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Abstract: When dealing with certain mathematical problems, it is sometimes necessary to show that some
function induces a metric on a certain space. When this function is not a well renowned example of a distance,
one has to develop very particular arguments that appeal to the concrete expression of the function in order to
do so. The main purpose of this work is to provide several sufficient results ensuring that a function of two
variables induces a distance on the real line, as well as some necessary conditions, together with several
examples that show the applicability of these results. In particular, we show how a hypothesis about the sign of
the cross partial derivative of the candidate to distance is helpful for deriving such kind of results.
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1 Motivation and introduction

Throughout the rest of the document we will focus on distances on the set of real numbers, d : R? = R. Thus, it
is suitable to recall the definition of distance in the particular case of a distance on R.

Definition 1.1. Given d : R? = R, we say that d is a metric or distance whenever it fulfills the following three
properties simultaneously:

* Positive definiteness: d(x,y) 2 0 for any x, y € R, where d(x, y) = 0 if and only if x = y.

o Symmetry: d(x,y) = d(y, x) for any x,y € R.

* Triangle inequality: d(x, y) + d(y, z) < d(x, z) for any x,y,z € R.

If one is given a certain function d : R? - R and is asked to prove that it is a distance on the real line, it is
quite reasonable to proceed as follows. First, the symmetry of d should be quite clear, just by inspecting that d
stays invariant when interchanging the roles of x and y. Positive definiteness should also be direct, or
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sometimes a mere consequence of a tricky factorization of d that shows that the function is a square that only
vanishes for x = y. Regarding the triangle inequality, one could try to use the very particular expression of d in
order to prove it, or some arguments involving concavity/convexity. However, how to state reasonably general
theorems, with easy-to-check hypotheses and that ensure the triangle inequality is fulfilled does not seem
immediate. This quest guides the main topic of this study, together with the description of some necessary
conditions for d being a metric.

2 Necessary conditions

In this section, we prove some necessary conditions on d : R? -~ R, provided that d is a metric. In the rest of
the document, A C R? will denote the diagonal of the Cartesian plane, that is,

A={kx,x) ER%: x R}

Let X = {(x,y) €R?: x < y},Y = {(x,y) €R?:y < x}. Given a function d : R? - R and (x, y), v € R?, we will
define the directional derivative from the right as

d((x,y) + hv) - d(x,y)
h b

dyd(x,y) = lim
h=0*

in case the limit exists. We will use the notation 97, 85, 87, and 8, for the cases v = (1, 0), (0, 1), (-1, 0), and
(0, -1), respectively.

Since X and Y are not open sets, we provide a short comment regarding the notion of differentiability for
d|x and d[y. In the interior of X (respectively Y), the notion of differentiability is well-known. With respect to
the points of the form (x, x) € A, we understand that d |y is differentiable at (x, x) € 4 if there exists w € R?
such that for every (X,y ) € X,

dx,y)=d0,x)+w-X -xy -y) +o(|X - %,y =YD,

where - denotes the scalar product, and o is used for the Landau notation. Since we can take (X, y ) such that
X-x,y -y=0,)or(X - x,y —y) = (-1, 0), the choice for w, if it exists, is unique. In case of existence of
such a w, we say that w is the derivative or gradient of d|x at (x, x) and we write Vd(x, y) = w. A similar
definition goes for Y.

Observe that, due to the symmetry property, ifd € C(R? [0, )) is a distance and d|y is differentiable, then
d|y is differentiable too. Hence, if d € C(R?, [0, «)) is a distance and d|y is differentiable, d;d(x, y) exists for
every (x,y) and any v € R? Besides, due to the symmetry of d, d7d(x,y)=09;d(y,x) and

91d(x,y) = 8,d(y, X).
Now, we state a first necessary condition on d to be a distance.

Theorem 2.1. Let d € €(R? [0, »)) be a distance such that d|y is differentiable, (x, y) € R%. Then, we have that
10;d(x, y)| < 192d(y, y)| and |93d(x, y)| < |0;d(y, y)| for any x,y € R.

Proof. Let x, y, z € R. By the triangle inequality, d(x, z) < d(x,y) + d(y, z) and d(x, y) < d(x, z) + d(y, z), sO
l[d(x, z) - d(x,y)| < d(y, z). Now,

d(x,z) - d(x,y) <
z-y -

d(y, z)
z-y

- d(y’ z) - d(y,)’)

z-y '
If z » y~, we deduce |9;d(x, y)| < |85d(y, y)| for any x, y € R. Analogously, if z — y*, we deduce the inequality
|95d(x, y)I < 183d(y, ). O

Remark 2.2. The symmetry of d implies that |0;d(y, x)| < |6;d(y, y)| and |87d(y, x)| < |67d(y, y)| for any
x,y €R.
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Corollary 2.3. Let d € 4(R? [0, «)) be a distance such that d|y is differentiable. Then, d is not differentiable at
any point of A.

Proof. Since d(x, y) = d(y, x), 0:d(x, y) = 9;d(y, x) for x # y, and 87d(x, x) = 8;d(x, x). Assume d is differenti-
able at (y,y) € A. Then, if v = (1,1) and we compute the directional derivative of d in the direction of v, we
obtain that, since d(x, x) = 0 for every x € R,

0 = 9yd(y,y) = 91d(y, y) + 95d(y, y) = 20;d(y, ),
and we conclude that Vd(y, y) = 0. Now, for x > y, by Theorem 2.1, we have that
[02d*(x, y)| < [85d(y, y)| = 0,

that is, 9,d(x, y) = 0. Hence, for x >y, d(x,y) = —f;azd(x, z)dz = 0, which is not possible since d is a dis-
tance. ]

Remark 2.4. Observe that, by the same reasoning as in Corollary 2.3, d7d(x,x) = 83d(x,x) > 0,
07d(x, x) = 9,d(x, x) > 0 for every x € R.

3 Sufficient conditions

In this section, we provide several sufficient results in order to ensure that a function d : R? = R defines a
metric on R. Of course, the hypotheses regarding the symmetry and sign of d are obvious. Nevertheless, with
respect to what hypotheses we can demand in order to obtain the triangle inequality, we make the following
short discussion in this preamble.

We will assume x <y < z without loss of generality, since the triangle inequality is evident in the case
where at least two of these three numbers are equal (positive definiteness and symmetry are enough to
conclude). It is important to have in mind these assumptions concerning the order of x, y, and z, since they
will be used with high frequency along the whole document. In order to prove the triangle inequality, we need
to show the following three inequalities:

1 dx,y) +d(y, z) 2 dx,z),
2. dx,z) +d(y,z) zd(x,y), 3.1)
3. dx,y) +d(x,z) 2 d(y, ).

It is also important to realize that the nature of the first inequality is somehow distinct to the two other
ones. The main reason is that the first inequality compares the “distance” from x to z with the sum of two
“distances” pivoting via y. The fact that y is the intermediate value in the order relation assumption x <y < z
plays a special role here. Nevertheless, the second and third inequalities are somehow symmetric, as we shall
see along the proofs in this article.

In the first part of the section, we will provide two versions of a useful lemma that, essentially, provides a
sufficient condition for having the first inequality d(x, y) + d(y, z) 2 d(x, z). In the second part, we will state
and prove an initial version of these sufficiency theorems for d being a distance. In each of these theorems, we
add a different hypothesis that allows us to obtain d(x, z) + d(y, z) 2 d(x,y) and d(x, y) + d(x,z) 2 d(y, z). In
the third part, we will weaken the assumption involving the smoothness of d.

3.1 Cross partial derivative and the triangle inequality

We will provide a lemma that shows, roughly speaking, how a non-negative sign of the cross partial derivative
outside of A implies d(x, y) + d(y, z) = d(x, z) for any x < y < z. We highlight that d is not necessarily con-
tinuous on the diagonal A C R2. This hypothesis is relevant, since many renowned examples of distances on R
are not induced by continuous functions, as we shall see in the last part of the study.
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Lemma 3.1. Consider a functiond € ¢%R?\A, [0, ®)) fulfilling the assumption d1,d(a, b) = 0 for every (a, b) & A
and three given real numbers x <y < z. Then, the function

2 ,() = Jald(s, Ads
y

is increasing on the intervals (-, y] and [z, +), and the function
y
Gl = Iazd()l, 5)ds
X
is increasing on the intervals (-, x] and [y, +»). Besides, the inequality d(x, z) < d(x,y) + d(y, z) holds.

Proof. The key remark is that 8;d(s, A) < 8,d(s, A) for any s € (y,z) and any A < A <y, since d52d > 0 on
R=(y,2) x [A, 1] c (9, z) % (-, y] because R N A = &. Therefore, Gj (4) is increasing on (-, y] and, ana-
logously, it is also increasing on [z, «). A similar argument applies in order to show the increasing character of
G,{ v(4) on the intervals (-, x] and [y, +»).

For the final claim, if we observe that d is two times differentiable at any point of the closure R except at
(y,y), we can apply Fundamental Theorem of Calculus to deduce

d(z,2) - d(y,A) < d(z,X) - d(y, X) < d(z, }),
for any A < A < y. If we take A = x, and let A — y, the continuity of d outside the diagonal will imply
d(z,x) - d(y,x) £d(z,y),

which is obviously equivalent to the desired inequality. O

Since the condition on the cross partial derivative is only used to deduce the monotonicity of Gj ; and Giv,
we also have the following result.

Corollary 3.2. Consider a function d € €R?\A, [0, «)) and three given real numbers x < y < z. Assume that the
function

6L = [21d(s, ds
y

is increasing on the intervals (-, y] and [z, +) and that the function
y
Gl = J'azd(/l, 5)ds
X
is increasing on the intervals (-, x] and [y, +). Then, we have the inequality d(x, z) < d(x,y) + d(y, z).

Remark 3.3. We highlight that Corollary 3.2 is more general than Lemma 3.1, but also that its hypotheses are
more difficult to check.

3.2 Initial statements for sufficient conditions

We now state four sufficiency theorems, each of them implying that d defines a distance under certain
hypotheses, together with their corresponding proofs.
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Theorem 3.4. Consider a function d € €*(R?\4, [0, «)). Suppose that d fulfills the following properties:
H1. d(x,y) > 0 for every (x,y) ¢ A, and d(x, x) = 0 for every x € R.
H2. d(x,y) = d(y, x) for every (x,y) € R%
H3. 01,d(x,y) 2 0 for every (x,y) € A.
H4A. For any fixed a € R, the function d(-,a) is non-increasing on the interval (-, a) and non-decreasing on
the interval (a, «).

Then, d defines a distance on R.

Proof. It is clear that we only need to check the triangle inequality for x < y < z. Besides, due to hypothesis H2,
we observe that hypothesis H4A implies that d(a, -) is non-increasing on the interval (-, a) and non-
decreasing on the interval (a, «). On the one hand, d(x, y) + d(y, z) = d(x, z) is a straightforward consequence
of Lemma 3.1 due to hypothesis H3. On the other hand, derivation for the two last inequalities in (3.1) is
immediate from H4A since distances are non-negative, d(x, z) = d(x, y), and d(x, z) = d(y, z). O

Theorem 3.5. Consider a function d € €R?\4, [0, )) fulfilling the following properties:
H1. d(x,y) > 0 for every (x,y) & A, and d(x, x) = 0 for every x €R.
H2. d(x,y) = d(y, x) for every (x,y) € R%
H3. 012d(x,y) = 0 for every (x,y) €& A.
H4B. lim;_, ,.[d(b, A) — d(a, A)] < limy__o[d(b,A) - d(a, A)] for every pair (a, b) with a < b, where both limits
are finite.

Then, d defines a distance on R.

Idea. In geometrical terms — see Figure 1, left — if we consider a horizontal segment from (y, 4) to (z, A), the
integral of 9,d along the oriented segment increases when the height A increases, with the only caution that the
segment cannot cut A. So, instead of cutting 4, the idea consists in “passing through infinity,” as it will be
explained in the next paragraph. The geometrical explanation for Figure 1, right, is the same one, but changing
vertical and horizontal roles. In terms of Figure 1, we want to prove that the integral of the horizontal/vertical
partial derivative of d along the gray oriented segment is greater than the analogous one on the black oriented
segment.

Proof. As in the previous result, from the first three hypotheses, we derive the non-negativity, symmetry, and 1
in (3.1). Thus, if x < y < z, it suffices to see that

o(x,2) (y,2)e > »(z,2)  o(x,2) (y,2)e o(2,2)

o(x,y) (ry» o(z,y) oy) (nyw 2(z.¥)
““0.’ 1 ‘.‘..“ 1

olx,x)  (y,x)e > o(z,x)  olx,x)  (y,x)e (z,x)

Figure 1: Comparison of the horizontal (left) and vertical (right) segments.
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e d(x,z) +d(y,z) 2 d(x,y),
o d(x,y) +d(x,z) 2 d(y, z).

First, if we recall the definition Gy 5(4) = jjald(s, A)ds made in Lemma 3.1, we know that Gj ;; increases on
(-, y] and [z, «). Besides, since d is smooth enough outside of A, we can apply the Fundamental Theorem of
Calculus to the integral defined by GyZ, y(A) for A € (-, y) U (z, »). In particular, we are interested in the cases
where A — o or A = —oo, since H4B can be stated as

Jlim Gy #(A) < Jlim Gy 1), (3.2)

implying Gy y(x) 2 Gj y(z). Analogously, if we recall the definition G,?f v(A) = J'Xyazd(/l, s)ds, due to the sym-
metry of d, we immediately derive

Alim GLy() < Alim GLv(h), 3.3)

implying G v(x) = Gy y(z). We simply observe that
Gy 1 (x) 2 Gj y(2) & d(z,x) - d(y,x) 2 -d(y, z) © d(x,2) + d(y, z) 2 d(x,y),
Glv() 2 Gly(z) & d(x,y) 2 d(z,y) - d(z,x) © d(x,y) + d(x, z) = d(y, 2),

and hence the proof is complete. O

Theorem 3.6. Consider a function d € €% (R4, [0, «)) fulfilling the following properties:
H1. d(x,y) > 0 for every (x,y) € A, and d(x, x) = 0 for every x €R.
H2. d(x,y) = d(y, x) for every (x,y) € R
H3. 012d(x,y) = 0 for every (x,y) €& A.

H4C. Vd(x,y) = 0 when (x,y) — oo,

Then, d defines a distance on R.

Proof. In order to prove this theorem, it suffices to see how H4B is derived from H4C. Since the gradient tends
to zero, for any given € > 0, it is possible to make ||Vd|| < € outside of a big enough square [-[, I] x [~ I].
Hence, after considering any A such that |A| > [, we have that |G£ g(AD)| < €+(b - a). Thus, H4B would be
automatically fulfilled, since it would read 0 < 0. O

Theorem 3.7. Consider a function d € $*(R?\A4, [0, »)) fulfilling the following properties:
H1. d(x,y) > 0 for every (x,y) & A, and d(x, x) = 0 for every x €R.
H2. d(x,y) = d(y, x) for every (x,y) € R
H3. 01,d(x,y) = 0 for every (x,y) € A.

H4D. We have that lim;_,_.d(c, A) = lim;_.d(c,A) €R for any c € R.

Then, d defines a distance on R.
Proof. It is an immediate consequence of Theorem 3.5, since H4D implies H4B in an obvious way. O

Remark 3.8. Due to the symmetry property, hypothesis 4D is obviously equivalent to what we could call
hypothesis H4D', that would read as
H4D'. We have that lim)_._.d(4, ¢) = lim)d(A, ¢) € R for any ¢ € R.

We have made explicit the previous remark since H4D and H4D’ imply that d can be extended to a class
two map on the periodic domain of the form M = S x $1\{(a, a) € $* x $! : a € S}, provided that the
matching at the infinity points induced by H4D and H4D' is smooth enough. Since M is diffeomorphic to a
cylinder, a possible way to produce distances on R would be, roughly speaking, to find class two scalar fields
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on a cylinder that are positive (hypothesis 1), symmetric (hypothesis 2), and with non-negative cross partial
derivative after applying the already mentioned diffeomorphism (hypothesis 3).

3.3 Extension for sufficient conditions

Before applying the previous theorems to some examples, it will be convenient to weaken their hypotheses,
specially the one involving the required smoothness for d. In order to do so, first, we take into account the
following trivial remark.

Remark 3.9. Suppose that h : R — R is a bijective map. Then, d(x, y) defines a distance on R if and only if
(d o (h x h))(x,y) = d(h(x), h(y)) defines a distance on R. In particular, d fulfills H1 and H2 in Theorems
34, 3.5, 3.6, and 3.7 if and only if (d ° (h x h)) fulfills hypotheses H1 and H2.

The previous remark states, essentially, that being a distance does not depend on the coordinates that we
are considering. We highlight that, in principle, this map h would not need to be even continuous, measurable,
or to have any nice property. Nevertheless, the interest of the previous remark is that, in some examples and
for some points (x, y) outside the diagonal, the distance d may not be regular enough in order to apply any
result of the previous section. This problem can be avoided after considering the distance d ° (h x h) for a
suitable smooth choice of h, instead of simply considering the distance d. In practice, the choice for the
function h will be h(x) = x***1 for a suitable natural number n € N. The reason for this choice is that, in
many expressions, we have addends like |x|P that are not smooth enough in order to apply the previous
theorems when p > 0 is too low, but we can make |h(x)[P to be smooth enough after choosing a sufficiently
large value for n. In this sense, we take into account the following well-known remark.

Remark 3.10. For any fixed p > 0, the regularity of the function g(x) = [h(x)|P = [x|@"*DP increases with respect to
n. Specifically, g € $™(R), where m = [(2n + 1)p] - 1. In particular, g € ¥%[R) whenever (2n + 1)p > 2.

The consideration made in the previous remark and the fact that such a choice for h is bijective and
increasing are the motivation for the next two lemmas. First, we state and demonstrate a sufficient condition
ensuring that d  (h x h) fulfills H3 on R?A, provided that d satisfies H3 on a bit smaller set.

Lemma 3.11. Consider a functiond : R - [0, ) such that d € ¢%(R*(4 U A), [0, »)), where the set R%\(4 U A)
is dense in R%\A. Assume that there exists an increasing bijective differentiable map h : R - R such that
d o (h x h) € €(R?4, [0, )). If 015d is non-negative on R:\(A U A), then d15(d ° (h x h)) is non-negative outside
of A.

Proof. First observe that, since h is bijective increasing and continuous, it is a homeomorphism. Therefore, the
function @(x, y) = (h(x), h(y)), where (x,y) € R?, is a homeomorphism as well and fulfills ¢(4) = A. Hence,
since RA(4 U A) is dense in R?4, 9" (RA(4 U A)) is dense in ¢p"(R?A4) = R2A.

Due to the chain rule, we have that

O12(d ° @)(x, y) = 0nz(d ° (h x W))(x,y) = K'(x) W'(Y)(Fr2d)(h(X), h(Y)),

and this expression is valid whenever ¢(x, y) € R?(4 U A), that s, (x, y) € 9" (R3(4 U A)). Besides, since h is
increasing and d;,d is non-negative, we conclude that 8y,(d °(h x h)) is non-negative whenever
(x,y) € 0 (RA(A U A)). Finally, since d °(h x h) € #%(R?4, [0, »)), and ¢ ' (R*(4 U A)) is dense in
@' (RAA) = R34, we conclude that d45(d ° (h x h)) is non-negative outside of A. O

Finally, we state a second lemma ensuring that if d fulfills one of the versions of H4, so doesd ° (h x h). We
deliberately exclude hypothesis H4C, since the change in coordinates induced by h can break the vanishing
property for the gradient of d at infinity.
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Lemma 3.12. Consider a function d € 4(R?, [0, «)), together with an increasing bijection h : R — R.
o If d fulfills H4A, then d ° (h x h) fulfills H4A.
« If d fulfills H4B, then d ° (h x h) fulfills H4B.
o If d fulfills H4D, then d ° (h x h) fulfills H4D.

Proof. For the first part, we have that, for any fixed a € R, the function d(:, a) is non-increasing on the interval
(-, a) and non-decreasing on the interval (a, «). Since h is bijective and it preserves the order in the real line,
d °(h x h) fulfills H4A.

For the second part, we have that limy_..[d(b, A) - d(a, A)] < limy__.[d(D, A) — d(a, A)] for every pair
(a, b) with a < b. Since h is bijective and it preserves the order in the real line, d ° (h x h) fulfills H4B.

For the last part, we have that lim;_,_.d(c, A) = lim,_..d(c, A) for any ¢ € R, and that this value is finite.
Since h is bijective and it preserves the order in the real line, d ° (h x h) fulfills H4D. ]

As a consequence of all the previously exposed material, the main result of this part of the section can be
stated and proved as follows.

Theorem 3.13. Consider a function d : R? — [0, ) such that d € €2[R?(4 U A), [0, ©)), where R2(4 U A) is
dense in RA\A. Assume that there exists an increasing bijective differentiable map h : R — R such that
d o (h x h) € € R4, [0, ©)). Finally, suppose also that d fulfills the following properties:

H1. d(x,y) > 0 for every (x,y) € A, and d(x, x) = 0 for every x € R.

H2. d(x,y) = d(y, x) for every (x,y) € R2.

H3'. 81,d(x,y) = 0 for every (x,y) € A U A.

H4. The function d fulfills at least one of the hypotheses 4A, 4B, or 4D in Theorems 3.4, 3.5, or 3.7, respectively.

Then, d defines a distance on R.

Proof. Depending on whether d fulfills hypothesis H4A, H4B, or H4D we shall use Theorem 3.4, 3.5, or 3.7 to
conclude. First, if d fulfills H1 and H2 so does d ¢ (h x h), due to Remark 3.9. Second, Lemma 3.11 allows us to
deduce H3 for d ° (h x h). Third, at least one of the hypotheses H4A, H4B, or H4D is fulfilled by d and, due to
Lemma 3.12, also by d °(h x h). We highlight that d ° (h x h) is a continuous map and that its cross partial
derivative is smooth enough outside the diagonal because of the hypotheses. Therefore, d < (h x h) is a metric
and, consequently, d is a metric due to Remark 3.9. O

4 Examples

Here we present some classical examples of distances to which the previous criteria can be applied to provide
a proof that they are distances. Initially, we provide three examples of three candidates to distances d and, in
each case, via Theorems 3.4, 3.5, 3.6, 3.7, or the general version in 3.13, we deduce that d is indeed a distance.
More examples of known distances can be found in [1].

Example 4.1. (Concave translation invariant metric) The function d(x, y) = g(|ly — x|) is a distance, whenever
g € 6%|0, »)) is concave, g(0) = 0 and g(x) > 0 if x > 0.

Let us check the hypothesis of Theorem 3.4. We have the required regularity outside of the diagonal, and
also positive definiteness and symmetry. If (x, y) € 4,

gy -0, ifx<y,

alzd(x,y) = _g//(x _y)’ if x >y,

and since g is concave and twice differentiable on (0, ), d1,d(x,y) = 0 for (x,y) € A. Finally, such g is
necessarily a non-decreasing function, so H4A in Theorem 3.4 is also satisfied, and d is a metric.
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Example 4.2. (p-relative metric) Given p € [1, «), the function

ly - x|
d(x,y) = {(IxP + lyP)e’
0, (x,y) =0,

(X’)’) € RZ) (X;)’) * 0)

is a distance.

In order to apply any of the previous results, the only possible option is to check the hypotheses of
Theorem 3.13, since d is not smooth on the set A of the points (x, y) where x - y = 0, at least when p is small
enough.

First, if we select h(x) = x***1 in a such a way that (2n + 1)p > 2, we are able to ensure the condition
d °(h x h) € €(R?4, [0, )). In particular, we highlight that, in contrast to what happens with d, d = (h x h)
is two times continuously differentiable on R2A.

As usual, positive definiteness and symmetry are clear. Besides, hypothesis H4D is immediate to check,
since

lim de, ) = tim —2 =9 _ g2 im A age ).

1o Amme (e + AP e (P AP A
Thus, we only need to check H3’ or, in other words, that the cross partial derivative of d is non-negative outside
A U A. Due to symmetry, we can assume x > y. An straightforward computation for the three cases (x >y > 0,
x>0>y,0>x>y)gives

2p-1 _ 2p-1 -
SECON? ! — s KDL

(Xl + yPy>e (P + yPy>»
It is clear that d1,d(x,y) = 0 on the open ray of argument —g. Besides, this is also true for half of the first
quadrant (where x >y > 0), and for half of the fourth quadrant (where 0 > -x > y), since both addends
involved in 9y, f are clearly positive.

The inequality for the two pending cases is derived as follows. For the case of half of the third quadrant
0 > x >y, we can write x| = Aly| for some 0 < A < 1. After this substitution, cancellation of denominators, and
taking into account the value for the sign function, we need to check that

PP = A7) 2 plyPril - e

Opd(x,y) =

Equivalently, we have to explain why
1+ pAP = pAP~1 + 271,
If we define the function
h() = (x + DA + (p = )W,

since h(0) = 1 + pA? and h(p - 1) = pA?~1 + 271 it is enough to prove that h(0) = h(p - 1). This is straightfor-
ward since log(A) < 0 and, for any x € (0, p - 1), we have that

R(x) = log()((x + A% + (p - x = DAP*X) < 0.

The pending case for half of the fourth quadrant 0 > y > —x is similar to the previous one. We can write
ly] = Alx| for some 0 < A < 1. We need to check that

[X[2P71(1 + 2271) = p|x|P1(1 - )AL
This is equivalent to showing that
1+ pAP 2 pAp~1 — 271,

but we have already verified this for the case where A?~! carries a plus sign.
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Example 4.3. (Generalized chordal metric) Leta > 0, 8 = 0, p = 1. The function

ly - x|
(a + BIxP)-(a + BlylP)r

dx,y) =

is a distance.
In order to show that the previous function is a metric, we shall make some simplifications before
checking that the cross partial derivative d;, is non-negative. First note that

oy = L y - x|
PTG A Bl BlopP

With the idea of a change in variables, we rewrite the denominator

1 -X
dy) =z Iy; | 1>
ar 1 1)P)? 1 1))
1+ |Bpix|fap| | |1+ [ﬁﬁm/aﬁ
and the numerator
Brlab (ly - x|
1
d(x,y) = —= . -
arfr 1 1P . )
[1 +|Br|x|/ap ~[1 + |Brlyl/ar
Thus,
1 -glx
dg(x), g)) = 8O ~ gl

arpr (1+ [g0OPY (1L + [gP)
where we have taken g(s) = (B/a)%s. Hence, if we define, d; = d °(g x g), we need to check that

y - x|
(1 + [xP)r-(1 + [y|P)r

dy(x,y) =

is a metric. Since the sufficiency theorems do not care about the smoothness of the metric candidate on the
diagonal, the only apparent pending issue is the smoothness of its denominator. Hence, we shall use the map
h(x) = x>**1 for n such that (2n + 1)p > 2 together with Theorem 3.13 in order to surpass this problem.

First, we have that d; o (h x h) has the demanded regularity in Theorem 3.13: d; is a class two function on
R?\A. Moreover, hypotheses H1 and H3' can be easily checked.

Besides, on the one hand, outside the diagonal (4) or the points where xy = 0 (A), the cross partial
derivative is well-defined and it has the value

sgn()P! - sgnColxP!
1+ )7L+ )T

audg(x,y) =

which is greater than or equal to zero at any point. Therefore, H3’ holds. On the other hand, H4 of Theorem 3.13
also holds for the case H4D, since

lim de(c, 4) = 1= lim dg(c, ).
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