5 Dirichlet problem for the inhomogeneous polyharmonic
equation in the upper half plane

The representation formula (2.17) suggests a Dirichlet problem for the
inhomogeneous polyharmonic equation. For treating this problem the
kernel functions in (2.17) have to be calculated first. This is done by
using the next rule.

Lemma 10 For f,g € C?**(D;C), 1 < p, D C C open and g har-
monic, i.e. 0,0:g =0 in D

p—1

©.00f9 = 9(0.0.01 + 3 () 00t 7y + 0201 ot g)
7=0
The proof follows by induction.

By the symmetry of the Green functions Lemma 3 can be reformu-
lated.

Lemma 11 For1 < p<n, ZCEH 2z # (,

(6C8§)pGn(Za C) = Gn—p(za C)

s (z — z)nnt y
I e e LRSI
with } )
0:0:G-(2,¢) = (( = ) *q1(2,¢)
and
1 1
gl('zaC) = é_z - C_Za

for2 <1

Lemma 12 Fort eR, ze Hand 0 <2vr <n—2
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n—2v—2

n—v—1 n—p—v (n — U=V —= 2)'
(0:0¢) GM%ﬂzz%%(—D T ——
X (Z - Z)n_ﬂ_lgn*M*QVfl(% t)? (5'1)

where g,(z,C) is given in (1.9) for 1 < a.
Proof For 1 < k

_1\7 k!  A\Nk—p—T -
f’é’@é(c—c)k{( V== 7T TSk,

0, kE<p+r.
Moreover,
o _ (_1\o+1 U!
o!
7 =(—1)7— )
5<91(Z,C) ( ) (C—Z)U+1

Thus applying Lemma 10

(8c0¢)" " Gl(2.Q) = 912, Q00" 2 (¢ = O

min{v,n—u—v—3} n—p—p— 9
_{\rvH
D MU (U

7=0

empm Mo oV 2T g (50),

(v —1)!

For ¢ = ( this is

(—1yr-r- el Dla-2-o)

v!
(aCaE)n_V_M_lGn(Z7 C) — Xgn—u—QV—l(Za g)a v+ M+ 2<n,
0, n <2v 4 p+ 2,
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so that for ¢ = ¢

n—2uv—2

(0:0:)" "' Gu(2,¢) = Z (—1)nvn

p=0

(n—v—p—2)!
viin —p—1)!

X (Z — Z)n_u_lgn—u—Ql/—l(Zu C)

Lemma 13 ForteR, ze  Hand2 <2vr <n—2

n—2v—1 (n v 2)'
oG, (2, 1) = —1)rE '
S (2,¢) ;( ) (v—Dl(n—p—1)!
n—2uv—2
_ =\n—p—1 _1\n—v—p (TL —VvV—p— 2)'
X(z — Zz) Gn—p—20(2, ) + MZ_% (—1) E—
(2 = 2)"" 7 O0cgn—p-20-1(2,1) (5.2)
and
¢ 07 Gn(z,t) = <t—2) P (5.3)

Proof For proper i and v

n—v— (n—p—2)!
(=) e

N L R i e YS!
0. U+ pu+1<n.

Lemma 10 applied shows

oI G (2,0) = 1 (2, (D)

min{v,n—v—u—3}

+0cg1(2, Q00" "¢ =" P+ Y (=]

7=0
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X(n—u;v—Q)m—u—ﬂﬂg:i;V—T—Qﬂ

x{(v—")(C— E)V_T_lgn—u—V—T—l (2,0)+(C— E)V_Taégn—u—V—T—l(Za )}
Arguing as in the preceding proof this is for ( = ¢ and 1 < v

A N EN

’

(=1)"#"(n — p—2)lg1(2, ), n=2v+pu+1,
_, (_1)n_u_y(n_M_Q)!(,Z_M_V_Q)!{Vgn—u—zu(z,C)

+8an7u721/—1<27 0}, 2v+pu+2<n,

\0’ n<2v+p+1,

and for v =0

(2, 0)

(=1)"#(n—p—2)lgi1(2, 0), n=p+1,
- (_1)n7u(n — K= 2)!28§gn—u—1(z7 C): M + 2 < n,
0, n<u+1.

Hence for 1 < v and ( = (

n—v an—v— v— (Z _ E)QV
OO Gz Q) = (F1)" g S (7€)
n—2—2 (n—,d_l/_2)'
+ ) (= vi(in—p—1)! {Vn—p-20(2, Q)+ 0cGn—y—2-1(2, ()}
p=0 ' .

Observing for ( = (
aCGl(Za g) = _gl(za C)a
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aCGV+1(Z7 C) =0
for 1 < v, then for ¢ = ¢

RRTGo(2,0) = ———— —— +

B z—z\" 1
- (c - ) (—=
This last formula can be gained from differentiating (1.5) with z in-
terchanged with (.
For checking the boundary behaviour of the function given in (2.17)
besides the kernel functions (5.1), (5.2), (5.3) also their proper deriva-
tives have to be calculated. On the basis of Lemma 12 and Lemma 13

denote for 1 <n,t € R, z € H

—2\" 1
A=9ront __ (== 4
0: 0 Gz, 1) (t—Z) t— 2 (5.4)
n—1 1
B = (90" Gu(z,t) = ) (1) =(2 = 2)'gu(z.t),  (5.5)
p=1 H
n—1 _
_ Agn—van-v—1 _ _ 1\pu—v—1 (:u — V- 1)' (Z - Z)M
C, (9C 8< Gn(z,t) M:2V( 1) = 1) (= 22
— W) (22
+ Z |V| (t — z)p 2 (5.6)
=2v
for 2 <2r <n—1,
n—1 ( oy 1)'
D, = (00" Gz ) = Y (—1p
pn=2v+1 p-v:

<(2 = 2/ gy (1) (5.7)
for2<2v <n—2.

91



Lemma 14 For1 <n,t € R and z € H

NGt
A
(Z _ 5)%—2
(t — z)ntl’

(%A - —
0.0;:A = —n(n—1)

—)n—z/—T—l

vav+l 4 . _1\7+1 v (n—i_V_T)' (Z_Z
020 A‘;( D (T)(n—l/—T—l)!(t—Z)”+V_T+1

for2 <2v <n—2,

— o _ n—v—7—1
ayﬁuA Z 7'—|—1 (V 1) (n +v T 1) (Z Z)

(n—v—7—-1! (t—z)rtv—r
for2 <2v <n—1.

Proof Rewriting

P—F e (z —2)
- It — 2|2 —Z: (t — z)vH

and differentiating shows the first two formulas.
Applying (0.0;)” to the first formula and applying Lemma 10 shows

DOA = — z”: (Z) ( N ]

— 1=y —=7) — Z\n+l+v— !
g n—1—v—7)(t—z)rt+v-—r n!

Similarly from the second formula

aiaz”A:—S(V_l)( (=) (=T (ntv o7 - L)l

—~\ T n—1—v—r7) (t—z)ntv-r n!

follows.
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Lemma 15 For1 <n,t € R and z € H

0:B = —qg1(z,t) — % — T (_I)M(EZ__Z)Z;BL
(z—z)1  [(z—z\""' 1
U= t—z) t—z

8uay+1 Z <V — 1) (n +v -7 2)| (Z _ Z)n—V—T—2
zYz ; —

Y (W (v — 7 — D) (2 — g
+;(_1) (T) (n—v—71—=1) (t—z)ntv-r

for2 <2v <n—2,

_ N |
0or B Z ( 1) TN )

n—v—1—1)!
for2 <2v <n—1.

Proof Differentiating (5.5) gives

(2 = 2)"

0:B = Z{ (z =2 u(2:0) = =)

z—z)“l (z — z)n1 (z — z)r1
:—91“+Z{ b ZT

t—z)” (t—2)m

which is the first expression. Differentiating again shows

0.0:B = —(n — 1)(2_—22”2 —(n—1) (Z - Z>H 1



—(n—1)(z — 2)" 2gu(2,1).

Proceeding as in the preceding proof leads to

v—1

B =3 < - 1) (<n D1 (2 )t

—~\ T n—1—7—v)l(t—z)tv-1-7

m—1dv—1-1) <= (,, - 1) (n— 1)I(=1)7*" (z — z)n— 1"

8 (n — 1)' N (n -]l -7 = I/)' (t — 2)714’1/*177'

T

><(n+u—r.—2)! _”i(l)y<u—1>(n+u—r—2)!

T Jn—v—1—-1)

X(z—2)""T 1gn+z/7771(zat)

and

v—1
var+lp . V—|—1 v—1 (n+y—7_2)
902 B_;( ( )(n—V—T—Q)

v—1

v—1

X(Z_Z)nVT29n+Vlet+§: 1( )
7=0

T

T—1

(n+v—7—Dlz—z)" 1 sV —1
X(TL—V—T—l)! (t — z)ntv—r _Z(_l) ( )

=1

—

(n+v—7-1) (1) &

S r— G A == D B e (V _ 1)

T

I
o

—_

(n +v—-—7— 1)' (_1)n+u—7' V-

(n—v—7—1) (z =2y =z i (V ; 1)

T

X

|
o
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(n+v—1=2)(2—z)" V72
(n—v—1=2)(t —2)ntv—"-1

There are the formulas in the lemma.

Lemma 16 For2 <2vr<n—1,teR, ze€ H

) _n—l p N (p—v—)pu—2v+p—1)!
(0:0:0C, = 3 D (1) <> (v =Dl —p— 1)l — 20)!

(Z_Zup — I/+T
X(t_z),u 2v4p— T+1+ZZ < >

u=2v 7=0

(=)l —2v+p-—71)! (22"
Vi —p— 7)) —2v)! (& —z)p—2vtemHl

0.0C, = 3 S (-1 () (“ b1 1) (EZ__Z)?MV:;

() ()

RO e
(1) (u ; v) (EZ__;XV:;}

- nz_:l{(—l)/i—l (M ;i; 1) (2 _(fzu;;:(i; z)
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N (u R u) (2 — 2)P2(t — 'y

v (t — 2)u—u+1

7 Ve )by (p—v—1Dp—2v+p—71)!
= C_ZZ ()(V—D(M p—1—1)(u—2v)

pu=2v 7=0

n—1 p+1

Z—ZMPTl 7-1, 1 y Tl
Gt o (e
(t M - pu=2v 7=0 V(/L /0_7_) (/L—2Z/)

(z —Z)p=P 7
(t — 5)u—2u+p—7’+2

for 0 < p<v,

(Tl — U — 1) (Z . 2)71721/71(1; . 2)1/71
(v—1!(n—-2v—-1)! (t — z)nv

o ortic, = (—1)"!

(=) (=2t o)
+V!(,u— 2v —1)! (t — z)n—v+l ’

(n—v—=1) (z — 5)71—21/—2@ _ 2)1/—1

(8255)1/“01, - (_1)n_1

(v —1)l(n—2v—2)! (t — z)v
R e R R e
‘|‘(_1) (l/ . 1)|(n — oy — 1)[ (t _ Z)TL—V+1
(TL _ V)' (Z . z)anVfQ(t . Z)I/
+1/!(n —2v —2)! (t — z)n—vtl
R e
(v—1Dln—-2v—-1) (t — z)n—v+l
min{p,n—2v—1} min{p—1,n—2v—1-7}
(0,0:)"°C, = Z Z (—1)™ p\(p—1

7=0 o=maz{0,p—v} (T) ( o )
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(n—vtp—7—1 (=gl o

X

m—2v—17—0—1(v—p+0)! (t — z)n—vtr=
min{p—1,n—2v—1} min{p,n—2v—-1-7} - 1 p
_1\p—o0+T
)
7=0 o=maz{0,p—v}
T R e i I ki
mn—2v—1—0—-1l(v—p+o0)! (t — z)n—vtp—r

for2(v+p) <n-—1,

, min{p,n—2v—1} min{p,n—2v—-1-71} P P
av+pay+p+ OI/ _ -1 n—1-—p
oo SERD SRNEIER 1

7=0 o=maz{0,p—v+1}
" n—v+p—1—1) (z — z)n- 2ot — Z)v-pto-l
m—2v—7T—0—-Dl(v—p+o—1)! (t— z)ynvioT
min{p,n—2v—1} min{p,n—2v—1-7}
+ Z Z (_1)p_U+T (p) (p>
7=0 o=max{0,p—v} T g
L mvap=nl (gl
m—2v—1—0—-1)(v—p+o0)! (t — z)n—v+p—7+1

for2(v+p) <n-—1
Lemma 17 For0 <2vr<n—2,t€R and z € H

(0.0:)"D, = i zp:(—nww(f)

u=2v+1 7=0

(p—v—D pu—2v+p—717—1)!

e N V"
vip—1—p)l(pw—2v—1)! (2-2) Ju=2w+p=r(2,1)
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for0 < p<v,

n—1 p
wor,= 5 Sy (t)
u=2v+1 7=0 T
(p—v=—D(p—2v+p—7—1 (2 =2y P71

X
vip—7—p—1)p—2v—1)! (t —z)p=2vtr7

+ nz_:l i(_1)7+u—1<p+1> (N_V—l)!(,LL—QV—i—p—T)!

p=2v+1 7=0 T ) vip—7—p)l(p—2v-1)!

(z —Z)p=P7
(t _ 2)p721/+p77+1

for 0 < p < v,

vorin - § (s (Y) () e

p=2v+1 7=0

v+1

S () () e

v

et (i o ()i
3 s

S =

=0
GBI S
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(Z _ Z),u—Qu—l(t . Z)V—i—l
™ (t _ 5)#—1/4—1 }’

parin- 3 Son( )0

p=2v+1 7=0

, m—v—=1)!
vi(n —2v —2)!

p—17—v—1 n—

X(p—=1-v)(z-2) Gu—v—r11(2,1) = (=1)

y (Z _ Z)n_ZV_2(t _ Z)l/ B (n — - 1)| (Z _ f)n_2y_1(t _ Z)V
(t—2)" n—20—2)  (t—zpvil

(n—v—1) (z—=2)" 23— 2)”

85+18;—/+2D,, — (_1)n

vli(n —2v — 3)! (t — z)nv
H(—1)" (n—v—1)! (z — Z)”_z”_z(t_— z)v1
(v —1D!(n—2v—2)! (t —z)nv
(n—1—-v)(n—-2v—1)(z—2)"22(t—2)”
vliin —2v —2)! (t — z)n—vtl
(n=1-vln—v+1)(z— )t — 2)
viin —2v — 2)! (t — z)n—v+2 ’
min{p—1,n—2v—2} min{p—1,n—2v—2—7} 1 1
woron =SS () ()
=0 o=max{0,p—v—1} T g
" (n—v+p—17-2) (z — z)" 2T 072 (t — Z)voerotl
mn—2v—17—0-2)(v—p+0o+1)! (t — z)n—vtp—-1
min{p—1,n—2v—2} min{p—1,n—2v—-2—71} o— 1 p— 1 1
DY O O [
7=0 o=max{0,p—v—1} T o n—v
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(TL —Vv+p—T— 1)] (Z _ 2)71721/77'7072(15 _ Z)pr+a+1

X
n—2v—7—0-2)(v—p+o+1) (t — z)n—vtp—7-2

for2(v+p) <n-—2,

min{p—1,n—2v—2} min{p,n—2v—2—7}

§rHrel D, = S S (e (p; 1) <p>

7=0 o=max{0,p—v—1} g
I e R Ot o o ot
m—2v—-1—0-2)(v—p+o0)! (t — z)n—vtp—7-1

min{p,n—2v—1} min{p—1,n—2v—-1—-7}

. 3 (—1) o (P) (p — 1)

=0 o=max{0,p—v—1} T g
n—2v-—1 (n—v+p—r1)!
n—v (n—2v—17—0c—-Dl(v—p+o+1)!

(Z _ z)n—QV—T—U—l(t _ Z)l/—p—l—a—f—l
(t _ E)H—V—f—p—’]’—‘rl

X

X

for2(v 4+ p) < n —2.

The proof of the last two lemmas follow step by step as indicated in
the formulations of them by direct differentiation using Lemma 10 in
the same way as for Lemma 14 and Lemma 15.

The boundary behaviour of the function in (2.17) is checked via the
property of the Poisson integral (3.10).

Lemma 18 Let v € C(R;C) be bounded and o, 3 € R with < a+1.
Then
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Proof Rewriting

(z—2)° (z—2)t—-2z 2—2

(t—2)8  (t—2)02t— 2|t — 2|2

_ B-2, _
:(z—z)aﬂ_ﬂ(t_z—l) t—ZzZ z2—2Z

t—z t—z |t —z?
where the first factor on the right-hand side tends to zero with z

tending to z with the two middle terms are bounded and the last is
the Poisson kernel.

Theorem 21 Let 1 < n and |2)*"Vf € Li(H;C), v, € C(R;C) for
0<2r<n—1and~, € C(R;C) for 0 < 2v < n— 2. Then the
Dirichlet problem (0,0:)"w = f in H, (0.0:)"w =1,, 0 <2v < n—1,
0V 0w =4,, 0 < 2v < n—2 on R is uniquely solvable if and only if

00 n 1
Z — Z
im s | a0 =0 58)
1 [ (z=2)

X %(t)dt =0 (5.10)

oo P
(n+p—1)!
1 -
zﬁg%z/m; () —p—7—1)

(t)dt = 0 (5.11)

for2<2p<n—1,
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oo 172 (z —2)" (z —z)" ! B
fim o [ O HMN =0, .12

/Oop1 —1\(n+p—7-2)!
hm—
2=z 21 n—p—1-—1)!

x(z—2)"" " g, 1(z,t)ffo(t)dt =0 (5.13)
for2 <2p<n—1,

lﬁ%gim/oo{ii(—l)%p:) (ntp—7-2)

(Z_z)inQ - n—r [ P (n+p—7_1)|
e Y ==
X (?t Z);:pTT Mo(t)dt = 0 (5.14)

for2 < 2p<n—2,

lim —
z—zy 27T

mm{p vin—2v—1} min{p—v—1,n—2v—1—7}
/ { Z (_1)n—p—|—1/ <p ; V)
o=maxz{0,p—2v}
X(p—u—l) (n—2u+p—7—1)!
o n—2v—7—0—1D!2v—p+o0)!
(2 — 52701 (p _ 5\
(t _ Z)n—2u+p—7-
min{p—v—1,n—2v—1} min{p—v,n—2w—1-7} lp—v—1
S (=)
=0 o=maz{0,p—2v}
X(p—y) (n—2v+p—7—1)
o J(n—2v—17—0—-1)!2Uv—p+0)!
_ \n—2v—1—0—-1(4 _ N\2v+o—0p
L e I = 519

X

102



fori1<v<p—1,2<2p<n—1,

im = [ Oo{pf( | [EEECANEUR S wE

O e o (1))

Kyt =0 (516

for2<2p<n—1,

hm —

/ mm{p vn—2v—1} min{p—vn—2v—1—7}

S ()
o=maz{0,p—2v+1} g
X(p ) (n—21/—|—p—7—1)

o Jn—2v—17—0c—-1)2v—p+0o—1)!
(Z _ Z)n—?V—T—U—l(t o 2)2u—p+o——1

(t _ Z)n721/+p77'

X

min{p—v,n—2v—1} min{p—vn—2v—-1-7}

+ Z Z (_1)p—1/—cr+7'—1 (p - V)
7=0 o=max{0,p—2v} T
(P (n—2v4+p—r1)!
o Jin—2v—17—0—-1!2v—p+o0)!
(Z o z)n—QV—T—J—l(t o Z)QV—/H—U
x o Vo (£)dE = 0 (5.17)

orl<v<p, 2<2p<n—2,
P P
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min{p—v— 1n 2v-2} min{p—v—1,n—2v—-2—7}

im - [ >y

o=maz{0,p—2v—1}
y p—v—1 p—y—l (n—20+p—1—2)
T o m—2v—T—0-2)2v—p+o+1)!
(Z _ Z)n 2v—T—0— 2(t . 2)2V—p+0+1

(t _ Z)n—?u—i—p—T—l

min{p—v—1,n—2v-2} min{p—v—1,n—2v—2—7}

n S 3 (—1)p-vir-o (p — V- 1)

X

7=0 o=maz{0,p—2v—1} T
y p—rv—1\ 1 (n—2v+p—17—1)!
o n—vin—2v—-1—0—-2)(2v—p+o+1)!

(Z _ Z)n 2v—T—0— 2(t _ Z)Qu—p+a+1

x TR W, ()t = 0 (5.18)

fori1<v<p—1,2<2p<n—1,

x© 7=0
N -1 p
(z _ Z)p T+1 n 0
% (t — z)p—7+2 - {Z(_l)uﬂ .
pn=2p+2 7=0

— Z),up7'+1}}f)//\p(t) =0 (5.19)
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min{p—v— 1n 2v—-2} min{p—v,n—2v—-2—71}

i g | >
o=max{0,p—2v—1}
X(p—v—l)(p—u) n—2v+p—1—2)!
T o J(n—2v—17—0-2)2v—p+o0)
(Z—Z)n v—T—0— 2(t_2>21/—p+0

(t _ Z)n—21/+p—7—1

X

min{p—v,n—2v—1} min{p—v—1n—2v—1-7}

i -1 p—o—1 (p—y)
=0 Uzmax{()z,p—2y—1} ( ) T
X(p v — 1)71—21/—1 (n—2v+p—1)
o n—v (n—2v—7—0c—-DI2v—-—p+o+1)!
( Z)n —T—0— l(t _ Z)Qu—p+a+1

X TR V4, ()dt = 0 (5.20)

fori1<v<p—1,2<2p<n—2.
The solution then 1s

n—1 _

o) = 55 [ 1(7=3) 30(72*,;(1>“(Zf)#gu<z,two<t>
2] n-t (p—=rv =1l (z—2)"
PRI s
=) (2=
+ M:Z%(_l) ! (t )u 2u+1}%’()

[%]_1 n—1

T D Dt R PR S N

!yl
v=1 pu=2v+1
-~ [ Gtz Osdean (521

Proof The solution (5.21) is shortly represented as
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[251)
— A B Cor
w( 2m/ {A(t) + Bo(t +Z o

[3]-1

£ 30 Dol - < [ Gl Q) (e

v=1 TJH

If the problem has a solution it is representable as (5.21) because
of the representation (2.17). From this also the uniqueness follows.
It remains to verify that (5.21) is a solution. That it satisfies the
differential equation is obvious as all the boundary integrals form a
polyharmonic function of order n while the area integral is a partic-
ular weak solution of the equation by the respective property of the
Pompeiu operator.

Using Lemma 17 for {5 € R

lim w(z) = — lim L/ Ao (t)dt

z—to z—ty 271 PN

is seen. Rewriting A as

n—1

z2—Z (z —2)¥
A:— _—
‘t—Z|2+;(t—Z)V—H

and using (3.10)

lim w(z) = (1)

t—>t0

if and only if (5.8) holds.
Similarly

hm%@ﬁ*ﬁm—i/{&%0+&wﬁwtvww

z—ty z—ty 271

if and only if (5.9) and (5.12) are satisfied.
Moreover, for 2 < 2p<n—1
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lim (8,0, )Pw(z) = — hm— / 1(0,0,)7 Avo(t) + (9.0:)° Bo(t)

z—ty z—ty 271

p -1

+320:0:) Cult) + 3 (0:0. D0t = 5o

if and only if (5.10), (5.13), (5. 5), (5.16) and (5.18) are valid.
Alsofor 2 <2p<n—2

b

IIM

lim 8287 ' w(z) = — lim —/ {090 Ao (t) + 0702 By (t)

z—tg z—to 2771

+Zaﬂaf’“ (¢ +Zapap“ Vo(8) Fdt = ,(to)
v=1

v=1

if and only if (5.11), (5.14), (5.17), (5.19) and (5.20) hold.

Remark 11 This Dirichlet problem is uniquely solvable only for n =
1. For 1 < n the conditions (5.8) - (5.11) are satisfied e.g. if 7 is
the boundary value of a function analytic in H. All other solvability
conditions are e.g. satisfied if the respective boundary functions are
as well boundary values of functions analytic in H as antianalytic in
the complement C \ H.

If e.g. w is an entire analytic function, then denoting w(t) = () for
teR

lim w(z) =~(?)

zeH

for t € R. Moreover, the function w(z) for z € C is antianalytic
satisfying

lim w(z) = lim w(C) = ().
zeH ¢eC\H
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