C5)

for the local and nonlocal Joule heating contributions to the
bilinear response. For the local response, these expressions
apply equally to the dc response at � = 0 and to the ac
response at frequency � = 2ω. For the nonlocal response,
these expressions apply for the dc and ac response at low
driving frequency ω, as well as for the dc response at large
driving frequency. For the ac response at � = 2ω for large

driving frequency ω, there is a sign change with respect to the
low-frequency limit and a faster decay with the thickness dF,

vJo,ac
211 = wJo,ac

211 ∼ θSH2
kBτep,1

eCe1

σN1

σN2

λN2zF(�)

z1(�)z2(�)
e−dF/lμ(�),

(C6)

where lμ(ω) ∝ ω−1/2 is the larger of the two relaxation
lengths in F.

The response coefficient for the local phononmediated
USMR reads

v
ph
111 ∼ θSH1

τep,1

Ce1

kB

e
g1(ω+)αT,1T

λN1

z1(ω+)
(C7)

and strongly depends on electron-phonon scattering as well as
relaxation of phonon energy to a substrate or bath (see defi-
nition of gi(ω) in Eq. (38)). We note that, in contrast to Joule
heating, there is no nonlocal response linear in the spin-Hall
angle and only a negligible Hall response from dissipative spin
currents (see Appendix B).

In the low-frequency limit, the dc and ac contributions to
the interfacial USMR to the bilinear response scale as

vin
111 = win

111 = −rin
111∼−θ3

SH1
λ2

N1

iFN1

λN1

σN1

1

z1zFN,1
, (C8)

vin
211 = win

211 = −rin
211 ∼ −θ2

SH1θSH2
λ2

N1

iFN2

λN2

σN2

z2
F

z2
1z2

2

e−2dF/lμ

(C9)

with the caveat that the numerical prefactor, which is not
included in Eq. (C8), is ∼10−2. Here, the characteristic in-
terfacial current density

iFNi = 3Re(g↑↓i )

4π3/2es
k3

TkBT . (C10)

At finite driving frequencies ω, the local dc and ac interfacial
USMR response stays of the order of magnitude given in
the zero-frequency estimate, Eq. (C8), and the estimate (C9)
for the nonlocal response also applies to the dc response at
finite driving frequency. However, the nonlocal ac response
is exponentially suppressed with dF/lμ(�), where lμ(�) is
the largest eigenvalue of �(�). As Sterk, et al. [32], we find
that for YIG and Pt, the interfacial USMR effect is negligible
compared to the spin-Seebeck effect from Joule heating for
the local bilinear response, which has a similar experimental
signature. In a nonlocal measurement, the interfacial USMR
contribution may be visible because of its characteristic mag-
netization dependence ∝ my/xm2

y .
The low-frequency approximation for the spin-torque con-

tribution reads

wto
111 ∼ θ3

SH1
λ2

N1

iF

λN1

σN1
Reg2

↑↓1, (C11)

wto
211 ∼ θ2

SH1θSH2
λ2

N1

iF

λ2
N2

σ 2
N2

Im(g↑↓1g↑↓2)
zF

z1z2
e−dF/lμ, (C12)

rto
211 ∼ θ2

SH1θSH2
λ2

N1

iF

λN2

σN2
Img↑↓1

zF

z1z2
e−dF/lμ, (C13)

t to
211 ∼ θ2

SH1θSH2
λ2

N1

iF

λ2
N2

σ 2
N2

Re(g↑↓1g↑↓2)
zF

z1z2
e−dF/lμ, (C14)
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with

iF = es
√

Dexω0. (C15)

The local bilinear-response coefficients rto
111 and t to

111 have the
same order of magnitude as wto

111. The bilinear spin-torque
response at large driving frequency ω is dominated by res-
onances at ω = ωn and ω = ωn/2, see Eq. (55). The peak
value of the nonlinear spin-torque response at the resonances
ω = ωn scales as

∣∣wto,dc
111

∣∣
peak ∼ ∣∣wto,ac

111

∣∣
peak ∼ θ3

SH1
λ3

N1

σN1

e

h̄ωn
Reg↑↓1, (C16)

with the same estimate for the peaks of the response coef-
ficients rto

111 and t to
111. Similarly, we find for the nonlocal dc

spin-torque contribution at the resonance peaks

∣∣rto,dc
211

∣∣
peak ∼ θ2

SH1θSH2
λ2

N1λN2

σN2

e

h̄ωn
Reg↑↓1, (C17)

whereas wto,dc
211 and t to,dc

211 scale with the exponent −dF/lμ(�)
and are therefore several orders of magnitude smaller than
rto,dc

211 . The nonlocal ac resonant spin-torque response for all
wto

211, rto
211, and t to

211 is of a similar magnitude as |rto,dc
211 |peak,

although the individual peak heights vary with cos (k(ω)dF).
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