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Abstract
We consider linear cocycles acting on Banach spaces which satisfy the assumptions of the
multiplicative ergodic theorem. A cocycle is nonuniformly hyperbolic if all Lyapunov expo-
nents are non-zero, which is equivalent to the existence of a tempered exponential dichotomy.
We provide an equivalent characterization of nonuniform hyperbolicity in terms of a Mather-
type admissibility of a pair of weighted function spaces. As an application we give a short
proof of the robustness of tempered exponential dichotomies under small linear perturbation.

Keywords Nonuniform hyperbolicity · Mather operator · Admissibility · Lyapunov
exponents

Mathematics Subject Classification 37D25 · 37H15

1 Introduction

A key feature in the study of (nonautonomous) linear dynamical systems is the existence of
(exponentially) stable and (exponentially) unstable subspaces. These subspaces are critical in
the description of the long-term evolution of a linear system, governing both qualitative and
quantitative behavior. If the state space can be split completely into a stable and an unstable
subspace, the dynamic is called hyperbolic. Understanding and characterizing hyperbolicity
is one of the central topics in the field of dynamical systems.

In this article, we consider an operator theoretic approach to the (nonuniform) hyperbol-
icity of a linear cocycle over an ergodic base. A common technique to turn a nonautonomous
system into an autonomous one is to augment the state space to include time as an additional
dimension. In the case of a cocycle over a base dynamics, this augmentation is particularly
useful since we can augment with respect to the base instead of with respect to time. The
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idea to characterize hyperbolicity using the augmentation of a cocycle over a base dynamics
goes back to the work of J. Mather. We give a brief exposition to these initial results.

Let f : M → M be a C1-diffeomorphism of a compact Riemannian manifold M . By
�(T M) we denote the Banach space of all continuous sections v : M → T M equipped
with the supremum (maximum) norm ‖v‖∞ := supx∈M ‖v(x)‖. We define a bounded linear
operator (Mather operator) A : �(T M) → �(T M) by

[Av](x) = Df ( f −1(x))v( f −1(x)), x ∈ M, v ∈ �(T M).

In his seminal paper [29], J. Mather proved that the following three statements are equivalent:

(i) f is an Anosov diffeomorphism;
(ii) the spectrum of A does not intersect the unit circle S1;
(iii) 1 is not in the spectrum of A.

We note that the property (iii) is equivalent to require that for each w ∈ �(T M) there exists
a unique v ∈ �(T M) such that

v(x) − Df ( f −1(x))v( f −1(x)) = w(x), x ∈ M .

This alternative formulation is analogous to the concept of admissibility introduced in the
context of nonautonomous differential equations by Massera and Schäffer [30] (building
on the earlier work of Perron [32] and Li [23]), where w is regarded as input while v is
regarded as an output. We refer to [6] for a survey on admissibility techniques in the study
of asymptotic behaviour of nonautonomous dynamics.

Since the original work of Mather there has a substantial progress on extending his results
to the case of (not necessarily derivative) linear cocycles acting on arbitrary Banach spaces.
More precisely, there are numerous results which characterize uniform hyperbolicity of linear
cocycles in terms of spectral properties of the Mather operator (in the case of cocycles over
maps) or of a generator of the Mather semigroup (in the case of cocycles over flows) acting
on suitable Banach spaces. We refer to [22, 24–27] and also to [12, Chapters 6 and 7] for a
detailed exposition of this theory.

We note that there exists a different but somewhat related approach to the characterization
of hyperbolicity for linear cocycles that has been initiated by Chow and Leiva [11]. While
in the above mentioned approach by Mather the input and output spaces consist of maps
from the base space of our dynamics to the Banach space X on which our cocycle acts, in
the second approach these consist of (two-sided) sequences of elements in X corresponding
to a fixed orbit in the base. Hence, an admissibility condition of Mather-type considers all
orbits of the base simultaneously, while Chow-Leiva-type admissibility considers each orbit
separately. We note that in some cases it is possible to use one approach to tackle the other
(see [26]).

Starting from the pioneering works of Oseledets [31] and particularly Pesin [33] there
has been a growing interest in the theory of nonuniformly hyperbolic dynamical systems.
The notion of nonuniform hyperbolicity is intimately connected with the non-vanishing of
Lyapunov exponents (see Proposition 6) and represent a far reaching generalization of the
notion of uniform hyperbolicity. We refer to [7] for a detailed exposition of this theory.

Thus, it is natural to ask whether there exists a characterization of nonuniform hyperbolic-
ity in terms of the Mather operator. In this direction, Barreira, Popescu and Valls [8], as well
as Barreira and Valls [9] provided characterizations of nonuniform hyperbolicity via hyper-
bolicity of the Mather operator or of the Mather semigroup. The main feature of these results
is that the Mather operator and semigroup act on Banach spaces which are constructed using
the so-called Lyapunov norms which transform nonuniform behaviour into the uniform. On
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the other hand, such norms are difficult to construct before knowing that the dynamics is
nonuniformly hyperbolic. Moreover, in [9] the authors do not consider the general case of
nonuniform hyperbolicity (see Definition 5) but rather require that the random variable (K in
Definition 5) measuring the speed of contraction/expansion along stable/unstable direction
belongs to some L p space.

The main objective of our work is to obtain a Mather type characterization of nonuniform
hyperbolicity for linear cocycles over maps without the use of Lyapunov norms. This has a
consequence that the input and output spaces do not coincide and that the Mather operator
itself does not act as a bounded operator from the input space to the output space. Conse-
quently, in sharp contrast to the standard approach outlined in [12] (which is also used in
[8] and [9]) we are unable to rely on spectral theory. Instead our arguments are based on
the (multiplicative) ergodic theory. We emphasize that our results hold for strongly mea-
surable cocycles, while the previous work [8] considers only strongly continuous cocycles.
Strong measurability is a natural assumption since it is a standard requirement in the infinite-
dimensional versions of the Oseledets’ theorem (see Theorem 2) which gives the existence
of Lyapunov exponents.

The main results of our work can be summarized in form of the following theorem. For
the formal definitions of tempered exponential dichotomies and admissibility, we refer to
Sect. 2.

Theorem 1 Let A : � × N → L(X) be a compact linear cocycle with the property that its
generator A : � → L(X) satisfies log+ ‖A(·)‖ ∈ L1(�,R). The following statements are
equivalent:

(i) A admits a tempered exponential dichotomy;
(ii) there exists a random variable C : � → (0,∞) such that the pair (L∞(�, X), L∞

C (�,

X)) is admissible;
(iii) there exists a random variable C : � → (0,∞) such that the pair (L∞

C (�, X), L∞(�,

X)) is admissible.

The majority of this article is dedicated to the proof of this theorem. The implications (i)
⇒(ii) and (i)⇒ (iii) are covered by Propositions 8 and 9, while the implications (ii)⇒ (i) and
(iii)⇒ (i) are covered by Theorems 10 and 11. We note that Theorem 1 holds more generally
for quasi-compact cocycles with an index of compactness of less than 0 (see Remark 18).

We highlight a lemma that is needed in the proofs of Theorems 10 and 11. To the best of
our knowledge a result of this type is new and may be useful in other contexts, see Remark 16
for a brief discussion of the result.

Lemma 15 Assume that (�,F) is a Polish space and that A : � ×N → L(X) is a compact
linear cocycle satisfying log+ ‖A(·)‖ ∈ L1(�,R) and with a zero Lyapunov exponent. Then,
there is a measurable map v : � → X such that for P-a.e. ω ∈ � we have ‖v(ω)‖ = 1 and

lim inf
n→∞ ‖A(ω, n)v(ω)‖ ≤ 1, lim sup

n→∞
‖A(ω, n)v(ω)‖ ≥ 1.

The rest of the article is structured as follows. Section2 describes the setting we work in
and contains a version of the multiplicative ergodic theorem as well as the definitions of a
tempered exponential dichotomy and admissibility. In Sect. 3 we state and prove Proposi-
tion 8 and Proposition 9 which show that the existence of a tempered dichotomy implies the
admissibility of a pair of weighted function spaces. Section4 contains the converse results,
namely Theorem 10 and Theorem 11. Lastly, in Sect. 5, we apply our results to show that the
existence of a tempered exponential dichotomy is robust under small linear perturbations of
the cocycle.
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2 Preliminaries

Let X = (X , ‖ · ‖) be an arbitrary separable Banach space. By L(X) we will denote the
space of all bounded linear operators on X equipped with the operator norm that we will also
denote by ‖ · ‖.

Let (�,F,P) be a probability space such that (�,F) is a Polish space equipped with
a P-preserving transformation σ : � → � which is invertible with measurable inverse. We
will assume that P is ergodic with respect to σ and that σ is aperiodic, i.e. the set of periodic
points is a nullset with respect to P.

Throughout this paperNwill denote the set of all nonnegative integers.AmapA : �×N →
L(X) is said to be a (strongly measurable) linear cocycle if the following holds:

• A(ω, 0) = Id for ω ∈ �, where Id denotes the identity operator on X ;
• for ω ∈ � and n,m ∈ N,

A(ω, n + m) = A(σmω, n)A(ω,m);
• for each x ∈ X , the map ω 	→ A(ω)x is measurable, where A(ω) := A(ω, 1) is the

generator of the cocycle A.

We say thatA is a compact cocycle if A(ω) is a compact operator for allω ∈ �. The following
is a version of the celebrated multiplicative ergodic theorem for compact cocycles.

Theorem 2 LetA : �×N → L(X) be a compact linear cocycle over a Polish space (�,F)

such that log+ ‖A(·)‖ ∈ L1(�,R). Then, there is a possibly infinite sequence of numbers
λ1 > λ2 > . . . > −∞ called Lyapunov exponents. There is a σ -invariant subset �′ ⊂ � of
full P-measure such that for each λi and ω ∈ �′ there is finite-dimensional Oseledets space
Ei (ω) and an finite-codimensional space Vi (ω) that together satisfy the following properties
for all ω ∈ �′:
• X = (⊕i

k=1Ek(ω)
) ⊕ Vi (ω);

• A(ω)Ei (ω) = Ei (σω), and A(ω)Vi (ω) ⊂ Vi (σω);
• lim

n→∞
1
n log(‖A(ω, n)v‖) = λi , for all non-zero v ∈ Ei (ω);

• lim
n→∞

1
n log(‖A(ω, n)|Vi (ω)‖) < λi .

For a proof, we refer to [18, Theorem A]. In their setting, (�,F,P) is assumed to be a
Lebesgue space. Since any regular probabilitymeasure on a Polish space results in a Lebesgue
space, cf. [19, Theorem 2.4.1], our assumptions suffice. We note that their results hold more
generally for quasi-compact cocycles. To avoid additional notation and case distinction, we
restrict ourselves to compact cocycles. The results of this article can be extended to quasi-
compact cocycles with an index of compactness of less than 0 without significant changes to
the proofs (see Remark 18).

Remark 3 The multiplicative ergodic theorem for matrix cocycles was established by
Oseledets [31]. The first versions of Oseledets theorem in the infinite-dimensional setting are
due to Ruelle [34] and Mané [28] for Hilbert and Banach spaces respectively. For a detailed
overview of subsequent developments we refer to the discussion in [18]. Finally, we empha-
size that many aspects of the theory of nonuniformly hyperbolic dynamical systems were
also extended to the infinite-dimensional setting (see [10] and references therein).

We also recall the notion of a tempered exponential dichotomy. Namely, a random variable
K : � → (0,∞) is said to be tempered if

lim
n→±∞

1

n
log K (σ nω) = 0, for P-a.e. ω ∈ �.
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The following result is well-known, e.g. [3, Proposition 4.3.3].

Proposition 4 Let K : � → (0,∞) be a tempered random variable. Then, for each ε > 0
there exists a (tempered) random variable Kε : � → (0,∞) such that

K (ω) ≤ Kε(ω) and Kε(σ
nω) ≤ Kε(ω)eε|n|,

for P-a.e. ω ∈ � and n ∈ Z.

Definition 5 A linear cocycle A : � × N → L(X) is said to admit a tempered exponential
dichotomy if there exist a σ -invariant full measure set �′ ⊂ �, a tempered random variable
K : � → (0,∞), λ > 0 and a family of projections �s(ω) on X such that the following
holds for all ω ∈ �′ and n ∈ N:

• �s(σω)A(ω) = A(ω)�s(ω);
• A(ω)|Ker�s (ω) : Ker�s(ω) → Ker�s(σω) is invertible and

‖A(ω, n)�s(ω)‖ ≤ K (ω)e−λn (1)

‖A(ω,−n)(Id − �s(ω))‖ ≤ K (ω)e−λn, (2)

where

A(ω,−n) := (
A(σ−nω, n)|Ker�s (σ−nω)

)−1 : Ker�s(ω) → Ker�s(σ−nω);
• for each v ∈ X , ω 	→ �s(ω)v is measurable.

A tempered exponential dichotomy with K (ω) = K > 0 constant and �′ = � is called a
uniform exponential dichotomy, which is a significantly stronger notion. The existence of a
tempered exponential dichotomy is closely related to the Lyapunov exponents of the cocycle.
The following result follows from [4, Proposition 3.2].

Proposition 6 Let A : � × N → L(X) be a compact cocycle over a Polish space (�,F)

such that log+ ‖A(·)‖ ∈ L1(�,R). The following assertions are equivalent:

(i) A admits a tempered exponential dichotomy;
(ii) all Lyapunov exponents of A are nonzero.

We also introduce the notion of admissibility.

Definition 7 Let A : � ×N → L(X) be a linear cocycle and let Yi , i = 1, 2 be two Banach
spaces consisting of measurable functions from � to X . We say that the pair (Y1,Y2) is
admissible for A if for each g ∈ Y2 there exists a unique f ∈ Y1 such that

f (ω) − A(σ−1ω) f (σ−1ω) = g(ω), for P-a.e. ω ∈ �. (3)

The admissibility condition (3) can be formulated in terms of the Mather-operator, also
called Mather-semigroup. The Mather-operator A is defined for all measurable functions
f : � → X by

[A f ](ω) = A(σ−1ω) f (σ−1ω).

If (Y1,Y2) is an admissible pair, then for every g ∈ Y2 there is an f ∈ Y1 such that
(Id −A) f = g. The map R : Y2 → Y1 that maps each g ∈ Y2 to the respective f ∈ Y1 can
be interpreted as a type of partial inverse in the sense that

(Id − A)R = IdY2 .
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However, in general R(Id −A) is not a well-defined operator on Y1 since (Id −A) does not
map to Y2.

An admissible pair (Y1,Y2) is often of the type Y2 ⊂ Y1, e.g. when the norm of Y2 is
stronger than the norm Y1. Even though it is not explicitly stated, all admissible pairs we
work with in the rest of this article are of this form. In that case, the inverse operator R makes
functions g ∈ Y2 more irregular. Hence, R is only defined on a space Y2 of high enough
regularity such that Rg ∈ Y1 is well-defined.

In many cases (Y,Y) admissibility is equivalent to the existence of a uniform exponential
dichotomy, see for example [27] for the case Y = C(�, X) and [25] for the case Y =
L2(�, X). For a detailed exposition to the Mather-semigroup, its spectral properties and its
relations to uniform exponential dichotomies we refer to [12, Chapters 6 and 7].

3 Tempered Dichotomy Implies Admissibility

We introduce a class of function spaces. For a random variable C : � → (0,∞), by
L∞
C (�, X) we will denote the space of all measurable maps f : � → X such that

‖ f ‖∞,C := esssupω∈� (C(ω)‖ f (ω)‖) < ∞,

where esssup is takenwith respect toP. It is straightforward toverify that (L∞
C (�, X), ‖ · ‖∞,C )

is a Banach space after identifying functionswhich coincideP-a.e. In the particular casewhen
C ≡ 1, we will write L∞(�, X) instead of L∞

C (�, X) and ‖ · ‖∞ instead of ‖ · ‖∞,C .
The following are our first results.

Proposition 8 LetA : �×N → L(X) be a linear cocycle that admits a tempered exponential
dichotomy. Then, there exists a tempered random variable C : � → (0,∞)with the property
that the pair (L∞(�, X), L∞

C (�, X)) is admissible for A.

Proposition 9 LetA : �×N → L(X) be a linear cocycle that admits a tempered exponential
dichotomy. Then, there exists a tempered random variable C : � → (0,∞)with the property
that the pair (L∞

C (�, X), L∞(�, X)) is admissible for A.

Proof of Proposition 8 Let K : � → (0,∞) and λ > 0 be as in Definition 5. We choose
C = K . Take g ∈ L∞

C (�, X) and set

f (ω) :=
∞∑

n=0

A(σ−nω, n)�s(σ−nω)g(σ−nω) −
∞∑

n=1

A(σ nω,−n)�u(σ nω)g(σ nω), (4)

for ω ∈ �, where �u(ω) = Id − �s(ω). By (1) and (2) we have that

‖ f (ω)‖ ≤
∞∑

n=0

‖A(σ−nω, n)�s(σ−nω)g(σ−nω)‖ +
∞∑

n=1

‖A(σ nω,−n)�u(σ nω)g(σ nω)‖

≤
∞∑

n=0

K (σ−nω)e−λn‖g(σ−nω)‖ +
∞∑

n=1

K (σ nω)e−λn‖g(σ nω)‖

≤
( ∞∑

n=0

e−λn +
∞∑

n=1

e−λn

)

‖g‖∞,K

= 1 + e−λ

1 − e−λ
‖g‖∞,K ,
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for P-a.e. ω ∈ �. Hence, f ∈ L∞(�, X). On the other hand, for P-a.e. ω ∈ � we have that

f (ω) − A(σ−1ω) f (σ−1ω)

=
∞∑

n=0

A(σ−nω, n)�s (σ−nω)g(σ−nω) −
∞∑

n=0

A(σ−(n+1)ω, n + 1)�s (σ−(n+1)ω)g(σ−(n+1)ω)

−
∞∑

n=1

A(σ nω,−n)�u(σ nω)g(σ nω) +
∞∑

n=1

A(σ n−1ω,−(n − 1))�u(σ n−1ω)g(σ n−1ω)

=
∞∑

n=0

A(σ−nω, n)�s (σ−nω)g(σ−nω) −
∞∑

n=1

A(σ−nω, n)�s (σ−nω)g(σ−nω)

−
∞∑

n=1

A(σ nω,−n)�u(σ nω)g(σ nω) +
∞∑

n=0

A(σ nω,−n)�u(σ nω)g(σ nω)

= �s (ω)g(ω) + �u(ω)g(ω)

= g(ω),

(5)

yielding (3).
It remains to establish the uniqueness of f . To this end, it is sufficient to show for f ∈

L∞(�, X) such that

f (ω) = A(σ−1ω) f (σ−1ω) for P-a.e. ω ∈ �, (6)

we have that f = 0. Let f s(ω) := �s(ω) f (ω). Then, (1) and Proposition 4 imply that

‖ f s(ω)‖ = ‖A(σ−nω, n) f s(σ−nω)‖ ≤ K (σ−nω)e−λn‖ f (σ−nω)‖
≤ Kλ/2(σ

−nω)e−λn‖ f (σ−nω)‖
≤ Kλ/2(ω)e− λ

2 n‖ f ‖∞,

for P-a.e. ω ∈ � and n ∈ N. Letting n → ∞ yields that f s(ω) = 0 for P-a.e. ω ∈ �.
Similarly one can show that f u(ω) = �u(ω) f (ω) = 0 for P-a.e. ω ∈ �, and thus f = 0.
The proof of the theorem is completed. ��

The proof of Proposition 9 is very similar to that of Proposition 8.

Proof of Proposition 9. Let K : � → (0,∞) and λ > 0 be as in Definition 5. Take g ∈
L∞(�, X) and let f be as in (4). By (1), (2) and Proposition 4 we have that

‖ f (ω)‖ ≤
∞∑

n=0

‖A(σ−nω, n)�s(σ−nω)g(σ−nω)‖ +
∞∑

n=1

‖A(σ nω,−n)�u(σ nω)g(σ nω)‖

≤
∞∑

n=0

K (σ−nω)e−λn‖g(σ−nω)‖ +
∞∑

n=1

K (σ nω)e−λn‖g(σ nω)‖

≤
∞∑

n=0

Kλ/3(σ
−nω)e−λn‖g(σ−nω)‖ +

∞∑

n=1

Kλ/3(σ
nω)e−λn‖g(σ nω)‖

≤ Kλ/3(ω)‖g‖∞

( ∞∑

n=0

e− 2λ
3 n +

∞∑

n=1

e− 2λ
3 n

)

= 1

C(ω)

1 + e− 2λ
3

1 − e− 2λ
3

‖g‖∞,
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for P-a.e. ω ∈ �, where C : � → (0,∞) is given by

C(ω) := 1

Kλ/3(ω)
.

We conclude that f ∈ L∞
C (�, X). Since Kλ/3 is tempered, we have that C is also tempered.

The same argument as in the proof of Proposition 8 shows that (3) holds.
In order to establish the uniqueness of f , suppose that f ∈ L∞

C (�, X) satisfies (6). Using
the same notation as in the proof of Proposition 8 we have that

‖ f s(ω)‖ = ‖A(σ−nω, n) f s(σ−nω)‖ ≤ K (σ−nω)e−λn‖ f (σ−nω)‖
≤ (Kλ/3(σ

−nω))2e−λn‖ f ‖∞,C

≤ (Kλ/3(ω))2e− λ
3 n‖ f ‖∞,C ,

for P-a.e. ω ∈ � and n ∈ N. Letting n → ∞ yields that f s(ω) = 0 for P-a.e. ω ∈ �.
Similarly, f u(ω) = 0 for P-a.e. ω ∈ � and thus f = 0. ��

4 FromAdmissibility to Tempered Dichotomy

We are now interested in formulating converse results to Propositions 8 and 9. For this, we
will restrict our attention to the case of compact cocycles.

Theorem 10 Let A : � × N → L(X) be a compact linear cocycle with the property
that its generator A : � → L(X) satisfies log+ ‖A(·)‖ ∈ L1(�,R). Moreover, suppose
that there exists a random variable C : � → (0,∞) with the property that the pair
(L∞(�, X), L∞

C (�, X)) is admissible. Then, A admits a tempered exponential dichotomy.

Theorem 11 Let A : � × N → L(X) be a compact linear cocycle with the property
that its generator A : � → L(X) satisfies log+ ‖A(·)‖ ∈ L1(�,R). Moreover, suppose
that there exists a random variable C : � → (0,∞) with the property that the pair
(L∞

C (�, X), L∞(�, X)) is admissible. Then, A admits a tempered exponential dichotomy.

Remark 12 We note that in the statement of Theorems 10 and 11 it is not required that C is
a tempered random variable.

We will first establish several auxiliary results.

Lemma 13 Let A : � × N → L(X) be a linear cocycle. The following hold:

(i) if the pair (L∞(�, X), L∞
C (�, X)) is admissible for A (for some random variable

C : � → (0,∞)), then there is a constant L > 0 such that for each g ∈ L∞
C (�, X) we

have

‖ f ‖∞ ≤ L‖g‖∞,C , (7)

where f ∈ L∞(�, X) is such that (3) holds;
(ii) if the pair (L∞

C (�, X), L∞(�, X)) is admissible for A (for some random variable
C : � → (0,∞)), then there is a constant L > 0 such that for each g ∈ L∞(�, X) we
have

‖ f ‖∞,C ≤ L‖g‖∞, (8)

where f ∈ L∞
C (�, X) is such that (3) holds.
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Proof We will only establish (i) as (ii) can be proven using the same argument. We consider
the linear operator R : L∞

C (�, X) → L∞(�, X) defined by Rg = f , where f is the unique
element of L∞(�, X) such that (3) holds. We claim that R is a closed operator. To this
end, suppose that (gn)n∈N ⊂ L∞

C (�, X) is a sequence such that gn → g in L∞
C (�, X) and

fn := Ryn → f in L∞(�, X). This easily yields that

lim
n→∞ fn(ω) = f (ω) and lim

n→∞ gn(ω) = g(ω), for P-a.e. ω ∈ �. (9)

On the other hand, since fn = Rgn we have that

fn(ω) − A(σ−1ω) fn−1(ω) = gn(ω), for P-a.e. ω ∈ � and n ∈ N. (10)

By passing to the limit when n → ∞ in (10) and using (9) we obtain that

f (ω) − A(σ−1ω) f (ω) = g(ω), for P-a.e. ω ∈ �.

Therefore f = Rg and we conclude that R is a closed operator. It follows from the Closed
Graph Theorem that R is bounded, and consequently (7) holds with L := ‖R‖. ��
Lemma 14 Let (�,F,P, σ ) be an ergodic system and let

ϕ ∈ L1(�,R) with
∫
�

ϕ dP = 0. Then, for P-a.e. ω ∈ � the Birkhoff sums Snϕ(ω) :=
∑n−1

k=0 ϕ(σ k(ω)) satisfy

lim inf
n→∞ Snϕ(ω) ≤ 0 and lim sup

n→∞
Snϕ(ω) ≥ 0.

Proof It suffices to prove the inequality for the lim inf since the inequality for the lim sup
follows by considering−ϕ instead of ϕ. Assume for contradiction that there is an ε > 0 such
that the set

�ε :=
{
ω ∈ � : lim inf

n→∞ Snϕ(ω) > ε
}

,

has positive P-measure. For each ω ∈ �ε , let n(ω) be the largest positive integers so that
Snϕ(ω) < ε

2 . If there is no such integer we set n(ω) := 0. Then, the point ω′ := σ n(ω)ω

satisfies Snϕ(ω′) ≥ c for all n ≥ 1 with c := ε
2 − Sn(ω)ϕ(ω) > 0. Therefore, the set

�∗ := {ω ∈ � : ∃c > 0 such that Snϕ(ω) ≥ c for every n ≥ 1},
has positive P-measure as well. By continuity of P, there must be some c > 0 such that the
set

�∗
c := {ω ∈ � : Snϕ(ω) > c, ∀n ≥ 1},

has positive P-measure. By the Birkhoff ergodic theorem we find

lim
n→∞

1

n

n−1∑

k=0

1�∗
c
(σ kω) = P(�∗

c) > 0,

for P-a.e. ω ∈ �, where 1�∗
c
denotes the indicator function of the set �∗

c . For fixed ω ∈ �,
by the definition of �∗

c , for every n ∈ N such that σ nω ∈ �∗
c , we find that

Sn+mϕ(ω) = Snϕ(ω) + Smϕ(σ nω) > Snϕ(ω) + c, ∀m ≥ 1.

This implies that

lim
n→∞

1

n
Snϕ(ω) ≥ lim

n→∞
1

n
c
n−1∑

k=0

1�∗
c
(σ kω) = cP(�∗

c) > 0, (11)
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for P-a.e. ω ∈ �. This is a contradiction to the assumption
∫
�

ϕ dP = 0, since the Birkhoff
ergodic theorem asserts that the limit on the left-hand side in (11) is equal to 0. ��
Lemma 15 Assume that (�,F) is a Polish space and that A : � ×N → L(X) is a compact
linear cocycle satisfying log+ ‖A(·)‖ ∈ L1(�,R) and with a zero Lyapunov exponent. Then,
there is a measurable map v : � → X such that for P-a.e. ω ∈ � we have ‖v(ω)‖ = 1 and

lim inf
n→∞ ‖A(ω, n)v(ω)‖ ≤ 1, lim sup

n→∞
‖A(ω, n)v(ω)‖ ≥ 1. (12)

Proof For a detailed introduction to invariant/ergodic measures of the skew-product, we
refer to [21, Section 1.3.4] or [2, Section 3]. Consider the projectivized skew-product 
 :
� × P(X) → � × P(X), defined by 
(ω, v) = (σω, A(ω)v), where v ∈ P(X) denotes
projectivization of v ∈ X . We also define the observable ϕ(ω, v) = log(‖A(ω)v‖). The
observable ϕ is defined so that

log(‖A(ω, n)v‖) =
n−1∑

k=0

ϕ(
k(ω, v)), (13)

for v ∈ X with ‖v‖ = 1.
Each ergodic measure μ of 
 has a marginal on � which is ergodic with respect to σ . An

ergodic measure μ with marginal P can be decomposed into sample measures μω on P(X)

such that

μ(dω, dx) = μω(dx)P(dω).

The samples measures are P-a.s. unique and satisfy μσω = A(ω)∗μω, where A(ω)∗ is the
push-forward on P(X), see [21, Proposition 1.3.27]. The Oseledets space E0 corresponding
to the zero Lyapunov exponent can be identified with a compact random invariant subset of
P(X). By [3, Theorem 1.6.13], there is at least one ergodic measure μ of 
 that is supported
on E0 in the sense that μω(E0(ω)) = 1 for P-a.e. ω ∈ �. By (13), this ergodic measure has
to satisfy μ(ϕ) = 0.

By Lemma 14, for μ-a.e. pair (ω, v) ∈ � × P(X) we find that

lim inf
n→∞

n−1∑

k=0

ϕ(
k(ω, v)) ≤ 0, lim sup
n→∞

n−1∑

k=0

ϕ(
k(ω, v)) ≥ 0.

In view of (13), this implies

lim inf
n→∞ ‖A(ω, n)v‖ ≤ 1, lim sup

n→∞
‖A(ω, n)v‖ ≥ 1, (14)

where v ∈ X is normalized.
It remains to show that v(ω) can be chosen measurably such that (14) holds. Consider the

set

F :=
{
(ω, v) : lim inf

n→∞ ‖A(ω, n)v‖ ≤ 1 and lim sup
n→∞

‖A(ω, n)v‖ ≥ 1

}
⊂ � × P(X).

This set ismeasurable inF⊗B(P(X)),whereB(P(X))denotes theBorelσ -algebra on P(X).
Since � and X (and thereby P(X)) are assumed to be Polish spaces, F is Borel-measurable
and, hence, analytic, cf. [13, Proposition 8.2.3]. We know that for P-a.e. ω ∈ � the section
Fω := F ∩ ({ω}× P(X)

)
is non-empty. Therefore, the projection π�(F) := {ω : Fω �= ∅} is

measurable with respect to the P-completion F∗ and has full P-measure. Since F is analytic,
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[13, Theorem 8.5.3] states that there is a FU − B(P(X))-measurable map v∗ : π�(F) →
P(X) with v∗(ω) ∈ Fω for all ω ∈ π�(F), where FU is the universal completion of F .
Since FU ⊂ F∗, we conclude that v∗ : π�(F) → P(X) is F∗ − B(P(X))-measurable.
Since π�(F) has full P-measure, the map v∗ can be extended to all of � while remaining
F∗ − B(P(X))-measurable. Now, [14, Lemma 1.2] states that there is a F − B(P(X))-
measurable map v : � → P(X) that coincides with v∗ for P-a.e. ω ∈ �. This map v still
satisfies v(ω) ∈ Fω for P-a.e. ω ∈ �.

It remains to concatenate v with a measurable map s : P(X) → X such that s(v) = v,
i.e. s measurably chooses one of the two possible representations of a projective vector v.
The existence of a map follows from e.g. [14, Theorem 2.6]. This completes the proof. ��
Remark 16 We emphasize that in general the vectors in the Oseledets space corresponding
to a zero Lyapunov exponent do not satisfy (12). While it is guaranteed that the norm of
any such vector grows at most subexponentially, it may still grow polynomially. As a simple
illustrative example, we consider the cocycle with constant generator

A(ω) =
(
1 1
0 1

)
.

It is easily verified that the entirety of R2 is the Oseledets space corresponding to a zero
Lyapunov exponent. For v = (0, 1), the norm of A(ω, n)v grows linearly in n and, hence,
v does not satisfy (12). However, w = (1, 0) satisfies A(ω, n)w = w and, hence, w does
fulfill (12). Note thatw is the ’terminal vector’ of a Jordan block. Lemma 15 is closely related
to the Jordan normal form of cocycles introduced in [2]. In the proof we used that (�,F) is
a Polish space. However, we think that with slight adaptations to the proof, the lemma can
be extended to more general probability spaces.

A consequence of Lemma 15 is the following result.

Proposition 17 Let A be a compact cocycle satisfying log+ ‖A(·)‖ ∈ L1(�,R) and with a
zero Lyapunov exponent. Take C > 0. For P-a.e. ω ∈ � there are measurable sequences
{x(ω, n)}n∈N and {y(ω, n)}n∈N in X (i.e. ω 	→ x(ω, n) and ω 	→ y(ω, n) are measurable
maps for each n ∈ N) and a measurable random variable N (ω) ∈ N such that the following
conditions hold:

(i) x(ω, 0) = y(ω, 0);
(ii) x(ω, n + 1) − A(σ nω)x(ω, n) = y(ω, n + 1), ∀n ∈ N;
(iii) x(ω, n) = y(ω, n) = 0 for n > N (ω);
(iv) supn∈N ‖x(ω, n)‖ ≥ C and supn∈N ‖y(ω, n)‖ ≤ 1.

Proof Let ω 	→ v(ω) be the measurable map with ‖v(ω)‖ = 1 given by Lemma 15. Fix
ω ∈ � such that the statement of the lemma, i.e. equation (12), holds. We define sequences
{x(ω, n)}n∈N and {y(ω, n)}n∈N by

y(ω, n) := β(ω, n)‖A(ω, n)v(ω)‖−1A(ω, n)v(ω),

x(ω, n) :=
n∑

m=0

A(σmω, n − m)y(ω,m) = A(ω, n)v(ω)

n∑

m=0

β(ω,m)‖A(ω,m)v(ω)‖−1,

(15)

where β(ω, n) ∈ R. The sequences {x(ω, n)}n∈N and {y(ω, n)}n∈N are constructed such that
x(ω, 0) = y(ω, 0) = β(ω, 0)v(ω),

x(ω, n + 1) − A(σ nω)x(ω, n) = y(ω, n + 1),
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and ‖y(ω, n)‖ = |β(ω, n)| for all n ∈ N. Hence, we restrict ourselves to |β(ω, n)| ≤ 1.
It remains to choose β(ω, n) measurably so that supn∈N ‖x(ω, n)‖ ≥ C and such that both
x(ω, n) and y(ω, n) are eventually zero.

Note that ‖x(ω, n)‖ is given by |α(ω, n)|‖A(ω, n)v(ω)‖, where

α(ω, n) :=
n∑

m=0

β(ω,m)‖A(ω,m)v(ω)‖−1. (16)

As long as β(ω, n) > 0, the sequence {α(ω, n)}n∈N is increasing while for β(ω, n) < 0 the
sequence decreases. Let N∗(ω), N (ω) ∈ N and define

β(ω, n) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

+1, 0 ≤ n ≤ N∗(ω),

−1, N∗(ω) < n < N (ω),

β(ω, N (ω)), n = N (ω),

0, n > N (ω),

(17)

where the value of β(ω, N (ω))will be determined later. Our strategy is to measurably choose
N∗(ω), N (ω) and β(ω, N (ω)) so that ‖x(ω, N∗(ω))‖ ≥ C , and α(ω, N (ω)) = 0.

The sequence {α(ω, n)}n∈N grows monotonically for n ≤ N∗(ω). By Lemma 15, we
have that

∑∞
m=0 ‖A(ω,m)v(ω)‖−1 = +∞. Indeed, assuming the contrary we would have

that limm→∞ ‖A(ω,m)v(ω)‖−1 = 0, which yields limm→∞ ‖A(ω,m)v(ω)‖ = +∞. This
obviously contradicts the first assertion of (12). Consequently, for N∗(ω) large enough, we
find α(ω, N∗(ω)) ≥ 2C . Additionally, the second assertion of (12) implies that there is a
strictly increasing subsequence {nk}k∈N of N such that ‖x(ω, nk)‖ ≥ 1

2 |α(ω, nk)|. Hence,
for N∗(ω) large enough, we have that ‖x(ω, N∗(ω))‖ ≥ C . Let N∗(ω) ∈ N be the smallest
integer such that ‖x(ω, N∗(ω))‖ ≥ C . By construction, ω 	→ N∗(ω) is measurable.

For N∗(ω) < n < N (ω), the sequence {α(ω, n)}n∈N decays monotonically. We have

α(ω, n) = α(ω, N∗(ω)) −
n∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1, N∗(ω) < n < N (ω).

By Lemma 15, the sum on the right hand side grows indefinitely in n. Indeed, since∑∞
m=0 ‖A(ω,m)v(ω)‖−1 = +∞ we also have that

∑∞
m=N∗(ω)+1 ‖A(ω,m)v(ω)‖−1 =

+∞. Let N (ω) ∈ N be the unique integer such that

N (ω)−1∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1 < α(ω, N∗(ω)) ≤
N (ω)∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1.

The map ω 	→ N (ω) is constructed in a measurable way. We now define

β(ω, N (ω)) := −
⎛

⎝α(ω, N∗(ω)) −
N (ω)−1∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1

⎞

⎠ ‖A(ω, N (ω))v(ω)‖.

(18)
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One can check that |β(ω, N (ω))| ≤ 1 and it is constructed so that α(ω, N (ω)) = 0. Indeed,
by taking into account (16), (17) and (18) we have

α(ω, N (ω)) =
N∗(ω)∑

m=0

‖A(ω,m)v(ω)‖−1 −
N (ω)−1∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1

+ β(ω, N (ω))‖A(ω, N (ω))v(ω)‖−1

= α(ω, N∗(ω)) −
N (ω)−1∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1

−
⎛

⎝α(ω, N∗(ω)) −
N (ω)−1∑

m=N∗(ω)+1

‖A(ω,m)v(ω)‖−1

⎞

⎠

= 0.

We conclude that the sequences {x(ω, n)}n∈N and {y(ω, n)}n∈N as defined in (15) with
coefficients β(ω, n) given by (17) have the desired properties. ��

We are now in a position to give the proof of Theorem 10.

Proof of Theorem 10 We assume that the pair (L∞(�, X), L∞
C (�, X)) is admissible. For

every g ∈ L∞
C (�, X) there is a unique f ∈ L∞(�, X) satisfying the admissibility condition

(3). By Lemma 13, there is a constant L > 0 such that any such pair satisfies ‖ f ‖∞ ≤
L‖g‖∞,C . Assume for contradiction that there is no tempered exponential dichotomy. Then,
by Proposition 6 there is a zero Lyapunov exponent for A. We lead this assumption to a
contradiction by constructing a pair f ∈ L∞(�, X) and g ∈ L∞

C (�, X) that satisfy the
admissibility condition (3), but violating the bound of Lemma 13, i.e. ‖ f ‖∞ > L‖g‖∞,C .

Let F ⊂ � be a compact set with positive P-measure on which C is continuous. The
existence of such a set is guaranteed by Lusin’s theorem. Then, there is a constant M > 0
such that C(ω) ≤ M for all ω ∈ F . For ω ∈ F , let

τF (ω) = min{m ≥ 1 | σmω ∈ F},
be the first return time to the set F and let τF (ω, n) be the time of the n-th return with
the convention τF (ω, 0) = 0. By the Poincaré recurrence theorem, τF (ω, n) is finite for
P-a.e. ω ∈ F . Let σ : F → F , ω 	→ σ τF (ω)ω be the return map of σ to F , which is
ergodic with respect to the conditional measure PF := P(F)−1

P on F . LetA be the induced
cocycle over σ with generator A(ω) := A(ω, τF (ω)). Naturally, A is a compact cocycle.
From subadditivity of the logarithm and Kac’s Theorem, e.g. [35, Theorem 1.7], we obtain

∫

F
log+ ‖A(ω)‖ dPF ≤

∫

F

τF (ω)−1∑

n=0

log+ ‖A(σ nω)‖ dPF = 1

P(F)

∫

�

log+ ‖A(ω)‖ dP < ∞.

This shows that induced cocycle A satisfies the assumptions of the multiplicative ergodic
theorem. One can easily check that the Lyapunov exponents of A are of the form P(F)−1λ,
where λ is a Lyapunov exponent ofA. In particular, sinceA has a zero Lyapunov exponent,A
has a zero Lyapunov exponent as well. Applying Proposition 17 toA, we obtain for P-a.e. ω
in F a measurable integer N (ω) and measurable sequences {x(ω, n)}n∈N and {y(ω, n)}n∈N
that satisfy the following

(i) x(ω, 0) = y(ω, 0);
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(ii) x(ω, n + 1) − A(σ nω)x(ω, n) = y(ω, n + 1), ∀n ∈ N;
(iii) x(ω, n) = y(ω, n) = 0 for n greater than N (ω);
(iv) supn∈N ‖x(ω, n)‖ ≥ (L + 1)M and supn∈N ‖y(ω, n)‖ ≤ 1.

These sequences are constructed with respect to the induced cocycleA. We can extend these
sequences to sequences {x(ω, n)}n∈N, {y(ω, n)}n∈N with respect to A.

For ω ∈ F and n ∈ Nwe find the uniquem ∈ N such that τF (ω,m) ≤ n < τF (ω,m + 1)
and set

x(ω, n) := A(σ τF (ω,m)ω, n − τF (ω,m))x(ω,m) = A(σmω, n − τF (ω,m)x(ω,m).

and

y(ω, n) =
{
0 τF (ω,m) < n;
y(ω,m) n = τF (ω,m).

Note that y(ω, n) is non-zero only if σ n(ω) ∈ F . These sequences are ’interpolations’ of
{x(ω, n)}n∈N and {y(ω, n)}n∈N and inherit their properties, i.e.

(i)′ x(ω, 0) = y(ω, 0);
(ii)′ x(ω, n + 1) − A(σ nω)x(ω, n) = y(ω, n + 1), ∀n ∈ N;
(iii)′ x(ω, n) = y(ω, n) = 0 for n greater than τF (ω, N (ω));
(iv)′ supn∈N ‖x(ω, n)‖ ≥ (L + 1)M and supn∈N ‖y(ω, n)‖ ≤ 1.

Except for statement (ii)′, these follow directly from the definition of {x(ω, n)}n∈N and
{y(ω, n)}n∈N.

We verify (ii)′. Given ω ∈ F and n ∈ N, let m ∈ N be as defined above. We first consider
the case when n + 1 < τF (ω,m + 1). Then,

x(ω, n + 1) − A(σ nω)x(ω, n) = A(σ τF (ω,m)ω, n + 1 − τF (ω,m))x(ω,m)

− A(σ nω)A(σ τF (ω,m)ω, n − τF (ω,m))x(ω,m)

= A(σ τF (ω,m)ω, n + 1 − τF (ω,m))x(ω,m)

− A(σ τF (ω,m)ω, n + 1 − τF (ω,m))x(ω,m).

= 0 = y(ω, n + 1).

Let us now consider the case when n + 1 = τF (ω,m + 1). Then,

x(ω, n + 1) − A(σ nω)x(ω, n) = x(ω,m + 1) − A(σ nω)A(σ τF (ω,m)ω,

n − τF (ω,m))x(ω,m)

= x(ω,m + 1) − A(σ τF (ω,m)ω, n + 1 − τF (ω,m))x(ω,m)

= x(ω,m + 1) − A(σ τF (ω,m)ω,

τF (ω,m + 1) − τF (ω,m))x(ω,m)

= x(ω,m + 1) − A(σmω)x(ω,m)

= y(ω,m + 1) = y(ω, n + 1).

This shows that the sequences {x(ω, n)}n∈N and {y(ω, n)}n∈N satisfy (ii)′.
Let N ∈ N be such that the set

FN := {ω ∈ F | τF (ω, N (ω)) ≤ N },
has positive measure. By the Rokhlin Lemma, e.g. [20, Theorem 1.11], there is a measurable
set B ⊂ FN with P(B) > 0 such that σ n(B) �= σm(B) for all n �= m between 0 and N + 1.
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Define two function f , g from � to X by

f (ω) :=
N+1∑

n=0

1σ n B(ω)x(σ−nω, n),

g(ω) :=
N+1∑

n=0

1σ n B(ω)y(σ−nω, n).

We write the sums until N + 1, but the last summand is zero since x(ω, N + 1) = y(ω, N +
1) = 0.Hence, f and g are supported on∪N

n=0σ
n B.We verify that f and g forman admissible

pair, i.e. that (3) holds. We distinguish three cases. For ω ∈ B, we have that f (ω) = x(ω, 0),
f (σ−1ω) = 0 and g(ω) = y(ω, 0) = x(ω, 0). Consequently,

f (ω) − A(σ−1ω) f (σ−1ω) = x(ω, 0) = g(ω).

We now consider the case when ω ∈ σ k B for some 1 ≤ k ≤ N + 1. Observe that σ−1ω ∈
σ k−1B. Hence, f (ω) = x(σ−kω, k), f (σ−1ω) = x(σ−kω, k − 1) and g(ω) = y(σ−kω, k).
By (ii)′ we have that

f (ω) − A(σ−1ω) f (σ−1ω) = x(σ−kω, k) − A(σ−1ω)x(σ−kω, k − 1)

= y(σ−kω, k) = g(ω).

Finally, in the case when ω /∈ σ k B for 0 ≤ k ≤ N + 1, then σ−1ω /∈ σ k B for 0 ≤ k ≤ N .
Consequently, f (ω) = f (σ−1ω) = g(ω) = 0, and thus f (ω)− A(σ−1ω) f (σ−1ω) = g(ω).

This completes the proof that f and g satisfy the admissibility condition (3).
For each ω ∈ B, there is an 0 ≤ n ≤ N for which ‖x(ω, n)‖ ≥ (L + 1)M . Hence, there

is an 0 ≤ n ≤ N such that ‖x(ω, n)‖ ≥ (L + 1)M for all ω in a subset of B of positive
measure. We conclude that the essential supremum of f on σ n B is at least (L + 1)M , and
thereby ‖ f ‖∞ ≥ (L + 1)M .

Lastly, observe that g(ω) is only non-zero if ω ∈ σ n B and y(σ−nω, n) �= 0. But
y(σ−nω, n) is only non-zero if σ n ◦ σ−nω = ω is in F . Hence, g is supported on F .
Since ‖y(ω, n)‖ ≤ 1, we have ‖g(ω)‖ ≤ 1 for all ω ∈ � and conclude ‖g‖∞,C ≤ M .

This shows ‖ f ‖∞ > LM ≥ L‖g‖∞,C which contradicts Lemma 13. This shows that A
must admit a tempered exponential dichotomy. ��

The proof of Theorem 11 is similar to the proof of Theorem 10 and is therefore not given
in full detail.

Proof of Theorem 11 Let L > 0 be the constant from Lemma 13 such that any admissible pair
of functions f ∈ L∞

C (�, X) and g ∈ L∞(�, X) satisfies ‖ f ‖∞,C ≤ L‖g‖∞. Assume for
contradiction that there is no tempered exponential dichotomy. Then, by Proposition 6 there is
a zero Lyapunov exponent forA. We lead this assumption to a contradiction by constructing
an admissible pair of functions that violate the bound of Lemma 13, i.e. ‖ f ‖∞,C > L‖g‖∞.

Let F ⊂ � be a compact set with positive P-measure on which C is continuous. There is
a constant M > 0 such that C(ω) ≥ M for all ω ∈ F . Let σ : F → F , ω 	→ σ τF (ω)ω be the
return map of σ to F and letA be the induced cocycle over σ with generator A. The induced
cocycle A over F still has a zero Lyapunov exponent. Applying Proposition 17 to A, we
obtain for P-a.e. ω in F a measurable integer N (ω) and measurable sequences {x(ω, n)}n∈N
and {y(ω, n)}n∈N that satisfy

(i) x(ω, 0) = y(ω, 0);
(ii) x(ω, n + 1) − A(σ nω)x(ω, n) = y(ω, n + 1), ∀n ∈ N;
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(iii) x(ω, n) = y(ω, n) = 0 for n greater than N (ω);
(iv) supn∈N ‖x(ω, n)‖ ≥ (L + 1)M−1 and supn∈N ‖y(ω, n)‖ ≤ 1.

These sequences are constructed with respect to the induced cocycle A. Like in the proof
of Theorem 10, we extend these sequences to sequences {x(ω, n)}n∈N, {y(ω, n)}n∈N with
respect to A, where ω ∈ F . These sequences satisfy

(i)′ x(ω, 0) = y(ω, 0);
(ii)′ x(ω, n + 1) − A(σ nω, 1)x(ω, n) = y(ω, n + 1), ∀n ∈ N;
(iii)′ x(ω, n) = y(ω, n) = 0 for n greater than τF (ω, N (ω));
(iv)′ supn∈N ‖x(ω, n)‖ ≥ (L + 1)M−1 and supn∈N ‖y(ω, n)‖ ≤ 1.

Additionally, for P-a.e. ω ∈ F , there is an n ∈ N such that ‖x(ω, n)‖ ≥ (L + 1)M−1 and
σ nω ∈ F .

Let N ∈ N be such that the set

FN := {ω ∈ F | τF (ω, N (ω)) ≤ N },
has positive measure. By the Rokhlin Lemma, there is a measurable set B ⊂ FN with
P(B) > 0 such that σ n(B) �= σm(B) for all n �= m between 0 and N + 1.

Define two function f , g from � to X by

f (ω) :=
N+1∑

n=0

1σ n B(ω)x(σ−nω, n),

g(ω) :=
N+1∑

n=0

1σ n B(ω)y(σ−nω, n).

The proof that f and g satisfy the admissibility condition (3) is the same as in the proof of
Theorem 11.

For each ω ∈ B, there is an 0 ≤ n ≤ N such that ‖x(ω, n)‖ ≥ (L + 1)M−1 and such
that σ nω ∈ F . Hence, there is an 0 ≤ n ≤ N such that ‖x(ω, n)‖ ≥ (L + 1)M−1 and
σ nω ∈ F for all ω in a subset of B of positive measure. We conclude σ n B ∩ F is a set of
positive measure and that the essential supremum of f on this set is at least (L + 1)M−1.
We conclude ‖ f ‖∞,C ≥ L + 1.

Lastly, observe that by construction ‖y(ω, n)‖ ≤ 1, and, thereby, ‖g‖∞ ≤ 1. This shows
‖ f ‖∞,C > L ≥ L‖g‖∞ which contradicts Lemma 13. This shows that A must admit a
tempered exponential dichotomy. ��
Remark 18 The assumption that the linear cocycleA is compact is only used for the applica-
bility of the multiplicative ergodic theorem (Theorem 2), which allows us to characterize the
existence of a tempered exponential dichotomy in terms of the existence of a zero Lyapunov
exponent (see Proposition 6). Themultiplicative ergodic theorem from [18] holds not only for
compact cocycles, but more generally for quasi-compact cocycles. Additionally, Proposition
6 holds for quasi-compact cocycles as well, as long as the index of compactness is less then
0, cf. [4, Proposition 3.2]. Hence, the proofs of this section work without modification for
quasi-compact cocycles with an index of compactness of less than 0.

Remark 19 In [16] the authors have obtained a Chow-Leiva type characterization of tempered
exponential dichotomies inwhich the input spaces consists of bounded sequences in X and the
output space of weighted-bounded sequences in X , which is close in spirit to Propositions 8
and Theorem 10. We do not see how to use [16] to obtain the results of the present paper
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since the strategy outlined in [26] relies on the fact that in their setting the input and output
space coincide and the Mather operator is a well-defined bounded linear operator.

For other results dealing with characterizations of tempered dichotomies using Chow-
Leiva approach, we refer to [1, 5, 15, 17].

5 Robustness of Tempered Exponential Dichotomies

We apply our results to establish the persistence of the notion of a tempered exponential
dichotomy under small (linear) perturbations.We stress that this application is rather standard
and that the robustness property of tempered dichotomies was established for cocycles which
do not necessarily satisfy assumptions of theOseledets theorem in [36] (althoughwith amuch
longer proof).

Theorem 20 LetA : �×N → L(X) be a linear cocycle that admits a tempered exponential
dichotomy. Then, there exists a tempered random variable c : � → (0,∞) with the property
that each compact cocycle B : � × N → L(X) whose generator B satisfies

‖A(ω) − B(ω)‖ ≤ c(ω) for P-a.e. ω ∈ � (19)

also admits a tempered exponential dichotomy.

Proof Let K : � → (0,∞) and λ > 0 be as in Definition 5 (associated to the tempered
exponential dichotomy of A). We choose d > 0 such that

d · 1 + e−λ

1 − e−λ
< 1, (20)

and we set

c(ω) := d

K (σω)
, ω ∈ �. (21)

Since K is tempered we have that c is also tempered.
Fix an arbitrary g ∈ L∞

K (�, X). We define T : L∞(�, X) → L∞(�, X) by

(T f )(ω) =
∞∑

n=0

A(σ−nω, n)�s(σ−nω)
(
(B(σ−(n+1)ω) − A(σ−(n+1)ω)) f (σ−(n+1)ω) + g(σ−nω)

)

−
∞∑

n=1

A(σ nω,−n)�u(σ nω)
(
(B(σ n−1ω) − A(σ n−1ω)) f (σ n−1ω) + g(σ nω)

)
,

for ω ∈ � and f ∈ L∞(�, X). Take f ∈ L∞(�, X). By (1), (2), (19) and (21) we have
that

‖(T f )(ω)‖ ≤
∞∑

n=0

K (σ−nω)e−λn(c(σ−(n+1)ω)‖ f (σ−(n+1)ω)‖ + ‖g(σ−nω)‖)

+
∞∑

n=1

K (σ nω)e−λn(c(σ n−1ω)‖ f (σ n−1ω)‖ + g(σ nω)‖)

≤ (
d‖ f ‖∞ + ‖g‖∞,K

) ∞∑

n=0

e−λn + (
d‖ f ‖∞ + ‖g‖∞,K

) ∞∑

n=1

e−λn

= 1 + e−λ

1 − e−λ

(
d‖ f ‖∞ + ‖g‖∞,K

)
,
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for P-a.e. ω ∈ �. Hence,

‖T {‖∞ ≤ 1 + e−λ

1 − e−λ

(
d‖ f ‖∞ + ‖g‖∞,K

)
,

which implies that T { ∈ L∞(�, X). Thus, T is well-defined. Similarly, we find that

‖T {1 − T f2‖∞ ≤ d · 1 + e−λ

1 − e−λ
‖ f1 − f2‖∞, for f1, f2 ∈ L∞(�, X). (22)

Due to our choice of d (see (20)), we conclude that T is a contraction of L∞(�, X), and
therefore it has a unique fixed point f ∈ L∞(�, X). Hence,

f (ω) =
∞∑

n=0

A(σ−nω, n)�s(σ−nω)
(
(B(σ−(n+1)ω) − A(σ−(n+1)ω)) f (σ−(n+1)ω) + g(σ−nω)

)

−
∞∑

n=1

A(σ nω,−n)�u(σ nω)
(
(B(σ n−1ω) − A(σ n−1ω)) f (σ n−1ω) + g(σ nω)

)
,

for P-a.e. ω ∈ �. A computation analogous to that in (5) shows that

f (ω) − A(σ−1ω) f (σ−1ω) = (B(σ−1ω) − A(σ−1ω)) f (σ−1ω) + g(ω),

for P-a.e. ω ∈ �. In other words,

f (ω) − B(σ−1ω) f (σ−1ω) = g(ω), for P-a.e. ω ∈ �.

Therefore, f and g are an admissible pair with respect to the cocycle B. The unique-
ness of f follows from the uniqueness of a fixed point for T . We conclude that the pair
(L∞(�, X), L∞

K (�, X)) is admissible for B, and consequently Theorem 10 implies that B
admits a tempered exponential dichotomy. The proof of the theorem is completed. ��
Acknowledgements We would like to thank the anonymous referee for useful comments that helped us to
improve the presentation.

Author Contributions Both authors made substantial contributions to this research study and to writing this
paper.

Funding Open Access funding enabled and organized by Projekt DEAL. R.C. was partially supported by
Deutsche Forschungsgemeinschaft (DFG) through grant CRC 1114 “Scaling Cascades in Complex Systems”,
Project Number 235221301, Project A08. D.D. was supported in part by University of Rijeka under the project
uniri-iskusni-prirod-23-98-3046.

Declarations

Conflict of interest The authors declare no Conflict of interest.

Ethical Approval not applicable.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

123

http://creativecommons.org/licenses/by/4.0/


Journal of Dynamics and Differential Equations (2025) 37:3197–3216 3215

References
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