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A longstanding problem in time-dependent density functional theory has been the absence of a functional able
to capture excitonic physics under laser pump conditions. Here we introduce a scheme of coupled Kohn-Sham
and Proca equations in a pump-probe setup that we show (i) produces linear-response excitonic effects in the
weak pump regime in excellent agreement with experiment, but also (ii) captures excitonic physics in the highly
nonlinear regime of ultrafast strong laser pumping. In particular “bleaching” (i.e., reduction) of the excitonic
weight and the appearance of excitonic side bands is demonstrated. The approach is a procedural functional—the
Kohn-Sham and Proca equations are simultaneously time propagated—allowing the straightforward inclusion of,
for example, lattice and spin degrees of freedom into excitonic physics. The functional is shown to have universal
applicability to a wide range of materials, and we also establish a relation between the parameters used in the

functional and the exciton Bohr radii of the materials.
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Introduction. Spintronics, magnonics, valleytronics, and
excitonics [1,2] are all potential alternatives to conventional
charge-based electronics, which are reaching their limits both
in component and power densities. In all of these fields,
laser light is used to modulate and control the fundamental
excitations of a material to generate spin, valley, or exciton
current [3,4]. With a view towards the next generation of
optoelectronic devices, the field of transient opto-excitonics,
i.e., the ultrafast laser-induced creation, dynamics, and control
of exciton dynamics, is one of the most promising [5-7].

A fully ab initio method to describe such physics of
light-matter interaction is time-dependent density functional
theory (TD-DFT) [8]: it has already proved its strength in
the fields of spin- and valleytronics, predicting new phenom-
ena as well as providing a full microscopic understanding
of the physics [9-16]. So far, however, the approximations
used in TD-DFT are unable to describe the time-dependent
spectra of laser-pumped excitons in solids. In contrast, for
the linear-response regime (i.e., when the light perturbation is
very weak), TD-DFT has proved very successful in computing
the excitonic spectra of diverse materials [17-20]. Following
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this approach, TD-DFT can be rewritten as a Dyson equa-
tion linking the Kohn-Sham noninteracting particle response
to the full material response via the exchange-correlation (xc)
kernel, fi.(r,r',t —1') = Sux.(rt)/Sp(r't"), where vy is the
exchange-correlation potential and p is the electronic charge
density. To describe excitons in solids, this xc kernel in the
g — 0 limit (i.e., for long-wavelength pulses) must go as
fxe = 1/¢% [21,22]. On this basis, several approximate xc
kernels have been designed that successfully describe the
excitonic response of real materials [17-20]. However, since
these approximations are exclusively in the form of xc ker-
nels, their use is restricted to a linear regime and cannot be
extended to strong-field pumped time-dependent excitons. It
is thus, at present, not possible to have a unified method that
can treat linear and strong-field excitons and, most impor-
tantly, it is not possible to study excitronics (the dynamics
of pumped excitons) using the most prominent method of
choice, TD-DFT.

In this work, we describe a real-time TD-DFT method
for solids that captures the dynamics of excitons by cou-
pling the electronic Kohn-Sham (KS) equations to an effective
vector potential Ay., which is time dependent but not spa-
tially varying. We show that A,. as a solution of a Proca
equation, which is the Maxwell equation containing a mass
term, generates the functional for A, that correctly describes
the excitonic response in the linear as well as strong-field
regimes. We demonstrate this by theoretical arguments as
well as by numerical results; by comparison with experiment,
we demonstrate that in the weak pump-probe regime, the
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Kohn-Sham-Proca (KSP) functional correctly gives the linear-
response limit and also good agreement with experiments for
the dynamics of a strongly pumped exciton.

Method. Real-time TD-DFT [8,23] rigorously maps the
computationally intractable problem of interacting electrons
to a KS system of noninteracting electrons in an effective
potential. The time-dependent KS equation is

2
iaw,(r, ) — (l{ — iV — l[A(t) +Axc(t)]} + v,(r, t))
ot 2 c

X Y(r, 1), ()

where v; is a KS spinor orbital and the effective KS po-
tential vs(r, ) = v(r, 1) + vu(r, t) + vk (r, 1) consists of the
external potential v, the classical electrostatic Hartree poten-
tial vy, and the exchange-correlation (xc) potential vy.. The
vector potential A(7) represents the applied laser field within
the dipole approximation (i.e., the spatial dependence of the
vector potential is absent) and A4 (¢) is the xc vector poten-
tial. Note that unless otherwise stated, atomic units are used
throughout.

Within TD-DFT, two conceptual routes exist to calculate
the response in solids: (a) linear-response formalism and (b)
real-time TD-DFT. The former case is valid for very weak
perturbation where the TD-DFT equation can be cast into
a Dyson-like equation to determine the response, requiring
fxe = 1/¢* as g — 0 for the xc kernel [17,18,20,23]. It is
important to note that in this case, the xc kernel is a,/q?,
where the scaling a; < 1 for weak and a, > 1 for strongly
bound excitons (see Ref. 14 in Ref. [20]).

Looking at this, one would imagine that since fy.(r, ', —
t") = Sux(rt)/Sp(r't’), one could choose a corresponding
form for v, to describe excitons in the latter form of TD-DFT,
i.e., real-time TD-DFT. However, this assumption is invalid
at a practical level for periodic solids—excitons cannot be
treated by merely improving the lattice-periodic vy, since the
g — 0 limit has already been taken. Any part of the response
which is finite in this limit is necessarily excluded.

This problem can, however, be solved in the following
manner: the crucial quantity appearing in the response formal-
ism is V(q)xs(q), where x,(q) is the KS response function.
In the g — O limit, this becomes an indeterminate form and
can be replaced by an expectation value of the momentum
operator p = —iV. Emulating this with a lattice-periodic cal-
culation thus requires coupling to the variable conjugate to p,
namely, the xc vector potential Ax.(¢) [24-26]. It follows that
within TD-DFT, excitons and their dynamics can be described
by the time dependence of the total current. The procedure
for determining the optical response then is to solve the time-
dependent Hamiltonian with A (¢) and, using the KS orbitals
obtained as a solution to this Hamiltonian, evaluating the total
current J(¢), which itself is obtained by integrating the cur-
rent density j(r, 7) in the unit cell [27]. This gauge-invariant
current density is given by

occ

j(r, 1) =ImZ Yl OV Y(r. 1)
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The Fourier transform of this current to frequency space
is used to generate the optical conductivity o(w), via the
linear-response equation J(w) = o(w)E(w), where E(7) =
—(1/c)0A(z)/0t is the physical (or external) electric field.
This conductivity is then used to obtain the dielectric function
[28], e(w) = 1 4+ 4mio(w)/w. Since the full current is used
to obtain the response, local field effects are automatically
included [27].

One still requires an explicit functional form for Ay, ca-
pable of capturing the excitonic response of real solids. All
approximate exchange-correlation functional forms are ulti-
mately choices, often based on heuristic arguments. In our
case, the physical vector potential of electromagnetism obeys
Maxwell’s equation, and so a natural guess might be to obtain
Ay as the solution of a Maxwell-like equation. This was
recently implemented and tested by Sun et al. [26]. This
approach, however, results in an uncontrolled divergence of
the time-dependent current.

Why does the coupled TD-DFT Maxwell approach of
Sun et al. diverge? The reason for this is not any essential
divergence of the coupled Kohn-Sham-Maxwell equations ap-
proach: this method has been successfully used before for
finite systems [29]. In this case, the electromagnetic field
radiates energy away from the center and, consequently, acts
as a dissipative system [29]. However, in the case of peri-
odic boundary conditions with a spatially independent vector
potential, all unit cells, and hence the entire system, behave
coherently. The vector potential A(z) feeds back into the TD-
DFT equations to increase the current, which itself enhances
the vector potential via the Maxwell equation, and so on,
resulting in a numerically unstable procedure.

This can be demonstrated. We first examine the solutions
of the massless Maxwell equation and, as a first step, look
at the simplest case with no current term J(¢), i.e., the "free
solution.” This yields, for the Maxwell equation, a solution
of the form A4.(t) = ¢o + cit and, for the Proca equation,
Axc(t) = ¢y sin (Jag/ax t + cp). Strikingly, the solution of the
Maxwell equation diverges, while that of the Proca equa-
tion oscillates at frequency w = /ag/a;. As a second step,
one can then choose a simplistic form for J(¢), such as a
Gaussian [Fig. 1(a)], to study the solution for a full nonhomo-
geneous equation. This is shown in Fig. 1(b) from which it is
clear that the features of the free solution are inherited by the
full nonhomogeneous equations; the solution of the Maxwell
equation diverges, while that of the Proca equation oscillates
with frequency proportional to the ratio 1/ag/a.

In a realistic case, this current J(¢), rather than being fixed,
arises as the solution of Kohn-Sham equations coupled to,
and simultaneously propagated with, the Maxwell or Proca
equation. As demonstrated in Fig. 1(c) for the case of LiF, the
current—as well as A .—diverges for the Maxwell equation,
which cannot be cured by any scaling of the xc potential vy,
but can be delayed in time. This delay allows for a short
window in which a response can be determined and was done
in the work of Sun er al. However, this makes the procedure
invalid for the study of real-time laser-pumped excitons. The
Proca equation solution, on the other hand, remains finite
and oscillatory. All calculations in this work are performed
using the state-of-the-art full-potential linearized augmented
plane-wave method [30] as implemented in the ELK code
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FIG. 1. (a) Current J(7). (b) A.(r) obtained by solving the Proca
[see Eq. (3)] and Maxwell equations [obtained by setting ay = 0 and
a; =1 in Eq. (3)] with J(¢) from (a). (c) A (¢) for LiF obtained
by solving coupled Egs. (2) and (3). For all values of a,, as well
as for scaling of the xc potential Bv,. as suggested in Ref. [26],
the current diverges when the Kohn-Sham system is coupled to an
effective Maxwell equation. In contrast, for the Kohn-Sham-Proca
scheme (ap = 0.25), the current remains finite and oscillatory at
all times.

[31,32]. We have used the local density approximation for the
exchange-correlation functional (for further details, see the
Supplemental Material [33]).

Can we nevertheless improve on this functional generated
via the Maxwell equation to make it both stable and have
wide applicability? For this, we look at a more general form
of the Maxwell equation itself, namely, the so-called Proca
equation that includes a mass term and which, in the absence
of spatial variations, is

92 dre
aZWAxC(I) + aoAxc(t) = ?J(I)s 3

where aop and a, are parameters (the Maxwell equation is
obtained by setting a, = 1 and ay = 0), and 2 is the unit-cell
volume. Note the prefactor of ¢ in Eq. (3): this along with the
prefactor of 1/c in Eq. (2) ensures that the effects generated
by Axc are nonrelativistic in nature. This is analogous to
the xc magnetic field By, arising from interactions between
electrons, rather than being relativistic in origin.

Thus we propose a functional form for A, by coupling
TD-DFT to an effective Proca equation. It should be stressed
that while the Proca equation entails that the xc field is mas-
sive, this should not be interpreted as a physical mass but
rather an effective field, the aim of which is to reproduce the
time-dependent current.

This type of functional is procedural in that A, is deter-
mined not from a simple formula, but rather by the procedure
of computing the instantaneous J(¢) from the KS wave func-
tion at each time step and using this current to advance the
Proca equation (3) to the next time step. Since the Proca
equation is a second-order differential equation, two initial
values are required. As A,. describes the response of the
electron system to the external electromagnetic field, it is
natural to choose A,.(0) = A,.(0) = 0. If we convert A,. into

its electric field form, Ex.(t) = —(1/c) 0Ax.(¢)/0t, we find
this satisfies

9 r , 4
ay —Ex(t) + aO/ dt' Ex.(t') = ——J(), (€]
ot 0 Q

from which vy (r, t) = —E4.(¢) - r would be the correspond-
ing scalar potential, which is clearly not lattice periodic. Once
again, we can see from the lack of factors of c¢ that this
exchange-correlation potential is nonrelativistic in origin. It
is interesting to note that this a rare example of a functional
specific to TD-DFT, instead of a ground-state functional used
adiabatically. In fact, it has no effect on the ground state
because there the total current is zero. Furthermore, it has
memory effects because it does not exclusively depend upon
the instantaneous J(¢), but also upon its own state.

It is not sufficient for an approximate functional to be sta-
ble. It must also exhibit universality; in other words, it should
be predictive for a wide range of materials, including hypo-
thetical examples, while being free of adjustable parameters.
As we will see below, the Proca functional satisfies this condi-
tion since the parameters a( and a, can be determined for any
given material merely from its band gap. Furthermore, one can
ascribe physical meaning to the parameters used in the Proca
equation. To do this, let us suppose that spatial variations are
also included in the Proca equation. In the static limit, this
becomes VZvy. = (1/A2)vy, where A = +/a,/ay, the solution
of which is the Yukawa potential vx.(r) = (1/r)exp(—r/A).
Thus, A provides a natural length scale for the functional
which, as we will demonstrate, is proportional to the excitonic
Bohr radius. In the work of Sun et al. [26], ay is implicitly zero
and thus their solutions correspond to weakly bound excitons
of infinite extent.

It should be noted that this form of the Proca equation can
be further generalized by adding a term proportional to the
first derivative of the vector potential: a;0Ax.(¢)/dt. This acts
as a dissipative term and would serve to decrease the lifetime
of the exciton, which would be useful in very long time sim-
ulations. As an ultimate generalization, the parameters ay, a1,
and a, could also be made into 3 x 3 matrices accounting for
directional inhomogeneity in the materials.

In the present work, we simulate a realistic experimental
pump-probe setup; J(w) is obtained by taking the difference
between the currents obtained from two calculations—one
with the pump pulse alone and one with both pump and probe
pulses. We associate the time delay between the pump and
the probe pulses with the time at which the material is probed
after pumping.

Excitonic physics in weak pump pulse regime. We now
explore the performance of the coupled KSP equations as
applied to study materials under pump-probe conditions. We
first study the case of a weak pump pulse of duration of 12
fs with the material being probed 50 fs after pumping. The
pump and the probe pulses are kept to the same low fluence of
0.001 mJ/cm?.

Presented in Fig. 2, for 10 different materials [47—49],
is the absorption [i.e., the imaginary part of the dielec-
tric function e(w)] calculated using the KSP pump-probe
scheme, using the random phase approximation (RPA)
within linear-response formalism of TD-DFT (i.e., by solv-
ing the Dyson equation) and experimental linear-response
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FIG. 2. Imaginary part of the dielectric tensor, &;(w), as a func-

tion of photon energy (in eV) for (a)—(e) strongly bound and (f)-(j)
weakly bound excitonic materials. Experimental data are taken from
the following sources: LiF [34], Ar [35], Kr [36], Xe [35], LiCl [37],
Si [38], GaAs [39], AlAs [40], C [41], and AIN [42] (see Table I
of the Supplemental Material [33] for details), with random phase
approximation (orange) results also shown for comparison. Variation
of the a, parameter as a function of the Kohn-Sham band gap (in
eV) for (k) strongly bound excitonic and (1) weakly bound excitonic
materials. The red line is the fit to the data.

absorption spectra. The wide-gap insulators [Figs. 2(a)-2(e)]
all exhibit strongly bound exciton resonances with binding
energies ranging from 0.94 to 1.7 eV, and the KSP procedural
functional is seen to provide excellent agreement for the main
excitonic peak position and its height. For noble gas solids
[Figs. 2(b)-2(d)], the KSP scheme well captures the main
exciton, but not the excited states of the exciton (i.e., the
Rydberg series). In the case of LiCl [Fig. 2(e)], calculations
are performed for an ideal crystal structure while experiments
are performed for thin films grown on LiF, leading to disagree-
ment at above-band-gap energies. For the semiconductors
[Figs. 2(f)-2(j)], excitonic physics shows up instead as a pro-
nounced lowering and redistribution of the spectral weight
as compared to RPA, and here once again the KSP scheme
is seen to yield excellent agreement with the experimental
linear-response spectra. Overall, we thus conclude that the
KSP procedural functional in a pump-probe scheme captures
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i 10 o/ AIN 7]
< 1 -
5_ —
®/LiF
0 L 1 L 1 L 1 L 1 L 1 L 1
0 2 4 6 8 10 12

Exciton Bohr radius (nm)

FIG. 3. Plot of exciton Bohr radius vs length scale of the
A, functional given by A = \/a,/ay. The radii are obtained from
Ref. [43], and references therein, and Refs. [44-46]. The line is a fit
to the data (excluding the GaAs point) and passing through zero.

very well the excitonic physics, correctly reproducing the
linear-response regime in the weak pumping limit.

Universal form for the proca equation. In obtaining these
results, the KSP procedure involved two material-dependent
parameters, ag and a,. An indispensable feature of any xc ap-
proximation within DFT is its ability to predict the properties
of unknown materials or known materials under novel con-
ditions; any free parameters must be internally determinable.
As we now show, the Proca parameters have precisely this
feature. We found the term ap to be material independent,
but material class dependent: it is fixed to 0.2 for the case
of strongly bound excitons and —0.2 for the case of weakly
bound excitons. The results of our fit for a, are shown in
Figs. 2(k)-2(1), revealing that this parameter depends linearly
on the band gap. This linear form represents a universal rela-
tion between a calculable theoretical quantity—the gap—and
the value of a, that yields accurate treatment of the exci-
tonic response, guaranteeing a robust internally determinable
scheme for the unknown parameters and hence a bona fide
universal procedural functional. This parametrization is robust
to the replacement of the local density approximation for xc
(LDA) gap by its experimental value, as shown in the Supple-
mental Material [33]. More importantly, replacement of the
LDA vy by that of a different approximation, for example the
generalized gradient approximation (GGA), has a negligible
impact on our results (this is also shown in the Supplemental
Material [33]), reflecting the fact that excitonic physics in
periodic solids is governed by Ay, and not vy.. We would note
that caution must be required for extended solids whose gap
places the material intermediately between strongly bound
and weakly bound excitonic physics.

One can also compare the natural length scale of the func-
tional A = (/a»/ap with the average excitonic Bohr radius.
This comparison is plotted in Fig. 3. We find a linear relation-
ship between X and the exciton Bohr radius with the exception
of GaAs, which is an outlier. This is evidence that the param-
eters ag and a, define both a current coupling strength as well
as a screening length.
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FIG. 4. For bulk Si, (a) the variation of change in the imagi-
nary part of the dielectric tensor due to laser pumping Ag,(w) as
a function of photon energy (in eV), shown for different values of
incident pump fluence (in mJ/cm?) calculated using the KSP proce-
dural functional. (b) The minimum value of Ag,(w) as a function of
incident fluence. Also shown are the experimental results [50] for the
percentage change in reflectance upon low fluence laser pumping.

Excitons under strong pump laser conditions. To study
strong laser-pumped excitons, we proceed by pumping bulk
Si with short laser pulses (duration 12 fs) of varying fluence,
three to four orders of magnitude larger than the probe pulse
fluence. The system is again probed 50 fs after pumping. The
change in absorption for Si is shown in Fig. 4(a), revealing
a bleaching effect (decrease in absorption) between 3.3 and
3.6 eV and the appearance of side bands (i.e., increased ab-
sorption) above and below the bleached excitonic response.
These features are in line with experiments on Si [50]—data
also shown in Fig. 4(a)—that report bleaching between 3.3
and 3.5 eV and the appearance of side bands. Similar physics
has also been reported in laser-pumped excitons in two-
dimensional materials [5-7,51-55]. While we cannot directly
compare the calculated amplitude with the experimental data,
which is the percentage change in reflectivity, if we track the
minimum of the Ae between 3 and 3.5 eV [see Fig. 4(b)], we

find an initial linear behavior, exactly as in experiment [50].
This behavior deviates from linearity in a very strong-field
regime.

The exchange-correlation vector potential evidently does
not alter the ground state of the material, and hence the
ground-state gap of the system is not affected by this for-
malism. The transient optical gap, however, which will not
change in the limit of weak-field pumping, does change upon
strong-field pumping and contributes, together with transient
changes in screening, towards the shift of the excitonic peak in
the energy range 3.3-3.6 eV. That two internally determinable
parameters—ag and a,—can capture both the excitons in the
weak-field regime as well as the physics of exciton peak
bleaching under strong-field pumping represents a striking
demonstration of the power of the KSP procedural functional.

Discussion. We have presented a procedural functional
KSP scheme that we have shown (i) has all parameters in-
ternally determinable due to a universal relation between
the Proca mass and the band gap, (ii) possesses memory
of the dynamics, and (iii) captures key features of exci-
tonic physics both in the weak as well as in the strong
laser-pumping regimes. The calculated response under weak
laser pumping exhibits excellent agreement with experimental
linear-response spectra for a wide class of materials, while for
Si we have shown the KSP scheme captures key features of
strong laser-pumped excitons (bleaching and the appearance
of excitonic side bands).

In addition to this utility for the purely electronic system,
the simultaneous time propagation of Kohn-Sham and Proca
equations renders it easy to include additional degrees of
freedom. Our approach thus both solves a crucial problem
of TD-DFT—the ability to treat excitonic physics both in
weak pumping as well as in the highly nonequilibrium strong
pumping time-dependent case—but also opens rich new pos-
sibilities for the coupling of excitons to quasiparticles such as
phonons and magnons, under laser-pump conditions.
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