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Abstract
A pressure-robust space discretization of the incompressible Navier–Stokes equations
in a rotating frame of reference is considered. The discretization employs divergence-
free, H1-conformingmixed finite elementmethods like Scott–Vogelius pairs. An error
estimate for the velocity is derived that tracks the dependency of the error bound on the
coefficients of the problem, in particular on the angular velocity. Numerical examples
support the theoretical results.
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1 Introduction

Most of the computational fluid dynamics (CFD) applications both in physics and
engineering deal with flows observed from a fixed (inertial or absolute) frame of refer-
ence. Such flows are governed by the well-known Navier–Stokes equations. In a fixed
reference frame, Newton’s first and second laws of motion can be applied directly in
inertial frame. However, the Earth is rotating and there are important fluid flows in
meteorology and oceanography, especially in the large-scale flows considered in ocean
and atmosphere, dominated by the rotating effects of the Earth. It might be therefore
more convenient to describe the flow relative to the Earth’s surface rather than an
inertial frame. In addition to this, there is also a broad class of physical and industrial
applications with rotating systems with fluids [3, 10]. In the literature, there are several
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popular numerical techniques to handle problems with rotating systems (or more gen-
erally with time-dependent domains), e.g., the Arbitrary Lagrangian–Eulerian method
(ALE) [17, 18], which works with fluid quantities defined in a stationary inertial ref-
erence frame. In the ALE method, mesh lines are constantly moved to account for the
movement of the domain.

Mapping the inertial frame to the time-dependent domain introduces an additional
transport term that is induced by the grid velocity. For the special case of a rotating
system, the method of performing computations in a moving (non-inertial) reference
frame has been proposed as an alternative way for flow simulations. In this method,
the flow problem is transformed from the inertial frame to the rotating frame. The
fluid observed in a rotating frame of reference has accelerating velocity. Therefore,
the formulation of Newton’s second law of motion in a rotating frame of reference has
to take into account the effects of coordinate acceleration by introducing two forces in
the statement of Newton’s second law; namely the centripetal and the Coriolis forces.
An attractive feature of using a rotating frame of reference is that the computational
mesh is fixed and rotating boundaries do not slip relative to the rotating frame, since
they are moving at the same speed as the reference frame. Additionally, it is suitable
for both steady-state and transient simulations of these problems.

This paper considers discretizations of the incompressible Navier–Stokes equations
in a rotating frame of reference, which are given by

ρ∂tu − μΔu + ρ(u · ∇)u + 2ρω × u + ∇ p = f − ρω × (ω × r) in (0, T ] × Ω,

∇ · u = 0 in (0, T ] × Ω.

(1.1)

Here, u [m/s] and p [Pa] denote the unknown velocity field and the unknown pres-
sure of the flow, relative to the rotating frame of reference. The physical coefficients
ρ [kg/m3] > 0, μ [kg/ms] > 0 and ω [1/s] �= 0 denote the density of the fluid, the
dynamic viscosity of the fluid, and the angular velocity vector of the rotating frame
of reference, respectively. These quantities are given. The density and dynamic vis-
cosity are assumed to be positive constants and the kinematic viscosity is defined
by ν = μ/ρ [m2/s]. The body force per volume acting on the fluid is denoted by
f [N/m3]. It is assumed that the origin of the coordinate system meets the axis of
rotation. The position vector is denoted by r [m]. Then, 2ρω × u and ρω × (ω × r)
model the Coriolis and the centripetal forces, respectively. The problem is posed in a
bounded Lipschitz continuous domainΩ ⊂ R

d , d ∈ {2, 3}, and in a finite time interval
(0, T ]. It will be considered with homogeneous Dirichlet boundary conditions

u(t, x) = 0 in [0, T ] × ∂Ω,

where ∂Ω is the boundary of Ω . Finally, an initial condition

u(0, x) = u0(x) in Ω

has to be prescribed.
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The Coriolis and the centripetal forces, resulting from the rotation of the Earth, play
a crucial role in understanding the behavior of rotating flows. The Coriolis force acts
on all moving bodies in a rotating frame of reference and can be thought in terms of
angularmomentumconservation. Since it is perpendicular to thefluid velocity, it has no
effect on fluid parcels (small volumes of fluid) and only leads to a deflection of the fluid
to the right (in the Northern hemisphere). The centripetal force is perpendicular to the
axis of rotation and is directed radially towards the center of rotation. Approximating
the solution of (1.1) accurately poses several difficulties. On the one hand, one has
to deal with the usual challenges in approximating problems of Navier–Stokes type
which are nonlinearity, which require to satisfy or circumvent the well-known discrete
inf-sup condition, and which comprise dominant convection in the turbulent regime,
see [20]. In addition, for (1.1) one has to properly handle the extra forces.

In recent years, the Navier–Stokes equations in a rotating frame have been investi-
gated in a number of papers to contribute to the analysis and the accurate and efficient
numerical simulation. For example, Refs. [14, 16, 19, 22] studied the global well-
posedness of (1.1) with uniformly small initial data u0. A discrete projection method
was analyzed both theoretically and numerically for problem (1.1) in [25, 29]. An
error analysis of the incremental pressure-correction projection scheme is presented
in [30]. The analysis of an operator splitting method for the numerical solution of (1.1)
can be found in [28]. All these paper study the splitting error and it is shown that the
results from the standard Navier–Stokes equations carry over to (1.1). The stability
of an implicit-explicit (IMEX) method for mixed finite element discretizations of the
Navier–Stokes equations in a rotating frame of reference is studied in [2].

It should be noted that the pressure gradient, which is like a Lagrange multiplier
to enforce the incompressibility constraint ∇ · u = 0, plays a special role in the
incompressible Navier–Stokes equations. The pressure gradient is incorporated in the
momentum equation to balance any occurring, unbalanced gradient-type force in the
momentum balance. In the special situation that the angular velocity is a constant
vector with respect to space, the centripetal force can be written as a gradient

ρω × (ω × r) = −∇φc with φc = ρ

2
‖ω × r‖22, (1.2)

where ‖ · ‖2 denotes the Euclidean norm of a vector. Thus, a strong gradient force
might be present on the right-hand side of (1.1), depending on the angular velocity.
And even if ω is not constant, the gradient part of the Helmholtz decomposition of
the centripetal force might be large. Since gradient-type forces on the right-hand side
of (1.1) have to be balanced by the pressure, the centripetal force might induce large
pressure values and pressure gradients, compare also Sect. 4.2 below.

It is well known that in most of the classical inf-sup stable pairs of finite element
spaces for approximating the incompressible Navier–Stokes equations, like the H1-
conforming Taylor–Hood pairs, the conservation of mass is only discretely enforced
and so the discrete solutions are notweakly divergence-free, i.e., the L2(Ω)normof the
divergence does not vanish. Numerical analysis shows that the error of the divergence
behaves similar to the error of the velocity gradient, thus potentially resulting in poor
mass conservation, in particular when the viscosity ν is small, e.g., see [21].

123



   36 Page 4 of 19 BIT Numerical Mathematics            (2024) 64:36 

Numerical analysis for the standard incompressible Navier–Stokes equations
reveals also that classical methods, like Taylor–Hood pairs, introduce a pressure-de-
pendent contribution in velocity error bounds that is proportional to some inverse power
of the viscosity, e.g., see [21, 24]. Hence, these methods are optimally convergent but
small velocity errors might not be achieved for large pressures and small viscosity
coefficients. Such methods are called to be not pressure-robust. Several approaches
have been proposed for improving the pressure robustness of such pairs of finite
element spaces, like grad-div stabilization [5, 24] or using appropriate reconstruc-
tions of functions [23]. The drawback of large pressure contributions in velocity error
bounds can be avoided by using pairs of finite element spaces that lead to weakly
divergence-free discrete velocity solutions, like Scott–Vogelius pairs. Such pairs give
mass conservation, they are inf-sup stable on special grids [27, 31], and satisfy optimal
approximation properties, where the velocity bounds are independent of the pressure.

In the present paper, it will be shown that these favorable properties carry over
to the discretization of (1.1) with Scott–Vogelius pairs. Compared with the standard
Navier–Stokes equations, two additional terms appear in (1.1) and, as already men-
tioned, large pressures might be induced by large centripetal forces. To the best of
the authors’ knowledge, until now, no pressure-robust mixed method has been pro-
posed and analyzed for these equations. It will be shown that the method is stable and
satisfies an energy equality. A velocity error estimate will be derived that is pressure-
robust. The error bound does not depend explicitly on negative powers of the viscosity,
but there is a dependency on the angular velocity. As usual, the numerical analysis
assumes sufficient regularity of the solution of (1.1). Numerical studies will support
the analytic results.

The remainder of the paper is organized as follows. Section 2 provides some nota-
tions and mathematical preliminaries needed for the numerical analysis. In addition,
the discretization with the Scott–Vogelius pair of finite element spaces is introduced.
Section 3 is devoted to the numerical analysis of themethod. Numerical studies for ver-
ifying the analytic results are presented in Sect. 4. Finally, Sect. 5 provides a summary
and an outlook.

2 Weak formulation and finite element discretization

Standard notations for Sobolev spaces and their norms will be used. In particular, the
inner product in L2(Ω)d , d ≥ 1, is denoted by (·, ·) and the induced norm by ‖ · ‖0.
Sobolev spaces on Ω are denoted by Hr (Ω), r ∈ R, r > 0, with the corresponding
norm ‖ · ‖r . The space H1

0 (Ω) contains all functions from H1(Ω) with vanishing
trace on ∂Ω . Spaces for vector-valued functions are indicated with bold face symbols.
Function spaces in spatio-temporal domains are denoted as usual with the time interval
and the spatial function as arguments.

The space of weakly divergence-free functions is defined by

Hdiv(Ω) =
{
v ∈ L2(Ω) ∇ · v ∈ L2(Ω), −(v,∇ψ) = 0 ∀ ψ ∈ H1(Ω)

and v · n = 0} ,
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with n being the unit outer normal at ∂Ω . Note that ‖∇ ·v‖0 = 0 for all v ∈ Hdiv(Ω).
If a weakly divergence-free function is even from H1

0(Ω), then the corresponding
subspace is denoted by

V div =
{
v ∈ H1

0(Ω) ‖∇ · v‖0 = 0
}

.

Then, a weak formulation of (1.1) with time-independent velocity test functions v ∈
V div for computing the velocity u ∈ L2 (0, T ; V div) ∩ L∞ (0, T ; Hdiv(Ω)) is given
by

ρ(∂tu, v) + μ(∇u,∇v) + ρ((u · ∇)u, v) + 2(ω × u, v)

= 〈 f , v〉H−1,H1
0
− ρ(ω × (ω × r), v) (2.1)

for all v ∈ V div, where ω ∈ L∞(0, T ; L∞(Ω)) and f ∈ L2
(
0, T ; H−1(Ω)

)
are

assumed and the symbol of the first term on the right-hand side denotes the dual
pairing of the spaces indicated by the subscript. The pressure does not occur in this
weak formulation because it is a gradient that is tested with a weakly divergence-free
function. For the initial velocity field it is assumed that u0(x) ∈ Hdiv(Ω).

Let {Th}, h > 0, be a family of admissible and shape-regular triangulations of
Ω . For the discretization in space, the Scott–Vogelius pair of finite element spaces
(V h, Qh) = (Pr , Pdisc

r−1), proposed in [27], for approximating velocity and pressure
will be considered, i.e., the velocity is approximated by a continuous finite element
function that is a piecewise polynomial of degree r and the pressure by a discontinuous
finite element function that is a piecewise polynomial of degree r − 1. In particular it
holds V h ⊂ H1

0(Ω). An attractive property of the Scott–Vogelius element is that the
discrete divergence-free constraint

(∇ · uh, qh) = 0 ∀ qh ∈ Qh,

implies even that uh is weakly divergence-free, i.e., it holds ‖∇ · uh‖0 = 0, which
follows by the special choice of qh = ∇ · uh , which is possible due to ∇ · V h ⊂ Qh .
Consequently, the discretely divergence-free subspace of V h can be characterized as
follows

V h,div = {vh ∈ V h (∇ · vh, qh) = 0, ∀ qh ∈ Qh}
= {vh ∈ V h ‖∇ · vh‖0 = 0} .

Thus, the elements of V h,div are weakly divergence-free, i.e., V h,div ⊂ Hdiv(Ω), and
mass conservation is achieved for the discrete problem.

Scott–Vogelius pairs are known to fulfil the discrete inf-sup condition

inf
0 �=qh∈Qh

sup
0 �=vh∈V h

(∇ · vh, qh)

‖∇vh‖0‖qh‖0 = βh > 0, (2.2)
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independently of themeshwidth under certain restrictions on themesh and polynomial
degree, e.g.,

• If d = 2, r ≥ 4, and the mesh has no singular vertices, [27],
• When r ≥ d and the mesh is a barycentric refinement of a regular mesh, [26, 31].

This paper considers only such situations, so that (2.2) is satisfied.
A modified Stokes projection sh : V → V h,div is considered for the error analysis

of the velocity, see [8], satisfying

(∇sh,∇vh) = (∇u,∇vh) ∀ vh ∈ V h,div. (2.3)

The following bound holds for m ∈ {0, 1}, compare [8],

‖u − sh‖m ≤ Chr+1−m‖u‖r+1 ∀ u ∈ V ∩ Hr+1(Ω). (2.4)

In addition, the following bounds are valid, see [13, (3.32)], [9, (21)], [6],

‖sh‖L∞ ≤ C (‖u‖d−2‖u‖2)1/2 , ‖∇sh‖L∞ ≤ C‖∇u‖L∞ . (2.5)

If ∂tu is sufficiently regular, a modified Stokes projection of the form (2.3) can be
defined for ∂tu and error bounds of the form (2.4) can be derived for ∂t (u − sh).

Let (V h, Qh) be a pair of Scott–Vogelius finite element spaces satisfying (2.2),
then the semi-discrete problem reads as follows: Find uh : (0, T ] → V h and ph :
(0, T ) → Qh such that for all (vh, qh) ∈ (V h, Qh) it holds

ρ (∂tuh, vh) +μ (∇uh,∇vh) + ρ ((uh · ∇)uh, vh) + ρ (2ω × uh, vh)

− (∇ · vh, ph) = 〈 f , vh〉H−1,H1
0
− ρ (ω × (ω × r) , vh) ,

(∇ · uh, qh) = 0, (2.6)

with an initial velocity uh(0, x), which is an appropriate approximation of u0(x) in
V h . Integrating by parts reveals that

((uh · ∇)vh, vh) = − (∇ · uh, vh · vh) − ((uh · ∇)vh, vh) .

Since uh ∈ V h,div ⊂ V div, the first term on the right-hand side vanishes so that

((uh · ∇)vh, vh) = 0 ∀ vh ∈ V h . (2.7)

In addition, since the vector ω × vh is perpendicular to vh for almost all x ∈ Ω , it is

(2ω × vh, vh) = 0 ∀ vh ∈ V h . (2.8)

For the convenience of the reader, some tools that will be used in the numerical
analysis will be summarized. The first one is Young’s inequality: For a, b ≥ 0 it holds
that
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ab ≤ ε

p
a p + ε−q/p

q
bq (2.9)

for any ε > 0, p, q ≥ 1 with 1/p + 1/q = 1. Hölder’s inequality reads as follows:
Let f ∈ L p(Ω) and g ∈ Lq(Ω) for 1/p + 1/q = 1 with p, q ∈ [1,∞]. Then
f g ∈ L1(Ω) and

‖ f g‖L1 ≤ ‖ f ‖L p ‖g‖Lq . (2.10)

For q = p = 2, this inequality is also known as Cauchy–Schwarz inequality. A
straightforward calculation, combining Hölder’s and Young’s inequality, shows that

(ω × v,w) ≤ Cω‖ω‖L∞‖v‖0‖w‖0 ∀ v,w ∈ H1
0(Ω), (2.11)

where Cω = 1 in two dimensions and Cω = √
2 in three dimensions. Let v ∈ H1

0 (Ω),
then Poincaré’s inequality states that

‖v‖0 ≤ Cp‖∇v‖0, (2.12)

where Cp > 0 depends only on the domain, e.g., see [11, Theorem II.5.1].

3 Numerical analysis

This section presents the analysis of method (2.6): Consistency, energy equality, sta-
bility, and a velocity error estimate.

Lemma 3.1 (Consistency) For any velocity solution u of (2.1) satisfying u ∈ V h for
all t > 0 and u0(x) = uh(0, x), it holds that uh(t) = u(t) for all t ∈ [0, T ].

Proof By assumption both problems (2.1) and (2.6) have the same initial condition.
A velocity field is a solution of the discrete problem if and only if it satisfies the

discrete initial condition and it holds for all test functions from V h,div

ρ (∂tuh, vh) + μ (∇uh,∇vh) + ρ ((uh · ∇)uh, vh) + ρ (2ω × uh, vh)

= 〈 f , v〉H−1,H1
0
− ρ(ω × (ω × r) , vh).

Since for the Scott–Vogelius pair of spaces V h,div ⊂ V div, these test functions can be
used also in the continuous problem (2.1), showing that u satisfies the same equation.

��

Lemma 3.2 (Energy equality and stability) For any velocity solution uh ∈ V h of the
spatially discretized problem (2.6) hold, for all t ∈ (0, T ], the energy equality
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ρ

2
‖uh(t)‖20 + μ

t∫

0

‖∇uh(s)‖20 ds

= ρ

2
‖uh(0)‖20 +

t∫

0

〈 f , uh(s)〉H−1,H1
0
ds − ρ

t∫

0

(ω(s) × (ω(s) × r) , uh(s)) ds

and the a priori estimate (stability estimate)

ρ‖uh(t)‖20 + μ

t∫

0

‖∇uh(s)‖20 ds

≤ ρ‖uh(0)‖20 + 2

μ

t∫

0

‖ f (s)‖2H−1 ds + 2C(Ω)
ρ2

μ

t∫

0

‖ω(s)‖4L∞ ds, (3.1)

where C(Ω) is a constant that depends only on the domain.

Proof Testing (2.6) by vh = uh(s) ∈ V h,div, with fixed s ∈ (0, T ], and using the
definition of the kinematic viscosity, (2.7), and (2.8) yields

ρ

2

d

dt
‖uh(s)‖20 + μ‖∇uh(s)‖20 = 〈 f (s), uh(s)〉H−1,H1

0
− ρ(ω(s) × (ω(s) × r) , uh(s)).

(3.2)

Integrating over the time interval (0, t) ⊂ (0, T ] gives the energy equality.
Applying the boundedness of the functional f , inequality (2.11), the Poincaré

inequality (2.12), and Young’s inequality (2.9) on the right-hand side of (3.2) leads to

ρ

2

d

dt
‖uh(s)‖20 + μ‖∇uh(s)‖20

≤ ‖ f (s)‖H−1‖∇uh(s)‖0 + C2
ωρ‖ω(s)‖2L∞‖r‖0‖uh(s)‖0

≤ ‖ f (s)‖H−1‖∇uh(s)‖0 + C2
ωCpρ‖ω(s)‖2L∞‖r‖0‖∇uh(s)‖0

≤ 1

μ
‖ f (s)‖2H−1 + C(Ω)

ρ2

μ
‖ω(s)‖4L∞ + μ

2
‖∇uh(s)‖20.

Bounding ‖r‖0, one finds that the constant on the right-hand side, which contains the
factor ‖r‖20, is

C(Ω) = C4
ωC

2
p |Ω|max

x∈Ω

‖x‖22,

where | · | denotes the volume of Ω . The stability estimate is obtained by integrating
the inequality over (0, t) ⊂ (0, T ]. ��
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The stability estimate (3.1) shows that norms of the finite element velocity solution
are bounded by data of the problem: Viscosity, density, angular velocity, body force,
initial velocity, and properties of the domain.

We proceed to present an error analysis for the velocity solution of (2.6).

Theorem 3.1 (Velocity error estimate) Assume for the solution of (2.1) that

u ∈ L2 (0, T ; V div) ∩ L2
(
0, T ; Hr+1(Ω)

)
∩ L∞ (0, T ; Hdiv(Ω))

∩L∞ (
0, T ; Hmax{2,r}(Ω)

)
∩ L1

(
0, T ;W1,∞(Ω)

)
.

Let uh be the velocity solution of (2.6). Then, the following error estimate holds

‖(u − uh)(t)‖20 + ν‖∇(u − uh)‖2L2((0,t);L2)

≤ Ch2r
(
‖u(t)‖2L∞((0,t);Hr ) + ν‖∇u‖2L2((0,t);Hr )

+ exp (L(T , u)) M(T , u,ω)
)

+2 exp (L(T , u)) ‖uh(0) − sh(0)‖20, (3.3)

for all t ∈ (0, T ] with

L(T , u) = 2

T∫

0

(‖∇u‖L∞ + 1) ds, (3.4)

and

M(T , u,ω) =
T∫

0

(
‖u‖1‖u‖2‖u‖2r+1 + ‖∂tu‖2r + ‖ω‖2L∞‖u‖2r

)
ds. (3.5)

The constant C in (3.3) does not blow up as μ tends to zero.

Proof The proof follows the proof of [12, Theorem 4.7]. Denote

η = (u − sh), φh = (uh − sh),

where sh is the Stokes projection defined in (2.3). Hence, it is φh ∈ V h,div. Then,
subtracting (2.6) from (2.1) and using (2.3) leads to the error equation

ρ
(
∂tφh, vh

) + μ
(∇φh,∇vh

) + ρ ((uh · ∇)uh, vh) − ρ ((sh · ∇)sh, vh)

+ρ
(
2ω × φh, vh

)

= ρ (∂tη, vh) + ρ ((u · ∇)u, vh) − ρ ((sh · ∇)sh, vh) + ρ (2ω × η, vh)

for all vh ∈ V h,div. Note that the terms on the right-hand side of the momentum
balance disappear in the derivation of the error equation. Taking vh = φh and using
(2.8) yields
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ρ

2

d

dt
‖φh‖20 + μ‖∇φh‖20 ≤ρ

∣∣((uh · ∇)uh,φh
) − (

(sh · ∇)sh,φh
)∣∣

+ ρ
∣∣((u · ∇)u,φh

) − ρ
(
(sh · ∇)sh,φh

)∣∣
+ ρ

∣∣(∂tη,φh
)∣∣ + ρ

∣∣(2ω × η,φh
)∣∣ . (3.6)

The first term on the right-hand side of (3.6) is bounded by adding and subtracting
(uh · ∇)sh,φh), applying the triangle inequality, using the skew-symmetric property
(2.7) of the nonlinear term for weakly divergence-free functions, and finally Hölder’s
inequality (2.10)

ρ| ((uh · ∇)uh , φh
) − (

(sh · ∇)sh ,φh
) | ≤ ρ| ((uh · ∇)φh , φh

) | + ρ| ((φh · ∇)sh , φh
) |

= ρ| ((φh · ∇)sh , φh
) |

≤ ρ‖∇sh‖L∞‖φh‖20.

For bounding the second term on the right-hand side of (3.6), ((sh · ∇)u,φh) is added
and subtracted,Hölder’s inequality (2.10), the Sobolev embeddings H1(Ω) → L6(Ω)

and H1/2(Ω) → L3(Ω), see [1, Theorem 5.4], a Sobolev interpolation theorem, see
[1, Theorem 4.17], (2.5), and (2.4) are used to obtain

ρ
∣∣((u · ∇)u,φh

) − ρ
(
(sh · ∇)sh,φh

)∣∣
≤ ρ

∣∣((η · ∇)u,φh
)∣∣ + ∣∣(sh · ∇)η,φh

)∣∣
≤ ρ‖η‖L6‖∇u‖L3‖φh‖0 + ‖sh‖L∞‖∇η‖0‖φh‖0
≤ Cρ

(‖∇u‖1/2 + ‖sh‖L∞
) ‖η‖1‖φh‖0

≤ Cρ
(
(‖u‖1‖u‖2)1/2 + ‖sh‖L∞

)
‖η‖1‖φh‖0

≤ Cρhr (‖u‖1‖u‖2)1/2‖u‖r+1‖φh‖0.

The third term on the right-hand side of (3.6) is estimated by applying the Cauchy–
Schwarz inequality (2.10) and (2.4) for the temporal derivative

ρ
∣∣(∂tη,φh

)∣∣ ≤ ρ‖∂tη‖0‖φh‖0 ≤ Cρhr‖∂tu‖r‖φh‖0.

And the last term is estimated similarly, using (2.11),

ρ
∣∣(2ω × η,φh

)∣∣ ≤ 2ρCω‖ω‖L∞‖η‖0‖φh‖0 ≤ Cρhr‖ω‖L∞‖u‖r‖φh‖0.

Inserting all estimates, applying Young’s inequality (2.9) to all bounds where ‖φh‖0
appears only linearly, and multiplying with 2/ρ gives

d

dt
‖φh‖20 + 2ν‖∇φh‖20 ≤ Ch2r

(
‖u‖1‖u‖2‖u‖2r+1 + ‖∂tu‖2r + ‖ω‖2L∞‖u‖2r

)

+2(‖∇sh‖L∞ + 1)‖φh‖20.
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By the regularity assumptions, all terms in the parentheses are in L1(0, T ), so that
Gronwall’s lemma, e.g., see [20, Lemma A55], can be applied. One obtains for any
t ∈ (0, T ]

‖φh(t)‖20 + 2ν‖∇φh‖2L2((0,t);L2)

≤ exp (L(T , u)) ‖φh(0)‖20 + Ch2r exp (L(T , u)) M(T , u,ω),

where L(T , u) and M(T , u,ω) are defined in (3.4) and (3.5), respectively.
The application of the triangle inequality concludes the proof. ��
In contrast to the robustness of the error (3.3) with respect to small viscosity coef-

ficients, the bound blows up if the angular velocity increases. It can be seen that the
predicted blow-up is not exponential but linear for one term of the error bound [note
that the square of the error is considered in (3.3)].

4 Numerical studies

This section presents numerical studies to illustrate the behavior of method (2.6) and
to verify the theoretical results.

4.1 Problemwith prescribed solution

Convergence rates are usually supportedwith examples that have a prescribed solution,
e.g., see [25] for the Navier–Stokes equations with Coriolis force. To this end, we
considered (1.1) with the prescribed velocity solution u = (u1, u2)T with

u1 = π sin(t) sin(2π y) sin2(πx),

u2 = −π sin(t) sin(2πx) sin2(π y). (4.1)

Simulations were performed in the unit square Ω = (0, 1)2 and with the final time
T = 1. The angular velocity was chosen to be a constant vector in our simulations.
Then, the centripetal force can be written as a gradient, see (1.2), so that this force can
be incorporated in the pressure. We performed this approach for this example, such
that we obtained a modified pressure p−φc. An approximation of the actual pressure
can be computed in a post-processing step using (1.2). The modified pressure was
chosen to be

p − φc = sin(t) cos(πx) sin(π y). (4.2)

Then the external force f , the Dirichlet boundary condition, and the initial condition
were determined by (4.1) and (4.2). We considered ρ = 1 kg/m3 and simulations with
different values of μ and ω were performed. Note that in two dimensions the angular
velocity is ω = ωez , where ez is the Cartesian unit vector in z-direction.
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Fig. 1 Problem with prescribed solution. Example of an unstructured grid (left) and the corresponding
barycentric-refined grid (right)

Table 1 Problem with
prescribed solution

Level #triangles #dof uh #dof ph

1 276 1154 828

2 810 3338 2430

3 3192 12962 9576

4 12822 51674 38466

Number of mesh cells and number of degrees of freedom for
(P2, P

disc
1 )

As spatial discretization, the Scott–Vogelius pair (P2, Pdisc
1 ), i.e., r = 2, defined on

barycentric-refined grids was used. Let a positive number N be given and define the
size of the equidistant time step by Δt = T /N . In order that the temporal discretiza-
tion error is negligible, the very small time step Δt = 0.0001 was applied, hence the
number of time steps is N = 10000. Quantities at time step tn = nΔt are denoted
with a superscript n. As temporal discretization, the second order linearly extrapo-
lated backward differentiation formula (BDF2LE), i.e., replacing the first factor in the
convective term un+1

h · ∇un+1
h with the extrapolation (2unh − un−1

h ), was used. The
initial velocity was uh(0) = 0. In the first time step, a dummy velocity uh(−Δt),
being the Lagrangian interpolant of (4.1) for t = −Δt , was used as a second initial
value.

We computed numerical solutions on successively refined unstructured meshes. An
example of such a mesh and the corresponding barycentric-refined mesh can be seen
in Fig. 1. Information concerning the number of degrees of freedom are provided in
Table 1.

The simulations were performed with the finite element software package
FreeFem++ [15], where the UMFPACK sparse direct linear solver [7] was applied
for solving the linear systems of equations.
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Fig. 2 Problem with prescribed solution. Velocity errors for varying viscosity μ and fixed ω = 1 with the
Scott–Vogelius pair (P2, P

disc
1 ). The bottom picture is for the square root of the left-hand side of error

estimate (3.3)

The studied errors are given by

‖u − uh‖∞(L2) = max
tn∈[0,T ] ‖(u − uh)(tn)‖L2 , (4.3)

μ1/2‖∇(u − uh)‖L2([0,1];L2) =
(

μ

N∑
n=1

Δt‖∇(u(tn) − unh)‖2L2

)1/2

, (4.4)

and the square root of the term on the left-hand side of (3.3) (which is abbreviated
with ‘l.h.s. of error estimate’).

We first performed a study for varying viscosity μ ∈ {1, 10−2, 10−4, 10−6, 10−8}
with fixed angular velocityω = 1, see Fig. 2. This study aimed to check the robustness
of the errors with respect to small viscosity coefficients. This kind of robustness of the
error on the left-hand side of (3.3) as well as the predicted second order of convergence
of this term can be clearly observed. With respect to the error in ∞(L2) defined in
(4.3), a small increase can be observed if the viscosity decreases, but not a blow-
up. Apart of the two smallest viscosity coefficient, third order convergence can be
already seen. The error given in (4.4) is robust. For all but the two smallest viscosity
coefficients, the second order convergence is already visible.
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Fig. 3 Problem with prescribed solution. Velocity errors for fixed μ = 1 and varying ω with the Scott–
Vogelius pair (P2, P

disc
1 ). The bottom picture is for the square root of the left-hand side of error estimate

(3.3)

The second study was for fixed μ = 1 and varying ω ∈ {1, 102, 104, 106, 108}. In
this case the error bound (3.3) predicts a linear dependency on the angular velocity.
This effect can be seen in Fig. 2 for the largest angular velocity ω = 108, where
all errors are around two orders of magnitude larger than for ω = 106. Apart of the
largest angular velocity, one can observe for all errors the optimal order of convergence
already on the considered coarse grids, in particular for the error on the left-hand side
of estimate (3.3).

In summary, both the pressure robustness and the linear dependency on ω (at least
for large angular velocities) can be observed in the numerical results.

4.2 Rotating cylinder problem

This problem is inspired from [4], where simulations for ω = ωez with ω ≤ 1
are presented, which were performed with the Taylor–Hood (P2, P1) pair of finite
element spaces. The computational flow domain is an annular area, with center (0, 0),
between an inner circle with radius 0.75 m and an outer circle with radius 1 m.
The inner radius is taken with the rotational speed ω and the outer radius is stationary.
Rotation is considered positive in the counterclockwise direction. In the rotating frame
of reference, the inner cylinder has no-slip boundary conditions u = 0.
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Fig. 4 Rotating cylinder problem. The unstructured triangular mesh (left) and its barycentric refinement
(right)

Fig. 5 Rotating cylinder problem. Velocity magnitude distribution at t = 10 for ω ∈ {1, 10, 102}ϕ(t) (left
to right) with the Scott–Vogelius pair (P2, P

disc
1 )

We consider this setup as a numerical approach for an exterior domain problem,
where this problem is defined in R

2\{x : ‖x‖2 ≤ 0.75}. Then the outer circle is
just an artificial boundary, introduced for being able to apply standard finite element
spaces. On this boundary, we prescribed the standard do-nothing boundary condition.

For the simulations, the term with the centripetal force was considered on the right-
hand side of the equation, i.e., it was not incorporated into the pressure term. Since
the angular velocity is constant, the centripetal force can be rewritten as a gradient,
see (1.2). Then, the expectation for a solution is that this gradient is balanced by the
pressure gradient and that the velocity field in the rotating frame of reference is zero,
at least away from the artificial boundary. In a neighborhood of the outer circle there
might be an impact on the numerical solution from the artificial boundary.

We ran the problem on an unstructured mesh, see Fig. 4, leading to 58020 velocity
degrees of freedom and 42840 pressure degrees of freedom with an end time T = 10.
Like in [4], the density ρ = 1 kg/m3 and the dynamic viscosity μ = 10−2 kg/ms
were used. Simulations were performed for ω ∈ {1, 10, 102}ϕ(t) with ϕ(t) = t for
t ∈ [0, 1] and ϕ(t) = 1 else. The BDF2LE scheme was applied with the time step
Δt = 10−2 and with the zero initial conditions in t ∈ {−Δt, 0}.

Results are presented in Figs. 5 and 6. It can be seen that the expectations are met.
In particular, the velocity field is close to zero away from the artificial boundary. The
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Fig. 6 Rotating cylinder problem. Pressure distribution at t = 10 for ω ∈ {1, 10, 102}ϕ(t) (left to right)
with the Scott–Vogelius pair (P2, P

disc
1 )

Fig. 7 Rotating cylinder problem. Velocity magnitude distribution at t = 10 for ω ∈ {1, 10, 102}ϕ(t) (left
to right) with the Taylor–Hood pair (P2, P1)

Table 2 Rotating cylinder problem as no-flow problem

μ ‖u − uh‖∞(L2) μ1/2‖∇(u − uh)‖L2([0,1];L2) (l.h.s. of (3.3))1/2

1 5.87672 · 10−11 2.26296 · 10−9 2.26372 · 10−9

10−2 7.35792 · 10−10 2.66913 · 10−9 2.76869 · 10−9

10−4 1.00156 · 10−8 2.26577 · 10−9 1.02687 · 10−8

10−6 1.07673 · 10−8 2.40232 · 10−10 1.07699 · 10−8

10−8 1.07752 · 10−8 2.40394 · 10−11 1.07752 · 10−8

Velocity errors for fixed ω = 10 and varying μ with the Scott–Vogelius pair (P2, P
disc
1 )

impact of this boundary is the greater the larger ω is. If the value of ω becomes too
large, we have observed a blow-up of simulations. The artificial boundary is too close
to the inner circle for such situations and for approximating the solution of an exterior
domain problem, one would need to use a larger radius for the outer circle. In addition,
the pressure becomes the larger the larger the angular velocity is and it behaves like
O(ω2) as the centripetal force.

As comparison, velocity fields obtained with the Taylor–Hood pair of spaces
(P2, P1) are presented in Fig. 7. The simulations were performed on a grid that leads
to 89780 velocity degrees of freedom and to 11465 pressure degrees of freedom, so
that the total number of degrees of freedom is comparable to that for the simulations
with the Scott–Vogelius pair. It can be well observed in Fig. 7 that the computed veloc-
ity fields have spurious modes, which are not present in the fields obtained with the
Scott–Vogelius pair of spaces.
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Finally, to quantify the pressure robustness of the Scott–Vogelius pair of finite
element spaces, we considered this example with homogeneous Dirichlet boundary
conditions at both the inner and outer radius, so that

u = 0, p = ρω2

2
r2 − 175

1024
ρω2π

is the solution of the problem. For the numerical simulations, the same setup as
described above was used. The velocity errors for this no-flow problem are presented
in Table 2 and they clearly show that these errors are very small for all values of the
viscosity coefficient.

5 Conclusion

This paper studied a finite element discretization of the Navier–Stokes equations in
a rotating frame of reference. To this end, the classical Scott–Vogelius pairs of finite
element spaces were considered, which lead to weakly divergence-free velocity solu-
tions. As main result, it was shown that the velocity error in a standard norm can be
bounded with the expected order of convergence and in a pressure-robust way. The
error bound is also convection-robust in the sense that it does not explicitly contain
inverse powers of the viscosity. One term of the error bound depends linearly on the
angular velocity. The theoretical results were validated with numerical studies.
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