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Abstract

We present a compactification of the moduli space of principal G-bundles on higher-dimensional
complex projective manifolds, which extends the algebro-geometric construction of Balaji of the
Donaldson–Uhlenbeck compactification. This is achieved by considering semistability calculated with
respect to a multipolarization on a projective n-fold, consisting of n−1 ample integral divisor classes.
Moreover, given a curve C that arises as the complete intersection of (n − 1) very ample divisors
associated with the multipolarization, we construct a modular compactification of the moduli space
of principal bundles that are slope-stable with respect to C. Furthermore, the geometry of the
newly constructed moduli spaces is described by relating them to Gieseker moduli spaces.
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1. Introduction

In gauge theory, one looks at a smooth manifold X and a differentiable principal K-bundle P
over X, where K is a compact Lie group. Connections on P are gauge potentials. The gauge group
G of automorphisms of P acts on the space A of connections. One may complexify a compact real
Lie group K and obtain a reductive algebraic group G. If X is a projective algebraic manifold over
C, then one may look at holomorphic principal G-bundles over X. In order to obtain moduli spaces,
i.e., spaces classifying principal G-bundles, one needs to impose a stability condition and then one
can try to construct the moduli spaces with the help of geometric invariant theory [MFK94]. For the
structure group G = GLr(C), principal G-bundles correspond to vector bundles of rank r. Moduli
spaces for vector bundles on curves were successfully constructed by Mumford [Mum63] and Seshadri
[Ses67], using the so called Mumford stability condition. Ramanathan obtained moduli spaces for
principal bundles with arbitrary (connected) structure group on curves [Ram75]. He accomplished
this by defining a new stability condition that generalizes Mumford’s and working with the adjoint
representation of the group G. Similarly, Schmitt [Sch02] constructed moduli spaces for principal
G-bundles (and singular generalizations parallel to torsion free sheaves) over base manifolds of
arbitrary dimension. Schmitt’s method involves fixing a faithful representation ρ : G→ SLr(C) and
then constructing an abstract representation κ : SLr(C)→ SL(W ) with properties similar to those
required for Ramanathan’s work.

The two worlds just described are related by the Kobayashi–Hitchin correspondence (see [LT95]
for a detailed account). For the structure group U(r) and a projective algebraic manifold X, it
establishes a bijection between Yang–Mills connections on a given differentiable principal U(r)-
bundle or, equivalently, on a differentiable vector bundle E endowed with a Hermitian metric, and
polystable holomorphic vector bundles of rank r over X of the same topological type as E. It
also induces a real-analytic isomorphism between the gauge theoretic moduli space and the moduli
space of polystable vector bundles. However, the latter does not coincide, in general, with the
Gieseker–Maruyama moduli space.

In the case of a projective algebraic surface, the Donaldson–Uhlenbeck compactification is based
on Uhlenbeck’s compactness theorem which shows that a family of vector bundles Et, t ∈ C \ {0}
with c2 = d degenerates, in some sense, to a vector bundle E0 with a different second Chern class,
c2(E0) = d−k, together with an effective 0-cycle ξ of degree k in X. For r > 0, c1 ∈ H2(X,Z), and
c2 ∈ H4(X,Z), LePotier and Li constructed the moduli space Mµ−ps(r, c1, c2) of (slope) polystable
vector bundles with rank r, first Chern class c1(E) = c1, and second Chern class c2(E) = c2. They
achieved this by building a determinant bundle on the Gieseker–Maruyama moduli space, which
detects slope polystable sheaves and consequently defines a morphism to the Donaldson–Uhlenbeck
moduli space. The aforementioned moduli space is defined set-theoretically as

Mµ−ss(r, c1, c2) =
⊔
k≥0

Mµ−ps(r, c1, c2 − k)× SymkX. (1.1)

Here Symk is the k-th symmetric power of X, i.e, the quotient of the k-fold product of X quotiented
by the action of the symmetric group.

In [Li93a], Li managed to endow the so-called Donaldson–Uhlenbeck compactification with an
algebraic structure, when the base manifold is an algebraic surface, see [HL10, Section 8.2]. These
constructions had spectacular applications to Donaldson theory , see [FM94].

In [Bal07], Balaji applied the formalism of singular principal bundles in order to construct the
Donaldson–Uhlenbeck compactification for principal bundles with semisimple structure groups on al-
gebraic surfaces. In [Tia00], Tian managed to construct the gauge theoretic analog to the Donaldson–
Uhlenbeck compactification on manifolds of arbitrary dimension. In their influential paper [DT98],
Donaldson and Thomas suggested that Tian’s moduli spaces could be used to define new invariants
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of higher dimensional projective algebraic manifolds. On the other hand, Greb and Toma [GT17]
constructed moduli spaces for slope semistable sheaves on projective algebraic manifolds of arbi-
trary dimensions. Their moduli space compactifies the moduli space of stable vector bundles. They
achieve the construction by using a more general notion of slope semistability which depends on
so-called multipolarizations. We draw significant inspiration from their work in this regard.

1.1. Main results. The main construction of this thesis is a generalization of the moduli space of
Greb and Toma to the case of principal G-bundles over a projective manifold X of dimension n ≥ 2,
where G is a connected reductive algebraic group with a fixed representation ρ : G → GL(V ). We
present the semistability condition used throughout.

Here and in the following, we say that a multipolarization on X consists of an (n − 1)-tuple of
classes of integral ample divisors on X. A multipolarization will be denoted by (H1, H2, . . . ,Hn−1)
where each Hi is the class of an integral ample divisor. Further, we say that the degree of a
torsion-free sheaf E with respect to (H1, H2, . . . ,Hn−1) is given by the formula:

deg(E ) = c1(E ) · (H1 · · · · ·Hn−1). (1.2)

First, let G be a connected reductive algebraic group and Q a proper parabolic subgroup of G. Then,
there is the principal Q-bundle Q := G→ G/Q over the projective manifold G/Q. If χ : Q→ C∗ is
a character of Q, we get an action of Q on C∗ and hence an induced action of Q on C. This allows
us to form the associated fiber space

Lχ := Q(C), (1.3)
by changing the fibre. This is a line bundle on G/Q. We say that −χ is an dominant character if
Lχ is an ample line bundle.

Using this terminology, we formulate the following semistability condition.

Definition 1.1.1. We say that a principalG-bundle P overX is µ-stable (respectively µ-semistable)
with respect to a multipolarization (H1, . . . ,Hn−1), if for every parabolic subgroup Q ⊂ G, ev-
ery reduction of structure group σQ : X → P (G/Q) and every dominant character χ : Q → C∗,
deg(σ∗Q(Lχ)) < 0 (respectively ≤ 0).

Let us explain how to construct the line bundle Lχ. Since P/Q = P (G/Q), then P → P/Q is a
Q-bundle, hence Lχ := (P/Q)(χ) is the line bundle over P/Q associated with P by χ, see Equation
(1.3). Finally we see that σ∗Q(Lχ) is a line bundle over X.

This definition was originally stated for compact Riemann surfaces in [Ram75, Lemma 2.1] and
later generalized for rational principal bundles over higher dimensional manifolds in [RR84]. In
order to construct compact moduli spaces one needs the notion of a singular principal bundle. This
plays the role of the torsion free sheaf so as to realize the boundary points. A formal definition
of these objects together with an accompanying semistability condition will be presented later in
Section 5. Let us state the main theorem.

Theorem 1.1.2. (Main Theorem) Let X be a projective manifold of dimension n ≥ 2 and G
an algebraic semisimple group. Fix a multipolarization consisting of (n − 1) ample line bundles
H1, . . . ,Hn−1 over X. Take ci ∈ H2i(X,Z) for 1 ≤ i ≤ n, where ĉ ∈ K(X)num a class with rank
r and Chern class cj(ĉ) = cj. Let hj be the class of OHj in the numerical Grothendieck group
K(X)num of X and let x ∈ X be a point. Set

un−1(ĉ) := −rhn−1 · · · · · h1 +X(ĉ · hn−1 · · · · · h1)[Ox] ∈ K(X)num.

Further, let Mµ−ss be the moduli functor, which assigns to every weakly normal space B the set of
equivalence classes of (H1, . . . ,Hn−1)-semistable singular principal G-bundles over X parameterized
by B. Then, there exists

• a natural number ν ∈ N,
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• a weakly normal projective manifold Mµ−ss
G (ρ),

• an ample line bundle L := OMµ−ss
G (ρ)(1) over Mµ−ss

G (ρ) and

• a natural transformation Φ : Mµ−ss → Hom(_,Mµ−ss
G (ρ)).

The previous transformation maps a family P over a weakly normal variety B to a classifying
morphism ΦP : B →Mµ−ss

G (ρ) such that:
i) Φ∗

P(L) ∼= λP(ρ)(un−1(ĉ))
⊗ν where ν ∈ N, λP(ρ)(un−1(ĉ)) is the determinant line bundle on B

induced by the family of torsion free sheaves P(ρ) (associated with P through the representation
ρ) and un−1(ĉ).

ii) For any other triple (M ′, L′, ν ′), there exists d ∈ N∗ and ψ : Mµ−ss
G (ρ)→M ′ such that ψ∗(L′) ∼=

Ldν .
The triple (Mµ−ss

G (ρ), L, ν) is uniquely determined up to isomorphism by the previous properties.

The restriction to families over weakly normal parameter spaces is necessary due to the use
of extension properties. It is unknown at this point if and to what extent this restriction may
be relaxed. Weak normality, integral to constructing Chow varieties, poses a challenge. Notably,
certain instances of the previous moduli spaces are isomorphic or closely related to Chow varieties
of cycles of codimension two.

In addition to the main theorem and whenG is a simple algebraic group and when a connectedness
assumption on the fibres of the Quot-to-Chow map (see Lemma 8.2.12) we get the following de-
scription of the closed points (see Lemma 8.2.12): Suppose P1 and P2 are two different polystable
singular principal G-bundles. If the naturally associated two codimensional cycles ZP1 and ZP2

differ, then they give rise to different points in the moduli space Mµ−ss
G (ρ). As a consequence, we

conclude that the moduli space Mµ−ss
G (ρ) contains the weak normalization of the moduli space of

(H1, . . . ,Hn−1)-stable principal bundles with the chosen topological invariants as a Zariski-open set,
see Theorem 9.3.4.

1.2. Methods employed. Let us begin by exploring Ramanathan’s original approach in construct-
ing the moduli space of principal G-bundles over curves in [Ram75]. In his doctoral thesis, he
analyzed the adjoint representation Ad: G → GL(g) of G on its Lie algebra g. By starting with
a principal G-bundle on X, he derived an associated principal Aut(g)-bundle. These bundles can
be represented as pairs (E, τ : E∗ ⊗ E → E), comprising a vector bundle E with fiber g and a
Lie bracket τ : E∗ ⊗ E → E such that the pair (E, τ) is fiberwise isomorphic to g. Then, Ra-
manathan constructed the moduli space for these Lie bundles and detailed how one could revert
back to principal G-bundles.

In [Sch04a], Schmitt introduced a method for building the moduli space of principal G-bundles
with G a connected reductive group which is allowed to have non-trivial radical. He achieved
this construction, by fixing a representation ρ : G → SL(V ) and then constructing an auxiliary
representation κ : SL(V ) → SL(W ) such that the composition ρ ◦ κ has similar properties to the
adjoint representation Ad: G→ GL(g). Through composition with the newly built representation,
everyG-bundle results in an associated decorated sheaf in such a way that the semistability condition
of the G-bundle can be instead checked in the decorated sheaf. Moduli spaces of decorated sheaves
were already established for cases where X is a projective manifold of dimension n by leveraging an
ample linearization of an action on some Quot scheme and constructing the GIT quotient, this gives
the projectivity of the moduli space for free. In turn, this reveals that the moduli space of principal
G-bundles embeds in the projective moduli space of decorated sheaves, yielding its properness. In
some sense, the aforementioned embedding respects the semistability conditions of both spaces, this
result is termed Semistable Reduction Theorem in [Sch08, Theorem 2.4.4.1].

We take a moment to discuss the term “semistable reduction”. Typically, this term refers to
a statement that proves the compactness of the moduli space that is being constructed. More
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precisely, it denotes a result such as Conjecture 4.4.7 in the case of δ-semistable tensor fields, or
Proposition 3.5.9 in the case of torsion free sheaves. Balaji proves the properness of the moduli
space of slope stable principal bundles over a surface using some intricate arguments related to
Bruhat–Tits theory, see [Bal07, Section 4]. In contrast, Schmitt constructs the moduli space of
Gieseker-ϵ-semistable tensor fields over a higher dimensional projective manifold as a projective
quotient. Then, he embeds the parameter space of singular principal bundles in the parameter space
of tensor fields. By showing that this embedding behaves well with respect to the corresponding
semistability conditions he shows that the moduli space of Gieseker-ϵ-semistable singular principal
bundles is also a projective quotient, see [Sch04b]. This is the previously mentioned “semistable
reduction” for singular principal bundles. The advantage of this approach is that it is the one which
is technically the most simple and the most faithful to the GIT (geometric invariant theory) process.

In the literature the moduli space of slope-stable principal G-bundles has been shown to be com-
pact using wildly different methods. As we have mentioned before Ramanathan’s idea in [Ram75]
is to use the adjoint representation of the group G to work with Aut(g)-bundles. This approach
was generalized by Schmitt in [Sch08], where he used the machinery of tensor fields to prove the
compactness of the moduli space. The later approach works well for the curve case and it generalizes
to the higher dimensional case [Sch04a] by taking Gieseker-ϵ-semistability.

This marks the debut of our endeavors. Since our objective is to build a moduli space of slope
semistable singular principal bundles, then the moduli space has to be constructed as the projective
spectrum of a linearization. Unfortunately, we will see later, that the natural linearization that
realizes the slope semistability condition is semi ample rather than ample, see Lemma 7.1.2. This
tells us that the projectivity the moduli space will not follow directly from performing a GIT
quotient.

Additionally, in Subsection 4.4 we show that a construction of the moduli space of slope-δ-
semistable tensor fields as a projective variety depends on Conjectures 4.4.2 and 4.4.7. This suggests
that our compactness result has to come from a “semistable reduction” theorem similar to the one
developed by Balaji as opposed to the approach through decorated sheaves elaborated by Schmitt.
On the positive side, we will be able to use results about the moduli space of slope-δ-semistable
tensor fields, developed in Section 4.4.1 to deduce that a singular principal G-bundle P = (E , σ)
is semistable, if and only if the associated torsion free sheaf E is slope-semistable. Based on this
result we will be able to use the construction performed by Greb and Toma in [GT17], see Section
3 for an exposé.

In summary, the main idea of this thesis is to imitate the procedure of “semistable reduction” given
by Schmitt in order to construct the moduli space of slope semistable singular principal bundles as
a spectrum of the ring of invariant sections of a semi ample linearization and then rely on intricate
arguments related to Bruhat–Tits theory, as done by Balaji in [Bal07] (see Section 6.5), to prove
the compactness of the moduli space.

More precisely, the primary strategy employed in this thesis to achieve a boundedness result is to
adapt the theory of decorated sheaves, as detailed in [Sch04b] for the curve case, to the slope with
respect to a multipolarization case, thereby realizing a parameter space in the form of a weighted
projective bundle over a Quot scheme.

Within this parameter space lies a locally closed subschemeRµ−ss, which parameterizes semistable
singular principal bundles. The isomorphism classes of these bundles correspond to orbits of a linear
group GL(Y ) within Rµ−ss, where Y is a C-vector space whose dimension will be clarified later.
Additionally, a determinant line bundle L ′′

n−1 on Rµ−ss is considered, shown to be generated by
global sections and providing a linearization of the natural GL(Y )-action inherited from the Quot
scheme. Unfortunately, as we mentioned before, this linearization will be just semi ample which is
why the use of GIT is only peripheral.
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Since even in the case of torsion free sheaves the construction of the Donaldson–Uhlenbeck com-
pactification is not done entirely by GIT methods (see [HL10, Chapter 8]), it is natural that their
use is only peripheral in the general case of arbitrary structure groups. The proof of the main
theorem follows ideas of Greb and Toma [GT17] for the construction of the moduli space and Balaji
[Bal07] for the proof of the properness of the moduli. Le Potier mentions in [Pot92, Section 4],
that in the case when H1 = · · · = Hn−1 =: H his proof of this fact in the two-dimensional case
could be extended to higher dimensions, if a restriction theorem of Mehta–Ramanathan type were
available for Gieseker-H-semistable sheaves. Indeed, such a result would be needed, if one pro-
ceeded by restrictions to hyperplane sections on X. This issue is avoided and instead families are
restricted directly to the corresponding complete intersection curves, where slope-semistability and
Gieseker-semistability coincide. The price to pay is some loss of flatness for the restricted families.
This is the point at which our restriction to weakly normal parameter spaces comes into play: in
order to overcome the difficulty created by the lacking flatness of restricted families, we pass to
weak normalizations of the parameter space which is an algebraic variety and show that sections in
powers of L ′

n−1 extend continuously, and hence holomorphically in the weak normalization of the
analytification of the parameter space, over the non-flat locus. Thus, the moduli space Mµ−ss

G (ρ)
arises as the projective spectrum of a ring of G-invariant sections of powers of L ′

n−1 over the weak
normalization of Rµ−ss.

Unfortunately, Mµ−ss
G (ρ) is not a GIT quotient. Nevertheless, it has a certain universal property

for triples of the form (M ′, L′, ν ′) as in the main theorem above. This remark is interesting because
it implies that Mµ−ss

G (ρ) identifies some singular bundles under an equivalence relation that will be
clarified with the help of Uhlenbeck’s equivalence relation which will be presented as a separation
result.

Since the representation ρ : G→ GL(V ) was arbitrary and because the group G is connected and
reductive but its radical is not necessarily trivial, then the strategy of Ramanathan (see [Ram75]) will
not be possible since he requires the use of the adjoint representation of G, as opposed to the general
representation ρ. Recall that Gómez and Sols generalize the strategy of Ramanathan to higher
dimensions and to the case where G is a classical group and ρ is its “ standard” representation. Their
strategy consists in using the representation ρ and composing it with an associated representation
κ : GL(V ) → GL(W ), for which there is a point w0 ∈ W , such that G has finite index in G̃,
the stabilizer of w0, and such that, for every one parameter subgroup λ : C → GL(W ), one has
µ(λ,w0) ≥ 0 with equality if and only if λ is actually conjugate to a one parameter subgroup of G
within the associated parabolic subgroup QGL(V )(λ). For example, if G is an adjoint group, then
V = g and W = Hom(g, g), w0 = Lie-bracket of g, and G̃ = Aut(g). In this case, one is allowed to
use Ramanathan’s original approach, see [Ram75].

Since we allowed the representation ρ : G → GL(V ) to be arbitrary and the group G to be
connected and reductive but not necessarily semisimple, then in Section 5.1.5 we construct an
auxiliary representation ρ̃ : GL(V )→ GL(W̃ ) such that there is an embedding ν : GL(V )/G→ W̃ .
This auxiliary representation will allow us to work with the group G̃, the GL(V )-stabilizer of [e]
instead of working directly with G. In Section 5.1, we will see that G̃ has many desirable properties
that will allow the classification task easier.

1.3. Outline of the thesis. In Section 2, we give all the required preliminaries. More specifically,
we will focus on weakly normal varieties defined over C. We will state a key extension property
that holds in these spaces. Additionally, since all our semistability conditions depend on ample line
bundles, we will introduce some basic results from Intersection Theory and develop the required
language of divisors. Finally, we will give some relevant results on geometric invariant theory
required for the construction of Gieseker-type moduli spaces.
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In Section 3, we will present the construction of the moduli space of semistable torsion free
sheaves over a projective manifold X with respect to a multipolarization (H1, . . . ,Hn−1). We will
present the construction performed by Greb and Toma in [GT17] and give some useful results that
will be needed for our own construction.

Section 4 plays a pivotal role as we delve into the theory of decorated sheaves. As we have
mentioned before, this will be our main tool to prove the relation between the semistability of a
singular principal bundle P = (E , σ) and the semistability of its associated torsion free sheaf E . In
the process of proving a “semistable reduction” theorem similar to the one developed by Schmitt,
we will construct the moduli space of Gieseker-ϵ-semistable tensor fields, with respect to a single
polarization H over a projective manifold X. Additionally, we come really close to construct an
equivalent moduli space of slope-δ-semistable tensor fields but we are held back by Conjectures 4.4.2
and 4.4.7. Nevertheless, we will be able to characterize the behavior of slope-δ-semistable tensor
fields when δ is very big and this will give us the required relation between the semistability of P
and E .

Section 5 will be the place where the main object of classification, namely singular principal
G-bundles where G is a semisimple connected linear algebraic group, are presented. In order to
have a moduli space, we introduce a semistablility condition à la Ramanathan, see [Ram75], but
with respect to a multipolarization (H1, . . . ,Hn−1) consisting of ample integral divisor classes on X.
Then, we will associate to every singular principal bundle a tensor field. Afterwards, we will compare
the intrinsic semistability condition on the singular bundle to the semistability condition induced
by the associated tensor field. Note that, in order to construct the moduli space in the previous
section, a boundedness result for slope-δ-semistable tensor fields has to be used. Since we have
such a boundedness result, we will use it to prove the boundedness of the slope-semistable singular
principal bundles. After that, we will construct the parameter space as a weighted projective bundle
over a Quot scheme, as was done in [Sch08, Section 2.4].

As we mentioned before, in Section 6, we will prove the properness of the moduli space by using
the approach presented by Balaji in [Bal07, Section 4]. Namely, we will develop some aspects of
Bruhat–Tits theory in order to prove a semistable reduction theorem for singular principal bundles.
To prove this result we will discuss about extensions of structure group to the flat closure. To
do this we will give some estimates such as the Grauert–Mülich theorem, see Theorem 6.2.1, from
which we will prove an effective restriction theorem such as Mehta–Ramanathan for slope semistable
singular principal bundles (see Theorem 6.3.2). Before stating such theorems, we will introduce the
equivalent of the Harder–Narasimhan filtration for singular principal bundles, which will be termed
the H-N reduction, see Proposition 6.1.6.

In Section 7, we bring all the theory developed in the previous sections together to construct a
moduli space. To accomplish the construction, we will employ a combination of techniques, drawing
inspiration from the work of [Bal07] and [GT17]. Our methodology builds upon the construction
proposed by [Bal07] for the moduli space of singular principal G-bundles, in the case dim(X) = 2,
while incorporating the refined techniques and insights presented in [GT17]. This will give us some
desirable universal properties, described in Theorem 1.1.2.

In Section 8, we state a separation property that describes the points of the moduli space under
some conectedness constraints. As we have mentioned before, this is related to the identification
that the moduli space Mµ−ss

G (ρ) performs.
Additionally, in Section 9 we will show that under these constraints the moduli space Mµ−ss

G (ρ)
corresponds to the Donaldson–Uhlenbeck compactification. More specifically, we prove that the
weak normalization of the moduli space of stable principal G-bundles embeds into the moduli
space constructed as a Zariski open set. This implies that the moduli space is a compactification.

Throughout this thesis, we delve into the intricacies of our construction, presenting the details
and results obtained. We will highlight the significance of our findings and discuss their implications
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for the broader understanding of principal G-bundles and their moduli spaces. By comprehensively
examining the construction and properties of the moduli space of principal G-bundles, we aim
to contribute to the advancement of the field and provide valuable insights for future research
endeavors.

To provide a clear overview of the thesis, the table of contents is presented below.
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1.4. Notations and conventions. Throughout this thesis, unless otherwise stated, we have the
following notations and assumptions:

• We work over the field of complex numbers, except when dealing with valuation criteria
such as Langton’s theorem, see Theorem 3.5.8.
• A separated scheme of finite type over C is called an algebraic variety. Irreducible smooth

projective varieties are referred to as projective manifolds. We will always work with alge-
braic varieties over C in this text.
• In a ring A, the height of a prime ideal p is the supremum of all integers n such that there

exists a chain p0 ⊊ p1 ⊊ · · · ⊊ pn = p of distinct prime ideals. We say that the dimension
of A, denoted by dim(A), is the supremum of the heights of all prime ideals.

Furthermore, if X is an affine algebraic set, then the dimension of X is equal to the
dimension of its affine coordinate ring A(X).
• A complex space (or more precisely, a C-analytic space) is a C-ringed space X = (|X|,OX)

satisfying the following conditions:
a) |X| is Hausdorff.
b) For every x ∈ |X|, there exists an open neighborhood U of x such that (U,OX |U ) is

isomorphic (as a C-ringed space) to some local model of Cn (see [Fis76, Section 0.14]).
• To each projective manifold X we associate a complex space, denoted by Xan, through

a process called analytification. The set X(C) canonically carries the complex analytic
topology, as such it is a topological space denoted by |Xan|. When the space is equipped
with the canonical structure sheaf O|Xan| this will result in a complex analytic space. The
pair (|Xan|,O|Xan|) is called the analytification of X.
• LetX be an n-dimensional projective manifold. We will focus on principal G-bundles overX

parameterized by weakly normal varieties. We will always denote by P a principal G-bundle.
• We purposefully use the notation P for principal bundles and P for singular principal

bundles, akin to the convention of using E for vector bundles and E for torsion-free sheaves.
This intentional choice in notation aims to assist the reader in grasping these concepts and
their interconnections more effectively.
• By a big open subset U ⊂ X we mean an open subset, in the Zariski topology, such that
codimX(X \ U) ≥ 2.
• The symbol G denotes a connected semisimple linear algebraic group and we fix once and

for all a faithful representation ρ : G→ SL(V ), where V is a finite dimensional vector space
of dimension r ∈ N.
• Given a principal G-bundle PG over X and a closed subgroup H ⊂ G, a reduction of

structure group to H is a principal H-bundle PH over X together with an isomorphism
PH(G) ∼= PG. Giving a reduction of structure group of PG to H is equivalent to giving a
section of the fiber bundle PG(G/H) over X, where G acts on G/H on the left.

More generally, given a left action σ of G on a complex manifold F , we denote

P (σ, F ) := P ×G F = (P × F )/G,
11



the associated fiber bundle. If the action σ is clear from the context, we will write P (F ).
If ρ : G → H is a group homomorphism, let σ be the action of G on H defined by left
multiplication h 7→ ρ(g)h. Then the associated fiber bundle is a principal G-bundle, and it
is denoted P (ρ). If σ is a character of the group, we will denote by P (σ) the corresponding
line bundle.
• If p : E −→ X is a principal bundle over X, and U is a subscheme of X, we denote by
E|U −→ U the restriction of E to U .

• Let V be a finite dimensional C-vector space, then we say P(V ) is the space of lines of the
dual V ∨. More concretely we set P(V ) := Proj(Sym•V ).

2. Preliminaries

This section comprises three parts. Firstly, we present a comprehensive overview of weakly normal
spaces, drawing inspiration from [Fis76]. We then delve into the fundamentals of the intersection
theory of divisors and ampleness, closely following the insights in [Kol96]. Last but not least, we will
give an introduction to geometric invariant theory inspired by the exposition in [Sch08]. This part
will be important for two reasons. Firstly the methods of construction of the main moduli space
in Theorem 3.3.7 are adjacent to the methods in geometric invariant theory. Secondly our proof
of boundedness for singular principal G-bundles is reliant on the boundedness of decorated sheaves
and a careful geometric invariant analysis of the semistability of singular principal G-bundles and
the semistability of decorated sheaves.

2.1. Weakly normal spaces. In this subsection, we aim to provide a concise overview of classical
theorems related to extending holomorphic functions. The main goal of this section is to introduce
the normalization and weak normalization of a complex space which will be done in Theorem 2.1.12,
Theorem 2.1.17 and establish some key properties that will be used to construct the moduli space
of Theorem 3.3.7. We will also provide some visual examples in order to develop an intuition for
these concepts.

An analytic subset A of a reduced complex space X is said to be rare if, when examined locally
at every point x ∈ X, its intersection with each irreducible component of X is a proper subset
(i.e., codimX(A) ≥ 1). In simpler terms, this means that for any open U ⊂ X the restriction map
O(U)→ O(U \A) is injective.

Theorem 2.1.1. (First Riemann removable singularity theorem)[Ahl78, Section 3.1] Assume X is a
complex manifold and A ⊂ X is a rare analytic subset. If f : X → C is continuous and holomorphic
on X \A, then f is holomorphic on X. Further, if f : X \A→ C is holomorphic and |f | is locally
bounded on X, then there is a unique holomorphic extension f̂ : X → C of f .

Theorem 2.1.2. (Second Riemann removable singularity theorem)[Ahl78, Section 3.1] Assume X
is a complex manifold and A ⊂ X is an analytic subset such that codimX(A) ≥ 2 for every x ∈ X.
Then any holomorphic function f : X \A→ C has a unique holomorphic extension f̂ : X → C .

The following is a toy example to keep in mind.

Example 2.1.3. Let C∗ be the pointed complex plane, viewed as an affine open subset of C, see
[CLS11, Example 1.0.2]. By working on the analytification of C∗ we can say that any function
f : C→ C which is continuous and holomorphic in C∗ can be extended holomorphically to C.

The previous example shows that by looking at the analytification of C∗ we can say that the
complex space C∗ is a space where the first Riemann removable singularity theorem holds. Sadly,
these two theorem do not hold on the analytification of a general algebraic variety. Here are two
illustrative examples:

12



Example 2.1.4. [Fis76, Example 1, Section 2.24] Consider the reduced complex subspace

X =
{
(x1, x2) ∈ C2 : x21 − x32 = 0

}
↪→ C2

See Figure 1 for a graph of X.

Figure 1. Graph of the set X : x21 − x32 = 0

Consider the holomorphic map φ : C→ X, z 7→
(
z3, z2

)
.

Clearly φ is a homeomorphism and it is easy to see that

f1 := φ−1 : X → C

is not holomorphic in 0. But f1 is continuous and holomorphic outside 0 and equal to the restriction
to x of x1/x2.

Example 2.1.5. [Fis76, Example 2, Section 2.24]
Consider the reduced complex subspace

X =
{
(x1, x2} ∈ C2 : (x1 − x2)x2 = 0

}
⊂ C2.

See Figure 2 for a graph of X.
Now define

f2 : X \ {0} −→ C

x 7−→ x2
x1
.

(2.1)

Note that f2 attains the values 1 and 0 on the two components of X; hence f cannot be extended
holomorphically to the origin.

In order to characterize those complex spaces where the different forms of the Riemann removable
singularity theorem hold we present the following definitions.

Definition 2.1.6. [Har77, Definition page 32] Let X be an algebraic variety. X is non-singular at
a point x ∈ X (we call x a regular point) if the local ring OX,x, with maximal ideal m, is a regular
local ring. By this we mean that the equality dimm/m2 = dim(OX,x) holds. X is non-singular if it
is non-singular at every point. X is singular if it is not non-singular.

13



Figure 2. Graph of the set X : (x1 − x2)x2 = 0

Definition 2.1.7. Let X be a reduced complex space and denote by S(X) ⊂ X the singular locus.
The function f is said to be a weakly holomorphic function on X, if

• f is defined on X \ S(X) and f : X \ S(X)→ C is holomorphic,
• f is locally bounded on X.

The function f is said to be continuous weakly holomorphic on X, if
• f : X → C is continuous,
• f is holomorphic on X \ S(X).

For any reduced complex spaceX we define ÔX ⊂ OX as the sheaf of continuous weakly holomorphic
functions and ÕX as the sheaf of weakly holomorphic functions. Clearly ÔX and ÕX are OX -
modules.

We state the definition of the spaces where the different forms of the Riemann removable singu-
larity theorem hold, namely weakly normal and normal spaces.

Definition 2.1.8. [Fis76, Section 2.24] Let X be a reduced complex space, if x ∈ X is a point then
X is called

• weakly normal in x if and only if the equality of local rings ÔX,x = OX,x holds,
• normal in x if and only if the equality of local rings ÕX,x = OX,x holds.

We say X is weakly normal (respectively normal) it it is weakly normal (respectively normal) in
every point.

In [Fis76], a weakly normal space is called maximal.

Remark 2.1.9. Note that since C∗ is not singular then it is both normal and weakly normal.
Additionally, note that the existence of the function f1 tells us that the complex space of Example
2.1.4 is not weakly normal in 0 and hence not a weakly normal space. The existence of f2 tells us
that the complex space of Example 2.1.5 is not normal in 0 and hence is not a normal space.

We have just seen that there are spaces which are not normal or weakly normal. In order to
remedy this problem, we will construct the weak normalization and the normalization of a space

14



X. This spaces will carry a universal property which property tells us that they are the “closest”
spaces to X which are normal and weakly normal respectively.

Before we start, recall that a ring without zero-divisors is called normal if it is integrally closed in
its full ring of quotients. Further, X is normal if it is normal at every point. We say X is normal in
x if and only if OX,x is normal, see [Fis76, Page 112]. This implies that OX,x is an integral domain,
see [RGR71, Anhang §4]. Consequently, every normal complex space is locally irreducible.

Let us introduce the non-normal locus of an arbitrary complex space X, denoted by N(X). We
have the following definition:

N(X) = {x ∈ X : X is not normal in x, i.e., ÕX,x ̸= OX,x}

the non-normal locus.

Lemma 2.1.10. [Fis76, Section 2.25] For any reduced complex space X, the non-normal locus

N(X) := {x ∈ X : X is not normal in x}

is analytically rare.

Now, let us give the definition of the normalization of a complex space X.

Definition 2.1.11. [Fis76, Section 2.26] For a reduced complex space X, a holomorphic map
f : X̃ → X is called a normalization if the following conditions are satisfied:

• X̃ is a normal complex space,
• A := f−1(N(X)) ⊂ X̃ is analytically rare and the restriction f |X̃\A : X̃ \A→ X \N(X) is

biholomorphic.

In order to guarantee that we can always find the normalization of a complex space X let us state
the following theorem.

Theorem 2.1.12. (Normalization-Theorem) [Fis76, Section 2.26] If X is a reduced complex space
then the sheaf ÕX of weakly holomorphic functions is a coherent OX-module and the morphism
X̃ := Specan(ÕX)→ X is a normalization of X. Moreover there is a canonical isomorphism ÕX →
ν∗OX̃ . For every x ∈ X, there is a canonical correspondence of irreducible components of X at x
and points of ν−1(x).

Proof. Since the proof of this theorem is quite long we omit it here. A detailed proof can be found
in [Fis76, Page 114]. □

Recall that in Definition 2.1.6 we said that a point x ∈ X of a complex space is called regular
if the local ring OX,x is regular. It is easy to see that the tangent space at x is isomorphic to
m/m2, where m is the maximal ideal of OX,x. Then the condition of being regular is equivalent
as saying that the dimension of the tangent space given by dim(m/m2) equals the dimension of
|X| as a topological space. By the topological invariance of dimension theorem this is the same as
saying that there exists an open neighborhood U ⊂ X, around x, such that U is biholomorphically
equivalent to an open subset of Cn for some n ∈ N. We denote the set of singular points of X by
S(X).

Let us give the following characterization of normal spaces. We will show later that these are the
spaces where the First Riemann removable singularity Theorem 2.1.1 holds.

Proposition 2.1.13. [Fis76, Section 2.27] For a complex space X the following conditions are
equivalent:

• X is normal,
• For every open U ⊂ X the restriction map OX(U)→ OX(U \ S(X)) is bijective.
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Lemma 2.1.14. [Fis76, Section 2.27] In every normal complex space X the singular locus S(X)
has codimension at least 2 in every point.

Example 2.1.15. [Fis76, Section 2.27] The 2-dimensional cone X3 = {(x1, x2, x3) ∈ C3 : x21 =
x2x3} ⊂ C3, see Figure 3 is a hypersurface and the origin is its singular locus. Hence by Proposition

Figure 3. Graph of the set X : x21 − x2x3 = 0

2.1.13, the cone X3 is normal.

Recall that a reduced complex space X is weakly normal if the sheaf ÔX of continuous weakly
holomorphic functions is equal to the structure sheaf OX , see Definition 2.1.8. These are the spaces
where the Second Riemann removable singularity theorem 2.1.2 holds. For an arbitrary complex
space X the non-weakly normal locus is denoted

M(X) = {x ∈ X | X is not weakly normal in x, i.e., ÔX,x ̸= OX,x}.
Since being weakly normal is an open condition then M(X) is given the closed subspace structure.
As a consequence of Theorem 2.1.1, we have M(X) ⊂ N(X) ⊂ S(X) ⊂ X. Let us now give the
definition of the weak normalization of a complex space X.

Definition 2.1.16. [Fis76, Section 2.29] A holomorphic map µ : X̂ → X is called a weak normal-
ization of X, if

• X̂ is weakly normal,
• µ is a homeomorphism,
• If A := µ−1(M(X)) then the restriction of µ, denoted by µ|X̂\A : X̂ \ A → X \M(X) is

biholomorphic.

We have the following relation between the normalization and weakly normal functions.
The following theorem is derived from the normalization Theorem 2.1.12 and the previous remark,

see [Fis76, Section 2.29] for a detailed proof.

Theorem 2.1.17. (Weak-Normalization Theorem)[Fis76, Section 2.29] Let X be a reduced complex
space. Then we have:

• The sheaf ÔX is a coherent OX-module.
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• The non-weakly normal locus M(X) ⊂ X is a rare analytic set.
• The canonical holomorphic map µ : X̂ := Specan ÔX → X is a weak normalization of X. In

particular there is a canonical isomorphism ÔX → µ∗OX̂ .
• There is a commutative diagram

X̃
ψ

��
ν

��

X̂

µ��
X

of holomorphic maps, where µ denotes the normalization map.
• If µ1 : X̂1 → X and µ2 : X̂2 → X are two weak normalizations then there is a unique

biholomorphic map Φ : X̂1 → X̂2 such that the diagram

X̂1
Φ //

µ1   

X̂2

µ2~~
X

commutes.

Let us give a couple of preparatory results in order to construct the weak normalization of a
space X based on the normalization X̃ and the equivalence relation induced by Remark 2.1.23. To
do this we introduce the notion of cokernel in the category of complex spaces

Definition 2.1.18. Let R and X be two C-ringed spaces with a pair of morphisms ρ1, ρ2 : R→ X.
Then a C-ringed space X/R together with a morphism ψ : X → X/R such that ψ ◦ ρ1 = ψ ◦ ρ2 is
called a cokernel of the double arrow R⇒ X, if the following universal property is satisfied:

If σ : X → S is any morphism of C-ringed spaces such that σ ◦ ρ1 = σ ◦ ρ2, then there exists a
uniquely determined morphism σ′ : X/R→ S such that the diagram

S

R
ρ1 //

ρ2
// X

σ

==

ψ // X/R

σ′

OO

commutes.

Proposition 2.1.19. [Fis76, Section 1.20]
For any double arrow p1, p2 : R⇒ X of C-spaces, a cokernel ψ : X → X/R exists.

Remark 2.1.20. If R and X are complex spaces, then X/R is not necessarily a complex space.
One essential obstruction is the fact that, in general, |X/R| is not Hausdorff.

Nonetheless, we give the explicit equivalence relation determined by R. Call points x, y ∈ |X|
equivalent if there is some n ∈ N, x0, . . . , xn ∈ |X|, and r1, . . . , rn ∈ |R| with the following properties:

• x = x0, xn = y and
• p1(ri) = xi−1, p2(ri) = xi, or
• p2(ri) = xi−1, p1(ri) = xi for i = 1, . . . , n.

This is the smallest equivalence relation such that x, y are equivalent if x = p1(r) and y = p2(r) for
some r ∈ |R|.
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Theorem 2.1.21. [Fis76, Section 1.22] Let X,Y be complex spaces and ϕ : X → Y a proper holo-
morphic map and denote by Rϕ := X ×Y X then the cokernel given by the canonical projections
π1, π2 : Rϕ ⇒ Y denoted by X/R is a complex space.

Using the results above and Remark 2.1.23 we deduce the following construction of the weak
normalization of a reduced complex space X. The idea here is to identify points of X̃ ∼= Specan(OX̃)
which have the same image in X. Let

R := (X̃ ×X X̃)red

since the normalization map ν is proper, we obtain from Proposition 2.1.19 a cokernel

R⇒ X
ψ−→ X/R

where X/R is a complex space and ψ is holomorphic. The universal property of the cokernel, see
[Fis76, Chapter 1], implies the existence of a holomorphic map

µ : X/R→ X

such that ν = µ ◦ ψ. Moreover as a consequence of the proof of Theorem 2.1.21 we have that
|X/R| = |X| and |ψ| = |ν|. We thus have

ÔX = OX/R and X/R = Specan(ÔX).

Remark 2.1.22. [Fis76, Section 2.29] For any complex space X, the weak normalization map
µ : Xwn → X is a homeomorphism.

Remark 2.1.23. [Fis76, Section 2.29] If ν : X̃ → X denotes the normalization then for any
f ∈ ÕX(X) = OX̃(X̃) the following conditions are equivalent:

• f ∈ ÔX(X),
• If x ∈ X and ν−1(x) = {y1, . . . , ym}, then f(y1) = f(y2) = · · · = f(ym).

That is, a holomorphic function f on X such that f ∈ ÔX(X) is a holomorphic function on X̃ that
is constant on the fibres of ν.

In general, a holomorphic map cannot be lifted to the normalizations. Let us look at an example
of this fact.

Example 2.1.24. Take a reduced complex space X such that the non-normal locus N(X) is a
normal complex space. Consider the normalization ν : X̃ → X and assume the restriction of ν
to ν−1(N(X)) → N(X) does not admit a holomorphic section. Then the canonical inclusion
ι : N(X) ↪→ X cannot be lifted to the normalization. We recommend the reader to see Figure 5 in
[Fis76, Section 2.28].

These obstructions do not exist for weak normalizations. It is for this reason that we will heavily
use them in the later sections We now present an example of a weakly normal surface.

Example 2.1.25. Let X = {(x, y, z) : y2 − x2z = 0} ⊂ C3 be the surface known as Whitney’s
Umbrella. Let A = C[u, uv, v2] ⊂ B = C[u, v]. Note that the singular locus of X consists of the
x-axis given by the equations y = z = 0 together with the negative z-axis given by the equations
x = y = 0, z ≤ 0 . Thus by Proposition 2.1.13 we have that Y = Spec(B) is the normalization of
X ∼= Spec(A). We claim that X is weakly normal. Let π : A2 → A3 be given by π(u, v) = (u, uv, v2).
Suppose f ∈ B agrees on the fibers of π. Write f =

∑m
i=0 gi(u)v

i, gi ∈ C[u]. Then f(0, c) = f(0,−c)
for all c ∈ C and hence

∑m
i=0 gi(0)v

i =
∑m

i=0(−1)igi(0)vi. Thus, gi(0) = 0 whenever i is odd. Then
f =

∑
i[gi(u) − gi(0)]vi +

∑
i even gi(0)v

i is in A since gi(u) − gi(0) ∈ uB ⊂ A, hence by Remark
2.1.23 we can conclude that X is weakly normal. The zero set of y2 = x2z is X together with
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the negative z-axis and is called the Whitney umbrella. Here is a graph of the umbrella minus its
handle, which is the negative z-axis.

Note that the map ψ : Y → X induced by the inclusion A ⊂ B is the normalization of X .

We will now present a lifting property for the weak normalization of complex spaces.

Proposition 2.1.26. [Fis76, Section 2.30] If ϕ : X → Y is a holomorphic map between reduced
complex spaces, then there is a unique holomorphic map ϕ̃ : X̃ → Ỹ such that the diagram

X̃
ϕ̃ //

��

Ỹ

��
X

ϕ // Y

commutes. Here the vertical maps are weak normalizations.

Let us give the following characterization of weak normality.

Proposition 2.1.27. [Fis76, Section 2.31]
For a reduced complex space X, the following conditions are equivalent:
i) X is weakly normal.
ii) If Z is an arbitrary reduced complex space then every holomorphic homeomorphism ϕ : Z → X

is biholomorphic.

Let us go back to our original examples 2.1.4 and 2.1.5. We have that the map ϕ : C → X, z 7→
(z3, z2) is a normalization of X according to Definition 2.1.11 and by Definition 2.1.16 we have that
ϕ is also the weak normalization of X.

On the other hand, we have that the map ψ : C
⊔
C→ C2 which sends a copy of C to x1 = x2 and

the other copy to x2 = 0 lands on X2 and it is the normalization. Indeed, as in Definition 2.1.11 the
map ψ is finite and surjective. By using Theorem 2.1.21 we conclude that the weak normalization of
X2 has a homeomorphic topological space, i.e., |X2| ∼= |X̂2| but as a consequence of Remark 2.1.23
the sheaf OX̂2

does not contain the function f2.
Before we finish this section we will introduce the important concepts of Stein space and Stein

fibration. The contents of which come from [Fis76, Section 0.36 and Section 1.24]. After the
definitions are established we will present a result that tells us when the normalization and weak
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normalization of a spaceX are Stein spaces. The afford mentioned spaces and the Stein factorization
are important for us because we will study the space of fibres of Quot to Chow morphisms in Section
8.2.

Definition 2.1.28. [Fis76, Section 0.36] Let X be a complex space, we say X is holomorphically
separable if for any two distinct points p, q ∈ X there is an f ∈ OX(X) with f(p) ̸= f(q). Moreover
we say X is holomorphically convex (respectively weakly holomorphically convex) if for any compact
K ⊆ X the set

K̂ = {p ∈ X such that |f(p)| ≤ sup |f(K)| for all f ∈ OX(X)}
is also compact (respectively has compact connected components).

Definition 2.1.29. [Fis76, Section 0.36] We say X is holomorphically spreadable if every point
p ∈ X has an open neighborhood U such that

{x ∈ U | f(x) = f(p) for all f ∈ OX(X)} = {p}.
We say X is holomorphically regular if there are “local coordinates by global functions”, i.e., for
every p ∈ X the set

{fp ∈ OX,p | f ∈ OX(X)}
generates the maximal ideal mX,p.

By the Lemma of Nakayama, it follows that this is equivalent to the condition that for every
p ∈ X the set

{df(p) := (fp − f(p)) +m2
X,p ∈ mX,p/m

2
X,p | f ∈ OX(X)}

generates the C-vector space mX,p/m
2
X,p.

Remark 2.1.30. [Fis76, Section 0.36] Clearly, a holomorphically separable space is holomorphically
spreadable.

If we provide COX(X) with the product topology and introduce the map

F : |X| → COX(X), p 7→ (f(p))f∈OX(X),

then we have:
• X is holomorphically separable ⇐⇒ F is injective.
• X is holomorphically convex ⇐⇒ F is proper.
• X is holomorphically spreadable ⇐⇒ F is locally injective.

In case X has a countable topology, holomorphic convexity is equivalent to the following condition:
If (pi) is any sequence in X without a point of accumulation, then there is an f ∈ A such that the
sequence (|f(pi)|) is unbounded.

Definition 2.1.31. [Fis76, Section 0.36] X is called Stein if it is holomorphically separable and
convex.

In [Fis76] Stein spaces are also called holomorphically complete. We state some fundamental
results about this type of space.

Theorem 2.1.32. [Fis76, Section 0.37] Let X be a complex space such that Xred is Stein, and let
F be a coherent OX-module. Then:
A. For every p ∈ X, the set {sp ∈ Fp : s ∈ F (X)} generates Fp over OX,p.
B. Hk(X,F ) = 0 for all k > 0.

Corollary 2.1.33. [Fis76, Section 0.37] A complex space X is Stein if and only if Xred is Stein.

Stein spaces can be characterized in a number of ways.
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Theorem 2.1.34. [Fis76, Section 0.38] A Stein space is holomorphically regular. A complex space
X is Stein if and only if:

i) X is holomorphically spreadable, and
ii) X is weakly holomorphically convex.

In order to introduce the concept of Stein fibration we will first give some further properties of
the cokernel defined in 2.1.18.

If φ : X → Y is a holomorphic map, we define

Rφ := X ×Y X
and the canonical maps yield a double arrow Rφ ⇒ X as described in Theorem 2.1.21. Note that
the compositions of the top arrow and the bottom arrow of Rφ ⇒ X with ϕ : X → Y coincide and
yield a map denoted by τ : Rφ → Y .

Theorem 2.1.35. [Fis76, Section 1.21] Assume the diagram of complex spaces and holomorphic
maps

R
ρ1 //

ρ2
// X

φ // Y

has the following properties:
i) φ ◦ ρ1 = φ ◦ ρ2,
ii) |(ρ1, ρ2)(R × R)| generates the equivalence relation |Rφ| ⊂ |X ×X| on |X| defined in Remark

2.1.20.
iii) φ and φ ◦ ρ1 are proper.
Then there is a commutative diagram of complex spaces and holomorphic maps

R
ρ1 //

ρ2
// X

φ

��

ψ // X/R

τ

}}
τ ′

��
Y φ(X)oo

such that
i) ψ : X → X/R is a cokernel of the given double arrow,
ii) |τ ′| is a homeomorphism.

In case R = Rφ, we obtain a canonical factorization

X
ψ−→ X/R

τ ′−→ φ(X) ↪→ Y

of the holomorphic map φ. If, in addition, ψ is flat, then τ ′ is biholomorphic.

Lemma 2.1.36. [Fis76, Section 1.23] Let φ : X → Y be a proper holomorphic map such that the
canonical map φ̃ : OY → φ∗OX is an isomorphism. Then all the fibers of φ are connected and
non-empty.

Now we can give a factorization theorem for proper holomorphic maps.

Theorem 2.1.37. [Fis76, Section 1.24] Let φ : X → Y be a proper holomorphic map. Then there
is a commutative diagram

X

σ

))

φ

��
Y X/Rφτ
oo

f
// Z
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of complex spaces and holomorphic maps with the following properties:
i) τ is the canonical map defined above Theorem 2.1.35.
ii) f and τ ◦ f are finite.
iii) σ is proper, surjective, has connected fibers, and the canonical map σ̃ : OZ → σ∗OX is an

isomorphism.

The space Z may be considered as classifying the level sets of φ, by this we mean that Z
parameterizes all the sets of the form {x ∈ X | φ(x) = a} for a given a ∈ Y . Note that this is the
same as saying that Z is the space of fibres of φ. The above diagram is called the Stein factorization
of φ.

We finish this section by giving some properties of Stein spaces and their normalization and weak
normalization.

Theorem 2.1.38. [Fis76, Section 2.32] Let f : X → Y be a finite holomorphic map. Then the
following conditions are equivalent:

i) X is Stein.
ii) Y is Stein.

Lemma 2.1.39. [Fis76, Section 2.32] Let f : X → Y be a proper surjective holomorphic map
between reduced complex spaces, and assume Y is normal. Then we have:

i) X holomorphically convex =⇒ Y holomorphically convex.
ii) X Stein =⇒ Y Stein.

Corollary 2.1.40. [Fis76, Section 2.32] For a reduced complex space X, the following conditions
are equivalent:

i) X is Stein.
ii) The weak normalization X̂ is Stein.
iii) The normalization X̃ is Stein.

2.2. Ample divisors. For this section we follow the expose in [Laz04, Section 1.1 and 1.2]. The aim
of this section is to develop some results of intersection theory in order give a better understanding
of the degree formula given in Equation (1.2). To do this we will define Cartier and Weil divisors in
Definition 2.2.2 and 2.2.3. This is necessary in order to define cycles. After this, we will talk about
Linear series in Subsection 2.2.1 which will pave the way to introduce intersection numbers. This is
the main tool required to hit the goal of this section and it will be done through the cup product of
singular cohomology, see Equation (2.9). Then, we will talk about some properties of intersection
numbers, the main one being Theorem 2.2.24, which tells us that the degree defined in Equation
(1.2) can be calculated as one of the coefficients of a multivariable Hilbert polynomial. Finally, we
will carefully develop the notion of ampleness in Subsection 2.2.4, this will prove necessary when
discussing theorems such as 3.4.8.

Consider an irreducible complex variety X, and denote by MX = C(X) the (constant) sheaf
of rational functions on X. It contains the structure sheaf OX as a subsheaf, and so there is an
inclusion O∗

X ⊂ M∗
X of sheaves of multiplicative abelian groups. In this way the space (|X|,OX),

where |X| is the topological space of X with the Zariski topology, is also a complex space.

Definition 2.2.1. The Grothendieck groups K0(X) and K0(X) for a Noetherian scheme X are
the abelian groups generated by locally free and coherent OX -modules, respectively, with relations
[F ′]− [F ] + [F ′′] for any short exact sequence 0→ F ′ → F → F ′′ → 0.

For the purposes of this document we will simplify notation. Let the Grothendieck group of
coherent sheaves on X be denoted by K(X). We give it a commutative ring structure by assigning
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the tensor product as the product and 1 = [OX ] by putting

[F1] · [F2] := [F1 ⊗ F2]

for locally free sheaves F1 and F2. A projective morphism f : X → S induces a homomorphism
f! : K0(X)→ K0(S) defined by f![F ] :=

∑
ν≥0(−1)ν [Rνf∗F ].

Two classes u and u′ in K(X) will be called numerically equivalent, denoted u ≡ u′, if their
difference is contained in the radical of the quadratic form

(a, b) 7→ X(a · b).
Where X is the Euler pairing defined by X(a, b) =

∑
(−1)i dim(Exti(a, b)), see [HL10, Defintion

6.1.1]. We set K(X)num := K(X)/ ≡.

Definition 2.2.2. [Laz04, Definition 1.1.1] (Cartier divisor) A Cartier divisor on X is a global
section of the quotient sheaf M∗

X/O
∗
X . We denote by Div(X) the group of all such, so that

Div(X) = Γ (X,M∗
X/O

∗
X).

More concretely, a divisor D ∈ Div(X) is represented by the data {(Ui, fi)} consisting of an
open covering {Ui}i∈I of X together with elements fi ∈ Γ (Ui,M∗

X), having the property that on
Uij = Ui ∩ Uj the following equality holds

fi = gijfj for some gij ∈ Γ (Uij ,O∗
X). (2.2)

The function fi is called a local equation for D at any point x ∈ Ui. Two such collections
determine the same Cartier divisor if there is a common refinement {Vk} of the open coverings on
which they are defined so that they are given by data {(Vk, fk)} and {(Vk, f ′k)} with

fk = hkf
′
k on Vk for some hk ∈ Γ (Vk,O∗

X). (2.3)

The group operation on Div(X) is given as follows: Let D,D′ ∈ Div(X) be represented respectively
by data {(Ui, fi)} and {(Ui, f ′i)}, then D + D′ is given by {(Ui, fif ′i)}. The support of a divisor
D = {(Ui, fi)} is the set of points x ∈ X at which a local equation of D at x is not a unit in OX,x.
The divisor D is effective if fi ∈ Γ (Ui,OX) is regular on Ui for every i ∈ I this is written D ⪰ 0.

Definition 2.2.3. [Laz04, Definition 1.1.3] (Cycles and Weil divisors). Let X be a variety or
scheme of pure dimension n. A k-cycle on X is a Z-linear combination of irreducible subvarieties
of dimension k. The group of all such is written Zk(X). A Weil divisor on X is an (n − 1)-cycle,
i.e., a formal sum of codimension one subvarieties with integer coefficients. We often use WDiv(X)
in place of Zn−1(X) to denote the group of Weil divisors.

Remark 2.2.4. [Laz04, Remark 1.1.4] (Cycle map for Cartier divisors). There is a cycle map

Div(X) −→WDiv(X), D 7→ [D] =
∑

ordV (D) · [V ]

where ordV (D) is the order of D along a codimension one subvariety, it is calculated by looking
at the order of vanishing determined by the local ring OD,V , see [Ful84, Section 1.3]. In general,
this homomorphism is neither injective nor surjective, although it is injective when X is a normal
variety and an isomorphism when X is non-singular.

A global section f ∈ Γ (X,M∗
X) determines a divisor

D = div(f) ∈ Div(X). (2.4)

Here div(f) is defined locally with respect to a covering {Ui}i∈I . Since this local equations are
determined by a global function then they trivially satisfy the conditions in Equations (2.2) and
(2.3). A divisor of this form is called principal and the subgroup of all such is Princ(X) ⊆ Div(X).
Two divisors D1, D2 are linearly equivalent, written D1 ≡lin D2, if D1 −D2 is principal.
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A similar condition allows one to define the divisor of a section of a line bundle L on X. Let
s ∈ Γ (X,L) be a global section of L and assume that s does not vanish on any associated subvariety
of X. If X is reduced, then s does not vanish on any associated subvariety whenever s does not
vanish identically on any component of X. Then, a local equation of s determines in the natural
way a divisor div(s) ∈ Div(X).

A Cartier divisor D ∈ Div(X) determines a line bundle OX(D) on X, leading to a canonical
homomorphism:

Div(X) −→ Pic(X) , D 7→ OX(D) (2.5)
of abelian groups, where Pic(X) denotes as usual the Picard group of isomorphism classes of line
bundles on X. Concretely, if D is given by data {(Ui, fi)} as above, then one can build OX(D)
by using the gij in Equation (2.2) as transition functions. More abstractly, one can view (the
isomorphism class of) OX(D) as the image of D under the connecting homomorphism

Div(X) = Γ (X,M∗
X/O

∗
X) −→ H1 (X,O∗

X) = Pic(X) (2.6)

determined by the exact sequence 0 −→ O∗
X −→M∗

X −→M∗
X/O

∗
X −→ 0 of sheaves onX. Evidently

OX (D1) ∼= OX (D2)⇐⇒ D1 ≡lin D2

If D is effective then OX(D) carries a global section s = sD ∈ Γ (X,OX(D)) with div(s) = D.
In general, OX(D) has a rational section with the analogous property.

One may ask if every line bundle comes from a divisor. This is more a difficult question. On the
positive side, we have the following example:

Example 2.2.5. [Laz04, Example 1.1.5] (Line bundles from divisors). There are two hypotheses
to guarantee that every line bundle arises from a divisor.

• If X is reduced and irreducible, or merely reduced, then the homomorphism in Equation
(2.6) is surjective.
• If X is projective then the same statement holds even if it is non-reduced.

(If X is reduced and irreducible then any line bundle L has a rational section s, and one can take
D = div(s). For the second statement one can use the theorem of Cartan–Grothendieck–Serre to
reduce to the case in which L is globally generated. But then one can find a section s ∈ Γ (X,L)
that does not vanish on any of the associated subvarieties of X, in which case D = div(s) gives the
required divisor.)

2.2.1. Linear Series. The goal of this subsection is to introduce the definition of linear series, which
will be used later in Corollary 3.4.1 in order to properly define general complete intersections. This
will be key in order to have restriction theorems such as Theorem 3.4.8. The results presented here
come from [Laz04, Section 1.1.B].

Definition 2.2.6. Let X be a variety, L a line bundle on X, and V ⊂ H0(X,L) a non-zero subspace
of finite dimension. We denote by |V | := P(V ∨) the projective space of one-dimensional subspaces
of V . When X is a complete variety, |V | is identified with the complete linear series of divisors of
sections of V , we refer to |V | as a complete linear series.

Given a divisor D, we also write |D| for the complete linear series associated with the line bundle
OX(D). Additionally, note that when X is a complete variety an element of |V | is the class of a
section s of a line bundle and by looking at the 0-locus of s we get a divisor in X. This is the divisor
div(s) defined in the discussion after Equation (2.4). Clearly this definition is independent of the
class in P(V ∨). We will interchangeably use these two points of view.

Remark 2.2.7. This notation coincides with the topological space associated to an analytic space,
given in 1.4, since they come up in quite different contexts we will abuse the use of this notation.
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Definition 2.2.8. Let the base locus of V , denoted by Bs(|V |), be the set of points at which all
the sections in V vanish, and b(|V |) is the ideal sheaf spanned by these sections.

Definition 2.2.9. [Laz04, Definition 1.1.10] (Free linear series). One says that |V | is free, or
basepoint-free, if for each point x ∈ X, one can find a section s = sx ∈ V such that s(x) ̸= 0. A
divisor D or line bundle L is free if the corresponding complete linear series is so. In the case of
line bundles, one says similarly that L is generated by its global sections or globally generated.

Assuming that the dimension of the vector space V is at least 2, and denoting the base locus as
B = Bs(|V |), the linear series |V | defines a mapping ϕ|V | from the open complement of the base
locus in X to the projective space of one-dimensional quotients of V . At each point x in X, the
image ϕ(x) corresponds to the hyperplane in V formed by the sections vanishing at x. This mapping
can be represented in homogeneous coordinates using a basis s0, . . . , sr of V by

ϕ(x) = [s0(x), . . . , sr(x)] ∈ Pr. (2.7)

In the case where X is an irreducible variety, it is a good idea to ignore the base locus and
consider ϕ|V | as a rational map ϕ : X 99K P(V ) from X to the projective space P(V ). If |V | is a
free linear series, then ϕ|V | is a globally defined morphism.

When the base locus is empty, these operations can be reversed: a morphism ϕ : X −→ P(V )
to projective space induces a linear series |V | on X. Specifically, if ϕ(X) does not lie on any
hyperplane, the pullback of sections through ϕ identifies V = H0(P(V ),OP(V )(1)) as a subspace of
H0(X,ϕ∗OP(V )(1)), and |V | becomes a free linear series on X. Furthermore, ϕ corresponds to the
morphism ϕ|V |.

2.2.2. Intersection numbers. Let X be a complete irreducible complex variety. Given Cartier di-
visors D1, . . . , Dk ∈ Div(X) together with an irreducible subvariety V ⊂ X of dimension k, the
intersection number

(D1 · · · · ·Dk.V ) ∈ Z (2.8)
can be defined in various ways. We illustrate here the one we are most interested in.

In the above situation, each of the line bundles OX(Di) has a Chern class

c1(OX(Di)) ∈ H2(X;Z),
here the cohomology group is taken as ordinary singular cohomology of X with its classical topology.
The cup product of these classes is then an element

c1(OX(D1)) · . . . · c1(OX(Dk)) ∈ H2k(X;Z).

Here, we write α ·β for the cup product of elements α, β ∈ H∗(X;Z). Denoting by [V ] ∈ H2k
c (X;Z)

the fundamental class of V , the cap product leads finally to an integer

(c1(OX(D1)) · . . . · c1(OX(Dk))) ∩ [V ] ∈ H0(X;Z) = Z (2.9)

which is how we will define the intersection number appearing in Equation (2.8) from now on. By
linearity, one can replace V by an arbitrary k-cycle, and evidently, this product depends only on
the linear equivalence class of the Di. If D1 = . . . = Dk = D, we write (Dk · V ) and when V = X
is irreducible of dimension n, we often use the abbreviation (D1 · . . . ·Dn) ∈ Z.

For the special case when D ∈ Div(X) is a Cartier divisor and C ⊂ X is a curve on X the above
definition simplifies. More specifically, consider the restriction OX(D)|C , this is a line bundle on the
curve C and hence there is a rational section s of OX(D)|C . Moreover the zero locus of s, denoted
by Z(s), is a Cartier divisor, see [Har77, Chapter II, Proposition 6.11]. We say that D · C is the
finite sum of the multiplicities of the zeroes and poles of the section s, i.e., D · C = [Z(s)].

Intersection numbers involving line bundles instead of divisors are defined by considering the
divisor obtained from the zero locus of a rational section.
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Definition 2.2.10. [Laz04, Definition 1.1.14] (Numerical equivalence)
Two Cartier divisors D1, D2 ∈ Div(X) are numerically equivalent, denoted as D1 ≡num D2, if

(D1 · C) = (D2 · C)
for every irreducible curve C ⊆ X, or equivalently if (D1 · σ) = (D2 · σ) for all one-cycles σ on X.
Numerical equivalence of line bundles is defined analogously. A divisor or line bundle is numerically
trivial if it is numerically equivalent to zero, and Num(X) ⊆ Div(X) is the subgroup consisting of
all numerically trivial divisors.

Definition 2.2.11. [Laz04, Definition 1.1.15] (Néron–Severi group). The Néron–Severi group of
X is the group

N1(X) = Div(X)/Num(X),

of numerical equivalence classes of divisors on X.

Remark 2.2.12. Let Pic0(X) be the connected component of the neutral element in Pic(X). The
difference between the two is measured by the quotient Pic(X)/Pic0(X), which is isomorphic to
the Néron–Severi group of X under the canonical morphism (2.5).

Lemma 2.2.13. [Laz04, Lemma 1.1.18]
Let X be a complete variety, and let D1, . . . , Dk, D

1
0, . . . , D

k
0 ∈ Div(X) be Cartier divisors on X.

If Di ≡num Di
0 for each i, then

(D1 ·D2 · . . . ·Dk · [V ]) = (D1
0 ·D2

0 · . . . ·Dk
0 · [V ])

for every subscheme V ⊆ X of pure dimension k.

The Lemma allows us to discuss intersection numbers among numerical equivalence classes instead
of just divisors. So from now on we will do that. Let us now talk about multivariable Hilbert
polynomials.

Theorem 2.2.14. [Kle66, Theorem (Snapper)] Let F be a coherent sheaf on V a reducible variety,
and let s be the dimension of SuppF . Assume L1, . . . ,Lt are invertible sheaves on V . Then the
Euler–Poincaré characteristic X(F ⊗L n1

1 ⊗ · · · ⊗L nt
t ) is a numerical polynomial in n1, . . . , nt of

total degree s.
By a numerical polynomial in n1, . . . , nt, we mean a polynomial in n1, . . . , nt with rational coef-

ficients, which assumes integer values whenever n1, . . . , nt are integers.

Lemma 2.2.15. [Kle66, Lemma 1] A polynomial

F (n1, . . . , nt) =
∑

a(i1, . . . , it)

(
n1 + i1
i1

)
· · ·
(
nt + it
it

)
is numerical if and only if the coefficients a(i1, . . . , it) are integers, i1 ≥ 0, . . . , it ≥ 0, where, for all
n, (

n+ i

i

)
=

(n+ i)(n+ i− 1) . . . (n+ 1)

i!
if i > 0,(

n+i
i

)
= 1 if i = 0, and

(
n+i
i

)
= 0 if i < 0.

Definition 2.2.16. [Kle66, Definition 1] Let L1, . . . ,Lt be t invertible sheaves (t ̸= 0) on a complete
algebraic scheme V , and let F be a coherent sheaf on V such that dim SuppF ≤ t. The intersection
number

(L1 · . . . ·Lt ·F ) = (L1 · . . . ·Lt ·F )V

of L1, . . . ,Lt with F is the coefficient of the monomial n1 · · ·nt in X(F ⊗L n1
1 ⊗ · · · ⊗L nt

t ).

Proposition 2.2.17. [Kle66, Proposition 0] The number (L1 · · · · ·Lt ·F ) is an integer.
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Let us give some notation. Let W ⊂ V be a closed subvariety of dimension less than or equal to
t, and take F = OW be the quotient sheaf that fits in the following exact sequence

0→ OV (−W )→ OV → OW → 0.

Then for simplicity we often write (L1 · · · · ·Lt ·W ) for (L1 · · · · ·Lt · OW ). Further, if W = V ,
we also write (L1 · · · · ·Lt) for (L1 · · · · ·Lt · V ). Additionally, if ∆ is an effective divisor in V we
denote by F∆ the tensor product F ⊗ O∆.

The previous definition agrees with the one given in Equation (2.9), as can be seen by the following
Corollary.

Corollary 2.2.18. [Kle66, Corollary 3] Suppose that V is a non-singular projective variety, hence
complete and irreducible, L1 = OV (D1), . . . ,Lt = OV (Dt), with D1, . . . , Dt Cartier divisors in
Div(X), and W is a irreducible subvariety of dimension t of V . Then

(L1 · · · · ·Lt ·W )V = (D1 · · · · ·Dt.W ),

the classical intersection number defined in Equation (2.8).

Proof. Kleiman proves this corollary by establishing the uniqueness of the intersection number. He
does this in turn by showing that the intersection number satisfies 6 properties that are classical for
intersection theory and then he shows that the intersection number is determined by them. Since
we do not need all of them we will content ourselves with citing them, these are [Kle66, Proposition
1-6]. □

Let us define regular sequences in order to introduce the Hilbert polynomial.

Definition 2.2.19. [HL10, Definition 1.1.11] Let X be a Noetherian scheme, let E be a coherent
sheaf on X, and let L be a line bundle on X. A section s ∈ H0(X,L) is called E -regular if
and only if E ⊗ L∨ .s−→ E is injective. A sequence s1, . . . , sl ∈ H0(X,L) is called E -regular if si
is E /(s1, . . . , si−1)(E ⊗ L∨)-regular for all i = 1, . . . , l. We also say that the divisor H ∈ |L| is
E -regular if the corresponding section s ∈ H0(X,L) is E -regular.

Example 2.2.20. (Hilbert polynomial) Let X be a projective scheme over C. Let OX(1) be an
ample line bundle on X, then the Hilbert polynomial P (E ) is given by m 7→ X(E ⊗ OX(m)). The
Hilbert polynomial can be explicitly calculated as follows:

Suppose E is a coherent sheaf of dimension d and let H1, . . . ,Hd ∈ |OX(1)| be an E -regular
sequence. Then

P (E ,m) = X(E ⊗ O(m)) =

d∑
i=0

X(E |∩j≤iHj )

(
m+ i− 1

i

)
.

We know that this is a numerical polynomial so we write it as in Lemma 2.2.15. We define the i-th
coefficient of E by ai(E ) := X(E |∩j≤iHj). We can then define rank(E ) = ad(E )

ad(OX) and similarly the
degree of E with respect to OX(1) is defined to be deg(E ) = ad−1(E )− rank(E )ad−1(OX).

These two definitions make sense because in the special case when X is a compact complex
manifold and E is a holomorphic vector bundle of rank r on X then, by the Hirzebruch–Riemann–
Roch theorem [Hir95, Theorem 21.1.1], one has

X(O(m)) =

∫
exp(mH) · td(X)

=
mdHd

d!
+
md−1Hd−1td1

(d− 1)!
+ · · · .
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So we see that ad(OX) = Hd and ad−1(OX) = Hd−1td1. We can also see that

X(E (m)) =

∫
ch(E ) · exp(mH) · td(X)

=
rmdHd

d!
+
c1(E )Hd−1md−1

(d− 1)!
+
rmd−1Hd−1td1

(d− 1)!
+ · · ·

So, we see that ad(E ) = rHd and ad−1(E ) = c1(E )Hd−1 + rtd1H
d−1. Here, td(X) is the Todd

class of the tangent bundle of X, see [Hir95, 10.1, Chapter 3].

Example 2.2.21. Note that, on the curve C, the Hilbert polynomial of a torsion free sheaf F is
given by X(F (m)) = rank(F ) ·m + deg(F ) and so the only non-trivial coefficient of the reduced
polynomial is the slope.

Let us examine one of the properties mentioned earlier, specifically focusing on the additive nature
of the intersection number.

Proposition 2.2.22. [Kle66, Proposition 3] If 0→ F ′ → F → F ′′ → 0 is exact, then

(L1 · · · · ·Lt ·F ) = (L1 · · · · ·Lt ·F ′) + (L1 · · · · ·Lt ·F ′′).

In fact, we have

X(F ⊗L n1
1 ⊗ · · · ⊗L nt

t ) = X(F ′ ⊗L n1
1 ⊗ · · ·⊗L nt

t )

+X(F ′′ ⊗L n1
1 ⊗ · · · ⊗L nt

t ).
(2.10)

To end this subsection we will present a result known as Asymptotic Riemann–Roch. We start
with a definition:

Definition 2.2.23. [Laz04, Definition 1.1.23](Rank and Cycle of a Coherent Sheaf) Let X be an
irreducible variety (or scheme) of dimension n, and F a coherent sheaf on X. The rank rank(F )
of F is the length of the stalk of F at the generic point of X. If X is reduced, then

rank(F ) = n ·X(X,F )−X(X,OX).

If X is reducible (but still of dimension n), then one defines similarly the rank of F along any
n-dimensional irreducible component V of X: rankV (F ) = lengthOv

(Fv), where Fv is the stalk of
F at the generic point v of V . The cycle of F is the n-cycle

Zn(F ) =
∑
V

rankV (F ) · [V ],

the sum being taken over all n-dimensional components of X.

Theorem 2.2.24. [Laz04, Theorem 1.1.24](Asymptotic Riemann-Roch) Let X be an irreducible
projective variety of dimension n, and let D be a divisor on X. Then, the Euler characteristic
X(OX(mD)) is a polynomial of degree n in m, with

X(OX(mD)) =
deg(D)n

n!
·mn +O(mn−1).

More generally, for any coherent sheaf F on X:

X(F ⊗ OX(mD)) = rank(F ) · deg(D)n

n!
·mn +O(mn−1).
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2.2.3. Cycles and Rational equivalence. This subsection is devoted to quickly define the Chow group
of a variety. We follow the approach of [Ful84, Section 1.3]. Recall that in Definition 2.2.3 we defined
a k-cycle on X as a finite formal sum ⊕

i≥0

ni [Vi]

where the Vi are k-dimensional subvarieties of X, and the ni are integers. Additionally, we define
the assignment from the set of subvarieties to the the free abelian group

⊕
k≥0 Zk as follows: to

each subvariety V of dimension k of X correspond to it [V ] in ZkX.
Recall that to each rational function f of X, we assign the k-cycle [div(f)] defined in Equation

(2.4). We say that a k-cycle α is rationally equivalent to zero, written α ∼ 0, if there are a finite
number of (k + 1)-dimensional subvarieties Wi of X, and rational function fi ∈M ∗

Wi
, such that

α =
⊕
i≥0

[div (fi)] .

Since
[
div
(
r−1
)]

= −[div(r)], the cycles rationally equivalent to zero form a subgroup RatkX of
ZkX, called the group of rationally trivial cycles. The group of k-cycles modulo rational equivalence
on X is the factor group

AkX = ZkX/RatkX.

Define Z∗X (respectively A∗X ) as the direct sum of the ZkX (respectively AkX ) for k =
0, 1, . . . ,dim(X). A cycle (respectively cycle class) on X is an element of Z∗X (respectively A∗X ).

If α is a class in A∗X, and k is an integer, we denote by

{α}k
the component of α in AkX. Thus α =

⊕
k≥0{α}k.

A cycle is positive if it is not zero, and each of its coefficients is a positive integer. A cycle class
is positive if it can be represented by a positive cycle.

Definition 2.2.25. The Chow group Chowi(X) of i-dimensional cycles on X is the quotient group
of Zi(X) by the subgroup of cycles rationally equivalent to zero. We define Chow∗(X) to be the
graded group

⊕
i≥0Chowi(X).

For each subvariety Z we denote by [Z] the class of Z in the Chow group, and if two subvarieties
Z and W are such that [Z] = [W ], then Z and W are said to be rationally equivalent.

Example 2.2.26. Let X be a variety of dimension n, the Chow group Chown−1(X) is the divisor
class group of X, see Equation 2.6. When X is smooth over k, this is isomorphic to the Picard
group of line bundles on X.

We will shortly comment on the ring structure of Chowi(X) without giving any proof. Instead,
we recommend the reader to see [Ful84, Chapter 19] for a complete discussion on this ring structure.

When X is a smooth variety over C, the Chow groups form a ring, not just a graded abelian
group. Namely, when X is smooth over k, define Chowi(X) to be the Chow group of codimension-i
cycles on X. Note that if X is of dimension n, this just means that Chowi(X) = Chown−i(X).
Then the groups Chow∗(X) form a commutative graded ring with the product:

Chowi(X)× Chowj(X)→ Chowi+j(X).

The product arises from intersecting algebraic cycles, see Corollary 2.2.18.
For example, if Y and Z are smooth subvarieties of X of codimension i and j respectively, and if

Y and Z intersect transversely, then the product [Y ][Z] in Chowi+j(X) is the sum of the irreducible
components of the intersection Y ∩ Z, which all have codimension i+ j.

29



2.2.4. Ampleness. This subsection is devoted to lay down some useful results pertaining to the
classical theory of ample line bundles.

Definition 2.2.27. [Laz04, Definition 1.2.1](Ample and very ample line bundles and divisors). Let
X be a complete scheme, and L a line bundle on X.

i) L is very ample if there exists a closed embedding X ↪→ P of X into some projective space
P = PN such that

L = OX(1) := OPN (1)
∣∣
X
.

ii) L is ample if L⊗m is very ample for some m > 0.
A Cartier divisor D on X is ample or very ample if the corresponding line bundle OX(D) is ample
or very ample respectively.

Remark 2.2.28. Note that a very ample bundle is basepoint-free since for every point x ∈ X one
can find a hyperplane H ⊂ P that does not contain the point ϕ(x). This implies that there is a
section of OPN (1) not vanishing in ϕ(x), this is equivalent to saying that there is a section of L not
vanishing in x.

Here we take the opportunity to make an definition, which is less well known.

Definition 2.2.29. (Semi-ample line bundles) A line bundle is semi-ample if some positive power
of it is basepoint-free, see Definition 2.2.9.

From this definitions and the previous remark we deduce the following implications:

L is very ample

rz %-
L is ample +3 L is semi-ample.

(2.11)

Example 2.2.30. [Laz04, Example 1.2.3](Ample line bundle on curves) If X is an irreducible curve,
and L is a line bundle on X, then L is ample if and only if deg(L) > 0.

Example 2.2.31. [Laz04, Example 1.2.4](Varieties with Pic = Z) If X is a projective variety with
Pic(X) = Z, then any non-zero effective divisor on X is ample. This applies, for instance, when X
is a projective space or a Grassmannian.

Example 2.2.32. [Laz04, Example 1.2.5](Intersection products) If D1, . . . , Dn are ample divisors
on an n-dimensional projective variety X, then D1 · . . . ·Dn > 0. (One can assume that each Di is
very ample, and then the inequality reduces to Example 2.2.30)

Theorem 2.2.33. [Laz04, Theorem 1.2.6](Cartan–Serre–Grothendieck Theorem) Let L be a line
bundle on a complete scheme X. The following are equivalent:

(i) L is ample.
(ii) Given any coherent sheaf F on X, there exists a positive integer m1 = m1(F ) having the

property that H i(X,F ⊗ L⊗m) = 0 for all i > 0 and m ≥ m1(F ).
(iii) Given any coherent sheaf F on X, there exists a positive integer m2 = m2(F ) such that

F ⊗ L⊗m is generated by its global sections for all m ≥ m2(F ).
(iv) There is a positive integer m3 > 0 such that L⊗m is very ample for every m ≥ m3.
The conclusion in (ii) is often referred to as Serre’s vanishing theorem.

Example 2.2.34. [Laz04, Example 1.2.11](Ample line bundles on a product) If L and M are ample
line bundles on projective schemes X and Y respectively, then pr∗1L⊗ pr∗2M is ample on X × Y .
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Corollary 2.2.35. [Laz04, Corollary 1.2.15](Globally generated line bundles). Suppose that L is
globally generated, and let

ϕ = ϕ|L| : X → P = P(H0(X,L))

be the resulting map to projective space defined by the complete linear system |L|. Then L is ample
if and only if ϕ is a finite mapping, or equivalently if and only if

∫
C c1(L) > 0 for every irreducible

curve C ⊂ X.

Proposition 2.2.36. [Laz04, Proposition 1.2.16] Let X be a complete scheme, and L a line bundle
on X.

(i) L is ample on X if and only if Lred is ample on Xred.
(ii) L is ample on X if and only if the restriction of L to each irreducible component of X is ample.

Theorem 2.2.37. [Laz04, Theorem 1.2.17](Amplitude in families). Let f : X → T be a proper
morphism of schemes, and L a line bundle on X. Given t ∈ T , write Xt = f−1(t), Lt = L|Xt .
Assume that L0 is ample on X0 for some point 0 ∈ T . Then there is an open neighborhood U of 0
in T such that Lt is ample on Xt for all t ∈ U . Observe that we do not assume that f is flat.

Here we show that amplitude is characterized numerically in the following sense.

Theorem 2.2.38. [Laz04, Theorem 1.2.23 ](Nakai-Moishezon-Kleiman criterion). Let L be a line
bundle on a projective scheme X. Then L is ample if and only if∫

V
c1(L)

dim(V ) > 0

for every positive-dimensional irreducible subvariety V ⊆ X (including the irreducible components
of X).

From this Theorem it follows that the amplitude of a divisor depends only on its numerical
equivalence class as we can see from

Corollary 2.2.39. [Laz04, Corollary 1.2.24] (Numerical nature of amplitude). If D1, D2 ∈ Div(X)
are numerically equivalent Cartier divisors on a projective variety or scheme X, then D1 is ample
if and only if D2 is.

For questions of positivity, it is very useful to be able to discuss small perturbations of a given
divisor class. The natural way to do so is through the formalism of R-divisors, which we develop
now.

Definition 2.2.40. [Laz04, Section 1.3.B] (R-divisors). Let X be an algebraic variety or scheme.
An R-divisor on X is an element of the R-vector space

DivR(X) := Div(X)⊗Z R.

Let DivR(X) be the set of R-divisors on X. Supposing X is complete, there is an associated R-
valued intersection theory, giving rise in particular to the notion of numerical equivalence. More
concretely, an R-divisor is represented by a finite sum D =

∑
i ciAi where ci ∈ R and Ai ∈ Div(X).

We say that D is numerically trivial if and only if
∑

i ci(Ai, C) = 0 for every curve C ⊂ X. The
resulting vector space of equivalence classes is denoted by N1(X)R. Note that after tensoring with
R, the previous statement coincides with Definition 2.2.10. Hence, according to Definition 2.2.11,
we have N1(X)R = N1(X) ⊗Z R. We say that D is effective if D =

∑
i ciAi with ci ≥ 0 and Ai

effective.

Operations and supports of R-divisors are defined as follows, see [Laz04, Section 1.3.B].
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Definition 2.2.41. (Supports) Let D ∈ DivR(X) be a R-divisor. A codimension one subset E ⊂ X
supports D, or is a support of D if D admits a representation D =

∑
i ciAi in which the union of

the supports of the Ai is contained in E.

All the usual operations and properties of Cartier divisors extend naturally to this setting simply
by tensoring with R:

Definition 2.2.42. (Equivalences and operations on R-divisors). Assume henceforth that X is
complete.

i) Given a subvariety or subscheme V ⊂ X of pure dimension k, an R-valued intersection product

DivR(X)× . . .×DivR(X) −−→ R, (D1, . . . , Dk) 7→ D1 · . . . ·Dk · [V ]

is defined via extension of scalars from the analogous product on Div(X).
ii) If f : Y → X is a morphism such that the image of every associated subvariety of Y meets a

support of D ∈ DivR(X) properly, then f∗D ∈ DivR(Y ) is defined by extension of scalars from
the corresponding pullback on integral divisors (this being independent of the representation
of D as D =

∑
i ciAi).

iii) If f : Y → X is an arbitrary morphism of complete varieties or projective schemes, extension of
scalars gives rise to a functorial induced homomorphism f∗ : N1(X)R → N1(Y )R compatible
with the divisor-level pullback defined in in the discussion below Definition 2.2.40.

Example 2.2.43. [Laz04, Example 1.3.10] One has an isomorphism

N1(X)R = N1(X)⊗Z R.

For ampleness of R-divisors, however, the situation is slightly more subtle.

Definition 2.2.44. [Laz04, Definition 1.3.11](Amplitude for R-divisors). Assume that X is com-
plete. An R-divisor D on X is ample if it can be expressed as a finite sum

D =
∑
i

ciAi,

where ci > 0 is a positive real number and Ai is an ample Cartier divisor, recall Definition 2.2.2.

As before, amplitude depends only on numerical equivalence classes:

Proposition 2.2.45. [Laz04, Proposition 1.3.13](Ample classes for R-divisors). The amplitude of
an R-divisor depends only on its numerical equivalence class.

Finally, we give with the definition of Nef divisors.

Definition 2.2.46. [Laz04, Definition 1.4.1](Nef line bundles and divisors).Let X be a complete
variety or scheme. A line bundle L on X is numerically effective or Nef if∫

C
c1(L) ≥ 0

for every irreducible curve C ⊂ X. Similarly, a Cartier divisor D on X (with Z, or R coefficients)
is Nef if

(D · C) ≥ 0

for all irreducible curves C ⊆ X.

The definition evidently only depends on the numerical equivalence class of L or D, and so one
has a notion of Nef classes in N1(X) and N1(X)R. Note that any ample class is Nef, as is the sum
of two Nef classes.
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2.3. Geometric Invariant Theory. In this subsection we want to give a very succinct introduc-
tion to Geometric Invariant Theory (GIT) applied to schemes over the complex numbers. The
choice to restrict to this case is twofold, first the theory is cleaner an easier to understand in this
case and second the results needed for the rest of the thesis only draw from the complex case. There
are a lot of very good references for this topic including [Hos23], we will be following [Sch08]. At
its core, GIT is a method for constructing group quotients in algebraic geometry. For this reason,
it is frequently used to construct moduli spaces.

More concretely, we will deal with two special cases: when X is an affine variety over the complex
numbers and when X is a projective variety, again over the complex numbers. Moreover, we are
interested in actions of an affine algebraic group G and we want to get a notion of a categorical
quotient within the algebraic category. For starters the only compact affine groups are finite groups.
This means that for an affine non compact group its action on a topological space X typically
has some non-closed orbits. Consequently, the topological quotient X/G will not be Hausdorff.
Therefore, the space of orbits is quickly ruled out as a candidate and thus we are lead to look into
some further identification of orbits in order to get a quotient.

The previous remark tells us that a geometric quotient (i.e., orbit space) does not exist in general
because the action is not necessarily closed, see Example 2.3.14. For finite groups G, every good
quotient is a geometric quotient as the action of a finite group is always closed. In some special
cases when G is discrete and the action is properly discontinuous then a quotient still exists because
the orbits remain closed. By allowing a discrete group to have a wandering action in the sense of
[PS24, Remark 3.19] a different kind of quotient, known as Orbifold, is possible. See [PS24] for a
construction of the modular curve as an Orbifold.

Without further ado let us start with some basic definitions.

2.3.1. Affine quotients.

Definition 2.3.1. A linear (or affine) algebraic group is a group object G in the category of affine
algebraic varieties. More precisely, this means that G is an affine algebraic variety equipped with a
neutral element e ∈ G, a regular map µ : G×G→ G, called the multiplication, and a regular map
inv : G→ G, called the inversion map, such that the tuple (G, e, µ, inv) is a group.

Definition 2.3.2. An (algebraic) action of an affine algebraic group G on a variety X is a morphism
of varieties σ : G×X → X such that the following diagrams commute:

X
e×idX//

idX ##

G×X
σ
��
X

G×G×X idG ×σ//

mG×idX
��

G×X
σ
��

G×X σ
// X

(2.12)

Suppose we have actions σX : G × X → X and σY : G × Y → Y of an affine algebraic group
G on varieties X and Y . Then, a morphism f : X → Y is G-equivariant if the following diagram
commutes:

G×X G× Y

X Y.

idG ×f

σX σY

f

If Y is given the trivial action σY = πY : G × Y → Y , then we refer to a G-equivariant morphism
f : X → Y as a G-invariant morphism.
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Note that this action induces an action on the ring of regular functions of X by the following
homomorphism

G×Aut(OX)→ Aut(OX)

(g, f(x)) 7→ f(g−1 · x) ∀x ∈ X
(2.13)

In the particular case when X has the structure of a vector space we call the action σ a repre-
sentation of the group G.

Example 2.3.3. [Sch08, 1.2.1.2] Consider the action

σ : C∗ × Cn → Cn, (z, v) 7→ z · v.

As a point set is equal to Pn−1 ∪ {0}. A regular function on Cn which is constant on any line is a
constant function. Thus, the ring of invariant functions C[Cn]ρ is just C and hence Specmax(C) =
{pt}.

This example is interesting because it demonstrates that when a function f ∈ C[V ]ρ is continuous
in the Zariski topology, it implies that the function must be constant not only on the orbit O itself
but also on the closure O of any orbit. This fact is also true in the strong topology, because the
closure of a path in the Zariski and strong topology coincide because a path is constructible.

In this example, orbits are of the form C∗ · v hence the only closed orbit is attained when
v = 0. This fact suggests that a quotient space only composed by orbits does not capture enough
“geometric” information, but rather one should identify orbits if their closures meet. We stick with
this idea and make the following definition:

Definition 2.3.4. Let V be a finite dimensional complex space, G be an affine group together with
a representation ρ : G→ GL(V ).

We say that the ring of invariant functions, denoted by C[V ]ρ is the graded ring of functions
f ∈ C[V ] such that for all g ∈ G and all v ∈ V the following holds:

f(ρ(g−1) · v) = f(v). (2.14)

Since C[V ]ρ is a subset of C[V ] then it inherits the graded ring structure from it.
Furthermore we denote the quotient of V by G through the action ρ by

V//ρ G := Specmax C[V ]ρ. (2.15)

Note that there is an accompanying quotient map π : Specmax C[V ]→ Specmax C[V ]ρ.

We distinguish the points in V according to the structure of their orbits

Definition 2.3.5. An element v ∈ V is said to be ρ-stable if the orbit of v is closed and has the
same dimension as G; ρ-semistable if the origin 0 is not contained in the closure of the orbit of v;
not ρ-semistable if 0 lies in the closure of the orbit of v. A nullform is a point v in V which is
mapped, through the quotient π, to the same point in the quotient as 0 ∈ V . If it is clear of which
representation ρ we are talking, we will simply speak of stable points and so on.

Remark 2.3.6. Note that by definition, stable points are semistable. A point v ∈ V is semistable
if there is a non-constant homogeneous element in C[V ]ρ that does not vanish at v. In other words,
v is a nullform if and only if all non-constant homogeneous ρ-invariant functions vanish at v.

Let us give some useful theorems in algebraic group theory.

Theorem 2.3.7. [Sch08, Theorem 1.1.3.3] Let G be a linear algebraic group. Then, there exists a
positive integer n, such that G is isomorphic to a closed subgroup of GLn(C).
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In the following, we will use the notion “torus” only in the algebraic sense, that is a linear algebraic
group isomorphic to (C∗)r for some r ∈ N. Let G be an affine algebraic group. A maximal torus of
G is a subgroup T which is a torus and is maximal with respect to inclusion among all subgroups
of G which are tori. It is known ( [Bor91, Corollary 11.3]) that any two maximal tori T and T ′ of
G are conjugate, that is, there is an element g ∈ G with T ′ = g · T · g−1. In particular, T and T ′

have the same dimension.

Theorem 2.3.8. [Sch08, Theorem 1.5.1.7](Cartan Decomposition) Let G be a reductive affine alge-
braic group and T a maximal torus of G. Then, there is a compact real Lie subgroup H ⊂ G, such
that G = H · T ·H.

Let G be an affine algebraic group, V a finite-dimensional complex vector space, and ρ : G →
GL(V ) a representation of G on V . We say that the subspace W ⊆ V is ρ-invariant if ρ(g)(W ) ⊆W
for all g ∈ G. In that case, the group G acts on W , and we may restrict the representation ρ to
ρ|W : G → GL(W ). We call ρ irreducible if V does not contain ρ-invariant subspaces apart from
the trivial ones, {0} and V .

Definition 2.3.9. [Sch08, Section 1.1.4] A representation is called completely reducible if it de-
composes as a direct sum of irreducible representations. See [Sch08, Section 1.1.2] for details on the
definition of operations among representations.

The group G is called reductive, if any finite dimensional representation of G is completely
reducible.

Theorem 2.3.10. (Chevalley’s theorem)[Mil17, Theorem 4.19] Let G be an algebraic group. Every
algebraic subgroup H of G arises as the stabilizer of a one-dimensional subspace L in a finite-
dimensional representation V of G.

Example 2.3.11. Let G be a reductive group, ρ : G → GL(V ) a faithful representation. For
non-negative integers a, b, c we have the GL(V )-module

Va,b,c = (V ⊗a)⊕b ⊗ (
r∧
V )⊗−c, r := dim(V ), (2.16)

and, for tuples a = (a1, . . . , an), b = (b1, . . . , bn), and c = (c1, . . . , cn), we define the GL(V )-module

Va,b,c :=
n⊕
i=1

Vai,bi,ci . (2.17)

Hence we get a representation GL(V )→ GL(Va,b,c), we will denote it by κa,b,c. By [Sch04b, Corollary
1.2] we have integer tuples a, b, c such that the representation ρ is a direct summand of the natural
representation κa,b,c. Thus, there exists a G-submodule W ′ of Va,b,c which is complementary to W ,
and we find an isomorphism Va,b,c ∼= W ⊕W ′ of G-modules. Hence ρ is a direct summand of the
restriction of κa,b,c over G.

Let us discuss the structure of the orbits of an action through the following proposition, which is
more general, and through an illustrative example.

Proposition 2.3.12. Let G be an affine algebraic group acting on a variety X. The orbits of closed
points are locally closed subsets of X. Moreover, the boundary of an orbit G · x − G · x is a union
of orbits of strictly smaller dimension. In particular, each orbit closure contains a closed orbit.

Proof. Let x ∈ X(C). The orbit G · x is the set-theoretic image of the morphism σx, hence by a
theorem of Chevalley [Har77, II Exercise 3.19], it is constructible, i.e., there exists a dense open
subset U of G · x with U ⊂ G · x ⊂ G · x.

The boundary of an orbit G ·x is invariant under the action of G and thus is a union of G-orbits.
Since the orbit is a locally closed subvariety of G, it contains a subset U which is open and dense
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in its closure G · x. The orbit G · x is the union over g of the translates gU of U , and therefore it is
open and dense in its closure G · x. Thus the boundary G · x \G · x is closed and of strictly lower
dimension than G · x. It is clear that orbits of minimum dimension are closed, so each orbit closure
contains a closed orbit. □

Definition 2.3.13. An action of an affine algebraic group G on a variety X is closed if all G-orbits
in X are closed.

An example of the following is obtained by removing the origin from the following Example, see
Figure 4.

Figure 4. Graph of the orbits of the action α

Example 2.3.14. Consider the action of the group C∗ on C2 given by α : t · (x, y) = (tx, t−1y).
The orbits of this action are:

• Conics {(x, y) : xy = β} for β ∈ C∗,
• The punctured x-axis,
• The punctured y-axis,
• The origin.

The origin and the conic orbits are closed, whereas the punctured axes both contain the origin in
their orbit closures. The dimension of the orbit of the origin is strictly smaller than the dimension
of C∗, indicating that the stabilizer of the origin has positive dimension, thus the stabilizer group
is C∗.

The orbit spaceX/G = {G·x : x ∈ X} for the G-action onX, may not always admit the structure
of a variety. A natural variety structure on X/G is associated whenever the map X → X/G is
regular, see [Har77, Section 3]. Instead, we ask for a universal quotient in the category of varieties.

Definition 2.3.15. A categorical quotient for the action of G on X is a pair (ϕ, Y ) consisting of a
G-invariant morphism ϕ : X → Y of varieties which is universal together with the space Y . More
specifically we have that every other G-invariant morphism f : X → Z factors uniquely through
ϕ so that there exists a unique morphism h : Y → Z such that f = ϕ ◦ h. Furthermore, if the
preimage of each point in Y is a single orbit, then we say ϕ is an orbit space.
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As ϕ is constant on orbits, it is also constant on orbit closures. Hence, a categorical quotient is
an orbit space only if the action of G on X is closed; that is, all the orbits G · x are closed.

Remark 2.3.16. The categorical quotient exhibits useful functorial properties: If ϕ : X → Y is
invariant under the action of G, and we have an open cover Ui of Y such that ϕ restricted to each
ϕ−1(Ui) is a categorical quotient, then ϕ itself is a categorical quotient.

In this case, let us denote the subalgebra of invariant functions by

C[X]G := {f ∈ C[X] : g · f = f for all g ∈ G}. (2.18)

Here, g ·f stands for the associated action on the ring of functions C[X], given by g ·f(x) = f(g−1 ·x).
This is similar to the representation case where G acted through ρ : G→ GL(V ), see Equation 2.14.
Similarly, if U ⊂ X is a subset which is invariant under the action of G (that is, g · u ∈ U for all
u ∈ U and g ∈ G), then G acts on OX(U) and we write OX(U)G for the subalgebra of invariant
functions.

The concept of “Good quotients” originated from geometric invariant theory, specifically, GIT
quotients are constructed as the spectrum of the ring of invariant functions under certain conditions.
In [MFK94], Mumford showed that GIT quotients satisfy the criteria of good quotients and further
he showed that they are also categorical quotients. Moreover, Good quotients are highly desirable
because they parameterize orbits.

Definition 2.3.17. [Sch08, Section 1.4.1] A morphism ϕ : X → Y is a good quotient for the action
of G on X if

i) ϕ is G-invariant.
ii) ϕ is surjective.
iii) If U ⊂ Y is an open subset, the morphism OY (U)→ OX(ϕ

−1(U)) is an isomorphism onto the
G-invariant functions OX(ϕ

−1(U))G.
iv) If W ⊂ X is a G-invariant closed subset of X, its image ϕ(W ) is closed in Y .
v) If W1 and W2 are disjoint G-invariant closed subsets, then ϕ(W1) and ϕ(W2) are disjoint.
vi) ϕ is affine (i.e., the preimage of every affine open is affine).
If moreover, the preimage of each point is a single orbit then we say ϕ is a geometric quotient.

Remark 2.3.18. Note that if G is an affine algebraic group acting on a complex space X and
ϕ : X → Y is a good quotient; then:

i) G · x1 ∩G · x2 ̸= ∅ if and only if ϕ(x1) = ϕ(x2).
ii) For each y ∈ Y , the preimage ϕ−1(y) contains a unique closed orbit. In particular, if the action

is closed (see Definition 2.3.13), then ϕ is a geometric quotient.
Since ϕ remains constant on orbit closures, if G · x1 and G · x2 intersect non-trivially, then ϕ(x1) =
ϕ(x2). Conversely, according to property v) of the good quotient ϕ, if ϕ(x1) = ϕ(x2), then G · x1
and G · x2 must intersect.

To address ii), consider two distinct closed orbits W1 and W2 in ϕ−1(y). The fact that both of
their images under ϕ are equal to y contradicts property v) of the good quotient ϕ.

Corollary 2.3.19. If ϕ : X → Y is a good (respectively geometric) quotient, then for every open
U ⊂ Y the restriction ϕ|ϕ−1(U) : ϕ

−1(U) → U is also a good (respectively geometric) quotient of G
acting on ϕ−1(U).

Lemma 2.3.20. [Sch08, Lemma 1.4.1.1] Let σ : G × V → V be an action of the affine algebraic
group G on the variety V , and suppose (Y, π) is a good quotient. Then, the pair (Y, π) enjoys the
universal property of the categorical quotient, see Definition 2.3.15.
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Recall that an action of an algebraic group G over a variety X induces the action Equation 2.13
on the ring of function C[X]. From now on we will always assume that G is a reductive group, see
Definition 2.3.9.

It is worth noting that any element f belonging to C[X] can be found within a finite-dimensional,
G-invariant subvector space W contained in C[X], where G acts via a rational representation, see
[Sch08, proof of Proposition 1.1.3.1]. In a broader context, a rational representation of the reductive
group G on a finitely generated C-algebra A is defined as a mapping

τ : G×A→ A,

satisfying the following axioms:
i) For any g ∈ G, the map τg : f 7→ g · f := τ(g, f) is a C-algebra automorphism of A; τe = idA.
ii) For all g1, g2 ∈ G, one has τg1 ◦ τg2 = τg1g2 .
iii) Every element f ∈ A is contained in a finite-dimensional subvector space W ⊂ A on which G

acts by a rational representation.

Remark 2.3.21. [Sch08, Remark 1.4.2.1 ](The Reynolds operator): If A is an infinite-dimensional
C-vector space and τ : G × A → A satisfies the above properties with “C-algebra automorphism”
replaced by “C-linear automorphism”, we say that A is a locally finite G-module. Locally finite
modules basically behave like finite-dimensional modules. For example, it is rather obvious that
any locally finite G-module is a direct sum of finite-dimensional simple modules. In particular,
the submodule AG of G-invariant elements in A is a direct summand of A. The resulting linear
projection A → AG is called the Reynolds operator. It behaves functorially with respect to G-
module homomorphisms. The Reynolds operator is only available in characteristic zero.

For a rational action of an affine algebraic group G on a finitely generated C-algebra A, Hilbert
asked whether the algebra of G-invariants AG is finitely generated. This is known in the literature
as Hilbert’s 14th problem. The answer to this problem is negative in this level of generality: Nagata
gave an example of an action of an affine algebraic group (constructed using copies of the additive
groups) for which the ring of invariants is not finitely generated. However, for reductive groups
(as defined in Definition 2.3.9), Nagata’s theorem, see [Nag64, Main Theorem], provides a positive
answer to Hilbert’s 14th problem. Unfortunately, the proof of this result lies beyond the scope of
this text.

Theorem 2.3.22. [Sch08, Theorem 1.4.2.2](Hilbert): Let G be a reductive algebraic group, A a
finitely generated C-algebra, and ρ : G → GL(A) a rational representation of G on A. Then, the
algebra

Aρ = {f ∈ A | ρ(g, f) = f for all g ∈ G}
defined in Equation 2.18, is finitely generated.

Take β : G × C[X] → C[X] to be the associated representation coming from an action α : G ×
X → X, as in the discussion following Equation 2.18. Let us denote by ρ : G → GL(C[X]) the
representation obtained by setting

ρ(g) · f = β(g, f) ∀f ∈ C[X],∀g ∈ G.
Note that is a rational representation of G on C[X]. The algebra C[X]ρ is finitely generated by the
above theorem. Thus, we find a quick quotient by applying Equation (2.15) to the ring of invariant
functions of the affine variety X. Hence we set

X//ρG := Specmax(C[X]ρ). (2.19)

The inclusion C[X]ρ ⊂ C[X] yields the morphism π : X → X//G. It turns out that this is the right
choice for the categorical quotient.
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Theorem 2.3.23. [Sch08, Theorem 1.4.2.4] The pair (X//G, π) is a good quotient for X with respect
to the action σ.

Note that, when a reductive group G acts on an affine variety X in general a geometric quotient
does not exist because the action is not necessarily closed. The way to solve this problem is to
define an open subset Xs of “stable” points in X for which there is a geometric quotient.

The open subset Xs will be defined with the help of ρ-stable points, see Definition 2.3.5.

Definition 2.3.24. We say x ∈ X is stable if its orbit is closed in X and dimG · x = 0 (or
equivalently, dimG · x = dimG). We let Xs denote the set of stable points.

The open subset Xs of stable points in X is important because when restricting the action to it
and performs the quotient construction then one obtains a geometric quotient. We will explore this
in the projective case in the next section.

The most important tool for finding the stable and semistable points is provided by the following
theorem:

Theorem 2.3.25. [Sch08, Theorem 1.2.1.9](Hilbert–Mumford criterion). Let V be a vector space
on which the reductive group G acts. The point v ∈ V fails to be stable (semistable), if and only if
there is a non-constant one parameter subgroup λ : C∗ → G with

lim
z→∞

λ(z) · v = w (= 0)

for an appropriate point w ∈ V .

Remark 2.3.26. [Sch08, Remark 1.2.1.10] Note that limz→∞ λ(z) · v lies, if it exists, in the closure
of the orbit of v. Thus, the necessity of the stated condition is evident.

2.3.2. Projective quotients and linearizations. The goal of this section is to use the theory of affine
quotients developed in the previous subsection as a local model for constructing projective quo-
tients. Recall that the affine GIT quotient just constructed is the morphism π : X → X//G :=
Specmax C[X]G of affine schemes associated to the inclusion π∗ : C[X]G ↪→ C[X].

More concretely, the goal is to find invariant affine open subsets {Ui}i∈I of X for which the
restricted action σi : G × Ui → Ui has a good quotient, after which a gluing construction may be
performed. In this section, we define an open subset Xs of ‘stable’ points in X for which there is a
geometric quotient by using linearizations.

Definition 2.3.27. [Sch08, Section 1.4.3 page 56] Let p : L→ X be a line bundle. A linearization
of the action σ : G×X → X on L is an action σ′ : G×L→ L of G on the line bundle L, satisfying
the following two axioms:

i) The projection p is G-equivariant, i.e., p(g ·σ′ l) = g ·σ p(l) for all g ∈ G and l ∈ L.
ii) For g ∈ G and x ∈ X, the induced map Lx → Lg·σ′x, w 7→ g ·σ′ w, is linear.

A given linearization σ in L induces further linearizations of the action σ, for example, σ⊗r in
the tensor powers L⊗r, r ∈ N, and σ∨ in the dual line bundle L∨.

Definition 2.3.28. Let s : X → L be a G-equivariant section of the line bundle L. Then, the set
Xs := {x ∈ X | s(x) ̸= 0} is a σ-invariant, open subset of X. We call a point x ∈ X

i) σ-semistable if there exists a positive number r and a G-equivariant section s of L⊗r such that
Xs is affine and contains x.

ii) We say that x is σ-polystable if, in addition, the orbit G · x is closed in Xs.
iii) Finally, a point x ∈ X is σ-stable if there exist r > 0 and aG-equivariant section s ∈ H0(X,L⊗r)

such that Xs is affine, x ∈ Xs, dim(G · x) = dim(G), and all orbits of the action of G on Xs

are closed seen inside of Xs.
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The set of σ-semistable points is denoted by Xss
σ and the set of σ-stable points by Xs

σ. These
sets are open in X, see [Sch08, Lemma 1.4.3.4].

Example 2.3.29. In the previous subsection 2.3.1, we defined stable points for the action of a
reductive affine algebraic group G on a vector space V . If we look at the resulting action σ on P(V ∨)
together with its induced linearization σ in OP(V ∨)(1) =: L , then [v] ∈ P(V ∨) is σ-(semi)stable
if and only if v is (semi)stable in the sense defined in the linear case. Although not necessary,
this can easily be verified by using the Hilbert–Mumford criterion. More precisely given a point
v ∈ V one has that 0 does not belong to the closure of the orbit G · v if and only if for every one
parameter subgroup λ : C∗ → G the point v∞ := limz→∞ λ(z) · v is not 0. Since the action of λ
is linear on V then it is diagonalisable, meaning that there are weights ri and a basis {vi}1≤i≤n
satisfying λ(t)vi = trivi for all 1 ≤ i ≤ n. The previous condition is equivalent to asking the
quantity weight(L |[v∞]) = min{ri|xi ̸= 0} to be more than or equal to 0, see [Hos23, Remark 3.10].
In turn, the reductiveness of G and the disjointedness of G · v and 0 imply that there is a section
s ∈ H0(P(V ∨),L ⊗r)G such that s([v]) is not 0, see [Hos23, Theorem 3.9].

An alternative to this approach is to interpret the global sections in H0(P(V ∨),OP(V ∨)(n)) as
polynomial functions of degree n for all n ∈ N. An extra dimension comparison between the orbits
of V and P(V ) is then performed.

Before presenting the main theorem on the existence of quotients, we note that in the following
theorem it is not necessary to require the ampleness of the linearization, see [Sch08, Theorem
1.4.3.7].

Theorem 2.3.30. [Sch08, Theorem 1.4.3.8] Let G be a reductive affine algebraic group, and X a
quasi-projective variety together with a G-action denoted by σ, and L an ample line bundle over X.
Suppose σ : G× L→ L is a linearization of the action σ.

i) The good quotient of Xss
σ with respect to the induced G-action does exist and is a quasi-projective

variety. We denote it by (X//σG, π). If X is projective and L is ample, then the quotient X//σG
is projective, too.

ii) In X//σG, there is an open subset Us with π−1(Us) = Xs
σ, such that (Us, π|Xs

σ
) is the geometric

quotient of Xs
σ for the induced action by G.

Proof. Here we repeat the proof given in the reference because we find it useful for what follows.
If r ∈ N is sufficiently large, then there are invariant global sections s1, . . . , sn ∈ H0(V,L⊗r),

such that the Ui := Xsi , i = 1, . . . , n, are affine subsets which cover the variety Xss
σ . The action

of G on X induces actions of G on the Ui. Since the Ui are affine varieties, the good quotients
(Wi, πi) of the Ui by these actions exist, according to Theorem 2.3.23. The functions sij := sj/si
are G-invariant and regular on Ui ∩ Uj , so that we may interpret them as elements of C[Wi]. Set
Wij := {w ∈ Wi | sij(w) ̸= 0}. Then, we have π−1

i (Wij) = Ui ∩ Uj = π−1
j (Wji). Since restriction

of a G-invariant function induces an inclusion of spectra then (Wij , πi|Wij ) and (Wji, πj |Wji) are
both good quotients for Ui ∩ Uj with respect to the induced G-action. Thus, there is a uniquely
determined isomorphism ψij :Wij →Wji with ψij ◦πi = πj . Since the ψij are uniquely determined,
they obey the cocycle rule ψij ◦ ψjk = ψik on the triple intersection. Therefore, we may glue
the Wi to a pre-variety W . By the compatibility conditions on the πi, there is also a morphism
π : V ss

σ →W with π|Ui = πi. It remains to be shown that W is quasi-projective (and, therefore, in
particular a variety). The Wi form an affine covering of W , and the sij ∈ OW (Wi ∩Wj) satisfy the
cocycle condition. Hence, they define a line bundle M over W , such that π∗(M) = L⊗r. Moreover,
it is clear that the sections si ∈ H0(V,L⊗r) descend to sections s∗i ∈ H0(W,M), i.e., there are
sections s∗i ∈ H0(W,M) with π∗(s∗i ) = si, i = 1, . . . , n. Note that Ws∗i

= Wi, i = 1, . . . , n. By
Theorem [Gro60, II, Theorems 4.5.2 and 4.5.10], the line bundle M is ample. Finally, (W,π) is a
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good quotient, this is true because by construction we have a covering where the same statement is
true for each open set of the covering, see [Sch08, Exercise 1.4.1.2].

If V is a projective variety and L is an ample line bundle, then we may equivariantly embed V
into Proj(W ), W := H0(V,L⊗r). Let R be the homogeneous coordinate ring of V in Proj(W ). The
linearization induces a degree preserving representation ∗ of G on R. The quotient V//σG is then
the projective variety Proj(R∗). This verifies the first part of the theorem.

The second part is proved along similar lines. Here, we choose the sections si ∈ H0(V,L⊗r),
i = 1, . . . , n, in such a manner that the sets Ui := Vsi are affine and such that all orbits of the
induced G-action on Ui are closed. □

Remark 2.3.31. [Sch08, Remark 1.4.3.9] The above construction yields a variety V//σG, a mor-
phism π : V → V//σG, and an ample line bundle M on V//σG. Notably, the line bundle depends
solely on the number r. Let s1, . . . , sn and s′1, . . . , s

′
m be two sets of sections as described in the

preceding proof. Define W := ⟨s1, . . . , sn⟩ and W ′ := ⟨s′1, . . . , s′m⟩. It suffices to consider the case
where W ′ ⊆W . The evaluation map W ⊗ OV → L defines the rational map

V 99K V//σG
ι−→ P(W ),

and we find M = ι∗(OP(W )(1)). Now, composing this morphism with the projection P(W ) 99K
P(W ′), the resulting rational map is associated with the evaluation map W ′ ⊗ OV → L, yielding
the same line bundle M on V//σG.

Furthermore, we claim that for the line bundles M and M ′ constructed with respect to the
numbers r and r′, respectively, there exist positive numbers µ and µ′ such that

M⊗µ ≃M ′⊗µ′ .

Assuming r′ = t ·r for some t > 0. Let M be constructed from the sections s1, . . . , sn ∈ H0(V,L⊗r).
Then, the construction with respect to the sections st1, . . . , stn ∈ H0(V,L⊗r′) supplies the line bundle
M⊗t, which, as observed before, agrees with M ′.

In general, two line bundles L and L′ on the variety V are called equivalent if there exist positive
integers µ and µ′ such that L⊗µ ≃ L′⊗µ′ . A polarization is then the equivalence class [L] of an
ample line bundle L on V .

If the linearization is not ample one can still proceed as follows. Let X be a quasi-projective
scheme with an action by a reductive group G and L be a linearization of this action. Recall that
in Definition 2.3.28, we say that a point x ∈ X is L-semistable if it satisfies item (1) and we say it
is L-stable if it satisfies item (3).

The open subsets of stable and semistable points with respect to L are denoted Xs(L) and Xss(L)
respectively.

Remark 2.3.32. Of course if X is projective and L is ample, then this agrees with Definition
2.3.28.

In this setting, the GIT quotient X//LG is defined by taking the projective spectrum of the
ring R(X,L)G =

⊕
r≥0H

0(X,L⊗r)G of G-invariant sections of powers of L, we will do such a
construction multiple times in particular in 3.5.7. One proves that φ : Xss(L)→ Y := X//LG is a
good quotient by locally showing that this morphism is obtained by gluing affine GIT quotients in
exactly the same way as Theorem 2.3.30. Then similarly to item (ii), one proves that this restricts
to a geometric quotient on the stable locus. In particular, we have the following result.

Theorem 2.3.33. [MFK94, Proposition 1.9](Mumford) Let G be a reductive group acting on a
quasi-projective scheme X and L be a linearization of this action. Then there is a quasi-projective
scheme X//LG and a good quotient ϕ : Xss(L)→ X//LG of the G-action on Xss(L). Furthermore,
there is an open subset Y s ⊂ X//LG such that ϕ−1(Y s) = Xs(L) and ϕ : Xs(L)→ Y s is a geometric
quotient for the G-action on Xs(L).
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Let us prove the following proposition.

Proposition 2.3.34. [Sch08, Exercise 1.4.3.11] Let G be a reductive linear algebraic group which
acts on the quasi-projective varieties X and Y and let φ : X → Y be a G-equivariant affine
morphism. If the good quotient Y → Y//G exists then we have the following:

i) The good quotient X → X//G exists and comes with an affine morphism φ : X//G→ Y//G.
ii) If φ is finite then φ is finite, too.

Proof. In order to prove this statement, we will cover X with G-invariant open subsets which will
then glue as in Theorem 2.3.30.

Since π : Y → Y//G exists, then we know that the inclusion C[Y ]G ↪→ C[Y ] induces a rational
morphism which is undefined on the nullcone:

NS(Y ) = {y ∈ Y : f(y) = 0 ∀f ∈ S+ :=
⊕
l>0

Sl} ⊂ Y.

Denote the map π ◦ φ by Φ, we have that φ−1(Yf ) = Xf◦φ. Since Yf = {y ∈ Y | f(y) ̸= 0} is an
open affine subset of Y with f a G-invariant function on Y then φ−1(Yf ) = Xf◦φ is an open affine
subset of X. Since φ is G-equivariant we have that f ◦ φ is a G-invariant function.

Let Uf := π(Yf ), by Equation (2.19) we have that C[Uf ] = C[Y ]Gf the localized ring of invariant
functions. This induces a well-defined morphism (φ|Φ−1(Uf ))

∗ : C[Y ]Gf → C[X]f◦φ. Define Rf :=

im((φ|Φ−1(Uf ))
∗). We have the following commutative diagram

C[Y ]f
φ∗
// C[X]f◦φ

C[Yf ]G

OO

(φ|Φ−1(Uf ))
∗
// Rf .

OO
(2.20)

Note that this diagram induces a morphism of algebraic varieties Xf◦φ → Spec(Rf ). We define the
nullcone of Xf◦φ in the following way

NS(Xf◦φ) = {x ∈ Xf◦φ : g(x) = 0 ∀g ∈ Rf} ⊂ Xf◦φ.

We thus get the quotient (Xf◦φ \NS(Xf◦φ))//G := Spec(Rf ), further by the universal properties
of the localization we have a quotient morphism Xss

f◦φ := Xf◦φ \NS(Xf◦φ)→ Spec(Rf ).
Since Y =

⋃
f∈S+ Yf and φ is affine then

⋃
f∈S+ Xf◦φ is a cover by affine subsets of X. Note

that the intersection of two affine invariant subsets Yf and Yf ′ is the affine subset Yf ·f ′ hence
the intersection of Xf◦φ and Xf ′◦φ results in the affine open subset X(f ·f ′)◦φ = φ−1(Yf ·f ′) =

φ−1(Yf ∩ Yf ′). We define X//G by gluing the local quotients of the form Rf , this is well defined
because removing the nullcone ensures unique gluing conditions, see Theorem 2.3.30 and [Sch08,
Exercise 1.4.3.10]. More precisely, the local quotients Spec(Rfi) can be glued via the transition maps
between overlapping Ufi ∩ Ufj induced by the ring homomorphisms between Rfi and Rfj . Since
we have the affine property on intersections of affine invariant subsets then X//G is separated.
Moreover, the quotient morphism π′ : X → X//G is obtained by gluing the local morphisms
Xss
f◦φ := Xf◦φ \NS(Xf◦φ)→ Spec(Rf ).
For the second part, we have the following commutative diagram

X

��

φ // Y

��
X//G

φ
// Y//G.

(2.21)
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We will repeat the argument in [GLSS08, Lemma 2.1.7]. The argument follows from the last part
of [MFK94, Theorem A.1.1]. The point is that, if φ is finite, then X is the spectrum of the sheaf
φ∗(OX) of OY -algebras which is coherent as an OY -module. Hence, by the theorem cited above,
(φ∗OX)

G is a coherent OY//G-module, which is also an OY//G-algebra whose spectrum is X//G.
Hence, φ is a finite morphism.

□

In particular, it is well known that the pullback of an ample line bundle through a finite morphism
is again ample, see [Gro61, Proposition 5.1.12]. This means that if we apply the previous proposition
to the case where Y//G is projective then X//G will also be projective.

Example 2.3.35. [Sch08, Example 1.4.3.14](Weighted Projective Spaces).
Let V = V1 ⊕ · · · ⊕ Vs be the direct sum of finite-dimensional complex vector spaces, and

(d1, . . . , ds) a tuple of positive integers. We look at the C∗-action

α : C∗ × (V1 ⊕ · · · ⊕ Vs) −→ V1 ⊕ · · · ⊕ Vs, (z, (v1, . . . , vs)) 7→ (zd1 · v1, . . . , zds · vs).
Then, the quotient P(d) := (V \ {0})//C∗ exists as a normal projective variety. It is the weighted
projective space for the weights d = (d1, . . . , d1, . . . , ds, . . . , ds), where the number di is repeated
ri := dim(Vi) times. Let us give a construction which will be useful to us later on. To this end, we
look at the linearization

σ : C∗ × (V \ {0} × C) −→ (V \ {0} × C), (z, (v, t)) 7→ (z · v, z · t).
If vi = (vi1, . . . , v

i
ri) is a basis for Vi, i = 1, . . . , s, and if x11, . . . , x1r1 , . . . , x

s
1, . . . , x

s
rs is the basis which

is dual to the resulting basis of V , then one checks

P(d) ∼= Proj(C
[
x11, . . . , x

1
r1 , . . . , x

s
1, . . . , x

s
rs

]
)

we note that the ring R := C
[
x11, . . . , x

1
r1 , . . . , x

s
1, . . . , x

s
rs

]
is not graded as usual. Rather the variable

xiv has weight di, v = 1, . . . , ri, i = 1, . . . , s. We write R =
⊕

i≥0Ri. For every positive integer d,
we define the subring

R(d) :=
⊕
i≥0

R(id).

By the Veronese embedding (see [Har77, Exercise 2.12]),

Proj
(
R(d)

)
∼= Proj(R).

For a suitable common multiple d of the integers di (one may, in fact, take the least common multiple
in this setting), the ring R(d) is generated in degree one, i.e., by the elements in Rd. Therefore, we
have the surjective homomorphism

Sym∗(Rd) −→ R(d)

of graded algebras which gives rise to the closed embedding

P(d) ↪→ P(Rd).
Let us consider the vector space

Vd :=
⊕

t=(t1,...,ts):t1d1+···+tsds=d

Symt1(V ∨
1 )⊗ · · · ⊗ Symts(V ∨

s ).

Note that there is the obvious surjection Vd → Rd, so that we altogether find the surjective homo-
morphism

Sym∗(Vd) −→ R(d)

of graded algebras and with it the closed embedding

ιd : P(d) ↪→ P(Vd).
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This embedding might also be described in a slightly more functorial manner. Indeed, over V ,
there are the tautological sections si : OV → Vi ⊗ OV which give rise to the homomorphisms
τi : V

∨
i ⊗ OV → OV . Thus, we may form the homomorphism

τ̂d :=
⊕

t=(t1,...,ts):t1d1+···+tsds=d

Symt1(τ1)⊗ · · · ⊗ Symts(τs) : Vd ⊗ OV → OV .

The restriction of τ̂d to V \ {0} provides a morphism V \ {0} → P(Vd) which factorizes over the
closed embedding ιd.

Since the GIT process we have described so far depends on the choice of a linearization, it raises
the question of whether any choice of linearization yields an isomorphic quotient. In order to given
an answer first note that a linearization σ : G × L → L can be changed by multiplication by a
character of G. More specifically, if χ : G → C∗ is a character of G, let the linearization χ · σ be
such that G×Lv → Lg·v, (g, w) 7→ χ(g) ·σ(g, w), for every point v ∈ V . If V is a projective variety,
this is the only way to get new linearizations.

Lemma 2.3.36. [Sch08, Lemma 1.4.3.16] Assume, in the above setting, that V is a projective
variety. Then, two linearizations σ1, σ2 : G×L→ L of the G-action in V differ only by a character
of G.

The proof of existence of linearizations requires deeper results on reductive groups and algebraic
varieties which go beyond the work presented here. We recommend the reader to see the proof
of the following theorem which was originally stated as [MFK94, Corollary 1.6], for the sake of
completeness we present it next.

Theorem 2.3.37. [Sch08, Theorem 1.4.3.18] Let G be a reductive affine algebraic group, X a normal
variety, σ : G × X → X an action of G on X, and L a line bundle on X. Then, there exist a
number n ∈ Z>0 and a linearization σ : G× Ln → Ln of the action σ in Ln.

To end this section we would like to present some descent results. They can all be found in [HL10,
Section 4.2] except for the last one.

Theorem 2.3.38. [HL10, Theorem 4.2.15] Let π : X → Y be a good quotient, and let F be a
G-linearized locally free sheaf on X. A necessary and sufficient condition for F to descend is that
for any point x ∈ X in a closed G-orbit the stabilizer Gx of x acts trivially on the fibre F (x).

Let PicG(X) denote the group of all isomorphism classes of G-linearized line bundles on X, the
group structure being given by the tensor product of two line bundles.

Theorem 2.3.39. [HL10, Theorem 4.2.16] Let π : X → X//G be a good quotient. Then the natural
homomorphism π∗ : Pic(X//G)→ PicG(X) is injective.

These results in particular will be very useful for moduli spaces constructed as good quotients,
see Section 9.4.

Next, we will present the following generalization of the classical projection formula to the equi-
variant setting:

Lemma 2.3.40. [Gre10, Lemma 9.2](Equivariant projection formula). Let G be an algebraic group,
let Y be an algebraic G-variety, and let f : Y → Z be a G-invariant morphism to an algebraic variety
Z. Then, for every G-linearized coherent algebraic sheaf F on Y and every locally free sheaf E of
finite rank on Z, there is a natural isomorphism

f∗(F ⊗ f∗E )G ∼= f∗(F )G ⊗ E .

Here, f∗E is given the natural G-linearization as a pullback bundle via an invariant morphism, and
F ⊗ f∗E is given the natural tensor product linearization.
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2.3.3. Variation of GIT quotients. In this subsection we will study the linearizations of an action
λ : C∗×P(W )→ P(W ) in more detail, in order to characterize the different quotients it might have.
More specifically, we will clarify how the sets of (semi)stable and polystable points look like for
different linearizations. The discussion is taken from the Section [Sch08, Polarized C∗-quotients].
Additionally we insist on the importance of this discussion because the general variation of GIT-
Quotients stems from it, see [Sch08, Section 1.6].

Suppose λ : C∗ ×W∨ → W∨ is a lifting of the action λ. This is equivalent to a linearization of
λ in OP(W )(1), denoted again by λ, see [Sch08, Lemma 1.4.3.4]. The action of C∗ decomposes the
module W∨ as

W∨ =
m⊕
i=1

W∨
i

where W∨
i is the non-trivial eigenspace associated to the character χdi : C∗ → C∗, z 7→ zdi , and we

assume d1 < . . . < dm. Let v ∈ P(W ) and w ∈W∨ \ {0} a lift of v. We set

dλmin(v) := min
i
{di | w has a non-trivial component in W∨

i },

dλmax(v) := max
i
{di | w has a non-trivial component in W∨

i }.

Theorem 2.3.41. [Sch08, Theorem 1.4.3.20]
i) The point v ∈ P(W ) is λ-semistable if and only if dλmin(v) ≤ 0 ≤ dλmax(v).
ii) The point v ∈ P(W ) is λ-polystable if and only if either dλmin(v) = 0 = dλmax(v) or dλmin(v) <

0 < dλmax(v).

To describe all possible linearizations of λ in ample line bundles, we start with the given repre-
sentation λ, which corresponds to a linearization of the C∗-action in OP(W )(1). The kth powers,
k ≥ 1, of this linearization may also be described in terms of representations. We have the kth sym-
metric power λk : C∗ × Symk(W∨)→ Symk(W∨) of λ. Using the identification of Symk(W∨) with
Symk(W )∨ coming from linear algebra, λk provides an action of C∗ on P(Symk(W )). The Veronese
embedding vk : P(W )→ P(Symk(W )) is then C∗-equivariant, so that λk leads to a linearization of
λ in OP(W )(k). So far, we have found a linearization of λ in each line bundle OP(W )(k), k ∈ N+.
According to Lemma 2.3.36, we obtain any other such linearization by multiplying an element of
the above list by a character of C∗. Define the representation λkd : C∗ × Symk(W∨)→ Symk(W∨),
(z, w) 7→ z−d · λk(z, w), k ∈ N+, d ∈ Z. This supplies a linearization of λ in OP(W )(k) which will
be denoted by λkd too. All possible linearizations of λ in ample line bundles are, therefore, given by
the members of the family λkd, k ∈ N+, d ∈ Z.

Any of these linearizations yields a polarized variety (Qkd, [M
k
d ]) as the quotient. If d

k = d′

k′ , then
(Qkd, [M

k
d ]) and (Qk

′
d′ , [M

k′
d′ ]) are isomorphic as polarized varieties. This results from the fact that

λt·kt·d (as a representation) is just the t th symmetric power of λkd, t ≥ 1.
Observe that, for any point v ∈ P(W ),

d
λkd
min(vk(v)) = k · dλmin(v)− d, d

λkd
max(vk(v)) = k · dλmax(v)− d.

This leads to the following result:

Theorem 2.3.42. [Sch08, Theorem 1.4.3.22]
i) A point v ∈ P(W ) is λkd-semistable if and only if dλmin(v) ≤ d

k ≤ d
λ
max(v).

ii) A point v ∈ P(W ) is λkd-polystable if and only if either dλmin(v) = d
k = dλmax(v) or dλmin(v) <

d
k < dλmax(v). In particular, any point v ∈ P(W ) is polystable with respect to the linearization
λkd, for an appropriate choice of d ∈ Z and k ∈ N+.
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To an integer i with 1 ≤ i ≤ 2m, we associate a subset Ii of Q, according to the following list:

Ii :=


Q\ [d1, dm] , if i = 2m{
d i+1

2

}
, if i is odd(

d i
2
, d i

2
+1

)
, if i ̸= 2m is even.

Corollary 2.3.43. [Sch08, Corollary 1.4.3.23] The equality P(W )ss
λkd

= P(W )ss
λk

′
d′

holds, if and only

if there is an index i ∈ {1, . . . , 2m}, such that Ii contains both d/k and d′/k′.
Moreover, if i is even and d, k with d/k ∈ Ii and d±i , k

±
i with d−i /k

−
i = di/2 and d+i /k

+
i = di/2+1

are given, then
P(W )ss

λkd
⊆ P(W )ss

λk
−

d−
and P(W )ss

λkd
⊆ P(W )ss

λk
+

d+

.

All in all, there are 2m notions of semistability for the given C∗-action λ. Denote the correspond-
ing unpolarized quotients by Qi, i = 1, . . . , 2m. Note that Q2m = ∅. The final observation in the
previous corollary shows that there are maps between those quotients.

Q2

  ~~

~~ Q2m−2

%%yy
Q1 Q3

yy Q2m−3 Q2m−1

. (2.22)

In [Sch08, Section 1.6], Schmitt takes a look at the general situation for the variation of GIT
quotient when a group G acts on a variety X. Here we will give a short account of some results
exposed there.

Let X be a projective algebraic variety, σ : G×X → X an action of the reductive group G on X,
and σ : G× L→ L a linearization of the action in the ample line bundle L. We have the following
result:

Theorem 2.3.44. [Sch08, Theorem 1.6.1.1] There are only finitely many open subsets U ⊆ X such
that there exists a linearization σ as above with U = Xσ

ss.

Let X be a projective algebraic variety and G a reductive group acting on X. We have observed
that the flexibility in choosing linearizations results in only finitely many categorical quotients of
open subsets of X. We now aim to compare quotients obtained from different linearizations, akin
to what we did in the case where G = C∗. To accomplish this, we revert to the initial scenario
discussed in this section.

Consider two linearizations σ1 : G×L1 → L1 and σ2 : G×L2 → L2 of the action σ. Here, L1 and
L2 are assumed to be very ample, leading to representations ρ1 : G→ GL(V1) and ρ2 : G→ GL(V2),
as well as equivariant embeddings ι1 : X → P(V1) and ι2 : X → P(V2). Additionally, there exists
an equivariant embedding ι : X → P(V1) × P(V2) mapping x to (ι1(x), ι2(x)). Pulling back the
linearized line bundle O(m,n) via ι yields the line bundle Lm,n := L⊗m

1 ⊗L⊗n
2 with the linearization

σm,n := σ⊗m1 ⊗σ⊗n2 . Introducing η := n/m, we observe that X(s)s
σm,n = X

(s)s
σm′,n′ if n/m = n′/m′. Thus,

we denote X(s)s
η instead of X(s)s

σm,n .
We also define X(s)s

0 := X
(s)s
σ1 and X(s)s

∞ := X
(s)s
σ2 . Let M := P(L1⊕L2). The given linearizations

σ1 and σ2 induce a G-action on M and an equivariant embedding κ : M → P(V1 ⊕ V2). Similar
to the approach in [Sch08, Section 1.6.1], we introduce an additional linearized C∗-action on M ,
leading to C∗-quotients X(s)s

η → X//σm,nG, where η := n/m ∈ [0,∞], of the variety M//G.
The results of [Sch08, Section 1.4.3] and more specifically Corollary 2.3.43 imply the following

statement:
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Theorem 2.3.45. [Sch08, Theorem 1.6.2.2] There are finitely many critical values η1, . . . , ηm ∈
(0,∞) ∩Q, such that, setting η0 := 0 and ηm+1 :=∞, the following properties hold true.

i) For i = 0, . . . ,m and η, η′ ∈ (ηi, ηi+1), one has Xη
s = Xη′

s .
ii) For i = 0, . . . ,m and η ∈ (ηi, ηi+1), there are the inclusions

Xη
s ⊇ Xηi

s ∪X
ηi+1
s , Xη

ss ⊂ Xηi
ss ∩X

ηi+1
ss .

Set Qi := Xηi
ss//G, i = 0, . . . ,m+1, and Q∗

i := Xη
ss, for η ∈ (ηi, ηi+1), i = 0, . . . ,m. These quotients

fit into a diagram as follows:

Q̃0

  ~~

~~ Q̃m

""}}
Q0 Q1

}} Qm Qm+1

(2.23)

3. Multipolarization and semistable sheaves

We will use extensively the theories of weakly normal spaces and ample divisors in order to
carefully develop the theory of sheaves that are semistable with respect to a multipolarization.

More concretely, we will first specialize the definitions given in Subsection 2.1 to the case of
projective manifolds. For more information see Section 2.3 in [GT17]. Afterwards, we will use the
properties of weakly normal spaces to overcome the loss of flatness caused by restricting families of
coherent shaves over complete intersection in Theorem 3.4.1. This theorem allows us to compare the
determinant line bundle induced by a family of coherent line bundles on X and the determinant line
bundle induces by the restriction to a complete intersection of the same family, see Proposition 3.4.2.
This comparison is the key ingredient needed to build the moduli space of semistable sheaves with
respect to a multipolarization in Theorem 3.5.7 and establish a universal property of the moduli
space in the Main Theorem of the section, see Theorem 3.3.7.

Definition 3.0.1. [GT17, Definition 2.8] An algebraic variety X is weakly normal if and only if the
associated (reduced) complex space Xan, see Section 1.4, is weakly normal in the sense of Definition
2.1.8.

We will denote the category of weakly normal varieties by Varwn.

Weak normality is an essential tool for extension. This property is exploited by the following
lemma.

Lemma 3.0.2. (Extension of sections on weakly normal varieties [GT17, Lemma 2.12]) Let G be a
connected linear algebraic group, let S be a weakly normal G-variety, and L a G-linearized bundle
on S. Then, there exists a finite system of irreducible subvarieties (Si)i=1,...,m of S with the following
property:

If T is a closed G-invariant subvariety of S such that
i) the intersection of T with each irreducible component Σ of S has codimension at least two in
Σ, and

ii) T does not contain any of the Si,
then any G-invariant section σ ∈ H0(S \ T,L )G extends to a G-invariant section σ ∈ H0(S,L )G.

Let us extend the weak normalization Theorem, see Theorem 2.1.17, to algebraic varieties.

Proposition 3.0.3. [GT17, Proposition 2.9] For any algebraic variety/reduced complex space X,
there exists a weak normalization. More precisely, a weakly normal algebraic variety/complex space
Xwn together with a finite, surjective map ν : Xwn → X enjoying the following universal property:
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If Y is any weakly normal algebraic variety together with a regular map ψ : Y → X, there exists a
uniquely determined regular map ψ̂ : Y → Xwn that fits into the following commutative diagram:

Xwn

ν
��

Y

ψ̂
<<

ψ // X.

If X is a separated scheme of finite type (or complex space), then by slight abuse of notation the
reduced weakly normal scheme (or complex space, respectively) Xwn

red will also be denoted by Xwn.

Remark 3.0.4. Note that, if we restrict this statement to reduced complex spaces we recover 2.1.17.
Additionally, the weak normalization map ν : Xwn → X is a homeomorphism, see [Fis76, Section
2.29] for the proof.

Weak normality is customarily used in the construction of the Chow variety, see [Kol96, Theorem
I.3.21] . This fact is connected to the construction of Quot-to-Chow type morphisms in Section 8.2.
For now, let us present the main moduli problem in [GT17].

Given the established intersection theory of divisors in the Section 2.2, at this moment, we can
provide a precise definition of semistability for coherent sheaves with respect to a multipolarization.
Recall that Equation (1.2) defines the degree of a torsion-free sheaf E on X with respect to a
multipolarization (H1, . . . ,Hn−1). In the following we say that E is (H1, . . . ,Hn−1)-semistable if
for any coherent subsheaf F of intermediate rank in E we have

µ(F ) :=
c1(F ) · (H1 · · · · ·Hn−1)

rk(F )
≤ c1(E ) · (H1 · · · · ·Hn−1)

rk(E)
= µ(E). (3.1)

If the strict inequality holds for all F , we say that E is (H1, . . . ,Hn−1)-stable.
Let us define the moduli functor which determines the principal classification problem in [GT17].

First, let ĉ be a numeric class in Knum(X) and let Λ be a fixed line bundle over X.

Definition 3.0.5. Let Mµ−ss(ĉ, Λ) denote the functor that associates with each weakly normal
variety B the set of isomorphism classes of B-flat families of µ-semistable sheaves of class ĉ ∈
Knum(X) and determinant Λ.

Before starting with the following section, let us give some definitions and properties of coherent
sheaves.

3.1. Properties of coherent sheaves. The contents of this subsection are all contained in [HL10,
Chapter 1]. We will only present the relevant definitions and proposition for our purposes and invite
the reader to see the reference for more details.

Definition 3.1.1. [HL10, Definition 1.1.1] The support of E is the closed set Supp(E ) = {x ∈
X |Ex ̸= 0}. Its dimension is called the dimension of the sheaf E and is denoted by dim(E ). The
annihilator ideal sheaf of E , i.e., the kernel of OX → End(E ), defines a subvariety structure on
Supp(E ).

Definition 3.1.2. [HL10, Definition 1.1.2] The coherent sheaf E is pure of dimension d if dim(F ) =
d for all non-trivial coherent subsheaves F ⊂ E .

Recall that a coherent sheaf E on an algebraic variety X is torsion free if for each x ∈ X and
s ∈ OX,x \ {0}, multiplication by s is an injective homomorphism Ex → Ex. Thus, the property of
a d-dimensional sheaf E to be pure is a generalization of the property to be torsion free.

Definition 3.1.3. [HL10, Definition 1.1.5] The saturation of a subsheaf F ⊂ E is the minimal
subsheaf F ′ containing F such that E /F ′ is pure of dimension d = dim(E ) or zero.
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For a sheaf E whose support is of dimension n, we define the dual as Hom(E ,OX) and denoted
by E ∨. Note that, it is a non-trivial torsion-free sheaf. Note that, if the dimension of E is less than
n, then the dual is trivial. Thus, a modification for sheaves of smaller dimension is necessary.

Definition 3.1.4. [HL10, Definition 1.1.7] Let E be a coherent sheaf of dimension d, and let
c = n− d be its codimension. The dual sheaf is defined as E ∨ = ExtcX(E , ωX). Here ωX is a fixed
polarization of X.

Lemma 3.1.5. [HL10, Lemma 1.1.8] There is a spectral sequence

Epq2 = ExtpX(Ext
−q
X (E , ωX), ωX)⇒ E .

In particular, there is a natural homomorphism θE : E → E c,−c
c = E ∨∨.

Definition 3.1.6. [HL10, Definition 1.1.9] A coherent sheaf E of codimension c is called reflexive
if θE is an isomorphism. E ∨∨ is called the reflexive hull of E .

We summarize some results about reflexive sheaves in the following lemma:

Proposition 3.1.7. [HL10, Proposition 1.1.10] Let E be a coherent sheaf of codimension c on a
smooth projective variety X. Then, the following conditions are equivalent:

i) E is pure
ii) codim(Extq(E , ωX)) ≥ q + 1 for all q > c
iii) θE is injective.
Similarly, the following conditions are equivalent:

(i′) E is reflexive, i.e. θE is an isomorphism
(ii′) E is the dual of a coherent sheaf of codimension c
(iii′) codim(Extq(E , ωX)) ≥ q + 2 for all q > c

Let us discuss what happens when restricting a torsion free sheaf to a hyperplane section.

Lemma 3.1.8. [GT17, Lemma 3.1](Preserving flatness under restriction to hyperplane sections)
Let G be a connected algebraic group. Let G act on X a projective manifold of dimension n ≥ 2.
Let H be a very ample polarization on X, S an algebraic G-variety, S1, . . . , Sm closed irreducible
G-invariant subvarieties of S, and E a G-linearized S-flat family of coherent sheaves on X such
that for each i ∈ {1, . . . ,m} there exists some point si ∈ Si such that Esi is torsion-free.

Then, there exists a dense open subset U in |H| such that every X ′ ∈ U is smooth, and such that
for every X ′ ∈ U , there exists a G-invariant closed subvariety T ⊂ S with the following properties:

i) The restriction E |(S\T )×X′ is flat over S \ T .
ii) Each Esi |X′ is torsion-free on X ′.
iii) If we denote the restriction E |(S\T )×X′ by E ′, the following sequence of G-linearized (S∩T )-flat

sheaves is exact:

0→ E |(S\T )×X′(−((S \ T )×X ′)))→ E |(S\T )×X → E ′ → 0.

iv) For every i ∈ {1, . . . ,m}, the intersection T ∩ Si has codimension at least two in Si.

Proof. The set Stf ⊂ S parameterizing torsion-free sheaves in the family E is G-invariant and
Zariski-open in S. Moreover, for every i ∈ {1, . . . ,m}, the intersection of Stf with Si is dense in Si.
For any smooth hyperplane section X ′ ∈ |H|, the restriction E |Stf×X′ is flat, and the sequence

0→ E |Stf×X′(−(Stf ×X ′))→ E |Stf×X → E |Stf×X′ → 0

is exact, see [HL10, Lemma 2.1.4].
In addition to the given points si, choose further points, one on each irreducible component of

Si∩Stf, whenever these open subschemes are non-empty; call the resulting finite set Sch. By [HL10,
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Lemma 1.1.12], for each s ∈ Sch there exists a Zariski-open dense subset V (s) of |H| such that every
X ′ ∈ V (s) is smooth and Es-regular, i.e., the natural map Es(−X ′)→ Es is injective. Moreover, by
[HL10, Corollary 1.1.14.ii], the set V (s) may be chosen in such a way that additionally for every
X ′ ∈ V (s), all the restricted sheaves Esi |X′ remain torsion-free.

With these preparatory considerations in place, if we set

U :=
⋂
s∈Sch

V (s),

it follows from [Mat86, Corollary to Theorem 22.6] that for each X ′ ∈ U the restricted family
E |Stf×X′ is flat over a G-invariant open neighborhood N(X ′, s) of s in S, and that the associated
sequence

0→ E |N(X′,s)×X(−(N(X ′, s)×X ′))→ E |N(X′,s)×X → E |N(X′,s)×X′ → 0

is exact. Therefore, the subvariety T := S \
(
Stf ∪

⋃
s∈Sch

N(X ′, s)
)

has the desired properties i)
to iv). □

Let us explore what happens to global sections when restricting to hyperplane sections and
intersection curves. To do that let us introduce the incidence variety.

For a positive integerm, let Sm denote the projective space of lines in the vector spaceH0(X,Hm).
For a sequence of positive integers m = (m1, . . . ,mt), 1 ≤ t ≤ n − 1, let Sm be the product
Sm1 = P(H0(X,Hm1

1 ))× · · · × Smt = P(H0(X,Hmt
t )). We have the following diagram:

X × Sm ⊃ Zm Sm

X

qm

pm

where Zm is the incidence variety:

Zm = {(x, s1, . . . , st) ∈ X × Sm | si(x) = 0, 1 ≤ i ≤ t} (3.2)

and pm and qm are the projections.

Proposition 3.1.9. (General Enriques–Severi Lemma) [BR82, Proposition 3.2]
Let X ⊂ PN be a non-singular projective variety of dimension n > 2. Let F be a coherent reflexive

sheaf on X. Then, there is an m0 such that if m = (m1, . . . ,mt), 1 < t < n−1, with each mi > m0,
then there is a nonempty open subset U of Sm such that for s = (s1, . . . , st) ∈ U , the restriction
map H0(X,F ) → H0(Xs, F \Xs) is surjective, where Xs = q−1

m (s) is the subscheme of X defined
by the ideal generated by s1, . . . , st.

3.2. Boundedness. In the process of constructing moduli spaces, it is crucial to ensure that the set
of sheaves to be parameterized is suitably constrained. This motivation leads to the consideration
of semistable sheaves with a reduction of structure group. Here, we present fundamental definitions.

Definition 3.2.1. [HL10, Definition 1.7.5] A family of isomorphism classes of coherent sheaves on
X is bounded if there is a C-scheme S of finite type and a coherent OS×X -sheaf F such that the
given family is contained in the set {F |Spec(k(s))×X |s a closed point in S}.

Let us give two definitions that will help us state some equivalent conditions of boundedness.

Definition 3.2.2. Let m be an integer, and F a coherent sheaf on X. We say that F is m-regular
if

H i(X,F (m− i)) = 0; for all i > 0.

Clearly, if F is m-regular and m0 > m, then F is also m0-regular. From Serre’s vanishing theorem,
it follows that there is always an integer m such that F is m-regular. Therefore, we can define,
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Definition 3.2.3. Let F be a coherent sheaf on X. The regularity of F is defined by

reg(F ) = inf{m ∈ Z : F is m-regular}.

We will give some useful equivalent conditions for boundedness.

Lemma 3.2.4. [HL10, Lemma 1.7.6]
The following properties of a family of sheaves {Fι}ι∈I are equivalent:
i) The family is bounded.
ii) The set of Hilbert polynomials {P (Fι)}ι∈I is finite, and there is a uniform bound reg(Fι) ≤ C

for all ι ∈ I.
iii) The set of Hilbert polynomials {P (Fι)}ι∈I is finite, and there is a coherent sheaf F such that

all Fι admit surjective homomorphisms F → Fι.

Definition 3.2.5. Let E be a torsion free sheaf on X. A Harder-Narasimhan filtration for E is an
increasing filtration

E • := 0 = E0 ⊂ E1 ⊂ . . . ⊂ Ek = E ,

such that the factors GrE
•

i = Ei/Ei−1 for i = 1, . . . , k, are semistable torsion free sheaves satisfying

µ(E1) =: µ1 > . . . > µk := µ(Ek/Ek−1).

where µ is the slope with respect to the fixed multipolarization H1, . . . ,Hn−1 from the beginning.

Definition 3.2.6. Let E be a torsion-free sheaf then µmin(E ) denotes the minimum number in the
set {µ(Ei/Ei−1)}1≤i≤l. Similarly µmax(E ) denotes the maximum number in the set {µ(Ei/Ei−1)}1≤i≤l
Theorem 3.2.7. [HL10, Theorem 3.3.7] Let f : X → S be a projective morphism of schemes of
finite type over k, and let OX(1) be an f -ample line bundle. Let P be a polynomial of degree d,
and let µ0 be a rational number. Then, the family of purely d-dimensional sheaves on the fibres of
f with Hilbert polynomial P and maximal slope µmax ≤ µ0 is bounded. In particular, the family of
semistable sheaves with Hilbert polynomial P is bounded.

In order to construct a moduli space Greb and Toma proved that the set of semistable coher-
ent sheaves over a projective manifold X that are semistable with respect to a multipolarization
(H1, . . . ,Hn−1) is bounded, according to the definitions above. The idea of the proof is, as in the
single polarization case, to use Kleiman’s criterion (see [HL10, Theorem 1.7.8]) together with a
uniform bound for the number of global sections of a semistable sheaf in terms of its slope. This
bound can be obtained from the Grauert–Mülich theorem, and in the single polarization case, it is
realized by Le Potier-Simpson’s inequality (see [HL10, Lemma 3.3.2]).

Coming back to Harder-Narasimhan filtrations we have the following theorem.

Theorem 3.2.8. Every torsion free sheaf on X has a unique Harder-Narasimhan filtration.

Proof. The proof of this statement is based in [HL10, Theorem 1.3.4]. Which in turn is based on
the existence of maximal destabilizing subsheaves. This is a subsheaf F ⊂ E such that for all
subsheaves G ⊂ E one has deg(F ) ≥ deg(G ), and in case of equality F ⊃ G . Moreover, F is
uniquely determined and semistable. The existence of the maximal destabilizing subsheaves comes
from finding a maximal element among a partial order defined on the set of nontrivial subsheaves.

Note that slope with respect to a multipolarization also defines a partial order on the set of
nontrivial subsheaves. In this way, we also find the maximal destabilizing subsheaves with respect
to a multipolarization by finding the maximal element in the partial order, this is guaranteed
by a straightforward use of Zorn’s lemma just as in the reference above. Thus by iterating this
construction over the appropriate subsheaves one obtains the desired filtration. □

We take a moment here to define the minimal slope of a sheaf.
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Definition 3.2.9. Let E be a torsion-free sheaf over X and 0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek is its Harder–
Narasimhan filtration (constructed with respect to the multipolarization (H1, . . . ,Hn−1)). Recall
that µmin(E ) denotes the minimum number in the set {µ(Ei/Ei−1)}1≤i≤l and µmax(E ) denotes the
maximum number in the set {µ(Ei/Ei−1)}1≤i≤l.

Further, assume that Hi is a very ample invertible sheaf and let Di ∈ |Hi| be hypersurfaces.
Then, we denote by µ(E )l the slope of the restriction of E to a general complete intersection
D := D1 ∩ · · · ∩Dl, 1 ≤ l ≤ n− 1 with respect to the multipolarization (Hl+1|D, . . . ,Hn+1|D).

Next, we briefly recall the notion of regular sequence of hyperplane sections.

Definition 3.2.10. Let E be a coherent sheaf on X, and let L be a line bundle on X. A section
s ∈ H0(X,L) is called E -regular if and only if

E ⊗ L∨ ·s−→ E

is injective.
A sequence s1, . . . , sl ∈ H0(X,L) is called E -regular if si is E /(s1, . . . , si−1)(E ⊗ L∨)-regular for

all i = 1, . . . , l.
Obviously, s ∈ H0(X,L) is E -regular if and only if its zero set H ∈ |L| contains none of the

associated points of E . We also say that the divisor H ∈ |L| is E -regular if the corresponding
section s ∈ H0(X,L) is E -regular. In the same way we say that a sequence of hyperplane sections
H1, . . . Hn is E -regular if the corresponding sections si ∈ H0(X,L) for i = 1, . . . n are E -regular

We present a classical criterion for boundedness. For a precise definition and different properties
of boundedness we refer the reader to a further section, namely Section 3.2.

Theorem 3.2.11. [Lan04, Theorem 1.1] (Kleiman’s Criterion) The family {Et} of coherent sheaves
on X with the same Hilbert polynomial P is bounded if and only if there are constants Ci, i =
0, . . . ,degP , such that for every Et, there exists an Et-regular sequence of hyperplane sections
H1, . . . ,HdegP such that h0(Et|∩j≤iHj ) ≤ Ci.

Lemma 3.2.12. [Lan04, Lemma 1.2] Let E be a torsion-free sheaf of rank r. For any E-regular
sequence of hyperplane sections H1, . . . ,Hn, the following inequality holds for i = 1, . . . , n:

h0(Xi, E|Xi)

r deg(X)
≤ 1

i!
[
µmax(E|X1)

deg(X)
+ i]i+,

where Xi ∈ |H1| ∩ . . . ∩ |Hn−i| and for any real number x, we set [x]+ = max(0, x)

Theorem 3.2.13. [Lan04, Theorem 4.1]
Let µmax,l (µmin,l) denote the maximal (respectively: minimal) slope of the restriction of E to a

very general complete intersection in |H1| ∩ . . . ∩ |Hl|, 1 ≤ l ≤ n− 1. Then

µmax,l − µmin,l ≤
rl/2 − 1

r −
√
r

√
2d∆(E )H2 . . . Hn−1]+ + rl/2(µmax − µmin).

Where ∆(E ) = 2rk(E )c2(E )− (rk(E )− 1)c21(E ) is the discriminant of a sheaf E

Theorem 3.2.14. [Lan04, Theorem 4.2] Let f : X → S be a projective morphism of schemes of
finite type over C, and let OX(1) be an f -ample line bundle on X. Fix a degree d polynomial P and
a real number µ0. Then, the family of purely d-dimensional sheaves on geometric fibers of f with
Hilbert polynomial P and the maximal slope bounded by µ0 is bounded.

Proof. Boundedness of torsion-free sheaves follows from Theorem 3.2.11, Lemma 3.2.12 and Theo-
rem 3.2.13. Then, the proof given by Simpson in [Sim94] implies boundedness for pure sheaves (see
the proofs of Theorem 1.1 and Proposition 3.5). □
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Proposition 3.2.15. [GT17, Proposition 2.5] The set of coherent sheaves over X with fixed Chern
classes that are semistable with respect to a multipolarization is bounded.

Proof. The proof, in the multipolarization case, follows the same outline as the corresponding state-
ment for a single polarization. First let X,S be two projective manifolds and let E be a family of
torsion free sheaves parameterized by S whose slope is bounded by µ0 and whose Hilbert polynomial
is equal to a fixed polynomial P . Consider Theorem 3.2.14 which tells us, under our hypothesis,
that the slope with respect to (H1, . . . ,Hn−1) of the family E is bounded. □

3.3. Determinant line bundles. Let us leverage the theory developed in Section 2.2 in order to
construct the determinant line bundle. This determinant line bundle will be used for the construction
of a classifying space of sheaves over X. First some preparatory propositions.

Proposition 3.3.1. [HL10, Corollary 2.1.11] Let S be a C-scheme of finite type and f : X → S a
smooth projective morphism of relative dimension n. If F is an S-flat family of coherent sheaves on
the fibres of f , then [F ] ∈ K0(X) and f![F ], defined in Definition 2.2.1, is in K0(S).

Let us define the determinant of a coherent sheaf, see [HL10, Section 1.1.17].

Definition 3.3.2. If E is a locally free sheaf of rank s, then we define its determinant, denoted
det(E ), by the line bundle

∧s(E ). More generally, let E be a coherent sheaf that admits the
following finite locally free resolution:

0→ En → En−1 → . . .→ E0 → E → 0.

In this case, we define det(E ) = ⊗i det(Ei)(−1)i. The definition does not depend on the resolution,
this fact can be readily checked in [Kob87, Chapter V, Paragraph 6].

For any Noetherian varietyX and since the determinant is multiplicative in short exact sequences,
then it defines a homomorphism det : K0(X) → Pic(X). Applying this homomorphism to the
elements [F ] ∈ K0(X) and f![F ] ∈ K0(S) in the proposition above, we get well defined line bundles

det(F ) := det([F ]) ∈ Pic(X) and det(Rf∗F ) := det(f![F ]) ∈ Pic(S).

More explicitly, if F• → F is a finite locally free resolution of F , then det(F ) =
∏
ν det(Fν)(−1)ν .

This construction commutes with base change. For example, there is a natural isomorphism

det(Rf∗F )(s) =
⊗
i

det(H i(Fs))(−1)i

for each s ∈ S. We recommend the reader to see [HL10, Proposition 2.1.10] for some further details
on resolutions of sheaves.

Let us give some class computations.

Remark 3.3.3. We will denote the degree of X with respect to H1, . . . ,Hn−1, Hi (i.e., Hi appearing
twice) by di := H1 · · · · ·Hn−1 ·Hi, see Definition 2.8. We will also denote by hi the class of OHi in
K(X), which coincides with [OX ]− [OX(−Hi)]. X(ℓ) :=

⋂ℓ
i=1Xi.

By [GSTW21, Corollary 3.2], there exists dense open subsets Uℓ ⊂ |Hℓ| for ℓ = 1, . . . , n−1. Such
that for any Xℓ ∈ Uℓ the intersection X(ℓ) :=

⋂ℓ
i=1Xi is smooth. We will denote X ′ instead of X(1).

Note that by definition X(n−1) is a smooth curve in X.
Choose a fixed base point x ∈ X(n−1) and for every class ĉ ∈ K(X)num, set:

u0(ĉ|X(n−1)) := −r[OX(n−1) ] + X(ĉ|X(n−1))[Ox] ∈ K(X(n−1)),
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ui(ĉ|X(n−1−i)) := −rhn−1|Xn−1−i · · · · · hn−i|X(n−1−i)+

X(ĉ|X(n−1−i) · hn−1|X(n−1−i) · · · · · hn−i|X(n−1−i))[Ox]

∈ K(X(n−1−i)) for 1 ≤ i ≤ n− 2

(3.3)

and finally:
un−1(ĉ) := −rhn−1 · · · · · h1 +X(ĉ · hn−1 · · · · · h1)[Ox] ∈ K(X).

Note that, this definition works even if Hi are just ample. Also note that, these classes are
somehow similar to the formula of Theorem 2.2.24, we will develop this idea further in the proof of
Proposition 5.0.20. In order to emphasize the dependence on the multipolarization, we will denote
ui(ĉ, H1, . . . ,Hn−1) for the previously defined ui(ĉ).

Let us give some examples that motivate the classes ui(ĉ) and where they originated.

Example 3.3.4. [HL10, Examples 8.1.8 iii)] Let X be a smooth variety of dimension n, H a
very ample divisor and h = [OH ] its class in K(X). Moreover, let ĉ be a class in K(X)num. This
corresponds to the case when H1 = · · · = Hn−1 = H. In order to simplify notation we will denote by
hi the product h · · · · ·h of i copies of h and we will omit the restriction part of the class hn−i|X(n−1−i)

so that it reads shortly as hn−i.
Observe that, in the expression vi(ĉ) := −X(ĉ ·hn) ·hi+X(ĉ ·hi) ·hn the first coefficient X(ĉ ·hn)

equals rk(ĉ)deg(X), whereas hn is represented by deg(X) points on X. Choose a fixed base point
x ∈ X and in the case when H1 = · · · = Hn−1 = H we have

ui(ĉ) = −r · hi +X(ĉ · hi) · [Ox]

according to Equation (3.3). Since X(ĉ ·hn) = rdeg(X), then vi(ĉ) = deg(X) ·ui(ĉ)+X(ĉ ·hi) · (hn−
deg(X) · [Ox]). Thus we remark that the class ui(ĉ) can be used to calculate specific coefficients of
the Hilbert polynomial P (m) = X(ĉ · h⊗m), see Theorem 2.2.24.

Let S be a weakly normal complex manifold, and let E be an S-flat family of coherent sheaves
over X with class ĉ and fixed determinant bundle Λ. Just as in [HL10, Definition 8.1.1], we consider
the following composition:

K(X)
π∗
X // K0(S ×X)

_·[E ]
// K0(S ×X)

(πS)! // K0(S)
det // Pic(S) . (3.4)

In particular, for each ĉ ∈ K(X), we denote by λE (ĉ) ∈ Pic(S) the evaluation of the above com-

position evaluated in ĉ, where S S ×X πX //πSoo X. We will construct determinant line bundles
over S with the help of the classes ui(ĉ|X(n−1−i)). Here is a list of some properties of the λ formalism
defined above:

Lemma 3.3.5. [HL10, Lemma 8.1.2]
i) If 0→ E ′ → E → E ′′ → 0 is a short exact sequence of S-flat families of coherent sheaves, then
λE
∼= λE ′ ⊗ λE ′′ .

ii) If E is an S-flat family and f : S′ → S is a morphism, then for any u ∈ K(X) one has
λf∗XE (u) = f∗λE (u).

iii) If G is an algebraic group, S a complex space with a G-action and E a G-linearized S-flat family
of coherent sheaves on X, then λE factors through the group PicG(S) of isomorphism classes
of G-linearized line bundles on S.

iv) Let E be an S-flat family of coherent sheaves of class ĉ ∈ K(X)num and let N be a locally free
OS-sheaf. Then, λ(E⊗π∗N )(u) ∼= λE (u)

rk(N ) ⊗ det(N )X(ĉ⊗u).
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Let us take a look at some examples from line bundles constructed with the λ-formalism of
Equation 3.4. This examples will shine some light on why the resulting line bundles are called
determinant line bundles.

Example 3.3.6. [HL10, Examples 8.1.3]
i) Let x ∈ X be a smooth point and u = [Ox] the class of the structure sheaf of x. Let E be an
S-flat family of sheaves on X and E• → E a finite locally free resolution. Then, by the previous
Lemma 3.3.5 i) we have

λE (u) =
⊗
i

λEi
(u)(−1)i =

⊗
i

det(R•p∗(Ei ⊗ Ox))
(−1)i .

Now, det(R•p∗(E i ⊗ Ox)) = det(p∗Ei|S×{x}) = p∗(det(Ei)|S×{x}). Hence

λE (u) = π∗ ⊗i det(Ei)(−1)i |S×{x} = π∗(det(E )|S×{x}).

ii) Let H ⊂ X be a very ample divisor and let h = [OH ] be its class in K(X). Then, [OX(l)] =

(1−h)−l = 1+lh+
(
l+1
2

)
h2+. . .. Let Quot(H , P ) be the Quot scheme parameterizing quotients

of the form [ρ : H → F ], where F is a Gieseker -semistable sheaf on X with Hilbert polynomial
equal to P and H = CP (m) ⊗ OX(m) with m a large enough natural number making F an
m-regular sheaf. The Hilbert polynomial here is of course calculated with respect to H, see
[HL10, Section 4.3] to see the details of this construction and see [HL10, Theorem 3.3.7] for the
boundedness result that guarantees the existence of such a Quot scheme.

Let F̃ be the universal sheaf on Quot(H , P ). The line bundles det(p!(F̃ ⊗ q∗OX(l))) on
the Quot scheme Quot(H , P ) were used for the construction of the moduli space of Gieseker
semistable sheaves. These bundles are very ample for l ≫ 0. Using the λ-formalism we have
the following expression:

det(p!(F̃ ⊗ q∗OX(l))) =λF̃ ([OX(l)])

=λF̃ (1)⊗ λF̃ (h)
l ⊗ . . .⊗ λF̃ (h

n)(
l+n−1

n ).
(3.5)

iii) Let E be a universal family parameterized by the moduli space M s of Gieseker-stable sheaves
on X, where again the Hilbert polynomial is calculated with respect to H, see [HL10, Theorem
4.3.4] for the details. As above we find that the dominant term in the l-expansion of λE ([OX(l)])

is λE (h
n)(

l+n−1
n ). Now, hn =

∑deg(X)
j=1 [Oxj ] where x1, . . . , xdeg(X) are the intersection points of

n general hyperplanes. According to the example in i) we have

λE (h
n)(

l+n−1
n ) =

deg(X)⊕
j=1

det(E )(
l+n−1

n )|Ms×{xj}.

This final example illustrates why line bundles such as λE ([OX(l)]) are called determinant line
bundles.

Let us use determinant line bundles to state the main result in [GT17]. This result is the
construction of a moduli space for the functor of Definition 3.0.5.

Theorem 3.3.7. [GT17, Main Theorem page 42] Let X be a projective manifold of dimension
≥ 2 and fix a multipolarization (H1, . . . ,Hn−1) consisting of ample line bundles in Pic(X). Take
ĉi ∈ H2i(X,Z) for 1 ≤ i ≤ n, and let r be a positive integer, ĉ ∈ K(X)num be a class with rank r
and Chern classes cj(ĉ) = cj, and Λ a line bundle on X with c1(Λ) = c1.

Then, there exists a natural number N ∈ N>0, a weakly normal projective variety Mµ−ss, an
ample line bundle OMµ−ss(1), and a natural transformation Mµ−ss → Hom(_,Mµ−ss) mapping a
family E to a classifying morphism ΦE , with the following properties:
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• For every B-flat family E of semistable sheaves of class ĉ and determinant Λ, with induced
classifying morphism ΦE , we have

Φ∗
E (OMµ−ss(1)) = λE (un−1(ĉ))

⊗N . (3.6)

• For any other triple (M ′,OM ′(1), N ′), where M ′ is a projective variety, OM ′(1) is ample on
M ′, and N ′ is a natural number such that 3.6 is fulfilled, then we have N | N ′, and there
exists a unique morphism ψ : Mµ−ss →M ′ such that ψ∗(OM ′(1)) ∼= OMµ−ss(N ′/N).

The triple (Mµ−ss,OMµ−ss(1), N) is uniquely determined up to isomorphism among the triples that
satisfy the properties above. Consequently, we call this triple the moduli space of (H1, . . . ,Hn−1)-
semistable torsion free sheaves.

The proof of the Main Theorem draws inspiration from the ideas presented by Le Potier [Pot92]
and Jun Li [Li93b] in the two-dimensional case, this is the same as we discussed in Section 1.2.
For a comprehensive exploration of these methods, refer to [HL10, Chapter 8]. More concretely,
the main tool for proving this theorem is the existence of a linearization of the SL(V )-action on a
parameter space inside a suitable Quot-Scheme.

Let us discuss some aspects of the λ formalism applied to Gieseker semistable torsion free sheaves.
For any class ĉ in K(X)num, we write ĉ(m) := ĉ · [OX(m)], where OX(1) is a fixed ample line bundle
on X, and denote by P (ĉ) the associated Hilbert polynomial P (ĉ,m) = X(ĉ(m)). If F is an S-flat
family of coherent sheaves with Hilbert polynomial P (ĉ), the points s ∈ S such that Fs is of class ĉ
form an open and closed subscheme of S. This follows from the fact that for a flat family F , the Euler
characteristic s 7→ X(Fs) is a locally constant function, see [HL10, Page 215]. As a consequence, the
moduli space M(P ) of Gieseker semistable (with respect to OX(1)) torsion free sheaves, constructed
in [HL10, Chapter 4], decomposes into finitely many open and closed subschemes M(ĉi), where ĉi
runs through the set of classes with P (ĉi) = P . When an universal family E on MGies.s(ĉ) × X
exists, it is well-defined only up to tensoring with a line bundle on MGies.s(ĉ). Part iv) of Lemma
3.3.5 shows that λE (u) is independent of this ambiguity if X(ĉ⊗ u) = 0 (when this happens we say
that u is orthogonal to ĉ). We therefore define:

Definition 3.3.8. [HL10, Definition 8.1.4] For a given class ĉ ∈ K(X)num, let

Kĉ = ĉ⊥ and Kĉ,H = ĉ⊥ ∩ {1, h, h2, . . . , hn}⊥⊥.

Here ĉ⊥ denotes the subset of all elements in K(X)num that are orthogonal to ĉ

The following theorem says that the condition c ⊥ u is also sufficient to get a well-defined
determinant line bundle on MGies.s(ĉ) by means of u. This will be a very important criterion in
Section 9.4. The set-up is the following:

We choose a very large integer m, fix a vector space V of dimension P (ĉ,m) and let H :=
V ⊗ OX(−m). Let R(ĉ) ⊂ Quot(H , P ) denote the open subscheme of quotients [q : H → F ]
for which F is a Gieseker semistable sheaf (with respect to OX(1)) of class ĉ and q induces an
isomorphism V → H0(F (m)). There is a universal family H ⊗ OR(ĉ) → F̃ . If m was chosen
large enough and ℓ >> 0, R(ĉ) is the set of semistable points in R(ĉ) with respect to the action
of SL(V ) and the canonical linearization of λF̃ ([OX(ℓ)]). Moreover, M(c) = R(ĉ)//SL(V ). The
determinant bundle det(F̃ ) of the universal family induces a morphism det : R(ĉ) → Pic(X) such
that det(F̃ ) = det∗X(P) ⊗ p∗A where P is the Poincaré line bundle on Pic(X) ×X and A some
line bundle on R(ĉ). We can formulate the following theorem:

Theorem 3.3.9. [HL10, Theorem 8.1.5] Let ĉ be a class in K(X)num as above. Then, there are
group homomorphisms λs : Kĉ → Pic(MGies.s(ĉ)) and λ : Kĉ,H → Pic(M(ĉ)) with the following
properties:

56



(1) The homomorphisms λ and λs commute with the inclusion Kĉ,H ⊂ Kĉ and the restriction
homomorphism Pic(M(ĉ))→ Pic(MGies.s(ĉ)).

(2) If E is a flat family of Gieseker semistable sheaves of class ĉ on X parameterized by S, and
if ϕE : S → M(ĉ) is the classifying morphism, then λ and λE : K(X) → Pic(S) commute
with the inclusion Kĉ,H ⊂ K(X) and the homomorphism ϕ∗E : Pic(M(ĉ))→ Pic(S).

(3) If E is a flat family of Gieseker stable sheaves of class ĉ on X parameterized by S, then λs
and λE : K(X) → Pic(S) commute with the inclusion Kc ⊂ K(X) and the homomorphism
ϕ∗E : Pic(MGies.s(ĉ))→ Pic(S).

The proof of this theorem is extremely beautiful and for that reason we recommend the reader to
see it in the reference. We do not include it here because some more background on the construction
of the moduli space of Gieseker semistable torsion free sheaves over a projective manifold is needed.
Since our goal is to study slope semistability conditions we refer to [HL10, Chapter 4] for more
details and background. We will point out that the proof of Theorem 9.4.2 below is quite similar.

Before we construct determinant line bundles with the classes ui(ĉ), defined in Equation (3.3),
note that, the definition of the class un−1(ĉ) depends on the choice of a point x ∈ X(n−1). This in
turn implies that the line bundle λE (un−1(ĉ)) also depends on the choice of a point. However, it is
shown in [HL10, Example 8.1.8 ii)] that two different points define isomorphic line bundles. Let us
take a look at the isomorphism.

Example 3.3.10. [HL10, Example 8.1.8.ii] Under the same hypothesis as Example 3.3.4 we have:
Let D0, D1 ∈ K(X) be the classes of zero-dimensional sheaves of the same length, and let D =
D0 − D1. Then, D ≡ 0, so that D is, in particular, an element in K(X) such that X(ĉ · D) = 0.
Moreover, if E is a flat family of coherent shaves on X parameterized by S of class ĉ, then we
have that λE (D) ∼= det∗(L) for some line bundle L on Pic(X), where det : K0(S) → Pic(X) is
the determinant morphism mentioned in Equation (3.4). To see this assertion is true it suffices to
prove it for the special case that Di is the structure sheaf of a closed point xi. Then, we have the
following isomorphisms of line bundles:

λE (Di) ∼= p∗(det(E )|S×{xi})
∼= A⊗ det∗(P|Pic(X)×{xi}),

where A is some line bundle on S and P is a Poincaré line bundle on Pic(X)×X, see [HL10, Section
4.A]. Thus

λE (D) = det∗(P|Pic(X)×{x0} ⊗P∨|Pic(X)×{x1}).

This implies that if we restrict λE (D) to the fibres of det−1(Q), for example when we include in
the hypothesis that E to have fixed determinant bundle, then we have that λE (D) ∼= 0 and hence
λE (D0) and λE (D1) are isomorphic.

Definition 3.3.11. As before, let E be an S-flat family of coherent sheaves over X, where S
is a weakly normal complex manifold. We say that any line bundle in the isomorphism class
λE (un−1(ĉ)) is the determinant line bundle associated with the family E . Since this is well defined
up to isomorphism we also say that λE (un−1(ĉ)) is the determinant line bundle.

Let us consider the H1 = · · · = Hn−1-case shortly in order to showcase some very useful calcula-
tions on the bundles λE (ui(ĉ)) performed in [HL10, Proposition 8.1.10 and Theorem 8.1.11].

Note that, in the above case, we have

ui(ĉ) = −r · hi +X(ĉ · hi) · [Ox].

Additionally, we have that the moduli space of Gieseker semistable torsion free sheaves of class
ĉ ∈ K(X), denoted by M(ĉ), is realized as the GIT quotient of a closed subscheme of Quot(H , P )

by the SL(V )-action. Let q : V ⊗H → F̃ be the universal quotient, then the SL(V )-action on the
Quot scheme is linearized in the line bundle λF̃ ([OX(l)]) we refer to [HL10, Example 8.1.3 ii) and
Section 4.3] for more details.
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Proposition 3.3.12. Let τm :M(ĉ)→M(ĉ(m)) be the isomorphism induced by [F ] 7→ [F⊗OX(m)].
Then

τ∗mλF̃ (ui(ĉ))
∼=
⊗
ν≥0

λF̃ (ui+ν(ĉ))
(m+ν−1

ν ).

Proof. Recall that [OX(m)] =
∑

ν≥0

(
m+ν−1

ν

)
hν ∈ K(X), and of course [Ox] ·hi = 0 for i > 0. Hence

ui(ĉ(m)) · [OX(mH)] = (−r · hi +
∑
ν≥0

(
m+ ν − 1

ν

)
X(ĉ · hi+ν) · [Ox]) ·

∑
j≥0

(
m+ j − 1

j

)
hj

=
∑
ν≥0

(
m+ ν − 1

ν

)
(−r · hi+ν +X(ĉ · hi+ν · [Ox])

=
∑
ν≥0

(
m+ ν − 1

ν

)
ui+ν(ĉ).

(3.7)

Applying λ we get the isomorphism of the proposition. □

Theorem 3.3.13. [HL10, Theorem 8.1.11] Let (X,H) be a smooth polarized projective variety, and
let ĉ be the class of a torsion-free sheaf of rank r > 0. For m ≫ 0, the line bundle λF̃ (u0(ĉ)) on
M(ĉ(m)) is relatively ample with respect to the determinant morphism det :M(ĉ(m))→ Pic(X).

Proof. Recall that in the general setup explained above, for all points [q : H → F ] in the parameter
space of semistable quotients, denoted by R(ĉ), the sheaf F (m) is regular and V → H0(F (m))

is an isomorphism. Hence, the universal family yields isomorphisms V ⊗ OR(ĉ)
∼= π∗F̃ (m) and

det(V )⊗ OR(ĉ)
∼= det p!(F̃ (m)). Since u0(ĉ(m)) = −r · [OX ] + P (m) · [Ox], we get

λ(F̃ (m)(u0(ĉ(m)))) ∼= det(V )−r ⊗ (det F̃ |R(ĉ)×{x})
P (m) ∼= det(V )−r ⊗ (A ⊗ det∗P|Pic(X)×{x})

P (m).
(3.8)

In [HL10, Theorem 4.A.1], Huybrechts and Lehn prove that A is ample relative to Pic(X) and that
some tensor power of A descends to a line bundle on M(ĉ) which is again ample relative to Pic(X).
This shows that the line bundle λF̃ (u0(ĉ)) on M(ĉ(m)) is ample relative to Pic(X). □

Note that, if the dimension of X is 1, then the line bundle λF̃ (u0(ĉ)) coincides with λF̃ ([OX(l)]).
By fixing a line bundle Λ ∈ Pic(X) and by setting Q ⊂ R(ĉ) to be the subset parameterizing
quotients q : H → F such that F has determinant isomorphic to Λ we have that λF̃ (u0(ĉ)) is ample
over Q. By Example 3.3.10 and by the proof of Theorem 3.3.9 (see also [HL10, Section 4.3]) the GIT
quotient performed with respect to the line bundle λF̃ ([OX(l)]) yields the projective moduli space
of semistable vector bundles over X, as the quotient Q//SL(V ). Note that, Gieseker semistability
and slope semistability are equivalent in this case.

3.4. Effective restriction theorems. In the two-dimensional case, the extension of the Mehta-
Ramanathan type restriction theorem to higher dimensions becomes a crucial consideration for the
construction of the moduli space. However, to circumvent challenges associated with Gieseker -
semistability, especially in the context of restrictions to hyperplane sections on X, Greb and Toma
opted for an alternative approach. They directly restrict families to the corresponding complete
intersection curves where slope-semistability and Gieseker-semistability coincide. This choice, how-
ever, results in some loss of flatness for the restricted families. We provide some preparatory
results. Before we do that, recall from Definition 2.2.6 the definition of linear series. As before, let
(H1, . . . ,Hn−1) be a very ample multipolarization on X. For each ℓ in 1, . . . , n− 1, every element
s in |Hℓ| induces the divisor div(s).

Recall that in Lemma 3.1.8, and for the rest of the section, we have that G is a connected algebraic
group that acts on X. Note that, repeated application of the this lemma yields the following result.
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Theorem 3.4.1. [GT17, Corollary 3.2] (Preserving flatness under repeated restriction to hyperplane
sections) Let G be as before and let S be an algebraic G-variety, S1, . . . , Sm closed irreducible G-
invariant subvarieties of S, and F a G-linearized S-flat family of coherent sheaves over X such
that for each i ∈ {1, . . . ,m} there exists some points si ∈ Si such that Fsi is torsion free.

Then, there exists dense open subsets Uℓ ⊂ |Hℓ| for ℓ = 1, . . . , n − 1, such that for any Xℓ ∈ Uℓ
the intersection X(ℓ) :=

⋂ℓ
i=1Xi is smooth and there is a G-invariant closed subvariety T ⊂ S with

the following properties:
• for all 1 ≤ ℓ ≤ n− 1 the restriction F |S×X(ℓ) is flat over S \ T ,
• Each Fsi |X(ℓ) is torsion free on X(ℓ),
• If we denote the restriction F |S\T × X(ℓ) by F ℓ, the following sequence of G-linearized
(S \ T )-flat sheaves is exact:

0→ F ℓ−1|(S\T )×X(−(S \ T )×X(ℓ))→ F ℓ−1|(S\T )×X → F ℓ → 0. (3.9)

• For every i ∈ {1, . . . ,m}, the intersection T ∩ Si has codimension at least two in Si.

This result implies that restricting a family to a smooth complete intersection curve, X(n−1) for
instance, is flat over S \ T but not on the whole S. In order to construct the set T , where the
restriction of the family F is not flat, one has to first construct the non-flatness locus of F . This
is done by taking the set Stf ⊂ S parameterizing torsion-free sheaves in the family E and realizing
that it is a G-invariant and Zariski-open in S [GT17, Lemma 3.1]. Therefore, the subvariety T is
constructed as a subset of the complement S\Stf, where Stf is the subset of points that parameterize
torsion-free sheaves over X. For this reason, the category of weakly normal algebraic varieties is
used. Precisely, to ensure the existence of extensions of maps on the whole X, this is where Lemma
3.0.2 comes in.

The following result compares determinant line bundles of flat families of sheaves on X with their
restriction on the curve X(n−1).

Proposition 3.4.2. Let G be a connected linear algebraic group and S an algebraic G-variety. Let
E be a G-linearized S-flat family of torsion-free sheaves over X with class ĉ and fixed determinant
line bundle Λ, such that for all i = 1, . . . , n− 1, we have:

• The restriction E (i) := E |S×X(i) is flat over S.
• The sequence

0 // E (i)(−X(i)) // E (i−1) // E (i) // 0 (3.10)

is exact.
Then, for every i = 1, . . . , n− 1, there exist isomorphisms

λE (n−i)(ui−1(ĉ|X(n−1)))⊗dn−i ∼= λE (n−i−1)(ui(ĉ|X(n−i−1)))⊗dn−i (3.11)

where di = H1 · · · · ·Hn−1 ·Hi as defined in Remark 3.3.3. In particular, we have an isomorphism

λE (n−1)(u0(ĉ|X(n−1)))⊗d1.....dn−1 ∼= λE (un−1(ĉ))
⊗d1.....dn−1 (3.12)

of G-linearized line bundles on S.

The proof can be found in [GT17, Proposition 3.4]. For the convenience of the reader we present
the proof here.

Proof. In order to prove the statement of the proposition, it is enough to show that for 1 ≤ i ≤ n−1
an isomorphism as in Equation (3.11) exists. For this, it suffices to consider the special case when
i = n− 1, where n ≥ 2 is arbitrary. Setting E ′ := E (1), we thus need to check that

λE ′(un−2(c|X′))⊗d1 ∼= λE (un−1(ĉ))
⊗d1 . (3.13)
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In order to do this, we will use the following auxiliary class in K(X):

w := −X(ĉ · hn−1 · . . . · h1 · [OX′ ])hn−1 · . . . · h2 +X(ĉ · hn−1 · . . . · h2 · [OX′ ])hn−1 · . . . · h1.
The idea of the proof is to compute the restriction of w to X ′ in two different ways, see [HL10,

p. 223]. Indeed, on the one hand, we have
w|X′ = −X(ĉ|X′ · hn−1|X′ · . . . · h1|X′)hn−1|X′ · . . . · h2|X′

+X(ĉ|X′ · hn−1|X′ · . . . · h2|X′)hn−1|X′ · . . . · h2|X′

≡d1(−rhn−1|X′ · . . . · h2|X′ +X(ĉ|X′ · hn−1|X′ · . . . · h2|X′)[Ox])

=d1un−2(ĉ|X′) ∈ K(X ′).

(3.14)

On the other hand, we have
w − w · [OX(−X ′)] =w · [OX′ ]

=w · h1
=−X(ĉ · hn−1 · . . . · h1 · h1)hn−1 · . . . · h1

+X(ĉ · hn−1 · . . . · h1)hn−1 · . . . · h1 · h1
≡d1(−rhn−1 · . . . · h1 +X(ĉ · hn−1 · . . . · h1)[Ox])

=d1un−1(ĉ).

(3.15)

Since E is S-flat with fixed determinant line bundle and has the additional properties that the
restriction E ′ := E |S×X′ remains flat over S, and that the sequence (3.10), which in our current
notation reads

0→ E (−X ′)→ E → E ′ → 0, (3.16)
is exact, we obtain the following equivariant isomorphisms of G-linearized determinant line bundles
on S:

λE ′(un−2(ĉ|X′))⊗d1 ∼= λE ′(w|X′)

= λE (w)⊗ λE (−X′)(w)
−1

= λE ((w − w · [OX(−X ′)])

= λE (un−1(ĉ))
⊗d1 .

This completes the proof. □

These results generalize the calculations in [HL10, Equation (8.2)]. We would like to mention
that the calculations performed by Huybrechts and Lehn are simpler because in dimension 2, one
has [OaH ] = ah− (a2 )h

2. Nevertheless, in both cases, the strategy is identical.
To finish this section we present an effective restriction theorem akin to Bogomolov’s restriction

theorem, see [HL10, Theorem 7.3.5]. However, the proof of Bogomolov’s restriction theorem relies
on advanced techniques such as the Kobayashi-Hitchin correspondence, a strengthened version of
Bogomolov’s instability theorem (refer to [HL10, Theorem 7.3.4]), and the semistability of repre-
sentations of a semistable bundle. Given the scope of this text, we will limit ourselves to presenting
the following theorems.

We recall that µmin and µmax were defined in Definition 3.2.6. Further, for 1 ≤ i ≤ n− 1 let Hi

be a very ample invertible sheaf and let Di ∈ |Hi| be a divisor associated with a given section si in
the linear system |Hi|.

Theorem 3.4.3. [Lan04, Theorem 5.1] If E is a torsion-free sheaf of rank r, then

D2
1D2 · · ·Dn−1 ·∆(E )D2 · · ·Dn−1 + r2(µmax − µ)(µ− µmin) ≥ 0. (3.17)

As an application of Theorem 3.4.3, we obtain the following effective restriction theorem:
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Theorem 3.4.4. [Lan04, Theorem 5.2] Let E be a torsion-free sheaf of rank r ≥ 2. Assume that
E is µ-stable with respect to (D1, . . . , Dn−1). Let D ∈ |kD1| be a normal divisor such that E |D has
no torsion. If

k >

⌊
r − 1

r
∆(E )D2 · · ·Dn−1 +

1

dr(r − 1)

⌋
,

then E |D is µ-stable with respect to (D2|D, . . . , Dn−1|D).

Proof. Suppose that E |D is not stable and let S be a saturated destabilizing subsheaf of rank r′.
Set T = (E |D)/S . Let G be the kernel of the composition E → E |D → T . Then, we have two
short exact sequences:

0→ G → E → T → 0

and
0→ E (−D)→ G → S → 0.

Computing ∆(G ) we get

∆(G )D2 · · ·Dn−1 = ∆(E )D2 · · ·Dn−1 − r′(r − r′)D2D2 · · ·Dn−1

+2(rc1(T )− (r − r′)Dc1(E))D2 · · ·Dn−1.
(3.18)

By assumption (rc1(T )− (r − r′)Dc1(E ))D2 · · ·Dn−1 ≤ 0, so that

∆(G )D2 · · ·Dn−1 ≤ ∆(E )D2 · · ·Dn−1 − r′(r − r′)D2D2 · · ·Dn−1.

Using the stability of E and E (−D) we get

µmax(G )− µ(G ) = µmax(G )− µ(E ) +
r − r′

r
DD1 · · ·Dn−1 ≤

r − r′

r
dk − 1

r(r − 1)
,

and

µ(G )− µmin(G ) = µ(E (−C))− µmin(G ) +
r′

r
DD1 · · ·Dn−1 ≤

r′

r
dk − 1

r(r − 1)
.

Hence, application of Equation ((3.17)) to G gives

0 ≤d∆(G ) + r2(µmax(G )− µ(G ))(µ(G )− µmin(G ))

≤d∆(E )− r′(r − r′)d2k2 + r2
(
r − r′

r
dk − 1

r(r − 1)

)(
r′

r
dk − 1

r(r − 1)

)
.

(3.19)

Therefore
dr

r − 1
k ≤ d∆(E ) +

1

(r − 1)2
,

which contradicts the assumption on k. □

In order to give the following result we need to introduce Jordan–Hölder filtrations. We remark
that Jordan–Hölder filtrations in our multipolarization case are very similar to classical Jordan–
Hölder filtrations, see [HL10, Chapter 1].

Lemma 3.4.5. For a semistable sheaf E over X, there exists a Jordan–Hölder filtration with torsion-
free factors, denoted by E JH

• . By this we mean

0 = E0 ⊂ E1 ⊂ . . . ⊂ El = E ,

such that the factors gri(E ) = Ei/Ei−1 are stable with respect to (H1, . . . ,Hn−1) and deg(gri(E )) =
deg(E ). Note that, the sheaves Ei, i > 0, are also semistable with deg(Ei) = deg(E ).

Up to isomorphism, the sheaf gr(E ) :=
⊕

i gr
i(E ) does not depend on the choice of the Jordan–

Hölder filtration.
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Proof. The existence of Jordan–Hölder filtrations is shown exactly as in [HL10, Proposition 1.5.2],
uniqueness as in [HL10, Corollary 1.6.10]. Let us show the arguments here for the convenience of
the reader.

Recall that a torsion free sheaf E is called slope-(semi)stable if for all subsheaves 0 ̸= F ⊂
E with rk(F ) < rk(E ), one has µ(F )(≤)µ(E ). Any filtration of E by semistable sheaves with
deg(E ) = d has a maximal refinement, whose factors are necessarily stable. Note that, the set
of proper subsheaves E ′ ⊊ E with µ(E ′) = µ(E ) is non-empty. Choose a maximal subsheaf E ′

satisfying the conditions above, it exists by Noetherianity. Then, we can take the quotient of E by
E ′, and obtain F = E /E ′. By construction, the maximal subsheaf F satisfies µ(F ) = µ(E ) and
rk(F ) < rk(E ). Then, the saturation F has the same rank as F , and c1(F )+ c1(F/F ) = c1(F ).
Since H1, . . . ,Hn−1 are ample then c1(F/F ) ·H1 · · · · ·Hn−1 ≥ 0, so

c1(F ) ·H1 · · · · ·Hn−1 ≥ c1(F ) · ·H1 · · · · ·Hn−1,

and since rk(F ) < rk(E ) then one can divide by the ranks and obtain the same inequality for
slopes. Since F already has maximal slope then µ(F ) = µ(F ), and hence F = F by maximality.
Thus one can repeat this process iteratively and since the rank of E is finite we will finish in a finite
number of steps with a Jordan–Hölder filtration.

Now, suppose that E• and E ′
• are two Jordan–Hölder filtrations of length m and m′, respectively,

and assume that the uniqueness of gr(F ) has been proved for all F with deg(F ) < deg(E ). Let
i be minimal with E1 ⊂ E ′

i . Then, the composite map E1 → E ′
i → E ′

i /E
′
i−1 is non-trivial and

therefore an isomorphism, for both E1 and E ′
i /E

′
i−1 are stable and deg(E1) = deg(E ′

i /E
′
i−1). Hence

E ′
i
∼= E ′

i−1 ⊕ E1, so that there is a short exact sequence

0→ E ′i−1 → E /E1 → E /E ′i → 0.

The sheaf F = E /E1 inherits two Jordan–Hölder filtrations: firstly, let Fj = Ej+1/E1 for j =
0, . . . ,m− 1. And secondly, let F ′

j = E ′
j for j = 0, . . . , i− 1 and let F ′

j be the preimage of E ′
j+1/E

′
i

for j = i, . . . ,m′ − 1. The induction hypothesis applied to F gives m = m′ and
m⊕
j=1

Ej/Ej−1
∼=

m′⊕
j=i

E ′j/E ′
j−1.

Since E1
∼= E ′

i /E
′
i−1, we are done. □

Here, we can define S-equivalence of sheaves. We would like to remark that, S-equivalence was
first defined for bundles on curves by Seshadri in [Ses67].

Definition 3.4.6. Two semistable sheaves E1 and E2 with the same reduced Hilbert polynomial are
said to be S-equivalent if gr(E1) ∼= gr(E2).

As a corollary to Theorem 3.4.4, we obtain an effective restriction theorem for semistable sheaves.
It also explains the meaning of a “general” element of |kD1| in previously known restriction theorems.

Corollary 3.4.7. [Lan04, Corollary 5.4] Let E be a torsion-free sheaf of rank r ≥ 2. Assume that
E is µ-semistable with respect to (D1, . . . , Dn−1) and let 0 = E0 ⊂ E1 ⊂ · · · ⊂ Em = E be the
corresponding Jordan–Hölder filtration of E . Set Fi = Ei/Ei−1, ri = rkFi. Let D ∈ |kD1| be a
normal divisor such that all the sheaves Fi|D have no torsion. If

k >

⌊
r − 1

r
∆(E )D2 · · ·Dn−1 +

1

dr(r − 1)

⌋
,

then E |D is µ-semistable with respect to (D2|D, . . . , Dn−1|D).

We will use the two previous results to prove an important restriction theorem, namely the
Semistable restriction theorem 3.4.8.
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Theorem 3.4.8. [GT17, Proposition 2.6](Semistable restriction theorem) Let E be a coherent sheaf
which is semistable with respect to a multipolarization (H1, . . . ,Hn−1), then there exist a1, . . . , an−1

positive natural numbers such that
(1) a1H1, . . . , an−1Hn−1 are very ample and
(2) for any general (smooth) complete intersection curve X(n−1) :=

⋂n−1
i=1 Xi, where Xi is a

general element in |aiHi|, the restriction E |X(n−1) is semistable
It is worth noting that semistability on the curve X(n−1) is well-defined without fixing any further
parameters, as it only depends on the projectivity of X and the inclusion X(n−1) ↪→ X.

Proof. The proof of this theorem is a direct application of Theorem 3.4.4 and Corollary 3.4.7. □

We can restate this theorem as the following corollary.

Corollary 3.4.9. If the coherent sheaf E is (semi)stable with respect to the multipolarization
(H1, . . . ,Hn−1), then there is a positive threshold k0 ∈ N≥0 depending only on the topological type
of E such that for any k ≥ k0 and any smooth divisor D ∈ |kH1| with grE |D torsion-free, one has
that E |D is (semi)stable with respect to (H2|D, . . . ,Hn−1|D).

3.5. The moduli space of slope semistable sheaves. We are ready to construct the parameter
space for the moduli problem at hand. By Proposition 3.2.15, we have that the family of µ-
semistable sheaves of class ĉ and determinant Λ is bounded, so that for a large m ∈ N, each
µ-semistable sheaf of class ĉ is m-regular with respect to a chosen additional ample line bundle
OX(1) and such that H i(X,F (m)) = 0 for all i > 0. This means that after multiplying a µ-
semistable sheaf F with OX(1)

⊗m the sheaf F (m) is generated by global sections, meaning there is
a surjective homomorphism q : H0(X,F (m))⊗OX → F . Setting F to be a vector space isomorphic
to H0(X,F (m)) and H := F ⊗ OX(−m), the surjection q together with an isomorphism F →
H0(X,F (m)) yields a surjection p : H → F . Note that the dimension of V is given by the Hilbert
polynomial of F , more precisely, dim(F ) = P (m) where P is the Hilbert polynomial of F with
respect to OX(1).

Let us define the Quot-scheme Quot(H , P ) as the scheme parameterizing isomorphism classes
of quotients of the form

q : H → F (3.20)
where two quotients are said to be isomorphic if their kernels are equal.

Let Rµ−ss ⊂ Quot(H , P ) be the locally closed subscheme parameterizing quotients, where the
quotient sheaf is torsion free and µ-semistable, which are µ-semistable with class ĉ, rank r, deter-
minant Λ, and such that the quotient map induces an isomorphism F ∼= H0(F (m)). Let

S := (Rµ−ss
red )wn (3.21)

and note that the reductive group SL(F ) acts on Rµ−ss by change of base in the vector space F .
Further, the SL(F )-action lifts to S making the map S → Rµ−ss

red equivariant, the lift is done in two
steps first to the reduction and then to the weak normalization; see [GT17, Equation (3.10)].

Denote the pullback of the universal quotient from Quot(H , P (m))×X to S ×X by pS : OS ⊗
H → F . Recall the λ-formalism developed in Equation (3.4). In [GT17, Equation (3.11)], Greb
and Toma give the following notation:

Ln−1 := λF (un−1(ĉ)).

This line bundle on the parameter space S will be referred to as the determinant line bundle. This
name makes sense as we saw in Example 3.3.10.

Remark 3.5.1. Since the sheaves parameterized by S have the same determinant Λ, it follows by
Example 3.3.10 that Ln−1 does not depend on the point x ∈ X.
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Before we proceed any further, we would like to give a construction that will in some sense moti-
vate the definition of the line bundle Ln−1. In the literature this is known as Reese’s construction.
Recall that in the monopolarization case, see for instance the discussion in Illustration in [Sch08,
Section 2.2], the linearization is ample and one can use the Hilbert–Mumford criterion to determine
which points are semistable. The following construction is often used for performing an analysis
of semistability that results in establishing a relation between the GIT-semistability given by an
ample linearization, as defined in Section 2.3.2 (more specifically see Remark 2.3.32) and an intrinsic
semistability condition chosen on sheaves.

Construction 3.5.2. Let q : F ⊗OX(−m)→ E denote a closed point in S and let λ : C∗ → SL(F )
be a 1-parameter subgroup. We recall that the action is given by

λ(t) · q : F ⊗ OX(−m)
λ−1(t)−−−−→ F ⊗ OX(−m)

q−→ E .

First of all, we would like to calculate the limit as t → 0. For this, we need some notation. The
action of λ−1 on F ∼= CP (m) determines a weight space decomposition

F =
⊕
r∈Z

Fr,

where Fr := {v ∈ F : λ−1(t)v = trv, ∀t ∈ C∗} are zero except for finitely many weights r, and, as
λ is a 1-parameter subgroup of the special linear group, we have∑

r∈Z
r dim Fr = 0.

We can define the following ascending filtration of F = CP (m) given by F≤r :=
⊕

s≤r Fs and an in
light of the isomorphism F ∼= H0(E (m)) we have induced ascending filtration of E given by

E≤r := q(F≤r ⊗ OX)

and q induces surjections qr : Fr ⊗ OX(−m) → Er := E≤r/E≤r−1 which fit into a commutative
diagram

F≤r−1 ⊗ OX F≤r ⊗ OX Fr ⊗ OX

E ≤r−1 E ≤r Er.

qr

Claim Let q : F ⊗OX → E be a closed point in S and λ : C∗ → SL(F ) be a 1-parameter subgroup
as above; then

lim
t→0

λ(t) · q =
⊕
r∈N

qr.

Let us proof the claim. As the Quot scheme Quot(H , P ) is projective, see [Nit05, Theorem 5.1],
there is a unique limit. Therefore, it is enough to construct a family of quotient sheaves of F ⊗OX

over A1 = Spec C[t],
Φ : F ⊗ OX×A1 → E

such that Φt = λ(t) · q for all t ̸= 0 and Φ0 =
⊕

r qr.
We will use the equivalence between quasi-coherent sheaves on A1 and C[t]-modules. Consider

the C[t]-module
F :=

⊕
r

F≤r ⊗C t
rC

with action given by t · (v≤r ⊗ tr) = v≤r ⊗ tr+1 ∈ F≤r+1 ⊗ tr+1, which works as the filtration is
increasing. Since the filtration on F is zero for sufficiently small r and stabilizes to F for sufficiently
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large r, there is an integer R such that F≤r = 0 for all r ≤ R and so F ⊂ F ⊗C t
RC[t]. Hence, F is

coherent. The 1-parameter subgroup λ−1 determines a sheaf homomorphism over A1 denoted by:

γ : F ⊗C C[t]→ F :=
⊕
r

F≤r ⊗C t
rC

such that on elements of the form v ⊗ ts it assigns the sum
∑

r vr ⊗ tr+s, where vr ∈ Fr such that
v⊗ts =

∑
r vr⊗tr and so, as s is non-negative, vr ∈ F≤r+s. By construction, if we evaluate γ only in

elements of Fr we get the r-degree shift on the C[t] component. In other words, γ(vr⊗ts) = vr⊗tr ·ts.
Let us construct an inverse of γ. Consider the morphism given by vr−s ⊗ tr → vr−s ⊗ ts. We note
that, this morphism is clearly C[t] linear and by replacing r− s with r in the previous equations we
find that the composition of the two morphisms yields

∑
r vr⊗ts →

∑
r vr⊗tr+s =

∑
r−s vr−s⊗tr →∑

r−s vr−s ⊗ ts =
∑

r vr ⊗ tr hence by C-linearity we have the inverse of γ.
Over SpecC, the C-module C[t] determines a quasi-coherent sheaf, we let OX ⊗C C[t] denote the

pullback of this quasi-coherent sheaf to X. Then, to describe coherent sheaves on X × A1, we will
use the equivalence between the category of quasi-coherent sheaves on X × A1 and the category of
OX ⊗C C[t]-modules. Using the filtration E ≤r we construct a quasi-coherent sheaf F over X × A1

as follows. Let
F :=

⊕
r

E ≤r ⊗C t
rC ⊂ E ⊗C t

RC[t]

where R is as above. The action of t is identical to the action of t on F given above. Furthermore,
we have the above inclusion as the filtration is zero for r sufficiently small and stabilizes to E for r
sufficiently large; In particular, E is a coherent sheaf on X × A1.

The homomorphism q induces a surjective homomorphism of coherent sheaves over X×A1 given
by:

qA1 :
⊕
r

F≤r ⊗C t
rC→ F :=

⊕
r

E≤r ⊗C t
rC

and we define our family of quotient sheaves over X × A1 to be Φ := qA1 ◦ πA1

∗ γ, where as always
πA1 : X × A1 → A1 is the projection.

If we restrict Φ to A1 \ {0}, then this corresponds to inverting the variable t. In this case, we
have a commutative diagram

F ⊗ OX ⊗C C[t, t−1] F ⊗ OX ⊗C C[t, t−1]

F ⊗C C[t, t−1] E ⊗C C[t, t−1]

π∗
A1\{0}

(γ)

Φ|A1\{0} q⊗id

∼=

where γ gives the action of λ−1. Hence we have that [Φt] = [λ(t) · q] for all t ̸= 0. Let i : 0 ↪→ A1

denote the closed immersion; then the composition i∗i∗ kills the action of t. We have

i∗i
∗(E ) = E /t · E =

⊕
r≥R

E ≤r ⊗C t
rC

 /

⊕
r≥R

E ≤r ⊗C t
r+1C

 =
⊕
r

E r ⊗C t
rC,

with trivial action by t. Hence, the restriction of E to the special fibre 0 ∈ A1 is E0 =
⊕

r Er.

By following the remark above Construction 3.5.2, the following natural step is to compute
the Hilbert–Mumford criterion on the fibre of the line bundle Ln−1 over the fixed point q0 :=
limt→0 λ(t) · q. We stop here and remark that the Hilbert–Mumford criterion is only available for
ample linearizations, see Example 2.3.29 and more explicitly [MFK94, Theorem 2.1]. In any case,
we will perform the computation in order to motivate the definition of Ln−1
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Let λ : C∗ → SL(F ) be a 1-parameter subgroup and q : F ⊗ OX → E be a closed point in S.
Then, using the notation introduced above and the computations in the proof of Theorem 3.3.13 and
Example 3.3.10, we have that the fibre of Ln−1 over the fixed point q0 :=

⊕
r∈N qr = limt→0 λ(t) · q

is
Ln−1|q0 = det((πS)!(F (m) · π∗X(un−1(ĉ))))|q0

= det((πS)!(F (m) · π∗X [−rh1 · · ·hn−1 +X(ĉ · h1 · · ·hn−1) · [Ox]])|q0
= det((πS)!(F (m) · [OS×X(n−1)(−r) + X(ĉ · h1 · · ·hn−1) · π∗X [Ox]])|q0
= det((πS)!([

⊕
i

Ei(m− r)|S×X(n−1) +X(ĉ · h1 · · ·hn−1) · (
⊕
i

Ei(m)) · π∗X [Ox]])

=
⊗
i

det((πS)!(Ei(m− r)|S×X(n−1))⊗
⊗
i

det((πS)!(Ei(m) · π∗X [Ox]))
X(ĉi·h1···hn−1)

=
⊗
i

det(H•(Ei(m)|S×X(n−1)))−r ⊗
⊗
i

det((R•(πS)∗)(Ei · π∗X [Ox]))
m·X(ĉi,h1···hn−1)

=
⊗
n

det(H•(Ei(m)|S×X(n−1)))−r ⊗ (πS)∗
⊗
i

(det(Ei|S×{x}])
(−1)im dim(Exti(ĉi,h1···hn−1))

=
⊗
i

det(H•(Ei(m)|S×X(n−1)))−r ⊗ (πS)∗
⊗
i=1

(det((πS)∗Ei(m))|S×{x})
X(ĉi·h1···hn−1))

(3.22)

where ĉi is the class [Ei] and H•(Ei(m)|S×X(n−1))) denotes the complex defining the cohomology
groups Hr(X,Ei(m)|S×X(n−1))) for r = 0, 1 and the determinant of this complex is the 1-dimensional
vector space

⊗
i≥0

detHr(X,Ei(m)|S×X(n−1)))⊗(−1)r =
h0∧
H0(X,Ei(m)|S×X(n−1)))⊗

h1∧
H1(X,Ei(m)|S×X(n−1)))∨,

where hi = dimH i(X,Ei(m)|S×X(n−1)). Note that, Equation (3.22) coincides with the computations
performed in the proof of Theorem 3.3.9. This is telling us that computing the weights of the action
of a 1-parameter subgroup λ : C∗ → SL(F ) on the fibre Ln−1|q0 where q0 is the graded object
of q ∈ S, see Construction 3.5.2, is equivalent to computing the weights of the induced action of
λ on the restricted quotient q|X(n−1) . This remark is important because by Theorem 3.3.13, we
know that the moduli space of torsion free sheaves on the curve X(n−1) is realized as the projective
spectrum of the ring of sections of the line bundle L0 which is ample. Hence, the computations of
Equation (3.22) are telling us that there is a map from the parameter space S to the Quot scheme
parameterizing quotients over the curve X(n−1) and that the semistability condition with respect
to a multipolarization (H1, . . . ,Hn−1) is related to the semistability condition on the curve X(n−1).
We will make a more precise statement in Theorem 3.5.4.

We note that we will use the Semistable restriction theorem, see Theorem 3.4.8 to show that the
moduli space Mµ−ss of (H1, . . . ,Hn−1)-semistable torsion free sheaves, emerges as the Proj-scheme
of a ring of invariant sections of powers of Ln−1 over S. Before we do that, we have the following
remarks.

Remark 3.5.3. Let us give some useful remarks. Recall that we defined µmin and µmax, in Defini-
tion 3.2.6, as the maximum respectively minimum slope achieved by the quotients of the Harder–
Narasimhan filtration of a sheaf.

• Note that, if E and F are torsion free sheaves such that µmin(E ) > µmax(F ) then the only
possible morphism E → F is the zero morphism. This is because a non-zero homomorphism
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f : E → F has an image such that µ(E ) ≤ µ(im(f)) ≤ µ(F ), which would imply that
µmin(E ) ≤ µmax(F ), which is a contradiction.
• Let us now consider what happens when E or F are stable and µ(E ) = µ(F ), in this case

we have that any non-zero morphism f : E → F is an isomorphism. This is because the
image of f now satisfies µ(E ) = µ(im(f)) = µ(F ) which implies that im(f) is a destabilizing
subsheaf of F unless im(f) is zero in which case f is the zero morphism or unless im(f) = F
in which case ker(f) would be a destabilizing subsheaf of E unless ker(f) = 0 which implies
that f is an isomorphism.
• By the comment above and since the Harder–Narasimhan filtration of a stable sheaf is

given by the trivial filtration, we deduce that the only automorphisms of a stable sheaf are
multiples of the identity, see [HL10, Corollary 1.2.8].
• By [Lan04, Theorem 6.1] we know that the tensor product of two slope-semistable torsion

free sheaves is again semistable, see [HL10, Theorem 3.1.4] for the monopolarization case.
Thus we deduce that µmax(E1 ⊗ E2) = µmax(E1) + µmax(E2), similarly µmin(E1 ⊗ E2) =
µmin(E1) + µmin(E2).

Having established the previous result, we now possess one of the key components necessary for
constructing the moduli space Mµ−ss. As such, we take a moment to give some preparatory words
before the statement and subsequent proof. This theorem and all the techniques can all be found
in [GT17, Page 53] but we take the time to write them down here because some calculations will
be useful later.

Theorem 3.5.4. [GT17, Theorem 3.6] (Equivariant Semiampleness) There exists a positive integer
m ∈ N such that L ⊗m

(n−1) is generated over S by SL(F )-invariant sections.

Proof. Let s be a point in S. In this proof the main idea is to construct an invariant section in
some tensor power of Ln−1 that does not vanish at s by finding a section of a curve X(n−1) ⊂ X
that does not vanish in s and then finding our way back to a section of X with the same property.
The claim then will follow by Noetherian induction.

By Theorem 3.4.8, there are positive natural numbers a1, a2, . . . , an−1 ∈ N such that
(1) a1H1, a2H2, . . . , an−1Hn−1 are very ample, and
(2) For any general (smooth) complete intersection curve X(n−1) of elements in |a1H1|, . . .

, |an−1Hn−1|, the restriction F |X(n−1) is semistable.
For any class ĉ ∈ K(X)num, let ĉ(n−1) = ι∗ĉ|X(n−1) denote the restriction to ι : X(n−1) ↪→ X, and

let P (n−1) = P (ĉ(n−1)) be the associated Hilbert polynomial with respect to the ample line bundle
OX(n−1)(1) := OX(1)|X(n−1) .

Let m(n−1) be a large positive integer, set

V (n−1) := CP
(n−1)(m(n−1)), H (n−1) := V (n−1) ⊗ OX(n−1)(−m(n−1)),

and let QX(n−1) be the closed subscheme of Quot(H (n−1), P (n−1)) parameterizing quotients with
determinant Λ|X(n−1) . Denote by OQ

X(n−1)
⊗H (n−1) → F̂ (n−1) the universal quotient sheaf on

QX(n−1) , and set
L

(n−1)
0 := λF̂ (n−1)(u0(ĉ

(n−1))).

Note that, on the curve X(n−1) the notion of semistability is well-defined without fixing a further
parameter.

The following lemma thus follows from the construction of the moduli space for semistable sheaves
on the curve X(n−1).

Lemma 3.5.5. [GT17, Lemma 3.8] After increasing m(n−1) if necessary, the following holds:
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(1) For a given point [q : H (n−1) → E ] ∈ QX(n−1), the following assertions are equivalent:
i) The quotient E is a semistable sheaf, and the induced map V (n−1) → H0(X,E (m(n−1)))

is an isomorphism.
ii) The point [q] ∈ QX(n−1) is GIT-semistable with respect to the natural SL(V (n−1))-

linearization of L
(n−1)
0 .

iii) There exists a positive integer ν ∈ N and an SL(V (n−1))-invariant section

σ ∈ H0(QX(n−1) ,L
(n−1)
0 )

such that σ([q]) ̸= 0.
(2) Two points [qi : H (n−1) → Ei] ∈ Q

(n−1)
X , i = 1, 2, are separated by invariant sections in

some tensor power of L
(n−1)
0 if and only if either one of them is semistable but the other is

not, or both points are semistable but E1 and E2 are not S-equivalent.

Additionally, by increasing m(n−1) further if necessary, we may assume that for each s ∈ S the
restricted sheaf F

(n−1)
s is m(n−1)-regular with respect to OX(n−1)(1), see Definition 3.2.2. Conse-

quently, each such sheaf defines a closed point in QX(n−1) with the additional property that the
induced map V (n−1) → H0(X(n−1),F

(n−1)
s (m(n−1))) is an isomorphism.

Let us denote the projection from S × X(n−1) to the first factor by p. The push-forward
p∗F (n−1)(m(n−1)) is a locally free SL(V )-linearized OS-sheaf of rank P (n−1)(m(n−1)) on S. The
associated SL(V )-equivariant projective frame bundle π : S̃ → S parameterizes a quotient

OS̃ ⊗H (n−1) → π∗F (n−1) ⊗ Oπ(1),

which induces an SL(V (n−1))-invariant morphism Φ(n−1) : S̃ → Q
(n−1)
X that is compatible with the

SL(V )-action on S̃. We summarize the situation in the following diagram:

S̃

π

��

Φ(n−1)
// QX(n−1)

S

(3.23)

By Proposition 3.4.2 and by Equation (3.12), there exist positive integers k0 and kn−1 such that

λF (n−1)(u0(ĉ
(n−1)))⊗k0 = λF (un−1(ĉ))

⊗kn−1 . (3.24)

With these preparations in place, Greb and Toma leverage the calculations done in Lemma 3.3.5
to obtain:

(Φ(n−1))∗(L
(n−1)
0 )⊗k0 = (Φ(n−1))∗(λF̂ (n−1)(u0(ĉ

(n−1))))⊗k0

= λπ∗(F (n−1))⊗Oπ(1)
(u0(ĉ

(n−1)))⊗k0

= λπ∗(F (n−1)(u0(ĉ
(n−1)))⊗k0

= π∗(λF (n−1)(u0(ĉ
(n−1)))⊗k0

= π∗(λF (un−1(ĉ))
⊗kn−1

= π∗(Ln−1)
kn−1

(3.25)

Now, let σ be an SL(V (n−1))-invariant section in (L
(n−1)
0 )⊗νk0 that does not vanish at a given point

of the form [q : H
(n−1)
t → Ft |X(n−1) ]. Since Φ(n−1) is SL(V )-invariant, the pullback (Φ(n−1))∗(σ)

is an SL(V (n−1))× SL(V )- invariant section in

(Φ(n−1))∗(L
(n−1)
0 )⊗k0 = π∗(λF (û2))

⊗νkn−1 .
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Since π is a good quotient of S̃ by the SL(V (n−1))-action, the isomorphism in Equation (3.25) implies
that (Φ(n−1))∗(σ) descends to a section lF (σ) ∈ H0(S, (L2)

⊗νkn−1)SL(V ) that does not vanish at
t ∈ S. Finally, recall that we want to produce a section in Ln−1 that does not vanish at the point
s ∈ S. As Fs|X(n−1) is semistable, and as the induced map

V (n−1) → H0(X(n−1),F (n−1)
s (m(n−1)))

is an isomorphism, according to to Lemma 3.5.5 there exists a positive integer ν ∈ N and an
invariant section σ in H0(QX(n−1) , (L

(n−1)
0 )⊗νk0)SL(V

(n−1)) such that the induced section lF (σ) ∈
H0(S, (Ln−1)

⊗νkn−1)SL(V ) fulfills lF (σ)(s) ̸= 0. This completes the proof of Theorem 3.5.4. □

The previous theorem shows that for ν ∈ N big enough, the line bundle L ν
n−1 is generated by

SL(V )-invariant sections. If the linearization Ln−1 was ample instead of semiample then GIT would
give us a projective moduli space by embedding the parameter space S inside of the projective space
of global section. Hence, it is a natural idea to construct the moduli space as an image of S under
the map given by invariant global sections of L ν

n−1 for ν ≫ 0.
For this, set Wν := H0(S;L ν

n−1)
SL(V ). Since S is Noetherian, for every ν ∈ N such that W ν

generates L ν
n−1 over S, there exists a finite-dimensional C-vector subspace Ŵν of Wν that keeps

generating L ν
n−1 over S. With this in mind, consider the induced SL(V )-invariant morphism φŴν

:

S → P(Ŵ∨
ν ) and set MŴν

:= φŴν
(S). Now, consider the projective varieties MŴν

for increasing
values of ν. Greb and Toma obtain the following result.

Proposition 3.5.6. [GT17, Proposition 4.3](Finite generation) There exists an integer N > 0 such
that the graded ring

⊕
k≥0WkN is generated over W0 = C by finitely many elements of degree one.

Proof. The arguments of this proof are taken from [HL10, Proposition 8.2.6] since they also work
for this case.

Let ν ≥ 0 be an integer such that L ν
n−1 is generated by a finite-dimensional subspace W ⊂ Wν .

For d ≥ 1, let W d be the image of the multiplication map W ⊗ · · · ⊗W →Wdν , and let W ′ ⊂W dν

be a finite-dimensional space containing W d. Then, W d and W ′ generate L dν
n−1, and there is a

finite morphism πW ′/W : MW ′ → MW such that φW = πW ′ ◦ φW ′ and π∗W ′/WOMW
(d) ∼= OMW ′ (1).

Moreover, there are inclusions
W d ⊂ W ′

∩ ∩
H0 (MW ,O(d)) ⊂ H0 (MW ′ ,O(1)) ⊂ Wdν

and πW ′/W is an isomorphism if and only if H0(MW ,O(d)) = H0(MW ′ ,O(1)). Clearly, the projec-
tive system {MW , πW ′/W } has a limit since it is dominated by S. If the limit is isomorphic to, say,
MW with W ⊂WN , then H0(MW ,O(k)) =WkN for all k ≥ 0. □

Greb and Toma then build the moduli space by the following theorem:

Theorem 3.5.7. [GT17, Definition 4.4]There exists a natural number N ≥ 1 such that the graded
ring

⊕
k≥0H

0(S,L ⊗kN
n−1 ) is generated over k = 0 by finitely many elements of degree one. Then,

we define the moduli space by

Mµss = Proj(
⊕
k≥0

H0(S,L ⊗Nk
n−1 )SL(V )).

This space is accompanied by the ample line bundle L := OMµss(1), which satisfies Φ∗(L) = L ⊗N
n−1

where we let Φ : S →Mµss be the induced map.

We note here that it can be proved that the moduli space Mµss is compact. In order to do that
we give the following two results.
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Theorem 3.5.8. [GT17, Theorem 4.1](Langton’s Theorem) Let R be a discrete valuation ring with
field of fractions K, let i : X × SpecK → X × SpecR be the inclusion of the generic fibre, and
let j : Xk → X × SpecR be the inclusion of the closed fibre in X × SpecR over SpecR. Then,
for any (H1, . . . ,Hn−1)-semistable torsion-free coherent sheaf EK over X × SpecK, there exists a
torsion-free coherent sheaf over X × SpecR such that i∗E ∼= EK and such that j∗E is torsion-free
and semistable.

By replacing Langton’s original theorem with Theorem 3.5.8 above, the following result is ob-
tained

Proposition 3.5.9. (Semistable reduction for torsion free sheaves)[GT17, Proposition 4.2] Let Z ⊂
S be any SL(V )-invariant closed subvariety. If T is a separated scheme of finite type over C, and if
φ : Z → T is any SL(V )-invariant morphism, then the image φ(Z) ⊂ T is complete. In particular,
any SL(V )-invariant function on S is constant.

Proof. The proof of this proposition follows the same ideas as [HL10, Proposition 8.2.5].
Let t0 ∈ ϕ(S) be a closed point. Then, there is a discrete valuation ring A with quotient field K

and a morphism f : Spec(A) → T that maps the closed point ξ0 to t0 and the generic point ξ1 to
a point t1 in the image of ϕ. Let y1 ∈ φ−1(t1) be a closed point in the fibre, then k(t1) ⊂ k(y1) is
a finite extension, and there is a finite extension field K ′ of K and a homomorphism k(y1) → K ′

such that
K ′ ← k(y1)
↑ ↑
K ← k(t1)

commutes. Let A′ ⊂ K ′ be a discrete valuation ring that dominates A. Geometrically, k(y1)→ K ′

corresponds to a morphism g′ : Spec(K ′)→ Spec(k(y1))→ S and thus to [qK′ : K ′ ⊗H → FK′ ].

Spec(K ′) //

��

&&

S

��

Spec(A′)

��
Spec(K) // Spec(A) // T

(3.26)

According to Theorem 3.5.8, the family FK′ extends to an A′-flat family FA′ of µ-semistable sheaves.
Since A′ is a local ring and therefore p∗(FA′(m)) a free A′-module of rank P (m), there is a quotient
[qA′ : A′ ⊗H → FA′ ]. Let f ′ : Spec(A′)→ S be the induced morphism. Since K ′ ⊗ FA′ ∼= FK′ , the
quotients K ′ ⊗ qA′ and qK′ differ by an element in SL(V )(K ′). But φ is an invariant morphism, so
that φ◦f ′|Spec(K′) = φ◦g′ = f ◦π|Spec(K′), where π : Spec(A′)→ Spec(A) is the natural projection.
Since T is separated, we have φ ◦ f ′ = f ◦ π. Thus if ξ′0 is the closed point in Spec(A′), we see that

t0 = f(ξ′0) = f(π(ξ′0)) = φ(f ′(ξ′0))

and is therefore contained in the image of φ. □

Note that, by applying this proposition to the case φ = ϕ : S →Mµss we obtain the compactness
of the moduli space.

Now that we have presented the road map of the construction of the moduli space for torsion
free sheaves we are ready to talk about the objects being classified in this thesis, namely principal
bundles. Some of the results presented above will be used for the construction of the moduli space
of principal bundles as well as the overall procedure.
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4. Theory of Decorated sheaves

In order to find moduli spaces for the functor Mµ−ss
G (ρ)(ĉ, λ) we have to show that the set of

isomorphism classes of µ-semistable singular principal bundles is bounded. In order to do that we
will associate a decorated sheaf to each singular principal bundle. We will then use results in the
theory of decorated sheaves to settle the boundedness of semistable singular principal bundles. The
theory of decorated sheaves was developed by Schmitt in its habilitation thesis, we recommend the
reader to look at [Sch04b] for decorated vector bundles and the book [Sch08] for a very thorough
exposition of the curve case. The theory of tensor fields which are a very similar concept was
developed by in [GS05] for the higher dimensional case as part of the works in [GLSS08] which
deals with tuples. We will explain the definition of these two objects and we will explain how the
intersection of these two notions will help us in the construction of the moduli space of principal
bundles.

In this section we will construct multiple moduli spaces. In particular, we will review the con-
struction of the moduli space of tensor fields in [Sch08] and adapt it to the higher dimensional
case, for this we will present a Gieseker-semistability condition that will generalize the one in the
reference, see Definition 4.0.12, we will compare it to the Gieseker-semistability condition of tensor
fields given in [GS05]. The main result of the section will be the construction of the moduli space
of decorated sheaves in Theorem 4.2.8. In [GS05], Gómez and Sols also give the definition of slope
semistable tensor field, we will take this as a guide to present a slope-semistability condition with
respect to a multipolarization, see Section 4.4.

The objects we focus on in this section are called decorated sheaves. Let V be a finite dimensional
complex vector space and D a line bundle over X, then a decorated sheaf of type (a, b, c,D) over
X consists of a pair (E , φ) where E is a torsion-free sheaf with generic fibre of type V over X and
φ : (E ⊗a)⊕b ⊗ (detE ∨)⊗c → D.

We are interested in the case where the determinant of the sheaf E is trivial and D is set to be
OX . More precisely, we give the following definition.

Definition 4.0.1. A tensor field over X is a triple (E , ϕ,D) where D is a locally free sheaf over
X, E is a coherent OX module of rank r, with Hilbert polynomial P and a non-zero morphism of
OX -modules,

ϕ :
(
E ⊗a)⊕b → D. (4.1)

From now on, we will say that P is the Hilbert polynomial of the tensor field (E , ϕ). We remark
that both deg(E ) and deg(D) are calculated with respect to a multipolarization (H1, . . . ,Hn−1), as
in Definition 1.2.

In certain cases, such a triple is also known a ρ-swamp (“Swamp”=“sheaf with a map”). The term
was coined by Adrian Langer, see [Sch08, page 136].

Definition 4.0.2. Let (F , ϕ,D) and (G , ψ,D) be two tensor fields with the same Hilbert polyno-
mial P . A morphism between them is a pair (f, α) where α ∈ C and f : F → G is a morphism
such that the following diagram

(F⊗a)⊕b (G⊗a)⊕b

D D

(f⊗a)⊕b

ϕ ψ

α·id

commutes.

Further, there is a more general notion of torsion free sheaf with a decoration of type (a, b, c),
which will be related to tensor fields through the Construction 4.0.6. Let us present these objects
in the following definition.
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Definition 4.0.3. [Sch04a, Section 3] Fix tuples a = (a1, . . . , an), b = (b1, . . . , bn), and c =
(c1, . . . , cn) of non-negative integers, such that ai − rci > 0 for i = 1, . . . , n. If ai − rci = aj − rcj ,
1 ≤ i < j ≤ n, we call the triple (a, b, c) homogeneous. We look at pairs (E , φ) with E a torsion-free
sheaf of rank r and φ : Ea,b,c → OX a non-trivial homomorphism. Here,

Ea,b,c :=
n⊕
i=1

(E ⊗ai)⊕bi ⊗ det(E ∨)⊗ci . (4.2)

We call (E , φ) a torsion-free sheaf with a decoration of type (a, b, c). Note that, φ can also be
interpreted as a section φ : X →

⊕n
i=1((E

∨)⊗ai)⊕bi ⊗ det(E )⊗ci . Thus we can say that φ breaks
into components φi : (E ⊗ai)⊕bi ⊗ det(E ∨)⊗ci → OX , which are just tensor fields whenever D is
prescribed to be equal to OX and E is prescribed to have trivial determinant.

Additionally if there are two decorated sheaves (F , φ) and (G , φ′). A morphism between them
is a sheaf homomorphism f : F → G such that the induced morphism fa,b,c makes the following a
commutative diagram

Fa,b,c Ga,b,c

Ox.

fa,b,c

φ

φ′

Definition 4.0.4. A decorated sheaf with decoration of type ρa,b,c is a triple (E , D, φ) which consist
of a torsion free sheaf E of rank r, a line bundle D, and a non-zero homomorphism φ : Ea,b,c → D.

We follow [Sch04a, Example 3.1.3] very closely in order to present the following example of a
decorated sheaf coming from a G-principal bundle.

Example 4.0.5. Let P → X be a principal G-bundle, let ρ : G→ SL(V ) be a fixed representation
and we will denote by ρ′ the composition of representations G ρ−→ SL(V )

κa,b,c−−−→ GL(W ) where W =
V

a,b,c
as in Equation (2.17). We denote by E the associated bundle P (ρ), note that the associated

vector bundle P (ρ′) is a vector bundle with fibre V
a,b,c

and coincides with Ea,b,c. By Example 2.3.11
and our assumptions we have that E is a subbundle of E∨

a,b,c. Thus, a section φ′ : X → P (ρ) (such as
a reduction of group structure, for instance) defines components φ′

i : X → ((E∨)⊗ai)⊕bi ⊗det(E)⊗ci

for all i = 1, . . . , n and equivalently it defines components φi : ((E)⊗ai)⊕bi → det(E)⊗ci for all
i = 1, . . . , n.

Altogether, we obtain an associated vector bundle E with a decoration φ of type (a, b, c).

Now we will present the construction of the homogenization of a decorated sheaf performed in
[Sch04a, Page 11].

Construction 4.0.6. (Homogenization of a decorated sheaf)
Let (E , φ) be a decorated sheaf with E a torsion-free sheaf of rank r and φ : Ea,b,c → OX a

non-trivial homomorphism, let v1 < · · · < vm be the integers which occur as ai − rci, i = 1, . . . , n.
For j = 1, . . . ,m set Vj :=

⊕
i:ai−rci=vj Vai,bi,ci , . Choose a sufficiently large common multiple ω

of v1, . . . , vm. Then, letting C∗ act on Vj by multiplication with zvj , the weighted projective space(
Va,b,c\{0}

)
/C∗ gets embedded into P (Vω), see Example 2.3.35, where we have

Vω :=
⊕

(d1,...,dm):
v1d1+···+vmdm=ω

Symd1
(
V ∨
1

)
⊗ · · · ⊗ Symdm

(
V ∨
m

)
.

We may find positive integers A,B,C with A− rC = −ω, such that Vω is a direct summand of
VA,B,C (see [Sch04b, Corolary 1.2]) and we have an embedding P (Vω) ↪→ P (VA,B,C).
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Let (E , φ) be a torsion free sheaf with a decoration of type (a, b, c), then φ defines, for every tuple
d = (d1, . . . , dm) with v1d1 + · · ·+ vmdm = ω, a homomorphism

φ̃d : Sym
d1 (B1)⊗ · · · ⊗ Symdm (Bm) −→ OX.

These homomorphisms add to

φ̃ :
⊕

(d1,...,dm):
v1d1+···+vmdm=ω

Symd1 (B1)⊗ · · · ⊗ Symdm (Bm) −→ OX ,

Bj :=
⊕

i:ai−rci=vj Eai,bi,ci , j = 1, . . . ,m. This finally defines

φ̂ :
(
E ⊗A

)⊕B −→ det(E )⊗C.

We call the pair (E , φ̂) the associated tensor field of the decorated sheaf (E , φ) we also call this
object the homogenization of the decorated sheaf (E , φ).

Let us define an abstract quantity that will later be used to define the semistability condition of
a tensor field. Let W be an r-dimensional complex vector space and let w1, . . . , wr a base of it. We
say that a weight vector γ = (γ1, . . . , γr) with integral entries is an r-tuple such that

• γ1 ≤ . . . ≤ γr and
∑r

i=1 γi = 0,
• λ(z) ·

∑r
i=1 ciwi =

∑r
i=1 z

γiciwi.
The main example of such weight vectors is given by the following.

Example 4.0.7. Let λ be a one-parameter subgroup of SL(W ) then we get a basis w = (w1, . . . , wr)
of W := Cr such that

λ(z)(
∑

ci.wi) =
n∑
i=1

zγi .ci · wi (4.3)

for all z ∈ C and all tuples (c1, . . . , cn) of complex numbers. We organize the basis w so that
γ1 ≤ . . . ≤ γr, further, since λ(z) has determinant 1 for all z ∈ C∗ then

∑r
i=1 γi = 0.

Additionally note that, a basis w of Cr and a weight vector γ with the above properties define a
one-parameter subgroup λ(w, γ) of SL(r) in the obvious way. Of course we get a weighted filtration
of W , denoted by (W •, α). We define the parabolic subgroup associated with λ as

QG(λ) := {g ∈ G| lim
z→∞

λ(z) · g · λ(z)−1 exists in G}. (4.4)

Note that the filtration (W •, α) is preserved by the parabolic subgroup associated with λ.
To conclude, note that, for any vector γ = (γ1, . . . , γr) of integers with γ1 ≤ . . . ≤ γr and∑
γi = 0, there is a decomposition

γ =
r−1∑
i=1

(γi+1 − γi)
r

γ(i) (4.5)

with
γ(i) := (i− r, . . . , i− r︸ ︷︷ ︸

i times

, i, . . . , i︸ ︷︷ ︸
r−i times

) for i = 1, . . . , r − 1.

We have all the necessary ingredients to define weighted filtrations.

Definition 4.0.8. Let E be a coherent OX -module on X. A weighted filtration, (E•,m), of E is a
filtration

E• = (0) ⊂ E1 ⊂ E2 ⊂ . . . ⊂ Et ⊂ Et+1 = E

equipped with positive numbers m1 . . . ,mt ∈ Q>0. We adopt the following convention: the one
step filtration is always equipped with m = 1. A filtration is called saturated if the quotients E /Ei
are torsion free sheaves.
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In order to define the semistability condition for tensor fields and decorated sheaves we need the
following preparatory results.

Definition 4.0.9. Let (E , φ) be a decorated sheaf on X and recall that φ is a section from X to⊕n
i=1((E

∨)⊗ai)⊕bi ⊗ det(E )⊗ci . Let (E•, α) be a weighted filtration. We define the weight vector

γ = (γ1, . . . , γs+1) :=
s∑
i=1

αi · (rk (Ei)− r, . . . , rk (Ei)− r︸ ︷︷ ︸
rk(Ei) times

, rk (Ei) , . . . , rk (Ei)︸ ︷︷ ︸
(r−rk(Ei)) times

), r := rk(E ), (4.6)

and set, Es+1 := E and i = 1, . . . , n,

µ (E •, α;φi) := −min

{
γj1 + · · ·+ γjai | (j1, . . . , jai) ∈ {1, . . . , s+ 1}×ai : φi |(

Ej1
⊗···⊗Ejai

)⊕bi ̸≡ 0

}
as well as

µ (E •, α;φ) := max {µ (E •, α;φi) | i = 1, . . . , n} .

Remark 4.0.10. Note that the definition above is also available for tensor fields. This is because
a tensor field (E , ϕ) is clearly a decorated sheaf with decoration of type a = (a, 0, . . . , 0), b =
(b, 0, . . . , 0) and a = (c, 0, . . . , 0). Thus µ (E •, α;φ) reduces to µ (E •, α;φ1).

Until this moment we have not considered the torsion free sheaf in the calculations. In order to
define a semistability condition we have to take it into account.

Definition 4.0.11. Let δ be a positive rational number. A decorated sheaf (E , φ) is δ-(semi)stable
if for each weighted filtration (E•, α) the following holds

L(E •, α) + δν (E•, α;φ) =

t∑
i=1

αi (deg(E ) rk(Ei)− deg(Ei) rk(E )) + δν (E•, α;φ) (≥)0, (4.7)

where we define the quantity ν (E•, α;φ) to be equal to 1
ωµ (E•, α; φ̂). Here φ̂ is as in Construction

4.0.6.

Before continuing, we make a short digression into the H1 = · · · = Hn−1 = H-case.

Definition 4.0.12. Let ϵ be a positive rational polynomial of degree at most n − 1. A decorated
sheaf (E , φ) is ϵ-(semi)stable (Gieseker -(semi)stable also) if for each weighted filtration (E•, α), as
in Definition 4.0.8, the following holds

M(E •, α) +
ϵ

ω
µ (E•, α; φ̂) :=

t∑
i=1

αi
(
P(H1,...,Hn−1)(E ) rk(Ei)− P(H1,...,Hn−1)(Ei) rk(E )

)
+
ϵ

ω
µ (E•, α; φ̂) ≽ 0.

(4.8)

Additionally, we recommend the reader to see the discussion before Equation 5.3 for some motivation
on why is the quantity M(E •, α) defined as it is.

Remark 4.0.13. According to [GS05, Definition 1.5], we have that Equation (5.5) and (5.6) to-
gether imply that for a decorated sheaf (E , φ) and δ = ϵ(n − 1)! we have the respective chain of
implications :

µ-δ-stable⇒ Gieseker-ϵ-stable⇒ Gieseker-ϵ-semistable⇒ is µ-δ-semistable. (4.9)

Here ϵ is the coefficient of the monomial tn−1, we point at the same chain of implications in the
H1 = · · · = Hn−1-case given in [GS05, Definition 1.5].

Let us go back to the moduli problem of decorated sheaves of type (a, b, c) in the general mul-
tipolarization case. Note that, the previous moduli problem is reduced to the moduli problem of
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decorated homogeneous sheaves of type (a, b, c). The homogeneous moduli problem was treated in
[Sch04b] for the curve case.

Before we prove the boundedness of the moduli problem of slope semistable decorated sheaves,
let us give some estimates for the weights of some special representations. These estimates can be
found in [Sch04b, Section 1.4], but for the convenience of the reader we also write them here.

In the following, ρa,b,c will stand for the induced representation of GL(V ) on the vector space
Va,b,c where a, b ∈ Z≥0, c ∈ Z>0, see Example 2.3.11. Then, P (Va,b,c) = P (Va,b,0) and Va,b,c ∼= Va,0,c
as SL(V )-modules.

Let w = (w1, . . . , wr) be a basis for V and γ =
∑r−1

i=1 αiγ
(i), αi ∈ Q≥0, an integral weight vector.

Let Ia be the set of all a-tuples ι = (ι1, . . . , ιa) with ιj ∈ {1, . . . , r}, j = 1, . . . , a. For ι ∈ Ia and
k ∈ {1, . . . , c}, we define wι := wι1 ⊗ · · · ⊗ wιa , and wkι :=

(
0, . . . , 0, wι, 0, . . . , 0

)
, wι occupying

the k-th entry. The elements wkι with ι ∈ Ia and k ∈ {1, . . . , c} form a basis for Va,0,c. We let
wk

∨
ι , ι ∈ Ia, k ∈ {1, . . . , c} be the dual basis of V ∨

a,0,c. Now, let [l] ∈ P (Va,0,c) where l =
∑
akιw

k∨
ι .

Then, there exist k0 and ι0 with ak0ι0 ̸= 0 and

µρa,b,c(λ(w, γ), [l]) = µρa,0,c(λ(w, γ), [l]) = µρa,0,c

(
λ(w, γ),

[
w
k∨0
ι0

])
,

and for any other k and ι with akι ̸= 0

µρa,b,c(λ(w, γ), [l]) ≥ µρa,0,c
(
λ(w, γ),

[
wk

∨
ι

])
.

We also find that for i ∈ {1, . . . , r − 1}

µρa,0,c

(
λ
(
w, γ(i)

)
,
[
w
k∨0
ι0

])
= v · r − a · i, v = # {ιj ≤ i | ι0 = (ι1, . . . , ιa) , j = 1, . . . , a} .

We conclude with the following lemma.

Lemma 4.0.14. [Sch04b, Lemma 1.8.i)] For every basis w = (w1, . . . , wr) of Cr, every integral
weight vector γ =

∑r−1
i=1 αiγ

(i), αi ∈ Q≥0, and every point [l] ∈ P (Va,b,c)(
r−1∑
i=1

αi

)
a(r − 1) ≥ µρa,b,c(λ(w, γ), [l]) ≥ −

(
r−1∑
i=1

αi

)
a(r − 1)

We will immediately use these estimates to prove the following boundedness result.

Theorem 4.0.15. Let X be a projective manifold, let δ ∈ Q>0. Then, the maximal slope of
torsion-free sheaves, with fixed topological invariants, occurring in δ-semistable tensor fields (E , φ)
is bounded.

Proof. We follow [Sch04a, Remark 3.1.4. i)] and [Sch02, Remark 2.2.2] for the proof of this theorem.
Let (E , φ̂) be as above. We can choose ω so that it works for all the objects involved, since it

depends only on the fixed input data, a, b and c see [Sch04a, Remark 3.1.4 i)] and [Sch08, Remark
2.3.4.2] for the curve case. Then, as in [Sch04b, Lemma 1.8(i)], for every saturated subsheaf F
of E , by Lemma 4.0.14 we have a(r − 1) ≥ µρa,b,c(λ(w, γ), [l]) = µ(0 ⊂ F ⊂ E , 1, φ̂), hence the
semistability condition yields

deg(E ) rk(F )− deg(F ) rk(E ) +
δ · a · (r − 1)

ω
≥

deg(E ) rk(F )− deg(F ) rk(E ) +
δ · µ(0 ⊂ F ⊂ E , 1, φ)

ω
≥ 0

(4.10)

which means
µ(F ) ≤ deg(E )

rk(E )
+

δ · a · (r − 1)

ω rk(E ) rk(F )
≤ deg(E )

rk(E )
+
δ · a · (r − 1)

ω rk(E )
.
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□

Remark 4.0.16. For the H1 = · · · = Hn−1−case, boundedness is proved by the results presented
in [Sch04a, Remark 3.1.4. i)] and [Sch02, Remark 2.2.2]. In our language this means the set of ϵ-
semistable (also referred to as Gieseker-semistable) decorated sheaves, see Equation 5.3, is bounded.

The goal of the following Theorem is to provide some much stronger bounds than the ones
introduced in Theorem 4.0.15.

Theorem 4.0.17. There is a non-negative constant C2, depending only on r, a, b, c, d, such
that, for every δ ∈ Q>0, every δ-semistable ρ-decorated sheaf (E , φ) with deg(E ) = d, and every
non-trivial proper subbundle F of E ,

µ(F ) ≤ d

r
+ C2.

Proof. We will follow very closely the proof of [Sch08, Theorem 2.3.4.3].
Suppose (E , φ) is a tensor field which is δ-semistable for some δ > 0. Assume E is not slope-

semistable and consider its Harder–Narasimhan filtration, see Definition 3.2.6:

{0} = E0 ⊂ E1 ⊂ · · · ⊂ Ek ⊂ Ek+1 = E .

As before, we use the notation E i = Ei/Ei−1, ri := rk(Ei), ri := rk(Ei), and µi := µ(E i), i =
1, . . . , k + 1. Define

C(E•) =

{
γ = (γ1, . . . , γk+1) ∈ Rk+1

∣∣∣∣∣ γ1 ≤ · · · ≤ γk+1,
k+1∑
i=1

γi · ri = 0

}
.

The space Rs+1 comes equipped with the maximum norm ||.||. For all γ ∈ C(E•) \ {0}, we have
k∑
i=1

γi+1 − γi
r

· (deg(E )ri − deg(Ei)r) < 0,

so that the δ-semistability of (E , φ) implies

f(γ) := µ(E•, α(γ), φ) > 0, α(γ) :=

(
γ2 − γ1

r
, . . . ,

γk+1 − γk
r

)
.

Consider the set
K := C(E•) ∩

{
γ ∈ Rk+1

∣∣∣ ||γ|| = 1
}
.

We have that K is a compact set and f is piecewise linear, hence continuous, so that f attains its
infimum on K. It is easy to see that there are only finitely many possibilities for the function f , so
that we may bound this infimum from below by a constant C0 > 0 which depends only on the input
data. Take a tuple (i1, . . . , ia) with φ|(Ei1

⊗···⊗Eia )
̸= 0. Then, µmin(Ei1 ⊗ · · · ⊗ Eia) ≤ c · deg(E ),

because there is no non-trivial homomorphism E → F since µmin(E ) > µmax(F ), see first item of
Remark 3.5.3. Note that, µmin(Ei) = µi, i = 1, . . . , s+ 1. The second item of Remark 3.5.3 shows

µi1 + · · ·+ µia ≤ C := c · deg(E ).

Take the point
γ := (µ(E )− µ1, . . . , µ(E )− µk+1) ∈ Rk+1.

By construction, γ ∈ C(E•) \ {0} and

f(γ) = µ(E•, α(γ), φ) ≤ C ′ := C − a · µ(E).

But f is linear on each ray, so

f(γ) = ||γ|| · f( γ

||γ||
) ≥ C0 · |γ||.
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This shows that either µ1 − µ(E ) = ||γ|| ≤ C ′′ := C ′/C0 or µ(E ) − µk+1 = ||γ|| ≤ C ′′ this means
that

either µmax(E ) ≤ µ(E ) + C ′′ or µmin(E ) ≥ µ(E )− C ′′

. □

Remark 4.0.18. Note that, if deg(E ) = 0 then the above result shows that E is slope-semistable.

4.1. The parameter space of tensor fields. The objective of this section is to construct the
parameter space of decorated sheaves of type (a, b, c). For this we will follow very closely [Sch08,
Section 2.3.5] adjusting to the fact that we are working with a higher dimensional projective variety
X. We will also take [GS05, Section 3 GIT construction] as a close reference making the necessary
adjustments to the multipolarization case.

Note that, in the H1 = · · · = Hn−1-case, the construction done in [Sch08, Section 2.3.5] gener-
alizes to produce the parameter space of Gieseker-semistable decorated sheaves, denoted by T. In
particular, we remark that the Gieseker space G and map Gies : T→ G together with the GL(Y )-
linearization OG(s1, s2) constructed in [Sch08, Equation (2.12) Section 2.3.5] embed the parameter
space in such a way that the GIT-semistability of a point Gies(t) corresponds with the Gieseker-
semistability of the decorated sheaf represented by t ∈ T, this will be done in Subsection 4.2. This
suggests that by working with the correct linearization we will be able to use a similar approach as
in Section 3.5, we will do this in Subsection 4.4. We will give more details as we go through the
section.

Let us first introduce the moduli functor of tensor fields. In order to introduce it, we first fix the
topological data of a tensor field for that we fix ĉ ∈ K(X)num and we say that (E , φ) is of type ĉ if
E is of type ĉ. Then, we fix a Poincaré line bundle L on Picl(X) ×X. For every weakly normal
variety S and every morphism κ : S → Picl(X), we define L[κ] := (κ× idX)

∗(L).

Definition 4.1.1. (Families of tensor fields) A family of tensor fields of type (ĉ, l) parameterized
by a weakly normal variety S is a tuple (ES , κS ,NS , ϕS) which has the following entries:

• an S-flat torsion free sheaf ES of rank r on X, having degree d on {s} ×X for all s ∈ S,
• a morphism κS : S → Picl(X),
• a line bundle NS on S,
• a homomorphism ϕS :

(
E ⊗a
S

)⊕b →L[κS ]⊗π∗S(NS) whose restriction to {s}×X is non-zero
for every point s ∈ S.

Two families (E 1
S , κ

1
S ,N

1
S , ϕ

1
S) and (E 2

S , κ
2
S ,N

2
S , ϕ

2
S) are called isomorphic if κ1S = κ2S =: κS and

there exist isomorphisms ψS : E 1
S → E 2

S and fS : N1
S →N2

S with

ϕ1S = (idL[κS ] ⊗ π
∗
S(fS))

−1 ◦ ϕ2S ◦ ψS,ρ.
We define the functor

Mδ−ss(ϱ, c, l) : Varwn −→ Set

S 7−→

 isomorphism classes of families
of δ-semistable tensor fields
of type (ĉ, l) parameterized by S

 (4.11)

We define in an analogous way the functor Mϵ−ss(ϱ, c, l) parameterizing families of Gieseker-ϵ-
semistable tensor fields.

Remark 4.1.2. [Sch08, Remark 2.3.2.4] At a first glance it looks like the definition of the moduli
functor depends on the choice of a Poincaré sheaf. This is not the case, because by choosing
another Poincaré line bundle L′

X on Picl×X, there is a line bundle κ∗S(NPicl) on Picl with LX
∼=

L′
X ⊗ π∗Picl(NPicl). Therefore, assigning to a family (ES , κS ,NS , ϕS) defined via LX the family
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(ES , κS ,NS ⊗ κS(NPicl), ϕS) defined via L′
X identifies the functor which is defined with respect to

LX with the one defined with respect to L′
X .

Let us give a preliminary result that will lead us out of the realm of varieties. The following
result is due to Gómez and Sols ([GS01, Lemma 3.1]). Also see [Sch08, Proposition 2.3.5.1] for the
curve case.

Proposition 4.1.3. [Sch02, Proposition 1.5.1] Let S be a complex variety, A 1
S and A 2

S coherent
sheaves on S ×X, and φS : A 1

S −→ A 2
S a homomorphism. Assume that A 2

S is S-flat. Then, there
is a closed subscheme Z ⊂ S the closed points of which are those s ∈ S for which φS |{s}×X ≡ 0.
More precisely, it has the property that any morphism f : T −→ S factors through Z, if and only if
(f × idX)

∗φS is the zero homomorphism.

Proof. We may write A 1
S as the quotient of a vector bundle VS . Let φ′

S : VS −→ A 1
S −→ A 2

S be the
composed homomorphism. This is a homomorphism between S-flat sheaves. Choose n large enough,
so that the higher direct image sheaves of VS ⊗π∗XOX(n) and A 2

S ⊗π∗XOX(n) under πS vanish and
the evaluation maps π∗SπS∗(VS ⊗ π∗XOX(n)) −→ VS ⊗ π∗XOX(n) and π∗SπS∗(A

2
S ⊗ π∗XOX(n)) −→

A2
S ⊗ π∗XOX(n) become surjective. Then, πS∗(φ′

S ⊗ idπ∗
XOX(n)) is a map between vector bundles,

and we may define Z as the zero scheme of this map.
Given a morphism f : T −→ S, it will factor through the scheme Z, if and only if f∗(πS∗(φ′

S ⊗
idπ∗

XOX(n))) is identically zero. By base change, this is equivalent to the vanishing of πT∗
(
(f ×

idX)
∗(φ′

S ⊗ idπ∗
XOX(n))

)
. This is in turn equivalent to the vanishing of φ′

T := (f × idX)
∗(φ′

S ⊗
idπ∗

XOX(n)), by our choice of n. The latter homomorphism factorizes as

(f × idX)
∗VS −→ (f × idX)

∗A 1
S

φT−→ (f × idX)
∗A 2

S

with φT := (f × idX)
∗(φS ⊗ idπ∗

XOX(n)). As (f × idX)
∗VS −→ (f × idX)

∗A 1
S is still surjective,

the vanishing of φ′
T is equivalent to the one of φT , and we are done. □

Let us give an extension property before we continue. Let X be a smooth projective manifold,
S a noetherian scheme, and AS an S-flat family of coherent OX -modules. Let Ulf be the maximal
open subset over which AS is locally free. Then, for any s ∈ S, the set Ulf ∩{s}×X is the maximal
open subset where AS |{s}×X is locally free, see [HL10][Lemma 2.1.7].

Proposition 4.1.4. [Sch02, Proposition 1.6.1] Assume codim
(
X \ (Ulf ∩ {s} ×X), X

)
≥ 2 for all

s ∈ S. Then, any homomorphism of OUlf
-modules

ι : AS |Ulf
−→ OUlf

can be extended in a unique way to a homomorphism of OX-modules

ι∗ : AS −→ OX .

The torsion free sheaves occurring in δ-semistable decorated sheaves of type a, b, c with rank r
and fixed Hilbert polynomial equal to P can, by Theorem 4.0.15, be parameterized by some Quot
scheme. Note that, for the H1 = · · · = Hn−1-case, the corresponding boundedness result is found
in [Sch04b, Remark 2.2.2]. We mention this because other than this technicality the construction
of the parameter space in the H1 = · · · = Hn−1-case follows the same steps.

Namely, fix an ample line bundle OX(1) and a big enough o ∈ N so that the torsion free sheaves
appearing in the class of δ-semistable decorated sheaves are o-regular. Let Y be a complex vector
space of dimension P (o). Then, we denote by Q the Quot scheme that parameterizes all quotients
of Y ⊗ OX(−o) which have rank r and Hilbert polynomial P . Recall that we have the universal
quotient

qQ : Y ⊗ OX(−o)→ FQ (4.12)
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on Q × X. Let Q be the open part of the Quot scheme which parameterizes quotients q : Y ⊗
OX(−o) → E , such that H0(q(o)) : Y → H0(E (o)) is an isomorphism. Define FQ := FQ|Q×X .
Let Picl be the Picard variety of invertible sheaves of degree l on X. We set Q′ := Q × Picl and
qQ′ : Y ⊗ OX(−o) → EQ′ and LQ′ to be the pullback to Q′ ×X of the universal quotient and the
Poincaré sheaf, respectively.

In the following, we denote by Aa,b instead of (A⊗a)⊕b for any sheaf A on the complex space S.
For m≫ 0,

Fm := πQ′∗(Ya,b ⊗ π∗X(OX(a(m− n))))
will be a torsion free sheaf on Q′, and so will be

Gm := (πQ′∗)(det(EQ′)⊗c ⊗LQ′ ⊗ π∗X(OX(am))).

We form the projectivization

π : P := P(Hom(Fm,Gm)
∨)→ Q′. (4.13)

On P×X, we have the universal quotient

qP := (π × idX)
∗(qQ′) : Y ⊗ π∗XOX(−o)→ EP := (π × idX)

∗(EQ′),

the pullback LP of LQ′ , and the tautological homomorphism

f̃P : Ya,b ⊗ π∗XOX(a(m− o))→ det(EP)
⊗c ⊗LP ⊗ π∗XOX(am) ∗ π∗P(OP(1)).

Set fP := f̃P ⊗ idOX(−am). Now, the subscheme T ⊂ P will be defined by the condition that fP
vanish on the following kernel:

ker(Ya,b ⊗ π∗XOX(a(m− o))
β−→ EP,a,b). (4.14)

To see that this is a closed subscheme of P, we apply Proposition 4.1.3. We have that T ⊂ P is a
closed subvariety where the restriction of fP to the kernel above vanishes, so that fP|T×X factorizes
over ET,a,b, ET := EP|T×X . Thus, on T×X, we have the universal quotient

qT : Y ⊗ π∗XOX(−o)→ ET. (4.15)

and the universal homomorphism

φP : ET,a,b → det(ET)
⊗c ⊗LT ⊗ π∗T(NT), LT := LP|T×X , NT := OT(1)|T.

Let πPicl(X) : T→ Picl(X) be the projection onto the Picard variety. Then, LT = L[πPicl(X)]. We
call (ET, πPicl ,NT, φT) the universal family. If t ∈ T, then we may restrict the universal family to
{t} ×X. The resulting tensor field will be written as (Et,Lt, ϕt).

Remark 4.1.5. By construction, if (E,L, ϕ) is any tensor field of type (ĉ, l) with ĉ ∈ K(X)num,
then we will find a point t ∈ T, such that (E,L, ϕ) is isomorphic to (Et, Lt, ϕt). This explains the
use of the word universal in the name.

Definition 4.1.6. (Quotient-tensor field families) Let S be a weakly normal variety. A quotient
family of tensor fields parameterized by S is a tuple (qS : Y ⊗ π∗X(OX(−o)) → ES , κS ,NS , ϕS)
where (ES , κS ,NS , ϕS) is a family of tensor fields parameterized by S (see Definition 4.1.1) and qS :
Y ⊗OS×X → ES is a surjective map, such that (πS)∗(qS⊗idOX(n)) : Y ⊗OS → (πS)∗(ES⊗π∗X(OX(o)))
is an isomorphism.

We call two such quotient families (qS : Y ⊗ π∗X(OX(−o)) → ES , κS ,NS , ϕS) and (q′S : Y ⊗
π∗X(OX(−o)) → E ′

S , κ
′
S ,N

′
S , ϕ

′
S) isomorphic, if κS = κ′S and there are isomorphisms ψS : ES → E ′

S
and fS : NS →N′

S , such that

q′S = ψS ◦ qS and ϕ′S = (idL[κS ]⊗π
∗
S(fS)) ◦ ϕS ◦ ψ−1

S,ρ.
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By construction we have a universal quotient family on T ×X. The next proposition gives the
precise universal property of the parameter scheme T.

Proposition 4.1.7. Any quotient family parameterized by a weakly normal variety S gives rise to
a unique morphism f : S → T, such that it is isomorphic to the pullback of the universal quotient
family by (f × idX).

Proof. In order to prove this proposition we will follow closely [Sch08, Proposition 2.3.5.5]. Let
(qS : Y ⊗ π∗X(OX(−o)) → ES , κS ,NS , ϕS) be a quotient family. By the universal property of the
Quot scheme, the quotient qS gives rise to a unique morphism f0 : S → Q, such that qS is isomorphic
to the pullback of the universal quotient. Since ES is locally free on a family of big open subsets,
the discussion before Proposition 4.1.4 and (πS)∗(qS ⊗ idOX(n)) is an isomorphism, this morphism
lands in the open subscheme Q. Together with κS , we obtain a morphism f0 : S → Q′.

The universal property of the scheme P says that giving a morphism f1 : S → P to it which
covers f0 amounts to giving a line bundle NS and a homomorphism

ΦS : (f∗0 (Fm))→ (f∗0 (Gm)⊗NS).

By construction, L[κS ] = (f0 × idX)
∗(LQ′). The base change theorem implies that

f∗0 (Fm) = (πS)∗(Ya,b ⊗ π∗X(OX(a(m− o)))
and

f∗0 (Gm) = (πS)∗(det(ES)
⊗c ⊗L[κS ]⊗ π∗X(OX(am))).

Thus, we define

ΦS : Ya,b ⊗ (πS)∗(π
∗
X(OX(am)))→Ea,b ⊗ π∗X(OX(a(m− o)))

(πS)∗(ϕS⊗idπ∗
X

(OX (am)))

−−−−−−−−−−−−−−−−→
→(πS)∗(det(ES)

⊗c ⊗L[κS ]⊗ π∗X(OX(am)))⊗NS .
(4.16)

By the construction of ΦS and the universal property of T established in Proposition 4.1.3, we
have that the morphism f1 given by ΦS factorizes over T ⊂ P. □

We have the following local universal property:

Proposition 4.1.8. Let S be a weakly normal variety over C, and (ES , κS ,NS , ϕS) a family of
δ-semistable tensor fields parameterized by S. Then, there exist an open covering {Si}i∈I of S, and
morphisms βi : Si → T, i ∈ I, such that the restriction of the family (ES , κS ,NS , ϕS) to Si ×X is
equivalent to the pullback of (ET, κT,NT, ϕT) via βi × idX , for all i ∈ I.

Proof. By our assumptions, the sheaf (πS)∗(ES ⊗ π∗XOX(n)) is locally free of rank r since its higher
cohomology groups vanish, see [HL10, Definition 1.7.5]. Therefore, we can choose a covering Si,
i ∈ I, of S, such that it is free over Si for all i ∈ I. For each i, we can choose a trivialization

Y ⊗OSi
(πS)∗(ES ⊗ π∗XOX(n))|Si

∼= ES |Si ×X,
so that we obtain a surjection

qSi : Y ⊗ π∗XOX(−o)→ ES |Si ×X
on Si×X. Therefore, (qSi , κS |Si ,NS |Si , ϕS |Si×X) is a quotient family of ρa,b,c-pairs parameterized by
Si. Since T parameterizes such families, see Proposition 4.1.7 , we have the required isomorphisms
between the pullback of (ET, κT,NT, ϕT) via βi × idX and the restrictions above. □

There is also a natural GL(Y )-action Γ on P which leaves T invariant. Note also that We can
view the GL(Y )-action as a (C∗ × SL(Y ))-action. Thus, when considering the quotient of T by the
GL(Y )-action we will do it in two steps, considering the actions of C∗ and SL(Y ) separately. The
reason why we can separate the action as described previously lies in the following properties.
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Proposition 4.1.9. i) We have that C∗ · idY acts trivially on T.
ii) We have that for two points t and t′ in the parameter space T, there exists an element g ∈ GL(Y ),

such that t′ = g · t, if and only if (Et, Lt, ϕt) and (Et′ , Lt′ , ϕt′) are isomorphic.

Proof. The first item follows from the fact that if we fix a quotient (qt : Y ⊗ π∗X(OX(−o)) →
Et, κt,Nt, ϕt) and a basis of the vector space Y then the action Γ acts on q by acting on Y as matrix
multiplication. Since C∗ only scales the basis and we defined P as a sheaf with projective fibers,
see Equation (4.13), then the C∗-action is trivial.

The second item is a direct consequence of the following Proposition. □

We have the following gluing property:

Proposition 4.1.10. Let S be a weakly normal variety and β1,2 : S → T two morphisms, such that
the pullbacks of (ET, κT,NT, ϕT) via β1 × idX and β2 × idX are isomorphic. Then, there exists a
covering map µ : T → S, with T a weakly normal variety, and a morphism Ξ : T → SL(Y ), such
that β2 equals the morphism

T
Ξ×β1−−−→ SL(Y )× T

Γ−→ T.

Proof. For the proof of this proposition we will follow very closely the curve case, which was treated
in [Sch04b, Proposition 2.10].

The morphisms β1 and β2 give us two quotient families (q1S , κ
1
S ,N

1
S , ϕ

1
S) and (q2S , κ

2
S ,N

2
S , ϕ

2
S)

of ρa,b,c-pairs parameterized by S. By hypothesis, κ1S = κ2S =: κS , and we have isomorphisms
ψS : E 1

S → E 2
S and fS : N1

S →N2
S , see Definition 4.1.6, with

ϕ1S = (idL[κS ]⊗π
∗
SfS)

−1 ◦ ϕ2S ◦ (ψS ⊗ a)⊕c.
In particular, there is an isomorphism

Y ⊗OS
x

(πS)∗(q
1
S⊗idπ∗

X
OX (o))

−−−−−−−−−−−−−−→ (πS)∗(E
1
S ⊗ π∗XOX(o))→

π∗
S(ψS⊗idπ∗

X
OX (o))

−−−−−−−−−−−−→ (πS)∗(E
2
S ⊗ π∗XOX(o))

((πS)∗(q
2
S⊗idπ∗

X
OX (o)))

−1

−−−−−−−−−−−−−−−−→ Y ⊗ OS

(4.17)

This yields a morphism ΞS : S → GL(Y ) and ∆S := (det) ◦ΞS : S → C∗. Let T := S×C∗×C∗ be
the fibre product taken with respect to ∆S and C∗ → C∗, z 7→ zp. The morphism η : T → S is then
a p-sheeted étale covering coming with the projection map ∆̃ : T → C∗. We set ∆̃e := (z 7→ ze)◦ ∆̃,
e ∈ Z. One has ∆̃p = ∆S ◦ η. By construction, the morphism

T
∆̃−1×(ΞS◦η)−−−−−−−−→ C∗ ×GL(Y )

mult−−−→ GL(Y )

factorizes over a morphism Ξ : T → SL(Y ). The quotient family defined by the morphism

T
Ξ×(β1◦η)−−−−−−→ SL(Y )× T

Γ−→ T

is just (q̃1S , κS ◦ η, η∗N1
S , (η × idX)

∗ϕ1S) with

q̃1S : Y ⊗ π∗XOX(−o)
Ξ∗(m−1)⊗idπ∗

X
OX (−o)

−−−−−−−−−−−−−−→ Y ⊗ π∗XOX(−o)
(η×idX)∗q1S−−−−−−−→ (η × idX)

∗E 1
S .

Let us prove that this family is equivalent to the quotient family ((η × idX)
∗q2S , κS ◦ η, η∗N2

S , (η ×
idX)

∗ϕ2S). This is seen by using

ψ̃T := ∆̃ · ((η × idX)
∗ψ−1

S ) : (η × idX)
∗E 2
S → (η × idX)

∗E 1
S

and
f̃T := ∆̃a−rb · (η∗f−1

S ) : η∗N2
S → η∗N1

S .

This finishes the proof. □
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Remark 4.1.11. Recall that we assume, in this section, that the underlying representation is ρa,b,c.
If ρ and ρ′ are representations such that ρa,b,c := ρ⊕ρ′. By restricting these sheaves to the big open
subset U ⊂ T×X where ET is locally free we have that the associated sheaves satisfy the following:

(ET|U )a,b = ET|U (ρ)⊕ ET|U (ρ′).
Hence, we may define Tρ, over U by the condition that fT vanishes on ET,ρ′ . By Proposition 4.1.3,
this is a closed subvariety of T. It is invariant under the group action and parameterizes tensor
fields.

Remark 4.1.12. The parameter scheme Tρ inherits from T the universal and local universal prop-
erty of tensor fields. This is clear because by Example 2.3.11 we have that any homogeneous
representation ρ is a direct summand of the representation ρa,b,c, see [Sch08, Remark 2.3.1.1 ii)].

We make a short statement here to draw attention to the fact that the parallelism between the
H1 = · · · = Hn−1-case and the multipolarization case ends here. This is to say that in order to pursue
the multipolarization case we will have to take weak normalizations and the λ-formalism defined in
Equation (3.4). However, the H1 = · · · = Hn−1-case continues in a similar way as the main reference
for this section namely [Sch08, Section 2.3.5] with the construction of the Gieseker space. In the
next subsection we will give an account of the most important results for the H1 = · · · = Hn−1-case.
After this, we will continue with the multipolarization case.

4.2. The Gieseker space and map. For the whole section we will be dealing with the H1 =
· · · = Hn−1-case. The main objective of this section is to relate the semistability condition of
Gieseker semistable tensor fields to the GIT semistability condition induced the SL(Y )-action on
the parameter space T. The approach followed here is based in [Sch08, Section 2.3.5], which treats
the curve case. In order to adapt the previous construction to the higher dimensional case we will
take reference of [Sch04b, Lemma 2.2.3].

Recall that LX is the pullback of a chosen Poincaré sheaf on Picl×X. If we have chosen o large
enough, the sheaf

G1 := Hom(
r∧
Y ⊗ OPicl , (πPicl ∗(LX ⊗ π∗XOX(ro)))) (4.18)

is locally free, see [HL10, Definition 1.7.5]. We set G1 := P(G ∨
1 ). By replacing L with LX ⊗π∗PiclM

where M is the dual of a sufficiently ample line bundle, we may assume that OG1(1) is very ample.
Let d : T → Picl be the morphism associated with the line bundle det(ET) on T × X, see [HL10,
Corollary 2.1.11], and let AT be a line bundle on T with

∧r ET
∼= (d× idX)

∗(LX)⊗ π∗T(AT). Then
r∧
(qT ⊗ idπ∗

X(OX(o))) :

r∧
Y ⊗ OT → (d⊗ idX)

∗(LX ⊗ π∗X(OX(ro)))⊗ π∗T(AT) (4.19)

defines a morphism ι1 : T→ G1 such that ι∗1(OG1(1)) = AT.
From the considerations exposed in [Sch08, Section Illustration page 131] more specifically from

[Proposition 2.2.4.17 and Corollary 2.2.4.18] we have that this linearization induces Gieseker semista-
bility on the torsion free sheaf, this means that the M(E •, α) part of the semistability will come from
this linearization. We will make this ideas more explicit when we do the appropriate semistability
analysis.

Set P d,l := Picd×Picl. Then, the sheaf

G2 := Hom(Ya,b ⊗ OP d,l , πP d,l∗(π
∗
Picl ×X(LX)

⊗c ⊗ π∗Picl ×X(LX)⊗ π∗XOX(oa))))

on P d,l is also locally free. Set G2 := P(G ∨
2 ). Making use of Remark 4.1.2, we can assume OG2(1)

to be very ample. The homomorphism
Ya,b ⊗ OT → ET,a,b ⊗ π∗X(OX(oa))→

→ (d× idX)
∗ ⊗ (LX [κT]⊗ π∗X(OX(oa))⊗ π∗TA⊗c

T ⊗NT)
(4.20)
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provides a morphism ι2 : T→ G2 with ι2(OG2(1)) = A⊗c
T ⊗NT. Altogether, we define the Gieseker

space as G := G1 ×G2 and the Gieseker map as

Gies := ι1 × ι2 : T→ G. (4.21)

This map is injective and GL(Y )-equivariant morphism. Linearize the GL(Y )-action on G in
OG(n1, n2) with

e :=
n2
n1

=
P (m)ϵ(o)− ϵ(m)P (o)

P (o)− aϵ(o)
. (4.22)

We would like to remark here multiple things.

Remark 4.2.1. i) The Gieseker space approach to linearize the action on the parameter space is
also performed for the moduli space of vector bundles over a curve in [Sch08, Section Illustration
page 131]. The original idea is an older approach by Gieseker, see [Gie77]. We mention this
because this is a moduli space that has been more studied and hence the reader might be more
familiar with it.

ii) At this point we see that the semistability parameter ϵ and more specifically its asymptotic
behavior corresponds to the choice of a linearization in the GIT construction.

iii) Let M and N be two line bundles on X. By construction, The Gieseker space comes with a
map to P d,l. Its fiber over ([M ], [N ]) is P(H)× P(K) with

H := HM := Hom(

r∧
Y,H0(M(ro)))∨

and
K := KM,N := Hom(Ya,b, H

0(M⊗c ⊗N(ao)))∨.

There are representations ρ1 : GL(Y ) → GL(H) and ρ2 : GL(Y ) → GL(K) which give the
GL(Y )-actions on P(H) and P(K) together with linearizations in OP(H)(1) and OP(K)(1), re-
spectively. This implies that there is an action of GL(Y ) on P(H) × P(K), and, for positive
integers s1 and s2, the linearization σs1,s2 of that action in the line bundle

O(n1, n2) := (π∗P(H)OP(H)(n1))⊗ π∗P(K)(OP(K)(n2))).

Since the evaluation of the Hilbert–Mumford criterion commutes with closed embeddings, we
are lead to evaluate it on the spaces P(H)× P(K) where M varies over Picd and N over Picm.
This brings us to the situation considered in Section 2.3.

For the following considerations, note that, by Part i) of Exercise 4.1.9, we have to investigate
the SL(Y )-action instead of the GL(Y )-action.

In Proposition 4.2.5, we will identify the GIT-(semi)stable points in G using the Hilbert–Mumford
criterion. Afterwards we will pullback the linearization OG(n1, n2) though the Gieseker morphism,
since this map is injective and equivariant (see Equation (4.21)) we will have a linearization of
the SL(Y )-action on T. In Theorem 4.2.6 we relate filtrations of sheaves with filtrations of the
vector space Y to prove that GIT-(semi)stable points of T coincide with the points associated with
ϵ-(semi)stable points.

We will start with some preparatory results, we omit the proof of some of them but we give
complete references.

Theorem 4.2.2. [Sch08, Theorem 2.3.5.13] There exists an n2 such that for every n ≥ n2 and
every point t ∈ T with (semi)stable (with respect to the linearization from Equation (4.22)) point
Gies(t) ∈ G, the tensor field (Et,Lt, ϕt) is ϵ-(semi)stable.
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Let λ : C∗ → SL(Y ) be a one parameter subgroup, we will calculate the weight of λ on the
linearization OG(s1, s2). Let us denote by (Y •, α) the weighted filtration induced by λ. Recall that
in Theorem 5.1.8 we established the following equation

µ (E •
σ , ασ;φi) = −

s∑
n=1

αn(rk(En)ai − εn(E •)r). (4.23)

Given a subspace Y ′ of Y and a quotient q : Y ⊗OX(−m)→ E , we define the subsheaf EY ′ of E as
the image of the restriction of q to Y ′. We have the following diagram

Y ⊗ OX(−m) // E

Y ′ ⊗ OX(−m) //

OO

EY ′

OO

where the horizontal arrows are surjective and the vertical arrows are injective. In particular,
EY ′(m) is generated by global sections. Moreover, if the quotient q : Y ⊗OX(−m)→ E induces an
injection Y ′ ↪→ H0(E (m)) (as in the beginning of this subsection, recall that g : Y → H0(E (m)) is
an isomorphism), and if E ′ is a subsheaf, we define YE ′ = Y ∩H0(E ′(m)).

Lemma 4.2.3. [GS05, Lemma 3.2] Given a point (q, [Φ]) ∈ T such that q induces an isomorphism
Y ↪→ H0(E (m)), and a weighted filtration (E •, α) of E , we have:

i) EYEi
= Ei

ii) Φ|(Ei1
⊗···⊗Eis )

⊕c = 0, if and only if Φ|(YEi1
⊗···⊗YEis

)⊕c = 0

iii)
∑t

i=1−αiεi(Φ,E •, α) =
∑t

i=1−αiεi(Φ, YE • , α)

Lemma 4.2.4. [GS05, Lemma 3.3] Given a point (q, [Φ]) ∈ T such that q induces an injection
Y ↪→ H0(E (m)), and a weighted filtration (Y •, α) of Y , we have:

i) Yi ⊂ YEYi

ii) φ|(EYi1
⊗···⊗EYis

)⊕c = 0 if and only if Φ|(Yi1⊗···⊗Yis )⊕c = 0

iii)
∑t

i=1−αiεi(φ,EY• , α) =
∑t

i=1−αiεi(Φ, Y•, α)

Proposition 4.2.5. [GS05, Proposition 3.4] For sufficiently large m, the point Gies(q, [Φ]) in G is
GIT-(semi)stable with respect to OG(n1, n2) if and only if for every weighted filtration (Y• = (Y2 ⊂
. . . ⊂ Yt = Y ), α) of Y , the following inequality holds:

n1

(
t∑
i=1

αi dim(Yi)P (m)− dim(Y )PEYi
(m))

)
+ n2(µ(Φ, Y•, α)) ≤ 0.

Furthermore, there is an integer A2 (depending only on n, P , a, b, c, and D, see Definition 4.0.1)
such that it is enough to consider weighted filtrations with αi ≤ A2 for all i.

Theorem 4.2.6. [GS05, Theorem 3.6] Assume n is big enough, see [GS05, First paragraph of
Section 3]. For m sufficiently large, a point Gies(q, [Φ]) in G is GIT-(semi)stable if and only if the
corresponding tensor field (E , ϕ) is ϵ-(semi)stable and the linear map H0(q(n)) : Y → H0(E (n))
induced by q is an isomorphism.

The previous two results are major ingredients for the construction of the moduli space of Gieseker
-semistable tensor fields. We note that Gss, the set parameterizing GIT-semistable points in G,
possesses a projective quotient (see Section 2.3.2). This is a result of the fact that the linearization
OG(n1, n2) is ample, one can verify this by Nakai’s criterion Theorem 2.2.38.

The previous results show that the subsets Tϵ−(s)s parameterizing ϵ-(semi)stable tensor fields are
the preimages of the open subsets G(s)s, see [Sch08, Theorem 2.3.5.11] for the equivalent result in
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the curve case. Thus we need the following proposition in order to conclude the construction of the
moduli space.

Proposition 4.2.7. The restricted Gieseker morphism

Gies|Tss : Tss → Gss

is proper. Since it is also injective then, it is finite.

Proof. This theorem is proved by applying the valuative criterion of properness. Since the proof is
quite technical we will content ourselves with giving the reference [Sch08, Theorem 2.3.5.17]. □

The previous facts together with the Proposition 2.3.34 imply that the quotient T//SL(Y ) exists
as a projective scheme.

More concretely, letMss
ϵ (respectivelyM s

ϵ ) be the GIT quotient of Tss (respectively Ts) by SL(V ),
see Proposition 2.3.34. Since OTss(n1, n2) = Gies∗(OG(n1, n2)) is ample then, Mss

ϵ is projective.
GIT gives that M s

ϵ is an open subset of the projective scheme Mss
ϵ . The restriction Ts → M s

ϵ

to the stable part is a geometric quotient, i.e., the fibers are SL(V )-orbits, and hence the points
of M s

ϵ correspond to isomorphism classes of ϵ-stable tensors. It only remains to show that Mss
ϵ

corepresents the functor Mϵ−ss(ϱ, c, l). This is a consequence of the local universal property spelled
in Proposition 4.1.8 and the gluing property given in Proposition 4.1.10. In conclusion we have

Theorem 4.2.8. There exists a coarse moduli space Mss
ϵ , projective over Picd(X), of ϵ-semistable

tensors. The closed points of Mss
ϵ correspond to S-equivalence classes of ϵ-semistable tensor fields.

There is an open set M s
ϵ corresponding to ϵ-stable tensors. Points in this open set correspond to

isomorphism classes of ϵ-stable tensors.
Here we say that two tensors (E, ϕ, u) and (F,ψ, u) are S-equivalent according to [GS05, Propo-

sition 4.1]. See [Sch08, Page 140] for the curve case.

4.3. On the geometry of the moduli spaces. We continue with some properties of the moduli
spaces just constructed. Since the moduli space Mss

ϵ was constructed as a projective quotient then
one can apply the theory developed in Section 2.3.3. Indeed we have the following result which
corresponds to [Sch08, Theorem 2.3.7.1] in the curve case. We encourage the reader to see [Sch08,
Section 2.3.6] for an account of the equivalent results in the curve case.

Recall that we denote by ϵ the leading coefficient of the rational polynomial ϵ. In light of the
second item of Remark 4.2.1 we have the following theorem.

Theorem 4.3.1. Fix the input data ρ and ĉ ∈ K(X)num. Then, there is a finite set {ϵ̂1, . . . , ϵ̂m} of
rational numbers

0 =: ϵ̂0 < ϵ̂1 < . . . < ϵ̂m+1 :=∞,
such that, for a tensor field (E , φ) with E of class ĉ, the following properties hold true:

i) Suppose there is an index i ∈ {0, . . . ,m} with ϵ̂i < ϵ1 < ϵ2 < ϵ̂i+1. Then, (E , φ) is ϵ1-
(semi)stable if and only if it is ϵ2-(semi)stable. In particular, there is a canonical isomorphism
Mss
ϵ1
∼=Mss

ϵ2 .
ii) Assume ϵ̂i < ϵ < ϵ̂i+1, for some index i ∈ {1, . . . ,m − 1}. If (E , φ) is ϵ-semistable, then

there are polynomials ei and ei+1 of degree less than n with leading coefficients equal to ϵ̂i and
ϵ̂i+1 respectively such that (E , φ) is also ei- and ei+1-semistable, so that there are canonical
morphisms

Mss
ϵ (c, l)→Mss

ei (ĉ, l) and Mss
ϵ (ĉ, l)→Mss

ei+1
(ĉ, l).

Conversely, if (E , φ) is ei- or ei+1-stable, then it is also ϵ-stable.
iii) Suppose ϵ > ϵ̂m. If (E , φ) is ϵ-semistable, there exists a polynomial em as above such that (E , φ)

is also em-semistable, so that there is a natural morphism

Mss
ϵ (ĉ, l)→Mss

em(ĉ, l).
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Conversely, if (E , φ) is em-stable, then it is also ϵ-stable. See Asymptotic semistability in
[Sch08, Section 2.3.6] in order to see how to construct ϵ̂m and em.

iv) Suppose 0 < ϵ < ϵ̂1. If (E , φ) is ϵ-semistable, then E is a Gieseker -semistable torsion free
sheaf. Letting M0 be the moduli space of Gieseker-semistable torsion free sheaves of rank r
and type ĉ, we find a canonical morphism

Mss
ϵ (ĉ, l)→M0.

If E is a stable torsion free sheaf, then (E , φ) is ϵ-stable. See Remark 4.0.18 and [Sch08, Remark
2.3.4.4 ii)]

We set M̂i :=Mss
ei (ĉ, l), i = 1, . . . ,m, Mi :=Mss

ϵ (ĉ, l) for some ϵ with ei−1 < ϵ < ei, i = 1, . . . ,m,
and M∞ :=Mss

ϵ (ĉ, l) for some ϵ with ϵ > em. This theorem is summarized by the following picture:

M1

  ~~

~~ Mm

""{{

M∞

||

M̂0 M̂1
|| M̂m−1 M̂m.

(4.24)

This is a nice parallel to the situation in Section 2.3.3.

4.4. Multipolarizations and tensor fields. We start the construction in a similar fashion as
[GS05, Section 3].

Let us first restrict the sheaves parameterized by T so that they have the same determinant
Λ. Since this is a closed condition, then we have a closed subscheme of T. We will also restrict
decorated sheaves to tensor fields by setting L = OX and ρ = ρa,b,c because this is the objects that
we will need for the principal bundle classification.

Recall that the main technique to prove Theorem 3.5.4 was the following: if T parameterizes
a family F of slope semistable sheaves, and if X(n−1) ∈

⋂
|aiHi| is a smooth curve and ai is as

in Theorem 3.5.4, then restricting F to T ×X(n−1) produces a family of µ-semistable sheaves on
X(n−1) (see 3.4.8) and therefore a map T → QX(n−1) where QX(n−1) parameterizes quotients of
semistable sheaves on the curve X(n−1). The ample line bundle L0 on QX(n−1) pulls back to a
power of λF (un−1(ĉ)), see Theorem 3.5.7, and in this manner we can produce sections in the latter
line bundle. The goal of this section is to reproduce the same technique for tensor fields instead of
sheaves.

Fix m ≥ max{N, o} (N is as in Proposition 7.1.8 and o is as in Section 4.1) and let Y be a
vector space of dimension p = P (m). The choice of m implies that if (E , φ) is a δ-semistable, then
E (m) is generated by global sections and E is m-regular. Let (g,E , φ) be a tuple where (E , φ) is
a δ-semistable tensor field and g is an isomorphism g : CP (m) = Y → H0(E (m)). This induces a
quotient

q : Y ⊗ OX(−m)→ E . (4.25)
Let Q = Quot(Y ⊗ OX(−m), P ) be the Quot scheme parameterizing quotients as in Equation

(4.25). Note that, this is very similar to the parameter space defined in Equation (3.21). We have
a universal quotient family denoted by qQ : OQ ⊗ Y → F ′.

By Proposition 4.1.7 and the construction leading up to it we have a parameter space T′, a
universal quotient on T′ ×X given by qT′ : Y ⊗ π∗XOX(−m)→ ET′ and a universal homomorphism
φT′ : ET′,a,b → det(ET′)⊗c ⊗NT′ , where NT′ = OP(1)|T′ . Similarly to 3.21 we define

T = (T′δ−ss
red )wn (4.26)

where T′δ−ss is the open subvariety parameterizing quotients comprised of δ-semistable tensor fields.
Of course, we pullback the universal quotient, the universal homomorphism and the SL(V )-action
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to T through the reduction T′δ−ss
red making the reduction morphism T′δ−ss

red → T′δ−ss equivariant
with respect to the two actions. Additionally we pullback everything one more time through the
weak normalization map, see Theorem 2.1.17, and denoting the pullback of the universal quotient
over T × X by qT : Y ⊗ π∗XOX(−m) → ET and the pullback of the universal homomorphism by
φT : ET,a,b → det(ET )

⊗c ⊗ π∗TNT , where NT is the pullback of NT.
By Remark 4.1.5 and by construction we get that if (E , φ) is a δ-semistable tensor field, then

there is a point t ∈ T such that (E , φ) is isomorphic to (Et, φt). Hence we get the corresponding
version of Proposition to 4.1.7 for the slope case. This is the following result.

Proposition 4.4.1. Any slope (H1, . . . ,Hn−1)−semistable quotient family parameterized by a weakly
normal variety S gives rise to a unique morphism f : S → T , such that it is isomorphic to the pull-
back of the universal quotient family by (f × idX).

Similar to the torsion free case we define the following determinant line bundle on T ×X by

L ′
n−1 := λET

(un−1(ĉ)). (4.27)

Note that, for a big enough N ′ ∈ N we have a map ι′1 : T → P(Hom(
∧
Y,
⊕

kH
0(L ′⊗kN ′

n−1 ))) =: H′

which satisfies (ι′1)
∗OH′(1) = L ′⊗N ′

n−1 .
Moreover, our assumptions imply that the tuple (g,ET , φT ) induces a linear map

Φ : Ya,b ⊗ OT → ET ;a,b ⊗ π∗XO∗
X(ma)→ π∗X(Λ)

⊗c ⊗ π∗XOX(ma)⊗ π∗T (L ′⊗cN ′

n−1 ⊗NT ). (4.28)

We define the projective space G′
2 := P(G ′

2), where

G ′
2 := Hom(Ya,b, H

0(T, (Λ)⊗c ⊗ π∗XOX(oa)))).

Then, Φ induces a morphism ι′2 : T → G2 with (ι′2)
∗(OG′

2
(1)) = L ′⊗cN ′

n−1 ⊗NT . Altogether we have
that T parameterizes a universal family of tensor fields given by

ϕT : ET ;a,b → (detET )
⊗c ⊗ π∗TNT (4.29)

Since the morphisms ι′1, ι′2 are both SL(Y )-equivariant by construction, then we can linearize the
SL(Y )-action on T by:

OT (s1, s2) := L ′⊗N ′s1
n−1 ⊗ (ι′2)

∗OG′
2
(s2) = L ′⊗N ′(n1+cn2)

n−1 ⊗ π∗TN
⊗s2
T , (4.30)

At this point we want to apply arguments similar to the ones in the proof of Theorem 3.5.4 in
order to conclude that the line bundle OT (n1, n2) is semi ample. In order to do this we first need a
restriction theorem. We note that such a restriction theorem for the rank 2 and H1 = · · · = Hn−1-
case has been worked out in [Pus15, Section 4.3]. We will state the result for our case as a conjecture.

Conjecture 4.4.2. Let (E , φ) be a δ-semistable tensor field over X. Then, there is a positive
threshold k0 ∈ N such that for any k ≥ k0 there is a dense open subset U(k) ⊂ |kH1| such that for
any divisor D ∈ U(k) the divisor D is smooth and (E |D, φ|D) is δ-semistable.

Under this conjecture we proceed with the following theorem.

Theorem 4.4.3. (Equivariant Semiampleness for tensor fields) There exists a positive integer ν ′ ∈
N such that OT (s1, s2)

⊗ν′ is generated over T by SL(Y )-invariant sections.

Before we begin the proof of this result, we need the following preparatory results.
We need to relate the determinant line bundle on T to its pull-back from the corresponding total

family QC of tensor fields on a high degree curve C ⊂ X.
First note that, by the semistable restriction theorem Proposition 3.4.8 and by Conjecture 4.4.2,

there exists positive natural numbers a1, a2, . . . , an−1 ∈ N such that
i) a1H1, a2H2, . . . , an−1Hn−1 are very ample, and
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ii) For any general (smooth) complete intersection curve X(n−1) of elements in the linear series
|a1H1|, . . . , |an−1Hn−1|, if (F , φ) is a slope-semistable tensor field on X, then the restriction
(F |X(n−1) , φ|X(n−1)) is slope-semistable. This also works for families of slope semistable sheaves
on X.

For any class ĉ ∈ K(X)num, let ĉ(n−1) = ι∗c|X(n−1) denote the restriction to ι : X(n−1) ↪→ X, and
let P (n−1) = P (ĉ(n−1)) be the associated Hilbert polynomial with respect to the ample line bundle
OX(n−1)(1) := OX(1)|X(n−1) . Set E

(n−1)
T := ET |T×Xn−1 , then by the arguments in [GT17, Corollary

3.2] and since T is weakly normal we have that this family can be taken to be T -flat.
Let m(n−1) be a large positive integer, set

Y (n−1) := CP
(n−1)(m(n−1)), H (n−1) := Y (n−1) ⊗ OX(n−1)(−m(n−1)),

and let QX(n−1) be the Quot scheme Quot(H (n−1), P (n−1)) parameterizing quotients with determi-
nant Λ|X(n−1) .

The torsion free sheaves occurring in δ-semistable torsion fields over X(n−1) are bounded by
[Sch08, Theorem 2.3.4.1]. Let QX(n−1) be the open subscheme parameterizing q : H (n−1) → E with

E locally free and H0(q(m(n−1))) an isomorphism. Denote by OQ
X(n−1)

⊗H (n−1) → F̂ ′(n−1)
the

universal quotient sheaf on QX(n−1) .
By the construction in [Sch08, Section 2.3.5] we have a parameter space T(n−1), a universal

quotient on it given by qT(n−1) : Y (n−1)⊗π∗XOX(−m(n−1))→ ET(n−1) and a universal homomorphism
φT(n−1) : ET(n−1),a,b → det(ET(n−1))⊗c ⊗NT(n−1) .

Note that, on the curve X(n−1) the notion of δ-semistability can also be obtained with the Hilbert
polynomial calculated with respect to OX(n−1)(1).

We set L ′(n−1)
0 to be the determinant line bundle on T(n−1) given by:

L ′(n−1)
0 = λE

T(n−1)
(u0(ĉ

(n−1))). (4.31)

Note that this bundle is naturally linearized with respect to the SL(Y (n−1))-action. Additionally it
is the line bundle with respect to which the GIT construction on sheaves is performed. We have
that ι∗1(OG(1)) = (L ′(n−1)

0 )⊗m
(n−1) as one can see in the first line of [Sch08, Page 151]. This fact

was also talked about after Equation (4.18), when specialized to the curve case, this is because on
the curve X(n−1) slope semistability and Gieseker-semistability coincide, see [GT17, Remark 3.7].

Since we have a universal homomorphism φT(n−1) : ET(n−1),a,b → det(ET(n−1))⊗c ⊗NT(n−1) we can
construct the homomorphism

Y
(n−1)
a,b ⊗ OT(n−1) → ET(n−1),a,b → det(ET(n−1))⊗c ⊗NT(n−1) (4.32)

which provides a morphism ι2 : T(n−1) → G2 as described in Equation 4.20, which satisfies
ι∗2(OG2(1)) = (L ′(n−1)

0 )⊗c⊗NT(n−1) . Altogether we have the Gieseker space, given by G = G1×G2,
and morphism given by

Gies(n−1) := ι1 × ι2 : T(n−1) → G. (4.33)
This map is injective and GL(Y (n−1))-equivariant morphism. Linearize the GL(Y (n−1))-action on
G in OG(s1, s2) with

e(n−1) :=
s2
s1

=
p− aδ
rδ

. (4.34)

Here p = d+ r(m+ 1− g) where d and r are the degree and the rank of the sheaves parameterized
by QX(n−1) respectively and g is the genus of the curve X(n−1).

As in page 162 of [Sch08, Section 2.3], the following lemma thus follows from the construction of
the moduli space for δ-semistable tensor fields on the curve X(n−1).
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Lemma 4.4.4. After increasing m(n−1) if necessary, the following holds:

(1) For a given point t ∈ T(n−1) represented by a quotient tensor field ([q : H (n−1) → E], φ),
the following assertions are equivalent:

i) The tensor field (E,φ) is a δ-semistable sheaf and Y (n−1) → H0(X;E(m(n−1))) is an
isomorphism.

ii) The point [q, φ] ∈ T(n−1) is GIT-semistable with respect to the SL(Y (n−1))-linearization
in Gies(n−1)∗OG(s1, s2).

iii) There exists a positive integer ν ′ ∈ N and an SL(Y (n−1))-invariant section

σ ∈ H0(T(n−1),Gies(n−1)∗OG(s1, s2))

such that σ([q], φ) ̸= 0.
(2) Two points ([qi : H(n−1) → Ei, ], φi) ∈ T(n−1), i = 1, 2, are separated by invariant sections in

some tensor power of Gies(n−1)∗OG(s1, s2) if and only if either one of them is semistable but
the other is not, or both points are semistable but (E1, φ1) and (E2, φ2) are not S-equivalent,
see [Sch08, Remark 2.3.5.18] for a useful alternative formulation of S-equivalence in the
curve case.

In addition to assertions (1) and (2) of the previous lemma, by increasing m(n−1) further if
necessary, we may assume that for each t ∈ T represented by a quotient tensor field ([qt], φt) the
restricted sheaf ET|t×X(n−1) is m(n−1)-regular with respect to OX(n−1)(1). Consequently, the sheaf
ET|t×X(n−1)(m(n−1)) is globally generated. This is a consequence of the fact that Y (n−1) ⊗ OX(n−1)

is a globally generated sheaf.
At this point we note that a semistable reduction theorem for tensor fields as in Conjecture 4.4.2

is necessary to continue with this construction. As we mentioned prior to the conjecture the rank 2
and H1 = · · · = Hn−1-case has already been worked out, we believe that this alone makes pursuing
this construction worthwhile.

We will work with the family (qT : Y ⊗π∗XOX(−m(n−1))→ ET , φT ) and its restriction to T(n−1)×
X. Let us denote by E

(n−1)
T the restriction ET |T×X(n−1) . Now, by increasing m(n−1) if necessary

and by Conjecture 4.4.2, we can make sure that:

• Each restriction ([qt]|X(n−1) , φt|X(n−1)) with t ∈ T defines a closed point in T(n−1) with the
additional property that Y (n−1) → H0(X(n−1),E

(n−1)
T |t(m(n−1)))) is an isomorphism.

• The sheaf p∗E
(n−1)
T (m(n−1)) is a locally free OT -module of rank P (n−1)(m(n−1)), where

p : X(n−1) × T → T is the projection.

Let T̂ be the associated projective frame bundle with p∗E
(n−1)
T (m(n−1)) and let η : T̂ → T be the

natural projection map. The projective frame bundle parameterizes a quotient

OT̂ ⊗H (n−1) → η∗E
(n−1)
T ⊗ Oη(1).

This quotient together with the restriction φT |X(n−1) induces an SL(P (n−1)(m(n−1)))-invariant mor-
phism

Φ
E
(n−1)
T

: T̂ → T(n−1).

Recall that we also have the SL(Y )-action on T defined in Equation 4.26. Further, the SL(Y )-action
is linearized with the determinant bundle OT (n1, n2) = L ′⊗N ′(n1+cn2)

n−1 ⊗ π∗TN
⊗n2
T . Then, by the

same arguments in the proof of [HL10, Proposition 8.2.3] we have that T̂ inherits the SL(Y )-action
which commutes with the SL(P ′(m′))-action such that both η : T̂ → T and Φ

E
(n−1)
T

are equivariant
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for the SL(Y )× SL(P ′(m′))-actions. We summarize our situation in the following diagram:

T̂

Φ
E
(n−1)
T //

η

��

T(n−1)

T.

(4.35)

By Proposition 3.4.2 and by Equation (3.12) there exists positive integers k0 and kn−1 such that

λE (n−1)(u0(ĉ|X(n−1)))⊗k0 ∼= λE (un−1(ĉ))
⊗kn−1 .

Further, the exact sequence 3.10 in Proposition 3.4.2 and the fact that π∗TNT is constant along X
implies that restricting the line bundle π∗TNT to T ×X(n−1) results in the following isomorphism

η∗π∗TN
kn−1

T
∼= (Φ

E
(n−1)
T

)∗π∗
T(n−1)N

k0
T(n−1)

Let us show by the following degree computation how to relate both linearizations.

(Φ
E
(n−1)
T

)∗(OT(n−1)(s1, s2))
⊗k0

∼=(Φ
E
(n−1)
T

)∗(λE
T(n−1)

(u0(ĉ
(n−1)))⊗k0m

(n−1)(s1+cs2) ⊗ π∗
T(n−1)N

k0s2
T(n−1))

∼= (Φ
E
(n−1)
T

)∗(λE
T(n−1)

(u0(ĉ
(n−1)))⊗k0m

(n−1)(s1+cs2))⊗ (Φ
E
(n−1)
T

)∗(π∗
T(n−1)N

k0s2
T(n−1))

∼=λ
η∗E

(n−1)
T ⊗Oη(1)

(u0(ĉ
(n−1)))⊗k0m

(n−1)(s1+cs2) ⊗ η∗π∗TN
kn−1s2
T

∼=η∗λ
E
(n−1)
T

(u0(ĉ))
⊗k0m(n−1)(s1+cs2) ⊗ η∗π∗TN

kn−1s2
T

∼=η∗λET
(un−1(ĉ

(n−1)))⊗kn−1m(n−1)(s1+cs2) ⊗ η∗π∗TN
kn−1s2
T

∼=η∗OT (s1, s2)
⊗kn−1 .

(4.36)

Now, we are ready to prove Theorem 4.4.3.

Proof. Now, let σ be an SL(Y (n−1))-invariant section in OT(n−1)(s1, s2) that does not vanish at a
given point of the form ([qt : H

(n−1)
t → ET,t|X(n−1) ], φt). Since Φ

E
(n−1)
T

is SL(Y )-invariant, the

pullback (Φ
E
(n−1)
T

)∗(σ) is an SL(Y (n−1))× SL(Y )-invariant section in

(Φ
E
(n−1)
T

)∗(OT(n−1)(s1, s2))
⊗k0 = η∗λET

(û2)
ν′kn−1 . (4.37)

Since η is a good quotient of T̂ by the SL(Y (n−1))-action, the isomorphism in Equation (4.36)
implies that (Φ

E
(n−1)
T

)∗(σ) descends to a section lET
(σ) ∈ H0(T,L ′⊗ν′(n1+cn2)

2 ⊗π∗TN
⊗n2
T )SL(V ) that

does not vanish at t ∈ T .
Finally, recall that we want to produce a section in OT (s1, s2) that does not vanish at our given

point t ∈ T . As (ET,t|X(n−1) , φt|X(n−1)) is semistable, recall Conjecture 4.4.2, and as the induced
map

Y (n−1) → H0(X(n−1),ET,t|X(n−1)(m(n−1)))

is an isomorphism, recall Lemma 4.4.4, there exists a positive integer ν ′ ∈ N and an invari-
ant section σ ∈ H0(T(n−1),OT(n−1)(s1, s2)

ν′k0)SL(Y
(n−1)) such that the induced section lET

(σ) ∈
H0(T,OT (s1, s2))

ν′kn−1)SL(Y ) fulfills lET
(σ)(t) ̸= 0. This completes the proof of the theorem . □
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Let us continue with the construction of the moduli space of slope semistable tensor fields. We
will proceed as in Theorem 2.3.33 and [GT17, Section 4.2].

Let us proceed with the construction. Since the linearization OT (s1, s2) is semiample we would
like to construct the moduli space as the image of T under the map given by invariant sections
of OT (s1, s2)

⊗ν′ for big enough ν ′. To do this we first need a finite generation result. First set
W ′
ν′ := H0(T,OT (s1, s2)

⊗ν′)SL(Y ). Since T is Noetherian, for every ν ∈ N such that W ′
ν generates

OT (s1, s2)
⊗ν over T , there exists a finite-dimensional C-vector subspace Ŵ ′

ν ⊂W ′
ν that still generates

OT (s1, s2)
⊗ν over T . We consider the induced SL(Y )-invariant morphism fŴ ′

ν
: T → P(Ŵ ′∨

ν ) and

set MŴ ′
ν := fŴ ′

ν
(T ). Let us consider the projective varieties MŴ ′

ν for increasing values of ν. We
obtain the following result.

Theorem 4.4.5. (Finite generation for tensor fields) There exists an integer N ′ > 0 such that the
graded ring

⊕
W ′
kN is generated over W ′

0 = C by finitely many elements of degree one.

Proof. Note that, we are in the same situation as in Proposition3.5.6. Hence the same proof will
work in this case.

As a referee told me, these observations need to be complemented by the results obtained in
[Pav22]. This is because the torsion-free case treated in [GT17, Proposition 4.3] was generalized to
the pure sheaves case and in the process some computations were streamlined. □

We are finally in a position to define the desired moduli space.

Definition 4.4.6. (Moduli space for slope-δ-semistable tensor fields) Let N ′ ≥ 1 be a natural
number as above. Then, we define the polarized variety (M δ−ss, L) to be the projective variety

M δ−ss := Proj
⊕
k≥0

H0(T,OT (s1, s2)
kN ′

)SL(Y ),

together with the ample line bundle L′ := OMδ−ss(1). Moreover, we let ΦT : T → M δ−ss be the
induced SL(Y )-invariant morphism with Φ∗

T (L
′) = OT (s1, s2)

N ′ .

In order to prove the compactness of the new moduli space we first recall that Theorem 3.5.8,
point at an analogous to Langton’s theorem for tensor fields. More precisely, by an analogous
statement we mean a statement such as the following

Conjecture 4.4.7. (Slope-δ-Semistable reduction for tensor fields) Let R be a discrete valuation ring
with field of fractions K. For any family (EK , φK ,NK) of δ-semistable tensor fields on Spec(K)×X,
there exist a finite field extension K ′/K and a family (ER′ , φR′ ,NR′) of δ-semistable tensor fields on
Spec(R′)×X, R′ the normalization of R in K ′ which extends (EK , φK ,NK)×Spec(K)×X (Spec(K ′)×
X).

Since such a result is not known to the author at the time of writing we have formalized it as a
conjecture.

By assuming that the previous conjecture holds we can emulate the process outlined in Proposition
3.5.9 in order to obtain the following.

Proposition 4.4.8. Let Z ⊂ T be any SL(Y )-invariant closed subvariety. If T is a separated
scheme of finite type over C, and if φ : Z → T is any SL(Y )-invariant morphism, then the image
φ(Z) ⊂ T is complete. In particular, any SL(Y )-invariant function on T is constant.

Again, note that, by applying this proposition to the case when φ = ϕT : T →M δ−ss we obtain
the compactness of the moduli space.

Further,we have a universal property summarized in the following theorem.
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4.4.1. Some properties of the moduli space. To start, let us give the universal property of the just
constructed moduli space.

Theorem 4.4.9. Let X be a projective manifold of dimension ≥ 2 and fix a multipolarization
(H1, . . . ,Hn−1) consisting of ample line bundles in Pic(X). Take ci ∈ H2i(X,Z) for 1 ≤ i ≤ n, and
let r be a positive integer, ĉ ∈ K(X)num be a class with rank r and Chern classes cj(ĉ) = cj, and Λ
a line bundle on X with c1(Λ) = c1.

Then, there exists a natural number N ′ ∈ N>0, a weakly normal projective variety M δ−ss, an
ample line bundle OMδ−ss(1), and a natural transformation M δ−ss → Hom(_,M δ−ss) mapping a
family (EB, φB) to a classifying morphism ΦB, with the following properties:

• For every B-flat family (EB, φB) of δ-semistable tensor fields of class ĉ and determinant Λ,
with induced classifying morphism ΦB, we have

Φ∗
B(OMδ−ss(1)) = λEB

(un−1(ĉ))
⊗N ′

. (4.38)

Additionally, we have Φ∗
Bπ

∗
TNT

∼= π∗BNB

• For any other triple (M ′,OM ′(1), N ′′), where M ′ is a projective variety, OM ′(1) is ample on
M ′, and N ′′ is a natural number such that 4.38 is fulfilled, then we have N ′ | N ′′, and there
exists a unique morphism ψ : M δ−ss →M ′ such that ψ∗(OM ′(1)) ∼= OMµ−ss(N ′′/N ′).

The triple (M δ−ss,OMδ−ss(1), N ′) is uniquely determined up to isomorphism among the triples that
satisfy the properties above. Consequently, we call this triple the moduli space of (H1, . . . ,Hn−1)-
semistable tensor fields.

Proof. Let B be a weakly normal variety and (E , φ,NB) a family of δ-semistable tensor fields
parameterized by B of type ĉ ∈ K(X)num. Recall that we have chosen an ample polarization OX(1)
of X. Denote the natural projections by πB : B ×X → B and πX : B ×X → X as always.

Let m ∈ N be as in the beginning of Section 4.4, such that every δ-semistable sheaf F with the
given invariants is m-regular. We set Y := Y ⊗ OX(−m). The sheaf YE = π∗B(E ⊗ π∗XOX(m)) is
locally free of rank P (m), and there is a canonical surjection ϕE : π∗B(YE ⊗ π∗XOX(m))→ E .

Let π : T̂ (E ) → B be the frame bundle associated with YE . Note that, the group GL(V )

acts on T̂ (E ) making it a principal GL(Y )-bundle with good quotient π. Since the pullback of
YE to T̂ (E ) has a universal trivialization (just as in the proof of Theorem 4.4.3), we obtain a
canonically defined quotient q̂E : OT̂ (E ) ⊗ Y → (π × idX)

∗E on T̂ (E ) × X. We also have a
morphism Ya,bOT̂ (E ) → (π × idX)

∗E → det((π × idX)
∗E )⊗c ⊗ π∗NB. The quotient q̂E together

with the composition just mentioned and the pullback π∗NB give rise to a classifying morphism
Φπ×idX)∗E : T̂ (E )→ H′ × G ′

2, which is equivariant with respect to the GL(Y )-actions on T̂ (E ) and
T′δ−ss. Here, the latter action is induced by the SL(Y )-action via PGL(V ), see [HL10, Lemma
4.3.2] and the proof of [GT17, Proposition 4.5].

Since the sheaf Eb, φ|{b}×X was assumed to be slope-semistable for all b ∈ B, the image of
Φ(π×idX)∗E is contained in T′δ−ss. Note that, as a principal bundle over the weakly normal variety
B, the space T̂ (E ) is itself weakly normal. Consequently, by Theorem 2.1.17 the map Φ(π×idX)∗E

lifts to a morphism from T̂ (E ) to T , which we will continue to denote by Φ(π×idX)∗E . Composing
the previous morphism with the SL(Y )-invariant morphism ΦT : T →M δ−ss, we obtain a GL(Y )-
invariant morphism Φ̃E ,φ : T̂ (E ) → M δ−ss. Since π is in particular a categorical quotient, there
exists a uniquely determined morphism ΦE ,φ : B →Mνss such that the following diagram commutes:
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T̂ (E )
Φ̃E ,φ

$$

Φ(π×idX )∗E //

π

��

T

Φ
��

B
ΦE ,φ // M δ−ss.

(4.39)

In order to construct the required natural transformation assign to each ΦE ,φ ∈ Mor(B;M δ−ss)

the tensor field (E , φ,NB) seen as a point in M δ−ss. In conclusion we have the following natural
transformation

M δ−ss ⇒ Mor(_,M δ−ss).

It remains to show the isomorphism in Equation (4.38). This fact will follow from the commutative
diagram (4.39) and from the definition of (M δ−ss,OMδ−ss , N ′). In particular, the previous conditions
imply that

π∗Φ∗
E ,φOMδ−ss(1) ∼= Φ(π×idX)∗E (L

′⊗N ′

n−1 )
∼= λπ∗E (un−1)

⊗N ′ ∼= π∗λE (un−1)
⊗N ′

.

We know that π∗ : Pic(B) → Pic(T̂ (E )) is injective, see [MFK94, Chapter 1, §3, Proposition 1.4]
and [Pot92, Lemma 2.14]. Hence, the previous chain of isomorphisms implies

Φ∗
E ,φOMδ−ss(1) = λE (un−1)

⊗N ′
.

We will leave the proof of the second statement in the theorem for later since it will be quite
similar to the principal bundle case, see the proof of the Main theorem 7.2.2. □

Theorem 4.4.10. (Weak normality) The variety M δ−ss is weakly normal.

Proof. The weak normalization η : (M δ−ss)wn → M δss together with the line bundle L′
wn := η∗L′

and the natural number N ′ has the universal properties spelled out in the first statement of Theorem
4.4.9. Indeed, by Theorem 2.1.17 every map from a weakly normal variety T to M δ−ss can be
lifted in a unique way to a map from T to (M δ−ss)wn satisfying the required pullback properties.
Consequently, the second statement of Theorem 4.4.9 yields a uniquely determined morphism ψ :
M δ−ss → (M δ−ss)wn, which gives an inverse to η. □

Let us discuss what happens when we let the parameter δ vary, more precisely, what happens
when it tends to infinity. More specifically, let us give a different description of the concept of δ-
(semi)stability for those parameters δ which are very large. For this discussion we will follow [Sch08,
Section 2.3.6]. Since the moduli space M δ−ss is not constructed from an ample linearization, then
we cannot apply the theory of variation of GIT, obtained in Subsection 2.3.3, in order to obtain a
chain of moduli spaces. Nevertheless, asymptotically the semistability condition behaves similarly
to the ample case. We will explore this phenomenon in the following results.

Definition 4.4.11. A tensor field (E , φ) is called δ-asymptotically (semi)stable, if:
i) µ(E •, α, φ) ≥ 0, for every weighted filtration (E •, α) of E , and
ii) L(E •, α) ≥ 0, for every weighted filtration (E •, α) with µ(E •, α, ϕ) = 0. Recall that the quantity

L(E •, α) ≥ 0 was defined in Equation (5.2).

Recall that Remark 5.1.6 tells us that we can verify µ(E •, α, ϕ) = 0 in the generic point denoted
by ϕν ∈ P(V(ρ)).

Proposition 4.4.12. Fix the input data ĉ ∈ K(X)num. Then, there exists a positive number δ∞
such that, for every stability parameter δ > δ∞, a tensor field (E , φ) of type ĉ is δ-(semi)stable if
and only if it is asymptotically (semi)stable.
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Proof. Due to the bound in Theorem 4.0.17, we may construct our parameter space T in such a
way that it parameterizes the tensor fields that are semistable for some stability parameter δ > 0.

Given a stability parameter δ > 0, the set Uδ of points t ∈ T for which (Et, φt) is δ-semistable is
open. This follows from the fact that δ−semistability is determined by sections of the semi ample
linearization OT (s1, s2), see Theorem 4.4.3. We also define

U≤δ :=
⋃

0<δ′≤δ
Uδ′ and Uss :=

⋃
δ>0

Uδ.

These are all open subvarieties of T , and U≤δ1 ⊆ U≤δ2 if δ1 ≤ δ2. Since Uss is an union of open
subvarieties of T which is Noetherian, there exists a positive number δ0 with U≤δ0 = Uss.

Lemma 4.4.13. Suppose we are given stability parameters δ0 ≤ δ1 ≤ δ2, then Uδ1 ⊇ Uδ2.

Proof. Let t ∈ T be a point such that (Et, φt) is δ2-semistable but not δ1-semistable. Then, there
exists a non-trivial filtration (E•, α) of Et with

L(E •, α) + δ2 · µ(E •, α, φt) ≥ 0

and
L(E •, α) + δ1 · µ(E •, α, φt) < 0.

We must have L(E •, α) < 0 and µ(E •, α, φt) > 0. For any δ ≤ δ1 (in particular, for any δ ≤ δ0),
thus we find

L(E •, α) + δ · µ(E •, α, φt) ≤ L(E •, α) + δ1 · µ(E •, α, φt) < 0.

This tells us t ∈ U≤δ2 ⊆ Uss but t /∈ U≤δ0 , a contradiction to the hypothesis. □

We set
U∞ :=

⋂
δ≥δ0

Uδ.

We will show that U∞ is open and we will characterize the points in U∞ by an intrinsic semistability
condition, namely asymptotic semistability. Note that, if U∞ is indeed open, then there must be a
stability parameter δ∞ such that

Uδ = U∞, ∀δ > δ∞.

Lemma 4.4.14. Let (E,L, φ) be an asymptotically (semi)stable tensor field of type ĉ. Then,
(E,L, φ) is δ-(semi)stable for all numbers δ ≫ 0.

Proof. As in the proof of Theorem 5.1.8, we have a finite set T, independent of δ, such that the
condition of δ-(semi)stability has to be verified only for non-trivial weighted filtrations (E •, α), such
that the weight vector ((rk(E1), . . . , rk(Es)), α) is in T. Without loss of generality, we may assume
that the weight vectors associated with the elements in T by means of Equation (5.21) are integral.
Hence we have that µ(E •, α, φ) is an integer. There is a negative number ϵ0, depending on ĉ,
µmax(E ), and T, such that

L(E •, α) > ϵ0

holds for all non-trivial weighted filtrations (E •, α) with ((rk(E1), . . . , rk(Es)), α) ∈ T. Suppose
δ ≥ −ϵ0, and let (E •, α) be such that ((rk(E1), . . . , rk(Es)), α) ∈ T. If µ(E •, α, φ) = 0, then
L(E •, α) + δ · µ(E •, α, φ) ≥ 0, by asymptotic (semi)stability. On the other hand, if µ(E •, α, φ) > 0,
then it must be bigger or equal to 1, because it is an integer and we have

L(E •, α) + δ · µ(E •, α, φ) > ϵ0 + δ ≥ 0.

This establishes the δ-(semi)stability of (E , L, φ). □

Let Uas be the set of points t ∈ T , such that (Et, Lt, φt) is asymptotically semistable.

Lemma 4.4.15. The set Uas is open.
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Proof. We first verify that Condition b) in Definition 4.4.11 is open. We will do this by checking
what happens in the generic point. Let U ⊆ T × X be the maximal open subset where φT is
surjective. Then, φT |U yields a section

σ : U → P := P
(
E ⊗a
T

)⊕b
).

Let NC ⊆ P(Y ) denote the GL(r,C)-invariant subset of points which are not SL(r,C)-semistable.
associated with the torsion free sheaf E |U and the GL(r,C)-variety NC, we have a closed subscheme
N C → P. Let B ⊆ U be the preimage of N C under σ and B ⊆ T ×X its closure. Then, we have
the morphism p : B → T . Define the closed subset

E :=
⋃
t∈T
{dim p−1(t) ≥ 1} ⊆ T.

The open subset Ub′ := T \E is the set of points which satisfy the condition b) in the generic point.
Observe that, Uδ ∩ Ub′ ⊆ Uas is open for any δ > 0, and, by Lemma 4.4.14,

Uas =
⋃
δ>0

(Uδ ∩ Ub′).

This means that Uas is an open subset. □

Lemma 4.4.16. U∞ = Uas.

Proof. The inclusion U∞ ⊇ Uas follows from Lemma 4.4.13 and Lemma 4.4.14. The converse
inclusion comes from the fact that if a tensor is in U∞, then the values of the function f(δ) :=
L(E •, α) + δ · µ(E •, α, φt) remain positive for big δ and for all filtrations (E•, α). In particular,
if µ(E •, α, φt) was negative, then by making δ bigger we would make the function f(δ) negative
which contradicts δ-semistability. For the second condition, note that, if µ(E •, α, φt) = 0, then
f(δ) = L(E •, α) for δ ≥ δ0 hence f(δ) ≥ 0 and we are done. □

By the comment before Lemma 4.4.14, the above result proves Proposition 4.4.12. Additionally
we have that U∞ = Uas = Uδ0 ∩ Ub′ . □

Remark 4.4.17. Note that, by changing L(E •, α) by M(E •, α) in the previous results one obtains
the required ϵ̂m that was promised in Theorem 4.3.1. This is because the asymptotic behavior of
the Hilbert polynomial is captured by the leading coefficient which behaves just like δ above.

5. Singular Principal Bundles

Ramanathan showed in his doctoral thesis how to construct the moduli space of principal G-
bundles on curves, see [Ram75]. His construction is very difficult and technical, but the essential
idea for it is the following. He took the adjoint representation Ad: G → GL(g) of G on its Lie
algebra g, in particular this is a faithful representation. Then, given a principal G-bundle P he works
with the associated Aut(g)-bundle P (Ad), which he parameterizes as a pair (E, τ : E∗ ⊗ E → E),
consisting of a vector bundle E with fiber g and a Lie bracket τ : E ⊗ E → E which is fiberwise
isomorphic to g. Then, he explains how to go back to principal G-bundles. The reason why this
going back procedure works is because the representation Ad is such that the connected component
of the kernel containing the neutral element is the radical of G, at this point we recommend the
reader to check [Sch08, Section 2.4.8] for an account of this method. Schmitt then generalized the
theory by allowing a non necessarily faithful representation ρ : G → SL(V ) to play the roll of the
adjoint representation, where V is a finite dimensional complex vector space. In order to work with
ρ, he showed that a faithful representation κ : SL(V ) → GL(W ) can be constructed abstractly in
such a way that the composition κ◦ρ satisfies the required properties. We will follow this procedure
in order to obtain a parameter space of singular principal bundles.
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In [Hye02], Hyeon has generalized Ramanathan’s construction to give the moduli spaces of slope
stable principal bundles over higher dimensional base schemes, but the resulting moduli spaces are
only quasi-projective, and the constructions do not suggest any natural compactification. In [GS05],
Gómez and Sols generalize Ramanathan’s notion of semistability and construct a moduli space of
principal bundles over higher dimensional projective varieties. They allow objects which they call
semistable principal G-sheaves, in order to obtain a projective moduli space. Briefly, a principal
G-sheaf is a triple (P,E , φ), where E is a torsion-free sheaf, P is a principal G-bundle on the open
set U where E is locally free, and φ is an isomorphism between E |U and the vector bundle associated
to P by the adjoint representation.

Since we want to construct a compact moduli space of principalG-bundles over higher dimensional
manifolds, then we also need to consider objects that degenerate in codimension bigger than 2. The
correct definition of these objects was given by Schmitt in [Sch02], the idea is to generalize a G-
bundle through the concept of a torsion free sheaf.

Let G be a semisimple linear algebraic group over the complex numbers. We fix a faithful
representation ρ : G→ SL(V ) ⊂ GL(V ), V being a finite dimensional complex vector space.

Recall that given a vector bundle π : E → X with fibre V , one can construct the associated
frame bundle by setting the total space to be SE := S pec(Sym∗(E∨ ⊗ V )). Further, we have the
following inclusion

Isom(V ⊗ OX , E) ⊂Hom(V ⊗ OX , E) = S pec(Sym∗(E∨ ⊗ V )) = SE .

The group G acts on SE via the representation ρ. If G is a reductive group, then the quotient SE//G
exists, see [Sch08, Example 2.1.1.14]. Moreover we have the inclusion Isom(V ⊗OX , E)/G ⊂ SE//G
because the representation ρ is valuated in SL(V ).

A map σ : X → Isom(V ⊗ OX , E)/G ⊂ SE//G is called a reduction of structure group. By
pulling back the quotient SE → SE//G through σ, one obtains a principal G-bundle over X. All
principal G-bundles over X can be obtained from such a pair (E , σ).

Let us introduce the definition of the main object of study in this thesis by replacing the vector
bundle E by a torsion free sheaf E on X.

Definition 5.0.1. A singular principal G-bundle over X is a pair (E , σ) where E is a torsion-free
sheaf with generic fiber of type V , with trivial determinant and σ is a non-constant (not identically
equal to 0) section σ : X → SE //G := S pec(Sym∗(E ⊗O(V ))G). Here the quotient is taken in the
sense of Theorem 2.3.22. The geometric realization of such an object is the fibration obtained via
the pullback diagram

P := σ∗(SE ) //

��

SE

��
X σ

// SE //G.

We will often refer to a singular principal G-bundle by the space P and also refer to it just as a
singular bundle when there is no risk of confusion.

Remark 5.0.2. Using the description

Hom(V ⊗ OX ,E )//G = S pec(Sym∗(V ⊗ E ∨)G),

we see that giving a section σ : X →Hom(V ⊗ OX ,E )//G is the same as giving a homomorphism

τ : Sym∗(V ⊗ E ∨)G → OX

of OX -algebras. We will refer to this process as taking the dual of σ. Further, we will say that a
section τ : Sym∗(V ⊗ E )G → OX is non-trivial when σ is not the zero section.
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Note that, since E is a torsion-free sheaf, there exists an open subset U ⊂ X where E |U is a
locally free sheaf. The maximal open subset U where this happens is such that codimX(X \U) ≥ 2,
see [Ish14, Proposition 5.1.7]. Let us denote this set by UE .

Definition 5.0.3. We say that a singular principal G-bundle (E , σ) on X is honest if the image of
σ|U is contained in the open subscheme I som(V ⊗ OX |U ,E ∨|U )/G.

Definition 5.0.4. [RR84, Definition 4.6] A pair consisting of a big open set U ⊂ X and a vector
bundle E over U will be called a rational vector bundle over X.

Note that, pulling back the G-quotient SE |UE
→ SE |UE

//G through σ|UE
results in a principal G-

bundle P on UE . The pair (P,UE ) is baptized as the associated rational principal bundle in [RR84,
Definition 4.6] and will be used in the definition of semistability for singular principal bundles.

Definition 5.0.5. Let (E , τ) and (F , τ ′) be singular principal G-bundles on X. A morphism
between them is a morphism of OX -modules f : E → F such that the triangle

Sym∗(V ⊗ E )G Sym∗(V ⊗F )G

OX

f

τ

τ ′

is commutative, where f is the morphism of OX -algebras induced by f . Isomorphisms are defined
accordingly.

Further, we insist in the fact that the class of all singular principal bundles is not bounded, so let
us give a semistability condition inspired by [Ram75, Lemma 2.1] but with some new ingredients
taken from [GT17].

Definition 5.0.6. A singular principal bundle (E , σ) over X is said to be (semi)stable if the rational
principal bundle (UE , P ) is µ-(semi)stable, according to Definition 1.1.1.

Note that, this definition makes sense because the line bundle σ∗Q(Lχ), defined on the big open
set UE , extends uniquely to a line bundle over X. So its degree with respect to (H1, . . . ,Hn−1) is
well defined.

The choice of calling a singular principal bundle semistable instead of µ-semistable is two-fold.
First we will not refer to any other semistability condition such as Gieseker–Maruyama-semistability
until the last section, thus there is no risk of confusion. Second since we use µ-semistable for principal
bundles, the fact that slope semistability is being used is already emphasized there.

An equivalent definition of µ-(semi)stability is formulated by Schmitt in [Sch04a]. In order to
state it and prove it is indeed equivalent to 5.0.6 let us give the following preparatory definitions.

Definition 5.0.7. A proper subgroup Q of an affine algebraic group G is said to be a parabolic
subgroup, if the quotient G/Q is a projective variety.

A Borel subgroup of G is a connected solvable subgroup B of G which is maximal with respect
to inclusion among the connected solvable subgroups of G.

We recommend the reader to see [Sch08, Example 1.5.1.31] for some interesting examples. Recall
that ρ : G → SL(V ) is a faithful representation and we denote by P = (E , σ) a singular principal
G-bundle with τ : Sym∗(V ⊗ E )G → OX the dual of σ, as in Remark 5.0.2. Let λ : C∗ → G be a
one-parameter subgroup. Recall that

QG(λ) := {g ∈ G| lim
z→∞

λ(z) · g · λ(z)−1 exists in G} (5.1)

is the parabolic subgroup associated with λ.
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Remark 5.0.8. We note that whenever G is connected then any of its parabolic subgroups arise
in this way, this can be seen by composing with the representation ρ and verifying that one obtains
a decomposition as in Equation (5.8), we will give the details in Construction 5.0.12. This fact is
also proven in [MFK94, Chapter 2.2] along with the following fact.

The centralizer LG(λ) of λ is a Levi-component of QG(λ) given by

LG(λ) := {g ∈ G | λ(z) · g = g · λ(z), for all z ∈ C∗}.

Further,we have the decomposition QG(λ) = Ru(QG(λ))⋊ LG(λ). In this picture, the unipotent
radical of QG(λ) is characterized as

Ru(QG(λ)) = {g ∈ QG(λ) | lim
z→∞

λ(z) · g · λ(z)−1 = e}.

The one-parameter subgroup λ and its associated parabolic subgroup QG(λ) induce a weighted
flag (V •, α) in V . This is true because the group QSL(V )(λ) := ρ(QG(λ)) is a parabolic subgroup
of SL(V ), associated with the one-parameter subgroup ρ ◦ λ, which stabilizes the flag V • given by
Vi := ⊕ij=1V

j and V j being the eigenspace of the C∗-action coming from ρ ◦ λ. Here we have that
V j is the eigenspace of the character z 7→ zγj , and γ1 < · · · < γs+1 are different weights. We also
set αi := (γi+1 − γi)/dim(V ).

Let E be a coherent OX -module on X. Recall that a weighted filtration is a pair (E•,m) where

E• = (0) ⊂ E1 ⊂ E2 ⊂ . . . ⊂ Et ⊂ Et+1 = E

and m is a collection of positive numbers m1 . . . ,mt ∈ Q>0. See Definition 4.0.8.
A reduction of (E , σ) to λ is a section β : U ⊂ UE →P|U/QG(λ) where U is a big open subset.

Such a reduction defines a weighted filtration (E •
β , αβ), where αβ = (αs, . . . , α1), if α = (α1, . . . , αs),

by the following procedure:

Construction 5.0.9. [Sch04a, Page 3] Consider the composition

β′ : U →P|U/QG(λ) ↪→ Isom(V ⊗ OU ,E |∨U )/QSL(V )(λ),

where the first arrow is β. Note that, β′ yields a filtration 0 ⊂ E ′
1 ⊂ · · · ⊂ E ′

s ⊂ E |∨U by subbundles
with rk(E ′

i ) = dim(Vi) for all i ∈ {1, . . . , s}. This is because QSL(V )(λ) is the SL(V )-stabilizer of
the flag V • and thus Isom(V ⊗OU ,E |∨U )/QSL(V )(λ)→ U is the bundle of flags in the fibres of E |∨U
having the same dimensions as the flag V •. We define E ′′

i := ker(E |U → E ′∨
s+i−1) so that we obtain

a filtration
0 ⊂ E ′′

1 ⊂ · · · ⊂ E ′′
s ⊂ E |U

by subbundles.
Note that, deg(E ′′

i ) = deg(E ′
s+1−i) for all i ∈ {1, . . . , s} where deg is the degree with respect to

(H1, . . . ,Hn−1) as in Definition 1.2, because det(E ) ∼= OX and the fact that deg is additive in exact
sequences (see Equation (2.9)). Let j : U → X be the inclusion and define Ei as the saturation of
E ∩ j∗E ′′

i for all i ∈ {1, . . . , s}

Definition 5.0.10. We say that an admissible weighted filtration is one that is induced by a
parabolic subgroup QG(λ) and a reduction σQ : U(E )→ P (G/QG(λ)) as above.

Definition 5.0.11. A singular principal bundle (E , σ) is slope (semi)stable if the following inequal-
ity holds for all admissible weighted filtrations (E •, α):

L(E •, α) :=

s∑
i=1

αi(deg(E )rk(Ei)− deg(Ei)rk(E ))(≥)0 (5.2)

Here, α = {αi | i = 1, . . . , s} is a tuple of real numbers.
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This definition is advantageous because of its close relation to the Hilbert–Mumford criterion, as
we will see in Construction 5.0.12 below.

Here we take a moment to define Gieseker semistability. Recall the definition of the multivariable
Hilbert polynomial P (E )(m1, . . . ,mn−1) = X(E ·H⊗m1

1 · · · · ·H⊗mn−1

n−1 ) was given in Definition 2.2.16.
This polynomial will be denoted by PH1,...,Hn−1(E ) or by PGies(E ) if the multipolarization is clear
from the context.

Then, by Theorem 2.2.24 and more specifically by Example 2.2.20 we know that the degree
of a torsion-free sheaf E with respect to a multipolarization (H1, . . . ,Hn−1) is obtained from the
multivariable Hilbert polynomial as the coefficient of the monomial m1 . . .mn−1 of PGies(E ) . Let
us step back into the domain of torsion free sheaves and the H1 = · · · = Hn−1 = H-case shortly,
see [Sch04a, Page 3] for instance. Here the multivariable polynomial Hilbert polynomial simply
becomes the Hilbert polynomial calculated with respect to H. For a torsion free sheaf E and a
weighted filtration (E •, α), as above, we define the polynomial quantity

M(E •, α)(m) :=
s∑
i=1

αi(PH(E )(m)rk(Ei)− PH(Ei)(m)rk(E ))

and we say that a torsion free sheaf E is Gieseker-(semi)stable if for any weighted filtration (E •, α)
we have

M(E •, α)(m)(≽)0. (5.3)
Here PH(E )(m) stands for the Hilbert polynomial X(E ⊗ H⊗m) defined in Example 2.2.20. Ad-
ditionally, the symbol (≽) stands for the graded order in polynomials. This order can be checked
asymptotically in the following sense: a polynomial of degree k is (≽)0 if and only if the leading
coefficient is (≥)0. Usually semistability is defined using one step filtrations, see [BG03, Introduc-
tion] for instance. It is easy to verify that in the case where (E • = 0 ⊂ F ⊂ E , α = (0, 1, 1)) is a
one step filtration then

M(E •, α)(m) := PH(E )(m)rk(F )− PH(F )(m)rk(E )

and hence the semistability inequality reduces to the well known inequality
PH(E )(m)rk(F )

rk(E )
(≽)

PH(F )(m)

rk(F )
. (5.4)

The previous fact implies the following chain of implications for the torsion free sheaf E :

E is µ-stable⇒ E is Gieseker-stable⇒ E is Gieseker-semistable⇒ E is µ-semistable. (5.5)

Which in the dim(X) = 2-case allows for the construction of the Gieseker to Donaldson morphism
[HL10, Page 103] also known as Hilbert to Chow morphism in the literature. This morphism is
extremely important for the construction of the Donaldson–Uhlenbeck compactification as we will
see in the final sections of this text. We recommend the reader to see [HL10, Theorem 8.2.8
and Remark 8.2.17] for a discussion of this subject and the Gauge theoretic implications in the
monopolarization case and see [GT17, Section 5.3] for the multipolarization case.

We come back to the singular principal bundle realm by setting P = (E , σ) but we remain in
the H1 = · · · = Hn−1-case. Note that, the previous discussion applied just to admissible filtrations
results in the following chain of implications:

P is µ-stable⇒P is Gieseker-stable⇒P is Gieseker-semistable⇒P is µ-semistable. (5.6)

This chain of implications can be found in [Sch04a, Section 5.1]. We draw the attention of the
reader to page 25 of this reference in particular.

To show that µ-(semi)stability is equivalent to slope (semi)stability, we give the following results.
If ρ : G→ SL(V ) is a faithful representation, then any one-parameter subgroup λ : C∗ → G supplies
G with the parabolic subgroup QG(λ) and SL(V ) with the parabolic subgroup QSL(V )(λ). Further,we
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will construct next an anti dominant character χSL(V ),λ on QSL(V )(λ) which restricts to an anti-
dominant character χλ on QG(λ).

Construction 5.0.12. Let us consider a one-parameter subgroup λ : C∗ −→ SLr(C). Without loss
of generality, we may assume that it is of the form

λ(z) = diag(zγ1 , . . . , zγ1︸ ︷︷ ︸
r1 times

, . . . , zγs+1 , . . . , zγs+1︸ ︷︷ ︸
(r−rs) times

). (5.7)

The associated parabolic subgroup in GLr(C) is

QGLr(C)(λ) =


 m1 ⋆ ⋆

0
. . . ⋆

0 0 ms+1


∣∣∣∣∣∣∣ mi ∈ GLri−ri−1(C), i = 1, . . . , s+ 1

 (5.8)

In [Sch08, Example 1.7.2.4] and [Sch04a, Example 2.1.8] Schmitt associated with λ the character

χλ : QGLr(C)(λ) −→ C∗

(u;m1, . . . ,ms+1) 7−→ det (m1)
γ1 · · · det (ms+1)

γs+1 .
(5.9)

We claim that this is an anti-dominant character of QGLr(C)(λ). First of all, we note that it is
trivial on C∗ · Idr, so that it factorizes over QPGLr(C)(λ). Next,

F̃ := GLr(C)/QGLr(C)(λ) = PGLr(C)/QPGLr(C)(λ)

parameterizes flags {0} =: W0 ⊊ W1 ⊊ · · · ⊊ Ws ⊊ Ws+1 := Cr where dimC (Wi) = ri, for
i ∈ {1, . . . , s}. Furthermore, there is the universal flag

{0} =: F0 ⊊ F1 ⊊ · · · ⊊ Fs ⊊ Fs+1 := O⊕r
F̃

(5.10)

on F̃ . For any choice ε := (ε1, . . . , εs) of positive rational numbers, the Q-line bundle

Lε :=
s⊗
i=1

det
(
O⊕r
F̃
/Fi

)⊗ εi
=

s⊗
i=1

det (Fi)
⊗

−εi

is ample. Indeed, the quotient O⊕r
F̃
−→ O⊕r

F̃
/Fi defines a morphism F̃ −→ Gi to the Grassmannian

of (r − ri)-dimensional quotients of Cr. The resulting map F̃ → G :=×s
i=1Gi is an embedding.

The line bundle Lε is just the pull-back of the ample line bundle OG (ε1, . . . , εS). Now,

Lχλ
=

s+1⊗
i=1

det (Fi/Fi−1)
γi =

s⊗
i=1

det (Fi)
⊗

(γi−γi+1) = Lε (5.11)

for ε = (γ2 − γ1, . . . , γs+1 − γs) . The above construction provides the anti-dominant character
χSL(V ),λ on QSL(V )(λ) which restricts to an anti-dominant character χλ on QG(λ).

Remark 5.0.13. [Sch08, Page 209] If G is a semisimple algebraic group and ρ : G → GL(V ) is
a faithful representation, then any one-parameter subgroup λ : C∗ → G determines the parabolic
subgroup QG(λ) of G and the parabolic subgroup QGL(V )(λ) of GL(V ). Using this construction,
we obtain an anti-dominant character χGL(V )),λ on QGL(V )(λ), which restricts to an anti-dominant
character χλ on QG(λ).

Proposition 5.0.14. [Sch08, Proposition 2.4.9.1] Given a pair (Q,χ) which consists of a proper
parabolic subgroup Q of G and an anti-dominant character χ on Q, there is a one-parameter subgroup
λ : C∗ → G such that QG(λ) = Q and χλ = l.χ with l ∈ Q>0.
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Let us show the equivalence of the two semistability conditions. Recall that G is a semisimple
linear algebraic group with a faithful representation ρ : G → SL(V ) ⊂ GL(V ), P = (E , τ) a
principal G-bundle and denote by (U := UE , P := P|UE

) the associated rational principal bundle.

Theorem 5.0.15. A singular principal G-bundle is slope (semi)stable as in Definition 5.0.11 if and
only if

deg(σ∗Lχ) ≥ 0

holds for every proper parabolic subgroup Q of G, every anti-dominant character χ on Q, and every
reduction σ : U → P/Q. Where, the line bundle σ∗(Lχ) was defined in Definition 1.1.1.

Proof. Firstly, note that −χ is a dominant character.
By Proposition 5.0.14, the parabolic subgroup Q together with the anti dominant character −χ

induce a one-parameter subgroup λ : C∗ → G such that QG(λ) = Q and χλ = −l.χ. Consider the
principal Q-bundle given by

π : P → P/Q. (5.12)
Recall that in order to determine if P is (H1, . . . ,Hn−1)-semistable, see Definition 1.1.1, we are
interested in the line bundle σ∗Lχ, where Lχ is the line bundle associated with π by means of the
dominant character χ.

By Construction 5.0.12, the one-parameter subgroup λ induces the anti-dominant character
χSL(V ),λ on QGL(V )(λ) = ρ(QG(λ)) = ρ(Q), further χGL(V ),λ = ρ ◦ χλ restricts to χλ = −l.χ
on QG(λ). Further, since the QGL(V )(λ)-bundle given by π′ : P (ρ) → (P/Q)(ρ) = P (ρ)/QGL(V )(λ)
is isomorphic to π, then the associated line bundle with π′ by χGL(V ),λ, denoted by LχGL(V ),λ

, is
identified with Lχ. We will work with LχGL(V ),λ

now.
As in Construction 5.0.12 choose a basis of V such that the one-parameter subgroup ρ◦λ is of the

form λ(z) = diag(zγ1 , . . . , zγ1 , . . . , zγs+1 , . . . , zγs+1). Equation (5.8) gives us the associated parabolic
subgroup QGLr(C)(λ), which preserves the weighted filtration (V •, α) given by Vi = ⊕ij=1V

j where
V j is the eigenspace of the character z 7→ zγi and αi = (γi+1 − γi)/ dim(V ). Recall that by
Construction 5.0.9 we have a weighted filtration (E •

σ , ασ).
By Equation (5.9), we have

χGL(V ),λ (u;m1, . . . ,ms+1) = det (m1)
γ1 · · · det (ms+1)

γs+1

Finally according to Equation (5.11), we have that Lχλ
= L(γ2−γ1,...,γs+1−γs). Since the bundle

Isom(V ⊗ OU ,E |∨U )/QSL(V )(λ) → U is the bundle of flags in the fibres of E |∨U having the same
dimensions as the flag V •, then we have that the flag induced by (E •

σ , ασ) induces a map ψ : U → F̃
such that Isom(V ⊗OU ,E |∨U )/QSL(V )(λ) is the pullback of the universal flag through ψ, see Equation
(5.10). We conclude with the following equation

deg(σ∗L−l.χ) = deg(σ∗Lχλ
) = deg(ψ∗Lχλ

) =

s∑
i=1

αi(deg(E )rk(Ei)− deg(Ei)rk(E )) = L(E •, α)

(5.13)
Finally, since (H1, . . . ,Hn−1)-semistability was determined by the inequality −1

l deg(σ
∗L−l.χ) =

deg(σ∗Lχ)(≤)0, then we have the equivalence with slope semistability as defined in Definition
5.0.11. □

In order to represent the points in the closure of the yet to be constructed moduli space of stable
principal bundles inside of the moduli space of semistable singular principal bundles we state the
following polystability definition.

Definition 5.0.16. A singular principal bundle (E , σ) over X is said to be polystable if it has a
reduction of structure group to a Levi subgroup R of a parabolic subgroup Q ⊂ G on U(E ) such
that the following conditions hold:
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i) The R-bundle ER := E ×G R is stable.
ii) The extended Q-bundle ER(Q) is admissible, where a reduction is said to be admissible if for

any character χ on Q that is trivial on the center of G, the line bundle associated with the
Q-bundle EQ has degree 0.

Before we state the moduli problem, let us consolidate some pertinent facts about polystable
principal bundles over curves here. For the reader’s convenience, we will provide the following
reference [Bal07, Theorem 2.11] since there one can find the proof of the following theorem.

Theorem 5.0.17. Let C be a smooth projective curve over the complex numbers, and let G be a
semisimple algebraic group. The following statements are equivalent:

i) A principal G-bundle P is polystable in the sense of Ramanathan, see Definition 5.0.16 above.
ii) There exists a faithful representation G → GL(V ) such that the associated bundle P (V ) is

polystable of degree 0.
iii) For every representation G→ GL(W ), the bundle P (W ) is polystable of degree 0.
iv) Let ad : G→ GL(g) be the adjoint representation, where G is the Lie algebra of G. Then, P (G)

is polystable (of degree zero).
v) The bundle P arises from a representation ρ : π1(C) → K, where K is a maximal compact

subgroup of G.
vi) The bundle P carries an Einstein–Hermitian connection.

Let us give the definition of a family of singular principal bundles.

Definition 5.0.18. Let B be a weakly normal variety. We say that a B-family of singular principal
µ-semistable G-bundles PB is a pair (EB, σB), consisting of a B-flat torsion free sheaf EB and a
morphism σB : X ×B → SEB

//G = S pec(Sym∗(EB ⊗ O(V ))G) satisfying the following:
• For each b ∈ B the restriction PB|{b} = (EB|{b}, σB|X×{b} is a singular principal bundles

over X.
• For each b ∈ B the restriction PB|{b} is µ-semistable as in Definition 5.0.11.

We are ready to define the appropriate moduli functors that will give rise to our main moduli
problem.

Definition 5.0.19. Similarly as for Definition 3.0.5, let Mµ−ss
G (ρ)(ĉ, λ) denote the functor that

associates with each weakly normal variety B the set of isomorphism classes of B-families of singular
principal µ-semistable G-bundles such that for every b ∈ B, the underlying torsion-free sheaf Eb is
of class ĉ ∈ Knum(X) and determinant Λ.

Let us give an important result originally proven by Ramanan and Ramanathan in [RR84,
Proposition 3.10]. This result will help us prove the semistable restriction theorem of singular
principal bundles, see Section 6.5. Let P → U be a rational principal bundle over the big open
subset U ⊂ X. Suppose we are given a representation κ : G → GL(W ). This induces an action
α : G × P(W∨) → P(W∨) and a linearization α : G × OP(W∨)(1) → OP(W∨)(1) of this action. Let
Pss ⊂ P(W∨) be the open subset of semistable points.

Proposition 5.0.20. Assume that U is a big open subset of the manifold X. Let σ : U →
P (P(W∨), α) be a section, and Lσ the pullback of the line bundle P (OP(W∨)(1), α)→ P (P(W∨), α)
to U through σ. If σ(η) ∈ P (Pss, α), then

deg(Lσ) ≥ 0.

Where, η is the generic point of U .

Proof. Since P is a principal G bundle, then by making U smaller and passing to an étale covering
Ũ we can trivialize it, see [Sch08, Theorem 2.1.1.17]. Over Ũ we get an isomorphism P |Ũ ∼= Ũ ×W .
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Therefore σ(η) ∈ P (Pss, α) implies that there exists a section s ∈ H0(W,OP(W∨)(m))G such that
s(η) ̸= 0. The space P(H0(W,OP(W∨)(r))

∨) has a functorial property. Namely, for any vector
space V , a point of P(V ) is a 1-dimensional quotient of V . This property induces the natural map
P (H0(W,OP(W∨)(r))

∨)→ σ∗(P (OP(W∨)(r))) ∼= L r
σ ) which in turn gives a map

H0(Ũ , Sym⊗m(P (H0(Ũ ,OP(W∨)(r))
∨)))→ H0(Ũ , σ∗(Symm P (OP(W∨)(r))))

∼= H0(Ũ ,Sym⊗m(L r
σ )).

(5.14)

By taking the image of s under this map we get a non-trivial section in H0(Ũ , Symmr(Lσ)).
On the other hand, recall our definition of degree given in Equation (1.2). This means that we

can find a complete intersection curve X(n−1) ⊂ Ulf , as in Conditions (4.4), such that if we restrict
s̃ to X(n−1) we get a section in H0(X(n−1),Lσ|X(n−1)). Since X(n−1) is a curve, the existence of a
non-trivial section shows that deg(Lσ|X(n−1)) ≥ 0. Then, by setting S to be a point and E = Lσ

in Theorem 3.4.2, more specifically Equation (3.12), we get that

det(p!(un−1(ĉ) · [Lσ]))
⊗d1···dn−1 ∼= det(p!(u0 · [Lσ|X(n−1) ]))⊗d1···dn−1

Recall that the definition of ui(ĉ) was given in Equation (3.3). Working in K-theory we notice that,
the right hand side of the equation is equal to

det(p!(−r[OX(n−1) ] · [Lσ|X(n−1) ] + X(ĉ|X(n−1))[Ox] · [Lσ|X(n−1) ]))⊗d1···dn−1 .

Then, by Asymptotic Riemann–Roch I (see Theorem 2.2.24) and Example 2.2.20 we have that this
is equal to d1 · · · dn−1 · deg(Lσ|X(n−1)). Similarly the left hand side of the equation is equal to

det(p!(−rhn−1 · . . . · h1 · [Lσ] + X(ĉ · hn−1 · . . . · h1)[Ox] · [Lσ]))
⊗d1···dn−1

which according to Definition 1.2 and the equivalent Definition 2.2.16 is exactly equal to d1 · · · dn−1 ·
deg(Lσ). Finally deg(Lσ) ≥ 0. □

Before closing this section, we note that for large characteristic classes Balaji showed in [Bal07]
that the moduli space of stable principal G-bundles over algebraic surfaces is non-empty. A similar
result for higher dimension is unknown.

5.1. Associated tensor fields. The goal of this section is to associate a tensor field to each singular
principal bundle and later a decorated sheaf. Unfortunately this is quite a technical process that
we will divide into three steps for more clarity. First to each singular principal bundle with a fixed
representation ρ we will associate a tensor field, in Section 5.1.3. Second we will homogenize the
associated tensor field, as we did in Construction 4.0.6. As we mentioned in the outline of this text,
we will work with G̃ and its natural inclusion G̃ → GL(V ). In Section 5.1.5 we constructed the
required representation ρ̃ : GL(V ) → GL(W̃ ) that allowed us to define G̃. In particular ρ̃ is such
that the following two properties hold.

• One needs only honest singular principal bundles of the form (E , σ) in order to obtain a
projective moduli space.
• The concept of δ-semistability does not depend on δ, it implies the slope-semistability of E ,

and is a natural generalization of Ramanathan’s notion of semistability, see Definition 5.0.6.
These two properties will later allow us to associate to each singular principal G-bundle P a singular
principal G̃-bundle P̃ obtained by extending the structure group viaG→ G̃. We will call a principal
G-bundle P (semi)stable if the principal G̃-bundle P̃ is (semi)stable in the sense of Section 5.

We will give the necessary background and theorems required to make this association in what
follows. The second property will be proved in Remark 5.2.2 and Proposition 5.2.3.
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5.1.1. Some GIT preliminaries. In this subsection we follow carefully the theory developed in
[Sch08, Section 2.4.2].

As before, let ρ : G→ GL(V ) be a fixed faithful representation with V an r-dimensional C-vector
space. We have the space I := Isom(V,Cr)/G. Let (E , σ) be a singular principal G-bundle, where
σ : X → Isom(W ⊗OX ,E )/G. As always let U = UE be the big open subset where E is locally free,
then we set (U,P ) to be the associated rational principal G-bundle. Note that, there is a canonical
GLr(C)-action on I. The associated fiber space has the following isomorphism:

I som(V ⊗ OU ,E |U )/G ∼= P (I).

Thus, in order to study the rational principal bundle (P,U) it is important to understand the
GLr(C)-variety I. First, we look at the representation

R : GLr(C)×G→ GL(Hom(V,Cr))
(h, g) 7→

(
f ∈ Hom(V,Cr) 7→ (w 7→ h(f(κ(g−1)(w))))

)
.

(5.15)

The representation R provides an action of GLr(C)×G on

Hom(V,Cr) and P(Hom(V,Cr)∨)

and induces a GLr(C)-action on the categorical quotients

H := Hom(V,Cr)//G and H := P(Hom(V,Cr)∨)//G = (H \ {0})//C∗.

The last equality comes from the fact that (X//G)//H ∼= X//(G ×H). The coordinate algebra of
H is Sym∗(V ⊗ Cr∨)G. For s > 0, we set

Ws :=
s⊕
i=1

Ui, Ui := Symi(W∨ ⊗ Cr∨)G, i ≥ 0.

If s is large enough, then we have that
⊕s

i=0 Sym
i(V ⊗ Cr∨)G contains a set of generators for the

algebra Sym∗(V ⊗ Cr∨)G, then we have a GLr(C)-equivariant surjection of algebras

Sym∗(W∨
s ) −→ Sym∗(V ⊗ Cr∨)G,

and, thus, a GLr(C)-equivariant embedding ιs : H→Ws.
We choose a basis for V in order to identify it with Cr. This enables us to define the function

det : Hom(V,Cr) −→ C, f 7−→ det(f).

Now, this function is invariant under the G-action because the image of σ lies in SL(V ). Further,
since Isom(V,Cr) is G-invariant, then we have that Isom(V,Cr)/G = {[f ] ∈ H | D[f ] ̸≡ 0}. There-
fore, det descends to a function D : H −→ C. Let us describe the semistability with respect to the
action of SLr(C) of points ιs(h) for h ∈ H.

Lemma 5.1.1. [Sch08, Lemma 2.4.2.3]
i) Every point ιs(i), i ∈ I, is SLr(C)-polystable.
ii) A point ιs(h), h ∈ H \ I, is not SLr(C)-semistable.

We have the following important proposition.

Proposition 5.1.2. [Sch08, Proposition 2.4.2.4.]Let V → Cr be an isomorphism. It induces the
isomorphism

ψ : GL(V )→ GLr(C)
of linear algebraic groups and the isomorphism

φ : GL(V )/G→ Isom(W,Cr)/G
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which is equivariant with respect to the action of GL(V ) on the left-hand space, of GLr(C) on the
right-hand space, and the isomorphism ψ. Define i = φ([e]) as the class of the fixed isomorphism
and x := ι̃s(i). Then, for a one-parameter subgroup λ : C∗ → SLr(C), the following conditions are
equivalent:

i) µ∗ρ̃s(x, λ) = 0, ρ̃s being the representation of SLr(C) on W̃s, see Equation (5.27).
ii) There is a one-parameter subgroup λ′ : C∗ → G(⊂ SLr(C) via ψ ◦ κ) with

(V •
λ , αλ) = (V •

λ′ , αλ′i), V = Cr.

Here (V •
λ , αλ) is the associated weighted flag with λ.

Next, we look at the categorical quotient

H = Proj Sym∗(V ⊗ Cr∨)G.
For any positive integer d, we define

Sym(d)(V ⊗ Cr∨)G :=
∞⊕
i=0

Symid(V ⊗ Cr∨)G.

Then, by the Veronese embedding (or Segre transformation [Mum99, Page 203]),

Proj(Sym∗(V ⊗ Cr∨)G) ∼= Proj(Sym(d)(V ⊗ Cr∨)G).
We can choose s such that

i) Sym∗(V ⊗ Cr∨)G is generated by elements in degree ≤ s.
ii) Sym(s!)(V ⊗Cr∨)G is generated by elements in degree 1, i.e., by the elements in the vector space

Syms!(V ⊗ Cr∨)G [Mum99, Chapter III, §8, Lemma].
Set

Ws :=
⊕

(d1,...,dm):
di≥0,

∑
idi=s!

Symd1(V ⊗ Cr∨)G ⊗ · · · ⊗ Symds(Syms(V ⊗ Cr∨)G).

There is a natural surjection Ws → Syms!(V ⊗Cr∨)G, obtained by multiplying each summand, thus
there is also a surjection

Sym∗(Ws)→ Sym(s!)(V ⊗ Cr∨)G. (5.16)
This defines a closed GLr(C)-equivariant embedding

ιs : H ↪→ P(Ws).

Lemma 5.1.3. [Sch08, Lemma 2.4.2.7] Let s be a positive integer such that conditions a) and b)
are satisfied, and f ∈ Hom(V,Cr) is a G-semistable point. Set h = ιs([f ]) and h = ιs([f ]), and let
ρs be the representation of SLr(C) on Ws, and σs the linearization of the SLr(C)-action on H in
OH(s!). Then, for any one-parameter subgroup λ : C∗ → G, we have

µρs(h, λ) >,=, < 0 ⇐⇒ µσs(h, λ) >,=, < 0.

In particular, h is SLr(C)-semistable if and only if f ∈ Isom(V,Cr).

With the previous results available we are ready to proceed with the following construction,
which will be used to associate to a singular principal G-bundle a decorated sheaf. Let ρa,b,c be
the representation of G on Va,b,c, a, b, c ∈ N≥0, see Equation (2.17), where V = Cr. According to
Example 2.3.11, we may choose a, b, c such that there is a surjective homomorphism π : Va,b,c →Ws

of GLr(C)-modules, see [Sch04a, Section 2.2]. This yields the closed embedding
ϑ : P(Ws) ↪→ P(Va,b,c)

[l : Ws 7→ C] 7→ [l ◦ π].
(5.17)
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Denote by σa,b,c the canonical linearization of the GLr(C)-action on P(Va,b,c) in the line bundle
OP(Va,b,c)(1). For any point [l] ∈ P(Ws), we find

µσs([l], λ) = µσa,b,c(ϑ[l], λ) = µρa,b,c(l ◦ π], λ)
= −min{γi1 , . . . , ia) ∈ {1, . . . , γia |(i1 . . . ia) ∈ {1, . . . ,s+ 1}×a : (l ◦ π)(Vi1⊗···⊗Via

)⊕b ̸≡ 0}, (5.18)

where (γ1, . . . , γs+1) and V•(λ) : {0} → W1 ⊂ . . . ⊂ Vs ⊂ Cr are the data associated with λ and
the standard action of GLr(C) on V ∼= Cr. The first two equalities are immediate and the last
equality comes from Theorem 5.1.8.

5.1.2. Construction of the associated decorated sheaf. Based in Example 4.0.5, we know how to
construct an associated decorated sheaf starting from a principal bundle. Let us revisit the con-
struction but this time starting from a singular principal G-bundle P = (E , σ) and its associated
ration principal bundle (UE ,P|UE

).

Construction 5.1.4. Let ρ : G→ SL(V ) be a fixed representation and as before ρ′ will denote the
composition of representations G ρ−→ SL(V )

κa,b,c−−−→ GL(W ) where W = V
a,b,c

as in Equation (2.17).
We denote by Ea,b,c the sheaf

⊕n
i=1(E

⊗ai)⊕bi ⊗ det(E ∨)⊗ci as in Equation (4.2). By Example
2.3.11 and our assumptions we have that the generalized reduction of group structure σ : X →
SE //G = S pec(Sym∗(E ⊗ O(V ))G) and more precisely its restriction σ|UE

define a principal G-
bundle P|UE

over UE and by considering the associated principal bundle P|UE
(ρ′) we get an induced

section ρ′ ◦ σ|UE
which breaks down into components φ′

i : UE → ((E ∨|UE
)⊗ai)⊕bi ⊗ det(E |UE

)⊗ci for
all i = 1, . . . , n which are equivalent to components φ′′

i : ((E |UE
)⊗ai)⊕bi → det(E |UE

)⊗ci for all
i = 1, . . . , n and latter extend uniquely to φi : ((E )⊗ai)⊕bi → det(E )⊗ci for all i = 1, . . . , n.

Altogether, we obtain an associated vector bundle E with a decoration φ of type (a, b, c). In the
following section, see Section 5.1.3, we will perform Construction 4.0.6 to this decorated sheaf in
order to obtain the associated tensor field to a singular principal bundle.

We would like to know if a one parameter subgroup ofG will allow us to define a weighted filtration
similar to the one defined in Definition 4.0.9 for a singular principal bundle. In order to see if this
is possible, let λ : C∗ −→ G be a one-parameter subgroup, we also have the induced parabolic
subgroup QG(λ). We study the resulting action on P(W ) with its linearization in OP(W )(1), we will
denote the linearization by κ without any risk of confusion. By considering λ as a one-parameter
subgroup of GL(W ) we get a basis w = (w1, . . . , wr) of W := Cr as in Equation (4.3). Further, for
a non-trivial linear form l =

∑n
i=1 ci · v∨i we have that [l] ∈ P(W ), and further

µκ(λ, [l]) := µ(λ, [l]) = −min {γi | l(wi) ̸= 0} . (5.19)

We also get a weight vector γ = (γ1, . . . , γr) with integral entries. Let us generalize this approach
further by giving the following lemma.

Lemma 5.1.5. [Sch04b, Lemma 1.4] Let F be a projective variety on which the reductive group G
acts. Suppose this action is linearized in the line bundle L. Let S be a scheme and f : S → F a
morphism. Then

µρ(λ, f) := max{µρ(λ, f(s)) | s ∈ S} exists. (5.20)

Proof. The proof of this lemma can be found in [Sch04b, Lemma 1.4], for the convenience of the
reader we also write it here.

We may assume that L is a very ample line bundle. Set V := H0(F,L). The linearization ρ
provides us with a representation ρ : G −→ GL(W ) and a G-equivariant embedding ι : F ↪→ P(W ).

106



Since µρ(λ, x) = µidGL(W )
(λ, ι(x)) for all points x ∈ F and all one-parameter subgroups λ of G, we

can assume F = P(W ). Now, there is a basis w1, . . . , wn of w and integers γ1 ≤ · · · ≤ γn with

λ(z) ·
n∑
i=1

ciwi =

n∑
i=1

zγiciwi.

A point [l] ∈ P(W ) can be thought of as the equivalence class of a linear form

l :W −→ C.

Then,
µρ(λ, [l]) = −min {γi | l (wi) ̸= 0}

Therefore, µρ(λ, σ(s)) ∈ {−γ1, . . . ,−γn}, and this implies the assertion. □

Remark 5.1.6. [Sch04b, Remark 1.5] Let F ⊂ P(W ) and λ a one-parameter subgroup of G.
Choose a basis w1, . . . , wn of W and γ1 ≤ · · · ≤ γn as before. Suppose µρ(λ, σ) = −γi0 and let
W 0 ⊂ W be the eigenspace for the weight γi0 . Let U ⊂ S be the open set where the rational map
S

f−→ F ↪→ P(W ) 99K P
(
W 0
)

is defined. Then, µρ(λ, σ(s)) = −γi0 for all s ∈ U . In other words,
if S is irreducible, µρ(λ, σ) is just the generic weight occurring for a point σ(s), s ∈ S.

Let us exploit Remark 5.1.6 with the following argument.
Let (E •, α) be a weighted filtration coming from a one-parameter subgroup λ : C∗ → G

ρ′−→ GL(W )
and a reduction of structure group σ : X → P/QGL(W ) to the parabolic subgroup QGL(W )(λ),
denoted by B. We will give a more intuitive description of µ (E •

σ , ασ;φ) for a decoration coming
from a principal bundle. The idea here is to check the quantity µ (E •

σ , ασ;φ) which comes from the
GIT along the fibers P(Ea,b,c|UE

).

Construction 5.1.7. Let U ′ be a big open subset of UE ⊂ X. By making U ′ smaller if necessary
and passing to a covering Ũ we may trivialize B. This trivialization gives rise to an isomorphism
ψ : E ∨|Ũ → V ⊗ OŨ with ψ(E ′•|Ũ ) = V • ⊗ OŨ . Here (V •, α) is the weighted flag of λ viewed as a
one-parameter subgroup of SL(V ) and E ′• is as in Construction 5.0.9. Then, ψ gives an isomorphism
E |Ũ (κ)→ Ũ×W and φ induces a morphism φ̃ : Ũ → E |Ũ (κ) ∼= Ũ×W →W . Recall that we have a
basis w defined in Equation (4.3), if α is a vector of integers, we define the quantity µκ(λ(w,α), φ̃)
according to Lemma 5.1.5. Where λ(w,α) is the one-parameter subgroup determined by w,α, see
Equation (4.5).

If α is not a vector of integers, we choose k > 0 such that k · γ is a vector of integers and set
µκ(E •, α;φ) := (1/k)µκ(λ(w, kα), φ). Since for an integral weight vector γ′ and a positive integer
k′ one has µκ(λ(w, k′γ′), φ) = k′µκ(λ(w, γ

′), φ), this is well-defined. Note that, the weight vector α
is canonically defined by (E •, α).

Theorem 5.1.8. Under the above considerations one has

µκ

(
λ, φ̃|Ũ

)
= µ (E •

σ , ασ;φ) .

Proof. First denote εi(E •) the number

εi(E
•) = #{k ∈ (j1, . . . , jai) | k ≤ ji},

where (1, . . . , ai) ranges over all multi-indices attaining the minimum µ (E •
σ , ασ;φ). Then, let us

show that

µ (E •
σ , ασ;φi) = −

s∑
n=1

αn(rk(En)ai − εn(E •)r). (5.21)
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By the decomposition Equation (4.5) we know that the k-th component of the weight vector γ is
obtained as follows

γjl =α1(rk(El)− r) + · · ·+ αjl(rk(El)− r) + αjl+1 rk(El) + · · ·+ αs rk(El)

=
s∑

n=1

αn rk(En)− r
jl∑
n=1

αn
(5.22)

Then by adding we get

γj1 + · · ·+ γjai =ai

s∑
n=1

αn rk(En)− r
j1∑
n=1

αn + · · ·+
s∑

n=1

αn rk(En)− r
jan∑
n=1

αn

=ai

s∑
n=1

αn rk(En)− r
s∑

n=1

αnνn(I) =
s∑

n=1

aiαn rk(En)− rαnνn(I))

(5.23)

where νn(I) = #{k ∈ (j1, . . . , jai) | k ≤ jn}. Note that, if I is a multi-index giving the minimum,
then νn(I) = εn(E •), and we are done.

With this description and the fact that Es+1 = E we see that

µ (E •, α;φ) := max
i=1,...,n

{µ (E •, α;φi)} = max
i=1,...,n

{
−

s∑
n=1

αn(rk(En)ai − εn(E •)r)

}
By definition of µρ (see Equation (5.20)) we have

µκ(λ, φ̃|Ũ ) := max{µκ(λ, φ̃|Ũ (x)) | x ∈ Ũ}.

Since we have a basis v of V which satisfies 4.3 then by Remark 5.1.6 we have that µκ(λ, φ̃|Ũ ) is
calculated as the minimum weight of the one-parameter subgroup κ◦λ. Since (E •

σ , ασ) is determined
by λ using Construction 5.0.9 then the weight vector γ is obtained as in Equation (4.6). Since
E (κ)|Ũ → Ũ ×W is an isomorphism then φ̃ is not identically 0 and since κ is as in Exampl 2.3.11
we obtain:

κ(λ(z)vi) = κ(zγivi) = z−(γj1+···+γjai )wi

Thus we have the required equality. □

5.1.3. Construction of the associated tensor field. The goal of this section is to associate a tensor
field to each singular principal G-bundle, for this we will follow very closely [Sch08, Section 2.4.3]
specially the part titled Associated swamps together with [Sch04a, Example 3.1.3]. After this is
carried out, we will leverage the boundedness of the family of torsion free sheaves appearing in
semistable tensor fields to prove the boundedness of sheaves with a reduction of structure group.

As we mentioned previously, when we apply the homogenization construction (Construction 5.1.4)
to the associated decorated sheaf of a singular principal bundle we will get the associated tensor
field.

As before, let P = (E , σ) be a singular principal bundle such that τ is the dual of σ as in Remark
5.0.2. By the discussion preceding Equation (5.17) and the construction in the previous section,
see Equation (5.16) and Construction 5.1.4, we have that by restricting to the big open subset
UE ⊂ X where E is locally free we can choose a natural number s big enough (by setting s! = ω in
Construction 5.1.4 ) to get a surjection

Sym∗(VA,B,C) −→ Sym(s!)(V ⊗ E |∨UE
)G.

This generalizes to give the following natural homomorphism of sheaves

S ym∗((E ⊗A)⊕B ⊗ det(E )⊗−C) −→ S ym(s!)(V ⊗ E ∨)G.
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Note that, whenever τ is not trivial, it induces the following homomorphism:

τ (s!) : Sym(s!)(W ⊗ E ∨)G −→ OX

of OX -algebras. Everything comes together, we arrive at the following non-trivial homomorphism
of OX -algebras:

S ym∗((E ⊗A)⊕B ⊗ det(E )⊗−C) −→ OX

of OX -algebras. This homomorphism is determined by its restriction

φ̃τ : (E ⊗A)⊕B ⊗ det(E )⊗−C −→ OX

to the component of degree one, which is a nontrivial homomorphism

φτ : (E ⊗A)⊕B −→ det(E )⊗C

of OX -modules. Note that, we prescribed the determinant of E to be trivial in Definition 5.0.1. We
thus get the composition

ϕτ : (E
⊗A)⊕B → det(E )⊗C −→ OX .

In this way we obtain a tensor field as in Definition 4.0.1. We call (E , ϕ̃τ ) the associated tensor
field of (E , τ). In [Sch08, Page 186], where the curve case is treated, this is known as the associated
ρa,b,c-swamp.

Remark 5.1.9. Let P = (E , σ) be a singular principal bundle such that τ is the dual of σ as in
Remark 5.0.2. We call (E , ϕ̃τ ) the associated tensor field of (E , φ̂) constructed above. When dealing
with the dual τ we will stick to the notation (E , ϕ̃τ ) without risk of confusion.

Definition 5.1.10. Let δ ∈ Q>0. We say that a singular principal G-bundle (E , τ) is δ-(semi)stable
if its associated tensor field (E , ϕ̃τ ) is δ-(semi)stable, see Definition 4.0.11.

We would like the assignment τ 7→ ϕ̃τ to be injective on isomorphism classes because this would
embed the parameter space of singular principal bundles, yet to be constructed, inside the parameter
space of decorated sheaves, see Section 4.4 for the multipolarization case.

Proposition 5.1.11. The assignment isomorphism classes
of singular principal
G-bundles on X

→
{

isomorphism classes
of tensor fields on X

}
(E , τ) 7→ (E , ϕ̃τ )

(5.24)

is injective.

Proof. We will follow [Sch08, Proposition 2.4.3.2], some adjustments need to be made since he
considers the curve case.

The assignment is clearly compatible with isomorphisms for both types of objects. In order to
check injectivity, we have to prove that (E , τ) and (E , τ ′) are isomorphic, if (E , τ) and (E , τ ′) are
two singular G-bundles such that (E , ϕ̃τ ) = (E , ϕ̃τ ′).

For d > 0, let
τd, τ

′
d : Sym

d(W ⊗ E ∨)G −→ OX

be the degree d component of τ and τ ′, respectively. Note that, τ is determined by
⊕s

d=1 τd. Let

τ̂s :
⊕

(d1,...,ds):
di≥0,

∑
idi=s!

Symd1(W ⊗ E ∨)G · · · Symds(Syms(W ⊗ E ∨)G) −→ OX
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be the map induced by τ1, . . . , τs, and define τ̂ ′s in a similar way. Looking carefully at the construction
of the associated tensor field, we recognize that the assumption is equivalent to the fact that (E , τ̂s)
and (E , τ̂ ′s) are equal. This implies that, for 1 ≤ d ≤ s,

Sym
s!
d (τd) = Sym

s!
d (τ ′d).

Restricting this equality to the big open set Ũ of X, see the discussion above Theorem 5.1.8, it
follows that there is an (s!/d)th root of unity ζd with

τ ′d = ζd · τd, d = 1, . . . , s.

Use Proposition 1.6.1 [Sch02] It remains to show that there is an s!-th root of unity ζ, such that
ζd = ζd for all d. To see this, let E be the restriction of E to Ũ . Then, τ̂s and τ̂ ′s, restricted to Ũ ,
define the same point

x ∈ P := P(Symd1(W ⊗ E∨)G ⊗ · · · ⊗ Symds(Syms(W ⊗ E∨)G)).

On the other hand, ⊕sd=1τd and ⊕sd=1τ
′
d define points

y, y′ ∈ B := (

s⊕
d=1

Symd(W ⊗ E∨)G)∨.

By our assumption, y and y′ map both to x under the quotient map followed by the Veronese
embedding

B \ {0} −→ (B \ {0})/C(X)∗ ↪→ P.

Putting all the information we have gathered so far together, we find the claim about the ζi.
What we’ve demonstrated leads to the following conclusion: When we apply the automorphism

ζ · idE to the singular G-bundle (E , τ), we end up with a pseudo G-bundle (E , τ ′′). Remarkably,
the restrictions of τ ′ and τ ′′ to Ũ coincide. Since τ ′ and τ ′′ are homomorphisms between torsion-
free sheaves, their equality is contingent on the agreement of their restrictions to the generic point.
Therefore, (E , τ ′) = (E , τ ′′), establishing that ζ · idE serves as an isomorphism between the two
singular G-bundles (E , τ) and (E , τ ′). □

For every weighted filtration (E •, α) of E , we set

v (E •, α;φ) :=
1

ω
· µ (E •, α; φ̂) .

Now that we have defined the homogenization we have a more general semistability condition.

Definition 5.1.12. Let δ be a positive rational number. A decorated sheaf (E , φ) is δ-(semi)stable
if for each weighted filtration (E•, α) the following holds

L(E •, α) +
δ

ω
µ (E•, α; φ̂) =

t∑
i=1

αi (deg(E ) rk(Ei)− deg(Ei) rk(E )) +
δ

ω
µ (E•, α; φ̂) (≥)0 (5.25)

Here φ̂ is the homogenization of φ, as defined before. An important fact about the homogenization
is that there exists a natural number ω such that the following equation is satisfied (see [Sch04a,
Equation (11)]).

1

ω
· µ(E •, α; φ̂) <,=, > 0⇔ µ(E •, α;φ) <,=, > 0. (5.26)
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5.1.4. Boundedness of principal bundles. Let us leverage the theory of Decorated sheaves and the
construction above in order to prove the boundedness, as in Definition 3.2.1, of the set of slope-δ-
semistable principal bundles.

Theorem 5.1.13. Let X be a projective manifold, let δ ∈ Q>0 and ĉ ∈ K(X)num. Then, the set of
torsion-free sheaves, with fixed topological invariants, occurring in δ-semistable tensor fields (E , φ)
is bounded.

Proof. We use Maruyama’s boundedness result i.e, Theorem 3.2.7 together with the bound in The-
orem 4.0.15 in order to conclude the boundedness of δ-semistable decorated sheaves. □

Corollary 5.1.14. Let X be a projective manifold, let δ ∈ Q>0 and ĉ ∈ K(X)num. Then, the set
of torsion-free sheaves, with fixed topological invariants, occurring in δ-semistable singular principal
bundles, see Definition 5.1.10 is bounded.

5.1.5. Construction of the representation. As we promised before, in this section we follow very
closely the construction presented in [Sch04a, Section 4.1] making the necessary changes to our
setting. More concretely we will construct a representation κ : GL(V ) → GL(W ) where there
exists a point w0 ∈ W such that G has finite index in G̃, the stabilizer of w0. Moreover, for every
one-parameter subgroup λ : C∗ → GL(W ), it holds that µ(λ,w0) ≥ 0 with equality if and only if λ
is conjugate to a one-parameter subgroup of G within the associated parabolic subgroup QGL(V )(λ).

The idea behind this new representation is to emulate the properties of the adjoint representation
Ad : G→ GL(g) used by Ramanathan in his original construction, see [Ram75].

More precisely, note that, for reductive groups other than semisimple ones, the notion of -δ-
semistability given in Definition 5.1.10 is more restrictive compared to Ramanathan’s original defi-
nition, see Definition 5.0.6. For semisimple ones the two coincide by Remark 5.0.13. Specifically, we
require Equation (4.7) to hold for reductions to any one-parameter subgroup, whereas Ramanathan
only considers reductions to one-parameter subgroups of the commutator subgroup [G,G], which
induce anti-dominant characters, see Page 3 [Sch04a, Remark iii) ]. This difference is best illustrated
for the reductive group G :=

∏t
i=1GLri(C), we recommend the reader to see the treatment of this

example in [Sch08, Section 2.4.8]. Consequently, there might be cases where we find no semistable
objects although there are Ramanathan semistable objects. This is not desirable.

There are two ways out of this the first way out is to use a representation κ : G → GL(V ) with
image in SL(V ), such that the connected component of the kernel containing the neutral element
is the radical of G. The canonical candidate for this is the adjoint representation we mentioned
before.

We will present the second way out in what follows, it is based on [Sch04a, Section 4]. The
approach to get nice moduli spaces for principal G-bundles consists in applying our results to the
semisimple group G̃ with its faithful representation ρ̃ constructed below.

First, there exists a representation κ̃ : SL(V )→ GL(W̃ ) and an SL(V )-equivariant embedding

η : SL(V )/G ↪→ W̃ (5.27)

by [Bor91, Proposition 1.12]. The representation κ̃ may be extended to a representation κ :
GL(V ) → GL(W ). By twisting the direct summands of κ by powers of the determinant, we
are able to assume that all weights of the action of C∗ = C∗ · idV are positive. Let the resulting
representation be denoted again by κ. The key aspects of this construction are outlined in the
following lemma. For g ∈ GL(V ), [g] will denote the image of the orbit g ·G in W .

Lemma 5.1.15. [Sch04a, Lemma 4.1.1]
i) The group G has finite index in G̃, the GL(V )-stabilizer of [e].
ii) For every g ∈ GL(V ), the point [g] is SL(V )-polystable.
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iii) A point k ∈ GL(V ) · [e] \GL(V ) · [e] is not SL(V )-semistable.

Remark 5.1.16. Note that this statement is essentially the same statement as Lemma 5.1.1.

If we are given a point [g] ∈ W and a one-parameter subgroup λ : C∗ → g · G̃ · g−1, then [g] is a
fixed point for the induced C∗-action, and we have µ(λ, [g]) = 0.

We want to characterize the weighted filtrations (E •, α) that arise from reductions to one-
parameter subgroups such that µ(E , α, ϕ) = 0. Here, ϕ is obtained as follows:

Let κ : GL(V ) → GL(W ) be the representation constructed in Example 2.3.11 and let (E , σ)
a singular principal G-bundle such that τ is the dual of σ. Over the open set U = UE where
E is locally free, we have the principal bundle (E |U , σ|U ). This implies that τ has the data of the
rational principal G-bundle associated with the singular principal G-bundle (E , τ). Considering κ as
a representation of G, we obtain an alternative description: the associated vector bundle P(κ) has
fibre W and is therefore a subbundle of E ∨

a,b,c|U . Thus, a section φ′ : U →P(κ) defines components

φ′
i : U → (E ∨|⊗aiU )⊕bi ⊗ det(E |U )⊗ci , for i = 1, . . . , n,

which correspond to
φ′′
i : (E |

⊗ai
U )⊕bi → det(E |U )⊗ci , for i = 1, . . . , n,

and the latter extend uniquely to

φi : (E
⊗ai)⊕bi → det(E )⊗ci , for i = 1, . . . , n.

Altogether, we obtain an associated torsion-free sheaf E with a decoration φ of type (a, b, c).
Let us continue with the characterization. Suppose we are given a point [g] ∈ W and a one-

parameter subgroup λ : C∗ → SL(V ) that satisfies µ(λ, [g]) = 0. Because [g] is SL(V )-polystable, it
follows that there exists [g′] ∈ GL(V ) such that limz→∞ λ(z) · [g] = [g′] . Additionally, λ is a one-
parameter subgroup of the identity component of the GL(V )-stabilizer of [g′], denoted by G[g′] :=

g′ ·G · g′−1. Therefore, QGL(V )(λ)∩G[g′] is the parabolic subgroup QGg′ (λ). By [Sch08, Proposition
2.4.2.5], there is an element u ∈ Ru(QGL(V )(λ)), such that u · [g′] = [g]. As we have seen before,
QGL(V )(λ)∩Gg

′ is the parabolic subgroup QGg′ (λ). Observing that u ·QGL(V )(λ) ·u−1 = QGL(V )(λ),
the previous discussions allows to deduce:

Proposition 5.1.17. [Sch04a, Proposition 4.1.3] If we are given a one-parameter subgroup λ : C∗ →
SL(V ) and a point [g] ∈W with µ(λ, [g]) = 0, then

QGL(V )(λ) ∩ g ·G · g−1 = Qg·G·g−1(λ′)

for some one-parameter subgroup λ′ of g · G · g−1 with QGL(V )(λ
′) = QGL(V )(λ). More precisely, λ

and λ0 define the same weighted flag in V .

Let us finally give the needed characterization of the weighted filtrations. Let us lay down our
setting and make some simplifying assumptions. Assume that W = Va,b,c instead of just being
embedded. As always let P = (E , σ) be a singular principal G-bundle and κ : GL(V ) → GL(W )
be the representation constructed above in Equation (5.27). Over the open set U where E is locally
free, we have the reduction

σ : U → I som(V ⊗ OU ,E
∨|U )/G.

Remember that we denote by P := I som(V⊗OU ,E
∨|U ) the principal GL(V )-bundle corresponding

to E ∨|U . Also, recall that σ describes the data of the rational principal G-bundle (U,P = P|U )
associated to P. Using the representation κ, we get a different point of view, namely σ gives rise
to a section

φU : U → ((E ∨|U )⊗a1)⊕b1 ⊕ . . .⊕ ((E ∨|U )⊗an)⊕bn ∼= P (κ),
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which can be extended to a decoration ϕ : (E ⊗a1)⊕b1 . . . (E ⊗a1)⊕b1 → OX of type (a, b, c) over X.
Let β be a reduction of (E , τ) to the one-parameter subgroup λ of G, and (E •

β , αβ) its associated
weighted filtration of the sheaf E . Under these circumstances we have the following:

Lemma 5.1.18. [Sch04a, Lemma 4.2.1]

µ(E •
β , αβ, φ) = 0.

Proof. If we apply the construction described in Example 2.3.11, the resulting section

φ′|Ũ : Ũ →P(κ ◦ σ)|Ũ ∼=W ⊗ Ũ →W,

is just x 7→ [e], for all x ∈ Ũ . Thus by applying Theorem 5.1.8 we have that

µ(E •
β , αβ, φ) =max{µκ◦σ(λ, φ′(x))|x ∈ Ũ}

=max{µκ◦σ(λ, [e]) = 0,
(5.28)

where λ is the one parameter subgroup which induces the filtration (E •
β , αβ) and the last equality

comes from the fact that [e] is invariant under the G-action hence it is invariant from the action of
any one parameter subgroup. □

Finally we have the characterization given by the following statement.

Proposition 5.1.19. [Sch04a, Proposition 4.2.2] If (E •, α) is a weighted filtration of E such that
µ(E •, α, φ) = 0, there exists a reduction β to a one-parameter subgroup λ : C∗ → G with

(E •, α) = (E •
β , αβ).

We omit the proof of this result, but we recommend the reader to see [Sch04a, Proposition 4.2.2].

5.2. Analysis of semistability. Recall that the slope-δ-semistability condition of singular princi-
pal bundles is based on the slope-δ-semistability of tensor fields, see Definition 4.4.6. Additionally,
recall that in Section 4.4.1 we established a nice characterization of asymptotically semistable tensor
fields. In this section, we will leverage this two facts in order to explain how the slope-δ-semistability
condition of singular principal bundles, see Definition 5.0.11, relates to the slope semistability of
singular principal bundles defined in Definition 5.0.6.

As we explained before, the term is used by Schmitt, see [Sch08, Theorem 2.4.4.1] for the curve
case, in the following sense.

Theorem 5.2.1. (Semistable reduction for honest singular principal bundles) Suppose δ > δ∞, see
Proposition 4.4.12, and let (E , τ) be a singular principal G-bundle. If (E , τ) is δ-semistable, then it
is an honest singular principal G-bundle.

Proof. For this proof we will follow [Sch08, Theorem 2.4.4.1]. Let (E , φτ ) be the associated tensor
field. Denote the generic point of X by η and choose a trivialization E ×OX

OX,η → C(X)⊕r. This
trivialization, τ and φτ yield the points

σ(τ)η ∈ HomC(X)(W ⊗C C(X),C(X)⊕r)//G

and
σ(φτ )η ∈ P(Wa,b,c)×Spec(C) Spec(C(X)),

respectively. If the stability parameter satisfies δ > δ∞, then we know, by the remark in Definition
4.4.11 that σ(φτ )η ∈ P(Wa,b,c)

ss ×Spec(C) Spec(C(X)), where P(Wa,b,c)
ss is the open set of SLr(C)-

semistable points in P(Wa,b,c). Note that, Lemma 5.1.3 and the formulae in Equation (5.18), show
that

σ(τ)η ∈ IsomC(X)(W ⊗C C(X),C(X)⊗r)/G. (5.29)
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The assertion results from the fact that one can verify the honesty of a singular principal bundle
on a big open subset. More precisely, let U be the open set where E is locally free. If we let
πU : H := Hom(E |U ,W∨ ⊗ OU ) → U , then on H, there is the universal homomorphism u :

π∗UE |U →
∧dim(W )W∨ ⊗ OH. Note that, the homomorphism det(u) : OH

∼= det(π∗UE |U ) →
W dimV ⊗OH

∼= OH is G-invariant and hence it descends to the quotient Hom(E |U ,W∨⊗OU )//G.
By an abuse of notation, we will still denote the induce morphism by det(u). Let σU : U →
Hom(E |U ,W∨ ⊗ OU )//G be the section induced by τ . By pulling back the morphism det(u) from
the quotient Hom(E |U ,W∨ ⊗ OU )//G to U we get a homomorphism det : E |U → OU which we
will extend to X in order to obtain the homomorphism d : detE → OX . This extension is possible
because X is normal and codim(X \ U,X) ≥ 2. By Equation (5.29) we know that d is not zero in
the generic point, hence not identically zero. Consequently, it is an isomorphism, because detE is
trivial. In conclusion (E , τ) is honest. □

Remark 5.2.2. If (E , σ) is a δ-semistable singular principal bundle, see Definition 5.1.10, such that
τ is the dual of σ, then according to Remark 4.0.18 the tensor (E , ϕτ ) satisfies

µ(F ) ≤ µ(E ) +
δ · a · (r − 1)

ω rk(E )

for every saturated subsheaf F ⊂ E , see Theorem 4.0.15. This implies that E is slope semistable.
We will discuss the converse of this result in the following lemma.

Let us further, explore the interaction between the two semistability concepts.

Proposition 5.2.3. Let δ > δ∞ ∈ Q≥0, as in Proposition 4.4.12. Then, we have the following
properties.

(1) An honest singular G-bundle (E , τ) is (semi)stable if and only if the associated decorated
sheaf (E , ϕτ ) is δ-(semi)stable (as defined in Definition 4.0.11). Equivalently, we have that
slope-(semi)stability as in Definition 5.0.6 is equivalent to δ-slope-(semi)stability as in Def-
inition 5.1.10.

(2) The bundle (E , τ) is a (semi)stable honest singular G-bundle if and only if E is slope-
(semi)stable (in the sense of Equation 3.1).

Proof. Let us begin the proof of the statement by taking a look at the first statement.
(1) By Lemma 5.1.18, the δ-(semi)stability of (E , ϕ) implies the (semi)stability of (E , τ). If

(E , τ) is (semi)stable, Remark 5.2.2 shows that E is a slope-semistable torsion-free sheaf.
Therefore, for every weighted filtration (E •, α), the number L(E •, α) is non-negative. Thus,
if µ(E •, α;φ) > 0, then L(E •, α) + δ · ν(E •, α; φ̂) ≥ 0. On the other hand, if µ(E •, α;φ) =
0, then by Proposition 5.1.19 we have that the condition L(E •, α)(≥)0 follows from the
(semi)stability of (E , τ).

(2) Recall that Remark 5.2.2 tells us that if (E , τ) is δ-semistable, then E is slope semistable.
The converse is clear, recall that asymptotic semistability, see Definition 4.4.11 is equivalent
to δ∞-semistability by 4.4.12. This implies that µ(E •, α) ≥ 0 for all filtrations (E •, α) and
hence all the quantities in

L(E •, α) + δ · ν(E •, α; φ̂)

are positive.
□

Remark 5.2.4. The previous proof shows us that the equality

L(E •, α) + δ · ν(E •, α; φ̂) = 0,

can only occur if both L(E •, α) and ν(E •, α; φ̂) are zero.
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Note that, Ramanathan derived the previous assertion in the curve case from the correspondence
between semistable principal G-bundles and representations of the fundamental group in a maximal
compact subgroup K of G, see Theorem 5.0.17.

5.2.1. Singular G̃-bundles. For this subsection we will follow the exposé in [Sch04a, Section 6.1],
where the same theory is developed for the Gieseker-semistable case.

Let G̃ be the group defined in Section 5.1.5 and ρ̃ : G̃→ GL(V ) its natural inclusion into GL(V ).
Since ρ̃(G̃0) = ρ(G) ⊂ SL(V ), Proposition 1.15 in [MFK94, Chapter 1.4] tells us that the open set
of stable points (respectively semistable points) is the same for the action of G and G̃ thus we can
develop a theory of singular principal G̃-bundles as well. We have the following result:

Lemma 5.2.5. Let (E , τ̃) be a singular principal G̃-bundle, U = U(E ) the maximal open subset
where E is locally free, and σ̃ : U → H om(V ⊗ OU ,E

∨|U )//G̃ the section defined by τ̃ |U . Then, σ̃
is entirely contained in either I som(V ⊗ OU ,E

∨|U )/G̃ or its complement. In the former case, we
call (E , τ̃) an honest singular principal G̃-bundle.

Proof. For this proof we will follow directly the arguments in [Sch04a, Lemma 6.1.1]. Let h :
Hom(V ⊗ OU ,E

∨|U ) → U be the Hom-bundle. Then, there is the universal homomorphism f :
V ⊗ OHom(V⊗OU ,E ∨|U ) → h∗(E ∨|U ). Choosing a trivialization for det(E ) and a basis for V , det(f)
becomes an SL(V ))-invariant global section of OHom(V⊗OU ,E ∨|U ). Since the image of G̃ under the
determinant homomorphism is a finite, hence cyclic subgroup of C×, some power of this function is,
G̃-invariant. Thus it defines a function d ∈ Γ (Hom(V ⊗ OU ,E

∨|U )//G̃,OHom(V⊗OU ,E ∨|U )). Then,
σ̃∗(d) is a constant function, because U is a big open subset of X. This implies the claim. □

Definition 5.2.6. Let S be any weakly normal variety. A family of singular principal G-bundles
parameterized by S is a pair (ES , τS) consisting of an S-flat family ES of torsion-free coherent sheaves
on X and a homomorphism τS : Sym∗(V ⊗ ES)

G → OS×X . The definition of morphism of families
and equivalence of families is compatible with their respective definitions in the case of singular
principal G-bundles, see Definition 5.0.5.

Next, let (ES , τS) a family of singular principal G-bundles parameterized by S as above. We
obtain the associated family (ES , τ̃S) of singular principal G̃-bundles with

τ̃S : Sym∗(V ⊗ ES)
G̃ ⊂ Sym∗(V ⊗ ES)

G τS−→ OS×X .

Remark 5.2.7. Note that, Sym∗(V ⊗ ES)
G̃ is the algebra of invariants in Sym∗(V ⊗ ES)

G for the
induced action of the finite group G̃/G.

Lemma 5.2.8. i) A singular principal G-bundle (E , τ) is honest if and only if the associated
singular G̃-bundle (E , τ̃) is honest.

ii) For every positive rational number δ, a singular principal G-bundle (E , τ) is δ-(semi)stable if
and only if the associated singular G̃-bundle (E , τ̃) is δ-(semi)stable.

Proof. For the proof of this lemma we follow directly the arguments of [Sch04a, Lemma 6.1.3].
The first assertion is clear since τ induces a section σ : X → SE //G = Hom(V ⊗ O(X),E )//G) ⊂
SE //G̃ thus if (E , τ) is honest clearly σ̃ which is the previous composition will be contained in
Isom(V ⊗O(X),E )//G̃). The converse follows from the remark 5.2.7 . Since P(Hom(V, V ))//G̃ is
the quotient of P(Hom(V, V ))//G by the finite group G̃/G. We have that [Sch04a, Lemma 2.1.1]
implies

µ(E •, α; τ̃) = µ(E •, α; τ)

for every weighted filtration (E •, α) of E . □
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5.3. Construction of the parameter space. As before, let X be an n-dimensional projective
manifold, H1, . . . ,Hn−1 ∈ Pic(X) ample line bundles, and ci ∈ H2i(X,Z) classes on X. Let r be
a positive integer and ĉ ∈ K(X)num a class with rank r and Chern classes cj = c with c1 = 0, and
Λ = OX ∈ Pic(X) the trivial line bundle with c1(Λ) = 0 ∈ H2(X,Z).

For the rest of the section, we use the representation κ : GL(V ) → GL(W ), with W = Va,b,c for
appropriate tuples a, b, c as constructed in Section 5.1.5. Moreover, we fix a Hilbert polynomial P ,
determined by the class ĉ ∈ K(X)num, and a positive number δ ∈ Q. By Theorem 4.0.15, there
is a constant C, such that µmax(E ) ≤ C, for every δ-semistable singular principal G-bundle (E , τ)
(respectively G̃-bundle (E , τ̃)). By Maruyama’s Theorem, see Theorem 3.2.7, E lives in a bounded
family. Further, we prescribe the determinant of E to be isomorphic to Λ, hence E has degree 0.
We choose an m′′ ≫ 0, such that, for every torsion free sheaf E of rank r with trivial determinant
and µmax(E ) ≤ C. According to Section 3.2 we have the following:

• H1(E (m′′)) = {0} and
• E (m′′) is globally generated.

Moreover, we suppose:
• The construction of the moduli space of δ-semistable tensor fields (E , φτ ) (respectively
(E , φτ̃ )) with det(E ) ̸= OX , performed in Section 4.4, can be performed with respect to m′′.
This is equivalent to saying m′′ > m′

We choose a complex vector space Y of dimension P (m′′). Let Q be the Quot scheme parameterizing
quotients of the form q : Y ⊗ π∗X(OX(−m′′))→ E for simplicity let Y := Y × OX(−m′′). We have
the universal quotient

qQ : Y ⊗ π∗X(OX(−m′′))→ EQ.

Then, there is the maximal open subset U ⊂ Q × X where EQ is locally free. Let ZQ be the
complement of U and Q′ be the complement of πQ(ZQ) in Q. By [HL10, Lemma 2.1.7], Q′ consists
of those points q ∈ Q, such that EQ|{q}×X

is locally free. Moreover, the semicontinuity theorem
implies that there is an open subset Q′′ of Q, consisting of the quotients q : Y ⊗OX(−m′′)→ E for
which hi(E (m′′)) = 0 holds for every i > 0. Now, set Q′′′ := Q′ ∩Q′′, and let

qQ′′′ : Y ⊗ π∗XOX(−m′′)→ EQ′′′

be the restriction of the universal quotient to Q′′′ ×X. We form

p := πQ′′′∗(qQ′′′ ⊗ idπ∗
X(OX(m′′))) : Y ⊗ OQ′′′ → πQ′′′∗(EQ′′′ ⊗ π∗XOX(m

′′).

This is a homomorphism of locally free sheaves of the same rank. This can be seen by using the
semicontinuity theorem again. There is an open subset Q′′′′ ⊆ Q′′′ of points q where the restriction
p|{q} is surjective, hence an isomorphism. Next, there is the morphism

Q
′′′′ → Pic0

q : Y × OX(−m′′)→ E 7→ [det(E )].
(5.30)

We define Q as its fiber over [OX ].
The quasi-projective scheme Q parameterizes quotients q : Y ⊗ π∗XOX(−o) → E , such that E is

a torsion free sheaf of rank r with trivial determinant and H0(q(n)) is an isomorphism. Let

qQ : Y × π∗XOX(−m′′)→ EQ

be the universal quotient.
For the torsion free sheaf EQ, we have the canonical isomorphism

E ∨
Q
∼=

r−1∧
EQ ⊗ (∧rEQ)∨.
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Since the restriction of (EQ)∨ to any fiber {q}×X with q ∈ Q, is trivial, there is an invertible sheaf
A on Q, such that

(

r∧
EQ)

∨ ∼= π∗Q(A ).

Gathering all this information, we find a surjection

S ym∗(W ⊗
r−1∧

(Y ⊗ π∗X(OX(−m′′)))⊗ π∗QA )G → S ym∗(W ⊗ EQ)
G.

For a point [q : Y ⊗ OX(−m′′) → E ] ∈ Q, any homomorphism τ : S ym∗(W ⊗ E ∨)G → OX of
OX -algebras is determined by the composite homomorphism

s⊕
i=1

S ymi(W ⊗
r−1∧

(Y ⊗ OX(−m′′)))G → OX

of OX -modules. Noting that

S ymi(W ⊗
r−1∧

Y ⊗ OX(−m′′)))G ∼= S ymi(W ⊗
r−1∧

Y )G ⊗ OX(i(r − 1)m′′),

τ is determined by a collection of homomorphisms

φi : S ymi(W ⊗
r−1∧

Y )G ⊗ OX → OX(i(r − 1)m′′), i = 1, . . . , s.

Since φi is determined by the induced linear map on global sections, we will construct the pa-
rameter space inside

Y :=
s⊕
i=1

H om(S ymi(W ⊗
r−1∧

Y ⊗A )G, H0(OX(i(r − 1)m′′))⊗ OQ).

Write π : Y → Q for the bundle projection and observe that, over Y × X, there are universal
homomorphisms

φ̂i : S ymi(W ⊗
r−1∧

Y ⊗ π∗QA ))G → H0(OX(i(r − 1)m′′))⊗ OY×X , i = 1, . . . , s.

Define φi = ev ◦φ̃i, where the evaluation map is given by

ev : H0(OX(i(r − 1)m′′))⊗ OY×X → π∗XOX(i(r − 1)m′′), i = 1, . . . , s.

We twist φi by id∗πX (OX(−i(r− 1)m′′)) and put the resulting maps together to the homomorphism

φ : WY :=
s⊕
i=1

S ymi(W ⊗
r−1∧

Y ⊗ π∗X(OX(−m′′)))⊗ π∗QA ))G → OY×X .

Next, ϕ yields a homomorphism of OY×X -algebras

τ̂Y : S ym∗(WY)→ OY×X .

On the other hand, there is a surjective homomorphism of graded algebras given by

β : S ym∗(WY)→ S ymi(W ⊗ (π × idX)
∗(E ∨

Q ))
G.

Here the left-hand algebra is graded by assigning the weight i to the elements in S ymi(W ⊗ (π ×
idX)

∗(E ∨
Q ))

G. The parameter space Y′ is defined by the condition that τ̂Y factorizes over β, recall
that in Equation (4.14) this was done to define the parameter space T. In particular, this means
that by setting EY′ := ((π × idX)

∗(EQ))|Y′×X , there exists a homomorphism

τY′ : S ymi(W ⊗ E ∨
Y′)G → OY′×X (5.31)
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with τ̂Y|Y′×X = τY′ ◦ β. Formally, Y′ is defined as the scheme-theoretic intersection of the closed
subschemes , see Proposition 4.1.3.

Yd := {y ∈ Y | (τ̂d
Y
|{y}×X) : ker(βd|{y}×X))→ OX is trivial}, d ≥ 0.

There are natural actions of GL(Y ) on the Quot scheme Q and on Y′. The latter action leaves the
closed subscheme Y′ invariant, and therefore yields an action

Γ : GL(Y )×Y′ → Y′.

We have the following proposition.

Proposition 5.3.1. Two points y1 and y2 lie in the same GL(Y )-orbit if and only if the singular
principal G-bundles (Ey1 , τy1) and (Ey2 , τy2) are isomorphic.

This group action can be lifted to the reduction Y′
red, making the reduction morphism Y′

red → Y′

equivariant with respect to the two GL(V )-actions. Lifting the action one step further, we have
that GL(V ) also acts on the weak normalization

Y := (Y′
red)

wn (5.32)

in such a way that the weak normalization morphism (Y′
red)

wn → Y′
red intertwines the two GL(V )-

actions.
We also lift the family (EY′ , τY′) to Y and denote the resulting family by (EY, τY). This is the

universal family of pseudo G-bundles parameterized by Y. By its construction and the fact that
the weak normalization is a homeomorphism, see Theorem 2.1.17, it has the following property:

Proposition 5.3.2. The set of isomorphism classes

[{(Ey, τy) := (EY|{y}×X , τY|{y}×X)] | y ∈ Y }
contains the isomorphism class of every δ-semistable pseudo G-bundle.

Note that, in the exact same way we can build the parameter space of singular principal G̃-bundles,
denoted by Y′(G̃). This is done by replacing G for G̃ and τ for τ̃ in the above construction. We
denote by Y(G̃) the weak normalization of Y′(G̃)red, with it we get the universal family of G̃-singular
principal bundles denoted by (EY(G̃), τY(G̃)).

The homomorphism

Sym∗(V ⊗ EY(G̃))
G̃ ⊂ Sym∗(V ⊗ EY)

G → OY×X

leads, by the universal property of Y to a GL(Y )-equivariant morphism that fits into the following
diagram

Y
s //

��

Y(G̃)

��
Q

id // Q,

(5.33)

here s maps ([q : Y ⊗ OX(−m′′)→ E ], τ) to ([q : Y ⊗ OX(−m′′)→ E ], τ̃).
There are GL(Y )-invariant open subschemes Yh and Yh(G̃), parameterizing the honest sin-

gular G and G̃-bundles, respectively. More precisely, we want to construct an open subscheme
Yh parameterizing those pairs ([q : W ⊗ OX(−m′′) → E ], τ) where H0(q(n)) is an isomorphism
and (E , τ) is an honest singular G-bundle, similarly for Yh(G̃). To do so, observe that we can
embed Hom(EY,W

∨ ⊗ OY×X)//G into a vector bundle VY, and VY into the projective bundle
P(V∨

Y ⊕ OY×X). Let Ulf be the maximal open subset of Y×X where EY is locally free. Then, we
have the open subscheme

Isom(EY|Ulf
,W∨ ⊗ OUlf

) ⊂ P(V∨
Y|Ulf

⊕ OUlf
).
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Let IUlf
be its complement and IY ⊂ P(V∨

Y ⊕OY ×X) the closure of IUlf
. By elimination, the image

JY of IY is a closed subscheme of Y, similarly for Y(G̃). Then,

Yh := Y \JY and Yh(G̃) := Y(G̃) \JY(G̃).

We will denote by Yδ−ss and Yδ−ss(G̃) the open subschemes that parameterize δ-semistable
singular principal G-bundles and G̃-bundles respectively. So that in total we have that Yh,δ−ss

and Yh,δ−ss(G̃) parameterize δ-semistable honest singular principal G-bundles and G̃-bundles. By
Lemma 5.2.8, we have that the morphism s descends to a well defined morphism Yh,δ−ss →
Yh,δ−ss(G̃) that we will denote still by s.

Let T −→ Q be the parameter space for tensor fields which was constructed in Section 4.4. The
map

A : Yh,δ−ss(G̃) −→ T

([q : Y ⊗ OX(−m′′)→ E ], τG̃) 7→ ([q : Y ⊗ OX(−m′′)→ E ], φτG̃)
(5.34)

is invariant under the action of C∗ and equivariant with respect to the action of SL(Y ). Further,
it is well defined by Definition 5.1.10.

Recall that (X//G)//H ∼= X//(G×H). Hence, we may first form

Yh,δ−ss(G̃)//C∗,Yh,δ−ss//C∗ and T//C∗ (5.35)

and then we just have to worry about the SL(Y )-action in order to have a moduli space. Note
that, the quotients just formed are weighted projective bundles over Q, so we note that the vertical
morphisms in the following diagram are proper

Yh,δ−ss//C∗ s //

��

Yh,δ−ss(G̃)//C∗

��

Ã // T//C∗

��
Q

id // Q
id // Q.

(5.36)

By the universal property of the categorical quotient, we have that the morphism Ã enjoys the
following properties:

• It is SL(Y )-equivariant, because A was.
• It is proper. In fact, Ã is a morphism of schemes over Q. Since Y//C∗ → Q is a proper

morphism, the same is true of Ã, see [Har77, Corollary II.4.8].
• It is injective. This follows from the arguments presented in the proof of Proposition 5.1.11.

We note here that the family (EY, τY) also descends to the quotient Yh,δ−ss//C∗ because the action
on it is trivial, we will not change notation for this new family. Recall that by fixing a δ > δ∞ we
get that the space Yh,δ−ss//C∗ parameterizes quotients of slope-semistable honest singular principal
bundles. To simplify notation we will declare

Rµ−ss
G (ρ′) := Yh,δ−ss//C∗ (5.37)

and we let the restriction of the family (EY, τY) to Rµ−ss
G (ρ′) be denoted by (ERµ−ss

G (ρ′), τRµ−ss
G (ρ′)).

Remember that the moduli space M δ−ss is defined by taking the projective spectrum of the ring⊕
N ′∈NH

0(T,OT (s1, s2)
N ′
)SL(Y ) of SL(Y )-invariant sections of powers of OT (s1, s2), see Definition

4.4.6. More crucially, the construction of the moduli space of δ-semistable tensor fields depends
on Conjecture 4.4.2, which is a semistable restriction theorem for tensor fields. Additionally the
properness of the previous moduli space is dependent in Conjecture 4.4.7, which is a Langton’s
theorem for tensor fields. In order to avoid these two conjectures and construct the moduli space
of singular principal bundles we will also require a similar semistable restriction result. In order to
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have such a result we will need some key inputs from Bruhat–Tits theory that will be developed in
the following section.

6. Semistable reduction and properness

As we mentioned before, the goal of this section is to prove the properness of our yet to be
constructed moduli space. The proof of properness requires some intricate arguments related to
Bruhat–Tits theory. For these key inputs and the development of this theory we will follow very
carefully the work of Balaji in [Bal07]. Along the way we will also develop some effective restriction
theorems such as a version of Mehta–Ramanathan theorem adapted to our case. For this we will
follow the reference [BG03].

6.1. H-N reduction. Note that, many of the results in [BG03], such as the Grauert–Mülich in-
equality or Flenner’s Theorem for principal bundles, can be generalized to the multipolarization
case. Let us give here the generalization of the Grauert–Mülich theorem. In order to do that let us
first discuss filtrations of singular principal bundles.

The relative Harder–Narasimhan filtration is defined with respect to one ample divisor, for the
case of torsion free sheaves in [HL10, Section 3.1]). However, this can be generalized to a collection
of very ample divisors. Recall that we constructed the incidence variety for very ample line bundles
in Equation (3.2). The construction for ample divisors is mostly the same. Let D1, . . . , Dc be such
a collection, with c < dim(X) and let Vi := H0(X,O(Di)). Furthermore, let Yi := P(V ∨

i ) = |Di|
be the complete linear system of hypersurfaces of degree di := Di · H1 · · ·Hn−1, defined as the
intersection number see Equation (2.8). Let Y = Y1 ×X · · · ×X Yc. If we define Zi := {(D,x) ∈
Yi×X|x ∈ D} ⊂ Yi×X to be the incidence variety, we can define the generalized incidence variety
by Z = Z1×X · · ·×XZc. The projections pi : Zi → Yi and qi : Zi → X induce the following diagram:

Z
q //

p

��

X.

Y

(6.1)

Moreover, if s ∈ Y is a closed point corresponding to a collection of hypersurfaces D′
1, D

′
2, . . . , D

′
c,

then Zs := p−1(s) is identified with the scheme-theoretic intersection D′
1 ∩ . . . ∩D′

c ⊂ X.
Note that, if D1, . . . , Dc is a collection of ample divisors, then one can generalize the previous

construction by fixing a collection of natural numbers a1, . . . , ac such that the twisted divisors
aiDi are very ample. Note that, the degree of a hypersurface in P(H0(X,O(aiDi))

∨) = |aiDi| is
aidi = aiDi ·H1 · · · · ·Hn−1. One can repeat the construction with the newly constructed twisted
divisors.

Now, let us move on to the construction of the H-N reduction for a singular principal bundle
over X. In [AHS78], Atiyah and Bott give a reduction of structure group to a parabolic subgroup.
In [AB01] this reduction is shown to be the Harder-Narasimhan reduction of a principal bundle.
We will use the following theorem, proved in [BG03], for defining the H-N reduction for singular
principal bundles.

Theorem 6.1.1. [BG03, Theorem 1.4] Let P be a principal G-bundle on X. There exists a
nonempty Zariski open subset U ⊂ X with codim(X \ U,X) ≥ 2, and a unique reduction PQ of
P |U to a parabolic subgroup Q ⊂ G such that:

(1) The principal L-bundle PL obtained by extension of PQ to the Levi factor L of Q is a
semistable L-bundle.

(2) For any nontrivial character χ : Q → C∗ given by a non-negative linear combination of
simple roots (with respect to any Borel subgroup contained in Q), the line bundle PQ(χ)
associated to PQ and χ has degPQ(χ) > 0.
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Note that P is semistable if and only if Q = G.
Let us consider what happens when P = (E , σ) is a singular principal bundle over X. As always

let U ⊂ X be the open subset where E is locally free. Consider the associated rational principal
bundle (U,P|U = P ) then by the theorem above there is an open set U ′ ⊂ U and a reduction
β : U ′ → P/Q of P |′U that satisfies conditions (1) and (2).

Definition 6.1.2. For P = (E , σ) a singular principal bundle overX as above we call β : U ′ → P/Q
the H-N reduction of P.

We will now show the main motivation for this definition. Given a proper parabolic subgroup Q

of G, choose a maximal torus and Borel subgroup T ⊂ B ⊂ Q. This gives a choice of simple T -roots
∆ = {α1, . . . , αn} (see [Bor91, Section 8.17]) and an embedding of the Levi factor L in Q. Let ZL
be the center of L. Set zL = Lie(ZL) and t = Lie(T ). Let Π ′ ⊂ ∆ be the subset of simple roots α
such that −α is not a root of Lie(Q). Let α ∈ Π ′. The Levi factor L acts on the following vector
space by conjugation

gα =
⊕

β∈RT :β|zL=α|zL

gβ (6.2)

where we think of a root α as a linear function on t, and α|zL is the restriction to zL ⊂ t. Under the
assumptions above, consider that P is a semistable singular principal G-bundle. Let D =

⋂c
i=1Di

be a general complete intersection of hypersurfaces Di ∈ [OX(ai)], where c < dimX.
If the restriction P|D is unstable, let PQ −→ U ′ ⊂ D be its H-N reduction and PL the L-bundle

obtained by extension of PQ to the Levi factor L. Choose a maximal torus and Borel subgroup
T ⊂ B ⊂ P , and define Π ′ as before. The vector bundle PL(gα) is only defined in U ′, but since
codim(X \ U,X) ≥ 2, its degree is well defined. For this reason we do not extend the reduction β
to U , further since the semistability of P is checked with the rational principal bundle (U,P|U )
then Definition 6.1.2 is adequate.

Remark 6.1.3. A few remarks are in order. In the first place remember that in Section 5.1.5
we constructed a representation κ : SL(V ) → GL(W ) such that κ ◦ ρ had similar properties to the
adjoint representation of G, see Lemma 5.1.15. With this representation in hand we studied the
semistability of a decorated sheaf (E , φ) based on the semistability of the sheaf E , see Theorem
4.2.6. Same goes for a singular principal bundle (E , τ) and its associated decorated sheaf (E , ϕτ ),
see Proposition 5.2.3. Now we would like to study the H-N filtration of (E , τ) based on the Harder-
Narasimhan filtration of E . Second note that by Proposition 5.2.3 we have that a singular principal
bundle (E , τ) is semistable if and only if the associated tensor decorated sheaf (E , ϕτ ) is δ-slope
semistable for δ > δ∞. Further by Proposition 5.1.19, we have that the singular principal bundle
P is slope-semistable if and only if E is slope-semistable.

We will give the explicit construction of the H-N reduction for a singular principal bundle. For
this we will take reference on the construction in [BG03, Section 3] for the non singular case.

Construction 6.1.4. Let P = (E , σ) be a singular principalG-bundle onX, and let (U,P := P|U )
be the associated rational principal bundle, where U ⊂ X is the open subset where E is locally
free. Let E |U (g) be the vector bundle on U associated to the adjoint representation. The Harder-
Narasimhan filtration of E |U (g) is of the form

0 = E−l−1 ⊂ E−l ⊂ · · · ⊂ E−1 ⊂ V0 ⊂ E1 ⊂ · · · ⊂ El = E |U (g) (6.3)
where Ej is orthogonal to E−j−1 for the Killing form (we extend the Killing form on the semisimple
part of g by taking the direct sum with a nondegenerate symmetric bilinear form on g) [AB01,
Section 2, (3)]. There is a Zariski open subset U ′ ⊂ U whose complement has codimension at least
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two, such that over U ′ the filtration (6.3) is a filtration of vector bundles (that is, the quotient
(Ei/Ei−1)|U ′ is locally free for all i). By [AB01, Lemma 2.11], the restriction E0|U ′ is a bundle of
parabolic subalgebras, and it gives a reduction PQ of EU ′ to a parabolic subgroup Q of G. This is
the H-N reduction.

We would like to comment a parallelism of the previous situation in the literature. Originally
in [Ram96, Corollary 3.18] for the curve case and later in [AAB02, Proposition 2.10] for the com-
pact Kähler case, it was shown that a principal G-bundle P over X is µ-semistable if and only if
the adjoint vector bundle ad(P ) is µ-semistable. Later Ramanathan derived the equivalence be-
tween semistable principal bundles and semistable vector bundles from the correspondence between
semistable principal G-bundles and representations of the fundamental group in a maximal compact
subgroup K of G, see [Ram96, Proposition 3.17]. Later, Ramanan and Ramanathan could give an
algebraic proof for that fact based on the theory of the instability flag, see [RR84]. In the construc-
tions of Balaji [Bal07] and Balaji and Seshadri [BS02], this fact is used in their constructions. We
remark here that this is the chosen definition of Hyeon in [Hye02].

Remark 6.1.5. The above statement highlights an important fact. The way to obtain a H-N
reduction for a singular principal bundle P is by restricting to the open set U = U(E ) ⊂ X and
working with the associated rational principal bundle. Since we will be working with restriction
theorems we will now make an assumption on the compatibility of the rational principal bundle and
restrictions to complete intersections.

Since UE is a big open subset of X, then there exist natural numbers a1, . . . , ac making aiDi

very ample divisors and open subsets Ui ⊂ |Di| for i = 1, . . . , c such that for any choice of elements
Xi ∈ Ui the associated complete intersection X(l) :=

⋂l
i=1Xi is smooth and every time c > 1

we have that X(l) ⊂ UE (see [GT17, Remark 3.2]). From now on, we assume we are under these
conditions.

Let us return to defining the relative H-N reduction for singular principal bundles. Using the con-
struction of the relative H-N filtration for torsion-free sheaves found on [Lan04, Page 265] and Defini-
tion 6.1.2 we have an H-N filtration for singular principal bundles. We recommend the reader to see
the techniques of [AAB02] and [BG03, Proposition 3.3] for the same statement in the monopolariza-
tion case. We also recommend the reader to see [GHZ24] for the construction of Harder–Narasimhan
filtrations of families of principal bundles and [GN18] for the singular case.

Proposition 6.1.6. Let P = (E , σ) be a singular principal G-bundle on the incidence variety Z
defined above the diagram (6.1). Then, there exists a Zariski open dense set Y ′ ⊂ Y = Y1 ×X
· · · ×X Yc, an open Zariski set U ⊂ Z ′ = p−1(Y ′) with codim(Zs−Us, Zs) ≥ 2 for all s ∈ Y ′ (where
Us = U ∩ Zs), and a reduction PQ of P = P|U to a parabolic subgroup Q such that for all s ∈ S′,
the principal Q-bundle

PQ|Us → Us

is the H-N reduction of P|Zs with respect to the multipolarization (H1, . . . ,Hn−1) given by the closed
point s ∈ Y .

Proof. For simplicity, we will work over the open subset U(E ) ⊂ X for the entire proof. Whenever
another subset of Z is mentioned, we refer to its intersection with q−1(U(E )). Fix δ > δ∞ as in
Proposition 5.2.3.

Let E |U(E )(g) be the vector bundle associated to the adjoint representation of the associated
vector bundle EU(E ). By [Lan04, Theorem 3.9], we obtain an open subset Y ′ ⊂ Y and a filtration

0 ⊂ V1 ⊂ · · · ⊂ Vl = E (g)|Y ′ (6.4)
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of subsheaves. We can further reduce Y ′ so that this is a filtration of subbundles. The restriction to
each s ∈ Y ′ is the Harder–Narasimhan filtration, so it is of the form (6.3). Moreover, the slope of any
sheaf E |Zs on a general fiber Zs is equal to the slope of E with respect to (π∗Odim(Y )Y )q∗(D1 . . . Dc).

It follows that there is an integer l′ such that Vl′ |Us ⊂ E (g)|Us is a subbundle of parabolic
subalgebras for a parabolic subalgebra q ⊂ g ⊂ GL(V ). These l′ and q are independent of s ∈ S
because S is integral. Hence Vl|U ⊂ E (g)|U is a subbundle of parabolic subalgebras, and we get a
reduction PQ|Us of P|U(E ) to a parabolic subgroup Q.

The restriction PQ|Us of this reduction to the fiber over s is the principal Q-bundle given by the
subbundle Vl|Us ⊂ E (g)|Us . Since this reduction arises from the Harder–Narasimhan filtration of
E (g)|Us , it follows from Definition 6.1.2 that PQ|Us is the H-N reduction of P|Zs .

Finally, by Lemma 5.1.18 and Proposition 5.1.19 we obtain a reduction PQ to a parabolic subgroup
Q = Q(λ) ⊂ G where the one parameter subgroup λ induces the filtration (6.4). □

6.2. Estimates. As before, let X be a projective manifold of dimension n and let OX(1) be a very
ample line bundle. Let [x]+ = max(0, x) for any real number x.

Suppose that a1D1, . . . , acDc is a collection of very ample divisors, and let πi : Z → Zi be the
projections. Since Z is a fiber product, the relative tangent is given by

TZ/X = π∗1TZ1/X ⊕ · · · ⊕ π
∗
cTZc/X .

Let P = (E , σ) be a semistable singular principal G-bundle over X and E its associated torsion
free sheaf. Then, there is a nonempty Zariski open subset S in Y such that for all s ∈ S, the
following holds. Let P|Zs

be the restriction of P to the complete intersection Zs = D1 ∩ · · · ∩Dm.
Further, we can assume for dimension reasons that the complete intersection above is contained in
U(E ), we denote by P the principal bundle P|U(E ). If it is unstable, let PQ −→ U0 ⊂ Zs be its
H-N reduction, and PL be the L-bundle obtained by extension of PQ to the Levi factor L. By the
constructions in Section 6.1 we know that the previous information is equivalent to the Harder–
Narasimhan filtration of the restriction E |Zs together with the maximal destabilizing sheaf which
we will denote by Fs ⊂ E |Zs . Choose a maximal torus and a Borel subgroup T ⊂ B ⊂ Q (with Lie
algebras Lie(T ) = t, Lie(B) = b, and Lie(Q) = q), let RT be the set of roots of G with respect to
T . Let R+

T ⊂ RT be the positive roots with respect to B, ∆T ⊂ R+
T the simple roots and define Π ′

as the set of simple roots α such that −α is not a root of the Lie algebra q.
As in Equation (6.2), let ZL be the center of L. Set zL = Lie (ZL), and let Π ′ ⊂ ∆ be the subset

of simple roots α such that −α is not a root of Lie(P ). Let α ∈ Π ′. The Levi factor L acts on the
following vector space by conjugation:

gα =
⊕

β∈RT :β|zL=α|zL

gβ (6.5)

where we think of a root α as a linear function on t, and α|zL is the restriction to zL ⊂ t.
Let H1, . . . ,Hn−1 be very ample divisors and let A be a nef divisor such that TXl

(A) is globally
generated for a general complete intersection Xl in |a1H1| ∩ · · ·∩ |alHl| and all 0 ≤ l ≤ n−2. Then,
we will present here the results obtained in [Lan04] that we will need for posterior sections.

We start by recalling that we already presented [Lan04, Theorem 4.1] in Theorem 3.2.13. Let us
apply it in order to get a version for singular principal bundles.

Theorem 6.2.1. (Grauert–Mülich Theorem for principal bundles).
Let P = (E , σ) be a singular principal bundle as above, recall that Xl is a general complete

intersection in |a1H1| ∩ · · · ∩ |alHl| with 0 ≤ l ≤ n− 2. Then, for any α ∈ Π ′ the inequality

0 < µ(PL(g
α))l ≤

rl/2 − 1

r −
√
r

(√
2ad1 [∆(E )H2 . . . Hn−1]+

)
+ rl/2 (µmax − µmin) . (6.6)
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Where ∆(E ) is the discriminant of the sheaf E as in Theorem 3.2.13.

Proof. By the previous remarks we just have to apply the estimates in Theorem 3.2.13 to the
restriction Harder–Narasimhan filtration of E |Zs , which we will denote by V•. The filtration V•
gives a reduction PP to a parabolic subgroup P on a Zariski open set. Let PL be the extension of
structure group to the Levi factor L of P. If we fix i in the set {1, . . . , l}, the subsheaf Vi defines a
reduction of structure group of P(g)|U to a maximal parabolic group Q containing P . Let α be the
T root corresponding to Q (i.e., −α is not a root of Lie(Q)), and let α be the associated ZL-root.
By [BG03, Equations (4.7) and (4.9)], we have

µ(Vi/Vi−1)l − µ(Vi+1/Vi)l = µ(Hom(Vi+1/Vi, Vi/Vi−1))l = µ(PQ(g
α))l. (6.7)

Thus, we have the required inequality. □

Let us continue with the statement of Flenner’s Theorem for principal bundles

Theorem 6.2.2. (Flenner’s Theorem for principal bundles) Suppose P = (E , σ) is a semistable
singular principal bundle with respect to (H1, . . . ,Hn−1), and let V1 ⊂ V2 ⊂ · · · ⊂ Vl be the Jordan-
Hölder filtration of the torsion free sheaf P(g), which is of rank r ≥ 2. Set Fi = Vi/Vi−1 and
ri = rk(Fi). Consider a very ample line bundle H over X such that D ∈ |kH1| and Fi|D have no
torsion. If

k >

⌊
r − 1

r
∆(E )D2 . . . Dn−1 +

1

d1r(r − 1)

⌋
,

then P|D is µ-semistable with respect to (H2|D , . . . , Hn−1|D).

Proof. We can apply the estimates in Corollary 3.4.7 to the sheaf E , which is µ-semistable with
respect to the restrictions (H1, . . . ,Hn−1), in order to conclude that E |D is µ-semistable with respect
to (H2|D , . . . , Hn−1|D). This implies that the rational principal bundle P := P|UE∩D is also µ-
semistable by Remark 6.1.5. □

6.3. Effective restriction theorem. Now, we will focus on giving a Mehta–Ramanathan restric-
tion theorem. More specifically, we will construct a high degree curve X(n−1) inside of X such that
the restriction of a singular principal bundle to the curve is µ-semistable according Definition 5.0.6
if and only if the singular bundle is µ-semistable with respect to a multipolarization (H1, . . . ,Hn−1)
over X. In order to do this we first prove the sufficient condition which will be easier to deal with.

Fix an integer c ∈ [1, n− 1] where n = dim(X) and

(a1, . . . , ac) ∈ Zc

with ai ≥ 2 for all i ∈ [1, c]. For any integer m ≥ 1, by a complete intersection of type (m) we mean
a complete intersection of divisors:

D1 ∩D2 ∩ · · · ∩Dc

with Di ∈ |ami Hi|. By a general complete intersection subvariety of type (m) we mean the complete
intersection formed by the D′

js from a non-empty open subset S of the linear system
∏n−1
i=1 |ami Hi|.

Note that, for m ≫ 0, a general complete intersection of type (m) is a smooth irreducible
subvariety of X of dimension n− c, see [BG03, Theorem 6.1].

Lemma 6.3.1. Let P be a singular principal G-bundle and set c = n − 1. If P is µ-stable, then
there is an integer m0 and C a complete intersection smooth curve of type m with m ≥ m0 such
that if P|C is a polystable (respectively stable) singular bundle, then P is stable. Where the natural
numbers ai are as in Theorem 3.4.8.
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Proof. Let P be realized by the pair (E , σ). We assume that there exists a general high degree
smooth complete intersection C = X(n−1) =

⋂
Xi such that C ⊂ U |E and a1H1, . . . , an−1Hn−1 are

very ample as in Theorem 3.4.8, where Xi ∈ Ui ⊂ |ami Hi|, let a denote the product of the ai.
Next, we choose Q ⊂ G to be a parabolic subgroup and χ a dominant character of Q. We have:

deg(P(G/Q)(χ)|C) = c1(P(G/Q)(χ)|C) · [C] =i∗c1(P(G/Q)(χ)) · [C]
=a⊗m c1(P(G/Q)(χ)).(H1 · · · · ·Hn−1)

=a⊗m deg(P(G/Q)(χ)).

(6.8)

These equalities hold because C is a smooth complete intersection and the pullback through the
inclusion i : C ↪→ X is obtained by intersection with the divisors in |a⊗mi Hi|, see the diagram (6.1).
Then, by the semistability of P|C we have deg(P(G/Q)(χ)) ≤ 0, i.e. that P is semistable.

Finally, since the restricted bundle P|C is semistable, this implies that the bundle P is also
semistable. □

Theorem 6.3.2. (Mehta–Ramanathan) Let P = (E , σ) be a stable singular principal G-bundle.
Then, there is an integer m0 such that for all m ≥ m0 the restriction P|C to a general complete
intersection of type (m) is a stable singular principal bundle.

Proof. The previous lemma proves one of the implications.
The remaining implication follows from the semistable restriction theorem 3.4.8 applied to the

torsion free sheaf E and then using Remark 6.1.5 to conclude that the singular principal bundle P
is polystable. □

6.4. Extension of structure group to the flat closure. In this section, we construct a semistable
reduction for singular principal G-bundles over a smooth variety X defined over a discrete valuation
ring R with fraction field K. The results of this section are taken mostly from [Bal07, Section 3 and
4], we will indicate which results are directly taken from the reference and prove the ones that need
to be adapted to our setting. As always, let ρ′ : G→ GL(W ) be the representation constructed in
Section 5.1.5, for convenience we will denote GL(W ) just by GL when the context is clear. Let PK

be a family of semistable singular principal G-bundles on X × SpecK. Equivalently, if GR denotes
the group scheme G×SpecR, one can also consider the semistable singular GR-bundle PR on XR,
which will be denoted by (ER, σR). We proceed as follows:

i) Let ER be the extended torsion-free sheaf obtained by the generalized Langton’s theorem, see
Theorem 3.5.8. Since R is a discrete valuation ring, we can choose a open subset U ⊂ X such
that the limiting sheaf Eκ is locally free. By [New78, Lemma 5.4 page 111], the family ER is
also locally free when restricted to the big open subscheme UK , which we denote by EK |UK

.
ii) Suppose that Eκ is polystable of degree 0. Then, by the semistable restriction theorem for

torsion free sheaves, see Theorem 3.4.8, there is a complete intersection X(n−1) ⊂ X such that
Eκ|U∩X(n−1) remains polystable of degree 0.

iii) For convenience, we assume that X(n−1) ⊂ U , which can always be done since U is a big open
subset. We restrict the family EK to the curve X(n−1)

K ⊂ UK , which is equivalent to a family
of vector bundles on X(n−1) parameterized by SpecK, where the limiting bundle is polystable
of degree 0.

iv) Note that, a restriction of structure group of the principal GK-bundle EK over UK is equivalent
to a section sK of EK(GLK/GK) over UK .

v) Fix a base point x ∈ X(n−1) and denote xR = x× SpecR as the induced section of the family
CR ⊂ XR → SpecR. Since x ∈ U , we can work with principal bundles. Let Ex,R (resp. Ex,K)
be the restriction of the family ER to the section xR (resp. xK). Then, sK(x) is an element of
EK(GLK/GK)x, which we denote by Ex(GLK/GK).

125



vi) Since Ex,R is a principal GL(n)-bundle on SpecR, it is trivial and can be identified with GLR
via the morphism

ξK : Ex,R → GLR.

Thus, we have an identification Ex(GLK/GK) ∼= GLK/GK . Under this identification, we
have an identity section denoted by eK . Thus, sK can be written as an element of GLK/GK .
Moreover, let θK ∈ GK be the element such that θ−1

K sK(x) = eK (the existence of θK is
guaranteed after going to a finite extension of K, which is required since GLK → GLK/GK
need not be locally trivial). Then, the stabilizer of sK(x) is θKGKθ−1

K .
vii) One can realize sK(x) as the identity coset of θKGKθ−1

K by using the isomorphism

GLK/θKGKθ
−1
K

∼= // GLK/GK gK(θKGKθ
−1
K ) � // gKθKGK

viii) Let G′
K be the group scheme θKGKθ−1

K . By using the isomorphism ξK , we have an isomorphism
between Ex(GLK/G

′
K) and GLK/GK , together with a section s′K of EK(GLK/G

′
K) that is the

identity section.
In conclusion, the extension of the GLK-bundle EK to ER has a reduction to G′

R given by a
section s′R of ER(GLR/G

′
R). At the given base xK , we have s′R(xK) = e′K ∈ GLK/G

′
K .

Definition 6.4.1. [Bal07, Definition 3.4] The flat closure of the reduced group scheme G′
K in GR

is defined to be the schematic closure of G′
K in GLR with the reduced scheme structure. Let G′

R
denote the flat closure of G′

K in GLR.

We can establish the following extension property:

Proposition 6.4.2. [Bal07, Proposition 3.8] Let E be a polystable principal SLn (or GLn) bundle
of degree 0 on a smooth projective curve C. Let W be a SLn (or GLn) module, and let N be a SLn
(or GLn) subscheme of W of the form SLn/G

′ (or respectively GLn/G
′).

If there exists a section s of E(W ) such that s(x) lies in the fiber E(N)x for some x ∈ C, then
the entire image of s lies in E(N). Consequently, E has a reduction to G′.

Definition 6.4.3. [Bal07, Definition 3.9] Let G′ be an affine algebraic group, not necessarily reduc-
tive. Let P be a principal G′-bundle on a smooth projective curve C. We say that P is polystable
if it satisfies the following conditions:

i) It is flat, meaning that it comes from a representation of the fundamental group of C, and
ii) There exists a faithful representation ρ : G′ → GL(V ) where P (V ) is polystable of degree 0.

For convenience, let M denote the Zariski closure of the image of ρ ◦ χ in GL(V ), which is also
referred to as the monodromy of the map ρ ◦ χ. Note that, we have an inclusion M ↪→ G′.

Proposition 6.4.4. [Bal07, Proposition 3.11] Let G′ be an affine algebraic group (not necessarily
reductive), and let P be a polystable principal G′-bundle on a smooth curve C. Let G′ → G be
a morphism such that G is semisimple. Then, the associated principal G-bundle P (G) is also
polystable.

Let us return to higher-dimensional manifolds, where we introduce a generalization of Balaji’s
[Bal07, Proposition 3.13], which reads as follows:

Proposition 6.4.5. Let E be a rational polystable principal GL-bundle of degree 0 over a big open
set U ⊂ X. Let W be a GL-module and N a GL-subscheme of W of the form GL/G′, where
G′ = StabG(w) for some w ∈W . If s is a section of E (W ) such that s(x) = w in the fibre of E (N)
for x ∈ C ⊂ U , then there exists a big open subset U◦ ⊂ U such that s(U◦) ⊂ E (N).

In particular, E has a reduction of structure to G′ on a big open subset.
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Proof. We proceed with the proof by following the arguments in the reference cited above. Given
that x ∈ C ⊂ U and E |C remains polystable of degree 0 by Theorem 3.4.8, we can apply Proposition
6.4.2 to obtain s(C) ⊂ N .

Moreover, according to the Semistable restriction theorem 3.4.8, there exist dense opens Ωl
m ⊂

|Hl| for m ≫ 0 such that for t ∈
∏n−1
l=1 Ω

l
m, the restriction to Y (t), the induced intersection curve,

remains polystable of degree 0. We define the set {t ∈
∏n−1
l=1 Ω

l
m|Y (t) ∩C ̸= ∅} as a open subset of∏n−1

l=1 Ω
l
m, which is non-empty and referred to as

∏n−1
l=1 Ω

l
m. Since Y (t) ∩ C ̸= ∅ for t ∈

∏n−1
l=1 Ω

l
m,

then there exists a point xt ∈ Y (t) ∩ C with s(xt) ∈ N . By Proposition 6.4.2, we have that
s(Y (t)) ⊂ N .

Thus, the dense subset U1 =
⋃
t Y (t) ⊂ U is mapped into N . This implies that s(U) ⊂ N ⊂W .

Observe that, N ⊂ N is open; therefore, the set U◦ = {u ∈ U |s(u) ∈ N} is a open subset of
U . We claim that it is also a big open subset of U . If it weren’t, then the complement of U◦ in
U would contain a curve C, and by the density of

∏n−1
l=1 Ω

l
m, there would exist curves Y (t) with

t ∈
∏n−1
l=1 Ω

l
m that meet the curve C. This is a contradiction since s(Y (t)) is completely contained

in N .
Therefore, we have shown that s(U◦) ⊂ E (N), which completes the proof of the first part of the

proposition.
For the second part, note that, E (N) is a GL(W )-bundle, and the subgroup G′ ⊂ GL(W )

stabilizes the fiber N . Therefore, we can reduce the structure group of E (N) to G′, which proves
that E has a reduction of structure to G′ on a big open subset of U . □

The aim of the following results is to prove that the structure group of the bundle ER(GR) can
be reduced to G′

R. The proof is given in the following theorem:

Theorem 6.4.6. There exists a big open subset U◦ ⊂ U such that the section s′K extends to a
section s′R of ER(GLR/G

′
R) when we restrict EA to the open subset U◦

R ⊂ UR. In other words, the
structure group of ER|U◦

R
can be reduced to G′

R; in particular, if G′
κ denotes the closed fiber of G′

R,
then the structure group of Ep can be reduced to G′

κ.

Proof. The general strategy for the proof is the same as in [Bal07, Theorem 3.7]. Namely, we consider
a family that is parameterized by a discrete valuation ring R. By a generalization of Chevalley’s
embedding to non-reductive groups, see Theorem 2.3.10, we have an immersion ER(GLR/G

′
R) ⊂

ER(WR). Recall that we had established the existence of a section s′K of EK(GLK/G
′
K). By

composing with the previous immersion, we get a section of EWK
that will be denoted by uK . We

also recall that x ∈ X(n−1) ∩ U ⊂ U .
Further, the restriction of uK to x × (SpecA − p), denoted as uK(x), extends to give a section

uR(x) of Ex(WR) (the restriction of ER(WR)|CR
to x × T ). By extension properties, see [Bal07,

Lemma 2.10], and by semistability of E (WR)p, on C, the section uK extends to give a section uK of
EK(WK) over C × T . We use the extension properties of vector bundles, see [Bal07, Lemma 2.14],
to cover the whole UR by successive extension, and the extension will be called uR.

We need to verify that the image of the extended section uR is contained in ER(GLR/G
′
R), which

would then define s′R. To prove this, we have to show that uR(U×p) lies in ER(GLR/G
′
R)p. Observe

that, if Ep denotes the principal GL-bundle on U , which is the restriction of the GLR-bundle ER on
U × T to U × p, then we have that ER(WR)p equals ER(WR)|U×p, and also the following diagram:

ER(GLR/G
′
R)

��

∼= // Ep(GLk/G
′
κ)

��
ER(WR)p

∼= // Ep(W )
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commutes. Here the vertical maps are inclusions where Ep(W ) = Ep×G′
κ
W with fibre the GL-module

W =WR ⊗ κ. Note that, GL/G′
κ is a GL-subscheme of W denoted by Y .

Recall that Ep is polystable of degree 0. Then, from the foregoing discussion, the assertion that
uR(U × p) lies in ER(GLR/G

′
R) is a consequence of Proposition 6.4.5 applied to Ep (we may have to

reduce U to U◦). Thus we get a section s′R of ER(GLR/G
′
R) on U × T , which extends the section

s′K of ER(GLR/G
′
R) on X × (T − p). This gives a reduction of structure group of the GLR-bundle

ER on U × T to the subgroup scheme G′
R. □

6.5. Semistable reduction for singular principal bundles. We have the necessary background
to prove the properness of our yet to be constructed moduli space of slope semistable singular
principal G-bundles. Recall that the general strategy to prove the properness of the previous
moduli space, denoted by Mµ−ss

G (ρ), is exposed in [HL10, Proposition 8.2.5]. This is the same
strategy that we have employed already twice in this text, see Theorem 3.5.8 and Proposition
4.4.8. Let us quickly layout the main steps, first we will prove a version of Langton’s theorem for
semistable singular principal G-bundles in Theorem 6.5.1. Second, recall that the space Rµ−ss

G (ρ′)
parameterizes quotients of torsion free sheaves with a reduction of structure group, see Equation
(5.35). The first step will allow us to show that the image of the parameter space through an
SL(Y )-invariant morphism ϕ into a space of sections of a semi ample line bundle is complete by a
theorem analogous to Proposition 3.5.9.

Since proving Langton’s Theorem for semistable singular principal G-bundles is quite a technical
feat that involves key input from Bruhat–Tits theory, we will state the main theorem now but it
will be proven at the end of this section. The proof of these results are based in [BP22, Theorem
1.1] and [Bal07, Theorem 4.1], which in our context are the main theorems giving the semistable
reduction in the monopolarization case.

Theorem 6.5.1. (Semistable reduction for singular principal bundles) Let PK be a family of
semistable singular principal G-bundles on SpecK ×X, or equivalently, a semistable singular prin-
cipal GK-bundle on XK . Then, there exists a finite extension L/K with an integral closure B of R
in L such that after base change to SpecB, PK can be extended to a singular principal GR-bundle.

To prove the theorem, we need to make some remarks.

Remark 6.5.2. Since the characteristic of the base field is zero and by assuming that G′
R is flat,

then we get that G′
R is smooth over R, see [Bal07, Remark 4.2].

We need the following result from [BS02], proposition 6.2 page 335, this is where Bruhat–Tits
theory is used. See also the appendix of [BP03]. Note that, in the last section we managed to extend
the original GK bundle up to isomorphism to a rational G′

R, see Theorem 6.4.6. To complete the
proof of the semistable reduction theorem we will extend the GK bundle to a GR using the G′

R
extension.

Proposition 6.5.3. [Bal07, Proposition 4.3]There exists a finite extension L|K with the following
property. If B is the integral closure of R in L, and if G′

B are the pullback group schemes, then we
have a morphism of B-group schemes

G′
B → GB

which extends the isomorphism G′
L
∼= GL.

A proof of the previous proposition was performed in [BS02, Proposition 6.2 page 335]. We also
need the following generalization of [Bal07, Lemma 4.4].

Lemma 6.5.4. Let G′ be a non-reductive group and let ψ : G′ → G be a homomorphism of algebraic
groups. Let P be a rational principal G′-bundle on the big open U ⊂ X obtained as a reduction of
structure group of a polystable vector bundle E of degree 0, through an inclusion G′ ↪→ GL(V ).

Then, by the extension of structure group the rational principal G-bundle P (G) is also semistable.
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Proof. By the semistable reduction theorem 3.4.8 and the choice of P , there exist positive integers
a1, . . . , an−1 and elements X1, . . . , Xn−1 ∈ Ui ⊂ |aiHi| such that a1H1, . . . , an−1Hn−1 are very
ample and a high degree general smooth complete intersection curve C = X(n−1) =

⋂
Xi exists

such that E|C remains polystable of degree 0.
Let a denote the product of the ai. By Proposition 6.4.4, the associated G-bundle P (G)|C

is semistable on C. Thus, by Equation (6.8) and the semistability of P (G)|C , we have that
deg(P (H)Q(χ)) is non-negative for any parabolic subgroup Q ⊂ G and any dominant character
χ of Q. Hence, P (G) is semistable, as desired. For if Q ⊂ G is a parabolic subgroup and χ a domi-
nant character of Q and P (H)Q(χ) the line bundle obtained from a reduction of structure group to
Q, then we have:

deg(P (H)Q(χ)|C) = c1(P (H)Q(χ)|C) · [C] =i∗c1(P (H)Q(χ)) · [C]
=a c1(P (H)Q(χ)).(H1 · · · · ·Hn−1)

=a deg(P (H)Q(χ)).

(6.9)

Where the previous equalities hold because C is a complete intersection and the pullback through
the inclusion i : C ↪→ X is obtained by intersection with the divisors in |aiHi|. Then, by the
semistability of P (G)|C we have deg(P (H)Q(χ)) ≤ 0, i.e. that P (G) is semistable. □

We are ready to prove Theorem 6.5.1, by following the arguments of [Bal07, Theorem 4.1].

Proof. Let PK be the semistable singular principal GK-bundle that arises from the faithful repre-
sentation ρ′ : G ⊂ GL(W ). In other words, we have a pair (EK , σK) on XK . By Langton’s theorem
3.5.8, there exists a semistable extension ER of EK (by possibly going to a finite extension L|K such
that Ep is polystable of degree 0). Let U = U(Ep). As we have seen earlier, the entire family ER is
locally free when restricted to UR.

Note that, the fiber of EB over the closed point is semistable. To see this, recall that the fiber is
obtained as the extension of structure group of E ′

p by the map ψκ : G′
κ → Gκ, see Proposition 6.4.2.

Since E ′
p is obtained as the reduction of structure group of the polystable vector bundle E (WR)p,

see Lemma 6.5.4), we have the desired semistability.
By proposition 6.4.6, we have a rational G′

R-bundle P ′
R on UR that extends the GK-bundle up

to isomorphism. Moreover, as a consequence of proposition 6.5.3, we know that by going to the
extension L|K, there exists a morphism of B-group schemes ψB : G′

B → GB that is an isomorphism
over L. Hence, one can extend the structure group of the bundle P ′

B to obtain a rational GB-
bundle PB that extends the GK-bundle PK . Using the faithful representation G ⊂ GL(W ), we
get a family of vector bundles PB(W ) on UB.

Next, we apply Langton’s theorem to conclude that the bundle PB(W ) on UB can be extended
to a torsion-free sheaf EB on XB. Furthermore, the reduction σL extends to a section σB on UB,
which is defined by the principal GB-bundle PB. We can understand the reduction datum as a
mapping:

σB : (UB ×XL)→ SEB
//GB

that agrees on the intersection. The set of points that are not in UB∪XL in XB is a subset of points
of codimension ≥ 3, and it is possible to embed the affine scheme SEB

//GB as a closed subscheme
of a vector bundle over XB.

Therefore, the section σB extends to a section σB : XB → (SEB
//GB). In other words, the pair

(EK , σK) has been semistably extended (up to isomorphism) to a pair (EB, σB). This means that the
singular principal GK-bundle PK has been semistably extended to a singular principal GB-bundle
PB. □
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7. Construction of the moduli space

As we have mentioned before, we will follow the strategy of constructing the moduli space of
singular principal bundles by proving that there exists a semi ample line bundle that linearizes the
SL(Y )-action on the parameter space Rµ−ss

G (ρ′), constructed in Section 5.3.

7.1. Setup. The scheme Rµ−ss
G (ρ′) parameterizes pairs (q, τ), where q ∈ Q is such that the restric-

tion ERµ−ss
G (ρ′)|{q}×X has a reduction of structure group given by τ such that the resulting singular

bundle is isomorphic to (ERµ−ss
G (ρ′)|{q}×X , τRµ−ss

G (ρ′)|{q}×X). We abuse notation again and denote by

RG the parameter space Rµ−ss
G (ρ′), when no confusion can arise. We denote by R◦

G ⊂ RG the subset
of pairs (q, τ) such that τ defines a principal G-bundle. Note that, this is an open subset because
the condition of being locally free is an open condition see [HL10, Lemma 2.1.8] for instance.

Note that by forgetting the decoration τ in a pair (q, τ) ∈ RG we get a projection map π : RG → Q.
By the theory of characteristic classes of principal bundles we have that the fixed characteristic
classes on the sheaves parameterized by Q are also fixed on RG. This follows by the basic result of
Borel–Hirzebruch which relates the characteristic classes of principal bundles with the Chern classes
of associated vector bundles. For a nice exposition and explicit results see [Bea01, Proposition 3.2]
also see Chapter 6: Principal bundles and characteristic classes of [Tu17] for an account on the
smooth category. For simplicity, we denote this datum by ĉ as we also did in Section 3.

Let us denote by P̂ the tautological family over RG × X to RG. Note that we can present P̂
as a pair (Ê , τ̂) where Ê is a torsion free sheaf over RG × X. By forgeting τ̂ , we associate to the
tautological family P̂ the family of torsion-free sheaves Ê =: G . Note that, this family can also be
obtained as the pullback (idX ×π)∗Ê . It was established in Section 5.2 that the family G linearizes
of the SL(Y )-action on RG ×X. We have the following determinant line bundle.

Definition 7.1.1. Fix a class ĉ ∈ K(X), recall the definition of ui(ĉ) ∈ K(X) given in Equation
(3.3), then let

L ′′
n−1 := λG (un−1(ĉ)) (7.1)

be the determinant line bundle over RG.

By the theory developed in Section 3.3, we know that L ′′
n−1 linearizes the SL(Y )-action on RG

and the determinant line bundle does not depend on the chosen point x ∈ X(n−1).
The aim is to establish a relation between the determinant bundle L ′′

n−1 on RG and its pullback
from the corresponding determinant bundle on the high-degree curve C = X(n−1). This will be
done similarly to Theorem 3.5.4.

Lemma 7.1.2. (Separation properties of the line bundle L ′′
n−1)

Fix a multipolarization (H1, . . . ,Hn−1) of X.
• If r ∈ RG is a point such that P̂s|C is slope semistable, then there exists an integer ν ′′ > 0

and a SL(Y )-invariant section σ ∈ H0(RG,L
′′⊗ν′′
n−1) such that σ(s) ̸= 0. Note that, on the

curve C the notion of semistability is well-defined without fixing further parameters.
• Let s1 and s2 be two points in RG such that Ps1 |C and Ps2 |C are both semistable but not
S-equivalent (in the sense of Seshadri, see Definition 8.1.14 for the higher dimensional case
and [Sch08, Page 178] for the definition on the curve case) or one of them is semistable and
the other is not. Then, there are SL(Y )-invariant sections of some power of L ′′

n−1 which
separate them.

Proof. The proof of this Lemma is based on the proof of [BS02, Lemma 5.6] and [HL10, Lemma
8.2.4]. It also shares the same strategy as Theorem 3.5.4. Some minor generalizations are made in
the calculations of Equation (7.4).
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We recall some notation in Theorem 3.5.4, for any class ĉ ∈ K(X)num let c(n−1) = i∗Cc denote the
restriction to C, and let P (n−1) = P (ĉ(n−1)) be the associated Hilbert polynomial with respect to
the line bundle OC(1) := OX(1)|C . Recall that OX(1) is the ample line bundle for which we have
m-regularity in the class of slope semistable sheaves of class ĉ with a reduction of structure group,
see the introduction to Section 3.5 and Equation (4.25). Let m(n−1) be a large positive integer, as
before, set

Y (n−1) := CP
(n−1)(m(n−1)), H (n−1) := Y ⊗ OC(−m(n−1))

and let QC be the subscheme of Quot(H (n−1), P (n−1)) parameterizing quotients of H (n−1) of the
form [Y (n−1)⊗OC(−m)→ E], where E is a torsion-free sheaf with determinant Λ|C ∼= OX |C ∼= OC ,
rank r, Hilbert polynomial P (n−1). Let p : RG × C → RG and q : RG × C → C be the projections.
Denote the universal quotient on RG × C by qC : Y (n−1) ⊗ q∗(OC(−m(n−1))) → EC , and set the
corresponding determinant line bundle to be

L ′
0 := λEC

(u0(i
∗
Cc)). (7.2)

Note that, on the curve C µ-semistability and Gieseker-semistability coincide, see [HL10, Remark
3.7]. We denote the restriction of G to RG×C by GC . Note that, by increasing m(n−1), if necessary,
we may assume that for each r ∈ RG the restricted sheaf Gr|C is m(n−1)-regular with respect to
OC(1). Hence by the boundedness of the family G and by increasing m(n−1) if necessary, the
following holds:

• There is an isomorphism Y (n−1) ∼= H0(C,Gr|C(m(n−1))). Additionally, the restriction Gr|C
is globally generated in such a way that the equivalence class of the induced evaluation map
Y (n−1) ⊗ OC(−m(n−1)) → Gr|C is a quotient such that Gr|C is semistable. Thus for all
r ∈ RG the restriction to C gives a point of QC .
• The sheaf p∗GC(m(n−1)) is a locally free ORG

module of rank P (n−1)(m(n−1)).

Remark 7.1.3. Note that, by applying the theory developed in Section 4.2, one can also construct
the parameter space of singular principal bundles on a curve. On curves a singular principal bundle
is just a principal bundle, hence this approach leads to a construction of the moduli space of principal
G-bundles over a curve C. This is actually carried out in [Sch08, Sections 2.3 and 2.4]. The main
take away is that by using this method, the moduli space of principal G-bundles is constructed as
a GIT quotient, see [Sch08, Page 190] .

Let PG be the associated projective frame bundle of p∗GC(m(n−1)), and let µ : PG → RG be the
PSL(Y (n−1))-fibration. It parameterizes the quotient bundle

OPG
⊗ q∗OC(−m(n−1))⊗ Y → µ∗GC ⊗ Oµ(1),

which induces an SL(Y (n−1))-invariant morphism

ΦGC
: PG → QC . (7.3)

Recall that SL(Y ) also acts on G , see Equation (7.1), so we can pull back this action to PG,
and it will commute with the SL(Y (n−1))-action. Moreover, ΦGC

and µ are equivariant for the
SL(Y ) × SL(Y (n−1))-action because the actions commute and the action of SL(Y ) on QC and the
action of SL(Y (n−1)) on RG are trivial.

Let us give the degree computation, similar as in Equation (4.36), that shows the relation between
the two determinant bundles. As in (3.12) there are natural numbers k0 and kn−1 such that:
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Φ∗
GC

(L ′
0)

⊗k0 ∼=Φ∗
GC

(λGC
(u0(ĉ

(n−1)))⊗k0

∼=λµ∗GC⊗Oµ(1)(u0(ĉ
(n−1)))⊗k0

∼=µ∗λGC
(u0(ĉ))

⊗k0

∼=µ∗λGC
(un−1(ĉ

(n−1)))⊗k0

∼=µ∗λG (un−1(ĉ))
⊗kn−1

∼=µ∗L ′′⊗kn−1

n−1 .

(7.4)

Since PG → RG is a principal PGL(Y (n−1))-bundle, a section invariant under SL(Y (n−1)) de-
scends to give an SL(Y )-invariant section, see the arguments after Equation (4.37) for more details.
Thus, for any ν ∈ N, we get a linear map:

SG : H0(QX(n−1) ,L ′νk0
0 )SL(Y

(n−1))) → H0(RG, (L
′′
n−1)

νk1)SL(Y ). (7.5)

To conclude, we can separate restrictions of singular bundles in RG via the sections of powers
of L ′

0 on QC . Hence by lifting sections through the morphism SG we can also separate singular
bundles in RG. □

The previous theorem shows that for ν ∈ N big enough, the line bundle L ′′ν
n−1 is generated by

SL(Y )-invariant sections. Hence, it is a natural idea to construct the moduli space as an image of
RG under the map given by invariant global sections of L ′′ν

n−1 for ν ≥ 0.

Proposition 7.1.4 (SL(Y )-completeness). Let Z ⊂ RG be any SL(Y )-invariant closed subvariety.
If T is a separated scheme of finite type over C, and ϕ : Z → T is an SL(Y )-invariant morphism,
then the image ϕ(Z) ⊂ T is complete.

Proof. By replacing Langton’s original Theorem with the Semistable Reduction for singular prin-
cipal bundles 6.5.1, we can obtain a similar result as [HL10, Proposition 8.2.5]. The proof of this
proposition follows the same ideas as Proposition 3.5.9.

Let t0 ∈ ϕ(Z) be a closed point. Then, there is a discrete valuation ring A with quotient field K
and a morphism f : Spec(A) → T that maps the closed point ξ0 to t0 and the generic point ξ1 to
a point t1 in the image of ϕ. Let y1 ∈ φ−1(t1) be a closed point in the fibre, then k(t1) ⊂ k(y1) is
a finite extension, and there is a finite extension field K ′ of K and a homomorphism k(y1) → K ′

such that
K ′ ← k(y1)
↑ ↑
K ← k(t1)

commutes. Let A′ ⊂ K ′ be a discrete valuation ring that dominates A. Geometrically, k(y1)→ K ′

corresponds to a morphism g′ : Spec(K ′) → Spec(k(y1)) → S and thus to ([qK′ : K ′ ⊗ H →
FK′ ], σK′).

Spec(K ′) //

��

&&

S

��

Spec(A′)

��
Spec(K) // Spec(A) // T

(7.6)
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According to Theorem 6.5.1, the family FK′ extends to an A′-flat family FA′ together with a
reduction of structure group σA′ giving a family of slope-semistable singular principal G-bundles.
Since A′ is a local ring and therefore p∗(FA′(m)) a free A′-module of rank P (m), there is a quotient
[qA′ : A′⊗H → FA′ ] together with an induced reduction of structure group σA′ . Let f ′ : Spec(A′)→
RG be the induced morphism. Since K ′⊗FA′ ∼= FK′ , the pairs (K ′⊗ qA′ , σA′) and (qK′ , σK′) differ
by an element in SL(Y )(K ′). But φ is an invariant morphism, so that φ ◦ f ′|Spec(K′) = φ ◦ g′ =
f ◦ π|Spec(K′), where π : Spec(A′) → Spec(A) is the natural projection. Since T is separated, we
have φ ◦ f ′ = f ◦ π. Thus if ξ′0 is the closed point in Spec(A′), we see that

t0 = f(ξ′0) = f(π(ξ′0)) = φ(f ′(ξ′0))

and is therefore contained in the image of φ. □

The fact that RG is quasi projective, see the use of Proposition 4.1.3 in Section 4.1, com-
bined with the semiampleness of L ′′

n−1, guarantees the existence of a vector space Ĵν ⊂ Jν :=

H0(RG,L
′′⊗ν
n−1)

SL(Y ) that generates the entire space Jν and is finite-dimensional. Consequently,
we obtain an induced morphism ϕĴν : RG → P(Ĵ∨

ν ), which is SL(Y )-invariant and arises from
taking a basis {ji}1≤i≤l of Ĵν and mapping a point x ∈ RG to the line generated by the image
[j1(x) : · · · : jl(x)].

Definition 7.1.5. Let MĴν
denote the quasi-projective variety given by the image ϕĴν (RG). We

note that here we use the term variety in a more general sense of a reduced algebraic scheme of
finite type, which need not be irreducible. So, in what follows, we will be working with the C-valued
points of MĴν

.

Remark 7.1.6. By Proposition 7.1.4, the variety MĴν
is complete. Hence, because of its quasi-

projectivity, it is a projective variety. In particular, any SL(Y )-invariant function on RG is constant.

For any d ≥ 1, let Ĵdν be the image of the canonical multiplication map fd : Ĵν ⊗ · · · ⊗ Ĵν → Ĵdν .
Furthermore, let J ′ be a finite-dimensional subspace of Ĵdν containing Ĵdν . Since Ĵν generates
(L ′′

n−1)
⊗ν , then Ĵdν as well as J ′ generate the line bundle (L ′′

n−1)
⊗dν . Hence the previous line

bundle is globally generated by SL(Y )-invariant sections coming from the subspace J ′.
Thus, we have the embeddings Ĵν ↪→ Ĵdν ↪→ J ′, which induce the following commutative diagram:

MJ ′
πJ′/Ĵν // MĴν

RG

ΦJ′

OO

ΦĴν

<<

Since MĴν
and MJ ′ are projective, the map πJ ′/Ĵν

is a finite map. So if we fix a Ĵν as above, we
get an inverse system, indexed by d ≥ 1 and dominated by RG. We can thus construct an inverse
limit by considering the following diagram:

RG

}}

ΦJ′

�� ΦĴν "" ((
· · · // MJ ′

πJ′/Ĵν

// MĴν
// · · · .

Hence the inverse limit is isomorphic to MJ , where J is a finite dimensional subspace of the space of
global sections H0(RG,L

′⊗N ′′

n−1 )
SL(Y ), then H0(MJ ,O(k)) = JkN ′′ for all k ≥ 0. Hence the graded

ring
⊕

l≥0 Jlν is finitely generated. We get the following proposition
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Proposition 7.1.7. There is an integer N ′′ > 0 such that the graded ring
⊕

l≥0 JlN ′′ is finitely
generated.

Proposition 7.1.8. (Finite generation) We denote the inverse limit variety by Mµ−ss
G (ρ). By the

previous remark, we can describe the moduli space in the following way:

Mµ−ss
G (ρ) := Proj(

⊕
d≥0

H0(RG,L
′′⊗dN ′′

n−1 )SL(Y )),

together with the ample line bundle L := OMµ−ss
G (ρ)(1). Moreover, let Φ : RG → Mµ−ss

G (ρ)be the
canonical morphism induced by the invariant sections from the subspace J0. Note that, it is an
SL(Y )-invariant morphism such that Φ∗(L) = L ⊗N ′′

n−1 . Furthermore the representation ρ : G →
SL(V ) induces a natural morphism πρ : M

µ−ss
G (ρ) → Mµ−ss where Mµ−ss is the moduli space for

slope-semistable sheaves with respect to the multipolarization (H1, . . . ,Hn−1), see Definition 3.5.7.

Remark 7.1.9. Since the linearization we used is not very ample, the constructed moduli space
is not a categorical quotient. This also implies that the manifold Mµ−ss

G (ρ) is not a coarse moduli
space. This implies that the moduli space Mµ−ss

G (ρ) identifies different singular principal bundles
not only by S-equivalence (see [Sch08, Page 178] for the curve case) but also by an extra equivalence
relation. Consequently, we have different universal properties, instead of the usual ones.

7.2. Universal properties. Let us give a proof of the main theorem of this thesis, the proof of
which is based on [GT17, Main Theorem]. Let us give a small definition first.

Definition 7.2.1. [GT17, Definition 4.6] Let X be a proper variety, and L a line bundle on X.
Then, the section ring of L is defined to be

R(X,L) :=
⊕
k≥0

H0(X,L⊗k).

For any d ≥ 2, we define the d-th Veronese subring of R(X,L) to be

R(X,L)(d) :=
⊕
d|k

H0(X;L⊗k) ⊆ R(X,L).

We are ready for the main theorem.

Theorem 7.2.2. (Main Theorem) Recall that Mµ−ss
G (ĉ, Λ) is the moduli functor of singular prin-

cipal G-bundles defined in Definition 5.0.19. Then, there is a natural transformation Mµ−ss
G →

Hom(_,Mµ−ss
G (ρ)) that maps a family P = (E , σ) over a weakly normal variety B to a classifying

morphism ΦP : B →Mµ−ss
G (ρ) and a natural number ν such that:

i) Φ∗
P(L) ∼= λE (un−1(ĉ))

ν

ii) For any other triple (M ′, L′, ν ′), there exists d ∈ N∗ and ψ : Mµ−ss
G (ρ)→M ′ such that ψ∗(L′) ∼=

Ldν

Proof. In order to prove this theorem we will follow very closely the main theorem in [GT17]. More
precisely, see [GT17, Proposition 4.5], where a very similar result is deduced for the torsion free
sheaf case. Let B be a weakly normal variety, and let P = (E , σ) be a B-flat family of semistable
singular bundles with fixed characteristic classes ĉ. Let the projections of B × X be denoted by
p : B ×X → B and q : B ×X → X.

Choose an integer m ∈ N sufficiently large, such that the torsion-free sheaves Eb are m-regular
when restricted to the curve C = X(n−1) for each b ∈ B. Let Y := CP (m), where P is the Hilbert
polynomial common to all the sheaves in the family E . Define H = V ⊗ OX(−m). Then, the
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sheaf YE = p∗(E ⊗ q∗OX(m)) is locally free of rank P (m), and there is a surjection φE : p∗VE ⊗
q∗OX(−m)→ E which is canonical.

Next, construct the frame bundle associated with VE and denote it by π : F (E )→ B. Since π is a
good quotient, the pullback of VE to F (E ) induces a classifying morphism ΨE : F (E )→ Quot(H , P ).

Since the family P consists of semistable singular bundles, the image of ΨE is contained in RG.
In particular, since B is a weakly normal variety, F (E ) is also weakly normal. By the properties
of the weak normalization of a space, we can lift ΨE to its weak normalization, and for consistency,
we will also denote this lift as ΨE . By composing this lift with the projection Φ : RG →Mµ−ss

G (ρ),
we obtain a GL(Y )-invariant morphism ΦE . Since π is a good quotient, there exists a morphism
ΦE : B →Mµ−ss

G (ρ) such that the following diagram commutes:

F (E )

ΦE

%%

ΨE //

π

��

RG

Φ
��

B
ΦE // Mµ−ss

G (ρ).

(7.7)

Thus, the natural transformation Mµ−ss
G (ρ) → Hom(_,Mµ−ss

G (ρ)) is defined by assigning to each
family P = (E , σ) the morphism ΦE .

It remains to show the isomorphism in item i). This fact will follow from the commutative
diagram (7.7) and from the definition of (Mµ−ss

G (ρ),OMµ−ss
G (ρ), N

′′). In particular, the previous
conditions imply that

π∗Φ∗
E OMµ−ss

G
(1) ∼= Φ(π×idX)∗E (L

′′⊗N ′′

n−1 )
∼= λπ∗E (un−1(ĉ))

⊗N ′′ ∼= π∗λE (un−1(ĉ))
⊗N ′′

.

We know that π∗ : Pic(B) → Pic(F (E )) is injective since π is a principal bundle, see [MFK94,
Chapter 1, §3, Proposition 1.4] and [Pot92, Lemma 2.14].Hence, the previous chain of isomorphisms
implies

Φ∗
E OMµ−ss

G
(1) = λE (un−1(ĉ))

⊗N ′′
.

Next, we prove the claims made in item ii). If (M0, L0, N0) is another triple satisfying the
conditions of i), then applying the universal property we obtain a uniquely determined morphism
Φ0 : RG → M0 such that Φ∗

0(L0) ∼= L ′′⊗N0
n−1 . We claim that Φ0 is SL(Y )-invariant. Indeed, the

restriction of Φ0 to an SL(Y )-orbit O gives the classifying map for the restriction of the universal
family to O. But this latter classifying map is constant, which implies that Φ0(O) = pt. Let d ∈ N+

such that the d-th Veronese subring R(M0, L0)(d) of R(M0, L0), see Definition 7.2.1, is generated
in degree one. Let f : M0 → Proj(R(M0, L0)(d)) =: P (d) be the natural isomorphism. Then, the
pullback f∗(OP (d)(1)) is naturally isomorphic to Ld0. Setting d′ := dN0 and using the universal
property of L0, we obtain a natural morphism of graded rings

R(M0, L0)(dN) →
⊕
d′|k

H0(RG,L
′′⊗kN ′′

n−1 )SL(Y ),

by pulling back sections via the SL(Y )-invariant map Φ0. This in turn induces a uniquely determined
morphism

ψ :M = Proj

⊕
d′|k

H0(RG,L
⊗kN ′′

n−1 )SL(Y )

→ Proj(R(M0, L0)(dN)) =M0,

such that ψ∗(L⊗dN
0 ) = L⊗dN0 . This concludes the proof of ii). □

Corollary 7.2.3. The complex variety Mµ−ss
G (ρ) is weakly normal in the sense of 3.0.1.
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Proof. The weak normalization map π : Mµ−ss
G (ρ)wn → Mµ−ss

G (ρ), together with the line bundle
L′ = π∗(L) and the natural number ν, has the universal properties described in Proposition 1.1.2.
This is because every map from a weakly normal variety B to Mµ−ss

G (ρ) can be uniquely lifted to
a map from B to Mµ−ss

G (ρ)wn that satisfies property i). Therefore, by property ii), we have an
inverse of π. □

The following lemma characterizes the regular functions of the moduli space.

Lemma 7.2.4. (Pushing-down invariant functions) Let Φ : RG → Mµ−ss
G (ρ) be as before. Then,

we have
Φ∗(ORG

)SL(Y ) = OMµ−ss
G (ρ).

Proof. For the proof of this lemma we will follow very closely [GT17, Lemma 4.8]. Since Φ is
invariant, we obtain a natural morphism θ : OMµ−ss

G (ρ) → Φ∗(ORG
)SL(Y ) of quasi-coherent sheaves

of OMµ−ss
G (ρ)-modules. Since L = OMµ−ss

G (ρ)(1) is ample, and since R(Mµ−ss
G (ρ), L) is generated in

degree one, in order for θ to be an isomorphism it suffices to show that the induced map

θ̂k : H
0(Mµ−ss

G (ρ), L⊗k)→ H0(Mµ−ss
G (ρ), Φ∗(ORG

)SL(Y ) ⊗ L⊗k)

is an isomorphism for all natural numbers k ≥ 1. For this, we note that θ̂k can be factored in the
following way:

H0(Mµ−ss
G (ρ), L⊗k)

αk−→ H0(RG,L
′′⊗kν′′
n−1 )SL(Y ) βk−→ H0(Mµ−ss

G (ρ), Φ∗(ORG
⊗ Φ∗L⊗k)SL(Y ))

γk−→ H0(Mµ−ss
G (ρ), Φ∗(OMµ−ss

G (ρ))
SL(Y ) ⊗ L⊗k).

(7.8)

In the previous diagram, αk and βk are isomorphisms by definition and by the SL(Y )-equivariant
isomorphism Φ∗L

⊗k = L ⊗kν′′
n−1 , and γk is an isomorphism by the equivariant projection formula,

Lemma 2.3.40. Consequently, the composition, which is equal to θ̂k, is an isomorphism. □

We finish this section by noting that the universal properties discussed in Theorem 7.2.2, imply
that when restricted to the case dim(X) = 2 the moduli space Mµ−ss

G (ρ) generalizes the moduli
space constructed in [Bal07] (in a sense to be specified in section 9.4).

8. Geometry of the moduli space

From this section onward G is a connected simple algebraic group. Recall that in the previous
section, we denoted by R◦

G the open subset of RG parameterizing principal bundles. Since R◦
G is

open and SL(Y )-invariant, then the restriction of the line bundle L ′′
n−1 is also semi ample. A

consequence of the estimates in Theorem 4.0.15 is the fact that slope-stability is an open condition,
see [HL10, Definition 3.A.1] for a detailed argument. Thus by following the same process as in
Section 7.1, we obtain the subscheme Mµ−s

G (ρ)◦ ⊂ Mµ−ss
G (ρ) parameterizing semistable principal

G-bundles, as opposed to singular ones. The objective of this section is to study the points of the
moduli space Mµ−s

G (ρ)◦ intrinsically as well as in relationship with their image points in the moduli
space Mµ−ss

G (ρ).

8.1. Description of the closed points of the moduli space. Recall that the moduli space
Mµ−ss
G (ρ) was constructed as the projective spectrum of the ring of invariant sections of the line

bundle L ′′
n−1. Since this bundle is not ample, then we do not have the usual description of

the points as intersection of closures of orbits of the SL(V )-action on RG. Rather there is an
extra underlying equivalence relation such that the moduli space identifies two semistable singular
principal G-bundles, caused by the lack of ampleness of L ′′

n−1. In this subsection we will prove
some separation properties, characterizing the previously mentioned equivalence relation. It turns

136



out that under some conditions, see Corollary 8.2.10, this separation properties describe the points
of the moduli space Mµ−ss

G (ρ). In order to make this description possible we will introduce Quot-
to-Chow type morphisms, in Subsection 8.2. Additionally, the surface case is discussed in [Bal07,
Section 6].

As always, let X be a n-dimensional projective manifold, and let (H1, . . . ,Hn) be a multipo-
larization on X. In the following definition we will associate to each semistable sheaf E over X
a reflexive polystable sheaf, denoted by E #. By Proposition 3.4.5, any semistable sheaf E has a
Jordan–Hölder filtration with torsion-free factors, denoted by E JH

• , with graded object denoted by
gr(E ) :=

⊕
i gr

i(E ).

Definition 8.1.1. Since the graded object gr(E ) :=
⊕

i gr
i(E ) does not depend on the choice of

the Jordan–Hölder filtration, we define E # = (gr(E ))∨∨, as in Section 3.1.

Note that, E # is a reflexive polystable sheaf, according to Definition 3.1.6 and Proposition 3.4.5.

Remark 8.1.2. Recall that in Lemma 3.1.5 we gave a natural map θE : gr(E )→ E #. Since gr(E )
is torsion-free and θE is injective, the quotient E #/ gr(E ) is supported in codimension at least two.

Recall that we defined the Chow group of X in Definition 2.2.25. At this point we will take
inspiration from the Hilbert–to–Chow morphism defined in [HL10, Example 4.3.6] in order to make
the following “Quot-to-Chow” association.

Definition 8.1.3. We define the “Quot-to-Chow” morphism, denoted by CE , as the morphism that
assigns to each E the support Chow cycle of the quotient E #/ gr(E ).

C− : Q −→ Chow∗(X)

([q : Y ⊗ OX(−m′′)→ E ]) 7→ CE := [Supp(E #/ gr(E ))]
(8.1)

We recommend the reader to see [MFK94, Conclusion 5.10 and Chapter 5 Section 3] for an in-
depth construction of this association and why it is indeed a morphism. We also recommend [GT17,
Notation 5.2 and Remark 5.3] for a rundown on how to calculate the cycle CE . In order to better
understand this important morphism, let us give the following example.

Example 8.1.4. [HL10, Example 8.2.9] Assume that X is a smooth projective surface with a fixed
polarization H. Let us denote by M(1,OX , l) the moduli space of slope-H-semistable sheaves over
X with rank 1, trivial determinant and second Chern number equal to l. Let Hilbl(X) be the set
parameterizing zero-dimensional subvarieties of X. Since any zero-dimensional sheaf is semistable,
then there is a canonical isomorphism Hilbn(X) ∼= M(1,OX , l) obtained by sending a subscheme
Z ⊂ X to its ideal sheaf IZ , see [HL10, Example 4.3.6].

Let g : Hilbl(X)→ Sl(X) be the morphism which assigns to any cycle in X its support counted
with the correct multiplicity, see [HL10, Example 4.3.6]. According to the calculations in [HL10,
Example 8.2.1], there is an isomorphism λE (u1(ĉ)) ∼= g∗L, see Definition 3.3, where L is an ample
line bundle on Sl(X), the symmetric product of X. It follows from Zariski’s Main Theorem that
H0(Chowl(X), λE (u1(ĉ))

ν) = H0(Sl(X), Lν). The morphism g is known in the literature by the
name “Hilbert to Chow” morphism see the last two paragraphs of [HL10, Example 4.3.6] for instance.

This type of morphism is part of a wider phenomenon. When we see g as a morphism from
M(1,OX , l) to Sn(X), then it is a particular case of the “Gieseker to Donaldson” morphism, which
we will discuss in Section 9.

At this point, one can define an equivalence relation that relates Jordan–Hölder filtrations and
restrictions to high degree curves. Variants of the following result appear in the literature, see
[HL10, Lemma 8.2.12] for the surface case.
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Lemma 8.1.5. [GSTW21] Let E1,E2 be slope-semistable torsion-free sheaves on X. If m1, . . . ,mn−1

are sufficiently large integers, then E1 and E2 are isomorphic if and only if the restrictions of E1

and E2 to any general complete intersection curve X(n−1) := X1 ∩ · · · ∩ Xn−1, Xj ∈ |mjHj |, are
S-equivalent, i.e., gr(E1|X(n−1)) ∼= gr(E2|X(n−1)).

The following propositions aim to construct a similar Quot-to-Chow map based on the double
dual of a singular principal bundle given below.

Construction 8.1.6. Let P = (E , σ) be a singular principal G-bundle over X. Since E is a torsion
free sheaf, according to Definition 3.1.4, we have that E ∨∨ is the reflexive hull of E . Further, by
Proposition 3.1.7 we have that E ∨∨ is reflexive. This means that θE ∨∨ : E ∨∨ → (E ∨∨)∨∨ is an
isomorphism.

We want to extend σ to a generalized reduction of group structure of E ∨∨. When we restrict E
to the open set UE ⊂ X where it is locally free we get the rational vector bundle (UE = U,EUE

=
E). According to Proposition 3.1.7 we have that E is a reflexive sheaf over U hence we have an
isomorphism θE between E and its double dual E∨∨. By using the isomorphism θE we have a
reduction of group structure σ′ : U → Isom(V ⊗ OU , E

∨∨)/G and hence its dual τ ′ is a morphism
of algebras of the form Sym∗(V ⊗ E∨∨)G → OU . We can now use Proposition 4.1.4 to extend τ ′,
we get the following algebra morphism

τ∨∨ : Sym∗(V ⊗ E ∨∨)G → OX .

We obtain the extended singular principal bundle (E ∨∨, τ∨∨)

Definition 8.1.7. (Double duals) If (P,U) is a rational G-bundle with U a big open subset of X,
then by the construction above, there exists an extension (unique up to isomorphism) P ∗∗, which
is a singular principal G-bundle over X with singularities in codimension greater than or equal to
three. We refer to this extended singular principal bundle as the double dual or the reflexive hull
of (P,U).

We say that a singular principal bundle P over X is reflexive if P∗∗ = P.

Remark 8.1.8. Let us make the following remarks.
• The double dual P∗∗ is a principal bundle when X is a surface, see [CTS79, Theorem 6.7].
• We extend Definition 8.1.7 to a singular principal G-bundle P = (E , σ) by saying that the

double dual P∗∗ is the double dual of the rational principal bundle (P|UE
, UE ).

• Recall that our semistability condition is calculated on big open subsets of X. Since the
definition of the double dual is done on the rational principal bundle associated to a singular
principal bundle, then for every (semi)stable (respectively polystable) singular bundle P,
we have that P∗∗ is (semi)stable (respectively polystable) as well.
• It is clear to see that whenever P is a principal bundle then it is reflexive.

Lemma 8.1.9. Let P1 and P2 be two polystable principal G-bundles over X. Suppose there exist
natural numbers a1, . . . , an−1 such that:

i) a1H1, . . . , an−1Hn−1 are very ample, and
ii) for any general smooth complete intersection curve X(n−1) obtained by intersecting elements in
|aiHi|.

Then, P1
∼= P2 if and only if P1|X(n−1)

∼= P2|X(n−1).

Proof. To prove this lemma we will follow the arguments of [Bal07, Lemma 5.16] and [GT17, Lemma
5.4].

Consider the principal G×G-bundle P1×X P2. Let us denote this bundle by P . By [Ser95, page
19], giving an isomorphism between P1 and P2 is equivalent to giving a reduction of structure group
of P to the diagonal embedding ∆ ⊂ (G × G). By the Chevalley’s embedding theorem 2.3.10, we
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can embed G×G
∆ ⊂W into an (G×G)-module W as a closed orbit. Thus a section of P (G×G

∆ ) is a
section of the vector bundle P (W ) which lies in P (G×G

∆ ).
Claim. The principal bundle P is also polystable of degree 0.
Let us assume this claim and complete the proof. By the Enriques–Severi lemma, see Proposition

3.1.9, for a general high-degree curve such as X(n−1), the restriction map

H0(X,P (W ))→ H0(X(n−1), P (W )|X(n−1)) (8.2)

is surjective. Furthermore, by assumption, we have P1|X(n−1)
∼= P2|X(n−1) . Hence, we have a

reduction of the structure group:

σX(n−1) : X(n−1) → P (
G×G
∆

)|X(n−1) ↪→ P (W )|X(n−1)

By the surjection (8.2), there exists a lift of σX(n−1) to a section σ : X → P (W ). We need to show
that the image of this section lies in P (G×G

∆ ).
One knows that P is polystable of degree 0. Thus we are on the setting of 6.4.5. Thus we can get

a big open subset U ⊂ X such that the image of the section is contained in P (G×G
∆ ). This provides

the required reduction of the structure group to ∆.
Let us prove the claim. Recall that Lemma 6.3.1 tells us that in order to show that P is polystable

of degree 0, it suffices to check this property for the restriction to X(n−1).
Since P1|X(n−1) and P2|X(n−1) are polystable of degree 0, we can apply the Narasimhan–Seshadri

theorem for principal bundles, see Theorem 5.0.17. Therefore, for i = 1, 2 there exist representations
ρi : π1(X

(n−1))→ K, where K is a maximal compact subgroup of G, such that Pi|X(n−1) is the G-
bundle associated to ρi.

Note that, P |X(n−1) is the bundle associated to the representation ρ1×ρ2, see [Ram75, page 146].
Thus the polystability follows from Ramanathan’s theorem, see Theorem 5.0.17, once again. □

In order to identify what is the equivalence relationship induced on polystable bundles by the
semi ample linearization L ′′

n−1, recall Definition 7.1.1, let us define graded objects.

Definition 8.1.10. Let P = (E , σ) be a singular principal G-bundle. Let ρ : G → GL(V ) be the
accompanying faithful representation, recall that E is the associated torsion-free sheaf to P. Let
J• = E• = {0 = E0 ⊂ · · ·Ei ⊂ El = E } be a Jordan–Hölder filtration by saturated subsheaves, recall
Lemma 3.4.5. We say that grshJ•(P) := grJ•(E ) =

⊕
i Ei/Ei−1 is the associated graded sheaf of P.

Remark 8.1.11. Recall that for two different filtrations E i
• , satisfying the conditions of being a

Jordan–Hölder filtration, see Lemma 3.4.5, we have an isomorphism of vector bundles (grE 1
• )

∗∗ ≃
(grE 2

• )
∗∗, see the second part of Lemma 3.4.5. Thus by an abuse of notation we denote by grsh(P)

the associated graded sheaf obtained by any Jordan–Hölder filtration of E . This justifies the name
the associated graded sheaf above.

Recall that we define the space S as (Rµ−ss
red )wn, parameterizing quotients of µ-semistable torsion

free sheaves. Furthermore, let A = A1
C = Spec C[t], as in Construction 3.5.2. Recall that given a

torsion free sheaf E ∈ S there exists a family {Et}t∈A of torsion–free sheaves such that Et ≃ E for
t ̸= 0 and E0 ≃ grJ•(E ). Here J• is obtained by using the Construction 3.5.2. Hence the family
{Et}t∈A can be seen as a morphism A→ S.

We are ready to construct the associated graded object of a singular principal bundle P = (E , σ)
over X. We will first provide the construction and then prove the properties of the constructed
object.

Construction 8.1.12. Let A be as before. Recall that in the proof of the Semistable reduction
theorem, see the proof 6.5, given a singular principal bundle P = (E , σ) we have a complete
discrete valuation ring A such that SpecA ⊂ A is an open subset which contains 0 ∈ A and a
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singular principal GA-bundle PA over X that satisfies some properties. In order to state these
properties more easily we interpret PA as a singular principal G-bundle over X × SpecA, see
Section 6.4, and denote it by {Pt}t∈SpecA.

Furthermore, this family is such that Pt ≃ P for t ̸= 0, and there is a big open set U ⊂ X
and a rational G′-bundle P ′

0 = (E′
0, σ

′
0) on U , such that the restriction of the limit bundle P0|U

is obtained from P ′
0 by an extension of structure group via ψ : G′ → G (recall that G′ could be

a non-reductive group, see Proposition 6.5.3 and Lemma 6.5.4). Additionally from the proof of
Theorem 6.4.6, one knows that E0|U is isomorphic to E′

0 which is a polystable vector bundle with
respect to the fixed multipolarization (H1, . . . ,Hn−1).

Thus starting with the singular principal bundle P we constructed the family {Pt}t∈SpecA and
we associate to P the limiting object of the family which is just P0.

Proposition 8.1.13. The singular principal G-bundle P0 from Construction 8.1.12, obtained by
extension of structure group via ψ : G′ → G, is polystable according to Definition 5.0.16.

Proof. Recall that one of the directions of Mehta–Ramanathan restriction theorem, see Lemma
6.3.1, tells us that the singular principal bundle P0 is polystable if the restriction P0|C is polystable,
where C is a high degree curve contained in the big open subset U . Further, by construction
(see Proposition 6.4.2 and Theorem 6.4.6) P ′

0|C is a bundle which comes from a representation
χ1 : π1(C) → G′. Moreover, P ′

0(ρ)|C ≃ E0|C which is polystable by the semistable restriction
theorem, see Theorem 3.4.8, since E0|U is polystable.

Recall that our definition for polystability for not necessarily reductive groups, see Definition
6.4.3, states that a principal bundle on a curve C is polystable if it comes from a representation and
P ′
0(V ). In other words, under our definition of polystability of principal bundles with non-reductive

structure groups, see Definition 6.4.3 again, the bundle P ′
0(V )|C ≃ E0|C is polystable. Then, P ′

0|C
is polystable.

Again P0|C is obtained by extension of structure group from P ′
0|C from the morphism ψ : G′ → G.

Therefore, Proposition 6.4.4 implies that P0|C is polystable. □

Definition 8.1.14. Let P be a singular principal G-bundle. If there exists a family {Pt}t∈SpecA,
with A a complete discrete valuation ring, such that Pt

∼= P for all t ̸= 0 and P0 polystable,
exactly as in Construction 8.1.12, then we say that P0 is an associated graded object of P. By
an abuse of notation we will also denote this bundle by gr(P) without referencing the complete
discrete valuation ring.

Additionally, we say that two singular principal bundles P1 and P2 are S-equivalent if gr(P1)
and gr(P2) are isomorphic as polystable singular principal bundles, see Definition 5.0.5.

Lemma 8.1.15. Let P be a singular principal G-bundle. If Ps0 and Pt0 are two associated graded
objects of P, then P∗∗

s0
∼= P∗∗

t0 .

Proof. We will follow the arguments in [Bal07, Lemma 5.18] to prove this lemma.
Consider two families of singular principal bundles, PS = (ES , σS) and PT = (ET , σT ), defined

over spectra of discrete valuation rings S and T respectively. Suppose that both families yield
associated graded objects at the closed points s0 ∈ S and t0 ∈ T respectively.

Let U be the big open subset of X where both Es0 and Et0 are locally free sheaves. Since S and
T are spectra of discrete valuation rings, the families PS and PT are locally free over U × S and
U × T respectively. Utilizing the Mehta–Ramanathan theorem, see Theorem 6.3.2, select a general
high degree curve C contained in U , such that the restrictions Ps0 |C and Pt0 |C are polystable.
As C lies within U , both Ps0 |C and Pt0 |C are polystable limits of P|C , which is also semistable
due to the openness of semistability. It is well known that the associated graded of a semistable
principal bundle on a smooth projective curve is uniquely defined, see [Ram75] for instance. Thus
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we have Ps0 |C ≃ Pt0 |C . Finally, we can apply Lemma 8.1.9 to the double dual principal bundles
on X to get the desired result. □

In conclusion we have that the graded object associated with a semistable singular principal
bundle is polystable. Recall that we have a corresponding statement for torsion free sheaves, see
Lemma 3.4.5. Namely, let E be a semistable torsion free sheaf over X, consider a Jordan–Hölder
filtration E • by saturated subsheaves, then the graded object gr(E ) is polystable. We remark that
there is a relation between this two statements. This is the fact that if P = (E , σ) is a semistable
singular principal bundle, then for each choice of associated graded object P0 we have the associated
sheaf of P∗∗

0 is isomorphic to gr(E )∨∨. Thus, P# := gr(P)∗∗ is a polystable reflexive singular
principal G-bundle over X that depends only on P and not on the filtration.

Further note that gr(E )∨∨ is the reflexive hull of gr(E ) as defined in [HL10, Definition 1.1.9].
This justifies the term reflexive hull of a singular principal bundle P. We recommend the reader to
see the proof of [HL10, Proposition 1.1.10] where he shows why the double dual of a coherent sheaf
is reflexive, i.e., why the induced morphism θE : E → E ∨∨ is an isomorphism.

8.2. “Quot to Chow” morphism for singular principal bundles. Recall that in Definition
8.1.3 we defined a “Quot-to-Chow” morphism for torsion free sheaves. In this section we will con-
struct a “Quot-to-Chow” morphism for singular principal bundles based on the already constructed
one. In order to do that we will follow the arguments of Balaji in [Bal07, Proposition 6.6] for the
surface case. We will adapt his ideas to arbitrary dimension by reduction to the surface case.

Let us introduce some notation that will be useful later. Recall that we have a map θE : grE →
(grE )∨∨, which is injective since grE is torsion free. Let us denote the quotient sheaf E ∨∨

0 /E0 by
TE . Additionally note that, the support of the quotient TE is a subscheme of X of codimension at
least 2 since a torsion free sheaf is of pure dimension, see [HL10, Definition 1.1.4].

Let Ck for k = 1, . . . ,K be the codimension 2 components of supp(TE ) taken with their reduced
induced structure. Let X(n−2) be a general complete intersection surface in X with respect to
the first n − 2 ample line bundles of the multipolarization (H1, . . . ,Hn−2, Hn−1). As in the curve
case we can assume that X(n−2) is smooth and will intersect transversally the component Ck for
k = 1, . . . ,K. This is achieved by selecting the elements in the linear systems |a1H1|, . . . , |an−2Hn−2|
to be as in Theorem 3.4.8. Let p(k)1 , . . . , p

(k)
Nk

be the components of the scheme-theoretic intersection
X(n−2) ∩Ck, which in this case, will be smooth because we assume X(n−2) is of high enough degree
and Ck are of codimension 2, see [GT17, Remark 5.3]. The restriction TE |X(n−2) satisfies all the
hypotheses of [Bal07, Proposition 6.6], as we will see later in Proposition 8.2.1. First let us establish
the set up of the proposition.

For a point x ∈ X(n−2), let Bϵ(x) be an analytic ball of radius ϵ around x. Let E be a vector
bundle on X of rank r and let E|Bϵ(x) be its restriction to the ball Bϵ(x). Suppose that the vector
bundle is trivial on the boundary ∂Bϵ(x). Let us denote by E|Bϵ(x)/E|∂Bϵ(x) the complex vector
bundle on the real sphere S4 ∼= Bϵ(x)/∂Bϵ(x) obtained by identifying E|∂Bϵ(x) to Cr using the
trivialization.

Proposition 8.2.1. [Bal07, Proposition 6.6] Let EA be a family of (analytic) torsion-free sheaves of
rank r over B×A flat over A, where B is a closed ball in the surface X(n−2) and A is the affine line.
Furthermore let EA be locally free on B ×A− 0 and E0 be torsion-free with singularity at the origin
0 ∈ B. Let Bϵ,u ⊂ B×{u} be the 2 -dimensional ϵ-ball centered at (0, u) and let Eu be the restriction
of E to Bϵ,u. Then, the smooth trivialization of E0|∂Bϵ,u

which is induced from a trivialization of(
E0|Bϵ,u

)∨∨
induces a family of trivializations βu : C⊕r × ∂Bϵ,u ≃ Eu|∂Bϵ,u

which depends smoothly
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on u with u ∈ A being ϵ-small. Furthermore, we also have on S4 ≃ Bϵ,u/∂Bϵ,u the following:

c2

(
Eu|Bϵ,u

/Eu|∂Bϵ,u

)
= length

(
E ∨∨
0 /E0

)
0
.

Proof. We refer to [Bal07, Proposition 6.6] for a full proof. We would like to comment that the
strategy of the proof is based in results from [Li93b] and [Mor93] extended for rank r bundles. Li
and Morgan show it for the rank 2-case and so Balaji generalizes the approach to the higher rank
case. □

In particular, the previous proposition and the fact that TE |X(n−2) is a skyscraper sheaf imply
that the natural number

lengthO
X(n−2),p

(k)
i

(TE |X(n−2))
p
(k)
i

is independent of i ∈ {1, . . . , Nk} and will be called mk, see [GT17, Remark 5.3]. With this notation
we define the cycles

CE =
K∑
k=1

mkCk ∈ Chown−2(X) and CX
(n−2)

E =
K∑
k=1

Nk∑
i=1

mk[p
(k)
i ] ∈ Sym•(X(n−2)). (8.3)

Here, Chown−2(X) is the Chow group of codimension 2 cycles on X defined in Definition 2.2.25.
Additionally, Sym•(X(n−2)) denotes the union of the symmetric products of l copies of X(n−2) for
all l ∈ N, this is analogous to Sl(X) in Example 8.1.4. The cycle CE only depends on E and not
the chosen Jordan–Hölder filtration. This can be seen by reducing to the surface case and verifying
that the cycle CX(n−2)

E only depends on E |X(n−2) , see [HL10, Example 1.1.16].

8.2.1. Dynkin index. We will introduce the Dynkin index of a representation now. We will follow
the convention in [Bal07, Section 6.1.1] for this. We also recommend the reader to see the reference
[AHS78, Page 455] for more detail on this subject and some of the proofs of results presented in
this subsection.

Definition 8.2.2. [Bal07, Definition 6.1.] Let θ be the highest root in g, the Lie algebra of G,
and sl(θ) the 3-dimensional sub-algebra of g associated to it. Decompose the G-module V into
sl(θ)-modules as ⊕Vi = V . Let dim(Vi) = mi. Then, we can define the Dynkin index mρ of the
G-module V as follows:

mρ =
∑
i

mi + 1

3
.

Example 8.2.3. [Bal07, Example 6.3]
i) Let ρm : SL(2) → SL(V ) be the standard irreducible representation V = Sm(W ) where

dim(W ) = 2. Then, the Dynkin index is given by mρm =
(
m+2
3

)
.

Proposition 8.2.4. [AHS78, Page 455] Let ρ∗ : π3(G) → π3(SL(V )). Then, the morphism ρ∗ is
given by “multiplication” by mρ.

A proof of this proposition can be found in [Kum95, Corollary 5.6]
Let us turn our attention back to singular principal G-bundles. Let us denote by Mµ−s

G (ρ)◦

the closure of the moduli space of stable principal G-bundles over X. Take a semistable singular
principal bundle P and let P∗∗

t0 be the double dual of an associated graded object. We know Pt0 is
a polystable singular principal G-bundle, see Definition 8.1.14, and let PT be a family of semistable
principal G-bundles that converges to Pt0 . Let ET be the associated torsion free sheaf of the family
PT , and we denote the associated cycle of the limit Et0 by CEt0

. As we have mentioned before,
this cycle only depends on E and not on the associated grading. This is because the graded objects
correspond to Jordan–Hölder filtrations on the underlying torsion-free sheaf.
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Theorem 8.2.5. For any component Ck ∈ Supp(CE ), mk = lengthO
X(n−2),p

(k)
i

(TE |X(n−2))
p
(k)
i

is a

multiple of the Dynkin index. In particular, the total degree l of the cycle CEt0
is also a multiple of

the Dynkin index.

Proof. Let Ck be a component in Supp(CE ), and let X(n−2) be a general intersection surface. Recall
that p(k)1 , . . . , p

(k)
Nk

are all the components of the intersection X(n−2) ∩ Ck.
Since mk = lengthO

X(n−2),p
(k)
i

(TE |X(n−2))
p
(k)
i

, we can restrict ourselves to working on the surface

X(n−2), where the intersections p(k)1 , . . . , p
(k)
Nk

are just 0-cycles. Let x be a point in one of the

components p(k)i , choose an analytic ball Bϵ,u ⊂ X(n−2) of radius ϵ around x, and identify x with
0 ∈ B. Let u ∈ A be the point in a small disk corresponding to t0 ∈ T .

By restricting ET to B × A, we obtain a family EA that satisfies the hypotheses of Proposition
8.2.1. We also know that the bundle Et for t ̸= t0 has a reduction of the structure group that gives
us a family of principal G-bundles Pt for t ̸= t0. Thus, we have

c2(Eu|BE ,u
/Eu|∂BE ,u

) = length(E ∨∨
0 /E0)0. (8.4)

Observe that, Eu|BE ,u
/Eu|∂BE ,u

is a vector bundle on S4 that admits a reduction of the structure
group to G. Let PE be the associated principal G-bundle on S4. By [Bal07, Proposition 6.4], it
follows that c2(Eu|BE ,u

/Eu|∂BE ,u
) is a multiple of mρ. Since the degree of the cycle is a sum of terms

obtained as the one above, l is also a multiple of mρ. □

Definition 8.2.6. Let Pt0 be a polystable singular principal G-bundle. Recall, by 8.2.5, the
numbers mk = lengthO

X(n−2),p
(k)
i

(TE |X(n−2))
p
(k)
i

are divisible by the Dynkin index mρ. We define the

cycles ZP and ZX(n−2)

P as follows:

ZP : =
∑
x∈X

mk

mρ
Ck ∈ Chown−2(X), (8.5)

ZX
(n−2)

P : =

K∑
k=1

Nk∑
i=1

mk

mρ
[p

(k)
i ] ∈ Sym•(X(n−2)). (8.6)

Consider a singular principal G-bundle P with associated torsion-free sheaf E . Let X(n−2) be a
general complete intersection surface with respect to ample line bundles H1, . . . ,Hn−2, and let E0

be the associated graded sheaf of E , denoted by E.
Define Q(E, PE − P ) to be the Quot scheme of quotients of E such that their support is of

codimension at least 2 and with fixed Hilbert polynomial PE−P where P is the Hilbert polynomial of
E0. As in Section 5.3, let YG(E) be the weighted projective bundle over Q(E, PE−P ) parameterizing
pairs (q, τ) where q : E→ E is in Q(E, PE−P ) and τ is a reduction datum giving a singular principal
bundle structure to E .

When restricted to X(n−2), these quotients correspond to skyscraper sheaves of length l = c2(E)−
c2(E0). Moreover, due to the choice of E, if [q : E→ T ] is in Q(E, PE−P ), then ker(q) is torsion-free
and has a reduction of structure group to a singular principal G-bundle.

To be consistent with notation we let

RG(E) := (YG(E)red)wn)//C∗

be the parameter space of torsion quotients of E with a reduction of structure group to G with
Hilbert polynomial equal to PE − P .
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Definition 8.2.7. We define the “Quot-to-Chow” map for singular principal bundles, denoted by
h, as the follows

h : RG(E) −→ Chown−2(X)

([q : E→ E ], τ) 7→ Cker(q) = [Supp(E/ gr(ker(q)))].
(8.7)

Note that, by construction we have that for any (q, τ) ∈ RG(E), the sheaf ker(q) inherits the
reduction datum τ by restricting along the inclusion ker(q) ↪→ E. Let us denote the restricted
singular principal bundle (ker(q), τ) by P. Note that, the exact sequence

0→ ker(q) ↪→ E q−→ E → 0 (8.8)

and the additivity of the Hilbert polynomial yield that the Hilbert polynomial of ker(q) is equal to
P . Additionally, by the definition of h we have that h(q, τ) = mρ · ZP .

Let the restriction of the universal family of singular principal bundles to RG(E) be denoted by
QG(E) := (qRG

|RG(E), τRG
|RG(E)), of course we have a projection QG(E) → RG(E). Note that, we

have the map fρ : RG(E)→ Q(E, PE−P ), that assigns to each pair (q, τ) the quotient [ker(q) ↪→ E],
it is induced by the assignment to each singular principal bundle is sent to its associated torsion free
sheaf. Moreover, let h0 be the map that takes a singular principal bundle P in RG(E) and assigns
to it the cycle mρ ·ZP using the notation above. These maps fit together in the following diagram:

RG(E)
fρ //

h0
��

h

((

Q(E, PE − P )

Cker(_)

��
Chown−2(X) ·mρ

//

_∩X(n−2)

��

Chown−2(X)

_∩X(n−2)

��
Syml0(X(n−2)) ·mρ

// Syml(X(n−2)).

(8.9)

We note the following:
i) When restricting the torsion free sheaves of Equation (8.8) to the curve X(n−2) we get by

Theorem 3.4.8 that E is a polystable vector bundle and E is a torsion sheaf of length l =
c2(E)− c2(ker(q)). By construction of the cycle h0(q, τ) the intersection h0(q, τ) ∩X(n−2) has
total degree l0 := l/mρ.

ii) The map h0 acts on the pair (q, τ) = P by assigning to it the cycle ZP , according to the
notation above see Equation (8.5).

iii) The map ·mρ represents multiplication by the Dynkin index mρ.
At the present moment, our objective is to study the fibers of the map h0, which is a Hilbert-to-

Chow type morphism.

Remark 8.2.8. (Action of Aut(E) on the fibre of fρ). Let α ∈ Aut(E). Let E be a slope polystable
torsion free sheaf with E = gr(E )∨∨. Let P be a singular principal G-bundle obtained from a
reduction datum σ : X → SE //G. Observe that, since E is a locally free sheaf on X, by Hartog’s
theorem we see that the natural restriction map |U : Aut(E)→ Aut(E|U ) is an isomorphism. (This
holds when E is reflexive, see [Mar81, Corollary 1.11.1]).

By restricting α to a big open set U , we have an action of α on σ|U . Let α · σ|U = σ′U . By
definition σ′U : U → SE //G extends uniquely to a new datum σ′ : X → SE //G. Then, we define:

α · σ = σ′.

It is clear by checking in U that if P ′ is the singular principal bundle obtained from σ′, then its
associated torsion free sheaf is also E and P∗∗ ≃P ′∗∗.
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Proposition 8.2.9. Let P and Q be two polystable singular principal G-bundles on QG(E) lying
on the same fiber of fρ. If P∗∗ ∼= Q∗∗, then P and Q lie in the same connected component of the
fiber of h : QG(E)→ Chown−2(X) (or equivalently, h0).

Proof. This proposition is a generalization of [Bal07, Proposition 6.10], and we will follow the
arguments in it. The key idea behind the proof is to show that if P and Q are two polystable
bundles in a fiber of fρ and their double duals are isomorphic, then the two bundles lie in the same
orbit of Aut(E).

We first show that if P and Q are two polystable singular principal bundles in a fibre of the
map fρ and such that P∗∗ ≃ Q∗∗, then P and Q lie in the same orbit of the action Aut(E), see
Remark 8.2.8.

Note that the polystability of P and Q ensures that the associated torsion-free sheaves in
Q(E, PE − P ) are slope polystable, see Proposition 5.2.3. Hence, both P and Q are reductions
of structure groups of the polystable torsion free sheaves isomorphic to E0. We also have that
E ∨∨
0 ≃ E. In other words, P,Q ∈ f−1

ρ (E→ E0).
Consider the restriction to a big open subset U = U(E0). By definition, both PU and QU are

reductions of structure group of EU ≃ EU , and since P∗∗ ≃ Q∗∗, these are isomorphic reductions
of structure group of the principal bundle EU . Therefore, they are in the same orbit of Aut(EU ).
By the definition of the action in Remark 8.2.8, this implies that P and Q lie in the same orbit of
Aut(E).

Since E is a polystable vector bundle onX by repeating the argument in the proof of Lemma 8.1.9,
we have that for a general curve C ∈ X, Aut(E) ≃ Aut(E|C). Also by the semistable restriction
theorem 3.4.8, E|C is also a polystable vector bundle on C and hence its automorphism group is a
product of GL(n)’s. Hence, Aut(E) is connected. This implies that the orbit of Aut(E) is connected
and hence both P and Q lie in the same connected component of the fibre of h. □

Corollary 8.2.10. Let P and Q be two semistable singular principal G-bundles in QG(E) lying
on the same fiber of fρ. If P∗∗

0
∼= Q∗∗

0 , then P and Q lie in the same connected component of the
fiber of the map h : QG(E)→ Chown−2(X).

Proof. Observe that any associated graded object P0 is connected to P by the path given by the
family {Pt}t∈C. Hence, applying Proposition 8.2.9 yields the desired result. □

The connectedness and even the irreducibility of the fibers of the Quot-to-Chow map is known
when X is two-dimensional [GT17, Remark 5.9]. This fact is exploited in [Bal07] to obtain the
following proposition:

Proposition 8.2.11. [Bal07, Proposition 6.14] Let P and Q be two slope semistable singular
principal G-bundles. Let P∗∗

0 be the canonical polystable principal bundle obtained from a choice of
associated graded singular bundle of P. Let c(P∗∗

0 ) = c(Q∗∗
0 ) for the degree 2 characteristic class ĉ

of the principal bundles P∗∗
0 and Q∗∗

0 , see [Bal07, Section 6.2.1] for the definition of characteristic
classes of singular principal bundles over surfaces.

Then, P and Q define the same point of Mµ−ss
G (ρ) if and only if we have an identification of

pairs (P∗∗
0 , Z(P)) ≃ (Q∗∗

0 , Z(Q)) where Z(P) is a cycle class in the symmetric power Sl0(X)
defined as in Equation (8.5) with l0 given by:

l0 =
c2(E0)− c2(E ∗∗

0 )

mρ

and where P (respectively Q) is obtained from the torsion-free sheaf E (respectively F ) by reduction
of structure group via ρ and E0 (respectively F0) is an associated graded sheaf of the semistable sheaf
E (respectively F ).
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These separation properties are used to construct the Donaldson–Uhlenbeck compactification of
the moduli space of singular principal G-bundles over surfaces. Let us give an important criterion
which relates the number of points in Mµ−ss

G (ρ) that give the same tuple (P∗∗, ZP).
Since we are tackling the higher dimensional case we have the following lemma that reduces the

problem of identifying the equivalence relation realized by Mµ−ss
G (ρ) to a question concerning the

connectedness of the fibres of the Quot-to-Chow map.

Lemma 8.2.12. Let P = (ES , σS) be a flat family of (H1, . . . ,Hn−1)-semistable singular principal
G-bundles on X parameterized by a (connected) curve S, such that for all s ∈ S one has P#

s
∼= P

and ZPs = C for some fixed principal bundle P and some fixed cycle C of codimension two on X.
Then, some positive tensor power of the associated determinant line bundle L ′′

n−1 = λES
(un−1(ĉ))

on S is trivial, see Equation (7.1) for the definition of the determinant bundle.

Proof. For the proof of this lemma we will follow the ideas of [GT17, Lemma 5.7] which gives a
similar statement for the torsion free case.

Since we fixed the representation σ : G → SL(V ) at the beginning of the section we can set the
principal bundle P as its associated frame bundle E = P (σ) together with the natural reduction of
structure group σ coming from the associated frame bundle construction. The singular set Sing(Es)
of each individual sheaf Es consists of a codimension-two part, which is equal to Supp(C), and
a part of higher codimension, which might depend on s. The union B =

⋃
s∈S Sing(Es) is thus a

constructible set of codimension at least two in X. We may therefore choose a complete intersection
curve X(n−1) that satisfies the conditions of our Proposition 3.4.2 and that avoids B. Moreover,
by Proposition 5.2.3 and Theorem 3.4.8 we have that X(n−1) may be chosen in such a way that in
addition to the above P |X(n−1) is a semistable principal bundle on X(n−1) and hence F |Xn−1 is a
semistable locally free sheaf.

With these choices, we have Ps|X(n−1)
∼= P |X(n−1) and Es|X(n−1)

∼= E|X(n−1) for all s ∈ S, and
the restricted family E |X(n−1)×S of semistable sheaves on X(n−1) gives rise to a single point in
the corresponding moduli space Mss

X(n−1)(ĉ|X(n−1) ,OX(n−1)) of semistable sheaves with the relevant
Chern classes and with trivial determinant on the curve X(n−1), see Remark 3.5.5. The ample line
bundle L 0 on the moduli space Mss

X(n−1)(c|X(n−1) ,det(E|X(n−1))) described in Theorem 3.3.13 pulls
back by the classifying morphism to a trivial line bundle on S, where it is linearly equivalent to
the determinant line bundle λE (n−1)(u0(ĉ|X(n−1))) by item ii) of Theorem 3.3.9. The assertion on
L ′′

n−1 follows from the isomorphism (3.12). □

Proposition 8.2.13. (Non-separation) Let P1 = (E1, σ1) and P2 = (E2, σ2) be two singular
bundles such that P#

1
∼= P#

2 =: P with P = (E, σ) and ZP1 = ZP2− : C. Suppose in addition
that the isomorphism classes of the sheaves E/ gr(E1) and E/ gr(E2) lie on the same fiber of Cker(_)

over C, see Diagram 8.9. Then, P1 and P2 give rise to the same point in Mµ−ss
G (ρ).

Proof. This is a consequence of Lemma 8.2.12. More precisely, this is proven by realizing that if
PS = (ES , σS) is a flat semistable family parameterized by a connected curve S such that P#

s = P
for all s ∈ S and ZPs are constant, then the union of the non-locally free locus of the associated
torsion free sheaf Es denoted by Sing(Es) is a constructible set of codimension at least two in X.
Therefore, we may choose a complete intersection curve X(n−1) that avoids the constructible set
and that additionally is constructed as in Theorem 3.4.8. We choose X(n−1) in such a way that the
restriction P#|X(n−1) is semistable, see Remark 6.3.2.

We get the desired result by pulling back the line bundle L 0 through the classifying morphism
from the moduli space Mµ−ss

G (ĉX(n−1) ,OX(n−1)) and applying the isomorphism 7.4. □

Note that, if we assume the fibre of the Quot-to-Chow map, denoted by Cker(_) in the Diagram
(8.9), gives an equivalent statement as Proposition 8.2.11 for higher dimensional manifolds, and
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hence it gives a complete sheaf-theoretic description of the equivalence relation realized byMµ−ss
G (ρ).

Let us state it here.

Proposition 8.2.14. Let P and Q be two slope semistable singular principal G-bundles. Let P∗∗
0

be the canonical polystable principal bundle obtained from a choice of associated graded singular
bundle of P. Let c(P∗∗

0 ) = c(Q∗∗
0 ) for the degree 2 characteristic class ĉ of the principal bundles

P∗∗
0 and Q∗∗

0 .
Then, under the connectedness assumption of the fibre of the Quot-to-Chow map explained above,

we have that P and Q define the same point of Mµ−ss
G (ρ) if and only if we have an identification

of pairs (P∗∗
0 , Z(P)) ≃ (Q∗∗

0 , Z(Q)) where Z(P) is a cycle class in the symmetric power Sl0(X)
defined as in Equation (8.5) with l0 given by:

l0 =
c2(E0)− c2(E ∗∗

0 )

mρ

and where P (respectively Q) is obtained from the torsion-free sheaf E (respectively F ) by reduction
of structure group via ρ and E0 (respectively F0) is an associated graded sheaf of the semistable sheaf
E (respectively F ).

This proposition will be used in the following section to construct the Donaldson–Uhlenbeck
compactification of principal bundles over higher dimensional manifolds under the connectedness
assumption explained above.

9. Compactifications

9.1. A compactification of the moduli space of stable principal bundles. In this section we
will present a compactification of the moduli space of stable principal bundles in two very different
cases. The first one is in the case G = GLn(C) i.e., the torsion free sheaf case treated in [GT17].
The second case is under the connectedness assumption of the fibre of the Quot-to-Chow map.

The construction of the compactification in the first case is technical because it requires some key
inputs from the theory of analytic and algebraic spaces. We refer the reader to the works of Altman
and Kleiman [AK80] (in the algebraic category) and Kosarew and Okonek [KO89] (in the analytic
category) where they describe the coarse moduli space of isomorphism classes of simple coherent
sheaves on a projective variety X. Since every µ-stable sheaf is simple by [HL10, Corollary 1.2.8]
it is natural to compare the moduli space of simple sheaves with the moduli space of µ-stable ones.
Since the sheaf case was already treated in [GT17], we will state [GT17, Theorem 5.10] specifically
which is the key result that gives the compactification in the sheaf case and then we will compare
the results of both constructions.

As for the G-principal case and under the connectedness assumption of the fibre of the Quot-to-
Chow map, we will take inspiration from [Bal07]. In this reference Balaji tackles the surface case
where the connectedness assumption is given. More specifically we refer to [Bal07, Section 6] for
the proof of the analogous result in the surface case. Note that the methods for proving this result
used by Balaji are completely different in the sense that it does not require supplementary input
from the theory of analytic spaces, but rather only the theory that we developed in Section 7.

9.2. The sheaf case. In [GT17, Section 5.2] Greb and Toma show that the moduli space Mµss of
µ-semistable torsion free sheaves over X, constructed in Section 3.5, provides a natural compactifi-
cation for the moduli space of µ-stable reflexive sheaves (of fixed topological type) on X.

Note that by the characterization of reflexive sheaves given in [HL10, Prop. 1.1.10(4)], reflexivity
is an open condition in the base space of a flat (proper) family. Let Mµs

refl be the locally closed
subscheme of Msim representing (isomorphism classes of) µ-stable reflexive sheaves with class ĉ and
determinant Λ ∼= OX . It follows for example from [KO89, Proposition 6.6] and [Kob87, Corollary
7.12] that

(
Mµs

refl

)
red

is a separated quasi-projective variety.
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Theorem 9.2.1. [GT17, Theorem 5.10]Compactifying the moduli space of stable reflexive sheaves
There exists a natural morphism

ϕ :
(
Mµs

refl

)wn →Mµss

that embeds
(
Mµs

refl

)wn as a Zariski-open subset of Mµss.

As we mentioned before the proof of this result is quite technical. Since it draws tools from
the theory of analytic and algebraic spaces we consider that it is beyond the scope of this text.
Nevertheless we recommend the interested reader to see the reference for its complete prove.

9.3. Donaldson–Uhlenbeck compactification. We would like to start this section by presenting the
compactification obtained by Balaji in the previous reference.

Proposition 9.3.1. [Bal07, Proposition 6.15] There is a canonical morphism j : MG(ĉ)
µs(ρ) →

Mµss
G (ρ) which is an embedding of the moduli space of isomorphism classes µ-stable principal G-

bundles into Mµss
G (ρ).

Let MG be defined by the disjoint union:

MG =
⊔
l≥0

M
µ−poly
G (ĉ− l)× Sl(X) (9.1)

whereMµ−poly
G (ĉ−l) is the moduli space of µ-semistable principalG-bundles with characteristic class

ĉ− l (represented as classes of polystable bundles); in particular, the big stratum is Mµ−poly
G (ĉ) =

M◦
G.
In conclusion, Balaji finds the following:

Theorem 9.3.2. [Bal07, Theorem 6.16] There is a set-theoretic inclusion

MG ⊂Mµss
G (ρ).

Furthermore, the underlying set of points M◦
G, of the closure of the moduli space of equivalence

classes of µ-semistable principal G-bundles, is a subset of MG. In fact, M◦
G is independent of the

representation ρ up to homeomorphism.

Recall that in Equation (5.37) we defined the space Rss
G = RG. We define RsG ⊂ RG as the open

subset parameterizing quotients of stable honest singular principal bundles with fixed invariants.
Moreover, let R◦

G ⊂ RG denote the subscheme of quotients with a reduction of structure group
resulting in reflexive singular principalG-bundles; see Definition 8.1.7. Recall that in the surface case
we have that reflexive singular principal bundles coincide with principal bundles, see Remark 8.1.8.
Hence R◦

G parameterizes quotients with reductions resulting in principal bundles. Note that the
space RsG is weakly normal by virtue of being an open inside of a weakly normal space. Furthermore,
we define Rµ−s

G := (Rµ−s
G (ρ)red)

wn. The weak normalizations induce an SL(Y )-equivariant inclusion
(Rµ−s

G )◦ ↪→ RG.

Proposition 9.3.3. There is a canonical morphism ϕ : (Mµ−s
G (ρ)◦)wn → Mµ−ss

G (ρ) which is an
embedding of the moduli space of isomorphism classes µ-stable reflexive singular principal G-bundles
in Mµ−ss

G (ρ).

Proof. The existence of the morphism ϕ follows by the weak coarse moduli property of the moduli
space MH(ρ), see Theorem 3.3.7. The injectivity of ϕ follows from Lemma 8.1.9.

Now choose a general curve X(n−1), obtained by intersecting general elements in |aiHi| for i =
1, . . . , n−1, such that we are under the requirements of Theorem 3.4.8; we have that the differential
of the restriction map r|X(n−1) (by the same argument involving Enriques-Severi lemma, used in
Equation (8.2)) is injective. This implies that the map j is an embedding. □
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Let P = (E , σ) be a singular principal G-bundle, such that PE is the Hilbert polynomial of the
torsion free sheaf E and further let P# be the associated graded principal bundle. Recall that
E := E # denotes the associated vector bundle of the double dual of the graded object of P, see
Definition 8.2.6. Thus P := PE − PE # . Let MG be defined by the disjoint union:

Mn
G =

⊔
M

µ−poly
G (ρ)(PE − P )× Chown−2(X) (9.2)

where Mµ−poly
G (ρ)(PE − P ) is the moduli space of µ-semistable principal G-bundles with charac-

teristic classes ĉ− l (represented as classes of polystable bundles); in particular, the big stratum is
M

µ−poly
G (ρ)(ĉ) =Mµ−ss

G (ρ)◦.

Proposition 9.3.4. There is a morphism from MG to Mµ−ss
G (ρ)(C), denoted by ι, that is a set-

theoretic inclusion under the connectedness conditions of 8.2.10.

Proof. Let (P#, Z) be a point in Mn
G. Since P# is a polystable reflexive principal G-bundle,

then its associated torsion free sheaf is a µ-polystable reflexive denoted by E ∈ Mµss
GLr(C), see the

discussion after Lemma 8.1.15, together with a reduction σ : X −→ SE.
By applying the case 2 of [GT17, Theorem 5.5], it is known that under the connectedness as-

sumption explained above, the map j : Chowln−2(X) −→ Mµss
GLr(C), induced by the morphism from

Q(E, l) −→Mµss
GLr(C), is an embedding. This is an argument by restriction to a surface that does not

intersect any of the cycles (see the discussion above Definition 7.1.1 and discussion before Diagram
8.9). Therefore the element mρ ·Z ∈ Chown−2(X), see Definition 8.2.6, gives a polystable reflexive
sheaf E such that E∨∨ ≃ E and such that mρ · Z = Z(E).

Thus, we have a reduction of the structure group of E|UE
derived from the restriction σ|UE

of the
reduction of the structure group of E, which results in the reflexive bundle P∗∗|UE

. Interpreting
σUE

as a morphism from UE to the quotient SE//G, we obtain a canonical extension σ1 : X −→
SE//G. This gives rise to a polystable reflexive singular principal G-bundle P ∈ Mµ−ss

G (ρ) which
corresponds to the point (P∗∗, Z).

Additionally, Proposition 8.2.13 is equivalent to saying that this morphism is many to one, more
precisely, the number of points in Mµ−ss

G (ρ)µ−ss which give the same tuple (P#, Z) is bounded by
the number of connected components of the fibre of the morphism QG(E) → Chown−2(X) above
Z. Under the connectedness hypothesis we have that the morphism is well defined because there is
only one choice of singular principal bundle P that maps to (P#, Z).

The map (P#, Z) 7→P is clearly injective.
Let us assume that the images through ι of (P#, ZP) and (P ′#, ZP′) define the same point Q

in the moduli space Mµ−ss
G (ρ)(C). Clearly we have P ′ ∼= Q# ∼= P and ZP = ZQ = ZP′ . □

Remark 9.3.5. Note that, in the previous proof, without the connectedness hypothesis, we cannot
state that ι(P∗∗, Z) and (P∗∗, Z) lie in the same connected component of the Quot-to-Chow map
h0.

The previous observations suggest to create an equivalence relation in Mµ−ss
G (ρ)(C) where two

semistable singular bundles P1 = (E1, σ1) and P2 = (E2, σ2) are identified if and only if when
expressed in the form (P∗∗, Z1) and (P∗∗

2 , Z2) they satisfy P1
∼= P2 and Z1 = Z2 regardless

of which connected component the associated sheaves E1,E2 ∈ QG belong to. This would be
particularly interesting because it would allow us to follow a similar approach as in the classical
case, as seen in [HL10, Remark 8.2.17] and in [Bal07, Theorem 6.16] to construct the Donaldson–
Uhlenbeck compactification of the moduli space.

This approach is explored for torsion free sheaves in [GSTW21] using a gauge theoretic approach
and if the equivalence relation above is fruitful, it could yield a correspondence with the Donaldson–
Uhlenbeck compactification of the moduli space of Anti-Self-Dual connections.
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9.4. Comparison with the Gieseker compactification. A compactification of slope stable sin-
gular principal G-bundles is already known for the case H1 = · · · = Hn = H, see [Sch04a, Section
5.1], this is a Gieseker compactification in the sense that the semistability used to construct it takes
the Hilbert polynomial calculated with respect to H. Recall that in Equation (5.6), we established
that the following chain of implications holds

P is µ-stable⇒P is Gieseker-stable⇒P is Gieseker-semistable⇒P is µ-semistable. (9.3)

It will be our task in this section to compare both compactifications. Let us first construct the
Gieseker moduli space, some good references for this construction are [Sch04a] and [Sch02].

Recall that in Equation (5.37) we denote by Rµ−ss
G (ρ′) the space parameterizing pairs of the form

(q, τ) where q is a quotient of the form H → E such that (E , τ) is a µ−semistable singular principal
G bundle, see Equation (5.31) also.

Lemma 9.4.1. (Realizing the Gieseker moduli space as a good quotient).
The good quotient π : RGies.ss

G (ρ′)→ RGies.ss
G (ρ′)// SL(Y ) of the SL(Y )-invariant open subscheme

RGies.ss
G (ρ′) that parameterizes Gieseker semistable singular principal bundles in Rµ−ss

G (ρ′) exists.
Moreover, the quotient RGies.ss

G (ρ′)// SL(Y ) is isomorphic to the Gieseker moduli space MGies.ss
G .

Proof. Using the construction in Section 4.2 and Section 5.3 we have that there is an open subscheme
Y′ss

G (ρ′) ⊂ Y′ parameterizing quotients (q, τ) where q ∈ S and τ is the dual of a generalized reduction
of structure group as. Further, due to the chain of implications above we have an open subscheme
RGies.ss
G (ρ) ⊂ Rss

G (ρ′), parameterizing pairs of the form (q, τ) where q is a quotient of the form
H → E such that (E , τ) is a Gieseker semistable honest singular principal G-bundle. If the group
G is a connected reductive group with non-trivial radical, we construct the representation κ as in
Section 5.1.5 and we get a morphism

RGies.ss
G (ρ)

s //

��

RGies.ss
G̃

(ρ)

��
Q

id // Q.

(9.4)

which is just the restriction to RGies.ss
G (ρ) of the morphism in Diagram (5.36). It is well defined as a

consequence of [Sch04a, Lemma 6.1.3]. Further, since RGies.ss
G (ρ)→ Q is a proper morphism, then

s is also a proper morphism, see [Sch04a, Page 30].
Recall that in Remark 4.1.12 we constructed the parameter space Tρ′//C∗ parameterizing slope-δ-

semistable tensor fields. By the corresponding chain of implications, see the implications 4.9, there
is an open subscheme, denoted by T, parameterizing Gieseker-ϵ-semistable tensor field. Of course,
just as in the multipolarization case, we have that the map A defined in Equation (5.34) restricts
to RGies.ss

G (ρ) and yields the following map:

A′ : RGies.ss
G (ρ) −→ T

([q : Y ⊗ OX(−m′′)→ E ], τG̃) 7→ ([q : Y ⊗ OX(−m′′)→ E ], φτG̃).
(9.5)

This morphism is well defined, injective and proper, whence finite by [Sch04a, Theorem 6.2.1].
Note that, on closed points the morphism A′ ◦ s is just the assignment which associates to a

Gieseker-semistable honest singular principal bundle (E , τ) the corresponding torsion free sheaf
(E , φτ ) with decoration of type (a, b, c).

We have seen in Section 4.2 that the moduli space of Gieseker-semistable tensor fields is con-
structed as the projective quotient T//SL(Y ) with respect to the linearization (Gies)∗OG(n1, n2)
defined in Equation (4.22).

150



As in Section 4.3, suppose that ϵ > ϵ̂m and take a polynomial ϵ ∈ Q[t] with leading coefficient
ϵ, then a consequence of Theorem 4.3.1 is the fact that ϵ-semistability coincides with Gieseker-ϵ-
semistability, this statement coincides with [Sch02, Remark 2.2.2 ii)] (see [Sch08, Corollary 2.4.4.6]
for the curve case).

Since a Gieseker-semistable singular principal bundle (E , σ) is slope semistable then, according
to Proposition 5.2.3, we have that E is slope semistable. This coincides with [Sch04a, Proposition
5.1.1].

The fact that ϵ-semistability coincides with Gieseker-ϵ-semistability, implies that the ample line
bundle (A′ ◦ τ)∗(Gies)∗OG(n1, n2) linearizes the SL(V )-action on RGies.ss

G (ρ).
In conclusion, the good quotient π : RGies.ss

G (ρ) → RGies.ss
G (ρ)// SL(Y ) is the moduli space of

Gieseker semistable honest singular principal bundles. □

Now that the construction above was completed, we want to know when a determinant line bundle
defined over YGies.ss

G (ρ) descends to the moduli space MGies.ss
G . In order to do that, we recall the

setting leading up to Definition 3.3.8.
For any class ĉ in K(X)num, we write ĉ(m) := ĉ · [H⊗m], where H is the fixed ample line bundle

on X, and denote by P (ĉ) the associated Hilbert polynomial P (ĉ,m) = X(ĉ(m)). If F is an S-
flat family of coherent sheaves with Hilbert polynomial P (ĉ), the points s ∈ S such that Fs is of
class ĉ form an open and closed subscheme of S. As a consequence, the moduli space MGies.ss

G (P )
of Gieseker semistable honest singular principal bundles decomposes into finitely many open and
closed subschemes MGies.ss

G (ĉi), where ĉi runs through the set of classes with P (ĉi) = P . A universal
family (qY : W ⊗ π∗XOY → E , σ) on YGies.ss

G (ρ)×X, see Proposition [Sch02, Section 4.1], defines a
well-defined determinant line bundle λE (u) on MGies.ss

G (ĉ) when X(ĉ ⊗ u) = 0. In particular, note
that, the restriction to the Gieseker parameter space of the universal family over Y′ denoted by
(EYGies.ss

G (ρ), τYGies.ss
G (ρ)), see Equation (5.31), satisfies this condition when working with Kĉ and Kĉ,H ,

recall Definition 3.3.8.
The following theorem is an analogue to [HL10, Theorem 8.1.5]. It tells us that the condition

above is also sufficient to get well defined determinant line bundles on MGies.ss
G (ρ)(ĉ).

Theorem 9.4.2. Let ĉ be a class in K(X)num. Recall that Kĉ and Kĉ,H where introduced in Def-
inition 3.3.8. Then, there are group homomorphisms λs : Kĉ → Pic(MGies.s

G (ĉ)) and λ : Kĉ,H →
Pic(MGies.ss

G (ĉ)) with the following properties:
i) The homomorphisms λ and λs commute with the inclusion Kĉ,H ⊂ Kĉ and the restriction

homomorphism Pic(MGies.ss
G (ĉ))→ Pic(MGies.s

G (ĉ)).
ii) If P = (E , σ) is a flat family of Gieseker semistable singular principal bundles of class ĉ

on X parameterized by S, and if ϕP : S → MGies.ss
G (ĉ) is the classifying morphism, then λ

and λE : K(X) → Pic(S) commute with the inclusion Kĉ,H ⊂ K(X) and the homomorphism
ϕ∗E : Pic(MGies.ss

G (ĉ))→ Pic(S).
iii) If P = (E , σ) is a flat family of Gieseker stable singular principal bundles of class ĉ on X

parameterized by S, then λs and λE : K(X)→ Pic(S) commute with the inclusion Kĉ ⊂ K(X)
and the homomorphism ϕ∗P : Pic(MGies.s

G (ĉ))→ Pic(S).

Proof. In order to prove this theorem we will follow the arguments of [HL10, Theorem 8.1.5], see
also Theorem 3.3.9. There the authors proved a similar result for the torsion free sheaf case.

Let u ∈ K(X)num be an arbitrary class and consider the line bundle L := λEYGies.ss
G

(ρ)(ĉ)
(u) on

YGies.ss
G (ρ)(ĉ). L inherits a GL(Y )-linearization from λF. We want to know whether L descends to

a line bundle on MGies.ss
G (ĉ) or MGies.s

G (ĉ).
According to the criterion of Theorem 2.3.38, we must control the action of the stabilizer subgroup

in GL(Y ) of points in closed orbits. The orbit of a point ([q : H → F ], τ) ∈ YGies.ss
G (ρ)(ĉ) is closed

if and only if F is a Gieseker polystable sheaf, see Proposition 5.2.3, this is equivalent as saying
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that F is isomorphic to a direct sum
⊕

i Fi ⊗C Wi with distinct stable sheaves Fi and vector
spaces Wi. The stabilizer of [q] is isomorphic to Aut(F ) ∼=

∏
GL(Wi), and an element (A1, . . . , Al),

Ai ∈ GL(Wi), acts on the fibre

L([q]) ∼=
⊗
i

(det(H•([Fi] · u))dim(Wi) ⊗ (det(Wi))
X([Fi]·u))

via multiplication with the number
∏
i det(Ai)

X(u·[Fi]), see Proposition 3.3.1 and the discussion
afterwards for an explanation of how this isomorphism is obtained.

Let ĉi = [Fi], and let r and ri be the leading coefficients of the Hilbert polynomial of F and Fi,
respectively. By construction, we have for all l:

riX(ĉ · [H⊗l]) = riP (F (l)) = rP (Fi(l)) = rX(ĉi · [H⊗l]).

This is equivalent to: X((rĉi− riĉ) ·hl) = 0 for all l, which means that (rĉi− riĉ) ∈ {1, h, . . . , hn}⊥.
Now, distinguish two cases: if F is stable, so that Aut(F ) ∼= Gm, and if u ∈ Kĉ, then A ∈ C∗

acts by AX(u·c) = A0 = 1. If on the other hand F is not stable but u ∈ Kĉ,H , then we have
X((rci − ric) · u) = 0, since (rci − ric) ∈ {1, h, . . . , hn}⊥. Therefore X(ĉi · u) = ri

r X(ĉ · u) = 0.
Thus, any element in the stabilizer subgroup acts trivially. It follows that u ∈ Kĉ or u ∈ Kĉ,H are
sufficient conditions on u to let the line bundle L descend to bundles λs(u) on MGies.s

G (ĉ), or λ(u)
on MGies.ss

G (ĉ), respectively.
To get the properties of item ii) and iii) proceed as follows: suppose (E , σ) is an S-flat family

of semistable honest singular principal bundles of class ĉ. Let π : S̃ = Isom(Y, p∗(E ⊗H⊗m)) → S

be the frame bundle associated to the locally free sheaf p∗(E ⊗H⊗m), and let ϕ̃E : S̃ → YGies.ss
G (ρ)

be the classifying morphism for the quotient (Y ⊗ OS̃×X → π∗E , σ) where the quotient is the
composition of the tautological trivialization and the evaluation map, see [HL10, Example 4.2.6]
for details on the definition of the tautological trivialization. The map ϕ̃E is a GL(Y )-equivariant
morphism, and π ◦ ϕ̃E = ϕE ◦ π, where ϕE : S → MGies.ss

G (ρ) is the classifying morphism for the
family (E , σ). We have the following diagram:

S̃ YGies.ss
G (ρ)(ĉ)

S MGies.ss
G (ρ)(ĉ)

ϕ̃E

π π

ϕE

We obtain the following sequence of GL(Y )-equivariant isomorphisms:

π∗ϕ∗E λ(u) = ϕ̃∗E π
∗λ(u) = ϕ̃∗E λEYGies.ss

G
(ρ)(ĉ)

(u) = λϕ̃∗E EYGies.ss
G

(ρ)(ĉ)
(u) = λπ∗E (u) = π∗λE (u). (9.6)

Assertions 2 and 3 follow from this and the fact that π∗ : Pic(S)→ PicGL(Y )(S̃) is injective, see
[HL10, Theorem 4.2.16] □

The following proposition serves as the promised comparison.

Proposition 9.4.3. (Comparing MGies.ss
G and Mµ−ss

G (ρ)) Let X be a projective manifold of dimen-
sion n with ample line bundle H, let Mµ−ss

G (ρ)(ĉ) = Mµ−ss
G (ρ) be the moduli space of semistable

singular principal G-bundles with respect to the multipolarization (H, . . . ,H) and fixed invariants,
and let MGies.ss

G (ρ)(ĉ) =MGies.ss
G be the Gieseker moduli space with the same invariants. Then, the

following holds:
i) There exists a line bundle λMGies.ss

G
(u(ĉ)) on MGies.ss

G , unique up to isomorphism, such that for
every flat family of Gieseker semistable singular principal G-bundles P parameterized by a
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scheme Z with classifying morphism ΨP : Z → MGies.ss
G such that E is the associated family

of torsion free sheaves, we have the following isomorphism:

Ψ∗
P(λMGies.ss

G
(u(ĉ))) ∼= λE (un−1(ĉ)).

If there is a group action on Z, this isomorphism is an isomorphism of linearized line bundles.
Let the pullback of λMGies.ss

G
(u(ĉ)) to the weak normalization (MGies.ss

G )wn be denoted by L n−1.
ii) The line bundle L n−1 is semiample. We set

MGies.ss
G.n−1 := Proj

(⊕
k≥0

H0((MGies.ss
G (ρ))wn,L

k
n−1)

)
,

and we denote the natural morphism from (MGies.ss
G (ρ))wn to MGies.ss

G.n−1 by ΦGies.ss
n−1 .

iii) If ν ∈ N is as in Proposition 7.1.8, then the restriction of the associated torsion free sheaf of the
universal family P̂ = (G , σ̂) to the open subset RGies.ss

G := {s ∈ RG|P̂s is Gieseker semistable}
induces a morphism Φ : (MGies.ss

G (ρ))wn → Mµ−ss
G (ρ) which classifies the restriction of the

universal family G |RGies.ss
G

. Additionally, the universal morphism is such that

Φ
∗
(OMµ−ss

G (ρ)(1))
∼= L

⊗ν
n−1. (9.7)

The Stein factorization of Φ (see Theorem 2.1.37) is given by the following diagram:

(MGies.ss
G (ρ))wn

ΦGies.ss
n−1

��

Φ

''
MGies.ss
G.n−1 µ

// Mµ−ss
G (ρ).

(9.8)

Proof. If we set h = [OH ] ∈ K(X) then, by Equation (3.3), we have un−1(ĉ) = −rhn−1 + X(ĉ ·
hn−1)[Ox] ∈ K(X). Hence

X(un−1 · ĉ) =X(−rhn−1 · ĉ+X(ĉ · hn−1)[Ox] · c)
=X(−rhn−1 · ĉ) + X(X(ĉ · hn−1[Ox] · ĉ)
=− rX(hn−1 · ĉ) + X(ĉ · hn−1)X([Ox] · ĉ)
=− rX(hn−1 · ĉ) + X(ĉ · hn−1)(rk(ĉ)) = 0.

(9.9)

Similarly let v ∈ {1, h, h2, . . . , hn}⊥, in particular, we have X(v) = 0. Moreover, we have

X(un−1 · v) =X(−rhn−1 · v +X(ĉ · hn−1)[Ox] · v)
=− rX(hn−1 · v) + X(ĉ · hn−1)X([Ox] · v) = 0.

(9.10)

Hence un−1(ĉ) ∈ Kĉ,H and by applying Theorem 9.4.2 we get that the determinant line bundle

L ′′′
n−1 := λEYss

G
(ρ)|YGies.ss

G
(ρ)
(un−1(ĉ))

descends to MGies.ss
G . By an abuse of notation, we will keep the same notation for the induced

bundle on the quotient Rss
G (ρ)//SL(Y ). Thus let L n−1 := i∗L ′′′

n−1, where i : (MGies.ss
G (ρ))wn →

MGies.ss
G (ρ) is the weak normalization map. Clearly this is the desired bundle as it comes from

the universal family of singular principal bundles that satisfies the moduli properties described in
Theorem 7.2.2.

Let us prove the semiampleness claim of item ii). Recall that P̂ = (ERss
G (ρ), σRss

G (ρ)) is the
universal family of quotients of singular principal bundles over RG = Rss

G (ρ). Then, the weak
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normalization of the space YGies.ss
G (ρ) is isomorphic to the space

RGies.ss = {s ∈ RG|P̂s is Gieseker semistable}.

Moreover by the universal properties of the weak normalization, see Theorem 2.1.17, applied to the
SL(Y )-invariant morphism RGies.ss

G → YGies.ss
G (ρ)→MGies.ss

G (ρ) we get the following commutative
diagram

RGies.ss
G

//

π

��

YGies.ss
G (ρ)

Π
��

(MGies.ss
G (ρ))wn // MGies.ss

G (ρ).

(9.11)

Here the horizontal arrows are the weak normalization morphisms. Since Π is a good quotient, as a
consequence of Lemma 9.4.1, the map π is also a good quotient for the lift of the SL(Y )-action. Note
that, π is also the classifying morphism of the family P̂|RGies.ss×X by construction. Consequently,
item i) yields an SL(Y )-equivariant isomorphism

L ′′
n−1|RGies.ss

G

∼= λERGies.ss
G

(ρ)
(un−1(ĉ)) ∼= π∗L n−1. (9.12)

It follows from Lemma 7.1.2 that there exists ν ′′ ∈ N such that L ′⊗ν′′
n−1|RGies.ss

G
is generated

by SL(Y )-equivariant sections over RGies.ss
G . As π is a good quotient, the equivariant morphism

(9.12) together with the equivariant projection formula, see Lemma 2.3.40, imply that there is
an isomorphism π∗(L ′′ ⊗ν′′

n−1 |RGies.ss
G

)SL(Y ) ∼= L
ν′′

n−1 and hence we have the following isomorphism

H0(π∗(R
Gies.ss
G ,L ′′ ν′′

n−1|RGies.ss))SL(Y ) ∼= H0(MGies.ss
G (ρ),L

ν′′

n−1). Thus the semiampleness of L n−1

follows.
For item iii), the existence of the morphism Φ is a consequence of the universal property of

Mµ−ss
G (ρ), see Theorem 1.1.2, and the fact that the restricted universal family P̂|RGiess.ss

G
is SL(Y )-

invariant. More precisely, the family P̂|RGiess.ss
G

induces a morphism RGiess.ss → Mµ−ss
G (ρ), which

coincides with ΦP̂ |RGiess.ss
G

. Further, since MGies.ss
G (ρ) is obtained as the quotient RGies.ss

G //SL(Y ),
then we have the following factorization:

ΦP̂|RGies.ss
G

= Φ ◦ π, (9.13)

where Φ : MGies.ss
G (ρ) → Mµ−ss

G (ρ) is the desired morphism. Again, the universal property in
Theorem 1.1.2 and the equivariance of the isomorphism (9.12) gives us the following isomorphisms

(Φ|RGies.ss
G

)∗(OMµ−ss
G (ρ)(1))

∼= (L ′′
n−1)

⊗ν′′ |RGies.ss
G

∼= π∗(L
⊗ν′′
n−1)

that are compatible with the respective SL(Y ) linearizations. By applying Lemma 7.2.4 we have
that the pullback π∗(ORGies.ss)SL(Y) equals the sheaf O(MGies.ss

G (ρ))wn . The previous fact together with

Equation (9.13) and the projection formula imply Φ∗
(OMµ−ss

G (ρ)(1))
∼= L

⊗ν′′
n−1 as claimed.

For the the remaining claims, about the Stein factorization, made in item iii) we proceed as
follows. Let

MGies.ss
G (ρ)

Φ̂−→ ̂Mµ−ss
G (ρ)→Mµ−ss

G (ρ)

be the Stein factorization of Φ, recall the definition was given in Theorem 2.1.37. We have to show
the existence of an isomorphism f :MGies.ss

G (ρ)→ ̂Mµ−ss
G (ρ) that completes the composition above,

154



in the following way:
MGies.ss
G (ρ)

ϕGies.ssn−1

xx
Φ̂ ��

Φ

&&
MGies.ss
G.n−1 (ρ)

f

∼=
// ̂Mµ−ss

G (ρ) // Mµ−ss
G (ρ).

(9.14)

We note that the map Φ̂ is given by a subalgebra of R(MGies.ss
G (ρ),L n−1). Hence, the universal

properties of the Proj-construction yield a morphism f : MGies.ss
G.n−1 (ρ) → ̂MGies.ss

G (ρ) that makes
Diagram (9.14) commutative.

Let us construct an inverse morphism g : ̂MGies.ss
G (ρ)→MGies.ss

G.n−1 (ρ). To achieve this task, by the
universal property of the Stein factorization (see Theorem 2.1.37), it suffices to show that ΦGies.ss

n−1 is
constant on the connected components of the fibers of Φ. So, let C be a connected projective curve
in MGies.ss

G (ρ) lying in a fiber of Φ. As a consequence of Equation (9.7), the restriction L
⊗ν′′
n−1|C

is trivial. Hence, it follows again from the functorial properties of the Proj-construction that C is
contracted to a point by ΦGies.ss

n−1 .
This concludes the proof. □

Remark 9.4.4. The map Φ is birational when restricted to the respective closures of the weak
normalization (Mµ−s

G (ρ))wn of the moduli space of slope-stable principal G-bundles, which embeds
into both (MGies.ss

G (ρ))wn and Mµ−ss
G (ρ), see Section 9. This implies that the map Φ induces the

map ϕ, in Theorem 9.3.4, when restricted to (Mµ−s
G (ρ)◦)wn.

10. Concluding remarks

Note that, in the surface case n = 2, Balaji obtains a Donaldson–Uhlenbeck compactification by
studying the line bundle λEYss

G
(ρ)
(u1(ĉ)) on Yss

G (ρ) in [Bal07, Lemma 5.6]. Note that, by Theorem
9.4.2 and by the proof above, we have that the line bundle λEYGies.ss

G
(ρ)
(u1(ĉ)) descends to the quotient

MGies.ss
G (ρ) and is semiample by item ii) of the last theorem. This suggests that one could study

the maps given by complete linear systems of sections in high powers of L n−1 as was done by Le
Potier in [Pot92, Section 4] for the coherent sheaf case. Note that the approach we took is based
on the approach taken by Huybrechts and Lehn in [HL10, Chapter 5], where they do not restrict
to families of Gieseker-semistable sheaves but rather considers families of slope semistable sheaves.
By the description of the resulting moduli spaces above we conclude that both approaches induce
the same equivalence relation on MGies.ss

G (ρ), and hence are equivalent.

Hence the morphism (MGies.ss
G (ρ))wn Φ−→Mµ−ss

G (ρ) obtained in Proposition 9.4.3 is equivalent to
the morphisms in [HL10, Theorem 8.2.8] and in [GT17, Proposition 5.12] for the sheaf case. Addi-
tionally, for the singular principal bundle case we would like to mention that since Balaji pursued
an approach analogous to the one taken by Huybrechts and Lehn, then he does not build an explicit
embedding of the moduli space of Gieseker-semistable singular principal bundles, constructed by
Schmitt in [Sch04a] for the higher dimensional case (see Section 5.1 in particular). However he ob-
tains a Donaldson–Uhlenbeck compactification in the form of [Bal07, Proposition 6.15] and item (f)
of [Bal07, Theorem 6.19]. By the comments above, we conclude that the morphism Φ, constructed
in Proposition 9.4.3, generalizes the one in item (f) of [Bal07, Theorem 6.19]. Additionally, it gives
rise to the space Φ((MGies.ss

G (ρ))wn) which can be named the Donaldson–Uhlenbeck compactification
of the moduli space of slope stable principal G-bundles.

We would like to direct the reader to [HL10, Remark 8.2.17], where he explains the relation
between the Donaldson–Uhlenbeck compactification and the analogue concept in gauge theory for
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the surface case. At the risk of repetition, let us state the equivalence relation on MGies.ss
G (ρ)

generated by the morphism ϕ.

Proposition 10.0.1. For two singular principal bundles P = (E , σ) and Q = (F , σ′) in (MGies.ss
G (ρ))wn

let ZP and ZQ be their corresponding cycles as in Definition 8.2.6. Then, we have Φ (P) = Φ (Q)
if and only if

i) If P∗∗
0
∼= Q∗∗

0 =: R, with R = (G , σ′′),
ii) ZP and ZQ are equal. Let ZP = ZQ =: Z and
iii) The bundles G /E0 and G /F0 lie on the same connected component of the fiber h−1(Z), where

E0 and F0 are the associated torsion free sheaves of the graded objects gr(P) and gr(Q) re-
spectively.

The corresponding equivalence relation in the gauge theoretic side is generated by Uhlenbeck’s
strong compactness theorem which asserts that every sequence of Yang–Mills connections with
uniformly bounded curvature is gauge equivalent to a sequence which has a C∞-convergent subse-
quence. We refer the reader to [Li93b] [Mor93] for the correspondence between the moduli space of
sheaves and the moduli space of connections in the surface case. Additionally we refer the reader to
[GSTW21] for a generalization of this correspondence to higher dimensional manifolds. Since the
approach we took in this thesis is very similar in spirit to [GT17] it is plausible that the previous
correspondence generalizes to the principal bundle case, this is yet to be verified.

Furthermore, Balaji proved in [Bal07, Section 7] that the moduli space Ms
G(ĉ) of slope stable

principal G-bundles on a smooth projective surface X for large characteristic classes ĉ is non-empty
using the fact that the fibres of the Quot-to-Chow map are connected, see [Tau84] for the SL(2)-case.
For this reason, it seems difficult to prove the non-emptiness in our case.

On the other hand, we would like to mention that Balaji proved in [Bal07, Theorem 6.16] that the
closure (Mµ−s

G )◦ of the moduli space of equivalence classes of slope semistable principal G-bundles
is independent of the representation ρ up to homeomorphism. He achieved this result, again, using
the fact that the fibres of the Quot-to-Chow map are connected. Thus it remains to be studied if
such a statement is possible for the higher dimensional case.

Last but not least we would like to mention that there is a well-developed theory for wall-
crossing phenomena of moduli spaces of sheaves on surfaces. Investigating these phenomena for
moduli spaces of Gieseker-semistable sheaves over higher-dimensional base manifolds, Qin adapts
his notion of “wall” from the two-dimensional to the higher dimensional case, see [Qin93]. In [GT17,
Section 6], Greb and Toma use this generalization and the philosophy that the natural polarizations
to consider when defining slope semistability on higher-dimensional base manifolds are not ample
divisors but rather movable curves to solve some pathologies encountered by Schmitt in [Sch00]. It
has yet to be seen if the theory of Wall crossing can be generalized to the principal bundle case
developed here.
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Zusammenfassung

In dieser Dissertation präsentieren wir eine umfassende Untersuchung der Kompaktifizierung des
Moduliraums von Prinzipal G-Bündeln auf höherdimensionalen komplexen projektiven Mannig-
faltigkeiten, wobei wir Balajis Konstruktion der Donaldson–Uhlenbeck Kompaktifizierung für den
Flächenfall erweitern [Bal07]. Diese Erweiterung wird durch Berücksichtigung der Semistabilität in
Bezug auf eine Multipolarisation auf einem projektiven n-Falt erreicht, die aus n − 1 ample inte-
gralen Divisorklassen besteht. Dieser Ansatz wurde ursprünglich von Greb und Toma entwickelt,
um torsionsfreie Garben zu behandeln [GT17].

Wir beginnen mit einer Darstellung der Grundlagen. In Abschnitt 2 geben wir eine Übersicht
über relevante Ergebnisse in der Theorie schwach normaler Räume, die zu den Räumen werden,
über denen wir Familien singulärer Prinzipal G-Bündel betrachten. Wir präsentieren auch einige
Ergebnisse in der Theorie ample Divisoren und deren Schnittpunkttheorie, die für die Definition einer
Multipolarisation und damit unserer Semistabilitätsbedingung notwendig sind. Zum Abschluss des
Abschnitts geben wir einige erforderliche Ergebnisse in der Geometrischen Invariantentheorie, die
zwar nicht das Hauptwerkzeug zur Konstruktion des betreffenden Moduliraums sind, aber peripher
und daher nützlich. In Abschnitt 3 entwickeln wir die Theorie torsionsfreier Garben, die in Bezug auf
eine Multipolarisation semistabil sind, basierend auf [GT17]. Wir präsentieren die Konstruktion,
wie sie beschrieben wurde, um einen Weg zu haben, dem wir folgen können, wenn der Fall der
Prinzipal G-Bündel eintritt.

Inspiriert von Schmitts Ansatz [Sch08] beginnen wir Abschnitt 4 mit der Konstruktion des Pa-
rameterraums, der dekorierte Garben klassifiziert, bezeichnet als T , die in Bezug auf eine Mul-
tipolarisation und einen Parameter δ ∈ Q semistabil sind. Wir stellen fest, dass dieser Klassi-
fizierungsraum ein Determinantenlinienbündel OT (s1, s2) besitzt. Wir verknüpfen die intrinsische
Semistabilitätsbedingung für dekorierte Garben mit der durch das Determinantenlinienbündel in-
duzierten. In Abschnitt 5 untersuchen wir die Hauptobjekte der Klassifikation, nämlich Prinzipal
G-Bündel und ihre Verallgemeinerung zu singulären Prinzipal G-Bündeln. Für jedes singuläre
Prinzipalbündel assoziieren wir eine dekorierte Garbe. Dies ermöglicht es uns, den Parameter-
raum singulärer Prinzipalbündel Y als ein abgeschlossenes Unterschema von T darzustellen. Wir
versehen Y mit einem Determinantenlinienbündel λEYGies.ss

G
(ρ)
(u1(ĉ)), das als L ′′

n−1 bezeichnet wird.
Wir stellen die intrinsische Semistabilitätsbedingung für singuläre Prinzipalbündel in Beziehung zu
der durch das Determinantenlinienbündel induzierten. Weiterhin vergleichen wir das intrinsisch
definierte Determinantenlinienbündel über Y mit der Einschränkung von OT (s1, s2) aus der As-
soziation mit dekorierten Garben, wenn der Parameter δ groß genug ist. In Abschnitt 6 liefern
wir ein Kompaktheitsergebnis des noch zu konstruierenden Moduliraums, indem wir dem für den
Flächenfall entwickelten Ansatz von Balaji [Bal07] folgen. Dies erfordert einige wichtige Inputs aus
der Bruhat–Tits Theorie.

In Abschnitt 7 konstruieren wir den Moduliraum, indem wir zeigen, dass das Determinanten-
linienbündel L ′′

n−1 auf den Quotienten MGies.ss
G (ρ) absteigt und semiample ist. Dies ermöglicht

uns die Untersuchung von Abbildungen, die durch vollständige lineare Systeme von Schnitten in
hohen Potenzen von L ′′

n−1 gegeben sind, ähnlich dem Ansatz von Huybrechts und Lehn für schiefe
semistabile Garben über Oberflächen. In Abschnitt 8 untersuchen wir die geschlossenen Punkte des
Moduliraums MGies.ss

G (ρ) und charakterisieren sie, wenn eine Zusammenhangsbedingung über eine
Quot-zu-Chow-Abbildung erfüllt ist. Schließlich realisieren wir in Abschnitt 9 den konstruierten
Moduliraum als eine Kompaktifizierung des Moduliraums stabiler Prinzipalbündel. Wir vergleichen
auch die vorherige Konstruktion mit der Gieseker-Kompaktifizierung, die in [Sch04a] entwickelt
wurde und als (MGies.ss

G (ρ)) bezeichnet wird.
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