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Zusammenfassung
Stabilität in Zufälligen Dynamischen Systemen

für Stochastisch Gestörte Oszillatoren mit Scherung
und für Stochastischen Gradienten Abstieg

von Dennis Chemnitz

In dieser Arbeit berichten wir über mehrere Themen im Zusammenhang mit der Sta-
bilität zufälliger dynamischer Systeme. Zunächst zeigen wir, dass ein Mechanismus,
der als scherungsinduziertes Chaos bekannt ist, chaotisches Verhalten im Sinne eines
positiven Lyapunov-Exponenten in einem durch additives weißes Rauschen gestörten
Stuart-Landau-Oszillator hervorrufen kann. Dies beantwortet eine Frage, die in der
Literatur mehrfach gestellt wurde.

Anschließend untersuchen wir eine Klasse von stochastischen Differentialgleichun-
gen, die eine stärkere Scherung als der Stuart-Landau-Oszillator zulassen. Diese
starke Scherung kann dazu führen, dass das System keinen zufälligen Attraktor mehr
besitzt oderpr sogar seine starke Vollständigkeit verliert, d.h. keinen globalen stochastis-
chen Fluss mehr erzeugt. Wir nennen diesen Mechanismus

”
scherungsinduziertes

Blowup“. Darüber hinaus leiten wir zwei scharfe Bedingungen für das Wachstum
des Scherungsterms her, unter denen das System stark vollständig ist bzw. einen
Mengen-Attraktor besitzt. In Kombination mit Informationen über das Vorzeichen
des größten Lyapunov-Exponenten lässt dies Schlüsse darüber zu, ob das System
stark und/oder schwach synchronisierend ist.

Zu diesem Zweck führen wir einen neuen Satz von Bedingungen für stochastische
Differentialgleichungen mit additivem Rauschen ein, unter denen die Zeit-1-Abbildung
ein Theorem der stabilen/instabilen Mannigfaltigkeit erfüllt. Diese Bedingungen sind
schwächer als die bisher in der Literatur verfügbaren und können insbesondere Fälle
behandeln, in denen die stochastische Differentialgleichung nicht stark abgeschlossen
ist.

Das letzte Kapitel dieser Dissertation befasst sich mit der Stabilität von zufälligen
dynamischen Systemen im Kontext des maschinellen Lernens. Insbesondere unter-
suchen wir ein überparametrisiertes Optimierungsproblem, wie es im modernen Deep
Learning häufig vorkommt. Wir charakterisieren die Menge der Interpolationslösun-
gen, die unter zwei populären Lernalgorithmen - dem Gradientenabstieg und dem
stochastischen Gradientenabstieg - dynamisch stabil sind. Dynamische Stabilität
hängt mit Generalisierung und implizitem Bias zusammen, einem Thema, das trotz
des Erfolgs von maschinellem Lernen noch unzureichend verstanden wird.

Einige der in dieser Arbeit vorgestellten Ergebnisse beruhen auf gemeinsamer
Arbeit mit Maximilian Engel und Michael Scheutzow.





vii

Abstract
Stability of Random Dynamical Systems

in Noisy Oscillators with Shear
and in Stochastic Gradient Descent

by Dennis Chemnitz

In this thesis, we report on several topics related to the stability of random dynamical
systems. First, we show that a mechanism known as shear-induced chaos can induce
chaotic behavior, as evidenced by a positive Lyapunov exponent, in a Stuart-Landau
oscillator perturbed by additive white noise. This answers a question that has been
raised several times in the literature.

We then study a class of stochastic differential equations that allows for stronger
shear than in the Stuart-Landau oscillator. This strong shear can cause the system
to no longer admit a random attractor or to even lose strong completeness, i.e.,
to no longer admit a global stochastic flow. We call this mechanism shear-induced
blowup. Furthermore, we derive two tight conditions on the growth of the shear term,
under which the system is strongly complete and admits a set attractor, respectively.
Combined with information about the sign of the largest Lyapunov exponent, this
allows us to conclude whether the system is strongly and/or weakly synchronizing.

For this, we introduce a new set of conditions for stochastic differential equations
with additive noise under which the time-1 map satisfies a stable/unstable manifold
theorem. These conditions are weaker than those previously available in the literature
and, in particular, can handle cases for which the stochastic differential equation is
not strongly complete.

The final chapter of this dissertation deals with the stability of random dynamical
systems in the context of machine learning. In particular, we study an overparam-
eterized optimization task that is commonly encountered in modern deep learning.
We characterize the set of interpolation solutions that are dynamically stable under
two popular learning algorithms, gradient descent and stochastic gradient descent.
Dynamical stability is related to generalization and implicit bias, a topic that is still
poorly understood, despite the success of machine learning.

Some of the results presented in this thesis are based on joint work with Maxim-
ilian Engel and Michael Scheutzow.
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Chapter 1

Introduction

1.1 A Brief History of Random Dynamical Systems

The study of systems evolving in time is a theme that is present in all natural and
social sciences. The mathematical theory of dynamical systems aims to provide ab-
stract descriptions of the mechanisms at play in such evolving systems. Historically,
the theory of dynamical systems has its origins in celestial mechanics. In the late
19th, early 20th century, Poincaré demonstrated that Newton’s equations for the so-
called three-body problem, concerning the evolution of three celestial bodies, cannot
be solved analytically. Instead, Poincaré suggested a geometric approach which not
only considers the evolution of three bodies starting in a fixed initial state but studies
the geometry of all possible trajectories in the state space [Poi67]. This revolutionary
idea is considered by many as the birth of dynamical systems and chaos theory.

Unlike the motion of celestial bodies studied by Newton and Poincaré, many
systems encountered in the natural and social sciences do not evolve according to de-
terministic laws. Through contributions by Einstein [Ein05], Wiener, and Itô [Itô51],
in the 20th century, stochastic differential equations were introduced as random ana-
logues of the differential equations of Newton and Leibniz. The solutions to these
equations are stochastic processes, which describe the statistics of the system evolv-
ing from a fixed initial state. Starting in the late 1970s, Elworthy [Elw78], Kunita
[Kun90], and others realized that the stochastic differential equations of Itô can also
give rise to a stochastic flow of diffeomorphisms, which in the spirit of Poincaré de-
scribes the evolution of all possible states at the same time. This led to the develop-
ment of the field of random dynamical systems [Arn98], which studies the evolution of
stochastic systems using ideas from the theory of dynamical systems, such as invari-
ant manifolds [Wan95; MS99], global attractors [CF94], bifurcation theory [Nam90;
Bax94], and ergodic theory [Kif86; LQ95]. Today, there are active lines of research
using random dynamical systems to study problems in various fields, including fluid
dynamics [BBP22c; BBP22b; BBP22a; BBP22d; Hai+24], sampling [GT24], and
theoretical machine learning [GKK24; CE24].

1.2 Shear-induced Chaos

In this thesis, several topics in random dynamical systems theory will be discussed,
the first of which being so-called shear-induced chaos. It was already observed in the
1920s by van der Pol and van der Mark [PM27] that systems with stable limit cycles
subjected to an additive perturbation by periodic kicks can behave chaotically. A
crucial ingredient for this phenomenon is the dependence of the angular velocity on
the amplitude, which creates a phase-amplitude coupling leading to chaotic behavior.
This mechanism has been called shear-induced chaos.
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Figure 1.1: Phase diagram of a Stuart-Landau oscillator. The
attracting limit cycles is drawn in blue and eight different orbits are
drawn in red.

The simplest system that allows for this phenomenon is the Stuart-Landau oscil-
lator (cf. Figure 1.1)

d

dt
X(t) =

(
α −β
β α

)
X(t)− |X(t)|2

(
a −b
b a

)
X(t), (1.1)

which is better known as a Hopf normal form in the mathematical literature [CH82].
The chaotic behavior of a Stuart-Landau oscillator with additional periodic kicking
is well understood and shown in Figure 1.2 below. Frame (a) shows particles being
subjected to an upward kick after being aligned with the limit cycle. Frame (b)
shows the same particles after being subjected to the dynamics of (1.1) for a short
time. The particles have relaxed back to the limit cycle. However, after the kick in
frame (a) the distance of the particles to the origin varies. Since the shear strength
|b| ≫ 1 was chosen large in this example, different particles consequently experience
vastly different angular velocities. This shearing explains the distortion that can be
observed in frame (b). This process is repeated in frames (c) to (f), and a strange
attractor emerges.

Despite numerical evidence [LY08; Wie09], it remained open until recently whether
a Stuart-Landau oscillator subjected to additive white noise instead of periodic kicks
can also exhibit chaos. The system in question can be described by the stochastic
differential equation

dX(t) =

(
α −β
β α

)
X(t) dt− |X(t)|2

(
a −b
b a

)
X(t) dt+ σ dW (t), (1.2)

where (W (t)) is a two-dimensional Brownian motion and α, β, a, b, σ ∈ R are real
parameters with α, a > 0. Again, the parameter b plays the crucial role of shear
strength. In this thesis, we demonstrate the possibility of a positive Lyapunov expo-
nent, a marker of chaos, for the noisy Stuart-Landau oscillator (1.2) in a small-noise,
large-shear regime.
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(a) (b) (c)

(d) (e) (f)

Figure 1.2: Shear-induced chaos in the Stuart-Landau oscillator
with periodic kicks. The blue circles represent the attracting limit
cycle of the Stuart-Landau oscillator, and the red curves represent
particles.

Result A (Theorem A.1 below). Letting λ(α, β, a, b, σ) denote the top Lyapunov
exponent (cf. section 2.3.1) of (1.2), we have

lim
ε→0

λ(α, β, a, ε−1b, εσ) = Ψ

(
b2σ2

2α2a

)
,

where the function Ψ : [0,∞) → R has an explicit expression given in (3.6) below.

It is known that Ψ takes positive values for arguments larger than the critical
value Ccrit ≈ 3.45 [ELR19a]. This constitutes the first proof of the existence of
parameters (α, β, a, b, σ), for which the Stuart-Landau oscillator with additive noise
has a positive Lyapunov exponent, thus answering the questions posed, for example,
in [LY08; Doa+18]. This result has been published as a joint work with Engel [CE23].

1.2.1 Related Literature

The crowning achievement of the research on the Stuart-Landau oscillator with pe-
riodic kicks is a result by Wang and Young [WY03] which shows that the strange
attractor shown in figure 1.2 supports an SRB measure (cf. section 2.3.3 below for
the definition). This result has been extended to parabolic partial differential equa-
tions undergoing Hopf bifurcation [LWY13].

The first result demonstrating the possibility of a positive Lyapunov exponent as a
result of shear-induced chaos in a noisy setting is due to Engel, Lamb, and Rasmussen
[ELR19a]. They study a simpler model inspired by [LY08], which will be explained
in detail in section 3.2.1 below.

The largest Lyapunov exponent of the noisy Stuart-Landau oscillator (1.2) has
been studied by various authors, both empirically and analytically [LY08; Wie09;
DNR11; Eng18; Doa+18]. Breden and Engel [BE23] proved that (1.2) can have a
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Figure 1.3: Chaotic random attractor for (1.2) with parameters
α = 1, β = 1, a = 1, b = −10 and σ = 1. The deterministic limit
cycle is shown in blue.

positive conditioned Lyapunov exponent [ELR19b; Cas+22] if the solutions are con-
ditioned to remain in an annulus around the limit cycle. Their proof uses computer-
assisted techniques. After Result A was published in [CE23], Baxendale [Bax24]
expanded our methods to obtain quantitative results in different scaling regimes.

The problem of lower bounding the largest Lyapunov exponent has also been
studied in the context of fluid dynamics [BBP22a; Hai+24] and population dynamics
[Ros24].

1.3 Stochastic Differential Equations with Strong Shear

It is well known that under general conditions, stochastic differential equations admit
a local stochastic flow [Elw78; Kun90]. Whether this stochastic flow is globally well-
defined requires a separate analysis, and even for equations for which the individual
solutions are almost surely globally well-defined, it is a priori not clear that a global
stochastic flow exists (cf. example 2.2.2 below). Stochastic differential equations that
do admit a global stochastic flow are called strongly complete ([Li94], cf. also section
2.2.1). Under which conditions a stochastic differential equation is strongly complete
is still insufficiently understood (cf. open questions in [LS11]). In a joint project with
Engel and Scheutzow [CES25], we show that strong shear in stochastic differential
equations can lead to a lack of strong completeness, an effect we call shear-induced
blowup. This effect does not occur in the noisy Stuart-Landau oscillator (1.2), since
the growth of the shear term is fixed to be cubic, which turns out to be insufficient
for shear-induced blowup. To demonstrate shear-induced blowup, we consider the
stochastic differential equation

dX(t) = −cX(t) dt+ ρ(|X(t)|)
(

0 1
−1 0

)
X(t) dt+ σ dW (t), (1.3)

where W is a 2-dimensional Wiener process, c, σ > 0 are positive constants and
ρ : [0,∞) → R is a C2-function. For ρ = 0, equation (1.3) is a stable linear system
perturbed by additive noise and the solution to such a system is commonly referred to
as an Ornstein-Uhlenbeck process. The term with the factor ρ(|X(t)|) in (1.3) acts as



1.3. Stochastic Differential Equations with Strong Shear 5

Figure 1.4: Different snapshots of the random attractor of (1.3)
with c = σ = 1 and ρ(r) = 20r. In this case a set attractor exists, but
the system is not synchronizing due to a positive Lyapunov exponent.

a shearing. Thus, the function-valued parameter ρ has a similar role to the parameter
b in the Stuart-Landau oscillator (1.2). We provide sufficient and necessary conditions
on the function ρ under which the stochastic differential equation (1.3) is strongly
complete. Similarly, we furthermore provide sufficient and necessary conditions on
the function ρ under which the random dynamical system induced by (1.3) admits a
so-called (weak) set attractor (cf. Definition 2.2.3 below).

For two functions f, g, the notation f(r) ≲ g(r) means that there exists a constant
C independent of r, for which f(r) ≤ C g(r), for all r ≥ 0.

Result B (Theorems B.1-B.4 below). Let φ be the random dynamical system induced
by the stochastic differential equation (1.3).

(i) If |ρ(r)| ≲ r + 1, then φ is strongly complete and admits a set attractor.

(ii) If |ρ′(r)| ≲ r3 + 1, then φ is strongly complete.

(iii) There exist a constant K1 > 0 with the property that if for some r∗ > 0 we have
|ρ′(r)| ≤ K1r

3 for all r > r∗, then φ admits a set attractor.

(iv) If for some ε > 0 and some r∗ > 0 we have that ρ′(r) = r3+ε for all r > r∗,
then φ is not strongly complete.

(v) There exist a constant K2 > K1 with the property that if for some r∗ > 0 we
have ρ′(r) = K2r

3 for all r > r∗, then φ is does not admit a set attractor.

(vi) For each of the conditions in (i)-(v), there exists a function ρ satisfying this
condition and for which the largest Lyapunov exponent is negative. The same
holds for a positive Lyapunov exponent.

While the conditions in (ii) and (iii) require information about |ρ′| instead of |ρ|,
they allow for a higher order of growth of ρ. The conditions in (iv) and (v) are
not the weakest conditions possible and are mainly intended to demonstrate shear-
induced blowup and to show that the conditions in (ii) and (iii) are sharp in terms of
the exponent. Based on the sign of the largest Lyapunov exponent of (1.3), we can
furthermore draw conclusions on whether the random dynamical system is strongly
or weakly synchronizing. This requires the use of a stable/unstable manifold theo-
rem. Unfortunately, no available stable/unstable manifold theorem [Car85; Wan95;
MS99; FGS17] is able to cover all interesting cases of (1.3). Thus, we prove a novel
stable/unstable manifold theorem for the time-1 maps of random dynamical sys-
tems induced by stochastic differential equations with additive noise (Theorem 2.3.17
below). This stable/unstable manifold theorem requires weaker conditions than pre-
viously available theorems.
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In this thesis, we will only provide the proof for Result B (ii) and (iii) (Theorem
B.2 below). For the proofs of the remaining statements, we refer the reader to [CES25]
once it is available. Our results for equation (1.3) can be summarized in table 1.1.

weak synchr. point attr. ex. no point attr.

str. synchr. ✓ × ×
set attr. ex. ×∗ ✓* ×
strong compl. ✓ ? ✓*

no str. compl. ✓ ×∗ ✓*

Table 1.1: Overview over the possible dynamical properties the
random dynamical system φ corresponding to equation (1.3) can
have in the hyperbolic (no Lyapunov exponent equal to zero) case.
All properties are meant to implicitly exclude the next strictly
stronger property, i.e. the row labeled “set attr. ex.” means that φ
admits a set attractor but is not strongly synchronizing, while the
row labeled “strong compl.” means that φ is strongly complete but
does not admit a set attractor. Similarly, the column labeled “point
attr. ex.” means that φ admits a point attractor but is not weakly
synchronizing. The character “×” indicates that the combination of
properties for that cell is not possible, while ✓means that there is a
function ρ for which φ has these properties. The content of cells
labeled with “*” only holds under the assumption that the sample
measure satisfy the so-called SRB-property (cf. Conjecture 2.3.10
below). Finally, the character “?” indicates that using our methods it
is not possible to determine whether this combination of properties is
possible. See section 2.2 for the definition to these properties and
chapter 4 for a more detailed version of this table.

1.3.1 Related Literature

Strong completeness, the existence of set attractors, and the lack thereof have been
investigated in various settings [Elw78; Li94; LS11; Doa+18], including partial differ-
ential equations [MW17; HR24] and singular stochastic differential equations [LS24].
In most cases, strong completeness and the existence of set attractors are established
using a result due to Flandoli and Schmalfuss [FS96] or similar techniques. We use
[FS96] to prove Result B (i), even though this proof is not included in this thesis and
will be given in [CES25].

Li [Li94] established a general criterion for strong completeness of SDEs based
on the finiteness of higher moments of the so-called finite time Lyapunov exponents.
We were unable to check Li’s conditions in our setting, so our proof for Result B (ii)
and (iii) uses different methods which are closer to those developed in [LMS22]. It is
worth mentioning that our criteria for strong completeness and for the existence of
a set attractor (Lemma 4.2.1 below), unlike [Li94], do not depend on the dimension
of the state space explicitly. This makes it in theory well suited to be expanded to
infinite-dimensional systems such as stochastic partial differential equations.

Weak and strong synchronization of stochastic differential equations have been
studied by Flandoli, Gess, and Scheutzow [FGS17] and we use several of their re-
sults. Synchronization has been furthermore studied for stochastic partial differential
equations, for example, by Rosati, Gess, and Tsatsoulis [Ros19; GT24].
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1.4 Dynamics of Optimization Algorithms in Machine
Learning

In the final chapter, we apply tools from random dynamical systems to analyze a prob-
lem arising in the theory of machine learning. The importance of machine learning to
all aspects of society can hardly be overstated. There has been tremendous progress
in recent years in developing artificial intelligence for applications such as text pro-
cessing or image processing. Yet, many theoretical aspects of why these algorithms
perform so well are still poorly understood [Zha+21]. One question at the heart of
this field is to explain why the optimization algorithms used during the training of
artificial neural networks can find global minima of high-dimensional nonconvex loss
landscapes. Another quintessential question is to explain why these parameters allow
the neural networks to perform well, even on data outside the training set, a property
known as generalization. For an optimization task in the overparameterized regime, in
which most modern machine learning applications operate, the global minima are not
unique but form a high-dimensional submanifold M of the parameter space [Coo21].
Thus, to explain generalization, it is insufficient to consider the geometry of the loss
landscape alone, and understanding the dynamics of the optimization algorithm is
crucial. The ability of an optimization algorithm to find parameters which general-
ize well, even in the absence of explicit regularization terms, is called implicit bias
[Var23]. Despite its importance for the success of machine learning, there is to date
no satisfactory theoretical explanation for implicit bias. One actively pursued line of
research [MY21; WME18] to explain implicit bias is that of dynamical stability. Its
goal is to characterize which global minima are stable, respectively unstable, under
the dynamics of the optimization algorithm.

In this thesis, two different optimization algorithms are studied. The simplest
optimization algorithm one can consider is gradient descent (GD), where at each
iteration, the network parameters x are updated according to

xn+1 = xn − η∇L(xn), (1.4)

where η > 0 is a scalar hyperparameter called learning rate and L is the loss function.
This loss function measures how much the output of the neural network for specific
parameters differs from the true answers on the training data set. In practice, most
neural networks are trained using stochastic optimization algorithms, such as stochas-
tic gradient descent (SGD). For stochastic gradient descent, the deterministic update
rule (1.4) is replaced by

xn+1 = xn − η∇Lξn(xn), (1.5)

where (ξn) is an independent, identically distributed sequence of discrete random
variables and L1, . . . ,LN are individual loss functions with E[Lξ1 ] = L. Thus, the
update rule (1.5) can be seen as an unbiased estimator of (1.4). Both algorithms are
initialized randomly.

To study the dynamic stability of these algorithms, we interpret the iterates of
(1.4) and (1.5) as random variables XGD

n and XSGD
n and their limits as random

variables

XGD
lim := lim

n→∞
XGD
n and XSGD

lim := lim
n→∞

XSGD
n .

In the case where these limits do not exist, we assign toX
GD/SGD
lim an exception state ∅.

For gradient descent, these random variables depend only on the randomness during
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initialization, while for stochastic gradient descent, they depend on the randomness

during initialization and during training. The supports (cf. (5.9) below) of X
GD/SGD
lim

determine which global minima can be found by the corresponding optimization al-
gorithm. Thus, they characterize their qualitative implicit bias.

It has been well-established in the literature [WME18; Coh+20; ALP22], that a
global minimum L(x∗) = 0 is dynamically stable if and only if the sharpness, which
is given by the operator norm of the Hessian of the loss function, is less than some
threshold, which depends on the learning rate η. Specifically, one requires that

∥HessL(x∗)∥ < 2
η . (1.6)

Thus, gradient descent can only find global minima which are sufficiently flat, and the
flatness of minima has been linked to good generalization properties [HS97]. However,
to the author’s knowledge, this has not been proved rigorously in terms of the support
of XGD

lim . Furthermore, no definitive analogue of the condition (1.6) for stochastic
gradient descent has been given (although some have been suggested, cf. [WME18;
MY21] and section 5.2.3 below). In this thesis, we close both of these gaps. First, we
introduce two quantities µ(x∗) and λ(x∗) of a global minimum x∗ ∈ M. The quantity
µ(x∗), which characterizes dynamical stability under gradient descent, is given by

µ(x∗) := log
(∣∣1− η∥HessL(x∗)∥

∣∣) .
Here we simplified the definition slightly, see (5.12) for the proper definition. With this
definition, the condition (1.6) is equivalent to µ(x∗) < 0. We choose this reformulation
of (1.6) since µ has an analogue for stochastic gradient descent. Again simplifying
slightly, see (5.15) for the proper definition, we define λ(x∗) as the top Lyapunov
exponent of the random matrix product

λ(x∗) := lim
n→∞

1

n
log
∥∥(1− ηLξn) . . . (1− ηLξ1)

∥∥.
Here 1 denotes the unity matrix in the dimension of the parameter space. The
convergence is guaranteed almost surely by the Furstenberg-Kesten theorem, which
is a special case of the Oseldet theorem (cf. Theorem 2.3.1 below), and λ(x∗) is
essentially independent of the outcome of the random variables (ξ1, ξ2, . . . ).

Our main result is now the following.

Result C (Theorems C.1, C.2 below). Under the mild assumptions (see (H1), (H2)
and (H3) below), which are satisfied in most practical use cases, the support of XGD

lim

is determined by the sign of µ, while the support of XSGD
lim is determined by the sign

of λ. Specifically, we have that

(i) if µ(x∗) < 0, then x∗ ∈ XGD
lim ,

(ii) if µ(x∗) > 0, then x∗ /∈ XGD
lim ,

(iii) if λ(x∗) < 0, then x∗ ∈ XSGD
lim ,

(iv) if λ(x∗) > 0, then x∗ /∈ XSGD
lim .

To prove this result, we interpret gradient descent as a dynamical system and
stochastic gradient descent as a random dynamical system on the parameter soace.
The results C (i) and (ii) for gradient descent follow from standard dynamical sys-
tems techniques, in particular from a center-stable manifold theorem. The analogue
statements for stochastic gradient descent resist treatment by these techniques due to
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the possibility of so-called non-uniform hyperbolicity, see section 5.3.4 for a detailed
discussion. Also, the stability of random dynamical systems with submanifolds of
almost-sure fixed points has, to the author’s knowledge, not been thoroughly studied.
At the same time, there exists a body of literature [BS88; Bax91; CH21a; BBP22d;
BCG23] on stochastic processes with invariant submanifolds, and submanifolds of
fixed points can be seen as a special case. The main challenge in transferring these
techniques to our setting is that the discrete nature of the problem prohibits a spec-
tral gap for the projective process in total variation norm. Such a spectral gap is a
crucial ingredient in the previously mentioned works. To circumvent this, we employ
a result by Le Page [Le 82], which establishes a spectral gap in a different norm, see
5.3.6 for a detailed discussion.

1.4.1 Related Literature

Closest to our result is a series of two papers [WME18; MY21], which study the
dynamical stability of stochastic gradient descent. We explain the relation to this
work in detail in section 5.2.3.

Our Result C is only applicable to (stochastic) gradient descent with a con-
stant learning rate and training until convergence. Gurbuzbalaba, Simsekl, and Zhu
[GSZ21] consider Lyapunov exponents of stochastic gradient descent in a setting where
the algorithm does not converge to a global minimum, but the transition densities
approach a heavy-tailed stationary distribution (see also e.g. [HM21]). Convergence
rates for stochastic gradient descent with a decaying learning rate have been studied
in [FGJ20].

The dynamics of stochastic gradient descent have also been studied using approxi-
mations by stochastic differential equations, called stochastic modified equations (see
e.g. [LTE17; LTE19]). We note that such an approach is not compatible with our
analysis, as it assumes an infinitesimally small learning rate under which all minima
should be stable. Moreover, stochastic modified equations have been extended to a
stochastic flow in [GKK24], allowing for the study of stochastic gradient descent as a
continuous-time random dynamical system.

Furthermore, our result is related to empirical work. Several authors investigated
differences between the types of minima found by gradient descent and stochastic
gradient descent [Kes+17; WME18], as well as between those found by stochastic
gradient descent and Adam [KS17], a popular modification to SGD [KB14]. Addi-
tionally, our result is related to an interesting line of research which observed that
gradient descent typically operates at the edge of stability [WME18; Coh+20; ALP22],
meaning that the stability condition (1.6) is fulfilled only “just about” for minima
found in practice. It would be interesting to investigate whether the same holds true
for stochastic gradient descent and Result C provides the appropriate analogue to the
condition (1.6) for SGD. We leave such an empirical study to future work.

1.5 Outline

In chapter 2, we introduce the basic notions of random dynamical systems. This will
serve as a basis for all preceding chapters. In section 2.1 we discuss the abstract def-
inition of random dynamical systems and their generation by stochastic differential
equations and iterative random function systems. In section 2.2, we then introduce
the notions of completeness, random attractors and synchronization. Lyapunov ex-
ponents and stable/unstable manifolds are introduced in section 2.3. In particular,
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section 2.3.4 contains the proof of the new stable/unstable manifold theorem men-
tioned above. The main results A, B and C are discussed in detail in chapters 3, 4
and 5. These chapters also contain the proofs to the main results, an outline of which
is given at the start of each chapter.
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Chapter 2

Random Dynamical Systems

2.1 Definition and Generation

2.1.1 Abstract definitions

In this thesis, we study random dynamical systems given by stochastic differential
equations (SDE) with additive noise and by iterated random function systems. In
order to discuss systems with discrete and with continuous time in a unified frame-
work, we denote the time space by T, which, depending on the context, can take
values in {N0, Z, R}. We let T>0, T<0, T≥0, T≤0 ⊆ T denote the positive, negative,
non-negative, and non-positive elements of T. The first component of a random dy-
namical system is a metric dynamical system, which introduces the noise space, as
well as a time shift on that space.

Definition 2.1.1 (Metric Dynamical System). A tuple (Ω,F ,P, (θt)t∈T), where (Ω,F ,P)
is a measure space and θt : Ω → Ω is a family of maps, such that θ· : T × Ω → Ω is
measurable, is called a metric dynamical system, if

(i) θ0 = IdΩ and θt ◦ θs = θs+t, for all s, t ∈ T,

(ii) P(θ−t(E)) = P(E), for all t ∈ T and E ∈ F .

Remark 2.1.2. In the case where T = N0, we use θ
−t as a notation for the preimage

map θ−t := (θt)−1. This notation is consistent with the cases T ∈ {Z,R}, since by
(i), we have θ−t = (θt)−1.

Random dynamical systems can now be defined as follows [Arn98, Definition 1.1.1].

Definition 2.1.3 (Random Dynamical System). A pair (θ, φ), where θ is a metric
dynamical system on some probability space (Ω,F ,P) and (φtω)t∈T, ω∈Ω is a family of
continuous maps φtω : X → X , for some topological space X called the state space, is
called (continuous) random dynamical system, if

(i) the map φ•
•(·) : T× Ω×X → X is B(T)⊗F ⊗B(X ),B(X )-measurable

(ii) and φ is a cocycle over θ, i.e. if we have

φ0
ω = IdX , ∀ω ∈ Ω,

and
φs+tω = φsθtω ◦ φtω, ∀ s, t ∈ T, ω ∈ Ω.

The previous definition assumes that solutions to the equation inducing the ran-
dom dynamical system exist globally in time. This is not necessarily the case, since,
for example, SDEs with superlinear growth in the drift term can exhibit blowup
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(cf. e.g. chapter 4 of this thesis). Even if solutions can be defined globally, it can be
useful to consider only a subset of the entire state space, for example, to introduce a
convenient coordinate chart (cf. chapter 5 of this thesis). In both of these cases, one
can only construct a local random dynamical system, for which solutions must only
exist for an open time interval 0 ∈ (τ⋆, τ

⋆) [Arn98, Definition 1.2.1].

Definition 2.1.4 (Local Random Dynamical System). A tuple (θ, φ, τ⋆, τ
⋆) where θ

is a metric dynamical system on some probability space (Ω,F ,P), the maps

τ⋆ : Ω×X → T<0 ∪ {−∞} and τ⋆ : Ω×X → T>0 ∪ {∞}

are measurable and (φtω)t∈T, ω∈Ω is a family of continuous maps φtω : Dφ(t, ω) → X
with

Dφ(t, ω) := {x ∈ X : τ⋆(ω, x) < t < τ⋆(ω, x)},

is called a local (continuous) random dynamical system, if

(i) the map φ•
•(·) : Dφ → X with Dφ := {(t, ω, x) ∈ T × Ω × X : x ∈ Dφ(t, ω)}

is FDφ ,B(X )-measurable, where FDφ denotes the restriction of the σ algebra
B(T)⊗F ⊗B(X ) to the measurable1 set Dφ ⊆ T× Ω×X ,

(ii) for each ω ∈ Ω, the map τ⋆(ω, ·) : X → T<0 ∪ {−∞} is upper semi-continuous
and the map τ⋆(ω, ·) : X → T>0 ∪ {∞} is lower semi-continuous,

(iii) for each ω ∈ Ω, each x ∈ X and each t ∈ T with τ⋆(ω, x) < t < τ⋆(ω, x), we
have τ⋆(θ

tω, φtω(x)) = τ⋆(ω, x)− t and τ⋆(θtω, φtω(x)) = τ⋆(ω, x)− t, and

(iv) the family of maps (φtω)t∈T, ω∈Ω is a local cocycle over θ, i.e. we have φ0
ω(x) = x

for all ω ∈ Ω and all x ∈ X and φs+tω (x) = φsθtω(φ
t
ω(x)), for all ω ∈ Ω, x ∈ X

and s, t ∈ T, such that (t, ω, x) ∈ Dφ and (s+ t, ω, x) ∈ Dφ.

In the case of one-sided time, i.e. T = N0 the set T<0 is empty, so by definition
we must have τ⋆(ω, x) = −∞ for all ω ∈ Ω and all x ∈ X . Any (global) random
dynamical system (θ, φ), as defined in Definition 2.1.3, can be turned into a local
RDS (θ, φ, τ⋆, τ

⋆) by setting τ⋆ := −∞ and τ⋆ := ∞.
Finally, we want to be able to discuss the measurability of the maps φtω with

respect to a two-sided filtration on the probability space (Ω,F ,P). A family of sub-
σ algebras (Fs,t ⊆ F)s≤t∈T is called a two-sided filtration, if Ft,u ⊆ Fs,v for all
t ≤ u ≤ s ≤ v ∈ T. We set

Ft,∞ := σ

⋃
s≥t

Ft,s


and in the case T ∈ {Z,R} of two-sided time

F−∞,t := σ

⋃
s≤t

Fs,t

 and F−∞,∞ := σ

 ⋃
t∈T>0

F−t,t

 .

Events contained in F0,∞ are called measurable with respect to the future and events
contained in F−∞,0 are called measurable with respect to the past. A two-sided fil-
tration (Fs,t) is called compatible with a metric dynamical system φ, if θ−r(Fs,t) =
Fs+r,t+r for all r, s, t ∈ T. The following definitions can be found, for example, in
[FGS17, section 1.2].

1Note that as a consequence of the measurability of τ⋆ and τ⋆, the set Dφ ∈ B(T)⊗F ⊗B(X ) is
measurable.
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Definition 2.1.5 (White Noise Metric Dynamical System). A metric dynamical
system (Ω,F ,P, θ) with a compatible two-sided filtration (Fs,t)s≤t∈T is called white
noise metric dynamical system if for each t ≤ u ≤ s ≤ v ∈ T the two σ algebras Ft,u
and Fs,v are independent with respect to P.

For a white noise metric dynamical system, we in particular have that events
measurable with respect to the past are independent from events measurable with
respect to the future. It can be shown (for example by using [Wal82, Theorem
1.17]) that any white noise metric dynamical system is ergodic, meaning that we have
P(E) ∈ {0, 1}, for each event E ∈ F with θ−t(E) = E for all t ∈ T.

Definition 2.1.6 (White Noise Local Random Dynamical System). A local random
dynamical system (θ, φ, τ⋆, τ

⋆), where θ is a white noise metric dynamical system, is
called a white noise local random dynamical system if

(i) the map τ⋆ is a waiting time with respect to the (one-sided) filtration (F0,t ⊗
B(X ))t∈T≥0

, and

(ii) for each t ∈ T≥0, the map φt•(·) : Dφ(t) → X is measurable with respect to the
restriction of the σ algebra F0,t ⊗B(X ) to the measurable set

Dφ(t) := {(ω, x) ∈ Ω×X : (t, ω, x) ∈ Dφ}.

In the case T ∈ {Z,R} of two-sided time, we further demand that

(iii) the map τ⋆ is a waiting time with respect to the filtration (F−t,0⊗B(X ))t∈T≥0
,

and

(iv) for each t ∈ T≤0, the map φt•(·) : Dφ(t) → X is measurable with respect to the
restriction of the σ algebra Ft,0 ⊗B(X ) to the measurable set Dφ(t).

2.1.2 Markov process and skew product flow

A white noise local RDS induces an operator semi-group (Pt)t∈T≥0
called sub-Markov

semi-group on B(X ), the space of bounded measurable functions on X , by

[Ptu] := E[u(φtω(x)), τ⋆(ω, x) > t]. (2.1)

The white noise property implies that we indeed have Ps+t = PsPt. The dual
operator semi-group (Pt∗)t∈T≥0

on the space M(X ) of finite signed measures can be
defined by

[Pt∗µ](B) :=

∫
X
P(φtω(x) ∈ B) dµ(x), ∀B ∈ B(X ).

It can be checked that Pt∗ is indeed the dual of Pt in the sense that for each u ∈ B(X )
and each µ ∈ M(X ) we have∫

X
[Ptu](x) dµ(x) =

∫
X
u(x) d[Pt∗µ](x).

We denote the set of probability measures on X by M1(X ) ⊂ M(X ) and call a
probability measure µ ∈ M1(X ) stationary distribution if Pt∗µ = µ for all t ∈ T≥0.

A local RDS φ also induces a local deterministic dynamical system (Θt)t∈T on
Ω̂ := Ω × X , called skew product flow. For every t ∈ T the map Θt : Ω̂ ⊃ DΘt → Ω̂,
with

DΘt := {(ω, x) ∈ Ω×X : τ⋆(ω, x) < t < τ⋆(ω, x)}
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is given by
Θt(ω, x) := (θtω, φtω(x)).

Indeed, the fact that the flow properties Θ0 = IdΩ̂ and Θs+t(ω, x) = Θs(Θt(ω, x))
hold, whenever all terms involved are well-defined, can be deduced from the local
cocycle property of φ. If the local RDS φ is of white-noise type, we introduce the
notion of an invariant Markov measure [Arn98, Definition 1.7.4].

Definition 2.1.7 (Invariant Markov measure). A probability measure µ̂ ∈ M1(Ω̂) is
called invariant Markov measure, if

(i) we have τ⋆(ω, x) = −∞ and τ⋆(ω, x) = ∞, for µ̂-almost all (ω, x),

(ii) it is Θ-invariant, i.e. we have µ̂(E) = µ̂(Θ−t(E)) for all E ∈ F ⊗B(X ), and

(iii) the measure µ̂ can be written as µ̂(dω,dx) = P(dω)µω(dx) for a family (µω)ω∈Ω
of probability measures on X that is measurable with respect to the past, i.e. for
each B ∈ B(X ), the map ω 7→ µω(B) is F−∞,0-measurable.

We call a random variable with a certain property essentially unique, if it agrees
with every other random variable with that property up to a null set. For a given
invariant Markov measure µ̂, we call the measures (µω) introduced in (iii) of the
preceding definition sample measure. The sample measures corresponding to a fixed
invariant Markov measure are essentially unique. Properties (i) and (ii) in Definition
2.1.7 can be equivalently stated in terms of the sample measures, by demanding that
τ⋆(ω, x) = −∞ and τ⋆(ω, x) = ∞ for P-almost every ω and µω-almost every x and
(φtω)

∗µω = µθtω for all t ∈ T and almost every ω. Here (φtω)
∗ : M1(X ) → M1(X )

denotes the push-forward. The correspondence theorem (cf. e.g. [KS12, Theorem
4.2.9] or [Arn98, Corollary 1.7.6]) establishes a one-to-one correspondence between
stationary distributions of the induced Markov kernel and invariant Markov measures
of the skew product flow. First, we recall the definition of weak convergence for
probability measures.

Definition 2.1.8 (Weak convergence). A sequence of probability measures (νn)n∈N
on some topological space Y converges weakly to some probability measure ν, written
w-limn→∞ νn = ν, if we have that

lim
n→∞

∫
Y
u(y) dνn(y) =

∫
Y
u(y) dν(y),

for each bounded continuous function ν : Y → R.

Theorem 2.1.9 (Correspondence Theorem). Suppose (θ, φ) is a white noise (local)
RDS on some state space X which is a Polish space.

(i) If µ̂ ∈ M1(Ω̂) is an invariant Markov measure, then its marginal µ := (ΠX )
∗µ̂ =

E[µω] on X , is a stationary distribution for the Markov process. Here ΠX :
Ω×X → X denotes the projection on the second component.

(ii) If µ ∈ M1(X ) is a stationary distribution for the Markov process, then the weak
limit

µω := w-lim
t→∞

(
φtθ−tω

)∗
µ

exists almost surely and µω is the essentially unique F−∞,0-measurable random
measure, such that the measure µ̂ ∈ M1(Ω×X ) given by

µ̂(dω,dx) := P(dω)µω(dx)
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is an invariant Markov measure with X -marginal given by E[µω] = µ.

In particular, if (θ, φ) is a white noise (local) RDS for which the Markov process
admits a unique stationary distribution µ, then µ̂ as constructed in (ii) is the unique
invariant Markov measure for (θ, φ).

Definition 2.1.10 (Strong mixing). An RDS is called strongly mixing if the induced
Markov process admits a unique stationary distribution µ and we have

lim
t→∞

[Ptu](x) =

∫
X
u(y) dµ(y), ∀x ∈ X , u ∈ B(X ).

Strong mixing of an RDS is a property of the induced Markov process and can
usually be checked using methods from the theory of Markov processes ([Hai21a;
BH22], cf. also Proposition 2.1.13). The name is motivated by the following fact.

Proposition 2.1.11. Let φ be a white noise RDS, µ be a stationary distribution
of the induced Markov process and µ̂ the corresponding invariant Markov measure.
Then the following are equivalent. If φ is strongly mixing, then the invariant Markov
measure µ̂ is strongly mixing under the skew product flow (Θt) in the sense that
limt→∞ µ̂(Θ−t(A) ∩B) = µ̂(A)µ̂(B) for all sets A,B ∈ F−∞,∞ ⊗B(X ).

Consequently, invariant Markov measures of strongly mixing white noise random
dynamical systems are, in particular, ergodic. We give the proof for Proposition
2.1.11 in the appendix A.1.

2.1.3 Discrete time

The iterated random function systems we consider in this thesis are of the form

Xn+1 = fξn+1(Xn), (2.2)

where (fξ : Rd → Rd)ξ∈Ξ is a family of functions with index set Ξ and (ξ1, ξ2, . . . ) is a
sequence of independent and identically distributed (i.i.d.) Ξ-valued random variables.
To construct the induced random dynamical system, we choose the time space T = N0

and the noise space Ω := ΞN. We denote the σ algebra on Ξ by FΞ and let PΞ : FΞ →
[0, 1] denote the law of the random variable ξ1. Now, the probability space (Ω,F ,P)
can be defined by F := F⊗N

Ξ and P := P×N
Ξ . In this thesis, we mostly consider

iterated random function systems for which the index set Ξ is finite, in which case
we implicitly let FΞ be the power set FΞ := P(Ξ). The sequence of random variables
(ξ1, ξ2, . . . ) in (2.2) can now be realized as maps ξn : Ω → Ξ given by ξn(ω) := ωn, for
each n ∈ N. Next, we define a family of maps (θt : Ω → Ω)t∈T, representing a time
shift of the noise, by (θtω)s := ωs+t. It can be easily checked that the probability
spaces (Ω,F ,P) together with the time shift (θt)t∈T form a metric dynamical system.
In fact, letting Fn,m ⊆ F denote the sub-σ algebra generated by (ξn+1, . . . , ξm) for
each n ≤ m ∈ N0, it can be checked that θ is even a white noise metric dynamical
system.

Next, we introduce the random dynamical system induced by the iterative random
function system (2.2). We define a map φ : N0 × Ω× Rd → Rd by

φ0
ω(x) = x, ∀ω ∈ Ω, x ∈ Rd

and by
φnω(x) =

[
fξn(ω) ◦ · · · ◦ fξ1(ω)

]
(x), ∀n ∈ Nω ∈ Ω, x ∈ Rd.
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Thus, the sequence (Xn)n∈N0 given by Xn := φnω(x0) is the unique solution to (2.2)
with X0 = x0. It can be easily checked that φ is a cocycle over θ turning the
pair (θ, φ) into a random dynamical system. Furthermore, by construction, the map
φn• (x) : Ω → Rd is F0,n-measurable, implying that (θ, φ) is a white noise random
dynamical system.

2.1.4 Continuous time

The SDEs we consider are of the form

dX(t) = F (X(t)) dt+ σ dW (t), (2.3)

where F : Rd → Rd is a locally Lipschitz continuous vector field, σ > 0 is a positive
constant and Wt is a d-dimensional Brownian motion. Here we choose the time space
T = R and the appropriate noise space is Ω := C0(R,Rd), consisting of all continuous
functions ω : R → Rd with ω(0) = 0. We equip C0(R,Rd) with the compact-open
topology, and let F := B(Ω) denote the corresponding Borel σ algebra. Finally, we
let P : F → [0, 1] be the two-sided Wiener measure, such that the stochastic process
[W (ω)](t) = ω(t) is a two-sided Brownian motion under P. The time shift θt : Ω → Ω
is given by [θtω](s) := ω(s+ t)−ω(t), for each s, t ∈ R. As a consequence of the basic
properties of a Brownian motion, the tuple (Ω,F ,P, θ) is a metric dynamical system.
The two-sided filtration (Fs,t) is defined as follows. For each s ≤ t ∈ R let Fs,t ⊆ F
be the sub-σ algebra generated by the random variable Ws,t : Ω → C0([0, t− s),Rd)
given by [Ws,t(ω)](u) := ω(s + u) − ω(s). It can be easily checked that θ is a white
noise metric dynamical system with respect to this filtration.

Defining the random dynamical system induced by an SDE of the form (2.3) is
more subtle. The main issue, similar to ordinary differential equations (ODEs), is
that, in the case where the vector field F grows superlinearly, the SDE (2.3) generally
only admits local solutions. Thus, we can only expect to obtain a local RDS. We call
a function X : (τ⋆, τ

⋆) → Rd with τ⋆ ∈ [−∞, 0) and τ⋆ ∈ (0,∞], maximal solution to
(2.3), if the integral equation

X(t)−X(0) =

∫ t

0
F (X(s)) ds+ σW (t), ∀ t ∈ (τ⋆, τ

⋆)

and the implications

−∞ < τ⋆ ⇒ lim
t↘τ⋆

|X(t)| = ∞ and τ⋆ <∞ ⇒ lim
t↗τ⋆

|X(t)| = ∞ (2.4)

hold.

Proposition 2.1.12. For each x0 in Rd and each W ∈ C0(R,Rd), there exists a
unique maximal solution X : (τ⋆, τ

⋆) → Rd to (2.3) with X(0) = x0, where τ⋆ ∈
[−∞, 0) and τ⋆ ∈ (0,∞].

Although this result also follows from known existence and uniqueness results
for stochastic differential equations with more general noise terms (cf. e.g. [RY99,
Theorem IX.2.1]), since the noise in (2.3) is additive, no stochastic analysis is needed
for the proof.

Proof. For a fixed W ∈ C0(R,Rd), consider the non-autonomous ODE

Ẏ (t) = F (Y (t) + σW (t)). (2.5)
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By the Picard-Lindelöf Theorem (cf. e.g. [Arn92, Theorem 2.3]), there exists a unique
maximal solution Y : (τ⋆, τ

⋆) → Rd to (2.5) with Y (0) = x0, for some τ⋆ ∈ [−∞, 0)
and τ⋆ ∈ (0,∞]. It can be easily checked that X : (τ⋆, τ

⋆) → Rd is a maximal
solution to (2.3) with X(0) = x0, if and only if X = Y + σW for some maximal
solution Y : (τ⋆, τ

⋆) → Rd to (2.5) with Y (0) = x0, for the same (τ⋆, τ
⋆).

For any ω ∈ Ω and x ∈ Rd, let (τ⋆(ω, x), τ
⋆(ω, x)) be the time interval on which

the maximal solution X : (τ⋆(ω, x), τ
⋆(ω, x)) → Rd to (2.3) with X(0) = x and

W (t) = [W (ω)](t) = ω(t) is defined. Furthermore, for any t ∈ (τ⋆(ω, x), τ
⋆(ω, x)), set

φtω(x) := X(t) for that solution. The resulting map φ•
•(·) : R × Ω × Rd ⊇ Dφ → Rd

is only defined on its domain Dφ, which is given by

Dφ := {(t, ω, x) ∈ R× Ω× Rd : t ∈ (τ⋆(ω, x), τ
⋆(ω, x))}.

It is well-known that the solutions to an ODE depend continuously on both the
initial condition and the vector field. Thus, by the construction carried out in the
proof of Proposition 2.1.12, the map φ : Dφ → Rd is (jointly) continuous in all three
variables. Hence, the tuple (θ, φ, τ⋆, τ

⋆) forms a local random dynamical system2. The
semicontinuity of τ⋆ and τ

⋆ as defined above is a direct consequence of the continuity
of φ and of (2.4). Furthermore, it can be checked that φ is a white noise RDS with
respect to the two-sided filtration defined above.

It follows from classical SDE theory (cf. e.g. [RY99]) that the Markov operator
semi-group (Pt) is given by the PDE

∂t[Ptu](x) = F (x) · ∇x[Ptu](x) +
σ2

2
∆x[Ptu](x),

which is called the Kolmogorov backwards equation. Furthermore, any stationary dis-
tribution µ ∈ M1(X ) must be of the form µ(dx) = m(x) dx, where m : X → [0,∞)
is a density satisfying the stationary Fokker-Planck equation

0 = −∇ · (m(x)F (x)) +
σ2

2
∆m(x). (2.6)

The following criterion for strong mixing is a consequence of the methods from the
theory of Markov processes, mainly the Krylov-Bogolioubov Theorem (cf. e.g. [Hai21a;
BH22]).

Proposition 2.1.13. Suppose that there exists a twice differentiable function V :
Rd → [0,∞) such that

F · ∇V +
σ2

2
∆V ≤ −γV + C

for some constants γ,C > 0 and such that for each K > 0 the sublevel sets {x :
V (x) ≤ K} are compact. Then the RDS φ is strongly mixing with a stationary
distribution µ which has a smooth density that is positive everywhere.

2The general definition of a (local) continuous random dynamical system, does not require conti-
nuity in t or ω. In fact, according to the definition, Ω does not even have to be a topological space.
However, continuity in ω with respect to the compact-open topology is a useful fact that is exploited
later.
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2.2 Qualitative behavior

In this section, the notions of completeness [Li94], random attractors [CF94] and
synchronization [FGS17] for random dynamical systems are introduced. The basic
implication relations between these properties are summarized in figure 2.1.

strong synchronization ⇒ weak synchronization
⇓ ⇓

∃ set attractor ⇒ ∃ point attractor
⇓ ⇓

strong completeness ⇒ weak completeness

Figure 2.1: Implication relations between the main dynamical
properties of RDS

For simplicity, we assume that (θ, φ, τ⋆, τ
⋆) is a white noise local RDS on the state

space X = Rd for some d ≥ 1.

2.2.1 Completeness

For a subset A ⊆ Rd, we introduce the notation

τ⋆(ω,A) := sup
x∈A

τ⋆(ω, x) and τ⋆(ω,A) := inf
x∈A

τ⋆(ω, x).

Definition 2.2.1 (Weak/Strong Completeness).

(i) The (local) RDS φ is called weakly complete, if for every x ∈ Rd we have for
almost every ω ∈ Ω that τ⋆(ω, x) = ∞.

(ii) The (local) RDS φ is called strongly complete, if τ⋆(ω,Rd) = ∞, for almost
every ω ∈ Ω.

By ergodicity, showing P(τ⋆(ω,Rd) = ∞) > 0 is already sufficient for strong
completeness. Of course, strong completeness implies weak completeness. However,
the converse is not true, as is demonstrated by the following example due to Elworthy
[Elw78] (cf. also [LS11]).

Example 2.2.2. Consider the local random dynamical system corresponding to the
SDE dX(t) = dW (t) on R2 \ {0}, i.e., let φtω(x) := x + [W (ω)](t) and τ⋆(ω, x) :=
inf{t ≥ 0 : x+ [W (ω)](t) = 0}. Clearly φ is weakly complete, while for every ω ∈ Ω,
there exists a xω ∈ R2, choose e.g. xω := −[W (ω)](1), s.t. τ⋆(ω, xω) ≤ 1. In order to
construct an example where the “blow-up” that causes lack of strong completeness
occurs at infinity rather than in an artificially created hole, it is sufficient to associate
R2 \ {0} ∼= C \ {0} and apply the coordinate transformation z 7→ z−1. Under the
application of Itô’s formula, we find that the resulting RDS corresponds to the SDE{

dX1(t) = (X2(t)
2 −X1(t)

2) dW1(t)− 2X1(t)X2(t) dW2(t),

dX2(t) = −2X1(t)X2(t) dW1(t) + (X2(t)
2 −X1(t)

2) dW2(t).

Although this example is not of the form (2.3), one can still make sense of the induced
RDS [Arn98, section 2.3]. A class of SDEs of the form (2.3) that are weakly complete
but not strongly complete is discussed in chapter 4 of this thesis.
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Weak completeness corresponds to the global well-posedness of the one-point
Markov process induced by φ, while strong completeness corresponds to the global
well-posedness (in forward time) of the random dynamical system. It can be easily
checked from (2.1) that an RDS is weakly complete if and only if the induced Markov
operator satisfies Pt1 = 1 for any t, where 1 ∈ B(X ) denotes the constant function
with value 1. Furthermore, any RDS that is strongly mixing is weakly complete.

2.2.2 Random attractors

A map D : Ω → B(Rd) is called a compact set if D(ω) is almost surely a non-empty
compact set and for each x ∈ Rd the map d(x,D(·)) is F-measurable (cf. e.g. [Arn98,
Definition 1.6.1]. In addition, it is called measurable with respect to the past, if the
map d(x,D(·)) is F−∞,0-measurable. A random compact set is called φ-invariant, if
τ⋆(ω,D(ω)) = ∞ almost surely and for all t ∈ T≥0 we have

φtω(D(ω)) = D(θt(ω)).

Definition 2.2.3 ((Weak) Point/Set Attractor). A random compact φ-invariant set
(A(ω))ω∈Ω which is measurable with respect to the past is called...

(i) (weak) point attractor, if for every x ∈ Rd

d
(
φtθ−tω(x), A(ω)

)
→ 0, in probability, (2.7)

where d(x,E) := infy∈E |x− y|.

(ii) (weak) set attractor, if for every (deterministic) bounded set B ⊂ Rd, we have

dist
(
φtθ−tω(B), A(ω)

)
→ 0, in probability, (2.8)

where dist(E,F ) := supx∈E d(x,E) is the Hausdorff semi-distance.

We only consider the notion of a point attractor for random dynamical systems
which are weakly complete in order to ensure that the limit is well-defined. Similarly,
we only consider the notion of a set attractor if the RDS is strongly complete.

Remark 2.2.4. A set of different notions of random attractors considered frequently
in the literature are so-called pull-back attractors (cf. e.g. [CF94]) Pull-back point,
respectively set, attractors are defined analogously to their weak equivalents, except
that the convergence in probability in (2.7) and (2.8) is replaced with almost sure
convergence. Not every weak attractor is a pull-back attractor, as shown in [Sch02].

The set attractors are, if they exist, essentially unique [FGS17, Lemma 1.3], i.e. if
A and Ã are both set attractors for the same RDS, they must agree almost surely.
On the other hand, point attractors are not necessarily unique [Bax91, Remark 4.11]
(cf. also [FGS17, Example 2.21]). The existence of a weak point attractor is closely
linked to the support of the sample measures.

Theorem 2.2.5. Suppose that the RDS (θ, φ) is strongly mixing with stationary
distribution µ ∈ M1(Rd). Let µ̂ denote the corresponding invariant Markov measure
and (µω)ω∈Ω denote the sample measures (cf. Theorem 2.1.9).

(i) If the support of µω is compact almost surely, then A(ω) := supp(µω) is a weak
point attractor and any weak point attractor Ã(ω) satisfies Ã(ω) ⊇ A(ω) almost
surely.
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(ii) If the support of µω is not compact with positive probability, then φ does not
admit a weak point attractor.

Proof. (i) is from [FGS17, Proposition 2.20] and (ii) follows directly from [Cra01,
Theorem 4.3].

The existence of a set attractor can be characterized by the following theorem
found in [CDS09, Theorem 4.2]

Theorem 2.2.6. The following statements are equivalent.

(i) There exist a set attractor.

(ii) For every ε > 0, there exists a (deterministic) compact set C ⊂ Rd, such that
for every bounded set B ⊂ Rd, there exists a time T > 0, such that for all t > T
we have

P(φtω(B) ⊆ C) ≥ 1− ε.

(iii) There exists a random compact set D : Ω → B(Rd), which is not necessarily
invariant, such that for each (deterministic) bounded set B ⊂ Rd, we have

dist
(
φtθ−tω(B), D(ω)

)
→ 0, in probability.

Remark 2.2.7. It should be mentioned that [CDS09] has received a correction
[CGS24] which, however, does not affect the cited theorem. Also, the statement
for (ii) in [CDS09] is slightly more complicated. This is because [CDS09] does not
assume that the state space is locally compact. In the locally compact case, the
statement in [CDS09] is equivalent to the statement presented here.

2.2.3 Synchronization

Following [FGS17], we introduce the following notions of synchronization.

Definition 2.2.8 (Strong/Weak Synchronization).

(i) An RDS φ is called strongly synchronizing, if there exists a (weak) set attractor
(A(ω))ω∈Ω, such that A(ω) is almost surely a singleton.

(ii) An RDS φ is called weakly synchronizing, if there exists a (weak) point attractor
(A(ω))ω∈Ω, such that A(ω) is almost surely a singleton.

Weak synchronization can be characterized by the sample measures µω. In fact,
the following is an easy consequence of Theorem 2.2.5.

Corollary 2.2.9 (Weak Synchronization). Suppose that the RDS (θ, φ) is strongly
mixing with stationary distribution µ ∈ M1(Rd). Then it is weakly synchronizing with
the weak point attractor (A(ω) = {a(ω)})ω∈Ω for some φ-invariant random variable
a : Ω → Rd, if and only µω = δa(ω) for almost every ω ∈ Ω.

Unfortunately, it is usually difficult to compute µω directly. In addition, the fact
that µω is a Dirac measure for almost every ω does not allow conclusions to be drawn
on strong synchronization. To obtain more tractable conditions for strong/weak syn-
chronization, the following notions were introduced in [FGS17].

Definition 2.2.10 (Contracting on Large Sets/Asymptotic Stability).
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(i) The RDS φ is called contracting on large sets, if for every radius R > 0 there
exists a ball Bx(R) and a time t > 0, such that

P
(
diam

(
φtω(Bx(R))

)
≤ R

4

)
> 0.

(ii) The RDS φ is called asymptotically stable, if there exists a non-empty open set
U ⊂ Rd such that

P
(
τ⋆(ω,U) = ∞, lim

n→∞,n∈N
diam(φnω(U)) = 0

)
> 0. (2.9)

The name “contracting on large sets” might be misleading, as the property re-
quires contraction on sets of all sizes, not just large ones. However, it is mostly used
in conjunction with asymptotic stability, and the name emphasizes that the RDS also
contracts large sets. We define asymptotic stability only in terms of integer time steps
of φ. This turns out to be sufficient and allows for the use of discrete time versions
of the stable/unstable manifold theorem, which are significantly simpler.

Definition 2.2.11 (Swift Transitivity).

(i) An RDS (θ, φ) is called swiftly transitive if for every x, y ∈ Rd and every R > 0,
there is a time t ∈ T≥0 such that

P(φtω(Bx(R)) ⊆ By(2R)) > 0.

(ii) An RDS (θ, φ) is called pointwise strongly swiftly transitive if there exists a time
t ∈ T>0 such that for every x1, x2, y ∈ Rd we have

P(φtω({x1, x2}) ⊂ By(2|x1 − x2|)) > 0.

Based on these definitions, [FGS17] gives the following conditions for weak and
strong synchronization.

Theorem 2.2.12 (Synchronization).

(i) If φ has continuous trajectories3, is strongly mixing with stationary distribution
µ, is asymptotically stable for some open set U with µ(U) > 0, is pointwise
strongly swiftly transitive and satisfies

lim inf
t→∞

|φtω(x)− φtω(y)| = 0, ∀x, y ∈ Rd, (2.10)

then φ is weakly synchronizing.

(ii) If φ admits a set attractor, is asymptotically stable, swiftly transitive and con-
tracting on large sets, then it is strongly synchronizing.

Proof. (i) follows from [FGS17, Theorem 2.23] after noticing that asymptotic sta-
bility implies weak asymptotic stability as defined in [FGS17, Definition 2.17]. The
statement for (ii) is proved in [FGS17, Theorem 2.14]

Any RDS induced by an SDE with additive noise satisfies both swift transitivity
conditions.

3We say that φ has continuous trajectories, if the map t 7→ φt
ω(x) is continuous for all x and ω.
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Lemma 2.2.13 ([FGS17, Proposition 3.10/Remark 3.11]). Let (θ, φ) be the RDS
induced by an SDE of the form (2.3) as constructed in section 2.1.4. Then (θ, φ) is
both swiftly transitive and pointwise strongly swiftly transitive.

This allows us to give a simplified criterion for synchronization of RDS induced
by SDEs with additive noise.

Corollary 2.2.14 (Synchronization for SDEs). Let (θ, φ) be the RDS induced by
an SDE of the form (2.3) for a vector field F that also satisfies the assumptions of
Proposition 2.1.13. Suppose that φ is contracting on large sets and asymptotically
stable. Then the following holds.

(i) The RDS (θ, φ) is weakly synchronizing.

(ii) If (θ, φ) admits a set attractor, then it is strongly synchronizing.

Proof. By recursive application, contraction on large sets implies (2.10). The state-
ments (i) and (ii) then follow from Proposition 2.1.13, Lemma 2.2.13 and Theorem
2.2.12.

2.3 Linear Stability

2.3.1 Lyapunov exponents

Asymptotic stability for differentiable random dynamical systems can be studied via
Lyapunov exponents. In the following, we assume that, for each ω ∈ Ω and each t ∈ T,
the map φtω is differentiable on its domain of definition and denote its Jacobian by
Dφtω. This allows us to construct the derivative cocycle

Φ : Dφ → Rd×d, (t, ω, x) 7→ Φt(ω,x)

given by
Φt(ω,x) := Dφtω(x). (2.11)

As a direct consequence of the chain rule, we get the identity

Φs+t(ω,x) = ΦtΘs(ω,x)Φ
s
(ω,x),

which is fulfilled wherever all terms are well-defined and motivates the name cocycle.
The Oseledet theorem gives a random analogue to the eigenvalues and eigenspaces
of linear endomorphisms. First, we formulate a version for one-sided time, i.e. for
T = N.

Theorem 2.3.1 (Oseledet Theorem - one-sided time). Suppose that µ̂ ∈ M1(Ω×Rd)
is an invariant Markov measure which is ergodic under Θ and satisfies

log+ ∥Φ1
(•,•)∥ ∈ L1(µ̂).

Then there exists some 1 ≤ k ≤ d, a strictly ordered k-tupel λ1 > · · · > λk ∈ R∪{−∞}
of extended real numbers called Lyapunov exponents, a k-tupel m1, . . . ,mk of natural
numbers with

∑k
i=1mk = d called multiplicities, random subspaces

Rd = V1(ω, x) ⊃ V2(ω, x) ⊃ · · · ⊃ Vk(ω, x) ⊃ Vk+1(ω, x) = {0},

where each Vi(ω, x) is a mi + mi+1 + · · · + mk-dimensional subspace of Rd called
Oseledet flag and a Θ-invariant set Γ ⊂ Ω× Rd with µ̂(Γ) = 1 and τ⋆(ω, x) = ∞ for
all (ω, x) ∈ Γ, such that



2.3. Linear Stability 23

(i) the spaces (Vi) are Φ-invariant on Γ, i.e. for each 1 ≤ i ≤ k we have

Φ1
(ω,x)Vi(ω, x) ⊆ Vi(Θ

t(ω, x)), ∀ (ω, x) ∈ Γ,

(ii) and for each 1 ≤ i ≤ k and each (ω, x) ∈ Γ, we have

lim
n→∞

1

n

∣∣∣Φn(ω,x)y∣∣∣ = λi ⇔ y ∈ Vi(ω, x) \ Vi+1(ω, x), ∀ y ∈ Rd \ {0}.

Proof. First, we can restrict the derivative cocycle to the set Γ̃ := {(ω, x) ∈ Ω×Rd :
τ⋆(ω, x) = ∞}, which is Θ-invariant and has full µ̂-mass. Then [Arn98, Theorem
3.4.1] gives the result.

For two-sided time, i.e. for T ∈ {Z,R} we have the following theorem.

Theorem 2.3.2 (Oseledet Theorem - two-sided time). Suppose that µ̂ ∈ M1(Ω×Rd)
is an invariant Markov measure which is ergodic under Θ and satisfies

sup
−1≤t≤1

log ∥Φt(•,•)∥ ∈ L1(µ̂).

Then there exists some 1 ≤ k ≤ d, a strictly ordered k-tupel λ1 > · · · > λk of real
numbers called Lyapunov exponents, a k-tupel m1, . . . ,mk of natural numbers with∑k

i=1mk = d called multiplicities, a random decomposition

Rd = E1(ω, x)⊕ · · · ⊕ Ek(ω, x),

where each Ei(ω, x) is a mi-dimensional subspace of Rd called Oseledet space and a
Θ-invariant set Γ ⊂ Ω×Rd with µ̂(Γ) = 1 and (τ⋆(ω, x), τ

⋆(ω, x)) = (−∞,∞) for all
(ω, x) ∈ Γ, such that

(i) the Oseledet spaces are Φ-invariant on Γ, i.e. for each 1 ≤ i ≤ k we have

Φt(ω,x)Ei(ω, x) = Ei(Θ
t(ω, x)), ∀ t ∈ R, (ω, x) ∈ Γ

(ii) and for each 1 ≤ i ≤ k and each (ω, x) ∈ Γ, we have

lim
t→±∞

1

t
log

|Φt(ω,x)y|
|y|

= λi, ∀ y ∈ Ei(ω, x) \ {0}

and the limit is uniform in y.

Proof. First, we can restrict the derivative cocycle to the set Γ̃ := {(ω, x) ∈ Ω×Rd :
(τ⋆(ω, x), τ

⋆(ω, x)) = (−∞,∞)}, which is Θ-invariant and has full µ̂. Then [Arn98,
Theorem 3.4.11] gives the result.

As a consequence of (ii), the top Lyapunov exponent λ1 is given by the almost
sure limit

λ1 = lim
t→∞

1

t
log
∥∥∥Φt(ω,x)∥∥∥ , for µ̂-almost every (ω, x) ∈ Ω× Rd.

By the Kingman subadditive ergodic theorem [Kin68], this almost-sure limit is given
by

λ1 = lim
t→∞

∫
Ω×Rd

log
∥∥∥Φt(ω,x)∥∥∥ dµ̂(ω, x) = inf

t≥0

∫
Ω×Rd

log
∥∥∥Φt(ω,x)∥∥∥ dµ̂(ω, x). (2.12)
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This holds for one-sided and two-sided time.

2.3.2 Invariant manifolds

Let λ− < 0 < λ+ be the largest negative and smallest positive Lyapunov exponent,
respectively. If there are no negative Lyapunov exponents or no positive Lyapunov
exponents, set λ− := −∞, respectively λ+ := ∞. Choose and permanently fix some
0 < ε̂ ≪ 1, which is small enough, such that λ− + ε̂ < −ε̂ and ε̂ < λ+ − ε̂. In the
following, we restrict the analysis to the discrete two-sided time case, i.e. to T = Z.
For systems with continuous time, such as those induced by SDEs, it is possible to
consider the restriction of the cocycle φ to t ∈ Z, yielding a RDS with discrete time.

We define the stable dimension 0 ≤ ds ≤ k and the stable subspace Es by

ds =
∑

1≤i≤k,λi<0

mi and Es(ω, x) =
⊕

1≤i≤k,λi<0

Ei(ω, x).

Analogously, we define the unstable dimension and the unstable subspace by

du =
∑

1≤i≤k,λi>0

mi and Eu(ω, x) =
⊕

1≤i≤k,λi>0

Ei(ω, x).

For each (ω, x) ∈ Ω × Rd, we define two sets Ws(ω, x),Wu(ω, x) ⊂ Rd called global
stable manifold and global unstable manifold, by

Ws(ω, x) :=

{
y ∈ Rd : τ⋆(ω, y) = ∞ and

lim sup
n→∞

1

n
log |φnω(y)− φnω(x)| < −ε̂

}
and

Wu(ω, x) :=

{
y ∈ Rd : τ⋆(ω, y) = −∞, and

lim sup
n→−∞

1

n
log |φnω(y)− φnω(x)| > ε̂

}
.

From the definition, one can directly see that these sets are invariant, i.e.

Ws(Θ
n(ω, x)) = φnω(Ws(ω, x)) and Wu(Θ

n(ω, x)) = φnω(Wu(ω, x)),

for all n ∈ Z and (ω, x) ∈ Γ. Despite their name, at the moment, there is nothing
indicating that these sets are actual manifolds.

For any function f : Rd → X into some normed space (X , ∥·∥), any subset A ⊆ Rd
and any α ∈ (0, 1], we let |||f |||α,A denote the α-Hölder seminorm of f |A, i.e.

|||f |||α,A := sup
x,y∈A,x ̸=y

∥f(x)− f(y)∥
|x− y|α

.

We can now formulate a stable/unstable manifold theorem for random dynamical
systems.

Theorem 2.3.3 (Stable/Unstable Manifold Theorem). Assume the setting of Theo-
rem 2.3.2 and suppose furthermore that there exists a random variable ξ : Ω × X →
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[0,∞) with log−(ξ) := log(ξ) ∨ 0 ∈ L1(µ̂) and an α ∈ (0, 1], such that∫
Ω×Rd

log
∣∣∣∣∣∣∣∣∣Φ1

(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

dµ̂(ω, x) <∞.

Then there exists a Θ-invariant set Γ ⊂ Ω×Rd with µ̂(Γ) = 1 which is a subset of
the set Γ from Theorem 2.3.2, and for each (ω, x) ∈ Γ, there exist two embedded man-
ifolds W loc

s (ω, x) ⊆ Bx(ξ(ω, x)) and W loc
u (ω, x) ⊆ Bx(ξ(ω, x)), both passing through

x, called local stable/unstable manifolds. The local stable manifold is ds-dimensional
and at x tangent to x + Es(ω, x), while the unstable manifold is du-dimensional and
at x tangent x+ Eu(ω, x). They, furthermore, have the following properties.

(i) There exists a function γ : Γ → (0,∞), such that for all (ω, x) ∈ Γ, we have

|φnω(y)− φnω(x)| ≤ γ(ω, x)e(λ
−+ε̂)n, ∀ y ∈W loc

s (ω, x), n ∈ N (2.13)

and

|φ−n
ω (y)− φ−n

ω (x)| ≤ γ(ω, x)e−(λ+−ε̂)n, ∀ y ∈W loc
u (ω, x), n ∈ N.

(ii) For every (ω, x) ∈ Γ and all n ∈ N, we have

φnω

(
W loc

s (ω, x)
)
⊆W loc

s (Θn(ω, x))

and
φ−n
ω

(
W loc

u (ω, x)
)
⊆W loc

u (Θ−n(ω, x)). (2.14)

(iii) The global manifolds can be recovered from the local ones by the identities

Ws(ω, x) =
∞⋃
n=1

φ−n
θnω

(
W loc

s (Θn(ω, x)) ∩ {y ∈ Rd : τ⋆(θnω, y) < −n}
)

and

Wu(ω, x) =

∞⋃
n=1

φnθ−nω

(
W loc

u (Θ−n(ω, x)) ∩ {y ∈ Rd : τ⋆(θ−nω, y) > n}
)
.

(2.15)

While similar results are standard in the literature (cf. e.g. [FGS17, Lemma 3.1]
or [Arn98, chapter 7]), we use weaker assumptions by allowing for a varying size of
the balls on which the Hölder constant needs to be controlled. This is necessary to
apply this theorem to RDS which are not strongly complete and allows us to give an
easy criterion for RDS induced by SDEs under which the stable/unstable manifold
theorem holds (cf. section 2.3.4). At the same time, proving the stable/unstable
manifold theorem under these weaker assumptions requires only a minor tweak to
the proof, which we explain below.

Remark 2.3.4. While the local stable/unstable manifolds are embedded manifolds,
the global stable/unstable manifolds are generally only immersed manifolds. The
unions on the right-hand sides of the expressions in (iii) can be interpreted as families
of charts. Furthermore, these expressions show that if

µ̂
({

(ω, x) ∈ Γ : τ⋆(ω,W
loc
s (ω, x)) = −∞

})
= 1
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(a) (b)

(c) (d)
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(
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)

Figure 2.2: “Growth” of an unstable manifold by pushing forward
a local unstable manifold. In frame (d) the unstable manifold is
“torn apart” by a blow-up (cf. Remark 2.3.4).

the global stable manifold is connected almost surely and if

µ̂
({

(ω, x) ∈ Γ : τ⋆(ω,W loc
u (ω, x)) = ∞

})
= 1

the global unstable manifold is connected almost surely. The latter is in particular
true if φ is strongly complete. In the case where φ is not strongly complete, the
finite-time blow-ups can “tear unstable manifolds apart” as is shown in figure 2.2.

From the stable/unstable manifold theorem (Theorem 2.3.3), one can directly
draw the following conclusions on asymptotic stability and strong synchronization.

Corollary 2.3.5. Suppose φ satisfies the conditions of Theorem 2.3.3.

(i) If λ1 < 0, then φ is asymptotically stable.

(ii) If λ1 > 0, then φ is not strongly synchronizing.

Proof. (i): If λ1 < 0, then ds = d andW loc
s (ω, x) is µ̂-almost surely a non-empty open

set. By (2.13) we have

diam
(
φnω

(
W loc

s (ω, x)
))

≤ 2γ(ω, x) e(λ
−+ε̂)n

and so in particular

lim
n→∞

diam
(
φnω

(
W loc

s (ω, x)
))

= 0.

Elementary measure-theoretic arguments (cf. e.g. [FGS17, Lemma 3.3]) show that
there must exist a deterministic non-empty open set U ⊂ Rd with µ̂({(ω, x) : U ⊂
W loc

s (ω, x)}) > 0. In particular, φ is asymptotically stable.
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(ii): If λ1 > 0, then du > 0 and diam
(
W loc

u (ω, x)
)
> 0 for all (ω, x) ∈ Γ. Sup-

pose φ is strongly synchronizing with a set attractor (A(ω) := {a(ω)})ω∈Ω, for some
φ-invariant random variable a : Ω → Rd. Then (A(ω)) is also a weak point at-
tractor and by Corollary 2.2.9, we have µω = δa(ω) for almost every ω ∈ Ω and
thus (ω, a(ω)) ∈ Γ for almost every ω ∈ Ω. Without loss of generality, we can
assume that ξ ≤ 1, since otherwise ξ can be replaced by ξ ∧ 1 which still sat-
isfies the condition of Theorem 2.3.3. Let B̃ ⊂ Rd be some bounded set such
that µ̂

(
{(ω, x) ∈ Ω× Rd : Bx(ξ(ω, x)) ⊆ B̃}

)
> 0 and let p > 0 be the probability

p := P
(
W loc

u (ω, a(ω)) ⊆ B̃
)
> 0. If W loc

u (ω, a(ω)) ⊆ B̃, then also

W loc
u (θnω, a(θnω)) ⊆ φnθ−nω

(
W loc

u (ω, a(ω))
)
⊆ φnω(B̃), ∀n ∈ N,

so in particular

diam
(
W loc

u (θnω, a(θnω))
)
≤ diam

(
φnω(B̃)

)
≤ 2 dist

(
φnω(B̃), {a(θnω)}

)
, (2.16)

for all n ∈ N. By the definition of a set attractor, the rightmost term in (2.16) must
converge to zero in probability, so, in particular, for every ε > 0 there must exist an
nε ∈ N, such that

P
(
2 dist

(
φnε
ω (B̃), {a(θnεω)}

)
< ε
)
≥ 1− p

2
.

Since (2.16) holds with probability at least p, using θ-invariance of P, we have

P
(
diam

(
W loc

u (ω, a(ω))
)
< ε
)
= P

(
diam

(
W loc

u (θnεω, a(θnεω))
)
< ε
)
≥ p

2
.

By continuity of probability, this contradicts diam
(
W loc

u (ω, a(ω))
)
> 0 for almost all

ω ∈ Ω.

In the following, we demonstrate how to adapt the proof of the stable/unstable
manifold theorem presented in [Arn98, chapter 4] to allow for the weaker conditions
of Theorem 2.3.3. Recall that we chose 0 < ε̂ ≪ 1 such that λ− + ε̂ < −ε̂ and
ε̂ < λ+ − ε̂, where λ− < 0 < λ+ are the largest negative and smallest positive
Lyapunov exponents, respectively. In the following, we set ε := ε̂/2 and fix 0 < δ ≪ 1
such that

eλ
−+ε + δ

!
< eλ

−+ε̂ < e−ε̂
!
< e−ε − δ < 1 < eε + δ

!
< eε̂ < eλ

+−ε̂ !
< eλ

+−ε − δ,

where only the inequalities marked with an exclamation mark are new restrictions.
Furthermore, we assume that the integrability condition of the Oseledet theorem
(Theorem 2.3.2) is satisfied and let Γ ⊂ Ω× Rd be the set defined in Theorem 2.3.2.
The concept of a tempered random variable takes a central role.

Definition 2.3.6 (Tempered Random Variable). We call a random variable R :
Ω× Rd → [0,∞) tempered, if we have

lim
n→±∞

1

|n|
log(R(Θn(ω, x))) = 0, for µ̂ almost every (ω, x).

We call a random variable R tempered from above if R ∨ 1 is tempered and tempered
from below if R ∧ 1 is tempered.
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Tempered random variables have the following properties.

Proposition 2.3.7.

(i) If a random variable R : Ω × X → [0,∞) is log+-integrable, i.e. if log+(R) :=
(log(R) ∨ 0) ∈ L1(µ̂), then it is tempered from a above.

(ii) If a random variable R : Ω × X → [0,∞) is log−-integrable, i.e. if log−(R) :=
(log(R) ∧ 0) ∈ L1(µ̂), then it is tempered from a below.

(iii) If a random variable R : Ω × X → [0,∞) is log-integrable, i.e. if log ∈ L1(µ̂),
then it is tempered.

(iv) If R1, R2 are two tempered random variables, then R1 ◦ Θ, R1 ∨ R2, R1 ∧ R2,
R1 +R2, R1R2 and Rt1 are tempered random variables for any t ∈ R.

Proof. For (i) and (ii), see [Arn98, Proposition 4.1.3]. (iii) is a direct consequence of
(i) and (ii). (iv) follows directly from the definition of temperedness (cf. also [Arn98,
Lemma 4.1.2]).

The following theorem can be found in [Arn98, Theorem 4.3.6].

Theorem 2.3.8 (Lyapunov Norms). Assume the setting of Theorem 2.3.2. Then,
for each (ω, x) ∈ Γ, there exists a scalar product ⟨·, ·⟩(ω,x) : Rd × Rd → R, such that
the following statements hold.

(i) For each (ω, x) ∈ Γ, the Oseledet space E1(ω, x), E2(ω, x), . . . , Ek(ω, x) are or-
thogonal under ⟨·, ·⟩(ω,x).

(ii) For each (ω, x) ∈ Γ and every 1 ≤ i ≤ k we have the uniform bound

eλin−ε|n||y|(ω,x) ≤ |Φn(ω,x) y|Θn(ω,x) ≤ eλin+ε|n||y|(ω,x), ∀ y ∈ Ei(ω, x), n ∈ Z,

where |y|(ω,x) := ⟨y, y⟩1/2(ω,x) is the norm induced by the scalar product ⟨·, ·⟩(ω,x).

(iii) There exists a tempered random variable C : Γ → [1,∞), such that

C−1(ω, x)| · | ≤ | · |(ω,x) ≤ C(ω, x)| · |.

For each (ω, x) ∈ Γ we let ψ(ω,x) : Rd → Rd be the nonlinear part of φ, i.e. the
map such that

φ1
ω(x+ y) = φ1

ω(x) + Φ1
(ω,x) y + ψ(ω,x)(y), ∀ y ∈ Rd. (2.17)

It can be readily seen that ψ(ω, x, 0) = 0 and Dyψ(ω, x, y)|y=0 = 0. Furthermore,
while, due to the lack of strong completeness of φ, the map ψ(ω,x) might not be well-
defined globally, it is always well-defined in some neighborhood of the origin. We
are now able to state the following classical stable/unstable manifold theorem for
discrete-time random dynamical systems (cf. e.g. [Arn98, Chapter 7]).

Theorem 2.3.9 (Stable/Unstable Manifold Theorem for Discrete-Time RDS). Let

L > 0 be some constant with L < 3−
√
5

2 δ and suppose that there exists a random
variable β : Γ → [0,∞) which is tempered from below, such that

∥Dyψ(ω, x, y)∥Θ(ω,x),(ω,x) ≤ L, ∀ y ∈ B0(β(ω, x)) (2.18)

where ∥ · ∥Θ(ω,x),(ω,x) is the operator norm of operators (Rd, | · |(ω,x)) → (Rd, | · |Θ(ω,x)).
Then the conclusions of Theorem 2.3.3 hold.
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Proof. The local stable/unstable manifolds W loc
s and W loc

u can be constructed by
[Arn98, Proposition 7.5.9], where it is also shown that Theorem 2.3.3 (i) and (ii) hold
(cf. also [Arn98, Remark 7.5.10]). Finally, Theorem 2.3.3 (iii) is a consequence of
[Arn98, Theorem 7.5.13] and [Arn98, Proposition 7.5.12] after making the appropriate
changes to account for a possible lack of strong completeness.

It remains to show that the conditions of Theorem 2.3.3 imply the conditions of
Theorem 2.3.9.

Proof of Theorem 2.3.3. By Theorem 2.3.9, it is sufficient to show that there exists
a tempered function β : Γ → [0, 1] for which (2.18) holds. It can be seen from (2.17)
that

Dψ(ω,x)(y) = Φ1
(ω,x+y) − Φ1

(ω,x),

so (2.18) is equivalent to∥∥∥Φ1
(ω,y) − Φ1

(ω,x)

∥∥∥
Θ(ω,x),(ω,x)

≤ L, ∀ y ∈ Bx(β(ω, x)). (2.19)

Recalling Theorem 2.3.8 (iii), we can find the bound∥∥∥Φ1
(ω,x+y) − Φ1

(ω,x)

∥∥∥
Θ(ω,x),(ω,x)

≤ C(ω, x)C(Θ(ω, x))
∥∥∥Φ1

(ω,x+y) − Φ1
(ω,x)

∥∥∥
≤ C(ω, x)C(Θ(ω, x))

∣∣∣∣∣∣∣∣∣Φ1
(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

|x− y|α,

which holds for all y ∈ Bx(ξ(ω, x)). Setting

β(ω, x) := ξ(ω, x) ∧
(
C(ω, x)C(Θ(ω, x))

∣∣∣∣∣∣∣∣∣Φ1
(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

)− 1
α

ensures that (2.19) holds. Also, ξ is by assumption log−-integrable and thus tempered

from below, and
∣∣∣∣∣∣∣∣∣Φ1

(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

is log+-integrable and thus tempered from above.

Since C is also tempered from above, by Proposition 2.3.7 (iii), we have that β is
tempered from below, completing the proof.

2.3.3 SRB measures

Together with Theorem 2.2.12, the last corollary provides satisfactory criteria for
determining both strong and weak synchronization, as well as the absence of strong
synchronization. However, the stable/unstable manifold theorem does not directly
demonstrate that a positive Lyapunov exponent rules out weak synchronization. For
RDS with a compact state space, this has been achieved by Baxendale and Stroock
[BS88; Bax91], employing a method based on moment Lyapunov exponents. Although
this approach has been successfully applied to certain non-compact systems [BBP22d;
Ble+24], there remains, to date, no result sufficiently robust to address all significant
cases of the equations studied in chapters 3 and 4 of this thesis. Positive Lyapunov
exponents would imply a lack of weak synchronization if the sample measures µω
satisfied the so-called SRB-property (cf. Conjecture 2.3.10).

The SRB property is named after Sinai, Bowen, and Ruelle, who proved the exis-
tence of such measures for deterministic dynamical systems with Axiom A attractors
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[Sin68; BR75; Rue76]. The precise definition of the SRB property, which we pro-
vide below, is technically challenging. Intuitively, a sample measure µω satisfies the
SRB property if it exhibits sufficient regularity along the unstable direction, allowing
the conditional measures on the unstable manifolds to be absolutely continuous with
respect to the Lebesgue measure on that manifold. In their seminal work [LY85],
Ledrappier and Young established that invariant measures satisfy Pesin’s formula
[Pes77], which relates the sum of the positive Lyapunov exponents to the entropy if
and only if they possess the SRB property, even in a general non-hyperbolic setting.
Their result can be directly extended to random dynamical systems [LY88, section
6]. This relation to entropy is interesting but lies outside the scope of this thesis. For
a survey on SRB measures, see e.g. [You95; You02].

While it is generally difficult to prove the existence of SRB measures for determin-
istic systems, it has been shown that for RDS on compact state spaces with stationary
distributions absolutely continuous to Lebesgue measure, the sample measures satisfy
the SRB property [LY88] (cf. also [LQ95; BY19]). This result has been generalized
to RDS on Rd by Biskamp [Bis14], but again under assumptions that may be too
restrictive for our purposes. Consequently, we propose the following as a conjecture.

Conjecture 2.3.10 (Sample Measures are SRB). Let φ be a RDS with stationary
distribution µ that is absolutely continuous with respect to Lebesgue measure and
satisfies the conditions of Theorem 2.3.3. If µ is absolutely continuous with respect
to the Lebesgue measure on Rd, then µω has the SRB property for almost every ω.

Our main result using this conjecture is the following theorem.

Theorem 2.3.11. Let φ be such that the conditions of Theorem 2.3.3 are satisfied,
and assume that Conjecture 2.3.10 holds. If λ1 > 0, then φ is not weakly synchroniz-
ing.

We proceed by providing the precise definition of the SRB property, which we
subsequently use to prove Theorem 2.3.11. The content of the remainder of this
subsection is not necessary for the rest of the thesis. For the remainder of this
subsection, we assume the setting of Theorem 2.3.3 with λ1 > 0, such that the
unstable manifolds Wu(ω, x) are non-trivial. We temporarily fix an ω ∈ Ω for which
µω(x : (ω, x) ∈ Γ) = 1. Since µ̂(Γ) = 1, this can be P-almost any ω ∈ Ω.

For each x with (ω, x) ∈ Γ, we can define the so-called submanifold topology on
Wu(ω, x) which is generated by the sets of the form

φnθ−nω

(
U ∩ {y ∈ Rd : τ⋆(θ−nω, y) > n}

)
for some n ∈ N, where U ⊆ W loc

u (Θ−n(ω, x)) is open in the subset topology of
W loc

u (Θ−n(ω, x)). This submanifold topology can differ from the subset topology
on Wu(ω, x). By a similar construction, we can also define a Lebesgue measure on
Wu(ω, x) which we denote by LebWu(ω,x). For technical reasons, we henceforth work in

the completed measure space (Rd,F(µω), µω), where F(µω) denotes the completion
of B(Rd) with respect to the measure µω. Since Rd is a Polish space, this turns
(Rd,F(µω), µω) into a Lebesgue space [Rok52]. We call η1 ⊂ F(µω) a finite partition,
if it is a finite family of disjoint sets whose union is Rd. We call a finite partition η2
finer than η1, written η1 ≺ η2, if every element of η1 can be expressed as a union of
elements in η2. We call η ⊂ F(µω) a measurable partition if there exists a sequence
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of successively finer finite partitions η1 ≺ η2 ≺ . . . for which

η =
∞∨
n=1

ηn.

Here
∨∞
n=1 ηn denotes the partition consisting of all non-empty sets E ∈ F(µω) \ {∅}

which can be written as the intersection of a decreasing sequence E1 ⊇ E2 ⊇ . . . of
sets with En ∈ ηn for all n. Clearly, the elements of η are disjoint and their union is
Rd, justifying the name partition. For a measurable partition η and a point x ∈ Rd
we let η(x) ∈ η denote the element of η with x ∈ η(x).

The following theorem, known as the Rokhlin disintegration theorem, utilizes the
fact that our analysis is conducted within a Lebesgue space.

Theorem 2.3.12 ([VO16]). Let η be a measurable partition. Then there exists a
family of probability measures (µηω,E)E∈η on (Rd,F(µω)) called conditioned measures,
for which

(i) we have µηω,E(E) = 1, for every E ∈ η,

(ii) the map x 7→ µηω,x(B) := µηω,η(x)(E) is F(µω)-measurable for every B ∈ F(µω),
and

(iii) we have µω(B) =
∫
Rd µ

η
ω,x(B) dµω(x) for every B ∈ F(µω).

Furthermore, these conditioned measures µηω,x are µω-essentially unique.

We call a measurable partition η subordinate to unstable manifolds if for µω-almost
every x ∈ Rd, we have η(x) ⊆ Wu(ω, x) and η(x) contains a set x ∈ U ⊆ η(x) which
is open in the Wu(ω, x) submanifold topology. In the setting of Theorem 2.3.3, a
measurable partition η which is subordinate to unstable manifolds always exists, as
can be seen from the construction in [LY88, section 6]. We are now able to give a
precise definition of the SRB property.

Definition 2.3.13 (SRB Property). For a fixed ω ∈ Ω, we say that µω has the
SRB property, if for every measurable partition η which is subordinate to unsta-

ble manifolds, the conditional measure µ
(η)
ω,x is absolutely continuous with respect to

LebWu(ω,x), for µω-almost every x ∈ Rd.

In particular, the SRB property implies that for µω-almost every x at least a small
piece of the unstable manifold is still in the support of µω.

Lemma 2.3.14. Let ω ∈ Ω be such that µω has the SRB property. Then for µω-
almost every x ∈ Rd, there exists a neighborhood x ∈ Ux ⊆Wu(ω, x) which is open in
the submanifold topology, such that Ux ⊆ supp(µω).

Proof. Suppose µω has the SRB property and fix some measurable partition ξ which
is subordinate to unstable manifolds. Let A1 ⊆ Rd be the set of x ∈ Rd for which
the conditional measure µ

(ξ)
ω,x is absolutely continuous with respect to LebWu(ω,x) and

A2 ⊆ A1 the set of x ∈ A1 for which every neighborhood x ∈ Ux ⊆ ξ(x) that is open
in theWu(ω, x)-submanifold topology satisfies Ux ⊆ supp(µω). By the SRB property,
we have µω(A1) = 1 and to establish the claim, it is sufficient to show µω(A1\A2) = 0.

Let U∗ := Rd\supp(µω) be the complement of the support of µω, which is open by
definition and satisfies µω(U

∗) = 0. For each x ∈ A1 \A2 there must exist some open
(in the submanifold topology) set Ux ⊆ ξ(x) with U∗ ∩Ux ̸= ∅. Thus, U ′

x := U∗ ∩Ux



32 Chapter 2. Random Dynamical Systems

is non-empty and open in the Wu(ω, x)-submanifold topology and must have positive

mass under µ
(ξ)
ω,x. In particular, we have µ

(ξ)
ω,x(U∗) > 0, for all x ∈ A1 \A2. Since

0 = µω(U
∗) =

∫
Rd

µ(ξ)ω,x(U
∗) dµω(x),

we indeed have µω(A1 \A2) = 0.

We can now prove Theorem 2.3.11.

Proof of Theorem 2.3.11. Suppose φ is weakly synchronizing. By Corollary 2.2.9, we
see that supp(µω) is a singleton almost surely. This is a contradiction to Lemma
2.3.14, which implies that φ cannot be weakly synchronizing.

2.3.4 Lyapunov exponents and invariant measures for SDEs

In this subsection, we give conditions on a vector field F : Rd → Rd under which the
RDS φ induced by the SDE

dX(t) = F (X(t)) dt+ σ dW (t) (2.20)

satisfies the conditions of the Oseledet Theorem (Theorem 2.3.2) and of the sta-
ble/unstable manifold theorem (Theorem 2.3.3). In the following, we assume that
the SDE (2.20) admits a unique stationary distribution µ. Recall that this can be
verified, for example, by Proposition 2.1.13.

For a fixed x0 ∈ Rd, let [X(ω)](t) = φtω(x0) be the solution to (2.20) with initial
condition X(0) = x0. Similarly, let (A(t)) be the matrix-valued stochastic process
given by [A(ω)](t) := Φt(ω,x0). A straightforward calculation shows that (A(t)) satisfies
the ODE

d

dt
A(t) = DF (X(t))A(t), (2.21)

with A(0) = 1d. This can be used to show the following theorem.

Theorem 2.3.15 (Oseledet Theorem for SDEs). Suppose that φ is the RDS induced
by the SDE (2.20) and that ∥DF∥ ∈ L1(µ). Then φ satisfies the conditions of the
Oseledet Theorem (Theorem 2.3.2).

Proof. Applying Grönwall’s inequality to (2.21) gives the bound

∥Φt(ω,x)∥ ≤ exp

(∫ t

0
∥DF (φsω(x))∥ ds

)
, ∀ t ≥ 0, ω ∈ Ω, x ∈ Rd.

This allows us to estimate∫
Ω×Rd

sup
t∈[0,1]

log ∥Φt(ω,x)∥ dµ̂(ω, x) ≤
∫
Ω×Rd

sup
t∈[0,1]

∫ t

0
∥DF (φsω(x))∥ds dµ̂(ω, x)

=

∫
Ω×Rd

∫ 1

0
∥DF (φsω(x))∥ds dµ̂(ω, x)

=

∫ 1

0

∫
Ω×Rd

∥DF (φsω(x))∥dµ̂(ω, x) ds

=

∫ 1

0

∫
Rd

∥DF (x)∥ dµ(x) ds =
∫
Rd

∥DF (x)∥ dµ(x).
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In the last line, we use the fact that, by Θ-invariance of µ̂, for any t ∈ R the term
φtω(x) is distributed according to µ if (ω, x) is distributed according to µ̂. Thus, we
have supt∈[0,1] log ∥Φt(•,•)∥ ∈ L1(µ̂). The corresponding estimate for negative t can be
shown analogously, which completes the proof.

Remark 2.3.16. If the density of µ is known explicitly, it is straightforward to verify
the conditions for Theorem 2.3.15. Although this holds for the SDEs discussed in the
chapters 3 and 4, it is often the case that the existence of a stationary distribution
for general vector fields can only be inferred from Proposition 2.1.13, in which case
its density may not be known explicitly. In these cases, it is still possible to verify
the conditions of Theorem 2.3.15 using the fact that, in the context of Proposition
2.1.13, we always have V ∈ L1(µ). Therefore, it is sufficient to show that there exists
a constant C > 0 such that ∥DF∥ ≤ CV . This same approach can also be used
to check the conditions of the stable/unstable manifold theorem for SDEs, which is
presented in the following (Theorem 2.3.17).

Theorem 2.3.17 (Stable/Unstable Manifold Theorem for SDEs). Suppose that φ is
the RDS induced by the SDE (2.20) and that there exists an R > 0 and an α ∈ (0, 1]
such that ∫

Rd

∥DF∥Cα(Bx(R)) dµ(x) <∞, (2.22)

where the Cα(Bx(R))-norm is given by

∥DF∥Cα(Bx(R)) := |||DF |||α,Bx(R) + sup
y∈Bx(R)

∥DF (y)∥.

Then φ satisfies the conditions of the stable/unstable manifold theorem (Theorem
2.3.3).

We prove Theorem 2.3.17 in the next two lemmas, by showing that (2.22) implies
the assumptions of Theorem 2.3.3. We assume that (2.22) is valid for some fixed
α ∈ (0, 1] and let ξ : Ω× Rd → [0, R] be given by

ξ(ω, x) := sup
{
r > 0 : φtω(Bx(r)) ⊆ Bφt

ω(x)
(R), ∀ t ∈ [0, 1]

}
.

Lemma 2.3.18. The random variable ξ is log−-integrable, i.e.∫
Ω×Rd

− log(ξ(ω, x)) dµ̂(ω, x) <∞.

Proof. Fix some (ω, x) ∈ Ω×Rd with τ⋆(ω, x) = ∞ and let y ∈ Bx(R) be some point
in the ball around x. We denote by X(t) = φtω(x) and Y (t) = φtω(y) the maximal
solutions with the initial conditions x and y. Since (X(t)) and (Y (t)) both solve the
SDE (2.20), their difference (X(t)− Y (t) is differentiable and satisfies the ODE

d

dt
(X(t)− Y (t)) = F (X(t))− F (Y (t)).

We define a waiting time 0 < T ⋆ ≤ ∞ by

T ⋆ := sup{t > 0 : Y (t) ∈ BX(t)(R)}.

For t ∈ [0, T ⋆) the mean value theorem allows us to bound

|F (X(t))− F (Y (t))| ≤ |X(t)− Y (t)| sup
y′∈Bx(R)

∥DF (y′)∥,
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so that Grönwall’s inequality gives

|X(t)− Y (t)| ≤ |X(0)− Y (0)| exp

(∫ t

0

(
sup

y′∈BX(s)(R)
∥DF (y′)∥

)
ds

)
(2.23)

for all t ∈ [0, T ⋆]. If the initial condition y is chosen in such a way that

|x− y| = |X(0)− Y (0)| < R exp

(
−
∫ 1

0

(
sup

y′∈BX(t)(R)
∥DF (y′)∥

)
dt

)
,

then, by (2.23), we have |X(t) − Y (t)| < R for all t ∈ [0, 1] ∪ [0, T ⋆] and thus in
particular T ⋆ ≥ 1. Consequently, we have

ξ(ω, x) ≥ R exp

(
−
∫ 1

0

(
sup

y′∈BX(ω,x,t)(R)
∥DF (y′)∥

)
dt

)
, ∀ (ω, x) ∈ Γ,

where we write X(ω, x, t) := X(t) = φtω(x) to express the dependence on ω and x.
Following the same logic as in the proof of Theorem 2.3.15, we can estimate∫

Ω×Rd

− log(ξ(ω, x)) µ̂(ω, x)

≤ − log(R) +

∫
Ω×Rd

∫ 1

0

(
sup

y′∈BX(ω,x,t)(R)
∥DF (y′)∥

)
dt dµ̂(ω, x)

= − log(R) +

∫ 1

0

∫
Ω×Rd

(
sup

y′∈BX(ω,x,t)(R)
∥DF (y′)∥

)
dµ̂(ω, x) dt

= − log(R) +

∫
Rd

(
sup

y′∈Bx(R)
∥DF (y′)∥

)
dµ(x) <∞.

Lemma 2.3.19. The Cα-seminorm of Φ1
(ω,·)|Bx(ξ(ω,x)) is log+-integrable, that is∫

Ω×Rd

log
∣∣∣∣∣∣∣∣∣Φ1

(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

dµ̂(ω, x) <∞.

Proof. Agian fix some (ω, x) ∈ Ω×Rd with τ⋆(ω, x) = ∞ and let y1, y2 ∈ Bx(ξ(ω, x))
be any points in the ball around x. Again, we denote byX(t) = φtω(x), Y1(t) = φtω(y1)
and Y2(t) = φtω(y2) the maximal solutions with initial conditions x, y1 and y2.

Let (A(t))t∈[0,1] and (B(t))t∈[0,1] be the Rd×d-valued processes given by

A(t) := Φt(ω,y1) and B(t) := Φt(ω,y2), (2.24)

which satisfy the ODEs

d

dt
A(t) = DF (Y1(t))A(t) and

d

dt
B(t) = DF (Y2(t))B(t) (2.25)

with initial condition A(0) = B(0) = 1d. Consequently, the difference (A(t) − B(t))
satisfies the ODE

d

dt
(A(t)−B(t)) = DF (Y1(t))A(t)−DF (Y2(t))B(t) (2.26)
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with A(0)−B(0) = 0. The norm of the right-hand side of (2.26) can be bounded by

∥DF (Y1(t))A(t)−DF (Y2(t))B(t)∥
≤ ∥(DF (Y1(t))−DF (Y2(t)))A(t)∥+ ∥DF (Y2(t))(A(t)−B(t))∥
≤ ∥(DF (Y1(t))−DF (Y2(t))∥ ∥A(t)∥+ ∥DF (Y2(t))∥ ∥A(t)−B(t)∥.

Applying Grönwall’s inequality again, we get the estimate∥∥∥Φ1
(y1,ω)

− Φ1
(y2,ω)

∥∥∥ = ∥A(1)−B(1)∥

≤
∫ 1

0
∥(DF (Y1(t))−DF (Y2(t))∥ ∥A(t)∥ exp

(∫ 1

t
∥DF (Y2(s))∥ds

)
dt. (2.27)

In the following, we derive bounds for each of the terms appearing on the right-hand
side of (2.27). Since Y1(t), Y2(t) ∈ BX(t)(R) for all t ∈ [0, 1], we have

∥DF (Y1(t))−DF (Y2(t))∥ ≤ |||DF |||α,BX(t)(R)|Y1(t)− Y2(t)|α. (2.28)

Analogously to the derivation of (2.23), we get the bound

|Y1(t)− Y2(t)| ≤ |y1 − y2| exp

(∫ t

0

(
sup

y′∈BX(s)(R)
∥DF (y′)∥

)
ds

)
,

which, when plugged into (2.28), yields

∥DF (Y1(t))−DF (Y2(t))∥

≤ |y1 − y2|α |||DF |||α,BX(t)(R) exp

(
α

∫ t

0

(
sup

y′∈BX(s)(R)
∥DF (y′)∥

)
ds

)

≤ |y1 − y2|α ∥DF∥Cα(BX(t)(R)) exp

(
α

∫ 1

0
∥DF∥Cα(BX(s)(R)) ds

)
. (2.29)

The term ∥A(t)∥ can by bounded by applying Grönwall’s inequality to (2.25) giving

∥A(t)∥ ≤ exp

(∫ t

0
∥DF (Y1(s))∥ ds

)
≤ exp

(∫ t

0

(
sup

y′∈BX(s)(R)
∥DF (y′)∥

)
ds

)

≤ exp

(∫ 1

0
∥DF∥Cα(BX(s)(R)) ds

)
. (2.30)

Finally, we can bound the third factor on the right-hand side of (2.27) by

exp

(∫ 1

t
∥DF (Y2(s))∥ ds

)
≤ exp

(∫ 1

t

(
sup

y′∈BX(s)(R)
∥DF (y′)∥

)
ds

)

≤ exp

(∫ 1

0
∥DF∥Cα(BX(s)(R)) ds

)
. (2.31)
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By inserting (2.29), (2.30) and (2.31) into (2.27), we get∥∥∥Φ1
(y1,ω)

− Φ1
(y2,ω)

∥∥∥
≤ |y1 − y2|α

∫ 1

0
∥DF∥Cα(BX(t)(R)) dt exp

(
(2 + α)

∫ 1

0
∥DF∥Cα(BX(t)(R)) dt

)
.

Since y1 and y2 are arbitrary points in Bx(ξ(ω, x), we get∣∣∣∣∣∣∣∣∣Φ1
(ω,•)

∣∣∣∣∣∣∣∣∣
α,Bx(ξ(ω,x))

≤
∫ 1

0
∥DF∥Cα(BX(ω,x,t)(R)) dt

exp

(
(2 + α)

∫ 1

0
∥DF∥Cα(BX(ω,x,t)(R)) dt

)
, (2.32)

where we again write X(ω, x, t) := X(t) = φtω(x), and it remains to check the log+-
integrability of the right-hand side of (2.32). For this, we may consider the two factors
separately. Recall that if (ω, x) is distributed according to µ̂, then for any fixed t the
term X(ω, x, t) is distributed according to µ. For the first factor in (2.32), we use
Jensen’s inequality to get∫

Ω×Rd

log

(∫ 1

0
∥DF∥Cα(BX(ω,x,t)(R)) dt

)
dµ̂(ω, x)

≤ log

(∫
Ω×Rd

∫ 1

0
∥DF∥Cα(BX(ω,x,t)(R)) dt dµ̂(ω, x)

)
= log

(∫ 1

0

∫
Ω×Rd

∥DF∥Cα(BX(ω,x,t)(R)) dµ̂(ω, x) dt

)
= log

(∫
Rd

∥DF∥Cα(Bx(R)) dµ̂(x)

)
<∞.

For the second factor in (2.32), we also get∫
Ω×Rd

∫ 1

0
∥DF∥Cα(BX(ω,x,t)(R)) dtdµ̂(ω, x)

=

∫ 1

0

∫
Ω×Rd

∥DF∥Cα(BX(ω,x,t)(R)) dµ̂(ω, x) dt

=

∫
Rd

∥DF∥Cα(Bx(R)) dµ(x) <∞,

completing the proof.
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Chapter 3

Noisy Stuart-Landau Oscillator

3.1 Main Result

In this chapter, we consider the random dynamical system induced by the SDE

dXt =

(
α −β
β α

)
Xt dt− |Xt|2

(
a −b
b a

)
Xt dt+ σ dWt, (3.1)

where α, β, b ∈ R and a, σ ∈ R>0 are real parameters. For σ = 0 and α > 0
the resulting ODE is called a Stuart-Landau oscillator and is used in the physical
literature as a model for systems that are close to supercritical Hopf bifurcation. In
the mathematical literature, the ODE (3.1) with σ = 0 is known as the normal form
for the supercritical Hopf bifurcation (cf. e.g. [CH82]) with the bifurcation occurring
for a = 0. The noisy version with σ > 0 we are considering here has been used, for
example, as a model for lasers [Wie09] and the qualitative behaviour of the induced
RDS has been studied [LY08; DNR11; Doa+18; ELR19a; CE23; Bax24]. As argued in
section 1.2, the RDS induced by (3.1) is expected to behave chaotically for sufficiently
large shear strength |b| ≫ 1.

Clearly, the SDE (3.1) is of the form (2.3) with F : R2 → R2 given by

F (x) =

(
α −β
β α

)
x− ∥x∥2

(
a −b
b a

)
x.

We let (θ, φ, τ⋆, τ
⋆) denote the induced local RDS, as constructed in section 2.1.4.

Since the condition of Proposition 2.1.13 is satisfied, for example with V (x) = |x|2,
the RDS φ admits a unique stationary distribution µ ∈ M1(R2) and is strongly
mixing. By explicit calculations (cf. [DNR11; Doa+18]) it can be checked that the
function m : R2 → (0,∞), given by

m(x) := Kα,a,σ exp

(
2α|x|2 − a|x|4

2σ2

)
,

satisfies the stationary Fokker-Planck equation (2.6), implying that µ(dx) = m(x) dx.
Here Kα,a,σ is the normalization constant ensuring that µ is indeed a probability
measure, which can be computed as1

Kα,a,σ :=
2
√
2a

√
πσ erfc(−α/

√
2aσ2)

.

1Here erfc denotes the complementary error function given by erfc(r) := 1− 2√
π

∫ r

0
e−s2 ds.
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Our goal is to study the qualitative behavior of the random dynamical system φ. A
first step in this direction has been achieved by Doan, Engel, Lamb, and Rasmussen
who proved the following result.

Theorem 3.1.1 ([Doa+18, Theorem A]). For all α, β, b ∈ R and a, σ ∈ R>0, the
RDS induced by (3.1) is strongly complete and admits a set attractor.

Thus, in order to characterize the qualitative behavior of φ, it remains to inves-
tigate whether φ is strongly and/or weakly synchronizing. It can be easily checked
that the vector field F satisfies the conditions of the Oseledets theorem (Theorem
2.3.2/2.3.15) and of the stable/unstable manifold theorem (Theorem 2.3.3/2.3.17).
Furthermore, the RDS φ is contracting on large sets as has been demonstrated in the
proof of [Doa+18, Proposition 4.3].

By Theorem 2.3.3, Corollary 2.3.5 and Theorem 2.3.11, the RDS φ exhibits the
following synchronization behavior, depending on the sign of the top Lyapunov ex-
ponent.

Proposition 3.1.2. Let λ1 denote the largest Lyapunov exponent of φ.

(i) If λ1 < 0, then φ is strongly synchronizing and thus also weakly synchronizing.

(ii) If λ1 > 0, then φ is not strongly synchronizing. If furthermore Conjecture
2.3.10 holds, then φ is not even weakly synchronizing. In the latter case, the
RDS φ has positive entropy [LY88].

It is thus crucial to study the largest Lyapunov exponent λ1 of φ. Of course, λ1
depends on the value of the parameters α, β, a, b and σ. To indicate this dependence,
we let λ : R×R×R>0×R×R≥0 → R be the function such that λ(α, β, a, b, σ) := λ1
is the largest Lyapunov exponent of the RDS induced by (3.1) with those parameters.
If the shear strength is small, the Lyapunov exponent is negative, as the following
result by Doan, Engel, Lamb, and Rasmussen shows.

Theorem 3.1.3 ([Doa+18, Theorem C]). Let α, β, b ∈ R and a, σ ∈ R>0 be parame-
ters satisfying

|b| ≤ a

√
πKα,a,σσ2

α+ πKα,a,σσ2

(
πKα,a,σσ2

α+ πKα,a,σσ2
+ 2

)
,

then λ(α, β, a, b, σ) < 0. In particular, φ is strongly synchronizing.

Despite numerical evidence [LY08; Wie09; DNR11], the question of whether a set
of parameters with λ(α, β, a, b, σ) > 0 exists had been open until the following result
was published by Engel and the author of this thesis. It establishes the possibility
of a positive Lyapunov exponent for noisy Stuart-Landau oscillators with large shear
and small noise.

Theorem A.1 ([CE23, Theorem A]). For all α, a, σ ∈ R>0 and β, b ∈ R, the largest
Lyapunov exponent λ of the system (3.1) satisfies

lim
ε→0

λ(α, β, a, ε−1b, εσ) = 2α Ξ

(
b2σ2

2α2a

)
. (3.2)

The function Ξ : [0,∞) → R can be given explicitly by equation (3.6) below. In
particular, there exists a constant C0 ≈ 3.45 such that

λ(α, β, a, ε−1b, εσ) > 0,
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whenever b2σ2 > 2C0α
2a and if ε > 0 is sufficiently small, depending on the values

of α, β, a, b and σ.

Sections 3.2 and 3.3 are dedicated to the derivation and proof of Theorem A.1.
After its publication in [CE23] this result has been improved by Baxendale in [Bax24],
who gave quantitative bounds for the largest Lyapunov exponent of a noisy Stuart-
Landau oscillator in the large shear, small noise case and in the large shear (and not
necessarily small noise) case.

3.2 Large shear/small noise limit: Formal derivation

We prove Theorem A.1 by showing that the SDE (3.1) approximates a simpler model
for a noisy limit cycle with shear. First, we give an overview of this simpler model,
which was first studied by Engel et al. [ELR19a] and is inspired by Lin and Young
[LY08]. We then provide a formal, non-rigorous derivation of Theorem A.1, which
shall serve as a guide for the rigorous proof given in section 3.3.

3.2.1 A bifurcation in the simplified model

As a slightly modified version of a model studied in [LY08], Engel et al. [ELR19a]
have investigated the SDEdŜ(t) = −α̂Ŝ(t)dt+ σ̂

[
sin
(
Ψ̂(t)

)
dŴ1(t) + cos

(
Ψ̂(t)

)
dŴ2(t)

]
,

dΨ̂(t) =
[
1− b̂Ŝ(t)

]
dt,

(3.3)

where (Ŝ(t)) is a real-valued process and (Ψ̂(t)) is an S1 := R/(2πZ)- valued process,
α̂, σ̂ ∈ R>0 are positive real parameters, b̂ ∈ R is a real parameter and (Ŵ1(t), Ŵ2(t))
are independent Brownian motions. Note that the parameters α̂, b̂ and σ̂ have roles
that are similar to their respective counterparts α, b and σ in equation (3.1). Based
on previous work by Imkeller and Lederer [IL01], it was shown in [ELR19a] that,
depending on the values of the parameters α̂, b̂ and σ̂, the top Lyapunov exponent
for (3.3) can attain both positive and negative values.

While the SDE (3.3) is not of the form discussed in section 2.1.4, it is nevertheless
possible to construct an RDS (θ, φ̂) such that for each Ŝ0 ∈ R and each Ψ̂0 ∈ S1

the stochastic process (Ŝ(t), Ψ̂(t)) := φ̂tω(Ŝ0, Ψ̂0) is a solution to (3.3) with initial
condition (Ŝ(0), Ψ̂(0)) = (Ŝ0, Ψ̂0) ([ELR19a], cf. also [Arn98, section 2.3]). The met-
ric dynamical system (Ω,F ,P, θ) over which φ̂ is a cocycle is the same as the one
constructed in section 2.1.4. We denote the derivative cocycle of φ̂ by

Φ̂t
(ω,Ŝ0,Ψ̂0)

:= Dφ̂tω(Ŝ0, Ψ̂0) ∈ R2×2.

It can be checked (e.g. by tools from [Hai21a]) that the induced Markov process
admits a unique stationary distribution κ given by

κ(dŜ,dΨ̂) :=

√
α

πσ2
e−

α
σ2 Ŝ

2

dŜ dΨ̂,

and that the integrability condition of the Oseledet Theorem (Theorem 2.3.2) is
satisfied [IL01; ELR19a]. To make the dependence of the Lyapunov exponents on the
parameters α̂, β̂ and σ̂ explicit, we introduce a function λ̂ : R>0 × R× R>0 → R by
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Figure 3.1: Typical trajectories (red) for (ŝ(t), ψ̂(t)), t ∈ [0, 10],

starting in (ŝ0, ψ̂0) = (0, 1), with parameters α̂ = b̂ = σ̂ = 1 (a) and

α̂ = b̂ = 1, σ̂ = 2 (b). The blue arrows indicate the drift field and the
green arrows the noise field. Note that for a) we have

ζ := b̂2σ̂2α̂−3 = 1 < C0, while for b) we have ζ = 4 > C0.

λ̂(α̂, b̂, σ̂) := λ1 = lim
t→∞

1

t
log
∥∥∥Φ̂t

(ω,Ŝ0,Ψ̂0)

∥∥∥ .
A useful tool for studying the top Lyapunov exponent of φ̂ is the variational process
given by (

ŝ(t)

ψ̂(t)

)
:= Φ̂t

(ω,Ŝ0,Ψ̂0)

(
ŝ0
ψ̂0

)
,

for some fixed initial condition (ŝ0, ψ̂0) ̸= (0, 0). This process satisfies the so-called
variational equation (see e.g. [Arn98, Theorem 2.3.32]), which in our case takes the
form {

dŝ(t) = −α̂ŝ(t) dt+ σ̂ψ̂(t) dŴ3(t),

dψ̂(t) = −b̂ŝ(t) dt,
(3.4)

obtained by differentiating the coefficients of the original SDE (3.3). Here, the process
(Ŵ3(t)) is given by

dŴ3(t) := cos
(
Ψ̂(t)

)
dŴ1(t)− sin

(
Ψ̂(t)

)
dŴ2(t).

By Levy’s criterion (cf. e.g. [RY99, Theorem IV.3.6], the process (Ŵ3(t)) is again a
Brownian motion.

Remark 3.2.1. Note that (Ŵ3(t)) does not only depend on ω but also on the initial
condition (Ŝ0, Ψ̂0) for the original equation (3.3). Thus, the process (ŝ(t), ψ̂(t)) also
depends not only on its own initial condition (ŝ0, ψ̂0), but also on (Ŝ0, Ψ̂0). However,
the law of (Ŵ3(t)) is always that of a Brownian motion, independently of (Ŝ0, Ψ̂0);
hence, the law of (ŝ(t), ψ̂(t)) also does not depend on (Ŝ0, Ψ̂0) (but of course still on
(ŝ0, ψ̂0)).

It follows from results in [IL01] that, for any initial condition (ŝ0, ψ̂0) ̸= (0, 0), we
almost surely have

λ̂(α̂, b̂, σ̂) = lim
t→∞

1

t
log

√
ŝ(t)2 + ψ̂(t)2. (3.5)
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Thus the Lyapunov exponent λ̂(α̂, b̂, σ̂) is fully determined by the law of the SDE
(3.4).

Remark 3.2.2. For every (Ŝ0, Ψ̂0) ∈ R × S1 and almost every ω ∈ Ω, there still
exists the Oseledets space E2(ω, Ŝ0, Ψ̂0) ⊂ R2 corresponding to the second Lyapunov
exponent λ2, for which

(ŝ0, ψ̂0) ∈ E2(ω, Ŝ0, Ψ̂0) ⇒ lim
t→∞

1

t
log

√
ŝ(t)2 + ψ̂(t)2 = λ̂2 < λ̂1 = λ̂(α̂, b̂, σ̂).

However, due to a result from [Imk98] based on Hörmander’s condition [Hör67;
Hai21b], one can show that the distribution of E2(·, Ŝ0, Ψ̂0) in the projective space
RP1 is atomless. Thus, for each fixed (Ŝ0, Ψ̂0, ŝ0, ψ̂0) we have for almost every ω ∈ Ω

(ŝ0, ψ̂0) /∈ E2(ω, Ŝ0, Ψ̂0),

allowing the equality (3.5) to hold.

One can make use of homogeneities of the system (3.4) to simplify the analysis
of the sign of the top Lyapunov exponent. Substituting ψ̂(t) 7→ cψ̂(t) for c > 0 gives
the identity

λ̂(α̂, cb̂, c−1σ̂) = λ̂(α̂, b̂, σ̂).

Similarly, substituting t 7→ ct gives (cf. [ELR19a, Proposition 3.2])

λ̂(cα̂, cb̂,
√
cσ̂) = cλ̂(α̂, b̂, σ̂).

Consequently, λ̂(α̂, b̂, σ̂) does only depend on the value of b̂2σ̂2α̂−3. In their work
[IL01], Imkeller and Lederer derive an explicit formula for λ̂(α̂, b̂, σ̂). To state this
formula, we first define for each ζ > 0 a density function mζ : R>0 → R≥0 by

mζ(u) := K̃−1
ζ

1√
u
exp

(
−1

ζ

(
1

6
u3 − 1

2
u

))
.

Here K̃ζ > 0 is a normalization constant given by

K̃ζ :=

∫ ∞

0

1√
u
exp

(
−1

ζ

(
1

6
u3 − 1

2
u

))
du.

Next, we define a function Ξ : R>0 → R by

Ξ(ζ) :=
1

2

(∫ ∞

0
umζ(u) du− 1

)
. (3.6)

Now one can give the following formula for the top Lyapunov exponent of the RDS
φ̂ induced by equation (3.3).

Theorem 3.2.3 ([IL01, Theorem 3], see also [ELR19a, Theorem 2.1]). For any initial
condition (ŝ(0), ψ̂(0)) ̸= (0, 0) the solution to (3.4) satisfies

lim
t→∞

1

t
log

(√
ŝ(t)2 + ψ̂(t)2

)
= λ̂(α̂, b̂, σ̂) = α̂ Ξ

(
b̂2σ̂2

α̂3

)
, almost surely.

In particular, this means that the sign of λ̂(α̂, b̂, σ̂) is determined by the sign of
Ξ(ζ), where ζ := b̂2σ̂2α̂−3. Engel et al. used this fact to show the following bifurcation
result.
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Theorem 3.2.4 ([ELR19a, Theorem 1.1]). The function Ξ : R>0 → R has a unique
zero at C0 ≈ 3.45. Furthermore, we have Ξ(ζ) < 0 for ζ < C0 and Ξ(ζ) > 0 for
ζ > C0. In particular, the top Lyapunov exponent of (3.3) satisfies

λ̂(α̂, b̂, σ̂)


> 0, if b̂2σ̂2α̂−3 > C0

= 0, if b̂2σ̂2α̂−3 = C0

< 0, if b̂2σ̂2α̂−3 < C0.

Remark 3.2.5. Our constant C0 ≈ 3.45 is different from the constant c0 ≈ 0.2823
from [ELR19a], but related by C0 := c−1

0 . This is due to a slight reformulation of the
statement.

3.2.2 A formal derivation of the large shear, small noise limit

Now we turn our attention again to the Hopf normal form with additive noise, which
we write as

dX(t) = F (X(t)) dt+ σ dW (t), (3.7)

where F : R2 → R2 is given by

F (x) :=

(
α −β
β α

)
x− |x|2

(
a −b
b a

)
x.

Recall that α, a and σ are positive real parameters, β and b are real parameters,
and (W (t))t∈R≥0

is a 2-dimensional Brownian motion. We consider a fixed tuple of
parameters α, β, a, b and σ for the time being. The SDE (3.7) is of the form treated
in section 2.1.4 and we let (θ, φ) denote the induced RDS. Furthermore, we denote
the derivative cocycle by (Φt(ω,x)) and the top Lyapunov exponent by

λ(α, β, a, b, σ) := λ1 = lim
t→∞

1

t
log
∥∥∥Φt(ω,x)∥∥∥ .

Analogously to the previous subsection, we introduce the variational process (Y (t))
defined by

[Y (ω)](t) := Φt(ω,x)y0

for some initial condition y0 ̸= (0, 0). The corresponding variational equation can be
derived from the ODE (2.21) for Φ and is given by

d

dt
Y (t) =[DF (X(t))]Y (t)

=

[(
α −β
β α

)
− |X(t)|2

(
a −b
b a

)
− 2

(
a −b
b a

)
X(t)X(t)T

]
Y (t). (3.8)

Here X(t) = φtω(x0) denotes the solution to (3.7) with initial condition X(0) = x0.
It was shown in [DNR11] that the top Lyapunov exponent can be expressed by the
almost-sure identity

λ(α, β, a, b, σ) = lim
t→∞

1

t
log ∥Y (t)∥, (3.9)

which holds independently of the chosen initial conditions x ∈ R2 and y ∈ R2 \ {0}.
One of the defining features of equation (3.7) is the rotational symmetry of the

drift term. Thus, it is reasonable to express the system in polar coordinates. Given
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a solution X(t) to (3.7), we consider the R≥0-valued process (r(t)) and the R/(2πZ)-
valued process (ϕ(t)) uniquely defined by(

X1(t)
X2(t)

)
= r(t)

(
cos(ϕ(t))
sin(ϕ(t))

)
, ∀t ≥ 0. (3.10)

Proposition 3.2.6. The processes (r(t)) and (ϕ(t)) satisfy the Itô-SDEs
dr(t) =

(
αr(t)− ar(t)3 +

σ2

2r(t)

)
dt+ σ [cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t)] ,

dϕ(t) =
(
β − br(t)2

)
dt+

σ

r(t)
[− sin(ϕ(t)) dW1(t) + cos(ϕ(t)) dW2(t)] .

(3.11)

Proof. See appendix A.2. The same derivation can also be found in [DNR11].

We now introduce two real-valued processes (Wr(t)) and (Wϕ(t)) uniquely defined
by Wr(0) =Wϕ(0) = 0 and the Itô-SDEs{

dWr(t) = cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t),

dWϕ(t) =− sin(ϕ(t)) dW1(t) + cos(ϕ(t)) dW2(t).

Again, using Levy’s criterion (see e.g. [RY99, Theorem IV.3.6]), it can be easily
checked that (Wr(t)) and (Wϕ(t)) are independent Brownian motions. We can now
rewrite (3.11) as

dr(t) =

(
αr(t)− ar(t)3 +

σ2

2r(t)

)
dt+ σ dWr(t)

dϕ(t) =
(
β − br(t)2

)
dt+

σ

r(t)
dWϕ(t).

(3.12)

We also conduct a change of coordinates for the variational process (Y (t)). In order
to simplify the equation, we express (Y (t)) in an orthonormal basis that is adjusted
to the polar representation of X(t) (see Fig. 3.2). For that purpose, we introduce
two real-valued processes (s(t)) and (ϑ(t)) given by

s(t) :=

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t)

and

ϑ(t) :=

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t).

Clearly the norm is unchanged, i.e. we have

|Y (t)| =
√
Y1(t)2 + Y2(t)2 =

√
s(t)2 + ϑ(t)2,

for all t ≥ 0. Due to the rotational symmetry of our original system (3.7), this basis
change also simplifies the stochastic differential equations for the variational process.

Proposition 3.2.7. The processes (s(t)) and (ϑ(t)) satisfy the Stratonovich SDEs
ds(t) =

(
α− 3ar(t)2

)
s(t) dt+

σ

r(t)
ϑ(t) ◦ dWϕ(t)

dϑ(t) =
(
α− ar(t)2

)
ϑ(t) dt− 2br(t)2s(t) dt− σ

r(t)
s(t) ◦ dWϕ(t).

(3.13)
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0

ϕ(t)

Z1(t)

Z2(t)
r(t)

Y1(t)

Y2(t)

s(t)

ϑ(t)

Z(t)

Y (t)

Figure 3.2: Geometric construction of the different coordinates
used. The processes (r(t)) and (ϕ(t)) are the usual polar coordinates
for (X(t)). Formally, the variational process (Y (t)) has values
Y (t) ∈ TX(t)R2 ≃ R2, where TR2 denotes the (trivial) tangent bundle
of R2. Now the pair (s(t), ϑ(t)) expresses the same point in TX(t)R2

in a time-dependent orthonormal basis. In particular the process
(s(t)) describes radial perturbations of X(t), while (ϑ(t)) describes
angular perturbations of X(t).

Proof. See appendix A.3.

Note that the SDE is given in Stratonovich form, which is used throughout the
rest of the chapter whenever it is convenient, as is the case here. Recall that we are
interested in studying the large shear, small noise limit. To that end, we consider
from now on fixed real parameters α, β, a, b′ and σ′, with α, a and σ′ positive, and
set b := ε−1b′ and σ = εσ′, allowing us to investigate the limit ε → 0. The main
object of interest for our analysis is the joint law of the processes (s(t)) and (ϑ(t))
since it determines the Lyapunov exponent via (3.9). Note that the process (ϕ(t))
only enters the right-hand side of (3.13) indirectly through (Wϕ(t)). However, by a
similar argument to the one made in Remark 3.2.1, the law of (s(t), ϑ(t)) does only
depend on their initial values (s(0), ϑ(0)) and the law of (r(t)). Since the equation
for (r(t)) in (3.12) also does not depend on ϕ(t), the law of (s(t), ϑ(t)) can be studied
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via the following “self-contained” system of SDEs.

dr(t) =

(
αr(t)− ar(t)3 +

ε2σ′2

2r(t)

)
dt+ εσ′ ◦ dWr(t)

ds(t) =
(
α− 3ar(t)2

)
s(t) dt+

εσ′

r(t)
ϑ(t) ◦ dWϕ(t)

dϑ(t) =
(
α− ar(t)2

)
ϑ(t) dt− 2ε−1b′r(t)2s(t) dt− εσ′

r(t)
s(t) ◦ dWϕ(t).

(3.14)

At the moment taking a limit ε → 0 is, even formally, not possible due to the
presence of a term ε−1 in the last equation. To circumvent this problem, we rescale
the process (ϑ(t)) by introducing the real-valued process (ψ(t)) as

ψ(t) := εϑ(t), for all t ≥ 0.

This allows us to rewrite (3.14) as

dr(t) =

(
αr(t)− ar(t)3 +

ε2σ′2

2r(t)

)
dt+ εσ′ ◦ dWr(t)

ds(t) =
(
α− 3ar(t)2

)
s(t)dt+

σ′

r(t)
ψ(t) ◦ dWϕ(t)

dψ(t) =
(
α− ar(t)2

)
ψ(t)dt− 2b′r(t)2s(t)dt− ε2σ′

r(t)
s(t) ◦ dWϕ(t).

(3.15)

Note that, due to the estimate

ε
√
s(t)2 + ϑ(t)2 ≤

√
s(t)2 + ψ(t)2 ≤

√
s(t)2 + ϑ(t)2, (3.16)

which holds for all ε ≤ 1, we still have

λ(α, β, a, b, σ) := lim
t→∞

1

t
log (∥Y (t)∥)

= lim
t→∞

1

t
log
(√

s(t)2 + ϑ(t)2
)

= lim
t→∞

1

t
log
(√

s(t)2 + ψ(t)2
)
. (3.17)

In equation (3.15), we can now set ε = 0, at least formally. This leaves us with
dr(t) =

(
αr(t)− ar(t)3

)
dt

ds(t) =
(
α− 3ar(t)2

)
s(t)dt+

σ′

r(t)
ψ(t) ◦ dWϕ(t)

dψ(t) =
(
α− ar(t)2

)
ψ(t)dt− 2b′r(t)2s(t)dt.

In this singular limit, the equation for r(t) is a purely deterministic ODE, which has a
globally exponentially stable equilibrium at r̂ :=

√
αa−1. Since we are only interested

in the asymptotic behavior as t tends to infinity, we may furthermore formally set
r(t) = r̂, yielding 

ds(t) = −2αs(t) dt+ σ′
√
a

α
ψ(t) ◦ dWϕ(t),

dψ(t) = −2
αb′

a
s(t) dt.

(3.18)
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Note that after setting

α̂ := 2α, σ̂ := σ′
√
a

α
and b̂ := 2

αb′

a
,

equation (3.18) has the same form as the variational equation (3.4) studied in section
3.2.1 (note that Itô and Stratonovich integrals coincide here). This means that the law
of the process (s(t), ψ(t)) evolving under (3.18) and the law the process (ŝ(t), ψ̂(t))
evolving under (3.4) are identical. Therefore, by Theorem 3.2.3, the solutions to
(3.18) almost surely satisfy

lim
t→∞

1

t
log
(√

s(t)2 + ψ(t)2
)
= α̂ Ξ

(
b̂2σ̂2

α̂3

)
= 2α Ξ

(
b′2σ′2

2α2a

)
(3.19)

for all initial conditions (s(0), ψ(0)) ̸= (0, 0). It is thus reasonable to believe that

lim
ε→0

λ(α, β, a, ε−1b′, εσ′) = 2α Ξ

(
b′2σ′2

2α2a

)
should hold. Indeed it does, as we prove in the following section.

Remark 3.2.8. The crucial step in this formal derivation is the coordinate change
from (s, ϑ) to (s, ψ). Since this is a non-orthonormal change of coordinates of the
tangent-bundle TR2, it may also be interpreted as a change in the metric tensor, and
thereby the geometry of the manifold R2. In particular, the change ϑ 7→ ψ := εϑ
has the effect of shortening (assuming ε < 1) distances in the angular direction,
i.e. along circles centered at the origin, while preserving distances in the radial di-
rection, i.e. along straight lines through the origin. This precisely corresponds to the
geometry of a cone. Now, taking the limit ε→ 0 has the effect of reducing the angle at
the apex of the cone to 0 or equivalently sending the apex to infinity. Geometrically,
this results in a cylinder, which is precisely the state space for the simplified model
(3.3). The singularity at the origin, which arises through the coordinate change for
ε < 1, foreshadows an obstacle (cf. section 3.3.4) that is dealt with in the rigorous
proof presented in the remainder of this chapter.

3.3 Large shear/small noise limit: Rigorous proof

The goal of this section is to rigorously prove the large shear, small noise limit behav-
ior, derived formally in the previous section, thereby proving Theorem A.1. A crucial
challenge is that, in general, Lyapunov exponents do not depend continuously on the
underlying system (cf. [Via20] for a survey). In the case of random systems, how-
ever, continuity of Lyapunov exponents can be shown under fairly general conditions
[FK83; You86]. The main technique is to express the top Lyapunov exponent as an
integral against the stationary distribution of an auxiliary process on the projective
bundle, by the so-called Furstenberg-Khasminskii formula.

In order to make the dependence on ε explicit, we denote the processes (r(t), s(t), ψ(t))
by (rε(t), sε(t), ψε(t)). With this notation, we rewrite equation (3.15) as

drε(t) =

(
αrε(t)− arε(t)

3 +
ε2σ′2

2rε(t)

)
dt+ εσ′ ◦ dWr(t)

d

(
sε(t)

ψε(t)

)
= A(1)(rε(t), ε)

(
sε(t)

ψε(t)

)
dt+A(2)(rε(t), ε)

(
sε(t)

ψε(t)

)
◦ dWϕ(t)

(3.20)
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where the matrix-valued functions A(i) : R>0 × R≥0 → R2×2, i = 1, 2, are given by

A(1)(r, ε) :=

(
α− 3ar2 0
−2b′r2 α− ar2

)
, A(2)(r, ε) :=

(
0 σ′r−1

−ε2σ′r−1 0

)
. (3.21)

We also rewrite the variational equation (3.4) of model (3.3) as

d

(
ŝ(t)

ψ̂(t)

)
= A(1)(r̂, 0)

(
ŝ(t)

ψ̂(t)

)
dt+A(2)(r̂, 0)

(
ŝ(t)

ψ̂(t)

)
◦ dŴ3(t), (3.22)

where r̂ :=
√
αa−1 is constant.

Remark 3.3.1. Due to the singularity at r = 0, this process resists treatment by
standard results in a lot of cases. The first instance of this appears in Lemma 3.3.9,
where the lack of Lipschitz continuity prohibits the use of classical results. For the
final proof, even more explicit estimates for the neighborhood of r = 0 are required.
These are obtained in Lemma 3.3.11.

3.3.1 Auxiliary processes for Furstenberg-Khasminskii formula

The Furstenberg-Khasminskii formula is a way to express the top Lyapunov expo-
nent via an integral against the stationary distribution of an induced process on the
projective bundle. We will use the processes ψ and Λ, introduced generally in the
following lemma, to work with such a formula in convenient coordinates.

Lemma 3.3.2. Let (w(t)) be a semimartingale with values in some open set D ⊂ R,
let B(i) : D → R2×2, i = 1, 2, be smooth matrix-valued functions and let (v(t)) be an
(R2 \ {0})-valued stochastic process satisfying the SDE

dv(t) = B(1)(w(t))v(t) dt+B(2)(w(t))v(t) ◦ dW (t).

Consider the processes

γ(t) := 2 tan−1

(
v2(t)

v1(t)

)
, Λ(t) := log

(√
v1(t)2 + v2(t)2

)
.

Then (γ(t)) and (Λ(t)) satisfy the SDEs

dγ(t) =p1(w(t), γ(t))dt+ p2(w(t), γ(t)) ◦ dW (t),

dΛ(t) =q1(w(t), γ(t))dt+ q2(w(t), γ(t)) ◦ dW (t),

where the functions pi, qi : D × S1 → R, i = 1, 2 are given by

pi(w, γ) =B
(i)
2,1(w)(1 + cos(γ))−B

(i)
1,2(w)(1− cos(γ)) +

(
B

(i)
2,2(w)−B

(i)
1,1(w)

)
sin(γ)

qi(w, γ) =B
(i)
1,1(w)(1 + cos(γ)) +B

(i)
2,2(w)(1− cos(γ)) +

(
B

(i)
1,2(w) +B

(i)
2,1(w)

)
sin(γ).

Proof. See appendix A.4.

Remark 3.3.3. A similar statement is given in [IL01, Equations (5) and (6)], with
a slightly different parametrization of the projective space RP1 ≃ S1, leading to
different expressions.
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In the spirit of Lemma 3.3.2 we define, for each ε ≥ 0, an (R/2πZ)-valued process
(γε(t)) and an R>0-valued process (Λε(t)) by

γε(t) := 2 tan−1

(
ψε(t)

sε(t)

)
, Λε(t) := log

(√
ψε(t)2 + sε(t)2

)
,

as well as an (R/2πZ)-valued process (γ̂(t)) and an R>0-valued process (Λ̂(t)) by

γ̂(t) := 2 tan−1

(
ψ̂(t)

ŝ(t)

)
, Λ̂(t) := log

(√
ψ̂(t)2 + ŝ(t)2

)
.

Here, the values of γε and γ̂ should be seen as a parametrization of the projective
space RP1 ≃ S1 by [−π, π). Indeed, our definition implies(

sε(t)
ψε(t)

)
∈ Span

{(
cos(12γε(t))
sin(12γε(t))

)}
,

(
ŝ(t)

ψ̂(t)

)
∈ Span

{(
cos(12 γ̂(t))
sin(12 γ̂(t))

)}
.

The values of (t−1Λε(t)) and (t−1Λ̂(t)) are commonly called finite time Lyapunov
exponents in the literature. Note that, by (3.17), we have

lim
t→∞

1

t
Λε(t) = λ(α, β, a, ε−1b′, εσ′), (3.23)

for each ε > 0 and, by (3.19), we have

lim
t→∞

1

t
Λ̂(t) = λ̂(α̂, b̂, σ̂) = 2α Ξ

(
b′2σ′2

2α2a

)
.

Recalling (3.20) and (3.21), we introduce the functions gi, hi : R>0 × S1 × R≥0 → R,
i = 1, 2, by

gi(r, γ, ε) := A
(i)
2,1(r, ε)(1 + cos(γ))−A

(i)
1,2(r, ε)(1− cos(γ)) + (A

(i)
2,2(r, ε)−A

(i)
1,1(r, ε)) sin(γ),

hi(r, γ, ε) := A
(i)
1,1(r, ε)(1 + cos(γ)) +A

(i)
2,2(r, ε)(1− cos(γ)) + (A

(i)
1,2(r, ε) +A

(i)
2,1(r, ε)) sin(γ),

(3.24)
and the functions g3, h3 : R>0 × S1 × R≥0 → R by

g3(r, γ, ε) :=g1(r, γ, ε) +
1

2
g2(r, γ, ε) ∂γg2(r, γ, ε),

h3(r, γ, ε) :=h1(r, γ, ε) +
1

2
g2(r, γ, ε) ∂γh2(r, γ, ε).

Proposition 3.3.4. The processes (γε(t)) and (Λε(t)) satisfy the SDEsdrε(t) =

(
αrε(t)− arε(t)

3 +
ε2σ′2

2rε(t)

)
dt+ εσ′dWr(t)

dγε(t) = g3(rε(t), γε(t), ε)dt+ g2(rε(t), γε(t), ε)dWϕ(t),
(3.25)

dΛε(t) = h3(rε(t), γε(t), ε)dt+ h2(rε(t), γε(t), ε)dWϕ(t).

The processes (γ̂(t)) and (Λ̂(t)) satisfy the SDEs

dγ̂(t) = g3(r̂, γ̂(t), 0)dt+ g2(r̂, γ̂(t), 0)dŴ3(t), (3.26)

dΛ̂(t) = h3(r̂, γ̂(t), 0)dt+ h2(r̂, γ̂(t), 0)dŴ3(t).
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Proof. The equations follow directly by applying Lemma 3.3.2 and the Itô-Stratonovich
correction formula. Here, we make use of the fact that the quadratic covariation be-
tween the semimartingales (rε(t)) and (Wϕ(t)) vanishes since (rε(t)) is only driven
by the Brownian motion (Wr(t)), which is independent of (Wϕ(t)).

For technical reasons, we will also have to consider the logarithm of the norm of
the variational process in the original coordinates (s(t), ϑ(t)). For that purpose, we
rewrite the SDE for (s(t)) and (ϑ(t)) given in (3.14) as

d

(
sε(t)
ϑε(t)

)
= Ã(1)(rε(t), ε)

(
sε(t)
ϑε(t)

)
dt+ Ã(2)(rε(t), ε)

(
sε(t)
ϑε(t)

)
◦ dWϕ(t), (3.27)

where the matrix-valued functions Ã(i) : R>0 × R>0 → R2×2, with i = 1, 2 are given
by

Ã(1)(r, ε) :=

(
α− 3ar2 0
−2ε−1b′r2 α− ar2

)
, Ã(2)(r, ε) :=

(
0 εσ′r−1

−εσ′r−1 0

)
. (3.28)

Remark 3.3.5. Note that while the SDE (3.20) is well-defined for ε ≥ 0, the SDE
(3.27) is only well-defined for ε > 0. This is precisely the motivation for mainly
considering the coordinates (sε, ψε), rather than (sε, ϑε).

Similarly to our previous definitions, we set

γ̃ε(t) := 2 tan−1

(
ϑε(t)

sε(t)

)
, Λ̃ε(t) := log

(√
ϑε(t)2 + sε(t)2

)
.

Note that (3.16) implies
|Λ̃ε(t)− Λε(t)| ≤ − log(ε), (3.29)

for sufficiently small ε > 0. In addition, we define the functions g̃i, h̃i : S
1 × R>0 ×

R>0 → R, i = 1, 2, by

g̃i(γ, r, ε) :=Ã
(i)
2,1(r, ε)(1 + cos(γ))− Ã

(i)
1,2(r, ε)(1− cos(γ)) + (Ã

(i)
2,2(r, ε)− Ã

(i)
1,1(r, ε)) sin(γ),

h̃i(γ, r, ε) :=Ã
(i)
1,1(r, ε)(1 + cos(γ)) + Ã

(i)
2,2(r, ε)(1− cos(γ)) + (Ã

(i)
1,2(r, ε) + Ã

(i)
2,1(r, ε)) sin(γ),

(3.30)

and a function g̃3 : S
1 × R>0 × R>0 → R by

g̃3(r, γ, ε) := g̃1(r, γ, ε) +
1

2
g̃2(r, γ, ε) ∂γ g̃2(r, γ, ε).

Remark 3.3.6. Note that we have h̃2(r, γ, ε) = 0, for all r,γ and ε. This is precisely
the case if and only if Ã(2)(r, ε) ∈ so(2), where so(2) denotes the Lie-algebra of the
Lie-group SO(2) and is explicitly given by

so(2) =

{(
0 t
−t 0

)
: t ∈ R

}
.

Since h̃2 = 0, it is not necessary to define a function h̃3.

Now, completely analogous to Proposition 3.3.4, we can obtain the following SDEs
for (γ̃ε) and (Λ̃ε(t)).
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Proposition 3.3.7. The processes (γ̃ε(t)) and (Λ̃ε(t)) satisfy the SDEsdrε(t) =

(
αrε(t)− arε(t)

3 +
ε2σ′2

2rε(t)

)
dt+ εσ′dWr(t)

dγ̃ε(t) = g̃3(rε(t), γ̃ε(t), ε)dt+ g̃2(rε(t), γ̃ε(t), ε)dWϕ(t),

dΛ̃ε(t) = h̃1(rε(t), γε(t), ε)dt.

The precise shape of the functions h̃1 and hi, gi, , g̃i, i = 1, 2, 3, will not be impor-
tant for the remainder of this section. Instead, we will only utilize their continuity
and certain bounds on their growth. We will use the notation ”• ≲ ◦“, meaning
”There exists a constant C, possibly depending on α, β, a, b′ and σ′, but not on r, γ or
ε, such that • ≤ C◦ holds“. The relevant bounds can be formulated in the following
way.

Lemma 3.3.8. The following estimates hold.

(i) |h2(r, γ, ε)| ≲ 1 + ε−2r−1.

(ii) |h3(r, γ, ε)| ≲ 1 + r2 + ε−4r−2.

(iii) |h̃1(r, γ, ε)| ≲ 1 + ε−1r2.

Proof. From the definitions (3.21) and (3.28) we get the estimates

∥A(1)(r, ε)∥ ≲ 1 + r2, ∥A(2)(r, ε)∥ ≲ 1 + ε−2r−1, ∥Ã(1)(r, ε)∥ ≲ 1 + ε−1r2.

Here, it is most convenient to think of ∥ · ∥ as the maximum-norm on R2×2; however,
all statements hold independently of the norm chosen. Plugging this into (3.24) and
(3.30) respectively yields

|h1(r, γ, ε)| ≲ 1 + r2, |g2(r, γ, ε)| ≲ 1 + ε−2r−1, |h2(r, γ, ε)| ≲ 1 + ε−2r−1,

|∂γh2(r, γ, ε)| ≲ 1 + ε−2r−1, |h̃1(r, γ, ε)| ≲ 1 + ε−1r2.

Finally, we obtain

|h3(r, γ, ε)| ≤ |h1(r, γ, ε)|+ |g2(r, γ, ε)| |∂γh2(r, γ, ε)|

≲ 1 + r2 +
(
1 + ε−2r−1

)2
≲ 1 + r2 + ε−4r−2.

This finishes the proof.

3.3.2 Stationary measures

We briefly recall some notation from chapter 2. Let X be a topological space. We
will denote by B(X ) the Banach space of bounded measurable functions on X and
by Cb(X ) the Banach space of bounded continuous functions on X , both equipped
with the supremum norm. Furthermore, we denote the set of probability measures
by M1(X ) on X , and the push-forward associated with some map m : X → Y by
m∗ : M1(X ) → M1(Y) . We say that a sequence of measures (νn)n∈N in M1(X )
converges weakly to some measure ν ∈ M1(X ), if for each u ∈ Cb(X ) we have

lim
n→∞

∫
X
u(x) dνn(x) =

∫
X
u(x) dν(x).
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The SDE for (rε(t), γε(t)) (cf. equation (3.25)) induces a Markov process on R>0×S1,
for each ε ≥ 0. We will denote the time-1 transition operator of this Markov process
by Pε : B(R>0 × S1) → B(R>0 × S1), i.e.

Pεu(r, γ) := Erε(0)=r, γε(0)=γ [u(rε(1), γε(1))] .

We denote its dual operator by P∗
ε : M1(R>0×S1) → M1(R>0×S1). Analogously, we

introduce the time-1 transition operator P̂ : B(S1) → B(S1) of the Markov process
induced by the SDE for γ̂ (cf. equation (3.26)), and its dual P̂∗ : M1(S

1) → M1(S
1).

An operator P : B(X ) → B(X ) has the Feller property, if it can be restricted to an
operator P : Cb(X ) → Cb(X ).

Lemma 3.3.9. The following holds.

(i) Let u ∈ Cb(R>0 × S1). Then the map P•u : (r, γ, ε) 7→ (Pεu) (r, γ) is in
Cb(R>0 × S1 × R≥0).

(ii) For each ε ≥ 0, the operator Pε : B(R>0 × S1) → B(R>0 × S1) has the Feller
property.

(iii) The operator P̂ : B(S1) → B(S1) has the Feller property.

Proof. (i): The boundedness of P•u follows directly from the boundedness of u. Thus,
we only have to show continuity. Without loss of generality, we fix some ε∗ > 0 and
henceforth only consider ε ∈ [0, ε∗]. Next we amend the SDE (3.25) by dε(t) = 0, i.e.
we consider the SDE

dr′(t) =
(
αr′(t)− ar′(t)3 + ε′(t)2σ′2

2r′(t)

)
dt+ ε′(t)σ′dW ′

1(t)

dγ′(t) = g3(r
′(t), γ′(t), ε′(t))dt+ g2(r

′(t), γ′(t), ε′(t))dW ′
2(t)

dε′(t) = 0

(3.31)

on the state space (r′, γ′, ε′) ∈ R>0 × S1 × [0, ε∗], where (W ′
1(t),W

′
2(t)) is a two-

dimensional Brownian motion. Since (r′(t)) has the same law as (rε0(t)) with ε0 =
ε′(0), there is almost surely no blow-up in finite time and global (in time) solutions
of (3.31) exist. Let

(r′r0,γ0,ε0(t), γ
′
r0,γ0,ε0(t), ε

′
r0,γ0,ε0(t))(r0,γ0,ε0)∈R>0×S1×[0,ε∗], t∈[0,1], (3.32)

be a solution to the SDE (3.31) with

(r′r0,γ0,ε0(0), γ
′
r0,γ0,ε0(0), ε

′
r0,γ0,ε0(0)) = (r0, γ0, ε0).

We want to show that the process (3.32) has a modification which is continuous in
r0, γ0 and ε0. For each n ∈ N we define the waiting time τn(r0, γ0, ε0) by

τn(r0, γ0, ε0) := inf
{
t ∈ [0, 1] : r′r0,γ0,ε0(t) /∈

[
n−1, n

]}
and consider the stopped process

(r(n)r0,γ0,ε0(t), γ
(n)
r0,γ0,ε0(t), ε

(n)
r0,γ0,ε0(t)) := (r′r0,γ0,ε0 , γ

′
r0,γ0,ε0 , ε

′
r0,γ0,ε0)(t ∧ τn(r0, γ0, ε0)).

(3.33)
Note that we have, for any n,m ∈ N,

(r(n)r0,γ0,ε0(t), γ
(n)
r0,γ0,ε0(t), ε

(n)
r0,γ0,ε0(t)) = (r(m)

r0,γ0,ε0(t), γ
(m)
r0,γ0,ε0(t), ε

(m)
r0,γ0,ε0(t)) (3.34)
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for all t ≤ 1 ∧ τn(r0, γ0, ε0) ∧ τm(r0, γ0, ε0). The drift and diffusion coefficients of
(3.31) are smooth and thus bounded and Lipschitz continuous on the restricted state
space Γn := [n−1, n] × S1 × [0, ε∗]. Therefore we can use [RY99, Theorem IX.2.4]
to find a modification of (3.33) which is continuous in r0, γ0 and ε0. Since any two
continuous modifications are necessarily indistinguishable, the equality (3.34) does
still hold almost surely. Now we can define a modification of (3.32) by

(r′r0,γ0,ε0(t), γ
′
r0,γ0,ε0(t), ε

′
r0,γ0,ε0(t)) := lim

n→∞
(r(n)r0,γ0,ε0(t), γ

(n)
r0,γ0,ε0(t), ε

(n)
r0,γ0,ε0(t)).

Since the sequence on the right-hand side restricted to (r0, γ0, ε0) ∈ Γm is almost
surely eventually constant for each m ∈ N, this does indeed define a modification of
(3.32) which is continuous in r0, γ0 and ε0.

Note that (r′r0,γ0,ε0(t), γ
′
r0,γ0,ε0(t)) has the same law as the solution (rε0(t), γε0(t))

of (3.25) with initial conditions rε0(0) = r0 and γε0(0) = γ0. Thus, we get

(Pεu) (r, γ) = Erε(0)=r, γε(0)=γ [u(rε(1), γε(1))] = E
[
u
(
r′r,γ,ε(1), r

′
r,γ,ε(1)

)]
and continuity of P•u follows from the dominated convergence theorem.

(ii): Let again u ∈ Cb(R>0×S1). Since by i) the map P•u : (r, γ, ε) 7→ (Pεu) (r, γ)
is in Cb(R>0 × S1 × R≥0), we have, in particular, that Pεu : (r, γ) 7→ (Pεu) (r, γ) is
in Cb(R>0 × S1) for each ε, implying the Feller property.

(iii): Note that the functions g3(r̂, ·, 0), g2(r̂, ·, 0) : S1 → R appearing in equation
(3.26) are smooth functions defined on a compact domain and thus, in particular,
bounded and Lipschitz-continuous. Thus, the Feller property of P̂ follows directly
from [RY99, Theorem IX.2.5].

In the following, let ΠR>0 : R>0×S1 → R>0 and ΠS1 : R>0×S1 → S1 denote the
projections onto the first and second component, respectively. Firstly, we establish
the existence and uniqueness of stationary measures for the respective processes.

Proposition 3.3.10. The following holds.

(i) For each ε > 0, there exists a unique measure ρε ∈ M1(R>0 × S1) with P∗
ε ρε =

ρε. Its marginal on the r-coordinate Π∗
R>0

ρε ∈ M1(R>0) has a density ξε :
R>0 → R≥0 with respect to Lebesgue measure given by

ξε(r) := Lεr exp
(
− a

2ε2σ′2
(
r2 − r̂2

)2)
, (3.35)

where Lε ≥ 0 is a normalization constant given by

Lε :=

∫ ∞

0
r exp

(
− a

2ε2σ′2
(
r2 − r̂2

)2)
dr =

2
√
2a

√
πεσ′ erfc

(
− α
εσ′

√
2a

) ,
with erfc denoting the complementary error function.

(ii) The exists a unique measure ρ̂ ∈ M1(S
1) with P̂∗ρ̂ = ρ̂.

(iii) The measure ρ0 = δr̂ × ρ̂ ∈ M1(R>0 × S1) is the unique measure satisfying
P∗
0ρ0 = ρ0.

Proof. For (i), we start by establishing the existence of a stationary measure. One can
easily check that, for each ε > 0, the function ξε satisfies the stationary Fokker-Planck
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equation

0 = −∂r
[(
αr − ar3 +

ε2σ′2

2r

)
ξε(r)

]
+
ε2σ′2

2
∂2r ξε(r)

and ξε(r)dr ∈ M1(R>0) is thus a stationary distribution for the process (rε(t)). Next
we can consider the family of probability measures Aε ⊂ M1(R>0 × S1), defined by

Aε =
{
ρ ∈ M1(R>0 × S1) : Π∗

R>0
ρ(dr) = ξε(r)dr

}
.

Since ξε(r)dr is stationary, Aε is P∗
ε forward-invariant, i.e. we have P∗

εAε ⊆ Aε.
Furthermore, with respect to the topology of weak convergence, Aε is convex and
closed by definition and tight since ξε(r)dr is tight and S1 is compact. Starting from

an arbitrary ρ
(0)
ε ∈ Aε, we can construct a sequence

(
ρ
(n)
ε

)
n∈N0

by

ρ(n)ε =
1

n+ 1

n∑
k=0

(P∗
ε )
k ρ(0)ε .

By invariance and convexity of Aε, we have ρ
(n)
ε ∈ Aε for all n ∈ N0. By Prokhorov’s

theorem, the sequence has an accumulation point ρε with respect to the topology
of weak convergence, which must lie in Aε due to closedness. Analogously to the
proof of the Krylov-Bogolyubov theorem (see e.g. [Hai21a, Theorem 1.10]), we can
conclude that P∗

ε ρε = ρε. Uniqueness follows directly from the uniform ellipticity of
the associated generator (see e.g. [Tan+20, section 3] for details).

For (ii), both existence and uniqueness were already established in [IL01], by
using the Krylov-Bogolyubov theorem for existence and Hörmander’s theorem for
uniqueness.

For (iii), it is easy to check that ρ0 = δr̂ × ρ̂ satisfies P∗
0ρ0 = ρ0. Thus it only

remains to show that ρ0 is the unique stationary measure. Suppose we are given a
measure ρ′0 ∈ M1(R>0 × S1) with P∗

0ρ
′
0 = ρ′0. Since the process (r0(t)) is governed

by the ODE
dr0(t) =

(
αr0(t)− ar0(t)

3
)
dt,

we must have Π∗
R>0

ρ′0 = δr̂. Furthermore, if we set r0(t) = r̂ for all t ≥ 0, the process
(γ0(t)) is governed by the same equation as (γ̂(t)). Therefore, it follows from ii) that
Π∗
S1ρ

′
0 = ρ̂ and, thus, ρ′0 = δr̂ × ρ̂ = ρ0.

We will now prove two lemmas that will be essential for our proof of Theorem A.1,
using properties of the stationary measures established in Proposition 3.3.10. The
first lemma gives a concentration bound for the measure ξε(r)dr for sufficiently small
ε.

Lemma 3.3.11. Let f : R>0 → R be a function that satisfies |f(r)| ≲ 1 + r−1 + rk

for some k ∈ N. Then f ∈ L1
ξε
, for all ε > 0. Furthermore, if there exists an open

neighborhood U ⊂ R>0 of r̂ with f(r) = 0 for all r ∈ U , then the bound∣∣∣∣∫ ∞

0
f(r)ξε(r) dr

∣∣∣∣ ≤ exp

(
−1

ε

)
holds for sufficiently small ε > 0.
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Proof. To show these statements we will make use of the substitution p := r2 and
will write f̃(p) := f(r) = f(

√
p). Firstly, we observe that∫ ∞

0
|f(r)|ξε(r)dr =

∫ ∞

0
|f(r)|Lεr exp

(
− a

2ε2σ′2
(
r2 − r̂2

)2)
dr

=
Lε
2

∫ ∞

0
|f̃(p)| exp

(
− a

2ε2σ′2
(
p− r̂2

)2)
dp

=

√
πεσ′√
2a

LεEp∼N (r̂2,ε2σ′2a−1)

[
|f̃(p)|

]
=

2

erfc
(
− α
εσ′

√
2a

)Ep∼N (r̂2,ε2σ′2a−1)

[
|f̃(p)|

]
,

where N (r̂2, ε2σ′2a−1) denotes a normal distribution with mean r̂2 and variance
ε2σ′2a−1 and we interpret f̃ as a function defined on the entire real line by set-
ting f̃(p) := 0 for p ≤ 0. Since the complementary error function always takes values
larger than 1 for negative arguments, we get the bound∫ ∞

0
|f(r)|ξε(r)dr ≤ 2Ep∼N (r̂2,ε2σ′2a−1)

[
|f̃(p)|

]
.

Therefore, in order to show f ∈ L1
ξε
, it is sufficient to show f̃ ∈ L1

N (r̂2,ε2σ′2a−1).

Suppose f satisfies f(r) ≲ 1 + r−1 + rk and thus equivalently f̃(p) ≲ 1 + p−
1
2 + p

k
2 .

Then, we have

1(0,1](p)f̃(p) ≲ 1 + p−
1
2 ,

which implies 1(0,1]f̃ ∈ L1
Leb and in particular 1(0,1]f̃ ∈ L1

N (r̂2,ε2σ′2a−1). Similarly, we
have

1(1,∞)(p)f̃(p) ≲ 1 + p
k
2 ,

which immediately implies 1(1,∞)f̃ ∈ L1
N (r̂2,ε2σ′2a−1). Since we have f̃ = 1(0,1]f̃ +

1(1,∞)f̃ , we also have f̃ ∈ L1
N (r̂2,ε2σ′2a−1), which shows the first part of the lemma.

For the second part, suppose f(r) = 0 for all r ∈ U , where U is an open neigh-
borhood of r̂. Then f̃ will vanish in a neighborhood around r̂2. Let 0 < δ < r̂2 be
such that f̃(p) = 0 for all p ∈ (r̂2 − δ, r̂2 + δ). For p ∈ R>0 \ (r̂2 − δ, r̂2 + δ), we have

√
a

εσ′
√
2π

exp
(
−a(p−r̂2)2

2ε2σ′2

)
√
a

σ′
√
2π

exp
(
−a(p−r̂2)2

2σ′2

) =
1

ε
exp

(
−a(p− r̂2)2

2σ′2

(
1

ε2
− 1

))

≤ 1

ε
exp

(
− aδ2

2σ′2

(
1

ε2
− 1

))
.
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Now, we can estimate∣∣∣∣∫ ∞

0
f(r)ξε(r)dr

∣∣∣∣ ≤ ∫ ∞

0
|f(r)|ξε(r)dr

≤ 2

√
a

εσ′
√
2π

∫ ∞

0
|f̃(r)| exp

(
−a(p− r̂2)2

2ε2σ′2

)
dp

≤ 2
1

ε
exp

(
− aδ2

2σ′2

(
1

ε2
− 1

)) √
a

σ′
√
2π

∫ ∞

0
|f̃(r)| exp

(
−a(p− r̂2)2

2σ′2

)
dp

= 2
1

ε
exp

(
− aδ2

2σ′2

(
1

ε2
− 1

))
Ep∼N (r̂2,σ′2a−1)

[
|f̃(p)|

]
.

By the first part of the lemma, we have f̃ ∈ L1
N (r̂2,σ′2a−1) such that the expectation

in the last line is finite. Thus, for sufficiently small ε > 0, we get the desired bound∣∣∣∣∫ ∞

0
f(r)ξε(r)dr

∣∣∣∣ ≤ 2
1

ε
exp

(
− aδ2

2σ′2

(
1

ε2
− 1

))
Ep∼N (r̂2,σ′2a−1)

[
|f̃(p)|

]
≤ exp

(
−1

ε

)
.

This finishes the proof.

The second lemma establishes the weak convergence of ρε to ρ0, which will be
crucial for obtaining continuity of the top Lyapunov exponents for ε→ 0.

Lemma 3.3.12. The measures ρε converge weakly (cf. Definition 2.1.8) in M1(R>0×
S1) to ρ0 = δr̂ × ρ̂ as ε tends to zero.

The proof of this statement is inspired by [Via14, Proposition 5.9].

Proof. By using the formula (3.35), we obtain directly that (Π∗
R≥0

ρε) = (ξε(r)dr)

converges weakly in M1(R>0) to δr̂ as ε tends to zero, i.e. weak convergence in the
r-direction. Thus, it is sufficient to show that (Π∗

S1ρε) converges weakly in M1(S
1) to

ρ̂. The space M1(S
1) is, by the Banach-Alaoglu theorem, compact and metrizable.

Therefore, (Π∗
S1ρε) converges weakly to ρ̂ if and only if every accumulation point of

(Π∗
S1ρε), as ε tends to zero, is equal to ρ̂.
Suppose now that ν ∈ M1(S

1) is such an accumulation point and (εn)n∈N is chosen
such that εn → 0 and Π∗

S1ρεn → ν weakly. The latter property is equivalent to (ρεn)
converging weakly to δr̂ × ν, which in turn also implies that (ρεn × δεn) converges
weakly in M1(R>0 ×S1 ×R≥0) to δr̂ × ν × δ0. Let u ∈ Cb(R>0 ×S1) be an arbitrary
bounded continuous function. We have∫

R>0×S1

u(r, γ) dν(γ) dδr̂(r) = lim
n→∞

∫
R>0×S1

u(r, γ) dρεn(r, γ)

= lim
n→∞

∫
R>0×S1

Pεnu(r, γ) dρεn(r, γ)

= lim
n→∞

∫
R>0×S1×R≥0

Pεu(r, γ) dρεn(r, γ) dδεn(ε).
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Now we can use Lemma 3.3.9 i) and the weak convergence ρεn × δεn → δr̂ × ν × δ0 to
get ∫

R>0×S1

u(r, γ) dδr̂(r) dν(γ) = lim
n→∞

∫
R>0×S1×R≥0

Pεu(r, γ) dρεn(r, γ) dδεn(ε)

=

∫
R>0×S1×R≥0

Pεu(r, γ) dδr̂(r) dν(γ) dδ0(ε)

=

∫
R>0×S1

P0u(r, γ) dδr̂(r) dν(γ)

=

∫
R>0×S1

u(r, γ) d[P∗
0 (δr̂ × ν)](r, γ).

Since u ∈ Cb(R>0 × S1) was arbitrary, this implies δr̂×ν = P∗
0 (δr̂ × ν). However, by

Proposition 3.3.10, the measure δr̂ × ρ̂ is the unique fixed point of P∗
0 , so we must

have ν = ρ̂, completing the proof.

3.3.3 Furstenberg-Khasminskii formula for limiting process

Recall from Theorem 3.2.3 that

λ̂(α̂, b̂, σ̂) = α̂ Ξ

(
b̂2σ̂2

α̂3

)
,

as well as the coordinate change

α̂ = 2α, b̂ = 2
αb′

a
and σ̂ = σ′

√
a

α
.

In the following, we derive a Furstenberg-Khasminskii formula for the Lyapunov ex-
ponent λ̂(α̂, b̂, σ̂) of (3.3).

Proposition 3.3.13. We have

2α Ξ

(
b′2σ′2

2α2a

)
= λ̂

(
2α, 2

αb′

a
, σ′
√
a

α

)
=

∫
S1

h3(r̂, γ, 0)dρ̂(γ). (3.36)

A similar formula for a more general situation is already given in [IL01]. For
completeness of our arguments, we provide a self-sustained derivation here. In order
to prove this proposition, we require the following lemma.

Lemma 3.3.14. Suppose (w(t)) is a real-valued semi-martingale satisfying

lim sup
t→∞

1

t

∫ t

0
w(t′)2 dt′ <∞.

Then, for (W (t)) denoting some Brownian motion, we have

lim
t→∞

1

t

∫ t

0
w(t′) dW (t′) = 0.

Proof. Let (w(t)) satisfy the assumption. Define a process (X(t)) by

X(t) :=

∫ t

0
w(t′) dW (t′).
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Clearly, (X(t)) is a local martingale with quadratic variation ⟨X(t)⟩ given by

⟨X(t)⟩ =
∫ t

0
w(t′)2 dt′.

By the theorem of Dambis, Dubins-Schwarz (see e.g. [RY99, Theorem V.1.7]) there
exists a Brownian motion (WX(t)) (which is not adapted to the original filtration and
possibly even defined on an extension of the probability space), such that

WX (⟨X(t)⟩) = X(t).

By well-known growth bounds on the Brownian motion, this implies

lim
t→∞

1

t
X(t) = lim

t→∞

1

t
WX(⟨X(t)⟩)

≤ lim sup
t→∞

⟨X(t)⟩
t

lim
t→∞

1

⟨X(t)⟩
WX(⟨X(t)⟩)

= lim sup
t→∞

1

t

∫ t

0
w(t′)2dt′ lim

t→∞

1

t
WX(t)

= 0.

Proof of Proposition 3.3.13. From Theorem 3.2.3 we get

2α Ξ

(
b′2σ′2

2α2a

)
= λ̂(α̂, b̂, σ̂) = lim

t→∞

1

t
log

(√
ŝ(t)2 + ψ̂(t)2

)
= lim

t→∞

1

t
Λ̂(t).

Using the SDE representation from Proposition 3.3.4 yields

lim
t→∞

1

t
Λ̂(t) = lim

t→∞

1

t

[∫ t

0
h3(r̂, γ̂(t

′), 0) dt′ +

∫ t

0
h2(r̂, γ̂(t

′), 0) dŴ3(t
′)

]
.

Since the function h2(r̂, ·, 0) is bounded, the process (h2(r̂, γ̂(t
′), 0)) satisfies the as-

sumption of Lemma 3.3.14 and we obtain

lim
t→∞

1

t

∫ t

0
h2(r̂, γ̂(t

′), 0) dŴ3(t
′) = 0.

Ergodicity now gives us

λ̂(α̂, b̂, σ̂) = lim
t→∞

1

t
Λ̂(t) = lim

t→∞

1

t

∫ t

0
h3(r̂, γ̂(t

′), 0) dt′ =

∫
S1

h3(r̂, γ, 0) dρ̂(γ),

since ρ̂ is the unique stationary distribution of the Markov process (γ̂(t)) by Propo-
sition 3.3.10 (ii).

3.3.4 Continuity of Lyapunov exponents

Recall that our goal is to show the limit

lim
ε→0

λ(α, β, a, ε−1b′, εσ′) = 2α Ξ

(
b′2σ′2

2α2a

)
. (3.37)
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For that purpose, we want to find a Furstenberg-Khasminskii formula for the Lya-
punov exponent on the left-hand side, similar to the expression for the right-hand side
given in equation (3.36). While such a formula has been already given in [DNR11,
Equation (19)], we encounter a subtle issue here. In order to show (3.37) along
the formal outline in Section 3.2.2, we express the variational process in (sε, ψε)-
coordinates (cf. (3.20)), which are transformed into the projective coordinate γε (see
Proposition 3.3.4). Analogously to the proof of Proposition 3.3.13, we can write

λ(α, β, a, ε−1b′, εσ′) = lim
t→∞

1

t
Λε(t)

= lim
t→∞

1

t

[∫ t

0
h3(rε(t

′), γε(t
′), ε) dt′ +

∫ t

0
h2(rε(t

′), γε(t
′), ε) dWϕ(t

′)

]
.

Now we would like to use Lemma 3.3.14 in order to show that the second integral is
negligible in the limit. By ergodicity, the assumption of Lemma 3.3.14 is equivalent
to h2(·, ·, ε) ∈ L2

ρε , where h2 is given by (3.24). Since it seems out of reach to make
explicit statements about the distribution ρε beyond the fact that its marginal in
the r-direction has density ξε, we are forced to rely on the estimate h2(r, γ, ε) ≤
supγ′ h2(r, γ

′, ε), which leads to the bound |h2(r, γ, ε)| ≲ 1 + ε−2r−1 given in Lemma
3.3.8. This, however, is not sufficient for obtaining the assumption of Lemma 3.3.14
since we clearly have (r 7→ 1 + ε−2r−1) /∈ L2

ξε
(even though it is in L1

ξε
, c.f. Lemma

3.3.11). Analogously, for the first integral above, we would hope to have h3(·, ·, ε) ∈
L1
ρε in order to use ergodicity; however, we encounter a very similar problem.
We emphasize two aspects of this issue. Firstly, in both cases, the problem arises

due to the singularity at r = 0. Secondly, neither of these problems has occurred in
previous works like [DNR11], as they only arise in the rescaled coordinates (sε, ψε) =
(sε, εϑε) (and their polar representation (γε,Λε)) and are not present in the original
coordinates (sε, ϑε) (and their polar representation (γ̃ε, Λ̃ε), cf. Proposition 3.3.7).
However, the coordinate rescaling is crucial to obtain the aspired limit, as outlined in
section 3.2.2. In order to fix this issue we will introduce coordinates for the variational
process (3.8) which behave like (sε, ϑε) whenever rε is close to 0 and behave like
(sε, ψε) whenever rε is close to r̂. Thereby we avoid the integrability problem around
the singularity at the origin, while having the “correct” coordinate system for the
(ε → 0)-limit for a significant portion of time. We are now ready to finally prove
Theorem A.1.

Proof of Theorem A.1. Note that Theorem 3.2.4 already covers the second part of
the statement. Thus, it only remains to show (3.2).

We start by partitioning the positive real axis into four intervals I1∪I2∪I3∪I4 =
R>0 defined by

I1 =

(
0,

1

3
r̂

]
, I2 =

(
1

3
r̂,

2

3
r̂

]
, I3 =

(
2

3
r̂, 2r̂

]
, I4 = (2r̂,∞) .

Next, we define a function χ : R>0 → [0, 1] (see Figure 3.3) by

χ(r) :=


0 if r ∈ I1,
3
r̂ r − 1 if r ∈ I2,

1 if r ∈ I3 ∪ I4,
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1
3 r̂

2
3 r̂

r̂ 2r̂

I1 I2 I3 I4

χ(r)
ξϵ(r)

r

Figure 3.3: The function χ plotted against the density ξε.

and a process (Λ∗
ε(t)) by

Λ∗
ε(t) := [1− χ(rε(t))]Λ̃ε(t) + χ(rε(t))Λε(t).

By (3.23) we have

λ(α, β, a, ε−1b′, εσ′) = lim
t→∞

1

t
Λε(t) = lim

t→∞

1

t
Λ̃ε(t),

and thus also

λ(α, β, a, ε−1b′, εσ′) = lim
t→∞

1

t
Λ∗
ε(t).

Our goal now is to show

lim
ε→0

1

t
Λ∗
ε(t) = 2α Ξ

(
b′2σ′2

2α2a

)
, (3.38)

which will complete the proof. By the definition of (Λ∗
ε(t)), Propositions 3.3.4, 3.3.7

and equation (3.12), we have

Λ∗
ε(t) =

∫ t

0
[1− χ(rε(t

′))] dΛ̃ε(t
′) +

∫ t

0
χ(rε(t

′)) dΛε(t
′)

+

∫ t

0
χ′(rε(t

′))
(
Λε(t

′)− Λ̃ε(t
′)
)
drε(t

′)

=

∫ t

0
[1− χ(rε(t

′))]h̃1(rε(t
′), γ̃ε(t

′), ε) dt′︸ ︷︷ ︸
=:IIϵ(t)

+

∫ t

0
χ(rε(t

′))h3(rε(t
′), γε(t

′), ε) dt′︸ ︷︷ ︸
=:Iϵ(t)

+

∫ t

0
χ(rε(t

′))h2(rε(t
′), γε(t

′), ε) dWϕ(t
′)︸ ︷︷ ︸

=:IVϵ(t)

+

∫ t

0

3

r̂
1I2(rε(t

′))
(
Λε(t

′)− Λ̃ε(t
′)
)(

αrε(t)− arε(t)
3 +

ε2σ′2

2rε(t)

)
dt′︸ ︷︷ ︸

=:IIIϵ(t)

+

∫ t

0

3

r̂
1I2(rε(t

′))
(
Λε(t

′)− Λ̃ε(t
′)
)
εσ′ dWr(t

′)︸ ︷︷ ︸
=:Vϵ(t)

.

Here, we have made use of the fact that the quadratic covariations ⟨rε,Λε⟩ = ⟨rε, Λ̃ε⟩ =
0 vanish. In the following, we will determine the corresponding limits for the time
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averages of Iϵ(t), . . . ,Vϵ(t) separately. In particular we will show

lim
ε→0

lim
t→∞

1

t
Iϵ(t) = 2α Ξ

(
b′2σ′2

2α2a

)
,

as well as

lim
ε→0

lim sup
t→∞

1

t
|IIϵ(t)| = lim

ε→0
lim sup
t→∞

1

t
|IIIϵ(t)| = lim

ε→0
lim sup
t→∞

1

t
|IVϵ(t)| = lim

ε→0
lim sup
t→∞

1

t
|Vϵ(t)| = 0.

Note that together these equations imply (3.38), thereby finishing the proof.
(i) Iϵ(t): We split the integral into

Iϵ(t) =

∫ t

0
χ(rε(t

′))1I2∪I3(rε(t
′))h3(rε(t

′), γε(t
′), ε) dt′

+

∫ t

0
χ(rε(t

′))1I4(rε(t
′))h3(rε(t

′), γε(t
′), ε) dt′.

First we bound the second summand. Using Lemma 3.3.8 (ii) we get∣∣∣∣∫ t

0
χ(rε(t

′))1I4(rε(t
′))h3(rε(t

′), γε(t
′), ε) dt′

∣∣∣∣ ≤ ∫ t

0
1I4(rε(t

′))
∣∣h3(rε(t′), γε(t′), ε)∣∣ dt′

≲
∫ t

0
1I4(rε(t

′))
(
1 + rε(t

′)2 + ε−4rε(t
′)−2

)
dt′

≲
∫ t

0
1I4(rε(t

′))ε−4rε(t
′)2 dt′

The function f(r) := 1I4(r)r
2 satisfies all assumptions of Lemma 3.3.11. Thus we

can use ergodicity to get the following estimate.

lim
ε→0

lim sup
t→∞

1

t

∣∣∣∣∫ t

0
χ(rε(t

′))1I4(rε(t
′))h3(rε(t

′), γε(t
′), ε) dt′

∣∣∣∣
≲ lim

ε→0
ε−4 lim

t→∞

1

t

∫ t

0
1I4(rε(t

′))rε(t
′)2 dt′

= lim
ε→0

ε−4

∫ ∞

0
1I4(r)r

2ξε(r) dr

≤ lim
ε→0

ε−4 exp

(
−1

ε

)
= 0.

Concerning the first summand, we obtain by ergodicity

lim
ε→0

lim
t→∞

1

t
Iϵ(t) = lim

ε→0
lim
t→∞

1

t

∫ t

0
χ(rε(t

′))1I2∪I3(rε(t
′))h3(rε(t

′), γε(t
′), ε) dt′

= lim
ε→0

∫
(I2∪I3)×S1

χ(r)h3(r, γ, ε) dρε(r, γ).

Since (I2 ∪ I3)× S1 is a compact domain, the function h3(·, ·, ε) converges uniformly
to h3(·, ·, 0) as ε→ 0. Using this fact together with the weak convergence established
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in Lemma 3.3.12 and the expression (3.36), we get

lim
ε→0

lim
t→∞

1

t
Iϵ(t) = lim

ε→0

∫
(I2∪I3)×S1

χ(r)h3(r, γ, ε) dρε(r, γ)

=

∫
(I2∪I3)×S1

χ(r)h3(r, γ, 0) dδr̂(r) dρ̂(γ)

=

∫
S1

h3(r̂, γ, 0) dρ̂(γ)

= 2α Ξ

(
b′2σ′2

2α2a

)
.

(ii) IIϵ(t): similarly to the argument for the second summand in (i), we first use
Lemma 3.3.8 (iii) and then ergodicity to get

lim
ε→0

lim sup
t→∞

1

t
|IIϵ(t)| = lim

ε→0
lim sup
t→∞

1

t

∣∣∣∣∫ t

0
[1− χ(rε(t

′))]h̃1(rε(t
′), γ̃ε(t

′), ε) dt′
∣∣∣∣

≤ lim
ε→0

lim sup
t→∞

1

t

∫ t

0
[1− χ(rε(t

′))]
∣∣∣h̃1(rε(t′), γ̃ε(t′), ε)∣∣∣ dt′

≲ lim
ε→0

lim
t→∞

1

t

∫ t

0
[1− χ(rε(t

′))]
1

ε
rε(t)

2 dt′

= lim
ε→0

1

ε

∫ ∞

0
[1− χ(r)]r2ξε(r) dr.

Again, the function f(r) := [1−χ(r)]r2 satisfies all the assumptions in Lemma 3.3.11
and we obtain

lim
ε→0

lim sup
t→∞

1

t
|IIϵ(t)| ≤ lim

ε→0

1

ε

∫ ∞

0
[1− χ(r)]r2ξε(r) dr ≤ lim

ε→0

1

ε
exp

(
−1

ε

)
= 0.

(iii) IIIϵ(t): note that the term

1I2(rε(t))

(
αrε(t)− arε(t)

3 +
ε2σ′2

2rε(t)

)
is bounded uniformly in ε for ε ∈ (0, 1]. Together with the bound (3.29), this allows
for the estimate

lim
ε→0

lim sup
t→∞

1

t
|IIIϵ(t)|

= lim
ε→0

lim sup
t→∞

1

t

∣∣∣∣∫ t

0

3

r̂
1I2(rε(t

′))
(
Λε(t

′)− Λ̃ε(t
′)
)(

αrε(t)− arε(t)
3 +

ε2σ′2

2rε(t)

)
dt′
∣∣∣∣

≲ lim
ε→0

lim sup
t→∞

1

t

∫ t

0
1I2(rε(t

′))
∣∣∣Λε(t′)− Λ̃ε(t

′)
∣∣∣ dt′

≤ lim
ε→0

− log(ε)

∫ ∞

0
1I2(r)ξε(r) dr.
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Now we can again use Lemma 3.3.11 to obtain

lim
ε→0

lim sup
t→∞

1

t
|IIIϵ(t)| ≤ lim

ε→0
− log(ε)

∫ ∞

0
1I2(r)ξε(r) dr

≤ lim
ε→0

− log(ε) exp

(
−1

ε

)
= 0.

(iv) IVϵ(t): as a consequence of Lemma 3.3.8 (i), we have

χ(r)h2(r, γ, ε) ≤ 1I2∪I3∪I4(r)h2(r, γ, ε) ≲ 1I2∪I3∪I4(r)(1 + ε−2r−1) ≲ 1 + ε−2.

Thus, in particular, the process (χ(rε(t))h2(rε(t), γε(t), ε)) is bounded for every ε > 0.
Therefore, Lemma 3.3.14 gives

lim
t→∞

1

t
IVϵ(t) = lim

t→∞

1

t

∫ t

0
χ(rε(t

′))h2(rε(t
′), γε(t

′), ε) dWϕ(t
′) = 0,

for each ε > 0.
(v) Vϵ(t): using the estimate (3.29), the process (1I2(rε(t

′))(Λε(t
′) − Λ̃ε(t

′))) is
bounded. Hence, similarly to (iv), Lemma 3.3.14 yields

lim
t→∞

1

t
Vϵ(t) =

3εσ′

r̂
lim
t→∞

1

t

∫ t

0
1I2(rε(t

′))
(
Λε(t

′)− Λ̃ε(t
′)
)
dWr(t

′) = 0,

for each ε > 0.
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Chapter 4

Systems with Strong Shear:
A Case Study

In the previous chapter, we demonstrated that the addition of shear to an oscillator
can cause chaotic behavior in the sense of a positive Lyapunov exponent, and conse-
quently, a lack of strong synchronization. The existence of a set attractor and strong
completeness, however, are unaffected by the addition of shear in the noisy Stuart-
Landau oscillator investigated in chapter 3. The reason for this is that the order
with which the shear term grows is fixed to be cubic. In this chapter, we investigate
the effect of higher order shear terms on synchronization, as well as on the existence
of random attractors and on strong completeness. For this purpose, we propose a
new class of examples which allow for arbitrary orders of growth of the shear term.
The results presented in this chapter are part of an ongoing joint research project
with Maximilian Engel and Michael Scheutzow. While we give an overview of the
main results that will be contained in [CES25], only the proofs of selected results are
given in this thesis, highlighting the contributions of the author of this thesis to that
project. For the omitted proofs, we refer the reader to [CES25], once it is available.

The random dynamical systems we are considering are induced by the SDE

dX(t) = −cX(t) dt+ ρ(|X(t)|)
(

0 1
−1 0

)
X(t) dt+ σ dW (t), (4.1)

where W is a 2-dimensional Wiener process, c, σ > 0 are positive constants and
ρ : [0,∞) → R is a C2-function, whose first two derivatives grow at most polynomi-
ally. For ρ = 0 equation (4.1) is a stable linear system perturbed by additive noise
and the solution to such systems is commonly referred to as an Ornstein-Uhlenbeck
process. The term with the factor ρ(|X(t)|) in (4.1) acts as a shearing. Thus, the
function-valued parameter ρ has a similar role to the parameter b in the Stuart-Landau
oscillator considered in chapter 3. This is especially apparent when translating (4.1)
to polar coordinates. Setting R(t) := |X(t)| and introducing the angular stochastic
process ϕ(t) given by the polar coordinate representation

X(t) = R(t)

(
cos(ϕ(t))
sin(ϕ(t))

)
,

we obtain, as a straightforward application of Itô’s formula,

dR(t) =

(
−cR(t) + σ2

2R(t)

)
dt+ σ [cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t)],

dϕ(t) = −ρ(R(t)) dt+ σ

R(t)
[− sin(ϕ(t)) dW1(t) + cos(ϕ(t)) dW2(t)].

(4.2)
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In law, the SDE (4.2) is equivalent to

dR(t) =

(
−cR(t) + σ2

2R(t)

)
dt+ σ dWR(t),

dϕ(t) = −ρ(R(t)) dt+ σ

R(t)
dWϕ(t),

(4.3)

where Wr and Wϕ are independent Brownian motions. Comparing (4.3) to (3.11),
we can see that the parameter ρ regulates the dependence of the amplitude r on the
phase ϕ, just as the parameter b does in the Stuart-Landau oscillator.

4.1 Overview of the results

The SDE (4.1) is once again of the form discussed in section 2.1.4 and we can con-
struct the induced random dynamical system (θ, φ, τ⋆, τ

⋆) accordingly. Without loss
of generality, we restrict our analysis to the case c = σ = 1, i.e. the study of the SDE

dX(t) = −X(t) dt+ ρ(|X(t)|)
(

0 1
−1 0

)
X(t) dt+ dW (t). (4.4)

Indeed, using linear transformations of the state space, as well as time, we can reduce
(4.1) for any values of c and σ back to c = σ = 1. It can be easily seen that,
independently of the choice of ρ, the Gaussian

dµ(x) =
1

π
e|x|

2
dx

is the unique stationary measure for (4.1). Consequently, the RDS φ is always weakly
complete.

The following criterion for strong completeness and for the existence of a set
attractor will be proved in [CES25] by techniques similar to the ones employed in
[Doa+18]. Recall that for two functions f and g, the notation f(r) ≲ g(r) means
that there exists a constant C independent of r, for which f(r) ≤ C g(r), for all r ≥ 0.

Theorem B.1. If the function ρ satisfies

|ρ(r)| ≲ r + 1, (PBAtt)

then the RDS φ induced by (4.4) is strongly complete and admits a set attractor. In
fact, this attractor is not only a weak set attractor but also a pull-back set attractor
(cf. Remark 2.2.4).

Using information not only on the absolute value of ρ, but also on the absolute
value of its derivative ρ′, we give a different set of conditions for strong completeness
and the existence of a set attractor, which allow for a higher-order polynomial growth
of ρ.

Theorem B.2. The following holds:

(i) If the function ρ satisfies
|ρ′(r)| ≲ r3 + 1, (Compl)

then the RDS φ induced by (4.4) is strongly complete.
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(ii) There exists a constant K1 > 0, independent of ρ, with the property that if the
function ρ, for some r∗ > 0, satisfies

|ρ′(r)| ≤ K1 r
3, ∀r ≥ r∗, (Attr)

then the RDS φ induced by (4.4) admits a set attractor.

The proof, which is based on tracking the growth of a discrete set of bounded
balls, similar to [LMS22], is carried out in section 4.2.

The criteria introduced in Theorem B.2 are tight in terms of the exponent, as the
following result shows. Again, the proof will be published in [CES25].

Theorem B.3. The following holds:

(i) If for some ε > 0 and some r∗ > 0 the function ρ satisfies

ρ′(r) = r3+ϵ, ∀ r > r∗, (NoCom)

then for any piece of 1-dimensional manifold M ⊂ R2, with positive probability,
there exists a point x ∈ M and a time T > 0, such that

lim
t↗T

|φtω(x)| = ∞.

In particular, φ is not strongly complete.

(ii) There exists a constant K2 > K1, independent of ρ, with the property that if
the function ρ, for some r∗ > 0, satisfies

ρ′(r) = K2 r
3, ∀ r > r∗, (NoAtt)

then for any piece of 1-dimensional manifold M ⊂ R2, with positive probability,
there exists a point x ∈ M, such that

lim
t→∞

|φtω(x)| = ∞.

In particular, φ does not admit a weak set attractor.

Since we restrict our study to those functions ρ for which the first two deriva-
tives grow at most polynomially, the conditions of the Oseledet Theorem (Theorem
2.3.2/2.3.15) and of the stable/unstable manifold theorem (Theorem 2.3.3/2.3.17) are
always satisfied. Consequently, the sign of the largest Lyapunov exponent

λ1 = lim
t→∞

1

t
log
∥∥∥Φt(ω,x)∥∥∥

determines whether the RDS φ is strongly synchronizing. We denote by ξ : [0,∞) →
[0,∞) the density of the stationary distribution of the radial process R(t), which can
be read of equation (4.3) to be given by

ξ(r) = 2r exp
(
−r2

)
.

Theorem B.4. The following holds:

(i) If the function ρ satisfies ∫ ∞

0
r|ρ′(r)| ξ(r) dr < 2, (LE−)
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then the top Lyapunov exponent is negative, i.e. λ1 < 0.

(ii) There exists some constant K3 > 1, independent of ρ, such that if

ρ′(r) =
1

r3
, for all r ∈ [K−1

3 ,K3], (LE+)

then the top Lyapunov exponent is positive, i.e. λ1 > 0.

Remark 4.1.1. One would expect that, if the shear strength |ρ′(r)| is sufficiently
large for (ξ(r) dr)-most values of r, the top Lyapunov exponent is positive. A heuristic
argument by Baxendale [Bax24, Section 5] leads to the approximation

λ1 ≈ −1 + 0.29

∫ ∞

0
(r|ρ′(r)|)2/3 ξ(r) dr,

whenever the shear strength |ρ′(r)| is large for (ξ(r) dr)-most values of r. We leave it
as an open problem to transfer the arguments from [Bax24] to equation (4.4) making
this approximation precise.

Theorem B.4 (i) can be proved relatively easily by deriving a Furstenberg-Khasminskii
formula similar to Proposition 3.3.13. For Theorem B.4 (ii) a proof inspired by meth-
ods developed in [BBP22a] will be given in [CES25]. While the assumption (LE+) of
Theorem B.4 (ii) is quite restrictive, notably both assumptions (LE−) and (LE+) are
still compatible with each one of the previous assumptions (PBAtt), (Compl), (Attr),
(NoCom) and (NoAtt).

Proposition 4.1.2. The RDS φ is contracting on large sets, independently of the
choice of ρ.

Proof. We will show that for any R > 0 and t = log(5), we have

P
(
φtω(B0(R)) ⊆ B0

(
R

4

))
> 0.

Let ω0 ∈ Ω be such that [W (ω0)](t) = 0. We have φtω0
(B0(R)) ⊆ B0

(
R
5

)
. Recall that

φ is jointly continuous in ω, t and x if Ω = C0(R,R2) is equipped with the compact
open topology. Thus there exists an open neighborhood U ⊆ Ω of ω0 such that for
each ω ∈ U we have φtω(B0(R)) ⊆ B0

(
R
4

)
. By the Stroock-Varadhan support theorem

[SV72], such an open set U must be charged with positive P-mass, completing the
proof.

Now Corollary 2.2.14 and Corollary 2.3.5 imply that there are functions ρ, for
which the RDS φ...

• exhibits strong synchronization, in particular if (PBAtt) or (Attr) holds and
(LE−) holds.

• admits a set attractor, but does not exhibit strong synchronization, in particular
if (PBAtt) or (Attr) holds and (LE+) holds.

• is strongly complete, but does not admit a set attractor, in particular if (Compl)
and (NoAtt) hold.

• is not strongly complete, in particular if (NoCom) holds.
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Furthermore, we know that φ is weakly synchronizing if (LE−) holds, independently
of whether φ admits a set attractor or is strongly complete. Unfortunately, we are
unable to show that the sample measures µω (cf. Theorem 2.1.9) satisfy the SRB
property (cf. Conjecture 2.3.10). Assuming Conjecture 2.3.10, we can also conclude
that φ is not weakly synchronizing whenever (LE+) holds. Using the SRB property,
it is also possible to show that under certain conditions a point attractor does not
exist. A proof of the following lemma will also be given in [CES25].

Lemma 4.1.3. Suppose that sample measures µω satisfy the SRB property and that
at least one of the following statements holds.

(i) The function ρ satisfies (NoAtt).

(ii) The RDS φ is not strongly complete.

Then φ does not admit a point attractor.

The results presented in this chapter so far allow us to determine the possible
combination of properties the RDS φ induced by (4.4) can have. Our findings can be
summarized in the following table.

weak synchr. point attr. ex. no point attr.

str. synchr.
(PBAtt)/(Attr)

+ (LE−) × ×
set attr. ex. ×∗ (PBAtt)/(Attr)

+ (LE+) ∗ ×
strong compl.

(Compl) +
(NoAtt) + (LE−)

?
(NoAtt) ∗
+ (LE+)

no str. compl.
(NoCom)
+ (LE−) ×∗ (NoCom) ∗

+ (LE+)

Table 4.1: Overview over the possible dynamical properties the
RDS φ induced by equation (4.4) can have in the hyperbolic (λ1 ̸= 0)
case. All properties are meant to implicitly exclude the next strictly
stronger property, i.e. the row labeled “set attr. ex.” means that φ
admits a set attractor but is not strongly synchronizing, while the
row labeled “strong compl.” means that φ is strongly complete but
does not admit a set attractor. Similarly, the column labeled “point
attr. ex.” means that φ admits a point attractor but is not weakly
synchronizing. The character “×” indicates that the combination of
properties for that cell is not possible, while a list of equation tags
gives sufficient conditions for the corresponding combination of
properties. Here the character “/” indicates OR, while the character
“+” indicates AND. The content of cells additionally labeled with
“*” only holds under the assumption of Conjecture 2.3.10. Finally,
the character “?” indicates that using our methods it is not possible
to determine whether this combination of properties is possible.

4.2 Proof of Theorem B.2

In this section, we prove Theorem B.2, which gives conditions for strong completeness
and for the existence of a weak set attractor under growth bounds on the derivative
of ρ. We first establish a criterion for strong completeness and for the existence of
weak set attractors, which holds for general RDS on Rd and is inspired by [LMS22].
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Figure 4.1: Illustration of hitting times τ↑n (left) and τ↓n (right).
The dotted red line represents ∂Bn, the inner black circle ∂Bn−1, the

outer black circle ∂Bn+1 and the solid red line ∂φ
τ↑/↓
n (ω)

ω (Bn).

Lemma 4.2.1. For an increasing sequence of positive radii 0 < r1 < r2 < . . . with
rn → ∞, we let Bn := B0(rn) and define two sequences of waiting times τ↑1 , τ

↑
2 , . . .

and τ↓1 , τ
↓
2 , . . . by

τ↑n(ω) := inf{t ≥ 0 : φtω(Bn) ⊈ Bn+1}, ∀n ≥ 1,

τ↓n(ω) := inf{t ≥ 0 : φtω(Bn) ⊆ Bn−1}, ∀n ≥ 2

and τ↓1 (ω) = ∞.

(i) If there exists a non-negative sequence t1, t2, . . . with
∑∞

n=1 tn = ∞, such that

lim inf
n→∞

P(τ↑n ≥ tn) > 0,

then φ is strongly complete.

(ii) If there exists a non-negative sequence t1, t2, . . . , with tn → 0 and such that

lim inf
n→∞

P(τ↓n < τ↑n ∧ tn) >
1

2
, (4.5)

then φ admits a (weak) set attractor.

Proof. (i): Since countable intersections of almost sure events are almost sure, it is
sufficient to show that for every n ≥ 1 we have P(∀ z ∈ Bn, τ(ω, z) = ∞) = 1. Fix

some n ≥ 1. For each m ≥ n define a waiting time τ↑n,m, recursively, by

τ↑n,n(ω) = 0

and τ↑n,m+1(ω) = τ↑n,m(ω) + τ↑m(θ
τ↑n,m(ω)ω), ∀m ≥ n.

By construction, we have

φtω(Bn) ⊆ Bm, ∀ t < τ↑n,m(ω) ⇒ τ⋆(ω, z) ≥ τ↑n,m(ω), ∀ z ∈ Bn.

If we can show

∞∑
k=n

τ↑k (θ
τ↑n,k(ω)ω) = lim

m→∞
τ↑n,m(ω) = ∞, almost surely, (4.6)
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strong completeness will follow. The recursive definition of τ↑n,m can be rewritten as

τ↑n,m(ω) =
m∑
k=n

τ↑k (θ
τ↑n,k(ω)ω)

and thus we have

lim
m→∞

τ↑n,m(ω) =
∞∑
k=n

τ↑k (θ
τ↑n,k(ω)ω)

In the following, we will write τ̃↑k (ω) := τ↑k (θ
τ↑n,k(ω)ω) for ease of notation. Note that

τ↑k and τ̃↑k are identically distributed. Since τ↑k is F
(0,τ↑k )

-measurable, the random

variable τ̃↑k is F
(τ↑n,k,τ

↑
n,k+1)

measurable. In particular the family of random variables

(τ̃↑k )k≥n+1 is independent. Thus (4.6) is a tail event in the sense of Kolmogorov’s 0-
1-law and it is sufficient to show that (4.6) holds with positive probability. Without
loss of generality, we may assume tn ≤ 1. Indeed, if not, we can simple replace tn by
tm ∧ 1 as

∑∞
n=1 tn = ∞ also implies

∑∞
n=1(tn ∧ 1) = ∞. Now we can bound

∞∑
k=n

τ↑k (θ
τ↑n,k(ω)ω) =

∞∑
k=n

τ̃↑k (ω) ≥
∞∑
k=n

tk 1τ̃↑k (ω)≥tk
.

By Kolmogorov’s three series theorem [Dur19, Theorem 2.5.8], the series on the right
hand side diverges with positive probability, as the summands are bounded from
above by 1 and satisfy

∞∑
k=n

E
[
tk 1τ̃↑k (ω)≥tk

]
=

∞∑
k=n

tk P
(
τ̃↑k (ω) ≥ tk

)
= ∞.

(ii): The existence of a weak set attractor will be established using Theorem 2.2.6,
by verifying that (ii) of Theorem 2.2.6 holds. The proof is inspired by the arguments in
[LMS22, section 7]. We recursively define (F0,t)t≥0-waiting times (σn,m(ω))n∈N,m∈N0, ω∈Ω
and random variables (Nn,m(ω))n∈N,m∈N0, ω∈Ω by σn,0(ω) = 0 and Nn,0(ω) = n, for
all n ∈ N and all ω ∈ Ω, as well as

σn,m+1(ω) = σn,m(ω) +
(
τ↓Nn,m(ω)(θ

σn,m(ω)ω) ∧ τ↑Nn,m(ω)(θ
σn,m(ω)ω) ∧ tNn,m(ω)

)
and

Nn,m+1(ω) =

{
Nn,m(ω)− 1, if τ↓Nn,m(ω)(θ

σn,m(ω)ω) < τ↑Nn,m(ω)(θ
σn,m(ω)ω) ∧ tNn,m(ω)

Nn,m(ω) + 1, otherwise.

Using induction in m, one can readily check that

φtω(Bn) ⊆ BNn,m(ω)+1, ∀ t ∈ [σn,m(ω), σn,m+1(ω)). (4.7)

Furthermore, for each fixed n ∈ N, the pair (Nn,•, σn,•) defines a Markov renewal
process in the sense of [Cin75, §10 Definition 1.1] (cf. also [LMS22, Definition 7.2]).
Thus, for each fixed n, the process (Nn,•) is a discrete time, time homogeneous Markov
process with transition probabilities given by

P
(
Nn,m+1 = n′ − 1 | Nn,m = n′

)
= pn′
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and
P
(
Nn,m+1 = n′ + 1 | Nn,m = n′

)
= 1− pn′ ,

where pn′ := P(τ↓n′ < τ↑n′ ∧ tn′). In particular, the transition probabilities do not
depend on n. By (4.5) there exists a p∗ > 1

2 and an n∗ ∈ N, such that pn′ ≥ p∗ for
each n′ ≥ n∗. Thus, the set [1, n∗ − 1] ∩ N is recurrent and for any n ∈ N and for
almost every ω ∈ Ω there are infinitely many m ∈ N0 with Nn,m(ω) ≤ n∗ − 1. Since
min{tn′ : 1 ≤ n′ < n∗} > 0, this implies that limm→∞ σn,m(ω) = ∞, for every n ∈ N
and almost every ω ∈ Ω. Thus, for each n ∈ N and each t ≥ 0, the random variable
Mn,t : Ω → N0 uniquely given by

t ∈
[
σn,Mn,t(ω)(ω), σn,Mn,t(ω)+1(ω)

)
is well defined for almost every ω ∈ Ω. This allows us to introduce the semi-Markov
process (cf. [Cin75, Chapter 10: Definition 1.15]) (N̂n,t(ω))n∈N, t≥0,ω∈Ω by N̂n,t(ω) :=
Nn,Mn,t(ω)(ω). Now (4.7) can be rewritten as

φtω(Bn) ⊆ BN̂n,t(ω)+1, ∀ t ≥ 0. (4.8)

Let νn,m denote the law ofNn,m. Standard Markov chain arguments (cf. e.g. [MT93;
BH22]) show that there exists a probability measure ν ∈ M(N), which is stationary
for the Markov processes (Nn,·), such that

ν = lim
m→∞

1

m

m∑
k=1

νn,k, ∀n ≥ n∗.

Restricting our attention to those n which lie in the support of ν, the Markov process
(Nn,•) is irreducible and recurrent. If pn = 1, for some n ≥ n∗, the Markov processes
(Nn,•), as well as the semi-Markov processes (N̂n,•), are almost surely (individually)
bounded. This makes it trivial to show that statement (ii) of Theorem 2.2.6 holds.
Therefore, we henceforth assume pn < 1 for all n ≥ n∗. In particular, this implies
that [n∗ − 1,∞) ∩ N ⊆ supp(ν) and, since tn → 0 as n→ ∞, also

lim inf
m→∞

σn,m+1(ω)− σn,m(ω) ≥ lim inf
m→∞

tNn,m(ω) = 0,

for all n ∈ supp(ν) and almost every ω ∈ Ω. Therefore, the Markov renewal process
must be aperiodic and we can invoke [Cin75, Chapter 10: Theorem 5.22] (cf. also
[LMS22, Theorem 7.5]) to find that

lim
t→∞

P(N̂n,t = n′) = ν̃(n′), ∀n′ ∈ supp(ν), (4.9)

where ν̃ ∈ M(N) is the probability measure given by

ν̃(n) =

( ∞∑
k=1

ν(k)E[σk,1]

)−1

ν(n)E[σn,1].

The sum here is finite since E[σk,1] can be bounded by tk, which can be bounded by
max(t1, t2, . . . ) <∞.

We are now in a position to verify that the statement (ii) of Theorem 2.2.6 holds.
For any ε > 0, we can choose n̂ such that ν̃([1, n̂]) > 1− ε

2 and set C := clos(Bn̂+1).
For any bounded set B ⊂ Rd, we can choose n ≥ n∗ such that B ⊆ Bn. By (4.9), we
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can choose T ≥ 0 large enough, such that

P(N̂n,t ≤ n̂) > 1− ε, ∀ t ≥ T.

If N̂n,t ≤ n̂, then by (4.8) we have

φtω(B) ⊆ φtω(Bn) ⊆ BN̂n,t(ω)+1 ⊆ Bn̂+1 ⊂ C,

and thus also
P(φtω(B) ⊂ C) > 1− ε, ∀ t ≥ T.

completing the proof.

For the remainder of this subsection, we will show that the conditions in Theorem
B.2 imply the corresponding conditions in Lemma 4.2.1. By using a rotating coordi-
nate frame, we can reduce the complexity of the drift term, while leaving the balls
centered at the origin invariant. We denote by R : R → R2×2 the rotation matrix

R(ϑ) :=

(
cos(ϑ) − sin(ϑ)
sin(ϑ) cos(ϑ)

)
.

Lemma 4.2.2. Let (X(t))t∈R≥0
be a solution to (4.4) and let ϑX : [0,∞) → R be

given by

ϑX(t) =

∫ t

0
−ρ(|Xs|) ds. (4.10)

Then

|X(t)| ≤ e−t |X(0)|+ sup
s∈[0,t]

∣∣∣∣∫ t

s
R(ϑX(u)) dW (u)

∣∣∣∣ . (4.11)

Proof. Let Y : [0,∞) → R2 and W̃ : [0,∞) → R2 be given by

Y (t) := R(ϑX(t))X(t) and W̃ (t) :=

∫ t

0
R(ϑX(s)) dW (s).

A simple calculation shows that Y satisfies the SDE

dY (t) = −Y (t) dt+ dW̃ (t).

By variation of constants, Y (t) is given by

Y (t) = e−t Y (0) +

∫ t

0
es−t dW̃ (s).

Since |X(t)| = |Y (t)|, we get the bound

|X(t)| ≤ e−t |X(0)|+
∣∣∣∣∫ t

0
es−t dW̃ (s)

∣∣∣∣ .
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Finally, using integration by parts, we can estimate∣∣∣∣∫ t

0
es−t dW̃ (s)

∣∣∣∣ = ∣∣∣∣W̃ (t)−
∫ t

0
es−t W̃ (s) ds

∣∣∣∣
=

∣∣∣∣et (W̃ (t)− W̃ (0)
)
+

∫ t

0
es−t

(
W̃ (t)− W̃ (s)

)
ds

∣∣∣∣
≤ sup

s∈[0,t]

∣∣∣W̃ (t)− W̃ (s)
∣∣∣ = sup

s∈[0,t]

∣∣∣∣∫ t

s
R(ϑZ(u)) dW (u)

∣∣∣∣
to complete the proof.

As stated, the previous lemma is not really useful, since the integral on the right
hand side of (4.11) is highly dependent on ϑX and thus the exact path of the solution
(X(t)). In order to control the behavior of bounded sets of initial conditions, we are
interested in an upper bound for the integral in (4.11) which may depend on chance,
i.e. ω, but crucially not on the precise initial condition X(0). For this, it is helpful
to note that, for as long as |X(t)| is contained in a compact interval I ⊂ R≥0, the
derivative of ϑX can only take values in ρ(I). Thus we are looking for a way to control
the integral in (4.11), solely by the Lipschitz constant of ϑX . With this in mind, for
any b ∈ R and β ≥ 0, define a set of functions L(b, β) ⊂ C([0,∞),R) by

L(b, β) := {ϑ : [0,∞) → R : (t 7→ ϑ(t)− bt) ∈ Lip(β)},

where Lip(β) denotes the set of Lipschitz-continuous functions with Lipschitz constant
less or equal to β. For each T ≥ 0, define a random variable Qb,β,T by

Qb,β,T (ω) := sup
0≤s<t≤T, ϑ∈L(b,β)

∣∣∣∣∫ t

s
R(ϑ(u)) dW (u)

∣∣∣∣ . (4.12)

Furthermore, for each q ≥ 0, we define a waiting time Tb,β,q by

Tb,β,q(ω) := inf{t ≥ 0 : Qb,β,t(ω) ≥ q}.

Lemma 4.2.3. Assume the setting of Lemma 4.2.1. Let q1, q2, . . . be a sequence of
positive real numbers satisfying

rn − 2qn ≤ rn−1, ∀n ≥ 2 and rn + qn ≤ rn+1, ∀n ≥ 1. (4.13)

Define two sequences b1, b2, . . . and β1, β2, . . . by

bn := ρ(rn − qn) and βn := 2qn sup
r∈[rn−3qn,rn+qn]

ρ′(r).

(i) We have τ↑n ≥ Tbn,βn,qn , for each n ≥ 1.

(ii) For each n ≥ 2, we have

Tbn,βn,qn(ω) >
3qn

rn − 3qn
⇒ τ↓n(ω) <

3qn
rn − 3qn

.

Thus, in particular,

Tbn,βn,qn(ω) >
3qn

rn − 3qn
⇒ τ↓n(ω) < τ↑n(ω) ∧

3qn
rn − 3qn

.
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qn 2qn 3qn

Figure 4.2: Illustration of the relevant balls in the proof of Lemma
4.2.3. The red circle represents ∂Bn, the inner black circle ∂Bn−1

and the outer black circle ∂Bn+1. The three blue circles represent
∂Brn−3qn(0), ∂Brn−2qn(0) and ∂Brn+qn(0). The “buffer zone”
(shaded region) between the two innermost blue circles is crucial for
the proof of Lemma 4.2.3 (ii). It allows to control the trajectory of
point coming from a region close to the origin before they enter the
problematic region R2 \Bn−1.

Proof. First of all, note that, by the mean value theorem, we have ρ(r) ∈ [bn − βn, bn + βn],
for each r ∈ [rn − 3qn, rn + qn].

(i): Fix some x ∈ Bn, some ω ∈ Ω and choose T ∈ [0, Tbn,βn,qn). Set

t∗ := T ∧ inf{t ∈ [0, T ] : φtω(x) /∈ Bn+1},

such that either t∗ = T or |φt∗ω (x)| = rn+1. Our goal is to show φt
∗
ω (x) ∈ Bn+1, which

implies t∗ = T and φtω(x) ∈ Bn+1, for all t ∈ [0, T ].
If φt

∗
ω (x) ∈ Bn, clearly we are done, so suppose φt

∗
ω (x) /∈ Bn. Let t0 be the last

time φtω(x) ∈ Bn during the interval [0, t∗], i.e.

t0 := sup{t ∈ [0, t∗] : φtω(x) ∈ Bn}

and set x0 := φt0ω (x). By a continuity argument, we have |x0| = rn. Let X :
[0, t∗ − t0] → R2 be given by

X(t) := φt0+tω (x) = φtθt0ω(x0).

Up to a time shift on the Brownian motion, X is the solution to (4.4) with initial
value X(0) = x0. As before, let ϑX : [0, t∗ − t0] be given by (4.10). By construction,
we have |X(t)| ∈ [rn, rn + 1] and thus ϑX ∈ L(bn, βn). Applying Lemma 4.2.2, with
the appropriate time shift in mind, as well as the definitions of Qbn,βn,t, we get the
bound∣∣∣φt∗ω (x)∣∣∣ = |X(t∗ − t0)| ≤ e−t

∗+t0 |X(0)|+ sup
s∈[0,t∗−t0]

∣∣∣∣∣
∫ t∗

s+t0

R(ϑX(u)) dW (u)

∣∣∣∣∣
≤ rn +Qbn,βn,t∗−t0 ≤ rn +Qbn,βn,t∗ .
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Since t∗ ≤ T < Tbn,βn,qn , we have Qbn,βn,t∗ < qn and thus indeed∣∣∣φt∗ω (x)∣∣∣ < rn + qn ≤ rn+1.

(ii): Again, fix some x ∈ Bn and some ω ∈ Ω. Let T := qn(rn−3qn)
−1 and suppose

Tbn,βn,qn > T , which, by definition, is equivalent to Qbn,βn,T < qn. In the following,
our goal is to show φTω (x) ∈ Bn−1, which is sufficient to prove the statement.

We will distinguish two cases. First suppose |φtω(x)| < rn−3qn, for some t ∈ [0, T ].
Let t0 ∈ [0, T ] be the largest such t, i.e.

t0 := sup{t ∈ [0, T ] : |φtω(x)| < rn − 3qn}.

If t0 = T , we are done, so suppose t0 < T . Set x0 = φt0ω (x). By a continuity argument
|x0| = rn − 3qn. Following the same line of argument as in (i), we can show

|φTω (x)| = |φT−t0
θt0ω

(x0)| ≤ rn − 3qn +Qbn,βn,T < rn − 2qn.

In particular, φTω (x) ∈ Bn−1. It remains to treat the case where |φtω(x)| ≥ rn − 3qn
for all t ∈ [0, T ]. Let X : [0, T ] → R2 be the corresponding solution to (4.4), given by
X(t) := φtω(X) and define ϑX(t) as before. By assumption and the statement of (i),
we have |X(t)| ∈ [rn − 3qn, rn + qn) and thus ϑX ∈ L(bn, βn). We can apply Lemma
4.2.2 directly, to get

|φTω (x)| = |X(T )| ≤ e−T |X(0)|+ sup
s∈[0,T ]

∣∣∣∣∫ T

s
R(ϑX(u)) dW (u)

∣∣∣∣
≤ 1

1 + T
rn +Qbn,βn,T < rn − 3qn + qn = rn − 2qn

and thus indeed φTω (x) ∈ Bn−1.

For now, one might naively guess that for any b, β, T , we have Qb,β,T = ∞ almost
surely, which would imply Tb,β,q = 0 almost surely for any q ≥ 0, rendering the
previous lemma useless. However, this is not the case. In fact, Qb,β,T can even be
arbitrarily small with positive probability.

Lemma 4.2.4. For any b ∈ R and any β, t, q ≥ 0, we have

(i) P(Qb,β,t < q) > 0 and

(ii) P(Qb,β,t = ∞) = 0.

In order to prove this lemma, ideas from Young integration (cf. e.g. [FV10]) come
in handy. In the following, for 1 ≤ p < ∞ and 0 < s < t < ∞, let |||f |||p−var,[s,t]

denote the p-variation [FV10, Definition 5.1 (ii)] of some function f mapping [s, t]
into a metric space E and denote by Cp−var([s, t], E) the space of such functions, for
which ∥f∥p−var,[s,t] < ∞. For functions defined on larger domains [s, t] ⊆ D ⊆ R, we
let |||f |||p−var,[s,t] denote the p-variation of the restriction f |[s,t]. In the same spirit we
denote the supremums norm of the restriction by ∥f∥∞,[s,t]. It is a standard result
from stochastic analysis, that for any 0 ≤ s < t < ∞ and any p > 2 we almost
surely have |||W |||p−var,[s,t] < ∞. In the following, we will use this fact particularly
for p = 3, even though this choice is arbitrary. Since the integrand on the integral in
(4.12) is locally Lipschitz continuous, it has finite 1-variation and the integral may
be interpreted as a Young integral (cf. [FV10, Definition 6.7]), the value of which
coincides with the Itô integral.
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Proof of Lemma 4.2.4. Fix b, β and T and let 0 ≤ s < t ≤ T and ϑ ∈ L(b, β). In
particular ϑ is (b + β)-Lipschitz continuous and so is R ◦ ϑ as a map from R to
R2×2, where we equip R2×2 with the metric induced by the operator norm. Using the
Young-Loeve inequality (cf. e.g. [FV10, Theorem 6.8]) we get the bound∣∣∣∣∫ t

s
R(ϑ(u)) dW (u)

∣∣∣∣ ≤ ∣∣∣∣∫ t

s
R(ϑ(s)) dW (u)

∣∣∣∣+ ∣∣∣∣∫ t

s
R(ϑ(u)) dW (u)−

∫ t

s
R(ϑ(s)) dW (u)

∣∣∣∣
≤ |R(ϑ(s)) (W (t)−W (s))|+ 1

1− 2−1/3
|||R ◦ ϑ|||1−var,[s,t] |||W |||3−var,[s,t]

≤ 2∥W∥∞,[s,t] + 5T (b+ β) |||W |||3−var,[s,t]

≤ 2∥W∥∞,[0,T ] + 5T (b+ β) |||W |||3−var,[0,T ].

Since this bound holds for any 0 ≤ s < t ≤ T and ϑ ∈ L(b, β) we get

Qb,β,T (ω) ≤ 2∥W (ω)∥∞,[0,T ] + 5T (b+ β) |||W (ω)|||3−var,[0,T ].

Now (ii) follows from the fact that the right-hand side is finite almost surely, while
(i) follows from a suitable support theorem, e.g. [FV10, Theorem 13.50].

The rest of the argument is based purely on scaling symmetries. The rotational
and parabolic scaling symmetries of Brownian motion translate to scaling symmetries

of Q. Denoting equality in distribution by “
d
=”, we obtain the following result.

Lemma 4.2.5. For each b ∈ R, β ≥ 0 and T ≥ 0, we have

i) Qb,β,T
d
= Q0,β,T and

ii) Q0,κβ,κ−1T
d
= κ−1/2Q0,β,T , for each κ > 0.

Proof. i): For ϑ ∈ L(b, β) let ϑ̃ ∈ L(0, β) be defined by ϑ̃(t) = ϑ(t)− bt. Clearly the
assignment ϑ 7→ ϑ̃ is a bijection between L(b, β) and L(0, β). Also define a stochastic
process W̃ : [0, T ] → R2 by

W̃ (t) =

∫ t

0
R(bs) dW (s).

By rotation invariance W̃ is also a Brownian motion, so in particular W
d
= W̃ . Now

we have

Qb,β,T = sup
0≤s<t≤T, ϑ∈L(b,β)

∣∣∣∣∫ t

s
R(ϑ(u)) dW (u)

∣∣∣∣
= sup

0≤s<t≤T, ϑ∈L(b,β)

∣∣∣∣∫ t

s
R(ϑ̃(u))R(bu) dW (u)

∣∣∣∣
= sup

0≤s<t≤T, ϑ̃∈L(0,β)

∣∣∣∣∫ t

s
R(ϑ̃(u)) dW̃ (u)

∣∣∣∣
d
= sup

0≤s<t≤T, ϑ̃∈L(0,β)

∣∣∣∣∫ t

s
R(ϑ̃(u)) dW (u)

∣∣∣∣ = Q0,β,T .

ii): Fix κ > 0. For each ϑ ∈ L(0, β) define ϑ̂ ∈ L(0, κβ) by ϑ̂(t) = ϑ(κt). Also
define a process Ŵ by Ŵ (t) = κ−1/2W (κt). Due to the parabolic scaling Ŵ is also
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a Brownian motion and thus W
d
= Ŵ . Now we have

κ−1/2Q0,β,T = sup
0≤s<t≤T, ϑ∈L(0,β)

∣∣∣∣∫ t

s
R(ϑ(u))κ−1/2 dW (u)

∣∣∣∣
= sup

0≤s<t≤T,ϑ∈L(0,β)

∣∣∣∣∣
∫ κ−1t

κ−1s
R(ϑ(κu))κ−1/2 dW (κu)

∣∣∣∣∣
= sup

0≤κ−1s<κ−1t≤κ−1T, ϑ̂∈L(0,κβ)

∣∣∣∣∣
∫ κ−1t

κ−1s
R(ϑ̂(u)) dŴ (κs)

∣∣∣∣∣ d= Q0,κβ,κ−1T .

We are now in a place to prove Theorem B.2.

Proof of Theorem B.2 (a). Suppose ρ satisfies (Compl). Then there exists constants
r∗ ≥ 0 and C > 0 such that

ρ′(r) ≤ Cr3, ∀ r ≥ r∗. (4.14)

Fix an arbitrary constant K > 0, the precise value of which will only matter in the
next proof, and define sequences (rn), (qn), (β

∗
n) and (tn) by

rn := Kn1/2, qn :=
3

8
Kn−1/2, β∗n := 3CK4n, tn := 3n−1.

Furthermore, let (bn) and (βn) be sequences as defined in Lemma 4.2.3. The condi-
tions (4.13) can be verified by the following elementary calculations:

rn−1 = K
√
n− 1 = K

√
n−

∫ n

n−1

K

2
√
u
du

≥ K
√
n− K

2
√
n− 1

≥ K
√
n− K√

2n
> rn − 2qn, ∀n ≥ 2,

rn+1 = K
√
n+ 1 = K

√
n+

∫ n+1

n

K

2
√
u
du ≥ K

√
n+

K

2
√
n
> rn + qn, ∀n ≥ 1.

Also, letting n∗ ∈ N denote the smallest integer satisfying rn∗ ≥ r∗, we have

βn ≤ 2qnC(rn+qn)
3 ≤ 2qnCr

3
n+1 =

3

4
CK4n−1/2(n+1)3/2 ≤ 3 · 23/2

4
CK4n < 3CK4n = β∗n,

for each n ≥ n∗. Note that the dependence on n in βn, qn and tn matches the scaling
in Lemma 4.2.5. We can use this together with the definition of T and the monotone
dependence of Q on β to get the bound

P(Tbn,βn,qn ≥ tn) ≥ P(Qbn,βn,tn < qn) ≥ P(Qbn,β∗
n,tn < qn) = P

(
Q0,β∗

1 ,t1
< q1

)
(4.15)

for all n ≥ n∗. In particular, we have

lim inf
n→∞

P(τ↑n ≥ tn) ≥ lim inf
n→∞

P(Tbn,βn,qn ≥ tn) ≥ P
(
Q0,β∗

1 ,t1
< q1

)
> 0,

where we used Lemma 4.2.3 (i) and Lemma 4.2.4 (i). Clearly
∑∞

n=1 tn = ∞, so
Lemma 4.2.1 (i) guarantees strong completeness of φ.
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Proof of Theorem B.2 (b). Suppose ρ satisfies (Attr), i.e. again there are constants
r∗ ≥ 0 and C > 0, such that (4.14) holds and C ≤ K1 for some universal constant
K1 > 0 to be determined. We follow the previous proof until (4.15). Note that, for
each n ≥ 2, we also have

3qn
rn − 3qn

=
9K
8 n

−1/2

Kn1/2 − 9K
8 n

−1/2
=

1
8
9n− 1

<
3

n
= tn.

By Lemma 4.2.3 and (4.15), this means

P
(
τ↓n < τ↑n ∧ tn

)
≥ P

(
τ↓n < τ↑n ∧ 3qn

rn − 3qn

)
≥ P

(
Tbn,βn,tn >

3qn
rn − 3qn

)
≥ P (Tbn,βn,tn > tn) ≥ P

(
Q0,β∗

1 ,t1
< q1

)
for each n ≥ 2 ∨ n∗. In particular, we have

lim inf
n→∞

P
(
τ↓n < τ↑n ∧ tn

)
≥ P

(
Q0,β∗

1 ,t1
< q1

)
,

so in order to establish (4.5), it remains to show P
(
Q0,β∗

1 ,t1
< q1

)
> 1

2 . Recall that

the constant K > 0 was arbitrary so far and fix K = C−1/4, such that b∗1 = 3 and
t1 = 3 do no longer depend on C. As a consequence of Lemma 4.2.4 (ii), there exists
a constant Q∗ > 0 such that P(Q0,3,3 < Q∗) > 1

2 . Set K1 =
1
51Q

∗−4. Then

q1 =
3

8
K =

3

8
C−1/4 ≥ 3

8
K

−1/4
1 =

3

8
511/4Q∗ > Q∗.

and thus indeed P
(
Q0,β∗

1 ,t1
< q1

)
> 1

2 . Therefore (4.5) holds and by Lemma 4.2.1 the
random dynamical system φ admits a weak set attractor.
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Chapter 5

Stochastic Gradient Descent in
Overparameterized Learning

In the two previous sections, we investigated random dynamical systems induced
by stochastic differential equations with additive noise. In this subsection, we will
study RDS induced by iterative random function systems. The type of system we are
considering arises in the training of overparameterized neural networks. In section
5.1, the setting is introduced. In section 5.2 we state our main result and discuss its
importance for machine learning. These main results are then proved in section 5.3.
Finally, we discuss possible extensions in section 5.4.

5.1 Setup

5.1.1 Scalar regression problem

In the following, we consider a scalar regression problem. Let f̂ : Rd → R be a
ground-truth function, which is supposed to be reconstructed from N given data pairs
(yi, zi = f̂(yi))i∈[N ], where [N ] = {1, . . . , N}. To do so, we consider a parameterized

network model given by a smooth function F : RD ×Rd → R and try, using the given
data, to find an x ∈ RD such that F(x, ·) ≈ f̂ . For the purpose of being general, we will
not specify how the network function F looks like. Typical network architectures used
in practice include fully connected networks, convolutional neural networks (image
classification [KSH12]) and transformers (large language models [Vas17]). In the
absence of other information, it is reasonable to prescribe

x ∈ argmin
1

N

∑
i∈[N ]

ℓ(F(x, yi), zi), (5.1)

for some loss function ℓ : R × R → R≥0, with ℓ(z̄, z) = 0 if and only if z̄ = z,
∂1ℓ(z, z) = 0 and ∂21ℓ(z, z) = 1. Even though other choices for ℓ are possible, it is
advised to think of the square loss function ℓ(z̄, z) := 1

2(z̄− z)2. For each i ∈ [N ], we
define the individual loss function Li : RD → [0,∞) by

Li(x) := ℓ(F(x, yi), zi) (5.2)

and the empirical loss function L : RD → R as the average of the individual loss
functions, i.e.

L(x) := 1

N

N∑
i=1

Li(x). (5.3)
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Equation (5.1) can thus be rewritten as

x ∈ argminL(x). (5.4)

If the number of given training examples N exceeds the number of learnable parame-
ters D, the problem is overdetermined and the global minimum of L is usually unique,
such that x is fully determined by (5.4). However, in general it will not be possible
to find an x ∈ RD such that F(x, ·) interpolates the given data, i.e. the set

M :=
{
x ∈ RD : L(x) = 0

}
=
{
x ∈ RD : F(x, yi) = zi, ∀i ∈ [N ]

}
will be empty.

On the other hand, if the number of learnable parameters exceeds the number
of training examples, i.e. D > N , the optimization problem is overparameterized.
As described in the introduction, this will be the case of interest here. Given a
sufficiently expressive network model F (meaning that F(x, ·) can express a sufficiently
rich family of functions), the set of interpolation solutions M will usually be infinite.
If furthermore the set of gradients

{∇xF(x, yi) : i ∈ [N ]} ⊂ RD

is linearly independent for every x ∈ M, the set M is an embedded smooth (D−N)-
dimensional submanifold of RD with normal space

N (x) = span{∇xF(x, yi) : i ∈ [N ]} (5.5)

and tangent space

T (x) = N (x)⊥ = {v ∈ RD : wtv = 0, ∀w ∈ N (x)}. (5.6)

As a consequence of Sard’s theorem (see e.g. [Mil97]), this condition will be satisfied
for generic training data and in the following we will assume that M is a smooth
manifold (cf. Hypothesis (H1) below).

Proposition 5.1.1 ([Coo21]). For every smooth network model F and every choice
of (y1, . . . , yN ), there exists a set Z ⊆ RN of full Lebesgue measure, such that, if
(z1, . . . , zN ) ∈ Z, then M is an embedded smooth (D −N)-dimensional manifold.

While x ∈ M ensures F(x, yi) = f̂(yi) for all i ∈ [N ], it does not guarantee
F(x, y) ≈ f̂(y) for any y outside the training data set. This is the generalization gap
mentioned in the introduction. If M is infinite, (5.4) does not determine x uniquely
and the question of generalization is highly dependent on which x ∈ M is chosen.

5.1.2 Learning algorithms

In practice, a wide range of optimization algorithms (cf. e.g. [SSH21]) are used to find
a global minimum x∗ ∈ M. In this work, we will restrict our study to the two most
basic optimization algorithms: gradient descent (GD) and stochastic gradient descent

(SGD). Both algorithms are initialized at a random point X
GD/SGD
0 ∈ RD, which is

distributed according to some probability measure ν : B(RD) → [0, 1], called initial
distribution. We will assume that ν is equivalent to Lebesgue measure (cf. Hypothesis
(H2) below). This is consistent with ν being a normal distribution, which is the most
common choice in practice.
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Gradient descent tries to successively reduce the empirical loss L by taking small
steps in the opposite direction of its gradient ∇L. Formally, the update rule is given
by

XGD
n+1 := XGD

n − η∇L(XGD
n ), (5.7)

where η > 0 is a small real number called learning rate. Ideally, gradient descent
converges to some point XGD

lim ∈ M as n tends to infinity. While gradient descent
is remarkably reliable at finding global minima in practice, convergence to a global
minimum (or even convergence in the first place) cannot be guaranteed in our general
setting, since L is generally non-convex. Therefore, we define XGD

lim as an M∪ {∅}-
valued random variable by

XGD
lim :=

{
limn→∞XGD

n , if (XGD
n ) converges to some point in M,

∅ , otherwise,

accounting for a possible failure of convergence. The randomness inXGD
lim stems purely

from the random initialization XGD
0 . Once XGD

0 is drawn, all subsequent steps and
thus XGD

lim are deterministic.
In contrast, stochastic gradient descent is a stochastic optimization algorithm.

After initializing XSGD
0 randomly according to the measure ν, SGD updates are per-

formed according to the gradients of the individual loss functions Li (5.2), corre-
sponding to randomly chosen training data. Concretely, we set

XSGD
n+1 := XSGD

n − η∇Lξn+1(X
SGD
n ), (5.8)

where (ξn)n∈N is a sequence of independent random variables, which are uniformly
distributed over [N ]. The vector ∇Lξn can be interpreted as an unbiased estimator
for the gradient ∇L of the empirical loss function L (5.3) since

E[∇Lξn(x)] = ∇L(x),

for each x ∈ RD and each n ∈ N. Unfortunately, the problems with guaranteeing
convergence for SGD persist. Consequently, we again define XSGD

lim as a M ∪ {∅}-
valued random variable by

XSGD
lim :=

{
limn→∞XSGD

n , if (XSGD
n ) converges to some point in M,

∅ , otherwise.

In the following, we are interested in studying which points GD and SGD can
find. Put more precisely, we aim to characterize the support of the random variable

X
GD/SGD
lim , which is defined as

supp
(
X

GD/SGD
lim

)
:= supp

(
Law

(
X

GD/SGD
lim

))
(5.9)

:=
{
x ∈ M : U ⊆ M open nbhd. of x⇒ P

(
X

GD/SGD
lim ∈ U

)
> 0
}
.

Roughly speaking, a global minimum x∗ ∈ M is in the support of X
GD/SGD
lim if and

only if there is a set of initializations with positive Lebesgue measure for which the
optimization algorithm converges to a minimum x′ ∈ M close to x∗. This connects

the support of X
GD/SGD
lim to the so-called dynamical stability of global minima.
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5.1.3 GD as a dynamical system

As a convenient notation to study the dynamics of gradient descent, we introduce the
function Gη : RD → RD by

Gη(x) := x− η∇L(x), (5.10)

such that XGD
n+1 = Gη(XGD

n ). The dynamics of gradient descent can now be studied
as a discrete-time dynamical system. Every global minimum x∗ ∈ M is a fixed point
under these dynamics, i.e. we have Gη(x∗) = x∗ for every x∗ ∈ M. Since the manifold
M consists exclusively of fixed points, it is in particular invariant. Classical theory
for invariant manifolds [HPS70] suggests that their stability is determined by the
leading eigenvalue of the transversal part of the linearization. For a global minimum
x∗ ∈ M, the Jacobian DGη(x∗) can be computed as

DGη(x∗) = 1D − ηHessL(x∗) = 1D − η

N

N∑
i=1

∇xF(x
∗, yi)∇xF(x

∗, yi)
t. (5.11)

By the definition of the normal space N (5.5) and tangent space T (5.6), the matrix
DGη(x∗) satisfies DGη(x∗)v = v for all v ∈ T (x∗) and DGη(x∗)w ∈ N (x∗) for all
w ∈ N (x∗). Thus, DGη(x∗) respects the splitting RD = T (x∗) ⊕ N (x∗) and we
denote the restrictions to these subspaces by DT (x∗)Gη(x∗) : T (x∗) → T (x∗) and
DN (x∗)Gη(x∗) : N (x∗) → N (x∗). We say that x∗ is linearly stable under GD with
learning rate η if

µ(x∗) := lim
n→∞

1

n
log(∥DN (x∗)Gη(x∗)n∥) = log(ρSpec(DN (x∗)Gη(x∗))) < 0. (5.12)

Here ∥ · ∥ denotes the operator norm and ρSpec the spectral radius of a matrix which
is given by

ρSpec(A) := lim
n→∞

∥An∥1/n = max{|λ| : λ is an eigenvalue of A}.

Conversely, if µ(x∗) > 0, we say that x∗ is linearly unstable under GD. By (5.11), we
have

Spec(DN (x∗)Gη(x∗)) = 1− η Spec(HessN (x∗) L(x∗)).

While the Hessian HessL(x∗) is only positive semi-definite, its restriction to N (x∗)
is even positive definite and thus

Spec(HessN (x∗) L(x∗)) ⊂ R>0.

In particular, the Hessian HessN (x∗) L(x∗) is a symmetric positive definite operator.
Therefore, the condition for linear stability µ(x∗) < 0 can be equivalently expressed
as

µ(x∗) < 0 ⇔ Spec(DN (x∗)Gη(x∗)) ⊂ (−1, 1) ⇔ Spec(HessN (x∗) L(x∗)) ⊂ (0, 2/η)

⇔ ∥HessN (x∗) L(x∗))∥ <
2

η
⇔ ∥HessL(x∗)∥ < 2

η
,

where the last equivalence holds if η < 2. We thus recover the definition mentioned in
the introduction, which is also common in the literature (cf. e.g. [WME18; Coh+20;
ALP22]). Nevertheless, we will stick to the expression in terms of µ(x∗) here, since
this quantity has a direct analog λ(x∗) for SGD, which will be given as a Lyapunov
exponent.
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5.1.4 SGD as a random dynamical system

Similarly to the previous section, stochastic gradient descent can be studied as a
random dynamical system. Indeed, (5.8) is an iterative random function system of
the form discussed in section 2.1.3. Since Ω should encode the randomness both at
initialization and during training, we let

Ω := RD × [N ]N and F := B(RD)⊗P([N ])⊗N,

where P([N ]) denotes the power set of [N ]. If β denotes the uniform measure on [N ]
we can define the probability measure P : F → [0, 1] by

P := ν ⊗ β⊗N.

Thus, the elements ω ∈ Ω have the form ω = (ωinit, ω1, ω2, . . . ) and the random
variables XSGD

0 , ξ1, ξ2, . . . used in SGD can be formally defined by

XSGD
0 (ω) := ωinit and ξn(ω) := ωn.

The shift operator θ : Ω → Ω can now be defined by

θ : ω = (ωinit, ω1, ω2, . . . ) 7→ θω := (ωinit, ω2, ω3, . . . ).

Clearly P is θ-invariant and thus defines a metric dynamical system on Ω. Furthermore
θ is ergodic with respect to the sub-σ algebra F0,∞ := σ(ξ1, ξ2, . . . ), i.e.

θ−1(E) = E ⇒ P(E) ∈ {0, 1}, ∀E ∈ F0,∞.

To ease notation, we introduce the functions Gη,i : RD → RD for each i ∈ [N ] by

Gη,i(x) := x− η∇Li(x). (5.13)

such thatXSGD
n+1 = Gη,ξn+1(X

SGD
n ). With this notation, the map φ : N0×Ω×RD → RD

can be defined by

φ0
ω(x) := x and φnω(x) :=

[
Gη,ξn(ω) ◦ · · · ◦ Gη,ξ1(ω)

]
(x). (5.14)

It is easy to check that (θ, φ) is a cocycle over θ and (θ, φ) a random dynamical
system. The random variables XSGD

n can now be expressed as

XSGD
n (ω) = φnω

(
XSGD

0 (ω)
)
.

Again, we have that every global minimum x∗ ∈ M is a fixed point under SGD in
the sense that φnω(x

∗) = x∗ for any ω ∈ Ω and any n ≥ 0. Consequently, the measure
δx∗ ∈ M1(RD) is a stationary distribution of the Markov process induced by φ. The
corresponding invariant Markov measure is given by P× δx∗ ∈ M1(Ω× Rd).

Following section 2.3.1, we denote the derivative cocycle by

Φn(ω,x) := Dφnω(x) ∈ RD×D.

For a global minimum x∗ ∈ M, we have

Φn(ω,x∗) = DGη,ξn(ω)
(
φn−1
ω (x∗)

)
. . .DGη,ξ1(ω)

(
φ0
ω(x

∗)
)

= DGη,ξn(ω)(x
∗) . . .DGη,ξ1(ω)(x

∗).
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Since the matrices DGη,1, . . . ,DGη,N all respect the splitting RD = T (x∗) ⊕ N (x∗)
with DT (x∗)Gη,i = IdT (x∗), the same holds true for Φn(ω,x∗) for all ω ∈ Ω and all n ∈ N0.

We denote the restriction of Φn(ω,x∗) to N (x∗) by Φn(ω,x∗)
∣∣
N (x∗)

: N (x∗) → N (x∗). To

study the stability of M near x∗, we consider the quantity λ∗(x) given by

λ(x∗) := lim
n→∞

1

n
log
∥∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥∥
= lim

n→∞

1

n
log
∥∥DN (x∗)Gη,ξn(ω)(x

∗) . . .DN (x∗)Gη,ξ1(ω)(x
∗)
∥∥ . (5.15)

We call the global minimum x∗ in M dynamically stable if λ(x∗) < 0 and dynamically
unstable if λ(x∗) > 0.

By applying the Oseledet theorem for one-sided time (Theorem 2.3.1) to the
invariant Markov measure P × δx∗ , we can see that the limit in (5.15) exists almost
surely in R∪{−∞}, is essentially independent of ω and equal to the largest Lyapunov
exponent λi for which the corresponding next space Vi+1(ω, x

∗) in the Oseledet flag
does not contain N (x∗) for almost every ω ∈ Ω. For λ(x∗) ≥ 0, this will be the
first Lyapunov exponent λ1, while for λ(x∗) < 0 this will be the second Lyapunov
exponent, with λ1 = 0 and V2(ω, x

∗) = N (x∗) almost surely. Recall from (2.12) that,
by the Kingman subadditive ergodic theorem, λ(x∗) is given by

λ(x∗) = lim
n→∞

1

n
E
[
log
∥∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥∥] = inf
n>0

1

n
E
[
log
∥∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥∥] . (5.16)

5.2 Main Result and Discussion

5.2.1 Main result

Our main result of this chapter is that the quantities µ(x∗) and λ(x∗) indeed charac-

terize the supports of X
GD/SGD
lim . In our derivation we made some assumptions, which

can be formalized as follows.

Hypothesis (H1). For each x ∈ M the set of vectors

{∇xF(x, yi) : i ∈ [N ]} ⊂ RD

is linearly independent. In particular, M is an embedded submanifold of RD.
Hypothesis (H2). The initial distribution ν is equivalent to Lebesgue measure, i.e.

ν(B) = 0 ⇔ Leb(B) = 0, ∀B ∈ B(RD).

Recall that, by Proposition 5.1.1, the Hypothesis (H1) is fulfilled for generic training
data, while (H2) holds for the most common choice of initial distribution.

The quantities µ(x∗) and λ(x∗) describe the dynamics of GD and SGD only locally,

while the question of whether a global minimum x∗ ∈ M is in the support ofX
GD/SGD
lim

concerns the global dynamics. Since we are dealing with discrete time, it is in theory
possible that there exists a region with positive Lebesgue measure far away from x∗,
all points of which will be mapped to x∗ within one iteration. In that case x∗ would

lie in the support of X
GD/SGD
lim , even if it is locally unstable. To avoid this issue, we

add the following assumption.

Hypothesis (H3). The map Gη and the maps Gη,1, . . . ,Gη,N , defined in (5.10) and
(5.13), are non-singular, i.e. the pre-image of every Lebesgue-null set is a Lebesgue-
null set.
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In particular, a continuously differentiable map G : RD → RD is non-singular if its
Jacobian is invertible Lebesgue almost everywhere. Whether this is true for the maps
Gη,Gη,1, . . . ,Gη,N depends on the network function F. Yet it is reasonable to assume
that this should be satisfied for the common neural network architectures, at least for
almost every learning rate η. For the map Gη non-singularity was proved in a realistic
setting by Crăciun and a Ghoshdastidar [CG24].

Recall that the support of X
GD/SGD
lim is defined as

supp
(
X

GD/SGD
lim

)
:=
{
x ∈ M : U ⊆ M open nbhd. of x⇒ P

(
X

GD/SGD
lim ∈ U

)
> 0
}
.

For gradient descent, we will show the following main result.

Theorem C.1. Suppose (H1), (H2) and (H3) are satisfied. Let x∗ ∈ M.

(i) If µ(x∗) < 0, then x∗ ∈ supp
(
XGD

lim

)
.

(ii) If µ(x∗) > 0, then x∗ /∈ supp
(
XGD

lim

)
.

The analogous result for stochastic gradient descent requires some extra assump-
tions on the global minimum x∗ in question.

Definition 5.2.1. A global minimum x∗ ∈ M is said to be regular if

(i) for every i ∈ N, we have

|∇xF(x
∗, yi)|2 /∈

{
1

η
,
2

η

}
, and (5.17)

(ii) there exists no proper sub-set ∅ ⊊ A ⊊ [N ], such that

∇xF(x
∗, yi) · ∇xF(x

∗, yj) = 0, ∀ i ∈ A, j ∈ [N ] \ A.

Note that almost every family of vectors (∇xF(x
∗, yi))i∈[N ] will satisfy these condi-

tions. Thus it is reasonable to assume that, for most network functions F, almost
every global minimum x∗ ∈ M is regular. With this definition in hand, we get the
following result for SGD.

Theorem C.2. Suppose (H1), (H2) and (H3) are satisfied. Let x∗ ∈ M be regular.

(i) If λ(x∗) < 0, then x∗ ∈ supp
(
XSGD

lim

)
.

(ii) If λ(x∗) > 0, then x∗ /∈ supp
(
XSGD

lim

)
.

Remark 5.2.2. Both Theorem C.1 and Theorem C.2 fail to address the case µ(x∗) =

0, respectively λ(x∗) = 0. Since the support of X
GD/SGD
lim is closed by definition and

µ : M → R is continuous, most points with µ(x∗) = 0 should have global minima
x′ ∈ M with µ(x′) < 0 nearby and thus be in the support of XGD

lim . Making this
argument rigorous would require more precise knowledge of the network function F
and is outside the scope of this dissertation. Continuity of λ is a more subtle issue.
In general, λ : M → R is only upper semi-continuous. However, a recent result by
Avila, Esken, and Viana [AEV23] shows that λ is continuous at all points x∗, where
the matrix Φ1

(ω,x∗) is invertible for every ω ∈ Ω. This is, in particular, the case for all
regular x∗ ∈ M.
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5.2.2 Relation to the neural tangent kernel

We point out that, for any x∗ ∈ M, the values of µ(x∗) and λ(x∗) can be deduced
entirely from the so-called neural tangent kernel Kx∗ : Rd×Rd → R, first introduced
in [JGH18], which is defined by

Kx∗(y, y
′) = ∇xF(x

∗, y)t∇xF(x
∗, y′),

or more specifically, its Gram matrix Gx∗ ∈ RN×N given by

[Gx∗ ]i,j := Kx∗(yi, yj),

where y1, . . . , yN ∈ Rd are the training examples. Let Sx∗ ∈ RD×N denote the matrix
whose i-th column is given by ∇xF(x

∗, yi), i.e.

Sx∗ :=

 | |
∇xF(x

∗, y1) . . . ∇xF(x
∗, yN )

| |

 . (5.18)

Clearly, Sx∗ maps RN isomorphically onto N (x∗) and straightforward calculations,
using linear independence of the gradients, show that

[HessL(x∗)]Sx∗ =
1

N
Sx∗Gx∗ and [HessLi(x∗)]Sx∗ = Sx∗Gx∗,[i],

where Gx∗,[i] denotes the matrix Gx∗ with every row but the i-th row set to zero.
It should be noted that Sx∗ is not a square matrix and thus not invertible as a
matrix. However, as an isomorphism from RN to N (x∗) it can be inverted and we let
S−1
x∗ ∈ RN×D denote the matrix associated with this inverse isomorphism. It satisfies
S−1
x∗ Sx∗ = 1N and (Sx∗S

−1
x∗ )|N (x∗) = 1D|N (x∗). Thus the restrictions of the Jacobians

of Gη and Gη,i to N (x∗) can be expressed as

DN (x∗)Gη(x∗) = Sx∗
(
1N − η

N
Gx∗

)
Sx∗

−1 (5.19)

and
DN (x∗)Gη,i(x∗) = Sx∗

(
1N − ηGx∗,[i]

)
Sx∗

−1.

From this, we get ρSpec(DN (x∗)Gη(x∗)) = ρSpec(1N − η
NGx∗) and, using the symmetry

of (1N − η
NGx∗), also

µ(x∗) = ρSpec

(
1N − η

N
Gx∗

)
=
∥∥∥1N − η

N
Gx∗

∥∥∥ . (5.20)

For λ(x∗) an analogous statement can be obtained. For this, it is convenient to
introduce the linear cocycle (Ψn

(ω,x∗))n∈N0,ω∈Ω by

Ψn
(ω,x∗) :=

(
1N − ηGx∗,[ξn(ω)]

)
. . .
(
1N − ηGx∗,[ξ1(ω)]

)
∈ RN×N . (5.21)

Thus, we have
Φn(ω,x∗)

∣∣
N (x∗)

= Sx∗Ψ
n
(ω,x∗)Sx∗

−1. (5.22)
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This gives the estimates

log
∥∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥∥− log ∥Sx∗∥ − log
∥∥Sx∗−1

∥∥
≤ log

∥∥∥Ψn
(ω,x∗)

∥∥∥
≤ log

∥∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥∥+ log ∥Sx∗∥+ log
∥∥Sx∗−1

∥∥ .
Therefore λ(x∗) can be expressed as

λ(x∗) = lim
n→∞

1

n
E
[
log
∥∥Φn(ω,x∗)∣∣N (x∗)

∥∥]
= lim

n→∞

1

n
E
[
log
∥∥Ψn

(ω,x∗)

∥∥]
= inf

n∈N

1

n
E
[
log
∥∥Ψn

(ω,x∗)

∥∥]. (5.23)

Here the last equality follows from the fact that the sequence in question is monoton-
ically decreasing by a subadditivity argument.

This observation is useful for two reasons. On the one hand, it connects the
central quantities of this chapter to an active line of research of neural networks in
the infinite width limit [JGH18]. On the other hand, it turns out that the expressions
(5.20) and (5.23) are nicer to work with than the corresponding expressions in the
previous section and will be exclusively used in the proofs of the main theorems.

5.2.3 Comparison to second moment linear stability

In contrast, the content of this section is not required to understand the proofs given
in sections 5.3.

A different notion of linear stability for SGD was introduced by [WME18]. Adapted
to our notation, their condition can be expressed as follows.

Definition 5.2.3 (Definition 2 in [WME18]). A global minimum x∗ ∈ M is called
second moment linearly stable, if there exists a constant C such that

E
[∣∣∣Φn(ω,x∗)x∣∣∣2] ≤ C|x|2,

for all x ∈ RD and all n ∈ N.

To distinguish the two notions, we call a global minimum x∗ with λ(x∗) < 0 almost
surely stable. As will be argued below, second moment linear stability is almost a
strictly stronger condition than almost sure stability. The fact that second moment
stability and almost-sure stability are in general not equivalent can already be seen
for 1-dimensional linear stochastic processes. Let (Xn)n∈N0 be the stochastic process
given by X0 = 1 and

Xn+1 = Yn+1Xn,

where (Yn)n∈N is an i.i.d. sequence of real-valued random variables with E[log+ |Y1|] <∞.
By the strong law of large numbers, we have

lim
n→∞

1

n
log |Xn| = lim

n→∞

1

n

n∑
k=1

log |Yn| = E[log |Y1|] ∈ [−∞,∞), almost surely.
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Thus, if E[log |Y1|] < 0, then the linear process (Xn) is almost surely stable, i.e. Xn →
0 with probability 1. At the same time, since Xn and Yn+1 are independent we have

E
[
|Xn+1|2

]
= E

[
|Yn+1|2

]
E
[
|Xn|2

]
= E

[
|Y1|2

]
E
[
|Xn|2

]
and therefore E

[
|Xn|2

]
= E

[
|Y1|2

]n
. Thus (Xn) is second moment stable, i.e. there

exists a C > 0 such that E
[
|Xn|2

]
< C if and only if E

[
|Y1|2

]
≤ 1. However, while

E
[
|Y1|2

]
≤ 1 implies E[log |Y1|] < 0 by Jensen’s inequality, the converse is clearly not

true. Suppose for example that Y1 takes the values
1
3 and 2 with probability 1

2 each. A
simple calculation shows E[log |Y1|] = 1

2(log(2)−log(3)) < 0, while E
[
|Y1|2

]
= 19

9 > 1.
On the other hand, second moment stability is closely related to so-called moment

Lyapunov exponents (see e.g. [Arn84]), which have been linked to central limit the-
orems as well as large deviation theory for the convergence of finite-time Lyapunov
exponents (see e.g. [BL85; AKO86; AK87]).

Definition 5.2.4. For any p ∈ R, the p-th moment Lyapunov exponent Λp(x
∗) of a

global minimum x∗ ∈ M is given by

Λp(x
∗) := sup

y∈N (x∗)\{0}
lim
n→∞

1

n
logE

[∣∣∣Φn(ω,x∗)y∣∣∣p]
sup

w∈RN\{0}
lim
n→∞

1

n
logE

[∣∣∣Ψn
(ω,x∗)w

∣∣∣p]
Convergence for each y ∈ N (x∗) \ {0}, respectively w ∈ RN \ {0}, follows from a

subadditivity argument.
The precise relation between second moment Lyapunov exponents and second-

order stability can be stated as follows.

Proposition 5.2.5. In order for a global minimum x∗ ∈ M to be second moment
linearly stable, it is

(i) necessary to have Λ2(x
∗) ≤ 0 and

(ii) sufficient to have Λ2(x
∗) < 0.

Proof. Since Φn(ω,x)
∣∣
T (x∗)

= IdT (x∗), a global minimum x∗ is second moment linearly

stable if and only if there exists a C > 0 such that

E
[∥∥∥Φn(ω,x∗)y∥∥∥2] ≤ C∥y∥2,

for all y ∈ N (x∗) and all n ∈ N. Now (i) follows directly from the definition of the
second moment Lyapunov exponent.

In order to prove (ii), we define

Λ2,y := lim
n→∞

1

n
logE

[∣∣∣Φn(ω,x∗)y∣∣∣p]
and assume that Λ2,y < 0 for all y ∈ N (x∗). Letting b1, . . . , bN be some orthonormal
basis of N (x∗) we have

lim
n→∞

E
[∥∥∥Φn(ω,x∗)bi∥∥∥2] = 0, ∀ i ∈ [N ].
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Let C > 0 be given by

C := sup
i∈[N ], n∈N

E
[∥∥∥Φn(ω,x∗)bi∥∥∥2] <∞.

Now for y = α1b1 + · · ·+ αNbN , we have

E
[∥∥∥Φn(ω,x∗)y∥∥∥2] = E

∥∥∥∥∥Φn(ω,x∗)
(

N∑
i=1

αibi

)∥∥∥∥∥
2
 = E

∥∥∥∥∥
N∑
i=1

αiΦ
n
(ω,x∗)bi

∥∥∥∥∥
2


≤ E

( N∑
i=1

αi

∥∥∥Φn(ω,x∗)bi∥∥∥
)2
 ≤ E

[
N

N∑
i=1

α2
i

∥∥∥Φn(ω,x∗)bi∥∥∥2
]

≤ NC
N∑
i=1

α2
i = NC∥y∥2.

Thus x∗ is second moment linearly stable.

Proposition 5.2.6. For each p ∈ R, we have Λp(x
∗) ≥ pλ(x∗). In particular

Λ2(x
∗) ≤ 0 implies λ(x∗) ≤ 0.

Proof. As a consequence of the Kingman ergodic theorem (cf. (2.12)), we have

λ(x∗) = sup
y∈N (x∗)

lim
n→∞

1

n
E
[
log
∥∥∥Φn(ω,x∗)y∥∥∥] .

The proposition follows from Jensen’s inequality.

To summarize, if x∗ ∈ M is second moment stable in the sense of [WME18], it
satisfies Λ2(x

∗) ≤ 0 and thus λ(x∗) ≤ 0. Most of these points should be regular in the
sense of Definition 5.2.1 and even satisfy λ(x∗) < 0. By Theorem C.2, these global
minima lie in the support of XSGD

lim . On the other hand, the one-dimensional example
demonstrated above suggests that it is possible to have global minima x∗ ∈ M with
λ(x∗) < 0 and Λ2(x

∗) > 0. Given that they are regular, these global minima will
be in the support of XSGD

lim , but will not be second moment linearly stable in the
sense of [WME18]. Thus second order linear stability is sufficient to be part of the
support of XSGD

lim but not necessary. Notably, the paper by [WME18] contains a
sufficient condition for second order linear stability (cf. Theorem 1 in [WME18]). By
the argument above, their condition is also a sufficient condition for λ(x∗) ≤ 0.

In [MY21], a more general notion of “k-th order linear stability” is introduced. If
p = k is an even natural number, this is equivalent to the following generalization of
second moment linear stability (cf. Remark 1 in [MY21]).

Definition 5.2.7. For p > 0, a global minimum x∗ ∈ M is called p-th moment
linearly stable, if there exists a constant C such that

E
[∥∥∥Φn(ω,x∗)x∥∥∥p] ≤ C∥x∥p,

for all x ∈ RD and all n ∈ N.

Proposition 5.2.5 can be extended to p-th moment linear stability mutatis mutan-
dis.
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5.2.4 Overview of the proofs

In the following section, we present the proofs of Theorem C.1 and Theorem C.2. For
the main arguments, it will be convenient to work in a local coordinate system in which
M corresponds to a linear subspace. Such a coordinate system will be introduced in
section 5.3.1. Theorem C.1 (i) then follows from an elementary argument presented in
section 5.3.2. In order to prove Theorem C.1 (ii), in section 5.3.3, we employ a center-
stable manifold theorem. Theorem C.2 (i) is then proved in section 5.3.4. The proof is
similar to the proof of Theorem C.1 (i) presented in section 5.3.2, but the possibility
for non-uniform hyperbolicity adds an additional challenge. Finally, Theorem C.2
(ii) is proved in sections 5.3.5-5.3.7. The proof is inspired by previous work on the
instability of invariant subspaces for stochastic differential equations (see e.g. [BS88;
Bax91]). While these works rely on Hörmander conditions [Hör67; Hai21b], we use a
criterion by Le Page [Le 82] to establish a spectral gap for the projective semi-group.
The assumptions for the criterion of Le Page are checked in section 5.3.5. In section
5.3.6, we construct a local Lyapunov function similar to the recent works [BBP22d;
BCG23]. The proof of Theorem C.2 is then completed in section 5.3.7.

5.3 Proof of the Main Result

Throughout the entirety of section 5.3, we assume (H1), (H2) and (H3) as standing
assumptions.

5.3.1 Local coordinates

In the following, for some fixed x∗ ∈ M, we introduce a local coordinate system for a
neighborhood of x∗, in which the generally non-linear manifold M becomes a linear
subspace aligned with the coordinate axes. Using these coordinates will be helpful in
all further proofs.

Lemma 5.3.1. There exists an open neighborhood x∗ ∈ Û ⊂ RD and an open neigh-
borhood (0, 0) ∈ V̂ ⊆ RD−N × RN , as well as a smooth diffeomorphism χ : V̂ → Û ,
such that

(i) χ(0, 0) = x∗,

(ii) χ(V̂ ∩ (RD−N × {0})) = Û ∩M,

(iii) the Jacobian at the origin is given by

Dχ(0, 0) =
(
A Sx∗

)
, (5.24)

where A ∈ RD×(D−N) is some matrix which induces an isomorphism from RD−N

onto T (x∗) and Sx∗ ∈ RD×N is the matrix defined in (5.18),

(iv) and χ is bi-Lipschitz with Lipschitz constant Lχ, i.e. both χ and χ−1 are Lips-
chitz continuous with said Lipschitz constant.

Proof. Let A ∈ RD×(D−N) be some matrix which induces an isomorphism from RD−N

onto T (x∗). Since M is an embedded smooth manifold, we can find neighborhoods
0 ∈ UT ⊆ T (x∗) and x∗ ∈ Ũ ⊆ RD and a smooth map ζ : UT → N (x∗) with ζ(0) = 0,
Dζ(0) = 0 and

{x∗ + x+ ζ(x) : x ∈ UT } = Ũ ∩M.
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χ

V̂

Û

M(0, 0) x∗

RD−N × {0} Û ∩M

{0} × RN
Û ∩ (x∗ +N (x∗))

Figure 5.1: Schematic representation of the construction of χ.
Objects with the same color are mapped onto each other.

This allows us to define a smooth map χ : A−1UT × RN → RD by

χ(v, w) = x∗ +Av + Sx∗w + ζ(Av).

It can be easily verified that χ is injective and

χ(A−1UT × {0}) = Ũ ∩M.

Also, the Jacobian is given by

Dχ(v, w) =
(
A+Dζ(Av)A S(x0)

)
,

so in particular χ is a local diffeomorphism and (5.24) holds. Set V̂ := χ−1(Ũ)
and Û := χ(V̂ ). If we now let χ be its restriction χ : V̂ → Û , it is a smooth
diffeomorphism, satisfying i) to iii). If χ is not bi-Lipschitz, we can reassign V̂ to a
smaller neighborhood, which is pre-compact in the original V̂ . After reassigning Û
and restricting χ accordingly, χ will be bi-Lipschitz.

The learning dynamics of (stochastic) gradient descent can, at least locally, be
lifted in the new coordinates via the function χ. We define functions Ĝη, Ĝη,1, . . . Ĝη,N :

V ∗ → V̂ by

Ĝη(v, w) = χ−1(Gη(χ(v, w))) and Ĝη,i(v, w) = χ−1(Gη,i(χ(v, w))),

where V ∗ ⊆ V̂ is an open set given by

V ∗ := χ−1

G−1
η (Û) ∩

⋂
i∈[N ]

G−1
η,i (Û)

 . (5.25)

Let τ : V ∗ → N∪{∞} be the maximal number n for which Ĝn+1
η (v, w) is well defined,

i.e.
τ(v, w) := inf{n ∈ N : Ĝnη (v, w) /∈ V ∗}. (5.26)

One can easily check that for (v, w) ∈ V ∗ and 1 ≤ n ≤ τ(v, w), we have

Ĝnη (v, w) = χ−1(Gnη (χ(v, w))) (5.27)
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As an analog for SGD, we introduce a map τ : Ω× V ∗ → N ∪ {∞} by

τω(v, w) := inf
{
n ∈ N :

[
Ĝη,ξn(ω) ◦ · · · ◦ Ĝη,ξ1(ω)

]
(v, w) /∈ V ∗

}
.

This allows us to define a map ψ : N0 × Ω× V ∗ ⊇ Dψ → V̂ , where

Dψ := {(n, ω, v, w) ∈ N0 × Ω× V ∗ : n ≤ τω(v, w)} ,

by

ψnω(v, w) :=
[
Ĝη,ξn(ω) ◦ · · · ◦ Ĝη,ξ1(ω)

]
(v, w).

Clearly, ψ satisfies the local cocycle property

ψn+mω (x) = ψmθnω (ψ
n
ω(x))

whenever the left-hand side is well defined, i.e. whenever (n+m,ω, v, w) ∈ Dψ. This
turns the pair (θ, ψ, τ) into a local random dynamical system (cf. Definition 2.1.4).
The cocycle ψ can be seen as the local lift of φ via χ, as one can easily check that

ψnω(v, w) = χ−1 (φnω(χ(v, w))) , (5.28)

whenever n ≤ τω(v, w).
Since all points in M are fixed points for Ĝη, Ĝη,1, . . . Ĝη,N , we have V̂ ∩ (RD−N ×

{0}) ⊆ V ∗ and

Ĝη(v, 0) = (v, 0) and ψnω(v, 0) = (v, 0).

Differentiating the definition of Ĝη, while recalling Lemma 5.3.1 (iii) and (5.19), gives

DĜη(0, 0) = [Dχ(0, 0)]−1DGη(0)Dχ(0, 0) = 1D − η

N

(
0 0
0 Gx∗

)
, (5.29)

where the right-hand side is a block matrix with dimensions ((D−N) +N)× ((D−
N) +N). Similarly, differentiating (5.28), while recalling (5.22), gives

Dψnω(0, 0) = [Dχ(0, 0)]−1Φn(ω,x∗)Dχ(0, 0) =

(
1D−N 0

0 Ψn
(ω,x∗)

)
(5.30)

Lemma 5.3.2. For every δ > 0, there exists an open neighborhood Vδ ⊆ V ∗, such
that for each (v, w) ∈ Vδ and each i ∈ [N ], we have∣∣∣∣Ĝη(v, w)− [DĜη(0, 0)

](v
w

)∣∣∣∣ ≤ δ|w|, (5.31)

as well as ∣∣∣∣Ĝη,i(v, w)− [DĜη,i(0, 0)
](v

w

)∣∣∣∣ ≤ δ|w|. (5.32)

Note that this lemma would hold trivially if the right-hand sides of (5.31) and
(5.32) were replaced by the term δ|(v, w)|.

Proof. It is sufficient to consider each of the functions Ĝη, Ĝη,1, . . . , Ĝη,N separately. If
we, in each case, find a neighborhood Vδ on which the corresponding inequality from
(5.31) or (5.32) holds, we can conclude the proof by choosing the intersection over all
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these Vδ. In the following, we will only consider Ĝη and will show how to find an Vδ
such that (5.31) holds, as the proofs for Ĝη,1, . . . , Ĝη,N work analogously.

Let 0 ∈ Vδ ⊆ V ∗ be an open, convex neighborhood, such that∥∥∥∂wĜη(v, w)− ∂wĜη(0, 0)
∥∥∥ ≤ δ, ∀ (v, w) ∈ Vδ.

Here ∂wĜη(v, w) ∈ RD×N denotes the partial Jacobian with respect to the latter N
components. We have

Ĝη(v, w)−
[
DĜη(0, 0)

](v
w

)
= Ĝη(v, 0) +

∫ 1

0

[
∂wĜη(v, tw)

]
w dt− (v, 0)−

[
∂wĜη(0, 0)

]
w

=

∫ 1

0

[
∂wĜη(v, tw)− ∂wĜη(0, 0)

]
w dt

and for (v, w) ∈ Vδ in particular∣∣∣∣Ĝη(v, w)− [DĜη(0, 0)
](v

w

)∣∣∣∣ ≤ ∫ 1

0

∥∥∥∂wĜη(v, tw)− ∂wĜη(0, 0)
∥∥∥ |w|dt ≤ δ|w|.

This finishes the proof.

The previous lemma can be reformulated in terms of the local RDS ψ.

Corollary 5.3.3. For every δ > 0, there exists a neighborhood (0, 0) ∈ Vδ ⊆ V ∗, such
that for each (v, w) ∈ Vδ, we have∣∣ψ1

ω(v, w)−
(
v,Ψ1

ωw
)∣∣ ≤ δ|w|.

5.3.2 Gradient descent - the stable case

In this section, we will prove Theorem C.1 (i).

Theorem C.1 (i). Let x∗ ∈ M with µ(x∗) < 0. Then x∗ ∈ supp
(
XGD

lim

)
.

In the following we let Πv ∈ R(D−N)×D and Πw ∈ R(D−N)×N be the matrices
which project a vector (v, w)t ∈ RD onto its v-, respectively w-component, i.e. in
block-matrix form

Πv :=
(
1D−N 0

)
and Πw :=

(
0 1N

)
.

Proof of Theorem C.1 (i). Suppose µ(x∗) < 0 and let U ⊆ M be some neighbor-
hood of x∗. Our goal is to prove P(XGD

lim ∈ U) > 0. We choose δ > 0 such that
γ := eµ(x

∗) + δ < 1 and let Vδ be the corresponding neighborhood given by Lemma
5.3.2. Let Rδ > 0 be some radius, such that

BRD−N

0 (Rδ)×BRN

0 (Rδ) ⊆ Vδ.

Here and in the following, we use the notation BRd

x (R) to denote the ball Bx(R) ⊂ Rd
since the ambient space would often be ambiguous otherwise. We assume, without
loss of generality, that U has the form

U = χ
(
BRD−N

0 (R)× {0}
)

(5.33)
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for some 0 < R < Rδ. Similarly to the definition of τ , we define a map τδ : Vδ → N ∪ {∞}
by

τδ(v, w) := inf
{
n ∈ N : Ĝnη (v, w) /∈ Vδ

}
. (5.34)

Note that τδ(v, w) ≤ τ(v, w).
As a consequence of Lemma 5.3.2 and the expression (5.20) for µ(x∗), for all

(v, w) ∈ Vδ, we have∣∣∣ΠwĜη(v, w)∣∣∣ ≤ ∣∣∣∣[ΠwDĜη(0, 0)
](v

w

)∣∣∣∣+ ∣∣∣∣Πw (Ĝη(v, w)− [DĜη(0, 0)
](v

w

))∣∣∣∣
≤
∣∣∣(1N − η

N
Gx∗

)
w
∣∣∣+ ∣∣∣∣Ĝη(v, w)− [DĜη(0, 0)

](v
w

)∣∣∣∣
≤ eµ(x

∗)|w|+ δ|w| = γ|w|. (5.35)

Using this bound inductively for all (v, w) ∈ Vδ and 1 ≤ n ≤ τδ(v, w), we get∣∣∣ΠwĜnη (v, w)∣∣∣ ≤ γn|w|. (5.36)

Recalling equation (5.7) and using Lemma 5.3.2 gives∣∣∣ΠvĜη(v, w)− v
∣∣∣ = ∣∣∣∣Πv (Ĝη(v, w)− [DĜη(0, 0)

](v
w

))∣∣∣∣ ≤ δ|w|,

for all (v, w) ∈ Vδ. Thus we have for all 1 ≤ n < τδ(v, w),∣∣∣ΠvĜn+1
η (v, w)−ΠvĜnη (v, w)

∣∣∣ ≤ δ
∣∣∣ΠwĜnη (v, w)∣∣∣ ≤ δγn|w|. (5.37)

With this, we can bound∣∣∣ΠvĜnη (v, w)∣∣∣ ≤ |v|+
n∑

m=1

∣∣∣ΠvĜmη (v, w)−ΠvĜm−1
η (v, w)

∣∣∣
≤ |v|+

n∑
m=1

δγm−1|w| ≤ |v|+ δ

1− γ
|w|, (5.38)

for all (v, w) ∈ Vδ and 1 ≤ n+ 1 < τδ(v, w). Now set

Rv :=
R

2
and Rw = min

(
(1− γ)R

2δ
,Rδ

)
.

Suppose for some (v, w) ∈ BRD−N

0 (Rv)×BRN

0 (Rw), we have τδ(v, w) <∞. Then by

definition of τδ, we have Ĝτδ(v,w)η (v, w) /∈ Vδ, so by (5.33) in particular∣∣∣ΠvĜτδ(v,w)η (v, w)
∣∣∣ ≥ Rδ or

∣∣∣ΠwĜτδ(v,w)η (v, w)
∣∣∣ ≥ Rδ. (5.39)

However, (5.38) implies∣∣∣ΠvĜτδ(v,w)η (v, w)
∣∣∣ ≤ |v|+ δ

1− γ
|w| < Rv +

δ

1− γ
Rw ≤ R ≤ Rδ
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(0, 0)

BRD−N

0 (R̂)×BRN

0 (R̂)

Vδ

BRD−N

0 (Rv)×BRN

0 (Rw)

BRD−N

0 (R)× {0}
RD−N × {0}

{0} × RN

Figure 5.2: Schematic representation of the proof of Theorem C.1
(i). The red arrows show posible sample trajectories.

and (5.36) implies∣∣∣ΠwĜτδ(v,w)η (v, w)
∣∣∣ ≤ γτδ(v,w)|w| ≤ |w| < Rw ≤ Rδ,

contradicting (5.39). Thus τδ(v, w) = ∞, for all (v, w) ∈ BRD−N

0 (Rv) × BRN

0 (Rw).

Now (5.37) implies that
(
ΠvĜnη (v, w)

)
is a Cauchy sequence and (5.38) shows that

∣∣∣ lim
n→∞

ΠvĜnη (v, w)
∣∣∣ ≤ |v|+ δ

1− γ
|w| < Rv +

δ

1− γ
Rw ≤ R.

Furthermore, (5.36) shows ΠwĜnη (v, w) → 0. Thus, for each (v, w) ∈ BRD−N

0 (Rv) ×
BRN

0 (Rw) the sequence
(
Ĝnη (v, w)

)
converges with

lim
n→∞

Ĝnη (v, w) ∈ BRD−N

0 (R)× {0}.

Let Ũ = χ
(
BRD−N

0 (Rv)×BRN

0 (Rw)
)
. Suppose XGD

0 ∈ Ũ . By (5.27) and continuity

of χ we have

XGD
lim = lim

n→∞
Gnη (XGD

0 ) = lim
n→∞

χ
(
Ĝnη
(
χ−1(XGD

0 )
))

= χ
(
lim
n→∞

Ĝnη
(
χ−1(XGD

0 )
))

∈ χ(BRD−N

0 (R)× {0}) = U,

so XGD
0 ∈ Ũ implies XGD

lim ∈ U . Since Ũ is an open set, we have

P(XGD
lim ∈ U) ≥ P

(
XGD

0 ∈ Ũ
)
> 0,

completing the proof.

5.3.3 Gradient descent - the unstable Case

In this section, we will prove Theorem C.1 (ii).
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Theorem C.1 (ii). Let x∗ ∈ M with µ(x∗) > 0. Then x∗ /∈ supp
(
XGD

lim

)
.

In the case µ(x∗) < 0 considered in the previous section, all eigenvalues of 1N −
ηGx∗ lie strictly inside the unit circle. As a consequence, we were able to construct an
open neighborhood of x∗, such that for every initial condition in that neighborhood,
GD converges to some XGD

lim ∈ M near x∗. In the case µ(x∗) > 0 we consider in this
section, we only know that some eigenvalue of 1N − ηGx∗ lies strictly outside the
unit circle while there could still be eigenvalues on or strictly inside the unit circle.
As a consequence, one should not expect to be able to construct a neighborhood
U ⊆ RD of x∗, such that GD does not converge to some XGD

lim ∈ M near x∗ for any
initial condition in U . Instead, we will construct a neighborhood U ⊆ RD of x∗,
such that GD does not converge to some XGD

lim ∈ M near x∗ for Lebesgue-almost
any initial condition in U . In fact, we will show that the set of initial conditions in
U for which GD does converge to some XGD

lim ∈ M near x∗ is contained in a lower
dimensional manifold called the center-stable manifold. While for the preceding and
all subsequent sections it is convenient to consider vectors in RD as consisting of a
D−N -dimensional tangential part v and an N -dimensional transversal part w, here
it will be more convenient to consider vectors in RD as consisting of a center-stable
part v− corresponding to the eigenvalues strictly inside or on the unit circle and an
unstable part v+ corresponding to the eigenvalues strictly outside the unit circle.

For the remainder of this section, consider a fixed x∗ ∈ M with µ(x∗) > 0. Let
µ̄1, . . . , µ̄D be the eigenvalues of DĜ(0, 0) appearing according to their multiplicity1

and ordered by their absolute values, i.e.

|µ̄1| ≥ · · · ≥ |µ̄D|.

Note that the eigenvalue 1 must appear at least with multiplicityD−N , corresponding
to the tangential part and log |µ̄1| = µ(x∗) > 0, which implies |µ̄1| > 1. Let D+ > 1
be the number of eigenvalues with absolute value greater than 1 and let D− = D−D+

be the number of eigenvalues with absolute value less than or equal to 1, counted with
multiplicity in both cases. Furthermore, let S̄ ∈ RD×D be an invertible matrix, such
that

DĜη(0, 0) = S̄

µ̄1 . . .

µ̄D

 S̄−1 = S̄

(
A+ 0
0 A−

)
S̄−1,

where A+ ∈ RD+×D+ and A− ∈ RD−×D− are given by

A+ :=

µ̄1 . . .

µ̄D+

 and A− :=

µ̄D++1

. . .

µ̄D

 .

Note that ∥A−∥ = 1 and that A+ is invertible with ∥A−1
+ ∥−1 = |µ̄D+ | > 1, where µ̄D+

is the eigenvalue with the smallest absolute value that is still larger than 1. Finally,
let Ḡη : RD+ × RD− → RD+ × RD− be given by

Ḡη(v+, v−) = S̄Ĝη
(
S̄−1

(
v+
v−

))
.

The following is a version of the center-stable manifold theorem.

1Since DĜη(0, 0) is symmetric, the algebraic and geometric multiplicities coincide.
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Theorem 5.3.4 (center-stable manifold). There exist open neighborhoods 0 ∈ V− ⊆
RD−, 0 ∈ V+ ⊆ RD+ and a map β∗ : V− → V+ such that for any (v+, v−) ∈ (V+ ×
V−) \ graph(β∗), there exists some n ∈ N, such that Ḡnη (v+, v−) /∈ V+ × V−.

If Ḡη is a local diffeomorphism at 0, this result is standard (see e.g. [KH95, chap-
ter 6.2]). In our setting, however, it is possible that µ̄i = 0 for some i ∈ [D]. Still,
Theorem 5.3.4 follows from the arguments in [KH95] under mild modifications. Al-
ternatively, stable/unstable/center manifold theorems in non-locally diffeomorphic
settings have also been obtained by reducing the problem to the locally diffeomorphic
case by an abstract method called inverse limits ([RS80; QXZ09]).

In order to prove Theorem C.1 (ii), we require the following lemma. Since the
equivalent statement will also be useful to prove the instability of SGD, we formulate
it to cover both GD and SGD.

Lemma 5.3.5. Let A ⊆ RD be a Lebesgue-null set. Then

P
(
∃n ∈ N0, s.t. XGD/SGD

n ∈ A
)
= 0.

Proof. By Hypothesis (H2), we have P(XGD/SGD
0 ∈ A) = ν(A) = 0. By Hypothesis

(H3), we also have P(XGD/SGD
n ∈ A) = 0, for every n ≥ 1 and thus

P
(
∃n ∈ N0, s.t. X

GD/SGD
n ∈ A

)
= 0.

Proof of Theorem C.1 (ii). Suppose µ(x∗) > 0. Let x∗ ∈ U ⊆ RD be the open
neighborhood given by

U := χ(S̄(V+ × V−)),

where V+ and V− are the neighborhoods given by Theorem 5.3.4. Suppose ω ∈ Ω
is such that XGD

lim (ω) ∈ U ∩ M. Then there must exist an m ∈ N, such that

Gnη (XGD
m (ω)) = X

GD(ω)
m+n ∈ U for all n ∈ N0. Equivalently, we must have Ḡnη (S̄−1χ−1(XGD

m (ω))) ∈
V+ × V−, for all n ∈ N0. By Theorem 5.3.4 this means that we can only have
XGD

lim (ω) ∈ U∩M, if there exists anm ∈ N such thatXGD
m (ω) ∈ χ(S̄ graph(β∗)). How-

ever, since χ is a diffeomorphism and S̄ an invertible matrix, the set χ(S̄ graph(β∗))
has Lebesgue measure zero. By Lemma 5.3.5, this implies

P(XGD
lim (ω) ∈ U ∩M) = 0,

completing the proof.

5.3.4 Stochastic gradient descent - the stable case

While in sections 5.3.2 and 5.3.3 we studied the dynamics of gradient descent, the
rest of this chapter will be concerned with establishing the analogous results for
stochastic gradient descent. For this we henceforth consider a fixed x∗ ∈ M and use
the simplified notation

Φnω := Φn(ω,x∗) and Ψn
ω := Ψn

(ω,x∗)

We start by proving Theorem C.2 (i).
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Theorem C.2 (i). Let x∗ ∈ M with λ(x∗) < 0 and suppose

|∇xF(x
∗, yi)|2 ̸=

1

η
, (5.40)

for every i ∈ [N ]. Then x∗ ∈ supp
(
XSGD

lim

)
.

Since this is the SGD equivalent of Theorem C.1 (i), the proof will be similar.
However, there is a major obstacle. A crucial ingredient in the proofs of Theorem
C.1 (i) is the expression ∥1N − ηGx∗∥ = eµ(x

∗) (cf. (5.35)), which allowed us to derive
the bound (cf. (5.36)) ∣∣∣ΠwĜnη (v, w)∣∣∣ ≤ γn|w|. (5.41)

For stochastic gradient descent, we only have a bound of the form

∥Ψn
ω∥ ≤ C̃δ(ω)e

n(λ(x∗)+δ),

where for any δ > 0, C̃δ is a random variable which is tempered from above (cf. Defi-
nition 2.3.6). Random variables similar to C̃δ are sometimes called Oseledet regularity
functions in the literature. If C̃δ(ω) was almost surely bounded by some deterministic
constant, it would be possible to derive the equivalent statement to (5.41) with an
additional factor on the right-hand side. Unfortunately, the Oseledet regularity func-
tion C̃δ will generally be unbounded. This is one of the defining features of so-called
non-uniform hyperbolicity. Instead, we will derive the equivalent statement to (5.41)
by essentially using the upper semi-continuity of the Lyapunov exponent (cf. Lemma
5.3.6 below). This allows for a proof of Theorem C.2 (i) along the lines of the proof
of Theorem C.1 (i). It should be noted that this does not save the proof of Theorem
C.2 (ii). Thus an entirely different approach will be presented in sections 5.3.5-5.3.7.

Lemma 5.3.6. Let x∗ ∈ M be a point for which (5.40) is satisfied. For each
γ > eλ(x

∗), there exists a δ > 0 and a random variable Cγ : Ω → (0,∞] such that
P(Cγ(ω) <∞) = 1 and

|Πwψnω(v, w)| ≤ Cγ(ω)γ
n|w|, ∀ω ∈ Ω, (v, w) ∈ Vδ, n ≤ τδ,ω(v, w),

where Vδ is the neighborhood from Lemma 5.3.2/Corollary 5.3.3 and τδ,ω : Vδ →
N ∪ {∞} the map given by

τδ,ω(v, w) := inf {n ∈ N : ψnω(v, w) /∈ Vδ} .

Proof. Let x∗ ∈ M be such that (5.40) holds and γ > eλ(x
∗). Choose an ε > 0 such

that eλ(x
∗)+2ε ≤ γ. By (5.23), there exists an n∗ ∈ N, such that

E
[
log
∥∥∥Ψn∗

ω

∥∥∥] < n∗(λ(x∗) + ε). (5.42)

Since (5.40) holds, the matrix Ψ1
ω is invertible for every ω ∈ Ω and we may define

constants 0 < K1 < K2 <∞ by

K1 := inf
ω∈Ω

∥∥∥(Ψ1
ω

)−1
∥∥∥−1

= min
i∈[N ]

∥∥∥(1N − ηGx∗,[i]
)−1
∥∥∥−1

, (5.43)

K2 := sup
ω∈Ω

∥∥Ψ1
ω

∥∥ = max
i∈[N ]

∥∥1N − ηGx∗,[i]
∥∥ . (5.44)
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By the cocycle property we have

Kn
1 |w| ≤ |Ψn

ωw| ≤ Kn
2 |w|. (5.45)

For some δ > 0 to be determined later, let Vδ and τδ,ω be as described in the formu-
lation of the lemma. By Corollary 5.3.3, we have the näıve bound∣∣Πwψ1

ω(v, w)
∣∣ ≤ ∣∣Πwψ1

ω(v, w)−Ψ1
ωw
∣∣+ ∣∣Ψ1

ωw
∣∣ ≤ (K1 + δ)|w|

for all ω ∈ Ω and (v, w) ∈ Vδ. Thus we also have

|Πwψnω(v, w)| ≤ (K2 + δ)n|w|, (5.46)

for all ω ∈ Ω, (v, w) ∈ Vδ and n ≤ τδ,ω(v, w).
Suppose that ω ∈ Ω and (v, w) ∈ Vδ satisfy τδ,ω(v, w) ≥ n∗. By the cocycle

properties for ψ and Ψ, the inequality (5.46), Corollary 5.3.3 and the inequality
(5.45), we have∣∣∣Πwψn∗

ω (v, w)−Ψn∗
ω w

∣∣∣
≤

n∗∑
n=1

∣∣∣Πwψn∗−n−1
θn+1ω

(
ψ1
θnω (v,Ψ

n
ωw)

)
−Πwψ

n∗−n−1
θn+1ω

(
v,Ψ1

θnωΨ
n
ωw
)∣∣∣

≤
n∗∑
n=1

(K2 + δ)n
∗−n−1

∣∣Πwψ1
θnω (v,Ψ

n
ωw)−Ψ1

θnωΨ
n
ωw
∣∣

≤
n∗∑
n=1

δ(K2 + δ)n
∗−n−1 |Ψn

ωw|

≤
n∗∑
n=1

δ(K2 + δ)n
∗−n−1Kn∗−n

1

∣∣∣Ψn∗
ω w

∣∣∣ .
We now fix δ > 0 to have a small enough value, s.t.

n∗∑
n=1

δ(K2 + δ)n
∗−n−1Kn∗−n

1 ≤ εn∗.

Thus we have ∣∣∣Πwψn∗
ω (v, w)−Ψn∗

ω w
∣∣∣ ≤ εn∗

∣∣∣Ψn∗
ω w

∣∣∣ ,
for all ω ∈ Ω and (v, w) ∈ Vδ with τδ,ω(v, w) ≥ n∗. In that case we also have∣∣∣Πwψn∗

ω (v, w)
∣∣∣ ≤ ∣∣∣Ψn∗

ω w
∣∣∣+ ∣∣∣Πwψn∗

ω (v, w)−Ψn∗
ω w

∣∣∣
≤ (1 + εn∗)

∣∣∣Ψn∗
ω w

∣∣∣ ≤ Ĉ(ω)|w|, (5.47)

where we define Ĉ(ω) := (1 + εn∗)
∥∥Ψn∗

ω

∥∥. By (5.42), we have

E
[
log
(
Ĉ(ω)

)]
= log(1 + εn∗) + E

[
log
(
Ψn∗
ω

)]
≤ εn∗ + n∗(λ(x∗) + ε) = n∗(λ(x∗) + 2ε) < n∗ log(γ). (5.48)



100 Chapter 5. Stochastic Gradient Descent in Overparameterized Learning

Next we introduce another random variable C̃ : Ω → R ∪ {∞} by

C̃(ω) := sup
ℓ∈N

ℓ−1∑
k=0

[
log
(
Ĉ(θkn

∗
ω)
)
− n∗ log(γ)

]
.

Note that the random variable Ĉ is measurable with respect to the sigma algebra

F0,n∗ := σ(ξ1, . . . , ξn∗) and that the random variables
(
Ĉ(θkn

∗
ω)
)
k∈N0

are thus in-

dependent and by θ-invariance identically distributed. By the strong law of large
numbers, we have, for almost every ω ∈ Ω,

lim
ℓ→∞

1

ℓ

ℓ−1∑
k=0

[
log
(
Ĉ(θkn

∗
ω)
)
− n∗ log(γ)

]
= E

[
log
(
Ĉ(ω)

)]
− n∗ log(γ) < 0

and thus in particular P(C̃(ω) < ∞) = 1. By definition, the random variable C̃ can
be used to obtain the bound

ℓ−1∑
k=0

log
(
Ĉ(θkn

∗
ω)
)
≤ C̃(ω) + ℓn∗ log(γ). (5.49)

Combining (5.47) and (5.49)), we get

∣∣∣Πwψℓn∗
ω (v, w)

∣∣∣ ≤ [ℓ−1∏
k=0

Ĉ
(
θkn

∗
ω
)]

|w|

= exp

(
ℓ−1∑
k=0

log
(
Ĉ
(
θkn

∗
ω
)))

|w|

≤ eC̃(ω)+ℓn∗ log(γ)|w| = eC̃(ω)γℓn
∗ |w|, (5.50)

for all ω ∈ Ω, (v, w) ∈ Vδ and ℓ ∈ N with τδ,ω(v, w) ≥ ℓn∗.
Now let ω ∈ Ω, (v, w) ∈ Vδ and n ∈ N with τδ,ω(v, w) ≥ n. Let ℓ ∈ N0 and

0 ≤ k ≤ n∗ − 1 be such that n = ℓn∗ + k. Using the cocycle property and the bounds
(5.46) and (5.50), we obtain

|Πwψnω(v, w)| =
∣∣∣Πwψkθℓn∗ω

(
ψℓn

∗
ω (v, w)

)∣∣∣
≤ (K2 + δ)k

∣∣∣Πwψℓn∗
ω (v, w)

∣∣∣
≤ (K2 + δ)keC̃(ω)γℓn

∗ |w|

=

(
K2 + δ

γ

)k
eC̃(ω)γℓn

∗+k|w|

≤
(
K2 + δ

γ

)n∗−1

eC̃(ω)γn|w|.

Thus we can define the random variable Cγ : Ω → R ∪∞ by

Cγ(ω) :=

(
K2 + δ

γ

)n∗−1

eC̃(ω),

satisfying P(Cγ(ω) <∞) = 1.
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With Lemma 5.3.6 in place, we can prove Theorem C.2 (i) analogously to the
proof of Theorem C.1 (i) presented in section 5.3.2.

Proof of Theorem C.2 (i). Suppose λ(x∗) < 0 and let U ⊆ M be some neighborhood
of x∗. Our goal is to prove P(XSGD

lim ∈ U) > 0. Choose γ ∈ R, such that eλ(x
∗) < γ < 1

and let δ > 0 and Cγ : Ω → R∪∞ be such that the conclusion of Lemma 5.3.6 holds,
i.e. such that P(Cγ(ω) <∞) = 1 and that we have

|Πwψnω(v, w)| ≤ Cγ(ω)γ
n|w|, (5.51)

for all ω ∈ Ω, (v, w) ∈ Vδ and n ≤ τδ,ω(v, w). This bound will serve as the equivalent
to (5.36) in the proof of Theorem C.1 (i). Let Rδ > 0 be some radius, such that

BRD−N

0 (Rδ)×BRN

0 (Rδ) ⊆ Vδ.

We may assume without loss of generality that U has the form

U = χ
(
BRD−N

0 (R)× {0}
)

for some R ≤ Rδ. As a consequence of Corollary 5.3.3 we get∣∣Πvψ1
ω(v, w)− v

∣∣ ≤ δ|w|,

for all (v, w) ∈ Vδ and thus also for all 1 ≤ n < τδ,ω(v, w),∣∣Πvψn+1
ω (v, w)−Πvψ

n
ω(v, w)

∣∣ ≤ δ |Πwψnω(v, w)| ≤ δCγ(ω)γ
n|w|. (5.52)

With this, we can bound

|Πvψnω(v, w)| ≤ |v|+
n−1∑
m=0

∣∣Πvψm+1
ω (v, w)−Πvψ

m
ω (v, w)

∣∣
≤ |v|+

n−1∑
m=0

δCγ(ω)γ
m|w|

≤ |v|+ δCγ(ω)

1− γ
|w|, (5.53)

for all (v, w) ∈ Vδ and 1 ≤ n+ 1 < τδ,ω(v, w). Now set

Rv :=
R

2
and Rw(ω) = min

(
(1− γ)R

2δCγ(ω)
,
Rδ

Cγ(ω)

)
.

Suppose for some ω ∈ Ω with Cγ(ω) <∞ and some (v, w) ∈ BRD−N

0 (Rv)×BRN

0 (Rw(ω)),

we have τδ,ω(v, w) <∞. Then by definition ψ
τδ,ω(v,w)
ω (v, w) /∈ Vδ, so in particular∣∣∣Πvψτδ,ω(v,w)ω (v, w)

∣∣∣ ≥ Rδ or
∣∣∣Πwψτδ,ω(v,w)ω (v, w)

∣∣∣ ≥ Rδ. (5.54)

However, (5.53) implies∣∣∣Πvψτδ,ω(v,w)ω (v, w)
∣∣∣ ≤ |v|+ δCγ(ω)

1− γ
|w| < Rv +

δCγ(ω)

1− γ
Rw(ω) ≤ R ≤ Rδ
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and (5.51) implies∣∣∣Πwψτδ,ω(v,w)ω (v, w)
∣∣∣ ≤ Cγ(ω)γ

τδ,ω(v,w)|w| ≤ Cγ(ω)|w| < CγRw ≤ Rδ,

contradicting (5.54). Thus τδ,ω(v, w) = ∞, for all (v, w) ∈ BRD−N

0 (Rv(ω))×BRN

0 (Rw(ω)).
Now (5.52) implies that (ψnω(v, w)) is a Cauchy sequence and (5.53) shows that∣∣∣ lim

n→∞
Πvψ

n
ω(v, w)

∣∣∣ ≤ |v|+ δCγ(ω)

1− γ
|w| < Rv +

δCγ(ω)

1− γ
Rw(ω) ≤ R.

Furthermore, (5.51) shows Πwψ
n
ω(v, w) → 0. Thus, for each (v, w) ∈ BRD−N

0 (Rv) ×
BRN

0 (Rw(ω)) the sequence (ψnω(v, w)) converges with

lim
n→∞

ψnω(v, w) ∈ BRD−N

0 (R)× {0}.

Let Ũ(ω) = χ
(
BRD−N

0 (Rv)×BRN

0 (Rw(ω))
)
whenever Cγ(ω) <∞. SupposeXSGD

0 (ω) ∈
Ũ(ω). By (5.28) and continuity of χ we have

XSGD
lim (ω) = lim

n→∞
φnω(X

SGD
0 (ω)) = lim

n→∞
χ
(
ψnω
(
χ−1(XSGD

0 (ω))
))

= χ
(
lim
n→∞

ψnω
(
χ−1(XSGD

0 (ω)
))

∈ χ(BRD−N

0 (R)× {0}) = U,

so XSGD
0 (ω) ∈ Ũ(ω) implies XSGD

lim (ω) ∈ U . By construction Ũ is measurable with
respect to σ(ξ1, ξ2, . . . ) and thus independent of XSGD

0 . Therefore we have

P(XSGD
lim (ω) ∈ U) ≥ P

(
XSGD

0 (ω) ∈ Ũ(ω)
)
= E

[
ν
(
Ũ(ω)

)]
.

Since Ũ is a non-empty open set almost surely, by Hypothesis (H2) we get

P(XSGD
lim (ω) ∈ U) ≥ E

[
ν
(
Ũ(ω)

)]
> 0,

completing the proof.

5.3.5 Generated matrix semigroups

It remains to prove Theorem C.2 (ii). The proof of Theorem C.2 (i) in the previous
section was of a quenched nature. One might expect that the best approach to proving
Theorem C.2 (ii) is to construct ω-wise center-stable manifolds similar to the ones
constructed in section 5.3.3. While it is possible to extend the invariant manifold
theorem presented in chapter 2 (Theorem 2.3.3) to include center-stable manifolds
(cf. e.g. [LQ95; Arn98]), such results only provide center-stable manifolds for single
points x ∈ M. For the argument in section 5.3.3 it was crucial to have a center-stable
manifold for an open subset of M. This would require the stable manifolds for the
individual minima to depend sufficiently regularly on the minimum in question. The
author is not aware of any method to construct such a random center-stable manifold.

Instead, we will present an annealed argument in the following. Instead of showing
that, given λ(x∗) > 0, for almost every ω the points which converge to any Xlim ∈ M
near x∗ form a ν-null set, we will show that ν-almost every initial condition x0 ∈ RD
does not converge to any Xlim ∈ M near x∗ almost surely. Both statements are
equivalent to Theorem C.2 (ii) by Fubini’s theorem, but they are different in flavor.
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The former is a statement on the deterministic dynamics for a fixed ω, while the
latter concerns the stochastic behavior of a Markov process. The advantage of the
stochastic approach is that under the conditions we impose, namely regularity of x∗

in the sense of Definition 5.2.1, the center-stable manifolds get “washed away” by the
randomness: while for every ω there might exist a manifold of initial conditions which
still converge to M near x∗, for every initial condition X0 /∈ M, the probability of
converging to some Xlim ∈ M near x∗ is zero.

We will show this by constructing a Lyapunov function (see e.g. [Hai21a; BH22])
defined on a neighborhood of x∗ which goes to infinity near M. This is inspired
by previous work on the instability of invariant subspaces for stochastic differential
equations [Bax91; BS88; BBP22d; BCG23; CH21b]. While these works rely on con-
ditions of Hörmander-type to establish the existence of a spectral gap in the so-called
projective process, such a spectral gap is excluded by the discrete nature of our prob-
lem. Instead, we use an argument due to Le Page [Le 82] (cf. also [BL85] for a survey
in English) to find a spectral gap in a different topology. Le Page’s argument needs
the matrix semi-group on which the linear co-cycle Ψ is supported to satisfy two al-
gebraic properties, namely being contracting and strongly irreducible (cf. Definition
5.3.8 below). In this section, we will show that they follow from the regularity of x∗.

For some x∗ ∈ M, we denote the support of the matrix-valued random variable
Ψn

• by Sn(x∗), i.e.
Sn(x∗) := supp (Ψn

• ) ⊂ RN×N .

From the definition of Ψ (5.21), one can readily see that

Sn(x∗) =
{(
1N − ηGx∗,[ξn]

)
. . .
(
1N − ηGx∗,[ξ1]

)
: (ξ1, . . . , ξn) ∈ [N ]n

}
.

Furthermore, we denote the total support of Ψ by S(x∗), i.e.

S(x∗) :=
∞⋃
n=0

Sn(x∗) ⊂ RN×N .

Clearly, S(x∗) is a matrix semi-group with unity, generated by S1(x
∗), i.e. S(x∗)

contains exactly those matrices, which can be expressed as the product of an arbitrary
number of elements in S1(x

∗), including the empty product, which is defined to be
the identity matrix.

Recall from Definition 5.2.1, that a point x∗ ∈ M is called regular, if for every
i ∈ N, we have

[Gx∗ ]i,i = |∇xF(x
∗, yi)|2 /∈

{
1

η
,
2

η

}
,

and if there exists no proper subset ∅ ⊊ A ⊊ [N ], such that

[Gx∗ ]i,j = ∇xF(x
∗, yi) · ∇xF(x

∗, yj) = 0, ∀ i ∈ A, j ∈ [N ] \ A.

Proposition 5.3.7. Let x∗ ∈ M be regular. Then S(x∗) ⊆ GL(N,R).

Proof. Since x∗ ∈ M is regular, in particular

|∇xF(x
∗, yi)|2 ̸=

1

η
, ∀ i ∈ [N ].

Thus S1(x
∗) ⊆ GL(N,R) and since S(x∗) is generated by S1(x

∗) also S(x∗) ⊆
GL(N,R).



104 Chapter 5. Stochastic Gradient Descent in Overparameterized Learning

Definition 5.3.8. A matrix semigroup of invertible matrices S ⊆ GL(N,R) is
called...

(i) contracting, if there exists a sequence (Mn)n∈N ⊂ S, such that

lim
n→∞

Mn

∥Mn∥
=M,

for some rank-1 matrix M ∈ RN×N .

(ii) strongly irreducible, if for every proper linear subspace {0} ⊊ W ⊊ RN the set
of subspaces {MW :M ∈ S} contains infinitely many elements.

Lemma 5.3.9. Let x∗ ∈ M be a regular point with λ(x∗) > 0. Then S(x∗) ⊆
GL(N,R) is both contracting and strongly irreducible.

Proof. Let x∗ ∈ M be a regular point with λ(x∗) > 0. For ease of notation, we will
write G := Gx∗ and G[i] := Gx∗,[i]. We start by proving that S(x∗) is contracting.
From the original definition (5.15) of λ(x∗), we get the inequality

0 < λ(x∗) ≤ E [log ∥DGη,ξ1(x∗)∥] ≤ max
i∈[N ]

log ∥DGη,i(x∗)∥

= max
i∈[N ]

log
∥∥(1D − η∇xF(x

∗, yi)∇xF(x
∗, yi)

t
)
|N (x∗)

∥∥ .
In particular, there must exist an i∗ ∈ [N ] with∣∣∣1− η |∇xF(x

∗, yi∗)|2
∣∣∣ = |1− ηGi∗,i∗ | > 1.

Without loss of generality, we assume i∗ = 1. Consider the sequence (Mn) ∈ S(x∗)N
given by

Mn :=
(
1N − ηG[1]

)n
.

Recall that G[1] is the matrix G with all but the first row replaced by zeros. Thus [G[1]]
is a rank 1 matrix with non-trivial eigenvalue G1,1 and the eigenvalues of 1N − ηG[1]

are µ1 = 1−ηG1,1 with multiplicity 1 and µ2 = 1 with multiplicity N−1. Using basic
finite-dimensional spectral theory, 1N − ηG[1] can be decomposed as 1N − ηG[1] =

A+B, where A is a rank-1 matrix with An = µn−1
1 A, AB = BA = 0 and

lim
n→∞

∥Bn∥
∥An∥

= 0. (5.55)

Now we can compute

Mn =
(
1N − ηG[1]

)n
= (A+B)n = An +Bn

and thus

lim
n→∞

Mn

∥Mn∥
= lim

n→∞

An +Bn

∥An +Bn∥
= lim

n→∞

∥An∥
∥An +Bn∥

An

∥An∥
+

Bn

∥An +Bn∥
.

As a consequence of (5.55), we have

lim
n→∞

∥An∥
∥An +Bn∥

= 1 and lim
n→∞

Bn

∥An +Bn∥
= 0
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and hence

lim
n→∞

Mn

∥Mn∥
= lim

n→∞

An

∥An∥
= lim

n→∞

µn−1
1 A

µn−1
1 ∥A∥

=
A

∥A∥
,

which is indeed a rank-1 matrix.
In order prove that S(x∗) is strongly irreducible, consider a proper linear subspace

{0} ⊊ W ⊊ RN for wich we intend to show that {MW : M ∈ S} contains infinitely
many elements. Consider the sets A,B ⊆ [N ] given by

A := {i ∈ [N ] : ei ∈W} and B := {i ∈ [N ] : Gei ∈W⊥},

where ei denotes the i-th unit vector. Since G is positive definite, we have etiGei > 0
for all i and thus A∩B = ∅. Also, we have Gi,j = etiGej = 0, for each i ∈ A and j ∈ B.
By the assumption that x∗ is regular, this implies B ̸= [N ] \A and thus A∪B ̸= [N ].
In other words, there must exists an i∗ ∈ [N ], such that ei∗ /∈W and Gei∗ /∈W⊥. The
latter implies that there must exists some w∗ ∈ W such that etiGw

∗ = w∗tGei ̸= 0.
Again, we assume without loss of generality that i∗ = 1. Consider the sequence of
subspaces (Wn) ∈ {MW :M ∈ S}N0 given by Wn := (1N − ηG[1])

nW and let

κn := sup
w∈Wn\{0}

|G[1]w|∣∣∣w − 1
G1,1

G[1]w
∣∣∣ .

Note that since the term in the supremum only depends on the direction of w and not
on |w|, it is sufficient to take the supremum over the unit ball and by compactness the
supremum must be attained. Since G[1]w is always a multiple of e1 and e1 /∈W0 =W ,
the denominator is always non-zero for n = 0. Furthermore, et1Gw

∗ ̸= 0 implies
G[1]w

∗ ̸= 0 and we have 0 < κ0 <∞. Also, using G2
[1] = Gi,iG[1], we get

G[1](1N − ηG[1])w = (1− ηG1,1)G[1]w and

(1N − ηG[1])w − 1

G1,1
G[1](1N − ηG[1])w = w − 1

G1,1
G[1]w.

Applying this iteratively, allows us to compute

κn = sup
w∈W\{0}

|G[1](1N − ηG[1])
nw|∣∣∣(1N − ηG[1])nw − 1

G1,1
G[1](1N − ηG[1])nw

∣∣∣
= sup

w∈W\{0}
|1− ηG1,1|n

|G[1]w|∣∣∣w − 1
G1,1

G[1]w
∣∣∣

= |1− ηG1,1|nκ0.

Since G1,1 ̸= 2
η , we have |1 − ηG1,1| ≠ 1 and the sequence (κn) consists of pairwise

distinct elements. Thus, in particular, the sequence (Wn) consists of pairwise distinct
subspaces, completing the proof.

5.3.6 Construction of Lyapunov functions

The goal of this section is, given λ(x∗) > 0, to construct a Lyapunov function F ∗ :
RN \ {0} → [0,∞) which goes to infinity near 0 and such that

E
[
F ∗ (ψ1

ω(v, w)2
)]

≤ γF ∗(v, w),
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for some γ ∈ (0, 1) and every (v, w) in some neighborhood of (0, 0). This means that
the value of F ∗(w) must decrease on average along trajectories. Since F ∗ is large
near the origin, points get “pushed away” from the set {w = 0}, which will allow us
to prove a lack of convergence in the subsequent section.

Following recent works in fluid dynamics [BBP22d; BCG23], we will study the
family of linear operators (Pq : C0(SN−1) → C0(SN−1))q∈R given by

[Pqf ](s) = E
[∣∣Ψ1

ωs
∣∣q f ( Ψ1

ωs

|Ψ1
ωs|

)]
.

Here C0(SN−1) denotes the Banach space of real-valued continuous functions on
SN−1, equipped with the supremum-norm. It can be readily seen that the operators
Pq are bounded in this norm2. The arguments in [BBP22d; BCG23] rely on the fact
that P0 admits a spectral gap in their settings. Unfortunately, the discrete nature of
our setting prohibits such a spectral gap, at least in C0(SN−1). In order to circumvent
this obstacle, we must consider a different Banach space.

For α ∈ (0, 1), we let Cα(SN−1) denote the Banach space of α-Hölder continuous
functions on the unit sphere SN−1 ⊂ RN , i.e.

Cα(SN−1) =
{
f : SN−1 → R : ∃h > 0 s.t. |f(s1)− f(s2)| ≤ h|s1 − s2|α, ∀ s1, s2 ∈ SN−1

}
and

∥f∥Cα = ∥f∥∞ + sup
s1,s2∈SN−1,s1 ̸=s2

|f(s1)− f(s2)|
|s1 − s2|α

.

As we only consider the space of Hölder-continuous functions on SN−1 here, we
will abbreviate Cα = Cα(SN−1). Also, L(Cα) denotes the space of bounded linear
operators from Cα to itself.

Lemma 5.3.10 ([BL85, Part A-Proposition V.4.1]). If S(x∗) is contracting and
strongly irreducible, then there exists an α ∈ (0, 1) such that

(i) there exists an q̂ > 0, such that for q ∈ (−q̂, q̂) the operator Pp ∈ L(C0) restricts
to a well-defined, bounded operator Pq ∈ L(Cα) and the map P• : (−q̂, q̂) →
L(Cα), q 7→ Pq is analytic

(ii) and the operator P0 satisfies

lim sup
n→∞

∥Pn
0 f − κ(f)1∥

1
n
Cα < 1, ∀f ∈ Cα,

for some probability measure κ on SN−1. Here, we let 1 ∈ Cα denote the
constant function with value 1.

For the proof, we refer to [BL85]. The integrability assumption in [BL85, Part
A-Proposition V.4.1] is satisfied trivially in our setting, as Ψ1

ω can only take finitely
many values.

Lemma 5.3.10 (ii) says that 1 is the dominant eigenvalue of P0, i.e. it is isolated and
the spectral value with the largest absolute value. By classical perturbation theory
[Kat95], this implies that for q sufficiently close to 0 the largest spectral value of Pq is
also an isolated eigenvalue and both the dominant eigenvalue and the corresponding
Riesz projections are analytic in q. Put more precisely, we get the following corollary

2In fact ∥Pq∥ ≤ Kq
2 for q ≥ 0 and ∥Pq∥ ≤ K−q

1 for q ≤ 0, with K1 and K2 defined by (5.43) and
(5.44).
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(cf. also [BL85, Part A-Theorem V.4.3]). Here Ċα denotes the dual space of Cα and
Q∗ ∈ L(Ċα) the dual operator of an operator Q ∈ L(Cα).

Corollary 5.3.11. In the setting of the previous lemma, there exists a 0 < q̃ < q̂
and analytic maps r : (−q̃, q̃) → R, f• : (−q̃, q̃) → Cα, κ• : (−q̃, q̃) → Ċα and
Q• : (−q̃, q̃) → L(Cα), such that

Pqf = Qqf + r(q)⟨κq, f⟩fq, (5.56)

where Qqfq = 0, Q∗
qκq = 0, ⟨κq, fq⟩ = 1 and

lim sup
n→∞

∥∥Qn
q

∥∥ 1
n < r(p).

Furthermore, r(0) = 1, f0 = 1 and κ0 ∈ Ċα are given by ⟨κ0, f⟩ = κ(f), where κ is
the probability measure from Lemma 5.3.10 (ii).

The arguments for the rest of the section are similar to the ones made in [BBP22d,
chapter 4]. Henceforth, let α ∈ (0, 1) be as in Lemma 5.3.10.

Theorem 5.3.12. Let x∗ ∈ M be regular with λ(x∗) > 0. There exist constants
p > 0, γ ∈ (0, 1) and α ∈ (0, 1) and a positive function f∗ ∈ Cα such that for all
s ∈ SN−1 we have

E
[∣∣Ψ1

ωs
∣∣−p f∗( Ψ1

ωs

|Ψ1
ωs|

)]
= γf∗(s). (5.57)

Proof. Note that (5.57) states that P−pf
∗ = γf∗. In the following, we will show that

d
dq r(q)|q=0 = λ(x∗) > 0. This will imply that for sufficiently small p > 0, we can set
γ := r(−p) < 1 and f∗ := f−p. Since, for small p, the function f−p is close to f0 = 1
in the Cα-sense, but thus in particular in the C0-sense, it is indeed a positive function
and by (5.56), we have P−pf

∗ = γf∗.
In order to show d

dq r(q)|q=0 = λ(x∗), note that for q sufficiently close to 0, we
have ⟨κq,1⟩ = ⟨κq, f0⟩ ≠ 0. By Corollary 5.3.11, this allows us to express r(q) by

log r(q) = lim
n→∞

1

n
log ∥Pn

q 1∥Cα .

Using Jensen’s inequality, we can estimate

log r(q) = lim
n→∞

1

n
log ∥Pn

q 1∥Cα ≥ lim
n→∞

1

n
log ∥Pq1∥C0

= lim
n→∞

1

n
log

(
sup

s∈SN−1

E
[∣∣Ψ1

ωs
∣∣q])

= lim
n→∞

1

n
log

(
sup

s∈SN−1

E
[
eq log|Ψ1

ωs|
])

≥ q lim
n→∞

1

n
sup

s∈SN−1

E
[
log
∣∣Ψ1

ωs
∣∣] .

By the Oseledet theorem (Theorem 2.3.1) the limit in the last line is equal to λ(x∗).
Thus we get r(q) ≥ eqλ(x

∗), for sufficiently small q. Since we already know that r is
differentiable at 0 from Corollary 5.3.11 and since r(0) = 1, this implies d

dq r(q)|q=0 =
λ(x∗), completing the proof.
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We define the function F ∗ : RN \ {0} → R>0 by

F ∗(w) := |w|−pf∗
(
w

|w|

)
. (5.58)

Corollary 5.3.13. We have

E
[
F ∗(Ψ1

ωw)
]
= γF ∗(w). (5.59)

Proof. This is a direct consequence of (5.57). Let w ∈ RN \ {0} and set s := w
|w| ∈

SN−1. Then

E
[
F ∗(Ψ1

ωw)
]
= E

[∣∣Ψ1
ωw
∣∣−p f∗( Ψ1

ωw

|Ψ1
ωw|

)]
= |w|−pE

[∣∣Ψ1
ωs
∣∣−p f∗( Ψ1

ωs

|Ψ1
ωs|

)]
= |w|−pγf∗(s) = γF ∗(w),

showing the claim.

This establishes that F ∗ is a Lyapunov function for the linearized process induced
by Ψ. For the remainder of this section, we will show that, on a neighborhood of the
origin, F ∗ is also a Lyapunov function for the Markov process induced by the non-
linear cocycle ψ. Since f∗ is continuous, positive and has a compact domain, it is both
bounded and bounded away from zero, i.e. we can find constants 0 < C− ≤ C+ <∞
such that

C− ≤ f∗(s) ≤ C+, ∀s ∈ SN−1. (5.60)

As a direct consequence, we also get the bound

C−|w|−p ≤ F ∗(w) ≤ C+|w|−p, ∀w ∈ RN \ {0}. (5.61)

Lemma 5.3.14. For every ε > 0, there exists a δ > 0 such that for w, w̃ ∈ RN \ {0}
we have

|w − w̃|
|w|

< δ ⇒ |F ∗(w)− F ∗(w̃)|
F ∗(w)

< ε. (5.62)

Proof. Using α-Hölder continuity of f∗ and the bounds in (5.60), we can estimate

|F ∗(w)− F ∗(w̃)| =
∣∣∣∣|w|−pf∗( w

|w|

)
− |w̃|−pf∗

(
w̃

|w̃|

)∣∣∣∣
≤ |w|−p

∣∣∣∣f∗( w

|w|

)
− f∗

(
w̃

|w̃|

)∣∣∣∣+ ∣∣|w|−p − |w̃|−p
∣∣f∗( w̃

|w̃|

)
≤ F ∗(w)C−1

− ∥f∗∥Cα

∣∣∣∣ w|w| − w̃

|w̃|

∣∣∣∣α + F ∗(w)C+C
−1
−

∣∣∣∣∣1−
(
|w̃|
|w|

)−p
∣∣∣∣∣ .

In order to complete the proof, we will show that for each ε > 0 there exists a δ > 0,
such that for w, w̃ ∈ RN \ {0} with |w|−1|w − w̃| < δ we have∣∣∣∣ w|w| − w̃

|w̃|

∣∣∣∣ ≤ ( C−ε

∥f∗∥Cα

) 1
α

=: ε1 and

∣∣∣∣∣1−
(
|w̃|
|w|

)−p
∣∣∣∣∣ ≤ C+ε

C−
=: ε2. (5.63)
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We can bound ∣∣∣∣ w|w| − w̃

|w̃|

∣∣∣∣ = |w|−1

∣∣∣∣w − w̃ +

(
1− |w|

|w̃|

)
w̃

∣∣∣∣
≤ |w − w̃|

|w|
+

∣∣|w| − |w̃|
∣∣

|w|
≤ 2

|w − w̃|
|w|

to see that the first inequality in (5.63) is satisfied for w, w̃ with |w|−1|w − w̃| < δ1 :=
1
2ε1.

Since the map t 7→ t−p is continuous at t = 1 7→ 1, there also exists a δ2 > 0 such
that ∣∣∣∣1− |w̃|

|w|

∣∣∣∣ ≤ |w − w̃|
|w|

< δ2 ⇒

∣∣∣∣∣1−
(
|w̃|
|w|

)−p
∣∣∣∣∣ < ε2.

Thus (5.62) will be satisfied for δ = min(δ1, δ2).

Lemma 5.3.15. For every ε > 0, there exists a δ > 0 s.t.

F ∗ (ψ1
ω(v, w)2

)
≤ (1 + ε)F ∗ (Ψ1

ωw
)
, (5.64)

for all ω ∈ Ω and (v, w) ∈ Vδ, where Vδ is the neighborhood given in Lemma
5.3.2/Corollary 5.3.3.

Proof. Let ε > 0 and choose δ̃ > 0 such that the conclusion (5.62) of the previous
lemma holds. Recall that (cf. (5.43))

K1 := inf
ω∈Ω

∥∥∥(Ψ1
ω

)−1
∥∥∥−1

> 0

and let δ = K1δ̃. Then, by Lemma 5.3.2, we have∣∣Ψ1
ωw − ψ1

ω(v, w)
∣∣ ≤ δ|w| ≤ K−1

1 δ
∣∣Ψ1

ωw
∣∣ = δ̃

∣∣Ψ1
ωw
∣∣ ,

for all ω ∈ Ω and (v, w) ∈ Vδ. By (5.62), this implies∣∣F ∗ (Ψ1
ωw
)
− F ∗ (ψ1

ω(v, w)
)∣∣

F ∗ (Ψ1
ωw)

< ε,

which implies (5.64).

Corollary 5.3.16. For every ε > 0, there exists a δ > 0 s.t. for all ω ∈ Ω and all
(v, w) ∈ Vδ \ (RD−N × {0}) we have ψ1

ω(v, w)2 ̸= 0 and

E
[
F ∗ (ψ1

ω(v, w)2
)]

≤ (γ + ε)F ∗(w).

In particular, if we choose 0 < ε < 1− γ this shows that F ∗ is indeed a Lyapunov
function on a neighborhood of the origin.

Proof. First note that if we choose δ < K1, using Corollary 5.3.3, we get∣∣ψ1
ω(v, w)2

∣∣ ≥ ∣∣Ψ1
ωw
∣∣− ∣∣Ψ1

ωw − ψ1
ω(v, w)2

∣∣ ≥ K1|w| − δ|w| > 0

for all ω ∈ Ω and all (v, w) ∈ Vδ \ (RD−N × {0}). Let ε > 0 and choose δ > 0 small
enough, such that both δ < K1 and that the conclusion of Lemma 5.3.15 holds.
Together with Corollary 5.3.13 this yields

E
[
F ∗(ψ1

ω(v, w)2)
]
≤ (1 + ε)E

[
F ∗(Ψ1

ωw)
]
= (1 + ε)γF ∗(w) ≤ (γ + ε)F ∗(w),
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for all ω ∈ Ω and all (v, w) ∈ Vδ \ (RD−N × {0}).

5.3.7 The unstable case

Theorem C.2 (ii). Let x∗ ∈ M be regular with λ(x∗) > 0. Then x∗ /∈ supp(XSGD
lim ).

Proof of Theorem C.2 (ii). Suppose x∗ ∈ M is regular with λ(x∗) > 0. In the follow-
ing, we will show that there exists a δ > 0 such that the neighborhood 0 ∈ Vδ ⊆ RD
from Lemma 5.3.2/Corollary 5.3.3 satisfies

P (∃n ∈ N, s.t. ψnω(v, w) /∈ Vδ) = 1, ∀(v, w) ∈ Vδ \
(
RD−N × {0}

)
. (5.65)

We first argue, why this is sufficient to show x∗ /∈ supp(XSGD
lim ). Let x∗ ∈ U ⊆ M be

the neighborhood given by

U := χ(Vδ) ∩M = χ
(
Vδ ∩

(
RD−N × {0}

))
.

Suppose for now that ω is such that XSGD
lim ∈ U . By the openness of χ(Vδ), there

then either exists an n ∈ N0 s.t. XSGD
n ∈ U or there exists an m ∈ N0, such that

XSGD
m+n ∈ χ(Vδ) \ M for all n ∈ N0. By Lemma 5.3.5, the former happens with

probability zero. The probability for the latter to happen can be estimated by

P
(
∃m ∈ N0, ∀n ∈ N0, X

SGD
m+n(ω) ∈ χ(Vδ) \M

)
≤

∞∑
m=1

P
(
∀n ∈ N0, φ

n
θmω(X

SGD
m (ω)) ∈ χ(Vδ) \M

)
=

∞∑
m=1

P
(
∀n ∈ N0, ψ

n
θmω(χ

−1(XSGD
m (ω))) ∈ Vδ \ (RD−N × {0})

)
.

Since XSGD
m only depends on ωinit and ω1, . . . , ωm and the random map ψnθmω only de-

pends on ωm+1, . . . ωm+n, they are independent. Thus, if (5.65) holds, this probability
will also be zero.

It remains to find a δ > 0 such that (5.65) holds. Let p > 0, γ ∈ (0, 1) and
f∗ : SN−1 → (0,∞) be such that the conclusion of Theorem 5.3.12 holds. Also, let
F ∗ be the function defined in (5.58), choose some 0 < ε < 1 − γ and let δ be such
that the conclusion of Corollary 5.3.16 holds. Without loss of generality, we assume
Vδ ⊆ RD−N ×BRN

0 (1)3. Recall that τδ,ω : Vδ → N ∪ {∞} is given by

τδ,ω(v, w) := inf {n ∈ N : ψnω(v, w) /∈ Vδ} .

We can reformulate (5.65) as

P (τδ,ω(v, w) <∞) = 1, ∀(v, w) ∈ Vδ \
(
RD−N × {0}

)
.

Using Corollary 5.3.16 inductively, one can show that

E
[
1τδ,ω(v,w)≥nF

∗ (ψnω(v, w)2)
]
≤ (γ + ε)nF ∗(w),

for all n ∈ N and (v, w) ∈ Vδ. Since Vδ ⊆ RD−N ×BRN

0 (1), we have

F ∗(w) ≥ C−|w|−p ≥ C−, ∀(v, w) ∈ Vδ.

3If not, consider the intersection of Vδ and RD−N ×BRN

0 (1) henceforth.
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This allows us to compute

P(τδ,ω(v, w) = ∞) = lim
n→∞

P(τδ,ω(v, w) > n)

≤ C−1
− lim

n→∞
E
[
1τδ,ω(v,w)>nF

∗ (ψnω(v, w)2)
]

≤ C−1
− lim

n→∞
(γ + ε)nF ∗(w) = 0,

for all (v, w) ∈ Vδ \ (RD−N × {0}).

5.4 Extensions and outlook

While our main results are general in the sense that they require only very weak
assumptions on the network function F, we want to point out that we only consider
scalar regression problems and training with gradient descent or stochastic gradient
descent with a mini-batch size of 1. As mentioned above, we have made these re-
strictions to simplify the already extensive proofs as much as possible, and the main
results can be extended, with minor modifications, to a more general setting.

In practice, SGD is usually implemented with so-called mini-batches to allow for
parallel computations. For SGD with mini-batches of size 1 ≤ B ≤ N , the iterative
step (5.8) is replaced by

XSGD
n+1 := XSGD

n − η∇LΞn+1(X
SGD
n ),

where (Ξn)n∈N is an i.i.d. sequence of size B subsets Ξn ⊆ [N ] chosen uniformly from

the

(
N
B

)
possible subsets and

LΞ(x) :=
1

B

∑
i∈Ξ

Li(x).

For B = 1 this coincides with the SGD algorithm presented in section 5.1.2 and for
B = N the iterative step is deterministic and coincides with GD. Stochastic gradient
descent with mini-batch size 1 < B < N can thus be seen as an interpolation between
the two algorithms. The derivations from sections 5.1.4 and 5.2.2 can be carried out
analogously for mini-batch SGD, and one can express the Lyapunov exponent of
mini-batch SGD with learning rate η and mini-batch size B as

λ(x∗) = inf
n∈N

1

n
E
[
log
∥∥∥(1N − η

B
Gx∗,[Ξn]

)
. . .
(
1N − η

B
Gx∗,[Ξ1]

)∥∥∥] ,
where Gx∗,[Ξ] denotes the Gram matrix Gx∗ of the neural tangent kernel with all rows
whose index is not in Ξ set to 0. In order to derive a version of Theorem C.2 it is
necessary to adapt the notion of regular global minima (cf. Definition 5.2.1) to ensure
that the analog of Lemma 5.3.9 in the proof below still remains valid. We leave this as
a problem for future work. The rest of the proof of Theorem C.2 can be extended to
mini-batch SGD with only minor changes. Such an extension of Theorem C.2 could
help to better understand the impact of the learning rate and the mini-batch size on
generalization properties (see e.g. [HHS17; Goy+17; Kes+17] for numerical studies).

Furthermore, it would be interesting to extend our analysis to other versions of
stochastic gradient descent such as SGD with momentum [RHW86] or Adam [KB14].
Our derivation can be extended to these algorithms by linearizing the iteration steps
around fixed points where all moment terms are zero. In the case of Adam, the



112 Chapter 5. Stochastic Gradient Descent in Overparameterized Learning

parameter ϵ appearing in the numerator of the final update step is usually chosen ex-
tremely small ([KB14] suggests ϵ = 10−8). Thus, the linearization only approximates
the dynamics of the actual algorithm in a vanishingly small neighborhood, and it is
questionable whether it is still meaningful for the dynamics of the algorithm.

Furthermore, our analysis can be extended to multi-dimensional regression prob-
lems with ground truth function f̂ : Rd → Rd̃ and network function F : RD×Rd → Rd̃.
In fact, one can interpret such a multi-dimensional regression problem as a scalar re-
gression problem with ground truth function f̂ : Rd × [d̃] → R and network function
F : RD × (Rd × [d̃]) → R. This has the effect of splitting one training example

(y, z) ∈ Rd ×Rd̃ into d̃ training examples ((y, 1), z1), . . . , ((y, d̃), zd̃) ∈ (Rd × [d̃])×R.
A SGD step with the training example (y, z) now corresponds to an SGD step with
the mini-batch ((y, 1), z1), . . . , ((y, d̃), zd̃). Similarly to mini-batch SGD, the main
challenge in extending Theorem C.2 to multi-dimensional regression problems is to
adapt the notion of a regular global minimum (cf. Definition 5.2.1) in such a way that
Lemma 5.3.9 still remains valid for multi-dimensional regression.

Unfortunately, our results cannot be easily extended to classification problems.
For a classification task with k classes, it is common to encode the training data as
pairs (y, z) ∈ Rd×Rk, where z = ei is the i-th unit vector, where i ∈ [k] is the class y
belongs to. Then one considers a network function F : RD × Rd → Rk, which is then
post-composed with the softmax function softmaxβ : Rk → [0, 1]k given by

softmaxβ(z1, . . . zk)i :=
eβzi∑k
j=1 e

βzj
,

where β > 0 is some positive real number commonly referred to as inverse tempera-
ture. For training, the most common loss function is cross-entropy loss given by

ℓ(z̄, z) := −
n∑
i=1

zi log(z̄i).

In order to have ℓ(z̄, z) = 0, one necessarily needs z̄ = z. However, the softmax
function’s outputs are in (0, 1)k for any finite input values. Thus, it is not possible
to reach training error zero and M = ∅.

Finally, it should be mentioned that our analysis assumes that the model is trained
to convergence. In practice, it has been observed that stopping the algorithm early can
improve generalization. While the global minima with λ(x∗) > 0 are asymptotically
unstable, the finite time Lyapunov exponents

λw,n(x
∗) :=

1

n
log
∣∣(1N − ηGx∗,[ξn]

)
. . .
(
1N − ηGx∗,[ξ1]

)
w
∣∣

can, even for large n, still be negative with small, but positive probability. This
effect is captured by a large deviation principle ([AK87]), the rate function of which
depends on the moment Lyapunov exponents (see section 5.2.3 for a definition).
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Appendix A

Omitted Proofs

A.1 Proof of Proposition 2.1.11

Proof. Let S ⊂ F−∞,∞ ⊗B(X ) denote the algebra of sets given by

S :=
⋃

t∈T≥0

F−t,t ⊗B(X ).

By the definition of F−∞,∞ we have σ(S ) = F−∞,∞ ⊗B(X ). By [Wal82, Theorem
1.17] it is sufficient to show that

lim
t→∞

µ̂(Θ−t(A) ∪B) = µ̂(A)µ̂(B), ∀A,B ∈ S .

By Θ-invariance of µ̂, we may assume without loss of generality that A ∈ F0,∞⊗B(X )
and B ∈ F−∞,0⊗B(X ). Following the argument used in the proof of [Wal82, Theorem
1.17] we may furthermore assume without loss of generality that A ∈ F0,∞ ×B(X ).
Let A = E ×D, E ∈ F0,∞ and D ∈ B(X ). Now we can write

µ̂(Θ−t(A) ∪B) =

∫
B
1E(θ

tω)1D(φ
t
ω(x)) dµ̂(ω, x)

= P(E)

∫
B

∫
Ω
1D(φ

t
ω′(x)) dP(ω′) dµ(x)

= P(E)

∫
B
[Pt1D](x) dµ̂(ω, x).

Here we used the invariance of the σ algebras F−∞,0, F0,t and Ft,∞, as well as the fact
that µ̂ is a Markov measure. By the definition of strong mixing and the dominated
convergence theorem, we get

lim
t→∞

µ̂(Θ−t(A) ∪B) = lim
t→∞

P(E)

∫
B
[Pt1D](x) dµ̂(ω, x)

= P(E)

∫
B
µ(D) dµ̂(ω, x) = µ̂(A)µ̂(B).

A.2 Proof of Proposition 3.2.6

Proof. First we will derive Stratonovich SDEs for (r(t)) and (ϕ(t)). Note that, by
definition,

r(t) = |X(t)| =
√
X1(t)2 +X2(t)2.
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By the chain-rule for Stratonovich SDEs, we have

dr(t) =
X1(t)

r(t)
◦ dX1(t) +

X2(t)

r(t)
◦ dX2(t)

=
X1(t)

r(t)

[
αX1(t)− βX2(t)− ar(t)2X1(t) + br(t)2X2(t)

]
dt+ σ

X1(t)

r(t)
◦ dW1(t)

+
X2(t)

r(t)

[
βX1(t) + αX2(t)− br(t)2X1(t)− ar(t)2X2(t)

]
dt+ σ

X2(t)

r(t)
◦ dW2(t)

=
1

r(t)

[
α
(
X1(t)

2 +X2(t)
2
)
− ar(t)2

(
X2

1 +X2
2

)]
dt

+ σ[cos(ϕ(t)) ◦ dW1(t) + sin(ϕ(t)) ◦ dW2(t)]

=
(
αr(t)− ar(t)3

)
dt+ σ[cos(ϕ(t)) ◦ dW1(t) + sin(ϕ(t)) ◦ dW2(t)].

For (ϕ(t)) we first show

−X2(t)

r(t)2
◦ dX1(t) +

X1(t)

r(t)2
◦ dX2(t) =

− sin(ϕ(t))

r(t)
[−r(t) sin(ϕ(t)) ◦ dϕ(t) + cos(ϕ(t)) dr(t)]

+
cos(ϕ(t))

r(t)
[r(t) cos(ϕ(t)) ◦ dϕ(t) + sin(ϕ(t)) dr(t)]

= sin2(ϕ(t)) ◦ dϕ(t) + cos2(ϕ(t)) ◦ dϕ(t)
=dϕ(t). (A.1)

Now, using the chain-rule again, we can compute

dϕ(t) =
−X2(t)

r(t)2
◦ dX1(t) +

X1(t)

r(t)2
◦ dX2(t)

=
−X2(t)

r(t)2
[
αX1(t)− βX2(t)− ar(t)2X1(t) + br(t)2X2(t)

]
dt− σ

X2(t)

r(t)
◦ dW1(t)

+
X1(t)

r(t)2
[
βX1(t) + αX2(t)− br(t)2X1(t)− ar(t)2X2(t)

]
dt+ σ

X1(t)

r(t)
◦ dW2(t)

=
1

r(t)2
[
β
(
X1(t)

2 +X2(t)
2
)
− br(t)2

(
X1(t)

2 +X2(t)
2
)]

dt

+ σ [− sin(ϕ(t)) ◦ dW1(t) + cos(ϕ(t)) ◦ dW2(t)]

=
(
β − br(t)2

)
dt+ σ [− sin(ϕ(t)) ◦ dW1(t) + cos(ϕ(t)) ◦ dW2(t)] .
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It remains to compute the relevant quadratic co-variations for the Itô-Stratonovich
correction terms. Using the notation ⟨·, ·⟩ for the quadratic co-variation of two semi-
martingales, we get

d ⟨cos(ϕ(t)),W1(t)⟩ =− sin(ϕ(t))d⟨ϕ(t),W1(t)⟩

=
σ

r(t)
sin2(ϕ(t))dt,

d ⟨sin(ϕ(t)),W2(t)⟩ =cos(ϕ(t))d⟨ϕ(t),W2(t)⟩

=
σ

r(t)
cos2(ϕ(t))dt,

d

〈
sin(ϕ(t))

r(t)
,W1(t)

〉
=
cos(ϕ(t))

r(t)
d ⟨ϕ(t),W1(t)⟩ −

sin(ϕ(t))

r(t)2
d ⟨r(t),W1(t)⟩

=− σ

r(t)2
cos(ϕ(t)) sin(ϕ(t))dt− σ

r(t)2
cos(ϕ(t)) sin(ϕ(t))dt

=− 2σ

r(t)2
cos(ϕ(t)) sin(ϕ(t))dt,

d

〈
cos(ϕ(t))

r(t)
,W2(t)

〉
=− sin(ϕ(t))

r(t)
d ⟨ϕ(t),W2(t)⟩ −

cos(ϕ(t))

r(t)2
d⟨r(t),W2(t)⟩

=− σ

r(t)2
cos(ϕ(t)) sin(ϕ(t)) dt− σ

r(t)2
cos(ϕ(t)) sin(ϕ(t)) dt,

=− 2σ

r(t)2
cos(ϕ(t)) sin(ϕ(t)) dt.

Finally, we can use these to obtain Itô-SDEs for (r(t)) and (ϕ(t)). We have

dr(t) =
(
αr(t)− ar(t)3

)
dt+ σ[cos(ϕ(t)) ◦ dW1(t) + sin(ϕ(t)) ◦ dW2(t)]

=
(
αr(t)− ar(t)3

)
dt+

σ

2r(t)
[d⟨cos(ϕ(t)),W1(t)⟩+ d⟨sin(ϕ(t)),W2(t)⟩]

+ σ[cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t)]

=
(
αr(t)− ar(t)3

)
dt+

σ

2

[
σ

r(t)
sin2(ϕ(t)) dt+

σ

r(t)
cos2(ϕ(t)) dt

]
+ σ[cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t)]

=

(
αr(t)− ar(t)3 +

σ2

2r(t)

)
dt+ σ[cos(ϕ(t)) dW1(t) + sin(ϕ(t)) dW2(t)],

as well as,

dϕ(t) =
(
β − br(t)2

)
dt+ σ [− sin(ϕ(t)) ◦ dW1(t) + cos(ϕ(t)) ◦ dW2(t)]

=
(
β − br(t)2

)
dt+

σ

2

[
−d

〈
sin(ϕ(t))

r(t)
,W1(t)

〉
+ d

〈
cos(ϕ(t))

r(t)
,W2(t)

〉]
+ σ [− sin(ϕ(t)) dW1(t) + cos(ϕ(t)) dW2(t)]

=
(
β − br(t)2

)
dt+

σ

2

[
− 2σ

r(t)2
cos(ϕ(t)) sin(ϕ(t)) dt+

2σ

r(t)2
cos(ϕ(t)) sin(ϕ(t)) dt

]
+ σ [− sin(ϕ(t)) dW1(t) + cos(ϕ(t))dW2(t)]

=
(
β − br(t)2

)
dt+ σ [− sin(ϕ(t)) dW1(t) + cos(ϕ(t)) dW2(t)] .

This finishes the proof.
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A.3 Proof of Proposition 3.2.7

Proof. Recall that (s(t)) and (ϑ(t)) were defined by

s(t) :=

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t)

and

ϑ(t) :=

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t).

By the integration by parts formula for Stratonovich integrals, we get

ds(t) =

(
cos(ϕ(t))
sin(ϕ(t))

)T
◦ dY (t) + Y (t)T ◦ d

(
cos(ϕ(t))
sin(ϕ(t))

)
.

For the sake of readability, we will compute the summands separately. Firstly, we
have(
cos(ϕ(t))
sin(ϕ(t))

)T
◦ dY (t) =

(
cos(ϕ(t))
sin(ϕ(t))

)T (
α −β
β α

)
Y (t) dt

− ∥X(t)∥2
(
cos(ϕ(t))
sin(ϕ(t))

)T (
a −b
b a

)
Y (t) dt

− 2

(
cos(ϕ(t))
sin(ϕ(t))

)T (
a −b
b a

)
X(t)X(t)TY (t) dt

=α

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt− β

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t) dt

− r(t)2a

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt+ r(t)2b

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t) dt

− 2r(t)2
(
cos(ϕ(t))
sin(ϕ(t))

)T (
a −b
b a

)(
cos(ϕ(t))
sin(ϕ(t))

)(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt

=
(
αs(t)− βϑ(t)− ar(t)2s(t) + br(t)2ϑ(t)− 2ar(t)2s(t)

)
dt

=
(
αs(t)− βϑ(t)− 3ar(t)2s(t) + br(t)2ϑ(t)

)
dt.

Secondly, we obtain

Y (t)T ◦ d
(
cos(ϕ(t))
sin(ϕ(t))

)
=

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t) ◦ dϕ(t)

=
(
β − br(t)2

)
ϑ(t) dt+

σ

r(t)
ϑ(t) ◦ dWϕ(t).

Together this gives

ds(t) =
(
α− 3ar(t)2

)
s(t) dt+

σ

r(t)
ϑ(t) ◦ dWϕ(t).

We proceed analogously for (ϑ(t)). Integration by parts gives

dϑ(t) =

(
− sin(ϕ(t))
cos(ϕ(t))

)T
◦ dY (t) + Y (t)T ◦ d

(
− sin(ϕ(t))
cos(ϕ(t))

)
.
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Computing the summands separately again we get(
− sin(ϕ(t))
cos(ϕ(t))

)T
◦ dY (t) =

(
− sin(ϕ(t))
cos(ϕ(t))

)T (
α −β
β α

)
Y (t) dt

− ∥X(t)∥2
(
− sin(ϕ(t))
cos(ϕ(t))

)T (
a −b
b a

)
Y (t) dt

− 2

(
− sin(ϕ(t))
cos(ϕ(t))

)T (
a −b
b a

)
X(t)X(t)TY (t) dt

=α

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t) dt+ β

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt

− r(t)2a

(
− sin(ϕ(t))
cos(ϕ(t))

)T
Y (t) dt− r(t)2b

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt

− 2r(t)2
(
− sin(ϕ(t))
cos(ϕ(t))

)T (
a −b
b a

)(
cos(ϕ(t))
sin(ϕ(t))

)(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) dt

=
(
αϑ(t) + βs(t)− ar(t)2ϑ(t)− br(t)2s(t)− 2br(t)2s(t)

)
dt

=
(
αϑ(t) + βs(t)− ar(t)2ϑ(t)− 3br(t)2s(t)

)
dt,

as well as,

Y (t)T ◦ d
(
− sin(ϕ(t))
cos(ϕ(t))

)
= −

(
cos(ϕ(t))
sin(ϕ(t))

)T
Y (t) ◦ dϕ(t)

= −
(
β − br(t)2

)
s(t) dt− σ

r(t)
s(t) ◦ dWϕ(t).

Together this gives

dϑ(t) =
(
α− ar(t)2

)
ϑ(t) dt− 2br(t)2s(t) dt− σ

r(t)
s(t) ◦ dWϕ(t),

which finishes the proof.

A.4 Proof of Lemma 3.3.2

Proof. Recall that (γ(t)) and (Λ(t)) are defined by

γ(t) := 2 tan−1

(
v2(t)

v1(t)

)
, Λ(t) := log

(√
v1(t)2 + v2(t)2

)
. (A.2)

For ease of notation, we will simply write γ,Λ, v1, . . . instead of γ(t),Λ(t), v1(t), . . .
in the following. Note that we have

cos

(
1

2
γ

)
=cos

(
tan−1

(
v2
v1

))
=

(
v22
v21

+ 1

)− 1
2

=
|v1|√
v21 + v22
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and

sin

(
1

2
γ

)
=sin

(
tan−1

(
v2
v1

))
=
v2
v1

(
v22
v21

+ 1

)− 1
2

=
|v1|v2

v1
√
v21 + v22

.

This allows us to derive the identities

1 + cos(γ) =2 cos2
(
1

2
γ

)
=

v21√
v21 + v22

,

1− cos(γ) =2 sin2
(
1

2
γ

)
=

v22√
v21 + v22

and

sin(γ) =2 cos

(
1

2
γ

)
sin

(
1

2
γ

)
=

v1v2√
v21 + v22

.

Applying the chain rule to (A.2) yields

dγ =− 2v2
v21 + v22

◦ dv1 +
2v1

v21 + v22
◦ dv2

=− 2v2
v21 + v22

(
B

(1)
1,1(w)v1 +B

(1)
1,2(w)v2

)
dt− 2v2

v21 + v22

(
B

(2)
1,1(w)v1 +B

(2)
1,2(w)v2

)
◦ dW

+
2v1

v21 + v22

(
B

(1)
2,1(w)v1 +B

(1)
2,2(w)v2

)
dt+

2v1
v21 + v22

(
B

(2)
2,1(w)v1 +B

(2)
2,2(w)v2

)
◦ dW

=
2

v21 + v22

(
−B(1)

1,1(w)v1v2 −B
(1)
1,2(w)v

2
2 +B

(1)
2,1(w)v

2
1 +B

(1)
2,2(w)v1v2

)
dt

+
2

v21 + v22

(
−B(2)

1,1(w)v1v2 −B
(2)
1,2(w)v

2
2 +B

(2)
2,1(w)v

2
1 +B

(2)
2,2(w)v1v2

)
◦ dW

=
[
B

(1)
2,1(w)(1 + cos(γ)−B

(1)
1,2(w)(1− cos(γ) +

(
B

(1)
2,2(w)−B

(1)
1,1(w)

)
sin(γ(t))

]
dt

+
[
B

(2)
2,1(w)(1 + cos(γ)−B

(2)
1,2(w)(1− cos(γ) +

(
B

(2)
2,2(w)−B

(2)
1,1(w)

)
sin(γ(t))

]
◦ dW
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and

dΛ =
v1

v21 + v22
◦ dv1 +

v2
v21 + v22

◦ dv2

=
v1

v21 + v22

(
B

(1)
1,1(w)v1 +B

(1)
1,2(w)v2

)
dt+

v1
v21 + v22

(
B

(2)
1,1(w)v1 +B

(2)
1,2(w)v2

)
◦ dW

+
v2

v21 + v22

(
B

(1)
2,1(w)v1 +B

(1)
2,2(w)v2

)
dt+

v2
v21 + v22

(
B

(2)
2,1(w)v1 +B

(2)
2,2(w)v2

)
◦ dW

=
1

v21 + v22

(
B

(1)
1,1(w)v

2
1 +B

(1)
1,2(w)v1v2 +B

(1)
2,1(w)v1v2 +B

(1)
2,2(w)v

2
2

)
dt

+
1

v21 + v22

(
B

(2)
1,1(w)v

2
1 +B

(2)
1,2(w)v1v2 +B

(2)
2,1(w)v1v2 +B

(2)
2,2(w)v

2
2

)
◦ dW

=
[
B

(1)
1,1(w)(1 + cos(γ)) +B

(1)
2,2(w)(1− cos(γ)) +

(
B

(1)
1,2(w) +B

(1)
2,1(w)

)
sin(γ(t))

]
dt

+
[
B

(2)
1,1(w)(1 + cos(γ)) +B

(2)
2,2(w)(1− cos(γ)) +

(
B

(2)
1,2(w) +B

(2)
2,1(w)

)
sin(γ(t))

]
◦ dW.

This finishes the proof.
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