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Tracking chirality in photoelectron circular dichroism
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In photoelectron circular dichroism (PECD) it is generally difficult to trace how and when the chirality of the
molecule is imprinted onto the photoelectron. We present simulations of PECD in a simple model and employ
chirality measures to establish a quantitative connection between the chirality of the potential, the electronic
wave function’s chirality, and the anisotropy of the photoelectron distribution. We show that these measures are
suitable indicators for chirality, paving the way for tracking the chiral evolution from the nuclear scaffold to the
final observable.
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Chiral molecules play an important role in biology, chem-
istry, and physics [1–5] since their handedness prominently
affects interactions with chiral light and matter. A chiral nu-
clear scaffold gives rise to a chiral potential and imprints a
notion of handedness on the system which can be probed and
measured via suitable observables. Prominent examples for
such observables are microwave three-wave mixing [6–13],
circular dichroism (CD) [14–19], and photoelectron circular
dichroism (PECD) [20–28], with the latter allowing for large
anisotropies in many molecular species. While it has been
shown that PECD in the gas phase is strongly affected by
short-range interactions [29], it was recently demonstrated
that even in a hydrogen atom, excitations to chiral interme-
diate states lead to a PECD signal despite the absence of a
chiral short-range potential [30]. This highlights the complex
interplay of the nuclear geometry, the initial electronic wave
function, and the interaction with the circularly polarized driv-
ing field.

In general, the initial state inherits its chirality from the
nuclear scaffold, which underlines the importance of geomet-
ric properties for generating chiral signatures. Candidates for
geometric measures to quantify chirality were previously sug-
gested [30–36] for, e.g., electron wave functions and densities,
point mass distributions, photoelectron distributions, as well
as electric fields. However, the application of such measures
as a tool to elucidate the connection between the chirality of
the nuclear scaffold, respectively the electronic wave function,
and experimental chiral observables has so far been missing.

In this Letter, we employ chirality measures for poten-
tials and wave functions. We analyze their ability to track
the emergence of PECD as a paradigmatic chiral observable
and conduct an investigation into how far such measures can
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be used to predict the strength of PECD. To keep the chi-
ral system in our study as simple and tunable as possible,
we consider single-photon ionization of hydrogen subject to
an artificial chiral potential. This potential mimics the local
chiral environment of electrons in PECD experiments. Time-
dependent simulations of the electron dynamics demonstrate
a qualitative and quantitative link between the anisotropy in
the photoelectron distribution and the chirality measures for
the potential and the electronic wave function.

We employ the Hamiltonian

H (t ) = HH + gVchiral + A(t ) · p, (1)

with HH the Hamiltonian of atomic hydrogen, Vchiral an arti-
ficial chiral potential with a scaling factor g, and A(t ) · p the
interaction with a laser field in the electric dipole approxima-
tion using the velocity gauge. The potential Vchiral introduces
chirality to the system. We expand it in real-valued spherical
harmonics Ylm, i.e.,

Vchiral = V (r)
∑
lm

clmYlm(ϕ, θ ), (2)

with expansion coefficients clm. This simple model allows
us to systematically tune the system’s chirality. Our study is
focused on the angular dependence which plays the critical
role in breaking inversion symmetry. To this end, we treat
the radial dependence V (r) as a simple prefactor for the
spherical harmonic expansion, thus limiting any chirality to
emerge from the chiral potential via the clm. V (r) is chosen
as a screened Coulomb potential with a screening length of
0.21 nm, localizing the effect of the potential around the cen-
ter. This screening together with the hydrogenic nature of our
system is reminiscent of tightly bound K-shell electrons in a
chiral molecule’s chiral center.

We study different potentials Vchiral by truncating the ex-
pansion in l according to Eq. (2) at different values. We call
this truncation threshold L. A restriction to low values of L
allows us to construct chiral potentials via a simple spheri-
cal harmonics expansion featuring only few coefficients. A
similar low-order expansion for states has been applied to
study the propensity rules in PECD [37]. Although in realistic
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chiral molecules much higher orders in L will commonly
be involved [38], electromagnetic potentials with low L can
be artificially engineered via generating low-order multipole
moments using static electric fields [39]. When imprinting
chirality in such an external fashion, one could mimic random
orientations of molecules in the gas phase by rotating the
fields with respect to the ionizing pulse. Note, however, that
the radial dependence of the potential in such a framework
would differ from the screened Coulomb profile in our model.

In photoelectron circular dichroism the system’s chirality
is probed via ionization using a circularly polarized light field
[cf. the final term in Eq. (1)]. This leads to a forward-backward
asymmetry of photoelectrons even for randomly oriented
molecular targets. For simplicity, we restrict ourselves to
single-photon ionization in this study. To simulate the PECD
we solve the time-dependent Schrödinger equation (TDSE)
utilizing the Runge-Kutta propagator. We represent the an-
gular degree of freedom of the electronic wave function via
spherical harmonics and the radial degree of freedom via
a Gauss-Lobatto finite-element discrete variable represen-
tation [40,41]. The photoelectron spectra are continuously
extracted during time evolution using the time-dependent sur-
face flux method (t-SURFF) [42,43]. Furthermore, we employ
a complex absorbing potential (CAP) [44] to avoid unphysical
reflections. To simulate PECD in the gas phase we need to
account for arbitrary orientations of the chiral potential with
respect to the propagation direction of the laser field. We
calculate the photoelectron spectra of multiple individual ori-
entations obtained by rotating Vchiral via the Euler angles αβγ .
Since every orientation requires a full propagation of the laser-
induced dynamics, we use the efficient Lebedev scheme [45]
to keep the numerical effort low.

To quantify and track how the chirality of the molecu-
lar potential is reflected in the electronic wave function we
employ a chirality measure expanding the scope of previous
suggestions [30–34]. We emphasize that any chirality measure
should ensure that achiral objects are mapped to a value of
zero and chiral objects to a nonzero value. To this end, we
need to distinguish the quantification of chirality for poten-
tials and wave functions. For the case of potentials—or, more
generally, real-valued scalar functions f (r)—we define

χV( f (r)) = minαβγ

∫
R3 |Rαβγ P f c(r) − f c(r)|2d3r

4
∫
R3 | f (r)|2d3r

. (3)

The idea of Eq. (3) is to find the minimal overlap between
f c(r) and its mirror image P f c(r) via arbitrary rotations Rαβγ

in a proper frame of reference. To perform the rotations in
such a frame we define f c(r) = T f (r) with T a translation
such that the first moment of | f c(r)|2 is zero. It is critical to
evaluate the minimization over all rotations in a suitable frame
of reference. This is because a chirality measure which only
minimizes over all rotations in an arbitrary frame can lead to
achiral objects being assigned a nonzero value. One can avoid
this issue altogether by performing a minimization over all
translations on top of the rotations [31], however, this is im-
practical. An alternative approach [34] is to evaluate the mea-
sures with minimization only over rotations in a coordinate
system where the first moment, i.e., the “center of mass,” of
| f (r)|2 vanishes. In the Supplemental Material [46] we prove

FIG. 1. Isosurfaces with values −0.22 (blue) and 0.22 (orange)
for chiral potentials according to Eq. (2) with optimized coefficients
clm for angular expansions up to L = 2–5 and g = 0.747. The value
of the chirality measure according to Eq. (3) is indicated below each
potential.

that in such a frame of reference the chirality measure from
Eq. (3) is guaranteed to yield χ = 0 for achiral objects even
when only minimizing over the set of rotations. Our proof
also demonstrates that chiral objects are guaranteed to yield
nonzero chirality measure. Moreover, the resulting value of χ

will always be an upper bound to a chirality measure which
includes minimization over both rotations and translations.

Equation (3) cannot be used as a chirality measure for
wave functions. This is because states which differ only by
a global phase would not be treated equivalently by the above
definition. To amend this, we represent the state as a density
matrix to ensure that any global phase has no impact on the
chirality measure,

χρ (ρ) = minαβγ ‖Rαβγ PρcP†Rαβγ † − ρc‖2
HS

2‖ρ‖2
HS

. (4)

Here, ‖ · ‖HS is the Hilbert-Schmidt norm. Following an anal-
ogous approach to Eq. (3), a proper frame of reference is
chosen by employing ρc which is obtained from the density
matrix ρ via a translation to a frame in which the first moment,
i.e., the position expectation value, is zero. This guarantees
that χρ is zero if and only if the state is an achiral object.
The measures from Eqs. (3) and (4) are normalized such
that they take values in the interval [0,1]. We highlight that
both measures are scalar—not pseudoscalar—quantities. This
avoids the occurrence of chiral zeros [47]. This comes at the
cost of not being able to characterize the handedness of an
object, since, e.g., two enantiomeric forms of a chiral object
are mapped to the same value.

Recently, it was shown that optimizing the nuclear scaffold
in a model system allows to maximize PECD [48]. Instead of
directly using the observable as the figure of merit, we con-
sider in our simulations optimized angular chiral potentials
with respect to the geometric notion of chirality as quantified
by the chirality measure χV from Eq. (3) (see Supplemental
Material [46] for details). The potentials we obtain are thus
optimized independently of a particular observable yet still
allow us to ascertain how the inherent chirality of the molec-
ular structure is reflected in PECD. Our results are visualized
in Fig. 1. We observe that for a larger truncation limit L, the
attainable values of χV increase as well. This is because a
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FIG. 2. Isosurfaces with value 0.03 of the ground-state elec-
tron density for the optimized L = 3 chiral potential and different
strengths g. The value of the chirality measure according to Eq. (4)
is shown below each state.

larger value of L allows for more parameters and thus degrees
of freedom which can be explored during the optimization.

The potential imprints chirality onto the electron, which is
often prominently reflected in the ground-state wave function
|ψ0〉. The connection between potential and ground state is
particularly direct for small chiral strengths g where the chiral
potential can be considered as a perturbation to the achiral HH

[cf. Eq. (1)]. In the Supplemental Material [46] we show via
perturbation theory that to leading order this leads to a chiral-
ity measure of the ground state χ

ρ
0 which is proportional to g2.

In the perturbative regime, increasing g thus directly translates
to scaling the chirality of the system. Figure 2 visualizes the
gradual deformation of the ground-state electron density for
the L = 3 chiral potential for increasing g, illustrating how
the chirality measure for states, Eq. (4), captures this increase.
For small g the ground state is predominantly of s type, with
increasing contributions from p and d orbitals for larger val-
ues of g. For increasing values of g the electron density starts
to follow the attractive (blue) part of the chiral potential (cf.
Fig. 1). In all simulations of PECD throughout this Letter we
ensured to remain in the regime where the chiral potential can
be seen as a perturbation. This is a realistic assumption for,
e.g., the local chiral potentials of K-shell electrons in chiral
molecules which inspired our model.

We employ the chirality measure to track the dynamic
evolution of chirality. To this end, we average the chirality
measure for the electronic wave function over all orientations
at time t , denoting the rotationally averaged chirality measure
χ̄

ρ
t . Figure 3 shows χ̄

ρ
t for the time-dependent wave function

using the L = 3 chiral potential with g = 0.747 (cf. Fig. 1).
The ionizing pulse is circularly polarized with a duration of
2.41 fs, a wavelength of 45.5 nm, and a sine-squared temporal
envelope with an amplitude of 5 × 109 V/m. The ionization
yield obtained by this pulse is shown in Fig. 3(a). The 1-σ
standard deviation for χ̄

ρ
t over all orientations is indicated by

the orange-shaded area. Furthermore, we show the orienta-
tionally averaged chirality measure of the continuum part of
the electronic wave function only (blue). This continuum part
is obtained via projection of the total wave packet onto the
set of field-free energy eigenstates, obtained by diagonaliz-
ing HH + gVchiral, and subsequent removal of all wave-packet
components with a negative eigenvalue. Analogously, the
light-blue shaded area displays the 1-σ standard deviation
for the continuum electron. The time-dependent Cartesian
components of the pulse in the polarization plane are shown
in Fig. 3(b). We find that the chirality measure of the time-
dependent electronic wave function steadily increases during

FIG. 3. (a) Orientationally averaged chirality measure of the
time-evolved state (orange) and for only the continuum part of the
electronic wave function (blue) for the optimized L = 3 potential
with g = 0.747, and total ionization yield (green). The light-orange
shaded area shows the 1-σ deviation of the chirality measure for
the time-evolved state among all orientations. The light-blue shaded
area analogously shows the 1-σ deviation for the continuum state.
(b) Electric field components of the circularly polarized pulse in the
polarization plane.

the ionization, reaching a final-time value larger than the chi-
rality measure of the ground state. This trend is not limited
to the L = 3 potential but can be observed for all optimized
potentials we studied in the perturbative regime (data not
shown). The chirality measure for the continuum part of the
electronic wave function shows a large onset chirality which
steadily decreases as the electron moves out of the chiral
potential. The value at final time is, however, still larger than
the chirality of the total wave function, highlighting the role
of the continuum in manifesting the chiral signature. We at-
tribute the large initial values for the chirality measure to the
fact that the electron still remains close to the chiral center and
thus inside the chiral potential at early times. An appreciable
part of this chirality is lost once the electron propagates out-
ward such that it can be interpreted as “transient chirality.” For
large times, only the nontransient chirality remains, as tracked
by the convergence of our chirality measure to an asymptotic
value and it is only this chirality which is captured in the
photoelectron angular distribution and thus the PECD signal.
Details on our analysis of the transient chirality are provided
in the Supplemental Material [46].

We also investigate whether chirality of the ground state
and of the electronic wave function can be related to the
strength of the chiral observable, i.e., the PECD signal. The
PECD signal can be characterized by expanding the orienta-
tionally averaged photoelectron angular distribution via odd
Legendre coefficients ci, which gives rise to the so-called
linear PECD (LPECD) [51]. The ci are generally energy
dependent—we consider their values at the ionization peak.
Since we study single-photon ionization, only c1 contributes
to the expansion [49], i.e.,

LPECD = 1

c0

(
2c1 − 1

2
c3 + 1

4
c5 + · · ·

)
1 ph.−−→ 2c1

c0
, (5)
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FIG. 4. Chirality measure for the potential, the wave function at
final time, and LPECD for optimized potentials with different values
of L (cf. Fig. 1). The potential scaling factor g is chosen such that
χ

ρ

0 = 10−3 throughout.

with c0 the total ionization signal. Note that in order to ensure
a fair comparison we tuned the pulse frequency such that the
photoelectron peak position consistently stays at 13.6 eV for
all chiral potentials. We provide further details in the Supple-
mental Material [46]. To separate the emergence of chirality in
the ionization process from the chirality of the initial ground
state, we adjust the strength of the chiral potential g in all
simulations such that the chirality measure of the ground state
is kept at a constant value of 10−3. Concretely, this requires
g to be increased for potentials with a higher L cutoff. We
attribute this to the fact that spherical harmonics with higher
l have a diminished influence on the ground state due to the
larger energetic distance from the ground state. This leads to
a reduced imprint of the chiral potential onto the ground state
for these higher-order terms.

Figure 4 shows the orientationally averaged chirality mea-
sure of the wave function at final time χ̄

ρ
T , the chirality

measure of the potential χV, and the value of the resulting
LPECD. Strikingly, Fig. 4 demonstrates that all chiral quan-
tities move in tandem with increasing L. This is a strong
indicator for the predictiveness of the chirality measures for
both the potential and the final state in terms of the experi-
mentally observable chiral signature. In addition to the results
shown in Fig. 4 we performed further simulations adjusting
the pulse frequency to shift the photoelectron peak to 10.9,
20.4, and 27.2 eV. All calculations displayed the same quali-
tatively and quantitatively behavior discussed previously, i.e.,
a steady increase in LPECD for potentials with higher L with
a larger chirality measure for the states at final time. Thus,
our results extend to a broad range of photoelectron energies.

Nevertheless, we expect that the predictiveness of our chirality
measures will have some limits. For example, in our model
the chiral potential acts only perturbatively on both bound
and continuum states of a hydrogenic system. This leads to
a ground state with strong s-type character. Since we consider
a single-photon ionization process, the most important part
of the continuum are states with a predominant p character.
If a chiral potential has large coefficients for l = 1 this can
potentially lead to a higher “effective” chirality for such states
which is not distinguished from higher l contributions by the
measure. Similarly, although PECD from excited states goes
beyond the scope of this Letter, ionization from other initial
states featuring, e.g., p- or d-type character will likely alter
the effect of the chiral potential on the electron appreciably,
for example, by affecting the population of individual partial
waves in the continuum. Even for the ionization from the
ground state studied in this Letter, we found that for potentials
with higher L a trend toward populating higher partial waves
in the continuum can be observed. As a result, we attribute the
larger values of the chirality measure for the electronic state
at final time at least partially to higher angular momentum
contributions, similarly to the increased chirality measures
for the potential which can be attained with larger truncation
thresholds L.

In conclusion, we have shown in a simple model that
chirality measures for potentials and wave functions can be
used as a tool to track the emergence and predict the strength
of chiral observables, such as PECD. Specifically, a large
chirality measure of the potential directly translates into a
large chirality measure for the ground states and eventually
a large PECD signal in our simulations. We emphasize that
chirality measures need to be adapted to the physical problem.
For example, to guarantee that achiral objects are assigned
a chirality measure of zero it is important to account for all
rotations and translations or at least to move to a proper frame
of reference. Further development of the chirality measures
toward fully taking into account translations will be subject
to future work. Although no single measure of chirality can
be expected to be a perfect quantitative predictor for arbitrary
chiral observables, the performance of the chirality measures
in the examples we studied here is encouraging in terms of
their potential applicability in a wider range of systems and
for other chiral observables such as, e.g., circular dichroism.
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