2 The Gauss theorem and Cauchy-Pompeiu representations
2.1 The Gauss theorem for the upper half plane

Let D C C be a regular domain D of the complex plane C, that
is a bounded domain with piecewise smooth boundary 0D and let

w € CY(D;C)NC(D,C). Then see [3], [28]

1
— w(z)dz:/wz(z)dasdy,
2t Jop D
1 _
—— w(z)dz:/wz(z)d:cdy.
2t Jop D

Let H = {2z : 0 < Imz} be the upper half plane and w € WH(H; C) N
C(H;C). For Hr = {#: 0 < Imz, |z| < R} the Gauss theorem is

1

— w(z)dz = / w;(2)dzdy.

20 Jomp Hp
Assuming

Rl—lgloo RM(R,w) =0 (2.1)
for
M(R,w) = mz}é( lw(z)| (2 = Re')
|OZ<‘<_,0<7T

leads to

oo

2i )

w(t)dt = / ws(2)dzdy.

H
The existence of the first integral follows from (2.1), that of the second
one from w € WH(H, C). Similarly

1 0

—5 n

w(t)dt:/wz(z)d:cdy
H
follows.
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2.2 Cauchy - Pompeiu representations for the upper half plane

Lemma 6 Let w € CY(D;C)NC(D;C) for a regular domain D, then

w@rziféDw@>d<-rlﬁydo§§ﬂ (2.2)

271 (—z C—2’

we) = 5r; [ w02 -1 [w0FL ey

21t Jop (—=z w (—=z

For a proof see [28], [3], [9].

Remark 3 Let f € Li(D,C), then the Pompeiu operator T and its
complex conjugate T are defined by

i) - -1 [ o2

Tﬂxz—jéﬂo%“

T C—z

9

see [28],[3].

Theorem 2 If w : H — C satisfies |w(z)| < Clz|™¢ for |x| > k and
w; € Li(H; C), then

IR N o dedn
we) =5 [ w2 (2.4

271 t— 2 C—2’
e a1 dedn
we) =g [ w0 -2 [ wOFE @y
21 l—Z 0<Im( (—=z
where z € H.

Proof Applying the representation formula to the half disc H, =
[|z] < r,Imz > 0] gives

wd) =5 [ w02 -1 [ w0 R

270 Jom, (—z m (—=z

for z € H,.. Letting r tend to infinity
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271 t—z (—=z

oy dEdn
[ wo =

exists and also as a Cauchy mean value
> dt

j{ w(t) :

o t—z

1 T - irettd
- w re’¢) . e
27 ) rei® — z

IR N | o el
we) =5 [ wpZs o el

follows for z € H because

This is the case because

tends to 0, if r tends to oo for || < |z| < r as with

M (r,w) = max |w(z)],
Ji£H12

lim M (r,w) = 0.

7—00

[ o7

follows from the estimate for 2|z| < r

2k 2k 2k
dt dt 1 t
t < t)—— < C —_— dt
[)w(%—z Ll‘w”b—vw [ P

2k 2k
1 1 20, 20
< C/T t€+1t r 20/ t5+1 e ‘r < 87“5.

Applying the Gauss theorem to the function %CZ), where 2z € H is fixed

¢
and Hp = Hr\{C : |¢ — 2| < ¢} shows

The existence of
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L[ w0y L[ e
(=

Hp.. ¢—=z

dedn.

2mi Jom,. C— 2 T
Letting ¢ tends to 0, then
1 1 wg
— MQM—M@:—/ GO (2.6)
271 OH g C —Z ™ Ju
For 2|z| < R

1 [T w(Re®¥) _ . 1 M(R,w)
[ BT pivge| < =20 b MR, w).
27m'/0 Reiv — 2" gp‘ 2 R— |z (7, w)

R —

Assuming
lim M(R,w) =0
R—+o0
and as from w € WHH(H; C) the existence of
L[ dedy
= [ o=
follows, hence (2.4) holds and similarly (2.5).

Corollary 3 Under the assumption of Theorem 2

_ 1 w(() 1 Y Ol
wlz) = = /o<1mg (¢ — z)ngdn ™ /o<1m< Hetz) C(C)dgd; 7

Proof Introducing the harmonic Green function for H

B Ct—z 2
Ga(=.) = log | == |
for which
1 1
azGl(ZaC) C_Z - 5_27
1.e.
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1 1
CTZ = 0.G1(z,Q) + 2

then

1 w- dédn 1 L w(() w(C)
T /O<Im§ C(C)é— z w /0<1m<{a<(§— Z) + (5_ Z)g}dﬁdn

1w 1 ddn
= 5 . P Zdt+ T A<]mcw(C) (5_ 2)2'

Thus

1 /OO
= — w(t
2m )

1 1
T r /<ImC dfd I /O<ImC PGz, Gl )ded

= ¢(2) + ¥ (2).

o[ 0G0+ (e
0<Im¢ C—=z

This provides an orthogonal decomposition of w. The first term is
obviously analytic in H. To show the second term v being orthogonal
to the set of analytic functions in Ly(H; C) let ¢ be a function from
this set, then

(6, 6) = / (=) 0() dedy = — / / 0.G1 (2, C)3(=) dudyw;(C)dédn,



1.e.

(aZGl('v C)? Qb) = _(Gl('n C)a ai¢) = 0.
Hence, (¢, ¢) = 0.

2.3 Higher order Cauchy-Pompeiu representations and orthogonal de-
compositions

In order to find higher order Cauchy-Pompeiu representations the for-
mulas (2.4) and (2.5) are iterated. One possibility for a second order
representation is as follows. Consider

_ ! w() . 1 [ ddi
w(z) - | Gk

2w oHp C — 2 m —z
and
. we(C) 1 . dgdn
welQ) = o ot ZdC - %/HR“’C((OQ,
so that

L wQ, T ded
w(z) — ) /8]H[R C — ch 211 OH R wC(C)ﬂ— /]HIR (C - 5)(6 o Z)dC

1 1 dédn
& O | D=

Denoting

1 dédi
v >‘W/HR<<—5><5—z>
and

~ 1 ¢—C dC
U(z, Q) _%/%HRQE—Z

an application of (2.4) shows
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(—z 1 [ ¢-¢ dC

C—z 21 aHC—Zg—z

dedn -
—%1/ Bl 00400 (28)
He (

m ¢ =0 —2)
where
~ 1 dc 1 1
TiJomn (C—C)(C—2) C—2 (=2
Remark 4 The function S is weakly singular at ¢ = z and satisfying

(—=z

the assumptions for the Gauss theorem only on H \ {|¢ — 2] < (}.
Applying the Gauss theorem there and letting € tend to zero shows
formula (2.4).

n R
: (P2 )¢
= — Wi z
276 Jom, © ’
then
1 d¢ 1 (—=z
=5 — 7 d
w(z) =55 o, C— 2 mmém Q%
1 / (—=z
+— wzr(()~——d&dn
T Hpg CC( )C — Z
follows. From the estimates
1 [7 . Re%0p
— PY——— | < 2M (R, w),
27?/0 w(Re )Rew —Zz (#,w)
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where |z| < & and

1 ™
5 [ v

the following result is seen.

g - idg‘ < RM (ws, R)

Theorem 3 Let w € W*(H, C) and

lim M(w,R) =0

R—+o00
and

lim RM(ws, R) =0,

R—+o0

where ws € L1(R,C). Then

wiz) = = [ 2 ! /wwdoc_ﬁﬁ

2_7'('7; —00 C -z N 2_7'('2 —00 C -z
1 =
+ - /H w<<(z)CTjd§dn, (2.9)

where z € H.

The representation (2.5) can be transformed into an orthogonal de-
composition of w. To this end consider the biharmonic Green function

2

Ga(z.0) = [¢ = o log [ + (2= 2)(¢~ 0
satisfying
o, _
Gau(2,¢) = T = log || +T= A=+ (=0
_ (¢ — (¢
G222(27C) - (C Z)(c._z (5—2) +(C Z)(C—Z)Q
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Then

R (S [ (St O R St
(—z_G%Z(’C)—I_(C—Z)(E_Z)Q C_Z'

Corollary 4 Under the assumptions of Theorem 3

_ir ¢—¢ ¢z
W) = 1 O

I (S (SN I (S 9
(C—2)(¢(—27 (C—2)(¢—2)

(
)
oo /H Gaoa(z, Qe (C)dedn. (2.10)

Proof Consider

1= -0? ¢
;/wgg(g){@ 5

L PR
- [ actueortg

(¢ —
(€ —2)(

2)(C—¢)? (—=
2)(C—2) 2

—
¢ —
? 2(¢=2)(€=¢)

o
Iy
|
N

—we (O]
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RO ey B (5 -0
o= =i —2p = -2
Y D CAC-0 _, G0

(=G —2F =2 =2P ‘C-aC-2
TR0 . T
o= T
BN SN P N R}

(OS2 '/_ooc— dc

This means (2.10).
Denoting the first term by ¢ the second by 1 obviously ¢ is a bian-
alytic function and v is orthogonal to the set of bianalytic functions
in Lo(H;C). To show the latter it is enough to show (Go,.,¢) = 0
for any bianalytic ¢ in Ly(H; C). But because G2 and G5, vanish for
z € R this implies
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(G2zz> ¢) = <G2> QbZZ) =0

Theorem 4 Let for w € WHH(H, C), limp_, 4o RYM(0%w, R)

where 0 < v < k — 1. And also zF720%w € L'(H,C) when k
Then,

v
N

w(z) = 221 yw(C)dC

|_
Vom OOVCZ

1 1 o C)k—l
B %/H k-1 ¢—-= Ofw(¢)dEdn, (2.11)

where z € H.

Proof It k =1, then

1 * 1 1
we) = 5 [ Qe — [ oy

Let again Hp = H({|z| < R}. Then assuming for z € Hp

w(z) = ng [ 2

—Z

—k—1
B %/HR (k;_11)!(zg__oz Ofw(¢)dédn (2.12)

to hold, this formula will be proved for k 4+ 1 instead of k. An appli-
cation of (2.2) gives for ( € Hp

k 1 - L 1 k1, 7\ 15 0=
() = 5 | oot @i - [ o

Inserting this in the preceding formula shows
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N

-1

3mi o s O

T

~ IS
N QW./aHR(??w(C);/HR k-1 ¢—2

~ 1 el
X g_CdgdndH; HR66+ w(C)

g
—~
N
N—
I
T
‘)—l ||M
o

— o~

! T -
X _/HR(k_l)! T deddedi. (2.13)

v

Let

1 (2—() 1 1(z—Q)F d¢
kKl -2 210 Jom, k! ¢ — 2 (—C
1 / 1 =0 dedn

As obviously 82@,5(2, ¢ ) =0, then

1 ~~ o~ 1 T
7y Qe Quts Qdedii = = | DA (O (e, O
_L k=1, (NI (s PNAF
= om0 WO OC
Adding
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o [ A0~ [ (i e =0

271 Jom, ¢ 7 Ju,

to (2.13) shows

w(z) =

Lo,
| Fw(C)dC

2mi Jom, V! € — 2

1 (z=¢)"
/a e e LGL

A
| wi=Lartuodsdy

[\)

N
— |l B
. (e}

1

|
3| =

which is (2.11) for k& + 1.
From the estimate

L LE=0O o
/|«; Orw(C)dC

21 Jic=po<tm¢e V! C— 2

1
< —(R+|2]) " M(R, 9w0)R

it follows that this tends to zero for R tending to co. As also

k—1

/H (k —1 1) = C__C)Z Orw(¢)dédn

exists by the respective assumption (2.11) follows from (2.12).

Theorem 5 Let w € WHL(H, C) satisfy limp_, 1o RYM (R, 0%w) = 0,
where 0 < v < k —1 and z*720%w € L'(H;C). Then,

1 [ EC-0"'E=0",,
w(z) = —VZO;/HJ( (E)_ngﬂ )3§W(C)dfd77

1 1 k k
- /H ok Gz Rt (Odedn
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Proof. From the above calculation, see Chapter 1

(= (=9
(C—2)F (-2
Applying the Gauss theorem we have

1 L =9 1 =909
7T/HR<(/€—1)! (—=z (k—1)! (C—z)k C—Z> w(¢)dEdn

O Gy(z,¢) = (k—1)!

L[ GO (€0
oo /HR (k—1)! (—=z (1 (5 _ Z)k> ag (¢)d&dn

e (o =00 g
- :Ow/ﬁﬂR{aé“((k—m (€ — 2)rit 0; (C))

O (S O Chat i (et S
D N CE V(S

1D(z=0)" "¢ =" pn
%—1MC_)H2 10 w(C)

RS O W o (s O
- /E)HR (k—1)! (=2t 9 w(C)d¢

pd&dn

k: 2
AI = Eziﬁ“WQ%M

! V+ = i
B Z T /H — 1 _ Z)u+2 aéf fw(¢)dédn

R
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L[ A DE=0" =0
+Zw/HR (- DiC —zprr e wiodedn

S L SN Rt
C2mi g (k—1) (C—2)

0t w(¢)d¢

010 i,
‘JI‘Z 21 /| R0<Im§ )' (5 — Z)u—l—l a& (C)dC

1 k(z C)k 1(C C)k 1 -
i /]HIR (k — 1)I(C — 2)k+! 9 w(C)d&dn

v

k‘ 2
+Z L e S e s

Now we calculate the last term in the last formula. It is equal to

k-1 (

er {6<{< CQ))i(C<E )531(9? i w(C)}

v=

0
I G A (S O CRat @ i (S e
= (k—3)!(¢ —Z)u+1Jr (k —2)I(C — z)v+!
(D=

(k= 2)1(C — 2)

_ Lt GO
=5 |t e

v+2 28 }8k ? ( )}dfdn

2 =0 —¢)"
+227m/ R0<Im< )'(C—Z)er a( ’w(C)dC

L[ k=0 -0"" s
J?/HR (k —2)I(C — 2)k+1 0F*w(C)dédn
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_ k3
+Z i - fZﬁlaf? ()dédn

Continuing using induction at last this becomes

>

—9" _’Hl S (C—0) §
— 2 Frdcw(C)dédn = VZ% 7r HR{aC ((g_ ) (C)>

(=907 D=0y
( (¢ — 2)v+! (C— 2)r+? ) () }d&dn

1

_ L M@ v L (9
~ 2ri / o / P (O

-RG 7% (|=R0<Im¢ (€ —

0
1 L(C = k1
- /H %w(@dﬁdn.

R s S S e
/HR <(k - 1)' C —Z (k — 1)' (5— z)k’(c — Z) ) aC (C)dfd?]

-y [

Rl/! g—z
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1 1
= /H G ek Gl QP dedn

_ 1 1 (=0My,
= _;/HR C ——Ocw(C)dédn

k-l R 1 (5 _ YV
3 LE= Y a4 o),

The right-hand side of the last formula tends to w(z) as R tends to
infinity, see Theorem 4. This proves Theorem 5.

Corollary 5 Any w € W (H; C) satisfying z¥ 205w € L'(H;C) and
limp oo R"M (R, 0%w) =0 for 0 < v < k — 1 is projected by

k-1 S OW(C — )kl
—Z% /H 5( (?_(E)H? ow(C)dedn (2.14)
v=0 )
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into the set of polyanalytic functions in H of order at most k, Oy ;(H),
and by

™

1 1 1 1
A . ; 2.1
| ettt ok (215)
into the subset of Ly(H; C) functions orthogonal to Oy ;(H).

Proof As (2.12) obviously is a polynomial in Z of degree at most k£ — 1
with analytic coefficients it remains to prove the second statement.
This then follows from the boundary behaviour of 0YGy/(z, () for 0 <
v <k —1 from what

(02Gi(2,0),6(2)) = (=1)"(G(=,Q)226(2)) = 0
follows for any ¢ € Oy ;(H).
Lemma 7 Anyw € C*"(H; C)NC?"~L(H; C) for which |z|*+°(0.0:)"w

fO’T’ 0<v< | ‘2y+1+5ayau+1 w, ‘Z|2y+1+6alz/+182yw fOT' 0<r<n—1

are bounded in H satisfies

/ G2, C) (0.0 w(C)ddy

- sz / {(0c0,)" Gu (= QIO ()¢

~r T w(C)dC] — (9D wl(C)
X (070G, €)d¢ — {0 Gu(2,¢)dC]}
g/ (0c0¢)" Ga(2, ) (0c0)" ™ w(C)dédn (2.16)

T JH

Proof
1) If £ =0, then

2 /H G(2, Q) (0c0)"w(C)dEdn = % /H {0e[Gn(2, Q)07 07 w(Q))]

™

+0c[Ga(2,€)0; ' Fw(C)] — 0cGu(2,€) L0 w((C)
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046 (2. )0 R w(C) e = ~ [ {0([Gu(+. 10102 ()

0z, Q) (D) ()] + Bl G2, A B w(C)
—0:G(2, Q) (0c0)" ()] + 200G (2 ) (000" w(C) bléely

— o | (G000 w(dC - 3 0ru()dd)
= (0c0g)" w(Q)[0cGn(z, Q)dC = cGhu(z, )]}

+§ /H (0:0:)Gin((2, ) (0c02)" () de

2) Assume (2.16) holds for k. Then using

= [ 021Gz )00 () dea

T JH

= [ (@0 Gz O ()

2T ) _ o

=R (Q)dC) — (900" () [of 20k

<Gy, QG = 1056, (2, dl) + = [ (@c00"

X Gn(z, )(9:0)" " Pw(Q)dgdn
(2.16) follows for k + 1.

37



Corollary 6 Under the preceding assumptions

/ Gn(2, ()(0:0¢)" w(C)dEdn

—sz | 1@ Gz 0l o ug)ag
T (O] — (0 w(C)

<[ 3G (2, QG — 322 G(=. OdC))
2 \n—1 _
2 [ (00 16z, )0 ()
H

Lemma 8 Anyw € C*(H; C)NCY(H; C) for which |z|* 0wz, |z|'w.,
2| Ow; are bounded in H can be represented as

2 / (000" Gz, (DD w(C)ddr

/s

— o | (000" G, 00O - ()]

Fw(Q)[OL0E Gz, Q)¢ — 102G (2, ()]} — 2w(z).
Proof

2 / (0c0)" G2 ) (0w (¢ ey

T JH

= %/{&[(acag)n—lgn(z, C)acw(g)] + 8([(8@55)71_1
H

Xl Q)] = 09 Gz () = 0Ly

1

<Gz, QPO = [ (00" 1Gu(2.0
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1 z — "1
x L o0e) + (1) (25F) S aw(@))dean,

where

1 —z2\" 1

s e (B55) s aw(oden = o)

1 [> L z2=2Z2\" w(C)
“omi )Y (z—c) (-2%

and

Theorem 6 Anyw € C?"(H; C)NC?"~(H; C) for which |z|**2(0.0:)"w
for 0 < v <, 2|10 0w, |2/ 1007 10%w for 0 < v <n—1
are bounded tn H can be represented as

w(z) = —— / G102 G, 1) — 002G (2, 1)

271

T 1 > n—v Q9on—v—
()it — 3 o / RN )
v=1 -
G (2, )00 (bt

[5]-1

]‘ > —V— 14 14
+ ) o / (0c0e)" ' Gz, 1) [0 ()
=0

—agég“ )dt — = / Gn(2,¢)(0:07)"w(¢)dEdn.



Proof From Lemma 8, Corollary 6 and formula (1.5) follows

o= [ (55) - (555) g

1 0

o (0:0:)" G (2, 1) [Ocw(t) — Opw(t)]dt
n—2
1 > 1% n—v Qn—rv— n—v— n—rv
+§_%4—m, _00(8485) Gz, )[0F 02 w(t) — o)

n—2
1 OO —v— v v
xw(t)dt = — / (0,05 ()0 94G(2, 1)
v=0 %

007G, )it =~ [ Gl 000" (e

From Remark 1 and Corollary 2 follows (0;0¢) G (z,¢) = 0 for 2p <
n—1on ¢ = ¢ and 6§+185Gn(z,§’) = 0, 85(9§+1Gn(z,§) = 0 for

2p <n—2on (=(. Hence,
1 [* /z—2\" 1 z—zZ\" 1
_ _ t
w(z) 4m'/_oo[<z—t> P <z—t> e

n—2
1 (0.9] y y v Ay n—y—
‘z%rm/m[aﬁagan(z,t) = OLO¢T G, 1) (000"

n—1
2 : 1 >~ —van—v—
v=0 -

0 (Ol - 1 [ G, C)(@0) i)l

™

1 [ [(z—2\" 1 —-z\" 1
- () - () Ao
Ay J_\z—1) t—=2 z—1) t—2
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n—1

1 > n—v qn—v— n—v—1 Aan—uv y
‘zhﬁfﬁ%% LG (2,) = OO Ga(2,1))(9c)
r=1 —00

n—1
1 > \n—v—1 v+1qr
xw(t)dt+;4—m/_oo(a<a<) Gl IO (1)
v v+l 1 n
~00 et = [ Gule, @0 w(C)dei
1 *© /fz—z2\" 1 z—z\" 1
= i _J(z—t) t—z_(z—t> vt

(23]
1 > n—v an—y— n—v—1 An—v ,

v=1
[5]-1 1 0
t)dt — | (00" Gz, 1[0 T 0wt
i+ 30 g [ @G o)
1
00z (bt~ [ Gule. )02, wi G
Theorem 7 Anyw € C?"(H; C)NC*~L(H; C) for which |z|**°(8,0;)"w
for 0 < v <, 2|10 00w, |2/ 1007 10%w for 0 < v <n—1
are bounded tn H can be represented as
[%5]

1 > n—v an—v—1 v
omi /_ 9o Ga(z,1)(0c0g) w(t)dt

o

X

OIS

=

1 - —V= vV QU

oo

I
g

Gn(2, C)(9c0¢) " w(C)dEdn (2.17)

and
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w(z) = S — / O G2, 8)(90,) ()t

1 o0
+ — / (0c0)" "1 G2, 1) O D (¢t

Gn(z, O)(9c0¢)" w(C)dEdn. (2.18)

Proof For formula (2.17) observe

/ G(2, ) (0:0¢)"w(C)dEdn = % /H {0c[Gu(2, Q)07 0Fw(C)]

—e[0:Gn (2, O)(0:0:)" ' w(Q)] + 00:Gn(z, ) (0c:)" w(C) Ydedn

1 n—2
== /H D _[0c(0c00) Gz, QO™ 71 07~ w(Q)] — Olor o
v=0

X G2, ) (00" w(O] + (08" Gz, ODew(C) YdEd,

where the last two terms are

l/((9485)n—1Gn(z,C)ék@gw(()dgdn: %/H{ad(acaé)n_l

™ Ju

x Gy (2, Q)0zw(¢)] — agag—lGn(z, ¢)0:w(¢) }dEdn

and

/8”8" 'Gu(z,¢)0zw(¢)dédn = w(z)
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+— ! / (0F a”*Gn(z,g))w(g)dt.

271

By formula (1.5) we have

Thus

X G (2, 1) Ozw(t)dt — Z{— / (:0¢)" G2 1)L 02

271

()dt+—/ OO G(2, 1) (0c0p)" ™ w(t)dt

_EAGAaO@@VMOMwH

™

oo

n—1
1 n—v—1qn—v

—00

-1
1 > 1% 14 n—uv—
Zz_z' /_ OO G (2, 100" w(t)dt

——/G 0) (0c0)"w(C)dédn

1]
1 n—v an—v—1 \V
-y = / G (000 ()

v=0
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[31-1 -
- ]' J/ (0c0¢)" ™" G2, ) 0L O haw(t) dt

271
v=0

L / G2, ) (00" w(¢)dedn.
T Ju

This is the representation (2.17). Formula (2.18) can be similarly
proved.

2.4 The Dirichlet and the Neumann problem for the Poisson equation

The Neumann boundary value problem is investigated for some com-
plex model equations up to fourth order including the inhomogeneous
Cauchy-Riemann, [17], the Poisson and bi-Poisson and n-Poisson equa-
tion for the unit disc, see [14], [15].

The Neumann problem is well studied for harmonic functions and
solved under certain conditions via the Neumann function, sometimes
also called Green function of second kind, see [22]. For the half plane
H this function is up to some constant factor.

(€—2)(C—2)
(z +4)%(C +14)?
Remark 5 The Neumann function has the properties
1) 0.0:N1(z,() =0in H\ {C}

2) Ni(z,¢) — 2log|¢ — 2| is harmonic in H for all ( € H
3) O,N1(2,{) = —725 fory =0, € H

T T4a?
4) N1(i,¢) = log 5|55 I% ¢ #4,¢ € H.
They can be checked by direct calculations.

2

Ni(z,¢) = log (2.19)

From 2 ) ) .
n—y n+y n -+
Ni(z,¢) = s 4
a’] 1(27C) ‘C_ZP + IC_ZP |C+Z‘2
for n = 0 then
4
877N1(ZaC):_1_|_§2
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follows. Thus on 1 = 0 the outward normal derivative is

8V<N1(27C) - 1_'_52

Theorem 8 Anyw € C*(H; C)NCY(H; C) for which z°w(z), 2w, (z),

0w (2), 22 0w.z(2) for some 0 < § are bounded in H can be repre-
sented as
L[ w(t) Y 5
== dt + — log |t — ~w(t)dt
wiz) = o5 | Mg /Oo og |t — 2" Ow(t)
1
+ ;/HlogK—z\Q@C(?Cw(ngdn (2.20)
and as
L[ w(t) 1 [~ )
= — dt — — log |t — t)dt
w(z) omi | oz gy | toslt = Ao (?)
1
+ ;/Hloglg—zﬁﬁgé’gw(ﬁ)dﬁdn. (2.21)

Proof To prove formula (2.20) let us take the point z € Hg and denote
Hp. : Hg \ {|¢ — 2| < €} for € > 0 small enough. Then the Gauss
theorem shows

1
[ tosle - sPadcu(dedn
T JHg.(2)

1 1
-/ Bctog|c = 2P05u(Q) = el wlO) hed
_ 1 _ 2q = 1
- 2mi 8HR,E(Z){log <= (9<w(C)dC " ¢ — Zw(C)dC}

If R tends to 400, then the right-hand side of the last formula tends

to
1 o0 _
~or; [ ttoglc = sPou(c)dC + Ly
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1 24 = w(C‘)
+27m' IC_Z|:€{log ¢ — 2] 6<w(§')d§ - Edg‘}.
Observing
li log |¢ — 2Pa-w()de + 2D ger = o
R—H—loo |§|=R,O<Imc{ 08 K ‘ CUJ(C) C + C-_ > C} )

because limp_ o R0 log M(R,d-w) = 0 and limp_.. M (R, w) = 0,
and the convergence of the integrals along the real line these terms

become . (©)
—5 /R{log I — z\Qﬁgw(C)d5+ %dC}
1 ” = w(()
o |<_Z|:€{1og €= 27 0cw(Q)dC + 7——dc}-

24-¢

Observing the boundedness of z°"w,:(z) and the existence of

| osl¢ —=Podn

it follows

lim log |¢ — 2?0 0;w(¢)dEdn = /H log |¢ — 2[*0:0zw(¢)dEdn.

R—x Hp.

e—0
Now
1 = w(()
— log |¢ — z[*0;w(¢)d¢ + —=d
i . (omIc = =PouQ)ad + )
1 27 ) ) )
= — {2log |ee?|O;w (2 + g€'?)(—ice ")
21 0
w(z +ee¥) .,
— g, e Fde.
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If € tends to zero, then the last formula tends to w(z). Thus (2.20)

follows. Similarly (2.21) can be shown.
Also

1 _
= / log € — 2[20.00w(C)dédn
T Hy

w(()
¢ —
1 - = w(C)
= - 1 — 2*0pw()dC + —22d
follows. If R tends to +o00, then the right-hand side of the last formula
tends to

=2 [ (@ (ogl¢ - sPogu(c)) - o (2L

Hg

) Ydédn

—/ {log |t — z\2f9<w( ) = w(t )dt}

Thus for z € H

s | G togle-sPoutldre [ 1og]C-sPouu(dgdn =0

(2.22)
follows. Similarly
wit) 2
2m/ . +1og\t 2 2o.w() vt
1
-l-;/ log |¢ — 2?0:0;w({)dEdn = 0 (2.23)
H

follows.
The representation formulas (2.20) and (2.21) can be modified accord-
ing to the Dirichlet problem and the Neumann problem.
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Theorem 9 Under the assumptions in Theorem 8 the function w can
be represented as

w(z) :—/_OO w(t) Y dt—l—%/HGl(z,C)ﬁcﬁcw(C)dfdn (2.24)

T =2

where G1(z,C) is the Green function for H.
Proof Subtracting formula (2.22) from (2.20) proves

w(z) = —— oow(t)( L 1_)dt

2m ) t—2z2 t—2

1 C__ 2129 a.
_ 1 /H log |- Focd;u(t)ded

v

1 [~ Y
o
1

+ —/Gl(z,C)ﬁgacw(t)dgdn.
H

™

Formula (2.24) provides the solution to the Dirichlet problem for the
Poisson equation.

Theorem 10 The Dirichlet problem w,; = f in H, w = v on R s
uniquely solvable for f € Li(H;C), v € C(R;C), v bounded. The
solution s given as

we) = | )Lt /H iz Of (O)dedn.  (2.25)

™ 00 |t_Z|2

Proof Obviously (2.25) is a solution as the first integral is the Poisson
integral, which is harmonic, (for details see Section 3.1) and the sec-
ond integral vanishing on the boundary R is a particular solution to
the Poisson equation. The solution is unique because any harmonic
function in H continuous in H, vanishing at infinity and with vanish-
ing boundary values on R vanishes identically. This follows from the
maximum principle for harmonic functions.

For another alteration of the representation (2.20) consider

1 1
- [ adpiean = o [ oaoic

27'('7: Hp
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leading to

1 1 >
- 1 .12 _ o 1 129 _
/ og |z + 1| 848<w(§')d§d77 5 /_ og |z + 1| 8<w(t)dt =0

(2.26)
and similarly

1 ) - 1 e -2 —
—;/Hlog|z+z\ 00w (C)dEdn + 5 /_OO log |z + i|*0cw(t)dt = 0.

(2.27)
Also from

+ [ toslc + iPadu(C)dsn =+ [ {0 (g c + iPou(c)
s Hp n Hpg

(w(Q) 1 . = w(()
20 (50 st =55 [, o o+ 500
we have
1
- /H log |¢ + 1[20.0:w(C)ddn
1 0.}
- Q—M/Oo{log\t—i—i\?@Cw(t)dt-l—%}dt:0 (2.28)

and by symmetry

_ 1 / log |¢ + i|°0:0zw(¢)dEdn
™ JH

+ 2—7” /Oo{log ‘t + Z‘ 8Cw(t) + :}dt = 0. (229)

Adding (2.20),(2.21),(2.22),(2.23) and two times of (2.26), (2.27), (2.28),

(2.29) shows
w(z) = 1/00 w(c) dt

T J oo |t —i]?
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2

1 0
dt

s | (welt) — we(®) log

(t —2)?
(t+0)2(z + )2
(C=2(C=2)]
€Tz 42| M

Observing

0 0
&7 = —<8< —+ 8—585 = i8< — Z@C‘ = i(@g — 85),

this is

w(z) = l/_OO wit) dt+%/j:>&7w(t) log

1422
(C—2)(—2)
(C11)2(2 +1)?

Thus the following result is proved.

2

(t — 2)? 5

(t+0)2(z +9)

+ l/Hch(O log

2
. dédn. (2.30)

Theorem 11 Anyw € C*(H; C)NCY(H; C) for which 2°w(z), 210w, (2),
220w, -(2) are bounded for some 0 < & can be represented by (2.30).

Lemma 9 For z € H

> dt
arctan z = —— Ni(z,1) :
Ami | 1+¢2
Proof For z € H
0, arct !
arctan z = ——
Y 14 22
1

0,0 arctan z = 0; =0.

1+ 22

Applying (2.30) shows

1 [ tant ) o0
arctan z = —/ arctan dt + L/ Ni(z,1)
T ) o 1+1t2 dr |

dt
142
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Thus the lemma follows because

1 [ arctant 1 [~ 2
= /_OO Wdt =5 N d(arctant)” = 0.

Remark 6 The derivative 8y is the derivative in the inner normal
direction on R with respect to H.

Remark 7 A more concise proof of formula (2.30) is based on

NG QueQdedn = - [ 2N, Quigden

m HR,E T HR,E

1

27T HR,E

(9 (N1we) + Oc(Nywe) — 9z Nywe — O Nywy) dédn

1

=5 (9 (N1we) + O (Nvwg) — O{ Oz N1w}
n HR,E

_ 1 ({N1(z, Quwe(€) = Oc N1 (2, Qw(C) ydC

Ami Jom,,.
—{N1(z, Quw(¢) — 9¢N1(z, Q)w(¢) }dC)

L (N O we(Q)de — we(C)dE)

479, OHR

We observe
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1

4ri | I1C=R
Im(>0

{N1(z, O (Cue () + Cwe(¢))

—w(C)(CONI(2,C) + COM (= <>>}d—<C

_ 1 d(‘
_ 1 K=2)(¢-2)
= Jy=e 8 [ |
1 1 2
—w(C){C(C_Z+<_Z—<H.)
_ 1 1 2 d¢
+C(CTZ+ v g_z,)}}?

The last formula tends to 0 if R tends to oo assuming w is bounded
and ROrpw(Re"), where 0 < ¢ < 7, tends to zero. As

_2(n+y) 4n+1)  2(m—vy)
R T I A T

then

2y 4 2y 4
0, N = _ _ _
WMz ¢) t—z2  [t+i2 |t —z? 14t

whenn=0and £ =t¢. If ( =&+ 1n and n = 0 then
-1 : . 1 : :
0edC = 0;0C = 5(0e — i0,)(d€ + idn) — 5(0e + idn) (d€ — idn)

= —i0,de.

Hence,
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s [ e — w0

—’UJ(C')(8CN1(Z, C)dC - 86N1(27 C)dg)}

= o [ G0  w-0,M )
- / Nz, 0)00(0) — w(1)0, Nz, 1)
Moreover,
= O (- e+ T )
T Jig—z|=
—w(() ((C — 2)Nic(2,¢) + (CTZ)NE(Z; C))}Cd_—gz

2

(e 15— ») |
log ge¥(ee™ + Z — 2)

|z +i|?|ee™ + z + 1|2

X}

47'('7; 0

x (e"we(z + e€’¥) + e Pws(z + e€'?)) dy

i [ . o 1 1 2
——— w(z + ee?){ee’(— : - — — -)
4Ami ), ge  eeW+z—2zZ eeWHz+1
, 1 1 2
ge ¥ . . — d
tee (56*Zy+5e*2y+2—z ge” w+z—z)} v
The last formula tends to —32w(z) = —w(z) if £ tends to 0. Hence

1
/N1 z, Qwee(¢)dEdn = hm — Ni(z, Qwee()dEdn,

_>OO m ]H[Rs

- /R [Ny (2, )yw(t) — w(t)dyNi (2, £)}dt + w(2)
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_ _l/ w(t) dt—ﬁ/Nl(z,t)E)nw(t)dter(z).

T R1+t2

This is (2.30) which can also be written as

w(z) = —% _Zw(t)@an(z,t)dt+%/_Z@nw(t)]\ﬁ(z,g)dt
+ %/_ 00w (C)N1(z, ¢)d&dn. (2.31)

Theorem 12 The Neumann problem w.; = f in H, O,w(t) = ¢(t)
on R, for f € Li(H;C), ¢ € C(R;C) such that t'T0p(t), 22 f(2) are
bounded for some 0 < & under the normalization condition

i/oo w(t) dt—i - o(t) arctantdt—i f(¢) arctan (dédn = C

T J o 1+ 12 T ) oo T g
(2.32)
for C' € R, is solvable if and only if
1 [ 4
— [ t)dt+— | f({)dédn = 0. (2.33)
T J_o ™ Ju

The unique solution 1s given as

w(z) = C + = / "Nz 1)t + /H N (2, O)f(C)deds. (2.34)

A J_

Verification.
DFor z = z, ie. z € R, y = 0, we consider (2.34). Differentiating
(2.34) we have, see Remark 5,

1 [ 2y 2y 2(y+ 1)
== t A
Oyulz) 47r/ ACA T P DA P

o4



n+y y+1
/f (ot e e

The right-hand side of the last formula tends to

Sﬁ(to)—l/oo olt

oo\x—l—z\Q T \9:—|—z|2

if z tends to ty € R where z € H. Because of (2.33) this is ¢(t).
2)Differentiating (2.34) shows

R (—2+(—z 2
YT T oo@(t) <(<—z)(5—z) i z+i> “

1 1 1 2
faé<<_z+§_z+z+)f@mwn

Differentiating again proves w,z = f in H.
3)By integration

1 00 d 1 o0 1 N d
S-S [ [ eor [
1 L[~
/ f(¢ ;/ —(f’tg) dtdédn = C + — /OO @(t) arctan tdt
4

+— [ f(¢)arctan (d€dn
Tt Ju

i.e. (2.32) follows. Here Lemma 9 is used. Hence (2.34) is a solution
under the condition (2.33).

Proof of Theorem 12

It remains to prove that if there is a solution then (2.33) is satisfied.
But any solution of the Neumann problem has the form (2.30) by
Theorem 11, i.e. using (2.32)
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w(z) =C+ — L /OO o(t) arctantdt—k%/Hf(C) arctan (d&dn

T oo
—/ (t)N1(z,t)dt + — /f YN1(z, ¢)d&dn.
By differentiating

1 > Y y+1
0 = t){2

vt

y+n y+1
9 b 4 déd
* /f 2 T AE R e

Y 14y
— t dt
w/_oﬁ”( >{|t—z|2 By

2 y—n y+n 5yt
+ %/Hf(C){\C—ZPJFK_—ZP 2+ ‘2}d§d n (2.35)

is seen. Then letting z € H tend to tj € R

lim O,w(z) = lim{l/Oo o(t) Y th}—%/_oo p(t) i

z—tg z—to T —00 ‘t — Z| 00 1 + t(2)

A / FO-2T__ )

T Ju |to + 1|2

1 4
- et [ fcazan o,

Remark 8 On the basis of (2.30) the uniqueness of N7 can be shown.
Let Ny(z,¢), be another function with the properties (1)-(4) of Ny (z, ¢).
Then N(z,() = Ni(z,¢) — Ni(z, () satisfies

1) 0.0:N(2,¢) = 0 in H\{C}

2) N(z,¢) = Ni(z,¢) —log|¢ — z|? —val(z, () +log ¢ — 2|? is harmonic

if and only if
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in H for all ( € H
3)0,N(z,{) =0fory=0, € H
4) N(i,¢) = 0.

Applying formula (2.30) to N(z,(), from 1),2) and 3) follows that
N(z,{) = M(() is constant for z € H. Then using 4) N(z,() =
N(i,¢) = 0.
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