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On the Physical Consistency of an Open Quantum Region
with a Classical Reservoir in Molecular Simulation

Sara Panahian Jand,* Thomas D. Kühne, and Luigi Delle Site

The possibility of treating a molecular liquid in an open region at ab initio
electronic resolution embedded in a classical reservoir of energy and particles,
is investigated. Because of its challenging properties and its relevance in
many field of current research, the system chosen as prototype of molecular
liquid is water at room conditions. A numerical protocol based on the
mathematical model of open particle system is applied and the results are
compared with results of a full ab initio simulation of reference. The key
conclusion is that one can claim the existence of a mandatory minimal size of
the quantum region in which structural and electronic properties reproduce
those of reference and, at the same time, the exchange of molecules with the
environment takes place as expected. This work provides a proof of concept
about the possibility to systematically define a physically well founded open
quantum system embedded in a classical environment. In turn, the proof of
concept is a key information for the design of numerically efficient algorithms
for ab initio molecular dynamics simulations of open systems.

1. Introduction

The theory and simulation of open molecular systems that ex-
change energy and particles with a simplified molecular reser-
voir has made a substantial progress in the last decade (see e.g.,
refs. [1, 2] and references therein). In particular the emergence
of physico-mathematical models that provide clear rules for the
numerical realization of the open system concept[3,4] has sig-
nificantly risen our capability of simulating a broad spectrum
of physical situations in and out of equilibrium.[5,6] One of the
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models have been implemented in the
Adaptive Resolution numerical scheme
(AdResS)[7] and so far it describes classi-
cal systems, or quantum systems that can
be mapped onto classical models, embed-
ded in a simplified reservoir.[8] The intro-
duction of the electronic degrees of free-
dom adds a further constrain for assuring
physical consistency, that is, the electronic
chemical potential of the quantum open
system embedded in the simplified molec-
ular reservoir should be consistent with the
electronic chemical potential of the equiv-
alent full ab initio simulation.[9,10] It must
be underlined that current numerical ap-
proaches that treat open molecular systems
with electronic degrees of freedom, known
as A-QM/MM (Adaptive QuantumMechan-
ics/Classical Mechanics),[11] often focus on
the electronic structure aspects but do not
additionally consider the aforementioned
statistical mechanics principles. They are

constructed on frameworks where the open system is mimicked
by the interpolation of atomic forces determined in separate,
closed system, calculations each with a different number of quan-
tummolecules. Although the numerical implementation may be
straightforward and the corresponding electronic properties suf-
ficiently accurate, the associated risk to sample artificial ensem-
bles not compatible with first principles of statistical mechanics
(see e.g. refs. [10, 12]) should be taken into account. The proto-
col to check the physical consistency of an open quantum system
proposed in this work could be actually applied to strenghten the
validity of such approaches as well. In this context the aim of this
work is to apply the theoretical framework of refs. [3, 4, 9, 10] and
its associated numerical protocol to an ab initio Molecular Dy-
namics (MD) simulation and show the possibility of identifying
an open quantum molecular system embedded in a simplified
reservoir; more specifically, one would like to define a physically
consistent open quantum region in a large reservoir of classical
molecules (see Figure 1). Due to the Born-Oppenheimer approx-
imation the nuclei are classical particles and thus their exchange
with the reservoir is regulated by the rules of a classical system as
in refs.[3,7]. Instead, the electrons must follow the rule of an open
quantum systems thus one must require (necessary condition)
that the electronic chemical potential is consistent with the elec-
tronic chemical potential that the full system would have if it was
entirely at quantum resolution[9,10]; of course, as a consequence,
themolecular electronic properties of the quantum region should
reproduce those of an ab initio simulation of reference.
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Figure 1. Pictorial representation of the open QM/MM system in the AdResS fashion. At the center is the QM region with radius of 14.0Å. Around such
region, in the MM domain, there is the Δ region of 9.0Å, which usually in the AdResS set up is the region where the thermodynamic force is applied so
that the corresponding average particle density is kept within a certain threshold w.r.t. the target density. Such force assures also the consistency of the
chemical potential of the QM region with the reference full ab initio case. Outside there is the large MM environment.

For the specific system studied here (liquid water) we actually
conclude, from a numerical estimate, that the constraint on the
electronic chemical potential is not numerically relevant because
its associated energy contribution is negligible compared to the
total energy, independently of the size of the quantum system.
The application of the protocol defines the size of the open

quantum region, which is large enough to sustain the key fea-
tures of the liquid at electronic level and assures a macroscopic
thermodynamic state consistent with the reference full ab initio

case; the thermodynamic consistency is provided by a compati-
ble classical environment. The size of the quantum region found
in this work contains about 440 molecules (in average) and such
a size implies a relative inexpensive simulation. It must be un-
derlined that one expects that the larger the QM region the bet-
ter agreement will be achieved between the QM/MM and full ab
initio calculations; one also expects that there is a minimum col-
lection of the QM atoms that is required to capture the essen-
tial electronic-structure features of the region of interest. Thus,

Adv. Theory Simul. 2024, 7, 2400833 2400833 (2 of 10) © 2024 The Author(s). Advanced Theory and Simulations published by Wiley-VCH GmbH

http://www.advancedsciencenews.com
http://www.advtheorysimul.com


www.advancedsciencenews.com www.advtheorysimul.com

it will not be surprising that a larger QM region reproduces the
structural properties of the full ab initio system than a smaller
QM region does. The key question is about the criteria to use to
identify theminimal region required to reproduce not only struc-
tural and electronic properties of the ab initio system but also its
fluctuations so that one achieves the physical consistency with
respect to the statistical mechanics ensemble of an open system
that exchanges particles and energy with the exterior.
As anticipated above, in this work we simulate liquid water

at room conditions; this choice was made because water is the
universal solvent and thus water-related systems are ubiquitous
across the whole domain of chemical physics, thus liquid water is
a relevant prototype system for future applications. For example,
in studies of solvation ofmolecules with an open quantum region
determined as in this work, one would have a sizable computa-
tional gain compared to the large systems usually required in full
ab initio simulations. In simple words, one can define an optimal
quantum region of solvation, embedded in a classical reservoir,
and be assured to capture all the particle fluctuations of a large
system as in a full ab initio calculation. In a broader perspective,
this study can be considered a pilot work for the implementa-
tion of the open system schemes to generic systems that may be
more complex that the example reported here. It must be added
that within the same scheme proposed here one can, in perspec-
tive, treat both electrons and nuclei quantum-mechanically; these
latter can be treated through the path integral representation.
In fact, as mentioned above, the scheme has already success-
fully treated atoms represented in a path integral formalism [8];
the extension to nuclei in presence of electrons is conceptually
equivalent to the situation treated in this paper. The only differ-
ence is that the nuclei instead of classical localized spheres would
be represented by flexible (classical) polymer rings that obey the
classical rules of refs. [3, 4] regarding their coupling to the exter-
nal reservoir.

2. System Studied and Application of the Protocol
of Physical Consistency for the Quantum Region
as Open System

We consider liquid water at room temperature. The system is
defined by a cubic box with a central spherical region (QM re-
gion) where molecules are treated at quantum ab initio resolu-
tion and the rest (environment of the quantum region, named
here MM region) is treated at classical level with a flexible water
model (see Figure 1 for an illustrative explanation).Molecules can
freely move from one region to the other and at each time step
they are accordingly reclassified as classical or quantum accord-
ing to the corresponding updated position in space. Following the
mathematical model of open system implemented in the Adap-
tive Resolution approach (AdResS),[3,4] the difference of resolu-
tion, due to the statistical and thermodynamic incompatibility of
the models at two resolutions should produce a large difference
of the average particle number density at the interface between
theQMand theMMregion, compared to the reference case.Here
for difference is meant that the average particle number density,
within the typical fluctuations found in the calculations of ref-
erence, systematically deviates from the target showing an over-
all different density distribution, e.g., non uniform as the refer-
ence of this case. If such a deviation takes place, one can then

define a transition region Δ in the MM region adjacent to the
QM region and impose in such region the so-called thermody-
namic forceFth(x).

[13] The thermodynamic force is calculated self-
consistently in the equilibration run: A first guess it taken, e.g.,
F(0)th (x) = 0, then at step k one has F(k+1)th (x) = F(k)th (x) − c∇𝜌k(x),
where 𝜌k(x) is the average molecular number density calculated
in the simulation using F(k)th (x); c > 0 is a coefficient that calibrates
the convergence. The iteration is terminated when the deviation
of 𝜌k(x) from a reference density profile is within a wished tol-
erance. Once Fth(x) has been determined, it remains unchanged
without any need for recalibration. It has been shown that this
force balances the macroscopic chemical potential between the
two regions and assures equilibrium (see e.g., ref. [14]). If the
two different molecular representations are thermodynamically
compatible, that is, if they are interfaced the thermodynamic state
point remains unaltered, there may not be relevant differences
for the average particle density along the radial direction between
the QM and the MM region and thus the thermodynamic force
is not needed. According to the general mathematical model of
open system, the constraint on the particle density is a strong
and yet only necessary condition for defining the QM region as a
physically meaningful open system. From the statistical mechan-
ics point of view, once the criterion on the density is satisfied,
one should verify that the QM region delivers the same results
obtained for the equivalent subregion in a large full (ab initio)
simulation. This check is done following a protocol based on a
posteriori checks on quantities of structural and statistical rele-
vance; such quantities are the radial distribution functions and
particle number distribution.
We do not treat dynamic properties here; they require long

and expensive simulations that can be planned, at this stage,
for future projects. However, it must be underlined that the cur-
rent study about statistical and thermodynamic consistency rep-
resents a mandatory verification of the definition of a physically
meaningful QM open region. While structural and thermody-
namic properties are independent of the specific dynamics, con-
sistency of the dynamics would require, as mandatory condition,
structural consistency.
For this work we report that, for a QM region with 440

molecules and for a QM region with 192 molecules embedded in
the classical environment of flexible TIP3P water model, the av-
erage particle number density fluctuates around the target value
similarly to the result of the reference full ab initio simulations
and thus there is no need of calculating and applying the ther-
modynamic force. However, while for the 440 molecules system
we are able to reproduce the results of the reference full ab initio
simulation with satisfactory accuracy, for the 192 molecules sys-
tem an evident disagreement can be found for several properties;
the disagreement is such that does not allow to qualify the QM
region corresponding to 192 molecules as a physically consistent
open system.
Regarding the specific quantities considered we start, as

in classical AdResS, from the Oxygen–Oxygen, and Oxygen–
Hydrogen radial distribution functions; these are the keys to
check whether the QM region reproduces the liquid structure
and hydrogen-bonding features of the reference full ab initio
simulation. If the agreement is satisfactory one can proceed
with checking that the exchange of molecules between the QM
and the MM region occurs as in the reference case. To this aim
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one calculates the probability distribution of the number of
particles in the QM region, P(N); the relevant feature is that the
P(N) of the open system and the P(N) of reference must have
a compatible overall shape. Instead from the quantitative point
of view, they may slightly disagree along the axis of N (we have
chosen 5% as acceptable threshold like in classical AdResS). If
the P(N) gives satisfactory results, then, for the quantum case
with electrons, one needs to go a step beyond the classical rules
of open system as used in the standard AdResS scheme. In
fact in the QM region we deal with molecules that explicitly
carry a distribution of electronic charge. The electronic structure
properties are thus very relevant, and in a physically meaningful
QM open system one should be able to reproduce also electronic
structure features of the full ab initio simulation of reference.
In principle, as concluded from a statistical mechanics

analysis,[9,10] the strict way to proceed is to perform electronic
structure calculations at constant electronic chemical poten-
tial, rather than the standard energy minimization, for the QM
region.[9,10] The electronic chemical potential should be fixed at
the value found for the reference full ab initio calculations. In
practice this approach implies non trivial technical problems of
implementation in current (standard) QM/MM codes because
the electronic charge may not be conserved.[1] Future numerical
developments should definitively go along such direction, with
possible solution for the excess or lack of electronic charge.[9]

However, for molecular liquids like water, where there is no ex-
treme case of electronic polarization, molecules display quite lo-
calized electronic orbitals around the molecular skeleton of the
nuclei, thus one would expect that the statistical equilibrium of
the (classical) nuclei with the reservoir drives automatically the
statistical equilibrium of the electronic degrees of freedom. In
order to justify the claim above it would be sufficient to prove
that the constraint of the electronic chemical potential does not
play a relevant role in this case.
The concept above can be formalized in a rigorous manner on

the basis of recent results obtained by one of us together with A.
Djurdjevac.[15] In ref. [15] it has been rigorously derived an effec-
tive Hamiltonian of a quantum open system that exchanges par-
ticles and energy with a reservoir: Ĥeff

QM = ĤN − 𝜇N̂; where ĤN is
the Hamiltonian of the open quantum system for an N-particle
realization, 𝜇 the chemical potential of the quantumparticles and
N̂ the number operator that counts the number of particles in a
given state. If one has the condition: ||ĤN|| ≫ 𝜇||N̂||;∀N, then
it automatically implies that ĤN alone, without the implication
of 𝜇, is sufficient to determine the statistical mechanics proper-
ties of the open particle system. In this work we have verified that
the energy associated to the electronic chemical potential, 𝜇||N̂||,
is negligible compared to the total energy of the system indepen-
dently from the size of the system (for a statistically relevant num-
ber of molecules, see Table 1). As a consequence one would ex-
pect that the constraint on the electronic chemical potential does
not play a key role in assuring consistency for the electronic struc-
ture properties of the open QM region. In any case, a posteriori
checks of consistency for molecular electronic properties would
definitively prove whether or not the estimate above holds.
In order to numerically verify that the electronic structure

properties are preserved, we calculate the Wannier centers[16,17]

in each molecule and calculate the Wannier–Wannier and the
Wannier-Oxygen radial distribution functions. A Wannier cen-

Table 1. The relevance of the energy associated to the electronic chemical
potential, 𝜇eNe, with Ne the total number of electrons, with respect to the
total energy of the system Etot, as a function of the total size of the (full ab
initio) system, expressed in number of molecules, Nm.

Nm 𝜇eNe∕Etot

208 0.049

366 0.045

608 0.043

843 0.041

1112 0.039

1874 0.037

2454 0.035

ter corresponds to a maximally localized electron density of a
molecule in a point of space, thus it carries the very essence of
the electron distribution in liquids like water; for water eachWan-
nier center localizes an electron pair, thus given the eight elec-
trons of valence one would have four Wannier centers per water
molecule.[18]

The agreement of the Wannier–Wannier and the Wannier-
Oxygen radial distribution functions of the QM region with those
of reference implies that the QM region is indeed a physically
meaningful open system embedded in a reservoir of classical
particles. In fact the consistency of the liquid structure is ex-
pressed by the agreement of the Oxygen–Oxygen and Oxygen–
Hydrogen radial distribution function of the QM region with the
corresponding reference function, the consistency of the elec-
tronic charge distribution is expressed by the agreement of the
Wannier–Wannier and the Wannier-Oxygen radial distribution
function of the QM region with the corresponding reference
function and the proper exchange of molecules between the QM
and the MM region is assured by agreement of the P(N) of the
QM region with the P(N) of reference.

3. Technical Details

The full ab initio molecular dynamics (AIMD) simulation of ref-
erence has been performed with a time step of 1fs for 10ps us-
ing DFT in CP2K code.[19] The Perdew–Burke–Ernzerhof (PBE)
exchange-correlation functional[20] has been employed, as well
as Goedecker–Teter–Hutter pseudopotentials[21] and a DZVP ba-
sis set[22] with a wave function cutoff of 280 Ry. In addition, we
have included D3 van der Waals correction.[23] The Nose-Hoover
thermostat[24] was employed to assure thermal equilibrium at the
target temperature of 300 K for a mass density of 1020 kg

m3
. The

size of the simulations box is 41.5156 × 41.5156 × 41.5156Å con-
taining 2454 water molecules. To calculate the electronic chemi-
cal potential, first the geometry optimization has been performed
for the systems with 208, 366, 608, 843, 1112, and 1874 wa-
ter molecules. The details of these computations are as above,
i.e., using PBE exchange-correlation functional with D3 van der
Waals correction and DZVP basis set with a wave function cut-
off of 280 Ry. Then, the linear scaling method with curvy steps
algorithm[25] at 10−15 filtering threshold for the matrix multipli-
cation has been applied for the energy minimization. The pu-
rification method is trace resetting algorithm (TRS4),[26] which
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calculates the electronic chemical potential without need for an
initial estimation of 𝜇e. For the open QM/MM, we have used the
AdConv-QM/MM[27] implemented in CP2K with the same com-
putational setting as the full ab initio simulations for the QM
region and the flexible TIP3P (fTIP3P) potential[28] for model-
ing water molecules in the MM region. The cutoff radius for
Lennard-Jones potential is 9.0Å. The Molecular dynamics simu-
lations of the openQM/MMsystemhave been carried with a time
step of 1fs for 10 ps at 300 K. The adaptive Langevin thermostat[29]

has been used to support adaptiveQM/MM. The size of thewhole
simulation box is 50.3040 × 50.3040 × 50.3040Å with 4320 water
molecules, the larger QM region has the radius of 14.5Å, con-
taining in average around 440 water molecules while the smaller
QM region has a radius of 11.0Å with about 192 molecules. The
localization methods of Crazy rotations and Jacobi rotations have
been used to calculate the Wannier function centers. The conver-
gence criterion of the localization method has been set to 10−5.
Given the cost of the simulation, the size of the full ab initio
simulation is smaller than the size of the QM/MM simulation,
however it is sufficient to reproduce the key features of the liq-
uid. Instead the QM/MM simulation needs a bigger size to al-
low the classical region to behave as a proper thermodynamic
reservoir.
It must be also clarified that of the code of ref. [27] we adopt

only the scheme of reclassification of molecules in QM and MM
at each step, but discharged the corrections at the interface of
QM and MM done in that work. In fact our approach is based
on a different procedure to assure the physical consistency of
the results.
Finally, the particle density is calculated along the radial direc-

tion, 𝜌(r). The binning consists of spherical shells whose thick-
ness is such that the volume is the same for all of them so that
for each point the statistics is done over the same number of
molecules. The average distance of each shell from the center of
the QM region defines r. Data are taken from independent con-
figurations over a 10 ps trajectory. The length of the trajectory is
long enough to assure that the relevant physics of the system is
satisfactorily reproduced (see e.g., ref. [18]).
It must be taken into account that, due to the length of the

simulation that combines with the low convergence rate in thin-
ner shells, one cannot expect a perfectly converged flat density
profile as, for example, in classical simulations. Even in these lat-
ter, with averages done over trajectories up to 1–2 ns and over an
entire box with equally spaced bins, one still finds fluctuations
in the density profile of the order of 5 − 7% (see e.g., ref. [30]).
In our case we can see fluctuations of the density profile in the
QM region of the order of 15% at worst (and about 18% at the very
critical quantum-classical interface for the QM/MM system), that
is not particularly large, which suggests that, despite the density
has not converged to a perfect flat profile, there is not a physical
anomaly in the simulation.
Moreover, the relevant message in this case is that one can-

not see any systematic drift of the density, w.r.t. its average value
and in addition the results satisfy a closure condition for the den-
sity, thus assuring physical consistency of the simulation. In fact
we reproduce the Oxygen–Oxygen radial distribution expected;
if there was any physical anomaly of the molecular density one
would have seen anomalies in the Oxygen–Oxygen radial distri-
bution function.

Figure 2. The red curve shows themolecular density along the radial direc-
tion from the center of the QM region up to the region defined as Δ in the
MM region; the black curve shows the corresponding quantity in the full
ab initio calculation of reference. As it can be seen the density fluctuates
similarly around its expected value in both cases. There is not a system-
atic deviation from the average as it usually occurs in AdResS simulations
when the molecular representation of the reservoir is not compatible with
the molecular representation of the open system. This implies that there
is no need of a thermodynamic force as in standard AdResS.

4. Determination of the QM Size: Results of the
440 Molecules System

In this section, we report the results of the numerical checks that
have beenmade to test the physical consistency of the QM region
as open system embedded in a reservoir of classical particles.
In particular, here we discuss the results for the successful case

of the QM region with 440 molecules, the results for the non
successful case of 192 molecules are reported in the Appendix.
The particle number density, with the corresponding fluctua-

tions around the expected average, reproduces in a satisfactory
manner the full ab initio target and retain the uniform character
of the liquid (see Figure 2). This behavior is satisfactory enough
to not even require the application of the thermodynamic force in
the classical Δ region, thus we consider the behavior of the den-
sity close enough to the reference case. Once the mandatory con-
dition on the density is satisfied, the next tests of consistency are
the Oxygen–Oxygen and the Oxygen–Hydrogen radial distribu-
tion functions. Such quantities characterize uniquely the struc-
ture of the liquid, thus if the results for the QM open region are
in agreement with the results of the reference calculation, the
implication is that the key features of the liquid structure are re-
produced, that is, w.r.t. such properties the QM region and the
subregion of the full ab initio system of reference are physically
equivalent. Figures 3 and 4 show a satisfactory agreement.
Next test of consistency concerns the exchange of particles be-

tween the QM region and the classical environment, the statisti-
cal behavior of such an exchange should be close to that of a sub-
regionwith its full quantumenvironment in the full ab initio sim-
ulation of reference. To such aim we calculate the P(N), that is,
the probability distribution of findingN molecules in the QM re-
gion. Figure 5 shows a rather good agreement, the peak is shifted
of only 5% w.r.t. the full ab initio calculation, this negligible shift
may be due also to the smaller size of the full ab initio simulation,
however this is not a relevant difference. More importantly, the
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Figure 3. Oxygen–Oxygen local radial distribution function. The specifica-
tion “local” is due to the fact that the calculation is performed only the
QM region and in the equivalent subregion of the full ab initio simulation
of reference. There is no need to normalize it because the calculation is
performed in the same way in both cases and the relevant information
regards the agreement of the results.

shape of the curve is close to a gaussian and very close to the one
of reference. The similarity between the results of the QM region
and the results of the reference calculation is very important be-
cause the shape of the curve expresses, in a statistical manner, the
process of system-reservoir exchange of particles. So far, we have
made use of the standard consistency tests employed in classical
simulations of open systems, within the AdResS scheme, how-
ever we are now dealing with molecules with electrons and thus
the corresponding electronic structure properties are of major
relevance. As said before, to the aim of testing the validity of such
properties in the QM region, we calculate the Wannier–Wannier
and Wannier-Oxygen radial distribution functions; we underline
once again that the Wannier centers express the localization of
electrons (electron density) in a physical point, thus it carries a
correspondent, average, classical-like point-particle structure of
the quantum molecule. In this sense the Wannier–Wannier and
Wannier-Oxygen uniquely express in essence the electron den-
sity correlation between molecules in a liquid like water.
Figures 6 and 9 show a satisfactory global agreement with the

reference results, thus assuring that, on the large scale, in av-
erage, the electronic structure of the liquid in the QM region
is physically consistent with an open system embedded in a
full quantum environment, as required by the consistency tests.

Figure 4. As the previous figure but for the Oxygen–Hydrogen radial dis-
tribution function.

Figure 5. Probability of finding N particles in the QM region and in the
equivalent subregion of the full ab initio simulation of reference, P(N),
(top). (Bottom) the shifted N− < N > curves so that one can appreciate
the similarity of the shape.

Figures 7 and 10, show with a very fine binning the key fea-
ture of charge–charge localization and Oxygen-charge localiza-
tion inside the single molecule, while Figures 8 and 11 show the
zooming of the charge–charge and Oxygen-charge correlations
between different molecules. The results are indeed satisfactory.
In order to show that for the QM region the consistency of the

liquid structure and of the electronic structure leads to the consis-
tency of a relevant physical quantity, we calculated the probabil-
ity distribution of the molecular dipole. For a dipolar liquid like

Figure 6. Global radial distribution function for theWannier–Wannier cen-
ters.
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Figure 7. As the previous figures but for the Wannier–Wannier centers for
the intramolecular distance.

Figure 8. As the previous figures but for the Wannier–Wannier centers for
the inter-molecular distance.

water such a property is of central relevance.[18] Figure 12 shows
the agreement of the curve calculated in the QM region with the
curve of reference; such an agreement is satisfactory.

5. Discussion and Conclusion

We have applied a statistical mechanics protocol for defining
a physically consistent open region at electronic resolution
embedded in a reservoir of classical molecules. We have shown
that for a QM size containing about 440 molecules the results of
the calculations in the QM region agree in a satisfactory manner

Figure 9. Global radial distribution function for the Wannier-Oxygen
points.

Figure 10. As the previous figures but for the Wannier-Oxygen points for
the intramolecular distance.

Figure 11. As the previous figures but for the Wannier-Oxygen points for
the inter-molecular distance.

with those obtained in the equivalent subregion of a full ab
initio simulation of reference. As a consequence, in essence,
this study shows two different aspects: i) the fTIP3P model of
water that forms the reservoir is physically compatible with the
ab initio description of the molecules at electronic level and thus
it can assure thermodynamic equilibrium to the QM region; ii),
with the thermodynamic equilibrium assured by the reservoir,
for liquid water a spherical subregion of about 440 molecules
represents a size sufficient to support the key features of the
intra- and intermolecular electronic structure (see also refs.[31–34]

Figure 12. P(𝜇) in the QM region and in the equivalent subregion of the
reference full ab initio calculation. The dipole 𝜇, is measured in Debye. The
agreement is highly satisfactory.
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for a general discussion about the minimal size of a system).
For smaller QM regions the reproduction of several properties
become questionable. The possibility of systematically checking
the physical consistency of an open quantum region with a
classical reservoir is a relevant information for the developing of
a well founded open QM/MM approach. In fact the study shows
that the protocol of AdResS for classical systems can be extended
to the quantum ab initio electronic calculations and it is possible
to define a meaningful open region.
At this point, two main concerns about the conclusions above

may rise: i) does the definition of an optimal QM region require
always a case-by-case expensive simulation of reference?
If it is so, then one would not have any computational or con-

ceptual convenience; ii) is the existence of a classical model of
molecule, compatible with the quantum model, available for all
systems of interest?
Point (i) can be addressed with the very same arguments of the

equivalent classical AdResS, that is, one reference system can be
used to tune theQM region for an entire class of applications, un-
der the same QM level of calculations. For example, in the case
studied here one could safely conclude that for the solvation of
small molecules a QM size of the order of 500 molecules is suffi-
cient to assure (a) structural and electronic properties and, at the
same time, (b) any possible thermodynamic effect due to the fluc-
tuation of the number of water molecules. This means that one
can be assured about the physical consistency of both local mi-
croscopic molecular properties and global thermodynamic prop-
erties. For the solvation of larger molecules one may consider a
system with a prototype molecule as solute that can be used as
reference for molecules of similar or smaller size. What one can
certainly conclude by applying the protocol is whether the size of
the system used for an ab initio or the size of the QM region of a
standard QM/MM simulation is physically meaningful.
The same view applies to ab initio approaches with continuum

embedding[35] or more sophisticated Drude oscillators for the
environment.[36] Such approaches, certainly elegant and efficient
to detect local structural and spectroscopic properties, cannot,
by statistical mechanics principles, take into account thermody-
namic effects of particle fluctuations, unless specifically designed
with some Monte Carlo approach, which is usually computation-
ally expensive.[37,38] However, even if insertion and deletion of
molecules is present, the question about the minimal size of the
QM region with statistical mechanics consistency still holds. In
any case, for highly fluctuating systems like water the correct dy-
namic exchange of molecules with the environmentmay be a key
feature for may properties of interest.
For example in chemical reactions in water of small molecules

like NaCl[39] or Formamide,[40] the systems used for the calcu-
lations have a smaller size than the one determined here and
there is not the possibility of exchanging particles with a reser-
voir. The current standard computational resources allow nowa-
days to routinely treat QM/MM systems with the QM size found
here, thus the advantage of using our method for such systems
is that if there is any relevant thermodynamic effect due to the
particle density fluctuations then one would certainly capture it.
Specific chemical reactions are outside the scope of the current
paper since the proof of concept regards the solvent, however a
systematic revision of the subject for small molecules is certainly
the first step in future application of our approach.

Regarding point (ii), the development of force-fields from ab
initio data with modern techniques of machine learning can es-
sentially provide highly compatible force-fields for any molecular
system treated at ab initio level.[41,42]

In conclusion, the application of the protocol for a physically
consistent definition of an open QM region is certainly not the fi-
nal solution to build a systematic tool for the simulation of open
quantum molecular systems. It certainly assures that properties
calculated in the QM region defined by the method are physi-
cally meaningful, thus it can be certainly used as a basis for the
design of a simulation tool for open quantum system. It must
be said that already at the current stage it allows for meaningful
applications to a large class of systems, as discussed above.

Appendix: Results for the System with 192
Molecules in the QM Region

In this section, we report the results of the simulation for the QM region
containing in average 192 molecules. As it can be seen the particle den-
sity in Figure A1 fluctuates around the target value in a sufficiently sim-
ilar manner to the reference case, thus also in this case the application
of the thermodynamic force is negligible. Also the Oxygen–Oxygen and

Figure A1. As for the case with the larger QM region discussed before,
here the red curve corresponds to the molecular density along the radial
direction from the center of the QM region up to the region defined as Δ
in theMM region; the black curve shows the corresponding quantity in the
full ab initio calculation of reference. As for the case with the larger QM
region, the density fluctuates around its expected value, thus, in this case
there is no need of a thermodynamic force as in standard AdResS.

Figure A2. Oxygen–Oxygen local radial distribution function for the sys-
tem with the smaller QM region. The agreement with reference data is
similar to that obtained for the system with a larger QM region.
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Figure A3. As the previous figure but for the Oxygen–Hydrogen radial dis-
tribution function. Also in this case the agreement with reference data is
similar to that obtained for the system with a larger QM region.

Figure A4. Probability of finding N particles in the QM region and in the
equivalent subregion of the full ab initio simulation of reference, P(N),
(top) for the systemwith smaller QM region. Differently from the case with
a larger QM region, although one gets somehow a slightly better agree-
ment regarding the location of the peak, the shape is rather different from
that of reference, implying a different process of particle exchange w.r.t.
the reference case. The qualification of the QM region as physically con-
sistent open system is not justified as much as the case of the system with
a larger QM region.

Figure A5. Global radial distribution function for the Wannier–Wannier
centers. The figures below show the details of the comparison with the
reference full ab initio calculations.

Figure A6. Wannier–Wannier centers radial distribution function for the
intramolecular distance. There is a good agreement in such case.

Figure A7. Wannier–Wannier centers radial distribution function for the
inter-molecular distance. The disagreement with the reference full ab initio
case is more pronounced than in the case of the system with larger QM
region.

the Oxygen–Hydrogen radial distribution function agree in a satisfactory
manner with the reference case (see Figures A2 and A3, thus, in princi-
ple, the liquid structure is preserved also for this size of the QM region.
However, the P(N) shows a clear disagreement regarding the shape of
the curve, which indicates that the process of exchange of molecules be-
tween the QM region and the MM reservoir does not occur as expected
(see Figure A4). More pronounced differences from the target results,
compared to the case with the QM region with 440 molecules, can be
found also for the electronic structure (see Figures A5–A10).

Figure A8. Global radial distribution function for the Wannier-Oxygen
points. The disagreement with the reference full ab initio case is also in
this case more pronounced than in the case with a larger QM region.
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Figure A9. As the previous figures but for the Wannier-Oxygen points for
the intramolecular distance.

Figure A10. As the previous figures but for the Wannier-Oxygen points for
the inter-molecular distance.
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