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Abstract

In this paper we study a system of decoupled forward-backward stochastic differ-
ential equations driven by a G-Brownian motion (G-FBSDEs) with non-degenerate
diffusion. Our objective is to establish the existence of a relaxed optimal control for
a non-smooth stochastic optimal control problem. The latter is given in terms of a
decoupled G-FBSDE. The cost functional is the solution of the backward stochastic
differential equation at the initial time. The key idea to establish existence of a relaxed
optimal control is to replace the original control problem by a suitably regularised
problem with mollified coefficients, prove the existence of a relaxed control, and then
pass to the limit.
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1 Introduction

In this paper we study systems of decoupled controlled forward-backward stochas-
tic differential equations (FBSDEs) driven by G-Brownian motion. These FBSDEs
appear in connection with optimal control problems for diffusion with uncertain drift
and diffusivity, e.g. as representations of the associated dynamic programming equa-
tions [4]. We call these FBSDEs in the framework of G-Brownian motion and the
associated nonlinear expectation space G-FBSDEs, so as to distinguish them from
standard FBSDEs that are driven by a standard Brownian motion.
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In the standard framework, (F)BSDEs were studied by many authors, starting from
the seminal work on linear BSDEs by Bismut [3] in 1973, as equation for the adjoint
process in the stochastic version of Pontryagin maximum principle. Nonlinear back-
ward stochastic differential equations (BSDEs) and associated decoupled FBSDEs
driven by standard Brownian motion have been introduced by Pardoux and Peng [17]
in 1990. They proved that, in a Markovian framework, the solution of a BSDE describes
the viscosity solution of the associated semi-linear PDE. We refer for more details to
the paper by El-Karoui et al. [5] the references therein. The relation between viscosity
solutions to a certain class of nonlinear Hamilton—Jacobi—Bellman (HJB) equation for
optimal control and the solutions to BSDEs has been studied in [14], using that the
associated cost function is described by an adapted solution of a BSDE. Early exam-
ples of applications of BSDEs to stochastic control, especially in finance, are found
in [5, 12, 13], to mention just a few examples. More recent examples of fully-coupled
FBSDEs with non-smooth coefficients and their applications to stochastic control
problems include existence results for optimal controls that have been established in
[1, 11].

In the last years, aspects of model ambiguity, such as volatility uncertainty, have
been studied by Peng [15, 16] who introduced the G-expectation space as the canon-
ical nonlinear expectation space associated with the G-Brownian motion. Denis and
Martini [4] suggested a structure based on quasi-sure analysis from abstract potential
theory to construct a similar structure using a tight family P of possibly mutually sin-
gular probability measures and established a corresponding It6 type stochastic calculus
for the G-framework. Existence and uniqueness of solutions of G-SDEs were studied
by Peng [16] and, later on, by Bai and Lin [2] under slightly weaker integral-Lipschitz
conditions on the SDE coefficients.

BSDEs driven by a G-Brownian motion (G-BSDEs) were studied by Hu and al.
[10] who showed that, unlike classical BSDEs that do not admit a direct probabilistic
interpretation of fully nonlinear PDEs, G-BSDEs provide the missing link for fully
nonlinear PDEs that appear for example, in mathematical finance in connection with
the pricing of path-dependent contingent claims in uncertain volatility model; see also
[7] for a related existence and uniqueness result for G-BSDEs.

1.1 Own Contribution and Related Work

In this paper, we consider decoupled controlled G-FBSDE:s of the form

dX" = b(s, X", uy)ds + o (s, X'YdWy + h(s, X", ug)d(W); (1a)
deu = —f(S, X’;a Y;‘a 2?7 MS)dS - g(S7 X;‘l7 Ysuv Z?’ uS)d<W>S + Zé‘ldWS + dMSL'[ ’
(Ib)
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where s € [t, T] for some T € (0, 00), and h(s, X¥, us)d(W); = Zhijd(Wi, Wis
ij
and likewise for g = (g;;). Equation (1) is endowed with the boundary data

X‘=x, Yi¢=dXYL), M'=0. )

Precise assumptions on the coefficients are given below. Our cost function if the
solution of the BSDE at the initial time 7. We call the system decoupled, because
the controlled forward SDE (1a) is independent of the solution to the BSDE (1b).
Existence and uniqueness of coupled G-FBSDEs has been studied by Wang and Yuan
[20] under some monotonicity assumptions of the coefficients conditions.

Our objective is to establish the existence of a relaxed optimal control allowing the
coefficients to be non-smooth. The key idea to establish existence of a relaxed optimal
control is to replace the coefficients in the original control problem by a suitably
regularised problem with mollified coefficients, prove the existence of a relaxed control
and then pass to the limit. Existence of solutions for uncontrolled G-BSDEs with
discontinuous drift coefficient was proved by [21], in our case the jump coefficient is
Zero.

Relaxed controls for stochastic differential equations driven by a G-Brownian
motion (G-SDEs) were studied by Redjil and Choutri [18] who introduced the notion
of G-relaxed controls and proved the so called G-Chattering Lemma to establish
existence of an relaxed optimal control.

In the present work, one of the key steps in proving existence of a relaxed optimal
control is to prove that the gradient of the solution of the approximate HIB equation is
bounded, which allows us to define the second component of the approximate solution
of the BSDE as a control in a bounded set before passing to the limit.

The paper is organized as follows: in the remainder of this section, we will record
the main technical assumptions and definitions. In Sect.2, we define the mollified
control problem and the corresponding dynamic programming (HJB) equation, and
prove various stability results, including convergence of the value function in the limit
of vanishing mollification parameter. The existence of the relaxed control is shown
in Sect.3 by proving convergence of the relaxed controls. Conclusions are given in
Sect.4. The Appendix contains various technical Lemmas for Sects.2 and 3.

1.2 Preliminaries

Let U be any compact subset of R, and call U(r) the set of adapted controlsu: [¢t, T] —
Uforany0 <t <T.

Assumption 0 The coefficients of our control problem have the form

b: [0, T] xR"x U — R", hij 1[0, TIxR" x U — R",
FiI0,TIXR'XRXxR" xU - R, g;; : [0, T] x R" x R xR? x U — R,
o:[0,T] x R" — R"*";

®:R" - R.
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In what follows, we suppose that the diffusion coefficient o is non-degenerate, with
uniformly bounded inverse. The analysis in this paper is based on the sublinear G-
expectation space framework of [16] (called “G—framework™ in what follows). The
corresponding canonical process on the G-expectation space is called “G-Brownian
motion” and is characterized as follows:

Definition 1 A d-dimensional process (W;);>0 on a sublinear expectation space
(2, 'H, E) is called a G-Brownian motion if it has the following properties:

1) Wo(w) =0,
(ii) For every ¢, s > 0, the increment W, ; — W; is N ({0}, sX)! is distributed and is
independent of (By,, By, ..., B;,), forany0 <ty <...<t, <t,neN,

where ¥ is any positive semidefinite symmetric d X d matrix.
We define

M g ([0, T1; R™), p € [1, 00) to be the completion of the space of simple processes
of the form

N
E(@) =) m1(@)1j_y ()

k=1

with 0 =19 < 11 <... <ty = T being a partition of [0, T] and n € LZ(2,),
where the completion is with respect to the norm

. T 1/p
1EllG.p == (E (/0 |s,|"dr>>)

Hg(O, T) to be the completion of M%(O, T) under the norm |[n|lgr =
1

P

. o 5
E <f 7] dS> ;
0

S2O0,T) i= {h(Wiinis oo, W) 1ty ooty € [0, T1 0 € Crpip@®TH}
Sg(O, T) is the completion of S%(O, T) under the norm ||n||sg =

. ’
E| sup [nl” ;
5€0, 7]

}LZ(QT) is the space of decreasing G-martingales with Ko = 0 and K7 €
Lg(Qr);

We also need the following BDG-type inequalities in the G-framework:

Y ({0}, sX) is the G-normal distribution that is defined in terms of the associated G-heat equation; see
[16].
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T
Proposition 2 (from [16]) Let 8 € Mg (0, T) with p > 2. Then we have/ B:dB; €
0

. T )4 . T
IE( / dW, )scpE ‘ / pRd(W),
0 0

Proposition 3 (from [7]) For eachn € HG(0, T) witha > 1 and p € (0, o], it holds

t P _ R T
fonsst <IPC,E '/0 n2ds

where 0 < ¢, < C,, < 00 are constants, and [ and [ are upper and lower bounds for
the component-wise variance of Wy.

LL(Qr) and

P
2

3

14 14
2 2

’

. T
Pep B '/ nfds
0

< i sup
1€[0,T1]

Assumption 1 (a) Forevery fixed (x, v) € R"xU,b(-, x, v),h;; (-, x, v),and g (-, x)
are continuous in 7, where o; denotes the j-th column of the matrix o;

(b) b, hij,o; are given functions satisfying b(-, x, v), h;; (-, x,v),0;(-, x) € LzG
([0, T], R™);

(¢) There exists a constant L > 0, such that for every r € [0, T], x, x’ € R", and
every u € U,

lp(t,x,u) — Pt x" u)| < L|x —x'

’

where ¢ is a placeholder for b, h;;. We further suppose that o; is Lipschitz in x.

Assumption 2 (a) There exists some 8 > 2 such that for any y, z, u, we have

f('y *y yv s u)a gl](5 y y5 <, l/l) € Lg([()’ T]’ R”)

(b) There exists L > 0, such that for every r € [0,T],u € U, y, y € R, and
z, 7 € R, it holds

d

f@x,y 2w = fx Y, 2wl + ) i x, v, 2w — gij (1, x, Y, 2w
i,j=1

<L(y—=YI+lz=2D.
(©) fG.x,y,z,u),g&j(,x,y, z, u) are continuous in ¢t € [0, T], for every fixed
(x,y,z,u)

(d) There exist a constant L > 0, such that

|®(x) — D(x)| < L(jx — x')).
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Assumption 3 The functions b, o, f, h = (h;;), g = (gij), and ® are bounded.

For every fixed initial time ¢ € [0, T], and initial state x € R", and for every fixed
control u € U(t) under Assumption 1 (see [16]), the forward stochastic differential
equation in (1) has a unique solution X"*¥. Moreover, under Assumption 3 (see [7])
the backward stochastic differential equation of (1) has a unique solution denoted by
Y, Z, M) = (yhu, zt-xu M%) Note that, the first component, Y, of the solution
of the backward stochastic differential equation in (1) is deterministic in that ¥;*" is
a deterministic function of (¢, x); see [10].

Definition The cost functional which will be minimized, is defined for u € U(t) by:
J(t, x;u) =Y/
A control u is called optimal if it minimizes J that is:

Yo" = essinf Y, 0.
uel(t)

If & € U(t), we say that u is an optimal strict control. We define the value function
by:

V(t,x) =essinfJ (¢, x, u).
uel(t)

V (¢, x) is the unique viscosity solution of the G-HJB equation
In what follows, we will suppress the dependence of V on the variables # and x and
simply write V = V (z, x)

&V + inf H(V?V,VV,V,x,t,u) =0,
uell(r) 4)
V(T,x) =®(x),

where

H(V*V,VV,V,x,t,u) =G(F(V>V,VV,V,x,t,u)) + (b(t, x,u), VV)
+ f(t,x,V,oTVV, ),

with G denoting the nonlinear infinitesimal generator of the G-Brownian motion, and

Fij(V2V, YV, V, x,t,u) =(V2Va;(t,x), 0, (t, x)) + 2(VV, hij (1, x, u))
+2gii(t,x, V,0oTVV, ),

where (6T VV)(t,x) = ({01, VV), ..., {0a, VV)T (¢, x) = Z?.
We give now the definition of a relaxed stochastic control:
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Definition 4 (Relaxed stochastic control) A relaxed stochastic control (or simply
a relaxed control) on (27, Lip(27),E) is a random measure g(w,dt,da) =
Wi (w, da)dt such that for each subset A € B(U), the process (14, (A)):efo.7] is FP-
progressively measurable i.e. for every ¢ € [0, T'], the mapping [0, ] x Q2 — [0, 1]
defined by (s, w) — us(w, A)is B([0, t]) ®/]},P-measurable. In particular, the process
(1t (A))eqo,7] s adapted to the universal filtration F?. We denote by R the class of
relaxed stochastic controls.

Our coefficients are not smooth enough to ensure the existence of a strong solution
of the HIB equation (4). Therefore, the next step will be to define an approximate HIB
equation.

2 The Mollified Hamilton-Jacobi-Bellman Equation

In this section we aim to determine explicitly an optimal feedback control process
from a sequence of stochastic control problems which value functions converge to
the value function of our original problem. The coefficients of the original control
problem are not smooth enough to get a smooth solution, therefore we replace them
by mollified coefficients.

To this end, we define the mollification of a given function as follows: for any
integer m > 1, let ¢ : R™ — R have the following properties:

e ¢ > 01is non-negative and smooth function.
e The support of ¢ is contained in the unit ball in R, i.e. supp(¢) C Bo(1) where
Bo(1) denotes the unit ball in R™.

e ¢ is normalised, i.e./ p(&)dE =1.
Rm

The function ¢ is called a “mollifier”. Then, for any Lipschitz function / : R" — R,
we define its mollification by

Is () == 8™ /Rm / (s —g’)w (5‘%’) de', ECR™, §>0.

Properties 5 The mollification ls of a function | enjoys the following properties:

(1) lls () = 1) =Cié

(2) |Is (&) =1y (§)] < Cy|8 — &'

(3) |l§ &) —1s (S’)| < CilE =& forall, & € R" and 8,8 > 0 where C; denotes
the Lipschitz constant of | that is independently of §.

Proof We prove only the last statement. It holds

15(6) = 156" = 57" /R IE =090 — 1€ = D67 ) ldx

< a*’"/ 980 CllE — £ 1dx
Rm
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<smcils —&1 [ o6,
Rm
Substituting M = 8~ 1x, it follows that
15(€) — 15" < Cilg — €| fR p(M)AM < Cilg — €|

Then |ls (§) — I5 (§')] < C/1& — /1. H

Definition 6 For each § € (0, 1] we denote by bs, o5, f5 and &g the mollification
of the functions b, o, f and ®, respectively, introduced in Sect. 1, with [ = b (-, v),
o(G,v), f(,v)yand D (.).

Now, let Assumptions 1-3 hold, and let § € (0, 1] be an arbitrary fixed number. We

define the function F® = (F i‘;) by:

Fl(t,x,V,VV,V?V,v) = (V*Vo](t,x), 07 (t, x))
F2VV, (1, x, V, 0) + 28}, x, V, (06°) V).

The mollification H%(z, x, V, VV, V2V, u) of the Hamiltonian is defined as

H(t,x,V,VV, V2V, v) = G*(F%(t,x,V,VV, V>V, ) + (bs, VV)
+f5(t,x, V,VV, V2V, v).

Now, since H? is a smooth function and G° is uniformly elliptic, the corresponding
G-HIJB equation

o Ve + in(fJ H(t,x, VS, vV, V2Vo v) =0
ve
VT, x) = ®s(x), x € R™. (5)

has a unique bounded and continuous viscosity solution V4. It moreover follows from

l
the regularity result of Krylov [8], that (5) even has a classical C 143:24([0, T] x RY)
solution. The regularity of V% and the compactness of the control set U allows us to
find a measurable function v® : [0, T]xR" i U such thatforall (¢, x) € (0, T]xR",

H(x,(V,VV,V*V)(t, x),v) = in(fj H(x, (V?,VVe, V2V (1, x),v). (6)
ve

Lemma 7 Assume that the Assumptions 1-3 are satisfied, then
IO, x;u®) = VO, x) = essinf JP ().
uel(r)
Moreover u‘g = vf (s, X?), s € [0, T] is an admissible control.
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Proof Let (¢, x) € [0, T]x R" afixed arbitrary initial datum and § € (0, 1]. Further let
V4 be the solution of (5) and v? the function defined by (6). We consider the following
G-SDE

dX? = bs(s, X2, v°(s, X2))ds + o5(s, X" )d W,
+hs(s, X3, 00 (s, XONd (W), s €1, T]
X0 = x. 7

Since bs, hs are bounded measurable functions in (; x) and o5 is Lipschitz in x, and
as b and & are in L2, then, due to a result in [6], see also [21], there exists a unique
solution Xf IS Mg;([O, T1; R™). We define

Y8 = Vs, X%), and Z2 =VV(s, XD)as(s, X9). ®)

and apply the G-It formula to V°(s, Xf):

T
Vs, X5) — Vs, X9) =/ VV(s, X2)as(s, X2)d W,
t
T
+/ VV(s, X2bs(s, X2, v°(s, X°))ds
t
T
+f [VV (s, X2)hs(s. X200 (5. X)), vP (5. X))
t

T
1
n / VAV, XDos(s, XD (W)s.
t

Taking the partial derivative with respect to s and time s = ¢ yields together with the
G-HIJB equation (5) the following system of coupled equations for (Xf, Y S‘S, Zf, M ;3):

dX3" = by(s, X3 ud)ds + o5, XOYdWy + hs(s, X2 ub)d (W), (9a)
dYP" = — fy(s, X2U ¥ 22" P (s, XO))ds — gs(s, XOU YO, Z0 AW + Z0 AW + d MY
(9b)

X(S,u _ S,u S,u u _
ch=x Yt = os(x3"), MpP=0. (9¢)

By [7], the backward equation (9b) has a unique solution (Y 878 M ‘S) € Sé 0,T)x
Hé (0, T), and we can identify the solution (X8,Y%, Z% of (9) with the solution

(X3t ydtu’ Zhtxu’ ppuy of (7)~(8). In particular, Y2 = Vi, x).

To show that u° is optimal, consider any 8 € (0, 1] different from 8. Then dropping
the dependence on the initial conditions, and denoting X 8 — x8txu’ the solution
of the forward stochastic differential equation

dX¥ " = by (s, X5 ub)ds + oy (s, X2 )d W,
hy (s, X2 ud)d(W)s, s € [1, T
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5/,6
X" =x.

Here u° is a shorthand for ufz = vf (s, X?/’us) for any s € [t, T]. Applying G-1t6’s
formula to

Y‘s/’”(S = V‘S/(s, Xf/”‘s) and Za/”‘s = oy (s, Xf/’”a)VV‘S/(s, Xf/’”(s)
and introducing the shorthand
Ty =GV (F 0,2,V WV V2V ) + by (1, x, VY u), VYY),

. /.8 8 . . .
it follows that the process (Y9, 754" M) is the unique solution of the system of
equations

/8 ~ /.8 /.8 ’ .8 /.8
dYP = —fy wds — gs(s, X2, Y2 Z8 AW + 22 AW, + d M,
8 ub

s, 8
YT ZCDB’(XTM ),

where M’ is a G-decreasing martingale [6]. The mollified G-HJB equation with clas-
sical solution V? implies f(;/’ua < fs’ W Then, using the comparison theorem for

BSDE:s, [10, Thm 3.6, p. 1183], and observing that J;a’ W= fs» we can conclude
that

!
8 ub 8 ub
Y, <Y, s

where the left hand side is the solution of (9b) for § = §’. Since §’ was arbitrary, the
)
last inequality shows that u® =0 (s, Xf’” ) =00 (s, Xf) is the optimal control. O

Lemma 8 Suppose that Assumptions 1-3 hold. Then there exists a non-negative con-
stant C, only depending on the Lipschitz constants of the coefficients and the terminal
time T, such that:

VOt x) = Vo, x))> < C18' =587, t€l0,T], x eR". (10)

For the proof of this Lemma, we refer to Appendix A.1.

Lemma9 As fs, bs, ®s, 05, hs and gs are bounded C* functions, all their derivatives
are bounded. Then

Ve, x)+ Ho(x, (Ve, vV V2V, x),v0(t,x) =0 (1,x) €[0,T] x R"
VT, x) = ®(x), x € R". (11)

admits a unique solution vie C;’z([O, T1 x R™"), where

VV® and V?V? are uniformly bounded on [0, T] x R". (12)
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Moreover; there exists a constant C only depending on T and constants T, k only
depending on T and the Lipschitz constant L of the FBSDE coefficients (cf. Assumption
2), such that

sup [V, x| <C (13)
(1,x)€[0, T]xR"

sup  |[VVe(t,x)| <T (14)
(1,x)€[0, T]xR"
Vi, i e[0,T], [VO(, x) — Vi, x)| <&lf — 1. (15)

Similar result of the estimations given in the above lemma were already proved in [9]
even when the diffusion is depend on the control. Here our diffusion is independent on
the control because then when it is the case we need to prove existence of the solution
of G-SDE with measurable diffusion which we leave for a future work.

For the proof of the lemma, see Appendix A.2.

We briefly discuss the implications of Lemmas 7-9: To this end, note that

VI, x) = V0l < IV x) = VL D+ IV ) = Vi s, ),
as a consequence of which, (14) and (15) imply that
V(' x) = VAt 0] < &l — 1| + Flx — ),
Using (10) and adapting the constants whenever necessary, we obtain
VW) = VAol = € (1t =117+ 1x = x| + 15— o)

for some generic constant C > 0 depending on L and 7. As V9 is bounded in (z, x),
we conclude that it converges to a function V as § — 0, moreover the Ham_iltonian
H?® converges to H because of the stability of the viscosity solution, in fact V is also
solution of (5). The uniqueness of the solution of equation (5) entails that V = V.
This prove that

Ve >V oas 8§ > 0.
More precisely,

IV3(t, x) — V(t,x)| < C8, forall §€[0,1) and (¢,x) € [0, T] x R",

for a constant C that depends on x and ¢.

3 Convergence of the Optimal Control

In this section we show that the solution to the mollified problem (5) converges to
the value function of our original problem, and show that the optimal control of our
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original stochastic optimal control is the limit of the sequence of the optimal control
of the mollified systems. The result is stated in the next theorem.

Theorem 10 Assume that the Assumptions 1-3 are satisfied. Let (¢, x) € [0, T] x R"
and (8;)neN be a sequence _of positive real numbers which tends to 0. Then, there
exists a process (X,Y Z, M) e M2 ([0, T]) x &2 (0, T), with M is a decreasing
martingale and an admlsszble control u e U, such that:

1. Tl_lerg isa sgbsequence of (X S yony, N which converges in distribution to (X,7),
2. (X,Y,Z, M) is a solution of the FBSDE system

dX, = b(s, Xy, iig)ds + o (s, X;)dWs + h(s, Xy, ug)d(W)s,
dYs = —f(s, Xy, Y5, Zs, itg)ds — g(s, Xy, Y, Z)d(W) + Zd W + d M,
X, =x Yr=£6=®Xy), M, =0. (16)

3. Forevery (t,x) € [0, T] x R", it holds that

Y, = V(t,x) =essinf J (¢, x; u) ,

ueR(t)

i.e. there is a relaxed control, such that u € R is optimal for (16) and hence for
our original SOC problem.

To prove the Theorem, we need the following Lemma:

Lemma 11 For all n € N. There exists a constant L such that

El sup [x% —x"?| < Ls? (17)
se(t,T]

E( sup | — Y| < L3} (18)
se(t,T]

For the proof see Appendix B.

Proof of Theorem 10 We will prove that the limit of the sequence (X%, Y®) coincides
with the limit of a subsequence of an auxiliary sequence of forward SDEs whose
solutions converge in law to (X, ¥). To this end, we define the sequence of auxiliary
processes (X, Y}') as the unique solution of the following controlled forward system:

dX" = b(s, X", ‘S”)ds—i-o(s X"dWs + h(s, X", ‘3")d(W>S,

dY" = —f(s, X", Y, o Tw’, uMyds — g(s, X", Y, o Tw’n)d (W),
+oTwd dWy +0"d(B)s — 2G(0")ds,

X' =x, Y"=V(,x), (19)
where ug” = vdn(s, Xf?”) and w = Vv (s X ") We moreover use the short-
hand o7 w? = (o (s, X;’))T " here and 05 wl = (o5, (s, X2 NTwd below for
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the mollified Z-process. Here, (6"),cn is some sequence of stochastic processes

" = (0f)se0,7) With 6y = 0 for all n € N. We further define the process (Xf", Y;S ")
as the solution of the following controlled forward SDE

dX;S" :bsn(s, X‘S ”)ds+05 (s, X )de+h8 (s, XB,, ué,,)d( W),
Ay = —fs, (s, X0, Yr, U wn, unyds — g(s, X%, v, U wind (W),

+JT ‘3" dWws,
X =x ¥ =V, x)

From (8) we have, fort < s < T,that Yf” = Vo (s, X%).Since (s, x) > Vo (s, x)
is a C12 function that satisfies equation (11) with § = &y, it follows from G-Itd’s
formula that

T
Y = @, (X0 + / Fon (s, X2 ¥0 ol win, udnyds
t

T T
+/ g(s, X, ¥ ol winyd(W), / o wir dW;.
1 t

Setting

n d
XS" = ()}fsz), r;’ = (oTw_f",O, uﬁ") W= (;V/)’ and d(W) = (d§g§>

then (19) can be recast as

dxi = BOG s + TG POV, + B0 r)d W, s €11, T
x= (" Vi)

with

no.ny _ b(s, X;‘,ug”)
Bxs s _< — (s, X7, Y o Twd uy —2G(6,)
. his, X7, ud)
H(Xs,rs)—< —g(s, X", Y, whio (X)) + 6,

, X7
E(Xsn7r;'1) = (IZBE.SU(XSn))> .

From (9), we can conclude that w_f” = VVos, Xf") is uniformly bounded. As
a consequence, we can regard (7' )sc[;, 7] as a control with values in the compact set
ACR™ U,
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The next step is to take the limit n — o0, for the purpose of which we consider the
random measure

q"(w,ds,da) = 8r:n(w)(da)ds, (5,a) €0, T] x A, w € Q2.

We can identify the control process 7" with the measure ¢", which amounts to saying
that the controls " are in the set of relaxed controls. Specifically, we consider " as
random variable with values in the space V of all Borel measures ¢g” on [0, T'] x A,
whose projection g" (- x A) coincides with the Lebesgue measure on A, endowed with
the usual o -algebra of Borel sets, B(A).

From the boundedness of our coefficients and by the compactness of V with respect
to the topology induced by the weak convergence of measures, we get the tightness of
the laws of (x”, ¢") on this space, and then, from this and the use of the G-Chattering
Lemma [18] we can extract a subsequence that converges in law to (x, ), with
having values in R. The limit process satisfies

dyxs = B(x, rs)ds + I (xs, r)d(W)s + Z(xs, 15 )d Wy, s e[t, T],
T 1) r
Xt = (-x 5 V " (tax)> ) (20)

with the straightforward definitions of ¥, [ and 8, and

_ (X (W _(dw)
X'_<?>’W'_<W)’ and d<W>'_<d(W)>'

Noting that 7 := (w, 0, it), the system (20) can be again recast as

dX, = b(s, Xy, iis)ds + o (s, Xs)dW; +hGs, Xy, iig)d(W)s,
dYx _f(s XS7YS7ZY1MY)ds_g(S XSv Z)d< )s+2sdvvs +dM57
)_(tzx Y,:V(t,x)

with
_ _ s _ N _
(My)sere, 1, M :=/ 0,d(B), —2/ G(,)dr
t t

being a decreasing G-martingale. This proves the first part of the Theorem (Note that
by tightness, we can choose an arbitrary subsequence).

The second statement follows from Lemma 11 that shows that, if the sequence
(X", Y™),eN converges in law, the same holds true for (X%, Y%),cn, and the limits
have the same distribution. Further, we deduce from (17)—(18) and Proposition 9, that
Yy = V(s, X,) foreachs € [, T quasi-surly (q.-s.). In particular, Y7 = ®(X7) q.-s.
So, the second part of the assertion is proved.

To prove the last part, note that Y; = V (s, X;) forall s € [, T] g.-s.. On the other
hand, it is well known that, for the unique bounded viscosity solution V of the HIB
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equation (4), it holds

V(t,x) =essinf J(t,x;u), q.-s.
ueR(t)
Hence the Theorem is proved. O

4 Conclusions

In this paper, we have proved existence of a relaxed optimal control for a stochastic
control problem that involves a system of decoupled forward-backward SDEs, with
non-smooth coefficients and driven by a G-Brownian motion (G-FBSDEs). From a
high level perspective, the proof is based on the G-Chattering Lemma that has been
proved by one of the authors of this paper. The key idea is to replace all coefficients
in the original G-FBSDE by mollified coefficients, for which existence of an optimal
control can be proved, and then send the mollification parameter to zero. From a tech-
nical perspective, the proof relies on uniform gradient bounds for the corresponding
value function that implies that the associated backward SDE is driven by a control
that is bounded uniformly in time. The latter then allows for proving existence of a
relaxed optimal control by extracting appropriate subsequences. We believe that the
general approach of the G-Chattering Lemma can even be applied to optimal con-
trol problems for smooth G-FBSDE:s, such as G-FBSDEs with coefficients that have
multiscale features. We leave this investigation, however, for future work.

Appendices

A Approximation of the HJB Equation
A.1 Proof of Lemma 8

Proof We start by introducing some notation:

X = X&,t,x,u‘s Y = YB,t,x,u‘S 7 = ZS,[,)C,L{ZS

s 8

/
/ ’ 5 / / / ’
X = X8 XU , Y = YS Sx,u 7! = ZS Jx,u

and

f5(s) = fs(s, Xy, Yy, Zg, ud),  fyr(s) i= fy(s, XL, Y], Z0,u®)
85(s) = g5(s, X, ¥y),  g5(s) = gy (s, X,, Y))
hs(s) = hs(s, X ud),  hy(s) = hy(s. X, ul).
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Applying It6’s formula to | Y] — Y |2, we obtain
T T
Y —v,P +/ 12, — Z,Pd(W), = —f 2Y! — Y||Z, — Z,ldW,
t t
T
—/ Y] — Yy [2d My +|Ds(X7)— Py (XTI
t
T
4 / 2¥! — Vol (fs(s) — fy(s))ds
t

T
4 / 2Y! — Y, 1(85(5) — g5/ (5))d(W)s.
t

T T
Let J,=/ 2|Ys’—YS||Z;—Zs|dWX+'/ |Y! — Y;|*d My; then
t t

T
1Y) — Y, > + Jp =|®s(X7) — Py (X7)[* + / 21Y] = Ys|(fs(s) — for(s))ds
t
T
+/ QY. — ¥, 1(5(s) — gy (s)d(W)s .
t

According to [7], the process J is a G-martingale, therefore

R R R T
E(Y, - Y,*) <E(|®s(X}) — D5(X7)[H) + E ( f 21Y! — Ysl(fs(s) — fa’(S))dS>

t

T
+E </ 21¥; — Yl (gs(s) — g8’(s))d<W)s) ,

t

and so, by Young’s inequality,
E(Y, — v,1?) <E(|®s (X)) — @5(X]) + Ps(Xy) — @s(X7)[%)

N T
+]E(/ EIYS/—Ys|2+6|fa(S)—f5/(S)|2dS)
t
o T
+E</ ;le'—Ys|2+61|g5(8)—ga/(s)|2d<W>s)-
t

Using the BDG inequality under G-expectations, [2, Lemma 2.18], with p = 1, we
have

E(Y, = Y% <2E(|®5 (X)) — Ps (X)) + 2B(1 D5 (XG) — D5(X7) )
T
+1/ B(Y! - 1,?)
€ Js

(" 2 L+ (T 2
+€E / [ fs(s) — for ()] dS) + ?/ E(|Y; — Ys|%)ds

t t
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1+1) A T
4 adt )E</ lgs(s) —gg/(s)|2ds)
t

4
<2e(| Dy (X)) — Ds(X)|) + 2E( D5 (X)) — Ds(X7)[%)

1 (7.
+f/ Y, — v, P)ds

€ Jt

R T
+61E(/0 | f5(s) — fs(s, XL, Y0, Z0,u®) + fs(s, X5, Y], Z4, u®)
— [y (s, XL, Y], Zou®) + fy(s, X}, Y], ZL, Ma)—fa/(S)lzdS>

1+1 (T . al+D( (T
L sgy - vy pyas + 24D / 185(5) — g (s)2ds ).
4er J; 4 0

Since the function f is Lipschitz, with Lipschitz constant L, and bounded by b,
the properties of the mollifier function imply that

. . 1 77T .
E(Y, — Y,|?) <2L*8' — 8> + 2L*E(| X} — X7|*) + gf E(Y, — Y,[})ds
t

T
+6L26E</ |(|xx—X§|2+|Ys—Y;|2+|ZS—Z;|2>ds)
t
+2L3(T — t)el8’ — 81> + 2L*(T — t)eby
[ I
+ / B(Y! = Y,|?)ds

61(l+l)A
— K
+ 205 (

I+D~ (T
v “L4—+)E< / 185/(5) — g3/ (s)[%ds)
t

<2128 — 8> + 2L*E(|1X; — X7%)

/ lgs (s, X, Y5) — g5 (s, X, Ys>|2ds)

t

1 T / 2
+s E(Ys — Ys[7)ds
12

T
+6L%R (/ X — X2 4+ Y — Y2 +1Zs — ZélzdS)

t
+2L*(T — 1)el8’ — 8> + 2L*(T — t)eby
1+1 (7. 1+1)L?
L B4y — voPads + (7 —n DL 5 _gp2
461 t h 4

2L%e (L +1) A T
+$E</(; |XS_X;|2+|YS_Y3/)|2dS)'

@ Springer



1044 Journal of Optimization Theory and Applications (2024) 202:1027-1059

The last inequality implies

18" — 8

; 2e1(L +1)L?
E(Y/ —Y.*) < <2L2 +6LA(T — 1)e + (T — ;)$)

+2L%R(|X, — X7 %)
1 I+1 2L%(+1
(L yarrey LEE, 200D
€ 4ey 4
+2L%(T — t)eby

T
+6L%E ( / |Zs — z;|2ds)
0

2 7 T
+ <6L26 + w> D (/ X, — X;|2ds) .
0

T
/ B(Y! — ¥,[2)ds
! 1)

On the other hand,

t t
Xl - X; Z/ (b(s(s7 XSa ua) - bS’(S» Xi" ua ))ds + / (US(S, XY) - 05/(S7 Xé))dwv
0 0

t
+ /0 (hs(s) — hy (s))d(W)s.

We apply It6’s formula to | X, — X |> where X; and X ; have the same initial condition,
so |X; — X;| = 0, then

t
1X; — X||? :fo 21Xy — X1 (bs(s, X, u®) — by (s, X\, u®))ds
t
+f 2|Xy — X |(05(s, Xs) — o5 (s, X;))d W
0

t
+/O 21X — XL |(hs(s) — hy (s)) + (05(s, X5) — 05 (s, X1))2d (W)s.

By Young’s inequality, we have for any €1, €2, 63 > 0

t 1 /
X, — X, sf (S—|Xs —X;|2+el|b5<s,xs,u5)—by(s,xg,ua)ﬁ) ds
0 1
t
+/ 21Xy — XL|(05(s, Xs5) — a5 (s, X2))d Wi
0

t
+/ e21Xy — X.12 + hs(s) — hy(s)[?
0

+ (05(s, X5) — a5 (s, X})2d(W),.
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Since
n t
E(/ 31Xy — XL +— |c75(s X,) — o (s, X)|2dWs) =0,
0

we obtain after taking expectations

~ ~ t 1 ,
E(X, — X)|*) <E (/ (€—|Xs — X.1> + e1|bs(s, Xy, u®) — by (s, XL, u® )|2) ds)
0 1
= tl 2 2
+E</ — Xy — X\ + e2(hs(s) — hg (s)]
0 &2
+(03(5, X5) = 0y (s, X)DA(W), ).

It then follows from the BDG inequality in the G-framework for p = 1 that

~ [+1
B(x, — x!| )<(81 s ))/0 B(x, — X/1?)

den

t
+eE (/ |bs (s, X5, u’) — by (s, X\, u’ )|2ds)

(1“82 (/ Ihs(s) — ha/(s)|2d5>

% (/ (03 (5. Xs) — 03/ (s, X)Pdv)
0

s(— (l”))f B(X, — X! P)ds
&1 dey

t
+81E(/ |b5<s,xs,u‘3>—bs/<s,xs,u5)|2ds+slf by (s, Xy, u’)
0 0

—by (s, X., u5’)|2ds)

(l+4)8”(f s (s) — ha(s,xg,ua’)ﬁds)
+ (l+982ﬁ(/ lhs(s, X, u®) —h(y(s)|2ds>
M (/ 103(5. Xo) — 03, X)|2ds)

(l“” (/ 13 (s. X) — 0y (s, X)|2ds)

which by Assumptions 2 and 3 implies

n 41
B(X, - X7 < (E ¢+ ))/ B(IX, — X.P)ds

482
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t
+ e (;sz -8+ 2L2f | X5 — X;|2ds>
0

2( + Deat

40+ DL%e (!
+(+)2f E(X, — X/|Pds + b2
4 o 4
I +1)L% r, [+ Deot
+(-)—2/ E(le—Xé|2)ds+Qb§
4 o 4
Setting
204+ D62 (I+1 1 I+1 I+1)L? I+DL?
oo 20EDBL AED L (D) (4D, DL
4 4 €l & &4 €34

the last inequality can be brought in the form
A t A
E(X; — X;1%) < C f E(1X; — X{1%)ds + e1tL*|8 — 8'|* + bpoat.
0
We now choose ¢ and ¢; sufficiently small, such that

61 < —, bpoeat < e1tL%|5 — 8.

and therefore
A t A
E(X, — X|1*) < C / E(1Xs — X.|*)ds + 3e1tL?|5 — &'|.
0
If we now apply Gronwall’s Lemma, the last inequality turns into
E(X; — X)1%) < e Bert L5 — 8. (22)
By the same steps done above, we get
B(X7 — X, %) < ST B TL*[5 — 8')%). (23)

Now, by applying Itd’s formula to |Y] — Y |2, we find the following inequality

. T 201(L + L2
E (/ 1Z; - Zs|2d<W>s> < <2L2 +6LN(T —1)p + (T — t)%) 18" — 2
t
+2L2B(X) — X7
1 1+1 Lo +1 T,
+(7+2L2p+’—+M>/ BY, - V,P)ds
p 4pi 4 :

T
+2L3(T — t)pby + 2L plR (/ |Zs — z;|2ds>
0
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Loil+D\ ~ (T
+ (2L2p + #) k (/0 X, — x;|2ds> .

that holds for any p, p; > 0. Using the G-It6 isometry

E( 2) =1E(/IT|5|2d<W>S>

and the BDG inequality under G-expectations for p = 2 (see [2]), we obtain

Ny 1 1+DL?
k (/ |z, — Z‘Y|2d5> <~ <2L2 +2L%(T —)p + (T — z)Mi) s — 8>
0 [1%)

4
202,

+ I—JE(|X’ - X7

212 I+ [+1 L
+— ( +2L p—i—’ +M>/ E(Y, - Y5 ))ds
0

ley 4p1 4

2L 2L (T o
+ — (T —t)pby + —pE |Zs — Z|°ds

ley ler 0

1 Lot +D\ ~ ([T
+ — 2L2p+M & / X, — X/ 2ds |,
ley 4 0 ‘

for some sufficiently small constant ¢; > 0. Choosing

[ lex 2L%+2L7
p=mN|——, —5—(,
8L2 2L2bf
then yields
202\ ~ r 2L% .
1- ==& / |Z! — Zs?ds | <Cs|8' — 8* + —E( X} — X7?)
lep 0 lea
T 2L2
Z / 2
T cy/ BAY! — VoP)ds + 22T — 1)pby
0 lea
R T
+ CE (/ | X —x;|2ds>,
0
where
1 I+DK?
Cs=— (202 +2LX(T —t)p + (T — )u
ley 4
1 L2pi(l+1
= L (212p 4 L2EHD
lco 4
212 1+Z L2pid+1)
C,=" 2L%p = .
"7 e (p - T T )
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The last inequality can be recast as

([T 2C 2C. L% .
E(f |z;—zs|2ds> <8 =8+ = ROXy — Xr )
0 z Lea (24)
C)’ T / 2 Cx ! 72
+F ]E(|Y§_YS| )dS+FE |X~3_XX| ds s
z 0

z JO z

with the shorthands C; = 1 — % We can choose p > 0 such that

2L2(T Npby < Csls' — 8P and p < min | 22 2L” + 217
—(T — - an min{ —, ———
I Por =55 P=M802 2L,

and substitute (24) in (21). Furthermore, we define

2C
+6L% + =2

- 3e1(l+1)L?
Ci =2 <2L2 F 20T — t)e + (T — t)%)
V4

1 I+1 3L%,(+1) C,2L%
Co=—+6L%+5—+ a+h &

461 4 Cz
- 3L%21(1+1) C.2L?
C3:2L26+ el + )+ X 6’

4 C.

which allows us to simplify the following expression:

. - 24C. L%\ ~
E(Y, - Y*) <Cil8' - 81> + (2L2 + l—e) E(X7 — X1
2
T ) T (25)
+C_’2/ ]E(|Y;—YS|2)ds+é3JE </ IXs—X;|2ds>-
0 0

If we now substitute (22) and (23) in the (25), it follows after further simplifications

24C,L*L%¢

E(Y, — v, ?) <C118' — 8> + <2L2 + 1
ey

) TR\ TLs — 8'1%)
- T A - A
+ Cz/ E(Y] = Y[)ds + C3¢“" (3e1tL*(5 — §'|%), B(Y] — Y,|*)
0
- 24C,L°L? , -
< <C1 + <2L2 + 1176) T3 TL? + C3eC"(381tL2)> 16— 82
[1%)
- T A
+ c2/ B(Y, - ¥,P)ds,
0
Finally, setting

24C,L°L%e

C=C+ <2L2 +— ) O T 3e| TL?) + C3¢C (et L?)
Le2
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and using Gronwall’s Lemma, we find
E(Y, = Y,1?) < CeCT |8 — 82,

This proves Lemma 8. O

A.2 Proof of Lemma 9

Proof Since G satisfies a uniform ellipticity condition, the unique bounded continuous
viscosity solution V% of equation (11) is smooth with regularity C2([0, T] x R"),
and thus the regularity results of Krylov [8, Theorems 6.4.3 and 6.4.4] apply. As a
consequence, V? satisfies (12).
Let (¢, x) € [0, T] x R" be given. We introduce the shorthands
B(t.x) := bs(s, X311 yd (s, xO100"y)

$
E(t, x) 1= 05(s, X>151)

O, x) := hs(s, X(S’t’x’ua, V8 (s, X8,l,x,u‘3)) .

For every s € [t, T], the SDE

N N N
xixd =x+/ B(r, Xﬁ’x”s)dr—i—/ E(r, XL50)dW, +/ O, XL d(W),,
t

13 t

has a unique solution. We define Y**-% and Z*% r <5 < T by
Y8 = Vs, X%, and Z =o5(s, X)VVis, X9).
By applying Ito’s formula to the function (¢, x) — V?(z, x) using that

vVt x) +H(t,x, Ve, VVS VIV u) =0
VT, x) = ®(x),R",

it follows that

Ytt,x,zS — QJS(XIYZX'B) _ ftT fzS(Sa X;’X’B, YSt,x,S’ Zé,)c,é7 vf)ds (26)
= f7 gl XpU0 Y0 2 N a (W + [T 2 AW — (M — M),
which shows that the process (X%, ¥{***®, Z!*%) is the solution of the G-FBSDE
associated with the coefficients ®s, bs, 05, hs, fs, gs and initial data (¢, x).

To prove the bounds (13)—(15), we apply Itd’s formula to the function (¢, x)
|Yst X8 |, <s < T. To this end, we drop all superscripts whenever there is no risk of

confusion and write X; := X5%° ¥, := ¥/"*° etc., and we define

T T
Jt/ Zf 2|¥5|| Zs|d Wy +/ |Ys|2dMS‘
t

t
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Then

T T T
|Y,|2+/ IZslzd(W).v-i-Jt/:|<D5(XT)|2+/ 2|Y.Y|fa(s>ds+/ 21, 1g5(5)d (W),
t t t

which implies

T T
|Yt|2+J;s|<I>s(xT)|2+f 2|Ys|f5(S)dS+/ 21Yslgs(s)d(W)s,
t

t

and thus

1 sup |Yt|2
1€[0,T]

T T
<E <|©6(XT)|2 + sup / 21| f5(s)ds + sup / 2|Ys|88(s)d<w>s) .
t t

t€[0,T] 1€[0,T]

We then apply Young’s and BDG inequalities to obtain for any € — €; > 0:

I 2 7 2 r 2, 1 2
E| sup [Y:]°) <E{Cg% + sup €lYs|”+ —|fs(s)|"ds
te[0,T] te[0,7] L/t €

—~ T 1
+ C21E< sup {/ alYl? + —|ga(s)|2ds}
ref0,71 Wt €1

. TC?
§C<2D + TeE| sup |YS|2 + =/
1€[0,T] €

Czl_C§T

+C21_T611AE sup |Y3|2 +
1€[0,T]

Here Cy > 0, C2 > 0 and Cy, Cg > 0 are appropriate constants. Now, setting
€ = (8T7)"'and €) = (8C,IT) ™!, it follows that

27)

2 202 272272
5 4C3  32T*CT  32C3PCIT
7] < 3 + 3 + 3 )

E sup |Y;
1€[0,T1]

We conclude that there exist a constant C = C(T) > 0, such that (13) is satisfied.
Based on the a priori estimate of the supremum norm of |VV (¢, x) |2 in the work of
Ladyzhenskaya et al. [19, Theorem 6.1 & Chapter VII], we can estimate the gradient
on every compact subset of [0, T] x R", moreover, we can extend this result to the
cylinder [0, T] x {x € R", |x| <n}and [0, T] x {x € R", |x| < n+1}. Exploiting the
Lipschitz continuity of the FBSDE coefficients, sup{|VV (¢, x)|?: t € [0, T], |x| < n}
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can be bounded from above by a constant that depends on C, T and L, but not on 7.
As a consequence, there exist a constant I' = I'(L, T'), such that

IVV3(,x)| < T, (r,x)€[0,T]xR".

This proves (14). Finally, it is easy to check that there exists a constant ¥ > 0, such
that the following bounds hold (see Appendix A.2.1 below):

E(X, = X, ) k(s —r), E( sup [¥/"° =y P ) <ie(s =)
tel0,T]

Further using the fact that Y% = VO, X5%%), it follows that

E(V3(s, x) — Vo(r, 0% < 2BV (s, x) — Y340 12) 4 2B(YE5 — V3G, x) %)
<2k(s —r) + 2TE(X, — X+ ?)
<2k(s—r)+2k(s—r), modifying &

<di(s —r).

Hence (15) is proved. O

A.2.1 Estimating Growth in Time

LetO <t <r <s <T.Then

T T T T
Yol -yt = — / fs(D)dr + / fs(0)dr — / g (W), + f g (Dd(W),

N r
T T
+/ 758 dw, — / ZL5dW, — (M7 — M) + (Mp — M)
SS ; r
—/ fa(f)df—/ gs(r)d(W),
r r

s
+/ ZE AW, + (Mg — M,).
i

Comparing (26), and using the result (27), we conclude

)

E(sup L N s

32(s = r)’C;  32C31PC2(s —r)?
< +
t€[0,T]

and thus

E( sup (!0 —y!¥92) <ie(s — )2
te[0,T]
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On the other hand, it follows from the gradient bound on V4 that
E(Y5 — Ve, 0P =BV, X050 = V0
< FR(X;*0 —x?)
< FE(X;™ = Xp50P),

where we have redefined T in the last step. For X; — X, it readily follows that

s s s
Xs — Xp = / (bs(z, erur)df"f'/ os(t, Xo)dW, +/ hs(T)d(W)<,
r r r

which, together with the boundedness of b, o, h and the BDG inequality yields

A ) . ), W+ D2 202
E(Xs — X/17) <2(s —r)°Cp, +2Col(s —r)C; + A (s —r)°Cy.

Asa consequence

B(1Xs — X, %) < k(s —r).

B Convergence of the Auxiliary Control Problem
Proofof Lemma 11 Let the sequence of processes (X7, ') satisfy the following con-

trolled G-SDE
dX" =b(s, X", Y™, ub)ds + o (s, X")dWs + h(s, X", Y™, ub)d (W),
Ay = —f(s, X, Y], (0 (s, X)) wlr, udnyds — (s, X7, Y7, (o (s, X)) wh)d (W),

+(o (s, XN wend Wy + d My,
X'=x, Y'=Vh(,x), M'=0.
Here w?" = VVon (s, X;S”) and uf” = (s, Xf”) being the optimal control for the
mollified process. In the following, we will use the shorthands

Uwa” = (U(S,X?))TUJ?" and cr(;wf" = (U(gn(s,Xf"))wa".

On Y ;S" ), that for convenience we denote with the

We now consider a subsequence (X
same index n as the full sequence, and that satisfies the following controlled SDE

dX% = b, (s, X0, Yo ulr)ds + o5, (s, XO)dWs + hs, (s, X0, Yo, ub)d (W),

Ayl = —f, (s, X2, Yo ol wi udnyds — g5, (s, X2, Yo o wind(w),

+63€ wf” dw, + dMg",
X =x Y =vh@x), M"=0
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We apply Itd’s formula to | X f” - X7 |2, which gives
X7 - X
t
:/0 20X — X0 |(b(s, X", Y, ubr) — bs, (s, X0, Yo ubn))ds
t
+f 21X — X% |(a (s, X") — 03, (5, X°))d W,
0
t
+ fo 21X7 A+ X (h(s, X2, Y udm) — hs, (s, X2, Yo, ud) + (0 (s, XJ)
— 05, (s, X")*d(W); .
As a consequence,
E(IX! — X" %)
R t
=t ([0 20X — X |(b(s, X", Y, udr) — bs, (s, X2, Yo, u‘jﬂ))ds>
t
+E ( / 21X7 — X (lo(s. XJ) — (03, (s, Xfﬂ))dws))
0
t
+E (/0 20X7 = X2 |(h(s, X2, ud) — hs, (s, X2, ud) + (o (s, X7)
— o, s, X0, w2 (W), )
Now using BDG inequalities (see [2, Lemma 2.18] and [7, Proposition2. 6]) for p = 1,
t
E(x? — x?) <k (/ 21X — X0 |(b(s, X", ub) — b (s, XOn, u_fn))ds>
0
I+D~( [!
+ (4_)15(/0 21X — X" |h(s, X2 ud) — (hs, (s, X2, ud")
+ (o (s, Xy) — 05, (s, Xf-”))dS>,

and (extensively) Young’s inequality,

~ ~ 1
B(x" — xP) <& </ ZIxX7 - X2 4 €lb(s, X, ubry — b¥ (s, X5, uf”)lst)
0

I+Df (11
+ DB( [ Lo = e 2eahis, X2 = o G5, X 2

+ 2¢1|o (s, X{) — 03, (s, Xf”)lzdS)

~ [
<E (/0 E|X§ — X2 £ elb(s, X", ulr) — bs, (s, X, ufn)|2ds>
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1+,
D ([ ixr— xR 4 2alhs, X3 — b G5, X )P

+ 2¢1lo (s, X™) — 03, (5, an)|2ds)
1 (A+1) " P
<|- = E(X" — X°"|*)d
() [0
1
+ €k (/ b(s, X", ub) — bs, (s, X5, ufn)|2ds>
0
1+17
+El(2+ ) (/ |I’l(S Xn (Sn)_hs’l(s XS" M(S”)lzds)

(l+l)51 (/ ((T(S Xn)—(fan(s X(S")) dS)

and
“ t
1) (/ Ib(s, X", u’") — b, (s, X°, u‘s")|2ds>
0
t
52]E</ |b(s,X§’,uf”)—b‘s"(s,X?,uf")IzdS>
0
t
+2k (/ |b5"<s,X;’,u§">—b5"<s,X§",u§">|2ds>
0
R T
1) (/ \h(s, X", ub) — hs, (s, X0, ufﬂ)|2ds)
0
R T
52]E</ |h(s,X;’,uf")—han(s,Xf,uf")|2ds>
0
R T
+2[E <f |hs, (s, X", un) — hs, (s, X2, u”)|2ds>
0
R T
E (/ o (s, X") — o3, (s, X;?n)|2ds>
0
R T
52]E</ Ia(s,X?)—Uan(S’X?deS)
0

T
+ 2 (/ los, (s, X)) — o3, (s, Xf”)ds)
0

together with the mollification properties (cf. Properties 5))

t
E([ Ib(s, X", uby — bs, (s, X2 u ")|2ds)
0

T
<2TLj §; +4L°E (/ | X" — X%n |2ds)
0
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t
E(f |h(s, X", u®) — hs, (s, X2n, u")|2ds)
0

T
<2TLj 83 +2L°K (/ X" — X% |2ds)
0

13
E (/ lo (s, X") — a3, (s, an)|2ds>
0

T
<2TLj 8p +2L°K (/ |X" — X% |2ds) ,
0

we obtain the following bound

“ [+
BOX? - X0 < ( (461))/E('X" X0 2)ds

+€2TL} 82 + 2L%E ( / |X" — X5 |2ds)
0
_ _ . T
+e(+DTL; 87 +e(l+DL*E (/ |X" — ijn|2ds>
0
_ _ R T
+eal+DTL; 87 +e(l+DL*E (/ |X" — X |2ds> .
0

Applying Gronwall’s lemma, it follows that there exists a constant K independent of
8y, such that

B(x" — X% < K82, (28)

which proves the first part of the assertion.
For the second part, we have to estimate the solution of the corresponding G-BSDE.

We start by applying 1t6’s formula to |Y]" — Y ;S" |2, with the shorthand
! B T §"\£T'y /8
Ji = / 21Y = YP[[((o (s, X' — (o5, (s, X3 ) DHwg" [d Wy
1
T
+ [ = viram,
t
where M = M" — M. This yields

Yy — ”I +Jp < (X)) — @ (X7

- 2|Y”—Y5"|(f(s,X" Y2 ot wln udny — fi, (s, X0, ¥ ol win uln))ds
s s Sn
t

T
+/ 21Y] — Y |(g(s, X7, Y] o Twd) — g5, (s, X0, Yo ol wind(W),
t
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Taking expectations, we obtain

By — v 2+ g < Bqoxy) — o (X))

+fE(/ 1Y — YO (f(s, X", Y o
t

wd, uldy — f5, (s, X0 v ol wir, u‘sn))ds>

R T

+E(/ 0¥ — Yo |(g(s, X", Y, &
t

Twbny — g5, (s, X, ¥on, G,ngwf”)d(W)s) .
As before, we apply BDG inequalities for p = 1,

By — v 1?) < Boxg) — o (x3HP)

T

+I@:(/ 0¥ — YO |(f(s. X", Y o
t

+L+1)A

wi, ud) — f5, (s, X v ol wir u‘S”))ds>
TE (/t 21Y! = Y (g(s, X2 Y o Twd) — g5, (s, X2, Y o fjn)ds>,

and Young’s inequality for any €, 1 > 0,

" n S (2 " n 8" xrOn (l+l) ’ n 8012
E(y! — v ) < B(lox)) — o (X)) + + i |Yg —Ygr|ods
t
N T
+ ¢k (/ £ X0 ¥ o wh uldny = f5, (s, X2 ¥ ol win udn)| ds)
t

1+1) A
%E(/ lg(s. X2, Y ol wh) — g5, (s, X2, ¥ o win)| ds>.
t

To simplify the notation, we define

f fSn —f(S Xn Yn o wn un) fsn(s X?n’chn O.(Sngn u?n)

g —gs, =8, XJ, Y oTwd) — g5, (s, X0, Y o wih).

Then,

R T
E(/ If—fa,,lzdS)
t
521@(/ f = fs, (s X0 Y o Tl u"">|2ds)
t

T
+2E (/ I fs, (s, X2, ¥ o Twdn ubny — f5n|2ds)
t
< 2T — 1)L} 8,

T
+6LE (/ (X" = X024 )yr =y 2 4 (o7 - agn)wf"lz)ds> .
t
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and, using the same argument,

T
E ( / lg — ganlzds) < 2T — 1)L} &,
t
R T
HOLBC[ X7 — X4 Y = v
t
+1e” = o Hwd H)ds).

Hence,

Bolyn 8n 2 I (+D\: - 812 2 2
W =Py =+ )R Y — Y 2ds )+ e2(T — L} 82
t

T
+ 6Lek (/ IX] = X0 P+ 17 = 1P 4 (o — o5 wyr |2)ds>
t

LT -0L D,
2e "

SLA+D A ([T
+ 72(‘; )IE(/ (XD = X2 4 ¥" =Y + (o7 fcfsz)wf”lz)ds)
t
1 A+ 3LU+I (T
(L @D OrUHD ) / [Y" — v Pds
e 41 2¢] '
(T —0)L2 (I +1)
+e2(T —DL3 82+ —— 52

281

3LA+D\ A~/ (T
+ <6Ls + g) k (/ X" — x§n|2ds)
2¢e t )
3LA+D\ A~/ (T
+ <6Ls 4 %) f (/ (o7 — oy |2ds)
t

1 (+D 3LUI+T N
§<7+(’+)+Q+GL8>E(/ |Y_;'—xfn|2ds)
t

& 4eq 2e1

(T —nLi,a+D ,
281 "

3LA+D ~ [T
+ (6Ls + %)E(/ X7 — X2 IzdS)
t

SLA+D\ A~ ([ [T
4 <6Le + %) f (/ lo — o, ||%|w§"|2ds) ,
1 t

where || - || r in the last line denotes the Frobenius norm of a matrix. From the Lipschitz
property

+26(T —1)L5 8 +

t T
1 (/ lo(s, X") — os, (s, Xf”)||2Fds> <2TLj 8p +2L°R <f |X" — X |2ds)
0 0

and the fact that w® is bounded due to Lemma 9, it follows that

f[‘i(|Yln _ Yt5u |2)
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1 (40D 3LU+I (T
< _+(_+ )+ @+ )+6L8 k / |Y" — v 2ds
e 4 21 ¢
(T =)L (I +1)
F26(T =)L} 82 4 —— -2
" 2¢e1
3L(L+1)

&1

3L +1 3L+ ~ (T
- <6L8 M L 2L%(6Le + %) CHE (/ | X" — X0 |2ds) :
&1 t

+ <6L8 + ) Co2TL3 8,

2e1

Hence, from (28) and Gronwall’s Lemma,

By =y} ?) < S T-0Cs2,

for some C, C1 > 0. This concludes the proof. O
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