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Finite-frequency admittance and noise of a helical edge coupled to a magnet
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The exchange coupling of the helical edge state of a quantum spin-Hall insulator with an easy-plane magnet
has no effect on its dc electrical conductance if the magnet’s anisotropy axis is aligned with the spin-quantization
axis of the helical edge state [Meng et al., Phys. Rev. B 90, 205403 (2014)]. We here calculate the ac
conductance GV (ω) and the noise power SV (ω) in the presence of a dc bias V . While both take the universal
values GV (ω = 0) = e2/h and SV (ω = 0) = 4e2kBT/h in the zero-frequency limit, GV (ω) and SV (ω) are quickly
suppressed for finite ω, so that low-frequency transport is effectively noiseless.
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I. INTRODUCTION

In an easy-plane magnet, the magnetization aligns in
a plane and its energy is, to very good approximation,
independent of direction. The order parameter of an easy-
plane magnet thus has a U (1) degree of freedom, which is
mathematically analogous to the order parameter of a su-
perconductor [1,2]. Based on this analogy [3,4], easy-plane
magnet-based analogs of various forms of “superfluid” (i.e.,
dissipationless) spin transport were proposed [5–8]. Simi-
lar effects have been predicted for spin transport through
antiferromagnetic insulators [9]. The coupling of magnetiza-
tion dynamics to spin currents in normal metals via “spin
pumping” (the generation of spin currents by a precessing
magnetization [10]) and “spin torque” (the exertion of a torque
by an electronic spin current [11,12]) allows for a rich dynam-
ics in magnetoelectronic circuits [13].

The combination of an easy-plane magnetic insulator with
the helical edge of a two-dimensional quantum spin-Hall
insulator [14–18] makes the analogy between easy-plane mag-
netism and superconductivity even more striking and gives
additional robustness to the coupling between electronic and
magnetic degrees of freedom [19]. The simplest such ge-
ometry is shown schematically in Fig. 1. It consists of a
helical edge exchange coupled to a magnet with a spatially
uniform magnetic moment. The coupling to the magnet opens
a gap in the spectrum of the helical edge, causing electrons to
backscatter, whereby an angular momentum h̄ is transferred
for every electron reflected from the magnet. In turn, helical
edge states have a perfect spin-momentum locking, so that a
spin current pumped by a precessing magnetization implies a
charge current along the helical edge [20]. For such a setup it
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was pointed out by Meng et al. [19] that an applied voltage
V along the helical edge leads to a precession of the magne-
tization with a precession frequency given by the “Josephson
relation” h̄� = eV if the spin-quantization axes of the helical
edge and the easy-plane magnet are aligned. The precessing
magnetic moment pumps a charge current through the helical
edge, which has precisely the same magnitude as if there were
no magnet-induced backscattering in the helical edge [19,21].
As a result, the dc conductance GV (ω = 0) = e2/h of the
helical edge is the same, both with and without coupling to
the easy-plane magnet.

In a previous article, Recher and co-workers argued that
there is a difference between a helical edge with and without a
coupling to an easy-plane magnet if one considers the current
fluctuations instead of the average current [21]: If the magnet-
induced gap is at the Fermi energy of the helical edge, the
current pumped by the precessing magnet Ipump is noiseless,
whereas the current in a helical edge without coupling to a
magnet has the characteristic thermal noise power Sballistic =
(4e2/h)kBT of a one-dimensional ballistic conductor. Refer-
ence [21] explains the absence of noise using a picture, in
which the current was carried effectively by charge carriers
far below the Fermi level, which have an occupation that is
not subject to fluctuations. In a general setting, the absence
of noise reported in Ref. [21] follows from the observation
that the current is proportional to the precession frequency,
I = e�/2π , and that the precession frequency � is not subject
to fluctuations in the limit of a macroscopic magnet. On the
other hand, the absence of thermal noise is in violation of
the Nyquist theorem, according to which zero-frequency noise
power and the dc linear-response conductance G0 are related
as [22,23]

S0(ω = 0) = 4kBT G0(ω = 0), (1)

where the subscript “0” denotes the equilibrium noise in the
absence of an applied voltage.

In this article, we resolve this apparent contradiction by
considering the conductance G and the noise power S as a

2469-9950/2026/113(4)/045105(9) 045105-1 Published by the American Physical Society

https://orcid.org/0000-0001-6517-2506
https://orcid.org/0000-0002-6865-1868
https://ror.org/046ak2485
https://ror.org/010nsgg66
https://crossmark.crossref.org/dialog/?doi=10.1103/yj56-jtxd&domain=pdf&date_stamp=2026-01-02
https://doi.org/10.1103/PhysRevB.90.205403
https://doi.org/10.1103/yj56-jtxd
https://creativecommons.org/licenses/by/4.0/


FRANKE, KOLL, SILVESTROV, AND BROUWER PHYSICAL REVIEW B 113, 045105 (2026)

FIG. 1. Schematic illustration of a magnet coupled to the helical
edge states of a quantum spin-Hall insulator (a). The exchange cou-
pling to the magnet opens a gap in the spectrum of the helical edge,
causing backscattering of electrons accompanied by a spin flip. This
scattering transfers angular momentum to the magnet, driving it out
of the easy plane and, hence, inducing a precession of its magneti-
zation, which, in turn, pumps a spin current into the helical edge.
Thermal fluctuations in the current carried by incoming electrons
are transferred to the magnet and cause small fluctuations in the
out-of-plane canting angle and, hence, in the precession frequency
�. These small fluctuations cause a pumped current temporally cor-
related with the fluctuations of the incident electron current. Due to
the magnet’s finite response time τ , high-frequency components of
the noise are suppressed. This frequency filtering is illustrated in the
two current traces in the bottom panel (b). The bottom left panel
shows a current trace with correlations 〈I (ω)2〉 ∝ h̄ω(eh̄ω/kBT − 1)−1,
corresponding to Eq. (3) with G0(ω) = e2/h after removing the
zero-point fluctuations, whereas the bottom right panel includes the
additional low-pass factor (1 − iωτ )−1 in the presence of a magnet;
see Eq. (27).

function of frequency ω. We show that the precession fre-
quency � of the magnet exhibits slow fluctuations on the
timescale [19]

1

τ
= h̄γR

2πMs

(
d�

dθ

)
θ=0

, (2)

where γ is the gyromagnetic ratio, Ms the total magnetic
moment, R ∈ [0, 1] a reflection coefficient, and d�/dθ the
derivative of the precession frequency to the out-of-plane
canting angle θ , taken at the equilibrium value θ = 0. Since
the pumped current is proportional to �, these fluctuations
of the precession frequency restore full thermal fluctuations
S0(ω = 0) = Sballistic of the pumped current in the zero-
frequency limit. However, as the timescale τ is extensive
[19]—it is proportional to the size of the magnet through
Ms—the zero-frequency limit is reached for exceedingly small
frequencies ω only. For ωτ � 1 the pumped current is noise-
less, consistent with Ref. [21]. Since the noise power in the
absence of a magnet Sballistic is approximately frequency in-
dependent for frequencies ω � kBT/h̄, current noise indeed

distinguishes between a helical edge with and without cou-
pling to an easy-plane magnet, albeit not in the limit of strictly
zero frequency. This is illustrated in the bottom panels of
Fig. 1, which give typical current traces of a ballistic conduc-
tor and a helical edge coupled to a magnet.

By explicit calculation of the finite-frequency conduc-
tance G0(ω) and the finite-frequency equilibrium noise power
S0(ω), we show that the fluctuation-dissipation theorem [24]

S0(ω) = 2h̄ω coth(h̄ω/2kBT ) Re G0(ω) (3)

is indeed satisfied for all frequencies smaller than the Thou-
less frequency, |ω| � ωTh, for this system. Further, we also
consider the case of an applied dc voltage bias and find that
admittance GV (ω) and noise power SV (ω) at bias voltage V
are independent of V except for a change in the response
time τ corresponding to the finite canting angle θ at bias V —
consistent with the absence of shot noise reported in Ref. [21].

The remainder of this article is structured as follows: In
Sec. II we first describe spin currents carried by helical edge
states and the magnet that couples to them in a scattering
framework. This section considers the case that there is no
dc bias, so that the precession frequency � is zero on the
average. With the help of the scattering theory of Sec. II, we
then calculate the linear response to an ac voltage in Sec. III
and the noise power S0(ω) in Sec. IV. In Sec. V we show that
the admittance GV (ω) and current noise SV (ω) in the presence
of a dc bias V can be obtained from the admittance G0(ω)
and noise S0(ω) without dc bias by a simple transformation
to a reference frame for the electron spin that precesses at
frequency � = eV/h̄. We conclude in Sec. VI. While the
derivations in the main text rely on the U (1) symmetry of
the magnet only, we provide an explicit expression for the
anisotropy energy in Appendix A as an instructive example
and to give a numerical estimate for the response time τ . In
Appendix B we calculate the conductance and the noise power
for the case that the magnet is subject to additional damping,
whereas Appendix C provides additional details regarding the
admittance and noise power in the presence of a dc bias V .

II. EASY-PLANE MAGNET AND HELICAL EDGE

We consider electrons in a helical edge state that are
exchange-coupled to a magnetic moment M(t ) with easy-
plane anisotropy; see Fig. 1. The magnitude |M(t )| = Ms, Ms

being the saturated moment, and we refer to Appendix A for
details regarding units and notation. The hard axis ez of the
magnet is aligned with the spin-quantization axis of the helical
edge state. If M is canted out of the xy plane with canting
angle θ , it precesses with a precession frequency �(θ ). For an
easy-plane magnet, one has �(0) = 0 with a finite derivative
d�/dθ at θ = 0. A quantum magnet has discrete precession
frequencies � spaced by �� = h̄γ /Ms(d�/dθ ) = 2π/Rτ

for out-of-plane canting angles θ � 1. Since we treat the
precession frequency � as an effectively continuous variable,
we require that h̄�� � kBT , or equivalently, for R ∼ 1,

h̄

τ
� kBT . (4)

In the helical edge, electrons with spin up (measured along
the z direction) move to the right, whereas electrons with spin
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down move to the left. Below, we use the shorthand notation
âL(ε) and âR(ε) for annihilation operators of electrons with
spin up or -down incident on the region coupled to the magnet
from the left or right, respectively. Similarly, we use b̂�

L (ε)
and b̂�

R (ε) for annihilation operators of electrons with spin up,
down moving away from the region coupled to the magnetic
moment precessing at frequency � on the left or right side. In
thermal equilibrium, the electrons incident on the scattering
region follow the Fermi-Dirac distribution:

〈â†
α (ε)âβ (ε′)〉 = δαβδ(ε − ε′) fα (ε), α, β = L, R, (5)

with

fα = 1

e(ε−μα )/kBT + 1
, (6)

and μL and μR the chemical potentials of the left and right
reservoirs, respectively.

The electron operators for the outgoing scattering states
can be expressed in terms of those of the incoming scattering
states via the scattering amplitudes r(ε), t (ε), t ′(ε), and r′(ε).
For a magnetization that precesses at a constant frequency �,
the relation between the operators for outgoing and incoming
scattering states reads [21]

b̂�
L

(
ε − 1

2 h̄�
) = r(ε)âL

(
ε + 1

2 h̄�
) + t ′(ε)âR

(
ε − 1

2 h̄�
)
,

b̂�
R

(
ε + 1

2 h̄�
) = t (ε)âL

(
ε + 1

2 h̄�
) + r′(ε)âR

(
ε − 1

2 h̄�
)
.

(7)

The energy shift by h̄� upon backscattering can be under-
stood by moving to a frame that corotates with the precessing
magnetization. In the corotating frame, scattering from the
magnet does not change the energy of the carriers. Shifting
back to the original frame gives an energy shift ±h̄�/2 for
spin up and -down, respectively.

In this section and in Secs. III and IV we consider a pre-
cession frequency � that is zero on the average but fluctuates
in time. The fluctuations of � take place on the timescale
min(1/ω, τ ) if an ac bias at frequency ω is applied and at
timescale τ for equilibrium fluctuations. We assume that the
timescale for fluctuations of � is long compared to the typical
dwell time τdwell of electrons in the region of the helical edge
that is coupled to the magnet, so that Eq. (7) holds locally in
time. This amounts to the conditions

ω, 1/τ � ωTh, (8)

where ωTh ∼ 1/τdwell is the Thouless frequency. Further,
we also require the root-mean-square (rms) magnitude of
the fluctuations of the precession frequency, rms �, and that
the frequency ω at which current fluctuations are considered
be small in comparison to ωTh:

ω, rms � � ωTh. (9)

Since ωTh sets the scale for the energy dependence of the re-
flection and transmission amplitudes, the condition (9) implies
that we may neglect shifts of the energy arguments of the
reflection and transmission amplitudes by an amount ∼h̄�

or ∼h̄ω. If electrons are partially transmitted and motion in
the part of the helical edge coupled to the magnet is ballistic,
one has ωTh ∼ v/L, where v is the velocity of electrons in the
helical edge and L is the linear size of the magnet along the

edge. If all electrons are reflected from the magnet in the entire
energy window of interest, one has ωTh ∼ εgap/h̄, where εgap

is the magnet-induced excitation gap in the helical edge.
In Sec. IV we will show that rms � ∼ (kBT/h̄τ )1/2 for

thermal fluctuations, so that the conditions (4) and (9) im-
ply the inequality (8). Since the relaxation time τ scales
proportional to the volume of the magnet [see Eq. (2)], the
estimate rms � ∼ (kBT/h̄τ )1/2 also implies that the condition
(9) is typically (very generously) fulfilled for a macroscopic
magnet.

The current ÎL(t ) in the left terminal reads

ÎL(t ) = e

h

∫
dε

∫
dε′ei(ε−ε′ )t/h̄

× [
â†

L(ε)âL(ε′) − b̂�†
L (ε)b̂�

L (ε′)
]
. (10)

Expanding this expression to linear order in the precession
frequency � gives an expression for ÎL(t ) in terms of oper-
ators b̂L,R(ε) ≡ b̂�=0

L,R (ε) for scattering states at a fixed (i.e.,
nonprecessing) magnetization,

ÎL(t ) = e

h

∫
dε

∫
dε′ei(ε−ε′ )t/h̄

× [â†
L(ε)âL(ε′) − b̂†

L(ε)b̂L(ε′)] + Îpump(t ), (11)

where

Îpump(t ) = e

2π
�R (12)

is the current “pumped” by the precessing magnetic moment.
Here,

R =
∫

dε

(
−∂ f

∂ε

)
|r(ε)|2 (13)

is the reflection coefficient of the magnet. Equation (12) sim-
plifies to the relation Îpump = e�/2π for the case R = 1,
which describes a helical edge coupled to a macroscopic mag-
net, with the Fermi energy inside the magnet-induced gap.
For the low frequencies |ω| � ωTh we are interested in, the
current in the helical edge is conserved. We therefore write

Î (t ) ≡ ÎL(t ) = ÎR(t ). (14)

Because Îpump is manifestly linear in �, in Eq. (12) we took
the equilibrium expectation value of the products of creation
and annihilation operators for electrons in the scattering states.
This is consistent with the fact that a current pumped by a
magnetization that precesses at a constant rate � is not subject
to thermal noise. (That the pumped current is noiseless for
a constant precession frequency � is most easily seen by
shifting to a reference frame corotating with the precessing
magnetization. The shift to such a reference frame comes
with a uniform offset to the current in the helical edge and
a change of the chemical potentials in the two reservoirs,
neither of which affects the thermal noise. For more details,
see Appendix C.) Fluctuations of Îpump and, hence, of Î , arise
from fluctuations of the precession frequency �. Inclusion of
fluctuations of � differentiates the present calculation from
that of Ref. [21], where it was assumed that the precession
frequency � of a macroscopic magnet is strictly constant.

The time dependence of the out-of-plane component Mz of
the magnetization, including its fluctuations inherited from the
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scattered electrons, follows from the continuity equation for
angular momentum,

Ṁz(t ) = γ

4π

∫
dε

∫
dε′ei(ε−ε′ )t/h̄

[
â†

L(ε)âL(ε′)

+ b̂�†
L (ε)b̂�

L (ε′) − â†
R(ε)âR(ε′) − b̂�†

R (ε)b̂�
R (ε′)

]
.

(15)

Again expanding to first order in � and taking expectation
values for terms that are manifestly linear in �, we find

Ṁz(t ) = γ

4π

∫
dε

∫
dε′ei(ε−ε′ )t/h̄[â†

L(ε)âL(ε′) + b̂†
L(ε)b̂L(ε′)

− â†
R(ε)âR(ε′) − b̂†

R(ε)b̂R(ε′)] − h̄γ

e
Îpump(t ). (16)

Since Mz = Ms sin θ , for small � and canting angle θ , one has

� = Mz

Ms

(
d�

dθ

)∣∣∣∣
θ→0

. (17)

Equations (12), (16), and (17) form a coupled set, from
which the precession frequency � and the pumped current
Îpump can be obtained. A solution of these equations is most
conveniently obtained by Fourier transform to the time argu-
ment t , which gives

Îpump(ω) = e

2(1 − iωτ )

∫
dε

× [â†
L(ε)âL(ε + h̄ω) + b̂†

L(ε)b̂L(ε + h̄ω)

− â†
R(ε)âR(ε + h̄ω) − b̂†

R(ε)b̂R(ε + h̄ω)], (18)

where τ is the characteristic response rate of the out-of-plane
magnetization amplitude to the current carried by the helical
edge as given in Eq. (2). Since the magnetic moment Ms is
extensive, the response time τ is an extensive quantity as well.
An explicit expression for τ in terms of microscopic quantities
is given for the case of an anisotropy energy quadratic in Mz

in Appendix A.
Upon substituting Eq. (18) into Eq. (11) and using current

conservation (14), we arrive at

Î (ω) = e
∫

dε

[
â†

L(ε)âL(ε + h̄ω) + iωτ

1− iωτ
b̂†

L(ε)b̂L(ε + h̄ω)

− 1

1 − iωτ
â†

R(ε)âR(ε + h̄ω)

]
. (19)

In the dc limit ω → 0, Eq. (19) reproduces the current

Îballistic(ω = 0) = e
∫

dε[â†
L(ε)âL(ε) − â†

R(ε)âR(ε)] (20)

on the operator level, implying that not only the average
current I (ω = 0), but also of the zero-frequency equilibrium
current noise S0(ω = 0) are equal for a helical edge with and
without coupling to an easy-plane magnet, as required by
the Johnson-Nyquist expression (1). Below, we now evaluate
the average current in linear response to an ac bias and the
equilibrium current fluctuations at finite frequency ω.

III. AC CONDUCTANCE

To calculate the ac linear-response conductance G0(ω), we
apply a (small) time-dependent voltage

δVα (t ) =
∫

dω

2π
δVα (ω)e−iωt (21)

to the reservoirs coupled to the helical edge to the left (α = L)
or right (α = R) of the magnet. In this case, the distribution of
the incident electrons is, to first order in δVα (ω),

〈â†
α (ε)âβ (ε′)〉 = δαβδ(ε − ε′) f (ε) + e

h
δαβ

f (ε) − f (ε′)
ε′ − ε

× δVβ[(ε − ε′)/h̄]. (22)

The current response may be written in terms of the admit-
tance coefficients Gαβ (ω) as [25]

Iα (ω) =
∑

β=L,R

Gαβ (ω)δVβ (ω). (23)

For frequencies |ω| � ωTh, current is conserved, so that there
is a well-defined ac conductance G0(ω),

G0(ω) ≡ GαL(ω) = −GαR(ω). (24)

From Eqs. (19) and (22), we find that the ac conductance
G0(ω) is (cf. Refs. [26–28])

G0(ω) = e2

h

∫
dε

f (ε) − f (ε + h̄ω)

h̄ω

1 − iωτ |t (ε)|2
1 − iωτ

= e2

h

(
1 + R iωτ

1 − iωτ

)
, (25)

where, in the second line, we used the inequality |ω| � ωTh

to further simplify the expression. Equation (25) is consistent
with the exponential relaxation to the steady-state current
Iballistic = e2V/h reported in Ref. [19]. In Sec. V and Appendix
C we show that a very similar result for the admittance is
found in the presence of a dc bias.

To illustrate the frequency dependence of the admittance,
we consider the case that the exchange coupling of the magnet
opens up a gap of size 2εgap in the spectrum of the heli-
cal edge, with the Fermi energy in the gap center. For the
transmission coefficient |t (ε)|2, this corresponds to |t (ε)|2 =
�(|ε| − εgap), so that R = tanh(εgap/2kBT ). We show the
corresponding ac conductance G0(ω) of Eq. (25) in Fig. 2.
In the limit τ → ∞ at fixed εgap, which is appropriate for a
macroscopic magnet, since εgap is an intrinsic energy scale,
whereas τ is extensive, the ac conductance reduces to

G0(ω) = e2

h

2

1 + eεgap/kBT
, (26)

independent of frequency ω. The ac conductance is exponen-
tially suppressed ∝ e−ε/kBT in the limit of low temperatures.
In the limit εgap → ∞, we find

G0(ω) = e2

h

1

1 − iωτ
. (27)

IV. NOISE POWER

We now compare a calculation of the equilibrium noise
power S0(ω) with that of the ac conductance G0(ω). Hereto,
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FIG. 2. ac conductance G0(ω) vs frequency ω for the case that
the magnet-induced gap in the spectrum of the helical edge is of
size 2εgap, with the Fermi energy in the gap center (see text). The
solid curves show G0(ω) for kBT/εgap = 0.1, 1, and 10 (see legend).
The dashed lines indicate the limit τ → ∞ of Eq. (26). The dotted
curve indicates the limit εgap/kBT → ∞ of Eq. (27). For temperature
kBT � εgap, the ac conductance and the thermal noise are strongly
suppressed in the frequency range τ−1 � ω � εgap/h̄.

we not only account for the noise from the current carried
by incident electrons, but also for the noise from the pumped
current and cross terms. (The cross terms are important if both
reflection and transmission through the magnet are nonzero.)
We assume that the only source of noise driving the mag-
netization dynamics is the torque exerted by the reflected
electrons in the helical edge. We discuss the case that the
magnetic moment is additionally coupled to a thermostat in
Appendix B.

The noise power S(ω) is defined as [24]

2πδ(ω + ω′)Sαβ (ω) = 〈Îα (ω)Îβ (ω′) + Îβ (ω′)Îα (ω)〉
− 2〈Îα (ω)〉〈Îβ (ω′)〉. (28)

In the regime where current is conserved, one has

S(ω) = Sαβ (ω), (29)

independent of α and β. To calculate the equilibrium noise
S0(ω) at temperature T , we insert Eq. (19), calculate the
expectation values of the products of creation and annihilation
operators using Eq. (5), and obtain

S0(ω) = 2e2

h

∫
dε

1 + ω2τ 2|t (ε)|2
1 + ω2τ 2

× [ f (ε) + f (ε + h̄ω) − 2 f (ε) f (ε + h̄ω)]. (30)

Using the identity f (ε)[1 − f (ε + h̄ω)] + f (ε + h̄ω)[1 −
f (ε)] = [ f (ε) − f (ε + h̄ω)] coth (h̄ω/2kBT ) and the in-
equality |ω| � ωTh, we may further simplify this result as

S0(ω) = e2ω

π

(
1 − R ω2τ 2

1 + ω2τ 2

)
coth

h̄ω

2kBT
. (31)

From here, one easily verifies that Eqs. (25) and (31) fulfill
the fluctuation-dissipation relation of Eq. (3).

We again consider a few limiting cases. For a macroscopic
magnet, taking the limit τ → ∞ at fixed ω, we find that
the noise power S0(ω) → 0 if there is no direct transmission

through the magnet, as was previously found in Ref. [21].
For the simple model |t (ε)|2 = �(|ε| − εgap), corresponding
to a magnet-induced spectral gap of size 2εgap, with the Fermi
energy in the gap center, the noise power ∝ e−εgap/kBT is ex-
ponentially suppressed with temperature. However, if we first
take the limit ω → 0 for a finite τ and use f (ε)[1 − f (ε)] =
kBT (−∂ f /∂ε), Eq. (30) reduces to the Johnson-Nyquist noise
proportional to kBT in Eq. (1), irrespective of the transmission
probability |t (ε)|2.

Our calculation is based on a linear expansion in the fluc-
tuations of �. We therefore verify that the magnitude of the
fluctuations is small compared to the Thouless energy scale.
From Eqs. (12) and (18) we find for the fluctuation size of �,
i.e., the square root of its correlator,

rms � =
√

γ kBT

Ms

(
d�

dθ

)
θ=0

. (32)

This result is consistent with the average energy of the mag-
net being equal to kBT/2; see Appendix A. The condition
rms � � ωTh sets a temperature range, for which the expan-
sion in small � is valid. Since Ms is proportional to the volume
of the magnet, whereas ωTh ∼ v/L scales inversely propor-
tional to its linear size if there is at least partial transmission
and ballistic motion in the region coupled to the edge, or ωTh is
L independent if reflection is complete in the energy window
of interest, the inequality rms � � ωTh holds for sufficiently
low temperatures and sufficiently large magnets. This estab-
lishes the validity of the small-� expansion of Sec. II.

V. DC BIAS

In the previous sections, we calculated the admittance
G0(ω) and the equilibrium noise power S0(ω) for a helical
edge coupled to an easy-plane magnet in the absence of a dc
bias, so that the precession frequency � and the out-of-plane
canting angle θ are zero on the average. We now address the
admittance GV (ω) and the noise power SV (ω) in the presence
of an applied dc bias V , for which � has small fluctuations
around the average value eV/h̄.

As shown in detail in Appendix C, by transforming to a
reference frame for the spin degree of freedom that rotates
at frequency eV/h̄, the dc bias can be eliminated, and the
calculation of the admittance and noise power at finite dc bias
can be mapped to the calculation at zero dc bias. We thus find
that the admittance and the noise are independent of V , except
for an indirect dependence of the relaxation time τ on V via
the V dependence of the out-of-plane canting angle θ ,

GV (ω) =G0(ω)|τ→τV
,

SV (ω) =S0(ω)|τ→τV
, (33)

with

1

τV
= h̄γR

2πMs cos θV

(
d�

dθ

)
θ=θV

, (34)

where the finite-bias out-of-plane canting angle θV is the solu-
tion of h̄�(θ ) = eV . [Note that Eq. (34) simplifies to Eq. (2)
in the limit V → 0, since θ0 = 0.] For comparison: For a
ballistic one-dimensional channel one also has SV,ballistic(ω) =
S0,ballistic(ω) [24]. Equation (33) for the noise power of a
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helical edge coupled to an easy-plane magnet is nevertheless
remarkable, since shot noise, the difference of SV (ω) and
S0(ω), is usually associated with the partitioning of charge that
arises upon backscattering of charge carriers [24], whereas
Eq. (33) holds irrespective of the reflection coefficient R of
the magnet.

VI. DISCUSSION

In this article, we calculated the noise power SV (ω) and
the ac conductance GV (ω) for a helical edge of a quantum
spin-Hall insulator coupled to an easy-plane magnet in the
presence of a dc bias V . We find that both GV (ω) and SV (ω)
vanish if the frequency ω exceeds a characteristic relaxation
time τ , whereas GV (ω) and SV (ω) approach universal limits
GV = e2/h and SV = 4e2kBT/h if ω � 1/τ . For a macro-
scopic magnet, one has τ → ∞, so that SV (ω) → 0 for any
finite frequency ω, a result that was advertised as “noiseless”
transport in a previous publication by Recher and co-workers
[21]. The noise power SV (ω) is independent of the dc bias
voltage V for all frequencies ω, consistent with the absence of
shot noise reported in Ref. [21]. We verified that the equilib-
rium noise power S0(ω) and the ac conductance G0(ω) satisfy
the fluctuation-dissipation relation—but this should not come
as a surprise.

The U (1) nature of the magnetic order parameter of an
easy-plane magnet has stimulated analogies with supercon-
ductors [3–8]. For an easy-plane magnet coupled to a helical
edge, this analogy becomes visible in the Josephson relation
�V = eV/h̄ between the precession frequency of the magnetic
moment and the applied bias V . As was already pointed out
by Meng et al. [19], additional relaxation processes for the
magnetization dynamics—phenomenologically described by
a Gilbert damping term in the equation of motion for the
out-of-plane component Mz of the magnetic moment—led to
a reduction of the precession frequency and, hence, of the dc
conductance; see also Appendix B.

In order to observe the phenomena described here, it is
necessary that the characteristic relaxation time τ of a mag-
net coupled to a helical edge be smaller than the intrinsic
relaxation time τα associated with Gilbert damping. Since
τ is extensive, this in practice limits the effects described
here to mesoscopic magnets. As an example, for the easy-
plane magnet K2CuF4, Meng et al. [19] estimated τ−1 ≈
1.5 nm3 ns−1/VM, which should be compared with the esti-
mate τ−1

α ≈ 0.5 ns−1 (for α ≈ 0.01). The condition τ � τα

then implies a maximum volume VM ∼ 3 nm3.
In addition to the condition that the magnet is small enough

that Gilbert damping plays no role in comparison to the
pumped spin current, we assumed that the hard axis of the
easy-plane magnet is aligned with the spin-quantization axis
of the helical edge and that the magnet has no additional
easy-axis anisotropy. Xiao et al. [29] considered classical
equations of motion for the magnetic moment of an easy-
plane magnet coupled to a helical edge that in principle
account for the latter two effects. Understanding the effect
of such nonidealities on current fluctuations is an open ques-
tion. Another important assumption in our calculations is that
all frequencies of interest are well below the Thouless fre-
quency ωTh. This is a standard approximation in the field of

current-induced magnetization dynamics [30] and we verified
that the conditions required for this approximation are satis-
fied in the present case.

Our description of the magnet involves a uniform magnon
mode with continuous precession frequency. In principle,
electrons that reflect off the magnet can also excite spin-wave
modes with a finite wave vector. Neglecting nonuniform spin-
wave modes is a good approximation for low applied bias,
because nonuniform modes have a finite frequency, in contrast
to the uniform mode, which has a frequency that goes to
zero in the limit of small canting angles. A fully quantum-
mechanical treatment, which accounts for the discreteness of
Mz, becomes necessary in the limit of microscopic magnets.
Whereas such quantum effects have been studied in the limit
of truly microscopic magnetic moments [31–39], taking into
account such quantum effects into the present theory for larger
magnets is an interesting problem for future study.

We close with a few remarks on possible implications from
our findings. By choosing a magnet of the appropriate size
and type, it becomes possible to tune the frequency window,
in which the noise is exponentially suppressed, or build a
low-pass filter for the charge current. An understanding of the
noise and admittance is also relevant to earlier proposals of
the system considered here as a microwave resonator or an
application in quantum spin-Hall insulator circuits [19]. As
originally suggested in Ref. [21], our results show that not
only interferometry [40], but also a measurement of the noise
power, can be used to distinguish a helical edge coupled to
a magnet from one that is not, despite their dc conductances
being equal [40].
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APPENDIX A: SIMPLE MODEL FOR EASY-PLANE
ANISOTROPY

This appendix gives an explicit expression for the response
time τ in the case that the anisotropy energy of the magnet
is quadratic in Mz. The helical edge state is described by the
second-quantized Hamiltonian [19,21]

H =
∫

dx ψ̂
†
x[−ih̄vF∂xσz + h(x)σ · M]ψ̂x + 1

2

D

VM
M2

z ,

(A1)

where ψ̂x = (ψ̂↑(x), ψ̂↓(x))T is a two-component spinor of
the helical edge states, vF the Fermi velocity of the electrons,
h(x) a spatial profile that determines the interaction with the
magnet, and the last term denotes the easy-plane anisotropy
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with D > 0. Furthermore, we introduced the gyromagnetic
ratio γ < 0 and the volume of the magnet VM. In our no-
tation, the symbol M denotes the magnetic moment of the
magnet. In Ref. [21], this symbol is used to denote the “an-
gular momentum” (measured in units of h̄), which is equal
to M/γ h̄ in our notation. Correspondingly, the spatial profile
function h(x) and the easy-plane anisotropy constant D used in
Ref. [21] are equal to h(x)h̄γ and D(h̄γ )2/VM in our notation,
respectively. In Ref. [19], the symbol M is used to denote
the magnetization, which is equal to M/VM in the units used
here.

We describe the magnet using the macrospin approxima-
tion, in which the dynamics of the magnetic moment follow
the Landau-Lifshitz-Gilbert equation [41]

Ṁ = γ M ×
(

− ∂H
∂M

)
+ γ M × h(t ) + α

Ms
M × Ṁ. (A2)

For the contribution from the derivative of the Hamiltonian
in Eq. (A2), we treat the contribution from the interaction
of the magnet with the conduction electrons in the scattering
framework; see Eq. (15) of the main text. The stochastic-field
term (with 〈h(t )〉 = 0) and the Gilbert damping term (with
Gilbert damping parameter α) are disregarded in the main text,
but will be considered in Appendix B.

A harmonic ansatz for the precession of the magnetic
moment around the z axis with frequency ∂tϕ(t ) = �(t )
and small out-of-plane canting angle |θ (t )| � 1, i.e., Mx =
Ms cos ϕ(t ), My = Ms sin ϕ(t ), and Mz = Ms sin θ (t ), solves
Eq. (A2) [19]. The ansatz implies for the z component of the
magnetic moment

Mz = VM

γ D
�, (A3)

which establishes a relation between precession frequency �

and canting angle θ ,

�(t ) = γ DMs

VM
sin θ (t ). (A4)

We find that for the anisotropy specified in Eq. (A1) the
response time given in Eq. (2) simplifies to (cf. Ref. [19])

τ = 2πVM

h̄γ 2DR . (A5)

The case of larger out-of-plane canting angles, which is rel-
evant in the presence of a dc voltage bias, is discussed in
Appendix C.

APPENDIX B: COUPLING OF MAGNET
TO A HEAT BATH

In the main text, we only consider the coupling to electrons
of the helical edge state as a source of relaxation and of ther-
mal fluctuations of the magnetic moment. In this appendix, we
also take into account an additional coupling of the magnet to
a thermostat, e.g., phonons at a finite temperature.

To this end, following Ref. [19], we add two terms to
Eq. (16) of the main text: a damping term proportional to a
dimensionless Gilbert damping parameter α and a stochas-
tic term h(t ), which is related to the damping term via the

fluctuation-dissipation theorem [41,42],

〈h(ω)〉 = 0,

〈h(ω)h(ω′)〉 = 4π h̄ωα

γ Ms
δ(ω + ω′) coth

h̄ω

2kBT
. (B1)

Inclusion of these additional contributions into Eq. (16) gives

Ṁz(t ) = γ

4π

∫
dε

∫
dε′ei(ε−ε′ )t/h̄[â†

L(ε)âL(ε′) + b̂†
L(ε)b̂L(ε′)

− â†
R(ε)âR(ε′) − b̂†

R(ε)b̂R(ε′)] − h̄γ

e
Îpump(t )

+ γ Msh(t ) − αMz(t )

(
d�

dθ

)
�=0

. (B2)

Solving the coupled equations (12), (B2), and (17) in fre-
quency space gives an expression for the pumped current Îpump

in the presence of this additional source of relaxation,

Îpump(ω) = e

2(1 − iωτ̃ )

τ̃

τ

[
2Ms

h̄
h(ω) +

∫
dε[â†

L(ε)

× âL(ε + h̄ω) + b̂†
L(ε)b̂L(ε + h̄ω)

− â†
R(ε)âR(ε + h̄ω) − b̂†

R(ε)b̂R(ε + h̄ω)]

]
,

(B3)

where τ was defined in Eq. (2), and

1

τ̃
= 1

τ
+ 1

τα

(B4)

with an effective relaxation rate

1

τα

= α

(
d�

dθ

)
θ→0

(B5)

that combines contributions from spin pumping and Gilbert
damping [10,19]. For the equilibrium noise [see Eq. (28)], we
find

S0(ω) = 2e2

h

(
h̄ω coth

h̄ω

2kBT

){
τ̃ 2

τ 2

1

1 + ω2τ̃ 2

2παMs

h̄γ

+
∫

dε

[
|t (ε)|2 + τ̃ 2

τ 2

1

1 + ω2τ̃ 2
|r(ε)|2

]

× f (ε) − f (ε + h̄ω)

h̄ω

}
. (B6)

We may again simplify this result making use of the limit
|ω| � ωTh, where we find

S0(ω) = e2ω

π

(
1 − R

τ−τ̃
τ

+ ω2τ̃ 2

1 + ω2τ̃ 2

)
coth

h̄ω

2kBT
. (B7)

One verifies that Eq. (B7) agrees with Eq. (31) in the limit
α → 0.

For comparison, we also calculate the ac conductance in
the presence of Gilbert damping. From Eqs. (11), (22), and
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(B3) we find

G0(ω) = e2

h

∫
dε

f (ε) − f (ε + h̄ω)

h̄ω

×
[
|t (ε)|2 + τ̃

τ

1

1 − iωτ̃
|r(ε)|2

]

=e2

h

(
1 − R

τ−τ̃
τ

− iωτ̃

1 − iωτ̃

)
, (B8)

where, in the second equality, we again made use of the limit
|ω| � ωTh. One easily verifies that Eqs. (B7) and (B8) again
satisfy the fluctuation-dissipation relation (3).

For a macroscopic magnet with nonzero Gilbert damp-
ing, one typically has τ̃ � τ ; see Eq. (B4) [19]. The Gilbert
damping prevents the current-driven precession of the mag-
netic moment, so that there is no pumped spin current and
the conductance equals that of an elastic scatterer, G0(ω) =
(e2/h)(1 − R), independent of frequency. The noise power
is affected correspondingly. With additional Gilbert damping,
the precession frequency for finite dc bias V is no longer given
by �V = eV/h̄. As a consequence, the arguments given in
Appendix C do not apply and one cannot conclude that the
noise power is bias independent.

APPENDIX C: BIAS DEPENDENCE OF THE NOISE

To obtain Eq. (33) of the main text, we recall that the dc
bias V causes the magnetic moment to precess at frequency
�V = eV/h̄ and with out-of-plane canting angle θV . Current
fluctuations impose small deviations of the precession fre-
quency � and the canting angle θ from their steady-state
values �V and θV . To zoom in on these fluctuations, we
transform to a spin reference frame that rotates around ez

with frequency �V . In the rotating frame, the magnetic mo-
ment precesses with frequency �′ = � − �V around ez. The
precession frequency �′ in the rotating frame has small fluc-
tuations around �′ = 0. To describe these fluctuations, we
repeat the calculations of Sec. II for the rotating frame.

Creation and annihilation operators in the rotating frame
and in the original frame are related as

â′
L(ε) = âL

(
ε + 1

2 eV
)
,

â′
R(ε) = âR

(
ε − 1

2 eV
)
,

b̂′�′
L (ε) = b̂�

L

(
ε − 1

2 eV
)
,

b̂′�′
R (ε) = b̂�

R

(
ε + 1

2 eV
)
, (C1)

where we use a prime to denote operators in the rotating
frame. As in Sec. II, the superscripts �′, � for the operators
b̂′

L,R, b̂L,R for outgoing scattering states indicate that these are
defined for a magnetic moment precessing at frequency �′ or
�, respectively. The transformation rules (C1) imply that the
applied bias voltage in the rotating frame V ′ = 0. The relation
between operators for outgoing and incoming scattering states
in the rotating frame reads

b̂′�′
L

(
ε − 1

2 h̄�′) = r(ε)â′
L

(
ε + 1

2 h̄�′) + t ′(ε)â′
R

(
ε − 1

2 h̄�′),
b̂′�′

R

(
ε + 1

2 h̄�′) = t (ε)â′
L

(
ε + 1

2 h̄�′) + r′(ε)â′
R

(
ε − 1

2 h̄�′).
(C2)

The energy shifts ±(1/2)h̄�′ appearing in Eq. (C2) are of the
order of the fluctuations of the precession frequency � and
no longer of the order of � itself. This means that the ap-
proximations made in Sec. II can also be made in the rotating
frame, because any precession-induced shifts of the energy
arguments of the reflection and transmission amplitudes are
small in comparison to the Thouless frequency ωTh.

The current operators Î ′
L,R in the rotating frame are

Î ′
L,R(t ) = e

h

∫
dε

∫
dε′ei(ε−ε′ )t/h̄[â†

L,R(ε)âL,R(ε′)

× −b̂′†
L,R(ε)b̂′

L,R(ε′)] + Î ′
pump(t ) + e2V

h
. (C3)

Here, we expanded to linear order in the small frequency
�′, similar as in Eq. (11), wrote b̂′

L,R(ε) = b̂′�′=0
L,R (ε), and

introduced

Î ′
pump(t ) = e

2π
�′R. (C4)

The reflection coefficient R is calculated in the rotating
frame using Eq. (13). In the original frame, one may also
use Eq. (13) to calculate R if the energy arguments of the
reflection and transmission amplitudes are defined according
to Eq. (7). Apart from the constant offset e2V/h, Eq. (C3) is
formally identical to the expression (11) for the fluctuating
current in equilibrium.

The transformation to the rotating frame does not affect the
out-of-plane canting angle θ and the out-of-plane component
Mz of the magnetization. To account for small fluctuations of
θ and Mz around their steady-state value θV and Ms sin θV , we
write

Mz = Ms sin θV + M ′
z, (C5)

so that

�′ = M ′
z

Ms cos θV

(
d�

dθ

)
θ=θV

. (C6)

Calculating Ṁ ′
z in the rotating frame and expanding in small

�′ gives [compare with Eqs. (15) and (16)]

Ṁz(t ) = γ

4π

∫
dε

∫
dε′ei(ε−ε′ )t/h̄[â′†

L (ε)â′
L(ε′) + b̂′†

L (ε)b̂′
L(ε′)

− â′†
R (ε)â′

R(ε′) − b̂′†
R (ε)b̂′

R(ε′)] − h̄γ

e
Î ′
pump(t ). (C7)

Apart from the offset e2V/h in Eq. (C3) and a different pro-
portionality constant in the relation (C6) between �′ and M ′

z,
these equations are precisely the same as the equations (11),
(12), (16), and (17) that govern the current and the current
fluctuations in equilibrium. We may then repeat the calcula-
tions of Secs. II–IV to find the admittance GV (ω) and noise
power SV (ω). The results are the same as those for G0(ω) and
noise power S0(ω), except for the replacement τ → τV .

We note that the above derivation does not require that the
actual precession frequency � be small in comparison to the
Thouless frequency ωTh; it only requires that the difference
�′ = � − �V be � ωTh. Smallness of �′ can be verified in
the same way as was done in Sec. IV for the smallness of the
precession frequency in the absence of an applied bias.
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