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Floquet time crystals are characterized by the subharmonic behavior of temporal correlation functions.
Studying the paradigmatic time crystal based on the disordered Floquet quantum Ising model, we show that
its temporal spin correlations are directly related to spectral characteristics and that this relation provides
analytical expressions for the correlation function of finite chains, which compare favorably with numerical
simulations. Specifically, we show that the disorder-averaged temporal spin correlations are proportional to
the Fourier transform of the splitting distribution of the pairs of eigenvalues of the Floquet operator, which
differ by 7 to exponential accuracy in the chain length. We find that the splittings are well described by a
log-normal distribution, implying that the temporal spin correlations are characterized by two parameters. We
discuss possible implications for the phase diagram of Floquet time crystals.
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I. INTRODUCTION

There has recently been much interest in the possibility of
spontaneous breaking of time translation symmetry [1-10].
While spontaneous breaking of spatial translation symme-
tries underlies equilibrium crystalline phases, time translation
symmetry breaking has been established only under out-of-
equilibrium conditions. This has led to the concept of Floquet
time crystals, with the Floquet quantum Ising chain providing
a paradigmatic model [11,12]. Randomness in the exchange
couplings as well as in integrability-breaking fields introduces
localization, which suppresses thermalization and enables
subharmonic temporal spin correlations.

The subharmonic correlations are closely related to spec-
tral properties of the Floquet operator. In the case of the
Floquet quantum Ising model, its eigenstates appear in pairs
with eigenphases that differ by 7 (taking the period of the
Floquet drive to be equal to 7 = 1). While this pairing be-
comes exact in the thermodynamic limit, there are deviations
from 7 for finite chains. As discussed in Refs. [13,14], the
typical deviations are exponentially small in the system size.
Here, we show that the probability distribution of these split-
tings away from 7 is accurately described by a log-normal
distribution. Moreover, the disorder-averaged temporal spin
correlation function of the time crystal is directly proportional
to the Fourier transform of the splitting distribution, providing
an analytical description of the temporal spin correlations and
their evolution with the chain length.

Earlier studies of the spectral diagnostics of Floquet time
crystals focused on the statistics of adjacent energy levels and
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measures of entanglement [11,15-20]. While thermalizing
systems tend to follow Wigner-Dyson-like level repulsion, the
absence of level repulsion is closely related to obstructions
to thermalization. Unlike these more generic measures of
spectral correlations, the distribution of & pairings is directly
related to the defining temporal spin correlations of discrete
time crystals. The deviations A from perfect 7 pairing lead
to a decay of the subharmonic spin correlations at times
which are exponentially long in the system size. Our results
show that the distribution of 7 pairings directly controls how
the time-crystalline state is established in the thermodynamic
limit. Moreover, the log-normal distribution of A entails that
temporal spin correlations of finite-size systems are character-
ized by two parameters, namely, the average and the variance
of In A.

Our results are based on a combination of numerical sim-
ulations and analytical arguments for a disordered Floquet
quantum Ising chain, both without and with longitudinal ran-
dom field. The appearance of a log-normal distribution can
be traced to the fact that the deviations from & pairings are
related to tunneling processes traversing the entire Floquet
quantum Ising chain. The two partner states are even and odd
eigenstates of the spin-flip symmetry of the Ising model. In the
limit of weak transverse fields, their splitting reflects tunneling
processes between two oppositely polarized eigenstates of
the ferromagnet. Effectively, this occurs by propagation of a
domain wall around the system, and the associated amplitude
is a product of a large number of random factors.

Alternatively, this can be viewed from the fermionized
version of the model [21,22]. In this formulation, the two
partner states have opposite fermion parities. The sectors with
even and odd fermion parities (known as the Neveu-Schwarz
and Ramond sectors) satisfy antiperiodic and periodic bound-
ary conditions of the Jordan-Wigner fermions, respectively.
Consequently, the splittings reflect the sensitivity to boundary
conditions. In localized systems, the sensitivity to boundary
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FIG. 1. (a) Disorder average of the bulk spin correlation function G(¢) (solid lines) of a discrete time crystal without (blue) and with
(orange) longitudinal fields. Dashed lines: Fourier transform p(r) of a log-normal distribution p(A) with cumulants extracted from the splitting
distribution. p(¢) was multiplied by an overall prefactor to match the plateau value of G(¢). Decay range (shaded boxes) and location (vertical
dashed lines) are estimated from p(log,, A) in (c), with corresponding labeling. (b) Illustration of the many-body Floquet spectrum with
m-paired partner states. Even and odd states under the spin-flip symmetry are indicated by blue and red squares. The sketch also indicates the
finite-size splittings A, away from 7. (c) Numerical splitting distributions (solid lines) without (blue) and with (orange) longitudinal fields,
compared to log-normal fits (dashed lines). The splitting distribution is sampled across the many-body spectrum and disorder ensemble. Shaded
boxes: characteristic range determining the timescales of spin correlations in (a); see the text for further discussion. Parameters are N = 12,

g=0.95,dJ =0.25,J = 0.5, and N/ = 10> disorder realizations.

conditions is frequently characterized by log-normal distribu-
tions, as for the conductance [23], the level curvatures [24],
and the splitting of end states [25].

The remainder of this paper is structured as follows. In
Sec. II, we use numerical simulations to establish a relation
between the temporal spin correlations of the Floquet time
crystal and the splitting distribution of the 7 pairs. Section III
supports our numerical results with analytical considerations.
In particular, we analyze the splitting distribution within
the original spin model in Sec. III A and within the frame-
work of Jordan-Wigner fermions in Sec. IIIB. The effects
of an integrability-breaking longitudinal field are discussed
in the framework of a self-consistent perturbation theory in
Sec. IITC. We conclude in Sec. IV.

II. TEMPORAL SPIN CORRELATIONS AND SPECTRAL
PAIRING: NUMERICAL RESULTS

We study the Floquet quantum Ising chain with random
exchange couplings and random longitudinal field as a model
for discrete time crystals. The Floquet operator

i7 N i N i N
Up = e? Zin1Xig7 Zimt1iZiZin1 7 i hiZ; 1)

defines the stroboscopic time evolution |W(¢)) = U} |¥(0))
of an initial state |W(0)) after t =0, 1,2, ... cycles. Here,
X; and Z; are Pauli operators at site j, and we assume pe-
riodic boundary conditions, i.e., Zyy; = Z;. We draw the
Ising couplings J; and longitudinal fields /; from independent
box distributions, J; € [J —dJ,J +dJ] and h; € [—dh, dh].
The Floquet operator can be diagonalized, Ur|n) = e~ |n),
with E, being eigenphases and |n) being Floquet eigenstates.
The eigenphases can be restricted to the first Floquet zone,
—n < E, < w. The quantum Ising model (dh = 0) has a
spin-flip symmetry, P = [ ;Xj, and is integrable. The random
longitudinal field breaks integrability. Spin-flip symmetry is
broken for particular realizations of the longitudinal field but
is maintained, on average, by the disorder ensemble.

Time-crystalline behavior occurs for transverse fields g
close to 1 [11,12]. We characterize the dynamics of the time
crystal by the infinite-temperature correlation function

Gj(t) = (Z;(1)Z;(0)), )

where Z;(t) = (U,I)’Z_,(Up)’ and (- --) = 27Vtr[- . - ] averages
over a complete set of states. We focus on the disorder-
averaged correlation function (—1)'G(¢) (as denoted by the
overline). The disorder average makes the correlation function
translationally invariant for periodic boundary conditions, so
we drop the site index j. At g = 1 and dh = 0, the transverse
field flips all spins periodically, resulting in perfect period
doubling, as diagnosed by G(t) = (—1)'. Away from g =1,
the transverse field no longer induces complete spin flips.
Provided that g does not deviate too far from g = 1, one finds
that following initial transients, (—1)'G(¢) plateaus for many
cycles before slowly decaying to zero at very long times.
This characteristic behavior remains qualitatively unchanged
in the presence of the random longitudinal field. Figure 1(a)
shows corresponding numerical results both without and with
random longitudinal field.

The period-doubling characteristic of discrete time crys-
tals originates from a spectrum-wide pairing of eigenstates
[Fig. 1(b)]. For dh = 0, the partner states |n, £) are even
(+) and odd (—) under the spin-flip symmetry P and have
eigenphases E,  differing by 7 up to finite-size corrections,
which are exponentially small in the length N of the chain.
The operators Z; are odd under the spin-flip symmetry and
couple partner states, resulting in the period doubling of G(z).
This follows from writing Eq. (2) in terms of exact eigenstates,

1 (B
Gj(t) = o5 D |(niZjlm) e EEn 3)

This equation also implies that provided they are inhomoge-
neous across the spectrum, the finite-size deviations from =
pairing cause the time-crystal oscillations to decay at expo-
nentially long times.
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FIG. 2. Dependence on chain length N of the (a) mean and
(b) variance of many-particle splittings, both without and with ran-
dom longitudinal field (see legends). Averages and variances are
extracted from log-normal fits to the entire splitting distribution.
Symbols: data; solid lines: linear fits. Parameters are J = 0.5, dJ =
0.25, and g = 0.95. Disorder averages are over N’ = 5x10° real-
izations (dh > O,N =6, ..., 13), N' = 2x 10’ realizations (dh > 0,
N = 14), and N = 2x 10* realizations (dh = 0, all N).

To probe the relation between spectral pairing and time-
crystal oscillations more closely, we compute the deviations
A, =m —E,+ +E,_ of the splittings from m across the
Floquet spectrum and the disorder ensemble by exact diag-
onalization. Since paired eigenphases are almost antipodal,
they can be identified by sorting the spectrum provided that
the splittings are small compared to the level spacing. We
show below that this condition is satisfied for transverse fields,
which are sufficiently close to g = 1 [see Eq. (8)]. We charac-
terize the splittings by their distribution function across the
many-body spectrum and the disorder ensemble, which is
shown in Fig. 1(c) both without and with longitudinal field.
We find that in both cases, the splitting distribution is well fit
by a log-normal distribution,

p(InA)dIn A = ™A g AL (4)

2o

Small deviations from the log-normal distribution appear in
the tails of the distribution and are more pronounced without
random longitudinal field.

The log-normal distribution is fully determined by the first
two cumulants of In A. Figure 2 shows the scaling of these

cumulants with system size N. We read off that

— N N
,u:lnA:—?, ozzvarlnA:x. (®)]

The average In A (characterizing typical values of A) de-
creases linearly in the chain length N. In contrast, the variance
varln A grows with N. The prefactors of N define charac-
teristic lengths ¢ and A, respectively. Figure 1(c) shows that
as a function of the random longitudinal field, the average
increases (the shift to the right), while the variance shrinks
(the reduced width and increased peak height).

It is our central result that beyond initial transients, the
Fourier transform

p(t) = / dAp(A)e™ (©6)

of the log-normal splitting distribution closely tracks the
correlation function (—1) G(¢). Figure 1(a) shows that p(r)
(dashed lines) matches (—1)'G(t) (solid lines) up to an over-
all prefactor. This can be understood based on Eq. (2). The
period-2 oscillations arise from the contributions of the m-
paired levels. If fluctuations of the positive matrix-element
prefactor across the spectrum or the disorder ensemble do not
affect the temporal spin correlations, Eq. (2) yields

(=1YG@) ~

o ReZ el T—En s+ En )t @)
n

with the prefactor well approximated by

1
Az o)l +1Ziln, )2,

This relates the temporal spin correlations to the Fourier trans-
form of the splitting distribution.

The relation between Eq. (6) and the temporal spin cor-
relations implies that the latter are controlled by the two
cumulants, i and o, of the log-normal distribution. In par-
ticular, we can express the two characteristic times of the spin
correlation function in terms of these cumulants. The bulk of
the log-normal distribution falls into the range pu — /20 <
In A <+ +/20. Correspondingly, its Fourier transform re-
mains constant for 1 < ¢* = exp(—u — +/20) and falls off
over the interval between ¢t* and t** = exp(—u + \/EU), as
illustrated by the shaded boxes in Figs. 1(a) and 1(c). In
combination with Eq. (5) this implies that time-crystalline
behavior, i.e., a nonzero m, persists for all times when
taking the thermodynamic limit before the + — oo limit. We
can also check that the ratio between “maximal” splitting
exp(u + +/20) and many-body level spacing o2~V vanishes
for N — oo as long as

¢ <1/In2, ®)

i.e., as long as g is sufficiently close to unity, as mentioned
above, ensuring that the splitting distribution is well-defined.

An approximate analytical expression for p(t) can be ob-
tained by evaluating the Fourier transform over the log-normal
distribution within the saddle-point approximation. Keeping
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only quadratic deviations from the saddle, one finds [26]
exp {— 5 [W2(—io?ett) + 2W (—io2e1)]}
V1 + W(—icZett)

where W is the Lambert-W function defined by W (x)e" ™ =
x. Equation (9) is controlled in the limit of small o but re-
produces the Fourier transform qualitatively even when o is
of order unity. One also deduces the approximate expression
p(t) = e=(1/Qo"NIn* @) for the asymptote at large ¢.

p(t) ~Re .9

III. ANALYTICAL CONSIDERATIONS
A. Spin model

We explore the spectral properties underlying these numer-
ical results by analytical considerations in limiting cases. We
first focus on the Floquet operator Ur g = Up(h; = 0) in the
absence of the random longitudinal field 4;,

i, N in N
Upo = Pe T LimtXie? Ljmt1iZiZi1 (10)

Since we are interested in Floquet operators with transverse
field g close to 1, we have pulled out an overall factor of
P = ]_[j X; by writing g =1 + §g, with 6g < 1. The Floquet
evolution commutes with the spin-flip symmetry, so we can
consider the even (P = 1) and odd (P = —1) sectors of the
model separately. In the limit of g — 0, the eigenstates of
Uro for P ==+1 are even and odd linear combinations of
oppositely polarized bit strings, e.g.,

1
V2
Due to the overall factor of P, the corresponding eigenvalues
are £e'f, with E and E + 7 being antipodal eigenphases.

Splittings away from 7 appear for nonzero §g. We consider
the regime of intermediate disorder strength,

AN D ERAT ). (1D

dg<dl <J K1 (12)

This allows us to approximate the Floquet operator as

ind N i7 N
Upo =~ Pe 7 Zin XitT XimiJiZiZint | (13)

where the exponent is the Hamiltonian of the transverse field
Ising model with a small transverse field. Thus, the splittings
can be obtained from ordinary Hamiltonian perturbation the-
ory in ég.

The splittings arise from tunneling between the two oppo-
sitely polarized bit strings in Eq. (11) induced by spin flips of
amplitude dg. Since J is largest, all exchange couplings are
positive, and to leading order, the number of domain walls
remains unchanged in the virtual intermediate states. Con-
sidering a state with two domain walls (the smallest number
compatible with periodic boundary conditions) for definite-
ness, a tunneling event can be thought of as a process in
which the two domain walls trade locations in such a way that
the N hops effectively make a full loop around the system.
The corresponding splitting appears in Nth-order perturbation
theory with amplitude

wég og
Arg >~ — _— 14
1K 2 Z 1_[ Ji+Jg =i = Jj (1
v (.jey

where / and K denote the locations of the domain walls of the
7 pair. The sum is over all contributing trajectories y, with
(i, j) running through the N — 1 intermediate configurations
with domain walls located at i and j.

A log-normal splitting distribution is a plausible con-
sequence of the appearance of products with an extensive
number of factors in Eq. (14). Provided that the sum over y
is dominated by sufficiently few terms and that the factors can
be viewed as statistically independent, In A becomes normally
distributed by the central limit theorem. The small deviations
of the splitting distribution for dh = 0 from a log-normal dis-
tribution, as shown in Fig. 1(c), indicate the degree to which
these assumptions are justified. In particular, one may expect
that for larger values of A, the sum in Eq. (14) is dominated
by rare terms, which take on a large value. In contrast, more
trajectories contribute to the splitting for smaller values of A,
leading to deviations from a log-normal distribution in the
small-A tail. Moreover, the splittings A have an upper cutoff
given by the many-body level spacing, leading to deviations
in the large-A tail.

The two degenerate ground states of the transverse field
Ising model in the limit of zero transverse field contain no
domain walls. Thus, their splitting is due to tunneling pro-
cesses with intermediate states of excitation energy ~J and,
consequently, in the limit under consideration, much smaller
than the splitting of excited states.

We remark that the assumption of J « 1 was made to
simplify the presentation. None of our results depend on it
in essential ways. In fact, we can use a stroboscopic Floquet
perturbation theory [27] (see also Sec. IIIC) to discuss the
eigenphases for general J, with the same qualitative results.

B. Fermionized model

For zero random longitudinal field (dh = 0), the Floquet
Ising model is integrable, and its many-body spectrum is
composed of single-particle levels. We can investigate the
distribution of m pairings from the viewpoint of these single-
particle levels.

A Jordan-Wigner transformation maps the Floquet quan-
tum Ising model to a free-fermion model in two ways (see the
Appendix) [21,22]. If we apply the Jordan-Wigner transfor-
mation to the original spin operators, the fermion operators c;
effectively describe spin flips in the transverse field basis, and
the Floquet operator takes the form

inég N
;
> > (1 —2ce))

j=1

Uro =Pexp

. N
T T T
X €xXp 75 Jj(CjCj+1—CjC;+1)+H~C- . (15)
j=1

Here, we identify cyy; = —Pc;. Thus, while the original
spin model has periodic boundary conditions, the fermionized
model has periodic (antiperiodic) boundary conditions for
P = —1 (P = 1). This difference between the Neveu-Schwarz
(P = —1) and Ramond (P = 1) sectors of the model appears
since the Jordan-Wigner string in ZyZ; winds around the
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FIG. 3. Single-particle splittings §(¢) for different boundary conditions of the Jordan-Wigner fermions and various energies € in the band.
(a) Distributions across the disorder ensemble (dots). Dashed lines: log-normal fits. (b) Average, (c) variance, and (d) correlations of In[4(€)]
(dotted lines). Solid lines show the perturbation theory. Lines have been shifted by a constant. Parameters are as follows: J = 0.5 and N/ = 10’
disorder realizations in all plots; dJ = 0.25, N = 18, and g = 0.9 in (a); and dJ = 0.1 and N = 12 in (b)—(d) (for g see legends).

entire chain. In the fermionic representation, the spin-flip
inc!

symmetry maps P to the fermion parity P = | ;e

In the limit of small 8g, it is advantageous to apply the
Jordan-Wigner transformation to the dual spin operators de-
scribing domain walls. The corresponding fermion operators

Cj

dj = %(Cj + Cj» +cjy1 — Cj'.;,.]) (16)

effectively describe domain walls. In terms of these operators,
the Floquet operator takes the form

. N
indg
=D +d)dj —d) )

UF'() = Pexp
j=1
in &
T
X exp ?;:1 Ji(1—2dld)) ¢ (17)

Analogous to the convention for the spin-flip fermions c;, the
domain-wall fermions satisfy dy = —Pdy (see the Appendix).
Due to the noninteracting nature of this fermion problem, the
eigenphases of Upo can be written as E[{n,}] = Za Ny €qs
where n; are fermionic occupation numbers and €, are single-
particle eigenphases.

In the limit defined in Eq. (12), we can combine the expo-
nentials, so that apart from the factor P, U reduces to the
time-evolution operator of

N N
mog +
H==" > (dj+d)d_; —d;)+m Y Jidid;. (18)
j=1 j=1

The contributions of the pairing terms (corresponding to the
generation or annihilation of pairs of domain walls) are para-
metrically suppressed in a perturbative expansion in § g, so that
the Hamiltonian reduces to a noninteracting Anderson model
with random on-site disorder. Moreover, we already saw in
Sec. IIT A that, to leading order, we can neglect the depen-
dence of the ground-state energy on P. Thus, the splittings of
the  pairs arise from the dependence of the single-particle
excitations on P.

The Anderson models for P = %1 effectively differ by a
7 flux threading the ring or, equivalently, in their boundary
conditions. As argued by Thouless [28], the sensitivity of the

single-particle levels to the boundary conditions is a measure
of the conductance of the system. Moreover, the conductance
of a one-dimensional disordered wire obeys a log-normal
distribution [23] as a consequence of Oseledec’s theorem
[29]. We thus conclude that the single-particle splittings §, =
€4(P =+41) — €, (P = —1) have a log-normal distribution.
This expectation is in excellent agreement with the numerical
data in Fig. 3(a).

These conclusions can be understood as follows. As a
consequence of Anderson localization, the corresponding dif-
ference in the single-particle energies is exponentially small in
N/&(¢€), where £ (¢) is the localization length at the energy € of
the single-particle excitation. In zeroth order in the transverse
field, the single-particle spectrum consists of fermions local-
ized at sites j with energy mJ;, so that €/ € [J —dJ,J +
dJ]. A nonzero transverse field introduces hopping between
nearest-neighbor sites. The splitting between the P = +1 sec-
tors is due to hopping around the entire chain, which appears
in Nth-order perturbation theory. Thus, the splitting of the
excitation with € = 7 J; is given by the amplitude

59/2
5;~2msg [| — 8/2 (19)

This expression is a limiting case of an exact relation with a
similar structure [30].

Unlike in the perturbative approach to the many-body
eigenphases E, in Sec. IIT A, only two terms of equal am-
plitude contribute to Eq. (19) at this order of perturbation
theory, and the factors are statistically independent. The log-
normal distribution is thus a direct consequence of the central
limit theorem. As for the many-body eigenphases, we can
characterize the splitting distribution of the single-particle
eigenphases by

Ind(e) = —

varlné(e) = (20)

N
£(e)’ £(e)
in terms of the localization length £(¢) and the elastic mean
free path £(€) of the Anderson model [31]. Using Eq. (19) for

N > 1 and small € — 7rJ, we find

_ 2
In|8(e)| ~ —N|:ln 2d—J + (€= nJ) :|

edg  2(mdJ)? @b
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and

s ~ |14+ €=
Varn|(6)|_ W .

(22)
The expression for In [§(e)| shows that states near the band
edges are most strongly localized. Correspondingly, their
splitting fluctuations var In |§(¢)| are largest. The dependence
of these quantities on € is in good agreement with numerical
results within the range of validity of the expansion in € — wJ
[see Figs. 3(b) and 3(c)]. We remark that the limit defined
in Eq. (12) is challenging to realize numerically. Deviations
necessitate an additional overall vertical shift of the fitting
curves in Figs. 3(b) and 3(c). Consistent with expectations,
the shift diminishes when approaching the limit in Eq. (12).

The splitting A of many-body eigenphases is given as a
sum of many log-normally distributed single-particle split-
tings 8. Since a log-normal distribution has a finite average
and variance, one may be tempted to apply the central limit
theorem and conclude that A should have a normal distribu-
tion, in contradiction to the observed log-normal distribution.
This conundrum is resolved by noting that the single-particle
splittings violate the assumption of statistical independence
underlying the central limit theorem. In fact, the single-
particle splittings are correlated even for states with widely
differing energies. We can use Eq. (19) to compute the (con-
nected) correlations of the single-particle splittings at different
energies. Working to first order in € — €’, we find

le — €| In?>(zwd])

AR ~
(In|d(e)lIn(d(eN)) " = N[l rmd]

]. (23)

This result is in good agreement with numerical results,
as shown in Fig. 3(d), and explains the kink at € = ¢€'.
The correlations drop on a scale €, = %, so that the
single-particle splittings are correlated over a wide range of
energies. This precludes the application of the central limit
theorem to the sum over single-particle splittings and explains
how the log-normal distribution of the many-body splittings
emerges from the log-normally distributed single-particle
splittings.

C. Random longitudinal field

We now turn to a discussion of the random longitudinal
field, which breaks integrability as well as the global spin-flip
symmetry P. As shown in Fig. 1(a), the log-normal splitting
distribution persists in the presence of a random longitudi-
nal field. We find that the mean grows with the strength
of the longitudinal field, while the width in In A shrinks
(with a corresponding increase in peak height). As shown in
Fig. 2, the mean and the width of the distribution in In A
continue to depend exponentially on chain length N, with
the length scales £(dh) and £(dh) in Eq. (5) increasing with
field.

The effect of the random longitudinal field can be under-
stood within a stroboscopic Floquet perturbation theory for
Ur = Uroe" , where we treat V = >, hiZ; as a perturbation
[27]. Expanding the eigenphases E, = E, o+ E, 1 + E,» +

- of Ur to quadratic order in V' gives
E,.1 = (no|V|no) (24)

and

2
E.p = Z M. (25)

En0—Emo
m#n 2tan -2

Here, the unperturbed eigenstates |ng) of Ugo are assumed
to be nondegenerate with eigenphases E, . We denote the
unperturbed 7 pairs as |ng, £) with P|ng, £) = £|ng, =) and
unperturbed many-body splittings as

A, =7 —E} +Ej. (26)

The longitudinal field is odd under P, so it couples states
with opposite parities. As a result, the first-order contribution
vanishes, and Eq. (25) gives the perturbed splittings

[v,f |2 [v |12
An 2 Apy — Z [ Eyt+—En_ En——Eny | @7)

| 2tan = 2 tan ==

with matrix elements v/~ = (n, +|V |m, —).

In Eq. (27), we have made the perturbation theory
self-consistent by inserting the exact eigenphases into the
denominators [27]. This is motivated as follows. While the
divergent eigenphase denominator suppresses the contribution
of & pairs (i.e., the terms with m = n), there are many terms
of similar magnitude with m # n. This is plausibly captured
by a self-consistent approximation. An analogous scheme was
applied successfully to the related problem of Majorana
modes in chains with open boundary conditions [27].

We make the splittings A, = 7 — E;f + E, explicit in the
energy denominators and expand in them as they are small
compared to the eigenphase differences. To linear order, we
find

An x An,() + An - EnAn (28)
in terms of
|v—+|2 |v+— 2
An = Z EZm_EJr + - En’m—E’ +r |’ (29)
- 2 tan —z0_=mo 2 tan —m0—=mo
Lot 12 o 12
En ~ nmi — nm — . (30)
2 Eno—Eno 2 E:ofEmo
m | 4cos” =52 4cos” R

In defining X, and A,, we assume that the exact eigenphases
E can now be replaced by their unperturbed counterparts
Efo. Solving for A,,, we find

~ An,O + An

n = , 31
1+ 3%, GD

similar to an analogous expression in Ref. [27].

Figure 4 shows that the splitting distributions in the pres-
ence of random longitudinal field are well reproduced by
the self-consistent perturbation theory. Deviations from the
log-normal fits appear deep in the tails of the distribution, as
shown in the inset.
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FIG. 4. Distribution of the many-body splittings with disordered
longitudinal field for various chain lengths (see legend). Numeri-
cal data (symbols) are compared to the self-consistent perturbation
theory (solid gray lines). Dashed line: log-normal fits to data. Inset:
Same as in the main plot, but on a doubly logarithmic scale. Parame-
tersare J = 0.5,dJ = 0.25, g = 0.95, N = 10* disorder realizations
for N = 10, 12, and N = 2x 10° disorder realizations for N = 14.

IV. CONCLUSION

Floquet time crystals with a subharmonic response at half
the driving frequency are known to exhibit 7 pairing in their
eigenphase spectrum [13,14]. In finite-size systems, the eigen-
phase difference splits away from 7 by an exponentially small
amount. We showed that the probability distribution of these
splittings across the many-body spectrum and the disorder
ensemble is well approximated by a log-normal distribution.
Moreover, its Fourier transform is directly proportional to the
temporal spin correlations of finite-size time crystals. This
provides an immediate relation between the spectral statistics
of the Floquet operator and the defining characteristic of Flo-
quet time crystals.

Our results open various avenues for further research. First,
it is an interesting question whether other spin correlation
functions can be related to the spectral statistics of 7 pairings.
In particular, recent work emphasized the role of out-of-time-
order correlators of Floquet time crystals [32]. Second, it is
important to understand whether a similar relation between
spectral statistics and time-crystalline order extends to Floquet
time crystals with other subharmonic periods [14,33-35], to
time-crystalline behavior in open quantum systems [36—41],
or to disorder-free models [42—44]. Third, our work relies
on a combination of numerical simulations and analytical
arguments. It would be interesting to see whether the relation
between spin correlations and splitting distributions as well as
the latter’s log-normal nature can be made rigorous.

Our results may also have implications for the phase dia-
gram of Floquet time crystals. It is natural to speculate that the
relation between the pairing distribution and time-crystalline
spin correlations is a basic property of the time-crystal phase.
This would suggest that the time-crystal phase requires the
spectral 7 pairing to be well-defined, i.e., that the splittings
are small compared to the many-body level spacing of order
27N Under these assumptions, the condition in Eq. (8) for
the existence of well-defined splittings describes the phase
boundary of the time-crystal phase. It would thus be interest-

ing to understand the dependence of the characteristic length
¢ on system parameters. This line of thinking may also have
ramifications for the existence of time crystals in more than
one dimension.
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APPENDIX: JORDAN-WIGNER TRANSFORMATION
We use the Jordan-Wigner transformation
Xj=1-2cc;; Zi=i(c]—c)expim ) cle
I<j
(AD)
This implies

Y; = —iZiX; = (c; +c)exp {in Y ce, ¢,
I<j

(A2)

S . + _ 1
so that the spin raising and lowering operators S;” = 5(¥; &
iZ;) become

: NN
St — Cje’” Y<icie ,

- iy, icle
- . Jil
j S] Cje .

(A3)
We associate c; with the spin-lowering operator §;” because
the latter creates a spin-flip excitation in the paramagnetic
phase.

We introduce Majorana operators defined by

¢ = 3(a;+ib)), (A4)

so that

X;=—iajb;, Yy =a;[ [(=iab), Z;=b;[|(~iaib)).
I<j I<j

We can express the Floquet quantum Ising model with peri-
odic boundary conditions in terms of the Majorana operators
using

N N
8§ X =—ig) ab, (AS)
=1 p
and
N N
D IiZiZi =1 Jajbji. (A6)
Jj=1 j=1
We note that ZyZ, = —iPayb;, which we accounted for by the
conventions ¢y, = —Pcy, ayy1 = —Pay, and by | = —Pb,.
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Note that in these conventions, P = +1 denotes the sector of
Hilbert space and is no longer an operator.
In terms of the spin-flip operators ¢, we have

N N
gy X;=gY (1-2cc)) (A7)
j=1 j=1
and
N N
3 0iZiZi =Y Jiei+eDe — ). (A8)
j=l1 J=1

In this formulation, spin flips cost a Zeeman energy of 2g,
while the exchange coupling either hops the spin flip to a
neighboring site or creates or annihilates a pair of spin flips
on nearest-neighbor sites.

We can also define fermions for which the exchange term
becomes diagonal,

df = (aj+ibjy1). (A9)

They are associated with the dual representation of the quan-
tum Ising model in terms of domain-wall operators. In fact,
d;d ; counts the number of domain walls at the bond between
sites j and j + 1,

N N
N TiZiZi =) J;(1 = 2d]d)). (A10)
j=1

J=1

Moreover, the transverse field term turns into

N N
gy Xj=g> (dj+d)djy—d]_)).

j=1 j=1

(A11)

In this formulation, domain walls cost an exchange energy
of 2J, while the Zeeman coupling either hops the domain
walls to a neighboring bond or creates or annihilates a pair
of domain walls on nearest-neighbor bonds.

We finally discuss the influence of the fermion parity P on
the domain-wall representation. Recalling the sign convention
for the fermion operators, we note that

dy = 3(an +ibys1) = 3(an — ibiP), (A12)
so that
iJyaxby 1 = —iJyPayb; = Jy(1 — 2d}dy) (A13)
and
—iga\by = gP(d) + d})(d}, — d). (A14)

This is consistent with Egs. (A10) and (A1l) if we use the
convention dy = —Pdy.
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