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Abstract
Non-Hermitian matrices are ubiquitous in the description of nature ranging from classical
dissipative systems, including optical, electrical, and mechanical metamaterials, to scattering of
waves and open quantum many-body systems. Seminal line-gap and point-gap classifications of
non-Hermitian systems using K-theory have deepened the understanding of many physical
phenomena. However, ample systems remain beyond this description; reference points and lines
do not in general distinguish whether multiple non-Hermitian bands exhibit intriguing
exceptional points, spectral braids and crossings. To address this we consider two different
notions: non-Hermitian band gaps and separation gaps that crucially encompass a broad class of
multi-band scenarios, enabling the description of generic band structures with symmetries. With
these concepts, we provide a unified and comprehensive classification of both gapped and nodal
systems in the presence of physically relevant parity-time (PT ) and pseudo-Hermitian
symmetries using homotopy theory. This uncovers new stable topology stemming from both
eigenvalues and wave functions, and remarkably also implies distinct fragile topological phases.
In particular, we reveal different Abelian and non-Abelian phases in PT -symmetric systems,
described by frame and braid topology. The corresponding invariants are robust to
symmetry-preserving perturbations that do not induce (exceptional) degeneracy, and they also
predict the deformation rules of nodal phases. We further demonstrate that spontaneous PT
symmetry breaking is captured by Chern–Euler and Chern–Stiefel–Whitney descriptions, a
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fingerprint of unprecedented non-Hermitian topology previously overlooked. These results open
the door for theoretical and experimental exploration of a rich variety of novel topological
phenomena in a wide range of physical platforms.

Keywords: non-Hermitian systems, topological bands, exceptional points, PT symmetry,
metamaterials
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1. Introduction

Topology provides a powerful framework for describing
robust and universal physical effects emerging in vastly dif-
ferent systems [1, 2]. A particularly important paradigm dur-
ing the twenty-first century has been the enrichment of topolo-
gical phases in presence of symmetries leading to topological
insulators, superconductors and semimetals [3–10]. Already,
this has revolutionized the understanding of quantum phases
of materials, even though the theoretical description is entirely
based on the idealized situation of (free fermions in) closed
quantum systems.

The current frontier of non-Hermitian topological phases
[11], however, goes beyond this closed system perspective.
Here, a rapid development in theory has been accompan-
ied by an abundance of experimental realizations in clas-
sical metamaterials. These provide versatile platforms of
diverse physical provenance for topological phenomena [12–
18] in which non-Hermiticity is central: mechanical systems
exhibit friction, electrical circuits have resistance and losses,
optical systems feature gain and loss, and so on [11, 19].
Although dissipation is arguably the most obvious source
of non-Hermiticity, and correspondingly non-unitary dynam-
ics, the range of applications of non-Hermitian topology
in physics and beyond is much broader [19]. It includes
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quantum systems [20–22], for instance open Lindbladian sys-
tems where the non-Hermitian Liouvillian superoperator gov-
erns the dynamics [23–34], as well as the effective quasi-
particle description of materials including effects of interac-
tions, leads, phonons and disorder [35–40].

Symmetry plays a pivotal role also in non-Hermitian sys-
tems. Of special interest are non-Hermitian operators subject
to parity-time (PT ) symmetry which were initially sugges-
ted as a fundamental amendment of Hermitian operators in
quantum mechanics (of closed systems) due to the existence
of extended parameter regions of real spectra [41–43]. More
recently much interest has concerned applications whereby
PT symmetry implies a perfect balance between gain and
loss in optics [17, 18, 44, 45], and can be realized at remark-
able precision in photonic crystals [46–49], waveguides [50],
acoustics [51], optomechanics [52], trapped ion systems [53]
and microcavities [54–56].

The emergence of non-Hermitian topological phenomena
has sparked the need to describe these within a unified and
rigorous mathematical framework. A salient example is the
K-theory classification of topological phases [57, 58] based on
reference energies, which has provided several useful insights
of physical importance, such as the 38-fold classification of
non-Hermitian symmetry classes [57–60], and illuminated the
topological origin of the non-Hermitian skin effect [60–63].
While both elegant and useful, an apparent drawback of this
classification scheme is that a lot of relevant band struc-
tures in physics cannot be detected by a reference point or
a line. The reference classification is unable to detect either
crossings of non-Hermitian bands (exceptional degeneracy),
or non-Abelian topology sourced by their non-trivial eigen-
mode braiding [64–68], since neither of these relate to the
existence of a reference point or line. The insufficiency of
the reference description is particularly severe when the spec-
trum is restricted by symmetry. In this situation only spe-
cial reference lines are compatible with the symmetry and
abundant systems elude the reference characterization. From
its Hermitian counterpart, a reference energy is most pertinent
to many-body fermionic systems, whereas in experiments a
very large portion are bosonic systems or a single-mode effect-
ive description. Moreover, the gap width, and the correspond-
ing energy cost of excitations, are missing in this framework,
while for many experiments, the gap width serves as a prime
diagnosis of phases. Another question beyond the reference
approach is how conventional Hermitian topology is modified
by non-Hermiticity, especially the stability of Hermitian topo-
logy. For example, the sign of the topological Chern number
can be changed by encircling an exceptional line or traversing
through the Brillouin zone [69–71]. This thus is highly rel-
evant to the manipulation of conventional topological states
through loss and gain.

In the subsequent text, we develop a unified framework to
classify non-Hermitian gapped and nodal systems subject to
either PT symmetry or pseudo-Hermitian [72, 73] symmet-
ries by applying homotopy theory. To facilitate this we use two
distinct concepts of gaps; the well-established band gaps, as

well as a newly-formalized concept of separation gaps. Band
gaps characterize the energy cost of a single-mode excitation,
which is relevant to bosonic systems and effective descriptions
of dynamical processes. They provide a unified description of
both single-body gapped phases and nodal phases. Separation
gaps focus on excitations crossing bands of different static or
dynamic properties, pertinent to many-body scenarios. They
generalize the concepts of line gaps and many-body spectral
gaps to situations where no natural reference energy exists.
Notably, we do not restrict the number of gaps in these con-
siderations and are therefore capable of answering questions
that cannot be reduced to a single gap. In particular, this is the
pertinent situation when PT or pseudo-Hermitian symmetry
is present, where the spectra on the upper and lower half com-
plex planes are correlated. If the spectrum is restricted to the
real axis, these geometry-independent gap concepts naturally
reduce to those familiar from conventional Hermitian topolo-
gical physics. As a result, the new gap formulations are able
to shed light on how novel non-Hermitian topology arises in
addition to existing Hermitian topological phases.

While we show that the implications of homotopy bey-
ond the K-theory description have wider and arguably even
more profound implications in the non-Hermitian realm, it
is also known to be of relevance in the Hermitian limit.
Notably, despite providing the 10-fold way classification of
topological matter [7, 74, 75], K-theory fails to capture cer-
tain physical phenomena of band insulators, such as Hopf
insulators and Euler phases [76–79]. These phases open the
door towards fragile and delicate topology [80–84]. Multiple-
gapped phases constitute another example that is beyond
K-theory. There, non-Abelian eigenvector topology attracts
increasing interest and has been realized in recent experiments
[85–89]. Additional examples outside the scope of the tenfold
way are gapless systems such as graphene, and Weyl semi-
metals, which host protected point-like band intersections [8,
90, 91]. The most intriguing aspects of these gapless phases
are the nodal structures concerning only a few bands and
their crossings, sharply different from the single-gap many-
band limit where K-theory is applicable. All of these systems
require a general homotopy-theory description.

Due to the relaxation of the Hermiticity constraint, gap-
less nodal structures are much more abundant, as fewer
parameters need to be tuned to achieve band intersections
in non-Hermitian systems [11, 92, 93]. Generically, non-
Hermitian band crossings are comprised of exceptional points
(EPs), at which eigenvalues and eigenvectors simultaneously
coalescence [94]. These points appear generically already in
two-dimensional systems [35, 92, 93, 95], while they form
potentially linked and knotted lines in three dimensions [96–
102]. The number of tuning parameters needed to render
exceptional points generic can be further decreased by introdu-
cing certain discrete symmetries; important examples include
the aforementioned pseudo-Hermitian and PT symmetries
[40, 103–109]. In such systems, symmetry-protected EPs
appear stably already in one-dimensional systems, forming
lines in two dimensions and surfaces of arbitrary genus in three
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dimensions [110, 111]. The symmetry also stabilizes higher-
order EPs, signifying the simultaneous coalescence of more
than two eigenvalues and eigenvectors [110, 112–114], which
have been experimentally realized in nonreciprocal circuits
[115] and single-photon setups [116]. In the absence of sym-
metry, the topology protecting EPs comes from the complex
eigenvalues around the EPs. It is of the same origin as gradu-
ally rotating band gaps along a loop [117]. These types of
topological phenomena are far beyond the scope of K-theory
and reference points/lines. They are instead described by the
mathematical structure of braid groups, which are captured
within the framework of homotopy theory for non-degenerate
matrices [65, 67, 70, 71, 118–122]. This non-Abelian braid
topology also permits exceptions to conventional doubling
principles [123].

A natural question to ask is how such new topology arising
from eigenvalues will interact with the existing topology
in Hermitian systems. This is even more relevant for PT -
symmetric systems, where winding numbers, non-Abelian
frame topology, as well as stable Z2 topology [77, 85, 86,
88, 89] already enter the stage for Hermitian systems in one
dimension. All such Hermitian topology originates from the
eigenvectors. Despite many recent advances including, e.g. the
Zak phase [124], the description of the interplay between this
established eigenvector topology and the eigenvalue topology
induced by non-Hermiticity is incomplete. A systematic way
to answer this question will be provided by a general homo-
topy description of excitation gaps.

Motivated by the high physical significance of PT -
symmetric and pseudo-Hermitian systems, the topological
homotopy classification scheme developed in this work
provides an important missing piece in recent physics
research. Homotopy theory provides a simple topological
explanation for the abundance of nodal structures such as EPs
in non-Hermitian systems with symmetries.We use this classi-
fication to explain the previously unknown interplay between
eigenvalue and eigenvector in PT -symmetric systems. This
interplay leads us to posit a very different point of view on
stable and fragile topological phenomena. These are com-
prised of novel Abelian and non-Abelian phases, for which
we further derive explicit stable topological invariants related
to frame and braid topology, as well as winding numbers,
which we explicitly exemplify in illustrative two-bandmodels.
Moreover, we show that the spontaneous breaking ofPT sym-
metry, which appears as a separation between states with dif-
ferent dynamic properties, can be described using a combined
notion of Chern and Euler numbers. The results are briefly
summarized in figure 1. All of these novel topologies echo the
unforeseen exceptional structures of non-Hermitian matrices
[125, 126]. Importantly, we identify some novel mathematical
spaces beyond the symmetric spaces [74] and flag manifolds
[85, 127] that often arise in describing Hermitian systems
[128]. They bring us to a much broader realm of topology bey-
ond existing examples.

We note that our results also apply to charge-conjugation
parity (CP) and pseudo-chiral symmetries [113]. These can be

Figure 1. Gap structures and their accompanying topological
charges. (a) Band gaps indicate that there is a non-zero energy cost
for single-particle excitations preserving the momentum (or other
parameters), ∆k= 0. (b) Separation gaps consider excitations
across distinct types of bands, labeled here by ±. These types are
generalizations of occupied and empty bands. In Hermitian
fermionic systems, we usually separate occupied bands (−) from
empty bands (+). In non-Hermitian systems, ± can be bands
carrying different dynamic properties, e.g. the steady states and the
evanescent states for the Liouvillian gap. (c) Band-gapped systems
are described by braid invariants, the braids of eigenvalues, for
PT -breaking bands, and frame invariants, the frames spanned by
eigenvectors, for PT -preserving bands. (d) The separation gap
between real and non-real eigenvalues is described by the
Stiefel–Whitney class/Euler number for the PT -preserving bands
and the Chern number for PT -breaking bands.

obtained from PT and pseudo-Hermitian symmetry by mul-
tiplying a factor of i to the corresponding matrices. Another
highly relevant situation isC2T symmetry, which is equivalent
to PT symmetry for two-dimensional spinless particles. We
anticipate ample further topological aspects to emerge from
the homotopy description of other symmetry classes. Note this
work is also qualitatively different from previous homotopy
description [70, 71] for systemswithout symmetries. The pres-
ence of symmetry essentially induces coexistence of eigen-
value and wave-function topology from the lowest dimen-
sion. This involves several new algebraic structures calling for
more advanced tools to resolve the overall topological struc-
ture. Moreover, the separation gap notion is for the first time
considered in the non-Hermitian setting. This concept much
broadens the scope of band structures and turns out to be
indispensable when the spectra of the system are correlated by
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anti-linear symmetries. The methods and concepts introduced
here can be subsequently generalized to any other symmetries.

The remainder of the article is organized as follows.Wewill
usePT symmetry as the main example to illustrate the frame-
work and method of the homotopy classification, as well as the
interpretations of different topologies in detail. Subsequently,
we provide a list of analogous results for the case of pseudo-
Hermitian symmetry. We set the physical context in section 2.
We introduce the notion of PT symmetry, the concepts of
band gaps and separation gaps. We give a brief introduction
on how homotopy theory captures all topological invariants
that might appear for both gapped phases and nodal structures.
In section 3, we start from the two-band models, where the
topology can be visualized easily and directly read out without
involving complicated mathematical tools. We apply the res-
ults to a series of models, showing how the nontrivial zeroth
homotopy set explains the abundant existence of nodal struc-
tures. We then illustrate how the winding number in the PT
symmetry-preserving sector emerges as an invariant from the
fundamental group. This predicts protected non-trivial band-
gapped phases and induces rules governing exceptional rings
and surfaces. The results for band-gapped phases and nodal
structures for an arbitrary number of bands are presented in
section 4, including a detailed derivation. We turn to the sep-
aration gap protecting the bands of different symmetry and
dynamic properties in section 5, where we emphasize the
intrinsic non-Hermitian nature of this band structure thor-
oughly. In section 6, we express all the topological invariants
found in the preceding sections 4 and 5 using concepts famil-
iar to most physicists, and answer how these expressions must
be modified to account for the non-orthogonal eigenvectors of
non-Hermitian operators. The issue of fragile and stable topo-
logy follows in section 7. There we unveil that someHermitian
topology remains stable under non-Hermiticity, while some
becomes fragile in a very different way compared to Hermitian
models, accompanied by new stable topology emerges from
complex eigenvalues. The analogous pseudo-Hermitian res-
ults are given in section 8. Different from previous research,
we reveal that pseudo-Hermitian systems can contain an expo-
nentially large zeroth homotopy set, making nodal structures
even more abundant. Finally, we summarize our main results
in section 9, and outline a range of exciting directions for
future research building on the extensive framework estab-
lished here. Supporting mathematical details and generaliza-
tions are provided in appendices A–H.

2. Symmetry, models, and methods

We begin by introducing the questions, concepts, and tools
used throughout the paper. We are interested in systems where
the properties are captured by general N×N non-Hermitian
matrices. Such matrices prominently appear in the equations
of motion as effective Hamiltonians but their applications in
physics are in fact muchmore general [19]. Following the con-
vention in the literature, we denote these matrices as H, while
keeping inmind their more general applications beyond effect-
ive Hamiltonians. The matrix H acts on an N-dimensional

Hilbert space, which represents the degrees of freedom of
the system. In the absence of any constraints, the entries of
these matrices are complex numbers. All such matrices form
an N2-dimensional complex vector space Mat(N,C). In real-
ity, this matrix depends on a series of tunable parameters
in experiments. So it can viewed as a matrix-valued func-
tion. We denote this dependence as H(k), where k is a d-
dimensional real vector, representing the control parameters
in experiments. Such a description also appears as a Bloch
Hamiltonian describing some tight-binding models on a lat-
tice. TheN indices of thematrixH correspond to theN orbitals
inside a unit cell, and it may also include spin degrees of free-
dom. The d real parameters k= (k1,k2, . . . ,kd) are interpreted
as the momentum of the Bloch Hamiltonians. The momenta
form a Brillouin zone in the form of a d-dimensional torus.

The spectrum of matrix H(k) reflects key properties of
the corresponding system. When the matrix is Hermitian, the
spectrum is real. This usually represents that the modes are
oscillating and dissipationless. If loss and gain are included,
H(k) can be non-Hermitian, where the modes have nonzero
imaginary parts and decay or grow with respect to time. A
systematic way to balance these oscillating modes and evan-
escent modes is to impose the matrix H to be real, H ∈
Mat(N,R). Such systems are called PT -symmetric systems
[44–54, 129, 130]. The oscillating modes and decaying/grow-
ing modes follow different patterns under the symmetry trans-
formation. Their appearance is related to the spontaneous sym-
metry breaking, as we recapitulate below.

In addition to these real matrices, other forms of PT sym-
metry also appear naturally in reality. For example, consider
Bloch Hamiltonians where the parity transformation P may
also bring a unitary transformationUP on the space of orbitals
besides reversing the momentum k→−k. The time-reversal
transformation reverses the momentum, brings a complex
conjugate on all operators: T H(k)T −1 = UT H∗(−k)U−1

T
where UT is unitary. The joint action of the parity and time
reversal transformation in general takes the form H(k)→
UPT H∗(k)U−1

PT . The forms of the unitary matrix UPT are
decided by the crystal structure [82, 83] and the spins of the
system.

When including all possible forms of unitary transforma-
tions, there are three classes of UPT , details in appendix A.
Interestingly, they correspond to the three types of associative
division algebra over the real numbers: real, complex, and qua-
ternion. A most relevant and representative class is UPT = I,
the identity matrix. Intuitively, this class includes all systems
where the orbitals inside each unit cell can be adiabatically
deformed to the lattice position while preserving the crystal-
line symmetry and the spectrum. For this class, the lattice PT
symmetry requires the Bloch Hamiltonian to be a real N×N
matrix, exactly the form familiar in photonics, lasers, and other
metamaterials as mentioned above. The real N×N matrices
H(k) also apply to fermions, including PT -symmetric sys-
temswithout spin–orbit coupling andC2T -symmetric systems
[77, 86, 131]. The second class corresponds to a direct sum
of an arbitrary complex matrix and its complex conjugation,
whose structure has already been covered in [70], the system
without any symmetry. In the third class, H is equivalent to a
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matrix whose entries are quaternions. It includes more com-
plicated geometries of orbitals and couplings with spins. This
class requires more delicate experimental setups. We will not
concentrate on this case here, but for completeness, we sum-
marize the outcome of the theoretical analysis in appendix A.

Eigenvalues of a realmatrix can be classified into two types:
real and complex. Eigenvectors corresponding to real eigen-
values can also be chosen to have real components. We denote
such eigenvalues as PT -preserving eigenvalues, as they are
invariant under the PT transformation. Complex eigenval-
ues must appear as complex conjugate pairs E,E∗ ∈ C\R. The
corresponding eigenvectors also appear in complex conjugate
pairs. Under thePT transformation these two eigenvalues and
eigenvectors switch with each other. They are denoted as PT -
symmetry breaking eigenvalues [46].

In the rest of this article, we will not distinguish whether k
represents control parameters or momenta. We will always use
the name Brillouin zone (BZ) for the domain of k, albeit we
have to keep in mind that when k refers to control parameters,
it could live on an open non-compact space Rd instead of the
torus.

The key object that we are studying is this matrix-valued
functionH(k). It is a continuous map from the BZ to the space
of N×N matrices (Mat(N,R)). This map gives the eigenval-
ues as a function of k. These eigenvalues forms a set of bands:
E1(k), . . . ,EN(k), with the corresponding eigenvectors given
by |u1(k)〉, . . . , |uN(k)〉. (Note: here and in the following, the
subscripts are for distinguishing different eigenvalues only; if
the eigenvalues can braid, eachEi might not be a periodic func-
tion of k.) We are interested in certain band structures, espe-
cially nodal structures and gaps, as shown in figure 1. In the
following, we are going to introduce these band structures and
comment on their physical significance. After transforming the
band structures into mathematical notions and concepts, we
will be able to apply homotopy theory to describe and classify
them.

2.1. Nodal phases and structures

We begin by examining how physical properties are determ-
ined by band structures, which motivates us to define the cent-
ral concepts to study. Let us first consider single-body physics,
which is highly relevant to bosonic systems and dynamic evol-
ution captured by an effective non-Hermitian matrix.

In these situations, the state of the system is described
by a single mode in one of the bands, which we denote as
Ei(k). To excite the system to another mode Ej(k), we need
to overcome the difference ∆ij(k) := Ei(k)−Ej(k), depicted
as figure 1(a). As long as this difference is non-vanishing, the
properties of the state are continuous with respect to differ-
ent k. But when degeneracy ∆ij(k∗) = 0 takes place at some
k∗, the system bifurcates, and even exhibits singular behavi-
ors since Ei(k) can become non-analytic at k∗. This singular-
ity is further enhanced for non-Hermitian matrices, due to the
coalescence of the corresponding eigenvectors, known as EPs
[11, 93, 94]. The regions of k where degeneracy happens play

an important role as the jump or transition of physical proper-
ties. This leads us to the first type of band structure:

Definition 1 (nodal structure). A connected region K in the
momentum space is called a nodal structure if the N×N mat-
rix H(k) is degenerate for any point k in the region. More
rigorously, there exists i 6= j such that Ei(k) = Ej(k), ∀k ∈ K.
Depending on its dimension, we also call this region nodal
point, line, surface, etc.

In the above definition, we take into account all degener-
acy between every pair of bands. This is because in many
situations there is no preference for which band the single-
particle/mode may occupy. At nodal points k∗, some bands
must touch, Ei(k∗)−Ej(k∗) = 0 for some i, j. So we also call
nodal points band crossings. A phase with nodal points some-
where in the BZ is said to be a nodal phase.

The dimension of the nodal structures tells us how large
the singularities are in the system. The singular behaviors are,
instead captured by how the system looks like in the vicinity
of the nodal structures. These can be dispersion of the eigen-
values, coalescence of the eigenvectors, or evolution of the
eigenvalue and eigenstate encircling the nodal structure. For
this purpose, it is sometimes useful to consider the codimen-
sion of nodal structures. If a nodal structure has dimension d′

inside a d-dimensional BZ, then its codimension d̄ is defined
as d̄= d− d ′. This codimension characterizes howmany para-
meters in k we need to tune to reach the degeneracy.

The codimension allows us to unify the characterization of
nodal structures that appear in BZs of different dimensions.
For example, in non-Hermitian systems, degeneracies are gen-
erically of codimension 2 [11, 92, 93], independently of the
momentum space dimension d. They occur as points in two-
dimensional momentum space, as lines in three dimensions,
and so forth. Hermitian nodal structures in contrast gener-
ally occur with codimension 3 [8, 91]. Discrete symmetries,
such as PT symmetry or pseudo-Hermiticity considered in
this text, decrease the generic codimension of nodal structures
further to 1, making them even more abundant [103–106, 110,
113, 132].

Despite we mostly talk about how the nodal structure
affects single-particle behaviors, it also impacts many-particle
physics, for example through the singular density of states.
The detail will depend on how the bands are occupied in a
many-particle system. We will not discuss this aspect in this
work. Rather, we will use another concept (the separation gap)
to systematically describe many-particle scenarios.

2.2. Band gaps and separation gaps

Outside the nodal region, the eigenvalues ofH(k) are pairwise
distinct, i 6= j =⇒ Ei 6= Ej, then we call such matrices non-
degenerate. For non-degenerate matrices, there is non-zero
cost ∆ij(k) to create excitation that preserves the momentum
or the control parameters, illustrated in figure 1(a). This is
reminiscent of a single-particle gap in usual Hermitian phys-
ics. When we deform the system, many physical properties
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remain unchanged whenever the costs ∆ij(k) remain non-
vanishing. Some of these properties originate from topological
invariants associated with the system. Based on these phys-
ical considerations, we give the following definition of a band-
gapped phase. It formulates some earlier ideas (see [117, 133])
into a systematic description:

Definition 2 (band-gapped phases). We call a system char-
acterized by an N×N operator H(k) band-gapped, or simply
gapped, if and only if its spectrum is non-degenerate for all k.
Namely, |Ei(k)−Ej(k)|> 0, ∀k, i 6= j.

Thus, a system is gapped if and only if there are no nodal
structures throughout the BZ, or equivalently, if and only if all
pairs of its bands are band-gapped. The gap width between
the bands i, j is defined as ∆b

ij =mink |Ei(k)−Ej(k)|. This
type of band structure, together with the nodal structures,
naturally emerges in systems described by a single mode/-
particle. There, a finite numberN degrees of freedom in exper-
iments are relevant to our interests. All physical properties are
encoded in how these N bands cross or repel from each other,
as depicted in figure 2(a). We want to know what topological
property protects our gaps and nodal structures. This com-
prises one branch of topology that we will study in this paper.
We denote the space of all PT -symmetric non-degenerate
N×N matrices as XN.

By now we have discussed many physical properties and
band structures related to single-particle physics or bosonic
systems. In Hermitian fermionic many-body systems, we usu-
ally have some bands occupied and other bands empty. If these
occupied bands have a clear separation from the empty bands,
we have a gap in the many-body spectrum. This kind of many-
particle gap can also be generalized to non-Hermitian systems.
The challenge is that the spectrum of non-Hermitian systems
is lying on a two-dimensional complex plane. The geometry
of the spectrum is much more complicated than the Hermitian
realm. In order to do the generalization, we are obliged to
resort to some more abstract languages. Nevertheless, the
physical meaning of this generalized many-particle gap will
be clear in specific realizations, as we explain and depict in
figure 1(b).

Let us start by extracting the key ingredients from the
Hermitian insulating gap in a many-body free fermionic sys-
tem. Assumewe haveN bands in total, labeled by band indices
j = 1,2, . . . ,N. The bands are filled according to the value of
their energy. The system is insulating if any excitation from
the occupied states to an empty state requires non-zero energy.
This happens when there is no band that is partially filled
(every band is either completely filled or empty). So an insu-
lator gives us a partition of all bands into occupied and empty
bands. All indices j correspond to completely occupied bands
form a set J−. And all bands that are completely empty form
another set J+. Clearly, there is no band that possesses occu-
pied states and empty states simultaneously for an insulator,
so J+ ∩ J− =∅, and every band is either filled or empty,
{1,2, . . . ,N}= J+ ∪ J−. Thus an insulator with a many-body
gap is equivalent to a partition of band indices into two disjoint
subsets {1,2, . . . ,N}= J+ t J−, where t denotes disjoint set
union. The two subsets J− and J+ are energetically separate.

The insulating behavior comes from the absence of energy
overlap between the occupied and the empty bands. With
this motivation, we now generalize such many-body gaps to
non-Hermitian systems. To make our definition cover broader
physical phenomena, we do not restrict the number of sets or
bands in the partition (see [117]):

Definition 3 (separation-gapped phases). A system has
separation gaps if and only if there exists a partition of bands
{1,2, . . . ,N}= tαJα according to certain rules on their spec-
trum. The partition is featured by the nonzero cost of excitation
crossing different sets: mink,k ′

∣∣Ej(k)−Ej′(k
′)
∣∣> 0 when j

and j′ belonging to different Jα’s. The rule of the partition Jα
must be chosen and fixed according to the physical context.

In the presence of separation gaps, all excitation across dif-
ferent types of bands has to pay a price, as shown in figure 1(b).
The most important ingredient of the separation gap is the par-
tition rule based on the location of the eigenvalues Ei on the
complex plane. Different partition rules give different physical
properties. This is why we stress in its definition that the parti-
tion rule must be fixed by the physical question. To understand
the partition rule, let us look at a few concrete examples.

As we have already shown, in Hermitian systems, the parti-
tion rule is given by sorting the spectrum on the real axis. The
occupied bands J− are entirely below the chemical potential
and the empty bands J+ are above the chemical potential. The
gapwidth is the distance from the top of the valence band to the
bottom of the conduction band:∆s

+− =min
[
Ej(k)−Ej′(k

′)
]

with respect to all j in the empty bands and all j′ in the occu-
pied bands. In this situation, the separation gap coincides with
a reference gap at the chemical potential [57], as the partition
is given by the chemical potential.

Another common example of partition rule comes from the
dynamical properties of the system, namely the Liouvillian
gap [134]. The system has loss and dissipation. The eigen-
value is either on the real axis, those steady states, or on
the lower half complex plane, those evanescent states. The
physical properties in the long-time limit are controlled by
the steady states. The Liouvillian gap is defined as ∆s

+− =
min |Im Ej(k)|, for all bands j living on the lower half com-
plex plane. It tells the time scale at which all evanescent states
decay. From this definition, we formulate it into a separation
gap. The partition is to put the bands on the real axis as J−,
and put the bands on the lower half complex plane in J+.
Whenever the Liouvillian gap exists, there is no band mixing
between J− and J+. The nonvanishing Liouvillian gap guaran-
tees the separation of spectra: mink,k ′

∣∣Ej∈J+(k)−Ej′∈J−(k
′)
∣∣

⩾∆s
+− > 0.

The independence of reference and flexibility in the num-
ber of bands in the definition of separation gap will play a cru-
cial role inPT -symmetric and pseudo-Hermitian systems.We
are now using this language to describe the typical separation
there.

As we have mentioned before, in PT -symmetric or
pseudo-Hermitian systems, there are two types of eigenvalues,
those spontaneous symmetry-breaking eigenvalues as a mir-
ror pair on the upper and the lower half complex planes, and
those symmetry-preserving eigenvalues on the real axis. The
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symmetry-breaking eigenvalues are either decaying or grow-
ing, depending onwhich half of the complex plane they belong
to, while the symmetry-preserving eigenvalues are oscillating.
Due to these differences in symmetry and dynamics, we can
do a natural partition of bands into three types: the bands on
the real axis, the bands on the upper half complex plane and
the bands on the lower half complex plane. This partition is
always possible whenever no band is crossing the real axis and
connecting the lower or upper complex plane. We will show
that this separation is intrinsically multi-separation-gapped in
section 5. It is an example that cannot be captured by a single,
fixed reference. We leave more discussion contrasting refer-
ences and our gap definitions to appendix B.

The separation gap is closed when it is impossible to estab-
lish the partition of bands. Often this is caused by some band j
that cannot be assigned to either J− or J+. A typical example
is that the spectrum of a band is connecting the spectrum in J−
to the spectrum in J+, as shown in figure 2(b). This is similar
to how the many-body gap closes in free fermionic Hermitian
systems.

In the last part of this section, we elaborate on the connec-
tions and the differences between band gaps and separation
gaps. The band gap describes the repulsion of bands locally
in the BZ. As a complex number, the band gap ∆ij(k) can
rotate on the complex plane, bringing the eigenmode braids
[65–67, 70, 71, 122]. The separation gap requires the repul-
sion of band spectrum in the complex plane. The gap itself has
fewer degrees of freedom. Yet, in separation-gapped systems,
there can be band crossings between bands j, j ′ belonging to
the same subset J+ or J−.

We summarize the typical features of our band gaps and
separation gaps below:

1. Both types of gaps are based on the cost of excitations. They
are not influenced by any constant that can be added to H.
The band gap focuses on excitation for a fixed control para-
meter or carrying zero momentum. The separation gap is a
generalization of the many-body spectrum gap.

2. The closing of a band gap is associated with band cross-
ings, while the closing of a separation gap is often accom-
panied by a spectral crossing. In comparison, the reference
approach detects when the reference is crossed, as reflected
in figure 2.

3. In the definitions of band gaps and separation gaps, we
do not exactly specify whether the spectrum lives on the
entire complex plane or is restricted to the real axis. When
Hermiticity is imposed, the two concepts naturally trans-
form back to their familiar counterparts in Hermitian phys-
ics. Hence this is a unified framework for both Hermitian
and non-Hermitian physics. This will help us understand
how conventional Hermitian topology behaves in the pres-
ence of non-Hermiticity.

Having established the notions of gaps and nodal structures,
we now turn to the study of their topological properties with
the help of homotopy theory. We explain why this is fruit-
ful, and show how homotopy groups provide invariants under

Figure 2. Manifestation of different types of topology under
deformation of a system. (a) The band-gap topology can only be
modified via a band crossing. (b) The separation-gap topology is
robust until there is a spectral crossing violating the partition of
bands. (c) The reference topology detects when a reference point or
line is crossed by the spectrum of the system.

gap-preserving deformations of the system. Importantly, we
emphasize that homotopy groups give us the topological char-
acters of both gapped phases and nodal structures.

2.3. Classification of nodal structures

In this section, we introduce how to apply the idea of homo-
topy theory to classify degeneracies. Concrete examples will
be given later in section 3. The formalism is similar to the clas-
sification of defects in ordered media. A thorough review of
this topic can be found in [135].

Topological properties of nodal structures are studied by
how the system behaves in their vicinity. Away from the nodal
structure in the BZ, the system is band-gapped.We assume that
our nodal structure can be enclosed by a sphere Sn, as shown in
figure 3(a). The matrix function H(k) on this sphere defines a
map from the sphere to the space of non-degenerate matrices,
Sn → XN. When system parameters are continuously varied,
the nodal structure will deform and move. It is regarded topo-
logically invariant, as long as the variation does not cause col-
lisions with other nodal structures in the BZ. This is equival-
ent to say that H(k) stays gapped on the surrounding sphere
during the variation. To classify nodal structures, we define
that two nodal structures are of the same type if and only if
the maps Sn → XN on their enclosing spheres can be continu-
ously deformed into each other. A caution is that in order to
compare two nodal structures, we need to make sure that the
corresponding enclosing spheres have a common point. This
guarantees that we can travel around the nodal structures in a
specifiedmanner starting from the common point [135], which
is important when the topology is non-Abelian. We call the
nodal structure trivial if it can be gapped out without crossing
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this sphere. In contrast, a non-trivial nodal structure cannot be
gapped out until another nodal structure crosses its enclosing
sphere and annihilates it.

The above idea has a direct mathematical correspondence
to the homotopy theory. There, two maps are considered
homotopic, if they may be continuously deformed into one
another. The homotopy defines equivalent classes of maps.
Especially, when the maps are defined on spheres, the equi-
valent classes can be endowed with a group structure. The
homotopy groups πn(X) consist of such equivalence classes of
maps from n-dimensional spheres to a given space X, Sn → X.
For the classification, we simply assign an element a ∈ πn(XN)
to each nodal structure, representing the map on its enclosing
sphere. Moreover, homotopy groups also tell us what happens
when two nodal structures meet. As mentioned above, when
two nodal structures are present, we choose their individual
enclosing spheres to share a common point. Via this common
point, the two enclosing spheres can be joined into a larger
sphere enclosing both nodal structures. The total property of
the two nodal structures is carried by this larger sphere. The
merging of nodal structures is then given by their product in
the homotopy group [135].

As illustrative examples of homotopy groups, consider the
cases when n= 0 and n= 1. The set π0(XN) classifies maps
from a point to XN. Two such maps can be deformed into
each other if and only if the images of the point under the two
maps can be joined by a path in XN, so elements π0(XN) cor-
respond to the path-connected components [136] of the space
XN. It is in general not a group, except for special situations,
for example, when the space XN itself is a Lie group. Unlike
higher homotopy groups, the zero-dimensional sphere, a pair
of points, does not always completely enclose a nodal struc-
ture. Rather, it labels the different gapped regions into which
the nodal structure divides the BZ. Each such region is an
element of π0(XN) representing the non-degenerate matrices
that can continuously transform into each other without gap
closing. The nodal structure described by π0(XN) is then
the boundary between different gapped regions, illustrated in
figure 3(a). It must divide the Brillouin zone and thus has codi-
mension one, which can be thought as a domain wall. A non-
trivial set π0(XN) explains why nodal structures are more com-
mon in symmetry-protected systems [110, 132].

The so-called fundamental group π1(XN) classifies continu-
ous maps from a circle S1 to the target space XN with one fixed
point p0 ∈ S1 always mapped to another fixed point x0 ∈ XN.
Each element in π1 represents a class of maps that cannot be
continuously interpolated to the others. Intuitively, such a map
can be treated as a loop in XN with a fixed starting and ending
point x0. In other words, π1(XN) gives the classes of loops that
can be deformed continuously to each other while keeping the
start and end point x0 fixed. Thus studying the fundamental
group is equally relevant to point degeneracy in two dimen-
sions and nodal lines in three dimensions since we can encircle
both along a loop in their neighborhoods. Note that the image
of S1 is also connected in XN, so each element of π1(XN) must
belong to a specific connected component of XN, with the lat-
ter being exactly labeled by π0(XN). So this dictates the order
of applying homotopy sets/groups, as in figure 3.

Figure 3. Classification algorithm for nodal structures and gapped
phases using the homotopy groups. (a) To characterize a nodal
structure, we observe its neighborhood. Structures of codimension 1
usually separate the parameter space into several components; each
component is labeled by a unique element in π0. If the nodal
structure can be enclosed by a loop, for example, a nodal point or
circle in two dimensions, it can be protected by an element π1 on
this loop. (b) For a gapped phase, we begin by describing the
topological character with its unique π0-element. Subsequently, the
phase can be further characterized by higher homotopy groups.
Using the fundamental group π1, we may assign a character along
each non-contractible loop in the BZ or the space of control
parameters, for instance, the meridian and the longitude of a
two-dimensional BZ (which forms a torus). (c) Summary of the
classification and the results. Here d is the minimal system
dimension where the topology appears. The topological invariant for
a phase/nodal structure is a list µ= (π0,π1, . . .).

In practice, the nodal region may be enclosed by several
types of spheres of different dimensions. In such cases, they
have to be classified starting from the lowest homotopy group
(set), as illustrated in figure 3(a). If the nodal structure divides
the Brillouin zone into different connected components, its
first character comes from π0. If it can be further enclosed
with a loop, for example, a nodal line that does not cut through
a two-dimensional Brillouin zone, we may use an element
in π1 to describe it. The procedure continues until we can-
not find a higher-dimensional sphere to enclose the nodal
region.
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2.4. Description of gapped systems

To classify gapped phases, we switch our objects from the
spheres enclosing the nodal structures to the whole BZ. By
doing so, homotopy theory induces a natural classification of
gapped systems in a closely related manner [76, 128]. We
use the band-gapped case as the example, where the homo-
topy groups πn(XN) provide a unified description of both
nodal structures and band-gapped systems. The method car-
ries over to separation gaps in a straightforward way, by study-
ing the corresponding homotopy groups of separation-gapped
matrices.

A phase with a band gap completely lacks any band cross-
ings. We are interested in properties robust against deform-
ations of the system as long as the band gaps (and symmet-
ries) are preserved. Band-gapped phases that cannot be adia-
batically joined in this way are separated by phase trans-
itions or gapless phases. These robust properties are topolo-
gical invariants.

The band-gapped phase H(k) defines a map from the d-
dimensional torus Td to the space of N×N non-degenerate
matrices XN. A continuous gap-preserving deformation of
the system brings a continuous deformation of this map.
Mathematically, two maps can be continuously deformed into
each other if and only if they are homotopic. Quantities that
are conserved under homotopy are called homotopy invariants.
Thus, topological invariants in physics correspond to homo-
topy invariants mathematically.

The classification of band-gapped phases now transforms
to the homotopy classes of maps Td → XN [76, 128, 137]. This
is not the homotopy group but has close connections to the
homotopy group. An illustrative observation is that there are
many natural nontrivial loops on a d-dimensional torus, corres-
ponding to traveling through the BZ by varying one compon-
ent of themomentum ka → ka+ 2π, (see figure 3(b)). Themat-
rix functionH(k) restricted to these loops induces maps from a
circle S1 to non-degenerate matrices XN. This is an element in
the fundamental group π1(XN) (with the caveat that conjugacy
classes should be considered when the group is non-Abelian,
see section 4.2). So a first type of topological invariants comes
from the fundamental groups along different nontrivial loops
in the BZ. A systematic way of using homotopy groups to find
out all homotopy classes on the BZ is to decompose the d-
dimensional BZ into spheres of different dimensions and study
the maps induced on the spheres [70, 71, 128]. This proced-
ure is known as a decomposition of the d-dimensional torus
as a CW complex [83, 138–140]. Usually, for bands on a d-
torus BZ, all homotopy groups πn⩽d play a role. An expli-
cit example is the Hopf insulator with nontrivial Chern num-
bers on the boundary surfaces of the 3-dimensional BZ [76].
The system is characterized by three Chern numbers on the
BZ boundaries, originating from π2, and one Hopf invariant
in the bulk determined by both π2 and π3. Although this pro-
cedure can be very complicated for higher dimensional tori, it
turns out to be rather straightforward in lower dimensions. We
illustrate the cases when d= 0,d= 1 and d= 2, as shown in
figure 3.

A d= 0 the BZ is a single point p0, and a gapped phase
is simply represented by a non-degenerate matrix H0 at this
point. We only need to identify the non-degenerate matrices
that cannot be connected by continuous interpolation. This
information is provided by π0(XN), and all gapped d= 0 sys-
tems are therefore classified by the set π0(XN).

For d= 1, the Brillouin zone is a circle S1. A gapped sys-
tem defines a map from S1 to XN. As S1 is connected, its image
is also connected in XN; the matrices H(k) must belong to the
same element of π0(XN) for all k. This gives the first character
of a 1d gapped phase. Besides π0(XN), the map S1 → XN also
belongs to an element of π1(XN). This gives a second topolo-
gical character of the gapped phase.

The d= 2 situation is similar to d= 1. First, the gapped
phase must correspond to a unique element in π0. Then notice
that in a two-dimensional Brillouin zone, there are two types
of non-contractible loops, the meridian, kx = constant, and the
longitude, ky = constant, of the torus. Therefore two elements
of π1 are required to describe the topology along these two
loops. Furthermore, the map on the two-dimensional torus can
be extended to amap from a two-dimensional sphere toXN [70,
128]. Thus, π2 gives a third and final topological character of
a two-dimensional gapped phase.

As a conclusion of the classification scheme, we comment
on two subtleties in the previous description that have to be
dealt with carefully in practice. First, higher homotopy groups
differ for different connected components of XN, so πn>0(XN)
is not a rigorous notation. It depends on which π0 is fixed
in the first step of the classification, emphasized in figure 3.
This will become relevant in the classification laid out in this
text, as the degree of spontaneous PT symmetry breaking of
a Hamiltonian (given by π0(XN)) affects the higher homotopy
groups. This will in the end lead to sector-dependent topology
in our later results, which provides different levels of topo-
logy compared to Hermitian examples. Second, the homotopy
groups describe maps with a fixed base point. There can be
maps that can be continuously deformed into each other with
a moving base point. Allowing such deformations will lead
to further equivalent classes in invariants from π1 and π2 [70,
71, 135], corresponding to how the fundamental group acts
on homotopy groups. Such problems can arise when π1 is not
trivial, giving a much more sophisticated classification. We
will briefly introduce an example in section 4.2.

In figure 3(c), we list the appearance of the homotopy
groups according to the dimensions d of the BZ. We give a
summary of what topology these homotopy invariants repres-
ent. The details of working out these invariants will be intro-
duced in sections 3 and 6. From all the discussion in this
section, the topological indices of a gapped phase or a nodal
structure take the form of a sequence (π0,π1, . . . ,πd), where d
is the dimension of the system.We have to fix them one by one
following the order in figure 3. The element π0 is the first char-
acter to be specified for any phases. It determines the types of
πn>0 that appear subsequently.

We briefly introduce our conventions here such that read-
ers can take a quick look through our results. We use Z to
denote the additive group of integers and Z2 = Z/2Z is the
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additive group only distinguishing odd and even integers. We
use {1} to denote the trivial group; when the group is Abelian,
we also use 0 to represent the trivial group. The direct product
of two groups is represented by the Cartesian product ×; for
two Abelian groups, it is the same as the direct product ⊕.

3. The case of two bands

Before deriving the general classification scheme, we discuss
the special case of two-band systems to build useful intu-
ition. We find that the band gap classification corresponds to
a pictorially simple geometry, while imposing a separation
between symmetry-breaking and symmetry-preserving bands
leads to trivial classification for only two bands (see section 5).
A qualitative difference from Hermitian topological phases is
that the topological invariants depend on which sector the sys-
tem is in, i.e. whether bands spontaneously break PT sym-
metry or not. This is due to the connection between the spon-
taneous symmetry breaking and the zeroth homotopy set π0.
As a result, one should be cautious not to mix different topolo-
gical invariants from different sectors. The analysis must fol-
low the sequence laid out in figure 3.

3.1. Parameterization and topology

We can express an arbitraryPT -symmetric (real valued) 2× 2
matrix in the basis of Pauli matrices σx,σy,σz and the identity
σ0, with real coefficients depending on k:

H(k) = d0 (k)σ0 + dx (k)σx+ i · dy (k)σy+ dz (k)σz. (1)

The inclusion of a factor of i in the σy term ensures H(k) to be
PT -symmetric, i.e. real, for real components dx,y,z. The oper-

ator’s eigenvalues are given by d0 ±
√
d2x − d2y + d2z . We are

interested in the gap between the two bands, which is unaf-
fected by d0, so we may set d0 = 0 and consider only traceless
matrices without loss of generality. In this way we identify
the space of traceless real matrices with R3. The coefficients
define a function from the BZ to the 3-dimensional vector
space: d(k) = (dx(k),dy(k),dz(k)) ∈ R3.

The key object that we study is the space X2 made up of
all 2× 2 non-degenerate real matrices. To understand which
coefficients d lead to non-degeneratematrices, observe that the
gap closes and the eigenvalues become equal at d2x + d2z = d2y ,
which describes a double cone in R3. This makes it easy to
describe X2 as

X2 =
{
d ∈ R3|d2x + d2z 6= d2y

}
, (2)

which is the complement of this double cone.We illustrate this
space and its homotopy structure in figure 4.

The space X2 consists of three disjoint connected compon-
ents, which we will index according to their eigenvalue struc-
ture.

• X(0,2): the component ‘around’ the cone, where d2x + d2z >
d2y . In this region, H(k) has two distinct real eigenvalues. In

Figure 4. The space X2 of two-band gapped Hamiltonians is the
complement of the double cone in R3. Note that the cones extend to
infinity and separate the space R3 into three regions, representing
the three elements of the zeroth homotopy set π0(X2). In the region
X(0,2), the eigenvalues are real and there is a non-trivial loop
(purple) generating its fundamental group π1(X

(0,2)) = Z. In the
other two regions X(1,0)

− and X(1,0)
+ , the eigenvalues are complex.

These two regions are distinguished by a Z2 invariant, and are both
contractible.

other words, PT symmetry is satisfied by individual eigen-
states. Hence this region is also called the PT -preserving
region.

• X(1,0)
+ and X(1,0)

− : the other two components of X2, where
d2x + d2z < d2y , dy ≶ 0. The two eigenvalues form a single
pair of non-real complex numbers that are each other’s com-
plex conjugate. Therefore, PT symmetry is spontaneously
broken, and we call this region PT -breaking. We denote
their union by X(1,0).

The zeroth homotopy set π0, which lists the connected com-
ponents of a space, is therefore made up of these three sets,

π0 (X2) =
{
X(0,2),X(1,0)

− ,X(1,0)
+

}
. (3)

Following figure 3, when we talk about topology, we have to
fix π0 first. This exactly corresponds to fixing the extent of
spontaneous symmetry breaking. To make this degree of PT -
breaking explicit, we introduce the order parameter m, count-
ing the number of pairs of complex conjugate eigenvalues, i.e.
m= 0 for X(0,2), and m= 1 for X(1,0)

± . This is the most import-
ant order parameter in describing the phases.

Let us look at the topology of the subspaces with a givenm.
We start from m= 0, the PT -preserving regime. The homo-
topy groups π0,π1 describe the connected components and
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nonequivalent loops in X(0,2), respectively. From figure 4 we
can read off the homotopy group structure directly:

π0

(
X(0,2)

)
= {1} , π1

(
X(0,2)

)
= Z. (4)

This result can be obtained rigorously using the concept of
deformation retraction [139]. It means that the space X(0,2)

consists of just one connected component but hosts non-trivial
loops. These loops are characterized by the numberW of times
they wind around the cone; exemplary loops are shown in
figure 4.

We now give a physical consequence of these homotopy
invariants. The trivial π0(X(0,2)) shows that the region is con-
nected. This means that all zero-dimensional PT -preserving
gapped phases can be continuously deformed into each other,
without closing the band gap.

The same is not true for one-dimensional gapped phases.
These can be thought of as the embedding of a circle d : S1 →
X(0,2) in this space, and not all such loops can be deformed into
one another. The correspondingZ invariant in the fundamental
group π1(X(0,2)) is precisely the winding number of (dx,dz)
around the cone. It can be calculated by an integral:

W=
1

2π i

˛
C
∂k ln [dx (k)+ idz (k)] · dk ∈ Z. (5)

The integrand represents the rotation of the d-vector projec-
ted in the dx-dz plane. The resulting winding numberW counts
howmany times the parameterized operatorH(k) encircles the
double cone when following the loop C. Under a 2π rotation of
(dx,dz), or W = 1 equivalently, the corresponding real eigen-
vectors undergo a π rotation. The winding number can thus
be equivalently obtained from the eigenvector geometry. We
note that when using equation (5), we must restrict the contour
C inside regions d2x(k)+ d2z (k)> d2y(k), i.e. inside X

(0,2). The
result computed outside this region will not be an invariant,
as we will see in the next section 3.2. This is in accordance
with the scheme presented in figure 3: the connected com-
ponent must be fixed in the first step. Note that this wind-
ing of the eigenvectors is different from the spectral wind-
ing number that also features prominently in non-Hermitian
systems [60].

For them= 0 gapped systems, the entire BZ is chosen as the
domain of integration C. Phases with different winding num-
bers cannot be adiabatically deformed into each other. This
means that such a deformation must instead leave the gapped
regime and close the band gap, which amounts to a phase trans-
ition. We label these distinct phases as (m= 0,W).

The winding number in equation (5) is also able to classify
nodal structures that can be enclosed by a loop. For example,
an isolated nodal point at k= 0 on a two-dimensional para-
meter space can be encircled by a loop (kx,ky) = (cosφ,sinφ).
Integrating over φ ∈ C = [0,2π] produces a winding number.
If it is non-zero, the nodal point cannot be removed unless it
touches another one carrying the opposite winding number.

Note that this winding number generalizes the Hermitian
gapped phase invariant for systems with chiral or C2T
symmetry [86, 141, 142]. This can be seen in the Hermitian

limit dy → 0, in which PT -symmetric models become chiral
symmetric and the winding number becomes the established
winding number of such systems. The standard representation
of chiral symmetry can be obtained via the basis transforma-
tion exp(iπσx/2). When non-Hermitian couplings are turned
on, dy 6= 0, the winding number remains a good topological
invariant, so long as the symmetry is preserved by the eigen-
values. This scenario changes only when transitioning to the
symmetry-breaking phase, where m jumps from 0 to 1.

Now we turn to m= 1, the PT -breaking phase. From
figure 4 we can read out the homotopy groups as

π0

(
X(1,0)

)
= Z2, π1

(
X(1,0)

)
= {1} . (6)

We see that X(1,0) consists of two connected components,
which we have already labeled by an index ν ∈ ±1, but it only
contains trivial loops.

The non-trivial π0 of the PT -breaking phase distinguishes
the two components lying inside the double cone. This can be
used to classify zero-dimensional gapped phases where PT
symmetry is spontaneously broken. A deformation from one
of the components to the other necessarily closes a gap. The
origin of this topological invariant is as follows. Due to PT
symmetry, two eigenvectors must also form a complex con-
jugate pair, i.e. |u〉, |u∗〉 are the eigenvectors to E,E∗. We pick
the eigenvector corresponding to ImE> 0, and decompose it
as |u〉= |uR〉+ i |uI〉where |uR〉 and |uI〉 are 2-dimensional real
vectors. Since |u〉 and |u∗〉 are linearly independent, so are |uR〉
and |uI〉. The topological invariant is then the relative orienta-
tion of these vectors, and can be calculated as:

ν =
|uR〉× |uI〉

‖|uR〉× |uI〉‖
∈ π0

(
X(1,0)

)
= Z2. (7)

Note that a complex scalar multiplication on |u〉 induces a real
linear transformation with positive determinant on (|uR〉, |uI〉),
so the orientation is independent of the gauge of |u〉. The
invariant ν matches the sign of dy in the space of all matrices;
it is precisely the sign we use to label the upper and lower
in-cone regions in figure 4: X(1,0) = X(1,0)

− tX(1,0)
+ . A dir-

ect transition between these two phases can only happen
through the tip of the cone d= 0, so they are joined by
a singular degeneracy called a non-defective degeneracy (at
which the Jordan decomposition is unstable) [111]. Again,
we need to remember that equation (7) is a good topolo-
gical quantity when we are in regions d2x(k)+ d2z (k)< d2y(k),
the symmetry-breaking regime. It loses its meaning in the
symmetry-preserving regime. The topological index is then
most accurately written as a pair (m= 1,ν).

When plotting the band structure of a general 2-band sys-
tem on the BZ, each region whereH(k) is gapped corresponds
to one of these three elements in equation (3). They are usually
separated by nodal points, lines, and surfaces in one, two, and
three dimensions, respectively [103, 110, 112, 113]. Hence we
can use π0(X2) to characterize these codimension-1 degen-
eracies, which are the boundaries between gapped regions
labeled by different π0(X2).
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All higher homotopy groups are trivial: πn(X(0,2)) =
πn(X(1,0)) = {1} for n⩾ 2. They do not give new topology for
two-band models.

3.2. Models: gapped phases and nodal structures

We apply the classification of two-band models derived in the
previous section to explicit PT -symmetric two-band mod-
els in zero, one, two and three dimensions. Generically, PT -
symmetric models host nodal structures of codimension 1,
meaning that there are symmetry-protected nodal points, lines,
and surfaces in one, two, and three-dimensional models,
respectively.

We begin with a simple zero-dimensional PT -symmetric
two-level system described by

H0D = mRσz+ imIσy, (8)

corresponding to staggered potentials leading to a real mass
term mR and an imaginary mass term imI originating from
orbital dependent gain and loss (of equal magnitude).

This model is well-suited to illustrate the topology stem-
ming from the zeroth homotopy set π0(X2), the different
connected components of X2: for |mR|> |mI|, the operator
H0D lies in X(0,2) and has two real eigenvalues, while for
|mR|< |mI|, it lies in X(1,0) and has one pair of complex con-
jugate eigenvalues. This space X(1,0) is divided into regions
mI ≶ 0, which are distinguished by the orientation invariant
ν ∈ Z2 given in equation (7). Restricted to |mR|< |mI| in this
model ν is equal to sign(mI).

The role of the orientation invariant becomes relevant
when, starting from a phase with ν =−1 and |mR|< |mI|,
we tune the model to ν =+1, |mR|< |mI|. The change in ν
along this deformation is necessarily accompanied by a clos-
ing of the band gap. This can happen in two slightly differ-
ent ways, which we show in figure 5 by sweeping mI for
different fixed values of mR. In the first way, the operator
crosses the border between the symmetry-breaking phase and
the symmetry-preserving phase, where an exceptional point
occurs. The sign change of ν is accompanied by entering the
regime |mR|> |mI| where ν is not defined (see remarks under
equation (7) and figure 5). This is the generic shape of such
a deformation. One may also tune the deformation to take the
operator directly from the sector ν =−1 to ν =+1 without
crossing through thePT -preserving sector. This happens only
by deforming through H0D = 02, where this operator consti-
tutes a non-defective exceptional point. We reiterate that a
deformation between these two regions with different topo-
logical invariants is associated with a closing of the band gap
in either case.

We extend this model into one dimension and obtain peri-
odic operator

H1D (k) = tcos(k)σx+ [tsin(k)+mR]σz+ imIσy, (9)

Figure 5. Phase diagram of the zero-dimensional model
equation (8). (a) Plot of the squared eigenvalues when sweeping mI

from −1 to 1 for mR taking fixed values − 1
2 ,0,

3
2 . For the first two

sweeps, the initial and final operators lie in the PT -broken phase
(blue) in which they have m= 1 pair of complex conjugate
eigenvalues. The parametric sweep deforms them from the ν =−1
oriented phase to the ν =+1 phase. For mR =− 1

2 , the transition
happens via two exceptional points shown in red, and traversing the
PT -preserving region (orange) in between them. This is the generic
case. Tuning mR = 0, the transition happens without entering the
PT -preserving phase, via a single degenerate point which is a
non-defective EP at which the operator is zero 02. The sweep for
mR =

3
2 lies entirely in the gapped PT -preserving phase. This

shows that the sign change in mI does not correspond to a change in
topological invariant ν, since this invariant is only defined in the
PT -broken region. (b) As (a), for general mR,mI, which produces
the phase diagram of H0D. This is essentially a section of the cone
shown in figure 4. Cyan arrows indicate the parameter
sweeps in (a).

which can be thought of as the tight-binding Bloch
Hamiltonian of a one-dimensional chain with a two-level sys-
tem H0D per unit cell. The unit cells are coupled by Hermitian
nearest neighbor hopping with strength t. Mathematically this
model may be thought of as an embedding of a circle S1 into
the space of 2× 2 PT -symmetric operators.

In the following, we probe relevant phases of this model by
varying the mass terms mR,mI ∈ R. With mR = 0 and increas-
ing mI transitions the system between the different gapped
phases when mI =±t, starting from X(1,0)

− , through X(0,2) to

X(1,0)
+ . Explicitly, theπ0-invariant ν ∈ Z2 can be calculated and

is ν =−1 for mI <−t, ν =+1 for mI >+t. This can be seen
in figure 6(a). In the phase transitions at mI =±t the band gap
closes at every k simultaneously. This full-dimensional nodal
structure is a result of tuning mR to precisely zero, for gen-
eric values the system will instead show nodal points moving
through the parameter space.

A winding number can be calculated in this system follow-
ing equation (5). It protects the band gap topologically in the
regime |mI|< t, while the protection is lifted in the regime
|mI|> t. The two regimes correspond to sectors of different
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Figure 6. Illustration on the one-dimensional model equation (9) for fixed t= 1. (a) For fixed t,mI,mR, the model corresponds to a loop
d(k) ∈ R3. The winding number according to equation (5) is 1 for |mR|< |t| and 0 otherwise. As a topological invariant it is defined only in
the region outside the double cone. Each pair of rings corresponds to the start and endpoint of a parametric sweep of mR between 0 and 3,
shown for mI fixed at 1.5,−0.5,−4.1 shown in green, purple, and brown, respectively. The second sweep starts and ends in the
PT -preserved region, and deforms the operator from the W= 1 to the W= 0 phase. The first and third sweeps start in the PT -broken
phase, where the winding number is not defined. A change of the integral in equation (5) need thus not accompany a gap closing. (b)–(d)
Squared eigenvalues E2 of the model in equation (9) for the deformations discussed in (a), for (b) mI = 1.5, (c) mI =−0.5, and (d)
mI =−4.1. Blue (orange) identifies a gap between two complex conjugate (real) eigenvalues. Red signifies a gap closing. The solid (dashed)
lines at mR = 0(3) correspond to the solid (dashed) loops in (c). (b) The system transitions from the PT -breaking to the PT -preserving
phase via a pair-creation of exceptional points that move through parameter space before annihilating pairwise. (c) The system transitions
from the gapped PT -preserving phase to itself, with a change in winding number W= 1→W= 0. The phase transition happens via
pair-creation and annihilation of exceptional points that is local in parameter space. (d) The system remains gapped in the PT -breaking
phase when increasing mR to 3 at mI =−4.1. (e) The phase diagram of the one-dimensional model for general values of the mass parameters
mR,mI. Blue (orange) signifies the model is band-gapped in the PT -broken (PT -preserving) phase, which is further divided into regions
with different orientation ν (different winding W). Light red signifies the nodal region in which the band gap closes at two exceptional
points (EPs). In its dark red boundary the two EPs merge into a single degeneracy and can pairwise annihilate. At the boundary intersection
demarcated by red markers, the single degeneracy is a non-defective exceptional point. At the boundary intersection without markers, the
band gap closes for the entire band simultaneously. The colored arrows correspond to the parameter sweeps discussed in (a)–(d).

spontaneous symmetry breaking and are separated by gap
closing at all k. To see this, we show the transitions between
different winding numbers in these two sectors in figure 6. In
the PT -preserving sector, the winding number can only be
changedwith the accompany of band gap closings. The implic-
ation of this winding number is that operatorsH(k) with a non-
zero winding number in the PT -preserving sector cannot be
contracted to a constant H(k0) without closing the band gap,
since operators without dependence on k automatically carry
zero winding number. Meanwhile in the PT -breaking sector,
although the winding number can be calculated as well, it may
change without closing the band gap, as seen from the lowest
loops in figure 6(a).

The results of this model tell that the winding number still
serves as a topological invariant protecting the gap, but the
protection depends on π0 given in equation (3). Its protec-
tion extends from the pure Hermitian model to the entire PT -
symmetry preserving sector. So the Hermitian topology has
a certain robustness to non-Hermiticity. Only after an excep-
tional transition that converts the whole system to the PT -
symmetry breaking sector, this protection is lifted. In return,
the PT -symmetry breaking sector is enriched with another

topological index, ν ∈ Z2 as in the zero-dimensional model
H0D.

The classification of nodal structures is best showcased in
a two-dimensional model, which generically features nodal
lines. We can obtain one such model by dimensional exten-
sion: parameterizing the mass terms in equation (9) as mR →
mR+ ty sin(ky),mI → mI+ tx cos(ky) results in

H2D (k) =tx cos(kx)σx+ i [ty cos(ky)+mI]σy

+ [tx sin(kx)+ ty sin(ky)+mR]σz, (10)

describing a tight-bindingmodel on a square lattice, consisting
of chains described byH(1D) in x-direction together with inter-
cell hopping of strength ty in y-direction. This means that the
one-dimensional model can be thought of as a slice of constant
ky of this two-dimensional model; H1D(k) = H2D(k= kx,ky =
0), allowing for a shift in the mass terms. To allow for a gapped
phase with winding number 1 in kx-direction, we must choose
the hopping strength ty < tx.

As for the one-dimensional model,mI interpolates between
the three components of X2 for zero real mass, and mR
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Figure 7. The model in equation (10) illustrates the π1-protection of
nodal loops in two-dimensional systems. (a) For two-dimensional
systems, d(k) embeds a torus instead of a circle. Plots of d(k) for
mR = 1, tx = 1, ty = 1

6 and mI =−1(− 1
6 ) for the lower (upper)

torus. The band gap closes where the torus intersects the double
cone. This intersection changes with increasing mI. When parts of
the torus extend around the cone, there is a contour with winding
number, which protects the existence of a contained nodal structure.
(b)–(d) Illustrations of the squared eigenvalues E2 of the model in
equation (10), with nodal loops displayed in red. (b) A contour C
around a nodal loop carries winding number W= 1. (c) Under
deformation of the model in (b), the nodal loop contracts to a point,
but cannot vanish, since it is protected by a winding number along
C. (c) and (d) comprise the spectrum of the upper and lower torus in
(a), respectively.

interpolates between winding number zero and one along the
kx ∈ [0,2π]-loop. Similarly, the winding number occurs as an
identifier of distinct gapped phases. Meanwhile, in two dimen-
sions it also protects localized nodal structures of codimen-
sion 1. Setting, for example, mR = tx = 1 and sweeping mI

through [−2,2] a pair of nodal loops occur, which we show
in figure 7. These structures carry π0 charge, meaning they are
interfaces between PT -preserving and PT -breaking phases.
Furthermore, they carry non-trivial π1-charge, since they can
be encircled by a loopwith a non-trivial winding number. They
are therefore protected and robust in two dimensions which
becomes apparent when, by increasing the imaginary mass,
they shrink to nodal points but do not vanish, due to the non-
zero winding number. We illustrate this process in figure 7.
This model showcases that π1-invariants are relevant to nodal
structures of codimension 1 if they are local in the parameter
space. This means that in a two-dimensional periodic para-
meter space, there exist different kinds of stable nodal rings,
namely isolated loops local in parameter space (which must be
protected by π1), as well as extended loops (which in this case
carry only π0 charges).

As an Abelian invariant, the total winding numbers over a
torus must sum to zero. Thus, the non-zero winding numbers
calculated on localized loops satisfy a no-go sum rule in the
vein of a Nielsen–Ninomiya theorem [143].

Figure 8. Nodal structure of the three-dimensional model given in
equation (11). (a) For parameter values tx = 1, ty = 2,
tz = 3,mR = 1 and mI = 5.1 the model hosts a nodal torus (red) with
two handles in its Brillouin zone. One handle extends through the
BZ, the other is local. The green, purple, and brown parametric
loops correspond to topological invariants
(m= 1,ν =+1), (m= 0,W= 1), (m= 0,W= 0), respectively.
The non-trivial winding invariant of the purple loop protects the
handle of the nodal torus. (b) Changing the imaginary mass
parameter to mI = 4 contracts the nodal torus’s local handle. As it is
protected by a winding invariant, it contracts to points but cannot
vanish; the genus of the torus remains invariant. (c) Embedding of
the loops shown in (a) into d(k(C)) ∈ R3.

To showcase the features of higher-dimensional nodal
structures, we extend our model to a three-dimensional para-
meter space, by shiftingmI → mI+ tz cos(kz) in equation (10),
i.e.

H3D (k) =tx cos(kx)σx+ [tx sin(kx)+ ty sin(ky)+mI]σz

+ i [ty cos(ky)+ tz cos(kz)+mR]σy. (11)

This corresponds to a simple cubic lattice, in which stacked xy-
planes described by H(2D) are coupled by an imaginary hop-
ping parameter tz. For a range of parameters, this model shows
nodal structures that form tori of higher genera. In figure 8, we
show an exemplary 2-torus, which has one handle that extends
through parameter space, and one local handle that is protec-
ted by awinding number.Wemake this apparent by decreasing
mI, during which the handle contracts but cannot vanish.

In this section we have shown how topology manifests
in two band models, starting from few dimensions to the
higher dimensional case. The dimensional extension proced-
ure we used is completely generic; our models can be exten-
ded to arbitrary dimensions or numbers of control paramet-
ers. As noted before, the models in this section also repres-
ent chiral symmetric Hermitian models, perturbed by a non-
Hermitian iσz term. In particular, the one-dimensional model
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can be thought of as the SSH model perturbed by an imagin-
ary staggered potential iσz, via a transformation exp(iπσx/2)
of orbitals. To compare the models directly, we only need to
swap dy ↔ dz. The results on the zeroth homotopy set and the
fundamental group, i.e. the orientation ν and windingW, carry
over directly to, e.g. the corresponding non-Hermitian SSH
model. This was also observed in [144], where the existence
of a π1 topological invariant has been used to diagnose phases
in chiral-symmetric models. The π1 topological invariant con-
sidered in [144] around the singularity ring is exactly the wind-
ing number around the double cone in our analysis.

4. Topological properties of nodal and
band-gapped phases

In this section, we will study the homotopy properties for
general N×N non-degenerate matrices, corresponding to the
classification of nodal structures and band-gappedN-band sys-
tems. We will show that the first two non-trivial results are
π0 and π1. For the topological classification procedure shown
in figure 3, these will be the most common and decisive. To
arrive at the results, we utilize the homotopy groups of the real
and the complex general linear groups, listed in appendix C.
Our main mathematical tool is the long exact sequence of
homotopy groups for a fibration, a relation between a series of
group homomorphisms. A detailed introduction can be found
in [138, 139]. The generic results derived here contain the two-
band results derived in section 3 as a special case at N= 2.

In general, a real square matrixH ∈Mat(N,R), even if non-
degenerate, could have complex eigenvalues. Hence it may
not be diagonalizedwith the similarity transformationGLN(R)
by real matrices. However, as long as H is non-degenerate, it
can be transformed into a canonical form. More precisely, if
the eigenvalues of H are a1,a2, . . . ,an (mutually different real
numbers), and an+j± ibj (1⩽ j ⩽ m, bj > 0) (mutually differ-
ent complex numbers, that must arise in complex conjugate
pairs), we can write

H= VHDV
−1, (12)

where V ∈ GLn+2m(R) and

HD = diag

(
a1, . . . ,an,

(
an+1 b1
−b1 an+1

)
, . . . ,(

an+m bm
−bm an+m

))
. (13)

All these block diagonal HD are captured by a mathemat-
ical concept called configuration space. A configuration space
Confn(X) is made up of n-tuples of pairwise distinct points in
the space X [70, 71, 145] (also see introduction in appendix C).
From this definition, the n distinct real eigenvalues of HD are
characterized by the space Confn(R) and the m distinct pairs
of complex eigenvalues correspond to Confm(C+), where C+

is the upper half complex plane. All possible block diagonal
matrices HD are given by the space Confn(R)×Confm(C+).

Note however that there are redundancies in the canonical-
form parameterization equation (12), which should be quotien-
ted out. The first redundancy consists of matrices V that com-
mute with HD. They are the stabilizers of HD under the action
of V. By direct calculation, it turns out that the stabilizers are
given by

Vs = diag

(
α1, . . . ,αn,

(
αn+1 β1

−β1 αn+1

)
, . . . ,(

αn+m βm
−βm αn+m

))
, (14)

where αj 6= 0 ( j⩽ n),αn+j+ iβj 6= 0. Here all αj and βj are
real numbers. From this parameterization, the above form of
Vs may be identified with the group (R×)n× (C×)m, where
R× is the multiplicative group of nonzero real numbers and
C× is the multiplicative group of nonzero complex numbers
(see appendix. C). They correspond to multiplying the real
eigenvectors with real numbers or the complex eigenvectors
with complex numbers; a gauge transformation of the state.
The second redundancy is the invariance of the HamiltonianH
when one permutes the blocks inHD and the column vectors in
V simultaneously. This action is the product of two permuta-
tion (symmetric) group elements in Sn× Sm, one acting on the
real, and one on the complex eigenvalues.

To summarize, the total spaceX(m,n) of real gappedmatrices
with m pairs of complex eigenvalues and n real eigenvalues is
given by block diagonal HD, a change of basis V, and a sub-
sequent removal of the gauge degrees of freedom; leading to
the space

X(m,n) =
(Confn (R)×Confm (C+))× GLn+2m(R)

(R×)n×(C×)m

Sn× Sm
. (15)

We will call the three constituting parts the eigenvalue part
E = Confn(R)×Confm(C+), the eigenstate part M(m,n) =
GLn+2m(R)/[(R×)n× (C×)m], and the simultaneous per-
mutation Sn× Sm.

The above formula can be further simplified, if we notice
we can use the symmetric group Sn to uniquely sort all real
eigenvalues. In other words, we can assume a1 < a2 < .. . <
an. Using the map (a1,a2 . . .am)→ (a1,a2 − a1,a3 − a2, . . .),
such lists of real eigenvalues can be identified with R×
(R+)n−1, which is homeomorphic to Rn itself. Combined
with the homeomorphism between the upper half complex
plane C+ and the complex plane itself, we have the following
identification

X(m,n) =
Rn×Confm (C)× GLn+2m(R)

(R×)n×(C×)m

Sm
. (16)

The total space XN of all N-band gapped Hamiltonians is
the union of all these X(m,n) with N bands,

XN =
⋃
m,n

n+2m=N

X(m,n). (17)
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This form generalizes the scheme of section 3, where we
decomposed the two-band case as X2 = X(1,0) ∪X(0,2).

In the following subsections, we apply homotopy theory
to study topological invariants associated with band gap pre-
serving deformations, providing a direct generalization of the
studies already done for two-band models.

4.1. Zeroth homotopy set

Aswe have already seen in the two-band situation, exceptional
degeneracies of codimension 1 in systems with PT symmetry
are associated with the zeroth homotopy set of XN, i.e. the set
of path-connected components of XN. We now work this out
for a general N-band system.

First of all, the two spaces X(m,n),X(m ′,n ′) with m 6= m ′ or
n 6= n ′ are disjoint by definition. Each X(m,n) is open in XN
due to the gap (non-degeneracy), so two matrices with differ-
ent (m, n) must lie in different connected components of XN.
Physically, if we want to continuously change m or n, at least
two real eigenvalues must merge and form a twofold degener-
acy, then split into pairs of complex conjugate non-real eigen-
values (or vice-versa).

Furthermore, even fixing (m, n), the space X(m,n) may still
not be connected. Let us first look at the ’numerator’ in
equation (16). Since both Rn and Confm(C+) are connected,
its π0 is determined by GLn+2m(R)

(R×)n×(C×)m . The real general linear
group has two disjoint connected components, distinguished
by the sign of the determinant (appendix C). If n⩾ 1, under the
action of R×, pairs of points from these two disjoint compon-
ents are identified, which means that the quotient space is con-
nected and so do X(m,n). However, if n= 0, then GL2m(R)

(C×)m still
has two connected components. Moreover, they are not identi-
fied by the Sm, since the Sm action permutes pairs of eigenval-
ues together. So X(m,0) has two components for n= 0, which
we denote as X(N/2,0)

+ and X(N/2,0)
− .

To conclude, the zeroth homotopy set is given by

π0 (XN) =
{
X(0,N),X(1,N−2), . . . ,X(N/2,0)

+ ,X(N/2,0)
−

}
,N even;

π0 (XN) =
{
X(0,N),X(1,N−2), . . . ,X((N−1)/2,1)

}
, N odd. (18)

When N= 2, we reproduce the three elements of π0(X2) in
section 3: X(0,2),X(1,0)

+ and X(1,0)
− , with the first correspond-

ing to the out-cone region while the latter twos correspond to
the upper and the lower in-cone regions. A generic X(m,n) is a
generalization of such regions, separated from each other by
level crossings. Here we see that more bands give rise to more
sectors of band-gapped phases, distinguished by how many
eigenvalues/eigenvectors are spontaneously breaking the sym-
metry. Notice that the frame orientation topology, the ± sub-
script in X(N/2,0)

± only appears for even N.
Similar to the argument for two-band models, the zeroth

homotopy set here gives a topological reason for the abund-
ance of nodal structures in PT -symmetric systems. When
only Hermitian terms are allowed, the space XN is connected

and there is only one element in π0(X). Therefore a given para-
meter space is not in general separated into disjoint parts by the
gapless regions, since the gapless regions often have codimen-
sion larger than 1. However, when non-Hermitian terms are
allowed, the space of gapped Hamiltonians is not connected;
it has boundaries where a gap closing happens. To break a d-
dimensional parameter space into disconnected regions, d− 1
dimensional nodal structures must occur. This shows why one
needs fewer parameters to tune a system to show specific nodal
structures.

4.2. Fundamental groups: PT -preserving phases

Having calculated the zeroth homotopy groups π0, we now
move to the fundamental groups π1.We start from the situation
when there is no spontaneous symmetry breaking, m= 0.

In this case, the space of non-degenerate matrices given in
equation (16) simplifies to

X(0,n) = Rn× GLn (R)
(R×)

n . (19)

The space Rn representing eigenvalues is a contractible space,
meaning that its homotopy property is the same as a single
point and does not contribute any nontrivial topology. The
eigenvector parts can be simplified via the homotopy equi-
valences GLn(R)' O(n), R× ' Z2 (see appendix C). So
the homotopy property of X(0,n) is determined by M(0,n) =
O(n)/(Z2)

n. As we have shown, the Z2 is to flip the sign of
an eigenvector, an action xj →−xj in Rn. We can employ one
action x1 →−x1 to reduce O(n) to SO(n), the final result is
further simplified to

X(0,n) 'M(0,n) = SO(n)/(Z2)
n−1

. (20)

Here, each Z2 acts on SO(n) by simultaneously reflecting two
column vectors. As a convention, we assume the kth Z2 in
equation (20) acts as π rotation in the plane (x1,xk+1) (2⩽
k⩽ n).

This space equation (20) is the real flag manifold, which
has been extensively studied in [85, 86, 127], although within
a different physical context. The topology entirely comes from
the eigenvectors. These linear-independent eigenvectors span
a frame and this frame rotates non-trivially along a loop. For
n= 2, we simply have

π1

(
M(0,2)

)
∼= Z, (21)

reproducing the two-band result, the winding number of the
dx,dz vectors outside the double cone. It is worth noticing
that this Z-winding number comes from a double covering of
the fundamental group π1(

(
SO(2)

)
= Z. However, the frame

topology is non-Abelian for n⩾ 3, as we have more quotients
in equation (20) and the fundamental groups of SO(n) is sta-
bilized to Z2 for n⩾ 3. Below we briefly present how the non-
Abelian structure arises and review the results of [85, 86].

17



Rep. Prog. Phys. 87 (2024) 078002 K Yang et al

A standard way to study homotopy properties of such
spaces is to use the long exact sequence of homotopy groups
associated with a fibration:

· · · →πd
(
Zn−1

2

)
→ πd (SO(n))→ πd

(
M(0,n)

)
→πd−1

(
Zn−1

2

)
→ πd−1 (SO(n))→ ·· · . (22)

Taking d= 1 gives the following exact sequence (for n⩾ 3):

0→ Z2 → π1

(
M(0,n)

)
→ (Z2)

n−1 → 0. (23)

The above sequence tells us that π1(M(0,n)) is an extension
of (Z2)

n−1 by an Z2 element from π1
(
SO(n)

)
. However, the

above sequence does not necessarily split and we do not know
the group structure for these generators a priori.

The way to circumvent this problem is to represent
SO(n)/(Z2)

n−1 as another quotient space. We know SO(n) has
a simply-connected double cover Spin(n). We also know those
π rotations should be lifted to some ±e ∈ Spin(n) such that
e2 =−1 and that anticommute with each other. Therefore, we
arrive at X(0,n) ' Spin(n)/Q(n) and

π1

(
M(0,n)

)
∼= Q(n) , (n⩾ 3) , (24)

where Q(n) is one of the Salingaros vee groups [85]:

Q(n) =
{
±ek11 e

k2
2 . . .ekn−1

n−1 |ki ∈ {0,1}
}
,

eiej =−ejei (i 6= j) , e2j =−1. (25)

From these expressions, the non-Abelian structure comes from
the group element −1. This the lift of the fundamental group
π1
(
SO(n)

)
= Z2, the firstZ2 in the sequence equation (23). Its

physical meaning is a 2π rotation of the eigenvector frame.
Let us consider the case n= 3 as a minimal example,

to illustrate the meaning of this group. The corresponding
Q(3) is the quaternion group and contains eight elements that
can easily be represented using Pauli matrices σj, Q(3) =
{±1,±iσx,±iσy,±iσz}. One may verify directly that the pre-
factor i in front of the Pauli matrices enables this set to be a
group. We can use iσx to represent π-rotation of frames. This
element has order 4: (iσx)4 = 1, instead of order 2, since a 2π
rotation of frames is non-trivial in GLn>2(R). It rather gives
the element (iσx)2 =−1 in the quaternion group. To write the
quaternion group in the form of equation (25), we can put
e1 =−iσx and e2 =−iσy. The minus sign in ei is only to keep
the same conventions as previous literature.

As the fundamental group is non-Abelian, there are several
cautions when using it to characterize degeneracy and gapped
phases [85, 135]. When characterizing a degeneracy, we need
to fix a base point in the Brillouin zone. Different choices
of base points correspond to permutations of the topological
characters. A fixed base point enables us to compare different
nodal structures on the same ground. The loops employed to
enclose defects must start and end at the base point. After fix-
ing the base point, each degeneracy is uniquely described by
the π1 element along the loop enclosing it. The composition
laws of degeneracy follow from the group product.

To characterize one-dimensional gapped phases with a non-
Abelian fundamental group, we need to further work out the
conjugacy classes in the group. The reason is that a change
of base point induces a conjugate action gGg−1 on the group
itself. But choosing another base point does not induce another
gapped phase—this is only a different way of labeling. When
the group is Abelian, the conjugate action is trivial and we do
not need toworry about this. But the conjugate action on a non-
Abelian group is often nontrivial. For the quaternion group,
there are five conjugacy classes [135]:

{{1} ,{−1} ,{±iσx} ,{±iσy} ,{±iσz}} . (26)

So the gapped phase corresponding to iσj is the same gapped
phase as that corresponding to−iσj. For a non-Abelian funda-
mental group, we often have fewer distinct one-dimensional
gapped phases than the order of the fundamental group.
Nevertheless, all information about the phase is still contained
in the fundamental group.

4.3. Fundamental groups: spontaneously PT -breaking
phases

More interesting phases emerge when the PT symmetry is
spontaneously broken (namely,m⩾ 1 in equation (16)). In this
subsection, we work out all the homotopy groups of X(m,n).

We still denote the eigenvalue part Rn×Confm(C) as E .
The spaceRn representing real eigenvalues is contractible, and
thus we have πd(Rn) = 0. The complex eigenvalues, in com-
parison, have nontrivial topology. The configuration space of
complex numbers is the Eilenberg–MacLane space K(PBm,1)
[70, 71, 145], where PBm is the pure braid group, the braid
group that does not permute any elements. It has a non-
trivial fundamental group π1

(
Confm(C)

)
= PBm and vanish-

ing (trivial) higher homotopy groups.
Then let us look at the eigenvector part, denoted as

M(m,n) = GLn+2m(R)/[(R×)n× (C×)m]. It fits in a fibration
GLn+2m(R)→M(m,n) with the fiber (R×)n× (C×)m and we
have the following long exact sequence:

· · · → πd (GLn+2m (R))→ πd

(
M(m,n)

)
→ πd−1

((
R×)n× (

C×)m)→ ·· · . (27)

We first consider the case where n> 0 so thatM(m,n) is path-
connected. Since we are considering thePT -symmetry break-
ing phase, m> 0, and hence π1(GLn+2m(R))∼= Z2. Plugging
in these relations, we have

Zm → Z2 → π1

(
M(m,n)

)
→ (Z2)

n → Z2 → 0. (28)

As discussed in appendix C, the first map Zm → Z2 is induced
by several inclusion maps SO(2) ↪→ SO(n+ 2m), which sends
an integer number to its mod 2 value. It is surjective as
long as m⩾ 1, and the exactness implies that the map Z2 →
π1(M(m,n)) is trivial. The fourthmap (Z2)

n → Z2 is the product
of the signs of R×. Its kernel is (Z2)

n−1. As a result, we know
that the fundamental group of the eigenvector part is

π1

(
M(m,n)

)
= (Z2)

n−1
(m> 0,n> 0) . (29)
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Note that we needm⩾ 1 for this calculation, which is why the
PT -breaking phase has a different topology compared with
the PT -preserving phase.

Now we combine the eigenvalue and the eigenvector part.
Classifying loops in X(m,n) amounts to classifying paths in E ×
M(m,n) from (e, v) to (ge, gv) for all possible g ∈ Sm. Here e ∈ E
and v ∈M(m,n) are base points. For any such path, projecting
it to E then to E/Sm gives a loop in E/Sm, characterized by the
braid group Bm, which also in turn determines g by forgetting
the braiding details. So the rest is to classify paths from v to gv,
which is given by the fundamental group π1(M(m,n)) as we can
compare two paths by joining them into a loop. In appendix D,
we will rigorously prove that:

π1

(
X(m,n)

)
= Bm× (Z2)

n−1
(m> 0,n> 0) . (30)

This is quite intuitive sinceBm comes from the motion of com-
plex eigenvalues while (Z2)

n−1 comes from the motion of real
eigenvectors (recall the derivation towards equation (29)) and
they should not interfere with each other.

Finally, we go back to the special situation n= 0. In this
situation, M(m,0) = GL2m(R)/(C×)m has two path-connected
components which are homeomorphic to each other. We only
need to look at the homotopy groups for one of them. The
sequence for the fundamental group then looks as

Zm → Z2 → π1

(
M(m,0)

)
→ 0. (31)

As before, the first map is surjective, so the fundamental group
π1
(
M(m,0)

)
is trivial. Then the fundamental group of non-

degenerate matrices is given entirely by the eigenvalue part:

π1

(
X(m,0)

)
= Bm, m> 0,n= 0. (32)

Again, if we choose m= 1, this gives the two-band result
in the symmetry-breaking regime. The braid group of one
strand is trivial B1 = {1}, since a single strand alone cannot
braid. Thus, this is again consistent with the conclusions for
symmetry-breaking regimes of two-band models in section 3.

This completes the homotopy groups of arbitrary numbers
of bands. The results are summarized in table 1. Their exact
interpretation will be presented in section 6. We give a sys-
tematic method of constructing braided models in appendix E,
which also includes the model we present in figure 1(c). In
appendix F, we give the second homotopy groups. They rep-
resent topological invariants that appear on a two-dimensional
surface (cf figure 3). When π0 and π1 are nontrivial, the homo-
topy groups π2 are usually the second or the third topological
index to appear for a gapped phase or nodal structure.

5. Topology of separation-gapped phases

We turn to the topological properties related to separation gaps
in our system. A PT -symmetric system generically allows
for the appearance of both real and complex eigenvalues. A
typical separation is the separation between these real and

Table 1. Homotopy groups of PT -symmetric gapped Hamiltonians
with n real and m complex-conjugate pairs of non-real eigenvalues.
They correspond to the topology along a loop in the BZ. The term
‘winding’ is the rotation angle of the two real eigenvectors, divided
by π. The phrase ‘frameN’ corresponds to non-Abelian frame
charges and ‘frameA’ is its Abelianization, a generalized Zak phase.

π1

(
X(m,n)

)
[Topology] m= 0 m= 1 m> 1

n= 0 {1} [trivial] Bm[braid]
n= 1

n= 2 Z [winding] Bm×Zn−1
2 [braid × frameA]

n> 2 Q(n)[frameN]

complex eigenvalues: each band is either entirely on the real
axis, which we abbreviate as a real band, or entirely on one
half complex plane, abbreviated as a complex band. These
bands carry different dynamic properties as naturally distin-
guished by the imaginary parts of their spectra. We show that
a single-gap description is forbidden for this separation gap
due to symmetry constraints in section 5.1. The classification
turns out to be beyond K-theory. Therefore they cannot be
described through the reference point/line classification. The
phases exhibit no topology along a loop, i.e. trivial π1. The first
nontrivial topology beyond π0 comes from π2. From this, we
will show that there are new Chern–Euler and Chern–Stiefel–
Whitney invariants protecting the separation gap.

An important tool that will be used in this section is spec-
tral flattening, which has played an important role in Hermitian
single-gap classifications [74]. Although diagonalizable non-
Hermitian matrices can be flattened by deforming their eigen-
values, similarly to Hermitian matrices, this native approach
does not apply to non-diagonalizable matrices, i.e. matrices
corresponding to EPs. In [57], the authors argue that EPs can
be pairwise annihilated and neglect them in spectral flattening.
However, a recent study shows that this pair-annihilation may
not always be true [123]. In section 5.2, we will show how
to generalize the naive spectral flattening to non-Hermitian
matrices. Based on the analytic properties of band projections,
both diagonalizable and non-diagonalizable matrices can be
reduced to a unified canonical form for a large class of separ-
ation gaps.

5.1. Failure of single-gap descriptions

We demonstrate that the separation gaps between the real and
the complex bands in PT -symmetric and pseudo-Hermitian
systems are correlated. These gaps have to be opened and
closed simultaneously. They cannot be reduced to a single gap.

In PT -symmetric and pseudo-Hermitian systems, the
eigenvalues can be classified into three types: 1. those on the
real axis; 2. those in the upper complex plane, and; 3. those in
the lower complex plane. If there is no band carrying both real
and complex eigenvalues, we can partition our band indices
into three sets corresponding to these three types: J0,J↑ and
J↓. Following this, we have two separation gaps. One is the
separation gap between the bands on the upper complex plane
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Figure 9. Multiple-gap descriptions for separation gaps between
real bands and complex bands. (a) One cannot perform a single-gap
description with respect to the separation gaps. The real bands
always split and move towards opposite directions into the complex
plane, it cannot be grouped with either the upper complex spectrum
or the lower complex plane. (b) Instead, the separation gap between
complex and real eigenvalues can be simplified to a two-gap
problem. This is done by flattening all eigenvalues on the upper
complex plane to i, all eigenvalues on the real axis to 0, and all
eigenvalues on the lower complex plane to −i.

and those on the real axis. The other is the separation gap
between the bands on the lower complex plane and those on
the real axis.

If we want to perform a single-gap description for such a
system, there are two choices. The first is to group the bands on
the lower complex plane and the real axis together and study
their separation with the bands on the upper complex plane.
The second choice is to group the bands on the upper complex
plane and the real axis together and study their separation with
the bands on the lower complex plane. We show that neither
of these two ways of grouping are legal. The reason is that for
a separation gap, the bands belonging to the same partition set
are free to touch. However, due to the symmetry, such touch
will inevitably close their separation gap with the other parti-
tion set if we do these two groupings. Therefore a single-gap
description is not proper for classification.

Let us look at the first choice and similar arguments apply
to the second choice. If we want to allow the spectra below the
upper complex plane free to touch, we have to either lift the
real eigenvalues to the lower half complex plane, or push the
eigenvalues on the lower half complex plane towards the real
axis. However, neither of these two processes are allowed, as
depicted in figure 9(a):

1. If we lift the real eigenvalues towards the lower complex
plane, due to the eigenvalue symmetry, this can only hap-
pen after two real eigenvalues collide on the real axis. But
after this collision, the two real eigenvalues split away from
the real axis in opposite directions. One of them goes to the
upper complex plane and the other goes to the lower com-
plex plane. The one going to the upper half plane destroys
the separation.

2. If we push the complex eigenvalues on the lower complex
plane towards the real axis, according to the symmetry, the
complex eigenvalues on the upper complex plane will also
be pushed towards the real axis. Therefore, the complex
eigenvalues on the upper complex plane will touch the real
axis during this spectral flattening. This procedure closes
the separation gap between the bands on the upper complex
plane and the bands on the real axis, hence it is not allowed.

From the above argument, we see that the failure of a single-
gap description exactly comes from the symmetry constraints
on the motion of eigenvalues. Due to the PT symmetry, we
have to consider at least two gaps if we want to separate eigen-
values with different imaginary parts. As a result, the classi-
fication cannot be captured by K-theory or a single reference
line.

5.2. Multiple-gap spectral-flattening

The natural partition J0,J↑ and J↓ leads us to consider a
multiple-separation-gap classification. This reduces the uni-
versal separation gaps in PT -symmetric systems and pseudo-
Hermitian systems to a two-gap problem. We first show how
the spectral flattening around the two separation gaps can be
done for diagonalizable non-Hermitian Hamiltonians.

A spectral flattening for separation gaps is to gradually
deform the spectra in each partition set into constants, such
that Ej(k) = λα,∀ j ∈ Jα without closing the separation gaps
[74]. Here λj are distinct complex constants. If spectral flatten-
ing is permitted in a system, the classification can be reduced
to that of eigenvectors as the eigenvalues are constant.

The spectral-flattening for diagonalizable matrices,
matrices containing no EPs, is similar to Hermitian situations
and is fairly straightforward: we simply diagonalize the mat-
rix and replace all the eigenvalues on the real axis (and the
upper/lower half complex plane) by 0 (and ±i, respectively),
without changing the eigenvectors (see figure 9(b)). More
precisely, we decompose a matrix H as

H= VHDV
−1, (33)

with HD the diagonal matrix representing the eigenvalues.
Then the spectral-flatten of H is defined as

HF = VHDFV
−1, (34)

where

HDF = diag(0, . . . ,0, i, . . . , i,−i, . . . ,−i) . (35)

Here, ‘D’ stands for ‘diagonalized’ and ‘F’ stands for
‘spectral-flattened’. It can be checked that HDF is unambigu-
ously determined by HD in the sense that it does not depend
on the choice of V. The eigenvectors of a matrix are continu-
ous when away from EPs [94], it is conceivable (and will be
proved later) that HDF depends continuously on HD.

For non-diagonalizable matrices, the above procedure does
not apply immediately. For example, consider one eigenvalue
λ of H forming a non-trivial Jordan structure:
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H= V



. . . 0 0 . . . 0 0
0 λ 1 . . . 0 0
0 0 λ . . . 0 0
...

...
...

. . . 1 0
0 0 0 0 λ 0

0 0 0 0 0
. . .


V−1. (36)

Since the spectral decomposition process could be singular
near those EPs [94, 126, 146], one may wonder whether a
proper generalization of spectral flattening exists or not. If it
exists, should we spectral-flatten such a structure to a scalar
matrix λαI (λα = 0,±i in our PT case), or should we keep
the off-diagonal 1’s as it is in equation (36)?

Here, we claim that the correct spectral-flattening is the
scalar matrix λαI. More precisely, we define the spectral-
flattening function sf() as follows: we simply Jordan decom-
pose a matrix and replace each Jordan block with eigen-
value λ by i× sgn(=λ)× identity matrix. Equivalently, let us
denote Pλ as the projection (not necessarily orthogonal) onto
the generalized-eigenspace corresponding to the eigenvalue λ.
Then we define

sf(H) = iP+ (H)− iP− (H)

= i
∑

λ∈spec+(H)

Pλ − i
∑

λ∈spec−(H)

Pλ, (37)

where spec±(H) denotes the set of eigenvalues on the upper
(and the lower) complex plane. A useful representation of the
projection P±(H), valid even for non-diagonalizable matrices,
is as follows [94]:

P± (H) =
1

2π i

ˆ
C±

(z−H)−1 dz, (38)

where C± is an arbitrary complex contour on the upper-half-
plane or the lower-half-plane that surrounds the corresponding
spectrum spec±(H).

In appendix G, using equation (38), we proved the follow-
ing lemma:

Lemma. Fixing the number of real eigenvalues, sf() is con-
tinuous in the input matrix.

Note that sf() matches the flattened form equation (34)
for diagonalizable matrices. Since diagonalizable matrices are
dense in all N×N matrices, sf() must be the unique general-
ization of the spectral-flattening for general matrices.

For later reference, here we give some comments on the
above-defined spectral-flattening function.

• sf() is continuous only after fixing the number of real (and
complex) eigenvalues. Otherwise, consider Hϵ = 12 + iεσy,
then sf() is not continuous near ε= 0.

• sf (H) is always diagonalizable even if H is not.
• The spectral-flattening can also be viewed as a continuous

procedure. We can define a deformation retraction (which

gives a homotopy equivalence) from the space of separation-
gapped matrices to a particular subspace with assigned
eigenvalues:

Ht = (1− t)H+ t · sf(H) . (39)

According to lemma, Ht is continuous as a multi-variable
function in H and t.

• The spectral-flattening respects the spectral gaps. IfH is sep-
aration gapped in the sense of figure 9, so are sf (H) and Ht

for ∀t ∈ [0,1]. This is because the eigenvalues ofHt have the
form of tλ+ i(1− t)sgn(λ), which are clearly also separa-
tion gapped.

• The spectral-flattening respects the symmetries of H. For
example, ifH is real, so are sf (H) andHt for ∀t ∈ [0,1]. This
can be seen from equation (38), since it implies

P± (H)∗ = P∓ (H∗) . (40)

• Although we present the spectral-flattening for matrices
with two separation gaps in PT -symmetric systems, the
procedure can be similarly performed for other systems with
a single gap, or even more separation gaps. We remark on its
applicability in appendix G.

5.3. Homotopy groups

In this subsection, we consider the classification of PT -
symmetric Hamiltonians which have separation gaps between
the bands on the real axis and the bands on the upper/lower
complex planes.

Let us denote X(m,n)
S to be the space of real matrices with m

pairs of complex eigenvalues and n real eigenvalues (2m+ n=
N). Due to symmetry, a jump ofm (and hence n) cannot happen
without a gap closing. Therefore, X(m,n)

S with different (m, n)
are mutually disconnect.

Now fixing (m, n), let us spectral-flatten all matrices in
X(m,n)
S according to equation (39). Such a procedure is a homo-

topy equivalence and does not change the topological inform-
ation. Hence we only need to study the space of real matrices
that are diagonalizable and whose eigenvalues are 0 (multipli-
city = n) and ±i (multiplicity = m), denoted as M(m,n)

S .
Similar to equation (12), any such spectral-flattened matrix

can be represented as:

HF = VH̃DFV
−1, (41)

where V ∈ GLn+2m(R) and

H̃DF =

 1m
−1m

0n

 . (42)

For such a block-diagonal matrix, all V that commutes with
H̃DS must have a form of

(A2m
Bn

)
where A ∈ GL2m(R) com-

mutes with
( 0 1m
−1m 0

)
and B ∈ GLn(R). Equivalently, A2m can

be identified as a GLm(C) matrix (intuitively, GLm(C) is a
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‘gauge’ transformation for them complex eigenvectors corres-
ponding to λ= i; since eigenvectors corresponding to λ=−i
must be conjugate to those of λ= i, there is no more ‘gauge’
freedom corresponding to λ=−i; see more in appendix C).
Therefore, after quotienting out those V commuting with H̃DS,
we have

X(m,n)
S 'M(m,n)

S =
GLn+2m (R)

GLm (C)×GLn (R)
. (43)

To get a feeling for how the topology is different in non-
Hermitian systems, we compare it to the single-gap Hermitian
insulator with PT symmetry: O(N1 +N2)/[O(N1)×O(N2)]
[85, 86]. The groups appearing in the quotient equation (43)
are not homogeneous, one being the complex general linear
group while the other being the real general linear group. The
action ofGLm(C) onGLn+2m(R) only rotates pairs of complex
eigenvectors, instead of an individual eigenvector like what
ON1 does. An important observation is that this space cannot
be captured by those symmetric spaces in K-theory [74] except
for n= 0 (which can be seen using the homotopy equivalence
GLn(R)' On,GLm(C)' Um,). Therefore it is necessary to go
back to homotopy theory to obtain the topological properties.

For the zeroth homotopy set, the result is similar to the
band-gapped case:

π0

(
M(m,n̸=0)
S

)
= {1} , π0

(
M(m,0)
S

)
= Z2. (44)

Higher homotopy groups can be worked out using the long
exact sequence

· · · → πd (GLn+2m (R))→ πd

(
M(m,n)
S

)
→ πd−1 (GLm (C)×GLn (R))→ ·· · . (45)

Since π0
(
GLm(C)×GLn(R)

)
→ π0

(
GLn+2m(R)

)
is always

injective, we have

π1

(
M(m,n)
S

)
∼= coker [π1 (GLm (C)×GLn (R))

→ π1 (GLn+2m (R))] . (46)

Similarly, since π2(GLn+2m(R)) = 0, we know

π2

(
M(m,n)
S

)
∼= ker [π1 (GLm (C)×GLn (R))

→ π1 (GLn+2m (R))] . (47)

The map π1
(
GLm(C)×GLn(R)

)
→ π1

(
GLn+2m(R)

)
can

be analyzed with information listed in appendix C. There are
several cases:

• Ifm= 0, or ifm= 1 and n= 0, then the map is an isomorph-
ism, hence both the kernel and cokernel are trivial.

• If m> 0,n> 2, then the map concerned is Z×Z2 → Z2.
Denoting the generators of Z and Z2 as w1 and w2, then the
map is (aw1,bw2) 7→ a+ b (mod2). It is surjective. The ker-
nel is a free Abelian group generated by w1 +w2 alone:

π2

(
M(m>0,n>2)
S

)
∼= Z. (48)

Table 2. The second homotopy groups corresponding to
separation-gapped PT -symmetric Hamiltonians with n real
eigenvalues and m pairs of conjugate complex eigenvalues. They
play the dominant role, since the corresponding fundamental groups

are trivial π1

(
X(m,n)
S

)
= 0. They are often the first topological

characters [128] after fixing the number n of real eigenvalues and
the number m of pairs of complex eigenvalues. The numbers C and
χ are the Chern number and the Euler number, see section 6.2. Note
that only the first line n= 0 is captured by the previous reference
line gap approach.

π2

(
X(m,n)
S

)
m= 0 m= 1 m> 1

n= 0 {1} Z
[
C
2

]
n= 1

{1}
Z
[
C
2

]
n= 2 Z×Z

[C+χ
2 , C−χ

2

]
n> 2 Z [C]

• If m> 0,n= 2, we need to consider the map Z×Z→ Z2.
Denoting their generators as w ′

1 and w ′
2, the map is (aw ′

1 +
bw ′

2) 7→ a+ b (mod2). It is also surjective. The kernel is
generated by w ′

1 −w ′
2 and w ′

1 +w ′
2. There is no further rela-

tion between these two elements, so we have:

π2

(
M(m>0,n=2)
S

)
= Z×Z. (49)

• Ifm> 0,n= 1, or ifm> 1,n= 0, themap isZ→ Z2, which
is simply the mod 2 map. It is still surjective. Its kernel gives

π2

(
M(m>0,n=1)

)
∼= π2

(
M(m>1,n=0)

)
∼= Z. (50)

To summarize, in all cases, we have

π1

(
M(m,n)
S

)
= 0. (51)

And we have the second homotopy groups as listed in table 2.
With this information, we can extract all the topological

properties of PT -symmetric N-band systems with gaps sep-
arating real and complex eigenvalues. The total space of such
separation-gapped matrices is, up to homotopy equivalence,
given by

XN,S =
⋃
m,n

n+2m=N

X(m,n)
S '

⋃
m,n

n+2m=N

M(m,n)
S . (52)

A slight difference here from band-gapped situations is
that these X(m,n)

S do not have a natural correspondence to
π0 of the total space XN,S. The reason is that not all of
these spaces are open. In fact, the total space XN,S itself is
connected; it is exactly the space of N×N real matrices
Mat(N,R). Nevertheless, the sets X(m,n)

S are still disjoint and
each separation-gapped phase can only belong to one of them:{

M(0,N)
S ,M(1,N−2)

S , . . . ,M(N/2,0)
S+ ,M(N/2,0)

S−

}
, N even;{

M(0,N)
S ,M(1,N−2)

S , . . . ,M((N−1)/2,1)
S

}
, N odd. (53)
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The higher homotopy groups depend on which element
(equation (53)) the system belongs to. After fixing X(m,n)

S , the
fundamental group is always trivial, meaning there is no topo-
logy along a loop in the Brillouin zone. An isolated nodal
structure that can be enclosed by a loop is not protected in
general. However, there can be topological invariants in the
bulk of a two-dimensional Brillouin zone, described by the
groups in table 2. An isolated degeneracy that can be enclosed
by a two-dimensional sphere between complex and real spec-
tra may also be protected by these topological invariants.

6. Expressions for topological invariants

To connect the rather abstract discussions in the previous
section to physics, we devote this section to interpreting the
general topological invariants obtained from the homotopy
classification. This is done by explicitly expressing the homo-
topy invariants in terms of operators and quantities familiar
in physics. We will employ some knowledge from differential
geometry. A good reference introducing the relation between
geometry and topological invariants is [147].

6.1. Nodal structures and band-gapped phases

We begin by calculating the invariants of band-gapped phases,
which also classify nodal structures. We provide formulae for
the zeroth homotopy set π0 and continue to the first homotopy
group π1.

6.1.1. Connected components. We start with the zeroth
homotopy set, which comprises the most fundamental
example. For N-band band-gapped systems, as discussed in
section 4.1, the zeroth homotopy set is first determined by
the number n of real and the number m of pairs of complex
eigenvalues. Each pair of (m,n 6= 0) satisfying n+ 2m= N
corresponds to one different element of the zeroth homotopy
set.

Furthermore, when n= 0 (which can only happen when
N= 2m is even), there is another topological invariant ν

giving the two elements X(N/2,0)
ν=± ∈ π0(XN). As described in

section 4.1, this ν is given by the determinant of a GLN(R)
matrices formed by the eigenvectors. As in the two-band
case, we label all right eigenvectors corresponding to eigen-
values in the upper half complex plane as |uj〉= |uj,R〉+
i|uj,I〉, 1⩽ j⩽ m. We can form a N×N invertible matrix
{|u1,R〉, |u1,I〉, . . . , |uN/2,R〉, |uN/2,I〉} from these eigenvectors.

The sign of X(N/2,0)
ν is determined by

ν = sgndet
{
|u1,R〉, |u1,I〉, . . . , |uN/2,R〉, |uN/2,I〉

}
. (54)

6.1.2. Fundamental groups. We then turn to the funda-
mental groups. These are topological invariants along a loop
traversing the Brillouin zone or encircling a degeneracy. We
focus on thePT -symmetry breaking case since the symmetry-
preserving case is already contained in [85] and, for the case

of two bands, explicitly discussed in section 3. As discussed
in section 4.3, the fundamental group is

π1

(
X(m,n)

)
= Bm× (Z2)

n−1
(m> 0,n> 0) . (55)

It includes two parts, the eigenvalue part, and the eigenvector
part.

Since it is complicated even to represent elements of the
braid group [148], the most direct way to obtain the braid
structure of complex eigenvalues is to plot the spectrum as in
figure 1(c). The braid Abelianization (an integer in Z) is often
a useful proxy quantity to determine whether a given braid is
non-trivial. In group theory, the Abelianization of a groupG is
the quotient G/[G,G]. The braid Abelianization is expressed
as the eigenvalue winding carried by the braid:

Bm → Z=
∑
i<j

1
π

ˆ
∂karg [Ei (k)−Ej (k)]dk, (56)

where the sum is taken over all distinct pairs i, j. If the
Abelianization is non-zero, the braid must be non-trivial,
but not vice versa if m⩾ 3. The case m= 2 is an excep-
tion since the braid group B2 is isomorphic to Z. The braid
Abelianization corresponds to the mutual energy winding
number (not to be confused with the reference-point winding,
see appendix B), or vorticity, studied earlier in [117, 149].

To extract/interpret the topology corresponding to the
eigenvector part, which are the (Z2)

n−1 invariants in table 1,
we can apply the idea of Wilson loops [84, 85]. From the
sequence in equation (27), the (Z2)

n−1 invariants come from
the identification of real eigenvectors different by a sign,
R× →−R×. This is a non-trivial rotation of the frame formed
by the n real eigenvectors when traveling around a loop.
Assuming that the left and right real eigenvectors are given
by continuous |uRj (s)〉 and 〈uLj (s)| at each point s ∈ [0,1] of a
path, then the total rotation is given by an n× n matrix

〈uLi (1) |uRj (0)〉. (57)

To compute it, we can insert a series of complete basis
(eigenvectors) along the path,∑

j1,j2...jW

〈uLi (1) |uRjW (sW)〉〈u
L
jW (sW) |u

R
jW−1

(sW−1)〉

· · · 〈uLj1 (s1) |u
R
j (0)〉, 1> sW > sW−1 > · · ·> s1 > 0,

(58)

where each summation index j1, j2, · · · , jW should be taken
from 1 to 2m+ n. The vectors corresponding to complex
eigenvalues can also be understood as the pairs of real vec-
tors appearing in V of equation (12). By taking W→∞, this
is equivalent to the non-Abelian Wilson loop:(

Sei
´
A(s)ds

)
ij
, (59)

where the (n+ 2m)× (n+ 2m) Berry connection is Aij(s) =
i〈uLi (s)| d

dsu
R
j (s)〉 and S means that the integral is path-ordered.
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Equation (59) is conceptually nice but computationally
challenging due to its involvement of eigenvectors corres-
ponding to complex eigenvalues (although we only care about
rotations of real eigenvectors) and the necessity of knowing
the continuous path of eigenvectors before the calculation
to evaluate the Berry connection. In practice, once we have
found the continuous path of eigenvectors, we can simply use
equation (57) to calculate the Zn−1

2 invariant. Such continuous
paths can be defined by the following procedure, which only
involves the real eigenvectors. We observe that the projectors
to the real eigenspaces, |uRj (s)〉〈uLj (s)|= Pj(s), 1⩽ j⩽ n, are
continuous and periodic for 0⩽ s⩽ 1 (this can be understood
by comparing to Chern insulators, where the eigenvectors have
a singularity in the BZ but the projection is smooth/periodic).
In fact, the projector is entirely determined by the operator
according to equation (38):

Pj (s) =
1

2π i

˛
C around Ej

dt
t−H(s)

, (60)

where the loop is taken around Ej. Choosing a well-defined
loop C is always possible as all energy modes are distinct. The
projection satisfiesP2

j = Pj, although it may not be orthogonal.
With this, we can construct a set of continuous right eigen-
vectors along a loop. Start with some fixed |uRj (0)〉, we define
|uRj (s)〉 as:

|uRj (s)〉 ∝ lim
W→∞

Pj (s)Pj

(
W− 1
W

s

)
· · ·Pj

(
1
W
s

)
|uRj (0)〉.

(61)
(Note: in fact, if we use |uR〉〈uR| instead of |uR〉〈uL| in
equation (61), the above-defined |uR(s)〉 is normalized auto-
matically in the limit, roughly due to limW→∞(1+ 1

W2 )
W =

1.) The functions constructed above may not be periodic,
i.e. |uRj (0)〉 6= |uRj (1)〉. Assuming that it is non-vanishing, the
total rotation along the path is then given by the sign of
〈uLj (0)|uRj (1)〉. In other words, we can consider

lim
W→∞

〈uLj (0) |Pj (s)Pj
(
W− 1
W

s

)
· · ·Pj

(
1
W
s

)
|uRj (0)〉, (62)

with different j chosen from 1 to n. Their signs tell us how
eigenvectors have been flipped during the loop, represented
by a list of n signs (±,±, . . . ,±). The total number of sign
flips must be even in order to preserve the eigenvector frame
orientation. So this list of signs can be generated by (n− 1) Z2

generators, each flipping a pair of eigenvectors:

(−,−,+, . . . ,+) , (−,+,−,+, . . . ,+) , . . . ,

(−,+, . . . ,+,−) . (63)

The (Z2)
n−1 invariant is given by the sign flips obtained

from the Wilson loop procedure, written in terms of these
generators.

Another way of writing the Wilson loop is to allow uRj
to be complex vectors. With such freedom, we can actually
choose uRj (s) to be periodic and continuous simultaneously.
For example, the path uRj (s)→ uRj (s)exp(−iπ s) is periodic

if there is a sign flip. In this periodic but complex gauge,
we can write equation (62) as P exp(i

´
Ajj(s)ds). Note that

this is a single number (not to be confused with the jj mat-
rix element of a non-Abelian Wilson loop). Namely, the integ-
ral of Berry connection (holonomy) now gives the sign flip.
This can be proved by first noticing that for real |uRj (s)〉,
S exp(i

´
Ajj(s)ds)must be positive. When transformed to the

complex gauge, S exp(i
´
Ajj(s)ds) then must give the correct

sign, due to the covariance of the Wilson loop. In this point
of view, the (Z2)

n−1 is a generalized Zak phase, existing in
(n− 1) pairs of bands.

6.2. Separation-gapped phases

6.2.1. Connected components. As discussed in section 5.3,
we first need to specify the number n of real and the number
m of pairs of complex eigenvalues. Each pair of (m, n) satis-
fying n+ 2m= N corresponds to different separation-gapped
phases.

Furthermore, according to equation (44), if N is even and
n= 0, there is another topological invariant ν ∈ Z2. The for-
mula for it is exactly the same as equation (54), since they
both come from π0(GL2m(R)) = Z2. Note that this formula
works even with degeneracies or exceptional points, as long
as {|uj,R〉+ i|uj,I〉} (1⩽ j⩽ m) spans the direct sum of gener-
alized eigenspaces for eigenvalues in the upper half plane.

6.2.2. Second homotopy group. The first nontrivial topo-
logy beyond π0 comes from the second homotopy group
π2(M

(m,n)
S ). This kind of topology appears when the BZ, or

the surface we study in the space of control parameters, is a
two-dimensional sphere (it also applies if BZ is a 2D torus,
since π1(M

(m,n)
S ) = 0 [128]). To see its physical meaning, we

will use the language of vector bundles [147] and their char-
acteristic classes, which are familiar in physical literature via
Berry connections and Berry curvatures [150–152].

To start with, the Bloch states form an N-dimensional
Hilbert space at each k. By putting all these Hilbert spaces
together, we obtain a total space BZ×RN [128], the trivial
vector bundle of rank N over the BZ/sphere. Next, the bands
of the system give a decomposition of this bundle into two
subbundles, which are topological, as follows. At each point k,
the corresponding eigenvectors inM(m,n)

S give a decomposition
of the N= 2m+ n dimensional real vector space into an 2m-
dimensional real vector subspace and an n-dimensional real
vector subspace. The former has a complex structure

( 1m
−1m

)
on it, and can be identified as am-dimensional complex vector
space. It is canonically isomorphic to the complex eigenspace
corresponding to eigenvalues with positive imaginary part.
The latter n-dimensional real vector subspace is the eigenspace
corresponding to real eigenvalues. By joining together all such
vector subspaces at every k, we see that we can split the trivial
bundle over the BZ as a direct sum of two vector bundles:

BZ×RN = F̃R ⊕F. (64)
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Here, F̃ is the m-dimensional complex vector bundle, F̃R is
the same as F̃ as a topological space, but we view it as a 2m-
dimensional real vector bundle; F is the n-dimensional real
vector bundle. In plainer language, the above equation tells us
that the (spontaneous) symmetry-breaking bands of the sys-
tem give rise to a complex vector bundle F̃, and the symmetry-
preserving bands form a real vector bundle F. These bundles
F̃ and F are often called Bloch bundles in physical literature.
With this decomposition, the topology π2(M

(m,n)
S ) is conver-

ted to the topology of these vector bundles. It is natural to use
characteristic classes [153] to characterize the vector bundles.

For the complex vector bundle F̃, we have Chern classes;
while for the real vector bundle F, we may have Stiefel–
Whitney, Euler, and Pontryagin classes. The Pontryagin class
starts to appear from d= 4 dimension, so it does not enter into
our questions. The integrals of the first Chern class and the
Euler class over the BZ are often known as the Chern num-
ber C and the Euler number χ. Due to equation (64), these
characteristic classes/numbers are not independent. Using the
Whitney product formula, we have

w
(
F̃R

)
^ w(F) = 1, (65)

where w() is the total Stiefel–Whitney class and ^ is the cup
product [139]. Also note that w(F̃R) = c(F̃) (mod 2), where
c() is the total Chern class. The equation tells us the following
relation between the first Chern class of the complex bands the
second Stiefel–Whitney class of the real bands

c1
(
F̃
)
(mod 2) = w2 (F) . (66)

Moreover, being a complement of F̃R, F must be orientable
and hence has a Euler class e(F), which gives rise to the top
Stiefel–Whitney class by mod 2. Hence,

c1
(
F̃
)
≡ e(F) (mod 2) , if n= 2. (67)

The same equation also applies to the corresponding charac-
teristic numbers C and χ.

These equations can be viewed as a generalization of the
Chern number summation rule (Chern numbers of all bands
must sum to zero) for Hermitian systems. More precisely,

• When m> 0 and n= 2, the system is characterized by c1(F̃)
and e(F), and accordingly by the first Chern number C and
the Euler number χ, with the constraint that the sum of them
must be even.

• When m> 0 and n> 2, the system is characterized by c1(F̃)
and w2(F), but equation (66) tells us that w2(F) is com-
pletely determined by the Chern number of the complex
bands. So the system can be characterized by a single Chern
number C.

• When m> 0,n= 1 or m> 1,n= 0, w2(F) = 0 due to
dimensional constraint, and equation (66) tells us that c1(F̃),
the Chern number, must be even, so the system can be char-
acterized a single integer C/2.

• When m= 1 and n= 0, F̃R itself is trivial, so c1(F̃) =
e(F̃R) = 0.

The above rules also match the elements in table 2. This is nat-
ural: inspecting the derivation of π2(M

(m,n)
S ) there, we see that

on a sphere S2, the Chern number comes from π1(GLm(C)),
the Euler/Stiefel–Whitney number comes from π1(GLn(R)),
and equation (47) is essentially a restatement of equation (64).

Some characteristic classes can be expressed through
Berry curvatures on the vector bundle. In the following we
briefly the formalism. We will also explain our choice in
the left and right eigenvectors for connection and curvature
matrices.

A connection on a vector bundle is a rule for how to take a
derivative within that bundle [147]. This follows from the idea
of defining a parallel transport. Let’s first consider the com-
plex vector bundle F̃. As discussed above, we can think of each
fiber as spanned by m right complex eigenvectors correspond-
ing to the complex eigenvalues with positive imaginary parts.
As a subbundle of the trivial bundle, there is a naturally defined
induced connection ∇a on it:

∇F̃
a |uRj (k)〉 ≡ PF̃∂a|u

R
j (k)〉=−i

∑
j′

Aj′j,a (k) |uRj′ (k)〉. (68)

Here the second equation is the expansion of PF̃∂a|uRj (k)〉 in
terms of the basis |uRj′(k)〉. The operator PF̃ is a projection
(does not need to be orthogonal) onto the m-dimensional sub-
space we want to consider; j and j′ can only takem values also.
A natural choice of PF̃ is given by the eigen-decomposition
of H. Introducing the left eigenvectors and using the biortho-
gonal condition 〈uLi (k)|uRj (k)〉= δij, PF̃ can be represented as
PF̃ =

∑
ij|uRi 〉〈uLj |, and the connection matrices A are:

Aij,a (k) = i〈uLi (k) |∂auRj (k)〉. (69)

This expression gives back the Berry connection [150–152]
in Hermitian cases. The corresponding Berry curvature Ω
is a matrix-valued two-form, given by the Berry connection
through

Ωij,xy = ∂xAij,y− ∂yAij,x− i [Ax,Ay]ij . (70)

The basis {|uRj (k)〉} does not have to be orthonormal, yet
equation (68) is still a well-defined connection since P and
∂a are well-defined globally. The well-definedness can also be
verified by observing that under a linear transformation V(k)
on the eigenvectors, the connection matrix transforms as

Aa (k)→ V−1Aa (k)V+ iV−1 (k)∂aV(k) . (71)

This transformation will leave the Berry curvature
equation (70) covariant in the sense that Ω→ V−1ΩV. This
is to say, Ω is a (1, 1)-tensor well-defined globally on the
BZ. The first Chern number is then expressed in terms of the
non-Abelian Berry curvature through [75, 147]:

C=

ˆ
1
2π

tr ↑Ωij,xy (k)d2k=
ˆ

1
2π

∑
Im Ej>0

Ωjj,xy (k)d2k,

(72)
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Again tr ↑ is over the bands with energies in the upper half
complex plane. The bands from the lower half complex plane
are their complex conjugate and thus not independent. In fact,
those bands have Chern number−C. This can be seen by com-
puting the corresponding Berry curvature and noticing that the
last commutator in the equation (70) actually does not contrib-
ute to the Chern number.

Note that we have used the ‘LR’ convention here: replace
the bra and ket states in standard definition in physical
literature [151, 152] by the left and right eigenvectors respect-
ively. From the above discussions, it is a natural choice for
calculating the Berry connection and Berry curvature in non-
Hermitian systems. In comparison, if we choose right-right
or left-left eigenvectors in equation (69), the connection mat-
rix does not transform according to equation (71). Additional
care is needed to let it be well-defined for the entire BZ
(details in appendix H.1). After fixing this issue, one can
prove that different choices of left and right eigenvectors for
the Berry connection give the same Chern number (see [117]
and appendix H.1). The biorthogonal connection that we use
serves as the most covariant form.

Now we look at the topological invariants for the bands of
real energy. As we have discussed, the real vector bundle F
corresponding to real eigenvectors is orientable, it can have
a nontrivial Euler class when n= 2. We denote the corres-
ponding eigenvectors as |uR1 (k)〉, |uR2 (k)〉. Similar to the Chern
class, the Euler class is an intrinsic topological invariant that
does not depend on the details of the geometry. But in order
to write the Euler class through geometric quantities, there are
some restrictions [147, 153]: we need to pick up a connec-
tion that is compatible with a Riemannian metric on the vector
bundle andwrite down the curvature matrix under an orthonor-
mal basis (more elaborate explanation in appendix H.2). In
Hermitian systems, these two conditions are automatically sat-
isfied due to the orthogonality of eigenvectors. In contrast,
we lose this convenience in non-Hermitian systems. The right
eigenvectors |uR1 (k)〉, |uR2 (k)〉 of a non-Hermitian matrix usu-
ally have a non-vanishing overlap. To amend this, we need
to orthogonalize the real eigenvectors by hand and obtain an
orthonormal basis {|ũ1(k)〉, |ũ2(k)〉} that is compatible with
the orientation and spans the eigenspace of real bands. The
new connection matrix is to be evaluated by:

Ãjj′,a (k) = i〈ũj (k) |∂aũj′ (k)〉. (73)

The new curvature Ω̃ij,xy is obtained by inserting this con-
nection into equation (70). Its detailed expression is in
appendix H.2. This will be a skew-symmetric matrix and its
off-diagonal part is its Pfaffian:

Pf Ω̃ij,xy

∣∣
i,j∈{1,2} = Ω̃12,xy =−Ω̃21,xy. (74)

The Euler number is then given by the integral of this
component [77, 86, 147]:

χ =

ˆ
1

2π i
Ω̃12,xyd

2k. (75)

The additional factor of i in the denominator comes from the
fact that the Berry curvature matrix is different from the usual

definition of curvature matrix in mathematical literature by a
factor of −i (see equation (68)).

At the end of this section, we note that although the Stiefel–
Whitney numbers usually cannot be expressed through invari-
ant polynomials of the curvature, it is not a problem here. They
can always be derived from the Chern number by the sum-
ming rule in our situation (cf discussion after equation (66)).
Another observation is that Euler, Chern and Stiefel–Whitney
numbers intrinsically come from characteristic classes. After
identifying them with the homotopy invariants, the results of
π2 apply to any two-dimensional surfaces due to the univer-
sal validity of characteristic classes. We do not need to worry
about whether the invariants are living on a sphere or a torus.

7. Fragile and stable topology

We now turn to a discussion about the stability of the topo-
logical invariants derived in the previous sections. We will
demonstrate that some stable Hermitian topology can be trivi-
alized by adding trivial non-Hermitian bands. This leads to
more interesting phenomena that do not have counterparts
in Hermitian systems, especially a different kind of stabil-
ity and fragility of the 2π frame topology. This frame topo-
logy has been demonstrated to possess edge states in recent
experiments [87].

Let us first introduce the notion of fragile and stable topo-
logy. A topological gapped phase of an N-band system can-
not be reduced to a trivial phase unless the gap closes at some
point. This is to say, the N×N-matrix-valued function HN(k)
cannot be deformed into a constant matrix-valued function
while keeping the eigenvalues non-degenerate. Now let us add
trivial bands and convert the system to HN(k)⊕Htrivial, with
Htrivial a constant non-degenerate matrix function. This new
matrix function HN(k)⊕Htrivial acts in an enlarged Hilbert
space. The topological nature of HN(k)⊕Htrivial may be dif-
ferent from HN(k). The N-band topological phase (character)
is said to be fragile, if there exists Htrivial such that HN(k)⊕
Htrivial can be reduced to a constant matrix function during
some gap-preserving deformation. Topological phases that are
robust to such inclusion of trivial bands are said to be stable.

7.1. Band-gapped phases and nodal structures

Whether a topological phase (character) is stable or not can
be found out by checking table 1. Adding trivial bands can
be considered as increasing the number m and n by δm
and δn respectively. By doing so, we have a homomorph-
ism π1(X(m,n))→ π1(X(m+δm,n+δn)), induced by the inclu-
sion map. If the kernel of this homomorphism is nontrivial,
The topological phase in π1(X(m,n)) living in the kernel
(if nontrivial) of this map is mapped to a trivial phase in
π1(X(m+δm,n+δn)) and are thus fragile.

We first look at the Hermitian situation or the PT -
preserving situation, the element in table 1 corresponding to
m= 0, n= 2. We claim that some of the topological phases,
described by the winding number of (dx,dz), is fragile: by
increasing from n= 2 to n> 2, the inclusion π1(X(0,2))→
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Figure 10. Illustration of fragile and stable topology. (a) The minus
one frame charge (represented by a 2π rotation of eigenvectors
along a loop) leading to non-Abelian frame topology is stable in
Hermitian situation or PT -symmetry preserved phases. (b) The 2π
topology can be trivialized by adding two bands spontaneously
breaking PT symmetry. (c) To determine whether a topological
character is stable or fragile, we do an excursion in table 1 by
increasing m and n. The system with smaller m and n can be
included in the system with larger m and n. The inclusion map is
indicated beside the colored arrows. If the inclusion map is injective
(blue), the topology is stable. If the inclusion map has a
non-vanishing kernel (red), we have loss and the topology can be
fragile.

π1(X(0,n)) maps Z to a Z4 subgroup in Q(n). Indeed, a gener-
ator of π1(X(0,2)) is a 2π rotation of (dx,dz), causing a π rota-
tion of (|u1〉, |u2〉): |u1〉 → −|u1〉, |u2〉 → −|u2〉. This is lifted
to e1 ∈ Q(n) as discussed in section 4.2. From the group rela-
tions equation (25), we see that e41 = 1, meaning that the ker-
nel is non-trivial. All 2-band phases with a winding number
of multiples of 4 are fragile upon adding trivial bands with
real eigenvalues. In contrast, the topology in Q(n) is stable
as long as there is no spontaneous PT symmetry breaking,
reflected in figure 10(a). By adding more gapped trivial bands
with real eigenvalues, we just increase the number of gener-
ators ej. There is no loss of topology in the many-real-band
limit.

The fragile topology of winding numbers has long been
known in Hermitian systems. However, adding trivial bands
with complex energy to our systems will bring very different
phenomena. This corresponds to moving right in table 1.

From table 1, adding complex bands reduce the non-
Abelian group Q(n) to the Abelian group (Z2)

n−1. This is
a notable feature of spontaneous PT symmetry breaking:
Abelianization of the frame charges. When all eigenvalues are
real, the systems are featured by frame charges that ‘anticom-
mute’ with each other eiej =−ejei (note that the right-hand
side is the product of three group elements, −1,ej and ei).
The key of this non-Abelian topology is the −1 frame charge,
appearing in the commutators between ei and ej. This charge
comes from the fundamental group π1 [GLN(R)] = Z2. When

the PT symmetry is spontaneously broken, this −1 charge is
killed by the complex eigenvalues, albeit the complex bands
are trivially gapped. As a consequence, the frame charges are
Abelianized, as shown in figure 10(b). A hint can be found by
comparing equations (23) and (28) and notice the difference
between m= 0 and m> 0. Below we give a simple explicit
example of how this −1 frame charge is annihilated by the
complex eigenvalues.

The charge −1 in π1 [GLN(R)] = Z2 can be understood as
a 2π rotation of a pair of real eigenvectors, via the natural
map π1 [GL2(R)]→ π1 [GLN(R)]. Without loss of generality,
we take the real eigenvalues fixed to be 1,−1. Now let us add
a pair of complex eigenvalues at i,−i. The topological phase
with charge −1 can be understood as the following loop of
matrices:

H0 (θ) = V0 (θ)D0V
−1
0 (θ) , θ ∈ [0,2π] . (76)

Here

D0 =

(
σz

iσy

)
,

V0 (θ) =

(
Rθ

12

)
, Rθ =

(
cosθ sinθ
−sinθ cosθ

)
. (77)

where 12 is the 2× 2 identity matrix. When θ goes from 0 to
2π, the first two real eigenvectors perform a 2π rotation in the
plane they span. The Hamiltonian goes back to itself after the
rotationH0(0) = H0(2π) = D0 (this is why we call it a loop of
matrices). Notice, if we replace θ by kx and treat H0(kx) as a
Bloch Hamiltonian in one dimension, then the top-left blocks
in D0 and V0 carry the same topology as the model studied in
[87].

Now we want to show that this loop of matrices H0(θ) can
be continuously deformed via a family of loops Ht(θ) into the
constant loop

H1 (θ)≡ D0 (78)

without gap closing. To do so, we demonstrate that we can
gradually deform the loop V0(θ) via a family of loops Vt(θ)
(continuous in both t and θ, Vt(θ) ∈ GL4(R)) to a new loop
V1(θ):

V1 (θ) =

(
12

Rθ

)
. (79)

Defining the family of Hamiltonian loops via:

Ht (θ) = Vt (θ)D0V
−1
t (θ) , (80)

then equation (78) will be satisfied, since Rθ is a linear com-
bination of 12 and σy. As Vt(θ) does not change eigenvalues,
the system is gapped everywhere during the deformation. This
proves that the −1 charge is lifted in the presence of complex
eigenvalues. Simply speaking, we have ‘traded’ the 2π rota-
tion of two real eigenvectors into a e2π i rotation of the com-
plex eigenvector, the latter is trivial loop since the phase of a
complex eigenvector does not affect the matrix H.
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The existence ofVt(θ) is proven as follows.We observe that
V0(θ) can be transformed to V1(θ) by the following action

V1 (θ) =

(
12

12

)
V0 (θ)

(
12

12

)
. (81)

The determinant of

(
12

12

)
is 1, as this is a general lin-

ear transformation switching two pairs of coordinates. Since
GL4(R) only has two path-connected components, distin-
guished by the sign of the determinant, all matrices with

the same determinant can be continuously deformed to each
other. Hence, we can find a continuous function of matrix

Kt ∈ GL+4 (R) interpolating the identity matrix and

(
12

12

)
:

K0 = 14, Kt ∈ GL+4 (R) , K1 =

(
12

12

)
. (82)

One such realization of Kt is

Kt =


cos

(
tπ
2

)
−sin

(
tπ
2

)(
cos

(
tπ
2

))
sin2

(
tπ
2

)
0

sin
(
tπ
2

)
cos

(
tπ
2

)
cos

(
tπ
2

)
cos(tπ ) −2sin

(
tπ
2

)
cos2

(
tπ
2

)
sin2

(
tπ
2

)
sin2

(
tπ
2

)
2sin

(
tπ
2

)
cos2

(
tπ
2

)
cos

(
tπ
2

)
cos(tπ ) −sin

(
tπ
2

)(
cos

(
tπ
2

))
0 sin2

(
tπ
2

)
sin

(
tπ
2

)
cos

(
tπ
2

)
cos

(
tπ
2

)
 . (83)

With the help of Kt, we can build Vt(θ) as

Vt (θ) = KtV0 (θ)K
−1
t . (84)

According to previous discussions, Ht(θ) defined by
equations (80) and (84) will be a continuous interpolation
betweenH0(θ), the loop ofmatrices carrying−1 frame charge,
to H1(θ), the constant matrix loop. This proves that the com-
plex eigenspace identifies the frame charge−1 with the trivial
charge 1. All frame charges now commute with each other
and give Abelian eigenvector topology.

The braid Bm topology and (Z2)
n−1 topology in table 1

are always stable. The braid comes from the nontrivial mutual
winding of the complex energy. This cannot be destroyed if
more trivial gapped bands are included. From section 6, the
remaining (Z2)

n−1 topology is the sign change of the real
eigenvectors following a loop. This manifests the discrete
gauge transformation of real eigenvectors. It does not change
upon adding trivial gapped bands. The results are summarized
in figure 10.

We also remark in the end that the frame orientation ν for
an even number of bands N= 2m is a fragile topology. It is
removed when one more band of real energy is added to the
system.

7.2. Separation gap

As we have shown in table 2, the Euler number is not stable.
It only appears in models with two bands of real eigenval-
ues. When more such real bands are added, the Euler class
of the original two bands is reduced to a Z2 invariant in the
second Stiefel–Whitney class, with the latter being stable. This
reproduces the fragile topology of the Euler class in Hermitian
models [77]. The Chern numbers on the other hand are stable
and always protect the separation gaps.

8. Pseudo-Hermitian systems

The PT -symmetric system is closely related to pseudo-
Hermitian systems. An operator H is said to be η-pseudo-
Hermitian if there exists an invertible operator η such that [72]

ηH†η−1 = H. (85)

In our work, we further demand η to be unitary [59],
such that it does not change the norms of physical states.
The pseudo-Hermiticity generalizes the usual notion of
Hermiticity, which can be recovered for η= 1. It is not hard
to show each PT -symmetric Hamiltonian belongs to some η-
pseudo-Hermitian class [72]. The classification of η-pseudo-
Hermitian Hamiltonians requires precise knowledge of η,
which depends on the details of systems. In fact, the signa-
tures of η have close connections to the nature of a degeneracy
[154, 155]. We will give a thorough classification for all dif-
ferent classes of η.

8.1. Two-band model

As a simple example, let us consider the two-band case where
η = diag{1,−1}. We parameterize our matrix H as

H= dxσx+ dyσy+ dzσz, (86)

where dx,dy,dz ∈ C and we have assumed that H is trace-
less. A straightforward calculation shows that, the η-pseudo-
Hermitian condition is equivalent to:

d∗x =−dx, d∗y =−dy, d∗z = dz. (87)

Hence we can now parameterize H with real parameters as

H= id̃xσx+ id̃yσy+ dzσz, (88)
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where now d̃x, d̃y,dz ∈ R. The condition of non-degeneracy
becomes:

d2z 6= d̃2x + d̃2y . (89)

It is evident that this is the same situation as in section 3.1
(with y and z switched, and an overall prefactor of i), see also
figure 4. There are three connected components, two of which
are contractible, and the remaining one is homotopy equival-
ent to S1 (note that different from section 3.1, this region now
corresponds to H with no real eigenvalues).

8.2. General results

In this section, we work out the classification of η-pseudo-
Hermitian Hamiltonian for a general number of bands and
unitary η.

8.2.1. Reduction to special cases. Here we show that the
problem can be reduced to the case where η is a diagonal mat-
rix with diagonal elements ±1:

η = diag(1m,−1n) . (90)

If we take a conjugate ofH,H→ UHU†, then the η-pseudo-
Hermitian relation equation (85) becomes:(

UHU†)† = (
UηU†)(UHU†)(UηU†)† . (91)

Namely, UHU† is UηU†-pseudo-Hermitian. Note that a unit-
ary matrix η can always be diagonalized by a unitary matrix
U, we can assume without of generality that η is diagonal:
ηij = ηiδij. The η-pseudo-Hermitian relation becomes:

H∗
ji = ηi η

∗
j Hij, (92)

which implies (upon switching i, j) that

H∗
ji = η2

i η
∗2
j H

∗
ji. (93)

Hence Hij = 0 as long as ηi 6=±ηj. Therefore, we can organ-
ize the eigenvalues of η so thatH is block diagonal. Moreover,
multiplying η by a global phase does not change the η-pseudo-
Hermitian relation, hence we can assume without loss of gen-
erality that η has the form of equation (90).We can also choose
the larger block to be positive, such that m⩾ n.

8.2.2. Parameterization. We claim that a non-degenerate
matrix H is η-pseudo-Hermitian if and only if can be diag-
onalized as H= VHDV−1 such that η satisfies:

V†ηV= diag(
1, · · · ,1,−1, · · · ,−1,

(
1

1

)
, · · · ,

(
1

1

))
, (94)

and the diagonal part is

HD = diag
(
λi, · · · ,λk,λk+1,λ

∗
k+1, · · · ,λk+l,λ∗

k+l

)
, (95)

where λi ∈ R (1⩽ i⩽ k) and λk+j is imaginary (1⩽ j⩽ l). So
we have k real eigenvalues and l pairs of complex conjugate
eigenvalues.

We explain how these canonical forms are obtained. First,
being non-degenerate, H can be diagonalized: H= VDV−1

where D is diagonal and the columns of V correspond to
the eigenvectors of H. Second, being pseudo-Hermitian, the
eigenvalues of H must be real or come in conjugation pairs
(since the characteristic polynomial of H is real), hence D has
a form of equation (95). Third, two eigenvectors of H corres-
ponding to non-conjugate eigenvalues must be η-orthogonal
(Hvi = λi vi and Hvj = λjvj imply that λjv

†
i ηvj = v†i ηHvj =

v†i H
†ηvj = λ∗

i v
†
i ηvj, which implies v†i ηvj = 0 as long as λi 6=

λ∗
j ). This implies that

V†ηV= diag

(
v†1ηv1, · · · ,v

†
kηvk,

(
∗

∗

)
, · · · ,

(
∗

∗

))
.

(96)

Then equation (94) is achieved using the scalar degree of free-
dom of eigenvectors.

We note that the signs of the diagonal elements in
equation (94) are unchanged under scalar multiplication of
eigenvectors. Instead, due to Sylvester’s law of inertia, the
number of 1 minus the number of−1 must equalm− n. Hence
the number of 1s equals p= m− l and the number of (−1)s
equals q= n− l. As a byproduct, it also implies that l⩽ n=
min{m,n}, namely, the number of non-real eigenvalues are
upper bounded sign structure of η.

Let us find the space of V such that equation (94) holds. To
do so, we diagonalize the right-hand side of equation (94) by
right multiplying V with

W= diag

(
1k,

1√
2

(
1 1
1 −1

)
, · · · , 1√

2

(
1 1
1 −1

))
. (97)

After this action, we have

(VW)
†
ηVW

= diag(1, · · · ,1,−1 · · · ,−1,1,−1, · · · ,1,−1) .
(98)

Again, the total number of 1s and (−1)s equal m and n due
to Sylvester’s law of inertia, so the diagonal elements are p 1s
followed by q (−1)s followed by l pairs of (1,−1). We can
further make it equal η by a suitable permutation matrix S (S
is uniquely determine by m,n, l):

(VWS)† ηVWS= η. (99)

Therefore, the space of VWS is exactly U(m,n), the gener-
alized unitary group with respect to η. The space of V is
related toU(m,n) by an invertible linear transformation, hence
homeomorphic to each other.

We also note that the parameterization H= VHDV−1

has some redundancies. First, we can permute eigenvalues
together with their eigenvectors among those diagonal 1s.
There are p of them, giving rise to a Sp redundancy. The same
applies to those diagonal (−1)s (q of them) and those l conjug-
ation pairs. Second, each vi (i⩽ k) has a U(1) phase degree of
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freedom. Each pair of eigenvectors corresponding to a conjug-
ate pair of eigenvalues also comes with a U(1) phase degree
of freedom.

Combining the above observations, we can represent the
space of non-degenerate η-pseudo-Hermitian Hamiltonians as

X=
n⋃
l=0

X(l), (100)

where

X(l) =
Confk (R)×Confl (C+)× U(m,n)

U(1)k+l

Sp× Sq× Sl
. (101)

Here again p= m− l and q= n− l; k= p+ q. Each U(1) in
U(1)p (and U(1)q) acts on U(m,n) by multiplying a ‘positive’
(and ’negative’) column with a phase; Each U(1) in U(1)l acts
on U(m,n) by jointly multiplying a ‘positive’ column and a
’negative’ column with the same phase.

8.2.3. Topology. Let us first calculate the zeroth homotopy
set. Both Confl(C+) and U(m,n) are connected, hence non-
connectedness comes from Confk(R)

Sp×Sq
:

|π0

(
X(l)

)
|=

(
k
q

)
. (102)

It can be understood as follows. We say a real eigenvalue to
be of type A (or B) if the corresponding eigenvector ν satis-
fies ν†ην = 1 (or −1). The binomial number is just the num-
ber of ways to arrange p type A points (indistinguishable) and
q type B points (indistinguishable) in order. Also note that q
runs over 0 to n, the total number of connected components is
therefore:

|π0 (X) |=
n∑

q=0

(
m− n+ 2q

q

)
. (103)

The cardinality of this zeroth homotopy set is much larger than
the situations inPT -symmetric systems formultiple band sys-
tems. This means it is more common to have nodal structures
in pseudo-Hermitian systems; they appear with codimension
one. The comparison is listed in table 3.

The higher homotopy groups can be worked out in a
straightforward way similar to previous sections. To start, we
first note that the natural embedding U(m)×U(n)→ U(m,n)
is a homotopy equivalence. Let us again write a connect com-
ponent of X(l) as (E ×M)/Sl. We have the following exact
sequence for M(l) = U(m,n)/U(1)k+l:

0→ π2

(
M(l)

)
→ Zk+l → π1 (U(m,n))→ π1

(
M(l)

)
→ 0.

(104)

According to the comments below equation (101), the map
Zk+l → π1(U(m,n)) is defined by:

(a1, · · · ,ap,b1, · · · ,bq,c1, · · · ,cl)

7→
(∑

a+
∑

c,
∑

b+
∑

c
)

(105)

if n⩾ 1; and

(a1, · · · ,ap) 7→
∑

a (106)

if n= 0. Therefore, the homotopy groups ofM(l) are given by:

π1

(
M(l)

)
∼=

{
Z (k= 0)

0
, (107)

and

π2

(
M(l)

)
∼=

{
Zk+l−1 (n= 0 or k= 0)

Zk+l−2
. (108)

Since Confl(C+) has trivial π2 and Sm is discrete, we have
π2(X)∼= π2(M(l)). Regarding π1, using a similar proof as that
in appendix D, we have

π1

(
X(l)

)
∼= Bm×π1

(
M(l)

)
. (109)

As a simple check, the two-band model corresponds tom=
n= 1. Equation (103) predicts that X has 3 connect compon-
ents X(1), X(0)

+ , X(0)
− . The component X(1) corresponds to k= 0;

equations (107) and (109) then predict that π1(X(1))∼= Z, con-
sistent with the results in the previous subsection.

9. Conclusions and outlook

9.1. Main results

In this work, we applied homotopy theory to give a com-
prehensive description of topology in non-Hermitian systems
with PT or pseudo-Hermitian symmetry. We formulated the
concepts of band-gapped operators and separation-gapped
operators for non-Hermitian systems, based on some earlier
observations and experimental relevance. The former is highly
pertinent to single-mode and bosonic systems, determining the
cost of single-particle excitations and whether bands cross. Its
classification implies which properties are invariant when the
system is deformed without closing the single-mode excita-
tion gap, as well as dictating how nodal points, lines, or other
structures deform and merge. The concept of separation gaps
generalizes the insulating many-body gap in Hermitian sys-
tems, and characterizes excitations that cross bands of very
different static or dynamical properties. InPT -symmetric sys-
tems, we employed the natural separation originating from the
spontaneous symmetry breaking of the system. This separation
gap turns out to be closely related to the long-time behaviors.
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Table 3. A comparison between PT -symmetric and pseudo-Hermitian systems. We present the most general forms of their corresponding
band-gapped matrices. The cardinality of the zeroth homotopy set for PT -symmetric systems scales linearly with the total number N of
bands, while it can scale exponentially in pseudo-Hermitian systems (for η containing Θ(N) numbers of positive and negative signatures).

Symmetry X∼ |π0(X)|

PT /CP
Confm(C)×

GLn+2m(R)

(R×)n×(C×)m

Sm
∼ N

Pseudo-Hermitian/pseudo-chiral
Confk(R)×Confl(C+)× U(m,n)

U(1)k+l

Sp×Sq×Sl
∼ expN

The classification of separation gaps determines when spectral
crossings take place in general non-Hermitian systems, signal-
ing a transition in the dynamical or static properties of the sys-
tem. Although here the band concepts are motivated by the rel-
evant PT and pseudo-Hermitian symmetries in experiments,
they also apply to systems with other symmetries or without
symmetries.

With these definitions, we tackled the key question of what
happens to Hermitian eigenvector topology when eigenvalues
diverge from the real axis and become topological themselves.
This is systematically done within the framework of band
gaps. Most remarkably, our study has unveiled different levels
of familiar and novel topology, contingent upon the extent to
which the symmetry is spontaneously broken by the eigenval-
ues and eigenstates. This is entirely distinct from Hermitian
examples, where the topology is highly homogeneous.

Homotopy theory first gives a topological origin for the
lower codimension of degeneracies in PT -symmetric and
pseudo-Hermitian systems. The number of bands spontan-
eously breaking the symmetry serves as an order parameter
of the system. Phases of different such orders must be separ-
ated by nodal structures of codimension one, similar to domain
walls in ordered media [135]. We found that the Hermitian
topology from eigenvectors persists to a certain extent, inside
the regions where all bands have real eigenvalues. However,
compared to their Hermitian antecedents, such topology can
protect nodal structures of exceptional degeneracy. In the pres-
ence of complex eigenvalues, the conventional eigenvector
topology can be partially reduced. This led us to a new kind of
fragile topology: the topology stable with respect to addition
of bands with real eigenvalues, but fragile to addition of bands
with complex eigenvalues. One instance of such fragility is
the Abelianization of the Hermitian frame topology. In turn,
novel structure arises for multiple eigenvalues on the com-
plex plane, including frame orientation and eigenmode braid
topology. All of these results led to a series of phases from
non-Abelian eigenvector topology to non-Abelian eigenvalue
topology × Abelian eigenvector topology. In PT -symmetric
systems, non-Abelian topology turns out to be a ubiquitous
phenomenon.

We then studied the separation gaps between these real
and complex eigenvalues. The separation directly measures
how many bands are PT -symmetry preserving or breaking
and the dynamical properties of the system. We showed that
this dynamical gap can be accompanied by an unconventional
topological description. It hosts topological phases that are
protected by Chern numbers for bands of complex eigenvalues

and Euler numbers or Stiefel–Whitney classes for bands of
real eigenvalues. As the Chern number describes very different
topological structures from the Euler number and the Stiefel–
Whitney class, they do not appear simultaneously in Hermitian
physics. Non-Hermitian PT -symmetric systems constitute a
unique platform to bridge these distinct types of topology. The
coexistence of Chern and Euler numbers, albeit being entirely
wave function topology, forbids any reduction to Hermitian
band structures. This contradicts the earlier conclusion [57]
that all spectrally separated bands can be adiabatically con-
nected to Hermitian systems. We expect a multitude of exotic
non-Hermitian phases to appear in other anti-linear symmetry
classes.

We systematically answered a number of technical ques-
tions regarding non-Hermitian topology. For topological
invariants that can be expressed in terms of Wilson loops for
Hermitian systems, we showed that the non-Hermitian exten-
sion is formulated using biorthogonal eigenvectors. The pro-
jection operator is directly obtained from the Hamiltonian via
a loop integral, and thus gauge invariant. We showed how to
arrive at the biorthogonal Berry connection from the defin-
ition of parallel transport. This generalizes previous studies
on a single-Chern band. In particular, we give the condition
when other choices of left/right eigenvectors may give the
same Chern number. Meanwhile, the biorthogonal combin-
ation turns out to possess a consistent GLN-gauge structure
and always a globally well-defined connection over the entire
Brillouin zone. In contrast, the Euler number requires modific-
ations to accommodate for non-orthogonal eigenvectors. We
provided a systematic explanation on the necessary adapta-
tions to obtain these topological numbers. We show how to
perform spectral flattening even in the presence of excep-
tional points. Although near exceptional points, eigenvectors
coalesce and individual band property becomes singular [94,
146], the combination of all coalescing bands still corresponds
to a continuous projection and can thus be flattened.

Altogether, this work constitutes a framework for the study
of band structures of non-Hermitian operators with symmet-
ries. Within homotopy theory, we unified topological results at
various levels. First, we unified the description of band-gapped
and nodal phases. Second, we unified Hermitian eigenvector
and non-Hermitian eigenvalue topology. This classification is
based on the energy cost of excitations and differs from the
reference line/point aspects. The topological invariants of the
two classifications carry very different physical interpretations
which we have investigated in detail in this work yet leaving
ample opportunity for further exploration.
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9.2. Outlook

This work paves the way for ample further studies on topo-
logical non-Hermitian band structures. The methods show-
cased forPT and pseudo-Hermitian symmetry presented here
provide a guideline to systematically describe and classify
non-Hermitian physics subject to other symmetries. In distinc-
tion to Hermitian systems, we have shown that the band topo-
logy of non-Hermitian systems always has far richer structure
beyond K-theory. Another factor in classifying non-Hermitian
systems is the representation of the symmetry. When K-theory
is not applicable, the specifics of the symmetry representa-
tion also play a role. This points to further abundance of new
topological structures in non-Hermitian systems. Note that
homotopy theory applies both to nodal structures and gapped
bands. It provides a starting point to understand how topolo-
gical phase transitions originate from level crossings.

The interplay of homotopy and symmetry with boundaries
and defects provides intriguing avenues for future inquiry. An
important scenario of our work is non-Hermitian matrices as
the Bloch Hamiltonians under periodic boundary conditions.
It is known that non-Hermitian systems may exhibit qual-
itatively different behavior under open boundary conditions
due to the skin effects. In this context, the interplay between
spectral winding and more conventional eigenvector topology
under different boundaries has been intensely studied in the
past few years [62, 63, 156–172] In comparison, it is not clear
how other unique aspects of non-Hermitian band topology,
such as energy braids, and the Chern–Euler description presen-
ted in this paper, should manifest under different boundary
conditions. We note that an early study has excluded certain
edge states in the PT -symmetry preserving phase [173]. As
we have shown however, the topology of the PT -symmetry
breaking phase is even more interesting. Intuitively, when two
systems with different band topology are put together, there
might exist in-gap structure tunneling the different topological
phases. The non-Hermitian skin effects usually alter this pic-
ture and require systematic study.

We have further shown in this article that some Hermitian
stable topology can be made fragile by considering non-
Hermiticity. This indicates that certain Hermitian topological
phases may be obtained from trivial phases by including
non-Hermiticity. The fragile topology also modifies the nodal
structures permitted in Hermitian systems. An early example
is the Alice string [69], where the Chern number ofWeyl nodes
is flipped via encircling exceptional lines. Recently, Hermitian
fragile topological phases have been found to possess unusual
bulk-boundary correspondence [81] and Wannier obstructions
[77, 80]. It may prove interesting to investigate how this may
fit within a general theory of non-Hermitian fragile topology.

The topological phases uncovered in this article manifest
in several ways. First of all, the large nontrivial zeroth homo-
topy set leads to an abundance of nodal structures of codi-
mension 1 inPT -symmetric and pseudo-Hermitian operators.
The nodal structures of non-Hermitian systems are accompan-
ied by gap closings in the real parts or imaginary parts of the
spectrum. This has various static and dynamic consequences
[36–38, 44]. Non-Hermitian systems with PT symmetry

have been realized in electric circuits [124], coupled laser
systems [174], and single-photon interferometry [116, 175].
The topological properties of eigenvectors and eigenvalues
when encircling nodal structures is a direct application of our
work, similar to the symmetryless systems. The frame topo-
logy can be achieved in transmission line networks [87] and
biaxial photonic crystals [88]. Introducing non-Hermiticity
will Abelianize the frame charge and induce non-Abelian
eigenmodes. This will change the flow of the frame topology
along nodal structures.

The real and complex bands in PT -symmetric systems
correspond to eigenmodes with different types of evolution.
The decaying bands (lower complex plane) and the growing
bands (upper complex plane) carry opposite Chern numbers.
The oscillating bands (real axis) are characterized by Euler
numbers or Stiefel–Whitney classes. It will be interesting to
test these conventional topological invariants that emerge dur-
ing dynamical evolution. More importantly, Chern number
is a topological invariant for both non-interacting and inter-
acting models. In the latter case, the Chern number can be
expressed through themany-bodywave function under twisted
boundary conditions [176]. This can be adapted to our sep-
aration gaps as well, with k replaced by a twisted boundary
condition and the wave function now being the many-body
wave functions. The separation gap then becomes the life-
time difference between the two many-body wave functions
decaying most slowly. Such formulation might lead to distinct
non-Hermitian many-body effects as exemplified previously
in one-dimensional models [177].

Our results indicate that there remains novel and unforeseen
topology awaiting discovery in non-Hermitian systems, from
both physical and mathematical points of view. We suggest
that highly controllable metamaterials ranging from photonics
to electrical circuits and mechanical setups will provide ideal
platforms to bring these intriguing abstract mathematical con-
cepts to concrete reality.
Note added. After posting our work on arXiv, we became

aware of a parallel manuscript [178] discovering and simulat-
ing the braid structures of PT -symmetric systems in electric
circuits.
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Appendix A. General representations of PT
symmetry

In this section we consider the topological classification
of PT -symmetric Hamiltonians for general representations.
Namely, we allow U 6= I in the PT -symmetry relation

H= UH∗U−1. (A1)

A.1. Two-band model

As a simple example, consider the two-band case where U=
σy. We parameterize H as

H= dxσx+ dyσy+ dzσz, (A2)

where dx,dy,dz ∈ C and we have assumed that H is traceless.
A simple calculation shows that, the PT -symmetry condition
is equivalent to:

d∗x =−dx, d∗y =−dy, d∗z =−dz. (A3)

So we can now parameterize H as

H= i
(
d̃xσx+ d̃yσy+ d̃zσz

)
, (A4)

where now d̃x, d̃y, d̃z ∈ R. The condition of
non-degeneracy is:

d̃2x + d̃2y + d̃2z 6= 0, (A5)

so we have a space of non-degenerate matrices which is homo-
topy equivalent to S2.

A.2. General results

A.2.1. Reduction of special cases. If we take a conjugate of
H, H→ VHV†, then the PT -symmetry relation becomes:

VHV−1 =
(
VUVT

)(
V∗H∗VT

)(
V∗U−1V−1

)
. (A6)

Namely, VHV−1 is PT -symmetric with respect to U ′ =
VUVT.

With such transformation, we can always [179] transform
the unitary matrix U to be block-diagonal, such that the diag-
onal is either the unit (1× 1 matrix), or 2× 2 of in the follow-
ing form: (

0 eiθ

e−iθ 0

)
, (A7)

where θ ∈ (0,π/2] (θ= 0 can be transformed to identity mat-
rix). Accordingly, we can rearrange the matrix U as

U= diag
{
I,
(

0 eiθ1
e−iθ1 0

)
⊗ I, · · · ,

(
0 eiθk

e−iθk 0

)
⊗ I,−σy⊗ I

}
.

(A8)

Here θi ∈ (0, π2 ) and are mutually different.
Furthermore, it is easy to check that H is also block diag-

onal once we write U as above. Therefore, we have reduced to
the problem into three cases.

A.2.2. Case 1. In this case U= 1N, we recover the situation
in the main text. The PT -symmetry simply says H is a real
N×N matrix:

H ∈Mat(N,R) . (A9)

A.2.3. Case 2. In this case U=
(

0 eiθ

e−iθ 0

)
⊗ 1 N

2
where θ ∈

(0, π2 ), the total number of bands N must be even. It follows
that H must be of the form

H=

(
A 0
0 A∗

)
, (A10)

where A is a N
2 ×

N
2 complex matrix:

A ∈Mat

(
N
2
,C

)
. (A11)

It can be regarded as pairing a system without symmetry
with its PT partner, without any couplings between them.
Hence, the classification of H reduces to that of A. The latter
question has been addressed in [70].

A.2.4. Case 3. In this case U=−σy⊗ 1 N
2
, this also requires

even number of bands. It follows that H must be of the form

H=

(
A −B∗

B A∗

)
. (A12)

This H may be identified as an N
2 ×

N
2 quaternion matrix:

H ∈Mat

(
N
2
,H

)
, (A13)

where H stands for the quaternion algebra. Compared to case
2, couplings between the two subsystems A and A∗ are allowed
in this case.

Eigenvalues of quaternionmatrices come in conjugate pairs
and real eigenvalues are doubled. So we can classify the sys-
tem similarly according to the number of real and complex
eigenvalues. The study of different gapped conditions can be
done similarly as in sections 4 and 5.

For example, we could consider non-degenerated qua-
ternion matrices, which excludes any real eigenvalues. Such
matrices can be decomposed as [180, 181]:

H= V

(
D 0
0 D̄

)
V−1, (A14)
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where V ∈ GLn(H) and D is diagonal with mutually different
diagonal elements from the upper complex plane. The para-
meter space can thus be represented as

Confn (C+)× GLn(H)
U(1)n

Sn
. (A15)

The homotopy groups can be found following the proced-
ure of [70]. As a simple check, the two-band case (n= 1)
gives Sp(1)/U(1), which is exactly an S2 (note that GLn(H)
is homotopic to Sp(n), and Sp(1)∼= SU(2)).

Appendix B. Differences between gap classification
and reference classification

In this appendix, we give a more detailed clarification on the
difference between gapped Hamiltonian classification presen-
ted here and the reference point/line description [57, 60]. The
difference is general and applies to the situations of all sym-
metry classes (see also [120]).

In the reference point/line description, a system is said to
be gapped if and only if the spectrum of the system has no
overlap with the references. The reference is often taken to be
the origin (point reference), or the real and the imaginary axes
(line reference) on the complex plane. In the classifications of
this work (referred as gap classification in the following), the
key element is the energy gap between different band. In the
band-gapped systems, we require Ei(k)−Ej(k) 6= 0 for all i, j
and k. There is no requirement on where the locations of Ej
are on the complex plane. In the separation gapped systems,
the system is featured by Ei(k)−Ej(k

′) 6= 0 for i, j belonging
to different partition sets J,J ′ and all k,k ′.

In the reference description, the key element is the energy
gap relative to a reference, while in the gap classification, the
key point is the energy gap relative to each other. They are
in principle different classification, as shown by the following
discussions and explicit examples.

First, the (eigenvalue part of the) gap classification has the
feature that it is fully determined by the relative energy of
different bands hence is fully invariant under a translation of
the spectra on the complex plane. Meanwhile, an extra ref-
erence has to be introduced in the reference classification.
Whether the reference classification is invariant under trans-
lation of spectra depends on whether the reference energy also
shifts along with the translation, which in turn depends on how
the reference is defined (and sometimes this requires physical
inputs). Any fixed references can be crossed by performing
such translation of spectra.

Second, two classifications can give different answer on
whether two systems are topological equivalent. Consider two
one-dimensional band-gapped systems, shown in figure 11(a).
In this first system, one eigenvalue is k-independent, while the
other winds around the reference point at 0. In the second sys-
tem, two bands are swapped as k traverses the BZ (an example
is equation (E4)). According to our band-gap classification,
these two systems are not equivalent and are differed by a dis-
tinct relative spectral winding number. They cannot be adia-
batically joined without band gap closings. However, if we use

Figure 11. The difference between excitation gaps and reference
gaps. (a) Sketches of two-band spectra. Top: a band winds around a
reference point. Bottom: two bands exchange near a reference point.
Both spectra are point gapped and possess the same winding
number w.r.t. the reference energy shown in purple. However, the
bands on the top panel may be continuously deformed into a
flat-band spectrum without closing the band gap, while the braiding
(eigenvalue exchange) makes this impossible for the bottom panel.
This distinguishes the reference picture from the band
gap/excitation picture. (b) A band-gapped system described by
H(kx)+ cos(ky)12, where a term proportional to the identity matrix
is added to the braiding model H given in equation (E4). The three
panels show the spectrum for ky = π/2,ky ∈ [π 3, 2π

3 ],ky ∈ [0,2π ]
respectively. The eigenvalue exchange over the course of a braid
along kx forms the circle seen in the first panel. The shift of the
spectrum along ky renders the entire spectrum featureless to any
references. (c) In a general multi-band system, there is no unique
way to choose a reference. The complicated spectrum geometry
makes it hard to judge where the reference should be put. However,
if the separation is relevant to a certain physical context, as we
discussed in section 2, there is no ambiguity to do the partition.

a reference point classification, then no matter where the ref-
erence is located, two systems have the same reference wind-
ing number, i.e. indistinguishable from the reference point of
view.

Third, two classification concerns different spaces of
Hamiltonians in principle. In figure 11(b), we show a non-
trivial band-gapped systems in two dimensions where no ref-
erence point can exist. Here, the BZ is a two-dimensional torus
and the 2D Hamiltonian is H(kx)+ cos(ky)12. We assume that
the functionH(kx) has a braid topology along the meridians of
the torus, i.e. along any constant ky curve in the BZ, so that the
system is nontrivial according to our band-gap classification,
cf figure 3. Note that the braid only cares about the relative
difference between the two bands, the location of the braid on
the complex plane may change for different meridians, namely
different ky. This is plotted in figure 11(b), where the braid at
different ky is only a translation of the braid at ky = 0. The
whole spectrum occupies a simply-connected region on the

34



Rep. Prog. Phys. 87 (2024) 078002 K Yang et al

complex plane. There is no reference line or point that can
detect this topological structure.

Certainly, sometimes one may adopt a generalized notion
of reference gap and then make connections with band gaps or
separation gaps. For example, one may shift a two-band band-
gapped system with a k-dependent constant so that it becomes
point-gapped at 0. One way to do this is to make H(k) trace-
less. However, for a generic multi-band band-gapped system,
there is in general no canonical way to perform this reduction.
On the other hand, applying such procedure to the single-band
Hatano–Nelson model will make the model trivial, since now
spectra always locate at 0, destroying any nontriviality in the
point-gap sense.

We can consider a very general 3-band systems. In such a
system, we can usually have a separation of bands as shown in
figure 11(c). If we want to use a reference to study this system,
there are several choices to place the reference according to the
spectrum geometry. It becomes a question where the reference
should be put. There are several places that one can insert a
reference in this geometry. And in many settings, the matrix
H is unfixed up to a constant term, representing the adjustable
chemical potential in experiments. Such a constant termmakes
it even harder to place the reference. Especially, the constant
term can change the reference winding numbers in [57, 60]. In
contrast, if we use the separation gap notion, we do not need
to worry about the unfixed constant term. The spectral separa-
tion cannot be changed by shifting to a new chemical potential.
More explicitly, the choice of the partition rule in the separa-
tion gap comes from the physical question, as we stressed in its
definition, instead of reading out directly from the coordinates
of the spectra.

We also note that, although sometimes there is a natural ref-
erence line to tell the partition and define the separation gap,
there exists situations where there could be no natural refer-
ence line, or the reference line has to be inserted in a very
ambiguous way. For example, as for the Liouvillian gap, if
we use the reference line approach, the line has to be placed
infinitesimally close to, but not exactly on the real axis. This
brings some conceptual difficulties as infinitesimal is not a
number strictly speaking. And for these steady states on the
real axis, there can be further separation due to the chemical
potential. Such a joint separation exists naturally. However,
this situations is hard to be described with the reference line
language, as the separation on the real axis can only be cap-
tured by a line of infinitesimal length. Give these difficulties,
it might be desirable to employ a reference-free formalism to
describe the spectral gap, as in many earlier literature before
the invention of the reference points/lines. Indeed, the separa-
tion of the bands themselves already contains all information
of a gap in a many-body system.

In sum, reference points and lines are about the location
of the spectrum. They are usually independent of band gaps,
separation gaps and nodal structures. To characterize the lat-
ter cases, the band gaps and separation gaps presented in this
work are the natural choice. As a comparison, the one-band
Hatano–Nelson model [61] was considered trivial in a multi-
band sense. There is only one band, therefore the cost of

energy to exciting to other bands is undefined. Its topology
is instead characterized by a fixed-reference winding.

Appendix C. Configuration spaces and general
linear groups

Here, we give additional introduction to some mathematical
concepts used in the main text.

The configuration space is the central concept for eigen-
value topology. It is constructed as lists of distinct elements.
Taking a set, or space X, we construct a list of n pairwise dis-
tinct elements in X: (x1,x2, . . . ,xn) where all xi ∈ X and xi 6= xj
for any pair i 6= j. The configuration space Confn(X) is made
up of all such lists:

Confn (X) = {(x1,x2, . . . ,xn) ∈ Xn|xi 6= xj, ∀i 6= j} . (C1)

We look at a simple example. Take X= R,n= 2. Then the
space R2 is the two-dimensional plane. The configuration
space Conf2(R) is made up of points (x1,x2) ∈ R2 such that
x1 6= x2. This is to delete the diagonal x1 = x2 in the two-
dimensional plane. So we have Conf2(R) = R2 −{(x,x)|x ∈
R}. Larger-n situations are constructed similarly by removing
some ‘diagonals’ inRn. The configuration space, as a subspace
of Xn, inherits a natural topology from Xn (R2 in the example),
which is employed to find out its homotopy properties. There
is a natural action of Sn (the permutation group) on the config-
uration space, by permuting the order among xi.

Next we list some information forGLn(R) andGLm(C) that
is useful for calculations in the main text.

The polar decomposition A=UP (U ∈ U(m), P ∈
Mat+(m), the space of positive definite Hermitian matrices)
gives rise to a homeomorphism between GLm(C) and
U(m)×Mat+(m). Since Mat+(m) is contractible, we have
a homotopy equivalence:

GLm (C)' U(m) . (C2)

Similarly, the real general linear group satisfies

GLn (R)' O(n) . (C3)

The homotopy groups are summarized in table 4.We briefly
explain some entries in the following. The orthogonal group
O(n) has two connected components O+(n) and O−(n), dis-
tinguished by the sign of the determinant. In particular, O(1)
consists of only two points. U(m), instead, is connected.

The group O(2)∼= U(1) is homeomorphic to a circle S1.
The groupO(3) has a double cover SU(2), and SU(2) is homeo-
morphic to S3. The fundamental group of O(n) or GLn(R)
becomes stable for n⩾ 3. The unitary group U(m) for any
m⩾ 1 is homeomorphic to SU(m)×U(1) as a manifold (not
as a Lie group). Its fundamental group is Z, coming from the
U(1) part, representing how many cycles the determinant can
rotate around 0.

The group GLn(R) can be embedded in GLn+1(R) in a nat-
ural way by letting GLn(R) act on the first n coordinates of

35



Rep. Prog. Phys. 87 (2024) 078002 K Yang et al

Table 4. Homotopy groups of real general linear groups and
complex general linear groups. The real general linear group has
two connected components that are homeomorphic to each other, so
the higher (>0) homotopy groups tell the topological information of
both components.

GLn(R)≃ O(n) n= 1 n= 2 n> 2

π0 Z2

π1 {1} Z Z2

π2 {1}

GLm(C)≃ U(m) m= 1 m= 2 m> 2

π0 {1}
π1 Z
π2 {1}

Rn+1. The inducedmaps π1(GLn(R))→ π1(GLn+1(R)) are as
follows:

n= 2 : mod 2 map from Z to Z2;

n⩾ 3 : isomorphism of Z2.
(C4)

The group GLm(C) can also be naturally embedded in
GL2m(R). Writing A ∈ GLm(C) as A= B+ iC where B,C ∈
GLm(R), then its image in GL2m(R) is simply:

A ′ =

(
B C
−C B

)
. (C5)

The image of this embedding can be identified with real,
invertible matrices that commute with

( 1m
−1m 0

)
. The induced

maps π1(GLm(C))→ π1(GL2m(R)) are as follows:

m= 1 : isomorphism of Z;
m⩾ 2 : mod 2 map from Z to Z2.

(C6)

Appendix D. Product structure of eigenvalue and
eigenvector topology

In this section, we give a solid proof for the direct product
structure of the eigenvector and the eigenvalue topology
for gapped PT -symmetric Hamiltonians. Namely, we prove
equation (30) (copied here):

π1

(
X(m,n)

)
= Bm× (Z2)

n−1
(m> 0,n> 0) . (D1)

Here, X(m,n) = (E ×M(m,n))/Sm and M(m,n) = GLn+2m(R)/
[(R×)n× (C×)m].

First, from the fibrationM(m,n) → X(m,n) →E/Sm, we have
an exact sequence:

· · · → π2

(
X(m,n)

)
→ π2 (E/Sm)→ π1

(
M(m,n)

)
→ π1

(
X(m,n)

)
→ π1 (E/Sm)→ π0

(
M(m,n)

)
· · · . (D2)

Since π2(X(m,n))→ π2(E/Sm) is surjective (it is the same as
π2(E ×M)→ π2(E)) and π0(M(m,n)) = 0 by connectedness,
we have:

0→ π1

(
M(m,n)

)
→ π1

(
X(m,n)

)
→ π1 (E/Sm)→ 0. (D3)

Second, from the covering spaceM(m,n) →M(m,n)/Sm induced
from the Sm-action, we have:

0→ π1

(
M(m,n)

)
→ π1

(
M(m,n)/Sm

)
→ Sm → 0. (D4)

The second map in equation (D3) and that in equation (D4) are
related by the natural projection X(m,n) →M(m,n)/Sm, meaning
that we have the following commuting diagram:

In our problem, we claim that equation (D4) actually splits.
In other words,

π1

(
M(m,n)/Sm

)
∼= π1

(
M(m,n)

)
× Sm. (D6)

This is simply saying that the permutation Sm on the complex
eigenvalues does not mess up with π1(M(m,n)), which only
receives contribution from real eigenvectors. To formally see
that, we show that there is a retraction of pf in equation (D4).
Indeed, there is a map M(m,n)/Sm → GLn+2m(R)/((R×)n×
GL+2m(R)), and an isomorphism π1(GLn+2m(R)/((R×)n×
GL+2m(R)))∼= π1(M(m,n)), from which we can define a map
r : π1(M(m,n)/Sm)→ π1(M(m,n)). It is straightforward to check
that r ◦ pf = idπ1(M(m,n)), hence r is a retraction.

The commuting diagram equation (D5) together with
equation (D6) implies that equation (D3) also splits:

π1

(
X(m,n)

)
∼= π1 (E/Sm)×π1

(
M(m,n)

)
. (D7)

Indeed, we can just define a map r ′ : π1(X(m,n))→ π1(M(m,n))
as r ′ = r ◦ p. That r′ is a retraction follows from r ′f = rpf =
idπ1(M(m,n)). This concludes the proof.

Appendix E. Braiding models

In this appendix, we provide a constructive method for
PT -symmetric operators with arbitrary eigenvalue braiding,
before showcasing two simple models that were obtained via
this method.

E.1. Constructing PT -symmetric models featuring arbitrary
braids

The following procedure is composed of two steps.We first use
established methods such as the one outlined in [121], to con-
struct a generic operator that features the desired eigenvalue
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Figure 12. Braids of the two models given in equation (E5) and after equation (E6). The strands are colored according to the imaginary part
of the corresponding eigenvalue to distinguish over-crossing from under-crossing strands. One shows a four-band model with a braid
corresponding to σ1 ∈ B2, the other shows a non-trivial three-strand braid corresponding to σ−1

2 σ1 ∈ B3.

braid. We then construct a PT -symmetric operator from this,
by explicitly using the required symmetry of eigenvalues and
eigenvectors. In the following, we outline this second step.

A PT -symmetric, i.e. real, and non-degenerate operator H
can be deconstructed uniquely into three commuting parts,

H= H− +H0 +H+, (E1)

whereH+ has eigenvalues in the complex upper half-plane,H0

has real eigenvalues, and H− has eigenvalues in the complex
lower half-plane. Any two distinct components project onto
different spaces, i.e. their product is zero. These components
individually need not be real, in fact we will find that H+ can-
not be real. Since the eigenvalues, as well as eigenvectors, are
permuted the same way under complex conjugation, H− is in
fact the complex conjugate of H+.

For models with only non-real eigenvalues, we may disreg-
ard the matrix H0, and immediately see a constructive method
for H: Take an arbitrary m-band Hamiltonian hm(k) that fea-
tures the desired braid, and construct H+ from it via

H+ (k) = T((hm (k)+ i c1m)⊕ 0m)T−1, (E2)

where 1m,0m are identity and trivial linear maps of m dimen-
sions, respectively, and T is an appropriately chosen basis
transformation. We ensure non-degenerate eigenvalue braid
structure by shifting the eigenvalues of hm sufficiently far into
the upper half complex plane using c> 0 such that they remain
non-real throughout. We then extend the vector space to 2m
dimensions by adding 0m. Finally, we choose the transform-
ation matrix T such that the image of the m eigenvectors of
hm, together with their complex conjugate, form a basis of the
2m-dimensional space. One simple choice is

T=

(
1m i1m
i1m 1m

)
. (E3)

Thus one obtains an operator H+ such that H= H+ +
H− = 2<(H+), its real part, is a PT -symmetric operator with
the desired braid structure in the upper half plane, and the cor-
responding (mirrored/inverse) braid in the lower half plane.

We now apply this method to construct PT-symmetric mod-
els with illustrative braids, which we show in figure 12.

E.2. Z-braid,N= 4,m= 2

The lowest number of bands for which eigenvalue braids occur
in PT -symmetric models is m= 2,n= 0, see table 1.

We apply our constructive method to the textbook example
of a braiding two-band operator,

h2(k) =

(
0 1

exp(i k) 0)

)
, (E4)

which features a single counterclockwise exchange of eigen-
values as k→ k+ 2π. As imaginary shift away from the real
axis we choose c= 2, and obtain

H(k) =


0 1

2 1 0
cos(k)

2 0 sin(k)
2 1

−1 0 0 1
2

− sin(k)
2 −1 cos(k)

2 0

 . (E5)

The braid group on two strands is Abelian. In the following
we introduce a model with a more generic braid group.

E.3. B3-braid,N= 6,m= 3

The lowest number of bands to obtain non-Abelian braiding is
N= 6, for models of m= 3 pairs of complex conjugate eigen-
values, which feature a B3 group structure. As a non-trivial
braid with interesting non-Abelian structure we choose the
boundary braid of the model in [123]. We take

h3 =

 1− ei kx −i
(
1+ ei kx

)
0

−i
(
1+ ei kx

)
ei kx − ei ky −i

(
1+ eiky

)
0 −i

(
1+ ei ky

)
−1+ ei ky

 (E6)

and obtain the braid in question by setting kx = π cos(k),ky =
π sin(k). This is the model used for the illustrative braids in
figure 1.
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Appendix F. Second homotopy groups of
band-gapped matrices

In this appendix, we give the second homotopy groups of the
band-gapped matrices. As before, we need to discuss the res-
ults based on the number m pairs of complex eigenvalues and
number n of real eigenvalues.

To obtain the higher homotopy groups of X(m,n), we can
neglect the discrete group Sm in equation (16), since such an
action only changes π0 and π1. Then we only look the follow-
ing space

Rn×Confm (C)×
GLn+2m (R)

(R×)
n× (C×)

m . (F1)

The first two spaces Rn and Confm(C) do not contribute to the
second homotopy group. So we only need to study the eigen-
vector part

M(m,n) =
GLn+2m (R)

(R×)
n× (C×)

m . (F2)

The second homotopy groups of M(m,n) is obtained from the
following exact sequence:

0→ π2

(
M(m,n)

)
→ π1

((
C×)m)→ π1 (GLn+2m (R)) . (F3)

This tells that π2(M(m,n)) is isomorphic to the kernel of the
map π1((C×)m)→ π1(GLn+2m(R)).

If m= 0, we get π1((C×)m) = 0, so is the kernel. If
m= 1 and n= 0, the above map is an isomorphism of Z.
If m⩾ 2 or if m= 1 and n⩾ 1, then the map can be represen-
ted as Zm → Z2, such that (k1,k2, . . . ,km) ∈ Zm is mapped
to

∑
kimod 2. The kernel is the sequences of m integers

whose sum is even. It is a subgroup of Zm that is iso-
morphic to Zm. In fact, a basis of this group can be chosen
as (1,−1,0, . . . ,0),(1,1,0, . . . ,0),(0,1,1,0, . . . ,0), . . . ,
(0,0, . . . ,1,1).

To summarize,

π2

(
M(m,n)

)
∼=

{
0, (m= 0; or m= 1,n= 0)

Zm, (otherwise)
. (F4)

Appendix G. Spectral flattening of
separation-gapped non-Hermitian matrices

In this appendix, we show that the spectral flattening in
section 5.2 is continuous for PT -symmetric non-Hermitian
separation-gapped matrices.

Recall that for any such separation-gapped matrix A, not
necessarily Hermitian, we define sf (A) as the spectral flattened
version of A by taking all eigenvalues in the upper(and lower)-
half-plane to be flatten to i (and −i, respectively):

sf(A) = i
∑

λ∈spec+(A)

Pλ − i
∑

λ∈spec−(A)

Pλ. (G1)

To show that sf(·) is continuous, it suffices to show that
P± =

∑
λ∈spec+

Pλ is continuous. First, notice that for any
separation-gapped A, not necessarily diagonalizable, we have
[94]:

P+ (A) =
1

2π i

ˆ
C
(z−A)−1 dz, (G2)

where C is an arbitrary complex contour on the upper-half-
plane that surrounds spec+(A). Second, due to the continu-
ity of eigenvalues [94], for any fixed separation-gapped A and
fixed contour C, there exists a δ > 0 such that spec+(B) is also
enclosed in C as long as ‖B−A‖< δ and hence equation (G2)
also holds for any such B.

In general, for any two invertiblematricesX and Y, we have:

X−1 (Y−X)Y−1 = X−1 −Y−1. (G3)

Therefore

‖Y−1‖⩽ ‖X−1‖+ ‖X−1 (Y−X)Y−1‖
⩽ ‖X−1‖+ ‖X−1‖ · ‖Y−X‖ · ‖Y−1‖, (G4)

which implies (assuming ‖X−1‖ · ‖Y−X‖< 1)

‖Y−1‖⩽ ‖X−1‖
1−‖X−1‖ · ‖Y−X‖

(G5)

and

‖X−1 −Y−1‖⩽ ‖X−1‖ · ‖Y−X‖ · ‖Y−1‖

⩽ ‖X−1‖2‖Y−X‖
1−‖X−1‖ · ‖Y−X‖

. (G6)

Applying this inequality to X= z−A and Y= z−B and
assuming ‖(z−A)−1‖δ < 1 (here δ is an upper bound for
‖B−A‖):

‖(z−A)−1 − (z−B)−1‖⩽ ‖(z−A)−1‖2δ
1−‖(z−A))−1‖δ

. (G7)

The expression ‖(z−A)−1‖ as a continuous function of z on
the closed contour C has an upper bound. So the right hand
side of equation (G7) can be made arbitrarily small. The proof
is done by applying equation (G2) to A and B.

By nowwe have proved that the spectral flattening is applic-
able to separation between real bands and complex bands.
With a more careful examination of the above proof, we
remark that we can actually generalize the proof to a broader
form of separation-gapped matrices. The most important steps
in the proof are the linear flattening and bounded spectrum. So
we can let the spectral separation condition to be: the spectrum
of each partition set Jα is contained in an open bounded con-
vex subset Eα ofC. All Eα are disjoint, Ēα ∩ Ēj =∅, where Ēα
is the closure of Eα. The convex subset allows us to linearly
flatten the spectrum and the boundedness will make sure that
all eigenvalues can be enclosed in a proper contour.
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Appendix H. Chern number and Euler number from
Berry connections

The Chern class and Euler class are topological invariants for
complex vector bundles and orientable real vector bundles.
They are fully determined by the topology of the vector
bundles and is independent of the geometric information
(connection, curvature, metric). However, in physics literat-
ure, they usually arise from Berry connections and Berry
curvatures. In this appendix, we provide more information that
is relevant for our paper.

H.1. Chern number: equivalence between different
conventions

The Chern–Weil theory [147] tells us that the Chern class can
be calculated using formulas such as equation (72) starting
from any connection, as long as it is globally well-defined. In
physics literature, there several possible choices such for the
connection. We list the definition in terms of the ‘connection
matrices’ here:

ALR
ij,a (k) = i〈uLi (k) |∂auRj (k)〉,

ARR
ij,a (k) = i〈uRi (k) |∂auRj (k)〉,

ARL
ij,a (k) = i〈uRi (k) |∂auLj (k)〉,

ALL
ij,a (k) = i〈uLi (k) |∂auLj (k)〉.

(H1)

In the main text, we discussed the ‘LR’ convention, corres-
ponding to the following connection:

∇a|uRj (k)〉= P∂a|uRj (k)〉, (H2)

where P=
∑

ij|uRi 〉〈uLj | corresponds to the eigendecomposi-
tion of H (a not-necessarily-orthogonal decomposition of a
vector space X= Y⊕Z defines a projection P onto Y by P|Y =
idY and P|Z = 0 ).

The RR convention, however, does not give rise to a glob-
ally well-defined connection. Consider a linear transformation
V(k) on the eigenvectors, then the ‘connection matrix’ trans-
forms as

ARR
a (k)→ V†ARR

a (k)V+ iV† (k)∂aV(k) . (H3)

This is not the correct transformation rule that a connection
should have [147]. This means if we write the Berry curvature
from different gauges of the eigenvectors, the result may not
agree. The necessity of different gauge choices always hap-
pens in topological systems, where we cannot write the Bloch
wave functions globally in the BZ [138, 182]. Instead, we
have to write the wave function on several patches of the BZ,
namely the trivialization open sets, and glue them carefully via
gauge transformations. In non-Hermitian settings, the eigen-
modes can be braided around the BZ, which enforces non-
trivial GL(R) transformations.

The exception is when the transition V(k) across differ-
ent patches of the BZ equation (H3) is unitary everywhere. In
this situation, the transformation equation (H3) coincides with
equation (71). The RR connection matrix is then smoothly

glued together and gives rise to a globally-defined connection.
An example is a single Chern band [117]. There, the matrix
V(k) is simply a phase after requiring 〈uR|uR〉= 1.

Another way to fix this problem is to define (non-
canonically, namely, depending on the choice of local frames)
RR connection locally, and then use a partition of unity to ‘glue
them’ into a global connection [147], similar to the proof of
existence of a connection for a vector bundle over a manifold.
However, this is in general not practical, since the above define
connection can be very complicated in the overlapping regions
of different open sets.

The RL convention is a globally well-defined connection on
a different vector bundle. Here the vector bundle is defined by
the left eigenvectors instead of the right ones. Nevertheless,
this vector bundle shares the same Chern number as the LR
convention. For a proof, notice that:

ALR
ij,a (k) = i〈uLi (k) |∂auRj (k)〉=−i〈∂auLi (k) |uRj (k)〉

=−i〈uRj (k) |∂auLi (k)〉∗ =ARL∗
ji,a (k) . (H4)

and hence

ΩLR
ij,xy (k) = ΩRL∗

ji,xy (k) . (H5)

For the Chern number, only the real diagonal part of the Berry
curvature contributes. The LR and the RL choices share the
same real diagonal part according to the equation above. This
completes the proof.

The relation between the LL convention and the LR con-
vention is the same as that between RR and LR.

In summary, regarding the choices of left/right eigen-
vectors,

• the LR and RL convention always give globally well-defined
connection and give rise to the same Chern number;

• the RR and LL conventions do not give a global-defined con-
nection automatically; however, in some situations they can
be made global. This usually happens when there is no braid
or degeneracy in the bands that we are studying. In this situ-
ation, they also give rise to the same Chern number as the
LR and RL convention.

H.2. Euler number: compatibility between the metric and the
connection

Unlike the Chern class, to express the Euler class through
Berry connection and Berry curvature, we should pick up a
connection compatible with a Riemannian metric on the real
vector bundle and orthogonalize the basis; arbitrary choices of
connection do not lead to the Euler class in general [147, 153].

A Riemannian metric on a real vector bundle is a way to
associate a positively definite bilinear form for each fiber,
the Hilbert space at each k, (not to be confused with the
Riemannian metric on the base space). A connection is said
to be compatible with a metric if

∂a (u,v) = (∇au,v)+ (u,∇av) (H6)
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for any vector fields u and v. For our question, a natural met-
ric on the subbundle is the one induced from the standard inner
product onRN: (u ′,u) = 〈u ′|u〉. However, if we define the con-
nection on the subbundle using the LR convention as in the
main text, or equivalently through equation (H2), it is in gen-
eral not compatible with the above metric. This is because the
projection P is usually not orthogonal with respective to the
standard inner product on RN.

In order to overcome this, let us choose P to be ortho-
gonal projection onto the subspaces. For a concrete calcula-
tion, we apply the following Gram–Schmidt process to the
eigenvectors

|ũ1 (k)〉=
|uR1 (k)〉

‖|uR1 (k)〉‖
,

|ũ2 (k)〉=± |uR2 (k)〉− |ũ1 (k)〉〈ũ1 (k)〉|uR2 (k)〉
‖|uR2 (k)〉− |ũ1 (k)〉〈ũ1 (k)〉|uR2 (k)〉‖

.

(H7)

Note that the vector |ũ2(k)〉 is in general not an eigenvector
of the system. In the second equation, we choose the sign
properly so that (|ũ1(k)〉, |ũ2(k)〉) has the correct orientation,
i.e. when we move to different patches in the BZ, the trans-
ition function V has positive determinant. Then we just choose
P=

∑
i=1,2|ũi(k)〉〈ũi(k)|. In other words, we define

∇a|ũj (k)〉=−i
∑
j′=1,2

Ãjj′,a (k) |ũj (k)〉, j = 1 or 2, (H8)

where

Ãjj′,a (k) = i〈ũj (k) |∂aũj′ (k)〉. (H9)

Now we are able to proceed to writing the Euler class in
terms of the curvature of Ã. The curvature is skew symmetric
and the Euler class is its off-diagonal component:

1
2π i

Ω̃12,xy (k) , k ∈ Uα (H10)

The above equation is already a globally well-defined 2-
form, although to perform the above calculation we need to
work on a trivializable open set. As always, we can perform the
calculation for a family of trivializable open set that covers the
whole base space (just to be careful with the orientation, see
comments below equation (H7)). For examples, if we study
the Euler class on a two-dimensional sphere, we can choose
the two trivialization open sets to be the upper and the lower
hemispheres. Then we fix the signs of |ũ2(k)〉 such that the
transition function of the bases at the equator has a positive
determinant.
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