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ABSTRACT: In this work, we propose a quantum-mechanically measurable basis for the
computation of spread complexity. Current literature focuses on computing different powers
of the Hamiltonian to construct a basis for the Krylov state space and the computation
of the spread complexity. We show, through a series of proofs, that time-evolved states
with different evolution times can be used to construct an equivalent space to the Krylov
state space used in the computation of the spread complexity. Afterwards, we introduce the
effective dimension, which is upper-bounded by the number of pairwise distinct eigenvalues
of the Hamiltonian. The computation of the spread complexity requires knowledge of the
Hamiltonian and a classical computation of the different powers of the Hamiltonian. The
computation of large powers of the Hamiltonian becomes increasingly difficult for large
systems. The first part of our work addresses these issues by defining an equivalent space,
where the original basis consists of quantum-mechanically measurable states. We demonstrate
that a set of different time-evolved states can be used to construct a basis. We subsequently
verify the results through numerical analysis, demonstrating that every time-evolved state
can be reconstructed using the defined vector space. Based on this new space, we define an
upper-bounded effective dimension and analyze its influence on finite-dimensional systems.
We further show that the Krylov space dimension is equal to the number of pairwise distinct
eigenvalues of the Hamiltonian, enabling a method to determine the number of eigenenergies
the system has experimentally. Lastly, we compute the spread complexities of both basis
representations and observe almost identical behavior, thus enabling the computation of
spread complexities through measurements.
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1 Introduction

Our understanding of quantum systems primarily arises from the Schrédinger equation for pure
states and the von-Neumann equation for mixed states. The comprehension of how quantum
states evolve over time is crucial for various technologies. Therefore, recent years have seen
increased attention towards understanding the space in which quantum state evolution occurs.
In this work, we aim to define a measurable space for quantum time evolution under the
Schrodinger equation. Our research explores operator complexity, as initially introduced
in [1], and spread complexity, first explored in [2]. A unified perspective on state and operator
complexities was later presented in [3]. Research in the understanding of Krylov complexity
has been done in regards to finite and infinite dimensional quantum systems, field theories,
quantum chaos, open quantum systems, entanglement, and more (see [2, 4-35]). Spread
complexity has been analyzed concerning Nielsen complexity, describing topological phases,
chaotic dynamics, finite and infinite dimensional quantum systems, and so forth [2, 15, 36-53].

The computation of the spread complexity measures requires classical simulation of the
system, which becomes infeasible for larger systems. In this work, we introduce a space that
is equivalent to the Krylov space discussed in [2]. We further show that the basis of our
space can be computed through quantum mechanical measurements and that the dimension
is equal to the number of pairwise distinct eigenvalues of the Hamiltonian. We compute the
spread complexity for the introduced basis and compare the result to the spread complexity
which is computed using different powers of the Hamiltonian [2]. We show that the spread
complexities exhibit almost identical behavior for a simple Ising model. Another interesting
aspect of our basis is that the exact Hamiltonian does not need to be known, but just some
time-evolved states. This is especially of interest in quantum machine learning, where the
quantum systems consist of multiple applications of different Hamiltonians. Additionally,
quantum computers attain sizes beyond the computational capabilities of classical machines
limiting the usage of Krylov complexity for this field.

Quantum computation tries to make use of the exponential scaling in space dimension
for computing resources [54]. The most prominent quantum algorithm is Shor’s algorithm,



which can perform prime factorization more efficiently than a classical computer [55]. The
simulation of quantum systems on a quantum computer, which are classically difficult to
simulate, appears increasingly plausible with the continuous growth in qubit sizes from 127
qubits in 2021 to 1121 qubits in 2023 on IBM’s superconducting devices. Another important
aspect of classical computation is machine learning, and therefore, the question arises: how
can machine learning algorithms be implemented using quantum systems?

One approach to quantum machine learning is variational quantum machine learning,
where a quantum network is trained on a quantum computer. The second scheme is quantum
reservoir computing, which tries to utilize the large Hilbert space as a computing resource
for time series forecasting. This scheme is especially challenging because of the collapse of
the state after measurement. Some solutions to this problem have been proposed in [56, 57].
Lastly, quantum extreme learning machines use quantum systems in a similar way to quantum
reservoir computing. The main difference is that the state is reset for each input in quantum
extreme learning, whereas it continuously evolves in quantum reservoir computing. Several
experiments in quantum machine learning have been conducted on quantum hardware, as
detailed in [58, 59].

The comparative analysis of machine learning networks remains an active field of research,
and the question of expressivity in quantum machine learning (QML) remains unresolved.
The central inquiry revolves around the methodology for comparing two Hamiltonians
or two quantum machine learning networks in terms of the dimension of the space that
comprehensively spans all future states. We propose the effective Krylov dimension as an
expressivity measure.

Section 2 of this work will introduce the spread complexity, which was proposed in [2].
The development of a measurable Krylov space will be discussed in section 3. We will prove our
main theorems and construct a Krylov space that is computable through quantum mechanical
measurements (theorem 2 and theorem 3). Afterwards, we will show that the dimension of
this space is equivalent to the number of pairwise distinct eigenvalues of the Hamiltonian in
theorem 4. The results will be first verified by the reconstruction capability of the defined
space through numerical analysis, see section 4. Here, we will define and discuss the effective
Krylov dimension, which is upper-bounded by the number of pairwise distinct eigenenergies
of the Hamiltonian. In section 5, we will compute the spread complexity using the classical
approach and using our introduced basis, where we observe almost identical behavior.

2 Fundamentals of spread complexity

We define the time evolution of a quantum system (definition 1) and the Krylov space
(definition 2). The observation that the time-evolution operator is a map onto a Krylov space
was discussed and theorem 1 was proven in [1, 2]. The authors further defined a complexity
measure based on this discovered property for further analysis of the time evolution in
quantum systems.

The Schrodinger equation for the time-independent Hamiltonian H with initial condition
|¥(0)) is given by:

Op|W(t)) = —iH [¥(t))
[W(0)) := [Wo) (2.1)



The solution to this equation is
(U (t)) = e 1 W) (2.2)
and the density matrix p € CVN*V is constructed by
p =) (9. (2:3)

A measurement in quantum mechanics is the application of a Hermitian matrix O, also
called an observable, with the eigenvalue equation O |o;) = 0; |o;) onto the system. Only the
eigenvalues of O can be measured, and which eigenvalue is measured is given by the probability

P(m = 0;) = | (0| ) |2. (2.4)

The expectation value of the observable O in regard to the state |¥) is given by

(0) = (9]0 W) = Tx(p0). (25
This work will construct a basis |wi) , |ws), ... |wy,) for some Hamiltonian H and starting
state |¥q), such that

[W(t)) € Span(|wo) , [w1) , ..., [wm)) (2.6)

holds for all t. The established basis should also be attainable through quantum mechanical
measurements, particularly for systems where the precise Hamiltonian is unknown or when
the system’s size surpasses classical simulation capabilities. Quantum mechanics commonly
employs the representation of complex vectors within the Hilbert space, denoted as H = CV.

Definition 1 (Time Evolution). Let t € Rxg, |¥o),|¥(t)) € CV and H € CN*Y be an
Hermitian matriz, meaning H = HT. The time evolution F : R x CV — CN with initial
condition |¥(t = 0)) = |Wg) is defined by

[U(t)) = F(|%o)) = e " [Wg) . (2.7)
Definition 2 gives the general definition of a Krylov space and how to construct this space.

Definition 2 (Krylov Space). Let f : CN — CV be a linear function, i.e., for all viw € CV
and o € C, the following holds:

fv+w)=fv)+f(w), flaw)=af(w) (2.8)

Let vo € CN\ {0} be a vector. Then there exists a uniquely defined smallest m < N such
that the vectors

vo, f(vo), F2(vo), ..., f™(vo)

are linearly independent, and the vectors

vo, f(vo), f*(vo),..., f™ (Vo) (2.9)



are linearly dependent. The number m is called the grade of the vector vo with respect to f.
The letter m will always be used to denote a grade. The j-th Krylov space of f with respect to
vo is defined as

K;(f,vo) = Span{vq, f(vo),..., f " (vo)} € CV. (2.10)

Note that Kpr(f,vo) = K (f, vo) holds for all M > m. If the chosen initial state vy and
function f are clear, the corresponding Krylov space with grade m will be denoted as K,,.

Theorem 1 will give the proof that the time-evolution, as defined in definition 1, maps
the initial state |¥() onto a Krylov space, as discussed in [1, 2].

Theorem 1. [Time Evolution as a Map onto a Krylov Space] Assume the system from
definition 1. Let t € R and let |V(t)) = exp(—iHt) |¥o) be the time-evolved state by t, where
|Wo) #0. For anyt € R

U (1)) € Kin(—iH, [Wo)) = Span{f*(|¥o)), ..., f™ (| ¥o))}

holds true, where m € N is the grade of the starting state |¥) in regards to the linear function

fi=—iH [1, 2].

Proof. We know that |U(t)) = exp(—iHt) |¥y) is given. With the introduction of the linear
function f: CV — CV as f(|¥g)) := —iH |¥y), the Taylor expansion of the time evolution
can be rewritten as

[0 (1)) = F(|o)) = ™" W)

0 k 00 k
= Y (il 5 W0) = Y P .11)
) k=0 '

U (t)) is a superposition of vectors f*(|T)) with amplitudes ﬁ, such that
k!

2
[0 (t)) € Span{f°(|¥o)), f'(|¥o))t, fQ(\‘Po))%,---} (2.12)

holds. In the trivial case with ¢t = 0, |¥(¢)) = |¥() follows. In the case of ¢t > 0, the values
tk—lj > 0, such that the span can be represented as

Span(f, [o)) = Span{ f°(|¥o)), F1(| o)), f*(|¥0)),- . -}. (2.13)

By definition 2 and the linear property of f, there exists an m < N, such that

[Wo), F(1%0)), F2(I®0)),- -, ™1 (|W0)) (2.14)

are linearly independent, and such that

[To), F(1%0)), F2(1 o)), -, f™(|0)) (2.15)



are linearly dependent. This implies that

2
Span(f, [Wo}) = Span{ f(|%o), /(1 Wo))t, £(1%)) .-}
= Span{1°(o)), /' (1%)), F2(1T0)),- .}
= Span{ (o)), /(%)) .., /™ (1%))}

= K (—1H,|¥y)), (2.16)

and therefore |¥(t)) € K,,,(—iH,|Vy)), where m is the grade of the vector |¥p) concerning
f:=—iH. O

In current analysis of quantum complexity the above defined spaces K, are used to
define a complexity measure [2]. First, the Lanczos algorithm is performed on this space
to construct the space Ky, = Span(|ko),|k2),...,|km—1)). The state representation of any
time evolved state |U(t)) with ay,(t) = (k,|¥(t)) is given by

3

(W () = ) an(t) [kn) - (2.17)
0

n

The spread complexity C'y is am measure of the spread of the state over the basis consisting
of different powers of the Hamiltonian and is defined as

m—1

Cu(t) =Y (n+ Dlan(t)*. (2.18)

n=0

3 Measurable Krylov spaces

In our work, we propose a different basis for the Krylov space, which we give theorem 2 and
theorem 3. We show that instead of constructing the Krylov basis as in theorem 1, the space
can be constructed from different time-evolved states of the system. Lemma 1 shows that the
constructed space is invariant under a global phase, thereby becoming quantum mechanically
measurable. With lemma 2, we discuss how different evolution times can be chosen to
construct the space discussed in theorem 2 and theorem 3. To verify the mathematical results,
we construct another basis, which implies that the number of pairwise distinct eigenvalues
should coincide with the dimension of the Krylov space (see theorem 4).

Definition 3 (Samplings of Krylov Space). Assume |¥o) € CV, |Wg) # 0, and H € CVN*V,
and consider the time evolution for Tg > 0 such that

(1)) = ¢4 | W) (3.1)

holds. Let K,,(—iH, |Wg)) be the Krylov space of f := —iH with respect to |¥q), where m is
the grade of |Wo) concerning f := —iH. With discrete times 0 =ty <t; < ...<ty-1=1g,
the vectors

’gl> = |\Il(tl)> = e_thi |‘IIO> ’ for i = 17 e 'an (32)

are introduced, addressed as the sampling vectors of the time evolution.



Theorem 2. Let 0 =ty < t1 < ... <tp_1 < Tp be some times, where Tp is the period of the
time evolution. Next, the following vectors are introduced:

m" (o)) 2 £ \wo (33)
with f7(|¥o)) = (—@ ) [Wo) .
The span of the vectors hz(-n)(|\110>) is given by
H: = Span(hy (1W0)), b (1%o)), ..., h{” (%)) (3.4)
Then for all n € N, it holds thatf
H" = K,,. (3.5)

Proof. Assume n € N. Then the vectors h (\\IIO)) can be represented with the vectors

F(|1%o)) as

(%)) Z F( !‘Ifo -
1
t; /1!
= (f2(1%0)), F1(1%0)); - -, [ (| Wo))) t; /2! ~ (3.6)
t?‘l/(;z - 1!

Writing the vectors as column vectors in a matrix results in

(h6" (1%0)), . 1”1 (| %))

= (£2(1%0)), f1(1%0)), -+, /7 (| W0)))O (3.7)
with

1 1 1
t1/1! ta/1! cee tp—q /11

0= t2/2! t3/2! e 2)2! : (3.8)

B — DU = D)1 4271 — 1)!

For © # j, t; # t; is given. It follows that all column vectors of ©, called Vandermonde
matrix, are linearly independent, and therefore © is invertible. The vectors of K,,, can then
be represented with the inverse ©~! as

(%)), £ (1W0))) = (g (1W0)). - Iy (| ¥0))) O (3.9)
As all vectors fO(|¥g)),..., f"1(|¥o)) of K, can be represented by the basis vectors
W (1)), ..., ™ (1W0)) of H?, it follows that H” = K,, holds true. 0



Theorem 3 (Approximation of Krylov Space). Assume everything like in theorem 2. Then
for a large Nj, € N

Gn, = Span(|go) - - -, |gn,-1)); (3.10)
with some |g;) = exp(—iHt;) |Wy), it holds that
HYF ~ G (3.11)
From this it follows then that Gy, =~ Ky, holds as well and finally G, =~ K,,.
Proof. We consider a Ny, > m. This leads to

K = Ky, = HY"
NL 1 NL 1

—Span< Z F( \\Ilo . Z (W)

) (3.12)

For any ¢t > 0 and sufficiently large N the series terms V2 /Np! — 0, such that the
approximation

Np—1
. t

Z S (1%0) f~ij [%0))5; (3.13)

can be used. Inserting this into eq. (3.12) results in

Np—1 Nr—1
HN" :Span( 3 F( |\I/0 . Z F (1)) )
7=0
NSpan(Zf] \\IJO . ij |Wo)) )
<:>KNL :HNE %GNL. (3.14)

As Ky, is a Krylov space, there exists a grade m such that K, = K,, holds true. Since
there are only m linearly independent vectors in K,,, it follows that H%ﬁ only has m
linearly independent vectors. For very large Ny, we conclude that Gy, also has m linearly
independent vectors. The m linearly independent vectors |g;) will be addressed with the

subscripts 0,71, ..., im—1 as |giy) s iy ) » |sz 0 € {lgo),191) 5 1g2),...}. This leads to
the result

G = Span( ‘gio> ‘921 |glm 1>) ~ K- (3'15)

O

The property of HNi = Ky, was shown in the prior example for any Ny, € N. In the case
of N1, = oo the approximation would reduce to Ky, = Gy, , which implies G,, = K;,. In our
simulations we observed not only the approximation G,, =~ K,, but the equality of these two
spaces, i.e. G, = K,;,,. The benefit of using the vectors |g;) as a basis instead of the vectors



fi(J®g)) is that these vectors are normalized as | |g;) | = | exp(—iHt;) [¥o) | = | |¥o) | = 1. |gi)
are therefor robust to numerical rounding when checking linear independence. Additionally,
with the exception of a global phase |g;) — exp(ic) |g;), the vectors |g;) can be reconstructed
through measurements.

Later, we will perform the Gram-Schmidt algorithm on G, to obtain the orthonormal
basis { |w;) },, such that

G = Span( lgo) s -+ \gm_l)) = Span( lwo) ..., |wm_1>) (3.16)

holds. The following two lemmas will add to theorem 2 to show that the basis can be
computed through quantum mechanical measurements.

Lemma 1. The vector space Gy, is invariant under a phase o € R.
Proof.
eiaKm = eiaSpan<’90> Yy |gm—1>)
= Span(e™ [go) ..., € [gm-1)) = K (3.17)

In the last step, we have used that z = €'® # 0 is a complex number. This can be extended
to different complex phases ay,.

K., = Span(e® [go) , ..., e 1 |gn_1)) = Ky, (3.18)
O

Lemma 2. Consider a quantum system with Hamiltonian H having eigenvectors |¢;) and
corresponding eigenvalues €; given by

H i) = €i|¢i) - (3.19)
Let |Wy) be a non-trivial initial state, specifically a superposition of at least two eigenstates
|pn) and |pp,) with distinct eigenvalues €, # €. Additionally, assume two distinct times

t1 and ta, both less than the system’s period Tp. Then, it follows that the two time-evolved
states |g1) = exp(—iHt1) |Wo) and |g2) = exp(—iHty) |Vy) are linearly independent.

Proof. The two states |g1) and |g2) can be represented as

lg1) = e I W) = " e |gy) (9] Wo) (3.20)
|g2) = e~ 12 [Wo) =3 7" |¢y) (] Wo) - (3.21)
Substituting a; = (¢;| Vo) leads to

a16i61t1
—i —ie; age’n

lg1) = [ Wo) =D aze i) = (101) @) - oN)) | (3.22)
! aNeieNtl
alei€1t2
i —ie; age’e2t2

lg2) ="M= [ W) = D Z e |g) = (|91),[d2) -l éw)) | (3.23)
’ aNeiENtQ




The matrix representation a; of the vector |g;) in regards to the eigenstates { |s) } is given by
o ei€1 t;

i€at;
ai = | “* . (3.24)

aNeieNti
Given the condition that there exist at least two distinct eigenvalues €, # €, with non-zero
coeflicients «, and a,,, implies that the basis representations a; and as are independent. Due
to this independence and the orthonormality of the eigenstates, it follows that the states |g;)
and |g2) are linearly independent. Since any two states |g;) and |g;) are linearly independent
for any distinct ¢; # t;, and as there exist a total of m linearly independent vectors |g;) (as
described in theorem 2), it follows that for any tg < t; <ty < ... < typ—1 =Tg < Tp, m
linearly independent vectors are obtained, represented by |g;) = exp(—iHt;) |¥o). In the case
of an equidistant time axis, meaning t; = (j + 1)7/N for some 7 < Tp and i < m, and with
lgj) = exp(—iHt;) |¥p), this results in

G = Span( [go) ;191 -+ gm—1) ) = K. (3.25)
O

The space G, comprises of states with the common initial state |¥y) and varying
evolution times ¢;. Notably, because of the invariance under a global phase (lemma 1) Gy,
can be computed through quantum measurements.

Theorem 4 will discuss the similarities between Gy, and a basis representation through
the eigenstates of the system. We show that through a combination of the eigenstates of the
Hamiltonian the time-evolution can be represented through d superpositions of eigenstates
of the system, where d is the number of pairwise distinct eigenvalues. This will help us to
understand the Krylov space and its meaning. If both spaces have the minimum number of
basis states, then the dimension of these two spaces should be equivalent. This will further
be numerically verified in section 4.

Theorem 4. Consider a Hamiltonian H € CN*N with H = H', possessing d pairwise
distinct eigenvalues, and satisfying the eigenvalue equation

Then, it follows that the dimension (grade) of the Krylov space K, is equivalent to the count
of pairwise distinct eigenvalues €;.

Proof. With a; = (¢;| W), it follows:

(W(t)) = e o) = e ™9 |gs) ($51W0) = D e "y |¢;) (3.27)

J J

Since H is an N x N matrix, there exist N eigenvalues, where only d are pairwise distinct.
The d pairwise distinct eigenvalues are €1,...,€64. As H is Hermitian, it follows that the



eigenstates |¢;) form an orthogonal basis of CN. Assume that there are j; eigenvectors with
the same eigenvalue ¢;. Introduce the index sets J; = {1,...,71} and Jx = {jx—1 +1,...,Jk}
with k € {2,...,d}. The index sets group eigenstates |¢;), so that all eigenstates |¢,), with
a € Ji, have the same corresponding eigenvalue ¢;. This can be used to rewrite the time
evolution as:

d

d
[B(1) = e " a;|¢;) = Z Z “rtag|g) = Z Tty agleyg) (3.28)
p=1j€d,

J p=1 Jj€Jp

The summation over the index sets .J,, is independent of time ¢ and can therefore be substituted
with vectors [§,) = > ;e 7, [®i), Which results in

d
= el g,). (3.29)
p=1
Such that for all ¢ € R the following holds:
[@(1)) € Span([&1) &), [&a) ) = Xa. (3.30)
The space X, consists of a superposition of d linearly independent vectors |£1) , ..., |¢s). For

any time any two vectors are linearly independent, which implies that X  is yet another
minimal basis of the time evolution. Let K,, be the Krylov space for H initiated with the
state |Wp), where m denotes its grade and is therefor a minimal basis. Both spaces X; and
K., consist of the smallest number of vectors needed to represent any time-evolved state
|®(t)) with a initial condition |¥p) in regards to the Hamiltonian H. Therefore, it follows
that d = m must hold true. O

Up until now, we have shown in theorem 3 that time-evolved states exist, which span
the same space as K,,. We further showed the phase invariance (lemma 1) and that the
dimension is equal to the number of pairwise distinct eigenvalues(theorem 4). The next
section will verify these results for simple systems.

4 Numerical verification and effective dimension

To check whether G, fully captures the evolution of a state under the Schrédinger equation,
we will check if any time-evolved state can be reconstructed by the basis of G,, without
error. Furthermore, we want to make sure that the dimension of G,, is equal to the number
of pairwise distinct eigenvalues d.

First, consider a Hamiltonian H € CN*Y along with Ng randomly chosen initial states
|W1),|W2),...,|¥nNg). Select a timescale T < Tp for the construction of the space G, where
Tp represents the period of the time-evolution operator, i.e., exp(—iH (Tp + t)) = exp(—iHt)
holds. Proceed with a discretization 0 =ty < t1 <to < ... <ty_1 =1Tg < Tp and compute
the vectors |g;) = exp(—iHt;)|¥,) for a given starting state |¥,), where z = 1,..., Ng.
The matrix A, = (|go),|91),---,|gm—1)) is constructed iteratively, incrementing k until
rank(A,,—1) = rank(A,,) is reached for some k = m. Here, m denotes the dimension of
the vector space K, and, by approximation, the dimension of K,,(—iH,|¥,)) or the grade

,10,



of |¥,) in regards to f := —iH. After forming G,, = Span(|go> , |g1>,...,]gm_1>>, the
Gram-Schmidt algorithm is applied to obtain orthonormalized vectors |wo) , |wi) , ..., [wWm—1),
which results in

G = Span(1g0) , - |gm-1) ) = Span( fwo) , ., [wm-1) ). (4.1)

Once the vectors |w;) are computed, Ny random times 7i,72,...,Tn, are chosen, and
states evolved by the times |¥(7;)) = exp(—iHTy) |¥,) are calculated. As per theorem 1
| (7)) € Kp, is true for all 7 € R. Furthermore, theorem 2 implies that G,, ~ K,, is a valid
approximation, which will be verified by demonstrating that for any time 7, |¥(7%)) € G,
holds true. The [-th approximation |u;(7x)) of |¥(7;)) concerning the starting state |¥,)
is given by

-1

(7)) = D @ (7)) ;) - (4.2)

J=0

The error in the [-th approximation of a time-evolved state |¥ (7)) with the initial vector
|¥,) is quantified by

P71 [92)) = | Ju(m)) — [@(7)) | (43)

If G,,, = K, holds true, then r (7, m, |¥,)) = 0 is expected. For a statistical analysis, multiple
times 7 are considered, and the average over these times is calculated as r(l, |¥,)).

1
r(l,|¥,)) = E;r(Tk,z, |W,)). (4.4)
Moreover, Ng initial conditions |¥,), where x = 1,..., Ng, are provided. After averaging

over all possible initial conditions, the error of the [-th approximation is expressed as

Ng
r(l) = > r(l,|TL)). (4.5)
r=1
If G, = K, is confirmed, where m is chosen such that r(m) = 0 for all |¥;) and all 7,
then the approximation is deemed valid. The number of distinct eigenvalues d is expected
to be equal to m, i.e., m = d, for all Hamiltonians. In an Ng-qubit system, the Ng-qubit
Pauli matrices P; € {X;,Y;, Z;} are constructed as

i—1 Ng
j=1 j=it+1

where p € {0,,0y,0.}, and I5 represents the Pauli matrices and the 2-dimensional identity.

In this study, we conduct an analysis of various four-qubit Hamiltonians. Initially,

attention is given to simple Hamiltonians denoted as Hi, Ho, H3, and H4, which consist of

rotation in the x-direction of the first, first two, first three, and all four qubits respectively.
k

Hp =Y 05X (4.7)
=1

— 11 —



Hy | Hy | Hs | Hy | Hpy | Hpz | Hys
Grade of G,,,, m | 2 3 4 5 9 16 15
#eigenvalues, d | 2 3 4 5 9 16 15

Table 1. The grades m of the different quantum systems and the number of pairwise distinct
eigenvalues d. For each system equality is observed.

Subsequently, the analysis expands to include Ising Hamiltonian Hj, Hro and Hjs with
different inter-spin couplings J;;.

4 4
Hi= Y J;XiX;+05> 7 (4.8)
i=1,j>i i=0

Further information on the couplings J;; is listed in appendix A. Our objective is to assess
whether the error 7(m) = 0 and if m = d holds. Table 1 shows the calculated grade m of the
Krylov space and the number of pairwise distinct eigenvalues for all Hamiltonian. We observe
in each case the equivalence between the two values, which gives numerical verification of
theorem 4. Figure 1.a) illustrates the averaged error of the reconstruction error r(I) of the
simple Hamiltonians H;. In each scenario, reconstruction is evident when I = m, as indicated
by 7(m) = 0 for each Hamiltonian. By increasing the complexity of the Hamiltonian from H;
to Hy and others, we increase the number of pairwise distinct eigenvalues and the dimension
of the Krylov space, as shown in table 1. Next, we compute the Krylov spaces and calculate
the errors for some realizations of the Ising Hamiltonian, denoted as Hjy, Hre, and Hig
and show the reconstruction error r(l) in figure 1.c). Even though the Hamiltonian Hrs
seems more complex compared to Hjo, the Krylov dimension and the number of pairwise
distinct eigenvalues are smaller. Here as well, the correct reconstruction of all states by
the calculated spaces G, can be observed.

These numerical results emphasize that the defined space G, forms a robust basis resilient
to numerical errors, a quality that can be further verified through quantum-mechanical
measurements.

Next, an effective space dimension will be constructed to describe the space G,,. For
the effective dimension, we will look at states after they are evolved by a time Tg < Tp. We
compute states |g;) = e7*1% | W) with evolution times 6; = (i + 1)Tg/m where i = 1,...,m,
and m is the Krylov space dimension of the corresponding system. By lemma 2, we know
that all |g;) are linearly independent in the mathematical sense. If two vectors are very close
to each other, i.e., |g;) = |gi+1), we require an effective dimension to consider the second
vector. To obtain an effective dimension, we calculate the square of the fidelity F

5 = (1) (ol lgee) i) = lgiloisn) P (4.9)

The effective dimension meg for A = 1/4/2 is given by

1 if A < A
meffi -
1— 25 (M=) ifA >
m—1
Meg =1+ Y Meg, (4.10)
=1
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a) I-th error r(/) b) effective dimension

0.75 A
< 0.50 -
0.25 A
0,00 T 1 1 1 1 1 1 T T T T T T
/ time Tg
c) I-th error r(/) d) effective dimension
. Hy 15 L
0.75 — Hp
~ - HI3 % 101 T
0.25 - 37
0,00 T T T T T T T T T T T T T
0 2 4 6 810121416 0 5 10 15 20
/ time Tg

Figure 1. The Ith averaged reconstruction error in a) and ¢) for the simple Hamiltonians H; to
H, and Ising Hamiltonians Hj; to Hys and the effective Krylov dimension in b) and d) for the same
Hamiltonians.

The first vector increases the dimension by 1. Afterwards we perform the interpolation
between two states |g;). A; = 1 implies that the two vectors are linearly dependent and
therefore numerically dependent, resulting in meg, = 0. A; < A implies that the two vectors
are different enough to consider full numerical independence, and the effective dimension is
then increased by meg, = 1. For A < A; < 1 the effective dimension is interpolated. The
measure meg, is upper-bounded by the Krylov space dimension meg, < m and is shown for
different systems in figure 1.b) and figure 1.d). In the first row, we see the effective dimension
for the four Hamiltonians Hy, Hy, H3, and Hy. The effective dimension of H; (orange line)
starts at one and then increases to the number of pairwise distinct eigenvalues, indicated
by an orange horizontal line. Interestingly, we observe a decrease in effective dimension for
T = 4n. This can be explained by the 27 periodicity of the time evolution under H; as
exp(—i2mwX1/2) = exp(—iX1/2) = —exp(—i47wX1/2). However, because the dimension of the
Krylov space is m = 2, we sample two time-evolved states at time 61 = T(/2 and 0y = Ti;.
For 6 = 4, both are multiples of 27, which leads to the two vectors being |g1) = — |g2). |g2)
being a scalar multiple of |g1) implies linear dependence, which in turn reduces the effective
dimension meg. Ho shows a small effective dimension for small times and increases for larger
Tc. The vectors of Gy, are sampled at times 01 = Tg/3,02 = 2T /3, and 3 = T;. The
evolved states are linearly dependent for T = 3 - 27, as can be seen by the reduced effective
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dimension of the red curve for Tz = 3 - 2. The effective dimension of H3z and Hy follows
the same trend, where it starts at one and then increases towards the number of pairwise
distinct eigenvalues, where it saturates. In the second row, the effective dimension of the
Ising Hamiltonians can be seen. An increase for larger times and then a saturation towards
the number of pairwise distinct eigenvalues can be observed.

5 Measurable spread complexity

To better understand the utility of the constructed space G and its basis |w;), we want
to compare the spread of these two different spaces K and G to each other. Assume a
time-evolved state |¥(¢)), represented in the Krylov basis |k;) used in the usual computation
for spread complexity and in the representation of our developed basis |w;):

H

m—

| |
Q
s

= Bn(t) ’wn> (5'1)

We define the two complexities C' and C, as:

m—1

Z (n+1)|on ()] (5.2)
n=0
m—1

Ce(t) = Y (n+1)|Ba (). (5.3)
n=0

Note that the spread C¢ is computed through a quantum-mechanically measurable basis.

Figure 2.a) shows the result for the measurable spread complexity C., where a time
T =5 was used to construct G and its basis |w;). C. seems to consist of a term, which is
similar to C'y and a noisy oscillation. We have shown this result for one initial condition, but
this is observable for any initial condition with Tg = 5. We can make use of the effective
dimension at Tg = 5 in figure 1.c) for H;s to better understand this behavior. At T' =5, it
can be seen that the maximum of the effective dimension is not yet reached for A = 0.707,
which indicates that the space G has not fully captured the system dynamics. Figure 2.c)
shows the same initial condition with Ty = 30 for the construction of G. Here, the behavior
between Cp and C, is almost identical, where the classical spread C seems to be slightly
lower than C,. Averaging both spreads over one hundred initial conditions leads to the plot
in figure 2.b), which results in almost identical spread, thus enabling the computation of
spread complexity through measurements.

Another interesting aspect of the results is the decrease for times that are multiples of
t = 80 for Cy and C,. Typically, spread complexity starts at one and then increases as the
state evolves through the system dynamics. To further understand this, we compute the
fidelity Fy between the initial state |¥(0)) and the state evolved by the time ¢:

Fy = [(U(0)[¥(1))] (5.4)
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a) spread b) averaged spread
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Figure 2. The spread complexities C'y and C, for Hys for different times in construction of the basis
lg:) in @) for T =5 and in ¢) for T = 30 with one initial condition. The averaged spread complexity
Cy and C, over one hundred initial conditions in b) and the fidelity averaged over one hundred initial
conditions in d).

We observe that as the fidelity increases, the spread complexity decreases, and when the fidelity
is maximal, the spread is minimal. This can be observed in this very simple system due to its
small number of eigenvalues, which lead to semi-periodic behavior for small evolution times.

6 Discussion and conclusion

In this work, we discuss Krylov spaces for pure states, building upon prior research on operator
and state complexity as explored in [1-3]. The basis vectors of the already researched
vector space K require a large number of matrix multiplications to compute the powers
H'. Furthermore, knowledge about the Hamiltonian is necessary. Since H is a Hermitian
matrix, the experimental computation of H' is currently unfeasible, requiring classical
machine computation. While manageable for small systems, this becomes challenging for
large quantum systems.

These challenges find resolution with the introduction of the space G, where each basis
vector consists of a state evolved over time under the corresponding Hamiltonian, ensuring
normalization. We first show the equivalence between the Krylov space K and the state space
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G (see theorem 2). Theorem 4 shows that the dimensions of K and G should be d, where d
represents the number of pairwise distinct eigenvalues of the Hamiltonian H.

Finally, we demonstrate the invariance of the vector space G under a global phase, which
facilitates the computation of basis vectors |g;) through quantum mechanical measurements.
This property allows for the utilization of this expressivity measure in large quantum mechan-
ical systems and aids in determining the number of pairwise distinct eigenvalues in a quantum
mechanical experiment, as illustrated in lemma 1. To assess the representation accuracy of G,
we simulate various Hamiltonians and compute the dimension m of G along with the number
of pairwise distinct eigenvalues d of the Hamiltonian in section 4. For all simulated systems,
we observe state representation at m = d, as indicated by a vanishing reconstruction error
r(m = d) = 0. This demonstrates that the defined space G is the smallest basis capable of
representing any time-evolved state. We further expand on the description of G to define an
effective dimension that characterizes the expressivity of the system, which can be of interest
in understanding different quantum systems and quantum machine learning protocols.

Lastly, we computed the spread complexity for our introduced basis and the basis
constructed using the Lanczos algorithm and compared the results in section 5. We can
see that the spread complexities exhibit the same behavior if the evolution time is chosen
sufficiently large, i.e., where the effective dimension or the spread complexity already reaches
a maximum. If this is not given, a noisy oscillation on C, is observed. These results show
that the basis does not necessarily need to consist of different powers of the Hamiltonian
to compute spread complexity and define an effective dimension.

It would be interesting to analyze the influence of different bases on spread complexity.
Here, we restricted ourselves to finding a measurable basis showing the equivalence to the
basis constructed through different powers. The benefit of the classical approach to the
computation of spread complexity is that it is faster to simulate on a classical system. However,
this approach requires knowledge of a Hamiltonian and classical computation. For quantum
systems where only time-evolved states are known, our approach can be used to construct
a space G in which all time-evolved states are included.

The space G enables the computation of the spread complexity C. and the effective
dimension meg, which can be used to understand the evolution of quantum systems where
knowledge of the Hamiltonian is missing. This is especially important in quantum reservoir
computing and quantum machine learning, where expressivity measures hold significant
importance. In quantum reservoir computing, our preliminary research has shown that the
effective Krylov dimension follows a similar trend to the information processing capacity for
larger evolution times [60, 61]. Using the effective Krylov dimension in quantum machine
learning training would also be of great interest for variational quantum circuits [62—65].
Another research interest is to discuss measurable operator spaces and the influence of
Krylov complexity [1].

A Hamiltonians

H, =0.5X;
Hs = 0.5(X1 + X»)
Hs = 05(X1 + Xo + Xg)
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Hy=05(X1 + X2+ X3+ X4)

3 3

i=1,j>i i=0

4 4 4
Hp=04X1Xo +05 (Y XiX;+ > XiX;+> Z
=3 1=2,5>1 =1

H;3 =0.35X1X9 +0.4X1 X3+ 0.45X7X, 4+ 0.6X9X3

4
+0.55X2X, +0.5X3X, + 05> Z;
=1

Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any

medium, provided the original author(s) and source are credited.

References

1]

2]

[10]

[11]

[12]

[13]

D.E. Parker et al., A Universal Operator Growth Hypothesis, Phys. Rev. X 9 (2019) 041017
[arXiv:1812.08657] [INSPIRE].

V. Balasubramanian, P. Caputa, J.M. Magan and Q. Wu, Quantum chaos and the complexity of
spread of states, Phys. Rev. D 106 (2022) 046007 [arXiv:2202.06957] [INSPIRE].

M. Alishahiha and S. Banerjee, A universal approach to Krylov state and operator complexities,
SciPost Phys. 15 (2023) 080 [arXiv:2212.10583] [INSPIRE].

M. Afrasiar et al., Time evolution of spread complezity in quenched Lipkin-Meshkov-Glick model,
J. Stat. Mech. 2310 (2023) 103101 [arXiv:2208.10520] [nSPIRE].

T. Anegawa, N. lizuka and M. Nishida, Krylov complexity as an order parameter for
deconfinement phase transitions at large N, JHEP 04 (2024) 119 [arXiv:2401.04383] [INSPIRE].

S. Baek, Krylov complexity in inverted harmonic oscillator, arXiv:2210.06815 [INSPIRE].

J.L.F. Barb6n, E. Rabinovici, R. Shir and R. Sinha, On The Evolution Of Operator Complezity
Beyond Scrambling, JHEP 10 (2019) 264 [arXiv:1907.05393] [INSPIRE].

A. Bhattacharya, P. Nandy, P.P. Nath and H. Sahu, Operator growth and Krylov construction in
dissipative open quantum systems, JHEP 12 (2022) 081 [arXiv:2207.05347] [nSPIRE].

B. Bhattacharjee, X. Cao, P. Nandy and T. Pathak, Krylov complexity in saddle-dominated
scrambling, JHEP 05 (2022) 174 [arXiv:2203.03534] [INSPIRE].

A. Bhattacharyya, D. Ghosh and P. Nandi, Operator growth and Krylov complezity in
Bose-Hubbard model, JHEP 12 (2023) 112 [arXiv:2306.05542] [InSPIRE].

B. Bhattacharjee, P. Nandy and T. Pathak, Operator dynamics in Lindbladian SYK: a Krylov
complezxity perspective, JHEP 01 (2024) 094 [arXiv:2311.00753] [INSPIRE].

H.A. Camargo, V. Jahnke, K.-Y. Kim and M. Nishida, Krylov complexity in free and interacting
scalar field theories with bounded power spectrum, JHEP 05 (2023) 226 [arXiv:2212.14702]
[NSPIRE].

X. Cao, A statistical mechanism for operator growth, J. Phys. A 54 (2021) 144001
[arXiv:2012.06544] [INSPIRE].

,17,


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevX.9.041017
https://doi.org/10.48550/arXiv.1812.08657
https://inspirehep.net/literature/1710334
https://doi.org/10.1103/PhysRevD.106.046007
https://doi.org/10.48550/arXiv.2202.06957
https://inspirehep.net/literature/2032813
https://doi.org/10.21468/SciPostPhys.15.3.080
https://doi.org/10.48550/arXiv.2212.10583
https://inspirehep.net/literature/2617016
https://doi.org/10.1088/1742-5468/ad0032
https://doi.org/10.48550/arXiv.2208.10520
https://inspirehep.net/literature/2140401
https://doi.org/10.1007/JHEP04(2024)119
https://doi.org/10.48550/arXiv.2401.04383
https://inspirehep.net/literature/2744908
https://doi.org/10.48550/arXiv.2210.06815
https://inspirehep.net/literature/2165157
https://doi.org/10.1007/JHEP10(2019)264
https://doi.org/10.48550/arXiv.1907.05393
https://inspirehep.net/literature/1743634
https://doi.org/10.1007/JHEP12(2022)081
https://doi.org/10.48550/arXiv.2207.05347
https://inspirehep.net/literature/2110882
https://doi.org/10.1007/JHEP05(2022)174
https://doi.org/10.48550/arXiv.2203.03534
https://inspirehep.net/literature/2047359
https://doi.org/10.1007/JHEP12(2023)112
https://doi.org/10.48550/arXiv.2306.05542
https://inspirehep.net/literature/2667562
https://doi.org/10.1007/JHEP01(2024)094
https://doi.org/10.48550/arXiv.2311.00753
https://inspirehep.net/literature/2717989
https://doi.org/10.1007/JHEP05(2023)226
https://doi.org/10.48550/arXiv.2212.14702
https://inspirehep.net/literature/2619354
https://doi.org/10.1088/1751-8121/abe77c
https://doi.org/10.48550/arXiv.2012.06544
https://inspirehep.net/literature/1836206

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

P. Caputa and S. Datta, Operator growth in 2d CFT, JHEP 12 (2021) 188 [Erratum ibid. 09
(2022) 113] [arXiv:2110.10519] [NSPIRE].

A. Chattopadhyay, A. Mitra and H.J.R. van Zyl, Spread complezity as classical dilaton solutions,
Phys. Rev. D 108 (2023) 025013 [arXiv:2302.10489] [INSPIRE].

A. Dymarsky and A. Gorsky, Quantum chaos as delocalization in Krylov space, Phys. Rev. B
102 (2020) 085137 [arXiv:1912.12227] [INSPIRE].

A. Dymarsky and M. Smolkin, Krylov complezity in conformal field theory, Phys. Rev. D 104
(2021) 1081702 [arXiv:2104.09514] [INSPIRE].

Z.-Y. Fan, Unidversal relation for operator complexity, Phys. Rev. A 105 (2022) 062210
[arXiv:2202.07220] [INSPIRE].

S. Guo, Operator growth in SU(2) Yang-Mills theory, arXiv:2208.13362 [INSPIRE].

K. Hashimoto, K. Murata, N. Tanahashi and R. Watanabe, Krylov complezity and chaos in
quantum mechanics, JHEP 11 (2023) 040 [arXiv:2305.16669] INSPIRE].

S. He, P.H.C. Lau, Z.-Y. Xian and L. Zhao, Quantum chaos, scrambling and operator growth in
TT deformed SYK models, JAEP 12 (2022) 070 [arXiv:2209.14936] [NSPIRE].

R. Heveling, J. Wang and J. Gemmer, Numerically probing the universal operator growth
hypothesis, Phys. Rev. E 106 (2022) 014152 [arXiv:2203.00533] [INSPIRE].

N. Tizuka and M. Nishida, Krylov complexity in the IP matriz model, JHEP 11 (2023) 065.

S.-K. Jian, B. Swingle and Z.-Y. Xian, Complexity growth of operators in the SYK model and in
JT gravity, JHEP 03 (2021) 014 [arXiv:2008.12274] [INSPIRE].

J. Kim, J. Murugan, J. Olle and D. Rosa, Operator delocalization in quantum networks, Phys.
Rev. A 105 (2022) L010201 [arXiv:2109.05301] [INSPIRE].

X. Li et al., Higher-order Granger reservoir computing: simultaneously achieving scalable
complex structures inference and accurate dynamics prediction, Nature Commun. 15 (2024) 2506.

C. Liu, H. Tang and H. Zhai, Krylov complezity in open quantum systems, Phys. Rev. Res.
(2023) 033085 [arXiv:2207.13603] [INSPIRE].

J.M. Magan and J. Simén, On operator growth and emergent Poincaré symmetries, JHEP 05
(2020) 071 [arXiv:2002.03865] INSPIRE].

W. Miick and Y. Yang, Krylov complexity and orthogonal polynomials, Nucl. Phys. B 984 (2022)
115948 [arXiv:2205.12815] [INSPIRE].

A.A. Nizami and A.W. Shrestha, Krylov construction and complexity for driven quantum
systems, Phys. Rev. E 108 (2023) 054222 [arXiv:2305.00256] [INSPIRE].

D. Patramanis, Probing the entanglement of operator growth, PTEP 2022 (2022) 063A01
[arXiv:2111.03424] [INSPIRE].

E. Rabinovici, A. Sanchez-Garrido, R. Shir and J. Sonner, Krylov localization and suppression of
complexity, JHEP 03 (2022) 211 [arXiv:2112.12128] [INSPIRE].

E. Rabinovici, A. Sadnchez-Garrido, R. Shir and J. Sonner, Krylov complexity from integrability to
chaos, JHEP 07 (2022) 151 [arXiv:2207.07701] INSPIRE].

M.J. Vasli et al., Krylov complexity in Lifshitz-type scalar field theories, Eur. Phys. J. C' 84
(2024) 235 [arXiv:2307.08307] [INSPIRE].

,18,


https://doi.org/10.1007/JHEP12(2021)188
https://doi.org/10.48550/arXiv.2110.10519
https://inspirehep.net/literature/1949091
https://doi.org/10.1103/PhysRevD.108.025013
https://doi.org/10.48550/arXiv.2302.10489
https://inspirehep.net/literature/2635116
https://doi.org/10.1103/PhysRevB.102.085137
https://doi.org/10.1103/PhysRevB.102.085137
https://doi.org/10.48550/arXiv.1912.12227
https://inspirehep.net/literature/1773290
https://doi.org/10.1103/PhysRevD.104.L081702
https://doi.org/10.1103/PhysRevD.104.L081702
https://doi.org/10.48550/arXiv.2104.09514
https://inspirehep.net/literature/1859318
https://doi.org/10.1103/PhysRevA.105.062210
https://doi.org/10.48550/arXiv.2202.07220
https://inspirehep.net/literature/2032818
https://doi.org/10.48550/arXiv.2208.13362
https://inspirehep.net/literature/2142740
https://doi.org/10.1007/JHEP11(2023)040
https://doi.org/10.48550/arXiv.2305.16669
https://inspirehep.net/literature/2663000
https://doi.org/10.1007/JHEP12(2022)070
https://doi.org/10.48550/arXiv.2209.14936
https://inspirehep.net/literature/2158417
https://doi.org/10.1103/PhysRevE.106.014152
https://doi.org/10.48550/arXiv.2203.00533
https://inspirehep.net/literature/2040873
https://doi.org/10.1007/jhep11(2023)065
https://doi.org/10.1007/JHEP03(2021)014
https://doi.org/10.48550/arXiv.2008.12274
https://inspirehep.net/literature/1813654
https://doi.org/10.1103/PhysRevA.105.L010201
https://doi.org/10.1103/PhysRevA.105.L010201
https://doi.org/10.48550/arXiv.2109.05301
https://inspirehep.net/literature/1920993
https://doi.org/10.1038/s41467-024-46852-1
https://doi.org/10.1103/PhysRevResearch.5.033085
https://doi.org/10.1103/PhysRevResearch.5.033085
https://doi.org/10.48550/arXiv.2207.13603
https://inspirehep.net/literature/2126809
https://doi.org/10.1007/JHEP05(2020)071
https://doi.org/10.1007/JHEP05(2020)071
https://doi.org/10.48550/arXiv.2002.03865
https://inspirehep.net/literature/1779468
https://doi.org/10.1016/j.nuclphysb.2022.115948
https://doi.org/10.1016/j.nuclphysb.2022.115948
https://doi.org/10.48550/arXiv.2205.12815
https://inspirehep.net/literature/2088741
https://doi.org/10.1103/PhysRevE.108.054222
https://doi.org/10.48550/arXiv.2305.00256
https://inspirehep.net/literature/2655643
https://doi.org/10.1093/ptep/ptac081
https://doi.org/10.48550/arXiv.2111.03424
https://inspirehep.net/literature/1961542
https://doi.org/10.1007/JHEP03(2022)211
https://doi.org/10.48550/arXiv.2112.12128
https://inspirehep.net/literature/1996140
https://doi.org/10.1007/JHEP07(2022)151
https://doi.org/10.48550/arXiv.2207.07701
https://inspirehep.net/literature/2116074
https://doi.org/10.1140/epjc/s10052-024-12609-9
https://doi.org/10.1140/epjc/s10052-024-12609-9
https://doi.org/10.48550/arXiv.2307.08307
https://inspirehep.net/literature/2677702

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[53]

[54]

P. Caputa et al., Krylov complexity of density matrix operators, JHEP 05 (2024) 337
[arXiv:2402.09522] [INSPIRE].

F.B. Trigueros and C.-J. Lin, Krylov complezity of many-body localization: Operator localization
in Krylov basis, SciPost Phys. 13 (2022) 037 [arXiv:2112.04722] [INSPIRE].

V. Balasubramanian, J.M. Magan and Q. Wu, Tridiagonalizing random matrices, Phys. Rev. D
107 (2023) 126001 [arXiv:2208.08452] [INSPIRE].

B. Craps, O. Evnin and G. Pascuzzi, A Relation between Krylov and Nielsen Complexity, Phys.
Rev. Lett. 132 (2024) 160402 [arXiv:2311.18401] [INSPIRE].

S.E. Aguilar-Gutierrez and A. Rolph, Krylov complexity is not a measure of distance between
states or operators, Phys. Rev. D 109 (2024) L081701 [arXiv:2311.04093] [nSPIRE].

P. Caputa and S. Liu, Quantum complexity and topological phases of matter, Phys. Rev. B 106
(2022) 195125 [arXiv:2205.05688] [INSPIRE].

P. Caputa, J.M. Magan and D. Patramanis, Geometry of Krylov complexity, Phys. Rev. Res. 4
(2022) 013041 [arXiv:2109.03824] [INSPIRE].

J. Erdmenger, S.-K. Jian and Z.-Y. Xian, Universal chaotic dynamics from Krylov space, JHEP
08 (2023) 176 [arXiv:2303.12151] [INSPIRE].

W. Gilpin, Model scale versus domain knowledge in statistical forecasting of chaotic systems,
Phys. Rev. Res. 5 (2023) 043252.

S. Nandy, B. Mukherjee, A. Bhattacharyya and A. Banerjee, Quantum state complexity meets
many-body scars, J. Phys. Condens. Matter 36 (2024) 155601 [arXiv:2305.13322] [INSPIRE].

K. Pal, K. Pal, A. Gill and T. Sarkar, Time evolution of spread complexity and statistics of work
done in quantum quenches, Phys. Rev. B 108 (2023) 104311 [arXiv:2304.09636] INSPIRE].

B. Bhattacharjee, S. Sur and P. Nandy, Probing quantum scars and weak ergodicity breaking
through quantum complezity, Phys. Rev. B 106 (2022) 205150 [arXiv:2208.05503] [INSPIRE].

M. Gautam et al., Spread complexity evolution in quenched interacting quantum systems, Phys.
Rev. B 109 (2024) 014312 [arXiv:2308.00636] [INSPIRE].

M.A. Nielsen, M.R. Dowling, M. Gu and A.C. Doherty, Quantum Computation as Geometry,
Science 311 (2006) 1133 [quant-ph/0603161] [INSPIRE].

A. Bhattacharya, R.N. Das, B. Dey and J. Erdmenger, Spread complezity for
measurement-induced non-unitary dynamics and Zeno effect, JHEP 03 (2024) 179
[arXiv:2312.11635] [INSPIRE].

V. Balasubramanian, J.M. Magan and Q. Wu, Quantum chaos, integrability, and late times in
the Krylov basis, arXiv:2312.03848 [INSPIRE].

H.W. Lin, The bulk Hilbert space of double scaled SYK, JHEP 11 (2022) 060
[arXiv:2208.07032] [NSPIRE].

E. Rabinovici, A. Sanchez-Garrido, R. Shir and J. Sonner, A bulk manifestation of Krylov
complexity, JHEP 08 (2023) 213 [arXiv:2305.04355] [INSPIRE].

K.-B. Huh, H.-S. Jeong and J.F. Pedraza, Spread complezity in saddle-dominated scrambling,
JHEP 05 (2024) 137 [arXiv:2312.12593] [INSPIRE].

M.A. Nielsen and I.L. Chuang, Quantum Computation and Quantum Information: 10th
Anniversary Edition, Cambridge University Press (2012) [DOI:10.1017/cbo9780511976667].

,19,


https://doi.org/10.1007/JHEP05(2024)337
https://doi.org/10.48550/arXiv.2402.09522
https://inspirehep.net/literature/2758712
https://doi.org/10.21468/SciPostPhys.13.2.037
https://doi.org/10.48550/arXiv.2112.04722
https://inspirehep.net/literature/1986977
https://doi.org/10.1103/PhysRevD.107.126001
https://doi.org/10.1103/PhysRevD.107.126001
https://doi.org/10.48550/arXiv.2208.08452
https://inspirehep.net/literature/2138821
https://doi.org/10.1103/PhysRevLett.132.160402
https://doi.org/10.1103/PhysRevLett.132.160402
https://doi.org/10.48550/arXiv.2311.18401
https://inspirehep.net/literature/2728748
https://doi.org/10.1103/PhysRevD.109.L081701
https://doi.org/10.48550/arXiv.2311.04093
https://inspirehep.net/literature/2719837
https://doi.org/10.1103/PhysRevB.106.195125
https://doi.org/10.1103/PhysRevB.106.195125
https://doi.org/10.48550/arXiv.2205.05688
https://inspirehep.net/literature/2080599
https://doi.org/10.1103/PhysRevResearch.4.013041
https://doi.org/10.1103/PhysRevResearch.4.013041
https://doi.org/10.48550/arXiv.2109.03824
https://inspirehep.net/literature/1919144
https://doi.org/10.1007/JHEP08(2023)176
https://doi.org/10.1007/JHEP08(2023)176
https://doi.org/10.48550/arXiv.2303.12151
https://inspirehep.net/literature/2644935
https://doi.org/10.1103/physrevresearch.5.043252
https://doi.org/10.1088/1361-648X/ad1a7b
https://doi.org/10.48550/arXiv.2305.13322
https://inspirehep.net/literature/2661904
https://doi.org/10.1103/PhysRevB.108.104311
https://doi.org/10.48550/arXiv.2304.09636
https://inspirehep.net/literature/2652655
https://doi.org/10.1103/PhysRevB.106.205150
https://doi.org/10.48550/arXiv.2208.05503
https://inspirehep.net/literature/2134944
https://doi.org/10.1103/PhysRevB.109.014312
https://doi.org/10.1103/PhysRevB.109.014312
https://doi.org/10.48550/arXiv.2308.00636
https://inspirehep.net/literature/2684242
https://doi.org/10.1126/science.1121541
https://doi.org/10.48550/arXiv.quant-ph/0603161
https://inspirehep.net/literature/2727165
https://doi.org/10.1007/JHEP03(2024)179
https://doi.org/10.48550/arXiv.2312.11635
https://inspirehep.net/literature/2738646
https://doi.org/10.48550/arXiv.2312.03848
https://inspirehep.net/literature/2732666
https://doi.org/10.1007/JHEP11(2022)060
https://doi.org/10.48550/arXiv.2208.07032
https://inspirehep.net/literature/2136037
https://doi.org/10.1007/JHEP08(2023)213
https://doi.org/10.48550/arXiv.2305.04355
https://inspirehep.net/literature/2657689
https://doi.org/10.1007/JHEP05(2024)137
https://doi.org/10.48550/arXiv.2312.12593
https://inspirehep.net/literature/2739306
https://doi.org/10.1017/cbo9780511976667

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

P.W. Shor, Algorithms for quantum computation: discrete logarithms and factoring, in the
proceedings of the 35th Annual Symposium on Foundations of Computer Science, Santa Fe,
U.S.A., November 20-22 (1994), p. 124-134 [DOI:10.1109/SFCS.1994.365700] [INSPIRE].

S. Cindrak, B. Donvil, K. Liidge and L. Jaurigue, Enhancing the performance of quantum
reservoir computing and solving the time-complexity problem by artificial memory restriction,
Phys. Rev. Res. 6 (2024) 013051 [arXiv:2306.12876] [INSPIRE].

P. Mujal et al., Time-series quantum reservoir computing with weak and projective
measurements, npj Quantum Inf. 9 (2023) 16 [arXiv:2205.06809] INSPIRE].

Z. Li, X. Liu, N. Xu and J. Du, Ezperimental Realization of a Quantum Support Vector Machine,
Phys. Rev. Lett. 114 (2015) 140504 [INSPIRE].

V. Saggio et al., Ezperimental quantum speed-up in reinforcement learning agents, Nature 591
(2021) 229 [arXiv:2103.06294] INSPIRE].

J. Dambre, D. Verstraeten, B. Schrauwen and S. Massar, Information Processing Capacity of
Dynamical Systems, Sci. Rep. 2 (2012) 514.

R. Martinez-Pena et al., Information Processing Capacity of Spin-Based Quantum Reservoir
Computing Systems, Cognitive Computation 15 (2020) 1440.

M. Schuld, I. Sinayskiy and F. Petruccione, An introduction to quantum machine learning,
Contemp. Phys. 56 (2014) 172.

D. Mattern et al., Variational Quanvolutional Neural Networks with enhanced image encoding,
arXiv:2106.07327 [INSPIRE].

J.R. McClean, J. Romero, R. Babbush and A. Aspuru-Guzik, The theory of variational hybrid
quantum-classical algorithms, New J. Phys. 18 (2016) 023023 [arXiv:1509.04279] [INSPIRE].

M. Schuld, R. Sweke and J.J. Meyer, Effect of data encoding on the expressive power of
variational quantum-machine-learning models, Phys. Rev. A 103 (2021) 032430
[arXiv:2008.08605] [INSPIRE].

— 20 —


https://doi.org/10.1109/SFCS.1994.365700
https://inspirehep.net/literature/2735097
https://doi.org/10.1103/PhysRevResearch.6.013051
https://doi.org/10.48550/arXiv.2306.12876
https://inspirehep.net/literature/2747430
https://doi.org/10.1038/s41534-023-00682-z
https://doi.org/10.48550/arXiv.2205.06809
https://inspirehep.net/literature/2081957
https://doi.org/10.1103/PhysRevLett.114.140504
https://inspirehep.net/literature/2731732
https://doi.org/10.1038/s41586-021-03242-7
https://doi.org/10.1038/s41586-021-03242-7
https://doi.org/10.48550/arXiv.2103.06294
https://inspirehep.net/literature/2029552
https://doi.org/10.1038/srep00514
https://doi.org/10.1007/s12559-020-09772-y
https://doi.org/10.1080/00107514.2014.964942
https://doi.org/10.48550/arXiv.2106.07327
https://inspirehep.net/literature/2730361
https://doi.org/10.1088/1367-2630/18/2/023023
https://doi.org/10.48550/arXiv.1509.04279
https://inspirehep.net/literature/2697016
https://doi.org/10.1103/PhysRevA.103.032430
https://doi.org/10.48550/arXiv.2008.08605
https://inspirehep.net/literature/2728297

	Introduction
	Fundamentals of spread complexity
	Measurable Krylov spaces
	Numerical verification and effective dimension
	Measurable spread complexity
	Discussion and conclusion
	Hamiltonians

