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FIGURE 1 Illustration of Examples 3.10 and 3.11. Since the mean E[(X, f(X))] = (E[X], E[f(X)]) (black dot)
of the pair (X, f(X)) lies in the closure Conv(G(f)) of the convex hull of the graph of f, the value E[ f(X)] is
restricted to the thick black line WE[X], providing the bounds in Theorem 3.4. Note that, in the second
example, the domain K = [-2,—1] U [1, 2] of f is disconnected and f(E[X]) is not even defined whenever

E[X] € (-1,1), which does not affect Theorem 3.4.

1 | INTRODUCTION

In many theoretical and practical derivations, it is challenging to exactly compute the mean
E[f(X)] of a function f : K — R,where K C R% and d € N, applied to a K-valued random variable
X. Thus, one has to rely on bounds on E[ f(X)]. This is particularly the case when X is known only
in terms of its mean E[X], requiring dependence solely on the knowledge of E[X] and f, leading
to the following general problem addressed in this paper:

Problem 1.1. Establish (sharp) bounds on the mean E[f(X)] given E[X] and f.

In the finite-dimensional setup described above, Jensen’s inequality [9] offers partial answers
for convex functions f on convex domains K, asserting that

ELfO] = fELX]D E8Y)

(without specifying an upper bound). While Jensen’s inequality is a foundational results in mea-
sure theory and is widely utilized in probability theory, statistics, information theory, statistical
physics and many other research areas, it exhibits several crucial limitations and restrictions. The
aim of this paper is to derive new bounds on E[f(X)], termed graph convex hull bounds, that
address these shortcomings, in particular:

+ Jensen’s inequality says nothing about functions f that are neither convex nor concave, while
the graph convex hull bounds hold for arbitrary functions.

* Asignificant limitation of Jensen’s inequality is its requirement for the function f to be defined
over a convex domain K. Our graph convex hull bounds, on the other hand, are free from
such constraints on the domain of f, allowing for even disconnected domains as illustrated
in Example 3.11 and Figure 1, enhancing their versatility.
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» Jensen’s inequality does not offer any form of ‘reverse’ bounds of the forms E[f(X)] < s+
FEIX]) or E[f(X)] < ¢f(E[X]) for some s = s(X) = 0, ¢ = ¢(X) > 1, a feature that could be
invaluable in various mathematical and applied contexts and can certainly be obtained for spe-
cific functions or function classes [4, 6, 12, 20]. The minimal value s = s(X) > 0 which satisfies
above property is called the Jensen gap [1, 11, 19]. The graph convex hull bounds provide sharp
bounds on E[ f(X)] both from above and below. However, unlike the Jensen gap, our bounds
depend on X only through E[X] (cf. Problem 1.1), hence they are more generally applicable but
can only be sharp in a weaker sense.

» For domains K within infinite-dimensional topological vector spaces X, Jensen’s inequality
requires f to meet certain continuity conditions [14], a stipulation not needed by our graph
convex hull bounds.

The graph convex hull bounds are obtained by exploiting the basic fact that the mean of
the pair (X, f(X)) lies in the closure Conv(G(f)) of the convex hull of the graph G(f) of f; cf.
Corollary 3.3 and Figure 1. This can be shown by a simple application of the Hahn-Banach
separation theorem — characterize Conv(G(f)) as an intersection of half-spaces and note that
the expected value E as an operator ‘respects’ each half-space, since it is linear, positive and
E[Z] = Z for constant Z. While the graph convex hull bounds in concrete applications require
some investigation of Conv(G(f)) (note that Jensen’s inequality also requires some analysis of f,
namely the verification of its convexity), all inequalities are derived solely from the properties of
f and hold, just like Jensen’s inequality, for any random variable X no matter its probability dis-
tribution. This property is crucial because, in practice, the function f is often sufficiently simple
to analyze, at least numerically, whereas the distribution of X might be complex, unknown, or
one requires a priori bounds that hold uniformly for all random variables taking values in K.

Note that the three properties of E mentioned above for the derivation of (E[X], E[f(X)]) €
Conv(G(f)) are of algebraic nature and have little to do with measure or integration theory.
Hence, the graph convex hull bounds can be extended to a broader class of linear operators
beyond expected values, so-called Markov operators, as well as to conditional expectations, which
are well-known facts in the case of Jensen’s inequality, see, for example, [2, Equation (1.2.1); 7,
Theorem 10.2.7]. Once these three versions of the graph convex hull bounds are proven, the cor-
responding versions of Jensen’s inequality follow as simple corollaries, providing a novel and
considerably simpler proof of this famous result (cf. Remark 3.7). By working in a more gen-
eral setup than is typical for Markov operators (Remark 4.2), we also strongly generalize the
corresponding version of Jensen’s inequality.

The paper is structured as follows. After laying out the general setup and notation in Sec-
tion 2, the graph convex hull bounds are derived for expected values (Section 3), Markov operators
(Section 4) and conditional expectations (Section 5). The corresponding versions of Jensen’s
inequality follow as Corollaries 3.6, 4.11 and 5.7 in their respective sections.

2 | PRELIMINARIES

In order to formulate the results within the most general setting possible, we assume that X and
Y are both real, Hausdorff and locally convex topological vector spaces and f : K — Y, where
K C X is an arbitrary domain. However, readers are encouraged to conceptualize X = R? and
Y = R for simplicity. Furthermore, (Q, %, P) will denote a probability space, and X : Q — X will
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represent a function such that (X, f(X)) is weakly integrable.” Therefore, all expected values are
interpreted in the weak sense, which implies that X does not necessarily need to be measurable,
that is, a random variable. Recall that a map X : Q — X is called weakly integrable if there exists
e € X such that, forany # € X/, #(X) € L'(P) and ¢(e) = [, £(X) dP, in which case the expected
value of X is defined by E[X] := fQX dP := e [17, Definition 3.26]. Here, X’ denotes the con-
tinuous dual of X. In particular, each Pettis or Bochner integrable map is weakly integrable, and
readers may consider Bochner integrable random variables X for simplicity. When working with
Markov operators in Section 4, we will not impose any measurability or integrability assumptions
on (X, f(X)), while for conditional expectations in Section 5 we will require X and ) to be Banach
spaces and (X, f(X)) to be Bochner integrable. Recall that a random variable X : (Q,%Z,P) -» X
is Bochner or strongly integrable if and only if X is measurable and /. v IX]lx dP < oo [5, The-
orem I1.2.2], in which case we write X € L'(P; X). The relevant assumptions will be detailed
separately in each section, namely in Assumptions 3.1, 4.5 and 5.1.

Throughout the paper, we use the following notation. We denote the closure of a subset A of a
real topological vector space by A and the convex hull of A by

Conv(A) := ﬂ{C D A | C convex} = {Z§=1 wia;j|JEN, a; €A, w; >0, 25:1 w; = 1}.
1)
Further, G(f) = {(x, f(x)) | x € K} denotes the graph of a function f : K —» Y and, for M C X X
Yand x € X,

M|, :={y € Y| (x,y) € M}

(note that M|, and M_lx might not coincide). Finally, while we clearly have in mind inequali-
ties with respect to some total or partial order or preorder on ), most statements are presented
for arbitrary binary relations on Y, which we continue to denote by < for readability reasons.
However, in the case where Y = R, we consistently assume the canonical total order. In certain
situations, we will extend the space ) by adding the elements +oc0, which are presumed to sat-
isfy —co < y < oo for each y € Y, and denote § := Y U {zxoo}, as is typical for the extended real
number line R = [—00, 0] = R U {+o0}. Closed intervals in Y are defined by [a,b] :={y € V|
a <y<b}, a,be Y. Wenowstatea simple preliminary lemma that we will use to derive Jensen’s
inequality from the graph convex hull bounds:

Lemma 2.1. Let f: K — R be a convex function on a convex domain K C R%. Then its epi-
graph epi(f) :={(x,y) e KXR |y = f(x)} 2 G(f) is convex and, consequently, Conv(G(f))|, C
[f(x), ) for each x € K. IfK = R4, then Conv(G(f))|, C [f(x), o) for each x € K.

Proof. The convexity of epi(f) is a well-known result [16, Theorem 4.1]. It follows that
Conv(G(f)) C epi(f) by (2.1)and Conv(G(f))|, € epi(f)|, = [f(x), o) foreachx € K.IfK = R,
then f is continuous [3, Theorem 4.1.3] and epi(f) is closed. Hence, Conv(G(f))|, C epi(f)|, =
epi(f)l, = [f(x), o) for each x € K. O

T As is typical for random variables X, we write f(X) for the composition foX; and extend this notation to maps X that
are not measurable.
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3 | GRAPH CONVEX HULL BOUNDS FOR EXPECTED VALUES
Throughout this section, we make the following general assumptions:

Assumption 3.1. (Q,X,P) is a probability space, X, Y, Z are real, Hausdorff and locally con-
vex topological vector spaces (equipped with their Borel o-algebras). Furthermore, < represents
any binary relation on Y, with the stipulation that it defaults to the canonical total order in the
case Y = R (hence the notation). Finally, K C X, f: K - Y and X : Q — K such that the pair
(X, f(X)) is weakly integrable.

The following theorem presents a well-known and intuitive result that the mean E[Z] of a ran-
dom variable Z taking values in a closed convex subset C of Z lies within this set’: E[Z] € C. If
Z = R%, the closedness assumption is not required. Its proof utilizes the Hahn-Banach separation
theorem.

Theorem 3.2 (mean/barycenter of convex set lies within its closure). Let Assumption 3.1 hold and
let Z : Q — A be a weakly integrable map taking values in a subset A C Z. Then E[Z] € Conv(A)
if Z=R% d €N and E[Z] € Conv(A) in general." Further, for any z € Conv(A) there exist a
probability space (Q, £, P) and a weakly integrable map Z : Q — A such that E[Z] = z.

Proof. See [14, Theorem 3.1] for the general statement E[Z] € Conv(A) and [7, Theorem 10.2.6.]
for the proof of E[Z] € Conv(A) in the case Z = RY (though our setup is slightly more general,
the proof goes similarly). Now let z € Conv(A). Then it can be written as a convex combination of
elements of A, thatis, z = ijl w;a;,forsomeJ € N,a; € A,w; 20,j= 1,...,J,with 2521 w; =

i“p
1. Choose Q = {1,...,J} with distribution P given by the probability vector (w;, ..., w;) and let
Z(j) = a;. Then E[Z] = Z§=1 w;a; = z. o

An application of above theorem to the convex hull of the graph of a function f yields:

Corollary 3.3. Under Assumption 3.1, E[(X, f(X))] € Conv(G(f)) if ¥ =R™, Y =R", m,n €
N and E[(X, f(X))] € Conv(G(f)) in general. Further, for any (x,y) € Conv(G(f)) there exist a
probability space (Q,%,P) and X : Q — K such that the pair (X, f(X)) is weakly integrable and
E[X, fXD)] = (x, ).

Proof. This follows from Theorem 3.2forZ := (X, f(X))and A := G(f) C X X Y =: Z (note that
any map Z taking values in G(f) is of the form (X, f(X))). O

The following result is basically a restatement of Corollary 3.3. Since it is the main result of this
section, we state it as a theorem:

 Note that this addresses a distinct issue from that explored by Choquet theory, and the Krein-Milman theorem in par-
ticular, as discussed in [15], where a bounded, closed convex set is analyzed in relation to the convex hull of its extreme
points. Extreme points will be of no relevance to this paper.

¥ For an example of a random variable Z taking values in a convex subset C of an infinite-dimensional space which satisfies
E[Z] € C\ C, see [14, Remark 3.2].
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Theorem 3.4 (Graph convex hull bounds on E[ f(X)]). Under Assumption 3.1, let the convex hull of
the graph of f be ‘enclosed’ by two ‘envelope’ functions g;, g, : Conv(K) — Y in the following way:

Conv(G(f)) € {(x,y) € Conv(K) X Y | g;(x) <y < g,(x)}, G
that is, Conv(G(fNI, C [g(x), g,(x)] for each x € Conv(K). .

Then

gEXD < E[fXO] < g, (EIX]). (32)

IfX =R™, Y =R", m,n €N, then Conv(K) and Conv(G(f)) can be replaced by Conv(K) and
Conv(G(f)), respectively. Further, for ¥ = R, (3.2) is sharp in the following sense:

 If X=R" and g/(x)=1inf(Conv(G(f))|,) and g,(x) = sup(Conv(G(f))|,) for each x €
Conv(K), then, for every x € Conv(K) and y € (g,(x), g,,(x)), there exist a probability space
(Q,%,P)and X : Q — K such that the pair (X, f(X)) is weakly integrable and (E[X], E[f(X)]) =
(x, ).

* Ingeneral, if g(x) = inf(Conv(G(f))|,) and g,(x) = sup(Conv(G(f))|,) for each x € Conv(K),
then, for every x € Conv(K) and y € (g;(x), g,(x)) and for any neighborhood U of (x,y), there
exist a probability space (Q, £, P)and X : Q — K such that the pair (X, f(X)) is weakly integrable
and (E[X],E[f(X)]) € U.

Proof. Since E[X] € Conv(K) and (E[X], E[ f(X)]) € Conv(G(f)) by Theorem 3.2, and Corollary
3.3,

E[f(X)] € Conv(G(fNlgx) € [9(EIXD, g, (EIXD];

cf. Figure 1. In the finite-dimensional case X = R™, Y = R", we can omit all the closures by The-
orem 3.2 and Corollary 3.3. The claim on the sharpness of the bounds also follows directly from
Corollary 3.3. O

Remark 3.5. We emphasize again that, just like Jensen’s inequality, the bounds ¢, and g, are
determined solely by the function f and hold for any K-valued map X that meets the minimal
integrability assumptions.

A direct application of the graph convex hull bounds from Theorem 3.4 yields Jensen’s
inequality:

Corollary 3.6 (Jensen’s inequality). Let Assumption 3.1 hold and f : K — R be a convex function
on a convex domain K C R%. Then E[f(X)] > f(E[X]).

Proof. This follows directly from Lemma 2.1 and Theorem 3.4 with g, := f. O
Remark 3.7. It is worth noting that this novel proof strategy of Jensen’s inequality is significantly

simpler than traditional approaches. In the proof of, for example, [7, Theorem 10.2.6.], the author
outlines:
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* afirst argument showing E[X] € K, akin to Theorem 3.2, ensuring f(E[X]) is well defined;
* asecond, straightforward argument similar to Lemma 2.1; and
* athird, more complex argument to establish the inequality itself.

Yet, this latter argument can be entirely bypassed by applying the first argument a second time,
this time to the pair (X, f(X)), resulting in (E[X], E[f(X)]) € Conv(G(f)) and thus directly prov-
ing Jensen’s inequality. This elegant approach appears to have been previously overlooked, as well
as its application to non-convex functions and domains as demonstrated in Theorem 3.4.

Note that the lower bound f(E[X]) on E[ f(X)] in Jensen’s inequality (1.1) is superfluous in our
setup and may not even be well defined (since E[X] is not guaranteed to lie in K; cf. Example 3.11).
However, if comparing E[f(X)] and f(E[X]) is crucial, the stated result leads to the following
consequences whenever f(E[X]) exists:

Corollary 3.8. Let the assumptions of Theorem 3.4 hold and let Y = R. Then

(a) Q(EX]) FEXD < ELFOO] < ¢ (EIXT) FEIXT);
(b) max (inf,ex F(), FEXD —s,) < ELfCO] < min (supyex £(), FEXD +s5));
(©) & fEIX]) < ELFCO] < &, FEIX])

whenever the quantities

o9 . _ A e s g(x)

a(x) 1= oL s = = gl ¢ - xeclg;fv(K) oL

. gu(x) - _ A e gu(x)

Cu(x) L f(x)’ Su - ”f gu”oo’ Cu - es:;p(K) f(x)’
x \4

as well as f(E[X]) are well defined. If X = R™, Y = R", m,n € N, Conv(K) can be replaced by
Conv(K) in the definition of ¢, and ¢,,.

Proof. (a) and (b) follow directly from Theorem 3.4, while (c) follows from (a). O

Remark 3.9. While the bounds in Theorem 3.4 and Corollary 3.8(a) require the knowledge of
E[X] (cf. Problem 1.1), statements (b) and (c) compare E[ f(X)] with f(E[X]) without relying on
this information. In particular, (b) and (c) offer a priori bounds applicable uniformly across all
random variables X with values in K. Consequently, in transitioning from (a) to (c), the lower
bound ¢;(E[X]) must be substituted with its most conservative estimate, namely, the infimum of
c;(x) across all potential values of x (and the supremum in the case of the upper bound). However,
these bounds are still sharper than the obvious inequalities (whenever well defined)

inf 09 LSOO} < sup GO, fCEIXD) inf {53 < ELFCO] < FELXD sup 765

Example 3.10. Let K =[0,1] and f: K - R, f(x) =2 — x + sin(27x), visualized in Figure 1
(left), which is neither convex nor concave. Then the ‘envelope’ functions of Conv(G(f)) are given
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by

fx) otherwise, 1+ a—ax otherwise,

2—ax ifx<x,, f(x) ifx<1-—x,,
g(x) = 9u(x) =

where x, ~ 0.715 is the solution of 27 cos(27rx) x = sin(27zx)and a = 1 — 27 cos(27x, ). Note that

the constants ¢; = 0.5 and ¢, = 6.5 from Corollary 3.8 compare favorably with the obvious bounds

x.yek % ~ 0.09 and sup, ,cx % ~ 11.6. from Remark 3.5 (it is easy to see how the function

f can be modified to make the improvements over these bounds as large as desired).

inf

Example 3.11. Let K = [—2,—1] U [1, 2] be the disconnected domain of the function f : K — R,
f(x) = x~1, visualized in Figure 1 (right), which again is neither convex nor concave. Again, the
‘envelope’ functions of Conv(G(f)) from Theorem 3.4, given by the piecewise linear functions

(-3—-x)/2 ifxe[-2,-1], (x+1)/2 ifxel[-2,1],
g(x) = . L (x) = .
(x-1)/2 ifxe[-1,2], B-x)/2 ifxe[1,2],

provide sharp bounds on E[f(X)]. In this case, it might be impossible to compare E[ f(X)] with
f(E[X]), since the latter is not defined whenever E[X] € (—1, 1).

Remark 3.12. While in the above examples the envelope functions g, and g, were determined
analytically (up to the approximation of x,.), they usually can be computed numerically with high
precision and little computational effort even for a complicated function f, as long as its domain
K is bounded.

4 | GRAPH CONVEX HULL BOUNDS FOR MARKOV OPERATORS

Note that the only properties of the expected value E used to prove E[Z] € Conv(A) in Theorem 3.2
are its linearity, the positivity of #(Z) for each # € Z’ (meaning that #(Z) > 0implies E[#(Z)] > 0)
and the property that E[Z] = Z for each constant random variable Z € Z (and the same is true
for Jensen’s inequality). Therefore, Jensen’s inequality and the graph convex hull bounds can be
interpreted as algebraic results rather than as measure theoretic ones, and can be extended to
operators that do not necessarily involve integration, but merely satisfy the three properties above.
This generalization is the purpose of this section and will also enable us to cover conditional
expectations in the subsequent section. Such operators are known as Markov operators and play
a crucial role in the analysis of time evolution phenomena and dynamical systems [2]. They are
well known to satisfy Jensen’s inequality [2, Equation (1.2.1)], yet we significantly broaden the
setting in which it applies; cf. Remark 4.2.

Definition 4.1. Let Q;,Q, be sets and S, S, be vector spaces of functions on Q; and Q, that
contain the unit constant functions 1, : Q; - R, ¢ — 1and 1, , respectively, for example, S; =
LY(P,), if (Q,Z;,P,) is a probability space. A linear operator £ : S, — S, is called a Markov
operator if

® 5(“91) =1g,;
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(ii) &(p) = 0foreachp € S; withp > 0.

Further, let Z be a real topological vector space and
SECiz Q> 2ZteZ tZ)eS) SECiZ,: 0~ Z|reZ: 4(Z,)€ES)

for example, SIZ = L'(P;; Z) in the case S; = L'(P,). We call £< : Slz - SZZ a Z-valued Markov
operator associated with the Markov operator € if £(£2(Z;)) = £(¢(Z,)) foreach# € Z' and Z, €
Slz , that is, if the following diagram commutes for each 7 € Z’.

z &2 y z
Sl 52
\Lf ) \Lf o

S§ —— s,

Remark 4.2. Typically, Q,, Q, are assumed to be measurable spaces or measure spaces, and the
elements in S}, S, to be measurable or to lie in L' with respect to certain measures [2, 8]. Fur-
ther, some authors require Markov operators to be endomorphisms, that is, S; = S, [2], to be
L!-contractions [13, 18] or to preserve L!-norm [8]. By working under the minimal requirements in
Definition 4.1 and by introducing the entirely new notion of a Z-valued Markov operator, we thus
significantly expand the scope of the currently known version of Jensen’s inequality for Markov
operators [2, Equation (1.2.1)].

Example 4.3 (cf. Section 3). Let (Q,Z;,P;) = (Q,,%,,P,) be a probability space and S; =
LY(P,) and S, = span(1 a,)- Further, let Z be a real, Hausdorff, locally convex topological vector
space and Slz ={Z,: Q, » Z | Z, weakly integrable}, 5‘22 =1{Z,: Q, - Z | Z, constant}. Then
the expected value E : Slz - SZZ is a Z-valued Markov operator associated with the Markov oper-
atorE: S; — S,, where 522 is identified with Z and S, with R. Note that the same notation E is
used for both operators as is the standard in probability theory.

Example 4.4 (cf. Section 5). Let (Q;, Z,, P;) = (Q,, Z,, P,) be a probability spaceand ¥ C X, bea
sub-o-algebra of Z;. Let S; = L'(Z,,P;) and S, = L'(F, P, |5). Further, let Z be a Banach space,

.oz Z
Slz =L'(Z,,P;; Z)and SZZ = L'(F,P|z; Z). Then the conditional expectation E[-1F]: ST = S5
is a Z-valued Markov operator associated with the Markov operator E[-|F]: S1 = S, (this fol-

lows easily from, for example, [5, Theorem I1.2.6]). Again, the same notation E[-17]is used for
both operators as is common practice.

To extend the findings in Section 3 to Markov operators, we establish the subsequent
assumptions for this section:

Assumption 4.5. X, Y are two real, Hausdorff and locally convex topological vector spaces and
Q, Q,5, 51, S,, Sf R Sf s Sly , Szy are as in Definition 4.1, with Z replaced by X and Y, respec-
tively. Further, £¥ : S — S¥and &7 : Sly - 5.2)7 are X-valued and Y-valued Markov operators,
respectively, associated with the same Markov operator £ : S; — S,. < is any binary relation on
Y, which we assume to be the canonical total order in the case Y = R. Finally K C X, f: K -> Y
and X : Q; — K such that the pair (X, f(X)) € S{¥ x Sf).
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Lemma 4.6. Under Assumption 4.5, the operator £Y<Y: Sf( X Sly N Sg" X Szy , X, V) -
(EX(X), £Y(Y)) is an (X x Y)-valued Markov operator associated with the same Markov operator
E.

Proof. Let Z=(X,Y) € S x Sly and # € (X x V). Then ¢ is of the form Z(x,y) = £*(x) +
¢Y(y)forsome 7t € X', ¢Y € Y'.Hence, £(Z) = ¢¥(X) + ¢Y(Y) € S (since S is a vector space),
as required (and similarly for 5'22( X Szy ). Further,

C(EVV(2) = X (EXX) + V(YY) = E(¢¥ X)) + £V (V) = E(£(2)). O

Let us now formulate the analogue of Theorem 3.2 for Markov operators:

Theorem 4.7 (Markov operators respect closed convex set constraints). Let Q,, Q,, S}, S,, &,
Z, 5‘1Z , SZZ, &Z be as in Definition 4.1 and assume that Z is Hausdorff and locally convex. Further,

let Z € S; with Z(Q,) C A for some subset A C Z. Then (£<(Z))(Q,) C Conv(A).

Proof. By the Hahn-Banach separation theorem, since Conv(A) is convey, it coincides with the
intersection of all closed half-spaces H,; :={z € Z | £(z) > s} 2 Conv(A) including it, where
¢ € Z' \ {0} and s € R. Since, for w € Q,

Z(Ql) - Hf,s — Lﬂ(Z) =S
= EW(2))>s
= ((E22Z) s
= £3(2)(Q,) C My,
(£2(2))(Q,) lies in each half-space H, s including Conv(A), proving the claim. O
An application of above theorem to the convex hull of the graph of a function f yields:

Corollary 4.8. Under Assumption 5.1, (E¥(X), EY(f(X)))(Q,) € Conv(G(f)).

Proof. Using Lemma 4.6, this follows from Theorem 4.7 for Z := (X, f(X)) and A := G(f) C
XxY=:Z. U

As in Section 3, a reformulation of above corollary results in graph convex hull bounds for
Markov operators in place of expected values:

Theorem 4.9 (Graph convex hull bounds on £Y(f(X))). Under Assumption 5.1, let the convex

hull of the graph of f be ‘enclosed’ by two ‘envelope’ functions g;, g, : Conv(K) — h% satisfying (3.1).
Then

g(EX¥ X)) < EY(FX)) < g, (E¥X)). (4.1)

Note that, in contrast to Theorem 3.4, all objects in (4.1) are functions on Q,.
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Proof. Since (£¥(X))(Q,) € Conv(K) and (£¥(X), £Y(f(X)))(Q,) € Conv(G(f)) by Theorem 4.7
and Corollary 4.8,

EV(FCONQ,) € Conv(G(N)ercx) S [91(EXCO), g (EXCO)].
O

Corollary 4.10. Let the assumptions of Theorem 4.9 hold and let Y = R. Then, using the notation
from Corollary 3.8,

(a) Q(EXC0) FEXX)) < EV(F(0) < 0, (EX(0) FEX (X))
(b) max (inf ey f(¥), FEXX)) —3,) < EY(F(X)) < min (supyeg f(X), FEXXO) +5,),
(©) & FEXX)) < EY(F(X) < &, FEXCO)

whenever these quantities are well defined.
Proof. (a) and (b) follow directly from Theorem 4.9, while (c) follows from (a). O

We conclude this section by deriving Jensen’s inequality as a straightforward corollary of The-
orem 4.9. To the best of the author’s knowledge, Jensen’s inequality for Markov operators has not
been established with this level of generality, cf. Remark 4.2.

Corollary 4.11 (Jensen’s inequality for Markov operators). Let Assumption 4.5 hold and f : R? —
R be a convex function. Then £Y(f(X)) > f(EX(X)).

Proof. This follows directly from Theorem 4.9 and Lemma 2.1. O

5 | GRAPH CONVEX HULL BOUNDS FOR CONDITIONAL
EXPECTATIONS

It is well known that Jensen’s inequality also holds for conditional expectations [ 7, Theorem 10.2.7].
In this section, we establish graph convex hull bounds for conditional expectations, representing
a specific instance of the broader framework outlined in Section 4 (cf. Example 4.4) and deriv-
ing directly from the results therein. Since conditional expectations are commonly defined over
Banach spaces and for Bochner integrable random variables [5, Section V.1], this will require
slightly stronger assumptions:

Assumption 5.1. (Q,X%,P) is a probability space, X, Y, Z are real Banach spacesand K C X a
subset of X. Further, < is any binary relation on Y, which we assume to be the canonical total
order in the case Y = R and F C X is a sub-c-algebra with E[-1F] denoting the corresponding
conditional expectation. Finally, K C X, f: K - R and X : Q — K is a random variable such
that the pair (X, f(X)) is Bochner integrable.

Theorem 5.2 (Conditional expectations respect closed convex set constraints). Let Z : (Q, %, P) —
A be a Bochner integrable random variable taking values in a subset A C Z of a real Banach space
Z and let F C X be a sub-c-algebra. Then E[Z|F] € Conv(A) P-almost surely.
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Proof. Note that, as is typical for conditional expectations, no difference is made in the notation
between E[*1F]: L'(Z,P) — L'(F,Pl) and El- [F]: L'(Z,P; 2) —» L'(F,Ply; 2) (correspond-
ing to £ and &, in Definition 4.1). Since E[£(Z)|F] = ¢(E[Z|F]) for each # € Z’ (this follows
easily from, for example, [5, Theorem I1.2.6]), and that W > s implies E[W|F] > s P-almost surely
for each real-valued random variable W : (Q, %, P) — R by [10, Theorem 8.1(ii)], the claim follows
directly from Theorem 4.7. O

Remark 5.3. In contrast to Section 4, all statements in L! can only hold P-almost surely. Hence,

when drawing the final conclusion from the proof of Theorem 4.7 to the one of Theorem 5.2,

we must exercise caution when considering the intersection over all (possibly uncountably

many) half-spaces that contain Conv(A). However, following the construction of conditional

expectations [5, Theorem V.1.4], there exists a representative of E[Z|F] which lies in all these

half-spaces simultaneously.

This theorem’s application to the convex hull of the graph of a function f yields:

Corollary 5.4. Under Assumption 5.1, E[(X, f(X))|F] € Conv(G(f)) P-almost surely.

Proof. This follows from Theorem 5.2 for Z := (X, f(X))and A :=G(f) C X XY =: Z. |

Theorem 5.5 (Graph convex hull bounds on E[ f(X)|F]). UnderAssumptiori 5.1, let the convex hull

of the graph of f be ‘enclosed’ by two ‘envelope’ functions g, g, : Conv(K) — Y satisfying (3.1). Then
Q(ELXIF]) < ELfCOIF] < g, (ELX|F]) P-almost surely. 5D

Note that, in contrast to Theorem 3.4, all objects in (5.1) are random variables.

Proof. Since E[X|F] € Conv(K) P-almost surely and (E[X|F],E[f(X)|F]) € Conv(G(f)) P-
almost surely by Theorem 5.2 and Corollary 5.4,

ELfCOIF] € Conv(CU D ler) € L9/ (ELXIFD), g, (ELX|F])] P-almost surely.

O

Corollary 5.6. Let the assumptions of Theorem 5.5 hold and let Y = R. Then, using the notation
from Corollary 3.8,

(@) c(EXIF]) fEXIFD < E[f O] < ¢, (EIX|F]) fELX|F]),
(b) max (infecx f(x), fEIXIF]) = 5,) <ELfX)] < min (supyex f(x), fEXIF]D +5),
(© & fEXIFD < ELf (O] < &, fEX|FD),

P-almost surely, whenever these quantities are well defined.
Proof. (a) and (b) follow directly from Theorem 5.5, while (c) follows from (a). O

Again, conditional Jensen’s inequality follows almost directly from Theorem 5.5:
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Corollary 5.7 (Conditional Jensen’s inequality). Let Assumption 5.1 hold and f : R — R be a
convex function. Then E[f(X)|F] = f(E[X|F]) P-almost surely.

Proof. This follows directly from Theorem 5.5 and Lemma 2.1. O
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