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1 Introduction

The Billiard Configuration Space was initially introduced to study the number of
periodic billiard trajectories in a smooth strictly convex domain Ω in euclidean space
(Farber & Tabachnikov [17], Blagojević, Harrison, Tabachnikov & Ziegler [7]). The
points where a periodic trajectory of length n hits the boundary of Ω live in the Bil-
liard Configuration Space of the boundary of Ω,

GpBΩ, nq :“ tpx1, ..., xnq P pBΩqˆn : xi ‰ xi`1 for 1 ď i ď nu,

where we set xn`1 :“ x1. In the process of studying topology of the space GpBΩ, nq, its
local version

GpRd, nq :“ tpx1, ..., xnq P pRdqˆn : xi ‰ xi`1 for 1 ď i ď nu,

where xn`1 :“ x1, became essential for further calculations [17]. Moreover, estimating
the Lusternik–Schnirelmann category of the Billiard Configuration Space GpSd, nq of the
sphere is of great importance for bounding the number of periodic trajectories [7].

A similar concept to that of Lusternik–Schnirelmann category, namely the topological
complexity of a space, was introduced by Farber [14]. It is a homotopical invariant of a
space which measures how complex a motion planning algorithm on the space must be.
In two papers, Farber & Yuzvinsky [16] and Farber & Grant [15] computed topological
complexity of the (standard) Configuration Space

F pRd, nq :“ tpx1, ..., xnq P pRdqˆn : xi ‰ xj for 1 ď i ă j ď nu.

In this thesis, we aim to give bounds for topological complexity, as well as calculate the
Lusternik–Schnirelmann category, of the Billiard Configuration Space GpRd, nq.

The thesis is divided into six sections. In Section 2 we provide a cellular model for
the Billiard Configuration Space GpRd, nq which has the cellular model of the (standard)
Configuration Space F pRd, nq as a subcomplex. In Section 3 we use these two models
to compute the fundamental group of GpRd, nq.

In Section 4 we provide another cellular model for GpRd, nq, which is of smaller di-
mension than the one obtained in Section 2. This dimension coincides with the integral
cohomological dimension of GpRd, nq, which is a fact necessary for our later computa-
tions. In Section 5 we provide an introduction to the sectional category of a fibration
and to the notion of topological complexity of a space. In Section 6 we first compute
the Lusternik–Schnirelmann category of GpRd, nq. Next, we compute topological com-
plexity of the same space in some cases and provide bounds for the remaining cases. To
bound the topological complexity we use obstruction theory and the low dimensional
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cellular model from Section 4. We believe that fundamental group calculation from Sec-
tion 3 could be used to further sharpen the bound of topological complexity of GpRd, nq
using obstruction theory.

In this thesis we provide original results in the setting of Billiard Configuration
Space. Therefore, whenever we are using a result from a source, we will reference
it without giving a proof in the thesis. However, we will provide proofs of statements
from other sources for which we could not find a complete proof elsewhere.

1.1 Some mathematical preliminaries

For n ě 1 and d ě 1 let

F pRd, nq :“ tpx1, ..., xnq P pRdqˆn : xi ‰ xj for 1 ď i ă j ď nu

be the (standard) Configuration Space. This space is well studied in the literature over
the years ([2], [13], [19], [20], [6]). The main space of our interest will be a similarly
defined space, namely the Billiard Configuration Space defined as

GpRd, nq :“ tpx1, ..., xnq P pRdqˆn : xi ‰ xi`1 for 1 ď i ď nu,

where we set xn`1 :“ x1. One can notice that F pRd, nq Ď GpRd, nq and the two spaces
are the same if n ď 3.

Let Sn denote the symmetric group on n elements, that is the set of automorphisms
of the set rns :“ t1, ..., nu. A left action of Sn on the n-fold product Xˆn of any set X
can be defined as

σ ¨ px1, ..., xnq :“ pxσ´1p1q, ..., xσ´1pnqq,

for any px1, ..., xnq P Xˆn and any σ P Sn. In particular, this defines an action of Sn on
pRdqˆn which restricts to a free action on F pRd, nq Ď pRdqˆn.

Let Dn Ď Sn be the dihedral group, i.e., a subgroup generated by the permutations

ρ : rns  rns, i  i ` 1 and θ : rns  rns, i  n ` 1 ´ i.

In these generators, the dihedral group has a presentation

Dn “ xρ, θ | ρn “ 1, θ2 “ 1, ρθ “ θρn´1y.

By restriction, action of Dn on pRdqˆn is generated by

ρ ¨ px1, x2, ..., xnq “ pxn, x1, ..., xn´1q and θ ¨ px1, x2, ..., xnq “ pxn, xn´1, ..., x1q.

Therefore, GpRd, nq Ď pRdqˆn is an invariant space of this action.

2



2 First CW model

In this section we will define regular Sn-equivariant CW complexes

Fpd, nq Ď F pRd, nq and Gpd, nq Ď GpRd, nq

which are equivariant strong deformation retracts of their respective ambient spaces
F pRd, nq and GpRd, nq. To do so, we closely follow the work of Blagojević & Ziegler [8],
where cellular model Fpd, nq of F pRd, nq is constructed. See also [26].

The type of the complex we construct is known as the Salvetti complex [28]. See also
Fox & Neuwirth [19], Björner & Ziegler [5] and de Concini & Salvetti [12]. We will use
the CW model Gpd, nq in Section 3 to compute the fundamental group of GpRd, nq.

Let us denote by

D :“ tpx1, ..., xnq P pRdqˆn : x1 “ ¨ ¨ ¨ “ xnu

the diagonal and

W‘d
n “ tpx1, ..., xnq P pRdqˆn : x1 ` ¨ ¨ ¨ ` xn “ 0u

its orthogonal complement in pRdqˆn. The composition

pRdqˆn z D −Sn W‘d
n z t0u −Sn SpW‘d

n q (1)

is an Sn-equivariant deformation retraction, where the first map

px1, ..., xnq − px1 ´
1

n
px1 ` ¨ ¨ ¨ ` xnq, ..., xn ´

1

n
px1 ` ¨ ¨ ¨ ` xnqq

is the orthogonal projection along D, the second map x  x{}x} is the normalization.
By SpW‘d

n q we denote the unit sphere in W‘d
n . Let us denote by

F pRd, nq :“ F pRd, nq X SpW‘d
n q and GpRd, nq :“ GpRd, nq X SpW‘d

n q

the induced equivariant strong deformation retracts of F pRd, nq and GpRd, nq, respec-
tively.

The idea is first to construct a CW structure Spd, nq on the sphere SpW‘d
n q. It will

turn out that both F pRd, nq and GpRd, nq will be union of relatively open cells of Spd, nq,
but will not be subcomplexes of the sphere, because the set of open cells belonging
to them will not be closed downwards in the face poset of Spd, nq. However, they
will be closed upwards in the poset. Next, a duality argument will be used to show
the existence of invariant subcomplexes Fpd, nq and Gpd, nq of the dual cell complex
Spd, nqop of Spd, nq with respect to actions of Sn and Dn, respectively. They will be
consisting of the duals of the open cells of Spd, nq contained in F pRd, nq and GpRd, nq,
respectively. Finally, Fpd, nq and Gpd, nq will be equivariant strong deformation retracts
of F pRd, nq and GpRd, nq, respectively.
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2.1 Stratification of W‘d
n

Let px1, ..., xnq P W‘d
n be any point. We can associate to it a permutation σ P Sn such

that
xσp1q ď ¨ ¨ ¨ ď xσpnq,

where ď denotes the lexicographic order of the column vectors in Rd. Notice that if
xσpiq “ xσpi`1q, the permutation σ ˝ pi, i ` 1q can also be associated to px1, ..., xnq to
represent the lexicographic order. Thus, we impose a convention that if xσpiq “ xσpi`1q

we must have
1 ď σpiq ă σpi ` 1q ď n.

For each 1 ď i ď n ´ 1 let

ri :“ mintr P rds : xσpiq,r ă xσpi`1q,ru Y td ` 1u.

Thus ri “ d ` 1 if and only if xσpiq “ xσpi`1q. Let :“ pr1, ..., rn´1q. We will call the pair
pσ, q P Sn ˆ rd ` 1sn´1 the combinatorial data associated to the tuple px1, ..., xnq and
write

xσ1 ăr1 ¨ ¨ ¨ ărn´1 xσn

where σi :“ σpiq for all 1 ď i ď n.

Definition 2.1. Let the set

C :“ tpσ, q P Sn ˆ rd ` 1sn´1 : ri “ d ` 1 ùñ σi ă σi`1u

parameterize all combinatorial data that can be associated to points in W‘d
n and for

each pσ, q P C let

Cpσ, q :“ tpx1, ..., xnq P W‘d
n : xσ1 ăr1 ¨ ¨ ¨ ărn´1 xσnu

be the set of all points with combinatorial data pσ, q.

The family tCpσ, q : pσ, q P Cu stratifies W‘d
n . Moreover each Cpσ, q is a relatively

open cone of dimension

dpn ´ 1q ´ pr1 ´ 1q ´ ¨ ¨ ¨ ´ prn´1 ´ 1q,

as it is defined by a set of pr1 ´ 1q ` ¨ ¨ ¨ ` prn´1 ´ 1q equalities and up to n ´ 1 strict
inequalities in W‘d

n . Apart from Cpid, pd` 1, ..., d` 1qq “ t0u, for all other pσ, q P C the
intersection

cpσ, q :“ SpW‘d
n q X Cpσ, q

is homeomorphic to the open disk of dimension dpn´ 1q ´ 1´ pr1 ´ 1q ´ ¨ ¨ ¨ ´ prn´1 ´ 1q.
Hence, in order to prove that this construction induces a regular CW structure on

SpW‘d
n q it suffices to show that the boundary of each cell is contained in the union of

lower dimensional cells. This fact is secured by the following lemma.
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Lemma 2.2. For each pσ, q P C the closure of the stratum Cpσ, q is a union of strata
Cpτ, q, where pτ, q P C satisfy the following condition. Let 1 ď µ ă λ ď n be any two
indices and let

...τµ... ăsi ...τλ...

appear in that order in pτ, q, where si is the minimal such number. Let σm “ τµ and
σl “ τλ for some m, l P rns. Then

• ...σm... ărj ...σl... appear in pσ, q with rj being the minimal such number and rj ď si

or

• ...σl... ărj ...σm... appear in pσ, q with rj being the minimal such number and rj ă
si.

Proof. Each stratum is given by the set of equalities and strict inequalities, so its closure
is given by keeping the same set of equalities and replacing the strict by weak inequal-
ities. Therefore, each of the strata described in the statement of the lemma belong to
the closure. To prove the opposite, suppose

Cpτ, q Ď clCpσ, q

and pick px1, ..., xnq P Cpτ, q. Let ...τµ... ăsi ...τλ... appear in that order in pτ, q and let
σm “ τµ and σl “ τλ. Assume moreover that si is the smallest such index. Then, the
vectors xτµ and xτλ are equal on the first si ´ 1 coordinates and xτµ,si ă xτλ,si .

Therefore, if ...σm... ărj ...σl... appear in pσ, q and rj is a minimal such number, it
follows that xσm and xσl

are equal the first rj ´ 1 coordinates and xσm,rj ď xσl,rj . Thus
rj ď si. On the other hand, if ...σl... ărj ...σm... appear in pσ, q and rj is a minimal such
number, then xσl

and xσm are equal the first rj ´ 1 coordinates and xσl,rj ď xσm,rj . Thus
rj ă si

As mentioned before, we will denote the sphere SpW‘d
n q endowed with such a CW

structure by Spd, nq. The Sn-action on W‘d
n is stratum-preserving, since the equality

τ ¨ Cpσ, q “ Cpτσ, q

holds for any τ P Sn and pσ, q P C. Therefore, Spd, nq is a regular Sn-complex.

2.2 The duality argument

By Lemma 2.2, there is a poset structure on the set C given by

pτ, q ĺ pσ, q
def

ðñ Cpτ, q Ď clCpσ, q,
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for any pτ, q, pσ, q P C. Poset C has minimum 0̂ :“ pid, pd`1, ..., d`1qq. We will denote
this poset with the minimum omitted by

Spd, nq :“ pC z t0̂u,ĺq.

It represents the face poset of CW complex Spd, nq and 0̂ corresponds to the empty cell.
Blagojević & Ziegler [8] denoted by Spd, nq the same poset with minimum included.

Let us denote by
Spd, nqop :“ pC z t0̂u,ĺopq

the opposite poset of Spd, nq. Notice that for each pσ, q P Spd, nqop we have

either Cpσ, q Ď F pRd, nq or Cpσ, q X F pRd, nq “ H,

and similarly for GpRd, nq. We define F pd, nq and Gpd, nq as

F pd, nq :“ tpσ, q P Spd, nqop : Cpσ, q Ď F pRd, nqu

Gpd, nq :“ tpσ, q P Spd, nqop : Cpσ, q Ď GpRd, nqu. (2)

Lemma 2.3. F pd, nq and Gpd, nq are subposets of Spd, nqop.

Proof. The following characterizations hold.

¨ pσ, q P F pd, nq if and only if 1 ď r1, ..., rn´1 ď d.

¨ pσ, q P Gpd, nq if and only if whenever σj ăd`1 ... ăd`1 σk occurs, that is when-
ever we have rj “ ... “ rk´1 “ d ` 1, it follows that σj ď σk are not cyclically
consecutive, that is 2 ď σk ´ σj ď n ´ 2.

From this and Lemma 2.2 it follows that F pd, nq and Gpd, nq are subposets of Spd, nqop,
since going down in the poset Spd, nqop does not change any of the two properties.

Thus, we are motivated to show that Spd, nqop is a face poset of sphere.

Proposition 2.4. Poset Spd, nqop is the face poset of CW complex Spd, nqop on the sphere
SpW‘d

n q.

Proof. First step is to show that Spd, nq is PL sphere, meaning it has a subdivision which
is isomorphic to a subdivision of a boundary of a simplex. To prove this, one can use
the same argument as in the proof of [5, Theorem 2.6]. Indeed, each stratum Cpσ, q
is a relatively open cone, so it can be made a face of some full-dimensional region for
a certain hyperplane arrangement. Let K be a hyperplane arrangement consisting of all
such hyperplanes. Family K divides W‘d

n into relatively open cones which define a CW
structure on SpW‘d

n q which is a subdivision of Spd, nq. To prove that this CW structure
on SpW‘d

n q is PL it is enough to show it is polytopal. This is indeed the case for Spd, nq,
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since its face poset is isomorphic to the boundary poset of the polar of the zonotope
associated to hyperplane arrangement K [4, Theorem 2.2].

Second step is to apply [4, Theorem 4.7.26 (iv)] by which it follows that the opposite
poset of the face poset of a PL sphere is also a face poset of the CW sphere.

Remark 2.5. From the construction in the proof of [4, Theorem 4.7.26 (iv)] about the
opposite poset of the face poset of PL sphere, it follows that the opposite CW structure
is exactly the dual block complex of Spd, nq in the sense of Munkres [27, Chapter 64].

This dual block complex of Spd, nq is defined by having as cells the duals of cells
cpσ, q for each pσ, q P Spd, nq. For each pσ, q P Spd, nq, the dual cell of cpσ, q is the
geometric realization of the order complex ∆pSpd, nqěpσ, qq, which is a subcomplex of
the first barycentic subdivision

sdSpd, nq “ }∆Spd, nq}.

Here ∆Spd, nq denotes the order complex of Spd, nq. As explained in [4, Section 4.7],
the fact that the dual block complex is indeed a CW complex is provided by the fact that
Spd, nq is PL. See also Hudson [22, Ch. I Sec. 6].

For a cell cpσ, q P Spd, nq let us denote its dual block cell in Spd, nqop by čpσ, q. Let
us define

Fpd, nq Ď Spd, nqop and Gpd, nq Ď Spd, nqop

as the CW subcomplexes of Spd, nqop corresponding to subposets F pd, nq and Gpd, nq of
Spd, nqop defined in (2). In other words, for each dual cell čpσ, q Ď Spd, nqop we have

čpσ, q Ď Gpd, nq Ď Spd, nqop if and only if pσ, q P Gpd, nq Ď Spd, nqop.

The cellular Sn-action of Spd, nq defines a cellular action on Spd, nqop by the rule

τ ¨ čpσ, q “ čpτσ, q,

for each τ P Sn and each pσ, q P Spd, nqop. Therefore Fpd, nq is a Sn-invariant and
Gpd, nq is Dn-invariant subcomplex of Spd, nqop.

Theorem 2.6. For d ě 1 and n ě 2 the following are true.

(i) Space F pRd, nq contains, as an equivariant strong deformation retract, a finite regu-
lar Sn-CW complex Fpd, nq of dimension pd ´ 1qpn ´ 1q.

The face poset of Fpd, nq is F pd, nq Ď Spd, nqop, which can be described as follows.

• Cells čpσ, q of Fpd, nq are indexed by pσ, q P Sn ˆ rdsn´1 and the dimension of
the cell čpσ, q is

dim čpσ, q “ pr1 ´ 1q ` ¨ ¨ ¨ ` prn´1 ´ 1q.
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• The boundary of a cell čpτ, q Ď Fpd, nq consists of all cells čpσ, q Ď Fpd, nq
which satisfy the following condition. Let 1 ď µ ă λ ď n be any two indices and
let ...τµ... ăsi ...τλ... appear in that order in pτ, q, where si is the minimal such
number. Let σm “ τµ and σl “ τλ for some m, l P rns. Then

– ...σm... ărj ...σl... appear in pσ, q with rj being the minimal such number
and rj ď si, or

– ...σl... ărj ...σm... appear in pσ, q with rj being the minimal such number
and rj ă si.

The Sn-action on Fpd, nq is given by

τ ¨ čpσ, q “ čpτσ, q, τ P Sn, pσ, q P F pd, nq.

(ii) Space GpRd, nq contains, as an equivariant strong deformation retract, a finite regu-
lar Dn-CW complex Gpd, nq of dimension dpn ´ 1q ´ 1 ´ pn mod 2q.

The face poset of Gpd, nq is Gpd, nq Ď Spd, nqop, which can be described as follows.

• Cells čpσ, q of Gpd, nq are indexed by the set

tpσ, q P Sn ˆ rd ` 1sn´1 : p@1 ď j ă k ď nq rj “ ¨ ¨ ¨ “ rk´1 “ d ` 1

ñ 2 ď σk ´ σj ď n ´ 2u

and the dimension of the cell čpσ, q is dim čpσ, q “ pr1 ´ 1q ` ¨ ¨ ¨ ` prn´1 ´ 1q.

• The boundary of a cell čpτ, q Ď Gpd, nq consists of all cells čpσ, q Ď Gpd, nq
which satisfy the following condition. Let 1 ď µ ă λ ď n be any two indices and
let ...τµ... ăsi ...τλ... appear in that order in pτ, q, where si is the minimal such
number. Let σm “ τµ and σl “ τλ for some m, l P rns. Then

– ...σm... ărj ...σl... appear in pσ, q with rj being the minimal such number
and rj ď si, or

– ...σl... ărj ...σm... appear in pσ, q with rj being the minimal such number
and rj ă si.

Complex Fpd, nq is an Dn-invariant subcomplex of Gpd, nq and the action of Dn on Gpd, nq
is given by

τ ¨ čpσ, q “ čpτσ, q, τ P Dn, pσ, q P Gpd, nq.

Proof. Statements (i) and (ii) follow by analogous reasoning. Since part (i) is proved
in Blagojević & Ziegler [8, Theorem 3.13], we will give the proof for part (ii). The
composition (1) from the beginning of the section restricts to an equivariant strong
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deformation retraction from GpRd, nq to GpRd, nq :“ GpRd, nq X SpW‘d
n q. Let H :“

tHju1ďjďn be a subspace arrangement in pRdqˆn defined by

Hj :“ tpx1, ..., xnq P pRdqˆn : xj “ xj`1u, 1 ď j ď n,

where xn`1 :“ x1. Space GpRd, nq is the complement of subspace arrangement H. Let

Hpd, nq :“ SpW‘d
n q X

ď

H.

It is a subcomplex of Spd, nq since it is a union of closed strata not contained in GpRd, nq,
which thus has

Hpd, nq :“ Spd, nq z Gpd, nq Ď Spd, nq

as its face poset. To finish the proof, it is enough to show there exists an equivariant
deformation retraction from GpRd, nq “ Spd, nq z Hpd, nq to the subcomplex Gpd, nq Ď
Spd, nqop.

As explained in the proof of Proposition 2.4, the CW structure Spd, nqop is the dual
block structure of Spd, nq (see Munkres [27, Chapter 64]). Thus Spd, nq and Spd, nqop

have the same first barycentric subdivision sdSpd, nq. Moreover, the first barycentric
subdivisions sdHpd, nq and sdGpd, nq are subcomplexes of sdSpd, nq on a disjoint set of
vertices which together form the set of vertices of sdSpd, nq. Thus, there is a strong
deformation retraction

Spd, nq z Hpd, nq − Gpd, nq

induced by the map which maps each simplex of sdSpd, nq which is not totally contained
in sdHpd, nq to its intersection with sdGpd, nq by projection. This maps is also Dn-
equivariant.
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3 Fundamental group

The aim of this section is to compute the fundamental group of the Billiard Configu-
ration Space GpRd, nq.

In the case d “ 1 notice that GpR, nq is the complement Rn z pH1 Y¨ ¨ ¨YHnq of union
of hyperplanes of the form

Hi :“ tpx1, ..., xnq P Rn : xi “ xi`1u,

for 1 ď i ď n. This complement is a disjoint union of 2n open cones and hence has a
trivial fundamental group for any choice of base point. Thus, we can focus on the case
d ě 2. As the next proposition shows, d “ 2 is the most interesting one.

Proposition 3.1. Let n ě 1 and d ě 3 be integers. Then GpRd, nq is simply connected.

Proof. We will use the CW models Fpd, nq and Gpd, nq from Theorem 2.6 because it
illustrates the idea we use for d “ 2 case, even though the claim also follows from
simpler considerations. From the work of Fadell and Neuwirth [13] we know that
F pRd, nq is simply connected for d ě 3 (see also [24, Cor. 2.3.4]). Since Fpd, nq Ď
Gpd, nq is a subcomplex with the full 1-skeleton, Gpd, nq is simply connected as well, due
to [21, Ch. 1 Prop. 1.26].

In order to provide a presentation of π1pGpR2, nqq, we will first need to recall the
Pure braid group presentation of π1pF pR2, nqq due to Artin [2] and connect it to the CW
structure on Fp2, nq.

3.1 Configuration space case

Since the fundamental group of a CW complex is naturally isomorphic to the funda-
mental group of its 2-skeleton, it will be useful to describe the cells and the boundaries
cells in the 2-skeleton.

For each 1 ď k ď n ´ 1 let Ik denote the set of k-cells of the pn ´ 1q-dimensional cell
complex Fp2, nq.

• The set of 0-cells is
I0 “ tčpσ, q : σ P Snu,

where :“ p1, ..., 1q P rd ` 1sn´1. The base point is set to be čpid, q.

• The set of 1-cells is

I1 “ tčpσ, iq : σ P Sn, 1 ď i ď n ´ 1u,

where i :“ p1, ..., 2, ..., 1q P rd ` 1sn´1 has 2 only at position i P rn ´ 1s.
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• The set of 2-cells is

I2 “ tčpσ, i,jq : σ P Sn, 1 ď i ă j ď n ´ 1u,

where i,j :“ p1, ..., 2, ..., 2, ..., 1q P rd ` 1sn´1 has 2 only at (distinct) positions
i, j P rn ´ 1s.

For each 1 ď i ď n´1 let τi :“ pi, i`1q P Sn denote the transposition. Due to Lemma 2.2
we have the following.

• The boundary of any 1-cell čpσ, iq P I1, where 1 ď i ď n ´ 1, consists of vertices
čpσ, q and čpστi, q.

• The boundary of any 2-cell čpσ, i,jq P I2, where 1 ď i ă j ď n ´ 1, consists of

– closures of the six 1-cells

čpσ, i`1q, čpστi`1, iq, čpστi`1τi, i`1q, čpστiτi`1, iq, čpστi, i`1q, čpσ, iq

in the case j ´ i “ 1, or

– closures of the four 1-cells

čpσ, jq, čpστj, iq, čpστi, jq, čpσ, iq

in the case j ´ i ě 2.

We can orient the 1-cells čpσ, iq P I1 to go from the vertex čpσ, q to the vertex čpστi, q.
Thus, with such orientation in place, we can consider each one cell v̌pσ, iq as a path in
Fp2, nq.

Let us denote by
BpRd, nq :“ F pRd, nq{Sn

the unordered configuration space and by p : F pRd, nq  BpRd, nq the quotient map,
which is a covering map since the group is finite and the action is free. Thus

Bpd, nq :“ Fpd, nq{Sn

is the homotopically equivalent CW model for BpRd, nq which has the quotient CW
structure with the unique 0-cell which is also the base point, namely the orbit of čpid, q.
In what follows we again specify to the case d “ 2.

Definition 3.2. The braid group on n strands is the group

Bn :“ xτ1, ..., τn´1| τiτi`1τi “ τi`1τiτi`1, τiτj “ τjτi for |i ´ j| ě 2y. (3)
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Remark 3.3. Artin [2] introduced the notion of geometric braid, as a collection of n dis-
joint arcs pγ1, ..., γnq connecting two collections of n pairwise distinct points px1, . . . , xnq
and py1, ..., ynq placed on the planes z “ 0 and z “ 1 in R3, respectively. In addition, for
each i P rns and each t P r0, 1s the point γiptq belongs to the plane z “ t. Concatena-
tion of braids and the shrinking procedure applied to the representatives of homotopy
classes of braids nicely fit with the homotopy relation and as such are a well defined
group operation on the space of homotopy classes of braids. In fact, he showed that this
group has the presentation (3). Generator τi P Bn and its inverse are depicted in Figure
3.1.

Figure 3.1: Generator τi P Bn and its inverse τ´1
i as a geometric braid.

The following proposition, due to Artin [2], allows us not to distinguish between Bn

and the fundamental group of BpR2, nq.

Proposition 3.4. Let n ě 1 be an integer. Then there is a group isomorphism

π1pBpR2, nqq
–
−− Bn

which maps the orbits of 1-cells čpid, iq to generators τi for each 1 ď i ď n ´ 1.

Proof. Fundamental group of a CW complex Bp2, nq is the same as the fundamental
group of its 2-skeleton, which is the quotient of the 2-skeleton of Fp2, nq. The 0-skeleton
of Fp2, nq consists of a single Sn-orbit, which corresponds to the base point on the
quotient, and 1-cells

čpσ, iq “ σ ¨ čpid, iq

get mapped to loops at the base point of the quotient. Hence, the 1-skeleton of Bp2, nq
is the wedge of n ´ 1 circles. Due to [21, Ch. 1 Prop. 1.26], the fundamental group
π1pBp2, nq, ptq is isomorphic to the group generated by those loops, subject to relations
generated by the boundaries of the 2-cells. The 2-cells in Bp2, nq are the images under
the quotient map of 2-cells

čpσ, i,jq “ σ ¨ čpid, i,jq,
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for each 1 ď i ă j ď n´1. The two types of relations in the definition of the braid group
Bn correspond exactly the boundary relations from the orbit of the 2-cell čpid, i,jq for
j ´ i “ 1 and j ´ i ě 2, respectively. Thus, the isomorphism follows.

Lemma 3.5. (Björner & Brenti [3, Example 1.2.3]) The symmetric group Sn has a pre-
sentation

xτ1, ..., τn´1| τ 2i “ 1, τiτi`1τi “ τi`1τiτi`1, τiτj “ τjτi for |i ´ j| ě 2y
–
−− Sn,

with τi corresponding to the transposition pi, i ` 1q P Sn for each 1 ď i ď n ´ 1.

Proof. Denote by Sn the group on the left hand side. Transpositions generate Sn and
satisfy relations in the presentation of Sn so the morphism is well defined and surjective.
We prove injectivity by inductively showing that Sn is a finite group with |Sn| ď n!.

Let H :“ xτ1, ..., τn´2y Ď Sn be a subgroup. Since the group morphism

Sn´1 − H, τi  τi,

is an epimorphism, by the induction hypothesis it follows that

|H| ď |Sn´1| ď pn ´ 1q!.

Due to the relations in Sn, the set cosets Sn{H has exactly n elements, namely

Sn{H “ tτ1 ¨ ¨ ¨ τn´1H, τ2 ¨ ¨ ¨ τn´1H, ..., τn´1H, Hu. (4)

Therefore Sn is finite with |Sn| ď n|H| ď n!.

In particular, from (4) it follows that for any permutation σ P Sn we can fix its
presentation in basis tτ1, ..., τn´1u, namely

σ “ pτkn´1 ...τn´1q ¨ pτkn´2 ...τn´2q ¨ ... ¨ pτk1 ...τ1q, (5)

where 1 ď ki ď i` 1 for each 1 ď i ď n´ 1. Here for every 1 ď i ď n´ 1 in each bracket
of the form τki ¨ ... ¨ τi we assume the ascending order of indices from left to right. In
particular, if ki “ i ` 1 the product is equal to the identity permutation.

Definition 3.6. The pure braid group Pn on n strands is the kernel of the group mor-
phism

φ : Bn − Sn, τi − τi.

The presentation of Sn from Lemma 3.5 allows us to see that the morphism φ is well
defined.
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Remark 3.7. We can geometrically interpret φ as follows. Each based loop in Bp2, nq is
path-homotopic to some based loop γ in its 1-skeleton. Thus, γ lifts to a unique path γ̃
on the 1-skeleton of Fp2, nq starting at the base point čpid, q P Fp2, nq. That is, the lift
γ̃ is a concatenation of (oriented) 1-cells of Fp2, nq and their inverses. Let the endpoint
of γ̃ be the 0-cell čpσ, q P Fp2, nq. Then, φprγsq “ σ. Indeed, any (oriented) 1-cell
čpπ, iq of Fp2, nq starts at čpπ, q and ends at čpπτi, q. Moreover, the orbit of such a
1-cell čpπ, iq is a loop in Bp2, nq corresponding to the generator τi P Bn.

From the description in the remark above we see that the composition

π1pF pR2, nqq
p˚
−− π1pBpR2, nqq

φ
− Sn

is trivial, since loops in the 1-skeleton of Fp2, nq start and end at the base point čpid, q.
Thus, morphism

p˚ : π1pF pR2, nqq  π1pBpR2, nqq

factors through the pure braid group Pn. Next, we arrive at the presentation of π1pF pR2, nqq.

Proposition 3.8. The fundamental group of the Configuration Space F pR2, nq is a sub-
group of the braid group π1pBpR2, nqq generated by the elements

ai,j :“ aj,i :“ pτj´1...τi`1q ¨ τ 2i ¨ pτj´1...τi`1q´1, 1 ď i ă j ď n.

For any 1 ď i ă j ď n the generator ai,j corresponds to the loop at the vertex čpid, q
obtained by concatenating oriented 1-cells

čpτj´1...τk`1, kq, k “ j ´ 1, ..., i

the 1-cell čpτj´1...τi, iq, and the inverses

čpτj´1...τk, kq´1, k “ i ` 1, ..., j ´ 1.

Here both products τj´1 ¨ ... ¨ τk`1 and τj´1 ¨ ... ¨ τk have descending indices from left to right.
Moreover, π1pF pR2, nqq has the following presentation in these generators

xtaiju1ďiăjďn| aijars “ arsaij r ă s ă i ă j or i ă r ă s ă j

ajiairarj “ airarjaji “ arjajiair r ă i ă j

arspajrajiajsq “ pajrajiajsqars r ă i ă s ă jy. (6)

Proof. As noted above, we have π1pF pR2, nqq Ď Pn Ď Bn. Indices of both subgroups
inside Bn are |Sn|, so the subgroups must be equal. In particular, there is a short exact
sequence

1 − π1pF pR2, nqq
p˚
−− π1pBpR2, nqq

φ
− Sn − 1.
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Artin [2] was the first to obtain the presentation on the pure braid group Pn with
generators ai,j. Later Lee [25, Theorem 1.1] obtained the presentation stated above,
which was different from Artin’s in the sense that it was positive, i.e., that the relations
only included the generators aij and not their inverses.

Since π1pBpR2, nqq is generated by the orbits of the 1-cells tčpid, iq : 1 ď i ď n´ 1u,
it follows that the generators ai,j of π1pF pR2, nqq are the concatenations of 1-cells as
described in the statement of the theorem.

Figure 3.2: Generator ai,j P Pn as a geometric braid.

3.2 Billiard configuration space case

For n ď 3 we have GpRd, nq “ F pRd, nq. Thus, in the case d “ 2 we have the following.

Proposition 3.9. Let n ď 3. Then we have π1pGpR2, nqq “ π1pF pR2, nqq.

From now on, we will assume n ě 4. Similarly as above, fundamental group of
GpR2, nq is isomorphic to that of Gp2, nq, and also that of its 2-skeleton. Let Jk be the
set of the k-cells of Gp2, nq. Then

• J0 “ I0 with the base point čpid, q, J1 “ I1, and

• J2 “ I2 Y J 1
2, where

J 1
2 :“ tčpσ, i,iq : σ P Sn, i P rn ´ 1s such that 1 ă σi`1 ´ σi ă n ´ 1u,

where i,i :“ p1, ..., 3, ..., 1q P rd ` 1sn´1 has 3 only at position i P rn ´ 1s.

The boundary relations of cells in J1 and I2 are the same as in the complex Fp2, nq,
while the boundary of any cell čpσ, i,iq P J 1

2 is the closure of the two 1-cells

čpσ, iq and čpστi, iq,
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for each 1 ď i ď n ´ 1. For each 2-cell čpσ, i,iq P J 1
2, let pσ denote a fixed path

from the base point čpid, q to point čpσ, q on the boundary of the 2-cell čpσ, i,iq. For
example, pσ can be chosen to be the path given by the presentation (5) of σ P Sn,
where 1-cells čp´, iq are concatenated in the same order as corresponding generators
τi in presentation of σ, and instead of a dash, there is the unique permutation such that
the 1-cells can be concatenated and such that the path starts at čpid, q. This choice of
a path pσ associates a loop

pσ ¨ čpσ, iq ¨ čpστi, iq ¨ p´1
σ (7)

at the base point čpid, q to the added 2-cell čpσ, i,iq P J 1
2.

For two elements a, b P Pn we will write a „ b if one is a conjugate of the other, that
is if a “ cbc´1 for some c P Pn. Before we proceed to compute π1pGpR2, nqq, it will be
useful to have the following results at our disposal.

Lemma 3.10. For any generator ai,j P Pn, where 1 ď i ă j ď n, and for any 1 ď k ď n´1
we have the following conjugacy in Pn,

τk ¨ ai,j ¨ τ´1
k „ aτkpiq,τkpjq.

Proof. We split the proof into cases according to how τk acts on i and j.
1. If τk acts only on i, we have two possibilities. Either k “ i ´ 1, or k “ i and

j ą i ` 1. In the first case of k “ i and j ą i ` 1 we have

pτiτi`1q ¨ τ 2i ¨ pτiτi`1q´1 “ τ 2i`1,

hence

τi ¨ ai,j ¨ τ´1
i “ pτj´1...τi`2q ¨ pτiτi`1q ¨ τ 2i ¨ pτiτi`1q´1 ¨ pτj´1...τi`2q´1 “ ai`1,j.

This equality is depicted in Figure 3.3.
In the second case of k “ i ´ 1 we have, similarly as above

τ´1
i´1 ¨ τ 2i ¨ τi´1 “ τi ¨ τ 2i´1 ¨ τ´1

i .

It follows that

τ´1
i´1 ¨ ai,j ¨ τi´1 “ pτj´1...τi`1q ¨ τ´1

i´1 ¨ τ 2i ¨ τi´1 ¨ pτj´1...τi`1q´1 “ ai´1,j

and therefore

τi´1 ¨ ai,j ¨ τ´1
i´1 “ ai,i`1 ¨ pτ´1

i´1 ¨ ai,j ¨ τi´1q ¨ a´1
i,i`1 „ ai´1,j.
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Figure 3.3: Equality τi ¨ ai,j ¨ τ´1
i “ ai`1,j for j ą i ` 1.

Figure 3.4: Equality τ´1
j´1 ¨ ai,j ¨ τj´1 “ ai,j´1 for i ă j ´ 1.

2. If τk acts only on j we again have two possibilities. Either k “ j, or k “ j ´ 1 and
i ă j ´ 1. In the case k “ j we immediately have τj ¨ ai,j ¨ τ´1

j “ ai,j`1. In the case
k “ j ´ 1 and i ă j ´ 1 we immediately have

τ´1
j´1 ¨ ai,j ¨ τj´1 “ ai,j´1.

This equality is depicted in Figure 3.4.
Hence it follows

τj´1 ¨ ai,j ¨ τ´1
j´1 “ aj´1 ¨ pτ´1

j´1 ¨ ai,j ¨ τj´1q ¨ a´1
j´1 „ ai,j´1.

3. If k ă i ´ 1 or k ą j then τk commutes with

ai,j “ pτj´1...τi`1q ¨ τ 2i ¨ pτj´1...τi`1q´1

and τk does not act on i and j, so the claim holds. If i ă k ă j´1 (hence j´i ą 2),
then τk does not act on i and j as well. Therefore

τkpτj´1...τi`1q “ pτj´1...τk`2q ¨ τk ¨ pτk`1...τi`1q “ pτj´1...τk`2q ¨ pτkτk`1τkq ¨ pτk´1...τi`1q

“ pτj´1...τk`2q ¨ pτk`1τkτk`1q ¨ pτk´1...τi`1q “ pτj´1...τi`1qτk`1.
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Therefore, we have

τk ¨ ai,j ¨ τ´1
k “ pτj´1...τi`1q ¨ τk`1 ¨ τ 2i ¨ τ´1

k`1 ¨ pτj´1...τi`1q´1 “ ai,j.

4. If τk acts on both i and j, then i “ k “ j ´ 1 and τk flips i and i ` 1. Thus

τi ¨ ai,i`1 ¨ τ´1
i “ τi ¨ τ 2i ¨ τ´1

i “ ai`1,i

With these four cases, the lemma is proven.

Corollary 3.11. For any σ P Sn and any 1 ď i ď n ´ 1 we have the following conjugacy
in Pn,

σ ¨ τ 2i ¨ σ´1 „ aσpiq,σpi`1q,

where we abuse the notation on the left hand side and denote by σ the element in Bn with
presentation (5).

Proof. Let us say that a permutation is of length k if it is composed of k elements in the
presentation (5). We prove the claim by induction on the length of a permutation.

Assume the statement holds for all permutations of length not greater than k, with
k ě 0, and assume σ P Sn is of length k ` 1. Then σ “ τmπ, for 1 ď m ď n ´ 1 and
π P Sn of length at most k. By the induction hypothesis we have

π ¨ τ 2i ¨ π´1 “ b ¨ aπpiq,πpi`1q ¨ b´1

for some b P Pn. Hence by applying Lemma 3.10 in the last step we conclude

σ ¨ τ 2i ¨ σ´1 “ τmpπ ¨ τ 2i ¨ π´1qτ´1
m “ τmpb ¨ aπpiq,πpi`1q ¨ b´1qτ´1

m

“ pτmbτ
´1
m q ¨ pτm ¨ aπpiq,πpi`1q ¨ τ´1

m q ¨ pτmbτ
´1
m q´1

„ τm ¨ aπpiq,πpi`1q ¨ τ´1
m „ aσpiq,σpi`1q

as desired.

Proposition 3.12. Let n ě 4 be an integer. Then the fundamental group of GpR2, nq
is a free abelian group on n generators. The generators can be taken to be the push-
forwards of the generators ai,i`1 P π1pF pR2, nqq in (6), for 1 ď i ď n, via the inclusion
inc : F pR2, nq ã− GpR2, nq.

Proof. The 2-skeleton of Gp2, nq is obtained from the 2-skeleton of Fp2, nq by attaching
only the 2-cells in J 1

2. Therefore, by [21, Ch. 1 Prop. 1.26] it follows that the inclusion

inc : Fp2, nq  Gp2, nq

induces a short exact sequence

1 − N − π1pFp2, nqq
inc˚−−− π1pGp2, nqq − 1, (8)
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where N :“ ker inc˚ is the normal closure of a subgroup of π1pFp2, nqq generated by
loops (7) associated to added 2-cells. In more detail, due to the correspondence of
1-cells čpσ, iq of Fp2, nq and the classes of loops τi P Bn, we have

N “ nclPntστ 2i σ
´1 : σ P Sn, 1 ď i ď n ´ 1 such that 1 ă σi`1 ´ σi ă n ´ 1u.

Here we again abused notation and denote by σ also the braid with presentation (5).
Thus, π1pGpR2, nqq has presentation which is the same as (6) but with additional relation
στ 2i σ

´1 “ 1 for each σ P Sn and 1 ď i ď n ´ 1 for which 1 ă σi`1 ´ σi ă n ´ 1.
Conjugation in Pn of generating elements will not change the normal closure N , and

thus by Corollary 3.11 it follows that the added relations are equivalent to aσpiq,σpi`1q “ 1
for each σ P Sn and 1 ď i ď n ´ 1 such that 1 ă σi`1 ´ σi ă n ´ 1. This is further
equivalent to ai,j “ 1 for each 1 ď i ă j ď n´1 with 1 ă j´ i ă n´1. Thus, the desired
presentation follows, since the relations in (6) now amount to elements a1,2, a2,3, ..., an,1
commuting.
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4 Second CW model

In this section we will construct another CW model Gd,n for Billiard Configuration
Space, again in the spirit of the Salvetti complex [28]. See also Björner & Ziegler [5]
and Blagojević & Ziegler [8]. This model will also be a strong deformation retract of
GpRd, nq, but with an important distinction from model Gpd, nq from Section 2. Namely,
it will be pn ´ 1qpd ´ 1q-dimensional, which is not greater than

dimGpd, nq “ dpn ´ 1q ´ 1 ´ pn mod 2q.

This will be particularly useful for calculating topological complexity of GpRd, nq, since
the dimension of CW model used there is important.

Similar to the procedure in Section 2, we first retract GpRd, nq to the subspace

GpRd, nq “ GpRd, nq X SpW‘d
n q

via map (1), namely
pRdqˆnzD − W‘d

n zt0u − SpW‘d
n q.

The next goal is to stratify the space W‘d
n into cones.

To each px1, ..., xnq P W‘d
n we assign combinatorial data

p , q P rd ` 1sn ˆ t`,´, 0un

in the following way. For each 1 ď i ď n we are comparing vectors xi and xi`1, where
we set xn`1 :“ x1. They are either equal, in which case we set

ri :“ d ` 1 and si :“ 0,

or there is a unique 1 ď r ď d such that xi,j “ xi`1,j for all 1 ď j ď r´1 and xi`1,r ‰ xi,r,
in which case we set

ri :“ r and si :“ signpxi,r ´ xi`1,rq.

More formally, this procedure gives us a function

f : W‘d
n − rd ` 1sn ˆ t`,´, 0un

assigning to each point its combinatorial data.

Definition 4.1. Let

C 1 :“ fpW‘d
n q Ď rd ` 1sn ˆ t`,´, 0un

denote the set of combinatorial data of points in W‘d
n and let

C 1p , q :“ f´1pp , qq “ tx P W‘d
n : p , q is the combinatorial data assoc. to xu.

for each p , q P C 1.
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In more detail, the set C 1 of all possible combinatorial data of points in W‘d
n can be

described as follows. Assume p , q P rd ` 1sn ˆ t0,`,´un is in C 1.
• By definition, we have

ri “ d ` 1 ðñ si “ 0

for all 1 ď i ď n.
• If J :“ tj : rj “ mini riu denotes the set of all indices for which the minimum of

is obtained and if we denote this minimum by r :“ mini ri ă d`1, then we cannot
have that the set of signs tsj : j P Ju has only one element. Indeed, if for example
tsj : j P Ju “ t`u we would have

x1,r ď ... ď xn,r ď x1,r

with at least one strict inequality, which is impossible.
Thus, we conclude that p , q P C 1 must satisfy these two conditions, and moreover they
characterize C 1.

For each p , q P C 1 the set C 1p , q is a relatively open cone. To see what the dimen-
sion is, let r :“ min1ďiďn ri. Then C 1p , q is given by the set of

pr1 ´ 1q ` ... ` prn ´ 1q ´ pr ´ 1q

equalities and some strict inequalities. Indeed, for each 1 ď i ď n ´ 1 we have ri ´ 1
equalities coming from comparing the coordinates of xi and xi`1. When we compare xn

and x1, we already know their first r ´ 1 coordinates are the same, so we only need to
add prn ´ 1q ´ pr ´ 1q additional equalities. Thus, we have

dimC 1p , q “ pn ´ 1qd ` pmin
i

ri ´ 1q ´ pr1 ´ 1q ´ ... ´ prn ´ 1q.

Let us denote by
0̂ :“

`

pd ` 1, ..., d ` 1q, p0, ..., 0q
˘

P C 1

the combinatorial data corresponding to the origin t0u Ď W‘d
n .

Definition 4.2. For each p , q P C 1 z t0̂u we define

c1p , q :“ C 1p , q X SpW‘d
n q.

As in Section 2, for each p , q P C 1 z t0̂u sets c1p , q are non-empty relatively open
subsets of the sphere SpW‘d

n q homeomorphic to open discs of dimensions

pn ´ 1qd ´ 1 ` pmin
i

r1 ´ 1q ´ pr1 ´ 1q ´ ... ´ prn ´ 1q.

Thus the codimension of c1p , q in the sphere SpW‘d
n q is

codim c1p , q “ pr1 ´ 1q ` ... ` prn ´ 1q ´ pmin
i

ri ´ 1q,

for each p , q P C 1 z t0̂u.
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Definition 4.3. On the set C 1 z t0̂u we define a poset structure by letting p , q ĺ p 1, 1q
if and only if we have

• r1
i ď ri for each 1 ď i ď n, and

• if r1
i “ ri then s1

i “ si.

Let us denote by S 1pd, nq :“ pC 1 z t0̂u,ĺq this poset.

Proposition 4.4. The collection

tc1p , q : p , q P C 1 z t0̂uu

of cells forms a cellular structure S 1pd, nq on the sphere SpW‘d
n q with face poset S 1pd, nq.

Opposite poset S 1pd, nqop is a face poset of a cellular structure S 1pd, nqop on the same sphere,
with cells č1p , q of dimension

dim č1p , q “ pr1 ´ 1q ` ... ` prn ´ 1q ´ pmin
i

ri ´ 1q

for each p , q P S 1pd, nq.

Proof. Notice that c1p , q Ď clpc1p 1, 1qq if and only if p , q ĺ p 1, 1q in S 1pd, nq. More-
over, in this case we have dim c1p , q ď dim c1p 1, 1q. Thus, the cells make a regular CW
structure on the sphere with poset S 1pd, nq.

The reason why S 1pd, nqop is also a face poset of a CW structure on SpW‘d
n q is anal-

ogous to the one made in Proposition 2.4. The cells of the opposite structure are
dual block cells, and thus have complementary dimension to the original cells in the
sphere.

Similarly to the situation in Section 2, we again have

either C 1p , q Ď GpRd, nq or C 1p , q X GpRd, nq “ H,

for each p , q P C 1. Let us define

Gd,n :“ tp , q P S 1pd, nqop : C 1p , q Ď GpRd, nqu.

Then for each p , q P C 1 we have

p , q P Gd,n if and only if 1 ď r1, ..., rn ď d.

We again see that Gd,n is closed downwards in the poset S 1pd, nqop.

Definition 4.5. Let n ě 1 and d ě 2 be integers. Define Gn,d Ď S 1pd, nqop to be the CW
subcomplex induced by the subposet Gn,d Ď S 1pn, dqop.
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Finally, we obtain another CW model of the Billiard Configuration Space.

Theorem 4.6. Let d ě 2 and n ě 2 be integers. The space GpRd, nq contains, as a strong
deformation retract, a finite regular CW complex Gd,n of dimension pd ´ 1qpn ´ 1q with the
face poset Gd,n Ď S 1pd, nqop. Moreover, the following facts hold.

• The boundary of a cell č1p , q Ď Gd,n consists of cells č1p 1, 1q Ď Gd,n which satisfy:

¨ r1
i ď ri for all 1 ď i ď n, and

¨ if r1
i “ ri for some 1 ď i ď n, then s1

i “ si.

• The dimension of the cell č1p , q is

dim č1p , q “ pr1 ´ 1q ` ¨ ¨ ¨ ` prn ´ 1q ´ pmin
i

ri ´ 1q.

Moreover, Gd,n Ď GpRd, nq is Dn-invariant subspace, where Dn “ xρ, θy Ď Sn is the
dihedral group. The action is cellular and for a cell č1p , q it is generated by

ρ ¨ č1
`

pr1, ..., rnq, ps1, ..., snq
˘

“ č1
`

prn, r1, ..., rn´1q, psn, s1, ..., sn´1q
˘

and
θ ¨ č1

`

pr1, ..., rnq, ps1, ..., snq
˘

“ č1
`

prn, ..., r1q, p´sn, ...,´s1q
˘

,

where ρ : rns  rns maps i  i ` 1 and θ : rns  rns maps i  n ´ i.

Proof. The proof that Gd,n is a Dn-equivariant strong deformation retract is analogous
to the proof of Theorem 2.6. As for the dimension of the complex Gd,n, notice that for
each cell č1p , q Ď Gd,n we have ri ď d for all 1 ď i ď n. Thus, if rj “ mini ri we have

dim č1p , q “
ÿ

iPrns´tju

pri ´ 1q ď pn ´ 1qpd ´ 1q,

and the equality is obtained when “ pd, ..., dq and “ p`, ...,`,´q.
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5 Sectional category of a fibration

The main reference for this section is paper by Schwarz [29], where the notion of a
sectional category is referred to as the genus of a fibration.

Definition 5.1. A continuous map p : E − B is called a Hurewitz fibration if for any
space X and any two maps f : X ˆ t0u − E and H : X ˆ r0, 1s − B such that the
square

X ˆ t0u E

X ˆ r0, 1s B

f

i p
D G

H

commutes, there is a map G : X ˆ r0, 1s − E such that the two triangles commute,
that is, such that G ˝ i “ f and p ˝ G “ H.

The existence of such a map G is called the Homotopy lifting property of the map p.
In this thesis we will only deal with Hurewitz fibrations (as opposed to Serre fibrations),
so for the sake of brevity we will denote them just by the term fibrations.

If two points b1, b2 P B are in the same path component of B, then the fibers p´1pb1q
and p´1pb2q are homotopically equivalent [21, Proposition 4.60]. By the fiber of a fibra-
tion p : E  B we will denote the fiber F :“ p´1pbq of a fixed, and usually implicitly
assumed, base point b P B.

Remark 5.2. The existence of a lift G : X ˆ I  E is equivalent to the existence a
dashed arrow

X

EI E

BI B

f

Γ

H
p˚

ev0

p

ev0

making the diagram commute. Here BI and EI denote the path spaces of B and E,
while the map H : X  BI corresponds to the map H : X ˆ I  B under the
Exponential law [1, Section 1.3]. Due to the universal property of the pull back

BI ˆB E :“ tpγ, eq P BI ˆB E : γp0q “ ppequ,

existence of a dashed arrow Γ : X  EI for any X is equivalent to existence of a path

24



lifting map Λ : BI ˆB E  EI making the diagram

BI ˆB E

EI E

BI B,

pr2

Λ

pr1 p˚

ev0

p

ev0

(9)

commute. Here pr1 : B
I ˆB E  BI and pr2 : B

I ˆB E  E are the projections on the
first and second coordinate, respectively [1, Ex. 4.3.13].

Definition 5.3. Let X be a topological space. Then by

CX :“ X ˆ r0, 1s{X ˆ t0u

we denote the cone of X. Moreover, let

C 1X :“ X ˆ r0, 1q{X ˆ t0u.

We can see X sitting inside the cone CX as X ˆ t1u Ď CX, so we have C 1X “
CX z X. Next, we give a definition due to Schwarz [29, Ch. I Sec. 5].

Definition 5.4. Let X1, ...., Xk be topological spaces. We define their join X1 ˚ ... ˚ Xk to
be the space

X1 ˚ ... ˚ Xk :“ pCX1 ˆ ¨ ¨ ¨ ˆ CXkq z pC 1X1 ˆ ¨ ¨ ¨ ˆ C 1Xkq.

Thus, a point in the join X1 ˚ ¨ ¨ ¨ ˚ Xk is of the form
`

rx1, t1s, ..., rxk, tks
˘

P CX1 ˆ ¨ ¨ ¨ ˆ CXk

such that
maxtti : 1 ď i ď ku “ 1,

where xi P Xi and ti P r0, 1s for each 1 ď i ď k.

Remark 5.5. This definition coincides (up to homeomorphism) with the notion of join
which can be found in the literature, which for k “ 2 has the form

X ˚1 Y :“ X ˆ Y ˆ I{px, y, 0q „ px1, y, 0q, px, y, 1q „ px, y1, 1q.

For example, we have the homeomorphism [29, Ch. I. Sec. 5]

X ˚ Y
«
−− X ˚1 Y

mapping prx, ts, ry, 1sq P X ˚ Y to px, y, t{2q P X ˚1 Y and prx, 1s, ry, tsq P X ˚ Y to
px, y, 1 ´ t{2q P X ˚1 Y .
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Definition 5.6. Let f : X − Y be a continuous map. Then by

Mf :“ pX ˆ r0, 1s \ Y q{px, 0q „ fpxq

we denote the mapping cylinder of f . Moreover, let

M 1
f :“ pX ˆ r0, 1q \ Y q{px, 0q „ fpxq.

Cone of a space is a special case of a mapping cylinder, namely when Y “ tptu. For
a map f : X − Y we have a natural map

Mpfq : Mf − Y, rx, ts  fpxq, y  y.

Next definition is due to Schwarz [29, Ch. II, Def. 1 & Def. 1’].

Definition 5.7. Suppose we have a fibration Fi  Ei
pi− B over the same base space

for each 1 ď i ď k. Then we define the space E1 ` ... ` Ek to be the pullback of the
diagram

E1 ` ... ` Ek p
śk

i“1 Mpiqzp
śk

i“1 M
1
pi

q

śk
i“1 Mpi

B
śk

i“1 B,

p1`...`pk

ś

i Mppiq

∆

(10)

where ∆ : B 
śk

i“1 B is the diagonal map and

p1 ` ... ` pk : E1 ` ... ` Ek  B

is the induced map.

The map
p1 ` ... ` pk : E1 ` ... ` Ek − B

is a fibration if p1, ..., pk are as well and if B is path connected [29, Ch. II Sec. 1].
Since we are not aware of the full proof of this statement, we include it for the sake of
completeness. We split the proof into a lemma and a corollary.

Lemma 5.8. Let F  E
p
− B be a fibration. Then

CF Mp

B

Mppq
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is a fibration. Moreover, if

X ˆ t0u Mp

X ˆ I B

f

i p

H

G

is a commutative square, then the lift G can be chosen such that for any x P X the following
implication holds:

fpx, 0q P E ˆ t1u Ď Mp ùñ Gpx, Iq Ď E ˆ t1u Ď Mp. (11)

Proof. Let Λ : BI ˆBE  EI be a path lifting map (9) for fibration p. In view of Remark
5.2 it is enough to construct a path lifting map

Θ : BI ˆB Mp − M I
p (12)

for which the path Θ
`

γ, re, 1s
˘

P M I
p lies completely in E ˆ t1u Ď Mp.

Mapping cylinder Mp is a push out of the diagram

E ˆ t0u E ˆ I

B Mp.

p

Moreover, the top horizontal map is a closed cofibration over B and maps p : E ˆ t0u 
B, id : B  B and p ˝ pr1 : E ˆ I  B, from the three spaces making the push out
diagram, are fibrations. Therefore, by [10, Proposition 1.3] it follows that the induced
map

Mppq : Mp − B

is a fibration. Moreover, the path lifting map (9)

Γ : BI ˆB Mp − M I
p

of fibration Mppq is given by

Γ
`

γ, x
˘

psq “

#

“

Λpe, γqpsq,maxt0, t ´ s{2u
‰

, x “ re, ts P Mp for some pe, tq P E ˆ I

γpsq x “ b P Mp for some b P B,

for any pγ, xq P Mp and s P I. Let us define

ĂMp :“
`

pE ˆ r0, 2sq \ B
˘

{ „,
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where relation „ is generated by pe, 0q „ ppeq for each e P E. We will use this model
for the mapping cylinder instead of Mp to define the path lifting map (12)

Θ : BI ˆB
ĂMp − ĂM I

p

with the property that the path Θ
`

γ, re, 2s
˘

is completely contained in E ˆ t2u Ď ĂMp.
Path lifting map Γ is defined on points px, γq P BI ˆB

ĂMp when x P B Ď ĂMp or when
x “ re, ts P ĂMp for e P E and t P r0, 1s. This is the ’lower half’ of BI ˆB

ĂMp. Now we
define a map

Γ1 : BI ˆB

`

E ˆ r1, 2s
˘

−
`

E ˆ r1{2, 2s
˘I ã ĂM I

p

on the ’upper half’ of BI ˆB
ĂMp to map by the rule

Γ1pe, t, γqpsq “
“

Λpe, γqpsq, t ´ s ` ts{2
‰

,

for pe, tq P E ˆ r1, 2s, γ P BI and s P I. Notice that the time coordinate of Γ1 satisfies

t ´ s ` ts{2 “ p2 ´ tqp1 ´ s{2q ` pt ´ 1q2 P r1 ´ s{2, 2s Ď r1{2, 2s

for t P r1, 2s and s P r0, 1s.
Map Γ1 on BI ˆB pE ˆ t1uq coincides with map Γ on BI ˆB pE ˆ t1uq Ď Mp ˆB BI ,

so they can be glued along the intersection of their domains to form a continuous path
lifting map

Θ : BI ˆB
ĂMp − ĂM I

p .

On an element pγ, re, 2sq on top level BI ˆB pE ˆ t2uq Ď BI ˆB
ĂMp map Θ equals

Θ
`

γ, re, 2s
˘

psq “ Γ1pγ, re, 2sqpsq “
“

Λpγ, eqpsq, 2
‰

P BI ˆB pE ˆ t2uq,

for every s P I, so the path Θ
`

γ, re, 2s
˘

indeed stays on the top level as wanted.

Corollary 5.9. Assume Fi  Ei
pi− B is a family of fibrations, where 1 ď i ď k. Then the

right vertical map in (10) is a fibration

F1 ˚ ... ˚ Fk E1 ` ... ` Ek

B

p1`...`pk

with fiber F1 ˚ ... ˚ Fk.
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Proof. Since the pull back of a fibration is a fibration [1, Prop. 4.3.11], it is enough to
show that the left vertical composition in (10) is fibration.

By Lemma 5.8 it follows that Mppiq : Mpi  B is a fibration with fiber CFi for each
1 ď i ď k. Hence, the product map

k
ź

i“1

Mppiq :
k

ź

i“1

Mpi −
k

ź

i“1

B

is also a fibration with fiber
śk

i“1 CFi. Let

X ˆ t0u p
śk

i“1 Mpiqzp
śk

i“1 M
1
pi

q

śk
i“1 Mpi

X ˆ I
śk

i“1 B

f

ś

i Mppiq

H

G

be a commutative diagram with f “ pf1, ..., fkq and H “ pH1, ..., Hkq. Denote by

G :“ pG1, ..., Gkq : X ˆ I −
k

ź

i“1

Mpi

the lift of H, where Gi is a lift of Hi satisfying (11). In order to show that the composi-
tion of the two vertical maps on the right is a fibration, we want to show that G factors
through

`

k
ź

i“1

Mpi

˘

z
`

k
ź

i“1

M 1
pi

˘

Ď
k

ź

i“1

Mpi .

Let px, tq P X ˆ I be any point. Since the image of f avoids
śk

i“1 M
1
pi

it follows that

fjpx, 0q P Ej ˆ t1u Ď Mpj

for at least one 1 ď j ď k. Hence by (11) it follows that Gjpx, Iq Ď Ej ˆ t1u Ď Mpj , so
we have

Gpx, Iq X
k

ź

i“1

M 1
pi

“ H.

Therefore, the desired factorisation holds.
The fiber of this fibration at the diagonal point in Bk is

´

k
ź

i“1

CFi

¯

z
´

k
ź

i“1

C 1Fi

¯

“ F1 ˚ ¨ ¨ ¨ ˚ Fk,

which finishes the proof.
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For a fibration F  E
p
− B and an integer k, we will denote the k-fold sum of

fibration p by

F ˚k Ek

B.

pk

Now we state the central definition of this section.

Definition 5.10. (Schwarz [29, Definition 5]) Let F  E
p
− B be a fibration. The

sectional category of fibration p, denoted by seccatppq, is the minimal integer k P NYt8u
such that there is an open cover of the base space by k open sets,

B “ U1 Y ¨ ¨ ¨ Y Uk,

such that the restricted fibration p|Ui
admits a cross section for each 1 ď i ď k.

The following result transforms the question of finding k partial sections of fibration
to the existence of a global section of the k-fold sum fibration.

Proposition 5.11. (Schwarz [29, Proposition 2]) Let F  E
p
− B be a fibration. Then

seccatppq ď k if and only if the k-fold sum fibration F ˚k  Ek
pk− B admits a global

section.

For a topological space X we will denote by connpXq the connectivity of X. Next
we state an upper bound for sectional category of a fibration over particularly nice base
space.

Corollary 5.12. (Schwarz, [29, Theorem 5]) Let F  E
p
− B be a fibration. Assume B

is a finite-dimensional CW complex. Then

seccatppq ď

R

dimB ` 1

connpF q ` 2

V

.

Proof. Let k be the number on the right hand side. By Proposition 5.11 we know
seccatppq ď k if and only if the k-fold sum F ˚k  Ek

pk− B admits a section. The connec-
tivity of the fiber F ˚k follows from formula of the connectivity of a join (Whitehead [30]),
namely

connpF ˚kq ě k connpF q ` 2pk ´ 1q “ kpconnpF q ` 2q ´ 2.

Thus, there is no obstruction for existence of a section on skeleton of B of dimension
connpF ˚kq ` 1 ě kpconnpF q ` 2q ´ 1 ě dimB.

The above corollary gives an upper bound on the sectional category of a fibration.
Next theorem gives a way to obtain a lower bound.
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Theorem 5.13. (Schwarz [29, Theorem 4]) Let F  E
p
− B be a fibration. Assume

there exist k cohomology classes

ξ1 P H˚pB;A1q, ..., ξk P H˚pB;Akq,

where A1, ...,Ak are some local systems of coefficients on B, such that

(i) p˚ξi “ 0 P H˚pE; p˚Aiq for all 1 ď i ď k, and

(ii) ξ1 Y ¨ ¨ ¨ Y ξk ‰ 0 P H˚pB;A1 bZ ¨ ¨ ¨ bZ Akq.

Then seccatppq ě k ` 1.

5.1 Topological complexity and Lusternik–Schnirelmann category

In this section we define the notion of topological complexity of a topological space,
as introduced by Farber [14].

Definition 5.14. Let pX, x0q be a pointed and path connected topological space. The
topological complexity of X, denoted by TCpXq, is defined as the sectional category of
the fibration

ΩX PX

X ˆ X.

p

Here
PX :“ tγ : r0, 1s  X : γ continuousu

denotes the path space of X,

ΩX :“ tγ : r0, 1s  X : γ continuous and γp0q “ γp1q “ x0u

denotes the loop space, and p :“ ev0ˆev1 is the product of evaluations at the end points.

Lemma 5.15. For any space X the map

p : PX − X ˆ X, γ − pγp0q, γp1qq

from Definition 5.14 is a fibration.

Proof. Let Y be a space and f : Y ˆ t0u  E and H : Y ˆ I  B continuous maps such
that the diagram

Y PX

Y ˆ I X ˆ X.

f

idˆ0 p

H
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commutes. Map f : Y  PX corresponds to the map

f 1 : Y ˆ I  X, py, tq  fpyqptq

due to the Exponential law [1, Section 1.3]. Similarly, the lift G : Y ˆ I  PX corre-
sponds to a map G1 : Y ˆ I ˆ I − X. Map G1 can be defined as

G1py, t, sq :“

$

’

&

’

%

pr1 ˝ Hpy, t ´ 3sq 0 ď s ď t
3

f 1py, 3s´t
3´2t

q t
3

ď s ď 1 ´ t
3

pr2 ˝ Hpy, 3s ` t ´ 3q 1 ´ t
3

ď s ď 1.

It follows that
Gpy, 0qpsq “ G1py, 0, sq “ f 1py, sq “ fpyqpsq

and
p ˝ Gpy, tq “ pG1py, t, 0q, G1py, t, 1qq “ Hpy, tq

hold for any y P Y and any t, s P I.

The map X  PX assigning a constant path at each point is homotopy equiva-
lence. The homotopy inverse is evaluation at the origin, ev0 : PX  X, and homotopy
continuously shrinks the path to its origin.

The k-fold sum of fibration p will be denoted by

pΩXq˚k PkX

X ˆ X.

pk

Example 5.16. (Farber [14, Theorem 1]) For a topological space X we have TCpXq “ 1
if and only if X is a contractible space. Indeed, if X and contractible and h : X ˆ I  X
is homotopy h0 “ idX and h1 “ const, then section

s : X ˆ X  PX

of p may be constructed as follows. For px, yq P X ˆ X we set spx, yq to be the concate-
nation of paths t  htpxq and t  h1´tpyq.

On the other hand, if s : X ˆX  PX is a section of p and x0 P X is the base point,
the map

h : X ˆ I  X, htpxq :“ spx, x0qptq

is homotopy h : idX » x0 .
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In the example above we see that topological complexity of a space homotopic to
a point is the same as topological complexity of a point. Even more is true, namely
topological complexity is homotopy invariant.

Proposition 5.17. (Farber [14, Theorem 3]) Let X and Y be topological spaces and
suppose that X » Y . Then we have TCpXq “ TCpY q.

Another well-studied notion of complexity of a space is the notion of Lusternik-
Schnirelmann category. In fact, it can be seen as a sectional category of a certain fibra-
tion.

Definition 5.18. Let pX, x0q be a pointed and path connected topological space. The
Lusternik-Schnirelmann category of X, denoted by catpXq, is defined as the sectional
category of the fibration

ΩX P˚X

X

q (13)

where
P˚X :“ tγ : pr0, 1s, 0q  pX, x0q : γ continuousu

is the based path space of X and q :“ ev1.

Notice that the space P˚X is contractible, as all paths can be continuously deformed
to the constant path at the base point. Thus from the long exact sequence of the fibration
(13) we have the following.

Lemma 5.19. Let pX, x0q be pointed and path connected topological space. Then we have

πkpΩX, x0q – πk`1pX, x0q

for each k ě 0. In particular, connpXq “ connpΩXq ` 1.

Since both topological complexity and Lusternik–Schnirelmann category are sec-
tional categories of fibrations, we have the following upper bounds due to connectivity
of the loop space and the Corollary 5.12.

Proposition 5.20. Let X be finite dimensional CW complex. Then

TCpXq ď

R

2 dimX ` 1

connX ` 1

V

and catpXq ď

R

dimX ` 1

connX ` 1

V

.

Next, we provide a lower bound for the topological complexity and Lusternik–
Schnirelmann category.
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Proposition 5.21. Let X be a topological space. Assume there exist cohomology classes

ξ1 P H˚pX ˆ X;A1q, ..., ξk P H˚pX ˆ X;Akq,

for some local systems of coefficients A1, ...,Ak on X ˆ X, such that

(i) ξi|X “ 0 P H˚pX;Ai|Xq for all 1 ď i ď k, and

(ii) ξ1 Y ¨ ¨ ¨ Y ξk ‰ 0 P H˚pX ˆ X;A1 bZ ¨ ¨ ¨ bZ Akq.

Then TCpXq ě k ` 1.

Proof. We apply Theorem 5.13 to fibration ΩX  PX
p
− X ˆX. Since the composition

X  PX
p
− X ˆ X is the diagonal mapping d : X  X ˆ X, with the first map being

homotopy equivalence, we conclude that a cohomology class ξ P H˚pX ˆX;Aq satisfies
p˚ξ “ 0 P H˚pPX; p˚Aq if an only if it satisfies d˚ξ “ 0 P H˚pX; d˚Aq.

Proposition 5.22. Let X be a topological space. Assume there exist cohomology classes

ξ1 P Hd1pX;A1q, ..., ξk P HdkpX;Akq,

for some local systems of coefficients A1, ...,Ak on X, such that

(i) di ě 1 for all 1 ď i ď k, and

(ii) ξ1 Y ¨ ¨ ¨ Y ξk ‰ 0 P Hd1`¨¨¨`dkpX;A1 bZ ¨ ¨ ¨ bZ Akq.

Then catpXq ě k ` 1.

Proof. We apply Theorem 5.13 to fibration ΩX  P˚X
p
− X. Since P˚X » pt, the

condition q˚ξi “ 0 is satisfied if di ě 1.

Example 5.23. (Farber [14, Theorem 8]) We have TCpS1q “ 2. More generally,

TCpSnq “

#

2, n is odd,
3, n is even.

Let n be odd. Due to Example 5.16, we have 2 ď TCpSnq since Sn is not contractible.
To prove TCpSnq ď 2 we will construct two open sets U, V of Sn ˆ Sn which cover it,
and define sections of p on both of them. Let

U :“ tpx, yq P Sn ˆ Sn : x ‰ ´yu.

For each px, yq P U there is a unique geodesic from x to y, namely the part of a great
circle containing x and y. This choice yields a continuous section

sU : U − PSn, px, yq − pt  x cospπt{2q ` y sinpπt{2qq.
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For the other open set we choose

V :“ tpx, yq P Sn ˆ Sn : x ‰ yu.

Since n is odd, there is a non-zero vector field X on Sn. Without loss of generality
we may assume X is of unit length. Section sV : V  PSn is defined as follows. For
px, yq P V we set sV px, yq to be concatenation of paths

t  x cospπt{2q ` p´yq sinpπt{2q and t  p´yq cospπtq ` Xpyq sinpπtq.

The first path goes from x to ´y along the unique geodesic, and the second path goes
from ´y to y along the unique geodesic which passes through Xpyq P Sn. The second
path is well defined since Xpyq is orthogonal to both y and ´y.

Let n be even. Since Sn is n-dimensional and pn ´ 1q-connected, from Proposition
5.20 it follows that TCpSnq ď 3. On the other hand, there is a graded Z-algebra isomor-
phism

H˚pSnq – Zrξs{pξ2q,

where deg ξ “ n. In this case, the cross-product

ˆ : H˚pSnq b H˚pSnq
–
− H˚pSn ˆ Snq

is an isomorphism [21, Theorem 3.15]. Let ∆ : X  X ˆ X be the diagonal map.
Then the composition of the cross product and the restriction to the diagonal is the cup
product, ∆˚ ˝ ˆ “ Y. Hence, the class

ξ :“ ξ b 1 ´ 1 b ξ P HnpSnqb2

satisfies p∆˚ ˝ ˆqpξq “ Ypξq “ ξ Y 1 ´ 1 Y ξ “ 0 P HnpSnq and

ξ Y ξ “ ´pp´1qn ` 1qξ b ξ “ p´2qξ b ξ ‰ 0 P HnpSnqb2.

Thus, by Proposition 5.21 we have TCpSnq ě 3.
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6 Topological complexity of Billiard Configuration Space

The aim of this section is to bound topological complexity of the Billiard Configuration
Space

GpRd, nq :“ tpx1, ..., xnq P pRdqˆn : xi ‰ xi`1 for all 1 ď i ď nu,

where xn`1 :“ x1. First, it will be crucial for us to know integral cohomology of GpRd, nq.

Theorem 6.1. (Farber & Tabachnikov [17, Proposition 2.2]) Let d ě 2 and n ě 2 be
integers. Then there is a graded-commutative Z-algebra isomorphism

H˚pGpRd, nq;Zq – Zre1, ..., ens{I,

where e1, .., en are of degree d ´ 1 and I Ď Zre1, ..., ens is an ideal generated by n elements
e21, ..., e

2
n of degree 2pd ´ 1q and the homogeneous element

e1...en´1 ` εe2...en ` ε2e3...ene1 ` ¨ ¨ ¨ ` εn´1ene1...en´2 (14)

of degree pn ´ 1qpd ´ 1q, where ε :“ p´1qpn´1qpd´1q.

For each S P 2rns let

eS :“
ź

iPS

ei P H |S|pd´1qpGpRd, nqq,

where the product is taken in ascending order of indices. The cohomology ring of
GpRd, nq is non-trivial only in dimensions kpd ´ 1q for 0 ď k ď n ´ 1. Moreover, for
0 ď k ď n ´ 2, as abelian groups we have

Hkpd´1qpGpRd, nqq –
à

SPprns
k q

ZxeSy (15)

In the top dimension however, due to relation (14), we have

Hpn´1qpd´1qpGpRd, nqq –
à

SPp rns
n´1q,nPS

ZxeSy. (16)

Corollary 6.2. Let d ě 2 and n ě 2 be integers. Then GpRd, nq is pd ´ 2q-connected.

Proof. For d ě 3 by Proposition 3.1 it follows that GpRd, nq is simply connected. Thus,
the claim follows by Theorem 6.1 and Hurewitz theorem.

Remark 6.3. Let Gd,n Ď GpRd, nq be cellular model from Section 4. The cross product

ˆ : H˚pGd,nq b H˚pGd,nq
–
−− H˚pGd,n ˆ Gd,nq

36



is a graded ring isomorphism, since Gd,n is a finite dimensional CW complex with free
integral homology groups of finite rank [21, Theorem 3.15]. Due to this isomorphism,
we will sometimes for convenience not make the distinction between the two. Post
composing the cross-product with the diagonal map gives the cup product map. Thus,
in view of Proposition 5.21, lower bound TCpGd,nq ě k ` 1 would follow if we there are
classes v1, ..., vk P H˚pGd,nq such that v1 ¨ ... ¨ vk ‰ 0 P H˚pGd,nqb2, where we define

v :“ v b 1 ´ 1 b v P H˚pGd,nqb2 (17)

for any class v P H˚pGd,nq

Before we continue further, let us compute Lusternik–Schnirelmann category of Bil-
liard Configuration Space.

Theorem 6.4. Let n ě 1 and d ě 2 be integers. Then we have

catpGpRd, nqq “ n.

Proof. Since Lusternik–Schnirelmann category is homotopy invariant [23], we can com-
pute it for CW model Gd,n » GpRd, nq from Section 4. Since Gd,n is pd ´ 2q-connected
and pn ´ 1qpd ´ 1q-dimensional, by Proposition 5.20 we have

catpG2,nq ď

R

pn ´ 1qpd ´ 1q ` 1

d ´ 1

V

“ n.

On the other hand, generators e1, ..., en´1 P Hd´1pG2,nq have non-trivial product

e1...en´1 ‰ 0 P Hpn´1qpd´1qpG2,nq,

so by Proposition 5.22 we have n ď catpGd,nq.

Let us know compute topological complexity of GpRd, nq in the case when n ě 3 is
odd.

Theorem 6.5. For d ě 3 odd and n ě 1 integer we have

TCpGpRd, nqq “ 2n ´ 1.

Proof. Topological complexity is homotopy invariant by Proposition 5.17. Thus it is
enough to show TCpGd,nq “ 2n´ 1. Since Gd,n is pn´ 1qpd´ 1q-dimensional and pd´ 2q-
connected, from Proposition 5.20 we obtain

TCpGd,nq ď

R

2pn ´ 1qpd ´ 1q ` 1

d ´ 1

V

“ 2n ´ 1.
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The lower bound 2n ´ 1 ď TCpGd,nq is obtained from Proposition 5.21. Indeed, in
view of the Remark 6.3, it is enough to find a non-trivial product of 2n ´ 2 classes in
H˚pGd,nqb2 of the form (17). For example,

n´1
ź

i“1

ei ¨ ei “
n´1
ź

i“1

p´2qei b ei “ p´2qn´1pe1...en´1q b pe1...en´1q ‰ 0 P H˚pGd,nqb2,

because ei ¨ ei “ ´pp´1qd´1 ` 1qpei b eiq “ p´2qpei b eiq for d odd.

By the work of Farber & Yuzvinsky [16], we know that

TCpF pRd, nqq “ 2n ´ 1

when d is odd. Thus, topological complexity of Billiard and standard Configuration
Space coincide in this case. Natural question arises, that is whether the same is true for
the case of d even. In the same paper, Farber and Yuzvinsky proved

TCpF pR2, nqq “ 2n ´ 2

and obtained bounds
2n ´ 2 ď TCpF pRd, nqq ď 2n ´ 1

for d ě 4 even. It wasn’t until some years later that Farber & Grant [15] the lower
bound is tight. Namely, they obtained

TCpF pRd, nqq “ 2n ´ 2

for d even. In this thesis, besides computing topological complexity of the Billiard
Configuration Space in the case when d is odd, we provide a lower and an upper bound
for the case of even d. As mentioned in the proof of the next theorem, we postpone the
full proof of the upper bound until Subsection 6.1.

Theorem 6.6. For d ě 2 even and n ě 3 we have

n ` 1 ď TCpGpRd, nqq ď 2n ´ 2.

Proof. Let us first obtain the lower bound. By the homotopy invariance of topological
complexity, Proposition 5.17, we will bound TCpGd,nq. The lower bound is obtained by
Proposition 5.21 for all even d ě 2. Indeed, in this case there is a non-trivial product of
n elements in H˚pGd,nqb2 of the form (17), namely

n
ź

i“1

ei “
n

ź

i“1

pei b 1 ´ 1 b eiq ‰ 0 P H˚pGd,nqb2. (18)
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Therefore n ` 1 ď TCpGn,dq. The product (18) is non-trivial since it is a signed sum of
terms of the form

˜

ź

iPI

ei

¸

b

˜

ź

jPrns´I

ej

¸

P H˚pGd,nqb2, (19)

for I P 2rns. To see non-triviality, notice first that the terms for I “ H or I “ rns are
trivial. Due to cohomology relation (14), the term corresponding to I “ tnu can be
expressed as sum

en b e1...en´1 “ ´εpen b e2e3...enq ´ ... ´ εn´1pen b ene1...en´2q,

all of which are basis elements not of the form (19) since they have en on both coordi-
nates. Analogous expression holds for I “ rn´1s. When expressed like this, the product
(18) is a signed sum of distinct additive basis elements of degree n part of H˚pGd,nqb2

and hence non-zero. Notice that the ring H˚pGd,nqb2 has an additive basis the products
of basis elements (15) and (16).

As for the upper bound, we first give an argument for d “ 2. The proof for d ě 4 and
even we postpone until Subsection 6.1. We have

GpR2, nq “ Cn ´
ď

H,

where H :“ tHi : 1 ď i ď nu is a central complex hyperplane arrangement

Hi :“ tpz1, ..., znq P Cn : zi “ zi`1u

of rank n ´ 1. Thus, the upper bound TCpGpR2, nqq ď 2pn ´ 1q holds due to Farber &
Yuzvinsky [16, Theorem 6]. Namely, they proved that the topological complexity of a
complement of central complex hyperplane arrangement is not greater than twice the
rank of the arrangement, where the rank of a hyperplane arrangement is the dimension
of the linear span of normal vectors to the hyperplanes which make the arrangement.

6.1 Obstruction theory

In this subsection the goal is to obtain the upper bound

TCpGn,dq ď 2n ´ 2

for d ě 4 even. We use Obstruction Theory. Our methods are similar to the ones used
by Farber & Grant in the case of standard Configuration Space [15]. See also Costa &
Farber [11].
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Let d ě 4, n ě 2 and k ě 1 be integers and let

pΩGd,nq˚k PkGd,n

Gd,n ˆ Gd,n

pk (20)

be the k-fold sum of fibration

p : PGn,k − Gn,k ˆ Gn,k, γ − pγp0q, γp1qq.

In particular, we have p1 “ p. Due to Lemma 5.19 we know that the fiber pΩGd,nq˚k

of pk is pkpd ´ 1q ´ 2q-connected and the base is pd ´ 2q-connected. In particular, since
d ě 4, the fiber and the base space are simply connected, so we avoid cohomology with
local coefficients. Thus, without mentioning explicitly, all cohomology coefficients will
be assumed to be non-local.

Therefore, due to connectedness of the fiber, by the obstruction theory (see [18,
Lecture 18]), fibration (20) admits a section over the pkpd´ 1q ´ 1q-skeleton of the base
space Gd,n ˆ Gd,n and the first obstruction to existence of a section is

ok P Hkpd´1q
`

Gˆ2
d,n; πkpd´1q´1ppΩGd,nq˚kq

˘

. (21)

Moreover, ok “ 0 if and only if there is a section on kpd ´ 1q-skeleton of Gd,n ˆ Gd,n. We
prove the following lemma.

Lemma 6.7. Let d ě 4 be even and n ě 2 be an integer. If k ě n ` 1, then the first
obstruction class (21) to the existence of section of k-fold sum fibration (20) vanishes.

Before giving a proof of the lemma, let us first obtain the upper bound from previous
subsection.

Proof of Theorem. 6.6 for d ě 4 even. We want to show the upper bound

TCpGd,nq ď 2n ´ 2,

which by Proposition 5.11 is equivalent to the fact that fibration (20) admits a section
for k “ 2n ´ 2. Since n ě 3, we can apply Lemma 6.7 for k “ 2n ´ 2 to conclude that
the first obstruction o2n´2 vanishes,

o2n´2 “ 0 P Hp2n´2qpd´1q
`

Gˆ2
d,n; πp2n´2qpd´1q´1ppΩGd,nq˚2n´2q

˘

.

Thus, there is a section of p2n´2 over the p2n ´ 2qpd ´ 1q-skeleton of Gˆ2
d,n. This finishes

the proof, since the complex Gˆ2
d,n is in fact p2n ´ 2qpd ´ 1q-dimensional.
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Before proving Lemma 6.7, let us exhibit the following. The loop space ΩGd,n is
pd ´ 3q-connected, Lemma 5.19. By the work of Whitehead [30] it follows that the first
non-trivial homotopy group of a join pΩGd,nq˚k satisfies

πkpd´1q´1

`

pΩGd,nq˚k, pt
˘

– πd´2pΩGd,n, ptq
bk.

Notice that for d ě 4 all homotopy groups in this formula are abelian. Let us denote by

o1 P Hd´1
`

Gˆ2
d,n; πd´2pΩGd,nq

˘

,

the first obstruction class of fibration p1 “ p. Its k-fold cup product lives in

oYk
1 P Hkpd´1q

`

Gˆ2
d,n; πd´2pΩGd,nqbk

˘

– Hkpd´1q
`

Gˆ2
d,n; πkpd´1q´1ppΩGd,nq˚kq

˘

.

Moreover, due to Schwarz [29, Theorem 1], this k-fold cup product coincides with the
first obstruction to the existence of section of pk,

oYk
1 “ ok P Hkpd´1q

`

Gˆ2
d,n; πd´2pΩGd,nqbk

˘

.

The coefficients of the cohomology group satisfy

πd´2pΩGd,nqbk – πd´1pGd,nqbk – Hd´1pGd,nqbk

due to Lemma 5.19 and Hurewitz isomorphism. Thus, since Hd´1pGd,nq is a free abelian
group, by the Universal coefficients theorem we may say

o1 P Hd´1pGˆ2
d,nq b Hd´1pGd,nq –

`

H˚pGd,nqb2
˘pd´1q

b Hd´1pGd,nq (22)

and

oYk
1 “ ok P Hkpd´1qpGˆ2

d,nq b Hd´1pGd,nqbk – pH˚pGd,nqb2qpkpd´1qq b Hd´1pGd,nqbk. (23)

The isomorphisms in (22) and (23) are the inverse of the cross product isomorphism,
Remark 6.3. Now we have all the ingredients to finish the proof of Lemma 6.7.

Proof of Lemma 6.7. By the Universal coefficient theorem, we know that

Hd´1pGd,nq – Hd´1pGd,nq,

so let s1, ..., sn P Hd´1pGd,nq be generators, e.g., the ones corresponding to generators
e1, ..., en P Hd´1pGd,nq. Obstruction class o1 therefore has a presentation in the right
hand side of (22) of the form

o1 “
n

ÿ

j“1

˜

n
ÿ

i“1

ci,jpei b 1q ` di,jp1 b eiq

¸

b sj P
`

H˚pGd,nqb2
˘pd´1q

b Hd´1pGd,nq,
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where ci,j, di,j P Z. TH fibration

p1 “ p : PX − X ˆ X, γ − pγp0q, γp1qq

admits a section over the diagonal, namely a map which assigns to each point x P X Ď
X ˆ X on the diagonal the constant path at that point. Thus, by naturality of the
obstruction class it follows that o1|X “ 0. Therefore,

o1|X “
n

ÿ

j“1

n
ÿ

i“1

pci,j ` di,jqpei b sjq “ 0 P Hd´1pGd,nq b Hd´1pGd,nq,

which means ci,j ` di,j “ 0 for each 1 ď i, j ď n. Thus, the obstruction class o1 has the
form

o1 “
n

ÿ

j“1

n
ÿ

i“1

ci,jpei b sjq P
`

H˚pGd,n

˘b2
qpd´1q b Hd´1pGd,nq,

where we again use the notation ei “ ei b 1 ´ 1 b ei P H˚pGd,nqb2.
Now, due to (23) we have that the class ok “ oYk

1 is a sum of elements of the form

pei1 ...eikq b psj1 ...sjkq P pH˚pGd,nqb2qpkpd´1qq b Hd´1pGd,nqbk,

which are all zero on the first coordinate ei1 ...eik . Indeed, since d is even for each
1 ď i ď n we have

ei ¨ ei “ ´pp´1qd´1 ` 1qpei b eiq “ 0,

so for k ě n ` 1 two of the indices i1, ..., ik will be the same.

Remark 6.8. Lemma 6.7 says that the first obstruction of fibration pk vanishes, when-
ever d ě 4 is even and k ě n ` 1. To prove

TCpGpRd, nqq ď k

under the same numerical assumptions as above one might attempt to prove that all
obstructions of pk vanish. The situation is perhaps more complicated in the case d “ 2,
since obstructions of pk live in cohomology modules

H1ď‚ď2pn´1q
`

G2,n ˆ G2,n; π‚´1ppΩG2,nq˚kq
˘

with local coefficients. That is why we believe that our computation of fundamental
group of GpR2, nq » G2,d from Section 3 can be useful if one attempts to continue along
the path of obstruction theory.
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(1970), no. 2, 62–73.

[21] Hatcher, A., Algebraic Topology, Cambridge University Press, 2001.

[22] Hudson, J. F. P., Piecewise linear topology, New York 1, 1969.

[23] James, I. M., On category, in the sense of Lusternik–Schnirelman, Topology, 17
(1978), 331–348.

[24] Knudsen, B., Configuration spaces in algebraic topology, arXiv preprint,
arXiv:1803.11165, 2018.

[25] Lee, E. K., A positive presentation for the pure braid group, Journal of the
Chungcheong Mathematical Society, Vol. 23, No. 3, pp. 555-561, 2010.

[26] Levinson, T., Topology of the CW model of the configuration space, Master’s thesis,
FU Berlin, 2019.

[27] Munkres, J. R., Elements of Algebraic Topology, Addison-Wesley, Menlo Park, CA,
1984.

[28] M. Salvetti, M., Topology of the complement of real hyperplanes in CN , Inventiones
Math., 88 (1987), 603–618.

[29] Schwarz, A. S., The genus of a Fiber space, Amer. Math. Sci. Transl., 55 (1966),
49–140.

[30] Whitehead, G. W., Homotopy Groups of Joins and Unions, Transactions of the Amer-
ican Mathematical Society, vol. 83, no. 1, 1956, pp. 55–69.

[31] Whitehead, G. W., Elements of homotopy theory, Springer - Verlag, 1978.

44


