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Effect of frequency-dependent shear and volume viscosities on molecular friction in liquids
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The relation between the frequency-dependent friction of a molecule in a liquid and the hydrodynamic prop-
erties of the liquid is fundamental for molecular dynamics. We investigate this connection for a water molecule
moving in liquid water using all-atomistic molecular dynamics (MD) simulations and linear hydrodynamic
theory. We analytically calculate the frequency-dependent friction of a sphere with finite surface slip moving in
a viscoelastic compressible fluid by solving the linear transient Stokes equation, including frequency-dependent
shear and volume viscosities, both determined from MD simulations of bulk liquid water. From MD simulation
trajectories, we also determine the frequency-dependent friction of a single water molecule moving in liquid
water, as defined by the generalized Langevin equation. The frequency dependence of the shear viscosity of liquid
water requires careful consideration of hydrodynamic finite-size effects to observe the asymptotic hydrodynamic
power-law tail. By fitting the effective sphere radius and the slip length, the frequency-dependent friction and
velocity autocorrelation function from the transient Stokes equation and simulations quantitatively agree. This
shows that the transient Stokes equation accurately describes the important features of the frequency-dependent
friction of a single water molecule in liquid water and thus applies down to molecular length and time scales,
provided accurate frequency-dependent viscosities are used. In contrast, for a methane molecule moving in
water, the frequency-dependent friction cannot be predicted based on a homogeneous model, which, supported
by the extraction of the frequency-dependent surface slip, suggests that a methane molecule is surrounded by a
finite-thickness hydration layer with viscoelastic properties that differ significantly from those of bulk water.

DOI: 10.1103/PhysRevE.111.015104

I. INTRODUCTION

The friction force acting on a solute molecule in a liquid
environment exhibits a delayed non-Markovian response due
to the finite relaxation time of the solvating liquid degrees of
freedom [1–5]. Such memory effects occur on time scales that
range between subpicoseconds up to microseconds and even
seconds, depending on the type and complexity of the system
[6–10]. Including time- or frequency-dependent friction in
an appropriate theoretical framework allows for the accurate
modeling of macromolecular dynamics in liquid environments
[11–15] and for the proper viscoelastic description of soft
matter [16–19]. A fundamental question concerns the connec-
tion between the macroscopic hydrodynamic equations and
the molecular friction acting on a particle or a molecule
in a fluid. Numerous studies investigated this connection
by comparing the frequency-dependent friction acting on a
particle, as described by the generalized Langevin equation,
with the friction obtained by solving the hydrodynamic equa-
tions for the fluid flow around a spherical particle [20–29].
Pioneering work in this direction was done by Zwanzig et al.
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[30] and later by Metiu et al. [31], who obtained the time-
or frequency-dependent friction by solving the linearized
Stokes equation for a spherical particle in the presence of a
frequency-dependent shear viscosity, described by a Maxwell
model with a single relaxation time.

Since a considerable discrepancy between the friction ob-
tained from the solution of the Stokes equation and the
friction derived from the velocity autocorrelations obtained
in molecular dynamics simulations was found, especially at
high frequencies, it was concluded that hydrodynamic the-
ory does not work on molecular time and length scales
[30,31]. Such a breakdown of hydrodynamics would most
plausibly be explained by spatial nonlocality in the fluidic
viscous response, which in principle could be treated in re-
ciprocal space but would render the Stokes solution for the
frequency-dependent friction around a sphere invalid. How-
ever, a critical limitation in the comparison in Refs. [30,31]
is that a Maxwell model with a single relaxation time was
used for the shear viscosity in the solution of the Stokes
equation. In fact, viscosity spectra measured in experiments
[32,33] and extracted from molecular dynamics (MD) simu-
lations of water [34–36] indicate pronounced deviations from
a simple Maxwell model, especially at high frequencies in
the THz regime. This is the frequency range where devia-
tions between the friction from hydrodynamic predictions and
molecular simulation were found, so it is unclear whether
spatially homogeneous hydrodynamic theory breaks down or
whether an inappropriate model for the shear viscosity was
used.
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In the present work, we reconsider the connection between
macroscopic hydrodynamics and molecular friction; for this,
we consider a single water molecule in a liquid water environ-
ment. We first analytically calculate the frequency-dependent
friction acting on a sphere using the linearized Stokes equation
in the presence of frequency-dependent shear and volume
viscosities, finite compressibility, and a finite surface slip [37].
In contrast with previous work [26,27,30,31] we do not use
a phenomenological Maxwell model for the viscosities but
rather employ frequency-dependent shear and volume vis-
cosities extracted from MD simulations. We investigate in
detail the influence of compressibility and the frequency de-
pendence of the volume viscosity on the friction function at
high frequencies. Finally, we compare the friction calculated
from the transient Stokes equation with the friction extracted
from MD simulations using the framework of the generalized
Langevin equation.

Using the surface-slip parameter and the sphere radius that
appear in the hydrodynamic prediction of the friction as free
fit parameters, we find that the frequency-dependent friction
of a water molecule extracted directly from MD simulations
is in good agreement with the hydrodynamic predictions for
frequencies up to 10 THz. This establishes the long-sought
link between macroscopic hydrodynamics and the friction
acting on a molecule in a fluid and shows that the continuum
hydrodynamic equations work for water down to the scale of
a single water molecule.

It turns out that the macroscopic shear viscosity of water
shows pronounced multimodal behavior as a function of fre-
quency and thus cannot be described by a Maxwell model
with a single relaxation time, which explains why previous
attempts to derive the frequency-dependent molecular friction
from hydrodynamic theory failed. The fitted hydrodynamic
radius and slip length obtained from our comparison agree
with recent results extracted from the translational and rota-
tional diffusivities of a water molecule in liquid water [38],
which demonstrates that our approach is physically sound.

The friction calculated from the Stokes equation exhibits
a power-law tail for long times, attributed to the so-called
Basset-Boussinesq force [39–41]. However, on the time scales
reachable with MD simulations of water, the long time tail,
which corresponds to a negative friction force, is completely
dominated by the frequency-dependent shear viscosity, which
produces positive friction up to times of a few picoseconds
and is for longer times masked by finite-size effects [42–44],
in perfect agreement between our hydrodynamic predictions
and the MD simulation results. Our findings are supported by
a comparison of the velocity autocorrelation function com-
puted from the MD simulation and from the hydrodynamic
friction including frequency-dependent viscosities and finite
compressibility.

We thus find that the macroscopic hydrodynamic equa-
tions work surprisingly well down to molecular time and
spatial scales for homogeneous water, i.e., if one consid-
ers the motion of a single water molecule embedded in
liquid water, if and only if the frequency-dependent shear
viscosity of water is used. This shows that a wave-vector-
dependent viscosity, which would appear in a formally exact
formulation of the linear-response stress-strain relation, is not
necessary.

In contrast, the friction of a single methane molecule in
liquid water is not well described by hydrodynamic theory
using liquid water shear and volume viscosities. A rea-
sonable extension of the theory is the introduction of a
frequency-dependent slip coefficient. We therefore calculate
the frequency-dependent slip which leads to a perfect ac-
cordance between the friction of the MD simulation and
hydrodynamic theory. The surface-slip spectrum of a methane
molecule in water is negative for a finite frequency range,
indicating that the local viscosity around methane is enhanced
compared with the macroscopic water shear viscosity. It is
known that methane in water is surrounded by a clathrate-like
highly ordered structure. We thus conclude that, for inho-
mogeneous liquids, i.e., for the motion of a molecule that
differs from the surrounding liquid, a homogeneous hydrody-
namic model has to be generalized to account for the possibly
modified viscosity of the solvation layer around a moving
guest molecule, as recently found for nanoscopic tracer beads
moving in hydrogels [45].

II. THEORY

A. Frequency-dependent friction of a sphere
from hydrodynamic theory

The frequency-dependent friction of a sphere, �̃hyd(ω),
is a complex-valued function that describes the fluid stress
response to a small, oscillatory sphere motion and is defined
as

F̃i(ω) = δi j�̃
hyd(ω)ṽ j (ω), (1)

where ṽ j (ω) is the frequency-dependent velocity of the sphere
and F̃i(ω) is an external force acting on the sphere with radius
a, and the indices i, j ∈ {x, y, z}. In our work, we define the
spatial and temporal Fourier transformation (FT) of a func-
tion as f̃ (�k, ω) = ∫ dtd3r f (�r, t )e−i(kiri+ωt ). The friction of a
sphere in a liquid can be derived from the Navier-Stokes
equation, which originates from local momentum conserva-
tion [46–48] and follows as

�̃hyd(ω) = 4πη̃(ω)a

3
W −1{(1 + λ̂)(9 + 9α̂ + α̂2)(1 + 2b̂)

+ (1 + α̂)[2λ̂2(1 + 2b̂) + b̂α̂2(1 + λ̂)]}, (2)

where W is given by

W = (2 + 2λ̂ + λ̂2)[1 + b̂(3 + α̂)] + (1 + α̂)(1 + 2b̂)λ̂2/α̂2.

(3)
Finite slip at the spherical surface is described by the di-
mensionless slip length b̂ = b/a. The dimensionless constants
α̂ = aα and λ̂ = aλ are defined by

α2(ω) = iωρ0/η̃(ω) (4)

and

λ2(ω) = iωρ0

4η̃(ω)/3 + ζ̃ (ω) − iρ0c2/ω
, (5)

where c is the speed of sound and ρ0 is the mean fluid
mass density. The full derivation of Eq. (2) is presented in
Appendix A.

The shear viscosity η̃(ω) and volume viscosity ζ̃ (ω)
are defined by the stress tensor in the Navier-Stokes
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equation (Appendix A). If the viscous response decays on
length- and time-scales that are small compared with those
on which the velocity gradients of the fluid ∇ jvi(�r, t ) vary,
one can approximate the viscous response as frequency-
and momentum-independent, which defines a Newtonian
fluid. We consider frequency-dependent and momentum-
independent viscosities in this work. The shear viscosity
η(t ) is calculated from the autocorrelation of the trace-less
stress tensor. On the other hand, the volume viscosity ζ (t )
quantifies a fluid’s dissipative response to compression [49]
and is crucial for describing processes such as sound prop-
agation or shock waves [35]; it can be calculated from the
autocorrelation of instantaneous pressure fluctuations. Often,
the volume viscosity is neglected, which corresponds to the
Stokes hypothesis [50,51]. However, previous simulations and
experiments found that the volume viscosity for water is non-
negligible and can even be larger than the shear viscosity [52].
Thus, we explicitly consider a nonvanishing volume viscosity
and will carefully examine its influence on the frequency-
dependent friction.

B. Frequency-dependent particle friction from the generalized
Langevin equation

For a particle with mass m, the dynamics can be described
by the generalized Langevin equation (GLE) [1,2,9]

m�̈r(t ) = − �∇U [�r(t )] −
∫ t

−∞
dt ′ �(t − t ′)�̇r(t ′) + �FR(t ), (6)

where − �∇U [�r(t )] is the force due to a potential, �(t ) the
friction function, often called the memory kernel, and �FR(t )
is the random force, which has zero mean and a variance of〈

F i
R(t )F j

R (t ′)
〉 = kBT δi j �(|t − t ′|), (7)

where kBT is the thermal energy. The stationary friction co-
efficient of the particle γ0 is determined by the integral over
the memory kernel, i.e., γ0 = ∫∞

0 �(t )dt . We assume isotropic
fluids and thus consider only the x component of the particle
position. In the absence of a potential (U = 0), the solution
of the GLE in Eq. (6) in Fourier space reads for the particle
velocity along x as

ṽx(ω) = F̃R(ω)

�̃+(ω) + iωm
, (8)

where we use the single-sided memory function �+(t ) = �(t )
for t � 0 and �+(t ) = 0 for t < 0. In Appendix B, we show
by calculating the fluid momentum outside a moving sphere
from the transient Stokes equation that the hydrodynamic
friction �̃hyd(ω) in Eq. (2) does not include inertial effects
inside the sphere. Thus, by comparing Eqs. (1) and (8) we
conclude that �̃hyd(ω) and �̃+(ω) describe the same quantity,
namely, the frequency-dependent friction of a particle due to
the surrounding fluid.

III. RESULTS AND DISCUSSION

A. Frequency-dependent shear and volume viscosities

We analyze MD simulations at temperature T = 300 K for
the SPC/E and TIP4P/2005 water models (see Appendix C
for simulation details) and compute the frequency-dependent

shear η̃(ω) and volume viscosity ζ̃ (ω) (see Appendix D). The
Newtonian fluid, as defined in Eq. (A3) in Appendix A, is
a standard model to describe large-scale and long-time hy-
drodynamics of liquid water [47,54,55]. However, in earlier
experimental investigations and MD simulations, it was found
that, at high frequencies, typically in the THz regime, liquid
water deviates from the Newtonian fluid model [32,33,56–64]
and that the shear viscosity decreases at high frequencies [36].

In Figs. 1(a)–1(c), we show the extracted shear viscosity
in the time and frequency domain from both water models.
The TIP4P/2005 model spectra are very similar to the SPC/E
model; both exhibit a pronounced peak in the real and imag-
inary parts around 7–8 THz, which cannot be described by a
single-mode relaxation model. We fit the shear viscosity with
a sum of six exponential-oscillating functions [36]

η(t ) = �(t )

⎧⎨
⎩

V I∑
j=I

η0, jτn, j

τ 2
o, j

e−t/2τn, j

[
1

κ j
sin

(
κ j

2τn, j
t

)

+ cos

(
κ j

2τn, j
t

)]⎫⎬
⎭, (9)

where κ j = [4(τn, j/τo, j )2 − 1]1/2, which in the frequency do-
main reads

η̃(ω) =
V I∑
j=I

η0, j
1 + iωτn, j

1 + iωτ 2
o, j

/
τn, j − ω2τ 2

o, j

, (10)

as described in Appendix E. Depending on the value of κ , a
viscosity component displays a single-exponential decay with
oscillations (finite real part of κ), or is a sum of two nonoscil-
lating exponentials (imaginary κ). We find the fit function
for both water models to perfectly describe the MD data in
Figs. 1(a)–1(c). We provide the fit parameters in Table I in Ap-
pendix F, and the individual components for the SPC/E water
shear viscosity in Appendix G, all in very good agreement
with previous fitting results [36]. The value of the steady-
state shear viscosity for the SPC/E model of η0 =∑ j η0, j =
0.70 mPa s is lower than the value η0 = 0.84 mPa s for the
TIP4P/2005 model [9,35,65].

Our shear viscosity model decomposes the viscosity spec-
trum into modes that describe distinct dynamical processes
[36]. The slowest nonoscillatory component I is due to
hydrogen-bond network topology changes, i.e., changes of
nearest-neighbor water pairs, while component II is due to
hydrogen-bond bending vibrations of water pairs, they are
both overdamped [36]. The large peak around 7 THz is due to
the oscillatory component III, which causes the sign changes
between 0.04 and 0.1 ps in Fig. 1(a) and describes separation
vibrations of hydrogen-bonded water pairs. It agrees in peak
frequency with infrared spectroscopy simulation studies [66].
For SPC/E water, we identify the remaining high-frequency
modes IV, V, and VI by comparison with absorption spectra
of simulated water [63] as librational modes, i.e., rotational
vibrations of individual water molecules. The splitting is re-
lated to the fact that rotations between the three main water
axes are not equivalent.

In Figs. 1(d)–1(f), we show the volume viscosity ex-
tracted from the MD data, which we determine from the
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FIG. 1. Extracted shear viscosity η and volume viscosity ζ from MD simulations of SPC/E and TIP4P/2005 water. (a) Shear viscosity in
the time domain (circles) with fits (lines) according to Eq. (9) and the fitting parameters in Table I (Appendix F). (b), (c) Real and imaginary
parts of the shear viscosity in the frequency domain with fits according to Eq. (10). The vertical dashed line denotes the resonance frequency
fr,III ≈ 7.11 THz from the viscoelastic exponential-oscillatory model. (d) Volume viscosity in the time domain (circles) with fits (lines)
according to Eq. (11) and the fitting parameters in Table II (Appendix F). (e), (f) Real and imaginary parts of the volume viscosity in the
frequency domain with fits according to Eq. (12). Dashed lines and empty circles denote negative values. Note that all data are shown in
logarithmic spacing for better visibility.

autocorrelation of system pressure fluctuations. The real part
of these spectra exhibits no distinct peak in the THz regime,
contrary to the shear viscosity, and in agreement with previous
simulation results [35]. We fit the volume viscosity data with
a sum of five exponential-oscillatory components:

ζ (t ) = �(t )

⎧⎨
⎩

V∑
j=I

ζ0, jτv, j

τ 2
w, j

e−t/2τv, j

[
1

κ j
sin

(
κ j

2τv, j
t

)

+ cos

(
κ j

2τv, j
t

)]⎫⎬
⎭, (11)

where κ j = [4(τv, j/τw, j )2 − 1]1/2. The total complex volume
viscosity in the frequency domain is given by

ζ̃ (ω) =
V∑

j=I

ζ0, j
1 + iωτv, j

1 + iωτ 2
w, j

/
τv, j − ω2τ 2

w, j

. (12)

The resulting relaxation (τv, j) and oscillation times (τw, j),
summarized in Table II in Appendix F are rather similar to
the shear viscosity fitting results in Table I; this suggests that
the components have the same molecular origin as the shear
viscosity components I–V.

We find a steady-state value of ζ0 =∑ j ζ0, j = 1.69 mPa s
for the SPC/E, and 2.04 mPa s for the TIP4P/2005 model,

slightly lower than the experimental value (2.4 mPa s for
298 K [52]) and comparable to results from previous MD
simulations [35], which yielded for TIP4P/2005 water ζ0 =
2.07 mPa s at 298 K and ζ0 = 2.01 mPa s at 303 K, and for
SPC/E water ζ0 = 1.57 mPa s at 298 K and ζ0 = 1.45 mPa s
at 303 K.

For high frequencies around 100 THz, the fitting functions’
real part of both viscosity spectra start to deviate from the MD
data, where according to the models in Eqs. (10) and (12) the
real part scales as ω−4 (see dashed black lines). These discrep-
ancies are not a simulation time-step issue (Appendix H) but
due to shortcomings of the fitting function [67] and occur at
frequencies where intramolecular vibrations of real water take
place [63] which are not included in our rigid water models
and are not of concern in this work.

B. Frequency-dependent friction of a sphere
from hydrodynamic theory including

frequency-dependent viscosities

We insert the shear and volume viscosity spectra from the
SPC/E water model MD simulations in Fig. 1 into Eq. (2) to
compute the hydrodynamic friction �̃hyd(ω) of a sphere. To
obtain a feeling for the influence of slip and sphere size, Fig. 2
shows �̃hyd(ω) for different values of the sphere radius a and
slip coefficient b̂ = b/a (solid lines). Note that the results are
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FIG. 2. Real and imaginary parts of the frequency-dependent rescaled friction of a sphere �̃hyd(ω) = Re �̃hyd(ω) + i Im �̃hyd(ω), given by
Eq. (2), for various slip parameters b̂ = b/a and sphere radii a. Here we use the viscoelastic model for the shear viscosity η̃(ω) in Eq. (10) and
the volume viscosity ζ̃ (ω) in Eq. (12) for SPC/E water from Fig. 1. The results are normalized by the steady-state viscosity η0 =∑ j η0, j = 0.70
mPa s. We set the water density to ρ0 = 103 kg/m3 and the speed of sound to c = 1.51×103 m/s [53]. The red and green bars to the left denote
the ω → 0 limits [46], 6πη0a for b̂ → 0 and 4πη0a for b̂ → ∞, respectively. We compare the results of the full hydrodynamic theory (solid
lines) with the approximation c → ∞ (short-dashed lines), which represents the incompressible limit, with the double approximation c → ∞
and η̃ = η0 (dotted lines), and with the double approximation c → ∞ and α → 0 (long-dashed lines), which represents the generalized
Stokes-Einstein relation [GSER, shown in Eq. (13)]. The vertical dashed line denotes the resonance frequency fr,III ≈ 7.11 THz from the
viscoelastic exponential-oscillatory model in Fig. 1.

normalized by 6πaη0 with η0 =∑ j η0, j = 0.70 mPa s, which
is the steady-state friction for zero slip. For small radii ∼a =
10−10 m, the friction �̃hyd(ω) in Fig. 2 exhibits similar features
as the frequency-dependent shear viscosity in Fig. 1 and in
particular shows a peak around 7 THz, indicated by vertical
dashed lines in Fig. 2. This behavior is abscent if a constant
shear viscosity is assumed, as shown in Appendix I. The slip
length b has a rather mild effect on the low-frequency friction,
as it mostly modulates the absolute value. As ω → 0, the real
part goes to 6πη0a for b̂ → 0 and to 4πη0a for b̂ → ∞ [46],
as indicated by horizontal red and green bars to the left in
Fig. 2. The real part of the friction functions does not decay
to zero as ω → ∞ but instead reaches a plateau, the value of
which depends on whether the slip parameter is zero or not.
For radii a > 10−10, the imaginary part interestingly changes
its sign from negative to positive values. In Appendix J, we
discuss the asymptotic behavior of the friction function for
low and high frequencies. We observe that the imaginary part
switches its sign again, which is not visible in the frequency
range shown in Fig. 2.

We compare the results with different approximations of
the full hydrodynamic theory. Short-dashed lines in Fig. 2
denote the limiting scenario of infinite sound velocity c → ∞,
which represents the friction in an incompressible fluid. We
observe distinct deviations from the full theory in the real and
imaginary parts, which increase with increasing frequency.
For a = 10−10 m, compressibility effects at high frequencies

are related to transient density variations originating from the
sphere movement, in the form of acoustic waves propagating
through the medium [37]. These effects are negligible for low
frequencies, as here frequency-dependent viscous effects are
dominant. For a > 10−10 m, friction is dominated by com-
pressibility effects that couple to vorticity diffusion [37]. The
high-frequency scaling depends strongly on whether we have
a finite or a vanishing slip coefficient. Increased slip at the
spherical boundary allows the sphere to move more easily
through the liquid, resulting in increased compression in front
of the sphere, which leads to the subtle coupling between slip
and compressibility in Fig. 2.

In the incompressible case, the imaginary part diverges
for high frequencies as 	ρ0a2ω/(9η0), corresponding to the
so-called added mass term in the force acting on the sphere
(see Appendix K for details). This term has been a long-
standing issue in literature, since it causes a deviation from
the equipartition theorem, i.e., Cvv (0) = kBT/m, to kBT/(m +
m0), where m0 = 2

3πρ0a3 is the added mass corresponding to
half of the displaced fluid. The added mass term vanishes in
the full hydrodynamic theory that includes compressibility, in
agreement with previous works [21,27,29,30].

Dotted lines in Fig. 2 denote the incompressible case with a
constant shear viscosity, i.e., η̃ = η0. The friction, in this case,
significantly differs from the case of frequency-dependent
shear viscosity, in particular the distinct peak around 7 THz
is absent. The long-dashed lines represent the case c → ∞
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FIG. 3. Investigation of the volume viscosity’s influence on the hydrodynamic friction of a sphere �̃hyd(ω) = Re �̃hyd(ω) + i Im �̃hyd(ω),
given by Eq. (2), for various slip parameters b̂ = b/a and sphere radii a. Here we use the viscoelastic model for the shear viscosity η̃(ω)
in Eq. (10) for SPC/E water from Fig. 1. The results are normalized by the steady-state viscosity η0 =∑ j η0, j = 0.70 mPa s. We set the
water density to ρ0 = 103 kg/m3 and the speed of sound to c = 1.51×103 m/s [53]. We show results for frequency-independent volume
viscosity ζ0 =∑ j ζ0, j = 1.69 mPa s (dashed lines), for vanishing volume viscosity (ζ̃ = 0, dotted lines) and for the full frequency-dependent

volume viscosity from Fig. 1(d) (solid lines). The red and green bars denote the ω → 0 limits [46], 6πη0a for b̂ → 0 and 4πη0a for b̂ → ∞,
respectively. The vertical dashed line denotes the resonance frequency fr,III ≈ 7.11 THz from the viscoelastic exponential-oscillatory model in
Fig. 1.

and α → 0, where the hydrodynamic friction converges to the
so-called generalized Stokes-Einstein relation (GSER),

�̃hyd(ω) = 6πη̃(ω)a
1 + 2b̂

1 + 3b̂
, (13)

which is, in general with the additional approximation b → 0,
widely used in the context of rheological theory [45,68,69].
As seen from Eq. (13), the GSER prediction is proportional
to the shear viscosity spectra but differs significantly from the
full hydrodynamic theory, in particular for large radii and in
the high-frequency regime.

In Fig. 3, we analyze the dependence of the hydrodynamic
friction on the volume viscosity ζ̃ (ω). We compare the hydro-
dynamic friction for a finite frequency-independent volume
viscosity ζ0 =∑ j ζ0, j = 1.69 mPa s (dashed lines), for van-
ishing volume viscosity ζ0 = 0, corresponding to the Stokes
hypothesis (dotted lines) and for the frequency-dependent vol-
ume viscosity extracted from MD simulations in Fig. 1 (solid
lines). For large frequencies, we see that the real part of the
friction diverges for constant volume viscosity but goes to a
constant when using the full frequency-dependent volume vis-
cosity from MD simulations or a vanishing volume viscosity
(Appendix J). This shows that compression effects dominate
the friction at high frequencies if an erroneous constant vol-
ume viscosity is assumed. Remarkably, the predicted friction
function in the low-frequency regime changes only marginally
if, instead of the full frequency-dependent volume viscosity, a

vanishing volume viscosity is assumed, demonstrating that the
Stokes assumption [50], i.e., the neglect of volume viscosities,
is a very accurate approximation. However, the deviation be-
tween both scenarios increases for higher frequencies.

C. Comparison of the hydrodynamic and GLE friction
for water and the hydrodynamic tail

In the following, we compare the friction function �(t ),
defined by the GLE in Eq. (6) and extracted from the MD
simulations for SPC/E water (Appendix L) with the hydro-
dynamic prediction. In Figs. 4(a) and 4(b) we compare the
real and imaginary parts of �̃+(ω) from the GLE (circles)
with predictions from the hydrodynamic Eq. (2) using differ-
ent approximations: the green line shows �̃hyd(ω) using the
frequency-dependent shear and volume viscosities extracted
from MD simulations, the yellow line shows �̃hyd(ω) using
the frequency-dependent shear viscosity η̃(ω) but neglect-
ing compressibility, i.e., c → ∞, and shear-wave effects, i.e.,
α → 0, which corresponds to the GSER in Eq. (13), the blue
line shows the hydrodynamic friction using a Maxwell model
for the shear viscosity, i.e., η̃(ω) = η0/(1 + iωτ ) and vanish-
ing volume viscosity ζ̃ = 0. We compare the bare MD result
for the memory kernel (red circles) with the result obtained by
subtracting the effect of periodic boundary conditions (PBCs)
[44] (black circles, Appendix M). Note that here we show
results from an MD simulation of SPC/E water with extended
trajectory length compared to the results shown in Fig. 1
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FIG. 4. Comparison between the frequency-dependent friction of a SPC/E water molecule from the GLE, �̃+(ω) (circles) and the
hydrodynamic prediction, �̃hyd(ω) (lines). (a), (b) Real and imaginary part of the Fourier transformed friction �̃+(ω) extracted from MD
simulations (see Appendix L for details). The red and black circles denote the MD results without and with finite-size correction (Appendix M),
respectively. We compute �̃hyd(ω) according to Eq. (2) (green) for a = 0.14 nm and b̂ = b/a = 0.72 and using the shear and volume viscosity
parameters given in Appendix F. For the yellow lines we neglect compressibility, i.e., c → ∞, and shear wave effects, i.e., α → 0, which
corresponds to the GSER in Eq. (13). The blue lines show the hydrodynamic friction using a Maxwell model fit of the shear viscosity
to the MD friction data and vanishing volume viscosity ζ̃ = 0. The fitting constants are η0 = 0.70 mPa s and (2πτ )−1 = 0.43 THz.
(c) Time-domain behavior of the water friction function in panels (a) and (b). We compare the MD data (circles) with the numerical inverse
Fourier transformation of the hydrodynamic friction �̃hyd(ω) in Eq. (2) (green). The black dashed line is the predicted hydrodynamic tail in
Eq. (15). Dashed lines and empty circles denote negative values. The MD data for times higher than 10 ps are smoothed to reduce numerical
noise.

(Appendix C), for the purpose of reducing statistical noise in
the long-time behavior.

The friction �̃+(ω) exhibits the same features as the
hydrodynamic prediction �̃hyd(ω) from Eq. (2) (green),
especially a peak around 6–8 THz that is slightly shifted
to higher frequencies in the hydrodynamic prediction.
Here, we use a = 0.14 nm and b̂ = 0.72, which we obtain
from fitting to the MD results in the frequency domain,
as described in Appendix N. The prediction using the full
frequency-dependent shear and volume viscosities (green)
agrees rather nicely with the friction directly extracted from
the GLE. Deviations between the MD data and the green
lines become noticeable for frequencies above 10 THz, where
in the real part the hydrodynamic prediction converges to a
plateau while the MD data decay to zero. These deviations are
not unexpected [30] since standard hydrodynamic theory can
not correctly describe the local interaction of the sphere with
its environment for high frequencies, which are mediated by
smooth intermolecular forces [67,70] that are not described
accurately by an abrupt boundary condition at the spherical
surface. Thus, we find that the friction can be predicted well
by continuous hydrodynamic theory including complex shear
and volume viscosity models below a frequency of 10 THz.
The shear viscosity spectrum gives rise to the resonant feature
in the friction kernel �̃+(ω) around 7 THz, which is missed
by the Maxwell model used in previous theoretical models
(blue line) [30,31].

The residual discrepancies below 10 THz could be caused
by a modified viscosity near the particle surface since a hy-
dration shell cannot be expected to be characterized by the
macroscopic shear viscosity. In Appendix O, we show that
good agreement between hydrodynamic theory and MD is

also obtained for a simpler system such as a Lennard-Jones
fluid.

Interestingly, the good agreement for the low-frequency
behavior in the friction function assumes non-negligible slip
b 
= 0. In Appendix N, we discuss the influence of the radius
a and the slip length b on the hydrodynamic friction. The
fitted values we obtain for the sphere radius a = 0.14 nm and
the slip length b = 0.10 nm (Appendix N) are in a realistic
range around 1 Å. We obtain a water molecule mass of m ≈
3×10−26 kg from the equipartition theorem mCvv (0) = kBT .
For a density of ρ0 ≈ 103 kg/m3, the estimate of the hydro-
dynamic radius using m = 4

3πρ0a3 is a ≈ 0.19 nm, in rough
agreement with the fitted hydrodynamic radius. In fact, our
estimated radius and slip length are comparable with inde-
pendent results a ≈ 0.15 nm and b ≈ 0.10 nm obtained from
translational and rotational diffusion constants for SPC/E
water [38].

In an unbounded fluid, hydrodynamic backflow effects lead
for long times to a power-law decay of the memory kernel as
limt→∞ �hyd(t ) ≈ −3a2√πη0ρ0t−3/2 [20,71,72], which fol-
lows from our expression of the hydrodynamic friction in
Eq. (2) by neglecting slip, i.e., b → 0, and vanishing com-
pressibility, i.e., c → ∞ (Appendix K). However, previous
MD simulations of solute particles in liquid environments
[8,67] did not observe the predicted tail, rather showing a
positive sign or a different power-law behavior. Here we
use hydrodynamic theory and finite-size effects to explain
the absence of the tail in simulations, the influence of com-
pressibility, slip, and frequency-dependent viscosity on the
hydrodynamic tail has already been discussed in Ref. [26].
Since, as we show in Appendix P, compressibility does
not influence the hydrodynamic tail but is only relevant on
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FIG. 5. Comparison between the frequency-dependent velocity autocorrelation function C̃vv
+ (ω) of a water molecule in water from MD

simulations (circles) with the hydrodynamic prediction according to Eq. (16), using the results �̃+(ω) from hydrodynamic theory shown in
Fig. 4. The color coding is the same as in Fig. 4. The black line in panel (c) is the predicted hydrodynamic tail in Eq. (17).

intermediate time scales, we assume λ → 0 in Eq. (2). As
shown in Appendix J, for low frequencies the hydrodynamic
memory kernel in Eq. (2) can be expanded as

�̃hyd(ω)

6πη0a
	 1 + 2b̂

1 + 3b̂
+ a(1 + 2b̂)2√iωρ0/η0√

2(1 + 3b̂)2
+ O(ω3/2).

(14)

We see that the ω1/2 term, which is responsible for the t−3/2

power-law decay, depends on the slip length b̂. Higher-order
terms are influenced by the slip length b and the model we
choose for the shear viscosity η̃(ω). By inverse Fourier trans-
formation, one obtains for long times

lim
t→∞ �hyd(t ) ≈ −3a2 (1 + 2b̂)2

(1 + 3b̂)2

√
πη0ρ0t−3/2, (15)

whose absolute values are shown as a black dashed line in
Fig. 4(c). The long-time behavior of the water memory kernel
is governed by a competition between the hydrodynamic tail
and the long-time behavior of the frequency-dependent shear
viscosity we use. The power-law tail in the MD data agrees
perfectly with Eq. (15) if we subtract the masking finite-size
effects (black circles). The uncorrected MD data (red circles)
are dominated by PBC effects and do not exhibit the long-time
tail in Eq. (15) at time scales reachable with MD simulations
[44].

D. Long-time tail of the velocity autocorrelation function

The velocity autocorrelation function Cvv (t ) (VACF) of a
solute particle was used in various studies to compare hy-
drodynamic and stochastic theories [27,29–31]. The GLE in
Eq. (6) relates the memory kernel and the VACF by a Volterra
equation (Appendix L), which in the Fourier domain can be
written as (derived in Appendix Q)

C̃vv
+ (ω) = iωkBT

iω�̃+(ω) − mω2
. (16)

In Fig. 5, we compare predictions according to Eq. (16) using
hydrodynamic theory with MD results for the VACF. As for
the memory kernel, we achieve good agreement in the fre-

quency domain up to frequencies of 10 THz with the full
theory in Eq. (2) (green line). The hydrodynamic tail of the
VACF for long times (Appendix K)

lim
t→∞Cvv (t ) ≈ kBT

√
ρ0

12
(πη0t )−3/2, (17)

agrees with the prediction from hydrodynamic theory and
the MD data when applying the finite-size correction (black
circles) for long times >10 ps in Fig. 5(c). These findings for
the VACF support that the best prediction of molecular water
dynamics is achieved by including the macroscopic viscosity
spectra of water into the hydrodynamic theory.

E. Results for a methane molecule moving in water

In Fig. 6 we show the memory kernel �̃+(ω) for a single
methane molecule in SPC/E water extracted from MD simula-
tions, again with and without PBC and finite-size correction.
The data are taken from the work of Kowalik et al. [9].
The methane molecule in these simulations is modeled as a
monoatomic Lennard-Jones sphere, which makes it possible
to compute the friction using Eq. (2) for a spherical particle.
In Figs. 6(a) and 6(b), we see that the real and imaginary
parts of the Fourier transformed friction �̃+(ω) do not show
the same features as the prediction from the hydrodynamic
equations (green and yellow), even when we freely adjust
the radius a and the slip coefficient b̂. In particular, the pro-
nounced peak in the real part at around 7–8 THz arising
from the shear viscosity of water is absent in the MD data,
and the MD memory kernel in the time domain in Fig. 6(c)
does not contain any noticeable oscillations, in contrast to the
hydrodynamic prediction.

Thus, we observe considerable discrepancies between the
friction extracted directly from MD simulations and the hy-
drodynamic prediction for a hydrophobic molecule in a water
environment. Slip effects on the methane surface cannot ex-
plain these differences. Rather, the local shear viscosity near
the methane molecule seems to differ from the bulk shear
viscosity. This is in line with a recent analysis of tracer-
particle dynamics in hydrogels, where the assumption of a thin
interfacial shell with viscoelastic properties different from
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FIG. 6. Comparison between the frequency-dependent friction of a single methane molecule in water extracted from MD simulations using
the GLE in Eq. (6) and the hydrodynamic prediction in Eq. (2). (a), (b) Real and imaginary part of the Fourier transformed friction �̃+(ω) (time
resolution 2 fs, data from Ref. [9]). The red and black circles denote the MD results without and with finite-size correction (Appendix M),
respectively. We compare the computed friction with the results from Eq. (2) (green) for a = 0.14 nm and b̂ = b/a = 0.45 and the shear and
volume viscosity parameters given in Appendix F. The yellow line corresponds to the GSER in Eq. (13). The blue line shows the hydrodynamic
friction using a Maxwell model fit of the shear viscosity to the MD friction data and vanishing volume viscosity ζ̃ = 0. The fitting constants
are η0 = 0.70 mPa s and (2πτ )−1 = 0.17 THz. (c) Time domain behavior of the methane memory kernel in panels (a) and (b). We compare
the MD data (circles) with the numerical inverse Fourier transformation of the full hydrodynamic friction �̃hyd(ω) in Eq. (2). The black dashed
line is the predicted hydrodynamic tail in Eq. (15).

bulk reconciles the experimental measurements with hydro-
dynamic predictions [45].

F. Frequency-dependent surface slip from MD simulations

The observation that the full hydrodynamic theory for a
water and a methane molecule does not accurately predict the
friction kernels extracted directly from the MD data above
10 THz in Figs. 4 and 6, and that better agreement in this
frequency range is rather achieved with the much simpler
GSER model, is a clear sign that the hydrodynamic theory
used by us misses key aspects of molecular friction. A rea-
sonable extension is to assume the slip coefficient b, which
follows from the Navier boundary condition at the spherical

surface (Appendix A), to be frequency-dependent as well, i.e.,
b = b̃(ω). Note that a frequency-dependent surface friction
coefficient, i.e., �̃(ω) = η̃(ω)/b̃(ω), has been introduced in
a few previous works [73–75]. To obtain the slip spectrum,
we assume the frequency-dependent memory kernel �̃+(ω) to
equal the hydrodynamic expression in Eq. (2) and solve for the
slip length b̃(ω). The results for the slip spectra in Fig. 7 for
different radii a by construction lead to a perfect agreement
between the friction from the MD data in Figs. 4 and 6 and
the hydrodynamic prediction and exhibit interesting features.
In particular, we observe regions where the real part of the slip
coefficient is negative, which would correspond to a negative
real part of the surface friction coefficient �̃(ω), contrary to
standard models. Negative slip coefficients indicate a local

FIG. 7. Frequency-dependent slip length b̃(ω) = Re b̃(ω) + i Im b̃(ω) obtained by assuming the frequency-dependent friction kernel
�̃+(ω) extracted from MD data shown in Figs. 4 and 6 to be equivalent to the hydrodynamic expression in Eq. (2) and solving the equation for
the slip length b̃(ω). We show predictions for different radii a. Solid lines denote results for water and dashed lines for methane.
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shear viscosity around the spherical particle that is higher than
the bulk viscosity [76].

For the molecular water friction, denoted by solid lines,
a distinct positive peak in the real part around 0.2 THz is
visible, which is in the region of the shear viscosity mode I
of water (Appendix F) and relates to an induced slip effect
due to hydrogen network topology changes. The real part of
the slip length of a water molecule at the prominent peak of
shear viscosity mode III around 7–8 THz is negative, suggest-
ing that hydrogen stretching modes cause a local viscosity
around a water molecule higher than the macroscopic shear
viscosity. For methane, denoted by dashed lines in Fig. 7, the
real part is negative in nearly the entire frequency range. This
agrees with the fact that methane in water is surrounded by a
highly-ordered solvation and presumably highly viscous shell
structure [8].

IV. CONCLUSIONS

We demonstrate that predictions from continuous hydro-
dynamic theory for a sphere are in good agreement with the
friction coefficient directly extracted via the GLE from MD
simulations of a single water molecule in liquid water if the
frequency dependence of the macroscopic shear and volume
viscosities is properly accounted for, and the hydrodynamic
radius and the slip coefficient are used as fitting parameters.
This establishes the long-sought link between macroscopic
fluid hydrodynamics and the molecular friction in a fluid.
We also show that it is important to include the frequency-
dependent volume viscosity of the fluid which asymptotically
decays as ζ̃ → 0 for ω → ∞.

Interestingly, good agreement between the molecular water
friction (obtained via the GLE) and the hydrodynamic pre-
diction is achieved without including spatial or wave-vector
dependencies of the viscosities, which certainly are present
[56] and can be modeled by Burnett theory [77,78]. We have
mostly dealt with the homogeneous case, where the moving
molecule is identical to the surrounding fluid molecules. In
contrast, we observe pronounced discrepancies between the
friction obtained from hydrodynamic theory and simulations
for the inhomogeneous case of a methane molecule moving
in water. By calculating the frequency-dependent surface slip
from the comparison of MD simulation results and hydrody-
namic prediction, we conclude that our hydrodynamic model
neglects the modified viscous properties of the water solva-
tion layer around a methane molecule. It would therefore be
desirable to develop inhomogeneous hydrodynamic models
for the friction of host molecules in liquids in the presence
of solvation shells that exhibit viscosity properties different
from the bulk.

ACKNOWLEDGMENTS

This work was supported by the Deutsche Forschungs-
gemeinschaft (DFG) via Grant No. SFB 1449 Project Id
431232613 “Dynamic Hydrogels at Biointerfaces,” Project
A02, and Grant No. SFB 1114 Project Id 235221301 “Scaling
Cascades in Complex Systems,” Project C02. The authors
would like to acknowledge the HPC Service of ZEDAT, Freie
Universität Berlin, for providing computing time.

APPENDIX A: HYDRODYNAMIC FRICTION OF A
SPHERE FROM THE TRANSIENT STOKES EQUATION

The Navier-Stokes equation reads

∂ρ(�r, t )vi(�r, t )

∂t
+ ∇ j ρ(�r, t )vi(�r, t )v j (�r, t )

= Fi(�r, t ) + ∇ jσi j (�r, t ), (A1)

where i, j ∈ {x, y, z} and doubly appearing indices are
summed over. The mass density ρ, velocity vi and volume
force Fi are functions of time t and position �r. The symmetric
stress tensor σi j (�r, t ) consists of a diagonal pressure contri-
bution and components that depend on velocity gradients,
∇ jvi(�r, t ) [36,41,79,80]. For a linear, homogeneous, isotropic
compressible fluid, it is on the linear level given by

σi j (�r, t ) = −P(�r, t )δi j +
∫∫ [

η(|�r ′|, t ′)(∇iv j (�r − �r ′, t − t ′)

+∇ jvi(�r − �r ′, t − t ′))

+ δi j

(
ζ (|�r ′|, t ′) − 2

3
η(|�r ′|, t ′)

)

×∇kvk (�r − �r ′, t − t ′)
]

d�r ′dt ′, (A2)

where P is the pressure and η and ζ are the shear and
volume viscosity kernels, which in general are time- and
space-dependent. If the viscosity kernels decay on length-
and timescales that are small compared to those on which
∇ jvi(�r, t ) varies, one can approximate the stress tensor in
Eq. (A2) as

σi j (�r, t ) ≈ −P(�r, t )δi j + (ζ0 − 2
3η0
)
δi j∇kvk (�r, t )

+ η0(∇iv j (�r, t ) + ∇ jvi(�r, t )), (A3)

where η0 and ζ0 are the time- and space-integrated viscosities:

η0 =
∫∫

η(|�r ′|, t ′)d�r ′dt ′, (A4)

ζ0 =
∫∫

ζ (|�r ′|, t ′)d�r ′dt ′. (A5)

A fluid with a stress tensor given by Eq. (A3) is called a
Newtonian fluid, here the viscosities are time- and space-
independent and the stress tensor is linear in the velocity
gradients. In this work, we consider viscoelastic fluids for
which the viscosity depends on the history of the velocity gra-
dients. If we neglect the nonlinear term in the Navier-Stokes
equation [second term on the left-hand side in Eq. (A1)],
which is justified for low Reynolds numbers, and use the
expression of the stress tensor in Eq. (A2), we arrive at the
linear transient Stokes equation

ρ(�r, t )
∂vi(�r, t )

∂t

= Fi(�r, t ) − ∇iP(�r, t ) +
∫∫ (

1

3
η(|�r ′|, t ′) + ζ (|�r ′|, t ′)

)

× ∇i∇kvk (�r − �r ′, t − t ′)d�r ′dt ′

+
∫∫

η(|�r′|, t ′)∇k∇kvi(�r − �r ′, t − t ′)d�r ′dt ′. (A6)
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The frequency-dependent friction of a sphere can be calcu-
lated using the Green’s function of the Stokes equation in
Eq. (A6) [37,48]. To derive the Green’s function, we take the
divergence of Eq. (A6) and obtain

∇2
i P(�r, t ) − ∂2P(�r, t )

c2∂t2

= ∇iFi(�r, t ) +
∫∫ (

4

3
η(|�r ′|, t ′) + ζ (|�r ′|, t ′)

)

× ∇2
i ∇kvk (�r − �r ′, t − t ′)d�r ′dt ′, (A7)

where we used the linearized continuity equation, i.e.,
ρ0∇i(∂vi/∂t ) = −∂2ρ/∂t2, and the linearized isentropic
equation of state ρ − ρ0 = c−2(P − P0), where the speed of
sound is denoted by c, from which follows that ∂2ρ/∂t2 =
c−2∂2P/∂t2. Fourier-transforming Eqs. (A6) and (A7), we
obtain

iωρ0ṽi(�k, ω) = F̃i(�k, ω) − ikiP̃(�k, ω)

− [η̃(�k, ω)/3 + ζ̃ (�k, ω)]kik j ṽ j (�k, ω)

− η̃(�k, ω)k jk j ṽi(�k, ω), (A8)

and(
ω2

c2
− kiki

)
P̃(�k, ω)

= ikiF̃i(�k, ω) − i[4η̃(�k, ω)/3 + ζ̃ (�k, ω)]kikik j ṽ j (�k, ω).
(A9)

Note that the viscosity kernels η and ζ are both single-sided
in the time domain, i.e., η(�r, t ) = 0 and ζ (�r, t ) = 0 for t < 0.
We next assume that both viscosities decay quickly in space,
so that their Fourier transforms become independent of k, i.e.,
η̃(�k, ω) → η̃(ω) and ζ̃ (�k, ω) → ζ̃ (ω). Solving Eq. (A9) for P̃
and inserting into Eq. (A8), we arrive at an equation for the
velocity as a function of the external force [37]. To solve this
equation, we decompose the velocity into the transverse and
longitudinal parts, i.e., ṽi(�k, ω) = ṽT

i (�k, ω) + ṽL
i (�k, ω), which

fulfill kiṽ
T
i (�k, ω) = 0 and kiṽi(�k, ω) = kiṽ

L
i (�k, ω). In Fourier

space, the Green’s function G̃i j of the velocity is defined by

ṽi(�k, ω) = G̃i j (�k, ω)F̃j (�k, ω) (A10)

and is a sum of transverse and longitudinal components,
i.e., G̃i j (�k, ω) = G̃T

i j (�k, ω) + G̃L
i j (�k, ω). The transverse part

describes the velocity field in the incompressible case and
accounts for shear effects. It is given by

G̃T
i j (�k, ω) = (δi j − kik j/k2)/η̃(ω)

k2 + α2(ω)
, (A11)

where the length scale α−1 is defined as

α2(ω) = iωρ0/η̃(ω). (A12)

The longitudinal component describes compression effects
and reads

G̃L
i j (�k, ω) = kik jλ

2(ω)

η̃(ω)α2(ω)k2[k2 + λ2(ω)]
. (A13)

The length scale λ−1 is defined as

λ2(ω) = iωρ0

4η̃(ω)/3 + ζ̃ (ω) − iρ0c2/ω
. (A14)

The full frequency-dependent Green’s function Gi j (�r, ω) =
GT

i j (�r, ω) + GL
i j (�r, ω) in real space reads

Gi j (�r, ω) = 1

4πη̃α2r3
{δi j ([1 + rα + r2α2]e−rα

− [1 + rλ]e−rλ) − 3r̂i r̂ j ([1 + rα + r2α2/3]e−rα

− [1 + rλ + r2λ2/3]e−rλ)}. (A15)

The asymptotic behavior of the Green’s function, which is dis-
cussed in detail in Ref. [37], strongly depends on the inverse
length scales α = α(ω) and λ = λ(ω). Note that in Ref. [37]
a different definition of the Fourier transformation is used and
frequency-independent viscosities are assumed.

To calculate the friction acting on an oscillating sphere, we
have to compute the Green’s function for the stress tensor,
denoted by σi jk , defined as

σi j (�r, ω) = σi jk (�r, ω)Fk (�r, ω). (A16)

Without derivation and referring to Ref. [37], the stress tensor
Green’s function is given by

σi jk (�r, ω)/η̃(ω) = Gi jk (�r, ω) + Gjik (�r, ω)

+ (α2/λ2 − 2)Gllk (�r, ω)δi j, (A17)

where ∇kGi j = Gki j . To obtain the fluid velocity around a
sphere with radius a, we use the singularity ansatz [48]

ṽ
sp
i (�r, ω) = (C0 + C2a2∇k∇k )Gi j (�r, ω)F̃j (ω), (A18)

which defines the sphere Green’s function

Gsp
i j (�r, ω) = (C0 + C2a2∇k∇k )Gi j (�r, ω), (A19)

and the velocity field around the sphere follows as ṽ
sp
i (�r, ω) =

F̃j (ω)Gsp
i j (�r, ω), with F̃j being a force source. We choose the

coefficients C0 and C2 such that the boundary conditions on
the spherical surface are satisfied. We assume a finite slip at
the spherical surface and split the boundary conditions at the
surface into a kinematic and the Navier boundary condition
[81]. At |r| = a, the normal component of the fluid veloc-
ity equals the normal component of the sphere velocity, i.e.,
ṽ

sp
j (ω) = δi jṼ

sp
i (ω). The kinematic boundary condition can be

written as

6πη̃(ω)ar̂iG
sp
i j (ω) = r̂ j, (A20)

from which the sphere velocity follows as Ṽ sp
i (ω) =

F̃i(ω)/6πη̃(ω)a. Note that only in the zero-frequency limit
does the source force F̃i(ω) equal the actual force on the
sphere. The Navier boundary condition for the tangential ve-
locity at |r| = a is given by

b
[∇k ṽ

sp
i (ω) + ∇iṽ

sp
k (ω)

]
r̂kLli = [ṽsp

i (ω) − Ṽ sp
i (ω)

]
Lli,

(A21)

where b is the slip length and we define the projection operator
as Lli = (δli − r̂l r̂i ). The Navier boundary condition in terms
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of the sphere Green’s function reads

b
[∇kGsp

i j (ω) + ∇iG
sp
k j (ω)

]
r̂kLli

= [Gsp
i j (ω) − δi j/6πη̃(ω)a

]
Lli. (A22)

The final result for Gsp
i j (�r, ω) reads, using Eq. (A15),

Gsp
i j (�r, ω) = 1

4πη̃(ω)α2r3

× {δi j (E1[1+ rα+ r2α2]e−rα− E2[1 + rλ]e−rλ)

− 3r̂i r̂ j (E1[1 + rα + r2α2/3]e−rα

− E2[1 + rλ + r2λ2/3]e−rλ)}, (A23)

with the coefficients

E1 = 2

3
eα̂ (1 + 2b̂)(3 + 3λ̂ + λ̂2)

W
, (A24)

E2 = 2

3
eλ̂ (1 + 2b̂)(3 + 3α̂ + α̂2) + b̂α̂2(1 + α̂)

W
, (A25)

and

W = (2 + 2λ̂ + λ̂2)(1 + b̂(3 + α̂)) + (1 + α̂)(1 + 2b̂)λ̂2/α̂2.

(A26)
We define the dimensionless slip length, b̂ = b/a, and the
dimensionless decay constants α̂ = aα and λ̂ = aλ. The cor-
responding friction function �̃hyd(ω) is given by

δi j�̃
hyd(ω) = F̃ sp

i (ω)

Ṽ sp
j (ω)

= −6πη̃(ω)a
∫

d3rr̂kσki jδ(|r| − a).

(A27)
For the hydrodynamic force F̃ sp

i (ω) on a spherical particle,
we use the projection of the stress tensor on the surface and
integrate it over the sphere surface. Using Eq. (A17), and the
derivative of Gsp

i j (�r, ω) in Eq. (A23), we obtain the friction
function of the spherical particle

�̃hyd(ω) = 4πη̃(ω)a

3
W −1{(1 + λ̂)(9 + 9α̂ + α̂2)(1 + 2b̂)

+ (1 + α̂)[2λ̂2(1 + 2b̂) + b̂α̂2(1 + λ̂)]}, (A28)

where we use the identities
∫

d3rδi jδ(|r| − a) = 4πa2δi j and∫
d3rr̂ir̂ jδ(|r| − a) = 4πa2δi j/3. Assuming negligible slip,

i.e., b → 0, and vanishing compressibility, i.e., λ → 0, we
have

�̃hyd(ω) = 6πaη̃(ω)(1 + aα + a2α2/9). (A29)

Thus, the frequency-dependent hydrodynamic force on a
spherical particle, i.e., F̃ sp

i (ω) = −�̃hyd(ω)Ṽ sp
i (ω), is in the

same limit given by

F̃ sp
i (ω) = −6πaη̃(ω)Ṽ sp

i (ω)(1 + aα + a2α2/9). (A30)

APPENDIX B: FLUID MOMENTUM AROUND
A MOVING SPHERE

From the velocity field around the sphere, i.e., ṽ
sp
i (�r, ω) =

F̃j (�r, ω)Gsp
i j (�r, ω), and the expression in Eq. (A23), we can

calculate the fluid momentum outside the moving sphere as

p̃i(ω) = ρ0

∫
|r|>a

ṽ
sp
i (�r, ω)d3r. (B1)

We assume that the force source is oscillating along the x

direction, i.e., �̃F (ω) = (F̃ (ω), 0, 0)T , so that the momentum
points in the x direction. The volume integral in Eq. (B1)
involves the angular integrals∫

|r|>a
d3rδi j =

∫ ∞

a
r2dr

∫ π

0
dθ sinθ

∫ 2π

0
d�δi j,

= 4πδi j

∫ ∞

a
r2dr, (B2)

∫
|r|>a

d3rr̂ir̂ j =
∫ ∞

a
r2dr

∫ π

0
dθ sinθ cos2θ

∫ 2π

0
d�δi j

= 2πδi j

∫ ∞

a
r2dr

∫ 1

−1
duu2

= 4

3
πδi j

∫ ∞

a
r2dr. (B3)

In the derivation of the flow field around a sphere in Ap-
pendix A, we use the kinematic boundary condition Eq. (A20)
and obtain the sphere velocity Ṽ sp

i (ω) = F̃i(ω)/6πη̃(ω)a,
such that in the low-frequency (steady) limit and without slip,
the source force equals the actual force on the sphere. Using
the identities in Eq. (B2) and (B3) and the expression in
Eq. (A23) and inserting them into Eq. (B1), we arrive at

p̃i(ω) = 6π
ρ0

α2
aṼ sp

i (ω)
∫ ∞

a

1

r
dr

×{δi j (E1[1 + rα + r2α2]e−rα − E2[1 + rλ]e−rλ)

− δi j (E1[1 + rα + r2α2/3]e−rα

− E2[1 + rλ + r2λ2/3]e−rλ)} (B4)

= 6π
ρ0

α2
aṼ sp

i (ω)
∫ ∞

a
dr

[
2

3
E1rα2e−rα+ 1

3
E2rλ2e−rλ

]

(B5)

= −6π
ρ0

α2
aṼ sp

i (ω)

[
2

3
E1[e−rα (rα + 1)]|∞a

+ 1

3
E2[e−rλ(rλ + 1)]|∞a

]
(B6)

= 6π
ρ0

α2
aṼ sp

i (ω)

[
2

3
E1[e−aα (aα + 1)]

+ 1

3
E2[e−aλ(aλ + 1)]

]
, (B7)

For b → 0 and λ → 0, the constants E1 and E2 in Eqs. (A24)
and (A25) become E1 = eaα and E2 = (1 + aα + a2α2/3),
and we obtain for the momentum

p̃i(ω) = 6π
ρ0

α2
aṼ sp

i (ω)(1 + aα + a2α2/9). (B8)

Using that the force is given by F̃i = iω p̃i, we obtain

F̃i(ω) = 6πaη̃(ω)Ṽ sp
i (ω)(1 + aα + a2α2/9), (B9)

which is (except the sign) identical to the result obtained in
Eq. (A30) from integrating the surface force over the oscil-
lating sphere. Thus, the net frequency-dependent momentum
of the fluid inside the sphere vanishes, and there is no added-
mass contribution due to the motion of the liquid inside the
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sphere. It follows that the friction �̃hyd calculated from hy-
drodynamic theory equals the friction �(t ) extracted from
single-particle trajectories using the GLE, and no correction
for the fluid mass inside the sphere has to be applied.

APPENDIX C: SIMULATION SETUP

We perform all MD simulations using the GROMACS sim-
ulation package [82] (version 2020-Modified). For water, we
use the SPC/E [83] and TIP4P/2005 [84] rigid water mod-
els. We pre-equilibrate the system in an NPT ensemble (P =
1 bar) using a Berendsen barostat [85] set to 1 atm. For
production runs, we perform all simulations in the NVT en-
semble with a temperature of T = 300 K, controlled with a
velocity rescaling thermostat [86]. For electrostatics, we use
the particle-mesh Ewald method [87], with a cutoff length of
1 nm. We allow simulations to run for 600 ns, using integra-
tion time steps of 1 fs. We perform simulations in a (3.56 nm)3

cubic box with 1250 water molecules. From this simulation,
we use the stress tensor trajectory of the whole system with
a time step of �t = 1 fs to compute the shear and volume
viscosity spectra as described in Appendix D.

For the results we show in Fig. 4, we run an MD simulation
of SPC/E water with a total length of 1 µs and a time step
of 2 fs, and use the trajectories of 15 traced water particles
for the memory kernel extraction. For the results we show in
Appendix H, we additionally run simulations with integration
time steps of 1 and 4 fs, and use the trajectories of two traced
water particles for the memory kernel extraction.

For the Lennard-Jones (LJ) fluid, we simulate a system at
T = 92 K with a box length of 5 nm and 2744 LJ particles.
For the particles, we took the Lennard-Jones parameters of
argon of the GROMOS53a6 force field [88] (σ = 3.410 Å,
ε = 0.996 kJ/mol and a cutoff radius of 2.5σ ). Using LJ units,
the systems are at T ∗ = 0.77 and P∗ = 0.04 corresponding to
the liquid phase [89,90]. The system is first equilibrated in the
NPT ensemble (P = 17 bar) followed by a production run in
the NVT ensemble for 10 ns with a time step of 2 fs. We use
the stress tensor of the whole system to compute the shear and
volume viscosities and the trajectories of 50 LJ particles for
the memory kernel extraction.

APPENDIX D: CALCULATION OF
FREQUENCY-DEPENDENT SHEAR AND VOLUME
VISCOSITY SPECTRA FROM MD SIMULATIONS

The shear viscosity kernel η(t ) is given by the trace-
free part of the stress tensor by the Green-Kubo relation
[2,36,41,80]

η̃(�k = 0, ω) =
∫ ∞

0
dt η(t ) e−iωt

= V

6kBT

∫ ∞

0
e−iωt

∑
i 
= j

〈�i j (t )�i j (0)〉dt, (D1)

where V is the volume of the fluid. We define the trace-free
part of the stress tensor σi j as

�i j = σi j − δi j
1

3

∑
k

σkk, (D2)

where i, j ∈ {x, y, z}.

We use the fluctuations of the instantaneous pressure
from its average value 〈P〉, i.e., δP(t ) = P(t ) − 〈P〉, to com-
pute the volume viscosity kernel ζ (t ). P(t ) is computed
from the trace of the stress tensor, i.e., P(t ) = 1

3

∑
k σkk (t ).

Using the half-sided Fourier transformation, we compute the
volume viscosity spectrum via [34]

ζ̃ (�k = 0, ω) =
∫ ∞

0
dt ζ (t ) e−iωt

= V

kBT

∫ ∞

0
e−iωt 〈δP(t )δP(0)〉dt . (D3)

For the Fourier transformation of the viscosity data, and the
memory kernel data as well, we use the fast Fourier transform
(FFT) algorithm implemented in NumPy version 1.18.5 [91],
where we assume the input signal x(t ) to be single-sided, i.e.,
x(t < 0) = 0. All data in the time domain are truncated at
10 ps.

APPENDIX E: FITTING OF THE VISCOSITY DATA

We fit the real part of the Fourier-transformed viscosity
spectra η̃(ω) and ζ̃ (ω) extracted from the MD simulation by
a combination of six and five exponential-oscillating com-
ponents according to Eqs. (10) and (12), respectively, using
the Levenberg-Marquardt algorithm implemented in scipy ver.
1.4 [92]. The initial values for all η0, j , τn, j , and τo, j are
chosen suitably; the same for ζ0, j , τv, j , and τw, j . We constrain
the parameter space to positive values. We filter the data set
beforehand on a logarithmic frequency scale to reduce the
overall number of data points to fit. We also weight the data
exponentially so that the data for small frequencies become
more important for the fit. After optimizing the parameters,
we use them as initial parameters to peform the final fit of
the data in the time domain. Here the input data are filtered
on the logarithmic time-domain scale but without exponential
weighting. This allows us to fit the low- and high-frequency
regimes at the same time. The obtained fit parameters are
summarized in Appendix F.

APPENDIX F: SUMMARY OF FITTING PARAMETERS

This appendix summarizes the fitting parameters in
Tables I–III.

APPENDIX G: COMPONENTS OF THE SHEAR
VISCOSITY FOR SPC/E WATER

The fitting components according to Eq. (9) and the fitting
parameters in Table I (Appendix F) for the SPC/E water MD
simulation are depicted in Fig. 8, together with the MD data
and the total fit shown in Fig. 1.

For τo, j � 2τn, j the relaxation mode is underdamped and
characterized by an oscillation period ≈τo, j , for τo, j � 2τn, j

the mode is overdamped and characterized by the decay time
τ 2

o, j/τn, j .
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TABLE I. Fitting parameters for the viscoelastic model of the
shear viscosity in Eqs. (9) and (10) to MD data of the SPC/E water
model and the TIP4P/2005 water model. The timescales are con-
verted to frequencies for ease of comparison with Figs. 1(a)–1(c).

Parameter SPC/E TIP4P/2005

η0,I 0.45 mPa s 0.25 mPa s
(2πτn,I )−1 1.96 THz 1.83 THz
(2πτo,I )−1 0.67 THz 0.47 THz

η0,II 0.14 mPa s 0.06 mPa s
(2πτn,II )−1 3.33 THz 1.94 THz
(2πτo,II )−1 1.69 THz 1.54 THz

η0,III 0.08 mPa s 0.06 mPa s
(2πτn,III )−1 5.45 THz 4.16 THz
(2πτo,III )−1 8.08 THz 7.74 THz

η0,IV 0.02 mPa s 0.43 mPa s
(2πτn,IV )−1 10.58 THz 2.04 THz
(2πτo,IV )−1 15.50 THz 0.76 THz

η0,V 0.005 mPa s 0.02 mPa s
(2πτn,V )−1 27.47 THz 20.95 THz
(2πτo,V )−1 31.74 THz 17.03 THz

η0,V I 3.31×10−5 mPa s 8.11×10−4 mPa s
(2πτn,V I )−1 6.31 THz 15.61 THz
(2πτo,V I )−1 42.10 THz 39.73 THz

APPENDIX H: FRICTION FROM MD SIMULATIONS
WITH DIFFERENT TIME RESOLUTION

In Fig. 9, we investigate the influence of the MD simulation
time resolution on the extracted friction function, where we
simulated SPC/E water with different time steps. The memory
kernel, extracted as explained in Appendix L, exhibits, besides
numerical noise, no distinct differences between the different
time resolutions. All important features we observe in the
memory kernel for 1 fs are also visible for the longer time

TABLE II. Fitting parameters for the viscoelastic model of the
volume viscosity in Eqs. (11) and (12) to MD data of the SPC/E
water model and the TIP4P/2005 water model. The time scales are
converted to frequencies for ease of comparison with Figs. 1(d)–1(f).

Parameter SPC/E TIP4P/2005

ζ0,I 0.75 mPa s 0.23 mPa s
(2πτv,I )−1 1.11 THz 0.13 THz
(2πτw,I )−1 0.41 THz 0.09 THz

ζ0,II 0.45 mPa s 1.23 mPa s
(2πτv,II )−1 1.53 THz 1.14 THz
(2πτw,II )−1 0.75 THz 0.50 THz

ζ0,III 0.44 mPa s 0.55 mPa s
(2πτv,III )−1 5.52 THz 7.96 THz
(2πτw,III )−1 3.55 THz 4.14 THz

ζ0,IV 0.04 mPa s 0.01 mPa s
(2πτv,IV )−1 6.89 THz 4.33 THz
(2πτw,IV )−1 7.07 THz 7.10 THz

ζ0,V 0.02 mPa s 0.02 mPa s
(2πτv,V )−1 20.76 THz 19.39 THz
(2πτw,V )−1 18.20 THz 17.88 THz

TABLE III. Fitting parameters for the viscoelastic model of the
shear viscosity in Eqs. (9), (10) and volume viscosity in Eqs. (11),
(12) to MD data of the LJ fluid. The time scales are converted to
frequencies for ease of comparison with Figs. 12(a) and 12(b).

Parameter η ζ

η0,I , ζ0,I 0.12 mPa s 0.23 mPa s
(2πτn,I )−1, (2πτv,I )−1 2.38 THz 70.71 THz
(2πτo,I )−1, (2πτw,I )−1 1.18 THz 40.69 THz

η0,II , ζ0,II 0.05 mPa s 0.05 mPa s
(2πτn,II )−1, (2πτv,II )−1 4.04 THz 6.12 THz
(2πτo,II )−1, (2πτw,II )−1 2.41 THz 3.06 THz

η0,III , ζ0,III 0.07 mPa s 0.32 mPa s
(2πτn,III )−1, (2πτv,III )−1 32.87 THz 15.32 THz
(2πτo,III )−1, (2πτw,III )−1 19.25 THz 11.09 THz

η0,IV , ζ0,IV 0.01 mPa s 0.01 mPa s
(2πτn,IV )−1, (2πτv,IV )−1 449.15 THz 987.59 THz
(2πτo,IV )−1, (2πτw,IV )−1 333.42 THz 18.07 THz

steps in Fig. 9. The same is expected for the extracted viscos-
ity spectra in Fig. 1, since they stem from the same molecular
features. Deviations in the viscosity spectrum in Fig. 1(b) start
around 30–60 THz, below the frequency where discretization
effects are expected to be important for �t = 1 fs, which
rules out discretization effects as the cause for the deviations
between MD data and viscosity model seen in Fig. 1(b). At
higher frequencies, in the resolution limit regime, the real
part data in Fig. 9(b) is dominated by noise, which means
that we cannot make a statement about the actual scaling at
these frequencies. For the 1 fs data (black), the data points
become noisy around 100 THz, which is a fifth of the maxi-
mal frequency of 500 THz. This suggests that our used FFT
algorithm explained in Appendix E is numerically unstable in
this frequency regime, and data points in this regime should
not be interpreted.

APPENDIX I: FRICTION OF A SPHERE FOR
FREQUENCY-INDEPENDENT VISCOSITIES

In Fig. 10, we show the calculated hydrodynamic friction
of a sphere according to Eq. (2) for constant shear viscosity
η̃(ω) = η0 for different sphere radii a. Note that we here use
a vanishing volume viscosity ζ̃ = 0, for better comparability
with the results in Ref. [37]. As already discussed in Ref. [37],
the friction sensitively depends on the slip length b and its
real and imaginary parts both increase as ω → ∞. Note that
the high-frequency behavior of the imaginary part differs from
the results in Ref. [37], as we use a different definition of the
Fourier transformation. We refer to Ref. [37] for a detailed dis-
cussion and point out that the addition of frequency-dependent
shear and volume viscosity significantly changes the friction,
as shown in Fig. 2.

APPENDIX J: LOW- AND HIGH-FREQUENCY SCALING
OF THE HYDRODYNAMIC FRICTION OF A SPHERE

In the following, we analyze the friction in Eq. (2). For the
real part of the friction in Eq. (2), we analytically obtain the
asymptotic behavior (for finite c and b 
= 0) for shear viscosity
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FIG. 8. Extracted shear viscosity η from MD simulations of SPC/E water (shown in Fig. 1) together with the fitting components (lines)
according to Eq. (9) using the fitting parameters in Table I (Appendix F). Dashed lines and empty circles denote negative values.

and volume viscosity given by the models in Eqs. (10) and
(12) as

Re �̃hyd(ω)

6πη0a
	

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ω → 0 1+2b̂
1+3b̂

+ a(1+2b̂)2√ρ0/η0√
2(1+3b̂)2 ω1/2

+O(ω3/2)
ω → ∞
if ζ̃ = ζ0

2a
9 � (α∞ )2

2λc
ω1/2

otherwise 2a
9 � (α∞ )2

λ∞
ω0,

(J1)

with the constants

� =
⎛
⎝ V I∑

j=I

η0, jτn, j

τ 2
o, j

⎞
⎠/η0, (J2)

η0 =
V I∑
j=I

η0, j . (J3)

Here, we introduced high-frequency limiting values for the
inverse length scales α∞, λ∞, and λc given as

α(ω → ∞) ≡ α∞ =
√

ρ0η̃∞, (J4)

λ∞ =
√

ρ0Z̃∞,

λc =
√√√√ρ0/2

V∑
j=I

ζ0, j, (J5)

where η̃∞ and Z̃∞ follow from the high-frequency limits of
the shear and volume viscosities in Eqs. (10) and (12), with

FIG. 9. Influence of the MD simulation time resolution on the frequency-dependent friction. We show (a) the extracted water memory
kernel �(t ) (extracted as explained in Appendix L) and (b), (c) the real and imaginary part of the Fourier-transformed �̃+(ω) for SPC/E water
MD simulations with different time resolutions as explained in Appendix C. In the frequency domain, circles denote positive values, and crosses
denote negative values. The colored horizontal dashed lines in the time domain (a) denote the initial values of the memory kernel data �(0).
The colored vertical dashed lines in the frequency domain in panels (b) and (c) denote the maximal frequencies of the Fourier-transformed
data.
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FIG. 10. Real and imaginary parts of the rescaled friction function of a sphere �̃hyd(ω) = Re �̃hyd(ω) + i Im �̃hyd(ω) given by Eq. (2),
for various slip parameters b̂ and sphere radii a. Here we use a constant shear viscosity of η0 = 1 mPa s, the water density ρ0 = 103 kg/m3,
c = 103 m/s, and vanishing volume viscosity ζ̃ = 0 for comparability with the results in Ref. [37].

Z̃ (ω) = 4η̃(ω)/3 + ζ̃ (ω) − iρ0c2/ω, as

η̃∞ =
⎛
⎝ V I∑

j=I

η0, jτn, j

τ 2
o, j

⎞
⎠

−1

, (J6)

Z̃∞ =
⎛
⎝ V I∑

j=I

4η0, jτn, j

3τ 2
o, j

+
V∑

j=I

ζ0, jτv, j

τ 2
w, j

+ ρ0c2

⎞
⎠

−1

. (J7)

For ζ̃ (ω) 
= ζ̃0, the real part of the friction �̃hyd(ω) in Eq. (J1)
converges for ω → ∞ to a constant value depending on the
steady-state viscosity constants and relaxation times. This
stems from our choice of exponential-oscillatory models for
shear and volume viscosity, for which the real part of the com-
ponents scales as ω−4 and the imaginary part scales as ω−1.
The friction in the frequency domain differs only marginally
for frequency-dependent volume viscosity and for vanishing
volume viscosity, i.e., for ζ̃ = 0. For ζ̃ = 0, the friction has
the same asymptotic behavior as for ζ̃ (ω) in Eq. (J1), with
modified constants. In contrast, for ζ̃ = ζ0, the real part di-
verges, as visible in Fig. 3.

In the abscence of slip, i.e., for b = 0, the real part scales
as

Re �̃hyd(ω)

6πη0a
	

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ω → 0 1 + a
√

ρ0/η0√
2

ω1/2 + O(ω3/2)
ω → ∞
if ζ̃ = ζ0

2a
9 � (α∞ )2

2λc
ω1/2

otherwise 2a
9 �α∞(α∞+2λ∞ )

λ∞
ω0.

(J8)

By comparison with Eq. (J1), we see that the plateau value for
ω → ∞ and frequency-dependent ζ̃ depends on whether the
slip length is zero or not, but the high-frequency scaling for
ζ̃ = ζ0 is slip-independent.

For completeness, the imaginary part of the friction func-
tion for b 
= 0 has the asymptotic scaling

Im �̃hyd(ω)

6πη0a
	

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ω → 0 a(1+2b̂)2√ωρ0/η0√
2(1+3b̂)2

+O(ω)
ω → ∞
if ζ̃ = ζ0

2
9a� (α∞ )2

2λc
ω1/2

otherwise − 2a
9 �C∞ω−1,

(J9)

where the constant C∞ is given by

C∞ = 4 + 2

b̂
− (α∞)2

(λ∞)2
. (J10)

We see that for vanishing volume viscosity, i.e., ζ̃ (ω) → 0 as
ω → ∞, the imaginary part of the friction decays as ∼ω−1 for
high frequencies, but diverges with the same scaling ∼ω1/2 as
the real part for ζ̃ = ζ0.

For the stick case (b → 0) the imaginary part scales as

Im �̃hyd(ω)

6πη0a
	

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ω → 0 − a
√

ωρ0/η0√
2

+O(ω)
ω → ∞
if ζ̃ = ζ0

2
9� (α∞ )2a

2λc
ω1/2

otherwise − 2a
9 �α∞(α∞−4λ∞ )

(λ∞ )2 ω−1.

(J11)

APPENDIX K: DERIVATION OF THE
HYDRODYNAMIC TAIL

Applying the inverse Fourier transformation in Eq. (A30)
leads to the Boussinesq-Basset equation [4,20,39]. We
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decompose the total force in Eq. (A30) into three parts:

F̃ sp
i,1 (ω) = −6πaη̃(ω)Ṽ sp

i (ω), (K1)

F̃ sp
i,2 (ω) = −6πa2

√
η̃(ω)ρ0iωṼ sp

i (ω), (K2)

F̃ sp
i,3 (ω) = −2

3
πa3ρ0iωṼ sp

i (ω). (K3)

Assuming a frequency-independent shear viscosity, i.e.,
η̃(ω) = η0, it is easily seen that in the time-domain, the
first component is given by F sp

i,1 (t ) = −6πaη0V
sp

i (t ) and
the third component by F sp

i,3 (t ) = − 2
3πρ0a3V̇ sp

i (t ). To de-
rive the expression for the second component, we use
Ṽ sp

i (ω) = ˙̃V sp
i (ω)/iω, where the dot denotes the time deriva-

tive. For the expression F̃ sp
i,2 (ω) = −6πa2

√
η0ρ0

iω
˙̃V sp
i (ω) =

−6πa2√η0ρ0g̃(ω) ˙̃V sp
i (ω), g̃(ω) in the time domain is given

by g(t ) = �(t )√
π

t−1/2:

g̃(ω) = 1√
π

∫ ∞

0
e−iωt dt

t1/2
(K4)

= 1√
π iω

∫ i∞

0
e−s ds

s1/2
(K5)

= 1√
π iω

∫ ∞

0
e−s ds

s1/2
(K6)

= 1√
iω

, (K7)

where we use a Wick rotation to arrive at Eq. (K6) from
Eq. (K5). Applying the convolution theorem in the inverse
Fourier transformation of the second force component in
Eq. (K2), the full force is given by the Boussinesq-Basset
equation

F sp
i (t ) = −6πaηV sp

i (t ) − 6a2√πη0ρ0

∫ t

0
dt ′ V̇ sp

i (t ′)√
t − t ′

− 2

3
πρ0a3V̇ sp

i (t ). (K8)

The first term in Eq. (K8) is the steady Stokes drag. The
third term is known as the added mass term, proportional to
the mass m0 = 2

3πρ0a3. It reflects that an unsteadily moving
sphere must accelerate the surrounding fluid volume. The
second term, including a convolution integral, describes the
sphere’s history of motion, also known as the Basset history
force. Applying a partial integration on this term, we obtain

F sp
i,2 (t ) = 3a2√πη0ρ0

∫ t

0
dt ′ (t − t ′)−3/2V sp

i (t ′)

+ V sp
i (t ) f (0) − V sp

i (0) f (t ), (K9)

where f (t ) = θ (t )6a2√πη0ρ0t−1/2. We see that the memory
kernel predicted by continuum hydrodynamics consists of the
power-law decay

lim
t→∞ �hyd(t ) ≈ −3a2√πη0ρ0t−3/2, (K10)

which is the famous hydrodynamic tail [4,71,72]. The Volterra
equation in Eq. (L5) relates the long-time behavior of the
memory kernel and the velocity autocorrelation function

Cvv (t ) (VACF). Using the expression in Eq. (16), we find that,
for long times, the VACF scales as

lim
t→∞Cvv (t ) ≈ kBT

√
ρ0

12
(πη0t )−3/2. (K11)

APPENDIX L: CALCULATION OF THE
FREQUENCY-DEPENDENT FRICTION
FROM SIMULATION TRAJECTORIES

Various data-based methods to estimate the parameters of
the GLE from experimental or simulation trajectories have
been proposed [6,8,11,93–96]. A robust and computationally
efficient technique to extract the memory kernel from given
time series trajectories can be derived by multiplying Eq. (6)
for the position x(t ) with the initial velocity ẋ(0). Taking
the ensemble average leads to an equation involving corre-
lation functions that is calculated from the given trajectory
[11,97,98]. By this, we obtain a Volterra equation of the first
kind [9,44]:

mCẋẍ(t ) = −
∫ t

0
dt ′ �(t ′)Cẋẋ(t − t ′), (L1)

where Cẋẍ(t ) = 〈ẋ(0)ẍ(t )〉 and Cẋẋ(t ) = 〈ẋ(0)ẋ(t )〉, and we
use that ∇U = 0 and that ẋ(0) and FR(t) are uncorrelated, i.e.,
〈ẋ(0)FR(t )〉 = 0 [1].

Analyses for one-dimensional trajectories have shown that
compared to the direct method [11], extraction of the memory
kernel’s running integral produces significantly more stable
results [9]. We integrate Eq. (L1) over time

m[Cẋẋ(t )− Cẋẋ(0)] = −
∫ t

0
ds
∫ s

0
ds′ �(s′)Cẋẋ(s− s′) (L2)

= −
∫ t

0
ds′
∫ t

s′
ds �(s − s′)Cẋẋ(s′) (L3)

= −
∫ t

0
ds′
∫ t−s′

0
du�(u)Cẋẋ(s′) (L4)

= −
∫ t

0
dsG(t − s)Cẋẋ(s), (L5)

where G(t ) = ∫ t
0 ds �(s) is the running integral of the memory

kernel. Discretizing this equation with a time step �t , we
obtain an iterative formula for Gi = G(i�t ). For a discretized
correlation function we use the short-hand notation CAB

i =
〈A(0)B(i�t )〉. For the running integral of the memory kernel
Gi, we obtain from Eq. (L5) by applying the trapezoidal rule
on the integral:

Gi =
⎡
⎣m
(
Cẋẋ

0 − Cẋẋ
i

)− �t
i−1∑
j=1

GjC
ẋẋ
i− j

⎤
⎦(1

2
�tCẋẋ

0

)−1

,

(L6)
where we use G0 = 0. If we compute the velocity autocorre-
lation function Cẋẋ

i from the given time series x(t ), we can use
Eq. (L6) to determine the running integral G(t ) and based on
this the memory kernel �(t ) by differentiation.
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FIG. 11. Influence of the slip length b on the hydrodynamic friction. (a) Real part of the friction function Re �̃+(ω) in Fig. 4 for different
slip lengths b̂ = b/a with fixed radius a = 0.14 nm. (b) Friction �+(t ) in the time domain obtained by numerical inverse Fourier transformation.
(c) Root mean squared error (RMSE) between the MD data of the real part of the friction Re �̃+(ω) in Fig. 4 (black), and the prediction from
Eq. (2) in dependence of the sphere radius a and the slip length b. The red circle denotes the optimal parameter combination corresponding to
the result shown as a green line in Fig. 4 and shown as red lines in panels (a) and (b).

APPENDIX M: FREQUENCY-DEPENDENT FINITE-SIZE
CORRECTION FOR MEMORY KERNELS

Numerical predictions of the velocity autocorrelation func-
tion and the frequency-dependent friction of a particle in a
fluid are significantly affected by the presence of periodic
boundary conditions and finite system sizes in molecular dy-
namics simulations [42]. We follow the procedure elaborated
in Ref. [44] which yields an analytic correction term for
the frequency-dependent friction that accounts for periodic
boundary effects. From the uncorrected friction �̃+(ω), the
corrected version is computed by

[�̃corr
+ (ω)]−1 = [�̃+(ω)]−1 − �Gcorr(ω), (M1)

where the frequency-dependent correction term �Gcorr(ω) is
given by

�Gcorr(ω) =
⎡
⎣∑

�n,�n 
=0

1

3
Tr[Gi j (�nL, ω)]

⎤
⎦

− 1

3L3

∫
d�r ′Tr[Gi j (�r ′, ω)]. (M2)

L is the box size, here L = 3.5616 nm for the water simu-
lation and L = 4.5 nm for the methane in water simulation
[9], �n = nx�ex + ny�ey + nz�ez is a lattice vector with nx, ny, nz

integers, and �ei are the unit vectors in the directions x, y,
and z. Tr denotes the tensor trace. G is the Green’s function
given in Eq. (A15), derived in Appendix A. For a detailed
description of the numerical calculation of the correction term
in Eq. (M2), we refer to Ref. [44]. We additionally correct
the velocity autocorrelation function C̃vv

+ (ω) from the MD
simulations by the correction term

C̃vv,corr
+ (ω) = C̃vv

+ (ω)

1 + (kBT )−1C̃vv+ (ω)�̃corr+ (ω)�̃+(ω)�G̃corr(ω)
,

(M3)

which is derived using Eq. (16). The corrected data �̃corr
+ (ω)

and C̃vv,corr
+ (ω) is shown in Figs. 4–6 as black circles. Note

that for the calculation of the PBC correction, we used the
fitted frequency-dependent viscosity models shown in Fig. 1
as it improves the finite-size correction [44].

APPENDIX N: DETERMINATION OF THE EFFECTIVE
RADIUS AND THE SLIP LENGTH

In Fig. 11, we investigate the dependence of the hydro-
dynamic friction Re �̃+(ω) on the hydrodynamic radius a
and the slip length b. We observe a significant dependence
on the slip length in Fig. 11(a), where higher slip leads to
lower friction. The same is visible in the time domain in
Fig. 11(b), obtained from Fig. 11(a) by applying the inverse
Fourier transformation on �̃+(ω).

The slip length influences for not too high frequencies
only the magnitude of the friction function. In Fig. 11(c), we
show the root mean squared error (RMSE) between the MD
data of the real part of the friction Re �̃+(ω) [Fig. 4(b), black],
and the prediction from Eq. (2) in dependence of the sphere
radius a and the slip length b. We find a global minimum, de-
noted as a red circle, which corresponds to the results reported
in Fig. 4 and shown as a red line in Figs. 11(a) and 11(b). Due
to the anisotropic dependence of the error in Fig. 11(c) on a
and b, we can fit the effective radius a much more accurately
than the slip length b. Hence, the estimation of the slip length
by this procedure is subject to considerable uncertainty.

APPENDIX O: RESULTS FOR A LENNARD-JONES FLUID

We compare simulation results and hydrodynamic theory
for a Lennard-Jones (LJ) particle in a LJ fluid (see Ap-
pendix C for simulation details). In Figs. 12(a) and 12(b)
we show the extracted and fitted viscoelastic spectra of the
MD simulation. Note that, in contrast to the water system,
we use four viscoelastic fitting components for both shear
and volume viscosity and we do not subtract finite-size ef-
fects here, as we are only interested in the behavior in the
low- and intermediate-frequency regime. The extracted fric-
tion �̃+(ω) in Figs. 12(c) and 12(d) (circles) agrees for low
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FIG. 12. Simulation results and hydrodynamic theory for a Lennard-Jones particle in a Lennard-Jones fluid. (a), (b) Extracted shear
viscosity η and volume viscosity ζ in frequency space from MD simulations (circles) with fits (dashed lines) according to Eq. (10) and
the fitting parameters in Table III (Appendix F). Empty circles denote negative values. Note that all data are shown in logarithmic spacing
for better visibility. (c), (d) Real and imaginary part of the Fourier transformed friction �̃+(ω) extracted from MD simulations using the GLE
(circles). We compare with the results from Eq. (2) (green) for a = 0.13 nm and b̂ = b/a = 0.17 and the shear and volume viscosity parameters
given in Appendix F. We also compare with the hydrodynamic prediction neglecting compressibility, i.e., c → ∞ (purple), and additionally
neglecting shear-wave effects, i.e., α → 0 [yellow, Eq. (13)]. The blue lines show the hydrodynamic friction using a Maxwell model fit of the
shear viscosity to the MD friction data and vanishing volume viscosity. The fitting constants are η0 = 0.23 mPa s and (2πτ )−1 = 0.34 THz.
(e), (f) Comparison between the frequency-dependent velocity autocorrelation function C̃vv

+ (ω) of a LJ particle in a LJ fluid from the MD and
the hydrodynamic prediction in Eq. (16), which we obtain using the results shown in panels (c) and (d).

frequencies well with the hydrodynamic prediction using
the fitted viscosity models (green lines), the agreement is
worse with the model neglecting compressibility, i.e., c → ∞
(purple lines), and the GSER (yellow lines). We use ρ0 =
1370 kg/m3 and c = 869 m/s [44]. Even if no distinct peaks
can be seen in the friction spectrum, several viscoelastic
components are still necessary for the modeling, as a simple
Maxwell model (blue) deviates significantly from the MD

data in Figs. 12(c) and 12(d). As for the water results in Fig. 4,
a plateau can be seen in the real part of the hydrodynamic
friction prediction for frequencies above 10 THz, which is
not present in the MD data. We conclude that the hydro-
dynamic prediction with the frequency-dependent viscosity
functions and finite compressibility is most appropriate, which
becomes even more evident when analyzing the VACF in
Figs. 12(e) and 12(f).
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FIG. 13. Discussion of the influence of compressibility on the
hydrodynamic long-time tail. We compare the long-time behavior
of the water memory kernel from MD simulations (circles) with
the numerical inverse Fourier transformation of the hydrodynamic
friction �̃hyd(ω) in Eq. (2) for the compressible case (red line) and in
the incompressible limit λ → 0 (green line). Dashed lines and empty
circles denote negative values.

APPENDIX P: LONG-TIME BEHAVIOR OF THE WATER
MEMORY KERNEL WITH COMPRESSIBILITY

In Fig. 13, we compare the long-time behavior of the water
memory kernel from MD simulations (circles) with the nu-
merical inverse Fourier transformation of the hydrodynamic
friction �hyd(ω) in Eq. (2) for the compressible case (red
line) and in the incompressible limit λ → 0 (green line). As
discussed in the main text, the hydrodynamic tail remains
unchanged in the incompressible case. The sign change from
positive to negative values around 3 ps is slightly shifted to
earlier times.

APPENDIX Q: DERIVATION OF EQ. (16)

We start from the Fourier-transformed GLE in Eq. (8),
i.e., ṽ(ω) = iωχ̃ (ω)F̃R(ω), where ṽ(ω) = iωx̃(ω) and
χ̃ (ω) = [iω�̃+(ω) − mω2]−1. The relation 〈FR(t )FR(t ′)〉 =
kBT �(|t − t ′|) in Fourier space reads

〈F̃R(ω)F̃R(ω′)〉 = kBT
∫ ∞

−∞
dte−iωt

∫ ∞

−∞
dt ′ e−iω′t ′

�(t − t ′)

(Q1)

= kBT
∫ ∞

−∞
dt ′ e−i(ω+ω′ )t

×
∫ ∞

−∞
dte−iω(t−t ′ )�(t − t ′) (Q2)

= kBT
∫ ∞

−∞
dt ′ e−i(ω+ω′ )t ′

�̃(ω) (Q3)

= 2πkBT δ(ω + ω′)�̃(ω). (Q4)

Using this identity, we obtain the Fourier transformation of
the VACF:

C̃vv (ω) =
∫ ∞

−∞

dω′

2π
e−iω(t−t )〈ṽ(ω)ṽ(ω′)〉 (Q5)

=
∫ ∞

−∞

dω′

2π
〈iωx̃(ω)iω′x̃(ω′)〉 (Q6)

= −
∫ ∞

−∞

dω′

2π
〈ωχ̃ (ω)F̃R(ω)ω′χ̃ (ω′)F̃R(ω′)〉 (Q7)

= −kBT
∫ ∞

−∞
dω′ωω′χ̃ (ω)χ̃ (ω′)δ(ω + ω′)�̃(ω)

(Q8)

= kBT ω2χ̃ (ω)χ̃ (−ω)�̃(ω) (Q9)

= kBT ω2�̃(ω)
χ̃ (−ω) − χ̃ (ω)

1
χ̃ (ω) − 1

χ̃ (−ω)

(Q10)

= kBT ω2�̃(ω)
χ̃ (−ω) − χ̃ (ω)

iω[�̃+(ω) + �̃+(−ω)]
. (Q11)

Since χ (t ) is a real function, we have χ̃ (−ω) − χ̃ (ω) =
χ̃∗(ω) − χ̃ (ω) = −2i Im χ̃ (ω), where χ̃∗(ω) is the complex
conjugate of χ̃ (ω). For any function f (t ) symmetric in t , such
as �(t ) and Cvv (t ), we have

f̃+(ω) + f̃+(−ω) = f̃+(ω) + f̃ ∗
+(ω) (Q12)

=
∫ ∞

−∞
dt f+(t )e−iωt +

∫ ∞

−∞
dt f+(t )eiωt

(Q13)

=
∫ ∞

−∞
dt f (t )θ (t )e−iωt

+
∫ ∞

−∞
dt f (t )θ (−t )e−iωt (Q14)

= f̃ (ω). (Q15)

Inserting this identity for �̃+(ω) into Eq. (Q11), we obtain the
fluctuation-dissipation theorem:

C̃vv (ω) = −2kBT ω Im χ̃ (ω), (Q16)

and

Re C̃vv
+ (ω) = −kBT ω Im χ̃ (ω), (Q17)

= kBT ωRe[iχ̃ (ω)], (Q18)

where we used C̃vv (ω) = C̃vv
+ (ω) + [C̃vv

+ (ω)]∗ = 2ReC̃vv
+ (ω).

For the single-sided VACF, we finally obtain

C̃vv
+ (ω) = iωkBT χ̃ (ω) = iωkBT

iω�̃+(ω) − mω2
, (Q19)

which is Eq. (16) in the main text. Here, by employing the
Kramers-Kronig relations, we use the fact that if the real parts
of the Fourier transformations of two half-sided time-domain
functions are equal [Eq. (Q18)], the total complex functions
are equal [9].
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