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1. Mathematics and beauty

Longing and aspiration for beauty are implemented into human beings. They do accom-
pany them all their lives for their creative activities and their feelings. Symmetry and
balance determine beautiful appearances. They convey aesthetic, calmness, and peace.
In mathematics beauty mirrors in like manner as well in geometric gures as in related
formulas.

The Pythagorean theorem for right-angled triangles with the catheti a and b and the
hypotenuse cin the form a2 + b? = ¢? is easily remembered and very aesthetical (Figure 1).

For entire triples (a, b, ¢) this formula leads to Pythagorean numbers, e.g. (3,4,5). As
Pierre de Fermat has stated in the 17. century, such entire numbers triple does not exist
for any natural k > 2, satisfying ak + b = ck. A deep mathematical proof is only given 30
years ago by Andrew Wiles [1, 2].

The Pythagorean theorem with its geometrical background is beautiful, naturally aes-
thetical, and easily to communicate and to prove. Likewise the statement of the last Fermat
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Figure 1. Pythagorean triangle.

theorem is easily to communicate but neither natural nor aesthetical, as negative in its
statement and with profound proof. An aesthetical generalization (without geometric
background) of the Pythagorean triple for k = 3 rather than for the power 2 is the search for
entire quadruples (a, b, ¢, d), satisfying the relation a® + b3 + ¢3 = d. A possible choice is
(3,4,5,6).

2. Parqueting-reflection principle

The development of computer has enabled many people to realize and to enjoy also mathe-
matical insights and results. Figures of fractal curves and of planar and spatial tessellations
e.g. are available in internet and became popular also outside mathematics. An example
is the work of the Dutch drawer and painter M.C. Escher [3], who without mathematical
background inspired from Moorish ornaments has created beautiful tiling gures. Schol-
ars and students groups are experiencing their mastering of computer programming via
machine learning with planar and hyperbolic tiling. A planar tiling can be created by con-
tinued re ection at circles and lines. Besides creating marvelous tessellations at the same
time the re ection process can be utilized to produce useful formulas, which serve for
treating di erential equations in the domains of the tiling. Moreover, these formulas repre-
senting kernel functions for certain fundamental solutions of partial di erential equations,
do mirror the beauty of the tessellations themselves.

Within the process of creating a general theory of complex partial di erential equations
of arbitrary order since about three decades mainly model equations are studied. At one
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hand fundamental kernel functions for the Cauchy—Riemann and the Laplace di erential
operators are developed explicitly for certain planar domains [4—34]. On the other hand
kernel functions are constructed for arbitrary powers of these di erential operators and
their products [35-61]. The investigation in higher dimensional Euclidean spaces are very
challenging and restricted to half spaces and balls [62—67]. Kernel functions for powers of
Dirac and Laplace operators are also developed in quaternionic, octonionic and Cli ord
analysis [68—72,100]. Many young scientists have contributed to the theory as the theses
giving reference for [73-94].

This article is reporting on the parqueting re ection process for constructing certain
kernel functions for circular domains in the complex plane. From mathematical viewpoint,
lines and circles are di erent samples of the same object. A line is a circle with in nite
radiusand centeratin nity. Re ections at them can mathematically be expressed by related
formulas.

A planar domain D, the boundary dD of which is built from nitely many arcs from
lines and from circles, is a circular polygon in the plane with nitely many boundary arcs
from lines or circles. Re ections at these boundary arcs re ect D onto neighboring circu-
lar domains, being themselves circular polygons. In this process the fact is important, that
re ections preserve (under change of orientation) the set of lines and circles, occasion-
ally called generalized circles. With these circular polygons the re ection process can be
repeated. For parqueting of the entire plane such circular polygons are relevant, this con-
tinued re ection process of which reveals a set of mutually disjoint polygons the closures
of which cover the plane completely. Simple examples are a half plane, the re ection of
which at the boundary line leads to the complementary half plane and a disc, the re ection
of which at the boundary circle exchanges the inner and the outer discs with one another.
Other examples are obviously, half and quarter discs also planes, rectangles, equilateral
triangles, parallel strips, certain lenses (digons), half hexagon. A concentric circular ring
continued re ected at the outer circle leads to a cover of its outer complement by further
concentric rings, while the continued re ection at the inner circle reveals a cover of the
inner disc up to the center by further concentric rings. Nevertheless, such exceptional sin-
gularities of the covering can still be accepted, but require additional attention [95]. Further
examples will be discussed later on.

Two cases appear when tiling the plane. Either nitely many or countably in nitere ec-
tions are necessary for the covering. Finite tiling domains are easier to handle than in nite
ones. In order to determine certain fundamental solutions for complex partial di erential
equations in circular polygons D, an arbitrary pointz  Dis xed and its trace in the tiling
process is observed. Re ecting a point z of the complex plane (at a line/circle) reveals a
point z. It is expressed in dependence of the coe cients of the equation of the generalized
circle as a linear transformation in the variable Z, called inversive transformation. A fur-
ther re ection leads then all together to a linear transformation in the original variable z,
hence a Mébius transformation. Thus, two kinds of points appear in the trace of the point
z, either inversive transformations or Mdébius transformations in z.

Three kinds of kernel functions are in the focus of this investigation: the Schwarz kernel
for the Cauchy—Riemann operator, in particular for analytic functions, and the harmonic
Green and Neumann functions for the Poisson equation in the domains of the tiling.
They are related to the basic model complex partial di erential operators. For the Schwarz
kernel the Cauchy—Pompeiu integral representation formula, applied to z D and to its
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trace points, which are all outside D, are properly combined. For the Green function a
meromorphic function of the point { D is constructed, formally having a simple pole at
z Dandatall its trace points being Mdbius transformations of z, and having simple zeros
at all inversive transformations of z in its trace. This is just achieved by a unique product,
say P(z,2). Then G(z,2) = log|P(z, )|? turns out to be the Green function as well for D
as all its re ection domains in the tiling. For the Neumann function likewise a holomor-
phic function is constructed in{ D, formally having simple zeros in z and in all its trace
points, Q(z, {). The Neumann function then turns out to be N(z,7) = —log |Q(z, {)|?. As
long as a nite parqueting is dealt with these principles work out ne with some modi-

cation. Problems appear for in nite parqueting as convergence problems appear, which
require attention.

3. Schwarz kernel

An analytic function is essentially, up to an imaginary constant summand, determined by
the boundary values of its real part. The reason for this fact is the connection of real and
imaginary parts of an analytic function f = u + iv via the Cauchy—Riemann equations. In
complex form this Cauchy—Riemann system has the form d;f = 0 with the partial di eren-
tial operator 20; = 0x + idy. The tool for this result is a transfer of the Cauchy kernel to the
Schwarz kernel function. The transformation of the Cauchy integral to the Schwarz inte-
gral operator is generally manageable for any domain with a harmonic Green function [96],
see also [36, 38, 47, 97]. The Cauchy representation formula for analytic functions is a par-
ticular form of the general Cauchy—Pompeiu representation of functions with rst-order
partial derivatives not necessarily satisfying the Cauchy—Riemann systemn.

Cauchy—Pompeiu formula For functionsw  C1(D; C) n C}(D; C) inaregular domain
D of the complex plane C the relation

_1 dEdr] w(z), z D,
i o977 T 97T o 2 c\p

is satis ed. A simple modi cation S(z,() = Z_ —-1= %*Z of the Cauchy- kernel
case of the unit disc D = D = {|z| < 1} reveals the representation formula

_ ¢, 1 dg
w@) =5 - Rew(0)S(z,0)— Z "o |z|=1|mW(Z)T
1 wr@g+z wWr(Q1+2C L
M e ( =" 7 17 dgdn, {=¢&+in,

for z D. The advantage of the Schwarz kernel for D is ReS(z,{) = P(z,{) = ZZ_—Z +

—1forz D,{ 0D, which isthe Poisson kernel for D.

The Schwarz kernel function can be constructed with the parqueting re ection method
for other circular polygons. Some examples are listed here as well as the harmonic Green
functions which are also related to the Poisson kernel as essentially the normal derivative
of the Green function at the boundary of the domain D.

J\l
Xl
N
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-1 0 1 X

Figure 2. Unitdisc D.

3.1. Finite parqueting domains

The basic examples are the upper half plane H* = {z : 0 < Imz} and the unit disc D =
{lz| <1}. Re ectingz H™ at the real axis reveals Z while re ectingz D at the unit
circle gives 2.

The analytic Schwarz kernel of

e unitdisc D (Figure 2)

Sz, () = % = 2 —1 see e.g. [97]. Its real part ReS(z,2) = P(z,0) = zZTz + L -

(—z {—z
1 is the Poisson kernel for D. The modi ed Cauchy—Schwarz—Pompeiu representation
formula states

1 (+zd( .
w(z) = o . Re W(Z)ZTZT +ilmw(0)
1 @iz w@Qi+al e b

2n p  ( (—z { 1-12C
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Its polyanalytic generalization isforn N

n—1
— -1y y (+z2 B — ,dg
w(z) _v:O 2 op Re GZW(Z)ZTZ(Z 2+7—2) 7
n—1 Imoyw(0)
+i C " Tz+2)
v=0 vt
_ (_1)[1—1 BZEW(Z)Z +7 OZDW(Z) 1+ Zz _ S
mMO-1 p =z 7 1-gg &TFri-yddn
z D,
see [45, 46].

e upper half plane H* (Figure 3)

N |

Figure 3. Upper half plane H*.
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The analytic Schwarz kernel and the Poisson kernel are

1
S(z,t) = ii=2)
1 z2—7 y

— = 1 - = =
P(z,t) =ReS(z,t) = 2(t—2) 2i(t—2) 2it—z |t—2z]2

forz=x+iy H" t R,see[37,80].

e unbounded sector St = {P<argz<T}lw= elh,n N, (Figure 4)

has
1™t
S(z,Q0) = 7 o ( BS%, z Sr,
k=0 Z —zen
as Schwarz kernel, and
1"t 1 1
P(z,{) = 7 — g ¢ & 0Sm,z Sm,

k=0 (—zen (—Ze n

Figure 4. Unbounded sector for .
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Y

Figure 5. Upper half unit disc D*.

as Poisson kernel, see [6].
« upper half unit disc D* = D n H* (Figure 5)

the Schwarz kernel is

- , 2] =1, 0<Im¢, z D%,

- , |Rell<1, Im{=0 2z D%,

see [21].
= digon
A circular digon in Co is a domain whose boundary is composed of two circular arcs

of Ceo With two intersection points. It is a circular polygon with two circular arcs and two
vertices.
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(a) (b) () (d)

Figure 6. Four cases of circular digons.

Figure 6 demonstrates all the four cases of circular digon domains. They are lune
domains, circular segment domains, lens domains and cones, respectively corresponding
to Figures 6(a—d).

In the last case, as seen in Figure 6(d), the two boundary rays of a cone are considered
to intersect at the corner point and at in nity.

The set

Dag :={zz—1<0<zzsin(a —0) +zsinB + zsin® —sin(a + 0)},
where 0 < a <1, 0 <8 < m, is a circular digon with the two corner points v+ := gtia
and two boundary arcs

Co :=0Dgp n{zzsin(a —B6) +zsinB +zsin® —sin(a + ) = 0},
C1:=0Dqp n {zz = 1}.

Co and C; intersect at the corner points v and v— with the intersection angle 8. Cy is
part of the unit circle {Jz| = 1}. Ifa = 8, {zsin8 + zsin6 — sin(a + 6) = 0} is a straight
line and Cy is the straight line segment connecting v+ and v—. In this case, Dq ¢ l00ks like
Figure 6(b).

If a =8, Cq is part of the circle whose center is ¢g := sin8/sin(6 — a) and radius is
ro :=sina/|sin(®@ — a)|. If a > 8, the domain Dq g is a lune domain, while for a < 8,
Dg  is alens domain.

Figure 7 depicts the details of Dq g in the case of o > 8.

The Schwarz kernel for Dq g is for 8 = % n N

n—1 . .

1 sin(a—9 + + 2sinB

_ in( )(C + 22¢) i 7 Co z Das

e SiNa { — 7ok
S(ZIZ)_ n—1
C + 7
’ Z Cll z Dd,ey

o & T 2

— __zsin(a—k@)+sinke
where Zok = =7 gnka—inQoa+ke + 5¢€ [84]-
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Figure 7. Dqp in the case of a > 6.
e quarter plane Q** = {0 < Rez,0 < Imz} (Figure 8)

The Schwarz kernel is

@)= 4t .
2+ O<n &€=0 z Q7

(=& +in,see[4,5]
= isosceles orthogonal triangle with the vertices 0, 1, i (Figure 9)

Imn(z,Q) — %[gm,n(zol )+ dmn(20,0Q)] .

S(z,¢;20) =
mn Z
gmn(2,0) = 7 —2—12m—2ni *7 +zi—(2m+11)—(2n+1)i
Z—zi—(2m+11)—(2n—1)i +Z+z—(2ri+2)—2ni’
see [60, 61].

= circlesector Sy = {Jz] <1,0<argz < T} (Figure 10)
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-z 9=

®c--———-—-f
@<=
N |

N

Figure 8. Quarter plane Q*™.

Figure 9. Isosceles orthogonal triangle.
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Figure 10. Circle sector for %.

has
$(z, Q)
n—1 2k = _ 2kmi
(+zen {+ze _ n
- —kmi 1<l =1,; O<arg{ <—, z Sl,%.
_ k=0 C(—zen {—ze n n
oot 1 zZ T
Zmi 2k ' 0<|{|<1, argq O’H , 2 Spm,

k=0 ¢(—zen en —z(
as Schwarz kernel, see [93].

e lens D = D n Dy (r), and related lunes D \ Dy (r) (hyperbolic half plane), D (r) \ D
with D (r) = {lz — m| < r}, 1 + r2 = m? (Figure 11)
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Figure 11. Lens D n Dy (r), lune D \ Dy (r), lune Dy (r) \ D.

have commonly

S(z.Q)
2C 2¢(1 — mz)
Z—z_l+Z(1—mz)+z—m_1 , { 0DndD,z D,
20 —m) _ [(—m@A—mz)
T 1+ =) —mz) =22 1, ¢ 0DnoDy(r),z D,
as their Schwarz kernel functions, see [11].
* acorn domain (Figure 12)
D={ Cllz—172+0)|<1/2,|z— (1 +i/2)| <1/2,|z| < 1}
has
22—(1+2i)+ 22— (2+1)
(—z (2+2i)zC —3i¢ — 3iz—(2—2i)
z
C (1—20)2 — 27 — 2z + (1 + 2i)
_ 3iz+ (2—2i) .
Q=N -2 —a+@+iy P P0G
22— (2+10) 2z — (1 +2i)
(—z (2+2i)z{ —3iC —3iz—(2—2i)
_ 3iz+ (2—2i)
S@O= YA -2 —z+a+2)
Z .
T2 —m+ @t Pl
2z N 2QBiz+ (2 —2i))
(—z (2+2)zC —3iC —3iz—(2—2i)
N 2(2z — (1 + 2i))
(1 —2i)z{ —20 — 2z + (1 + 2i)
22z~ (2+1) +4,2 0D nCs.

+
Q-2 —20 —2z2+(2+1)
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as its Schwarz kernel function, see [28].

3.2. In nite parqueting domains

The Schwarz kernel for the
e circularringRr1 = {0 <r < |z|] < 1} (Figure 13)
is

rZKZ r2kz

-+ +

N
N

Il
N

S(z,Q) Rr1, ¢ ORry,

see [57, 91];

= upper half concentric ring R;tl ={0<r<|z] <1,0<Imz} (Figure 14)

is
S(z,0)
Z+z_Z+z+ < ¢z T Lz
(-2 T-z rn—z r"z—{ M-z r2z-7
[C]=1,0<Im{,z R",
{+z _(+z
(-2 -1z
R ¢z T z
= +2n:1 -2 Pz-{ (-7 7-(
[C]=r,0<Im{,z RT,
1z
t—z 1-—zt
. . 1 z B 1 Lz
=1 g —z (rz—¢) r—-z0) r?Mz{-1 °
¢ [-1,r] [r1,z R,
see [21];

* quarterringR’T" = {0 <r <|z| <1,0 <x = Rez,0 <y = Imz} (Figure 15)
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is
$(z,0)
) 72 + 22 _22_,_22
ZZ — 22 zz _ 22
oo 2 2 2 72
+4 ¢ - _Z L -5 ,
1 r4kg2 —z2  r¥kz2 — 72 akp2 22 r4|<Z2 — 72
I{|=10<¢& 0<n,
, 2+22 TP+22
{2 — 72 z2 2
oo =2
—4 S - 2 + z - ¢
- r4kZ2 — 72 rdkz2 — ZZ pakz2 — ZZ r4k22 — 72 !
_ ld=r0<g0<n,
, & &
. < g 3 72 N £z 1
1 r4k£2 — 72 E(I’4k22 — EZ) r4k2222 -1 E(I’4k — 2252)
r<f<in=0,
—4 2’
n2+z2  1+n2z2
N oo r4k r] B Z2 N nZZ _ 1
E=0,r<n<l,

z R'T,{=&+in,see[89];

V_
« half hexagon P* with the corners 2, +1 +i 3 (Figure 16)

S(z,) =2 [Amn(z,¢) = dmn(0, {)]ds, +

m+n 2Z

_2(28-3) .
@-ar+s OO
28 +
mv Z 02P )
_ 2(2¢ +3) +
@ +37+3 ¢ 03P,
2 +
g! Z a4P ]



APPLICABLE ANALYSIS 2841

Figure 12. Acorn domain.

V_
with the segments akyj on the respectivg/lines of 0P* betweenthe points[2,1 +i 3],k =
Ll+i 3,—-1+i 3,k=2;[-1+i 3,—-2],k=3;[-2,2],k=4;

3(2_(:0m,n_2)2
— mn_23_ —2)3’
(€ —wmn—2)°—(z .)\/_2
3(< - (.L)m*g/"' 1 —1 3) _‘v/
C—wmn+1—i 33—(z+1—i 3)3
3(Z_('0m,n"'2)2
C—wmpn+2°%—(z+2)8% '

dmn(z,C)

V_
and Wmpn =3m+i 3nm+n 2Z see[89].

4. Green and Neumann functions

Harmonic functions, closely related to analytic functions, play a fundamental role in
potential theory. The basic Laplace operator, a second-order partial di erential opera-
tor, is central partial di erential operator in mathematical physics. Integral representation
formulas related to the Laplace operator, adjusted to natural boundary conditions, are
determined by the harmonic Green and Neumann kernel functions. For certain cyclic pla-
nar polygon domains D they can be constructed by the parqueting-re ection method. Also
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Figure 13. Circular ring Ry 1.

their conformal and their inversive transformation invariance, [17, 84], are available for a
construction. As function of two variables they are symmetric, harmonic up to a charac-
teristic logarithmic singularity when both variables coincide, but di er in their boundary
behavior. While the Green function G1(z, {) vanishes at the boundary, the Neumann func-
tion N1(z, ) has piecewise constant normal derivatives at the boundary, in general these
constants di er on di erent boundary components. Green representation formulas are
used for solving the Dirichlet boundary value problem, Neumann functions are needed to
solve Neumann boundary value problems. In the Dirichlet problem the boundary values,
in the Neumann problem the normal derivatives of the function in question are prescribed.
A linear combination of Green and Neumann functions is the Robin function, a real-
valued interpolation of Green and Neumann kernels, Riq3(z,{), 0, R,0< a? + [32
satisfying R1:.0p = N1, R1:00 = Gy [23, 26, 79].

De nition: Fora,f R, 0 < a?+ B2, areal-valued function Ry.q5(z,2),2,{ D,z =
¢, is called Robin function for D, if forany { D it has the properties

e Ruigg(+, ) isharmonic in D \ {¢} and continuously di erentiable in D\ {(},
* h(z,{) = Ryap(z, ) +1log|l — z|? is harmonic forz D,
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Figure 14. Upper half circular ring erl.

* ORyqap(z,¢) + Boy,R1ap(z, () = Ba(s) for z = z(s)

tion o is the real-valued continuous, piecewise constant function of s from the
boundary condition for the Neumann function,

* B 5p09(S2)R1ap(z,C)ds; = 0 (normalization).

0D, where the density func-

The respective representation formulas for proper functions are [9, 25, 39]

1 1
w(z) = ~m aDW(Z)O\;ZGl(Z, ()dsg — T

and

w(z) = —% 2o (@Yo N1z, 0) = dW(ONw (2, )} s — %

related to the Dirichlet and the Neumann problems, respectively.
Lp(D;C),2<p,y C(0D;C) asolution to

Dirichlet problem. Find for f

szzf

D

inD, w=y onaD.

We7(@)G1(2.2) dEdn

Wz (@)Nu(2,2) dE dn
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Figure 15. Quarter ring R;".
Neumann problem. Find forf  Lp(D;C),2<p,y C(dD;C),c Casolutionto

1
wz=f inD, dw=y ondD, —  w({)ds =c.
21 D

4.1. Finite parqueting domains
e Unitdisc D = {Jz| < 1} (see Figure 2)

_ 2
1—12C
(—1z2

N1(z,2) = —log |(Z — 2)(1 — z0)|?

G]_(Z, Z) = Iog
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with dy,N1(z,{) = —20n dD,
® @QF+ @)*

2 ,——= /N,
B =1 o+ kB B

© 5K 4 (57K

L,y T @ @)

Riap(z,¢) = log L _ZZ + P k=1, ° +kp

(—z k=ko
+2[(20)" log(20) + (20)" log(z0)],
ko == —% N,

see [22, 26].
e Upper (lower) half of D,D*=DnH*H*={0<Imz},H  ={Imz <0}
(Figure 17)

_ s _= 2
0= )

N1(z,Q) = —log | —2)C —2)(L — 20)(L — Z0)P%,

l

also amodi cation of N;
N1(z,) = 2log[22|* — log | — 2)(C = D)1 + 20)(1 = )|,
see [21] and also [15].
« Right (left) half of D,D; = D n {0 < Rez}(D; = D n {Rez < 0}) (Figure 18)

- S 2
G20 =10y o1t N Q) = ~logl@ D~ )+ 2 + D,

see [14].
e CirclesectorDg ={z:|z| <1,0<argz < am},0 < a < 2 (Figure 19)

The Green function for o = 1, see before for D¥, is
1-70 1 -7 *?
|og —ZZ—
(—z1—-12C
Applying the function za mapping Dgq onto D; = D™, the conformal invariance of the

Green function reveals the Green function for Dq as
1 1 2

1—@0)s (& —za
(o —z¢ 1—(2)7

This result can be attained also by the parqueting-re ection method.

log
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Figure 16. Half hexagon P™.

(a)

Figure 17. Halfs of unit disc.
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N\IA\Q\

(a) (b)
Figure 18. Right (left) half of D, D, (D).
Leta = % 0<m<n, mn N,bearational numberand S; = Dq be the respective
sectorin D. Re ecting Sy attheray {farg{ = ﬁT[} maps itonto S; = Dy \ Dg. At the same

timeapointz Spisre ectedontoexp 27 mi Z S,. Continuing consecutively reveals
as well the sectors

Sok= z:]z] <1,(2k— 1)%11 <argz < 2k%n ,
Sok+1 = Z:z] <1, 2k%n <argz < (2k + l)%T[
as the points
Zok = exp 2k%ni Z  Sok,  Zok+1 = EXP ZK%ni Z  Syk+1
forl<kandz S;.In particular,
Zon =exp@mniz=z Spn= C:|¢ < 1,—%n <arg{ <0 ,
Zon+1 = exp(@mmi)z=2z  Syn+1 = S1.

The same sectors and points are attained when re ecting S; at the ray arg { = 0 and con-
tinuing consecutively clockwise. The covering of the disc D is completed to a covering for
the entire plane C. The related parqueting-re ection procedure provides the meromorphic
function of {

n

P(z,0) =

k=

¢ —exp(2kMmi)z {Z —exp(2kTmi) " —-z"1—(ZQ)"
L8 exp(2k i)z £z — exp(2k T i) S —7"1— )™

But the parqueting involved is m-fold. This is seen from

2n n—1

D= Sx= (Sxk+1 Sak+1) ={2: 2| <1,0=<argz <2mm}
k=1 k=0
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Figure 19. Circle sector Dz ..

and re ects to an m-fold covering of C. Applying the m-th root reveals a simple covering
and thus

m m m 2

P 8 -7 1— @)

log [P(zm,Zm)[2 = log g+ .
{n—zn1—=(@0)n

is the Green function for D%.
Incaseq,0 < a < 1,isirrational, a rational monotone increasing sequence {r,} approx-

imating a = limy, _, o I'n, the sequence of the related Green functions

1 _1 A
i —7in 1= (@)

1 1 1
=2 1— (@)

log
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Figure 20. Almaty apple.

tends to the Green function

2

(7 —70 1= @)"

Iog 1 1 1

(o —zal—(z{)a

of the circle section Dq. This is a conclusion of the Wiener principle of domain exhaus-

tions, see [98], p.335. This result can also be extended for Dy with 0 < a < 2, see [25].
The Neumann function is attained likewise [25].

« Almaty apple D = {|z| < 1,z +Z < 1} (Figure 20)

Parqueting-re ection has to be applied to the Almaty apple D = {Jz| <1,z+Z < 1}
and its complement with respect to the unit disc D\D = {Jz| <1 <z + Z}. Two re ec-
tions have to be executed. Re ecting D at the vertical line z +Z = 1 leads to the image
D={z—1]<1<z+7Z}Thelinez+7Z = lisre ected at the unit circle onto the circle
|z — 1] = 1. At the same time the set

Do={fz+z<11|z—-1| <1}
is mapped onto
Dsy={l<z+Z1l<|z—-1]}
Similarly,
D ={z|<1l<z+7Z}
is mapped onto
D ={lz—1<1<|zf},
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and

D ={zl<1<|z—1]}
onto

Di={l<|z|,z+Z <1}

The symmetry of the gures involved suggests the re ection at the circle [z — 1| = 1. The
images of the respective sub-domains are needed. The vertical linez+7Z = 1is re ected
at |z — 1] = 1 onto the unit circle |z] = 1. The sets D,,D2,D; arere ectedat|z— 1] =1
onto D1, D3, D3, respectively.

Remark 4.1: Obviously, these domains Dy, Dy, 1 < k < 3, provide a parqueting of C. But
with respecttothedomainD =D; D; {lz—1|=1,z+7Z < 1},where D, isre ected
at |z — 1] = 1 onto Dy and vice versa, or at z +Z = 1 onto D, a double pargueting of C,
one parqueting from the re ection at each of the two circles combined with the re ection
at the vertical line are needed.

The trace of apointz D depends on the location of the point. There are three cases.

(i) z D;.Thenzy Di,z2 Ds,zz Dyzg Dsz,zs Da.
(i) z Dy.Thenzy Dj,z2 Ds,zz Di,z4 Ds3,zs Ds.
(iii) z Dwith|z—1]=1.Thenz; Dwith|z1|=12+Z, =1withl <|zp],z3 =
2,74 = 72,75 = 71.

The harmonic Green function for the domains D, Dk, 1 < k < 3, are given by just one
expression. As these six domains are related by re ections the Green function for one of
them will also serve for the other ve. Incaseii.thedomainD; ={z+zZ<1,|z—1] <1}
is investigated. Because Dy, Dk, 1 < k < 3 provide a parqueting of C, the harmonic Green
and Neumann functions for D, are

-2 -(1-D2A- )+ °

{—z1-z+201—-(Q1—-2)C '

Ni(z,2) = —log ({ —2)(1 —20)(1 — 2 + 20)( — (1 — 2))
x (1—(1-2)EQ -7+,

Gl(Z, Z) = Iog

see [14].

Remark 4.2: The situation is much simpler in case of a half disc, say D) = {]z] < 1,z +
Z < 0}. With the above notations here the sub-domains D; and Dy are both empty. D,
corresponds to D,. The re ection of D; at the imaginary axis z + Z = 0 is the right half unit
discDy ={z]<1,0<z+z}andC=D, D, (C\D)withtheunitdiscD = {z| <
1} is a parqueting of C. z Dy is re ected at the imaginary axis onto —z D, and both
onto 2, —1 outside D, as explained before.
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= Domain bounded by two circular arcs (digon) D = {|z] < 1,0 < |z|sin(a — 8) +
(z+7)sin® —sin(a+0)}, 0<a<m, 6 =5, n N(seeFigure7)

G1(z,0) = log|P1(z, O)I%,  Ni(z,7) = —log|Qu(z, ))I%,

Py(2.0) = 1-7C n-1 Z{ sin(a +kB) — (Z + ¢) sinkb — sin(a — ko)
1(2.0) = (—z 1 (1 +22)sinkd + zsin(a — kB) — Z sin(a + kB)’
n—1
Q1(z, )= —2)(1—20) [zCsin(a +kB) — (z+ ¢)sinkd —sin(a — kB)]
k=1

% [(L+ zQ)sinkB + zsin(a — kB) — Csin(a + kB)],

see [31, 84].
= Hyperbolic half plane, lens D = D n Dy (r), and lunes D \ Dy (r), Dm(r) \ D with
Dm(r) = {lz—m| <r}, 1+ r? = m? (see Figure 11)

1—Zm@+2)—A+20) °
{—z (+z—m(l+20)
N1z 0) = —log|€ — 2)(1 — 2)(@ + 2 — m(L + 20))(1 + 2L — m( + 2))[2

see [11, 25].

Gl(z! Z) = Iog

Polyharmonic Green—-Almansi function for

-D
N
(20 =" 19 7
n—1
— L=z - PR - gPM, 27 Dz=Tn N,
=t M

see [35, 41, 99],

L] H+
I A e
@O =" % 7=
n—1
v+ Y- pow@ DR — M2 HYz=Tn N,
n=1

see [80].
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4.2. In nite parqueting domains

e StripSy ={z C:z=e297+2iatel® 0<t<1},0<a<ma R (Figure21)

_ 2

inrraz_.e—m;Z { — e?iog -z °2
Gi(z,0) = —F& " Ny(z,0) =—log SinT———sinm——
1(.) smnz?a_ei’ 1(2,€) g 2iaeid 2iaeld

see [12].
* Hyperbolicstrip D = D\ {D—m,(r1) Dm,(r2)} (Figure 22)
Dn(={z—m|<r}l+rP=m®-1<n—-m<0<mp—r <1}

G]_(Z, Z) = Iog |P(Z’ Z)|27 N1(Z, Z) = Iog |Q(Zv Z)lzn

P(2,0) = 1-20C—21 C—2p “ 1— 201 — 7l {— 2gke1 { — Zak2
' (=21-701-%C, _ {—za-1 {—Zak 1= Zae1l 1 — Zggral

(—Zx—1 1 =710 {— 2k 1—Zn(
(+1 Z3—i(1+Q) T—1 2(1—Q)°

Rz =0C—-9)A-20)

k=1
mz+1 myz—1
a=mm;+1 B=m+my z;=—_ . = - :
Z+my Z—my
OzZk—1 — B azok + P az—f az+
22k+3 = A _- sz+4 = 3 k Ni 23 = [l 24 = [l
a — Bzok—1 a+ Bz a— Pz a+ [z
[7,10,12].

- DegenerateringD = 1 <|z— 3|, |zl <1 ={l <|2z—1]|,|z| < 1} (Figure 23)

_(k—1)z—-k _ (k+1z—KkK
KT gk 2T K+ z-(k+ D)
_k+Dz-(k+2) _ 1

kZ—(k+1)  Zoaz
k+3z—(k+2) 1
k+2)z—(KK+1) Tz
G1(z,0) = log|P1(z, )2, N1(z,0) = —log|Qu(z, ))I% 2, D, =z,

P12 Z):El—fz L+72—-2 % =210 — 242
1 Z7{—z2(+1-22

k N,

Zok+1 =

o & T Z2kw2 {— Zok

(= z1-7Cz2{+1—-220+7—2
Ql(LZ)_ZZZ_ll_Z Z_l Z_l
C = Zok+1 € — Zok+2 € — Zok+1 { — Zok+2

-1 (-1 (-1 7-1 '

x
k=0
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Figure 21. Strip domain.

see [16].

V_ V_
e Planar circular rectangleD ={0 <i(z—12),|z 1< 2<|z—i 3|} (Figure24)

Gu(2,0) = logIP(2 I, P(Z'Z)=Poé 0) Eiiiﬁi??
' k No + !

with

(=7 144700 -7 1+277C

— — .,k No,
Z—z;1+z;zz—2;+l+2;+z

Pk(z,Q) =
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—m1 R T1 m2+ 7‘2

Figure 22. Hyperbolic strip domain.

Figure 23. Degenerate ring.

where
+ _ + _ m1lf— 1 _ -\/—
3y =2,y = ————, M= 3
Z +mql
+ -
Zg, = —Gka_1+I3kl Ok = MgMg+1 — 1, Bx = Mg — Myg+1,  Mysy = —mlmk+1
= - y —_ + y _ +1, +1 — ]
kL oy — Brizy, mz + my
1—z"
7t = L+ k N,
1+zk
see [18-20].

V_
« Equilateral triangle T with corner pointin —1,1,i 3 (Figure 25)
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Figure 24. Circular rectangle.

Gi1(z,0)
2
(Z_wm,n_l)g—(z_l)S B 1 v
I | _ iy :
" man 2z @~ @ma =13 —(—1)3 ¢ iorj 7(1+13)]
) + 23+,
- 2
—Wmn+1)7°3 =T +1)3 3 1 v _
log g—zmyn:l;?’_ééilgg ) Z=ZOFZ=E(1_I 3)¢

m+n 2Z

\ARVA

—=( 3-1),
. v

forz Tandwithwmn =3m+i 3n, m+n 2Z see[23, 24].

e CircularringRy1 = {0 <r < |z| < 1} (see Figure 13)
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o = _2
_ log|z|?log |22 1—22 2 27 — 721 — %47
Gi(z,0) = logrz log =2 " log o 2T =
log |z|? log |Z]? _
Ni(z,€) = % —log|(1—z0)(C - 2)I

oo

(L= r220)(e — )@ — )z — 1) ©

k=1 |22
= T @«
feptO=GROTE  arma-m g’
k=0
Riap@ Q) =Gu@ ) +28 o+ @)
e o KB~ )

k=0,ko

2 - -
+ T 120 log(20) + (20)" log(20)],
if ko = —% z

see [26, 91].

« Upper half circular ring er ={0<r<|z] <1,0<y=Imz}(see Figure 14)

1—20 { -z

G]_(Z,Z)z Iog Z_Z 1_ZZ

- - _2
C T — 7220 =R T — 1Pz 1 — 1T
_ PO —z20 — & —r¥z 1 — kg

2
Ni(2.0) = 210g -~ log 1€ ~ 2@ - 21— )~ 2

k

©o

+  4log|zg|* —log|(z — r*"{)(z — r*")) (@l — M)zl — ")

n=1

x @ =) — P2 — P21 — QP

see [21].

* QuarterringR’T" = {0 <r <|z] <1,0 <x =Rez,0 <y = Imz} (see Figure 15)



APPLICABLE ANALYSIS 2857

) -2
{"—2721-7%C
Gi(z,0))=log ——————
1(Z Z) 0g ZZ_Zzl_ZZZZ
© 7% _ pikg2 22 _ M2 ik _ 272 1 pikg2g?

r4ZZ—2222—22 >
N1(z,¢{) = —log ij—zz—z(l - 22051 -2°7)
o0 ZZ — r4kg2 72 — pikg2 72 _ kg2 22 r4kz2 2272 —

>< z 22 72 72 2702

k=1
272 _ 4k 2

2°C" —r _

¢ - Q-2 - rAkZZZZ) ,

see [89].

* Ringsector Sr1q ={0 <r<|z] <1,0 <argz < am}, 3 < a (Figure 26)

1-7297" T —2¢

G120 =108 7o a1 —aga

o rZKGZO‘ — 70 Zuzo‘ — r2ka ZO‘ — r2kozaq rZKGZGZG 2

2kazao — y0 ya70 — p2ka za — p2kas0 1 — p2kay0za !
I(=1rZzzZ [eKa A — pekaza 1 — pekazag

see [59].

V_
« Half hexagon P* with the corners +2, 1 + i 3 (see Figure 16)

G]_(Z,Z)

3 7 3 2
(Z_(A)mn_z) _(Z_z) + +
lo : , MPt  a4PT,

T ) iy e ¢ uE o
z PT,
+1 '\/§3 _+1+'\/§32
= log (2= G VE IV R S
man oz @~ Omp+1—i 3P —(C+1-i 3)
2
— 3 _ (7 4+ 9)3

(Z—omn+2°3—(C+2)3

m+n 2Z
z P,
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Figure 25. Equilateral triangle.

V_
with the segments OK?:“ on the respectivg/lines of 0P* betweenthe points[2,1 +i 3],k =
LAA+i 3,-1+i 3L k=2[-1+i 3,-2],k=3/[-22] k=4 and ®mp =3m +
i 3n,m+n 2Z, see[89].

* Schweikart triangle on the hyperbolic plane with one right and two zero angles
(Figure 27)

Its sides are the interval from the origin to the point i on the imaginary axis, the interval
between i and 1+ i on the parallel to the real axis through the point i and the shorter
arc on the circle |z — 1] = 1 between the origin and 1 + i. The sides are described by the
2 x 2—matrices from the Hermitian space H™ = {A: A GLy(C),A = A, detA <0},
where A is the complex conjugate transpose of A,

01 -1 1 0 —i 1 i
Ag = 1 :0 . = .

corresponding to the generalized circles

z+7=0, |z—-1=1 z—-z=2, |z—-i=1
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Figure 26. Ring sector for .

Besides Ay ' = Ag also

o -
= O

are noted.
A generalized circle, i.e. a circle or a line, is expressed by the equation azz + bz +

bz+c=0witha,c R,b C,ac—[bJ?> <0.Itdescribes fora = 0thecircle |z + 2|7 =
%{—a" and for a = 0 the line bz + bz + ¢ = 0. The respective 2 x 2-matrix from H™ is

(=2 <}
o ol
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Figure 27. All first reflections.

Re ecting Ag consecutively at A; reveals

-k 1

A= g

k Z,

and similarly Bg at By

k —k+i(k—1)

k—i(k—1) 2(kk—1) ok Z

Bk:

Re ectingageneralized circle B ata generalized circle A gives the generalized circle AB™1A.
The four circles A—1, Ai, B_1, ByAZ1By = AoBZ1A build a circular guadrangle on the
hyperbolic plane with four zero angles (Figure 28). Its diagonals are the lines Ag and By.
They divide the quadrangle into four Schweikart triangles. The notation is

FL, = {A_1, Ay, B_1, BoAZ}Bg; Ag, Bo}.
Re ecting Fll at A; gives the quadrangle (Figures 29 and 30)

FI = {A1, A3, A2B3 A2, By : Ag, Bo).
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Figure 28. Basic circles.

Similarly, handling F%k_l at Apk+1 in the same way provides fork Ny
Faer = A1, Agkra, Aks2B3 P A2, Akr1BZ1 A1 Agka2, Ak1Bg Ak}

For attaining the full set F},,,,1 < p<3%k No of quadrangles, F}, , , is re ected at

the diagonal Ax—Bg 1 Ax— of Fkr)—1 esulting in Fglf’:l_“ﬂ, 1<p < 3% andof FSEH‘
+1
—p+1

at the diagonal Ay(x—x) of F%(k_K)_l giving Fglt dl=spu=s3¥forany0sk<k-—
1,k N (Figure 31).

The quadrangles ngﬂ, 1<pu=<3%k Ny, determine a parqueting for the lens {|z —
1] < 1,]|z —i| < 1}. To complete the parqueting of the hyperbolic plane |z —i| < 1re ec-
tionof the Fh ,,,1 < <35k Ny, at the diagonal Bp and then a nal re ection at the
diagonal Ag provide the parqueting of the four lenses inside [z — i| < 1. F£1 completes the
parqueting of the hyperbolic plane and its complementary outside (Figures 32 and 33).

A mathematical description of the parqueting process is possible on the basis of the
inversive transformations ry and sy of the re ections at the circles Ax and By, respec-
tively. The re ections {rgro: k Z} and {sxso : kK Z} form cyclic groups of Mobius
transformations. Introducing

+1

k = rksofk = (r1ro)*so(rors)®
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1+i

Figure 29. Fundamental quadrangle.

the relations

3Kty _ 3K—p+1
Foaer = k—«Faar

2:3+p _ M
Foker = Tok—x) k—kFarsq

holdfor il=u<3%0<k<k—1,k N.Introducing triple sets of inversive transfor-
mations an explicit but involved description is possible, to describe the ngﬂ by F%k+1 and
nally by F1, see [13].

The trace of a point z T during the continued re ections has to be constructed.
Re ectingz T at the side A1 gives i_il This point re ected at B, becomes fgﬂl. And
re ecting this point at Ay, or zi;l at B, produces nglz_il. These four points build the trace
ofz Tinthequadrangle F} (Figure 34). By the relation F}, ., = ri+2Ff the trace points

in Fl
inF5 ., turn out to be

z Z z—2i Z+2i
k+1Dz+1 (k+Dz—-1 «k+Dz—-2)—-1" *k+1)@E+20)+1

These expressions hold also for k = —1, representing the trace in Fil.
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Figure 30. Fundamental quadrangle.

Re ecting F%k+1 at the diagonal AkBo_lAk and ngﬂ at Ay gives the trace points from
FZ ., and F3, , , respectively, namely

Q—iz+2 2—iz—2
Ck—=(k+1Di)z+2k—i" (2k—(k+1)i)z—2k+i’
(2 — i)z + 4i 2 — i)z — 4i o2
(k= (k+ 1))z +2+ (dk+ )i’ (k—(K+1)i)z—2— (Bk+1)i 2D
2+)z+2 2+Nz—2
@Ck+k—Di)z+2k—i" @k+(k—21Di)z—2k+i’
2+i)z—4i (2+0)z+4i 3

Fr.
(2k + (k —1)i)z —2 — (4k — 1)i"  (2k + (k — 1)i)Z + 2 + (4k — 1)i 2kl
Following the re ection scheme

1 3¢ K= 2.3¢ 3K+1 Io(k— 2:3K+1 3+l
Faerr - Faaad = = Fadn - P =729 - ol 0 Faaad

for0=k =k—1k N,thetrace pointsfor the quadrangles F;k+1’ 1< p < 3Xcanprin-
cipally be determined. They are given by the inversive transformations from the Schottky
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Figure 31. First reflections.

group formed by the basic inversive transformations rg, Sg, r1 = s1, the re ections at the
three sides of the Schweikart triangle T. There exist two kinds of trace points, those given
by M6bius transformations and those expressed by orientation reversing inversive trans-
formations. Those from Mdbius transformations are depending on z, the others are linear
transformations in Z. Each quadrangle F5<+1 contains two points of both types

H M H u H
ket Lok Lokt Lok Foxas

where the topped z s are linear transformations in Z while the other two are Mdobius
transformations. They serve to build an in nite product

_H T
C=Z k1 €~ Lok

1SpS3k,k No 12k+1 22k+1

for T.Independently of its convergence, as function of it formally forms a meromor-
phic function with simple zeroes at the topped z s and simple poles at the un-topped ones,
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Figure 32. Hyperbolic tessellation.

none of them lying in T. Denoting the factors of P by a, the product can be rewritten as

oo 3k oo oo 3K+1 oo

P(z,Q) = apk = aK apk.
k=0 p=1 k=0 K=0 u=3K+1k=k+1

There is also a symmetry in the factors regarding z and —z + 2i. Nevertheless, the conver-
gence of thein nite productof in nite products needs still to be proved. Just some evidence
for this is explained in [13].

For determining the Green function for the Schweikart triangle T the product P(z, )
has to be compensated by the respective factors from the other fundamental quad-
rangles of the hyperbolic tiling. Re ecting the trace points zjf'2k+1,zj‘ka+1 at Ag gives

_Zj92k+l’ —zjf‘2k+1. The same procedure at By applied to these four points reveals

3] ; H ;
Zj k1 + 2i, Zjok+1 + 2i,

and

_-H ; _-H ;
zj’2k+1 + 2i, zj’2k+1 =+ 2i.
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Figure 33. Parqueting of outer circle.

These re ections have to be performed for j = 1, 2. Finally, the trace points in the cen-
tral gquadrangle F_l, namely z,—z,—z + 2i,Z + 2i have to be incorporated. Thus, the
compensated product becomes

3k
(+720-7-2 7 (- Z12k+1Z Z22|<+1
—2(+z2—2i

(Z)—

k=0 p=1 0= 21 C— gy

Z + 20 §F Zygers £~ Zgpay — 214 — Zhpyq — 2
Z + 201§+ Zygprn L~ 2 gperg — AL — 2oy — 2
{+2 gy — AL+ 25y, — 2
{+ 2 g — AL+ 2oy — 20

G Q) =log| QI

is the harmonic Green function for the Schweikart triangle.
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1+i

Figure 34. First trace points.

The parqueting-re ection process produces at once the tiling also for the entire complex
plane as just for the outside of the circle C.
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