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ABSTRACT

We consider the Koopman operator semigroup (K'),», associated with stochastic differential equations of the form dX, = AX, dt +
B dW, with constant matrices A and B and Brownian motion W,. We prove that the reproducing kernel Hilbert space H generated
by a Gaussian kernel with a positive definite covariance matrix C is invariant under each Koopman operator K' if the matrices A,
B, and C satisfy the following Lyapunov-like matrix inequality: AC? + C2AT < 2BBT. In this course, we prove a characterization
concerning the inclusion H, C Hc, of Gaussian RKHSs for two positive definite matrices C; and C,. The question of whether the
sufficient Lyapunov-condition is also necessary is left as an open problem.

[3], a data-driven approach propagating a finite number of
predefined observable functions along the flow, which results

1 | Introduction

The Koopman operator [1] of a (stochastic) dynamical system is
a linear operator, which is defined on a linear function space
of so-called observables. For deterministic systems, it is simply
defined as a composition operator with the flow F of the system,
that is, (K f)(x) = f(F(x,t)). For stochastic systems, (K‘f)(x)
is defined as the conditional expectation of f(F(-,t)), given
that the trajectory starts at x. Since the (generally unknown)
Koopman operator is linear and provides complete information
about the (expected) process behavior, it is very appealing to
approximate this operator using sample data in the fashion of
modern machine learning, see, for example, the monograph [2]
and the references therein.

One of the most popular methods for Koopman operator learning
is certainly Extended Dynamic Mode Decomposition (EDMD)

in a well-interpretable surrogate model for analysis, prediction,
and control. EDMD has been successfully applied in a number
of highly relevant applications such as molecular dynamics [4],
turbulent flows [5], neuroscience [6], or climate prediction [7],
just to name a few. Rigorous error analyses for EDMD have been
conducted in [8-11].

Since kernel methods play an important role in approximation
theory and machine learning, it is not surprising that there
exist kernel-based approaches for Koopman operator learning,
one of them being a variant of EDMD, called kernel EDMD
(kEDMD) [12, 13]. Kernel-based methods have been rigorously
analyzed in, for example, [14-17] and in [18] for deterministic
systems, where uniform error bounds have been provided. As it
turns out in the analysis, for providing error bounds on Koopman
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approximations in the kernel-based setting, it is highly beneficial
if the reproducing kernel Hilbert space (RKHS) generated by
the kernel at hand is invariant under the Koopman operator.
Therefore, an important task in kernel-based Koopman operator
learning is to figure out which kernels and which systems are a
good match in the sense that the generated RKHS is invariant
under the Koopman operator of the system.

In this article, we consider the invariance of Gaussian RKHSs
under the Koopman operator of dynamical systems driven by
a stochastic differential equation (SDE) of the form dX, =
AX, dt + BdW, with constant coefficient matrices A and B, where
(A, B) is controllable and A is Hurwitz. To be more precise,
we prove that the RKHS H. generated by the Gaussian kernel
k(x,y) = exp(=||C~}(x — y)||*) with a positive definite matrix C
is Koopman-invariant if the matrices A, B, and C satisfy the
Lyapunov-like inequality AC? + C2AT < 2BBT, see Theorem 2.1.
Itisleft open whether this sufficient condition is also necessary. In
the course of proving Theorem 2.1, we also prove that He, C He,
holds for two positive definite matrices C; and C, if and only if
C} > C2, see Proposition 3.3. This fact is well known [19] for the
scalar case, where C;, C, € (0, o0), but—to the best of the authors’
knowledge—seems to be unknown in the general matrix case.

The paper is arranged as follows. In the next section, we briefly
introduce the reader to the Koopman operator of SDEs and
present the main result, Theorem 2.1. In Section 3, we consider
Gaussian kernels and their corresponding RKHSs and make use
of the auxiliary results therein in Section 4, which is dedicated to
the proof of Theorem 2.1.

2 | Setting and Main Result

Recall that a pair of matrices (4, B) with A € R%¢ and B € R™™,
m < d, is called controllable if (B, AB, ..., A% 'B) has full rank
d. The notion is due to the fact that a controlled system x(t) =
AXx(t) + Bu(t) can be steered from any state x(0) = x, in any time
t > 0 to any state z € R by a control function u if and only if
(A, B) is controllable. Also recall that a square matrix A is called
Hurwitz if the real parts of the eigenvalues of A are all negative.
This implies that |le4!|| < Me™! for all t > 0 with some constants
M,w > 0.

Let us consider a d-dimensional SDE with constant matrix
coefficients

dX, = AX,dt + Bdw,, (6]
where W, is m-dimensional Brownian motion, m < d, and A €
R4 B € R Here, we assume that (4, B) is controllable and
that A is Hurwitz. The solution process X, emerging from the SDE
(1) is also called a d-dimensional Ornstein-Uhlenbeck process. It
has the unique stationary distribution

du(x) = 2m)~4?*(det )"'/? exp(— %xTZ‘] x)dx,

where = € R% is the positive definite matrix

) =/ eMBBTeA™s ds.
0

Note that the limit X exists since A is Hurwitz and that X is
positive definite thanks to controllability of (A,B). In linear
control theory, the matrix X is called the controllability Gramian
and is a solution of the matrix equation AX + XAT = —BB".

The solution process X, is a time-homogeneous Markov process.
Recall that every such process has a so-called Markov transition
kernel p,(x,F)=P(X, € F| X, = x), where x € R? and F is a
Borel set. Here, the transition kernel is absolutely continuous

w.r.t. Lebesgue measure, and its density is given by the following
(see [20]):

pi(x, dy) = (2m)*/*(det Z(1))"/*

xexp (~10 - "0 20 (v - e*'x) ) dy,

where
t
Z(t):/ e BBTeA™s ds.
0

Again, 2(t) is positive definite as (A, B) is controllable.

The Koopman operator K' : L*(u) — L*(u) at time ¢ > 0 corre-
sponding to the SDE (1) is defined by the following:

(K F)(x) = ELFCX,) | Xy = x] = / TWpd, ] e L)
@

It is well known (see, e.g., [14, Proposition 2.8]) that (K*),,, forms
a strongly continuous semigroup of contractions on L2().

Here, we consider Gaussian kernels on R¢ with a positive definite
covariance matrix C € R%™4, that is,

k€(x,y) =exp [-(x —y)'C2(x — y)] =exp [-IC(x - )II*].

Note that for C = o - I;, 0 > 0, we obtain the usual RBF kernel
k°(x,y) = exp(—||x — y||*/c?). By H., we denote the RKHS gen-
erated by the kernel k€. The Hilbert space norm on H. will be
denoted by || - ||c. For o > 0, we simply write H, and || - ||, instead
of H,; and || - ||, respectively.

The main result of this note reads as follows.

Theorem 2.1. Let C € R™4 be a symmetric positive definite
matrix such that

-(AC?+C?AT) < BB. )

Then the RKHS H. is invariant under each Koopman operator K,
t > 0, associated with the SDE (1), and we have the following:

IK fllc < e T2 flle,  f € He.

Let us briefly discuss the Lyapunov-like condition (3) on C.
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Remark 2.2.

a. Since A is assumed to be Hurwitz, for every positive definite
matrix Q € R¥“, there exists a positive definite matrix P €
R4 such that AP + PAT = —Q. Hence, the set of positive
definite matrices C satisfying the matrix inequality (3) is not
empty. For example, C = aX'/? is a solution for every a > 0.

b. If m = d and B is invertible, then for any given positive defi-
nite matrix C, there exists 7 > 0 such that tC satisfies Equa-
tion (3). Indeed, if this was not the case, there would exist
a sequence (x,) C RY such that %((AC2 +C2AN)x,, x,) >
IBTx,||?. It is no restriction to assume ||x,|| = 1 and x,, — x
as n — oo for some x € R%, ||x|| = 1. But then, the above
implies B"x = 0 and hence x = 0, a contradiction.

c. Itis not clear whether the condition (3) is also necessary for
Koopman invariance of H.. We discuss this at the end of
Section 4.

Corollary 2.3. Let o > 0 and assume that %(A +AT) < iBBT
(e.g., if Ais dissipative!). Then the RKHS H,, is invariant under each
Koopman operator K', t > 0, associated with the SDE (1), and we
have the following:
IKfll, < ™2 fll,,  f €H,.

We conclude this section by tying up some notations. First of
all, we agree on the convention that a positive definite kernel
is always symmetric, that is, k(x,y) = k(y, x), and real-valued.
Also, the term “positive definite” only refers to real, symmetric
matrices. Let X be a set. For x € X and a positive definite kernel k
onX,setk,.(y) :=k(x,y),y € X. Thatis, x — k, is the canonical
feature map of the kernel k. For two positive definite kernels k,
and k, on X, we write k; <k, if

Z ook (x;, x;) < Z ootk (x5 X5)

i.j=1 ij=1

for any choiceof n €N, a; € R,and x; € X, j = 1,...,n. We also

write V < W (continuous embedding) for two normed vector
spaces V' and W to indicate that V' C W and the identity map
from V to W is continuous, that is, if there exists K > 0 such that
[[vllw < K|lv]ly forallv € V.

3 | Some Properties of Gaussian Kernels

In this section, we collect the statements on Gaussian kernels that
are utilized in the proof of Theorem 2.1. The next lemma shows
that H. can be regarded as a dense subspace of L>(u) and that the
Hc-norm is stronger than the L?>(u)-norm on He.

Lemma 3.1. Let C € R™ pe positive definite. Then the RKHS
Hc is densely and continuously embedded in L*(u).

Proof. The fact that H, <, L*(u) is the first part of [21, Theorem
4.26]. Moreover, if f € H- and f =0 p-a.e., then f(x) =0 for

1 Recall that a matrix A € R4 s called dissipative if A + AT <0.

all x € R? as f is continuous and the density du/dx is positive.
Therefore, we may regard H. as a subspace of L?(x). Concerning
the density of He in L?*(u), we have to show that the integral
operator K : L*(1) — H, defined by the following:

Kf(x) = / KO duty).  f e L,
Rd

has trivial kernel in L>(w), see [21, Theorem 4.26]. So, let f € L*(w)
such that Kf = 0, that is,

@ * B = /

exp(=[IC~'(x = )II*)
Rd

=p(x-y)

- f(») exp(-|IPy|*) dy =0,
 _—
=9(y)

where P = (2Z)~/2. Applying the Fourier transform to ¢ = 1, we
obtain ¢(w) - P(w) = 0 for a.e. w € RY. But ¢(w) > 0 for all w €
R¢, hence ¢ = 0 and thus % = 0. O

x € R4,

The following lemma is well-known. We will apply it in the proof
of Proposition 3.3 below, which can be seen as a generalization of
Lemma 3.2 to the multidimensional case.

Lemma 3.2. Foro > 0, consider the Gaussian kernel k° on R. If
c
o, >0, > 0, then H,, — H,_ with ||f]|,, < (Z—:)lﬂllfllm for f e

H, , and k° < k2.

o1
1 o,

Proof. The first part is [19, Corollary 6], and the second follows
from Aronszajn’s inclusion theorem, Theorem Al. O

Proposition 3.3. Let C,,C, € R4 be positive definite. Then
c

He, < He, if and only if C? > C;. In this case, we have the
following:

detC
IAlle, < G2 M lleys f € He,s
etCy

detC
and k& < —
detCy

. k€.
Proof. The proof of Proposition 3.3 is divided into three parts.

1. DenotebyI = I; the d X d-identity matrix. We first prove that
c

for a positive diagonal matrix D € R4, we have H, < H,
ifand only if D > I. For this, let D = diag(oy, ..., 04) with o; >
0 for all i = 1,...,d. Observe that for x,y € R¢, we have the
following (for the tensor product of kernels see (Al)):

kP(x,y) = exp (—(x —y)'D(x — y))

d
=exp| — 2 o 20 - J’k)2>
k=1
_ ﬁexp [_ (X —Yk)2:|
k=1

2
O

d
= [1F G0 = 67 ® - @ k)Cx, ),
k=1
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where the x, and y, are the Cartesian coordinates of x and
y, respectively.

Hence, if D > I (i.e.,, 0; > 1 for all i =1, ...,d), Lemmas A2
and 3.2 imply

K=k"®  -®k<0k'® - ®c,k!

=0,..04- kI =detD -k,

and Aronszajn’s inclusion theorem, Theorem Al, implies
Hp < H;.

Conversely, let Hj, < H, and suppose that o; < 1. By Theo-
rem Al, we have kP < ak! with some a > 0. By setting x; =
ye =0for k =2,...,d, we see that kP(x,y) = k% (x,,y,) and
k'(x,y) = k'(x,,y,). Hence, we have k° < ak®. On the other
hand, 1 > ¢, and Lemma 3.2 imply k' < o7 'k This implies
Hs,; = H;, which contradicts [19, Corollary 7ii)].

2. Next, we prove that for a positive definite matrix C € R¥,

we have He < H; if and only if C > I. For this, let U € R4
be an orthogonal matrix such that C = UTDU with a diagonal
matrix D € R%¢, Then k€ = kPoU and k! = k'oU.IfC > I,
then

k¢ =kPoU < detD - kfoU = detC - kL.

c
Conversely, if Ho < H;, then k¢ < ak! with some a > 0,
which implies k? < ak’ and hence D > I, which is equivalent
toC >1.

3. Finally, let C;,C, € R*? be arbitrary symmetric positive
definite matrices. Note that C} > C is equivalent to C :=
(C;'CiC;M)Y? > I. Furthermore, note that

kC(x,y) = k1 (C,x,C,y) and

k'(x,y) = k(C,x,C,y), x,y € R% 4)

Therefore, if Cl2 > C;, by the second part of the proof,

kG = kCoCy! < detC - (k'oC;t) = &0 k€2,
detC,

which yields He, < Hec,. Conversely, if H¢, < Hc,, then
there exists a > 0 such that k©! < ak®. In view of Equation
(4), this gives kCoC;' =k < ak = ak’oC;" and hence
k€ < ak!. By Part 2, this implies C > I. O

Remark 3.4. Note that C; > C, does in general notimply C; > C3
for symmetric positive definite matrices C; and C,. On the other

hand C, > C, implies C|/* > €3> and C;* < C;.

We conclude this section with the following lemma.

Lemma 3.5. Let C;,C, € R¥? be positive definite and z,w €
R, Then,

/2

— . k%z,w),
det(C;> + C; )12 (2. w)

/ K ) - kS () dy =
R4

where C = (C; + C3)'/~

Proof. Let M :=(C;* + C;*)"/?. We have kS (kS (y) = e ),
where

L) =0-2'Clr-2+0-w'C Y -w)
=y (C72+CMy —2(C%z + Cz‘zw)Ty +z'Cl%z+w'C%w
= Myl = 2{M7}(C%z + C;*w),My) + |IC{ 2| + ||C; ' w]|?
= ”My -MN(C%z + Cz‘zw)H2 —K(z,w),

where

K(z,w) = HM‘l(Cl‘Zz + C;Zw)u2 — Iy 2| - IC; w2

= {(C7% + C;)UC %z + C%w), (C2z + C5Pw))
—lIcr zI? = I1C5 wll?

= (z+M*(C;’w - C;%2),C %z + C;°w)
—lIcrzl? = 1C5 wll?

= (z,C;%w) + (C;%(w — 2), (C;2 + C; )7 (C %z + C2w))
- 165 wl?

=(z,C;%w) + (Cz‘z(w -z2),w+M*C;%z - Cl‘zw)>
- 165 w|?

= (Cz‘z(w -2z),MC;*(z - w))

=((CM*CH Y (w - 2),(z - w))

=—((C}+CH Mz -w), (z-w))

=—(z-w)'C %z -w).

Thus, we obtain the following:
[ Ko omay
Rd

= kG / exp(—[My - M~'(C*z + C; w)|1*) dy
Rd

. /2

=k (zw) g
and the lemma is proved. O
4 | Proofof Theorem1.1

We first prove the following proposition on the action of the
Koopman operator of Equation (1) on H.

Proposition 4.1. Lett > 0, let C € R4 be symmetric positive
definite, and define the following:

detC
(det(C2 + 22())/?
)

1/2
C, = [(&‘A’(C2 + ZZ(t))e‘ATf] and 1, =
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Then the Koopman operator K', associated with the SDE (1) and

defined in Equation (2), maps Hc boundedly into Hc, with norm

. 1/2
not exceeding ‘rt/ .

Proof. Letz € R¢. By Lemma 3.5, we have the following:

(K'K)(x) = (2m)~(det (1))

x [ Ko (-1 - ez 6 - ') dy
Rd

- @) e zOy [ KO ) dy

At
eatx
Rd

= (27)"%?(det =(¢)) 1/

i/

% (C2425(t)1/? z,eMx
det(C-2 + (22(1))-1)1/2 ( )

_ etz
T det(2C-2 + X(£)-1)1/2

K (o) =1, K, (),

C .
hence, K'k{ =7, - k', € Hc,. Therefore, if f = Z;.l:l

aj€Randx; eRI(j=1,..,

C .
ocjkxj with

n), we obtain the following:

K f1Z, =

" 2
t1,C
Z a;K kxj
Jj=1 C,

2 n
— 2 Ci (p—At —At
=1 2 oo k(e x;, e x;)

¢ ij=1

n

Ci
2 aj ke‘f‘“x
Jj=1

n
— 72 c2425(t)/? 2
=1 2 ook CHEO T (x, x ) <
iim1

n

Z ociajkc(xi,xj) = Tt”f”z’

ij=1

det(C? 4 23(1))!/2
detC

where the inequality is due to Proposition 3.3.

This shows that K’ maps H, = span{k$ : x € R} C H. bound-
edly into Hc,. Since H, ¢ is dense in Hc, it follows that K (8
extends to a bounded operator T : He — Hg,. In order to see
that Tf = K'f for f € H, let (f,) C Hyc such that f, — f in

Hc. ThenK'f, = Tf, = Tf in H,. Since H < L*(u), we have
fn— finL*(u) and thusK'f, — K'f in L*(u). Also,K'f, — T f
in L>(u). Hence, K'f = Tf u-a.e. on RY. But as both K'f and
T f are continuous and u is absolutely continuous w.r.t. Lebesgue
measure with a positive density, we conclude that K'f =Tf €

He. O

We are now in the position to prove the main result of this note—
that the RKHS H. is invariant under the Koopman operator of the
SDE (1) if the Lyapunov-like condition (3) on the interplay of the
matrices A, B, and C is satisfied.

Proof of Theorem 2.1. Let C, and 7, be defined as in Proposi-
tion 4.1. We prove that C? > C? forall t > 0 if any only if Equation
(3) is satisfied. For x € R and ¢ > 0, we have the following:

= (e~ A(C? + 23(1))e " x, x)

f(8) :=(Ctx,x)

= [ICe~A" x|? + 2(e~A'Z(t)e A ! x, x)

t
= ||CeAT x| + 2<</ eAsBBTe A's ds>x,x>
0

t 2
= |ICe=ATix|? + 2/ “BTe‘ATSx | ds.
0
Moreover,

fo®)={CeTtx, =Ce™41x) + ( ~Ce™'tx,Ce"x)

2

+ 2||BTe‘AT‘x |
= —(ACze‘AT‘x,e‘AT‘x> - <C2ATe‘AT‘x,e‘AT’x>

2
+ 2||BTe‘AT‘x||

= ([2BB™ - (AC? + C2AT)]e " x, e 1x ).

Note that f,.(0) = ||Cx||*>. Hence, if Equation (3) holds, we have
fx(t) > 0forallt > 0and all x € R?, which yields C? > C? for all
t > 0. Conversely, if C? > C*forall ¢ > 0, thatis, f,(t) > f,(0) for
all x € R and all ¢t > 0, then f,(0) > 0 for all x € R¢, which is
Equation (3).

c
We may thus apply Proposition 3.3 to conclude that He, <— Hc

with || f|I2 < (Ti’)”f”?v, for f € Hc, and all ¢ > 0. Thus,

t 2
KA1 < S SR
= dete || f]|2 = A £12,
which concludes the proof of the theorem. O

Remark 4.2. 1tis not clear whether the statement of Theorem 2.1
is actually an equivalence. For the other direction, one would
have to show that K'Hc C Hc implies Hc, < Hc as the latter
was shown to be equivalent to Equation (3) in the proof of
Theorem 2.1. Note that K'Hc C He at least implies Hyc, =
span{k’’ : x € R} C My, see Proposition 4.1.
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Appendix A: Some Background on RKHS Theory

Theorem A1l (Aronszajn’s inclusion theorem, [22, Theorem 5.1]). Let k,
and k, be two symmetric positive definite kernels on a set X. Denote their
corresponding RKHS’s by H, and H,, respectively. Then H; C H, if and only

c c
if H, < H,. Moreover, for ¢ > 0 we have H; < H, with || f|l, < c||fl
for f € W, ifand only ifk; < c%k,.

Given two symmetric positive definite kernels ky on X and ky on Y, we
define the tensor product (cf. [22, Definition 5.12]) kx ® ky : (X X Y)? —
R of kx and ky by the following:

(kx ® ky) (6, ), (X', ) = kx (%, ") - ky (0, ). (A1)
It follows from the positive semi-definiteness of the Schur product of two

positive semi-definite matrices (see, e.g., [22, Theorem 4.8]) that ky ® ky
is a symmetric positive definite kernel on X X Y.

Lemma A2. Let ky, k;( be kernels on X and ky, k; kernels on' Y and
assume that ky < ki, and ky < k.. Then also ky ® ky <k} ® ky,.

Proof. Denote the RKHS corresponding to ky, k}, ky, and ki, by Hy, Hf,
Hy, and I]-I]Q,, respectively. Let (e;);es and (f);er be orthonormal bases of
Hy and U—U;(, respectively. Then we have (x1,x, € X, y1,y, € Y)

kyy2) = Y eses(v2)  and K (x,xp) = Y filx)fi(x2)

SES teT
with pointwise convergence, see [22, Theorem 2.4]. Letn € Nand « ;i ER,

(xj,yj) €XXxY,j=1,..,n Then,

Z a;aj(ky @ ky)((xi ), (x5,¥)))

ij=1

= Y wajkx (i, Xky G y) = 3 D laies)llajes(y )k (xi, x))

ij=1 SES i,j=1

< Z Z [azes(v)llajes(vj)Iks (x;, x;) = Z ootk (g, X key (01, )

seSi,j=1 =1

=Y Dl fiGeollay £y (i) < D ekl (i, kY (xi, )

teT i,j=1 =1

= ) ai;(Ky ® ki) ((xi y)s (x5 ),
i,j=1

which was to be proven. O
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