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Abstract

We describe a new mechanism that triggers periodic orbits in smooth dynamical sys-
tems. To this end, we introduce the concept of hybrid bifurcations, which consists of a
bifurcation without parameters and a classical bifurcation. Our main result classifies
the hybrid bifurcation when a line of equilibria with an exchange point of normal sta-
bility vanishes. We showcase the efficacy of our approach by proving stable periodic
coexistent solutions in an ecosystem of two competing predators with Holling’s type
II functional response.
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1 Introduction

Classical bifurcation theory studies qualitative changes of phase portraits by tuning
the value of parameters; see for example [9, 24]. In smooth dynamical systems, a
bifurcation parameter &+ € R serves as a stationary variable by defining /i(t) = 0.
This viewpoint has prompted the study of bifurcations where no variables can be
made stationary, thus motivating the name: bifurcation without parameters; see [8,
17] for details. However, the hybrid situation where a classical bifurcation occurs at
a bifurcation point without parameters remains uncharted in the literature'. In this
article, we provide the first rigorous classification of such a hybrid type of bifurcation.
As aresult, we prove bifurcation branches of periodic orbits and determine their local
stability properties.

A hybrid bifurcation consists of a bifurcation without parameters and a classical
bifurcation. For simplicity of illustration, we consider ordinary differential equations
(abbr., ODEs) in (y, z; ) € R* x R x R,

y=fY0,zn,

1.1
2= f20, 5 w). (.

Here we use the semicolon to distinguish between the dynamical variables (y, z) €
R" x R and the stationary parameter © € R. When p = 0, we assume f7(0,z; 0) =0
and f*(0, z; 0) = 0; thus L := {(y, z) : y = 0} is a line of equilibria. Moreover, we
assume that L loses normal hyperbolicity at (0, 0). A bifurcation without parameters
occurs if near (0, 0) there is no flow-invariant foliation transverse to L; see Fig. 1
for illustration. Otherwise, the z-equation of the ODEs (1.1) is locally transformed
into z = 0, and thus the z-variable would play the role of a stationary parameter. In
contrast, i # 0 is a stationary parameter for classical bifurcations.

We consider the following setting for a hybrid bifurcation in (1.1), which we illus-
trate in Fig. 2:

e At u = 0, aline of equilibria exists and undergoes a bifurcation without parame-
ters.

e At # 0, the line of equilibria vanishes and emanates a classical bifurcation
branch.

Lines (or more generally, manifolds) of equilibria arise from symmetries of energy-
based models, Hamiltonian systems, networks of oscillators, or singularly perturbed
problems; see [17]. Recent applications include electronic circuits [15, 19] and
quantum electrodynamics [23]. However, bifurcations without parameters require a
nondegeneracy assumption (see A4 in Sect.2) and must be distinguished from the
mere existence of lines of equilibria. Our approach reveals a new perspective in the
following ways.

e We demand an exchange point of normal stability on a line of equilibria. Thus we
broaden the bifurcation theory for families of solutions, which considers uniform

I we emphasize the different usages of the term hybrid in the study of dynamical systems. A hybrid system
refers to a combination of continuous dynamics and discrete dynamics (see [21]), while a hybrid bifurcation
consists of a bifurcation without parameters and a classical bifurcation.
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nonhyperbolicity; see [5, 10]. Note that without such an exchange, bifurcations
without parameters are excluded.

e We require the elimination of the line of equilibria. In contrast, bifurcation theory
without parameters only considers the scenario when the line persists; see [1, 7,
8, 17].

Motivated by seeking periodic orbits, we focus on Hopf bifurcations without param-
eters for the unperturbed case 1 = 0; see [8] and [17, Chapter 5]. In this situation,
a line of equilibria L loses normal hyperbolicity at an equilibrium X g via a pair of
purely imaginary simple eigenvalues +iw, with w > 0. So we call Xz a Hopf point.
By [17, Theorem 5.1], the dynamics on a center manifold are captured by the truncated
cylindrical form,

¢ =w,
F=rz, (1.2)
i=é&rt

Here (¢, r,z) € R/2n7Z x [0, 00) x R denotes cylindrical coordinates

V1, ¥2,2) = Xpg + (r cos(p), r sin(e), 2) (1.3)

around the Hopf point Xy and § € {—1, 1} is called the discriminant. Thus the phase
portrait of (1.2) decomposes into a rotation ¢ () = wt and planar (r, z)-dynamics.
From (1.2) there are two cases depending on the discriminant £ € {—1, 1}:

e If & = 1, then Xp is called a hyperbolic Hopf point and the (r, z)-dynamics are
saddle-like with an invariant cone centered at X g .

o If & = —1, then Xy is called an elliptic Hopf point, surrounded by a continuum
of heteroclinic orbits that connect equilibria in the line L.

We depict the phase portraits of (1.2) for the two Hopf bifurcations without parameters
in Fig. 1. In contrast to classical Hopf bifurcations, no periodic orbits arise from Hopf
bifurcations without parameters.

Our main conclusion is that for the perturbed case i # 0, under the parallel drift
assumption AS to be defined in Sect.2, the Hopf point Xz undergoes a classical
bifurcation to a branch of periodic orbits and we can determine their local stability
properties. More precisely, up to a switching u — —u, we fix the direction of bifur-
cation for i > 0 and classify the following three types of hybrid Hopf bifurcations:

e Type-H. Xy is a hyperbolic Hopf point at £ = 0 and emanates a branch of
exponentially unstable periodic orbits for > 0.

e Type-ES. X is an elliptic Hopf point at © = 0 and emanates a branch of locally
exponentially stable periodic orbits for u > 0.

e Type-EU. Xy is an elliptic Hopf point at ©# = 0 and emanates a branch of
exponentially unstable periodic orbits for > 0.

Among many potential applications, we consider a system of three ODEs that
describes the dynamics of two predators competing for the same prey via Holling’s
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6376 A.Lépez-Nieto et al.

‘ Hyperbolic Hopf ‘ Elliptic Hopf

Fig.1 Phase portraits in the (r, z)-plane of Hopf bifurcations without parameters described by the truncated
cylindrical form (1.2). Any foliation transverse to the line of equilibria (dash-dotted) at the Hopf point (grey
circle) is also transverse to the flow nearby; thus it is not flow-invariant. The Hopf point splits the line into
center-unstable equilibria (hollow circles) and center-stable equilibria (solid circles). In the hyperbolic case,
two invariant manifolds (thicker lines) with rotations in ¢ form an invariant cone. In the elliptic case, the
Hopf point is surrounded by heteroclinic orbits. Notice that exponentially small oscillations induced by the
higher-order terms not in (1.2) are not depicted here; see [17, Fig. 5.2]

type Il functional response [ 1 1-13]. We obtain coexistent solutions by proving a branch
of stable periodic orbits from a Type-ES hybrid Hopf bifurcation. We emphasize that
these periodic orbits do not bifurcate from boundary quadrants and thus the population
size of predators can be large. Indeed, the periodic orbits obtained in the literature
either require that a predator is close to extinction [3, 22], or rely on perturbing a
conserved quantity [14], or consider a singular perturbation setting [18]. Our results
overcome these limitations and provide a new mechanism that triggers stable periodic
coexistence.

This article is organized as follows: in Sect. 2, we state the main theorem on hybrid
Hopf bifurcations and explain the core ideas of the proof. In Sect.3, we review the
setting of the predator—prey system with Holling’s type II functional response and state
the theorem on stable periodic coexistence. At the end of the respective sections, we
address the contributions of our results and further investigations. Finally, we devote
Sect. 4 to proving our results.

2 Main result: hybrid Hopf bifurcations

The setting of hybrid Hopf bifurcations demands a line of equilibria L that loses
normal hyperbolicity at a bifurcation point X i and a stationary parameter © € R. At
w = 0, the Jacobian matrix at X i has a three-dimensional center eigenspace spanned
by the eigenvector along the line and two eigenvectors associated with a pair of purely
imaginary simple eigenvalues. Therefore, up to center manifold reduction [24], the
local dynamics near X y are captured by three ODEs, which we express as

VY _ oy (PO
(z)—F(y’Z”“"(fZ(y,z;m)' @D

Here y := (y1, y2) € R?, z € R, and we denote by X := (y, z) € R> the dynamical
variables. For the sake of subsequent analysis, we assume that F : R> x R x R — R3
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is sufficiently smooth. Furthermore, up to an affine linear change of coordinates, we
make the following assumptions for the unperturbed case u = 0.

A1l (line of equilibria). At u = 0, there exists aline of equilibria L = {(y,z) : y = 0},
that is, F (0, z; 0) = 0 for all z € R.

A2 (spectral assumption). The Jacobian matrix dx F (0, 0; 0) is in the Jordan form
and reads

—

0 0
A:=0xF(0,0;0) =l w 0 0 for w > 0. 2.2)
0 00

A3 (crossing assumption). Let v(z) denote the curve of eigenvalues of dx F (0, z; 0)
with v(0) := iw. Then v(z) crosses the imaginary axis at a nonzero speed, i.e.,

Re(v'(0)) = 3, (divy £7(0,0; 0)) # 0, (2.3)

where div, f 1= 9y, f¥1 + 9y, f72.
A4 (nondegeneracy assumption). A, f%(0,0;0) # 0, where Ay f* = 851 T+
97, f%.

The assumptions A1-A4 ensure that the origin (0, 0) € L undergoes a Hopf bifur-
cation without parameters; see [17, Theorem 5.1]. Indeed, A1 and A2 show that
Xpg = (0,0) is a Hopf point. By A3, X is an exchange point of normal stability
on the line of equilibria L. The delicate assumption A4 excludes any flow-invariant
foliation near X g that is transverse to L, and thus the z-variable cannot be transformed
into a stationary parameter; see the proof of [17, Theorem 5.1].

For the perturbed case ;v # 0, we eliminate the line of equilibria L by introducing
a parallel drift to the line at the Hopf point Xy = (0, 0).

AS (parallel drift assumption). 9, (0, 0; 0) # 0 and 9, f7(0, 0; 0) = 0.

Notice that AS excludes equilibria of the ODEs (2.1) near Xy = (0, 0) and so
eliminates the line L, since f%(0,0; n) # O for sufficiently small 0 < |u| < 1.
Notice that d,, f¥ (0, 0; 0) = 0 is merely a convenient condition for analysis, since we
can always define new y-coordinates by the translation

Gro52) = (31 + 20, F20,0:00, 32 = 20, £70,0:00) . 24
w w

To analyze the dynamics of the ODEs (2.1) near Xy = (0,0), we transform
(2.1) into two ODEs with a rapidly oscillating phase. Then the dynamics of (2.1) are
approximated by solutions of the following truncated cylindrical form:

¢ =w,
s 2 3 2
r=c¢eprrz+e (Mysr + uysz + B3r’ — (B1B2 — Ba)rz ) , 2.5)

t=e (s + Bsr?) + & (wyer + w(Bivs + vz — Bifs — Bo)r’z)
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6378 A.Lépez-Nieto et al.

Here the rescaling parameter ¢ > 0 extracts the leading-order terms of the expansion in
the cylindrical form; see [9, Section 7.3]. In this article, we show that (2.5) determines
the direction of bifurcation and local stability properties of periodic orbits emerging
from Xg.

We highlight that the rigor of the approximation is ensured by introducing a new time
T satisfying 7(#) = ¢(t)/w and then using averaging theory; see [20, Chapter 6]. Note
that the form (2.5) consists of a rapidly oscillating phase ¢ and small drifting dynamics
in the (r, z)-plane as ¢ N\ 0. The coefficients 8; and y; will be derived in Sect.4.
Here, we indicate that 8; arise from a normal form algorithm for the unperturbed case
n = 0, whereas y; are multiplied by 1 because they appear upon a p-perturbation.
The explicit formulas of coefficients in terms of derivatives of F' = (fY, f?) are listed
in Appendix A.

Theorem 2.1 (Hybrid Hopf bifurcations) Consider the ODEs (2.1) under the assump-
tions AI-AS. Then there exists a juy > 0 such that (2.1) possesses a local C'-branch
of periodic solutions (y(t; ), z(t; w)) for all 0 < || < wo, satisfying

vy =0 (Viul). 2 =0 as w0, 2.6)
and the direction of bifurcation is determined by
sign(u) = —sign (Any(O, 0;0)3,. f*(0, 0; O)) . 2.7

Moreover, the minimal period p(u) of the bifurcating periodic solution is continuous
and satisfies

. 27
lim p(u) = —. (2.8)
n—0 w

In addition, the discriminant defined by
& :=sign (8z(divyfy(0, 0; 0)A, £%(0,0; 0)) (2.9)

satisfies & € {—1, 1} and there are three types of hybrid Hopf bifurcation:
e Type-H. If& =1 (i.e.,, Xg = (0,0) is a hyperbolic Hopf point), then the resulting
periodic orbits are exponentially unstable and possess a two-dimensional unstable

manifold.

Let Bj, y;j be the coefficients of the truncated cylindrical form (2.5); see Appendix A.

o Type-ES. If§ = —1 (i.e., Xy is an elliptic Hopf point), then the resulting periodic
orbits are locally exponentially stable if and only if

283v2 — Bsysyr + By < 0. (2.10)
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o Type-EU. If & = —1, then the resulting periodic orbits are exponentially unstable
with a three-dimensional unstable manifold if and only if

2832 — Bsysyr + BovZ > 0. @2.11)

Remark 2.1 (Shape of bifurcation branch) The asymptotics (2.6) in Theorem 2.1 shows
that the branch of periodic orbits is tangent to the y-plane at the Hopf point X 5.

Remark 2.2 (Comparison with classical Hopf bifurcations) The application of Theo-
rem 2.1 is comparable to that of classical Hopf bifurcation. Indeed, the assumption
A1 is included in classical Hopf bifurcations when the reference equilibrium exists for
all parameter values. The assumptions A2—A3 correspond to a pair of purely imagi-
nary simple eigenvalues and the crossing condition, respectively. The main difference
between Theorem 2.1 and classical Hopf bifurcations arises from the assumptions
A4-AS. However, if we merely aim to prove the existence of periodic orbits and the
direction of bifurcation, we only need to show Ay (0, 0; 0) and 9, f*(0, 0; 0) are
both nonzero and discuss their signs. Determining the stability in the elliptic case
requires us to verify the more delicate inequalities (2.10)—(2.11). Nevertheless, from
the classical Hopf bifurcation perspective, such inequalities are analogous to deter-
mining the first Lyapunov coefficient, which is also nontrivial.

We give an intuitive explanation for the formation of periodic orbits. From the
truncated cylindrical form (2.5), at © = 0, the phase portrait near the line of equilibria
L = {(p,r,z) : r = 0} exhibits a fast rotation ¢ = O(1) around the line L and a
slow drift z = O(er?). In the elliptic (resp., hyperbolic) case, the drift goes from the
unstable (resp., stable) part of L to the stable (resp., unstable) part of L; see Fig.2
at u = 0. The perturbation ; > 0 induces another slow drift z = O(eu) along the
already vanished line of equilibria. The appearance of periodic orbits requires balance,
in the sense that the drifts have opposite directions (compare the arrows in Fig.2 at
u = 0and at © > 0) and their amplitudes match, i.e., er? = eu, which suggests
the asymptotics r = O(+/]u]) in (2.6). The fast rotation around L motivates using
averaging theory [20, Chapter 6], which is closely related to the S'-equivariant normal
forms in [24] that we will adopt.

Ideas of proof. The proof of hybrid Hopf bifurcations, Theorem 2.1, is based on
a rigorous derivation and analysis of the truncated cylindrical form (2.5); see Sect. 4.
First, we adapt the normal form algorithm in [24] to the setting under the assumptions
A1-AS. Second, we find a suitable rescaling that transforms the angle variable into a
fast variable. Finally, the rescaling enables averaging theory (see [20]) to show that an
equilibrium of (2.5) admits a continuation to a family of periodic orbits in the original
ODEs (2.1).

After we derive the truncated cylindrical form (2.5), its first-order truncated ODEs
in ¢ > 0 read

¢ =0w,
i =eporz, (2.12)
z=e(uys + Bsr?),
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6380 A.Lépez-Nieto et al.

and have a 27 /w-periodic solution

(@(1), r(t), 2(1)) = (w, %,0) if and only if pBsys <0, (2.13)
5
which determines the direction of bifurcation

sign(u) = —sign(Bsys); (2.14)

see (2.7) and Appendix A. The linearization of (2.12) at the periodic orbit in (2.13)
reads

0 0 0 —
s[0 0 Bro |, wherery:= /28 (2.15)
02Bsrg O Bs

and let A be its submatrix with respect to the (r, z)-variables. Then A is invertible,
which implies that the original ODEs (2.1) possess a periodic solution for sufficiently
small 0 < ¢ < 1, by averaging theory; see [20, Theorem 6.3.2]. For the stability
analysis, we distinguish between two cases:

e The hyperbolic case (i.e., £ = 1) corresponds to a hyperbolic matrix A with
a positive eigenvalue and a negative eigenvalue. Then the bifurcating periodic
solutions belong to Type-H by averaging theory; see [20, Theorem 6.3.3].

e The elliptic case (i.e., & = —1) requires a more delicate analysis because A
has a pair of purely imaginary simple eigenvalues. Since A; is not hyperbolic,
standard averaging theory does not ensure the stability properties. We overcome
the obstacle by using Liouville’s formula, which provides a rigorous approximation
of the Floquet multipliers. Then we obtain the stability criteria (2.10)—(2.11) by
analyzing the cylindrical form (2.5) that involves higher-order terms.

Contributions and discussion. We have established a hybrid bifurcation approach,
which reveals a novel mechanism that triggers periodic orbits from eliminating a line
of equilibria. We emphasize that the presence of the degeneracy involving a Hopf
point obstructs the establishment of periodic orbits by well-known techniques such as
classical Hopf bifurcations and geometric singular perturbation theory.

Our main result, Theorem 2.1, classifies hybrid Hopf bifurcations and includes
qualitative information such as the asymptotic behaviors of solutions (2.6) and (2.8),
direction of bifurcation (2.7), and stability criteria (2.10)—(2.11). We indicate three
remarks regarding Theorem 2.1.

1. Theorem 2.1 applies to any smooth dynamical system that admits a three-
dimensional center-manifold reduction (see [24]) satisfying the assumptions
A1-AS. Therefore, we have discovered a new way to obtain periodic orbits in
infinite-dimensional dynamical systems governed by partial differential equations
or functional differential equations.
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n<0

Type-H

Type-ES

Type-EU

Fig. 2 Three types of hybrid Hopf bifurcation. At © = 0, a Hopf bifurcation without parameters occurs.
The Hopf point (grey circle) splits the line of equilibria (dash-dotted) into center-unstable equilibria (hollow
circles) and center-stable equilibria (solid circles). We orient p so that the flow is parallel for © < 0 and
a periodic orbit (two squares, up to a phase shift ¢ > ¢ + ) bifurcates from the Hopf point for . > 0.
Notice that at = 0 this orientation leads to the appearance of opposite stability properties along the line
between the hyperbolic type H and the elliptic type E. In a Type-H hybrid Hopf bifurcation, the periodic
orbit is a saddle (invariant manifolds in thick). Near an elliptic Hopf point, we can find stable periodic
orbits (Type-ES, solid squares) or fully unstable periodic orbits (Type-EU, hollow squares). Notice that
for i > 0, Theorem 2.1 does not exclude the existence of other invariant subsets than the periodic orbit in
the region outside the parallel drifts

2. The existence of periodic orbits requires the occurrence of a Hopf bifurcation
without parameters. Note that classical Hopf bifurcations fulfill the assumptions
A1-A3, but not the nondegeneracy assumption A4. Without A4, periodic orbits
triggered by a classical Hopf bifurcation at 4 = 0 vanish under perturbations
satisfying AS, since the truncated cylindrical form essentially reads

¢ =o,
F=rz+r?), (2.16)
=W

also compare (2.16) with (2.12). Indeed, at u # 0, the line of equilibria (i.e., the
z-axis at u = 0) vanishes, but (2.16) has no periodic orbits.

3. The Jacobian matrix (2.2) corresponds to the fold-Hopf bifurcation of an equi-
librium; see [2, 16]. However, the presence of a line of equilibria violates the
required generic condition for the standard fold-Hopf normal form method; see
[16, Lemma 8.10]. Furthermore, our approach draws qualitative information for
the original ODEs (2.1), rather than for the truncated versions.
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6382 A.Lépez-Nieto et al.

Our hybrid bifurcation approach is broadly applicable to smooth dynamical sys-
tems. The reasons are threefold: First, from a practical perspective, symmetries in
smooth dynamical systems often induce a manifold of equilibria, and thus our approach
is a powerful tool to find periodic solutions. Among many potential applications, we
showcase the efficacy of our approach by studying the predator—prey system (3.1),
as it possesses a symmetry of indices between the predators. Second, from a scien-
tific perspective, real-world phenomena often present both stationary and dynamical
parameters, which our hybrid bifurcation setting allows. Third, from a mathematical
perspective, classical bifurcations correspond to the ODEs (1.1) such that f* is iden-
tically zero, making the z-variable a stationary parameter. Thus they form a subset of
infinite codimension in the space of nonlinearities possessing manifolds of equilibria;
see [17]. In short, classical bifurcations are a degenerate case of bifurcations without
parameters. Since classical bifurcation theory is highly applicable and impactful, so
are bifurcation theory without parameters and our hybrid bifurcation approach.

Further investigations. We indicate four directions of research based on our hybrid
bifurcation approach.

1. We can generate oscillatory phenomena by perturbing all known solutions trig-
gered by Hopf bifurcations without parameters; see [17, Chapters 6-7]. For
instance, Theorem 2.1 predicts the existence of rotating waves, which bifurcate
from a family of shock waves under hyperbolic balance laws obtained in [7]. The
task of proving the existence is to verify the parallel drift assumption A5, while
more delicate analysis is needed to verify the stability criteria (2.10)—(2.11).

2. We can search dynamical systems that admit the stability boundary between Type-
ES and Type-EU hybrid Hopf bifurcations, described by

283v2 — Bsysyr + Beyd = 0. (2.17)

If (2.17) holds, then the Neimark—Sacker bifurcation (see [9, Section 3.5]) is a can-
didate of secondary bifurcations from periodic orbits, which yields flow-invariant
tor1.

3. Existing routes to chaos in the fold-Hopf bifurcation involve homoclinic orbits
of saddle-focus equilibria; see [9, Section 7.4]. In contrast, the hybrid bifurca-
tion assumes the elimination of a line of equilibria upon a u-perturbation. Hence
proving chaos in the hybrid bifurcation setting would require interactions of higher-
dimensional invariant sets, and would be new to our best knowledge.

4. We can analogously consider manifolds of equilibria and obtain the hybrid coun-
terpart of bifurcations without parameters, such as the Bogdanov—Takens point on
a plane of equilibria; see [17, Chapter 10]. The derivation of the associated nor-
mal form follows a similar procedure to the one in Sect. 4. However, the truncated
normal form is high-dimensional, making it challenging to completely classify the
orbits that emerge through a hybrid bifurcation.
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3 Stable periodic coexistence for competing predators

We consider the predator—prey system in [14] of two predators x;(¢) for j = 1,2
competing for the same prey s(¢),

xj=8j s_)\’j Xj forj=l,2,
s+

) ; 3.1

X1 — X2,
s+ aq s+ o

s=s(l—ys)—

with positive initial conditions x;(0) > 0, s(0) > 0. The six parameters in the ODEs
(3.1) are positive: §; is the growth rate for the j-th predator when the ecosystem is
saturated with the prey, o is the half-saturation constant for the prey, and A; is the
break-even concentration for the j-th predator because x;(t) > 0 (resp., x;(t) < 0)
when s(t) > A; (resp., s(t) < Aj). We emphasize that (3.1) is a fully rescaled
system with Holling’s type II functional response; see [11-13] for a derivation and
interpretation of the system. Note that the carrying capacity of the prey is normalized to
one. We also point out that the identical system has been studied in a chemical context
[3, 14], where Holling’s type II functional response is known as Michaelis—Menten
kinetics.

We introduce three concepts. First, the j-thpredator x j persistsif liminf, o x;(¢) >
0, and the persistence for the prey s is defined analogously. Second, a solution of the
ODE:s (3.1) is positive if its orbit is contained in the positive octant Ri = {(x1,x2,5) :
x1 > 0, x3 > 0, s > 0}. Third, a solution is coexistent if both predators x| and x»
persist. Note that by (3.1) the persistence of both predators implies that the prey s also
persists.

We collect well-known properties from [11] regarding the dynamics of the ODEs
(3.1). Then we characterize the admissible parameter region for the occurrence of a
hybrid Hopf bifurcation as in Theorem 2.1. First, Ri is flow-invariant and all positive
solutions are bounded in forward time. The boundary quadrants Q1 := {(x1,0,s) :
x1 >0,5 >0}, Q2 :={(0,x2,5) : x2 >0, s >0}, and {(x1,x2,0) : x; >0, x >
0} are also flow-invariant. Second, a necessary condition for coexistent solutions is

0<ij<1 forj=1,2, 3.2)

i.e., the break-even concentrations of both predators are strictly less than the carrying
capacity of the prey. Then there are four boundary equilibria in BRi, denoted by

0,0,0), (0,0,1), Ej:=(x},0,11), Ez:=(0,x3,%), (3.3)
where x}‘.‘ = o)l —A)).
Restricted to the invariant quadrant Q ;, the ODEs (3.1) are two-dimensional and
the global dynamics on Q; are well understood. More precisely, by standard linear
analysis, a classical Hopf bifurcation of E; occurs on Q; when

20 +a; —1=0 3.4)
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6384 A. Lépez-Nieto et al.

and triggers a boundary limit cycle C; on Q;; see [22]. Indeed, there is a dichotomy
regarding the global dynamics: If 24 ; +a; —1 > 0, then E is globally asymptotically
stable on Q ;; see [6, Theorem 3.1]. If 2A; +; — 1 < 0, then the unstable dimension
of E; on Q; is two and the boundary limit cycle C; attracts all initial conditions in
0; \ {E;}; see [4, Theorem 1].

Let A := Aand A2 := A+ . Our analysis begins with the unperturbed case u = 0,
ie.,

AM=Ar=A. 3.5)

Then both boundary equilibria £ and E, possess a center eigenvector along the
following line of equilibria connecting them:

X1 X2
L:= ,x0, M) e RS =1-2a}. 3.6
{(xl ¥2, ) € Ry ol it } (3.6)

Notice that a line of equilibria exists if and only if A1 = A7, due to the ODEs (3.1).
It has been shown in [25] that V : Ri — R defined by

‘/ X1,Xx2,8) .= —1o X —— o X 3. ]

has time derivative

(a1 — a2)(s — 1)?

Vi(x1,x2,5) = (h+a1)(s +ap)(s +0l2);

(3.8)

thus it is a strict Lyapunov function of the ODEs (3.1) when «; # «». By LaSalle’s
invariance principle, every positive solution converges either to the boundary or to a
positive equilibrium on the line L. In particular, positive periodic orbits cannot exist.

A necessary condition for periodic coexistence is thus A1 # A2, i.e., the perturbed
case u # 0. Then the line of equilibria L vanishes and only the four boundary
equilibria defined in (3.3) remain. Due to the lack of positive equilibria, no classical
Hopf bifurcations occur. Nevertheless, three methods of proof have been used in the
literature. First, positive periodic orbits can bifurcate from the boundary limit cycle
C; via a classical transcritical bifurcation; see [3, 22]. Such periodic orbits reside near
boundary quadrants and thus the population size of one predator is small. Second, more
degenerate classical bifurcations occur, for instance, by perturbing the case A| = Aj
and o] = ap; see [14]. In this case, V defined in (3.7) is a conserved quantity due to
(3.8) and it can result in a tube of periodic orbits connecting both boundary quadrants
Q1 and Q». Then for sufficiently small 0 < Ao — A} €K land 0 < ap — ] K 1,
the tube breaks and a classical bifurcation yields stable positive periodic orbits. Third,
geometric singular perturbation theory is applicable, for instance, for sufficiently small
growth rates 0 < 481,82, < 1; see [18]. We emphasize that neither the conserved
quantity nor the singularly perturbed setting mentioned above admits bifurcations
without parameters; see [17, Chapter 1].
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Our goal is to obtain stable positive periodic orbits via a hybrid Hopf bifurcation as
in Theorem 2.1. Since the ODEs (3.1) remain unchanged after a relabeling of indices,
without loss of generality we fix the order

O<a;<ap <1, 3.9)

where the constraint o < 1 follows from the ecological assumptions used in the
unrescaled system; see [14]. Then the line of equilibria L defined in (3.6) loses normal
hyperbolicity only if we consider

l—ap <2A<1—ay. (3.10)

Under the constraint (3.10), L loses normal hyperbolicity only at a Hopf point, given
by

. A+ a))?Cr+ar—1) A+a2)?(1 =21 —a))
e ar —ay ' ar —ay ’

,\). 3.11)

Combining the constraints (3.2), (3.9), and (3.10), we seek periodic orbits bifur-
cating from the Hopf point Xy within the admissible parameter region determined
by

1
81,82 > 0, O<A<§, O<aor<1—=2x, and 1 -2A<apx <1. (3.12)

Remark 3.1 We view the parameter region (3.12) as a (81, §)-family of tetrahedra in
the (A, a1, ap)-space, for the sake of the stability analysis in the proof of Theorem 3.1.

We first show that only elliptic Hopf bifurcations occur in the admissible parameter
region (3.12). Hence the predator—prey system (3.1) excludes Type-H hybrid Hopf
bifurcations.

Lemma 3.1 (All Hopfpoints are elliptic) Consider the unperturbed case A1 = Ay =: A
and the ODEs (3.1) within the admissible parameter region (3.12). Then Xy is an
elliptic Hopf point.

Lemma 3.1 ensures that the Hopf point X g is locally surrounded by heteroclinic
orbits that connect equilibria on the line L; see [17, Theorem 5.1]. By Theorem 2.1,
we expect that eliminating the line of equilibria L leads to a hybrid Hopf bifurcation
of elliptic type. Remarkably, only Type-ES occurs.

@ Springer



6386 A.Lépez-Nieto et al.

Theorem 3.1 (Stable periodic coexistence) Consider the perturbed case .y = A, Lo =
A4, and a fixed choice of parameters in the admissible region (3.12). Then the ODEs

. 5 s — A
X = X1,
1 1 5+ o 1

— 0
Xz:Sz(—s (+“))x2, (3.13)
s+ ar
§=s(1—s)— — :
s=s(l—s)— x| — X2,
s + aq ! s+ arn 2

undergo a Type-ES hybrid Hopf bifurcation from the Hopf point X . Moreover, the
bifurcation branch appears for u > 0. Consequently, there exists a jto > 0 such that
the ODEs (3.13) possess a stable positive periodic solution for all 0 < . < .

Ideas of proof. We prove Lemma 3.1 and Theorem 3.1 by computing the coef-
ficients B; and y; in Theorem 2.1 and verifying the stability inequality (2.10); see
Sect. 4.

Contributions and discussion. We have successfully applied Theorem 2.1 to obtain
stable positive periodic orbits of the predator—prey system (3.1). Compared to the
relevant literature [3, 14, 18], our hybrid bifurcation approach relaxes the constraint
on parameters, in the sense that 0 < oy —o; < 1 or 0 < 81, 82 < 1 are not assumed.
Moreover, the bifurcating periodic orbits can reside far from the boundary quadrants,
because the Hopf point can be located at any point on the line of equilibria.

We stress two advantages of Theorem 3.1 from an ecological viewpoint. First,
the admissible parameter region (3.12) is an observation on the simpler boundary
dynamics. Indeed, the inequalities | —ap < 21 < 1—a are equivalent to the instability
of the boundary equilibrium £ and the stability of another boundary equilibrium Ej;
see (3.3). Second, to obtain stable periodic coexistence, we only need to estimate the
ratio A1 /X, between the break-even concentrations, rather than measuring the values
of all parameters involved in the system (3.1).

Further investigations. Supported by numerical evidence, we conjecture that the
bifurcation branch of periodic orbits, obtained in Theorem 3.1, connects through a
W-parameter continuation to the boundary limit cycle C; on Q1 = {(x1,0,s) : x1 >
0, s > 0} for u > 0; see Fig.3.

4 Proofs of the main results

In this section, we prove the main results: Theorem 2.1 on hybrid Hopf bifurcations
and Theorem 3.1 on stable periodic coexistence for competing predators. Our proof
of Theorem 2.1 requires a derivation of the cylindrical forms near the Hopf point at
© = 0 (see Lemma 4.1) and also at « # 0 (see Lemma 4.2). Then we prove Theorem
2.1 by analyzing the truncated cylindrical forms in suitably rescaled variables. Finally,
we prove Theorem 3.1 by computing the coefficients in the cylindrical form for the
predator—prey system (3.1) and verifying the stability inequality (2.10).
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0.0

0.1

a’/‘2 0.2

Fig. 3 Parameter continuation of periodic orbits that emerge from the Hopf point towards the boundary
plane Q1. The parameter values are §; = 0.8, §, = 0.5, 1 = 0.1, ap = 0.2, A = 0.4. The Hopf point,
with u = 0, is given by X iy = (0.2133,0.1667, 0.4). The twelve periodic orbits are obtained from smaller
(darker) to larger (lighter) by increasing > 0. Our choice for p to depict such global continuation is,
respectively, 1 = 0.0005, 0.001, 0.002, 0.005, 0.008, 0.011, 0.014, 0.017, 0.02, 0.025, 0.03, 0.05

0.0

We begin with & = 0 and introduce the following cylinder punctured by the line
L={(y,2):y=0}

Q, ::[(y,z)eszR:0<|y|<pand|z|<,0}. 4.1y

Lemma 4.1 (Unperturbed cylindrical form) Consider the ODEs (2.1) with u = 0 and
the assumptions A1-A4. Then there exist a p > 0 and a diffeomorphism

d:Q, > R/27Z x (0, p) X (—p, p), P, 2) =:(p,r,2) 4.2)
such that (2.1) takes the following unperturbed cylindrical form as |(r, z)| — O:

¢ =w+opiz+ 0, 2)),
P = Barz + B3’ + arz? + O((r, 2)|Y), (4.3)
2= Bsr’ + Ber’z + O((r, DY),

for (p,r,2) € R/2xZ x (0, p) x (—p, p). See Appendix A for the explicit formulas
of the coefficients ;.

Remark 4.1 We highlight that the higher-order terms in the unperturbed cylindrical
form (4.3) may depend on the angle variable ¢. However, since ¢ is defined on a
compact domain R/27w7Z, we omit the ¢p-dependence in the Landau notation.

Proofof Lemma 4.1 Since n = 0 is fixed, all functions are considered to be -

independent for simplicity of notation. We follow [24] to obtain a near-identity
transformation (y, z) = W(y, z) around the origin, which transforms the ODEs (2.1)
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into their normal form. Omitting the tilde in the new coordinates, (2.1) reads

vy _ (€ D+ (.2
(1) =600 (2009 £ 700, "

Here (g7, g%) := TG denotes the m-th Taylor polynomial of G at (y, z) = (0, 0) and
thus (¥, n°) := G — T™G is the Taylor remainder of order O (|(y, z)|"*"). Following
[24, Corollary 4.5], we define the operators P, K : CcO— O by

2

(PF)(x) = ~= | 7 =4 pe?x) do, @.5)
27'[ 0
e o
(KF)(x) = 2 [ * ( / e—Af’F(eAf)x)w) do, (4.6)
27'[ 0 0

and the normal form algorithm proceeds recursively as follows:

e SetG; :=T'G = Aand ¥; := T'W = I, where I : R? — R3 denotes the
identity matrix.

e We denote 7" := T — T"~! and compute the m-th Taylor terms G,, := TG
and W,, := T™W recursively from the (m — 1)-th Taylor terms by applying the
formula

G =P (T’" ((TmF —A)oT" ' — DT — o (T"'G - A))) :

D (T’” (rmF = ayor"'w — D" - Do ("G - A))) .
@.7)

Here the circle denotes function composition.

The normal form theorem [24, Theorem 2.1] guarantees that for each m € N U {0}
the m-th Taylor polynomial 7" G is equivariant with respect to rotations around the
z-axis, thus motivating cylindrical coordinates

(V1 y2, 2) = (rcos(p), r sin(g), 2). (4.8)

Notice that the punctured cylinder €2, is chosen as a domain because cylindrical
coordinates (4.8) are singular at » = 0, i.e., the z-axis. Then we take sufficiently small
0 < p « 1 so that the normal form algorithm (4.7) is applicable up to m = 3 in
the closure of €2,. By transforming the ODEs (4.4) into cylindrical coordinates, we
derive (4.3), where the g-equation is truncated to the second order because the higher-
order terms play no role in subsequent analysis. Then the diffeomorphism & is the
near-identity transformation W in cylindrical coordinates (4.8). O

Next, we introduce a p-perturbation satisfying the parallel drift assumption AS.
Lemma 4.2 (Perturbed cylindrical form) Consider the ODEs (2.1) with u # 0 and
the assumptions AI-AS. Let U, := {(y, z) € Q, : |z| < |y|}. Then the restriction of
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the diffeomorphism ® to U, transforms (2.1) into the following perturbed cylindrical
form as both r, u — 0:

. Z _
¢ =0+ un@) +opiz+un(e)- + w20 + pow) + 00,

F = uy3(@r + uya(@)z + Borz + Bar’ + Barz? + 12 0(1) + 0 + 0,

Z = puys + mys(@)r + uyrz + Bsr’ + Ber’z + 2 0(1) + O3 + 00,
4.9)

Jor (p,r,2) € ®(Up) =R/2xZ x {(r,z) : |z] <r,0 <r < p}. See Appendix A for
the formulas of the coefficients B; and y;.

Remark 4.2 Notice that y; with j = 1, 2, 3, 4, 6 are functions of the angle variable ¢,
but ys and y7 are constants. The reason is that ys and y; appear as a perturbation in
the z-direction and are not involved in the transformation to cylindrical coordinates
(4.8) of the perturbed normal form (4.9).

Remark 4.3 We factor out u in the Landau notation in (4.9) to highlight that the -
dependent error terms are at least first and second order in . These terms are needed
for deriving the correct error bounds upon the rescaling (4.9); see the proof of Theorem
2.1.

Remark 4.4 (p-independence of the perturbed cylindrical form) Notice that the formu-
las in Appendix A depend on the nonlinearity f, only. Hence the perturbed cylindrical
form (4.9) is independent of the choice of aradius p > 0, provided that p is sufficiently
small. This independence will be crucial in our proof of Theorem 2.1, where we will
fix p a posteriori.

Proof of Lemma 4.2 By expanding the vector field F' with respect to u and using the
parallel drift assumption AS, we obtain

FQ,zzuw)=F(y,z;0)+un (2) + o, dx F(0,0;0) (?) +10((y, )%,
(4.10)

where y5 := 9, f*(0, 0; 0). We apply the change of coordinates (y,z) = W(y,2) =
Ui (3,2) + ¥ (5, 2) + 0((F, 2)1%) as in the proof of Lemma 4.1. Recall that U; =
T'W = [, ie., W leaves the linear terms in (v, z) unchanged. Hence M = I —
DW,(y, 7) approximates the inverse of the Jacobian matrix, i.e.,

ID¥F, )~ =Ml = 001G, D). (4.11)

Next we denote

Fy = (7(/)5) eR?® and Fr(y,2):= 9,0x F (0, 0; 0) (i), (4.12)
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so that, omitting the tilde, we obtain the perturbed normal form

(i) — DU(y, ) FOU(y, 2); )

=DV (y,2) 'F(W(y,2); 0) + uMFy + nFa(¥(y, 2)) + 1O((y, 2)*))

y
= <§,z&’ 2) +UMF| + uFa(¥(y, 2)) + 1Oy, 213 + 0, 2)I).

4.13)

Here g7, g* are given in (4.4) and O (|(y, 2)]?) is the p-independent error term corre-
sponding to the functions n” and 7* in (4.4). By transforming (4.13) into cylindrical
coordinates (4.8), we obtain (4.9). Notice that, for m > 2, terms of the form z”* /r in
the ¢-equation of (4.9) remain bounded in the domain ®(U,) and belong to O (r).
Moreover, due to the parallel drift assumption A5, terms of the order 1/r only appear
in the p-equation and belong to 42O (r~'). Finally, we compute the coefficients Vj
using computer algebra software and keep track of the p-dependent term uM F1 4 F
as we transform (4.13) into cylindrical coordinates.

Proof of Theorem 2.1 We split the proof into four steps. First, we rescale the perturbed
cylindrical form (4.9) to extract the leading-order terms. Second, we introduce a new
time variable that allows us to integrate the p-equation explicitly. Third, we prove the
existence of a bifurcation branch of periodic orbits by studying the first-order truncated
ODEs of (4.9). Fourth, we determine the local stability properties of the bifurcating
periodic orbits by approximating the associated Floquet multipliers.

Step 1 (rescaling): We simplify the perturbed cylindrical form (4.9) by introducing
the rescaled variables

r=:eF, z=:€Z, w=: €&’ with &> 0. 4.14)

By Remark 4.4, the validity of (4.9) is independent of a radius p > 0. Hence we
choose p = ¢ without loss of generality. Substituting (4.14) into (4.9), we obtain

¢ = o+ ewpiZ+ 0D,
F =iz +e? (/lys(w)F + iya(@)Z + B3i° + ﬁ4f22) +0(e%),
t = (s + Bs7) + &2 (Ave(@)F + oysZ + Bo*Z) + O(e),

(4.15)
where the rescaled variables satisfy (¢, 7, z2) € ®(U,/:) = ®(U}) and & € R. Notice
that the term 1/r in the p-equation of (4.9) is scaled out.

Step 2 (decoupling in new time): Since w > 0 is given, we choose a sufficiently

small 0 < g9 < 1 such that the right-hand side of the ¢-equation in the ODEs (4.15)
is positive within @ (Uy) for all 0 < ¢ < gp. Then we define a new time 7 = 7(¢) by
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solving
() = —-. (4.16)
1)

Throughout the rest of our analysis, we denote by ’ the T-derivative. In the new time,
¢'(t) = w and so ¢ (1) = wt. Hence it suffices to solve

. &z + &% (A3 (T)F + Aya(@D)Z + B3F> + Baiz?) + O(&3)
r = 9
1+ eB1Z + 0(g?)
e (itys + Bs7?) + €2 (ys(@o)F + fiyrz + Bei2Z) + O(e?)
= — 5 .
1+ &B1Z + 0(e2)

4.17)

Expanding (4.17) in ¢ > 0 leads to

F' = oo + &2 (inaF + ioyaZ + B3 — (Bifr — BFZ) + O(e),
¥ = (fivs + Bsi?) + &2 (fyeF — iBrvs — 7 — (Bifis — o)) + (&),
(4.18)

where we have omitted the 7-dependence of y3, y4, and yg for simplicity of notation.
Step 3 (existence of periodic orbits): The first-order truncated ODEs of (4.18) in
e read
7= efoiz,
. . . (4.19)
?=e (uys + ﬁsrz) :

and have a nonzero equilibrium

(o Z0) = ( /_gy5,0> if and only if jifsys < 0. (4.20)
5

The Jacobian matrix of (4.19) at (7, Zo) is

8A1:=e( 0 ﬂzfo). 4.21)

2Bst9 0
Fixing 0 < 7p < 1, since A is invertible, averaging theory [20, Theorem 6.3.2]
ensures a continuation of (7, zg) for sufficiently small 0 < ¢ <« 1. More precisely,
there exists a smooth e-family of periodic solutions of the full ODEs (4.18), denoted
by
(7(t; 8), 2(t; ) = (Fo, Z0) + (R (z3 8), Z(1; 8)), (4.22)
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and moreover, the minimal period is 277 /w.

To see the e-dependence of all variables explicitly, we now recover the original
variables (i.e., without the tilde) via the rescaling (4.14). Notice that the choice 0 <
ro < 1 ensures that the equilibrium (79, zo) in (4.20) resides in the region of validity
@ (U)) of the expansion (4.18), yielding an upper bound /i for |fi| given by

0 < |it] < g < &‘ (4.23)
V5
The quantity 11¢ in Theorem 2.1 reads
no = &2 Bs ) (4.24)
Vs

The direction of bifurcation of periodic solutions is determined by sign(i) = sign(u),
which is equal to —sign(Bsys) by (4.20), and thus (2.7) is proved.
As ¢ N\ 0, the original variables have the asymptotics

r(t; €) = efg + 0 (%) = %’BS +0(?), z(t;e) = 0(?), and pu= 0(e?),
5

(4.25)

where the O (¢2)-terms depend on ¢ periodically. Therefore, r(¢; ¢) = O(/]i]) and
z(t; &) = O(w) by (4.20) and (4.22). The limit (2.8) of minimal period follows from
limg\ o ¢ (t; &) = w, since (4.22) is also a periodic solution of the ODEs (4.15).

Step 4 (stability criteria for periodic orbits): We distinguish between the hyper-
bolic case and the elliptic case.

In the hyperbolic case, i.e., £ = sign(B28s5) = 1, the matrix A in (4.21) is
hyperbolic because it has a positive eigenvalue and a negative eigenvalue. Thus, for
sufficiently small 0 < ¢ < 1, every periodic solution of the original ODEs (2.1) is
exponentially unstable; see [20, Theorem 6.3.3]. Moreover, as we recover the angle
variable ¢, the periodic solutions in the original ODEs (2.1) are associated with a
two-dimensional unstable manifold.

In the elliptic case, i.e., £ = sign(B2f8s5) = —1, the matrix A; defined in (4.21)
has two purely imaginary simple eigenvalues and thus it is not hyperbolic. Hence
we cannot conclude the local stability properties solely from the first-order truncated
ODEs (4.19); see [20, Chapter 6]. We thereby analyze the second-order truncated
ODEs of (4.18).

We first approximate the Floquet multipliers associated with the periodic solution
(4.22). To this end, differentiating (4.18) along (4.22) yields the linear equations

u' = efaigv + & <(3l337§ +ays + ﬂzz) u+ (iys + ﬂzﬁ)v> + 0%,
2

v = 2eBsigu + ¢ ((f% +2BsR)u — (ﬂlﬁsfg — Bog + iBrys — [m) v) +0(Y).
(4.26)
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Since the periodic solution (4.22) is 27 /w-periodic, by the variation-of-constants for-
mula, the Floquet multipliers are O (¢2)-close to the eigenvalues of e*7¢41/® where
Aq is defined in (4.21).

Choosing sufficiently small 0 < ¢ < 1 ensures that the Floquet multipliers of the
periodic solution (4.22) are {«, x'} for some x € C\R. The matrix that collects all
¢2-terms in the Jacobian matrix of (4.26) at the periodic solution (4.22) reads

3p37G + iys(@0) + foZ(vie)  fiya(wo) + BoR(zie) )

A = K
2(0) ( fiye(wr) +2BsR(tie)  —PiBsig + Beig — iBrys + iy

4.27)

By Liouville’s formula, we obtain the following relation of Floquet multipliers:
2
K = |ic|> = exp (82 f tr(Az(7)) dt + 0(83)> : (4.28)
0

where tr(-) denotes the trace of matrices. Hence the sign of f02”/ “tr(As (1)) dt deter-
mines the local stability properties of the periodic solution. Indeed,

2 2

/0 ° t(Aa(r)) dr = /O 7 (= BiBsTE + 36372 + Bord

— iBrys + i3 (@T) + fiyr + B2 Z(t: ) dr,
(4.29)

in which the only nonconstant integrand is fiy3(wt) + B2 Z(T; €).
To compute (4.29), we substitute the periodic solution (4.22) into the full ODEs
(4.18) and obtain

Rrse) =& (iR + in(@nio + foioZ(z:0)) + 0GP, (430)

Since R(t; €) is 277 /w-periodic in 7, integrating (4.30) over [0, 27 /w] yields

2

w ad -2 3}72
/ y3(wt) + PrZ(t; e)dr = &
0

+ 0(e). 4.31)
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Recalling w > 0,as 0 < ¢ < 1 we use (4.31) and substitute 79 = /—iys/Bs to
derive

27
sign(log|k|) = sign </ ‘ tr(As(1)) dr)
0

— sign (—,81;‘}5;73 28372 + Bei2 — iBrys + ,1),7> 4.32)

o ( 20p3ys  Beys | - >
=sign| — - +uyr ).
Bs Bs

By (4.20), the periodic solutions bifurcate for sign(/i85y5) = —1. Thus, we multiply
the right-hand-side of (4.32) by —Bsys/ [, note sign(—psys/i) = 1, and conclude

sign(logle) = sign (28372 — Bsysyr + for? ). (433)

Hence || < 1 (resp., [k| > 1) if and only if 2/33)/52 — Bsysyr + ﬁ6y52 < 0 (resp.,
> (), which proves the stability criteria (2.10)—(2.11). O

Remark 4.5 (Motivation for Liouville’s Lemma) As noted in Step 4 above, the stability
of periodic orbits near an elliptic Hopf point cannot be determined from the first-order
truncated ODEs (4.21). It is tempting to perform second-order averaging and consider
the t-average of ¢A; + 82A2(‘L'), where A;(t) is given by (4.27). However, this
analysis is not sufficient to conclude stability, because the characteristic equation for
eigenvalues associated to the second-order averaged system depends on € in anonlinear
manner. In particular, the e-expansion of the eigenvalues may contain terms of order
higher than two. Hence higher-order averaging is required. Instead, our approach has
the advantage that it only uses the trace, and thus it prevents the need for a higher-order
expansion.

Proof of Lemma 3.1 We transform the predator—prey system (3.13) with © = O into the
ODEs (2.1) satisfying the assumptions A1-A3, by applying an affine linear change of
coordinates such that Hopf point X g is the origin and the Jacobian matrix associated
with X g is in the Jordan form.

In the admissible parameter region (3.12) we have

l1:=1—-21r—a; >0 and £ =22 4+ar —1 > 0. (4.34)

(s
oo |MO12+ 0t (4.35)
£+ £

Then the frequency satisfies
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Recall that £ = sign(B,8s) is the discriminant for Hopf bifurcations without param-
eter; see (2.9). From the formulas in Appendix A we obtain

-1+ £2) A8162814,

b= et me ~ 0 W A= S S T

> 0. (4.36)

Hence the assumption A4 is fulfilled with & = —1, i.e., the Hopf point X g is elliptic.

Proof of Theorem 3.1 As in the proof of Lemma 3.1, we apply an affine linear change
of coordinates that transforms the predator—prey system (3.13) into the ODEs (2.1)
satisfying the assumptions A1-A4. Then we modify the coordinates via (2.4) to fulfill
AS.

We use computer algebra software (e.g., Maple or Maxima) to obtain the coefficients
of the perturbed cylindrical form (4.9); see Lemma4.2. Weset 1 ;== 1 —21 —a; > 0
and £> := 2A + ap — 1 > 0. Then the coefficients for the first-order truncated ODEs
(4.19) are

Al + £2)
B2 = 5 <0,
20 + o) (A +a2)
A8162414>
= > 0, 4.37
P = 20+ et + 1) @37
—A(A + a2)816281 42
¥s = ;

@2 (0 + €2)?

see the formulas in Appendix A. Since sign(n) = —sign(Bs5y5) = 1 by (2.7), the
branch of periodic orbits obtained in Theorem 2.1 emanates for & > 0.

To verify the stability inequality (2.10), we compute the coefficients in the perturbed
cylindrical form (4.9) from Appendix A:

_ MO A @81l Hp — (+a2)8201Hy) 2281821 02((h + a1)82 — (h + @2)81)

Ps 80+ a2 + ad)w? (¢ + ) 4O+ a2+ ap) 2wt (g + £2)
B — W0+ oy +£0)8182(818 — 8241)
6= 200+ )2+ a0t
—328,8, ((A +a)s 3 — O+ a2)82£%>
T a6+ et + )2
(4.38)
Here H; and H; are the following quadratic polynomials:
H (A ap,a0) = =2+ 200 + Aoy — 8hay — 210 — 20(2,
z (4.39)

Hy(A, a1, a0) = A — 201 + 8 g — Ao + 201 + 205%.

Notice that both H; and H> are independent of §; and §,, motivating the viewpoint
of tetrahedra on the admissible parameter region (3.12); see Remark 3.1. Moreover,
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note Hy (A, a1, p) = —Hj (A, a2, «v1). By using the coefficients in (4.37)—(4.38), we
verify that the stability inequality (2.10) is equivalent to

O+ a1)8162Hy — (A + a2)8201 Hy < 0. (4.40)

We perform the subsequent analysis in the admissible parameter region (3.12). Then
£1 > 0and ¢, > 0, and so it suffices to prove Hy(:, a1, a2) < 0and Hy (A, a1, op) >
0.

The key feature is that H; is affine linear in o1 for 0 < o1 < 1 — 2A, and thus
Hi(\, a1, @2) has a fixed sign if both H{ (A, 0, a2) and Hy (A, 1 — 2A, op) share the
same sign. Indeed

Hi(h,0,0) = —A 4+ (2 — 80z — 205 and  Hy(h, 1 — 24, a2) = —2(A + a2).
(4.41)

Clearly, Hi (A, 1 — 2A, a2) < 0. We observe that the graph of Hj (A, 0, a2) in a3 is
a parabola facing downwards. Since o > 1 —2A > 0 and so H{(A,0,1 — 2X) =
812 — 51 < 0, we know H{(A,0,as) < 0. Hence Hi(A, a1, a2) < O in the region
(3.12).

Analogously, H; is affine linear in «p for 1 — 2A < a» < 1. Since

Hy(h,ap, 1 —=20) =200 +a1)?> >0 and Hy(h, a1, 1) = 8ha; + 207 > 0,
(4.42)

we know Hz(A, a1, a2) > 0 in the region (3.12). Consequently, (4.40) holds in the
admissible parameter region (3.12). The proof is complete.

It is challenging to verify the stability inequality (2.10) for all parameter values
in the admissible region (3.12), even with computer algebra software. There are two
reasons. First, the stability coefficient 283 y52 — Bsysy7 + Bs )/52 in (2.10) is a rational
function of the parameters and contains polynomials of degree ten in five variables.
Second, the region (3.12) involving &1, 62 > 0 is unbounded.

Our first approach to explore the stability inequality (2.10) was a numerical search
of maximizers within the region (3.12) by Newton’s method, for bounded values of §;
and §,. Taking random initial conditions, we saw that the stability coefficient remained
negative in the region (3.12) and the maximizers accumulated to the boundary of (3.12).

Motivated by our numerical exploration, we proceeded to prove Theorem 3.1. The
key observation is that the stability inequality (2.10) simplifies, as we identify the new
parameters £1 := 1 — 24 — a and £, := 2A + o — 1. Note that £; for j = 1,2 is
meaningful in our ecological system (3.13), because £; = 0 is the value of a classical
Hopf bifurcation on the boundary plane Q ;; see (3.4). Then by carefully examining
(2.10), we derived the simplified inequality (4.40), making the remaining part of the
proof manageable.
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A Formulas of coefficients in the cylindrical forms

We list the formulas of the coefficients 8; and y; in the cylindrical forms in Lemmas
4.1 and 4.2. We design notations in the way that the coefficients 8; correspond to the
unperturbed cylindrical form (i.e., u = 0), while the other coefficients y; correspond
to the perturbed cylindrical form (i.e., u # 0) and so they involve the p-derivatives.
According to Theorem 2.1, we highlight the role of the coefficients as follows.

e The direction of bifurcation is determined by both 85 and ys.
e The types of bifurcation, Type-H and Type-E, are determined by both 8, and Bs.
e Type-ES and Type-EU are determined by all 83, Bs, Bs, s, and y7.

All derivatives below are evaluated at (y, z; ) = (0, 0; 0).

1 .
B1 = 5 (o2 =y

1, .. ¥
B2 = Edzdl"y.f )

1 ) 1 ! v oy
T (B Ay fI1+ 0y, Ay f72) + oo (Byy By 2V A [T = By, By, f72 Ay f72)

1 2 £y192 £02 2 ¥192 £y2
+@(ay2f'layzf 78)‘1f18)’1f)

B3

1 ) A .

TN (8yy 9212 — By 0z f21) By, By, f°
1
32w

1 . ,
Pa = J07divy
1

=-Ayf%,
Bs 4 yf

1 - 1 z o - v2
ﬁ6:ZazA)’f”+E(3yzazf”Ayf — 0y, 0 fAy f )

+ (0y, 02 f 7 + 0y, 02 £72) (3}2’1fz_3.\2’2fz)’

1 , ,
+30 (01 02 f71 = 0,02 172) By 0y, 1

1 , z
8w (3}’zazf)l + 3y, 3ny2) (angz a 331 f&) ’

vi(p) = —3M8y2 fyl Sinz(fﬂ) + (3;4 ayz fyz - auayl fyl ) sin(¢) cos(¢)

+

) | o
+3,dy, 72 cos?(¢) — 5 (8y, 82 f1 — Byy 02 £72) 8 7 cos? ()
1 , .
5 (Byy 0z fY1 + By 07 f2) By £ sin(p) cos(g)
1 , by b1 .
~3 (;za,zazf)l — 7dy, 0, 2 — gaylazﬁ1 + anzazfn) af,

Y2(@) = —08,0; f1 sin(p) + 9,9, 2 cos(¢),

V3(9) = 0y, £72 sin2 (@) + (3 dyy £1 + 9,0y, £2) sin() cos(p)
+3,dy, 71 cos? (@) + i (3y, 8 f1 + By, 92 £72) 8 7 cos? ()
7% (By, 02 £ — By, 02 f72) By £ sin(g) cos(e)
+$ (;zayl B [+ 7By, 3, f72 — %ayz 9 f3 — %3,\»1 azf>’2) O f7

ya(@) = 3,0, f2 sin(p) + 3,9z f1 cos(p),
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Vs = 3Mfz,

1
Ye(p) = <3y.3y2 fi- ;ayl az.fz3u.fz> sin(g)

1
+ (aﬂayl ff+ ;a},zazfza,m) cos(¢),

Y7 = 0u0, f°.
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