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Abstract

Cooperative dynamics are central to our understanding of many phenomena in living and complex
systems. However, we lack a universal mechanism to explain the emergence of cooperation. We
present a novel framework for modelling social dilemma games with an arbitrary number of
players by combining reaction networks, methods from quantum mechanics applied to stochastic
complex systems, game theory and stochastic simulations of molecular reactions. Using this
framework, we propose a novel and robust mechanism for cooperation based on risk aversion that
leads to cooperative behaviour in population games. Rather than individuals seeking to maximise
payouts in the long run, individuals seek to obtain a minimum set of resources with a given level of
confidence and in a limited time span. We show that this mechanism can lead to the emergence of
new equilibria in a range of social dilemma games.

1. Introduction

Cooperation lies at the heart of many phenomena in living and complex systems, including the transition to
multicellularity in biology, the emergence of eusociality in insect colonies, and the development of human
communities, from ancient hunter-gatherer tribes to modern nation-states [1, 2]. Understanding the
emergence of cooperation between groups and individuals is particularly important for solving global
problems such as maintaining ecosystem diversity, mitigating the climate crisis and regulating international
financial markets [3—5]. However, we still lack knowledge about the possible mechanisms that can lead to
large-scale cooperative behaviour in large populations.

Uncovering the mechanisms underlying the emergence and dynamics of cooperation has been the
subject of intense study over the past decades, using a variety of methodologies across scientific disciplines,
including evolutionary game theory, numerical simulations, and experiments ranging from biology to
psychology and behavioural economics. Many of these studies have converged on types of mechanisms that
can lead to cooperative behaviour, such as different types of selection (e.g. kin selection, group selection, etc)
and different forms of reciprocity (e.g. direct, indirect, structured, etc). Depending on the context, these
mechanisms can take different forms, such as genetic transmission, cultural transmission, social diversity,
reputation, shame, threat of exclusion, sanctions, etc (see e.g. [6—19]). Others have proposed mechanisms
that fall outside this classification, such as the role of commitment explored in [20].

Most of the studies discussed above have focused on relatively small groups of individuals, for which it
has been argued (or shown in specific models) that the cooperative mechanisms uncovered are not scalable
to the context of large and diverse groups or populations (see e.g. [21-24]). It has also been argued that these
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mechanisms are not general enough, in the sense that they do not explain the emergence of cooperation
across species or contexts. We briefly address these arguments. Selection requires individuals or entities to
track a common trait, such as the case of kin selection, in which cooperative behaviour is genetically
transmitted. Although it may be possible for individuals to track a large group of others with the same trait,
cooperation has also been observed between quite different groups of entities (e.g. different types of cells or
groups of people). Group selection when dealing with human individuals is typically modelled via cultural
transmission and, when focusing on large networks, typically leads to cancellation effects and hence to the
absence of cooperation. This casts doubt on the generality of selection as a mechanism for cooperative
behaviour. In turn, all forms of reciprocity require not only that there be a sufficient number of interactions
between any two individuals for them to learn each other’s behaviour, but also that each individual be
endowed with an unrealistically large memory so that it can keep track of every single interaction with other
individuals. Even if each (human) individual could keep track of all its interactions with a Dunbar number of
other individuals, keeping track of a number of individuals several orders of magnitude higher is not feasible,
and it is also unlikely that each individual would interact with the same other individual more than once.
Moreover, cells in biological environments or insects in ecosystems can only track a few other individuals.
This again casts doubt on the generality of reciprocity as a mechanism for the emergence of cooperation.

These considerations suggest the need for new forms of achieving cooperative behaviour. The purpose of
this paper is to propose a mechanism that, under certain conditions, can lead to cooperation in any
population of at least three individuals. To do so, we focus on the prototypical experiments for studying
cooperation, namely cooperative games such as the iterated prisoner’s dilemma (PD) game, which we now
briefly describe. In these games, each player faces a social dilemma when interacting with another player: a
player can choose to cooperate (C) and pay a cost in order to benefit the other player, or a player can choose
to defect (D) and receive benefits at no cost. The idea behind this model is that such games can effectively
capture cost-benefit interactions in a wide range of systems, including interactions between cells in a
multicellular organism or between insects in a colony. However, in the case of the PD it is well known that if
the game is played for a finite number of # iterations, the outcome (Nash equilibrium) is for all players to
defect, and hence no cooperation will emerge. On the other hand, in an infinite game, or when players do
not know which iteration the game will end in, cooperation can emerge through various types of reciprocity,
as described above, which typically lead players to adopt strategies such as tit-for-tat, expressed by the slogan
if you cooperate, I cooperate and if you defect, I defect (see e.g. [1, 2, 15]). This setup has been studied in a
variety of contexts and different strategies have been found to be optimal for maintaining cooperative
behaviour depending on the particular stage of the game.

Given the long history of research on cooperation games and specially on the iterated PD game, it seems
pointless to study it further. However, it should be noted that the majority of these results on the emergence
of cooperation, as well as those obtained in experiments in psychology and behavioural economics, assume
from the outset that each individual is driven by self-interest with the aim of maximising their own fitness
(e.g. ability to reproduce in the context of biology), profit, utility or payout in the long run. Although this is a
common assumption, it is known that in many cases individuals/entities work for the benefit of the
collective. For example, many types of cells work together to maintain the proper functioning of a
multicellular organism, bees with different tasks work together to ensure the survival of the hive as a whole,
and ants share resources (food) with all other ants in the colony via elaborate transport networks. These are
cases where groups share their benefits among group members and try to maximise the collective payout. In
these circumstances, it is common to, rather than individual fitness, introduce the notion of group fitness
(i.e. the ability of the collective to survive in the long run), which has been argued to emerge in various
contexts [25-27]. From this perspective, collectives are driven towards higher group fitness.

In this paper, we focus on three situations in which cooperation games are played (see figure 1) in order
to understand the role of group fitness in cooperative dynamics. The scenarios differ with respect to whether
benefit accrual for individuals of a specific type is shared or not. In particular, we consider the following
scenarios:

e Scenario (a): a resident population of cooperators who share their benefits and resources among each other
(top left square) is invaded by a population of defectors (middle top square) who share their benefits among
each other. Since we do not consider spatial dynamics, in practice we are dealing with a homogeneously
mixed population (top right square) in which any individual can interact with any other individual. The
contexts we have in mind are, for example, a population of resident cells invaded by unicellular (bacterial)
organisms; an ant colony invaded by another group of insects; or a group of people (defectors) who do not
play fair with another cooperating group in a social or economic context. The same scenario can also model
situations where the two groups are actually part of the same collective. For example, the two groups can
represent two types of cells interacting in a single multicellular organism.
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Figure 1. The three different scenarios that we focus on in this paper. In scenario (a) we consider the situation in which a resident
population of cooperators (blue circles on the left) who share their resources (blue squares) among themselves is invaded by a
population of defectors (yellow circles on the right) who share resources only among defectors. In practice, we consider the
situation in which the two populations are homogeneously mixed, as in the top right corner. In scenario (b) we consider the case
of a population of cooperators who share their resources among themselves and an invading population of self-driven defectors
who do not share their resources. In scenario (c) we consider a control case in which all individuals, cooperators and defectors, are
self-driven and do not share resources.

e Scenario (b): a resident population of cooperators who share their resources among each other is invaded
by several rogue individual defectors who do not share their benefits with other individuals. This scenario
can model, for example, an insect colony invaded by other rogue insects, but it can also model traitors or
cheaters. Traitors are invaders, but from within the group itself, and are capable of interacting with the
group itself, although they aim to maximise their own benefits. Cancer in a multicellular organism would
be one example [28], while individuals who abandon group participation (e.g. by embezzling funds) would
be another. Cheaters, also known as free riders, provide no benefit to the rest of the group. This would be the
case of any individual/entity who uses the group for protection but does not contribute to its maintenance,
functioning or growth.

e Scenario (c): this is a control case against which we compare the other two scenarios. In this scenario, all
individuals, either cooperators or defectors, try to maximise their individual fitness and do not share their
benefits. By studying this case, we can better understand the effects of maximising group fitness/group utility.

Our set-up thus differs from the canonical set-up as described, for example, by [29, 30]. We retain the
random matching of two individuals to play the game, but usually the ‘cooperate’ action itself corresponds to
the act of sharing (part of) one’s resources with another individual or the entire population, while the ‘defect’
action corresponds to free-riding on the sharing of resources by others. In our case, the individuals obtain
some reward depending on the actions taken in the game they played, and this reward can then be shared
among individuals of the same type as in Scenarios (a) and (b). Our control scenario (c) corresponds to the
situation typically considered in the literature (see [30, chapter 4]).

Our goal is to model these different scenarios in detail. However, we will show that if, as is commonly
assumed, groups and individuals tend to maximise group or individual utility based on average payouts in
the long run, then there is never an incentive for a defector to change their strategy and start cooperating, but
only an incentive for cooperators to start defecting. In other words, there is no cooperation. This leads us to
ask: is maximising average payout in the infinite future the principle that drives the evolution of cooperation,
or even evolution in general? This assumption can be challenged in a number of ways. First, organisms,
including humans, live in a finite time, and the timescale for interactions is typically much smaller than their
lifespan. In extreme scenarios, for example in scarce or harsh environments, organisms do not seek
maximum protection or resources in 50 years’ time, instead survival is linked to events that occur in the next
few minutes, hours or days, depending on the specific context or stage of development. Second, even if we
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Figure 2. If players base their utility on expected profit rates, they might end up losing due to stochastic fluctuations in the
actually realised profit. risk-averse players might define a different utility based on the minimum profit rates they are sure to
receive with a certain fixed probability. In the scenario plotted here, cooperators (blue) have a lower expected profit rate compared
to defectors (orange), as indicated by the solid lines. The dashed lines denote the minimum profit rates they can expect to receive
with 90% probability (corresponding to the shaded areas). If risk-averse players base their utility on this quantity, it is beneficial
for defectors to switch to cooperating, even though the expected profit rates are higher for defectors. It is this mechanism which
enables the emergence of a new Nash equilibrium in populations of prisoner’s dilemma players.

consider maximising utility in a finite time, rather than the unrealistic infinite future, individuals may be
more concerned with ensuring that they receive a minimum payout with a high probability, rather than
ensuring that they receive a higher payout with a lower probability. In the context of collective or group
survival, maximising such utility ensures that each individual has the minimum set of resources needed to
proceed to the next stage of the game or the next stage of development.

The general picture we have in mind is shown in figure 2, where we plot the probability P(px) of
receiving a payout of px for a group of cooperators (in blue) and a group of defectors (in orange). Defectors
have a higher average payout px than cooperators, represented by solid lines. However, cooperators have a
higher minimum payout than defectors with the same probability, represented by the dashed lines. If groups
or players are risk-averse, i.e. if they are more likely to aim at receiving a smaller payout but with a high
probability'!, then there is an incentive for defectors to change their strategy and start cooperating.
Throughout this paper, we will show that in scenarios (a) and (b) described above, cooperation emerges even
in situations where there are only 2 cooperators and 1 defector. Thus, it is the combination of utility based on
risk aversion with group fitness (sharing payouts among members) that leads to cooperative behaviour, as
opposed to scenario (c) where each individual may be risk-averse but unwilling to share payouts with a
group. This mechanism appears to be sufficiently robust and scalable from small to very large groups.

To model games with an arbitrary number of players N, we introduce a new framework that combines
several methodologies. In particular, we combine evolutionary game theory with chemical reaction
networks, as proposed in [33], where interactions between players are the result of a chemical reaction.
However, unlike [33], we consider the system to be fully stochastic, where at each time step players are
randomly selected from the pool of players to play a given game. It is only for a very large number of players,
i.e. in the thermodynamic limit, that the dynamics of our stochastic system collapse to the classical rate
equations introduced in [33] for scenario (a). The mathematical tools developed to study evolutionary game
theory are generally drawn from classical probability theory [34]. Here, instead, we find it useful to use
methods developed for many-body quantum mechanics that can be applied to stochastic systems [35—-40]. In

11 'We use a generalised notion of risk-averseness. The standard definition of risk aversion requires the agents to prefer a certain bet with
a lower payout to an uncertain lottery with a higher expected value [31, 32]. We use a generalised notion of risk aversion that requires the
agent to prefer an ‘almost certain’ bet to an uncertain one with a higher expected value.
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this approach, the master equation of the stochastic process (i.e. the Kolmogorov forward equation) can be
written in terms of creation and annihilation operators acting on a Fock space representation of the
probability vector. Such methods are useful in describing particle-based reaction-diffusion dynamics [41, 42]
and have also been used to find analytical solutions for finite-size stochastic systems such as enzyme kinetic
models [43] and stochastic epidemic models [44, 45]. The measure of risk aversion that we will introduce
relies heavily on these methods. Besides using an analytic stochastic approach in the formulation of
cooperation games, we also adapt numerical algorithms suited for bio-molecular reactions [46, 47] in order
to perform stochastic simulations and obtain information about the system that is hard to obtain analytically.
The combination of reaction networks, evolutionary game theory, many-body quantum mechanics tools,
and bio-molecular kinetics leads to a novel and robust framework for studying cooperation. In this paper, we
use this framework to obtain several promising results on the dynamics of cooperative behaviour.

We now briefly outline the structure of this paper. In section 2 we introduce the necessary elements of
reaction networks, game theory and stochastic methods that allow us to formulate the stochastic models of
cooperation games that we use to study scenarios (a), (b) and (c). In section 3 we analyse in detail the Nash
equilibrium in these games in two different situations: when players aim to maximise average payouts and in
the case of risk aversion. We describe in detail how to define a risk-averse utility function and show that in
scenarios (a) and (b) maximising such a function leads to cooperative behaviour. In section 4, we perform
stochastic simulations using the Gillespie algorithm and verify as well as improve our analytical analyses.
Finally, in section 5 we draw conclusions and discuss possible extensions. We also provide appendix where we
show how to compute the moment generating function for the stochastic models we consider.

2. Machinery and models

The purpose of this section is to introduce the basic elements of game theory, chemical reaction networks
and their stochastic formulation, and show how these can be used to formulate models for the different
scenarios exposed in figure 1(for a more pedagogical introduction see [39]). In this section we also extract
useful information from these models including average profits as well as the moment generating function of
the profit distribution for the different groups or rogue individuals which will be crucial for the analysis of
Nash equilibria in section 3.

2.1. Cooperation games

We consider three well-studied games that model general forms of interaction between individuals that can
act as cooperators (C) or defectors (D). If both players cooperate, they both receive the reward r. If both
players defect, they both receive the punishment p (a smaller gain). If one defects and the other one
cooperates, the defecting one receives the temptation payout 7, while the other receives the ‘sucker’s’
payout, s'%. The gains from each combination of decisions are summarised in the table below:

D C
D (p,p) (7,5)
C (S7 T) (r) T)

The way that the values of p, r, 7, s relate to each other determines the type of dynamics that cooperation
and defecting impose on the interaction of the individuals. The most well-known of these is the PD in which
the payouts are ordered as 7 > r > p > s. In this article, we will also consider two alternative orderings. First,
we have r > 7 > p > s, which corresponds to the stag hunt (SH) game first described by Jean-Jacques
Rousseau in [48]. Second, we have 7 > r > s > p, which is referred to as the hawk-dove (HD) game in the
evolutionary game theory literature, first formulated in [49]. For motivational examples of these games, see
[50]. In all three games, r > p ensures that cooperating agents fair better than defecting ones.

It is possible to model even more general interactions between individuals or entities if we would
consider the possibility of asymmetric individual preferences, i.e. asymmetric payouts so that the payout
structure depicted in the table above may correspond to different games depending on which player’s
perspective one takes. There are many biological and social contexts in which asymmetric payouts can occur,
however, in this paper we will only consider symmetric settings.

All the games described above have been used to model cooperation in a wide range of systems, including
biological systems, insect societies, animal conflicts and human interactions. If we take, for instance, scenario

12 1f we set p =0 then the various payouts can be interpreted in terms of the cost ¢ of the action of cooperation and benefit b of the
defection. In particular r = b —¢, s = —cand 7 = b.
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(a) in figure 1 and focus on the case of an insect colony of cooperators being invaded by a group of insect
defectors, the different games described above will represent different possibilities for how much gain both
groups can attain depending on the nature of the interactions. For example, in the case that the interactions
are modelled using a PD game then cooperator-defector interactions result in higher payouts for the
defectors than in cooperator-cooperator interactions, and vice versa if the interactions are modelled using
the SH game. The latter case would be a situation in which invaders are not able to access as many resources
(food) from the resident colony as the members of the colony themselves can.

2.2. Modelling cooperation games with reaction networks

As advertised in section 1, it is convenient to model games between an arbitrary number N of players using
chemical reaction networks, as we now describe. In chemistry, reaction networks are used to formalise the
interaction between different species (e.g. types of molecules) in an environment. This environment may
contain different species of molecules that combine with each other via certain chemical reactions in order to
form other molecules.

A reaction network consists of two types of objects: species and reactions. The network is given by a pair
(S,R) consisting of a finite set of species S = {ny,...,n}, and a finite set of reactions R = {Ry, ..., R;} with
corresponding reaction rates C = {ky, ..., k;}. Each reaction R; is modelled as a pair (A, B) of multisets of
elements of S. Intuitively, A is the species that are used by the reaction R; and B is the set of species produced
by it. A and B are taken to be multisets, as more than one instance of a species might be required for a

reaction R; to take place. A reaction R; = (A, B) is also denoted by A 5, B.

We are interested in studying populations of strategies, i.e. populations of individuals where each
individual is of a type determined by the strategy or action they employ. Individuals interact by playing one
of the games discussed in section 2.1. The interactions of strategies in this setting can be formulated in the
form of reaction networks [33]. The network will then include two species corresponding to the two strategy
types that we consider. We denote a player using the defect strategy by a D and a player using the cooperate
strategy by a C. The interaction between these species will produce the payouts (for cooperation and
defection) as specified by the game. To keep track of the payout obtained by each strategy, we introduce Gy,
the gain of defecting and G, the gain of cooperating, which constitute the other two species in our network
such that S = {C, D, G, G;}. The resulting reaction network corresponding to the cooperation games of
section 2.1 for scenario (a) of figure 1 is given by

R:C+C™mcycyaa, (1)
Ry:C+D ™ C+D+7Gy+5G., (2)
Ry:D+C D+ C+7Gy+ G, (3)
Ry:D+D D+ D+2pGy. (4)

Here the constants ki, k, k3, k4 are the reaction rates, i.e. how frequent these reactions actually take place.
Throughout this paper, we focus on situations in which k, = k3. Reaction R, for instance, describes the
interaction between two cooperators leading to 2r ‘molecules’ of cooperator gain G,, since according to the
payout table of section 2.1 each cooperator receives a payout r. The same logic applies to the other reactions.
As in the context of chemical reactions, the dynamical system described by the reaction network
equation (1) is a microscopic stochastic system. In the case of homogeneously mixed populations, which we
focus on in this paper, two players are selected randomly from the available pool of N players (C, D) in order
to play a game (reaction) in accordance with the reaction rates/frequencies ki, k, k3, k4 of such games. This
random selection of players and reactions introduces (demographic) stochasticity into the system. If we run a
number N of sequences of such games and perform an ensemble average over A/ sequences, in the limit
N — oo we can describe the system using a coarse-grained (mesoscopic) description in terms of probability
distributions (see figure 3). In this mesoscopic level of description we can formulate an analytic stochastic
model as will be described in section 2.3. As usual, the stochastic effects wash away at long time scales
(t — 00) as well as for a very large number of players, i.e. in the thermodynamic limit N — co. In the latter
limit, the dynamics of the system reduces to classical rate equations. In section 4 we will describe in greater
detail how to simulate the reaction network equation (1) at the microscopic level. Below, we formulate and
extract useful information from the other two levels of description.

2.2.1. Macroscopic rate equations
As mentioned above, for a large number of players N — 0o, the dynamics of the network equation (1) is
determined by classical rate equations. As is typical in the context of chemical systems, given the network

6
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Figure 3. Diagrammatic representation of the different levels of description of the system equation (1) which we employ in this
paper.

equation (1) one can readily apply the law of mass action, and assuming k, = ks, the kinetics result in two
uncoupled ordinary differential equations (ODEs) for the net payouts,

g = 26116 + 2K,scd,
§1=2kyTed + 2k4pd”.

Here the quantities g., g4, ¢ and d represent the average density of quantities/populations of G;, G4, C, D in
equation (1) and when N — oo. For instance g. = (%) |N— oo~ Similarly, %1, k3, k3 are average reaction rates
for the densities g.,g4,c and d, i.e. k; = (ki N)|N—o0- The ‘dot’ appearing in the various quantities stands for
the time derivative 9/9t, for instance g, = % gc. We note that the total number of cooperators ¢ and defectors
d is constant in time and hence equal to the microscopic quantities, that is ¢ = (£)|y—00 = & and

d= (%) IN—oc = 2. The ODEs above are the same as those appearing in [33] with an appropriate choice of
parameters.

The population of species g. and g, at time ¢, correspond to the total gain from the cooperation and
defection generated in the interaction between the players. The profit generated per cooperative decision is
simply p. = g./c and for the defector decision p; = g4/d, assuming that the gain from cooperation and
defection is divided equally between agents that follow the corresponding strategy. It is straightforward to
solve these simple ODEs assuming zero gains as an initial condition, yielding

Pe(t) = (2r1rc+ 2625d) t , pa(t) = (2RaTCc+ 2K4pd) t. (5)
It is useful to compare the profits acquired by cooperators and defectors by computing the profit ratio

pe(t)  Kirc+ kpsd
pa(t)  Kapd+ryTC

pr= (6)
If we assume that the principle governing group evolution is the maximisation of the average profits then
from p, we deduce that cooperation is favoured if p, > 1 (which is a possible scenario for many choices of
parameters) and defection is preferred otherwise. We will return to this analysis in more detail in section 3.
The average profits are the only quantities of interest that can be extracted from the macroscopic rate
equations, and hence this macroscopic level of description does not contain additional information about
the reaction network. Below, we formulate the mesoscopic stochastic model depicted in figure 3.

2.3. Stochastic formulation of cooperation games

The mesoscopic stochastic model of the chemical reaction network equation (1) can be formulated using
methods from quantum mechanics applied to the notion of stochastic Petri nets for complex systems, as
described in [39] and which we briefly define. A stochastic Petri net consists of a set of species S and a set of

7
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transitions R together with the existence of three functions: f; : & x R — N where N is the set of natural
numbers, specifies how many copies of each species appears as input for each transition; f, : S x R - N
specifies how many copies of each species appears as output for each transition; and f; : R — (0, 00) specifies
the rate k; for each transition. From this point of view, it is obvious that equation (1) can be regarded as a
stochastic Petri net.

Associated to each stochastic Petri net is a master equation that specifies how the probability that we have
a given number of each species changes with time. In particular, consider a reaction network consisting of ¢
species S = {s1,...,s¢} and reactions R = {Ry, ..., R;} with corresponding rates K = {ky,...,k;}. A given
state of the population at a particular point in time is characterised by the number of individuals of a given a
species i = (ny,, 15, - .., n5,) While the generating function

P(t2) =Y pa(z 2.2 =Y pal(t)Z", (7)

gives the stochastic characterisation of the population, where we have defined 77 = z," z.* ... zo.* . In
particular, the generating function P(t,Z) states that at time ¢ the population is at state # with probability
pi(t). Here the variable z is interpreted as a creation operator in the quantum language, in particular al =z,

is an operator that adds one individual of the species s; to the population, and a,, = 0;, = 82_ is an

annihilation operator removing one individual of the species s; from the population. The creation and
annihilation operators satisfy the commutation relations

[asi,aﬂ =05 5 (8)

where d5;, the Kronecker delta.
The dynamics of the stochastic system is determined by the dynamics of the generating function P(t,7)
which satisfies the master equation

%P(t,f) =HP(1,Z) , 9)
akin to the evolution equation for a density matrix in quantum mechanics, where H is the Hamiltonian of
the system (or the infinitesimal generator) and constructed from the reaction rates k; and the
creation/annihilation operators a;f[ ,ag,. In particular, if we let ay; (res. 8;;) be the number of individuals of
species i that are consumed (res. produced) by reaction R; on a stochastic Petri net, the Hamiltonian H takes
the general form [39]

1
¢ Bi e oy ) Y e
H:ijHRj ) HRj:Hi:1 (“i) ]'Hizlasxj_nizl (asTi) ]'Hi:ﬂs,'J ) (10)

j=1

where Hp, is the contribution to the Hamiltonian for reaction R;. At this point, we have described a general
prescription for turning chemical reactions networks into stochastic Petri nets with an associated master
equation. The Hamiltonian here represents the infinitesimal generator of the underlying Markov process,
which evolves the probability generating function in time. It is important to note that one can formulate this
master equation using classical methods [51, 52]. However, using quantum methods is quite advantageous as
it provides a direct route for obtaining the master equation by a straightforward computation of the
Hamiltonian allowing for analytical tractability of various observables such as the variance of the profit
distribution. In general, the usage of this quantum formalism allows us to model finite populations (with
potentially varying species number) while taking into account the effects of demographic stochasticity
arising from random interactions between agents. Below, we introduce the specific stochastic models that we
study throughout this paper.

2.3.1. Mesoscopic stochastic model

Given the general considerations on stochastic Petri nets described above, we now turn the specific chemical
reaction network equation (1) for scenario (a) in figure 1 into a stochastic model for cooperation games. As
mentioned earlier, stochastic Petri nets require that f;, f, € N which, for the reaction network equation (1),
implies that the payouts must be non-negative, i.e. 7,7, p,s > 0. This can in general be achieved by a rescaling
of the payouts. In fact, we are always able to rescale the payouts so that min{7,7,p,5} = 0 and

max{7,7,p,5} = 1, where 7,7, p,5 are the rescaled payouts. This reduces the number of parameters we have to
fix from four to two. However, for clarity we will work with the non-rescaled payouts but impose the
condition 7,7, p,s > 0, except when otherwise stated.
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For the specific reaction network equation (1) we have 4 different species S = {C, D, G, G;} and hence
we introduce the total population of each species by 7 = (1., 14, 16,, 11, ). Using these, we can define the
generating function equation (7) as

P(t,2) = Zpﬁ(t) szzZ"zgjfzg;d ) (11)
i

obeying the master equation (9). In order to completely specify the evolution of the systems, we must
provide the Hamiltonian H. Using the general prescription of equation (10) the Hamiltonian for
equation (1) takes a simple form

H=k ((aé{)zr - 1) (a;r)zaf + 2k, ((aTGd)T (aTG[)S - 1> aIa;acad
s (o)1) (al) (12)

where we remind the reader that we have set k, = ks;. Conveniently, the master equation (9) in this case can
be solved exactly. We consider the initial condition in which we have a Cy number of cooperators and a Dy
number of defectors, as well as vanishing gains. Therefore, at t = 0 the generating function takes the form
P(t=0,7) = 252", Since, as we noted in section 2.2, the number of cooperators and defectors does not
change in time, the solution to equation (9) is simply

P(1,2) = P (0,2) = & (e mea)iz 0 (13)
where the function v(zg,, zg,) is given by

"}/(ZGC,ZGd) = k1C0 (C() — 1) (ZZGC — 1) +2k2C()D() (ZEAZSG[ — 1) —+ k4D0 (DO — 1) (ZZGI; — 1) . (14)
From equations (13) and (14) it is obvious that at 7= 1= (1,1,1,1), the function v(zg,, zg,) vanishes and
the generating function equals unity. This is equivalent to the sum over the probabilities of all possible
population states, as can be seen from equation (7).

In this stochastic formulation, equation (13) allows us to define and study different observable quantities
of the system. For instance, we can define observables corresponding to the profit rate for each strategy Pc
and Pp which count the profit accumulation per unit time, per individual of a given strategy. These
observables are the equivalent of the total profits that we defined for the macroscopic rate equations
equation (5). More precisely, in order to compute expectation values of such observables from equation (13),
we define the observable as an operator, act with it on the generating function P(t,7) and set all Z= 1 in
order to obtain the average profit over all possible states. Therefore, we define the profit rate operators Pc and
Pp according to

. 1 - 1

p-— N Po— N 15
c G D= 1o Néi- (15)

where N;, = ai_ as, = z,,05, 1s the number operator for species s; and counts the number of individuals of each
species in a given state. Explicitly computing the average profit rates we find

(Pc)
(Pp)

(t,2)| .y = (Pcy) tP(t,2)| ,_; = (2rk; (Co — 1) + 2kpsDy) (16)
(t,Z)‘Z 7= (pD’y> tP(EZ) T (2Tk2C() +2pk4 (D() — 1)) . (17)

avl

b.p
PpP

From these average profits, the profit ratio equation (6) of the preceding section is recovered in the limit of
large number of players. Precisely, we define the fixed fraction of cooperators and defectors according to
c¢=Cp/Nand d = Dy/N where N = Cy + Dy as well as scale the reaction rates such that k; —  leading to
the ratio of profit rates at finite N given by’

N <PC> 161 (eN—1) 4 kpsdN
b= (Pp)  KaTeN+prg(AN—1)

(18)

13 The rationale behind this scaling relation for the reaction rates is rooted in analogous contexts in biomolecular reactions in which
reaction rates in equation (1) would scale with the volume. In the present context, we wish to guarantee that per unit time we obtain the
same number of interactions per individual in the limit N — oco.
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Given this expression, we can take the thermodynamic limit N — oo and find that p° = p, where p, is given
in equation (6). Hence, as advertised, in the thermodynamic limit we obtain the average profit rates resulting
from the macroscopic description.

In addition to the expected values for the profits, it is possible to obtain a lot more detailed information
about the profit distribution, which was not accessible using the macroscopic description of section 2.2.1. In
particular, we can obtain the variance of the profit distribution by defining appropriate operators, in
particular the variance is obtained via

. 2
Var (bc) = B (12 - (b = LD 200k 09)
2C0k27'2 +4 (Do — 1)p2k4)

tD, ’

Var (PD) = P%)P(t,é’) ’Z:T - <PD>2 = ( (20)
that is, by acting twice with the profit operators Px with X € {C, D} and subtracting the contribution from
the average profit rates. Clearly, the variances scales with time as 1/t while the expectation values for the
profit rates are constant in time, implying that stochastic effects vanish a very long times t — co. In addition,
if we perform the same scaling of the various quantities as above equation (18), we find a realisation of the
central limit theorem Var(Px)'/? ~ 1/+/N in the thermodynamic limit N — co.

Besides the expected values and the variances, it is possible to obtain the moment generating function
Mp, (s, t) analytically for the profit rate operators Py for any finite population size. The moment generating
function is defined by the expectation value of the exponential of Px, multiplied by a dual parameter
sy € {s¢,54} such that'*

My, (55, 1) = (e%Px). (21)

In appendix, we show precisely that the moment generating functions for the profit rate operators are given
by the general form

Mp, (s1,1) = exp (Ac (s, 1) 1) , (22)

where the function \,(sy, t) reads
Ae(sert) = ki Co (Co— 1) (75 — 1) +2kCoDy (€5 — 1) (23)
A (4, 1) = 2k2CoDy (eT‘;Tdo - 1) 4 kDo (Do — 1) (eZP% - 1) . (24)

Hence, in the context of this simple stochastic model, the moment generating function is exactly calculable
and provides insight into all statistical moments of the profit rates. The moment generating function will be
crucial in the analysis of the Nash equilibria when considering individuals that are risk-averse, as we will see
in section 3. In section 4 we will show how the microscopic analysis captures the observables that we defined
in this stochastic formulation. Below, we introduce the more general models that can capture scenarios (b)
and (c) in figure 1.

2.3.2. Stochastic models for more general scenarios

As mentioned in section 1 we are interested in modelling the various scenarios depicted in figure 1. In the
previous sections, we described scenario (a) in detail. However, in order to describe the presence of rogue
individuals, it is necessary to formulate a more general chemical reaction network than the one introduced in
equation (1). Since the analysis is very similar to the previous sections, though more cumbersome, we
describe these models briefly. The most general model is that of scenario (c) where the gains of each
cooperator or defector are not shared among the other individuals but accumulated individually. Therefore,
consider the following reaction network where we distinguish each cooperator C; and each defector D; such
that

R :C+GYC+C+r(G+Gl) Vitj (25)
Ry:Ci+ Dy 2 G + D+ 7GE + 56, (26)
R32Di+ckk—3)Di+Ck+TG;+SGlg, (27)

14 The parameter sx can be interpreted as a dual chemical potential to the operator Py.
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Ryt Dy+ Dy = D+ Dy+p (Gi+ Gh) Wk#1. (28)

In general each of these C; and D; can stand for entire groups and G. and G/, for the gains associated to each
of those groups. Hence, the reaction network above is able to describe games between groups of different
sizes. However, we do not consider such possibility here and focus on the case in which each C; and D; are
composed of just one individual. In this case, we have that C; withi = 1,...,Cp and Dy withk=1,...,Dy
where Cy and Dy are the total number of cooperators and defectors, respectively. Following the same
footsteps as in the case of scenario (a) we find that the Hamiltonian for the reaction network equation (25) is
given by

CO r r CO DO T N
O W (CHICHE REEES o ol (M CH B IS

1,j=1 i=1 k=1

i#j
Do p P

w3 ((afy) (af,)" 1) Mo, (29)

k,l=1
i

where we have again focused on the situation in which k; = k3 and where we have defined N¢, = aTC,-aC, and

Np, = a};[ ap as the number operators for each type of individuals in the population. The individual creation
and annihilation operators now satisfy commutation relations of the form

[aq,az]] == [QGQQTGJ-] , (30)

and likewise for the operators associated to Dy. As we are now tracking each individual, we are interested in
the individual profit rate operators defined as

P, = (31)

Similarly to scenario (a) we can also obtain the moment generating function for these profit rate operators
analytically. This can be computed in a similar fashion as outlined in appendix leading to

Mc, (3) = (€ F4) = exp (A, (1) 1), Mp, (&) = (€%7) = exp (Ap, (8¢ 1) , (32)

where the functions Ac,(y;) and Ap, (k) are given by
Ao, () = 2k (Co—1) (€77 —1) +2kDy (7 1)), (33)
5 s
A, (8k) = 2k2Cy (eTTk _ 1) 42Ky (Dy— 1) (ePTk — 1) . (34)

From the general reaction network equation (25) and the Hamiltonian equation (29) we can recover the
reaction network for scenario (a) in equation (1) and the Hamiltonian equation (12) by simply not
distinguishing between cooperators and defectors such that C; = C and D; = D for all i and similarly for the
associated gains. By the same token we can obtain from the reaction network equation (25) the reaction
network for scenario (b) in which only cooperators C share their profit equally and defectors Dy keep their
gains to themselves. This is obtained by not distinguishing between cooperators such that C; = C, Viand
similarly for the gains G;. In this case the chemical reaction network is

R:CH+CY CHC+2G. Vi (35)
Ry: C+ Dy 2 C+ Dy + 76k + 5G., (36)
Rs: Dy +C 5 D+ C+ 7G5+ 5G., (37)
R45Dk+le—4>Dk+Dl+p(G§+Gij> Vk#L (38)

In this scenario, the moment generating functions for the profit rate operators Pc and Pp, take the form
Mc(s) =exp(Ac(se)t) . Mp, (6) = exp (Ap, (k) 1) , (39)

where Ac(s;) is given in equation (23) and Ap, (0x) given in equation (34) with k, = k3. This concludes our
formulation of the stochastic models. We will now use these results to study Nash equilibria and the
emergence of cooperation in the finite population setting.
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3. Nash equilibria and the emergence of cooperation

Our interest in this paper, as highlighted in section 1, is to uncover a general mechanism that can lead to
cooperative behaviour in sizeable populations. To understand whether cooperation occurs in the models that
we described in the previous section, we need to understand the Nash equilibria in the dynamics of the
reaction networks. However, the very definition of Nash equilibria requires that we prescribe a utility
function that every individual or group of individuals wishes to maximise. In this section, we will analyse
Nash equilibria using two types of utility functions, which are readily computed using the results of the last
section. The first is based on maximisation of average profits in the long run, which is the typical measure
assumed in most literature. The second measure is the novel utility function that we propose, which
postulates that individuals are risk-averse and hence wish to maximise their minimum payout with a certain
confidence level. We will show that this second measure can lead to cooperative behaviour. Note that the
results of this section hold for finite populations and do not require taking a thermodynamic limit.

3.1. Utility based on average profit

In the models we described in section 2 the number of cooperators and defectors are fixed in time.
Nevertheless, we can obtain the possible Nash equilibria by considering whether there is an incentive for an
individual to switch strategies given a set of payout parameters and a specific population composition. To
this end, we observe that the expected profits per time for each type of player obtained in equation (16) for
scenario (a) can be written as

(eN—1)
- 2r——=42s(1— h 1 1
Pe(o) = (Pe) :{ r s~ +2s(1—c) whence[l/N,1] (40)
0 else
(1—ON-1)
. 2 2p——= h N-1)/N
Pp(c) := (Pp) = {O”“L PN Zs:nce [0.(N=1)/N] (41)

where c € {n/N|n=0,...,N} is the fraction of cooperating players in the population, so Cy = cN, and we
have set the rates k| = k, = k3 = k4 = 1/N. The reason for focusing on the case in which all reaction rates
scale as 1/N is to not introduce any biases in the model and make it equally likely for every individual to play
a game with any other individual. Working with different reaction rates may be interesting but requires an
explanation of why, for specific systems, it is more likely, for instance, for cooperators to meet defectors than
for defectors to meet other defectors. Such contexts would be equivalent to postulating the pre-existence of
selection biases into the population structure. However, we are interested in understanding whether
cooperation can occur without biasing the system or postulating effects due to other mechanisms. Given this
and the profit rates equation (40), we define Nash equilibrium according to

Definition 1 (Nash equilibrium). Nash equilibrium is given by a point ¢, with
Pp(ca) 2 Pc(cut1) and  Pc(cn) 2 Pp(ca-t), (42)

where ¢, :==n/N.

This definition expresses that the fact that Nash equilibrium requires that there is no incentive for either
cooperators or defectors to change strategies and begin defecting or cooperating, respectively. Before using
this definition in order to study specific examples, it is useful to consider a few properties of the average
profits. In particular, the expressions in equation (40) are linear functions in ¢ with 9/9cPc(c) = 2(r —s) and
0/0cPp(c) = 2(T — p). The profit per time is thus increasing in ¢ for both cooperators and defectors in all the
games we consider here. We also have the useful formulae

PC(1>:25(N_1) 7 PD<1>:2(p(N—2)—|—T)’

N N N N

PC<N§1>:2(T(N§2)+5) 7 PB(NZ;1>:27'(I;IV—1) .

(43)

By using these expressions, we can analyse the Nash equilibria that arise in the three different types of games
that we introduced in section 2.1. We focus mostly on scenario (a) but we comment appropriately about
differences with respect to the other two scenarios.
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Figure 4. The profit rate of the PD game for defectors (yellow) and cooperators (blue) in a population of N = 10 as a function of
the population composition ¢ with 7 = 1,7 = 0.8,p = 0.2 and s = 0. The arrows indicate that an individual of the type the arrow
points from has an incentive to switch to the type the arrow points to.

3.1.1. PD

As we mentioned at the beginning of section 2.3.1 it is possible to rescale the payouts and to work, without
loss of generality, with rescaled payouts. In practice, we can set 7 =1 and s =0 such that r > p. As it is well
known, in the single shot PD game the Nash equilibrium based on individual profit maximisation leads to no
cooperative behaviour, that is c = 0. Here, though we work with group fitness maximisation, we also obtain
the following lemma:

Lemma 2 (Nash equilibrium for PD). In the PD game there is a unique Nash equilibrium at ¢ = 0.
Proof. For ¢ =0 to be a Nash Equilibrium of the PD, we must have that

_2(N-1)p

N 2 0=Pc(I/N), (44)

which is always satisfied since p > 0. In turn, for ¢ =1 to be a Nash equilibrium of the PD, we must have that

which is never satisfied since 1 > r. On the other hand, for ¢, with 1 < n < N — 1 to be a Nash equilibrium we
must have

2(n+ (N—n—1)p) _ 2nr

Pp(n/N) = N > W:PC((iﬂ-l)/N) (46)
and
2(n—1)r _ 2(n—1+(N-—n
pe(n/) = 20 20 L) p gy ). (47)
However, equation (46) and (47) cannot be satisfied simultaneously. This completes the proof. O

We illustrate the Nash equilibrium occurring in the PD in figure 4. As it is clear from the figure, for any
non-zero fraction of cooperators ¢, there is always an incentive for cooperators (blue circles) to change their
strategy and begin defecting (orange circles). The only possible Nash equilibrium is when ¢ = 0 and the
entire population is composed of defectors. This analysis does not change if we consider scenarios (b) and (c)
instead of scenario (a).

13



10P Publishing J. Phys. Complex. 6 (2025) 015010 J Armas et al

._,.
1.5} /P 15" \. ® |
g10 <—/ g10 ‘\:\.\.
a Y[ : - 1.0 ]
< : \.\. « : \
05t \ 1 0.5-
0.0 ‘ ‘ ‘ E 0.0 ‘ ‘ ‘ 2
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

C C

Figure 5. The profit rate of the SH game for defectors (yellow) and cooperators (blue) in a population of N = 10 as a function of
the population composition ¢ with 7 = 0.7,r = 1,p = 0.4 and s =0 (left) and 7 = 0.99,7 = 1,p = 0.4 and s =0 (right). The
arrows indicate that an individual of the type the arrow points from has an incentive to switch to the type the arrow points to.

3.1.2. SH

In the SH game, it is again useful to work with rescaled payouts. In particular, we are free to set r =1 and

s =0, without loss of generality, leading to the inequality 7 > p. In the two-player SH game, it is known that
there are two possible Nash equilibria, one in which both players defect and another in which both players
cooperate. We recover this result at the level of two groups of arbitrary players, specifically this leads to the
following lemma:

Lemma 3 (Nash equilibrium for the SH game). In the SH game there are exactly two Nash equilibria: one at

c=0andoneatc=1.

Proof. For ¢ =0 to be a Nash Equilibrium of the SH game, we must have that

po(0)= 202 5 0= peym), (48)

which is always satisfied since p > 0. For ¢ =1 to be a Nash equilibrium of the SH game, we must have that

Py <N—1) _2(N-D)7 o 2(N-1)

N N < N =Pc(1), (49)

which is always satisfied since 1 > 7. On the other hand, for ¢, with 1 < n < N — 1 to be a Nash equilibrium
of the SH game we must have

2(nmr+(N—n—1)p) _ 2n

Pp(n/N) = N = N Pc((n+1)/N) (50)
and
2(n—1 2(n—1)7T+(N—n
Pe(n/Ny = 202D 5 2= DTHWN=mp) _p gy . (s1)
N N
However, equation (50) and (51) cannot be satisfied simultaneously. This completes the proof. O

We illustrate the Nash equilibria occurring in the SH game in figure 5. As for the PD game, the results
presented here also hold for scenarios (b) and (c). We highlight that in contrast with the PD game and the HD
game that we analyse below, in the SH game, cooperation is possible when the utility function is the average
profits. This shows that while such utility may lead to cooperation in specific games, it does not in general.

3.1.3. HD

In the HD game we also work with rescaled payouts, namely 7 = 1 and p = 0, without loss of generality,
leading to the inequality r > s. In the two-player HD game, there are at most two Nash equilibria in which
one player is cooperating, and the other is defecting. Indeed, we recover this result at the group level, in
particular we have the following lemma:

14



10P Publishing

J. Phys. Complex. 6 (2025) 015010 ] Armas et al

15) \:\‘ 15 \:\.
<10 =D - =10 \:\. ]
o 2" o ]
o / o 9
05¢ /’/’ 1 05) o 1
/~ 1
0.0 ‘ ‘ ‘ 2 0.0 / ‘ ‘ ‘ ‘ o
0.0 02 0.4 06 08 1.0 0.0 0.2 04 06 0.8 1.0
C C

Figure 6. The profit rate of the HD game for defectors (yellow) and cooperators (blue) in a population of n =10 as a function of
the population composition c with 7 = 1,r = 0.8,p = 0 and s = 0.3 (left) and 7 = 1,7 = 0.8,p = 0 and s = 0.1 (right). The
arrows indicate that an individual of the type the arrow points from has an incentive to switch to the type the arrow points to.

Lemma 4 (Nash equilibrium for the Hawk Dove game). In the HD game there is exactly one Nash
equilibria at

Ns—r+1 Ns—r+1
= i Z 52
{ l1—r+s J f 1—r+s # (52)
and there are exactly two Nash equilibria at
Ns—s Ns—r+1 .. Ns—r+1
= d = € Z. 53
" 1—r+s and. 1—r+s if 1—r+s (53)

Proof. For c=0 to be a Nash equilibrium of the HD game, we must have that

2(N=1)p _ 2(N—1)s

P = =
p(0) = 2 o

= Pc(1/N), (54)

which is never satisfied since p <s. For c =1 to be a Nash equilibrium of the HD game, we must have that

N - N S —PC(l)a (55)

P, (N—l) _2N-1) 2(NN—1)r_

which is never satisfied since r < 1. For ¢, with 1 < n < N—1 to be a Nash equilibrium of the HD game, we
must have

Py (n/N) = 2 5 209 LY

=Pc((n+1)/N) (56)

and

Pc(n/N) = =Pp((n—1)/N). (57)

Equation (56) and (57) are satisfied when

Ns—s cne Ns—r+1 (58)
— <n —.
l—r4+s = 1—r+s

The difference between the upper and lower bounds of equation (58) is one. We also have that

Ns—r+1 Ns—s
Mol N and 0<—" <N, (59)
1—r+s 1—r+s

so that there always exits at least one integer # satisfying the condition. O
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In figure 6 we depict the Nash equilibria in the HD game, which always involve a non-zero fraction of
cooperators and defectors. The same results hold for scenarios (b) and (c) in figure 1. Note that the
possibility of two adjacent Nash equilibria here is a finite size effect. As we take the population size to infinity,
these equilibria will merge. Note also that this does not contradict the fact that there is a single Nash
equilibrium in the two player case (N = 2), as the condition for the existence of a second Nash equilibrium
equation (53) requires the population size to satisfy the inequality N > 2. Of the different games we study
here, the HD game is the only one in which, assuming a utility function based on profit maximisation, finite
size effects change the Nash equilibria structure.

3.2. Utility based on risk aversion

In the previous section, we assumed that the utility of an individual in our population was given by the
expected profit. The actually realised profit, however, is a random variable. If our population consists of
individuals that are risk-averse, they may seek to maximise another utility function in a given time range. A
risk-averse utility function can be defined as the minimum payout p'" they would receive with a given level
of confidence «. This leads to the definition

Definition 5 (Risk-averse utility). The risk-averse utility with risk aversion parameter « is the payout pin,
min

for which the probability of receiving a payout greater or equal to p™" is a, i.e.
P[Px(c) = pi™] = a. (60)

This gives us a generalised notion of risk aversion; a risk-averse agent is defined as one that prefers a sure
bet over an uncertain one that has a higher expected utility but a minimum payout lower than what is
guaranteed by the sure bet. Definition 5 generalises this to an agent who prefers an ‘almost’ sure bet to one
that has a higher expected utility but a lower ‘almost’ guaranteed payout. The threshold at which the agent
would consider a payout as ‘almost’ certain (« in definition 5) determines the agent’s degree of risk aversion.
The highest level of risk aversion is realised when a: = 1, which corresponds to the case in which the players’
utility is given by the maximin value. Here, the agent chooses the action that gives the highest
100%-guaranteed payout. With a threshold smaller than 1, say v = 0.8, the agent will choose the action that
gives the highest 80%-guaranteed payout.

The difficult task at hand is to explicitly compute pii" for a given distribution of payouts and a given
fraction ¢ of cooperators. It is possible to have some analytic control by parameterising the risk aversion
based on the concept of Entropic Value-at-Risk introduced in [53]. In particular, it was noted in [53] that the

min

probability that the payout is less than a value pF™ is bounded using Chernoff’s inequality,
P [Px(c) < p?i“] < efsxp’“gmMpX(c) (sx) forall s,<O0, (61)

where Mp, () (sx) is the moment generating function of Px(c). We see precisely the appearance of the moment
min

generating function which, for the models we study here, we computed in section 2.3. We can solve for p¥
in the inequality e X" M, pe(0)(2) = 1 — o, yielding a lower bound on p™ such that

p)r?in >s5.'In [(MPX(C) (sx)/(1— a)} ) (62)

The utility is hence lower bounded by the maximal value of the right-hand side in the above expression. As
the inequality holds for all values of s, < 0, the most stringent lower bound is obtained by the supremum
over s, < 0. This gives a conservative estimate of the utility, which we define as the conservative risk-averse
utility according to

Definition 6 (Conservative risk-averse utility). The utility of an agent of type X € {C,D} with risk-
averseness « in a population of concentration ¢ is lower bounded by the conservative risk-averse utility U (c):

Ug (c) = 3 {PR" (1 —a,s0) )
with
PR (1 —ayse) = s, In [Mpy( () / (1 —a)] ()

On the other hand, we can also find an upper bound for the utility pi for which P[Px(c) > p¥i"] = o by
using the Chernoff bound in the other direction, specifically

min

P [Px(c) > "] < e %% Mpy (o) (sx) forall s.>0. (65)
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Figure 7. The utility for the PD game for scenario (a) based on definition 6 (with At = 1) for defectors (orange) and cooperators
(blue) in a population of N = 10 as a function of the population composition ¢ with 7 = 1,r = 0.8,p = 0.2,s = 0 and

a =0.05,0.5,0.95 (left, centre, and right respectively). The arrows indicate that an individual of the type the arrow points from
has an incentive to switch to the type the arrow points to.

min

By using steps similar to the ones above, one can show that py'” is bounded as
U () <pX™ < VR (o) (66)

where

x>0 | Sy o

Ve (c) = inf {1 In (MPX“’ (S")> } . (67)

One of the important aspects of the risk utility function is that it is a time dependent function. This is clear by
looking at the form of the moment generating function Mp, () appearing in equation (23). This means that
we must specify a timescale on which the players wish to maximise their utility. As advertised in section 1 this
makes sense in biological contexts, for instance, in which living systems may wish to guarantee a minimum
of resources during a specific stage of development. It is worth noting that at very long time scales (t — 00),
both bounds of the utility function in equation (66) become the expected profit rates equation (40) used in
the previous section. This means that the risk utility function defined here is continuously connected to the
utility function based on average profits. However, if the individuals are interested in maximising their
payouts on a shorter time interval, say At, random fluctuations will influence their actually realised profit.
These fluctuations occur due to the stochasticity of the interactions. Firstly, there is stochasticity in the
number of interactions that occur in the time interval. Secondly, there is stochasticity in which interactions
occur. The probability of observing a particular interaction is proportional to the product of the prevalence
(in the population) of the types involved in the interaction. The conservative utility function equation (68)
with t = At then gives the best possible bound on the minimum value of the profit rate an individual may
expect to receive with confidence «. For the model we are considering, in particular for scenario (a), we have

U3 (c) = sup {s; ' (A (s, A) At —In(1—)) }. (68)

5x<0

Note that the conservative risk-averse utility of definition 6 satisfies the usual conditions for a risk
measure to be considered coherent. In particular, it is translation invariant, subadditive, monotonic and
positive homogeneous (see [53]). This is in contrast to other measures of risk, such as Value-at-risk (which is
not subadditive) and mean-standard-deviation (which is not monotonic). Other coherent risk measures are
the worst-case and the conditional value-at-risk introduced in [54, 55]. Our motivation for using the
entropic value-at-risk is its explicit use of the moment generating function.

In the remainder of this section, we will analyse the Nash equilibrium structure of the various population
games using the conservative risk-averse utility function equation (68). We note that Nash equilibrium is
now defined as in equation (42) but with Px(c) exchanged by pi"(c) for a given confidence level . We also
note that we cannot calculate the supremum in equation (68) analytically, but we can calculate it numerically
given all model parameters. In section 4 we will compute p® numerically instead of working with lower
bounds on pi. Below, we also note the various differences for scenarios (b) and (c).

3.2.1. PD

In figure 7 we see that the risk-averse utility leads to the possibility of a second Nash equilibrium in the PD at
¢ =1 for a timescale of At = 1 and for scenario (a). At first this result seems counter-intuitive as one would
expect a defector to thrive in a community where they are the only defector. The existence of the Nash
equilibrium is due to the large variance a single defector faces when they are the only defector (or when there
are very few defectors), which comes from the possibility that the defector is not chosen to play. If a
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of a and At for which only one Nash equilibrium (NE) at ¢ =0 (the all D population) exists. In the blue region, a second Nash
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Figure 9. The risk-averse utility for the PD game for scenario (b) (with At = 4) for defectors (orange) and cooperators (blue) in a
population of N = 10 as a function of the population composition ¢ with 7 = 1,r = 0.8,p = 0.2,s = 0 and o = 0.05,0.5,0.9
(left, centre, and right respectively).

cooperator is not chosen to play in such a population, they may still obtain profit from the gain by all the
other cooperators. The defector has no such ‘safety net’ to rely on. From this, and as earlier advertised, we
can conclude that risk aversion can lead to cooperation. Figure 8 shows for which values of « and At the new
Nash equilibrium at ¢ =1 (corresponding to a totally cooperating population) emerges. As expected, the
region shrinks when the timescale on which players base their utility At is increased. However, the new Nash
equilibrium is present for a large range of & and At values, showing that it is a robust feature of the model.
We also note that the phase diagram in figure 8 also indicates that for a given At, there is a corresponding
threshold for « (the phase separation curve) above which cooperation emerges. This threshold can
presumably dependent on the context and could, for instance, be related to the minimum resources needed
for a given insect in a colony. In turn, if we look at scenario (b) in which we consider a group of cooperators
playing against rogue individuals, the results depicted in figure 9 are qualitatively the same as those of
figure 7 for just two groups of cooperators and defectors and the phase diagram is identical to figure 8.
However, in scenario (b) the effects of risk aversion are more pronounced since the emergence of the second
Nash equilibria appears for much lower fractions ¢ of cooperators compared with scenario (a). We note that
in both scenarios (a) and (b), the emergence of the second Nash equilibrium appears for any population size
with N > 3.

When the utility is based on the model equation (25) for scenario (c) where the cooperators and
defectors do not share their gains with other players, but instead keep their gain individually, the new Nash
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Figure 11. The utility for the HD game based on definition 6 for scenario (a) with At = 1 for defectors (yellow) and cooperators
(blue) in a population of N = 10 as a function of the population composition ¢ with 7 =1.0,r = 0.8,p = 0,5 = 0.3 and
a =0.05,0.2,0.5 (left, centre, and right respectively).

equilibrium is not present. This implies that the second Nash equilibrium is a consequence of group fitness
(i.e. sharing of profits among individuals of like species) combined with risk aversion.

3.2.2. SH

In figure 10 we see the effect that risk aversion as defined in definition 6 has on the Nash equilibrium
structure of the SH game for scenario (a). In this case, the addition of risk aversion does change the shape of
the utility functions, but it does not have a significant effect on the Nash equilibrium analysis. We note that
in scenarios (b) and (c) the results are qualitatively similar to figure 10. It is important to note that though
this new risk-averse measure does not improve the emergence of cooperation in the SH game, it has the
interesting property that it also leads to the emergence of cooperation in the same way that the utility based
on average profits in section 3.1.2 did. Therefore, the risk aversion utility of definition 6 is generically leading
to cooperation.

3.2.3. HD

For the HD game, we see in figure 11 that the inclusion of risk aversion has a strong effect on the Nash
equilibrium structure for scenario (a). A small value of « already leads to a state in which a population with
only cooperators becomes a Nash equilibrium, in addition to the already existing Nash equilibrium at a finite
fraction of cooperators, which we observed in section 3.1.3. As « is increased, the Nash equilibrium with

¢ =1 becomes the only Nash equilibrium. The phase diagram in figure 12 on the left shows the number of
Nash equilibria for the HD game as a function of o and At for scenario (a). The blue region, where only the
Nash equilibrium at a finite fraction of cooperators increases in the late time limit, as expected from the
analysis in section 3.1.3.

As is the case of the PD game, the appearance of the second Nash equilibrium for ¢ =1 is a feature of the
sharing of profits among players with like strategies combined with the risk aversion utility. If we instead
consider scenario (c) then we do not see the appearance of this new Nash equilibrium but only the other
Nash equilibrium at a non-zero fraction of c. The value of ¢ where this Nash equilibrium sits does change as a
function of o and At, moving towards ¢ = 1 as o becomes larger and At becomes smaller. In this situation,
even though the second Nash equilibria does not appear, there is still a sense in which risk aversion can lead
to cooperation as the Nash equilibrium moves towards c = 1.

Interestingly, in scenario (b), the middle region of the phase diagram on the left of figure 12 where both
Nash equilibria are present disappears. In this case, the location of the Nash equilibrium at a finite fraction of
¢ is moving towards ¢ =1 as « is increased and there is no region where both Nash equilibria are present. The
phase diagram for this scenario is shown in the right panel of figure 12. In this case, the solution without risk
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aversion is the one where some part of the population cooperates to ensure that profit is gained, while the rest
of the population free rides on their cooperation. Here, the risk experienced by the defectors at the classical
Nash equilibrium has two sources: (1) as before they may not be selected to play the game, in which case they
do not obtain profit; (2) the population at the classical Nash equilibrium may contain many defectors. This
means that even if they are selected, they may earn the lowest possible profit by being paired with another
defector. If the defectors share their profits, they can mitigate the risk coming from both of these sources.

We conclude this section by noting that the risk aversion utility function of definition 6 leads to
cooperative behaviour in all the games we studied in this paper. In this section, we improve our analysis by
performing stochastic simulations and determining the precise value of pi®(c) for a given « for the different
games.

4. Microscopic stochastic simulations

In this section, we study the reaction network equation (1) at the microscopic level using stochastic
simulations. We will precisely recover several of the observables that we computed using the mesoscopic
stochastic model of section 2.3 once performing an ensemble average over trajectories. Besides showing the
consistency of the picture depicted in figure 3 we will also determine precisely the exact value of pPi"(c) for
the different games and corroborate the emergence of the new Nash equilibria that appeared in section 3.2.
We begin by detailing the simulation algorithm used before studying the reaction network in detail.

4.1. Simulation algorithm

One of the advantages of framing population games as chemical reaction networks is that it is possible to
export all the numerical machinery developed for chemical reaction simulations to population games. In the
case of deterministic models, where one deals with simple ODEs, one can simply use all the well-known ODE
solvers [56]. For stochastic models, the main algorithm to simulate stochastic trajectories of the underlying
process is called the Gillespie algorithm or the stochastic simulation algorithm (SSA) [46, 47].

Given an initial condition, the Gillespie algorithm applied to equation (1) propagates the copy number of
chemical species in time, where changes in the copy numbers are driven by reaction events. In the context of
this work, instead of chemical species, we have players and gains and instead of reaction events, we have
games to play. The essence of the algorithm consists of identifying two stochastic quantities: (1) the time for
the next reaction (or game) to happen, 71, and (2) which reaction (or game) will happen, denoted by the
index i in R;. With these quantities, we can propagate the system forward in time by 71, and we modify the
copy numbers according to the ones specified by reaction (or game) R;. For details on how to implement the
Gillespie algorithm, we point the reader to [46, 47].
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The Gillespie algorithm is closely connected to the master equation (see equation (9)). The ensemble
average of \V realisations simulated with the Gillespie algorithm satisfy the probability distribution from
equation (9) in the limit of ' — co. This has been proved mathematically using the law of large numbers
[46]. We note, however, that given that the systems we study here are ergodic, the ensemble average over
trajectories in the limit A/ — oo is equivalent to the average over a single trajectory in the limit T — co
where T is simulation time. We will first show that some of the results obtained using the stochastic model of
section 2.3 can be obtained using stochastic simulations.

4.2. Recovering the stochastic model via ensemble averaging
In order to show that we can indeed recover the stochastic model of section 2.3 using this microscopic level
of description, we use the Gillespie algorithm to simulate realisations of the PD game. In figure 13, we show
the analytic results of the profit ratios obtained from the macroscopic level of description in equation (6) and
the profit ratios obtained using the stochastic model in equation (18). In addition, we also plot in figure 13
the profit ratios obtained from three stochastic simulations at three different final times. As the population
size N = C+ D grows, one can clearly observe that the expected value of the stochastic profit rate tends
towards the macroscopic value. Moreover, the stochastic simulations approach the expected value obtained
using the stochastic model as the profit ratio is calculated over a longer period of time. This is due to the fact
that as the gain increases over time, the fluctuations remain of equal magnitude and thus the relative
fluctuations decrease to zero. This is a consequence of the law of large numbers. We can also determine the
profit rates as a function of the population composition, which we depict in figure 14. As shown in figure 13,
the final time at which the profit rates are calculated influences the amount of fluctuations in the system. We
see the same pattern in figure 14, in particular as the time T increases, the fluctuations become more and
more negligible, and we find an exact match with the results in figure 4. This comparison is important as it
reveals the consistency of the picture that we described in figure 3.

It is straightforward to extend these simulations to the SH and HD games by simply changing the model
parameters. Instead, we will now use this method to determine numerically the Nash equilibria for the
different games using the risk aversion utility.

4.3. Numerical determination of Nash equilibria

In this section, we delve into the risk-averse case using numerical simulations. Our main goal is to determine
the Nash equilibria using the risk aversion utility function for the different games of section 3.2. In particular,
we want to numerically determine the minimum payout pi"(c) for given confidence levels o and verify the
emergence of cooperation in these models. The risk aversion confidence level « is evaluated by averaging
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Figure 15. Minimum payout of the PD game with risk aversion for defectors (yellow) and cooperators (blue) in a population of
N = 10. These figures were obtained using stochastic simulations with final time T = 3000 for different values of risk aversion «,
where the risk aversion was evaluated over a time interval of At and averaged over A/ = 1500 realisations. The first row
corresponds to At = 0.5, the second row to At = 1 and the third row to At = 4. The columns correspond to & = 0.05,0.5,0.95,
respectively.

over a time interval At. We incorporate this into the simulation algorithms presented in section 4.1. We then
perform simulations for the risk-averse case for the PD, SH and HD games, and we show the risk-averse
utilities obtained for different values of o and At in figures 15-17, respectively for each game.

In the three games investigated numerically in figures 15—17, we observe that a higher level of risk
aversion (larger «v) consistently leads to cooperation. We also observe non-trivial emergence of Nash
equilibria depending on the degree of risk aversion « as well as on the time interval At used to average it. For
instance, in figure 17 for o = 0.95 and At = 4.0, we note that there is one Nash equilibrium at c=1 and
another one around ¢ = 0.6. As we decrease the time interval to At = 1, one Nash equilibria disappears while
another Nash equilibrium emerges at ¢ = 0, and similarly for At = 0.5, another non-trivial Nash equilibrium
emerges at around ¢ = 0.4. All the results of exhibited in figures 15—17 match the corresponding results in
section 3.2 which were based on the lower bound for the risk utility, confirming the existence of the novel
Nash equilibria. We also note that we have only presented numerical simulations for scenario (a) but we are
confident that the same match would be obtained if we would perform simulations for scenarios (b) and (c).
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Figure 16. Minimum payout of the SH game with risk aversion for defectors (yellow) and cooperators (blue) in a population of
N = 10. These figures were obtained using stochastic simulations with final time T'= 3000 for different values of risk aversion «,
where the risk aversion was evaluated over a time interval of At and averaged over A" = 1500 realisations. The first row
corresponds to At = 0.5, the second row to At = 1 and the third row to At = 4. The columns correspond to o = 0.05,0.5,0.95,
respectively.

The numerical framework used here provides a robust approach to simulate cooperation games,
including risk-averse cases, and it can be extended to handle more complex settings, e.g. alternative utilities
measures, strategic learning, network-dependent dynamics or spatial-dependent dynamics. In addition, we
showed that it can be used to obtain results that are difficult or not possible to attain analytically, such as the
minimum payout pi"(c). The simulations also enable us to determine the Nash equilibria, the long time
dynamics, as well as the ensemble behaviour of large populations and their characteristic fluctuations.

5. Conclusion

What is the mechanism driving the evolution of cooperation? And if we may speculate further, what
mechanism underlies the evolution of living systems? The majority of works have addressed this question
from the point of view of maximisation of individual or group fitness, with the purpose of obtaining as much
benefit or profit as possible in the long run. Yet, there is no conclusive mechanism that is able to explain the
emergence of cooperation across contexts, across length scales, across species and across group sizes. In this
paper, we have challenged this common assumption and proposed a novel mechanism for the evolution of
cooperation based on the notion of a risk-averse utility function. Instead of seeking to maximise average
benefits in the infinite future, individuals seek to guarantee a certain minimum of resources with a given
probability and in a given time span. This utility function has several interesting properties and gives rise to
many new results that we now summarise:

o The risk-averse utility function is dependent on the particular time span At that groups or individuals wish
to maximise their minimum profit rates with a given level of confidence. This notion seems to be in line
with the fact that living systems have limited lifetimes and want to guarantee their survival in the next stage
of the game or the next stage of development.

o The risk-averse utility function is continuously connected to the utility based on average profit rates in the
limit At — oo. This means that if there are systems or living organisms that at some point in time or in stage
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Figure 17. Minimum payout of the HD game with risk aversion for defectors (yellow) and cooperators (blue) in a population of
N = 10. These figures were obtained using stochastic simulations with final time T'= 3000 for different values of risk aversion «,
where the risk aversion was evaluated over a time interval of At and averaged over A" = 1500 realisations. The first row
corresponds to At = 0.5, the second row to At = 1 and the third row to At = 4. The columns corresponds to

a = 0.05,0.5,0.95, respectively.

of development are in fact driven by average profit maximisation, the utility function we proposed is also
applicable to those cases.

e Maximising the risk-averse utility leads to new Nash equilibria and to cooperative behaviour in all the
cooperation games that we considered, in particular PD, SH, and HD games. This means that the mech-
anism we proposed is able to explain the emergence of cooperation for a wide range of potential interaction
dynamics. Very importantly, we did not bias the system by introducing any type of selection or population
structure (e.g. by tuning reaction rates to be comparatively large in some reactions) or any type of reci-
procity mechanism (e.g. retaliation or sanctions). In this sense, the emergence of new Nash equilibria that
promote cooperation is a robust result for which we expect that only by strongly biasing the system can they
be removed.

o An essential ingredient for emergence of cooperation in our setting is the combination of risk aversion utility
with the sharing of profits among individuals of the same type. Interestingly, scenario (b), in which only the
cooperators share their profits, is sufficient for observing the second Nash equilibrium.

e We have particularly shown that cooperative behaviour can be achieved in any population with N > 3. This
means that the mechanism we proposed is scalable to any population size.

While we are confident of the value of this new principle driving the evolution of cooperation based on risk
aversion, it would be very interesting to understand how robust the mechanism is. In particular, it would be
important to test whether these new Nash equilibria are stable against different sources of noise in the
system. Specifically, we may introduce random mutations that can swap a cooperator for a defector, and vice
versa; random fluctuations in the payout parameters modelling the possibility that not all interactions
between every member of the groups are necessarily the same'”; spatial structure, network structure and

15 Introducing fluctuations of the off-diagonal components of the payout matrix (see the table in section 2.1) can model heterogeneity of
risk perception in certain social contexts (see e.g. [57, 58]), that is the perception of players regarding their potential temptation or sucker’s
payout. This is unrelated to the risk aversion utility function that we introduced here. It would nevertheless be interesting to understand
the effect of such fluctuations in the context of risk aversion utility.
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spatial dynamics to test if and how cooperative behaviour can spread in various social and economic
contexts. The methods we employed here can be extended to address these cases.

It is important to stress that in this paper we have introduced a novel and robust framework for studying
cooperative games with arbitrary large groups of populations. This framework moves beyond the modelling
of cooperation games using macroscopic rate equations for chemical reaction networks proposed in [33],
which is only valid for a very large number of players, by considering more fundamental levels of description.
In particular, as in the context of bio-molecular reactions in which reaction networks such as equation (1)
are commonplace, we describe the microscopic dynamics of the system using stochastic modelling valid for
any number of players. The stochastic model of cooperation games is best formulated using the language of
quantum mechanics, in which the appearance of new species (i.e. players or gains) can be understood as
acting on probability states with raising operators. Exploring such techniques allows us to extract a lot of
analytic information about the system, including the moment generation function which contains all
statistical information about the system, and to define novel measures of fitness that had not been considered
earlier in the literature. Furthermore, we make use of suitable numerical schemes for solving molecular
kinetics in order to perform stochastic simulations of cooperation games. We show that such simulations are
consistent with the analytic stochastic model we employ, and in addition allow us to extract specific
information about the system that is hard to obtain analytically. We believe that the combination of these
methodologies provides a promising framework for studying population games which is generically
applicable to a wide range of contexts. In this paper we only scratched the surface both at the level of specific
systems but also at the level of methodologies. Indeed, an interesting methodology that would enrich this
framework even further is large deviation theory [59], which would allow us to, for instance, perturbatively
obtain the probability distribution P[Px(c)] as well as obtain approximate analytic values for pi". We intend
to incorporate such methodology in a forthcoming publication.

As we mentioned in section 1 exploring different forms of reciprocity by endowing players with memory
and the possibility of changing strategies is relevant for small group sizes and in particular in the context of
human interactions. In such contexts, it would be interesting to revisit previous models that study
one-period strategies and study whether the risk-averse utility is able to lead to new results for small groups.
An example of such a strategy is the win-stay, lose-shift strategy, recently shown to be an equilibrium strategy
for all three of the games considered here [60] and which is a driver of cooperation in the PD as shown in
[61, 62]. It would be timely to understand whether the same equilibrium strategy is attained under risk
aversion. In addition, and while not directly relevant for large groups, we can consider a model with both
local and global interactions. At the local level, a few members could be tied together in a network where
reciprocity or selection plays a role, while at the global scale only risk aversion is relevant. Models that couple
local and global dynamics have been considered in the literature in the setting of public goods games [24]
and it would be interesting to understand if risk aversion is relevant in such scenarios. In fact, it would be
natural to revisit the literature on public good games in general, as it is known that cooperative behaviour is
extremely hard to achieve [63, 64], and check whether risk aversion could have a positive effect. We leave
some of these questions for future work.

Data availability statement
The data that support the findings of this study are available upon reasonable request from the authors.
Appendix. Derivation of the moment generating function for the profit rate

In this appendix, we detail the derivation of the moment generating function for the profit rates Py with

X € {C,D}. We show the computation using the quantum-like creation and annihilation operators and their
commutation relations. Alternatively, one could compute the moment generating function by formulating a
partial differential equation for it, which can then be solved given the appropriate boundary and initial
conditions [52, 65, 66]. We opt here to showcase the computation in the quantum framework as this is less
known in the literature. Recall that the profit rate operators are defined in terms of the number operators for
the gains obtained by following strategy X as

—Ng., Pp=—Ng,. (A.1)

In general, the moment generating function for any number operator Nx = a}t(ax is given by

My (s) = (M) = e*Me'P(0,7)|_; . (A.2)
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As we will show here, this can be expressed in terms of the exponential of a tilted operator H(sx), obtained
from the generator H by replacing creation operators for the species X with a;f( — e a}; and annihilation
operators with ax — e™**ay. In general, we have that

MX (SX) H(Sx t SxNXP( 2’)

(A.3)
with
H(sx)=H (a; — esxa;, ay — efsxax) . (A4)

To prove this equation, we use a corollary of the Baker-Campbell-Hausdorff formula, which states that for
non-commuting operators A and B, namely

I
n=0

where [(A)", B] is shorthand notation for the nested commutator

[(A)",B] =[A,[...,[A,B] . (A.6)

Applying this formula with A = s,Nx and B = Ht, we obtain

o0

Mx (s, 1) = exp (Zf‘ [(Nx)", H] t> e*M¥P(0,2)

n=0

(A7)

=1

To compute the nested commutators, one can use the commutation relations equations (30) to put the
resulting terms back in normal ordering, where creation operators a}; are all to the left of the annihilation
operators ay. We start with the first term, which is simply [Ny, H]. Due to the structure of the Markov
generator H, this will give a positive contribution for each creation operator of species X in H and a negative
contribution for each annihilation operator ay in H. Diagonal terms in H (with the same number of creation
and annihilation operators for species X) commute with the number operator Nx. The commutator [Nx, H]
is therefore equal to the off-diagonal terms in H, times a prefactor d, which counts the difference between the
number of creation and annihilation operators of species X.

Additional nested commutators will result in higher powers of d, such that the term [(Nx)", H] equals d"
times the off-diagonal terms in H containing creation and/or annihilation operators for species X. One can
then perform the sum over # in the first exponent of equation (A.7), which will give a factor e for each
term in H, where d is the difference between the number of creation and annihilation operators of species X
in this term. A simpler way to obtain the same expression is to replace in H all creation operators a}; by eSXa;r(
and annihilation operators ax by e*ay, as stated above.

In the case of the profit operators equation (A.1), we have two observables P and Pp. Their moment
generating functions are now defined as

Me(s) = (%), Mp(sg) = (™) . (A8)
By using the argument above, we may express this as the exponential of tilted generators Hc(s.) and Hp (s;)
, MD (Sd) = eH (fDO) ( Z)

Mc (s (fﬁo)t 2) (A.9)

=T

Here, we have used the fact that the initial distribution P(0,Z) has zero gains, so escPe P(0,7Z) = P(0,Z) and
likewise for Pp. The tilted generators, obtained from the exponential tilting of equation (12), are given by

Hc (tC0> =k ((e'goa]tc[)zr - 1) (az)zaf + 2k, ((aTGd>T (e’%oaé ) — 1) aSacad
k(o)1) (o) (.10
o () =i (o)1) )" 2k (e ) (o) 1) s
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+ ke ((ei%agd)zp - 1) (ajl)zafi . (A.11)

By using these expressions in equation (A.9), together with the initial condition P(0,2) = zCCOZg * leads to the
following expressions for the moment generating functions

Mc(s;)) =exp(A:(s)f) , Mp(sq) =exp(Ag(sq)t) (A.12)

where the functions A(s.) and A;(s;) are given by

Ae(s) = ki Co (Cy— 1) (eZ* - 1) + 2k, CoDy (e* - 1) : (A.13)

A (54) = 2k2CoDy (e* - 1) 4 kDo (Do — 1) (eZPdeo - 1) , (A.14)

as was claimed in section 2.3. A straightforward application of the same methods for scenarios (b) and (c)
leads to the moment generating functions in section 2.3.2.
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