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Abstract

Logical Analysis of Data (LAD) is a powerful technique for data classification based on
partially defined Boolean functions. The decision rules for class prediction in LAD are
formed out of patterns. According to different preferences in the classification problem,
various pattern types have been defined. The generation of these patterns plays a key role
in the LAD methodology and represents a computationally hard problem. In this article, we
introduce a new approach to pattern generation in LAD based on Answer Set Programming
(ASP), which can be applied to all common LAD pattern types.

Keywords Answer set programming - Logical analysis of data - Pattern generation -
Classification

1 Introduction

Logical Analysis of Data (LAD) is a data analysis methodology that combines ideas from
combinatorics and Boolean functions with machine learning and optimization. It was origi-
nally introduced by Peter L. Hammer in a lecture in 1986 and later extended and published
together with Yves Crama and Toshihide Ibaraki in [1]. Subsequently, the method has been
further developed over the last decades [2—4] and applied to various research fields, see e.g.
[5-12].

The data analysis process with LAD consists of three main steps: discretization, pattern
generation and theory formation [1, 2]. One of the key advantages of LAD over other well-
known machine learning methods, such as support vector machines or neural networks (see
e.g. [13]), is the generation of patterns. Patterns are the fundamental concept of LAD. They
extract important information from the given data that is easier to interpret and, therefore,
easier to communicate than, e.g., separating hyperplanes resulting from classification via a
support vector machine, or weights in a neural network obtained by backpropagation. Patterns
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provide understandable information that can be used directly to justify the results on the given
data [14], which adds to the explainability of the models.

In this article, we focus on the generation of patterns, which is the central task of LAD.
Various types and properties of patterns have been considered in the literature and their relative
efficiency has been analyzed [15]. The generation of LAD patterns is computationally hard
because their number may be exponential in the size of the input. Most common approaches
for pattern enumeration are based on Mixed-Integer Linear Programming (MILP) [16-22].

Here, we present a novel approach to pattern generation, which uses Answer Set Pro-
gramming (ASP) [23-27]. ASP is a declarative programming paradigm oriented towards
difficult, primarily NP-hard, search and combinatorial optimization problems. It is therefore
perfectly suited to the given tasks in pattern generation. Using the declarative nature of ASP
and the power of ASP solvers, we are able to compute all common LAD pattern types in a
modular systematic and efficient way, see Fig. 2 and the benchmarks in Tables 2 and 3. Our
ASP approach can outperform state-of-the-art MILP models as shown in Sect. 5 for the class
of maximal patterns. The modular structure of the ASP encoding and its clear and succinct
presentation allow the programs to be easily adapted to different tasks or pattern types. In
particular, ASP provides a highly flexible environment to narrow down the search to specific
patterns of interest. For practical applications, where the number of patterns is typically huge,
this is of utmost importance.

The paper is organized as follows. In Sect. 2, we summarize basic concepts and notation
of LAD, followed in Sect. 3 by an outline of the syntax and semantics of ASP. In Sect. 4,
we develop our ASP approach to generating the different pattern types in LAD. To illustrate
the performance of our approach, computational results are given in Sect. 5, including a
comparison with MILP [16]. In addition to computational efficiency, flexibility is another
major benefit of the ASP approach. We demonstrate this in Sect. 6, where we describe how
our programs for pattern generation can be adapted to specific user requirements. Finally, in
Sect. 7, we present the conclusions of our work.

The method presented here was first developed in [28]. The ASP approach for generating
prime patterns in Sect. 4.3 was originally published in [29].

2 Logical analysis of data

Let Q < {0, 1} be a set of observations that is divided into two subsets by an additional
decision variable xg, such that Q@ = QT & Q™ is the disjoint union of Q* and Q~, called
positive resp. negative observations (see Table 1).

A Boolean function of n variables is a mapping f: {0, 1}* — {0,1},n > 1. A data
set Q as described above leads to a partially defined Boolean function (pdBf) (2T, Q7),

Table 1 Binary data set Q

#

partitioned into positive 0 1 2 3 4 *s 6

observations Q1 and negative 1 1 0 0 1 0 1 1

observations 2~ by decision

variable xq 2 1 1 1 1 1 0 1
3 1 0 1 1 0 0 1
4 1 0 1 0 1 1 0
5 0 0 0 0 1 1 0
6 0 1 1 0 0 0 1
7 0 1 0 1 0 1 1
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meaning that the function f is only defined on the subset Q@ = QT W Q= C {0, 1}*, with
fx) =1ifx € QT and f(x) = 0if x € Q™. Every Boolean function e: {0, 1} — {0, 1}
with e(x) = f(x) for all x € Q is called an extension of f. A major goal of LAD is to
find an extension e of a given pdBf (2T, Q7) that can be used to classify new data points
y € {0, 1}" \ Q as positive or negative.

2.1 Patterns and pattern types

The extensions of a pdBf, called theories in the LAD methodology, are built out of patterns,
which play a key role. Next we introduce the concept of positive and negative patterns and
define various pattern types.

A pattern consists of literals. For a Boolean variable x, we denote its negationby X = 1—x.
Both x and X are literals. A term is a conjunction of distinct literals. The degree of a term
is the number of its literals. Every term ¢ can be seen as a Boolean function. For a vector
v € {0, 1}", we denote by #(v) the binary value that results from applying the Boolean
function ¢ to v, where #(v) is defined even if the degree of ¢ is less than n. We say that a term
t covers apoint v € {0, 1} if t(v) = 1.

Let (27, Q7) be a pdBf defined on a set @ = QT WQ™ of observations. A term ¢ is called
a positive (resp. negative) pattern of the pdBf (2T, Q™) if it covers at least one positive (resp.
negative) observation and no negative (resp. positive) observation. The degree of a pattern is
the number of its literals.

In general, the number of patterns is huge compared to the size of the data set. To gain
more clarity in this large amount of patterns, it is not only convenient but necessary to define
properties for patterns that allow to rank them according to certain criteria. Various properties
and types of patterns have been studied and their relative efficiency has been analyzed [15].

Let P be a pattern of the pdBF (Q™T, Q7) in n variables. We denote by

e Lit(P) the set of literals in P;
e S(P) the subcube of P, i.e., the set of points of {0, 1}" covered by P;
e Cov(P) the set of true points of (21, Q™) covered by P, called the coverage of P.

The pattern P is called

e prime if Lif(P) is an inclusionwise minimal set of literals, i.e., there is no pattern P’
such that Lit(P") C Lit(P).

e strong if it has an inclusionwise maximal coverage, i.e., there is no pattern P’ such that
Cov(P) C Cov(P).

e spanned if it does not strictly include any other Boolean subcube containing the same
set of observations.

e strong prime if it is both strong and prime.

o strong spanned if it is both strong and spanned.

e maximal if it is maximal with respect to the number of observations covered, i.e., there
is no pattern P’ such that |Cov(P)| < |Cov(P’)|.

2.2 Preferences

An alternative way of introducing the different pattern types is based on pattern prefer-
ences [15]. Given two patterns P and P’ of a pdBF (Q%, Q) we say that

e P is simplicity-wise preferred to P’, written P’ <, P, if the set of literals in P is
contained in the set of literals in P/, i.e., Lit(P) C Lit(P').
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o P is selectivity-wise preferred to P', written P’ <y P, if the subcube of pattern P is
included in the subcube of pattern P/, i.e., S(P) € S(P’).

e P is evidentially preferred to P’, written P’ <. P, if the set of observations covered by
P includes the observations covered by P’,i.e. Cov(P’) C Cov(P).

A pattern P is called Pareto-optimal with respect to the preference p € {o, X, €} if there is
no pattern P’ # P with P <, P’. The simultaneous satisfaction of P <, P’ and P’ <p P
is denoted by P =, P’ for any preference p.

Two preferences ¢ and p can be combined by intersection and lexicographic refinement
in the following way:

e A pattern P is preferred to a pattern P’ with respect to the intersection ¢ A p if and only
if PP <4 Pand P’ <, P.

e A pattern P is preferred to a pattern P’ with respect to the lexicographic refinement ¢ | p
if and only if either P’ <4 P or P =4 P’ and P’ <, P.

It follows that a pattern P of a pdBF (QT, Q7) is

prime iff P is Pareto-optimal with respect to o,

strong iff P is Pareto-optimal with respect to €,

spanned iff P is Pareto-optimal with respectto X A €,
strong prime iff P is Pareto-optimal with respectto € | o,
strong spanned iff P is Pareto-optimal with respectto € | X.

2.3 Pattern parameters

To measure the performance of a pattern on a given data set, two key parameters have been
introduced: homogeneity and prevalence [30, 31].
The homogeneity Hom™ (P) of a positive pattern P is given by

|Cov(P)|
|Coviprar (P)] ’

where Cov(P) is the set of positive observations covered by P and Cov;q;(P) is the set of
observations covered by P in total. The homogeneity Hom™ (P) of a negative pattern P is
defined analogously. A high homogeneity of a pattern means that it covers a lot more positive
observations (or observations of the correct sign) than negative observations (or observations
of the opposite sign).
The prevalence Prev™ (P) of a positive pattern P is given by
|Cov(P)|

+ _
Prev™ (P) = o 2)

Hom™(P) = (1)

The prevalence Prev™ (P) of a negative pattern P is defined analogously. A positive pattern
has a high positive prevalence if it covers a large amount of the positive observations.

3 Answer set programming

Answer Set Programming (ASP) [23-27] is a declarative programming paradigm. In contrast

to imperative programming, a program consists of a high-level description of what the prob-
lem is rather than a sequence of instructions how the problem should be solved. In ASP, the
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problem is specified by a set of logical rules, which are first instantiated by an ASP grounder
and then solved by an ASP solver. ASP is oriented towards difficult, primarily NP-hard,
search problems. Various systems for grounding and solving have been developed, see for
example [32-34]. Here we use the ASP system clingo, a combination of the grounder
gringo and the solver clasp developed by Potassco!, the Potsdam Answer Set Solving
Collection [34, 35].

ASP is based on the stable model semantics of logic programming [36, 37]. Search prob-
lems are reduced to the computation of stable models or answer sets, which are found by
ASP solvers. A program in ASP consists of a finite set of logical rules of the form

Ag - Ay, ..., Ap,n0t Apyq, ..., n0t Ay 3)

Here 0 < m < nandeach A;, 1 <i < n,is an atom, i.e., an atomic formula in first-order
logic, and ‘not’ stands for negation by default [36]. The left-hand side of the rule is called
head and the right-hand side of the rule is called body. The intuitive meaning of (3) is the
logical implication stating that the head is true if the body is true. In the special case n = 0,
rule (3) is called a fact and denoted by

Ap. “

Such a fact expresses that the atom Ay is always true.
Omitting Ag in (3) amounts to taking Ag to be false, and rule (3) represents an infegrity
constraint. Accordingly, the resulting rule

-Al, ..., Ap,n0t Apyyq, ..., N0t A, 5)

expresses that a stable model must not satisfy the body. Integrity constraints are often used
to eliminate model candidates of a program.

To facilitate the use of ASP in practice, several extensions have been developed [38].
Conditional literals are of the form

A:By,...,By (6)

where A and B; are possibly default negated literals for 0 < i < m. Such conditional literals
can be used to formulate cardinality constraints, which can be written as

s{C1;...;C,)t @)

where each C; is a conditional literal. The numbers s, r € N provide lower and upper bounds
on the number of satisfied literals in the constraint.

The practical value of both constructs becomes apparent when used in conjunction with
variables. For instance, a conditional literal like a(X) : b(X) in a rule’s body expands to the
conjunction of all instances of a(X) for which the corresponding instance of »(X) holds.
Similarly, s {a(X) : b(X)} t holds whenever the number of true instances of a(X) (subject
to b(X)) is between s, r € N.

In addition to cardinality constraints (using #count for the number of elements) the lan-
guage of ASP provides further aggregates such as #sum (the sum of weights; used for
expressing weight constraints), #min (the minimum weight), and #max (the maximum
weight) [39].

Optimization problems can also be formulated in ASP. Objective functions minimizing
the sum of weights w; of literals B; are expressed as

#minimize {wy : By;...; wy, @ By} (8)

1 https://potassco.org/
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The first step in the process of finding a solution to a problem is the grounding (e.g.
by gringo) of rules that include variables, meaning that those variables are replaced by
constants in ground instances. The grounded program is then passed to the solver (e.g.
clasp), which computes the stable models of the program. More formally, the reduct PX
of a program P relative to a set X of atoms is defined by

PX = {head(r) < body™*(r) | r € P and body™ (r) N X = ¥},

where body™ (r) is the set of all positive atoms of the body and body~(r) is the set of
all negative atoms of the body. A set X of atoms is a stable model of a program P if the
inclusionwise minimal model of the reduct PX of P relative to X is equal to X.

For a comprehensive description of ASP and the software c1ingo we refer to [27, 39].
All calculations in this paper were done using clingo 5.4.0.

4 Pattern generation in ASP

ASP is particularly well-suited for combinatorial (optimization) problems, and thus a natural
choice as a framework for pattern generation in LAD. In this section, we explain how to use
ASP as a new computational approach for efficient pattern calculation and enumeration.

4.1 Input data

To make use of ASP, the input data has to be provided in a suitable format. A binary csv-
file containing one row for each observation, with the first column indicating whether the
observation is negative or positive (represented by 0 or 1, respectively), can be translated to
a corresponding input file for ASP, as demonstrated in the example in Fig. 1.

Each binary value of the input data is represented in ASP by a fact i (Sign, ID,
Variable,Value), where Sign is the sign of the observation (1 for positive and O for
negative), ID is the identifier of the observation, Variable is the number of the Boolean
variable and Value the binary value.

i(1,1,1,0). i(1,1,2,0). i(1,1,3,1). i(1,1,4,0). i(1,1,5,1). i(1,1,6,1).
i(1,2,1,1). i(1,2,2,1). i(1,2,3,1). i(1,2,4,1). i(1,2,5,0). i(1,2,6,1).
i(1,3,1,0). i(1,3,2,1). i(1,3,3,1). i(1,3,4,0). i(1,3,5,0). i(1,3,6,1).
i(1,4,1,0). i(1,4,2,1). i(1,4,3,0). i(1,4,4,1). i(1,4,5,1). i(1,4,6,0).
i¢0,5,1,0). i(0,5,2,0). i(0,5,3,0). i(0,5,4,1). i(0,5,5,1). 1(0,5,6,0).
i¢o,6,1,1). i(0,6,2,1). i(0,6,3,0). i(0,6,4,0). i(0,6,5,0). 1(0,6,6,1).
i¢o0,7,1,1). i(0,7,2,0). i(0,7,3,1). i(0,7,4,0). i(0,7,5,1). 1(0,7,6,1).

Fig. 1 Example input data set in csv-format and corresponding input data for ASP pattern generation
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4.2 ASP programs for the common pattern types

Once the input data has been translated, the pattern generation process can be started. In the
following, we develop ASP approaches to calculating different types of patterns. Besides
general patterns without any specified preference, we will consider prime, spanned, strong,
maximal, strong prime and strong spanned patterns.

The ASP programs can be divided into two classes, see Fig. 2. While general, prime
and maximal patterns are obtained by literal-based pattern generation, strong and spanned
patterns rely on coverage-based pattern generation. This division is due to the pattern-specific
preferences that are optimized. Prime patterns have an inclusionwise minimal set of literals.
This naturally leads to a program including rules to choose a suitable set of literals (in the LAD
sense). In contrast, strong and spanned patterns are defined with respect to their coverage.
For this reason, we base the programs on the set of covered observations.

4.3 Literal-based pattern generation

We first describe the ASP encodings for literal-based pattern generation.

4.3.1 General patterns

The ASP code for general pattern generation is given in Fig. 3. Note that it involves only 10
lines (without the 3 comment lines starting with %). This basic ASP program calculates all
patterns, i.e., without any specific preference. By adding further lines to narrow down the
answer set of this program, maximal and prime patterns can be obtained.

Before running the program, the user has to define the four constants degree, sign,
homogeneity and prevalence, such that any stable model will define a pattern of the
given degree and sign, with homogeneity and prevalence greater than or equal to the chosen
constants.

The program is organized in three parts GENERATE, DEFINE and TEST. Any stable
model should define a pattern of the given degree. Thus it has to include degree many
atoms of the form pat (S, B), where S is the name of a variable and B its Boolean value.

@iteral-based pattern generatiorD (Coverage—based pattern generatiorD
| strong spanned | | spanned |

maximal l prime I
A)

Fig.2 Schematic overview of the hierarchy of the encodings for ASP pattern generation
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1 % GENERATE
2 degree { pat(S,B) : i(sign,_,S,B) } degree.

4+ % DEFINE
5 not_covered(W,X) :- i(W,X,_,_), pat(S,B), not i(W,X,S,B).
¢ covered(W,X) :- not not_covered(W,X), i(W,X,_,_).

s % TEST

s :- pat(S,B), pat(S,Q), Q<B.

10 :- #sum{ homogeneity-100,X : covered(W,X), W=sign;
11 homogeneity,X : covered(W,X), W!=sign } > 0.
12 :— nbrcorrectobs(C),

13 #sum{ 100,X : covered(W,X), W=sign } < prevalencex*C.

Fig.3 Basic ASP encoding for general pattern generation

The rule in line 2 is a choice rule generating solution candidates. From the definition of a
pattern we know that it has to cover at least one observation of its sign. Therefore, we choose
literals that cover the observations of the same sign. At this point, it is not guaranteed that
the chosen set of literals belongs to an actual pattern. It could be any set of single literals that
cover different observations of the correct sign, but such that the whole set of literals is not
covering any of the observations.

The DEFINE part is used to specify predicates that narrow down the stable model to
the answer set we want to generate. To ensure that the pattern in the answer set covers the
desired number of observations of the correct sign, and not more than the allowed number
of observations of the opposite sign, we introduce in line 6 the predicate covered (W, X),
which is true if observation X having sign W is covered by the chosen set of literals. For
defining this predicate, we use in line 5 the auxiliary predicate not_covered (W, X),
which is true for an observation X, if one of the literals pat (S, B) does not cover X. Then
covered (W, X) is true, if not_covered (W, X) is not true.

In the TEST part, we can make use of the defined predicates and test whether the choice
of literals fulfills the definition of a pattern with given homogeneity and prevalence. Here, the
constants homogeneity and prevalence have to be specified as integer percentages,
with values between 0 and 100. A stable model then provides a pattern with homogeneity and
prevalence greater than or equal to the chosen constants divided by 100. Line 9 is a general test
forbidding that a pattern contains the same variable with different assignments. In line 10 and
11, we test whether the set of literals fulfills the homogeneity condition. The sum in line 10
and 11 follows directly from (1) in Sect. 2.3 if all terms are brought to one side. Every covered
observation X of the correct sign W=sign (resp. the opposite sign W! =sign) contributes a
weight (homogeneity - 100) (resp. homogeneity) to the sum. In addition, line 12
and 13 make sure that the prevalence condition is met by the generated pattern. Namely,
the constant prevalence times the number of observations of the correct sign is greater
than 100 times the number of observations of correct sign that are covered by the pattern.
The unary predicate nbrcorrectobs is calculated in advance and counts the number of
observations having the same sign as the desired pattern.

Before we continue, we briefly discuss the role of the input parameters. The constant
sign specifies whether we compute positive or negative patterns. The generation of posi-
tive and negative patterns is symmetric. The two resulting pattern sets are used in opposite
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ways, namely for the characterization of the set of positive resp. negative observations. The
parameters homogeneity and prevalence can be used to reduce the size of the pool
of answer sets. The set of patterns for a data set is huge in general. Especially when talking
about patterns without specified preference, the pool of answer sets may become so large
that it is no longer manageable. Therefore, it may be useful to include these parameters in
advance. The constants homogeneity and prevalence can be deleted including the last
two integrity constraints if they are not of interest. They then have to be replaced by the rules
coming from the original definition of patterns, saying that at least one observation of correct
sign has to be covered and no observation of opposite sign is allowed to be covered.

The constant degree was added for a similar reason. As the pool of answer sets gets
large, it is helpful to specify the answer set one is looking for. If one wants to calculate all
patterns of any degree, this constant can be left out from the input. Then line 2 in Fig. 3 gets
replaced by the choice rule 1 {pat (S,B) :i (sign,_, S, B) }. The degree of the pattern
can be determined in a later step if needed.

4.3.2 Prime patterns

By expanding the encoding in Fig. 3 by just one more test, we can constrain the set of
patterns to those that are prime. The additional lines in Fig. 4 are based on the definition
of prime patterns. A pattern is prime if and only if the deletion of any of its literals results
in a term that is not a pattern. We determine the coverage of an observation X of sign W
for each term obtained by the deletion of a single literal S (lines 2-3) within the predicate
covered_after_deletion (W, X, S). To ensure that the pattern covers at least one
observation, we use line 6. Then we test whether the term satisfies the homogeneity condition
as described in Fig. 3 (lines 7-9). Note that it is not necessary to test the prevalence condition
as a term obtained by leaving out one of the literals cannot cover fewer observations than
the original pattern. A pattern that has a homogeneity above the given constant after deleting
a literal is not a prime pattern. Further note that if the constant degree was left out from
the input in the basic encoding, it has to be reintroduced here in an additional line occurring
before line 3.

4.3.3 Maximal patterns

The calculation of maximal patterns is realized by adding just one line to the basic encoding
in Fig. 3. Maximal patterns are patterns that have a maximal number of covered observations.
Thus we can simply use the following statement at the end of the encoding:

#maximize{l,X : covered(W,X)}.
1 % DEFINE

2 covered_after_deletion(W,X,S) :- i(W,X,S,_),
s #count{ T : pat(T,C), i(W,X,T,C), T != S } = degree-1.

s % TEST

¢ :— not covered(sign,_).

7 := pat(S8,B), #sum{ homogeneity-100,X : covered_after_deletion(W,X,S),
8 W = sign; homogeneity,X : covered_after_deletion(W,X,S),

0 W != sign } <= 0.

Fig.4 Additional lines to the encoding in Fig. 3 for the generation of prime patterns

@ Springer



72 K. Becker and A. Bockmayr

4.4 Coverage-based pattern generation

While the computation of the three pattern types in Sect. 4.3 is based on stable models
consisting of LAD literals, we will now use stable models consisting of covered observations.
This follows naturally from the definition of spanned and strong patterns. Other than the
literal-based encodings, the coverage-based encodings will generate patterns of any degree,
homogeneity and prevalence (except for strong and strong prime patterns). This means that
the constants degree, homogeneity and prevalence do not have to be specified by
the user. The only parameter to be given in advance is the sign of the patterns. As discussed
before, this can easily be modified by constraining the choice rules to a size of degree and
adding two integrity constraints for homogeneity and prevalence.

4.4.1 Spanned patterns

InFig. 5, the encoding for the generation of spanned patterns is shown. The answer set consists
of covered observations of sign. Implicitly the program thereby calculates the pattern that
covers this set of observations. The first rule in line 2 of the GENERATE part is a choice rule
picking solution candidates from the total set of observations. The number 1 on the left-hand
side of the brackets indicates that at least one observation has to be covered.

The DEFINE part is used to narrow down the chosen set to an accurate answer, namely a
set of covered observations with the corresponding spanned pattern. Sets of pattern literals
able to cover the chosen set of observations are generated using the following rules. In line 6,
the predicate 1it_candidate (S, B) is satisfied by each literal that covers a chosen
observation, where S is the variable name and B its Boolean value. But, not all of these
candidates are literals of a pattern. Only those literals that cover every covered observation

1 % GENERATE
> 1 { cov(sign,X) : i(sign,X,_,_) I.
3 nbrcovered(N) :- N=#sum{ 1,X : cov(sign,X) }.

5 % DEFINE

6 lit_candidate(S,B) :- cov(sign,X), i(sign,X,S,B).

7 mnot_lit(S,B) :- lit_candidate(S,B), cov(sign,Y), not i(sign,Y,S,B).
s 1it(S,B) :- not not_1it(S,B), lit_candidate(S,B).

o countlit(E) :- E=#sum{ 1,(S,B) : 1it(S,B) }.

11 in_opposite_obs(Y,(S,B)) :- 1it(S,B), i(Q,Y,S,B), Q!=sign.
12 countinop(Y,D) :- i(Q,Y,_,_), Q!=sign,

13 D=#sum{ 1,(S,B) : in_opposite_obs(Y,(S,B)) }.

14

15 obsnotincover(sign,Y) :- i(sign,Y,_,_), not cov(sign,Y).

16 not_addobs(sign,Y) :- obsnotincover(sign,Y), 1it(S,B),

17 not i(sign,Y,S,B).

15 addobs(sign,Y) :- obsnotincover(sign,Y), not not_addobs(sign,Y).
19

20 % TEST

21 := D=E, countlit(E), countinop(_,D).

22 :— addobs(sign,_).

Fig.5 Encoding for the generation of spanned patterns
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can be included in a pattern. For this reason, in lines 6-8, the literals 11t (S, B) are calculated
as the subset of the literal candidates 1it_candidate (S, B) that are not not literals of
the form not_1it (S, B). Here, a not literal is a literal that appears in the set of literal
candidates, but there exists an observation included in the chosen set of covered observations
that is not covered by this literal (line 7).

At this point of the program, we found a combination of literals that covers all the cho-
sen covered observations. But, we do not know yet whether this literal combination covers
an observation of the opposite sign. To make sure that this is not the case, and that the lit-
eral combination is indeed a pattern, the rules in lines 11-12 are needed. In the predicate
in_opposite_obs (Y, (S,B)), all literals 1it (S, B) are collected together with the
observation Y of the opposite sign that the literal covers. The number D of literals covering an
observation Y of opposite sign is counted in the predicate countinop (Y, D) (line 12-13).
This predicate can then be used in the TEST part to ensure that none of the observations of
opposite sign is covered by all the literals of the generated term (line 21). In this case, the
term is a selectivity-wise preferred pattern.

For the evidential preference of the pattern, we use the rules in lines 15-18. We have to
make sure that the chosen set of covered observations is as large as possible with respect
to the set of literals. Therefore, we collect all observations of the correct sign that are not
in the chosen set of covered observations with the predicate obsnotcover (sign,Y)
(line 15). We cannot add an observation Y to the set of chosen covered observations if a
literal of the pattern does not cover this observation (lines 16-17). Symmetrically, we can
add the observation if we cannot not add it to the chosen set (line 18). If this is possible,
then the pattern constituted by the set of literals is not evidentially preferred and thus cannot
be spanned. Therefore, we exclude these results from the set of answers (line 22). A stable
model of this program is a spanned pattern together with the set of observations that it covers.

4.4.2 Strong spanned patterns

Strong spanned patterns are those patterns that are Pareto-optimal with respect to the lexico-
graphic refinement of the evidential preference by the selectivity preference. These are the
strong patterns having an inclusionwise maximal set of literals. For this reason, the structure
of the encoding is similar to the one used for calculating spanned patterns. The whole pro-
gram is shown in Fig. 6. Here we explain the parts in which this program differs from the
previous one.

The first 13 lines are identical to those in Fig. 5. A set of covered observations is chosen,
and the set of literals of the pattern is defined by the set of literals covering all the chosen
observations. In the following lines we define predicates to check whether it is possible to
add an observation of the correct sign to the set of chosen observations. This is the evidential
preference. To this end, we first define the predicate 1it_in_new (Y, (S, B) ) todetermine
which of the literals (S, B) that have already been selected also cover an observation Y of
correct sign that is not included in the set of chosen covered observations (line 15). We use
the same predicate structure as before for the literals 1it (S, B) to test whether this subset
of literals also covers an observation of opposite sign. In detail, we define the predicate
litinnew_in_op(Z, (S,B),Y) for every pair of observations Z of the opposite sign
and Y of the correct sign that is not in the originally chosen set of observations. This predicate
is true if the literal (S, B) covers the observation Z (line 19). In the following lines 20-22,
we count the D literals that cover the observation Z of opposite sign. Then we compare this
number in line 23 to the full number of literals that cover all chosen observations plus the
observation Y. If these two numbers are the same, i.e., the whole term covers an observation
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1 % GENERATE
> 1 { cov(sign,X) : i(sign,X,_,_) }.
s nbrcovered(N) :- N=#sum{ 1,X : cov(sign,X) }.

s % DEFINE

¢ 1lit_candidate(S,B) :- cov(sign,X), i(sign,X,S,B).

7 mnot_1it(8,B) :- lit_candidate(S,B), cov(sign,Y), not i(sign,Y,S,B).
s 1it(S,B) :- not not_1it(S,B), lit_candidate(S,B).

9 countlit(E) :- E=#sum{ 1,(S,B) : 1it(S,B) I}.

11 in_opposite_obs(Y,(S,B)) :- 1it(S,B), i(Q,Y,S,B), Q!=sign.
12 countinop(Y,D) :- i(Q,Y,_,_), Q!=sign,
13 D=#sum{ 1,(S,B) : in_opposite_obs(Y,(S,B)) }.

15 lit_in_new(Y,(S,B)) :- 1it(S,B), i(sign,Y,S,B), not cov(sign,Y).
16 nbrlitinnew(Y,M) :- lit_in_new(Y,_),

17 M=#sum{ 1,(S,B) : lit_in_new(Y,(S,B)) I}.

19 litinnew_in_op(Z, (S,B),Y) :- lit_in_new(Y,(S,B)), i(Q,Z,S,B), Q!=sign.

20 litinnew_countinop(Z,D,Y) :- i(Q,Z,_,_), Q'=sign,
21 litinnew_in_op(Z,_,Y),
22 D=#sum{ 1,(S,B) : litinnew_in_op(Z,(8,B),Y) }.

23 notpat(Y) :- nbrlitinnew(Y,M), litinnew_countinop(Z,D,Y), M=D.

24

o5 % TEST
26 :— D=E, countlit(E), countinop(_,D).
27 :— not notpat(Y), lit_in_new(Y,_).

Fig.6 Encoding for the generation of strong spanned patterns

of opposite sign, then the term is not a pattern. This implies that we do not find a pattern
that covers the chosen set of observations plus the observation Y. In this case, the predicate
notpat (Y) is true.

Within the TEST part, we then say that any chosen set of observations and the associated
set of literals is not an answer set, or a strong spanned pattern, if it is possible to add an
observation Y of correct sign to the set of covered observations and find a pattern that covers
them all (line 27). The resulting answer sets are all strong spanned patterns.

4.4.3 Strong patterns

The encoding for strong patterns is based on how they are defined in relation to strong
spanned patterns. The additional lines of code are shown in Fig. 7. The property spanned
ensures that a stable model for the strong spanned pattern calculation in Fig. 6 consists of
an inclusionwise maximal set of literals. The full set of strong patterns contains all possible
combinations of literals that form a pattern for an inclusionwise maximal set of covered
observations. Therefore, we can generate the set of strong patterns from the set of strong
spanned patterns by combining the computed literals in every possible way, such that the
resulting combination remains a pattern, i.e., does not cover an observation of the opposite
sign (or does not contradict the bounds on homogeneity and prevalence). The additional lines
in Fig. 7 are the same as the encoding for general patterns in Fig. 3, except for line 2, where
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1 % GENERATE
2 1 { pat(S,B) : 1it(S,B) }.

1+ % DEFINE
5 not_covered(W,X) :- i(W,X,_,_), pat(S,B), not i(W,X,S,B).
¢ covered(W,X) :- not not_covered(W,X), i(W,X,_,_).

s % TEST

9 :- pat(S,B), pat(S,Q), Q<B.

10 :— #sum{ homogeneity-100,X : covered(W,X), W=sign;

1 homogeneity,X : covered(W,X), W!=sign } > 0.

12 := nbrcorrectobs(C), #sum{ 100,X : covered(W,X), W=sign }
13 < prevalencex*C.

Fig.7 Additional lines to the encoding in Fig. 6 for the generation of strong patterns

the predicate pat (S, B) is chosen out of the already calculated set of literals, instead of all
possible literals for a given data set.

4.4.4 Strong prime patterns

The encoding for generating strong prime patterns is based on the calculation of strong
patterns, as the strong prime patterns form a subset of the strong patterns. We show the
additional lines to the encoding of Fig. 7 in Fig. 8. They are very similar to the code for
generating prime patterns in Fig. 4. The only difference is that in line 2 the degree D has to be
computed and stored in the predicate countdegree (D), as it is not given to the program
as a constant.

4.5 Optimal patterns with asprin

In Sect. 4.3 and 4.4 we described in detail our ASP approach to generating the various Pareto-
optimal pattern types defined by Hammer et al. [15]. For each pattern type, we presented

1 % DEFINE
2 countdegree(D) :- D=#sum{ 1,(S,B) : pat(S,B) }.

1+ covered_after_deletion(W,X,(S,B)) :- i(W,X,_,_), pat(S,B),
5 not i(W,X,S,B), #sum{ 1,(T,C) : pat(T,C), i(W,X,T,C),
6 (T,C)!'=(8,B) }= D-1, countdegree(D).

s homgood(S,B) :- pat(S,B), #sum{ homogeneity-100,X:

9 covered_after_deletion(W,X, (S,B)) ,W=sign;

10 homogeneity,X : covered_after_deletion(W,X,(S,B)), W!=sign }
11 <= 0.

12

13 % TEST

14 :— homgood(S,B).

Fig.8 Additional lines to the encoding in Fig. 7 for the generation of strong prime patterns
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an ASP formulation encoding the desired preference via hard constraints. These programs
can then be executed by an ASP grounder and solver. We used clingo [34] for all our
experiments, but various other systems for ASP grounding and solving are also available.
The Potsdam Answer Set Solving Collection Potassco [27] comprises not only c1ingo, but
also several other ASP systems, which have been developed for specific purposes. One such
system is asprin [40, 41]. While c1ingo includes functionalities for single objective and
lexicographic optimization with priorities or weights, the asprin framework allows for the
computation of optimal answer sets with preferences.

A preference relation in asprin is a strict partial order p over the stable models of a logic
program. Given two stable models X and Y, the ordering X <, Y means that Y is preferred
to X with respect to p. A stable model Y is optimal with respect to p if there is no other stable
model X with Y <, X. A preference statement in the program consists of an identifier, a type,
and a set of preference elements. The identifier gives the name of the preference relation,
the type and the set of elements define the relation. Some basic preference types like subset
minimality and Pareto-optimality are predefined in the asprin library. Besides that, new
preferences can be defined by the user. In the following, we give a short overview of the
functionalities of asprin needed in our context. For a more detailed description we refer
to [39-41].

Using asprin, the different LAD pattern types can easily be implemented based on the
encoding for general pattern generation in Fig. 3, varying only the preference specifications at
the end of the program. More precisely, the three preferences for LAD patterns (see Sect. 2.2)
can be implemented in the following way.

e Simplicity preference:
#preference(simplicity, subset) {pat(S,B)}.
e Selectivity preference:
#preference(selectivity, superset) {pat(S,B) }.
e Evidential preference:

#preference(evidential, superset) {covered(sign, X) }.

The preference specifications are indicated by #preference. The name of each pref-
erence is given first, here simplicity, selectivity and evidential, followed by
the type of the preference. The types we use are subset and superset. Lastly, the pred-
icate for the preference is given. For example, we define the preference simplicity of
type subset over the atoms of the predicate pat /2. To specify the optimization objective,
a directive #optimize (P) has to be added at the end, which tells asprin to compute
answer sets that are optimal with respect to the preference P.

To generate prime patterns with asprin, we expand the encoding for general pattern
generation in Fig. 3 by the following lines:

#preference(simplicity, subset) {pat(S,B)}.
#optimize (simplicity) .

To calculate strong patterns the program is modified by adding:
#preference (evidential, superset) {covered(sign, X) }.

#optimize (evidential) .
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Inthe asprin framework, preferences can also be combined using different principles. Here
we use two such principles, namely pareto and lexico. The former refers to Pareto-
optimality, while the latter pertains to optimality with respect to lexicographic refinement.
For generating spanned patterns we write:

#preference (selectivity, superset) {pat (S,B) }.

#preference (evidential, superset) {covered(sign,X) }.
#preference (spanned, pareto) { **selectivity; **evidential}.
#optimize (spanned) .

Strong prime and strong spanned patterns are defined using lexicographic refinement. This
leads to the following lines for the implementation of strong prime patterns:

#preference(simplicity, subset) {pat(S,B)}.

#preference (evidential, superset) {covered(sign, X) }.

#preference (strongprime, lexico) {1l::**simplicity;2::**
evidential}.

#optimize (strongprime) .

The order of the preferences has to be defined using weights for the preference types in the
lexico preference. Here, the evidential preference has higher weight, and therefore higher
priority than the simplicity preference. In a similar way, the strong spanned patterns can be
encoded:

#preference(selectivity, superset) {pat(S,B) }.

#preference(evidential, superset) {covered(sign, X) }.

#preference (strongspanned, lexico) {1::**selectivity;2::**
evidentiall}.

#optimize (strongspanned) .

5 Computational results

To illustrate the efficiency of our approach, we performed various computational experiments.
In Sect. 5.1, we compare the running times for the computation of all patterns of a given
type with and without asprin on six data sets that are widely used in LAD research. In
Sect. 5.2, we report on the performance of the asprin approach for larger data sets with
several hundreds of observations and features. Finally, in Sect. 5.3, we present a comparative
study on the running time of our ASP approach for maximal pattern generation and a Mixed-
Integer Linear Program (MILP) for the same purpose [16].

All calculations were made on a Linux AMD64 with 3.20 GHz, 4 cores and 15.6 GB
of memory. The ASP programs were solved using the solver clingo 5.4.0 [34]. The
MILP problems in Sect. 5.3 were solved using the SCIP Optimization Suite 9.0.0 with the
LP solver SoPlex [42, 43].

5.1 Comparing asprin and hard constraints

In Sect. 4.5 we showed how asprin, which is based on preferences in LAD, can be used for
a succinct implementation of the different pattern types. Regarding simplicity and readability,
using asprin is definitely preferable to the encodings presented in Sect. 4.3 and 4.4. In
order to compare the running time of the two approaches, we performed tests on six widely
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used data sets from the UC Irvine Machine Learning Repository [44]. These data sets, which
appear frequently in the field of classification research and especially in the LAD literature,
are Breast Cancer Wisconsin (Original) (BCW), Heart Disease (HD), BUPA Liver Disorders
(BLD), Credit Approval (CRED), Pima Indians Diabetes (PID) and Boston housing (HOUS).

The data sets were preprocessed and discretized in accordance with the LAD discretization
approach in [45]. Following [16], we only used level variables and did not introduce interval
variables. We call these preprocessed data sets BCW_simple,HD_simple,BLD_simple,
CRED_simple, PID_simple and HOUS_simple.

We compared the running times to compute all patterns of a given pattern type of the
implementation using asprin from Sect. 4.5 with the ones in Sect. 4.3 and 4.4, using hard
constraints and no asprin. The running times are shown in Table 2, with the number of
computed patterns in parentheses. The faster of the two approaches is marked in gray.

The first observation is that there is no clear winner when comparing the two approaches.
Only for spanned patterns, the original implementation is faster than asprin in all the
experiments. For all other pattern types, the relative efficiency of the two approaches depends
on the underlying data set. For both methods the running time normally increases when many
patterns have to be calculated, which can be explained by the time needed for enumeration.
Taking a closer look at the spanned patterns, the no asprin implementation seems to
benefit from the fact that many patterns that are not optimal are calculated by asprin. For
the CRED data set, for example, asprin generates 2809 models in total, of which only
672 are optimal. The implementation without asprin does not use optimization at all and
therefore might be faster.

For all pattern types including the evidential preference, i.e., strong, strong prime and
strong spanned patterns, the experiments suggest that for smaller data sets (at the bottom of
Table 2) our original implementation requires less running time, while for the larger data
sets (at the top) the asprin approach is more efficient. This behavior may be attributed
to the more restricted search space in the implementations using hard constraints. A more
constrained search space leads to faster results for smaller instances. However, the asprin
approach uses significantly fewer rules, which leads to less overhead and rules after ground-
ing. This makes the asprin implementation more efficient for larger instances.

5.2 Efficient pattern generation

Next we illustrate the efficiency of our ASP approach for pattern generation on larger problem
instances. We use again the six data sets from the UC Irvine Machine Learning Repository
[44], but before the feature selection step, which leads to larger problem sizes. We call these
datasets BCW_full,HD_full,BLD_full,CRED_full,PID_fulland HOUS_full.
The resulting problem sizes (rows x columns) are given in Table 3. For each of the pattern
types prime, strong, spanned, strong prime and strong spanned, we show the CPU time
needed for the generation of the first pattern, of the first 100 patterns and the first 1000
patterns. We used a timeout of 6 hours.

All tasks aiming to generate one pattern with the given characteristics resulted in a running
time of a few seconds. The increasing time required for the calculation from the first to the
last row in Table 3 is due to the size of the data sets. The larger the data set, the more time
is needed for grounding the problem instances. The time needed for generating the first 100
patterns depends on the pattern type. Here, the problem of strong pattern calculation can be
solved most quickly. Indeed, the running times for calculating the first 100 patterns do not
differ much from the times needed for generating the first pattern only. This observation is
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Table 3 Running times (CPU) for pattern generation of different types on six data sets from the UC Irvine

Machine Learning Repository [44]

prime

size first first 100 [first 1000
BCW_full [449 x 72 1.6s 9m54s
HD_full 297 x 305 ||3.3s 11.4s 12m52s
BLD_full |[341 x269 ||3.3s 11.7s 9m27s
CRED_full [653 x 773 ||17.9s 42.4s 20m59s
HOUS_full |506 x 1217||25.6s 1m57s 36m49s
PID_full |768 x 857 ||24.6s 51.1s 22m57s

strong spanned

first first 100|first 1000||first first 100|(first 1000
BCW_full 1.6s 1.3s 2.4s 1.7s 8m04s 244m24s
HD_full 3.3s 3.3s 5.6s 4.1s 2m04 161mO1s
BLD_full 3.2s 3.4s 4.6s 4.9s 4m32s 117m56s
CRED_full ||17.6s 18.8s 26.2s 22.8s 6m59s 337m2l1s
HOUS_full ||21.8s 23.4s 41.1s 41.3s 19m15s
PID_full 23.2s 24.7s 40.9s 29.5s 13m26s

strong prime strong spanned

first first 100|first 1000||first first 100(first 1000
BCW_full 1.5s 11m04s 1.8s 6mO1s 121mO1s
HD_full 3.7s 2m?26s 66m21s 4.8s 42m29s
BLD_full 3.8s 57.1s 49mO01s 6.9s 28m59s
CRED_full |[22.3s 2m29s 94m20s 31.6s
HOUS_ full ||35.2s Tm22s 123m33s 58.2s
PID_full 27.9s 1m50s 62m17s 42.4s

confirmed by the times for calculating the first 1000 strong patterns. All problems could be
solved in less than 1 minute.

The calculation of prime patterns is much more time consuming. We see in Table 3 that
calculating the first 100 patterns requires several seconds up to 10 minutes, while calculating
1000 patterns takes between 10 to 37 minutes. In the case of the BCW data set, the calculation
was not completed within the 6-hour time limit. Even more difficult is the generation of
spanned patterns. The running times for the first 100 spanned patterns lie in a range from
2 to 20 minutes. The calculation of 1000 patterns takes about 2 to 5 hours for the data sets
BCW, HD, BLD and CRED. The problem was not solved for the HOUS and the PID data
set within the timeout.

Our efforts to calculate all patterns of the five pattern types for all of the given data sets
did not terminate within a time limit of 40 hours, due to the fact that their number is huge. To
illustrate, for the BCW data set, 62627 prime patterns, 938965219 strong patterns and 36521
spanned patterns were found before timeout.

In summary, our ASP approach to pattern generation enables us to calculate all common
types of LAD patterns on data sets containing several hundred observations and features.
The running times grow with the number of patterns we are looking for. Since the number
of patterns is huge in general, it is often not possible to enumerate all patterns in an efficient
way. From the practical point of view, this may also be unnecessary, as a solution space with
millions of patterns immediately raises the question of how to process this information. In
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Sect. 6 we will demonstrate how the flexibility of the ASP framework allows us to address
this challenge in a declarative and user-friendly manner.

5.3 Comparison with mixed-integer linear programming

Our ASP approach is also a promising alternative to the commonly used Mixed-Integer Linear
Programs (MILP) for pattern generation. To illustrate this, we present experiments on the
six data sets BCW, HD, BLD, HOUS, CRED and PID [44] both in the simple and the full
version.

5.3.1 Setup

For the comparison, we use the MILP for the generation of maximal patterns proposed by
Ryoo et al. [16], which is shown in Fig. 9. The main idea is to minimize the number of
observations in the data set that are not covered by the generated pattern. This ensures that
the calculated pattern is, by definition, a maximal pattern. In order to bring the mathematical
formulation in Fig. 9 to a format that is accessible to a MILP solver, we applied the algebraic
modeling language ZIMPL [43, 46].

To compare the run time efficiency of our ASP approach and the MILP for generating
maximal patterns proposed in [16], we used again the six data sets from the UC Irvine
Machine Learning Repository [44]. We considered both the full binary data sets consisting
of all the level variables and the simplified data sets including only the selected features after
the greedy selection process.

min ;
z,y,d Z vi
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s.t. Zaijzj +ny; >d, 1€Q°
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Fig. 9 MILP adapted from [16] for the generation of maximal patterns. Here e stands either for + or — and
e denotes the opposite sign. The idea is to compute a pattern P that minimizes the number of observations
that are not covered by P. The 0-1 variable z j (resp. zp+ j» j =1,...,n) indicates whether literal x j (resp.
X ;) is present in P. The 0-1 variable y; describes whether the i-th observation is not covered by P and d
denotes the degree of P. The binary numbers a;; (resp. a; ,+ ;) specify the value of the j-th attribute in the
i-th observation (resp. its negation)
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In [16] computational results for these data sets are presented, after some feature selection.
However, the authors do not specify the parameter settings in the greedy selection procedure.
Therefore, it was not possible for us to reconstruct exactly the same data sets. We tried to adjust
our parameter settings in such a way that the number of resulting features is approximately
the same as in [16].

To provide also results on data sets that are easily reproducible, we repeated our cal-
culations on the full binary data sets, including all level variables before feature selection.
The size of these data sets is comparatively large, but does not depend on any parameters.
Moreover, these larger data sets lead to longer running times for both the MILP and the ASP
approach, thereby demonstrating the significant difference between the two approaches.

5.3.2 Results

The computational results are given in Tables 4 and 5. For each of the six data sets, we report
on the CPU time to generate the first positive maximal pattern and the CPU time to generate
all positive maximal patterns, both for the MILP and the ASP approach. This was done first
for the simplified data sets with selected features (Table 4), then for the larger sets including
all level variables (Table 5). Note that the first positive maximal pattern generated might
differ between MILP and ASP. However, the results for all positive maximal patterns are the
same in both cases.

While the ASP solver c1ingo provides the option —opt -mode=o0ptN to enumerate all
optimal solutions, no direct command for the enumeration of all optimal solutions is available
in SCIP. For the calculation of all positive maximal patterns with SCIP, we followed the
instructions in the SCIP documentation. First, the problem is solved to optimality. Second,
a constraint is added to the MILP stating that the objective function value has to be equal to
the optimum value calculated before. Finally, the predefined counting option in SCIP can
be used to collect all feasible solutions for the adjusted MILP. As a consequence, the time
reported in Tables 4 and 5 is the sum of the time to find an optimal solution and the time to
collect all feasible solutions for the adjusted MILP.

Table 4 includes the results for the small data sets with selected features. All running
times for ASP are in the millisecond range and they become longer as more observations are
included in the data sets. Note that the number of attributes is in the same range for all data
sets in the feature-selected case. In all cases, the running times of the MILP exceed those of
the ASP program. However, this set of small benchmarks may not be representative for the
overall performance.

Table4 Running times (CPU) of the MILP and ASP approach for the calculation of positive maximal patterns
on the six discretized data sets from the UCI Machine Learning Repository [44] after feature selection

Discretized data sets after feature selections

MILP (solved by SCIP) ASP (solved by c1ingo)
size first all first all
BCW_simple 161 x 20 241s 4.23s 0.04s 0.03s
HD_simple 73 x 11 0.58s 1.34s 0.03s 0.02s
BLD_simple 341 x 15 0.05s 3.38s 0.03s 0.02s
CRED_simple 114 x 19 0.44s 1.28s 0.02s 0.02s
PID_simple 28 x 24 0.78s 0.91s 0.0s 0.02s
HOUS_simple 14 x 20 0.03s 0.22s 0.02s 0.02s

@ Springer



Answer set programming for pattern generation... 83

Table5 Running times (CPU) of the MILP and ASP approach for the calculation of positive maximal patterns
on the six discretized data sets from the UCI Machine Learning Repository [44] before feature selection

Discretized original data sets (all level variables included)

MILP (solved by SCIP) ASP (solved by c1ingo)

size first all first all
BCW_full 449 x 72 11m04s 38m43s 0.14s 0.17s
HD_full 297 x 305 1h13m 1.95s 40m22s
BLD_full 341 x 269 46m45s 1.09s
CRED_full 653 x 773 7ml5s
PID_full 768 x 857 8h07m
HOUS_full 506 x 1217 12h04m 20.72s

Therefore, we evaluate in Table 5 the running times for the larger data sets. These results
clearly show the benefits of ASP. The number of observations in Table 5 lies between 297 and
768, and the number of attributes goes up to 1217. The ASP approach was able to solve all
six tasks of finding one positive maximal pattern. It took less than a second for the full BCW
data set and a few seconds for the larger sets regarding the number of attributes, which are
HD and BLD. In comparison, the MILP needed more than 7 minutes for the easiest problem
BCW and around 5 to 8 hours for the data sets HD and BLD.

Interestingly, the HOUS data set seems to be the easiest to solve out of the three larger
sets CRED, PID and HOUS, although it includes more attributes. This may be due to the
nature of the data itself, but may also indicate that the level of difficulty depends more on the
number of observations than on the number of attributes. In fact, the HOUS data set is the
only one of the larger data sets that the MILP was able to solve before the timeout. The MILP
took around 15 hours, while the ASP approach returned the result in less than 1 minute. For
our calculations we used a timeout of 72 hours. The MILP did not finish the calculation of
the first pattern on the CRED and the PID data set within this time limit. ASP was able to
find an answer for the CRED data set in around 17 minutes and for the PID data set in around
14 hours.

By looking at the columns indicating the time to calculate all maximal patterns, we see
that both the MILP and ASP approach reach their limit. The MILP gave a result only for
the smallest data set BCW in around 34 minutes and reached the timeout for all other tasks.
ASP needed less than a second to produce the result for the BCW dataset. ASP also found
all maximal patterns for the HD data set in approximately 2 hours.

This empirical study clearly shows the benefit of using ASP for pattern generation in LAD.
Our ASP program was faster than the MILP in all cases of finding one or all maximal positive
patterns. In some of cases, the MILP did not find an answer at all within our time limit of
72 hours, while ASP could still finish the task. The results of this comparison underline the
interest of the ASP approach for pattern generation in LAD.

6 Flexibility in pattern generation

In the previous section, we have shown how efficient generation of different pattern types is
possible using our ASP approach. However, we also noticed that enumerating all patterns for
a given data set may not be possible in practice, due to the large number of existing patterns.
Here we show how ASP, as a declarative programming paradigm, can be used very naturally
to narrow down the solution space in order to generate only those patterns that satisfy the
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specific requirements of a given application. Since all pattern characteristics are modeled
within ASP, we can easily adapt the pattern generation algorithm to our needs, by changing
or adding certain logical rules to the program.

We illustrate this feature of ASP by three characteristics of patterns, each of which can be
implemented by adding just one line to our programs. Of course, many more characteristics
could be realized in a similar way.

A firstexample is the degree of the patterns generated. To compute the set of prime patterns
of a specific degree d, we add d to the choice rule at the beginning of the program to fix the
number of literals chosen for each pattern. Thus, to generate only the patterns of degree 2 we
write

2{pat(S,B) :i(sign,_,S,B)}2.

In the example of the BLD data set, this will result in 3315 many prime patterns of degree 2
calculated in about 1.5 hours.

A second requirement that can be easily incorporated is the occurrence of specific literals
in the solution patterns. To implement this in ASP, we add an integrity constraint to the
program. For example, to ensure that literal x3 is included in each of the solution patterns,
we simply write:

:- not pat(3,1).

For the BLD data set, this additional constraint narrows down the solution space to five degree
2 prime patterns, namely

X3 A X183, X3 AX9l, X3AXI47, X3 AX23, X3 A X269.

The coverage of a pattern is an important aspect in almost any application. Our programs
calculate the set of covered observations of a solution pattern to ensure that the generated set
of literals meets the definition of a pattern. This allows us to output with each answer set the
resulting coverage, using the command #show covered/2 at the end of the program. By
adding an integrity constraint for the coverage, we can restrict the set of solutions to those
patterns covering some given observations. For example, by adding

:— not covered(1l,105).

at the end of the program, we ensure that the positive observation 105 is covered by the
pattern generated. Running the program on the BLD data set results in a single prime pattern
of degree 2 including literal x3 and covering observation 105:

X3 A X23

This pattern also covers observation 22 and 312 of the data set, which can be seen in the
clingo output.

In conclusion, the ASP environment and its concise yet comprehensive modeling language
facilitate the adaptation of programs for pattern generation to specific requirements, thus
enabling the computation of targeted solutions.

7 Conclusion
In this article, we presented ASP programs for all commonly used pattern types in LAD.

The nature of the problems, namely enumeration of patterns, optimization of preferences
and handling of Boolean functions makes ASP a perfect environment for these tasks.
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While several software tools for LAD pattern generation have been developed in the past
[47-49], they are mostly no longer maintained and difficult to extend. The ASP programs
for pattern generation that we presented are concise and succinct, which is characteristic for
ASP. We are aware that ASP may not yet be as widely used as MILP and future developers
might initially have to familiarize themselves with its syntax and semantics. However, we
believe that our ASP programs are not only easy to use, but also understandable and can
be extended with little effort. To illustrate this, we gave several ideas in Sect. 6 of how our
programs can be adapted to specific requirements of the user.

In addition to offering the only software tool for LAD pattern generation that, to our
knowledge, includes so many different pattern types, we have shown in Sect. 5.2 that our
programs are time-efficient for data sets with up to several hundred observations and features.
For the class of maximal patterns, we illustrated how our ASP program outperforms the MILP
approach in [16].

In conclusion, we believe that our ASP pattern generation programs are of considerable
value for LAD research, as well as applications in a range of diverse fields.

Supplementary information

Software and data sets are available at https://github.com/katinkab/AnswerSetLAD.
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