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Abstract
Josephson junctions are formed by a non-superconducting weak link between two
superconducting electrodes. The dissipation-less superconducting tunnel current
flowing across the Josephson junction is carried by superconducting charge carriers
which are called Cooper pairs. The tunnel junction is characterized by the overlap
of the macroscopic wavefunctions of the two superconducting electrodes. Josephson
junctions are highly sensitive to changes of the phase difference between the two
wavefunctions.
In this thesis Josephson junctions between a superconducting tip and superconduct-
ing sample were investigated in a scanning tunneling microscope (STM). The STM
enables atomic resolution of the sample surface as well the formation and manipula-
tion of atomic structures on the surface. Josephson spectroscopy in an STM allows
the investigation of the influence of the junction composition on the phase coher-
ence between the macroscopic wavefunctions of the superconducting electrodes on
the atomic scale.
Josephson junctions can be interpreted as an oscillating circuit with distinct damp-
ing properties. The damping behaviour due to energy losses caused by the inter-
action with the environment can be frequency dependent. Biasing the Josephson
junction by either an applied current or voltage influences the frequency-dependent
impedance that couples the system to the electromagnetic environment.
Phase coherence is strongly influenced by the energy exchange of the junction with
the environment. In this study, the Josephson junction is exposed to a high frequency
(HF) electromagnetic field in order to further investigate the phase coherence of the
system. Generally, tunneling charge carriers can absorb quantised energy from the
photons of the HF field (photon-assisted tunneling). However, in Josephson contacts
coherent absorption of energy from the external field is expected (Shapiro steps).
The investigated junctions show resonant absorption at the expected energies in the
presence of the HF field. Additionally the current-biased V(I)-curves show a hys-
teresis depending on the direction of the applied current. This hysteresis indicates
phase coherence between tunneling Cooper pairs. However, other features observed
in the V(I)-characteristics are correlated to dissipative processes. For that reason a
clear identification of Shapiro steps is not possible in this setup.
Furthermore, Josephson spectroscopy was performed on single magnetic adatoms on
the Pb(111) surface. The magnetic moment of the atom’s unpaired electrons cou-
ples to the superconducting condensate and induces localized bound states within
the energy gap of the superconductor (YSR states). The tunneling probability for
electrons and holes into the YSR states is known to vary due to potential scatter-
ing on the surface (electron-hole asymmetry). In a Josephson junction magnetic
adatoms were found to induce a diode-like behaviour, i.e., the transition from the
resistive single-particle conductance into the Cooper-pair tunneling regime depends
on the direction of the applied current. In collaboration with the theory group of
Felix von Oppen at Freie Universität Berlin the observed non-reciprocity was cor-
related to the damping properties of the Josephson junction and explained by the
electron-hole asymmetry of the induced YSR bound states.
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Kurzzusammenfassung
Ein Tunnelkontakt zwischen zwei Supraleitern durch den ein supraleitender Strom
fließt nennt sich Josephson-Kontakt und die tunnelnden Ladungsträger werden als
Cooper Paare bezeichnet. Josephson-Kontakte sind sehr empfindlich gegenüber
Änderungen der Phasenrelation der makroskopischen Wellenfunktionen der beiden
supraleitenden Elektroden.
In dieser Arbeit wurden Josephson-Kontakte zwischen einer supraleitenden Spitze
und einem supraleitendem Substrat (Pb(111)) in einem Rastertunnelmikroskop (RTM)
untersucht. Mit dem RTM ist es möglich die Oberfläche atomar genau abzu-
bilden und atomare Strukturen zu formen und zu manipulieren. Das eröffnet die
Möglichkeit den Einfluss von Änderungen der Josephson-Kontakte auf atomarer
Ebene auf die Phasenkorrelation der Wellenfunktionen zu untersuchen.
Josephson-Kontakte können als eine Art Schwingkreis verstanden werden in denen
die Dämpfung eine große Rolle spielt. Die Dämpfung kann frequenzabhängig sein
und beschreibt den Verlust von Energie des Systems an die Umgebung. Die Fre-
quenzabhängigkeit des untersuchten Systems unterscheidet sich abhängig davon, ob
der Kontakt strom- oder spannungs- getrieben ist. Dieser Abhängigkeit wird auf
Unterschiede der frequenzabhängigen Impedanz zurückgeführt, mit der das System
an die elektro-magnetische Umgebung koppelt.
Die Phasenkohärenz der Josephson-Kontakte ist stark beeinflusst von diesem En-
ergieaustausch. Um die Phasenkohärenz genauer zu untersuchen, wird ein elektro-
magnetisches (em) Feld eingestrahlt. In Tunnelkontakten können individuell tunnel-
nde Ladungsträger die quantisierte Energie der Photonen des em Feldes absorbieren
(photon-assistiertes Tunneln). In Josephson-Kontakten wird neben diesem Effekt
auch die kohärente Absorption der Strahlung erwartet (Shapiro-Stufen). In den
untersuchten Kontakten werden Stufen in den Kennlinien bei den erwarteten En-
ergien beobachtet. Zusätzlich tritt in den Stromgetriebenen Josephson Kontakten
eine Hysterese abhängig von der Richtung des angelegten Stroms auf. Diese Hys-
terese deutet auf einen phasenkohärenten Tunnelprozess der Cooper Paare hin. Da
allerdings zeitgleich auch dissipative Prozesse erkennbar sind können Shapiro-Stufen
nicht eindeutig festgestellt werden.
Zusätzlich zu diesen Erkenntnissen wurde Josephson Spektroskopie auf einzelnen
magnetischen Atomen durchgeführt. Der Spin der ungepaarten Ladungsträger der
magnetischen Atome wechselwirkt mit dem supraleitenden Kondensat und induziert
gebundene Einzelelektronenzustände (YSR-Zustände). Aufgrund von Potential-
Streuung durch die Änderung der elektro-magnetischen Umgebung kann die Tunnel-
wahrscheinlichkeiten in diese Zustände für Elektronen und Löcher variieren (Elektron-
Loch-Asymmetrie). In den untersuchten Josephson-Kontakten rufen diese Zustände
ein dioden-artiges Verhalten der übergänge von dem normalleitenden zu dem supralei-
tenden Zustand des Kontakts hervor. In Zusammenarbeit mit der Forschungs-
gruppe von Felix von Oppen an der Freien Universität Berlin konnte herausgear-
beitet werden, dass die Dämpfung der Josephson-Kontakte durch die Elektron-
Loch-Asymmetrie der YSR-Zustände beeinflusst wird und für das nicht-reziproke
Verhalten der Josephson-CPKontakte verantwortlich ist.
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ACRONYMS

BCS Bardeen-Cooper-Schrieffer
BSCCO Bismuth strontium calcium copper oxide (Bi2Sr2CanCun+1O2n+6)
CPR current-phase relation
CP Cooper-pair
Cr Chromium
DoS density of states
HF high frequency
I(V)C current-voltage characteristic (voltage-biased)
LDoS local density of states
LHe liquid Helium
LN2 liquid Nitrogen
Mn Manganese
MQT Macroscopic quantum tunneling
NbSe2 Niobium diselenide
Ne Neon
Pb Lead
PID proportional-integral-derivative
qp quasiparticle
RCSJ resistively and capacitively shunted junction
SOC spin-orbit coupling
SQUID superconducting quantum interference device
STM scanning tunneling microscopy
STS scanning tunneling spectroscopy
V(I)C voltage-current characteristic (current-biased)
YSR Yu-Shiba-Rusinov
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CHAPTER 1

INTRODUCTION

Electronic devices that experience asymmetric electrical transport with respect to
the biasing direction are essential in technological applications. Semiconducting
diodes are among the most prominent representatives of devices experiencing non-
reciprocal transport. The observation of a superconducting equivalent where the
current flow is dissipation-free in one direction while the other direction can be
highly resistive holds the prospect of extremely high rectification ratios between
biasing directions. Josephson junctions can be used as a platform to investigate
and engineer the properties of superconducting devices. This thesis investigates the
phase dynamics of current-biased Josephson junctions within a scanning tunneling
microscope (STM) which provides the possibility to manipulate the composition of
the junction on the atomic scale.
Josephson junctions consist of two weakly coupled superconductors and enable the
tunneling of paired electrons (so called Cooper pairs) through a tunneling barrier
as predicted by B.D. Josephson [2] in 1962. The overlap of the macroscopic wave-
functions of the superconductors results in a dissipation-free tunneling current at
zero voltage. The properties of Josephson junctions are very sensitive to the phase
difference between the wavefunctions.
Enhancing the understanding of the phase dynamics in Josephson junctions enables
their implementation in technological devices. For example, superconducting quan-
tum interference devices (SQUIDs) rely on the phase coherent properties in a ring
structure containing two Josephson junctions [3]. They are used to detect changes of
an external magnetic field on a scale below single flux quanta. An external magnetic
field induces a circular current in the ring structure which influences the phase rela-
tion of the overlapping wavefunctions within the two junctions. Interference effects
occur between the two sides of the ring and cause magnetic field dependent periodic
fluctuations of the critical current of the ring structure. At a constant bias current,
oscillations of the measured voltage capture changes in the external magnetic field
[4].
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1 INTRODUCTION

Phase dynamics are strongly correlated to the potential difference between the two
superconducting electrodes. The ac Josephson effect causes the supercurrent of the
junction to oscillate with a characteristic frequency for a constant voltage drop across
the junction. High frequency (HF) electromagnetic fields are able to resonantly ex-
cite Josephson junctions matching their characteristic Josephson frequency. In a
current-voltage characteristic (I(V)C) this gives rise to so called Shapiro steps at
specific voltage values fulfilling the resonance conditions. Josephson junctions have
been suggested to be utilized as voltage standards due to the accuracy of the voltage
values of these resonances [5–7].
On a more fundamental level, non-reciprocal behaviour of superconductors and in
particular Josephson junctions has recently attracted the attention of the scientific
community. The concept of superconducting diodes shows promising potential for
technical applications, e.g., in quantum technology [8–11]. F. Ando et al. [12] first
observed a superconducting diode effect in heterostructures consisting of Nb, V and
Ta in 2020. They found that this material system experiences strong spin-orbit
coupling which shows a magnetochiral effect in the presence of an external magnetic
field perpendicular to the sweep direction. They showed that the maximum super-
current that this heterostructure supports depends on the direction of the applied
current. The superconducting diode effect is understood to be caused by helical
superconductivity in systems in which inversion and time reversal symmetry are
broken [13, 14]. Helical superconductivity describes a finite Cooper-pair momentum
at zero energy, which gives rise to non-reciprocal V(I)Cs.
A similar non-reciprocal effect can be observed in the critical currents of Josephson
junctions which are then called Josephson diodes. A high interest in investigating
Josephson diodes has been demonstrated in the last few years both experimentally
[15–19] and theoretically [20, 21]. In Josephson diodes the current-phase relation
becomes asymmetric in response to helical superconductivity. Helical superconduc-
tivity is found in superconductors when inversion and time reversal symmetry are
broken. Inversion symmetry can be broken by the design of the junction so that
I(V ) ̸= I(−V ). For breaking time reversal symmetry usually an external magnetic
field is applied. However, H. Wu et al. [22] designed a Josephson diode consisting
of NbSe2 flakes that are separated by a Nb3Br8 thin film without the necessity of an
external magnetic field. The design of the junction breaks inversion symmetry and
polarizing properties of the Nb3Br8 have been suggested to be the cause of breaking
time reversal symmetry. The exact origin of time-reversal breaking is still a topic of
ongoing investigations and discussions.
In this thesis Josephson spectroscopy was implemented in a STM. Josephson spec-
troscopy in a STM holds the advantage of controlling the junction on the atomic
scale. Scanning tunneling microscopy was first implemented by G. Binnig and H.
Rohrer [23, 24] in 1982. The technique is based on measuring a tunneling current
though the vacuum barrier between a probing tip and the sample surface. The
tunneling current is highly dependent on the tip-sample distance and by scanning
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the tip over the surface the topography can be reproduced on the atomic scale.
Scanning tunneling spectroscopy probes the electronic structure of the surface and
can be used to correlates the density of states (DoS) of a surface to its topography.
Low-temperature STM has been used to investigate superconducting materials with
high spectroscopic energy resolution [25]. For example, the two-band nature of the
superconducting state of Pb was shown by M. Ruby et al. [26] by resolving coherence
peaks at two distinct energies on different surface orientations of Pb. B. Sacépé et
al. investigated disordered superconductors with STM techniques and found local
gap variations on amorphous InO surfaces.
Josephson junctions are formed in an STM by using a superconducting tip material
[27, 28]. M. Ternes et al. [29] investigated tunneling processes between supercon-
ductors with different gap sizes and described the behaviour in terms of multiple
Andreev reflections. H. Kimura et al. [30] discussed Josephson junctions in an
STM on the high temperature superconductor BSCCO in the context of the local
superconducting order parameter. J. G. Rodrigo et al. [31] performed Josephson
spectroscopy on the atomic scale to investigate phase diffusion effects and the in-
teraction of the junction with the electromagnetic environment. J. Senkpiel et al.
[32] investigated high transmission Josephson junctions in STM experiments and
modelled the results within the dynamical Coulomb blockade regime.
In STM experiments it has been shown that single magnetic atoms on a supercon-
ducting surface induce electronic states as their magnetic moment couples to the
superconducting condensate [33–35]. These states are commonly named after L. Yu
[36], H. Shiba [37] and A. I. Rusinov [38] (YSR) who independently derived the first
theoretical description at the same time. The energy of YSR states holds information
of the coupling strength of the electronic spin of the atom to the superconducting
condensate. M. Ruby et al. analysed the tunneling and relaxation processes into
YSR states [39] and investigated local YSR patterns of single magnetic Mn adatoms
on Pb surfaces [40] as well as their hybridization into YSR bands for Mn dimers
[41]. L. Farinacci et al. [42] showed a quantum phase transition upon changing the
coupling strength of the magnetic adsorbate on the superconducting substrate by
interaction with STM tip. E. Liebhaber et al. [43] investigated the influence of the
charge density wave in NbSe2 on the hybridized YSR states in atomic Fe chains.
The first STM Josephson experimetn in the presence of single magnetic atoms was
performed by M. T. Randaria et al. [44]. A reduction of the Josephson peak inten-
sity at zero bias was observed in the presence of magnetic adatoms on the surface.
Recently F. Küster et al. [45] correlated the reduction of the Josephson peak by
different magnetic adatoms on a Nb(110) surface to the d-orbital occupation of the
magnetic adatom.
So far Josephson junctions have mainly been investigated by voltage-biased STM
junctions [27–31]. Voltage-biased STM Josephson junctions have been modelled
under the assumption of incoherent Cooper-pair tunneling events by P(E)-theory
calculations [32, 46–48]. The Cooper-pair transport through these junctions con-
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sists of single tunneling events of particles with a charge of 2e. This is confirmed in
experiments by applying an external high frequency (HF) irradiation to the junction
[49–52]. The energy splitting of the conductance peaks in the presence of HF irradi-
ation depends on the number of particle that tunnel simultaneously. Multi-particle
tunneling processes result in a smaller energy splitting compared to single-particle
tunneling events. Photon-assisted tunneling of individual Cooper pairs is observed
in the energy splitting of the Josephson peak. Since the investigated voltage-biased
Josephson junctions lack phase coherence between tunneling events, external irra-
diation is not absorbed resonantly in the form of Shapiro steps.

In this thesis current-biased Josephson spectroscopy was performed in STM experi-
ments since the phase dynamics of the Josephson junction are not directly influenced
by an applied current. To investigate the phase coherence and the coupling of the
junction to the electromagnetic environment current- and voltage- biased junctions
are compared.
To further investigate the phase coherence in the Josephson junction an external
HF-field was applied. It is known that voltage-biased Josephson junctions inco-
herently absorb energy from the HF-field by photon-assisted tunneling. However,
current-biased Josephson junctions do not inherently affect the phase coherence and
may interact differently. Current-biased Josephson junctions are investigated in the
presence of HF irradiation to gain information on the interplay of coherent and in-
coherent absorption of energy in the junction.
To investigate the Josephson diode effect in the absence of an external magnetic field,
single-atom magnetic impurities were included in the STM Josephson junctions. The
influence of the induced YSR states on the phase dynamics of the Josephson junc-
tions was investigated in collaboration with the theory group of Felix von Oppen at
Freie Universität Berlin.

Thesis structure
This thesis is divided into three parts separating the theoretical background from the
experimental details and the results. The theoretical background gives an overview
of the physics that is necessary to understand the results of the thesis. The ex-
perimental methods include STM theory and STM operation techniques as well as
a description of the adjustments of the setup to perform Josephson spectroscopy.
Furthermore the sample and tip preparation is explained and the data analysis is
explained in detail. The result section focusses on the physics of the STM Josephson
junctions investigated in this thesis in particular with regard to HF irradiation and
the presence of magnetic adatoms.
In chapter 2, the fundamental properties of superconductivity are discussed with
emphasize on YSR - physics and their implication for tunneling experiments (chap-
ter 2.3). Multi-particle tunneling processes and the formation of Andreev bands are
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explained in chapter 2.4.
The theoretical background to understand the phase dynamics in Josephson junc-
tions is given in chapter 3. The resistively and capacitively shunted junction (RCSJ)
model and the washboard potential picture is explained in chapter 3.1. Here the
concept of frequency-dependent damping in Josephson junctions is introduced. The
relevant energy scales of Josephson junctions are defined in chapter 3.2. The concept
of incoherent Cooper-pair tunneling and the treatment of these processes by P(E)-
theory are presented. In chapter 3.3 the influence of HF irradiation on Josephson
junctions is discussed. Photon-assisted tunneling processes as well as Shapiro steps
are considered in this chapter. Finally the superconducting diode effect and the
implications for Josephson diodes is explained in chapter 3.4.
Part II of the thesis gives details about the experimental techniques and data analy-
sis. STM theory is presented in chapter 4.1. The experimental setup and operation
techniques of the STM are described in 4.2. In chapter 4.3 a description of the
surface and tip preparation as well as the evaporation of single magnetic Mn and
Cr adatoms is found. The induced YSR states for the two atom species are charac-
terized. The adjustments to the setup designed to enable current-biased Josephson
spectroscopy and the tip stabilization process are described in chapter 4.4.
The data treatment was mostly performed by self written python programs and is
explained in chapter 5. Since Josephson spectroscopy is performed at (for STM
experiments) unusually high conductances, the voltage-biased conductance spectra
need to be corrected for systematic influences of the line resistance (chapter 5.1).
The statistical nature of the Josephson experiments required the acquisition of up
to 2500 bias sweeps for each data point. The analysis of this large amount of data
and challenges that come with measuring in close proximity to the surface for an ex-
tended period of time are described in chapter 5.2. In the presence of HF frequency
the damping of the HF lines need to be determined. For that purpose the splitting
of the conductance peaks in the voltage-biased spectra were simulated as explained
in chapter 5.3.
Part III shows and discusses the experimental findings of this thesis. In chapter 6 a
short summary of the RCSJ model and washboard potential picture is given in chap-
ter 6.1. The current- and voltage- biased Josephson junction results are described
in chapter 6.2 and 6.3, respectively. The measured data is put into context with the
theoretical models that were previously described and differences between the two
biasing methods are pointed out (chapter 6.4). In chapter 7, the V(I)Cs that were
measured under the application of high frequency irradiation are presented. A short
summary of the theoretical concepts of photon-assisted tunneling and Shapiro steps
in overdamped and underdamped is presented in chapter 7.1. The current-biased
data is discussed in chapter 7.2. In chapter 7.3 the data is discussed in comparison
with the voltage-biased data. Josephson junctions formed on single magnetic im-
purities are shown in chapter 8. The range of influence of the magnetic adatom on
the superconducting condensate is estimated by acquiring Josephson data in close
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lateral proximity to a Mn adatom (chapter 8.1). The observed non-reciprocities in
the retrapping and switching currents is discussed in chapter 8.2 and 8.3, respec-
tively. In chapter 8.4 the theoretical considerations that went into the simulation
and reproduction of the non-reciprocities are explained as performed by the group
of Felix von Oppen at Freie Universität Berlin. The affect of the magnetic adatoms
on the damping properties of the Josephson junction that results in a diode-like
behaviour is discussed in chapter 8.5.
In the end the results and conclusions are summarized and an outlook is given for
future investigation of STM Josephson junctions (chapter 9).
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Theoretical background
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CHAPTER 2

GENERAL INTRODUCTION TO
SUPERCONDUCTIVITY

Superconductivity was first observed by H. Kamerlingh Onnes who succeeded in
liquefying Helium at 4.2 K in 1911 [53]. By cooling down Hg he found a sudden
jump to zero of the resistance at a critical temperature TC. While a decrease of the
resistance with decreasing temperature is not surprising, a finite residual resistance
due to electron-electron scattering is expected for a normal metal [54].
In addition to the disappearance of the resistance at a critical temperature, supercon-
ductors behave as perfect diamagnets as shown by W. Meissner and R. Ochsenfeld
[55]. Generally, diamagnetism induces an opposing magnetic field within the ma-
terial that counteracts an external magnetic field. A perfect diamagnet refers to a
susceptibility of χ = −1 which completely expels the magnetic field from its interior
as the magnetization M cancels the field strength H.

B = µ0H(1 + χ) = µ0(H +M)→M = −H (2.1)

In paramagnets the diamagnetic forces are overcome as unpaired electrons align with
the external magnetic field.
The difference between a perfect conductor and a perfect diamagnet is most clearly
explained by their behaviour within a magnetic field. Both materials go through
a transition from the normal conducting to the perfect conducting or diamagnetic
state when cooled down sufficiently. An external magnetic field that is applied to
the materials in the perfect conducting/diamagnetic state cannot enter either of the
materials due to the induced screening currents. On the other side of the transition,
i.e. in the normal conducting state, magnetic field lines penetrate both materials.
Maintaining the applied magnetic field during the transition to the perfect conduct-
ing/diamagnetic state, the materials behave differently. At the transition tempera-
ture the perfect diamagnet expels the flux from its interior and screening currents
prevent magnetic field lines within the material. In contrast, the perfect conductor
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2 GENERAL INTRODUCTION TO SUPERCONDUCTIVITY
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Figure 2.1: Phase diagrams HC(T ) for a) type I and b) type II superconductors.
a) The superconducting state (S) transitions directly to the normal con-
ducting state (N). b) Exceeding the first critical field HC1 the magnitude
of the magnetization decreases gradually and the mixed phase (M) is
formed. At the second magnetic field HC2 the material becomes normal
conducting.

freezes the magnetic field lines in place. The perfect conductor counteracts changes
of the external magnetic field, maintaining the original field in its interior. That
means when the external field is turned off below the transition temperature, the
perfect conductor still maintains the magnetic field lines while the perfect diamagnet
stays field free. A perfect conductor is conserving the magnetic flux while perfect
diamagnetism/superconductivity is a flux expelling phenomenon [56].
The superconducting state is susceptible to temperature and magnetic field. Ex-
ceeding a critical temperature TC or a critical field HC destroys the superconducting
phase. The phase diagram is shown in figure 2.1a for a so called type I supercon-
ductor. Type I superconductors transition sharply from the normal conducting to
the superconducting state. A microscopic theory for these superconductors was de-
veloped by J. Bardeen , L. N. Cooper and J. R. Schrieffer (BCS) [57] which was
awarded with the Nobel prize in 1972. More details will be given in chapter 2.2.
Another type of superconductor referred to as type II superconductor experiences
an intermediate or mixed phase, in which the magnetic field can penetrate the su-
perconductor partially (figure 2.1b). The Ginzburg-Landau theory is a phenomeno-
logical model that captures the properties of type II superconductors as well [58]
(see chapter 2.1). Type II superconductors enter the mixed phase at a first critical
field strength HC1 at which flux quanta start penetrating the material. In contrast
to type I superconductors, the magnetization in type II superconductors decreases
gradually with increasing applied magnetic field until it reaches zero at the second
critical field value HC2. For more details on the phenomenology of superconductivity
see [56, 59–61].
In the next chapters 2.1 and 2.2 a more detailed introduction to the theoretical
considerations of superconductivity will be given with emphasis on the BCS theory.
For the experiments conducted in this thesis magnetic impurities on superconduct-
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2.1Basic terms of superconductivity

ing surfaces play a major role. Their mathematical description is given in chapter
2.3. Phenomena at interfaces between superconductors and normal or insulting ar-
eas are such as Andreev reflections and the proximity effect discussed in chapter
2.4.

2.1 Basic terms of superconductivity
Before going into the theoretical description of superconductivity by BCS-theory
in this chapter a more qualitative and intuitive description of the most important
concepts is given. These concepts are well known and are summarized from the
following text books [56, 59, 61].
Below the critical temperature of a superconductor it becomes energetically favourable
for electrons to form pairs. These pairs are integer-spin particles (Bosons) and con-
densate into a common ground states at the Fermi energy EF. The superconducting
state is a macroscopic quantum phenomenon which is described by a single macro-
scopic wavefunction Ψ = |Ψ(r, t)|eiΘ(r,t). Accordingly, the charge carriers with en-
ergies around the Fermi level have the same ground-state and interact coherently
on the length scale of their coherence length ξ0 which was first introduced by A. B.
Pippard [62].
The macroscopic wavefunction can be interpreted as a probability function for the
quantum particles and the absolute square is linked to the density of superconduct-
ing charge carriers |Ψ|2 = ns. A phenomenologically description was derived in form
of the London equations which result from purely electrodynamic considerations. It
describes perfect conductivity and an exponential decay of magnetic fields at the
interface of the material on the length scale of the London penetration depth λ.
Bardeen-Cooper-Schrieffer (BCS) theory describes the origin of superconduc-
tivity on a microscopic level. It is based on the formation of Cooper pairs below the
material’s specific critical temperature TC. A Cooper pair consists of two electrons
with opposite spin and momentum coupled by electro-phonon interaction. Accord-
ingly, Cooper pairs have an integer spin and therefore are no longer subject to the
Pauli exclusion principle and a single quantum phase is formed that may be de-
scribed by a single macroscopic wavefunction. The energy that is required to break
a Cooper pair is given by the wavefunction’s order parameter 2∆.
Formation of Cooper Pairs. The underlying assumption of BCS theory is the
existence of a positive interaction between electrons that overcomes the Coulomb
repulsion. In a classical approach this interaction takes place indirectly via crystal
lattice deformations (phonons). The first electron interacts with the lattice leaving
a polarized trail. The second electron is attracted by this lattice distortion which
leads to a positive net interaction between the two electrons. The BCS theory states
that the Fermi sea is unstable against this kind of pair formation. The momentum
absorbed from the first electron will be transferred to the second by the lattice
atoms. The Cooper pairs are formed in a narrow energy range around the Fermi
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2 GENERAL INTRODUCTION TO SUPERCONDUCTIVITY

energy EF and the interaction is mediated by the phonons which have much larger
energies in the order of ℏωD. The Debye frequency ωD corresponds to the frequency
of the highest occupied phonon energy state. The length scale of this attractive
interaction is defined as the BCS-coherence length ξ0.
The BCS gap. The formation of Cooper pairs implies that no single particle exci-
tations are possible with energies that are insufficient to break the superconducting
state. Therefore an energy gap is formed in the quasiparticle density of states around
zero energy. The size of the gap is given by the minimum energy to break the Cooper
pairs in that specific material ∆. There is a direct correlation between the gap size
of the superconductor and its critical temperature ∆(0) = 1.76kBTC . The super-
conducting gap closes as the critical temperature is approached and vanishes upon
exceeding TC. ∆ corresponds to the minimum excitation energy of a single-particle
as will be shown in the next section going into more detail of the BCS theory. It
may have a phase ϕ that corresponds to the phase between the hole and electron
like components of the ground state.
Ginzburg-Landau Theory takes spatial variations of the density of the super-
conducting charge carriers nS into account by introducing a pseudowavevector Ψ(r)
as an order parameter with |Ψ(r)|2 = nS(r). For that reason the theory is well ap-
plicable at interfaces from superconducting to non-superconducting materials and
gives an intuitive understanding of the mixed phase in type II superconductors. The
Ginzburg-Landau coherence length ξGL gives a measure of the length scale on which
the density can vary. The London penetration depth λ determines the extent to
which an external magnetic field may penetrate into a superconductor before it is
completely screened. Combining these two parameters gives a phenomenological ex-
planation for the existence of type II superconductors. At the interface of a normal
to a superconducting material an external magnetic field penetrates the surface of
the superconductor up to the London penetration depth λ. If the Ginzburg-Landau
coherence length is smaller than the penetration depth the superconducting electron
density varies at a smaller scale. For that reason it is possible to develop normal
conducting cores for the flux vortexes which are screened by a circular supercurrent.
The ratio of the London penetration depth and the Ginzburg-Landau coherence
length κ = λ

ξGL
determines the behaviour of the superconductor (type I: κ < 1√

2 ,
type II: κ > 1√

2).

2.2 Basics of Bardeen-Cooper-Schrieffer theory

This chapter mostly follows the notation used in ’Introduction to superconductivity’
by M. Tinkham [59] (chapters 3.3, 3.5 and 3.7). Further information and insights
were taken from [56, 63, 64].
The formation of Cooper pairs is described by the pairwise creation of electrons with
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2.2Basics of Bardeen-Cooper-Schrieffer theory

opposite spin and momentum so that a single pair’s wavefunction is represented by:

|Ψ0⟩ =
∑

k>kF

gkc
†
k↑c

†
−k↓ |F ⟩ . (2.2)

where |F ⟩ represents the Fermi sea and gk is a probability weight that needs to be
determined for each pair. The operators c†

k↑ and c†
−k↓ create electrons of a certain

momentum k/−k and spin ↑/↓. To avoid too many arguments in the sum and the
determination of individual weights for many electron pairs a mean-field approach is
chosen. The average amount of occupied (|vk|2) and unoccupied pair states (|uk|2)
determines the occupancy of each individual Cooper-pair state (|uk|2 + |vk|2 = 1)
and the BCS ground state is written as:

|ΨG⟩ = Πk=k1...kM
(uk + vke

iϕc†
k↑c

†
−k↓) |ϕ0⟩ . (2.3)

ϕ0 is the particle-free vacuum state and eiϕ allows for a phase factor between uk and
vk. Ideally non-paired electrons are neglected and the pairing Hamiltonian is given
by

H =
∑
k,σ

ξknkσ +
∑
k,l

Vk,lc
†
k↑c

†
−k↓cl↑c−l↓. (2.4)

Vk,l describes the interaction of Cooper pairs scattering from the (l ↑,−l ↓) state to
the (k ↑,−k ↓) state, requiring the state with momentum l to be filled and the state
with momentum k to be empty. ξk = ϵk −EF corresponds to the energy of a single
particle relative to the Fermi energy EF .
Equation 2.4 can be equivalently rewritten as the model Hamiltonian HM for the
coherent state that has non-vanishing expectation values of ⟨c−k,↓ck,↑⟩. Additionally
the superconducting gap parameter is defined as

∆k = −
∑

l

Vkl⟨c−l↓cl↑⟩, (2.5)

so that the Hamiltonian becomes:

H =
∑
k,σ

ξkc
†
k,σck,σ −

∑
k

(∆kc
†
k↑c

†
−k↓ + ∆∗

kc−k↓ck↑ −∆k⟨c†
−k,↓c

†
k,↑⟩). (2.6)

The Hamiltonian is diagonalized by the Bogoliubov transformation:

c†
−k↓ = u∗

kγ
†
k↑ − vkγk↓ (2.7)

ck↑ = ukγk↓ + v∗
kγ

†
k↑. (2.8)

The new Fermi operators γ†
k and γk are quasiparticle operators and have an electron

and hole-like component, i.e. γ†
k may create an electron with k ↑ or destroy an an

electron with −k ↓ to the effect that the system’s spin quantum number increases as
well as its momentum is increased by k. Accordingly γk,↓ decreases the momentum
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and spin quantum number of the system.
With equation 2.4, 2.7 and 2.8 the coefficients for occupied and unoccupied states
uk and vk can be determined

|vk|2 = 1− |uk|2 = 1
2(1− ξk

Ek

)

with Ek = (∆2 + ξ2
k) 1

2 .

(2.9)

ξk is the single-particle energy with respect to the Fermi level and Ek the excitation
energy of a quasiparticle with ℏk. For more details on this derivation see [59] or
[63].
The energy gap becomes

∆k = −
∑

l

Vklu
∗
l vl⟨1− γ†

l↓γl↓ − γ†
l↑γl↑⟩ (2.10)

The quasiparticle density of states can be derived by using the quasiparticle opera-
tors

γ†
k,↓ = u∗

kc
†
k↑ − v∗

kc−k↓, (2.11)

γ†
k,↑ = u∗

kc
†
−k↓ + v∗

kck↑, (2.12)

γk,↓ = ukck↑ − vkc
†
−k↓, (2.13)

γk,↑ = ukc−k↓ + vkc
†
k↑. (2.14)

As |ΨG⟩ is the BCS ground state no quasiparticle can be annihilated from that
state, i.e. γk↓ |ΨG⟩ = γk↑ |ΨG⟩ = 0 using equations 2.13 and 2.14. Equation 2.11
and 2.12 create a quasiparticle excitation that does not condense into the common
groundstate of the Cooper pairs. These quasiparticle excitations increase the energy
of the system. Quasiparticle excitations are created or annihilated in pairs so that
two states are created with ξek = Ek + EF and ξhk = Ek − EF with respect to the
Fermi energy EF for electron and hole energies, respectively. For that reason in
spectroscopy experiments the measured energy has the gap of 2∆.
During the superconducting transition the number of particles is conserved. In the
superconducting state the number of quasiparticles NS(E)dE must correspond to
the number of normal conducting states Nn(ξ)dξ due to the direct relation of the
quasiparticle excitation operator γ†

k to the electron creation operator c†
k. E is the

quasiparticle excitation energy in the superconducting state while ξ corresponds to
the single-particle energy in the normal state. Their relation is given in equation
2.9. As the relevant energy scales are small the normal conducting electron states
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Figure 2.2: Single particle excitations (a) and quasiparticle density of states (b) of a
superconductor according to equation 2.15. a) shows the single particle
excitation in a superconductor Ek,s (blue line) and normal conductor
Ek,n (orange dashed line). Excitations with energies below ∆ in the
normal conducting state are lifted above ∆ in the superconducting state.
Accordingly, in b) no quasiparticles exist below E = ∆. The number
of particles is conserved as the function diverges at ∆. Images adapted
from [59].

at ξ are essentially equal the states at Fermi energy (here set to zero).

NS(E)dE = Nn(ξ)dξ ≈ N(0)dξ

NS(E)
N(0) = dξ

dE
=


E√
E2−∆2 for E ≥ ∆

0 for E < ∆
(2.15)

Excitations with momentum k corresponding to ξk < ∆ in the normal conducting
state are raised to energies above ∆ in the superconductor (figure 2.2a). The total
number of particles is conserved which is met by a diverging density of states just
above ∆ (figure 2.2b).

2.3 Magnetic impurities on superconducting
surfaces

In this chapter we focus on the interaction of single magnetic adatoms with the
superconducting condensate. In this chapter we will first discuss a magnetic adatom
with spin S on a metal surface to explain the concept of potential scattering and
exchange scattering. These concepts are applicable for magnetic impurities on a
superconducting surfaces as well as will be explained next.
In the following description we will focus on the spin 1/2 system, though the concept
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a) Ground states of the Anderson model

Γ
EFEFEF

Ed

Ed + U

non-magnetic magnetic non-magnetic

b) Potential scattering strength

Γ

EFEFEF

Ed

Ed + U

K < 0 K = 0 K > 0

c) Virtual excitation (Schrieffer-Wolff transformation)

Ed

Ed + U

EFEFEF

ψ0 ψ1 ψ2

H10

H01

H12

H21

Figure 2.3: Anderson impurity model for an impurity on a metal surface. The degen-
eracy of the d-level Ed is lifted by the Coulomb interaction U . a) Possible
ground states of the Anderson model. If the both d-level energies are
above or below the Fermi energy EF the d-level is either completely
empty or filled. In the absence of a magnetic moment no exchange in-
teraction is observed. If EF of the substrate is between Ed and Ed + U ,
the d-level is singly occupied giving rise to a magnetic moment on the
surface. b) Potential scattering of a magnetic impurity depends on the
asymmetry of the d-levels with respect to EF of the metal. If Ed and
Ed + U to EF are symmetric around EF no potential scattering is ob-
served. c) Virtual excitations of the magnetic ground state ψ1 to the
conduction band of the metal. Transitions to the empty ψ0 and the
filled d-level state ψ2 are possible.
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is applicable to higher spin number systems as well. The magnetic moment of the
adatom attracts charge carriers with opposite spin within the metal substrate. The
effect of this kind of magnetic screening on a metal surface is well investigated and
results in the so called Kondo-effect [65]. The Kondo-effect is discussed within the
framework of the Anderson impurity model.

The Anderson impurity model

In the Anderson impurity model the interaction of the impurity with the crystal
field is taken into account. It allows for the spin level of the impurity to be changed
(occupied or unoccupied) by the surrounding conduction electrons from the crystal.
The Hamiltonian of the system is describes by:

HA =
∑

α

Edd
†
αdα +

∑
kα

Ekc
†
kαckα + Und↑nd↓ +

∑
k,α

(V ∗
k d

†
αck,α + Vkc

†
k,αdα) (2.16)

The first part of the Hamiltonian describes the occupation d†
α or depletion dα of the

impurity state based on the location of the impurity state at energy Ed relative to
the Fermi level E0. The second term takes into account the Coulomb repulsion U

of electrons that are localized at the impurity with nσ = d†
αdα. The last part of the

Hamiltonian describes the hybridization of the impurity state with the conduction
electrons with momentum k by Vk. Annihilating a conduction electron (c†

k,α) and
creating an electron on the impurity site (dα) occupies the impurity state by a con-
duction electron [63, 66].
In the Anderson impurity model the degeneracy of the spin states of the d-level of
the impurity is lifted by the Coulomb interaction U . As shown in figure 2.3a) the
ground state of the impurity’s d-level can either be singly occupied, doubly occu-
pied or empty depending on the relative location of the impurity energy levels with
respect to the Fermi energy. The impurity is magnetic only if the d-level is singly
occupied which is the case when Ed < EF < Ed + U . Additionally, hybridization of
the impurity with the metal is taken into account and gives the impurity states a
finite width that depend on the occupation rate of the spin state Γ ∝ |Vk|2 by the
conduction electrons of the metal substrate. The impurity is screened by conduction
electrons if U < Γ.
Scattering events on the impurity site are treated in more detail by the Schrieffer-
Wolff transformation (see figure 2.3 c)). In the case of a singly occupied impurity
level virtual excitation processes of the impurity electrons to the Fermi sea of the
metal are taken into account. These processes violate energy conservation and are
therefore only accessible within the Heisenberg uncertainty principle. In figure 2.3c)
the two excitation levels from the singly occupied ground state ψ1 are illustrated.
The impurity can either be doubly occupied ψ2 or empty ψ0 in the excited state. The
wavefunction becomes a three component vector ψ = (ψ0, ψ1, ψ2) and the Hamilto-
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nian given in 2.16 can be separated into a 3x3 tensor.
H00 H01 H02
H10 H11 H21
H20 H21 H22



ψ0
ψ1
ψ2

 = E


ψ0
ψ1
ψ2

 (2.17)

Hnn′ = PnHP
′
n corresponds to the transition from the occupation state n to n′ of the

d orbital of the impurity. Pn is the projection operator of the respective occupation
subspace with

P0 = (1− nd↑)(1− nd↓)
P1 = nd↑ + nd↓ − 2nd↑nd↓

P2 = nd↑nd↓

(2.18)

Excitations H20 = H02 = 0 do not exist as they involve a two electron transfer which
is not supported by the Hamiltonian in equation 2.16. The residual off diagonal
elements stem from the hybridization of the impurity with the substrate as shown
in figure 2.3c).

H10 = H†
01 =

∑
k,α

Vkd
†
α(1− nd,−α)ck,α

H12 = H†
21 =

∑
k,α

Vkd
†
αnd,−αck,α.

(2.19)

Eliminating ψ0 and ψ2 the corresponding Hamiltonian becomes:

H =
∑
k,k′

Jk,k′(S+c†
k,↓ck′↑ + S−c†

k↑ck′↓ + Sz(c†
k↑ck′,↑ − c†

k↓ck′↓)) +
∑
k,k

Kkk′c†
k↑ck′↑ (2.20)

with

Exchange scattering : Jk,k′ = V ∗
k Vk′( 1

U + Ed − Ek′
+ 1
Ek − Ed

)

Potential scattering : Kk,k′ = V ∗
k Vk′

2 ( 1
Ek − Ed

− 1
U + Ed − Ek′

)
(2.21)

The first term corresponds to the exchange coupling term derived from the sd-model
with Sz and S± = Sx +±iSy being spin operators.
Conduction electrons with energy Ek/k′ in close vicinity of the Fermi energy con-
tribute most to the scattering events at the impurity (Ek ≈ Ek′ ≈ EF ), EF − Ed

corresponds to the distance of the singly occupied d level to the Fermi energy and
U + Ed − EF corresponds to the distance of the first unoccupied d-level of the im-
purity [67, 68].
In figure 2.3b) the consequences of equation 2.21 for the potential scattering term is
illustrated. If the split d-levels are symmetric around the Fermi energy the potential
scattering term becomes zero. In the case of the occupied state being closer to the
Fermi level the potential scattering term becomes negative Kkk′ < 0. If the unoc-
cupied state is closer to the Fermi level the potential scattering is positive Kkk′ > 0
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[67, 68].
On the other hand, the exchange coupling depends only on the distance of the singly
and doubly occupied d-level from the Fermi energy. Going back to figure 2.3a) it
becomes apparent that if both levels are far above or below the Fermi energy of
the metal, the exchange interaction becomes zero and the impurity becomes a pure
potential scatterer. The energy scales on which either of these scattering events
occur are very small in comparison to the energy scales on which the d-levels are
split [67, 68].
In figure 2.3 c) the spin states are degenerate, i.e. the spin state of the ground state
for spin up and down are the same. Scattering of conduction electrons from the
impurity that result in spin-flip events of the ground state cause a many-body state
that screens the spin of the magnetic impurity and is called the Kondo-effect [65].

Yu-Shiba-Rusinov states

In the case of the substrate being a superconductor, the conduction electrons are
bound in Cooper pairs of opposing spin and momentum [34, 69]. As a result the
impurity creates a Bogoliubov quasiparticle state inside the superconductor. The
induced quasiparticle can screen the atom’s magnetic moment. The formal descrip-
tion of these states was performed by Yu [36], Shiba [37] and Rusinov [38] and are
therefore called Yu-Shiba-Rusinov states (YSR states). The first experimental ob-
servation followed in 1997 by Yazdani et al. [35].
The quasiparticle state is accessed via the following creation and annihilation oper-
ators introduced in 2.11 - 2.14:

γ† = u∗c†
α + v∗cβ

γ = ucα − vc†
β

(2.22)

α sets the spin and momentum of the electron that is created or annihilated with β
having the directly opposite spin and momentum. For a classical magnetic adatom
on a superconducting surface two kinds of interaction are relevant.
The exchange interaction J(r) has been introduced for impurities on a metal
surface within the Anderson model in the previous section. On a superconductor
it describes the coupling of the magnetic moment of the impurity atom to the spin
of a quasiparticle in the Cooper-pair condensate. Exchange scattering results in
a pair breaking potential and the impurity’s spin may be screened or unscreened
depending on the strength J. The Hamilton operator is given by

Hex =
∫
dr
∑
αβ

ψ†
α(r)Jα(r)Sσαβψβ(r) (2.23)

ψ†
α(r)/ψ†

β(r) are spatial dependent fermionic creation and annihilation operators for
the spin states α and β. S is the spin state of the adatom that is exchange coupled
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to the conduction electron spin via the Pauli matrix elements σαβ in spin space [63,
66, 68].
The potential scattering K(r) takes the disturbance of the crystal electrical field
by the addition of a foreign adatom into account. In the previous section we have
seen that K(r) originates from the asymmetric arrangement of the split energy levels
around the Fermi energy of the substrate. The Coulomb interaction U(r) results in
an electrical potential that introduces an asymmetry in the occupation probabilities
of electrons and holes. In tunneling experiments that leads to a discrepancy of the
tunneling rates for inserting or extracting an electron. The probability with which
a quasiparticle state may be occupied by a particle or hole is indirectly probed
in tunneling experiments and is reflected in the tunneling probabilities for electrons
(|u|2) and holes (|v|2). The energy of the quasiparticle state is not affected severely as
the potential scattering energy is usually small compared to the exchange scattering
energy. Formally the Hamiltonian for the potetnial scattering can be written as

Hpot =
∫
dr
∑

α

ψ†
α(r)K(r)τzψα(r) (2.24)

K(r) denotes the strength of the potential scattering and τi are the Pauli matrices
in Nambu space equivalent to σα in spin space [63, 66, 68].
The impurity is often considered to have a very local influence on the superconductor
so thatK(r) = V0δ(r−r0) and J(r) = J0δ(r−r0). The Hamiltonian can be separated
in independent 2x2 Matrices for spin up and spin down along the z-direction [66]

H± = ξpτz + (Kτz ∓ JS)δ(r) + ∆τx. (2.25)

This Hamiltonian gives rise to sub-gap energy states called YSR states which local-
ized at the impurity site [66, 68]:

ϵ± = ±∆ 1− α2 + β2√
(1− α2 + β2)2 + 4α2

(2.26)

α = πρ0SJ is related to the exchange interaction while β = πρ0K is caused by
potential scattering. K is usually small compared to J. ρ0 is the normal state density
of states. The wavefunction directly at the impurity site Ψ(0) can be determined to
be

Ψ(0) =
(
u(0)
v(0)

)
= C

 √
1 + (α± β)2

±
√

1 + (α∓ β)2

 . (2.27)

Here u(0) is the electron-like component of the Bogoliubov quasiparticle state and
v(0) the hole-like component. The difference in sign comes from the separation of
the system in spin up and spin down electrons that was made in 2.25. The particle-
hole asymmetry is given in dependence of the scattering potential K and results in
unequal occupation probabilities of the YSR states [66, 68].
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Excitations of YSR states

The system’s ground state is determined by the coupling energy J of the magnetic
moment of the atom to the superconducting condensate. If J < JC the magnetic
moment on the surface is not screened (S= 1

2). The impurity localizes a Cooper pair
without breaking it. On the other hand, if J > JC the system is in the screened
spin state (S= 0). In that scenario the coupling is strong enough to break a Cooper
pair and couple to a single quasiparticle state [33, 64, 68, 70]. It has been shown
that by changing the coupling strength of a molecule on a superconducting surface
it is possible to smoothly transition between these two regimes [42].
Both regimes are illustrated in figure 2.4. To excite a YSR state an electron may
be added or removed, e.g., by tunneling experiments. For the unscreened (screened)
ground state the YSR state is excited by creating (annihilating) a quasiparticle
state according to equation 2.22. The excited state corresponds to the screened
(unscreened) state. The quasiparticle state may in both regimes be created by tun-
neling an electron-like particle at positive energies or a hole-like particle at negative
energies. In the screened ground state a Cooper pair from the condensate is broken.
Similarly, the hole (electron) excitation process of the unscreened (screened) ground
state leads to a reduction (increase) of the total number of Cooper pairs in the
system. The alteration of the number of Cooper pairs does not lead to measurable
influences on the condensate and therefore on the energy of the YSR state [63].
Note that the tunneling does not occur by the orbitals of the magnetic atom but
via the quasiparticle state induced by the impurity spin [33]. Due to the potential
scattering K the electron u and hole v components of the quasiparticle state are not
equal which influences the tunneling probabilities at positive and negative energies.
In figure 2.4 a finite potential scattering is assumed. The spectral weights reverse
upon changing the ground state of the system. This is due to the excitation chang-
ing from the creation to the annihilation of a quasiparticle state which has reversed
electron and hole components [33, 64, 68, 70].
In tunneling experiments an actual electron or hole is introduced to the system. That
may require creating or annihilating Cooper pairs to explicitly create an additional
electron or hole. For that purpose the Cooper-pair creation S† and annihilation
operators S are introduced. The excitation of a hole γ†

hk is the same operation as
destroying a Cooper pair and creating an electron Sγ†

ek. The eigenvalue of S is
related to the phase factor eiϕ of ∆, i.e. the phase between u and v component [59].

2.4 Andreev reflections
At interfaces the macroscopic wavefunction of a superconductor meets a normal
conducting (SN-junction) or insulating (SI-junction) material. One of the main fea-
tures of such an interface consists in the superconductor’s wavefunction penetrating

21



2 GENERAL INTRODUCTION TO SUPERCONDUCTIVITY

Figure 2.4: Tunneling processes into a superconductor via a magnetic impurity with
potential scattering K < 0. a) shows the unscreened ground state (J <
JC) in the weak coupling regime. The excited states at ±ϵ is the screened
state accessible via electron or hole tunneling illustrated in the upper
and lower part of the figure. a) shows the unscreened ground state
(J < JC). Tunneling a hole is favourable to create the quasiparticle
state. This effect is reversed in b) which shows the screened ground
state (J > JC) in the strong coupling regime. The size of the orange
and blue arrows indicate the tunneling probabilities of electrons and
holes, respectively. The asymmetric probabilities are caused by potential
scattering. Adapted from [64, 68].

into the normal conducting or insulating barrier. This is equivalent to Cooper pairs
leaking into the normal conductor which provides it with superconducting properties
with a reduced superconducting gap. This phenomenon is called proximity effect
and is commonly observed as thin metal layers becoming superconducting in close
proximity to the superconductor [71]. It is equally true that normal electrons disturb
the superconducting phase on the other side of the interface. The latter effect is
usually small and is neglected using so called rigid boundary conditions [72–74]. The
proximity also affects the interface between superconductors with different gaps.
Another aspect comes from scattering effects at the interfaces between supercon-
ducting and normal conducting (SN) materials. At the interface so called Andreev
reflections may occur [75]. Due to the superconducting gap, single charge carriers
with E < ∆ can not transfer between the two materials. However, it is possible to
generate a Cooper pair (2e−) by transferring an electron (e−) and simultaneously
reflecting a hole (e+). The process is illustrated in figure 2.5a). The effect can be
considered as a parallel two channel system for electrons and holes. In [76] a δ po-
tential with the dimensionless height Z is introduced to account for the transparency
of the junction D = 1

1+Z2 . If Z = 0 the BCS gap is completely filled up to twice
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the normal state conductance of 2GN . Depending on the transmission tn of each
channel n the conductance across the junction is given by [73, 74]:

GNS = 2e2

πℏ

N∑
n=1

t2n
2− tn

(2.28)

In a single Andreev scattering event the reflected hole (electron) acquires a phase
compared to the initial electron (hole).

ϕh = ϕe + ϕs + arccos(E/∆)
ϕe = ϕh − ϕs + arccos(E/∆)

(2.29)

where ϕe/h is the phase of the reflected electron/hole and ϕs is the phase of the
macroscopic superconducting wavefunction [73, 74]. The last term arccos(E/∆)
corresponds to an additional phase shift that comes from the penetration of the wave-
function into the superconductor and is related to the energy of the electron/hole
compared to the pair potential of the superconductor.
In the case of a superconductor - normal conductor - superconductor (SNS) junction
this phase shift becomes more relevant. For a sufficiently thin normal conducting
layer, the same particle may be reflected multiple times between the two supercon-
ductors as shown in figure 2.5 b). Furthermore, from equation 2.29 we can observe
that the particle acquires a phase during each reflection process ϕ = ϕs1 − ϕs2 + π.
A resonance condition is met when ϕs1 − ϕs2 = nπ For this conditions so called
Andreev bound states are induced in the junction with energy:

E = ±∆
√

1−D sin2(ϕ2 ), (2.30)

where D is the junction transparency. The Andreev states can be considered as
Andreev bands with dispersion, i.e. a finite width which is determined by D. The
energy-phase relation of an Andreev band for different values of D is shown in figure
2.5c). The phase-dispersion relation is given by

IS = (2e
ℏ
dE

dϕ
) (2.31)

which only depends on the phase relation between the two superconductors ϕ. The
band dispersion can be correlated to the current-phase relation of a Josephson junc-
tion which will be discussed in more detail in the next chapter [74].
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a)

∆

E
EF

N S
b)

∆

N SS

c)

ϕ/π

E/∆
1

-1

1 2

Figure 2.5: Schematic illustration of Andreev reflections at a) an SN junction, where
an electron is reflected as a hole and a Cooper pair is created in the
superconductor. b) shows an SNS junction where an electron/hole is
reflected multiple times back and forth between the two superconduc-
tors. Depending on the phase difference between the superconductors ϕ
resonance conditions are met for certain energies. The so formed An-
dreev bands for different values of junction transparencies D according
to equation 2.30 (D = 1, 0.75, 0.5 for solid, dashed, dotted lines) are
shown in c). Adapted from [74].
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CHAPTER 3

JOSEPHSON JUNCTIONS

In a Josephson junction Cooper pairs tunnel directly through a sufficiently small
barrier [2]. At finite energy Cooper pairs may be transferred indirectly via An-
dreev reflections as described in the previous chapter. This process is analogous to
the quantum mechanical tunnel effect of electrons. Cooper pairs tunnel when the
macroscopic wavefunctions Ψ of the two superconductors overlap (Ψ1 = |Ψ1|eiϕ1 ,
Ψ2 = |Ψ2|eiϕ2) as depicted in figure 3.1a. The barrier between the superconductors
influences the overlap of the macroscopic wavefunctions [74, Chap. 1.2].
In a Josephson junction a dissipation-less current is measured due to the direct
tunneling of Cooper pairs up to the junction’s critical current IC at which super-
conductivity breaks down. In Josephson experiments the junction is biased by a
current while recording the voltage, which jumps from zero to a finite voltage value
at IC.
In chapter 4 single-particle tunneling and in particular quasiparticle tunneling be-
tween two superconductors is discussed in detail. In STM experiments single-particle
tunneling events through a vacuum barrier are recorded by the tunneling current.
If both electrodes are superconductors the quasiparticle density of states, as derived
in equation 2.15, is reproduced by the first derivative of the current (dI/dV) (more
details in chapter 4). The transmission through the tunneling barrier is determined
by the tip-sample distance and can be quantified by the normal state conductance
GN = IN/V for normal state currents IN measured at voltages V far larger than
∆/e [77, Chap. 3]. With decreasing tip-sample distance the normal state conduc-
tance increases. For high conductances the macroscopic wavefunctions of the two
superconductors start to overlap and Cooper-pair tunneling becomes possible. The
junction becomes a Josephson junction, opening a new tunneling channel at zero
voltage.
In figure 3.1b the ideal voltage-current characteristic (V(I)C) of a Josephson junction
in comparison with a single-particle tunneling current-voltage characteristic (I(V)C)
is shown.
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3 JOSEPHSON JUNCTIONS

Ψ1 Ψ2

(a)

eV
∆

I
IC

2

qp tunneling
-2

1

CP tunneling
-1

(b)

Figure 3.1: a) Two superconductors with wavefunctions Ψ1 and Ψ2 are separated
by a thin insulating barrier. Within the barrier the wavefunctions de-
cay exponentially. As long as there is an overlap of the wavefunctions
Cooper pair tunneling is possible. b) Ideal V(I)C for a (overdamped)
Josephson junction (red line), and I(V)C for single particle tunneling
between two superconductors (blue line) and a normal conductive junc-
tion with ohmic resistance (gray dotted line). Both red and blue curves
have superconducting electrodes, however in the first case the macro-
scopic wavefunctions overlap and permit Cooper-pair (CP) tunneling
while the other shows purely quasiparticle (qp) tunneling.

Single-particle tunneling: In the superconducting state no single particles are
allowed at energies below 2∆, i.e. at voltages below 2∆/e no single-particle current
is measured. At higher voltages enough energy is provided to split Cooper pairs in
both electrodes and quasiparticles start to tunnel.
Cooper-pair tunneling: A dissipation-less Josephson junction is realized for ap-
plied currents below IC . In an ideal Josephson junction the measured voltage jumps
to a value of 2∆/e at the critical current.
In this chapter we focus on current-biased Josephson junctions. The supercurrent
density JS is a function of the phase difference with the following restrictions [77,
Chap. 1]:

• The overlap of the macroscopic wavefunctions change periodically with the
phase difference ϕ = ϕ1 − ϕ2 between the two superconductors across the
junction. For that reason, the current density is 2π-periodic (JS(ϕ) = JS(ϕ+
2πn)).

• If there is no current passing through the junction the phase difference must
be zero (JS(ϕ = 0) = JS(2πn) = 0).

These requirements are most simply met by the current-phase relation of the dc
Josephson equation:

1. Josephson equation: JS = JC sinϕ [2] (3.1)
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3.0

This is the first or dc Josephson equation. JC is the maximum current density that
the junction can withstand before breaking the zero-voltage state [59, 74, 77]. An
expression for the critical current IC which is an inherent property of the Josephson
junction has been provided by V. Ambegaokar and A. Baratoff [78]:

IC(0) ≈ πℏ
eRN

∆R∆L

∆L + ∆R

(3.2)

This equation is often referred to as AB-formula and in this form is valid if the two
superconducting electrodes have similar pairing energies (∆L ≈ ∆R) and at T = 0.
For finite temperatures and for a symmetric junction (∆L = ∆R = ∆) it gives

IC(T ) = πℏ
2eRN

∆(T ) tanh(ℏ∆(T )
2kBT

). (3.3)

.
The relative energies of the two electrodes, i.e. a voltage drop across the junction,
is directly correlated to a change of the relative phase of the two superconductors
over time according to the ac Josephson equation:

2. Josephson equation: V = ℏ
2e
∂ϕ

∂t
[2] (3.4)

The phase difference of the two superconductors becomes time dependent:

ϕ(t) = 2e
ℏ
V t+ ϕ0 (3.5)

The two Josephson equations 3.1 and 3.4 result in the ac Josephson effect. A voltage
drop across the junction causes an alternating current.

IS = IC sin (2e
ℏ
V t+ ϕ0) (3.6)

Accordingly, the oscillation frequency of the current resulting from an applied dc
voltage Vdc is called the Josephson frequency ωJ [74, Chap. 1.2]

ωJ

2πVdc

= e

πℏ
= 1

Φ0
≈ 483.6 GHz

mV . (3.7)

The energy stored in the junction can be deduced from equation 3.1 and 3.4 as
follows

EJ =
∫ t0

0
ISV dt

= ICℏ
2e

∫ ϕ

0
sin(ϕ(t))dϕ

(3.8)
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3 JOSEPHSON JUNCTIONS

with ϕ(0) = 0 and ϕ(t0) = ϕ.

EJ = ICℏ
2e (1− cos(ϕ)) = EJ0(1− cos(ϕ)) (3.9)

The Josephson energy corresponds to the maximum energy that can be stored in
the junction given by EJ0 = ℏIC

2e
[77, Chap. 2].

As the junction is able to store energy, the Josephson junction can be treated as a
non-linear inductor. The response of the junction to an alternating current can be
derived directly from the Josephson equations 3.1 and 3.4:

dI(t)
dt

= IC cosϕdϕ
dt

= IC cosϕ2e
ℏ
V = cosϕ

LJ

V, (3.10)

with
LJ = ℏ

2eIC cos(ϕ) = LC

cos(ϕ) . (3.11)

The junction’s inductance LJ shows oscillatory behaviour with the time dependent
phase difference ϕ in response to an applied dc voltage. These oscillations are called
Josephson oscillations [77, Chap. 2].
From these equations a fundamental difference between Josephson junctions that
are biased by a current source in comparison to a voltage source arises. The phase
dynamics are strongly influenced by the bias and are either driven by a voltage or
evolve freely with an applied current. In the absence of noise, an applied current does
not change ϕ over time. In contrast, a voltage bias directly causes a phase change
over time and therefore is never a static case. The topic of how phase dynamics are
influenced in different energy regimes of the junction will be discussed throughout
this chapter.

28



3.1RCSJ model and the washboard potential

3.1 RCSJ model and the washboard potential

Previously, the general concept of Cooper pairs tunneling through a barrier main-
taining the zero-resistance state was discussed. When describing the junction in a
more realistic scope, i.e. at currents around the transition to the resistive state, the
resistively and capacitively shunted junction (RCSJ) model comes into play [79, 80].
The model is discussed in various text books and scripts and the following section is
primarily based on [59, 74, 77], if not indicated otherwise. A summary of the most
important parameters of a Jospehson junction that are introduced in this chapter
and their physical meaning is given in table 3.1.
In the RCSJ model a real junction is described by adding a resistive, a capacitive
and a fluctuating element in parallel to the ideal Josephson junction. The equiva-
lent circuit is shown in figure 3.5 a). The resistive term is generated by tunneling
quasiparticles that may come from thermal excitations and is assumed to follow
ohmic behaviour IN = V/RN . RN is the resistance of the junction in the normal
conducting state and it corresponds to the normal state conductance GN = 1

RN
.

At the critical current the junction transitions to the resistive state with a finite
characteristic voltage

VC = ICRN . (3.12)

The second part of the RCSJ model consists in the capacitance that is formed by the
two electrodes of the junction. It results in a displacement current in response of the
charging or discharging of the capacitor ID = C ∂V

∂t
. Lastly current fluctuation, e.g.

from thermal or other noise sources, is treated by another unspecific contribution
to the current IF . The combination of the four components described above lead to
the following second order differential equation in ϕ:

super resistive displacement fluctuation
current current current current

I(t) =
︷ ︸︸ ︷

IS +
︷ ︸︸ ︷

IR +
︷ ︸︸ ︷

ID +
︷ ︸︸ ︷

IF

= IC sinϕ + V/RN + C
∂V

∂t
+ IF

= IC sinϕ + ℏ
2e

1
RN

∂ϕ

∂t
+ ℏ

2eC
∂2ϕ

∂t2
+ IF

(3.13)

Ignoring the fluctuation term for now, the first Josephson equation 3.1 is reproduced
for a static phase difference across the junction. The RCSJ model treats the physical
consequences of the phase dynamics in the junction. The RCSJ model gives a
very intuitive picture for the phase dynamics when connecting equation 3.13 to a
mechanical analogue. The differential equation 3.13 formally shows similarities to
the general differential equation of a particle with mass M in a periodic potential
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a) b)
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Figure 3.2: Ideal washboard potential derived from the RCSJ model. a) at zero bias
the phase particle is trapped inside a potential minimum and the phase
difference across the junction is constant. As the bias is increased, the
potential is tilted and the effective maxima become smaller until they
disappear at IC and the phase particle switches to the running state
where the phase is continuously changing and voltage drop occurs across
the junction. b) an underdamped junction behaves differently when the
bias current is decreased and the phase particle is in the running state
initially. The inertia of the phase particle in the absence of damping
causes the particle to overcome potential maxima for currents below IC
until it is eventually retrapped at Ire.

U in the presence of damping η

M
d2x

dt2
+ η

dx

dt
+∇U = 0. (3.14)

To compare eq 3.13 to 3.14 we multiply with ℏ
2e

:
(
ℏ
2e

)2

C
d2ϕ

dt2
+
(
ℏ
2e

)2 1
RN

dϕ

dt
+
(
ℏ
2e

)
(IC sinϕ− I(t) + IF ) = 0. (3.15)

The following assignments can be made:

M =
(
ℏ
2e

)2

C ∇U =
(
ℏ
2e

)
(−I(t) + IC sin(ϕ) + IF )

η =
(
ℏ
2e

)2 1
RN

↰

U = EJ0(1− cosϕ− I(t)
IC

ϕ+ IF

IC

ϕ).
(3.16)

Phase dynamics can be intuitively visualized in this analogy to a mass particle in a
periodic potential. In the Josephson junction a phase particle is placed in a potential
U that is described in terms of the Josephson energy EJ0 = ℏ

2e
IC (derived in the

previous section) [77]. The mass M of the phase particle is given by the capacitive
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a) b)
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E
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Figure 3.3: There are different mechanisms that cause the phase particle to escape
below IC. Thermal activation can lift the particle to a potential maxi-
mum. Additionally, Macroscopic Quantum Tunneling (MQT) has been
observed for low noise junctions as the phase particle tunnels through
the potential barrier. In the underdamped case a) the phase particle
has enough energy to overcome subsequent potential maxima and the
junction switches prematurely into the running state. If the junction is
over damped b) the phase particle is retrapped in one of the following
minima due to the damping. A finite voltage is measured however, the
particle is not in the free running state.

term and the damping η by the normal state resistance of the junction. An applied
current tilts the periodic potential and results in the tilted washboard potential of the
RCSJ model depicted in figure 3.2 a). The fluctuation term additionally ’shakes’ the
tilt angle of the potential. Neglecting the fluctuation current and without a driving
current the potential follows a cosine periodic shape around zero. As the washboard
potential starts tilting the effective maxima become smaller until they disappear at
Is = IC .
From the previous discussion we know that the Josephson junction can either be in
the zero- or the resistive-state. In the tilted washboard potential picture for currents
below the critical current the phase particle is trapped in a potential minimum. As
the particle is trapped in this state the phase is not changing over time corresponding
to V = 0. The potential maxima disappear at IC so that the particle escapes and
freely runs down the potential. This corresponds to a continuous change of the
phase in time and therefore to a finite voltage across the junction. This transition
from the trapped (zero) state to the running (resistive) state is depicted in 3.2 a).
Analogous to a pendulum that oscillates around equilibrium in the absence of a
driving force the trapped phase particle can oscillate around its equilibrium position.
The plasma frequency ωp of a Josephson junction is a measure for this oscillation.
On average the phase is not changing over time so that V ∝ dϕ

dt
= 0. Equation 3.13

gives the following differential equation in the absence of an applied current Ib = 0
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a) b)

βC >> 1

⟨V ⟩

Ib

Isw

-Isw

-Ire
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Figure 3.4: Schematic V(I)Cs of a Josephson junctions with different damping prop-
erties . a) V(I)C for an underdamped junction with βC >> 1. The di-
rection dependent transitions between regimes are marked as switching
currents Isw and retrapping currents Ire. b) shows V(I)Cs for differ-
ent damping values βC . Small βC values correspond to an overdamped
junction for which no hysteresis is observed. As βC increases the curves
become hysteretic [77].

and noise fluctuations IF = 0 (
ℏ
2e

)
C
d2ϕ

dt2
= IC sinϕ (3.17)

which is solved by

ϕ = ωpt→ ωp =
√

2e
ℏ
IC

C
. (3.18)

More technically speaking the plasma frequency corresponds to the electrical reso-
nance frequency of the LJC-circuit formed by the capacitance from the RCSJ model
and the Josephson inductance LJ .

Overdamped and underdamped junctions
As described above the damping and inertia are determined both by the normal
state resistance RN and the capacitance of the junction C. Several parameters are
defined by different authors to quantify damping and here we will focus on the
Sterwart-McCumber parameter βC [80] and the quality factor Q

βC = 2e
ℏ
ICR

2
NC

Q = ℏ
2e
√
βC = ωpRNC

(3.19)
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3.1RCSJ model and the washboard potential

[74, 77]. The junction shows properties of an underdamped junction at large capac-
itance when βC > 1. On the other hand, when the capacitance is small the junction
is overdamped and βC < 1. In figure 3.4 the IV characteristics of a Josephson junc-
tion with varying damping properties are shown.
In the washboard potential picture, overdamped and underdamped Josephson junc-
tions are distinguished by the behaviour of the phase particle when it starts at the
potential maximum with no excess energy. As the particle gains energy from moving
down the potential well there are two possible scenarios:

1. The underdamped case: The provided energy is sufficient to overcome the next
potential maximum and the phase particle switches into the running state.

2. The overdamped case: The particle looses energy due to the damping and it
stays trapped in the next potential minimum.

In figure 3.4 a) an exemplary V(I)C is shown for an underdamped junction. In the
underdamped junction, the phase particle switches into the running state as soon
as it reaches a potential maximum in a slightly tilted washboard potential. If the
trapped phase particle is provided with sufficient energy a transition to the running
state at currents below IC is possible. This is called premature switching and the
corresponding current value is defined by the switching current Isw of the junc-
tion. Premature switching becomes more likely for higher applied currents as the
effective height of the potential maxima decreases with increasing tilt angle of the
washboard potential. As indicated in figure 3.3 a) thermal or other noise sources
are predominantly responsible for premature switching in the junctions discussed in
this thesis. In low noise junctions, macroscopic quantum tunneling (MQT) is an-
other possible reason for premature switching. MQT occurs when the phase particle
tunnels directly through the potential barrier.
Another feature of an underdamped junction is the observation of a hysteretic be-
haviour as shown in the V(I)Cs in figure 3.4 b) for a varying amount of damping.
The transition between running and trapped state depends on the initial state of
the phase particle. So far the transition from the initially trapped to the running
state of the phase particle has been discussed. In the running state the particle has
a finite inertia which is not compensated by damping. The energy that the parti-
cle gains from the previous potential maximum is sufficient to overcome the next
maximum as long as there is a finite tilt of the washboard potential. In the absence
of noise the phase particle is retrapped in a potential minimum at currents close to
zero bias. Noise enables retrapping events at higher current values. The retrapping
event at a finite retrapping current Ire is shown in figure 3.2 b)). This hysteretic
behaviour between forward and backward sweep in V(I)Cs is characteristic for the
underdamped Josephson junction. In an underdamped junction the V(I)Cs are am-
biguous and both states are unstable against external noise.
This is not the case for the phase dynamics in an overdamped Josephson junction
were the V(I)Cs are well defined. Here, the phase particle looses energy due to
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3 JOSEPHSON JUNCTIONS

friction and is not able to overcome the next potential maximum starting from the
previous maximum. If the particle escapes a minimum, e.g. induced by noise, the
junction does not switch into the running state but retraps immediately in one of
the next minima. In the strongly overdamped junction no premature switching is
observed as noise does not trigger the escape process. The system remains in a quasi
static state where the phase particle escapes and is being retrapped but does not
switch into the running state as shown in figure 3.3 b). These phase slips cause a
finite voltage in the trapped state. Phase diffusion becomes more likely with higher
applied currents and the slope in this regime is quantified by the phase-diffusion
conductance GPD. The overdamped junction shows no hysteresis as the parti-
cle’s inertia in the running phase is overcome by the damping as soon as potential
maxima appear. This is shown by the red curve in figure 3.4.

Frequency-dependent damping
In some V(I)Cs both hysteresis and a finite slope in the trapped state are observed.
This behaviour can be understood by frequency dependent damping as has been
explained by R. L. Kautz and J. M. Martinis [81]. They treat the case in which the
Josephson energy is much larger than the charging energy (EJ >> EC) and the main
noise contribution is due to thermal noise so that macroscopic quantum tunneling
and single electron tunneling process can be excluded. Phase diffusion is a process
that occurs at high frequencies that are close to the plasma frequency ωp which
usually is in the order of microwaves. The steady motion of the phase particle

a) b)

Ibias

Ibias

RS

CbRN C

IS IR ID IF

Ifreq

10−5 10−4 10−3 10−2 10−1 100 101

2

4

6
ωp

1
RN C

1
RsCb

low damping

high damping

ω/ωp

Q

Figure 3.5: Frequency dependent damping can be implemented in the RCSJ model
by the addition of a frequency dependent shunt. In a) the standard RCSJ
model circuit is shown in black with the addition of an RC term which
is shown in red. With this addition the quality factor Q can change
for different frequencies as shown in b). The plot follows equation 3.20
with Q0 = RNCωp = 5 so that RNC = ωp/5 and Q1 = 2. The ratio
ρ = RNC/RSCb = 0.1 was assumed. Graph and values from [81].
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down the washboard potential in the running state which governs the hysteresis
of the V(I)Cs occurs at very low frequencies close to zero. The damping of the
junction is determined by the junction resistance. Frequency-dependent damping
is implemented in the RCSJ model by the addition of a frequency-dependent shunt
in the form of an RSCb-element to the circuit shown in red in figure 3.5 a). For
low frequencies Cb behaves as open circuit and the damping depends solely on RN

so that the quality factor Q0 is given by equation 3.19. At high frequency Cb

behaves as a shunt and the parallel resistance RS is included in equation 3.19 so
that Q1 = ( 1

RN
+ 1

RS
)−1Cωp. The frequency dependent quality factor is introduced

in [81] which includes the effect of the additional capacitance Cb and resistance RS

by the ratio ρ = RNC/RSCb

Q(ω) = Q0
1 + Q2

0
ρ2 ( ω

ωp
)2

1 + Q3
0

Q1ρ2 ( ω
ωp

)2
. (3.20)

In figure 3.5 b) the quality factor is plotted for an exemplary junction. At the
plasma frequency ωp the damping is high (Q is small) and for frequencies lower than

1
RSCb

the damping can be much smaller (Q is large). R. L. Kautz and J. M. Martinis
showed in their calculations that this leads to phase diffusion and hysteresis in the
V(I)Cs of junctions in the given parameter space [81].
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IC ideal critical
current

Maximum current the junction can
sustain in the absence of noise. IC =

π
2e

∆
RN

tanh( ∆(T )
2kBT

)

Isw switching
current

Transition from the low-voltage to
the high-voltage branch in the
presence of noise.

measured in
experiments

Ire retrapping
current

Transition from the high-voltage to
the low-voltage branch in the
presence of noise.

measured in
experiments,
Ire= 4IC

πQ

GPD phase-diffusion
conductance

Conductance due to phase slips in
the washboard potential in the
low-voltage branch.

measured in
experiments

ωp plasma
frequency

Oscillation of the trapped
quasiparticle around equilibrium. ωp =

√
2e
ℏ

IC

C

ωJ Josephson
frequency

Ac current response to an applied
dc voltage. ωJ = 2e

ℏ Vdc

ωRC RC-frequency Timescale of the RC-element of the
RCSJ circuit. ωRC = 1

RN C

βC Stewart-
McCumber
parameter

Measure for the damping of the
Josephson junction. βC = 2e

ℏ ICR
2
NC

Q quality factor Measure for the damping of the
Josephson junction. Q = ℏ

2e

√
βC =

ωpRNC

EJ Josephson
energy

Height of the potential barrier that
needs to be overcome for the
junction to switch in the running
state.

EJ = ℏ
2e
IC

EC charging energy Energy scale of the capacitive term
of the RCSJ model. C largely
determines the inertia of the phase
particle.

EC = 2e2

C

Eth Thermal energy Thermal activation energy of the
phase particle. Eth = kBT

Table 3.1: Properties of a Josephson junction.
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3.2 Incoherent Cooper-pair tunneling

The tunneling processes in STM Josephson junctions are strongly influenced by
external noise due to their strong coupling to the environment. The coupling of
the junction to the environment depends on the biasing method of the junction as
will be shown in chapter 6. There are three energy scales affecting the tunneling
processes in Josephson junctions:

Josephson energy: EJ = ℏ
2eIC

Thermal energy: Eth = kBT

Charging energy: EC = 2e2

C
.

(3.21)

So far mostly coherent Cooper-pair tunneling was discussed where the phase differ-
ence across the junction is stable and does not change significantly during the tun-
neling process. Coherent Cooper-pair tunneling occurs in the strong coupling regime
when the charging energy is much smaller than the Josephson energy (EJ >> EC).
Strongly overdamped junction may experience phase diffusion in the presence of
noise, e.g. thermal fluctuations when Eth ≈ EJ . Phase diffusion is observed in the
presence of energy dissipation and a finite voltage drop in the Cooper-pair tunneling
regime of the junction occurs [74, 82].
Incoherent Cooper-pair tunneling exists in the weak coupling regime (EJ << EC)
[47]. It can be understood as a process, where Cooper pairs break and the individual
electrons tunnel to form a new Cooper pair on the other electrode. In that case, the
Cooper-pair transport is dominated by charging effects in the so called dynamical
Coulomb blockade regime. In this regime Cooper pairs tunnel sequentially and ex-
change excess energy with the environment via photons [47]. This interaction can
be described by P(E)-theory which is described below [46].
In the Coulomb blockade regime the junction is well coupled to the environment
which is the case if ρ = Rvac

RQ
<< 1, where ρ is the ratio of the vacuum impedance

Rvac and the quantum of resistance RQ. The limit for the Coulomb blockade regime
is given by [74, 82–84]:

EC

EJ

1
ρ2 >>

EC

Eth

1
ρ
. (3.22)

The phase coherence of the Cooper pairs is affected by noise and also by the biasing
method. Applying a voltage prevents phase coherence and Cooper-pair tunneling is
only possible sequentially. With an applied current the phase dynamics may still be
influenced by external influences but they are not explicitly driven. With increasing
noise fluctuations the energy scales change and the two regimes meet when EJ

becomes comparable to EC . Phase coherence gradually declines until Cooper pairs
tunnel sequentially.
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P(E)-theory

In ultrasmall tunneling junctions with small capacitances of C < 10−15 F charging
effects dominate the transport through the junction, i.e. EC >> Eth. P(E)-theory
is derived for these junctions and is based on probability functions that describe the
coupling of the system to the environment via an impedance. A description of this
theory is found in Gert-Ludwig Ingold and Yu. V. Nazarov [46]. In a tunnel junction
that is biased by a voltage source the environmental impedance is governed by the
leads to the junction. It can be modelled by an inductance and/or resistance in the
bias line with a capacitive coupling to ground (see figure 3.6 a)). The capacitance
may act as voltage source when charged by a dc bias source. The circuit shown
in figure 3.6 a) containing a superconducting junction follows the description of
G.-L. Ingold and Y. V. Nazarov [46] and A. Steinbach et al. [85]. If the wire
impedance is dominated by the RC-component with no significant inductance, the

a)
Z(ω) ≡

Rn Ln

Cn

Rn−1 Ln−1

Cn−1

R1 L1

C1V JJ

b)

Figure 3.6: P(E)-theory for Josephson junctions. a) shows the equivalent circuit for
a Josephson junction with a frequency-dependent impedance modelling
the transmission lines as described in [46, 81, 85]. b) I(V) curves as
calculated by P(E)-theory with an ohmic impedance (neglecting induc-
tance) for different resistor values (a-d) given in kΩ. For low impedance
the current peak is located sharply at zero voltage and shifts towards
higher energies with increasing impedance [46]. Figure 3.6 b) is repro-
duced with permission from Springer Nature.
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3.2Incoherent Cooper-pair tunneling

total inductance is given by Z(ω)−1 = R−1
W + jCWω. Here RW and CW are the

total resistance and capacity of the wires in the setup. In figure 3.6 a) the circuit is
further subdivided into Rn and Cn components of the the wires.
Details on calculating tunneling currents and extracting the density of states in
STM experiments are given in chapter 4. Here we calculate tunneling rates with
perturbation theory, focussing on charging effects and phase-phase correlation. The
Hamiltonian of this tunneling junction with the described equivalent circuit is given
by

H = Hqp +Henv +HT (3.23)

[46]. Hqp = ∑
kσ(ϵk + eV )c†

k,σck,σ + ∑
qσ ϵqc

†
q,σcq,σ corresponds to the quasiparticle

Hamiltonian. k and q correspond to wave vectors with energies ϵq/k. c†
k,σ and ck,σ

are the annihilation and creation operators for quasiparticles with wave vector k and
spin σ. The Henv captures the details of the impedance of the environment. Finally
the tunneling Hamiltonian HT = ∑

kqσ Tkqc
†
qσckσe

iϕ +H.c. takes the coupling of the
two electrodes into account via the tunneling matrix element Tkq. The addition of
the phase operator eiϕ takes a change of the charge of the junction into account.
More details can be found in [46]. For weak coupling of the two electrodes HT can
be treated as a perturbation to calculate tunneling probabilities.
Due to charging effects additional reservoir states |R⟩ are generated by the envi-
ronment. The initial and final state of the junction are given by |i⟩ = |E⟩ |R⟩ and
|f⟩ = |E ′⟩ |R′⟩, respectively. |E⟩ are the quasiparticle states at energy E. By means
of Fermi’s golden rule tunneling rate are derived as follows:

−→Γ i→f =2π
ℏ
| ⟨f |HT |i⟩ |2δ(Ei − Ef )

−→Γ (V ) =2π
ℏ

∫ ∞

∞
dϵkdϵq

∑
kqσ

|Tqk|2f(ϵk)(1− f(ϵq))·∑
R,R′
| ⟨R| eiϕ |R⟩ |2Pβ(R)δ(ϵk + eV + ER − ϵq − ER′)

(3.24)

f(ϵ) are Fermi distribution functions and Pβ(R) is the probability function of finding
the reservoir state E at the inverse thermal energy β = (kBT )−1. For details of the
derivation see [46]. This result is in accordance with chapter 4 where charging is
neglected.
The probability function of finding the initial reservoir state |R⟩ is given by

Pβ(R) = ⟨R| ρβ |R⟩ = Z−1
β ⟨R| e−βHenv |R⟩ (3.25)

with the equilibrium density matrix of the reservoir

ρβ = Z−1
β exp(−βHenv) (3.26)
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3 JOSEPHSON JUNCTIONS

and the partition function of the environment at thermal equilibrium

Zβ = Tr(exp(−βHenv)) (3.27)

Continuing the calculation of the tunneling rates using this equation leads to the
conclusion that the reservoir part of the equation boils down to a phase-phase cor-
relation term:

Z−1
β

∑
R

⟨R| eiϕ(t)eiϕ(0)e−βHenv |R⟩ = ⟨eiϕ(0)eiϕ(t)⟩ = e⟨(ϕ(t)−ϕ(0))ϕ(0)⟩ = eJ(t). (3.28)

Here, the phase-phase correlation function J(t) = ⟨(ϕ(t)− ϕ(0))ϕ(0)⟩ is introduced
which contains information of the junction’s coupling to the environmental impedance.
The Fourier transform of this function gives the probability function

P (E) = 1
2πℏ

∫ ∞

∞
dt exp(J(t) + i

ℏ
Et). (3.29)

This simplifies the tunneling rate formula to

−→Γ (V ) = 1
eRT

∫ ∞

∞
dEdE ′f(E)(1− f(E ′ + eV ))P (E − E ′)), (3.30)

where RT is the resistance of the tunneling junction. [46]
P(E)-theory is derived from perturbation theory and holds for any ultra small metal-
insulator-metal tunneling junction. Translating this model to Josephson junctions
requires some adjustments. Another energy scale, namely the Josephson energy
EJ becomes relevant for the tunneling of Cooper pairs. Josephson junction can be
weakly (EJ << EC) or strongly coupled (EJ >> EC). The first case may be treated
with P(E)-theory. For small voltages and low temperatures quasiparticle excitations
can be neglected. The Hamiltonian for this systems becomes

H = Henv +HCP = Henv + EJ cos(2ϕ) = Henv + EJ/2e−2iϕ +H.c. (3.31)

The operator e−iϕ for single charge transfer translates into e−2iϕ for the tunneling of
two charges. The tunneling rates for Cooper pairs can be calculated as previously
with EJ

2 e
−2iϕ as perturbation, leading to the tunneling rate:

−→Γ (V ) = π

2ℏE
2
J

∑
R,R′
| ⟨R| e−2iϕ |R⟩ |2Pβ(R)δ(ER − ER′) (3.32)

This finally leads to the probability function for tunneling Cooper pairs:

P ′(E) = 1
2πℏ

∫ ∞

∞
dt exp(4J(t) + i

ℏ
Et). (3.33)
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3.2Incoherent Cooper-pair tunneling

So that the forward tunneling rate becomes:
−→Γ (V ) = π

2ℏE
2
JP

′(2eV ) (3.34)

The supercurrent through the junction is determined by the forward and backward
tunneling rates as follows:

IS(V ) = 2e(−→Γ (V )−←−Γ (V )) = πeE2
J

ℏ
(P ′(2eV )− P ′(−2eV )) (3.35)

As these results are derived from perturbation theory the Josephson energy needs
to be small. [46]
The environment impedance is modelled by the phase-phase correlation function
J(t). Modelling the impedance of the environment is therefore crucial for mod-
elling the expected behaviour of voltage-biased Josephson junction. Depending
on the impedance that is coupled to the Josephson junction the probability func-
tion P (2eV ) shows different characteristics as depicted in figure 3.6 b). For low
impedance the I(V)-characteristics of the junction is peaked sharply at zero energy.
A higher impedance shifts the peak of the function to higher energies up to the
charging energy EC [46]. For the presented curves RC-transmission lines were used
neglecting inductances.
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3 JOSEPHSON JUNCTIONS

3.3 Photon-assisted tunneling and Shapiro steps

In the previous chapter the concept of incoherent Cooper-pair tunneling in voltage-
biased Josephson junctions was discussed. In chapter 6 voltage- and current-biased
Josephson junctions are found to couple differently to the electromagnetic environ-
ment. In current-biased junctions the observed hysteresis indicates phase coherence
across the Josephson junction. When exposed to high frequency (HF) irradiation
Josephson junctions are able to absorb energy from the field. The absorption mech-
anism depends on the coherence of the tunneling Cooper pairs and the coupling
of the junction to the environment. In response to the irradiation, steps occur in
the V(I)Cs of a Josephson junction. The number of steps increases with increasing
irradiation amplitude while the their energy spacing is determined by the frequency.
If the steps originate from Cooper pairs that incoherently absorb or emit photons
from the environment the process is called photon-assisted tunneling. If the elec-
tromagnetic field is treated as an ac modulation to the applied bias in the framework
of the RCSJ model the time dependent Josephson phase is excited resonantly while it
is moving down the washboard potential. The resulting coherent features are called
Shapiro steps. Shapiro steps are treated differently in current- or voltage-biased
junctions. Even though, the incoherent absorption or emission of photons occur at
the same energy as Shapiro steps, the exact shape of the features is expected to
differ slightly according to the theoretical description.

Figure 3.7: P. K. Tien and J. P. Gordon approach to photon-assisted quasiparticle
tunneling. The energy levels of one electrode are shifted with respect to
the other electrode by the HF irradiation. The absorption of photons
from the electromagnetic environment is quantized. The amplitude Vac

of the irradiation determines the number of photons that can be absorbed
during the tunneling process. The frequency of the irradiation sets the
size of the energy steps at which the absorption occurs. Graphic from
[77].
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Photon-assisted tunneling

Photon-assisted tunneling describes the process of the absorption or emission of
photons to an electromagnetic environment while tunneling from one electrode to
the other. The tunneling particle can absorb or emit photons with the energy ℏωr,
where ωr is the radial frequency of the applied irradiation. The number of photons
n that can be absorbed during the tunneling process is determined by the amplitude
of the applied radiation Vac so that nℏωr < eVac.
In figure 3.7 the tunneling process is schematically illustrated as suggested by P. K.
Tien and J. P. Gordon [49]. The applied dc voltage is modulated by an ac signal.
To simplify, it is assumed that the modulation does not change the energies levels
within the electrodes but only the relative position across the tunnel barrier. By
varying the energy levels En = Eqp + eVac cos(ωrt) the resulting current steps can be
expanded by a Bessel function so that:

I(t) =
+∞∑

n=−∞
J2

n(eVac

ℏωr
)I0

qp(V + nℏωr

e
) (3.36)

This model has been successfully applied to the splitting of the superconducting
coherence peak in a superconductor-superconductor junction where current steps
occur at voltages of Vn = nℏωr

e
[52, 86].

For Cooper-pair tunneling the model has been adjusted to reproduce the splitting
of the Josephson peak in a dI/dV spectrum of a voltage-biased junction [50, 51].
It assumes that instead of single electrons with charge e, pairs of electrons with a
charge of 2e tunnel. In that case the steps occur at Vn = nℏωr

2e
which corresponds to

half the energy intervals compared to single electron tunneling and the number of
absorbed n is accordingly determined by nℏωr < 2eVac. The tunneling current can
be described by:

I(t) =
+∞∑

n=−∞
J2

n(2eVac

ℏωr

)I0
qp(V + nℏωr

2e ) (3.37)

These steps do not directly translate into Shapiro steps as there is no correlation
with the phase change across the junction.

Voltage-biased Shapiro steps

Shapiro steps are resonant features in Josephson junctions caused by an ac bias
modulation that matches the time evolution of the phase. The phenomenon needs
to be treated individually for a voltage or a current bias.
The dc voltage bias in combination with an ac voltage modulation is discussed
following the argumentation of chapter 12.1 of the textbook ’Fundamentals and
Frontiers of the Josephson Effect’ [74] and the lecture notes of A. Marx and R.
Gross [77]. Using the second Josephson equation (eq. 3.4) for dc voltage that is
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3 JOSEPHSON JUNCTIONS

modulated by Vac with the angular frequency ωr results in

V = Vdc + Vac · cos(ωrt) = ℏ
2e
dϕ

dt
. (3.38)

The time dependent phase difference becomes

ϕ(t) = 2e
ℏ
· (Vdct+ Vac

ωr
· sin(ωrt)) + ϕ0). (3.39)

With the first Josephson equation (eq. 3.1) the current can be expanded by Bessel
functions and results in

I(t) = IC

+∞∑
n=−∞

(−1)n ℏ
2e
Vac

ωrt
Jn(2eVac

ℏωr
) sin((2e

ℏ
Vdc − nωr)t+ ϕ0). (3.40)

Resonance conditions are met when 2e
ℏ Vdc = nωr which results in a step in the I(V)Cs

at
Vdcn = n

ℏωr

2e . (3.41)

These conditions correspond to the ac driving frequency matching the Josephson
frequency ωJ (eq. 3.7) that is caused by the applied dc voltage. At Vdcn the super-
current is ambiguous and can take values between Iqp ± ICJn(nVac

Vdc
) as

|In(Vac)| = IC |Jn(nVac

Vdc
)|. (3.42)

In experiments the Josephson junctions switch out of the Cooper-pair tunneling
regime at currents far below the critical current of the junction due to noise. The
in-gap conductance (below eV = 2∆) of the junction is taken into account in equa-
tion 3.36 by the irradiation-free quasiparticle current I0

qp. At high normal state
conductances this quasiparticle current is additionally affected by multiple Andreev
reflections that occur within the superconducting gap.

Current-biased Shapiro steps

For a Josephson junction that is driven by an ideal current source which is modulated
by HF irradiation the applied current is described as follows [59, 77]

I(t) = Idc + Iac sin(ωrt). (3.43)

Using this in the RCSJ equation 3.13 described in chapter 3.1 the differential equa-
tion becomes

Idc + Iac sin (ωrt) = IC sinϕ+ ℏ
2eR

dϕ

dt
+ ℏ

2eC
d2ϕ

dt2
. (3.44)
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3.3Photon-assisted tunneling and Shapiro steps

Figure 3.8 illustrates the effect of the HF irradiation on the phase particle in the
washboard potential. Figure 3.8 a) shows the steps in the V(I)C as expected for a
current-biased overdamped Josepshon junction under HF irradiation in the absence
of noise. The ac component modulates the tilt of the washboard potential with its
frequency ωr and an amplitude of Iac. Even at zero bias this modulation can be seen
as a resonant excitations as the phase particle may resonantly jump back and forth
between minima (figure 3.8 b)). As the current increases the washboard potential
tilts further. If the particle is running down the potential landscape a resonance is
met when the Josephson frequency matches the irradiation frequency. the condition
Vn = nℏωr

2e
is met with n = 1 when the time that elapses while the phase particle

overcomes one period of the potential corresponds to the frequency of the irradiation
(shown in figure 3.8 c)). As the tilt of the washboard potential increases the phase
particle becomes faster until it reaches the next resonant condition at n = 2. Here
the particle overcomes two periods of the washboard potential with a frequency that
matches the external irradiation as shown in 3.8 d).
This implies that the phase particle moves with a finite velocity in the washboard
potential picture. That means that when no voltage drop occurs at the junction
the particle cannot be excited to resonances with n > 0. The behaviour of the
junction is highly influenced by its damping which will be discussed in detail in
chapter 7. The overdamped junction is not expected to show Shapiro steps before
switching conditions are reached earliest at Idc = Isw − Iac as shown in the inset in
figure 3.8 a). When noise causes phase diffusion a finite voltage can be measured
in the low-voltage branch of the junction and can cause resonant excitations. The
situation is different for the underdamped junction. Since the phase particle does
not experience damping several resonances are available to the phase particle for the
same current bias. This results can result in zero crossing steps, where a positive
voltage is measured for a negative applied current and vice versa. The particle can
move within any of the resonances dissipation free. The order of the resonance
depends on the history of the system. This is often discussed in the context of a
voltage standard and realized in specifically designed Josephson junction arrays [6,
87, 88].
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Figure 3.8: Shapiro steps in a washboard potential with a current modulation of
I(t) = Idc + Iac sinωrt. a) shows the Shapiro steps in the V(I)C as
expected in a noise-free overdamped Josephson junction. b) shows the
resonance at zero bias for n = 0. The phase particle has no preferential
direction but jumps in both directions. Adapted from [77]. c) shows
the resonance at n = 1 at a finite tilt. The phase particle is resonantly
excited over one period of the potential. d) shows the resonance at n = 2
where the particle is excited over two periods of the potential.
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3.4Superconducting diode effect

3.4 Superconducting diode effect

In chapter 8 the effect of single magnetic adatoms on the properties of a Josephson
junction is investigated. A non-reciprocity of the retrapping currents is observed in
these junctions. The diode-like behaviour of the investigated STM Josephson junc-
tions is found to originate from asymmetric damping properties. Non-reciprocal
transport in Josephson junctions has previously been observed in so called Joseph-
son diodes. In these junctions the critical currents become asymmetric which is
caused by the superconducting diode effect. The superconducting diode effect and
its consequences for Josephson junctions are described in this chapter, to be able
to differentiate this effect from the origin of the non-reciprocity in the investigated
Josephson junctions,
The superconducting diode effect occurs in material system where inversion and
time-reversal symmetry is broken. The critical currents of superconductors that
experience the superconducting diode effect depend on the current bias direction.
In Josephson junctions this phenomenon results in an asymmetry of the current-
phase-relation (CPR) and the effect is observed in non-reciprocal behaviour of the
critical currents of the Josephson junction. Josephson junctions experiencing this
non-recirpocity are called Josephson diode. Here, first the physical origin of the su-
perconducting diode effect will be explained, before the consequences for Josephson
junctions are discussed.
The superconducting diode effect was observed by F. Ando et al. [12] d by transport
measurements on a superconducting Nb/Ta/V multilayer device in the presence of
an external magnetic field perpendicular to the current direction. In this system
the critical current depends on the polarity of the current bias and it is possible to
switch between the superconducting and resistive state by inverting the direction
of the current flow or the direction of the applied magnetic field. This non-linear
effect is correlated to simultaneously breaking inversion symmetry and time reversal
symmetry. In the system presented by F. Ando et al. [12] inversion symmetry is
broken by strong Rashba spin-orbit coupling (SOC) in the multilayer stack. Time
reversal symmetry is broken by the external magnetic field.
Rashba SOC results in concentrical Fermi surfaces as shown in figure 3.9 a). The
spin of the electrons are orthogonal to their wavevectors k so that the spin points in
opposite directions for opposite momenta σ(k) = −σ(−k). In a s-wave superconduc-
tor Cooper pairs are formed by electrons with opposite spin and momentum. The
Fermi surfaces in figure 3.9 b) show that singlet Cooper pairs consist of electrons on
opposite sides of the Rashba cones. In the absence of an external magnetic field the
total momentum of the pairs is zero.
The external magnetic field breaks time reversal symmetry in that system by the
Zeeman-splitting of the spin states. The two Fermi surfaces shift in opposite direc-
tions so that they are no longer centrosymmetric around the same center (see figure
3.9 b)). The energy of the particles become momentum dependent E(k) ̸= E(−k)
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Figure 3.9: The superconducting diode effect in a system where inversion symmetry
is broken by Rashba spin orbit coupling and time reversal symmetry is
broken by an external magnetic field. In a Rashba system the spin and
the momentum are coupled and the Fermi surfaces for the different spin
states are shown in a) [89]. b) shows the Zeeman shift of the concentrical
Fermi surfaces of the Rashba system in the presence of an applied mag-
netic field [14]. In c) the phase diagram of the critical current density
and critical magnetic field is shown [14]. The curve is slightly skewed
so that for the same B-field values different critical current densities are
observed depending on the direction of the applied current. d) and e)
show the current density in dependence of the Cooper-pair momentum
q that is slightly shifted by q0 in red [13]. Due to this shift the left and
right critical Landau momenta (qL and qR) are reached for different cur-
rent densities as indicated by the solid and dashed black line in d) [13].
In e) additionally the coupling energy ∆ (blue) and the quasiparticle
excitation gap E(q) (black) are shown [13].
Reprinted figure 3.9 d) and e) with permission from [Akito Daido, Yuhei
Ikeda, and Youichi Yanase, Physical Review Letters, 128, 037001 2022.]
Copyright 2022 by the American Physical Society.
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which breaks time reversal symmetry.
Physically this corresponds to Cooper pairs that have a finite momentum q0 with-
out an applied current. This effect is called helical superconductivity in which
an external magnetic field modulates the phase of the order parameter in space
∆(r) = ∆0e

(iq0r) [14].
Breaking inversion and time reversal symmetry gives rise to magnetochiral anisotropy

R = R0(1 + γ(B × z) · I). (3.45)

This leads to a non-reciprocity of the resistance depending on the direction of the
current and magnetic field. γ is the anisotropy parameter which is determined by
the Rashba SOC strength.
The diode effect for temperatures close to TC can be explained by an asymmetry in
the Ginzburg-Landau free energy as has been shown by N. F. Q. Yuan et al. [14]
and as presented in figure 3.9 b) and c). For low temperatures the asymmetry has
been derived microscopically by an asymmetry of the Landau critical momenta [13].
An intuitive way of understanding the superconducting diode effect as a result of
helical superconductivity is given by the theoretical description of A. Daido et. al.
[13]. Applying a current to a superconductor provides a finite momentum q along the
biasing direction to the Cooper pairs. The Landau critical momentum corresponds
to the maximum momentum of the Cooper pairs before breaking superconductivity.
Accordingly, the critical current of the material corresponds to the Landau critical
momentum at which the kinetic energy of the Cooper pairs breaks the supercon-
ducting state. In the case of helical superconductivity, the relation of the current
density to the momentum j(q) is shifted by q0 as shown in figure 3.9 d) and e). The
Landau critical momentum is reached for different current bias values depending on
the direction of the momentum shift q0. For that reason, the superconducting diode
effect is assumed to be a probe of helical superconductivity [12–14].
Non-reciprocal transport in noncentrosymmetric superconductors caused by the
magnetochiral effects has already been observed in 2017 by Y. S. Ryohei Wkat-
suki et al. [90] and a theoretical description followed a year later [91]. L. Bauriedl
et al. [92] observed the superconducting diode effect in few layers of NbSe2 and
explored the influence of different magnetic field directions on the effect. J.-X. Lin
et al. [93] investigated the superconducting diode effect in twisted trilayer graphen
at zero magnetic field. The sign of the diode effect could be reversed by changing the
polarity of an out-of-plain magnetic field that was used for priming the material prior
to the measurement. A theoretical description of these zero-field superconducting
diodes was given by Scammel et al. [94]. J. Yun et al. [95] showed the supercon-
ducting diode effect in van der Waals superconductor-ferromagnet heterostructures
consisting of NbSe2 and CrPS4. Time reversal symmetry is broken by the magnetic
proximity effect caused by the magnetic CrPS4 layer. Ferroelectric superconductors
such as Cu intercalated NbSe2 layers have been proposed to control the supercon-
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ducting diode effect by reversibly switching their ferroelectric properties by B. Zhai
et al. [96]. A phenomenological theory of the superconducting diodes has been de-
rived by J. J. He et al. [97]. They described Rashba SOC systems with an external
magnetic field by a generalized Ginzburg-Landau method and achieved an analytical
description of the experimental findings.

Josephson diode effect

Non-reciprocal critical currents are observed in Josephson junctions in systems for
which inversion and time reversal symmetry is broken. The CPR in Josephson junc-
tions becomes asymmetric in the presence of helical superconductivity. In systems
with strong SOC and Zeeman coupling an external magnetic field results in a phase
shift in the CPR of the Josephson junction. Additionally, higher order harmonics
of the sinusoidal dc Josephson equation (eq. 3.1) as considered for short ballistic
junctions result in a skewed CPRs. The combination of these two effects results
in non-reciprocity of the critical currents with I(−ϕ) ̸= −I(ϕ) as described by A.
Costa et al. [98].
The skewed CPRs are again a result of helical superconductivity. In [20] M. Davy-
dova et al. a Josephson diode was modelled by a normal conducting nanowire
crossing a gap between two superconductors. They suggest that the modulation
of the order parameter that is associated with the superconducting diode effect in-
duces screening currents at the surface of the superconductors in the presence of an
external magnetic field. The normal conducting barrier of the Josephson junction
picks up this modulation by the proximity effect. This results in a finite momentum
of Cooper pairs across the junction, ie.e helical superconductivity. Andreev bands
(see chapter 2.4) that are formed in the normal conducting barrier are now shifted
in energy by ±vF q0 for left and right travelling charge carriers (electrons and holes),
respectively (figure 3.10 a) and b)). From that an highly asymmetric CPR arises
with non-reciprocal critical currents (figure 3.10 c)).
C. Baumgartner et al. [15] build a Josephson junction array on a 2D superconductor
with Rashba spin-orbit coupling. They showed that the magnetochiral anisotropy
of the resistance given in equation 3.45 translates into an magnetic anisotropy in the
Josephson inductance LJ of the Josephson junction. B. Pal build a Josephson diode
from NiTe2 and observed a large non-reciprocal behaviour of the critical currents in
the junction within a weak external magnetic field. Recently, S. Gosh et al. [19]
realized a Josephson diode at 77 K made from the high-temperature superconductor
BSCCO.
Another device has been implemented by H. Wu et al. [22] who designed a Joseph-
son diode that is not controlled by an external magnetic field. The time reversal
symmetry is suggested to be broken by the physical properties of the barrier which
provides an out of plane polarization. The phenomenon is not completely under-
stood and to the best of my knowledge no theoretical description is available at this
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point.
To summarize, non-reciprocity in the critical current of a Josephson junction can be
caused by Cooper pairs that have a finite momentum at zero bias. For this to occur
inversion and time reversal symmetry need to be broken. In this work we focus
on the retrapping currents of underdamped Josephson junction. In contrast to the
critical current of the junction the retrapping currents are strongly influenced by
the damping of the junction. In chapter 8 we show Josephson junctions with broken
inversion symmetry resulting in asymmetric damping properties which is sufficient
to observe non-reciprocity in the retrapping currents.

Figure 3.10: Josephson diode effect explained by helical superconductivity. a) shows
the Andreev bands for electrons (red curve) and holes (blue curve) with
a sinusodial phase dependence. In b) a finite momentum q of the Cooper
pairs at zero bias is assumed. The Andreev bands are shifted in energy
by |qvF | in opposite directions for electrons and holes. The simulated
CPR is shown in c) where a clear asymmetry of the maximum |Ic+| and
minimum |Ic−| is observed. Graphs from [20]

.
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CHAPTER 4

SCANNING TUNNELING TECHNIQUES

With a scanning tunneling microscope (STM), surfaces are analysed on the atomic
scale. It is not only used for topographical investigations but it is also sensitive
to the local electronic structure of the material which is accessible by scanning
tunneling spectroscopy (STS). The basic concept consists in quantum tunneling of
electrons while scanning the surface with a conductive tip. In this chapter the
theoretical basis of scanning tunneling experiments are described and details on
the specific methods that were used in this work’s experiments are provided. This
includes tunneling experiments with superconducting tips and samples as well as
the formation of Josephson junctions within an STM. The experimental setup and
the procedure of the surface preparation including the deposition of single magnetic
adatoms are described.

4.1 Theoretical description of scanning tunneling
experiments

Scanning tunneling experiments consist of a conductive tip that is scanned over a
conducting surface in close proximity. Energetically the DoS of the tip is separated
from the DoS of the surface by an insulating (vacuum) barrier. Quantum mechan-
ically, electrons are described by wavefunctions that exponentially decay into the
barrier. If the tip and sample wavefunctions (Ψµ and Ψν , respectively) overlap,
electrons are able to tunnel through the barrier. To provide a preferential tunnel
direction for the electrons that results in a tunneling current, a potential difference
between the two electrodes in the form of a bias voltage Vb is applied to the junc-
tion. The tunneling probability from a state in the tip at energy Eµ to a state in
the sample at Eν is described by:

Tµ→ν = 2π
ℏ
|Mµν |2δ(Eν − Eµ − eVb). (4.1)
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The tunneling matrix element Mµν takes the overlap of the sample and tip wavefunc-
tions into account. The occupation of states is determined by the Fermi distribution
function:

f(E) = 1
exp(E − EF/kBT ) + 1 . (4.2)

The tunneling current between tip and sample It→s (sample and tip Is→t) is de-
termined by the sum of all transitions between available occupied and unoccupied
states:

It→s = 2πe
ℏ
∑
µν

|Mµν |2f(Eµ)(1− f(Eν))δ(Eν − (Eµ + eVb))

Is→t = −2πe
ℏ
∑
µν

|Mνµ|2f(Eν)(1− f(Eµ))δ((Eµ + eVb)− Eν)
(4.3)

The tunneling matrix element is considered to be symmetric with respect to the
tunneling direction Mµν = Mνµ and to depend only on the energy of the two states
involved in the tunneling process. Additionally we use δ(Eν− (Eµ +eVb)) = δ((Eµ +
eVb) − Eν). Equation 4.3 can be rewritten by forming the energy integral over the
density of state of the tip ρt(Eµ) and sample ρs(Eν).

I = 2πe
ℏ

∫ ∫
dEµdEν |M(Eµ, Eν)|2ρt(Eµ)ρs(Eν)(f(Eµ)− f(Eν))δ(Eν − Eµ − eVb)

(4.4)
Evaluating one of the integrals using the δ function properties and defining E = Eν

yields:
I = 2πe

ℏ

∫
dE|M(E)|2ρt(E − eVb)ρs(E)(f(E − eVb)− f(E)). (4.5)

Considering temperatures close to zero the Fermi-Dirac distribution becomes a step
function (Theta function) so that the integral is different from zero only within the
given boundaries of the integral:

I = 2πe
ℏ

∫ EF +eVb

EF

dE|M(E)|2ρt(E − eVb)ρs(E). (4.6)

The current through a tunneling junction depends on the density of states of the tip
and sample as well as the applied bias voltage and the tunneling matrix element.
The Tersoff-Harmann model provides a method to evaluate the tunneling matrix
element in more detail.

Tersoff-Harmann model

The tunneling matrix element was first described by Bardeen [99] as follows

Mµν = ℏ2

2m

∫
d⃗S(ψ∗

µ∇ψν − ψν∇ψ∗
µ). (4.7)
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The integral is performed over a surface S that separates the probe and sample area
and is located in the vacuum. The rest of the term describes a current from one
electrode to the other.
For small voltages and low temperatures, tunneling experiments were described by
Tersoff and Harmann in 1985 [100]. They derived a model assuming STM tips to
be local spherical potential wells at the very apex, where it is closest to the surface.

The wavefunctions for the sample and tip can be expanded as follows:

Bloch wavefunction for the sample: ψν = Ω− 1
2

s

∑
G

aGe
(κ2+|κG|2)

1
2 zeiκGx

Spherical wavefunction for the tip: ψµ = Ω− 1
2

t ct
κReκR

κ|r − r0|eκ|r−r0|

(4.8)

Ωs/t are the surface and probe volume, κ =
√

2mΦ
ℏ corresponds to the inverse decay

length of the wavefunction into the vacuum with Φ being the workfunction of the
material.
The sample is described by a Bloch wavefunction with the reciprocal lattice vector
G⃗ and κG = k⃗∥ + G⃗ the Bloch wave vector. k∥ is the in-plane momentum of the
surface state. The spherical tip is modelled with the center of curvature at r0 and
radius R. aG and ct are parameters of the order of unity.
Using the equations 4.8 in equation 4.7 results in:

Mµν = ℏ2

2m
4π

κ
√

Ωt

κReκRψν(r⃗0) (4.9)

The only variable in this equation is given by the sample wavefunction given in 4.8.
Consequently the tunneling matrix element shows an exponential dependence on
the tip-sample distance:

|Mµν |2 ∝ |ψν(r⃗0)|2 ∝ exp(−2κz). (4.10)

The resulting dependence of the tunneling current (eq. 4.6) on the distance z is
used in STM experiments to achieve atomically resolved topographic images. κ

corresponds to the decay length and depends on the workfunctions of the materials
as well as the form of the barrier.

Scanning tunneling spectroscopy (STS)

In equation 4.6 all available energy states up to the applied bias Vb contribute to
the measured current by the integral. To use the scanning probe technique for
spectroscopy the contribution of the states needs to be resolved in energy. For that
purpose the derivative of the tunneling current in equation 4.6 with respect to the
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applied voltage is formed1:

dI

dVb

= 2πe
ℏ

(e|ME|2ρt(EF )ρs(EF + eV )+∫ EF +eVb

EF

dE
∂|ME|2
∂Vb

ρt(E − eVb)ρs(E)+∫ EF +eVb

EF

dE|ME|2
∂ρt(E − eVb)

∂Vb

ρs(E)+∫ EF +eVb

EF

dE|ME|2ρt(E − eVb)
∂ρs(E)
∂Vb

).

(4.12)

This equation is considerably simplified assuming a tunneling matrix element that
does not change with energy (constant tip-sample distance z, small voltages Vb <<

Φs,t) and a tip density of state that is constant in energy ρt(E) = ρt(EF ). The last
three parts of equation 4.12 vanish and the dI/dV signal simplifies to

dI

dV
= 2πe2

ℏ
|ME|2ρt(EF )ρs(EF + eVb). (4.13)

At a constant tip-sample distance using a metallic tip the DoS of the sample is
directly correlated to the dI/dV signal.

4.2 Experimental setup and measurement
techniques

The measurement setup consists of a CreaTec ultra-high vacuum STM system with
two separate main vacuum chambers. A photograph of the STM machine is shown
in figure 4.1 a) and the location of the preparation and STM chamber is indicated.
The cryogenic system is located on top of the STM chamber. The whole setup is
mounted on pneumatic feet that reduce low frequency noise from mechanical vibra-
tions.
The preparation and STM chamber each feature an ion sputter pump in combina-
tion with a titanium sublimation pump to provide ultra high vacuum in the lower
10−10mbar. Two metal evaporators can be mounted to the preparation chamber to
deposit different materials onto surfaces. A sputter gun is connected to the chamber
and a Ne gas line is attached by a needle valve to clean the sample by sputtering
in a Ne atmosphere. A load lock chamber and turbo pump is located next to the
preparation chamber to transfer samples in and out of the vacuum. The system

1Leibniz integration rule:

d

dx

(∫ b(x)

a(x)
f(x, t)dt

)
= f(x, b(x)) · d

dx
b(x)− f(x, a(x)) · d

dx
a(x) +

∫ b(x)

a(x)

∂

∂x
f(x, t)dt (4.11)
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has a fully rotatable, movable manipulator arm with two stages for sample heating.
Additionally, the manipulator can be cooled down with liquid Helium (LHe) to sup-
press diffusion and enable single atom evaporation.
The second chamber includes the STM head and cryogenic system. The manipu-
lator arm reaches from the preparation chambers into the STM chamber. he tip
and sample can be transferred between the manipulator and STM head by a wobble
stick. The cryogenic system is located on top of the STM chamber and temperatures
of 1.3 K are achieved at the STM head by a two stage cooling process. The main
cryostat is filled with LHe at 4.2 K and is shielded by an outer cryostat filled with
liquid nitrogen (LN2). A small amount of LHe from that reservoir is filled into a
smaller container below the cryostat which is thermally coupled to the STM head.
By pumping on this so called 1 K-pot volume the vapour pressure over the surface
is reduced. By that, high energetic particles are pumped away from the LHe surface
and a temperature of 1.3 K is reached at the STM head. The amount of LHe reduces
over time and the 1 K-pot holds for approximately 15 h until it needs to be refilled.
The STM tip is controlled by piezoelectric elements which precisely control the x, y
and z motion of the STM tip.
The STM head used for the presented experiments features a home built antenna
which enables the irradiation with high frequencies (HF). The HF lines from room
temperature all the way through the cryostat to the STM head at 1.3 K were pre-
viously implemented and a detailed description of the building procedure and char-
acterization of the lines is found in [86]. A HF generator with an output energy
between 20 GHz and 40 GHz was used for the irradiation of the junction.

Imaging methods in an STM

Equation 4.10 showed that the tunneling current depends exponentially on the dis-
tance of the tip to the sample, provided that the density of states of tip and sample
are constant at a given bias voltage. There are two different operation modes that
provide atomic resolution of the sample surface (figure 4.1 c)).
The constant-height scanning method records the tunneling current while scan-
ning the tip over the surface at a constant z-level height. Any features on the surface
changing the sample-tip distance cause a change in the tunneling current and thereby
the topography is reproduced.
The constan-current scanning method avoids the danger of unexpectedly high
features causing the tip to crash into the surface. The method consists of a feedback
loop between the measured current and the tip height. Here the tip-sample distance
is adjusted according to the measured current. By that the topography is displayed
in the z-position of the tip while the current retains a fixed value.
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Figure 4.1: Experimental STM setup. The system consists of the preparation and
STM chamber as indicated by the black boxes in the photograph in a).
On top of the STM chamber the cryostat is located, reaching tempera-
tures of 1.3 K at the STM head. A schematic drawing of the STM head
is shown in b). The tip is connected to piezoelectric elements for x,y and
z movement. A bias voltage is applied to measure the tunneling cur-
rent. With this setup atomic resolution of sample surfaces is achieved.
In c) two operation methods for scanning topography are indicated. In
the constant height scanning method the tunneling current is measured
while keeping the z parameter constant. Topographic features appear in
the measured current. In the constant current mode the measured cur-
rent and piezoelectric element control are connected via a feedback loop
so that the tip height changes in response to the measured current. In
this case the current remains at a set-point value while the tip is tracing
topographic features in its z-component. Figure adapted from [86].
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Spectroscopy in an STM

In scanning tunneling spectroscopy (STS) the local density of states (LDoS) can
be recorded by maintaining a constant tip-sample distance and sweeping the bias
voltage. By applying a voltage to the junction the available states up to energies of
E = eVb contribute to the measured tunneling current. Schematic drawings of the
tunneling processes between two metal electrodes are shown in figure 4.2 a)-c).
The derivative of the tunneling current with changing voltage is a measure of the
convoluted density of state of tip and sample (see chapter 4.1). The dI/dV spectra
are measured directly using a lock-in amplifier. The lock-in amplifier modulates the
applied voltage by a set amplitude and frequency (usually of around 1 kHz) while it
filters for noise at other frequencies at the same time. The response of the tunneling
current over an integration time of several milliseconds is a measure of how strongly
the current changes in the energy range of the set amplitude.
Sweeping the applied voltage shifts the energy levels of the two electrodes with
respect to each other and gives an energy resolved tunneling spectrum. With a metal
tip the dI/dV reproduces the local density of states of the sample surface. The energy
resolution in this type of junction at finite temperature is determined by thermal
broadening given by the Fermi-Dirac distribution (eq. 4.2) which is indicated in
orange in figure 4.2. Arrows in figure 4.2 a)-c) indicate tunneling electrons at energies
close to EF . The sharper the step function at EF the higher the energy resolution
of the spectroscopy.
Scanning tunneling spectroscopy can be combined with topography recordings to
spatially map features in the density of states stemming from irregularities on the
surface e.g. atomic or molecular adsorbates. These maps are recorded by identifying
features in the density of states in dI/dV measurements. These features can be
probed at a constant tip-sample distance by applying the voltage that corresponds
to the energy of the identified feature. For each data point the dI/dV signal is
measured by the lock-in amplifier, modulating the bias and measuring the change in
the current signal while scanning the tip over the surface. However as has been shown
in chapter 4.1, the topography is a convolution of the tip-sample distance and the
sample’s density of states. For that reason the recorded topography is distorted by
features in the LDoS of the sample that appear at energies of the scanning voltage.
To circumvent that convolution a multichannel scanning procedure is applied in
the so called constant contour map. The topography is recorded at energies for
which the DoS of the sample is not affected by the surface states under investigation.
Subsequently, the recorded topographic trajectory is retraced by the tip line by line
while the voltage is set to probe the energy of interest. This procedure ensures a
accurate recording of the spatial extend of features in the DoS that is decoupled
from the topography.
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Figure 4.2: Schematic presentation of tunneling processes in STS experiments. The
occupation probability P (E) of electron states at finite temperature is
indicated in orange as given by eq. 4.2 (empty states are shaded in
blue). a)-c) show tunneling process from a metal substrate to a metal
tip, with a) Vb = 0, b) Vb > 0 and c) Vb < 0. In a) there is no preferred
tunneling direction (I=0). In b) and c) electrons tunnel from the ener-
getically higher electrode to the energetically lower electrode. d) and e)
show quasiparticle tunneling processes between superconducting tip and
sample for Vb = 0 and Vb = 2∆/e, respectively. As derived in eq. 2.15
the quasiparticle density of states has a gap ∆ around the Fermi energy
(blue line). There are no available states directly around the Fermi en-
ergy so that the transition from occupied to unoccupied states is much
sharper than the thermal broadening of eq. 4.2. No quasiparticle tun-
neling processes occur below voltages of Vb = 2∆/e as indicate in e).
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STS with superconducting tips
In this work superconducting tips and samples are used for spectroscopy. As previ-
ously established the tunneling current is a convolution of the tip and sample DoS.
The DoS of a metallic tip is constant in energy and the occupation probability of
electron states is given by the Fermi-Dirac distribution function (eq. 4.2). The
broadening of equation 4.2 around the Fermi energy is determined by the tempera-
ture of the system and limits the energy resolution of the dI/dV spectra.
Tunneling processes between a superconducting tip and sample are schematically
displayed in figure 4.2 d) and e). The DoS of a superconducting tip is not constant
in energy but features a superconducting gap as was previously introduced in equa-
tion 2.15. Due to the lack of single electron states below the coupling energy of the
Cooper pairs ∆, no tunneling events are possible below a minimum applied voltage
of Vb = ∆/e. For that reason all features in the sample DoS are shifted by ∆ in the
recorded dI/dV spectra. Accordingly, a superconducting sample that is probed by
a tip of the same superconducting material results in a superconducting gap of 2∆
in the dI/dV spectrum.
Using superconducting tips are advantageous for spectroscopy because temperature
broadening has a smaller effect on the energy resolution. Due to the energy gap
the transition between occupied and unoccupied states is much sharper when con-
voluted with equation 4.2 at finite temperature as indicated in figure 4.2 d) and e)
by orange curves. For that reason thermal broadening of the spectroscopic features
is less pronounced when using superconducting tips.

4.3 Preparation of magnetic adatoms on
superconducting surfaces

The experiments in this work were conducted on a bulk a Pb(111) crystal. Surface
preparation of the crystal is crucial for STM experiments. The goal of the prepa-
ration procedure is to achieve large terraces of about 50 nm× 50 nm to enable the
analysis of adsorbates on the surface.
Impurities are removed from the Pb surface by a sputtering process in Ne atmo-
sphere. Elevated temperatures of around 100 °C increase the sputtering efficiency
and have proven to result in larger terraces on the Pb surface. In a subsequent an-
nealing process the sample is heated to 130 °C where the surface atoms are mobile
and reform to the ordered lattice at the surface. This sputter-annealing cycle can
be repeated several times to ensure the removal of all surface contamination. The
cool down process of the last annealing cycle needs to be slow, so that the surface
atoms rearrange in large terraces.
Single magnetic atoms are deposited by electron beam evaporation from a rod or
plate of the chosen metals. Electrons are emitted from a filament by applying a
current of several mA. The electrons are accelerated towards the target material
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by a voltage of about 800 V to evaporate the material. The emission current of the
ionized material is controlled by the current through the filament and ultimately the
material leaving the evaporator generates a flux current of several nA. The sample
is transferred from within the cold STM to the manipulator which is cooled down
by LHe to reduce lateral diffusion of the atoms that are deposited on the surface.
Before transferring the sample into the STM chamber, the transfer tool needs to be
pre-cooled on the LN2 shield of the cryostat to avoid heating the sample during the
transfer process.
Cr and Mn are evaporated in quick succession and the evaporation parameters were
chosen so that large areas of clean Pb(111) with well separated single atoms of Mn
and Cr are achieved. Both atoms are adsorbed on the Pb surface in a metastable
adsorption site. The forces acting between tip and sample cause the atom to jump
to a more stable adsorption site when moving the tip close to the atom.
In figure 4.3 dI/dV spectra for Cr and Mn in the two adsorption sites are shown
as well as topographic images of the two configurations. The topographic images
show the Pb(111) surface with well separated single Mn and Cr atoms. Two Ne
impurities that originate from the sputtering process during cleaning of the Pb(111)
surface appear as dark shapes on the surface. A Pb atom was placed close to this
preparation. Single Pb atoms drop from the STM tip onto the Pb surface and can
be manipulated laterally. For that purpose the electric field between tip and atom
needs to be strong enough to move the atom between adsorption sites. At a bias
voltage of about 5 mV and tunneling currents between 8 nA and 20 nA create a suf-
ficiently strong field depending on the exact tip shape. Moving the tip with these
parameters towards the Pb atom and subsequently moving to the desired location
on the surface drags the atom across the surface. During this procedure the atom
is hopping between adsorption sites. While Mn and Cr adatoms arrange randomly
on the the surface the Pb atoms are placed deliberately near an area where an Mn
and Cr atom are found within a few nm2.
In 4.3 a) the magnetic atoms are in the as-deposited adsorption site and in 4.3 b)
both adatoms were put in the more stable adsorption site by approaching the tip to
the atom. The apparent height of the more stable adsorption site is larger and is
referred to as the ’up’ adsorption site as compared to the other (’down’) absorption
site.
In figure 4.3 c) and e) the dI/dV spectra of Mn and Cr adatoms in the ’down’ adsorp-
tion site are shown. Mn and Cr both have five unscreened electrons in their d-shell
with the electronic configuration of [Ar]3d54s2 and [Ar]3d54s1, respectively. On the
crystal surface both atoms are expected to adsorb in oxidation states (Mn2+ [40]
and Cr1+ [101]). The crystal field of the Pb(111) surface shifts the singly occupied
d-orbitals in energy to non-degenerate levels. Spectroscopically, not all YSR states
can be distinguished within the resolution of the dI/dV spectra. The YSR states
shift in energy and intensity as the adsorption site changes to the ’up’ position as
shown in figure 4.3 d) and f).
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Figure 4.3: Adsorption sites of Mn and Cr adatoms on a Pb(111) surface. The
topographic images in a) and b) show a Mn, Cr and Pb atom as well as
two Ne impurities. In a) Mn and Cr are in the as-depostited adsorption
site and are put into the more stable adsorption site in b) which shows
a larger apparent height. The corresponding dI/dV spectra for Mn and
Cr in the lower configuration are shown in c) and e) and for the up
configuration in d) and f).
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The shape of the orbitals of the unscreened electrons can be visualized by mapping
the lateral extension of the states on the surface. dI/dV maps are generated by
recording the the topography in a constant current measurement and subsequently
tracing the profile while probing the LDoS at a specific energy. In figure 4.4 the
energies of the most pronounced YSR states in the dI/dV spectra of Mn and Cr
are indicated by solid black lines. Tracing the z-profile and probing these energies
result in the dI/dV maps also shown in figure 4.4. For both magnetic adatoms the
YSR states show a lateral extension on the Pb(111) surface. The specific shapes of
the states can be correlated to the orbitals of the d-shell electrons that cause the
corresponding YSR state [40, 101].

4.4 Josephson spectroscopy
Josephson junctions are formed in an STM by approaching the superconducting tip
to the superconducting surface until Cooper pairs start to tunnel causing a peak in
the dI/dV spectra at zero bias. At these high conductances the forces acting on the
tip by the electric field become increasingly strong. The tip material (Pb) used in
this work is a rather soft material that easily falls apart at these conductances. With
low noise levels and sufficiently stable tips topographic images at high conductances
reveal the atomic structure of the Pb(111) surface as shown in figure 4.5 a). We
found that placing a single Pb atom in the junction stabilizes the tip and prevents
it from breaking as easily. Figure 4.5 b) shows the dI/dV spectra with increasing
junction conductances measured at 10 mV between 25 µS and 50 µS normal state
conductance. The Cooper-pair tunneling peak appears at zero bias voltage and
gains intensity the higher the normal state conductance. Additionally, Andreev
reflections of the first and second order appear at EA = 2∆

(n+1) with n = 1 and n = 2.
It is unique to Josephson junctions formed in an STM that the junction conductance
is easily tunable by adjusting the distance between the two superconductors.

Josephson tip preparation
The STM tip itself consists of a tungsten wire that is mounted to a holder that is
controlled by piezoelectric elements. To remove any foreign material contaminating
the tip or impairing its stability, field emission is performed. For that purpose high
voltages of 100 V are applied between tip and sample. By moving the tip closer to
the surface the measured field emission current increases. The forces that act on the
material both electric and thermal remove material from the tip. The process is re-
peated until a stable tunneling current can be established without the tip changing.
Subsequently, the tip is coated by a sufficiently thick layer of superconducting ma-
terial from the sample to produce a full superconducting gap. For that purpose a
voltage of 10 V is applied while allowing for a current flow of a few micro Ampere.
The tip is indented into the surface of the sample by several nm while moving in x
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Figure 4.4: dI/dV maps of YSR states. dI/dV maps for Mn and Cr in the up con-
figuration are shown in a) and b). The YSR energy states are identified
in the dI/dV spectra and indicated by lines. The maps visualize the
shape of the orbitals of the unscreened electrons causing the specific
YSR states.
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Figure 4.5: dI/dV-spectra on a Pb(111) surface with junctions conductances be-
tween 125 nS (setpoint: 4 mV, 500 pA, Vrms = 15 µV) and 50 µS (setpoint:
10 mV, 500 nA, Vrms = 15 µV). a) shows an atomic resolution image of
the Pb(111) surface scanned at high junction conductances with a very
stable tip. b) shows dI/dV spectra at different junction conductances
measured at 10 mV. The intensity of the Josephson peak and Andreev
reflections increases with increasing junction conductance.

and y direction as well. Smaller indentations of a few hundred pm are subsequently
employed to sharpen the tip and ensure the stability. This process is repeated sev-
eral times until the tip is superconducting and has a round apex round.
For Josephson spectroscopy the tip needs to fulfil very high stability standards to
withstand the strong electric and atomic forces that act at the necessary junction
conductances. The tip is further stabilized by approaching the tip carefully to
smaller clusters or single atoms of Pb until the tip and surface remain unchanged
at the desired parameter of the measurement. Approaching the tip to the bare Pb
surface is more likely to cause changes of the tip than approaching to topographic
features on the surface. Sometimes small clusters or single atoms drop from the tip,
which can be used for the experiments described below.

Josephson junction setup

Conventionally in STS the DoS is probed by varying a voltage bias at a fixed tip-
sample distance (chapter 4.2). As explained in detail in chapter 3, Cooper-pair
tunneling sustains a current flow without a voltage drop across the junction. Ap-
plying an external voltage inherently prevents the zero-voltage state of the junction
and destroys phase coherence. That effect is captured in the dc and ac Josephson
equations (eq. 3.1 and 3.4). An applied voltage, directly imposes a variation of the
phase difference across the junction over time.

68



4.4Josephson spectroscopy

Pb
Mn

Cr

Cr

Pb

MnEffective
current source

Sample

Tip

RCSJ

S T M a t
T=1.3K

+
-

JosephsonVoltage

a) b)

c)

U

I

Vb

1MΩ

Figure 4.6: a) Josephson spectroscopy setup. To measure Josephson spectroscopy
in current bias a 1 MΩ resistor is added to the bias line resulting in
an effective current bias. A switch that bypasses the resistor is used
to switch between voltage and current bias. A differential amplifier is
employed to measure the voltage drop over the junction. b) Topographic
image of a Pb(111) surface with single atoms of Pb, Mn and Cr. c)
Schematic image of the STM setup with three different species of atoms
on the Pb surface.

For that reason, in our experiments we aim at applying a current bias to our STM
junction. This is achieved by implementing a 1 MΩ resistor in the bias line of the
STM as shown in the circuit diagram in figure 4.6. The resistor is much larger than
the Josephson junction resistance and the voltage drops primarily over this resistor
and effectively becomes a current bias. To easily change the measurement mode
from a voltage to a current bias a switch is included that bypasses the resistor. The
voltage drop at the junction is measured and amplified by a factor of 103 with a
differential amplifier.

Measurement procedure
Josephson spectroscopy is quite delicate with respect to tip stability and piezoelec-
tric creep. Moving the tip in the z-direction by the piezoelectric elements results
in a creep that depends on the distance of movement and declines over time. To
get a well resolved VI-curve with reasonable high switching currents the junction
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conductance needs to be as high as 50 µS (Vb = 10 mV, Iset = 500 nA). If not
indicated otherwise in the text, normal state conductances were set at a bias volt-
age of 10 mV which is well outside the superconducting gap of Pb. Switching and
retrapping events are of statistical nature so that a few hundred repetitions of VI
measurements are necessary. During these repetitions the feedback is turned off
and the tip remains in very close proximity to the atom without corrections in the
z-direction. Piezoelectric creep can cause the tip to crash into the surface on the
timescales of the measurements. For that reason long waiting times after moving the
tip over large features in x and y direction or after retracting the tip in z-direction
are necessary before successfully performing Josephson spectroscopy.
As previously explained temperatures of 1.3 K are achieved by pumping on a small
amount of liquid Helium in the 1 K-pot. After about 15 h the liquid Helium in the
1 K-pot runs empty and needs to be refilled. For that the tip needs to be retracted by
about 30 nm to prevent crashing the tip. Careful planning of measurement schedules
is necessary since after retracting the tip, waiting times of about 6 h are necessary
for piezoelectric creep to diminish enough to safely employ Josephson spectroscopy.
This leaves a time window of about 8 h to safely measure the prepared atoms with-
out endangering the preparation.
For the actual measurements the atom of interest is approached to the desired junc-
tion conductance. Low noise is required to properly regulate with the feedback loop
at currents as high as 500 nA.
The feedback loop employs proportional-integral-derivative (PID) control. To reg-
ulate at high conductances it is necessary to reduce the proportional parameter to
a few hundred fm, so that small spikes in the current don not cause the tip to over
regulate. After waiting a few minutes to stabilize the current at the desired junc-
tion conductance, the Josephson routine is started. For that, a Labview program
was employed to automatically turn off the feedback loop before it switches from
the voltage bias to the current bias method by opening the bypass switch so that
the the applied voltage drops over the 1 MΩ resistor. After waiting a few minutes
to stabilize the circuit the current is swept backward and forward while the volt-
age is measured by the differential amplifier. 500 to 2000 repetitions are usually
recorded before the STM is set back to the voltage bias mode and the feedback loop
is reestablished.
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CHAPTER 5

DATA ANALYSIS

In this chapter the data processing and statistical analysis of Josephson spectroscopy
will be explained. The analysis in this work was done by self written python pro-
grams. The routines and original data sets of the results published in [1] can be
found in [102].
Systematic influences at high conductances need to be accounted for when applying
a current or a voltage bias to the Josephson junction. The line resistance of the leads
to the junction become large in comparison to the junction resistance. Specifically
in the voltage-biased junction the influence of the line resistance becomes notice-
able. In contrast, the resistance of the leads does not significantly influence the the
current-biased junction as the 1 MΩ series resistor dominates the line resistance.
This is no longer true outside the Cooper-pair tunneling regime, where the in-gap
junction resistance is high.
In the current-biased Josephson junctions the phase dynamics result in statistical
escape events. For that reason many repetitions need to be recorded for a statistical
analysis of the events. As the repetitions take time the junction conductance may
change during the measurement due to piezoelectric creep which is highly dependent
on the history of the tip movement prior to the measurement. Other effects like a
drift that occurs in the voltage amplifier and biasing offsets need to be accounted
for.
For measurements in the presence of high frequency irradiation the damping of the
HF-lines need to be established to accurately determine the amplitude of the irradi-
ation at the junction. For that purpose the splitting of the conductance peaks need
to be simulated by the approach of P. K. Tien and J. P. Gordon for photon-assisted
tunneling as explained in chapter 3.3.
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5.1 dI/dV spectroscopy at high conductances
The dI/dV spectra in an STM junction are measured directly by modulating the
applied voltage and recording the relative change of the IV-signal by a lock-in am-
plifier (chapter 4.2). The lock-in frequency was usually set to values between 800 Hz
and 950 Hz optimizing the noise level at different frequencies and the amplitude for
the dI/dV spectra shown in this thesis was set to Vrms = 15 µV. The relative values
obtained by the lock-in amplifier need to be regauged into physical values by com-
parison to the numerical derivative of the directly measured I(V)-curves. A linear
fit of the dI/dV signal plotted over the numerical derivative of the I(V)-curves gives
the parameter to connect the measured lock-in signal to the physical values of the
measured conductance.
In figure 5.1 a) dI/dV spectra at low and high conductances are shown. Dashed
lines indicate the gap values of ±∆ = ±1.37 meV and ±2∆ = ±2.74 meV. It is
observed that the coherence peaks located at ±2∆ are shifted considerably as the
junction conductance increases. At junction conductances of more than 50 µS the
line resistance can no longer be neglected. The resistance of the wires leading down
to the junction is dominated by a high frequency filter with an internal resistance
of 1.3 kΩ. The voltage drop at the junction Vjunction is calculated from the ap-
plied voltage Vb by considering the voltage drop at the measured current Imeas over
an estimated series resistance that corresponds to the resistance of the wires Rs

(Vjunction = Vb− Imeas ·Rs). In figure 5.1 b) the original and corrected dI/dV spectra
at high conductances are shown. The coherence peaks of the corrected data are
much closer to the expected values when considering an overall series resistance of
Rs = 1.6 kΩ. For that reason the dI/dV spectra are corrected for the series resis-
tance throughout this thesis. A slight apparent discrepancy of the coherence peak
position can be explained by the fact that Pb is a two-band superconductor [26].
The intensities of the inner gap coherence peak is very high on Pb(111) at low con-
ductances. The intensity weight appears to shift towars the higher gap value as we
approach the surface.

5.2 Statistical analysis of Josephson spectroscopy
In chapter 3.1 the fundamentals of Josephson junction were explained. The RCSJ
model with the tilted washboard potential picture is a useful tool to understand the
phase dynamics of a Josephson junctions.
In figure 5.2 a) an exemplary voltage-current characteristic (I(V)C) of a STM
Josephson junction at 50 µS is shown for an upwards and downwards sweep of the
current bias. Two step-like features for each sweep direction can immediately be
distinguished, where the junction transitions between the Cooper-pair tunneling
regime and the normal conducting regime. The transition from the normal regime
to the Cooper-pair tunneling regime is indicated by green colors and is recognized
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Figure 5.1: Systematic correction of dI/dV spectra. a) shows dI/dV spectra on
Pb(111) at high and low junction conductances. As previously explained
Andreev reflections and the Josephson peak appear at high conduc-
tances. Dashed lines indicate the once and twice the superconducting
gap values. A shift of the coherence peaks occurs at high conductances
due to the series resistance of the lines. In b) the high conductance data
was corrected by a series resistance of 1.6 kΩ (red curve). The coherence
peaks match the expected value of 2∆ by this correction.

as the retrapping current Ire. The opposite transition from the Cooper-pair tun-
neling regime to the normal regime is occurs at the switching current Isw and
is indicated by blue dashed lines in figure 5.2 a). The I(V)C show highly hysteretic
behaviour since switching and retrapping events occur at different absolute current
values.
Within the Cooper-pair tunneling regime a finite voltage is measurable due to phase
diffusion within the trapped state of the junction (chapter 3.1). The slope of the
I(V) curve within that regime gives a measure of the phase diffusion within the
junction and is quantified by the phase-diffusion conductance GPD .
The escape and retrapping events of current-biased Josephson junction are statisti-
cal parameter and influenced by the properties of the phase dynamics and the noise
in the junction. For each junction at least a few hundred and up to 2500 I(V)Cs
were recorded to determine the distribution of the events. In figure 5.2 b) seven ex-
emplary curves are shown. It is observed that the statistical variation of switching
currents is higher than the variation of retrapping currents.
To analyse the high amount of I(V)Cs a python program was written to automat-
ically determine the characteristic features of the Josephson junctions, namely the
switching and retrapping current as well as the phase-diffusion conductance. To de-
termine Isw and Ire the derivative of the curves (shown in figure 5.3 a)) was formed
as shown in figure 5.3 c). The steps are clearly visible as high peaks in the deriva-
tive. For junctions with a higher noise level gaussian smoothing of the curves prior
to forming the derivative was necessary to reliably identify the peaks.

73



5 DATA ANALYSIS

10 5 0 5 10
Ib [nA]

1

0

1

V
ol
ta
ge

in
m
V

Isw,- Ire,-

Ire,+ Isw,+

10 5 0 5 10
Ib [nA]

1.0

0.5

0.0

0.5

1.0

V
ol
ta
ge

in
m
V

Ibias
Ibias

Isw,- Ire,-

Ire,+

GPD

Isw,+
a) b)

Figure 5.2: An exemplary V(I)C of a pristine Pb-Pb junction at a normal conduc-
tance of 50 µS. In a) sweep directions are distinguished by red and blue
colors. Switching and retrapping currents of the hysteretic curve are
indicated by dashed lines. The phase-diffusion conductance is measured
by the slope in the low-voltage regime as indicated by the orange dot-
ted line. b) shows several V(I)Cs recorded for the same junction. The
curves are set off in the y-direction for visibility. The statistic behaviour
of switching and retrapping events is indicated by differently coloured
areas.

The values that were determined by that method are subsequently presented in a
histogram as presented in figure 5.4 a). The absolute values of the currents for
retrapping and switching events are shown for the two sweep direction for better
readability.
A few systematic influences are recognized during the course of these measurements.
For instance the voltage amplifier that was used to record the voltage has a slow
drift that shift the curves on the voltage scale. That drift was corrected by deter-
mining the zero-crossing of the linear fit that was performed to determine GPD for
each of the curves. Another systematic error consists in a small bias offset that is
recognizable when looking at the statistics of the histogram shown in 5.4 a) where
an offset between the two sweep directions for switching as well as retrapping events
is visible. This offset was corrected by determining the mean retrapping current for
both sweep directions. In chapter 8 we will find asymmetries in the histograms in
the presence of magnetic adatoms. For these data sets a reference measurement on a
pristine Pb-Pb junction was performed. The exact bias offset was determined in the
pristine junctions and applied for the corresponding measurements on the magnetic
atoms.
Another systematic influence on the Josephson junctions consists in piezoelectric
creep. Depending on the range of movement that the tip experienced before the
measurements (e.g. large area scans) piezoelectric creep may be stronger or weaker
and can occur in the lateral as well as in the z-direction. During the measurement
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Figure 5.3: Analysis of I(V)Cs. a) shows an exemplary I(V)C that was measured for
a Josephson junction with a normal state conductance of 50 µS. Sharp
transitions between the Cooper-pair tunneling and the normal regime
are seen for each sweep direction (red and blue curves). b) shows the
same curve but corrected for the voltage drop recorded in the resistive
regime of the junction. The curve becomes slightly skewed. c) shows the
derivative of the V(I)C in a). The peaks clearly indicate the transitions
between regimes, i.e. switching and retrapping events. The derivative
of the V(I)C shown in b) is plotted in d). Due to the non-monotonic
behaviour of the V(I)C the peaks in the derivative are not unambiguous
and transitions between tunneling regimes are harder to identify.
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procedure it was taken care that the creep does not cause the tip to touch the sur-
face for the chosen junction conductances. However as the tip creeps closer to the
surface the junction conductance changes during the time of a measurement which
can take up to 20 minutes. In figure 5.4 b) the time evolution of the histogram
for the switching events is presented. The measured data was divided into batches
of 200 sweeps and the resulting histograms are slightly set off on the y-scale. The
average phase-diffusion conductance is indicated for each of the histograms. It is
clearly shown that there is a systematic increase of the conductance that correlates
to an increase of the average switching currents over time.
Physically the change of the junction conductance changes the Josephson energy
EJof the junction and for that reason holds information on the junction properties.
For that reason the switching and retrapping events can be plotted over the phase-
diffusion conductance. This method allows for a better resolution of the influence
of the junction conductance on the Josephson junction properties.
The strength of piezoelectric creep depends on the range in which the STM tip was
moved prior to the measurement. For that reason piezoelectric creep affects the
junction’s normal state conductance differently strong. To correlate the character-
istics of a Josephson junction to a specific normal state conductance it is possible
to correct for the creep effect during the course of a measurement. In figure 5.4 the
procedure to correct a histogram for the changing normal state conductance. The
effect of the piezoelectric creep is illustrated for the histogram shown in figure 5.4 a).
As an example for the effect of piezoelectric creep the histogram of the extracted
switching currents in figure 5.4 a) was divided into sets of 200 sweeps that were
recorded over time in figure 5.4 b). A systematic increase of the swithcing current
over time can clearly be observed. This broadens the overall histogram significantly
as shown in gray in the background of figure 5.4 b). To correct for this change
of the normal state conductance over time without loosing the information of the
statical events the phase-diffusion conductance GPD was extracted for each V(I)C.
The inset of figure 5.4 c) shows the phase-diffusion resistance (RPD = 1

GPD
) over the

time of the measurement. The gray dots show the uncorrected data which are fitted
by a curve that corresponds to a power-law function (f(x) = axb + c) in order to
phenomenological extract the overall change of phase-diffusion resistance over time.
The fitted curve was used to correct the data for the effect of piezoelectric creep
as shown in the orange data in the inset of figure 5.4. It was assumed that the
switching and retrapping currents are affected by the creep by the same amount as
the phase-diffusion resistance and were corrected by the same relative change over
time. The resulting histogram is shown in figure 5.4 c) which shows a much narrower
distribution compared to the uncorrected histogram in figure 5.4 a).
Another issue arises in the current-biased measurements when recording the I(V)Cs
as shown in figure 5.3, due to the low conductance that is measured in the resis-
tive state of the junction. In the absence of Cooper-pair tunneling the junction’s
conductance is determined by Andreev reflections which actually results in a very
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5.3HF irradiation of tunneling junction

high resistance for currents that are within the superconducting gap. It was found
that this resistance is no longer negligible compared to the bias line resistor RB

of the setup. It is possible to correct the current at the junction Ijunction for the
non-negligible voltage drop in that area Vmeasure (Ijunction = Ib− Vmeasure

RB
) resulting in

the V(I)C shown in figure 5.3 b). This was found in a later analysis of the results
and was not yet accounted for in [1]. This correction was used for the data shown
in chapter 7 and in chapter 6 but is not included in chapter 8.
In figure 5.3 d) the derivative of the corrected I(V)C is shown. Due to the shift in
the bias current two peaks appear instead of one for each event. For these peaks
to be clearly distinguishable strong Gaussian filtering needs to be applied. The res-
olution and intensity of these peaks strongly depend on the noise in the junction
and the density of data points during the transitions. For that reason the python
program for the automatic detection of switching and retrapping events becomes
unreliable and has not been yet optimized to analyse this more complicated data.
In appendix B preliminary results of the analysis of the data sets that were used
in chapter 3.4 are presented which show that while this correction quantitatively
changes the results, it does not change the qualitative description nor the physical
interpretation of the data.

5.3 HF irradiation of tunneling junction
An antenna is located near the STM junction for the irradiation with HF between
30 GHz and 40 GHz. For the details of the setup and characterization see [86]. In
this section we will briefly explain the analysis and simulation of voltage-biased
dI/dV tunneling spectra. Details on the current-biased junctions with HF irradia-
tion are presented in chapter 7. Experimentally the same junction was measured
with a current bias and subsequently with a voltage bias for each step of the HF
amplitude for comparison.
The frequency of the HF irradiation ωr that is applied to the antenna of the STM
remains at a fixed value for each experiment and the amplitude of the signal Vac is
increased step by step for each recorded spectrum. In figure 5.5 a Pb-Pb junction
at a junction conductance of 200 nS is shown as an example. At this low junction
conductance only the coherence peaks appear in the dI/dV spectrum in the absence
of the irradiation (shown in black in 5.5 c)). As the amplitude of the irradiation is
increased the coherence peaks start to split due to the absorption of photons from
the HF-field. With increasing amplitude more photons can be absorbed and the
coherence peaks split in several distinct peaks. This is shown in the stacked color
plot in 5.5 a) where the HF amplitude is plotted on the y-scale and over the voltage
bias Vb on the x-scale. Colours indicate the conductance that is measured for each
dI/dV spectrum. The coherence peaks are single-electron tunneling processes and
for that reason split in steps of EHF = nℏωr = eVb. In figure 5.5 c) the splitting
of the coherence peaks is shown by comparing the dI/dV spectrum in the absence
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Figure 5.4: Histograms of Isw and Ire of a Pb-Pb junction over 2000 sweeps. a)
shows the histogram of absolute values of Isw and Ire for both sweep
directions as determined from 2000 single V(I) sweeps. b) shows the
influence of piezoelectric creep on Isw as the the tip-sample distance over
time changes. For that purpose the histogram shown in the background
in gray was divided into sets of 200 sweeps and the individual histograms
were plotted with a slight offset for readability. The average phase dif-
fusion conductance for each of the histograms indicated at the side. To
compensate for the change of the junction conductance the phase dif-
fusion resistance was plotted over time in the inset of c). In gray the
original data is shown which was fitted by a power-law dependence and
corrected for the change over time (orange data). Transferring this rela-
tive change of the phase-diffusion resistance to the measured Isw and Ire
results in the much sharper histogram shown in c).

78



5.3HF irradiation of tunneling junction

a) b)

c) d)

10 5 0 5 10
Voltage bias (mV)

0.0

0.5

1.0

1.5

dI
/d
V
(
S
)

VHF off
VHF = 1.39 mV

10 5 0 5 10
Voltage bias (mV)

0.0

0.2

0.4

dI
/d
V
(
S
)

Simulation
Experiment

Figure 5.5: Superconducting tunneling junction under HF irradiation of ωr =
40 GHz at a normal state junction conductance of 200 nS. The coher-
ence peaks split due to photon-assisted tunneling as can be seen in the
stacked color plot in a). White lines indicate the spacing of the peaks
as expected for single electron tunneling processes eVb = ℏωr. b) Shows
the simulation of the splitting of the coherence peaks with the model of
P. K. Tien and J. P. Gordon. c) compares the dI/dV spectrum in the
absence of irradiation to the spectrum under irradiation with an ampli-
tude of 1.39 mV. In d) the measured and simulated dI/dV spectra with
an amplitude of 1.39 mV are compared.
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of external irradiation to the same junction with an applied field of 40 GHz and an
amplitude of 1.39 mV.
The process of absorbing single photons by the tunneling electrons is known as
photon-assisted tunneling. Photon -assisted tunneling was described P. K. Tien and
J. P. Gordon [49]. With their model, which is described in detail in chapter 3.3, the
spliting of the coherence peaks can be accurately simulated with the dI/dV spectrum
recorded in the absence of HF irradiation as an input parameter. The simulation
is shown in figure 5.5 b). The damping of the irradiation from room temperature
to the STM junction can vary between measurements depending e.g. on the LHe
level in the cryostat. The amplitude that reaches the junction is influenced by the
damping of the HF line. The damping can be determined in a recursive way by
comparing the signal that was measured for a certain set point amplitude with the
simulation. The damping parameter is adjusted in each iteration until the measured
and simulated signal match. By simulating the splitting of the coherence peaks the
damping is determined for each experiment. In figure 5.5 d) the simulated and
experimental data is compared for 40 GHz and 1.39 mV amplitude. The simulated
data fits perfectly to the measured data.
Increasing the junction conductance up to 50 µS Andreev reflections and the Joseph-
son peak appear. The data is treated according to the description in chapter 5.1.
When the HF irradiation is applied all peaks in the spectra start splitting as shown
in figure 5.6 a). From a certain amplitude the peaks start to overlap and it becomes
difficult to interpret the splitting of the peaks. Again the dI/dV spectra without
external irradiation is compared to the irradiated junction at 40 GHz and 0.9 mV am-
plitude in figure 5.6c). The simulation is compared to the experimental data in 5.6
d) and shows good agreement. Due to the overlap of the different peaks the match
between simulated and experimental data is not as perfect as for the pure single-
electron processes in figure 5.5 d). In figure 5.6 b) the simulation of the data set is
shown. Previously we discussed single-electron tunneling processes of the coherence
peaks. Now we see that the Andreev reflections and Josephson peak split with a
different spacing. This is expected as the for these processes multiple electrons need
to tunnel simultaneously and photons are absorbed in sets of two. Theoretically this
has been derived by [51] and [50] and the model has been explained in chapter 3.3.
As now two charge carrier tunnel the spacing of the peaks changes and is now ex-
pected to be EHF,2e = nℏωr = 2eVb. This can be incorporated into the simulation by
separating regimes for which two-electron processes are expected from the regimes
where single electrons tunnel. Simulating the splitting of these areas separately and
subsequently putting them back together results in a reasonable good agreement of
experiment and simulation. Some small artefacts appear in the color plots of the
simulation where the two regimes meet.
As we are particularly interested in the Josephson spectroscopy a zoom-in on the
Josephson peak is shown in figure 5.7 a). The simulation is shown in 5.7 b). The
spacing of the splitting peaks is indicated by white lines and matches the expected
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spacing for two electron peaks. As soon as the splitting Andreev reflections over-
lap with the Josephson peak the individual peak are difficult to distinguish. The
simulation almost perfectly reproduces the experimental results.
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Figure 5.6: Superconducting tunneling junction under HF irradiation of ωr =
40 GHz at a normal state junction conductance of 50 µS. The coher-
ence peaks, Andreev reflections and Josephson peak split due to photon
assisted tunneling as can be seen in the stacked color plot in a). An-
dreev reflections and Josephson tunneling consist in two-electron tunnel-
ing processes which results in a splitting of 2eVb = ℏωr. For the simulated
spectra in b) two-electron and single-electron processes were treated in-
dividually. c) compares the dI/dV spectrum in the absence of irradiation
to the spectrum under irradiation with an amplitude of 0.9 mV. In d)
the measured and simulated dI/dV spectra with an amplitude of 0.9 mV
are compared.
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a) b)

Figure 5.7: A zoom-in on the Josephson peak from the data set shown in figure 5.6.
a) shows the experimental data and b) the simulation of the two-electron
process.
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CHAPTER 6

CHARACTERISTICS OF PRISTINE PB
JOSEPHSON JUNCTIONS

The experimental findings of pristine Pb-Pb STM Josephson junctions are presented
in this chapter. The RCSJ model with the tilted washboard potential picture is use-
ful to describe the phase dynamics of the current-biased Josephson junction. The
details of the RCSJ model are described in chapter 3.1. P(E)-theory takes the prob-
ability of exchanging energy with the environment into account and is governed by
the impedance of the circuit. For details see chapter 3.2.
To measure the characteristics of a Josephson junction, the junction can be biased
by a voltage or a current. According to the Josephson equations there are fundamen-
tal differences between the two biasing methods in particular regarding the phase
dynamics. The basics of the RCSJ model and the tilted washboard potential picture
are summarized in the beginning of this chapter (for more details see chapter 3.1).
Subsequently, the measured V(I)Cs of a current-biased junction and the I(V)Cs of
a voltage-biased junction are described separately to understand the influence of
noise and the damping on the junction characteristics. Finally, the phase dynamics
of the measured I(V)Cs and V(I)Cs are compared to discuss the coupling to the
environment for the two cases.
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6.1 The tilted washboard potential picture
The RCSJ model and its mechanical analogon of the tilted washboard potential has
been described in detail in chapter 3.1. This section is designed as short summary
of the main features that are captured by this model.
The RCSJ model gives an intuitive picture of the junctions phase dynamics by
translating the properties to the mechanical analogon of a mass particle in the tilted
washboard potential (see chapter 3.1 figure 3.2). A supercurrent through the junc-
tion depends on the phase difference between the two electrodes according to the dc
Josephson equation (IS = IC sin(ϕ(t))).
A voltage drop across the junction contradicts the zero-resistance state of supercon-
ductivity and causes the phase relation between the electrodes to change in time
(V = ℏ

2e
dϕ
dt

). This in turn results in the ac-Josephson effect which consist in an
oscillating current with a voltage dependent frequency, given by the Josephson fre-
quency (ωJ = 2e

ℏ V ). For more information on the ac Josephson effect in the tilted
washboard potential picture see appendix A. The RCSJ model describes the proper-
ties of Josephson junctions by adding a resistive and a capacitive term in parallel to
the Josephson junction to the equivalent circuit (see chapter 3.1 figure 3.5 a)). The
current through the circuit can be described by the following equation:

I(t) = IC sin(ϕ(t)) + ℏ
2eR

dϕ(t)
dt

+ Cℏ
2e

d2ϕ(t)
dt2

+ δI (6.1)

This is equivalent to the equation of motion of a mechanical particle in a tilted
washboard potential landscape (see chapter 3.1). The potential of this system is
given by ∇U = IC sin(ϕ(t))−I(t) which results in an oscillatory potential landscape
that is tilted in the presence of an applied current. In this analogy the location of the
particle is given in terms of the phase difference between the two superconductors
ϕ(t). The dissipative contribution IR = ℏ

2eR
dϕ(t)

dt
corresponds to the energy loss of

the moving particle. The capacitive term ID = Cℏ
2e

d2ϕ
dt2 captures the movement of

the particle around an equilibrium position. Noise fluctuations are considered by
δI. The velocity of the phase particle is given by the change of the phase over time
which is proportional to a voltage drop across the junction. A steady motion of
the particle along the potential landscape results in an oscillating current with the
Josephson frequency ωJ . With increasing current, the tilt of the washboard potential
effectively reduces the height of the potential maxima until they disappear at the
critical current IC where the particle runs freely down the potential landscape and
the Josephson junction turns normal conducting.
When Cooper pairs tunnel coherently the phase particle remains in a minimum of the
potential without moving in a preferential direction. The particle oscillates around
this equilibrium position with its plasma frequency which is given by ωp =

√
ℏIC

2eC

with no bias applied.
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6.2 Current-biased junctions

The V(I)C of a current-biased Josephson junction is shown in figure 6.1 a). It shows
distinct features that can be explained within the tilted washboard potential picture.
The different regimes are highlighted in green, blue and orange in the measured
V(I)C. The current was swept in both directions, from negative to positive values
and vice versa.
Increasing the current starting from zero a small but finite voltage is measured
(green area). The slope of the V(I)C is caused by phase diffusion and quantified by
the phase-diffusion conductance GPD . A sudden jump to higher voltage values is
observed at the switching current Isw. As explained in chapter 3.1 phase diffusion
occurs in overdamped Josephson junctions. The junction is considered to be
overdamped when the phase particle in the washboard potential looses momentum
due to dissipation in the system, i.e. starting from a maximum of the potential land-
scape, dissipation prevents the phase particle from overcoming subsequent maxima.
In figure 6.1 b) concept of phase diffusion is depicted in the washboard potential
picture. In the presence of noise fluctuation the occasional phase slip can occur in
the trapped state. The provided energy enables the particle to overcome a maximum
of the potential landscape. The strong dissipation in the system causes the phase
particle to be retrapped in one of the next minima. These phase slips give the phase
particle a preferential direction along the tilt of the potential landscape and for that
reason a finite voltage is measured.
The resistive branch is highlighted in blue in figure 6.1 a). In this regime the
phase particle is in the running state as depicted in 6.1 c). The measured switch-
ing currents are well below the expected critical current which indicates premature
switching. Premature switching is a property of underdamped Josephson junc-
tions. In underdamped junctions the phase particle does not loose momentum in
the running state, i.e. the particle gains enough energy within one period of the
potential landscape to overcome subsequent maxima. Premature switching occurs
in the presence of noise fluctuations as soon as the phase particle receives enough
energy to overcome the first potential maximum. In the absence of damping the
running state is sustained without loosing momentum.
The transition from the running state to the trapped state occurs at the retrapping
currents Ire. In figure 6.1 a) retrapping currents occur at much lower values than the
switching currents. This hysteretic behaviour is another signature of underdamped
Josephson junctions. Starting in the running phase the particle’s inertia enables the
particle to overcome subsequent maxima. Retrapping currents at small but finite
current values may occur due to noise fluctuations. The switching and retrapping
transitions are indicated in figure 6.1 d).
In chapter 3.1 the properties of the phase dynamics of Josephson junctions are cat-
egorized as underdamped or overdamped, depending on the Steward McCumber
parameter βC = 2e

ℏ ICRNC being larger or smaller than 1, respectively. To explain
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Figure 6.1: Current-biased Josephson junction. a) shows a measured V(I)C at 50 µS.
Colours indicate different regimes of the phase state. b)-d) washboard
potential for different scenarios indicating the different regimes of the
phase states. b) indicates the phase particle in the predominantly
trapped state with occasional phase slips giving rise to the finite slope
in the V(I)Cs. c) shows the phase particle in the running phase. d)
displays the cross over scenarios for retrapping and switching events.

the observation of hysteretic behaviour, premature switching and phase diffusion
in the same junction the RCSJ model needs to be adjusted to capture frequency-
dependent damping.
The apparent contradiction of a junction that simultaneously shows underdamped

and overdamped properties has been resolved by R. L. Kautz and J. M. Martinis
[81] by the introduction of frequency-dependent damping. By adding an ad-
ditional RC-component to the existing RCSJ model the damping differs depending
on the frequency of the signal. In the predominantly trapped state the particle’s
movement is determined by frequencies in the order of magnitude of the plasma fre-
quency ωp. The frequency of the continuous motion of the particle does not have an
oscillatory contribution, i.e. the dominant frequency is close to zero. According to
this model, the junction’s quality factor Q becomes frequency-dependent and results
in much higher damping for high frequencies than for low frequencies (chapter 3.1,
figure 3.5 b)). This results in phase diffusion for the predominantly trapped par-
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ticle while the running particle experiences low damping which causes premature
switching and hysteresis. Frequency-dependent damping captures the properties of
the current-biased V(I)Cs.
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6 CHARACTERISTICS OF PRISTINE PB JOSEPHSON JUNCTIONS

6.3 Voltage-biased junctions

The transitions between states in the I(V)Cs in a voltage-biased junction are funda-
mentally different from the current-biased V(I)Cs as shown in figure 6.2 a). Different
regimes are indicated in green, blue and orange colors. At small applied voltages
a steep slope in the I(V)C is observed as indicated in geen in figure 6.2 a). High
currents are measured at these low voltage values indicate Cooper-pair-related tun-
neling events. A peak in the curve is reached at Vsw from where the tunneling of
Cooper pairs is prevented. A reduction of the current is indicated in orange as the
junction transitions to the high resistive state. A minimum is reached at finite volt-
age values Vre.
At first glance it is surprising that Cooper pairs may even tunnel when a voltage is
applied since it enforces a constant movement of the phase particle along the poten-
tial. In the absence of dissipation the junction directly transitions to the resistive
state as a consequence. As explained in chapter 3.2, coherent Cooper-pair tunneling
is not possible with an applied external voltage. However, Cooper-pair tunneling
has been observed for voltage-biased junctions in several experiments [35, 45, 84]
and has been explained by incoherent Cooper-pair tunneling in the absence of phase
coherence [47, 84] (see chapter 3.2).
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Figure 6.2: Voltage-biased Josephson junction. a) Measured I(V)C with an applied
voltage of the same 50 µS junction as in figure 6.1. Colours indicate
different regimes. b) P(E)-theory in the washboard potential picture.
Whenever energy is dissipated via the environment the phase particle
is trapped and Cooper pairs may tunnel (green curve). When there is
a voltage drop across the junction the phase is changing in time run-
ning down the potential landscape (blue). The ratio of occupancy of
the two states is determined by the probability with which the environ-
ment absorbs energy (P(2eV)). The average tilt of the potential gives
the measured current.
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The concept of incoherent Cooper-pair tunneling is based on the interaction of the
Josephson junction with the environment in junctions where EC >> EJ . The en-
ergy that is provided to the junction by the applied voltage is dissipated elsewhere
in the circuit allowing individual Cooper pairs to tunnel through the barrier. The
process depends on the probability to dissipate enough energy to allow for a Cooper
pair to tunnel and is commonly described by P(E)-theory [46, 47, 84, 85]. The
coupling to the electromagnetic environment is given by the impedance Z(ω) and
strongly depends on the details of the measurement setup.
P(E)-theory has been derived in chapter 3.2 and results in I(V)Cs that can be de-
scribed by

I(V ) = πeE2
J

ℏ
[P (2eV )− P (−2eV )] [46]. (6.2)

The probability function for Cooper-pair tunneling P (2eV ) takes the form

P (E) = 1
2πℏ

∫ ∞

∞
dt exp(4J(t) + i

ℏ
Et) (6.3)

where J(t) is the phase-phase correlation function and contains the information of
the environmental impedance. P (2eV ) gives the probability that the dissipated en-
ergy results in the transmission of a Cooper pair through the junction.
With increasing voltage a higher amount of energy ECP = 2eVb needs to be trans-
mitted to the environment for each tunneling Cooper pair. As derived in more detail
in chapter 3.2 the impedance determines the probability to tunnel Cooper pairs for
varying applied voltages. The higher the impedance the more energy can be dis-
sipated and Cooper pairs can tunnel for higher applied voltages. Accordingly, the
peak in figure 6.2 at Vsw is expected to shift towards higher voltages with increasing
impedance (see also figure 3.6).
An attempt to translate these characteristics into the washboard potential picture
is shown in figure 6.2 b). Biasing a junction with a voltage changes the control
mechanism of the tilted washboard potential picture. Instead of controlling the tilt
of the washboard potential by a current, the average velocity of the phase particle
is fixed by the external voltage. In the washboard potential picture a voltage drop
across the junction corresponds to a phase particle that continuously moves along
the potential landscape (ac Josephson effect see appendix A). Without a voltage
drop the phase particle remains in the trapped state. The idea of P(E)-theory is
that Cooper-pair tunneling is allowed as long as the energy applied to the system of
E = 2eV is dissipated to the environment elsewhere. Translating that to the wash-
board potential implies that the phase particle fluctuates between the running and
the trapped state. When the energy provided by the applied voltage is dissipated,
the particle is trapped and a Cooper pair can tunnel as depicted in the the green
curve of figure 6.2 b). When energy dissipation is not possible the particle goes into
the running state as shown in blue in figure 6.2 b). The ratio of occupancy of these
two states is determined by the probability function (P(2eV)) as described above.
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6.4 Interaction of Cooper-pair tunneling
processes with the environment

In the previous sections a Josephson junction discussed for the current- and the
voltage-biased case separately. While for the current-biased junction the wahsboard
potential provides a good explanation for the observed features, P(E)-theroy was
used to explain the I(V)Cs measured with a current bias. Both descriptions rely on
the interaction of the junction with the environment. In this section the two biasing
methods are compared for Josephson junctions that were formed with different STM
tip preparations which results in different noise levels.
In figure 6.3 the characteristics of two Josephson junctions from different preparation
are shown. Both junctions were measured with a current and a voltage bias to com-
pare the characteristic features. In figure 6.3 a) and b) the histograms of switching
and retrapping currents extracted from the current-biased V(I)Cs are presented for
2000 sweeps in the forward and backward sweep direction. The data was corrected
for a bias offset and piezoelectric creep as described in chapter 5.2. Immediately it
can be seen that the average switching currents differ significantly for the two data
sets. Since both junctions were measured at the same normal state conductance the
switching events are noise induced. The exact form of the tip apex influences the
noise level in the junction and thereby the extracted switching currents. The higher
the noise level in the junction the lower the switching current. Accordingly, the
junction with lower switching currents in figure 6.3 a) is considered to have a higher
noise level than the junction shown in figure 6.3 b) where the switching events occur
at higher currents.
Single V(I)Cs for each of the two junction are compared to the I(V)Cs of the voltage-
biased junction in figure 6.3 c) and d). Switching events are indicated by blue
symbols, diamonds for the voltage-biased junction and circles for the current-biased
case. Retrapping events are marked by orange symbols, again diamonds and circles
distinguish the voltage- and current-biased junction. In figure 6.3 c) the characteris-
tics of the junction with the higher noise level are shown. The switching currents are
much smaller for the voltage-biased junction (blue diamonds) in comparison to the
current-biased junction (blue circle) in this junction. Additionally, the slope of the
curve in the Cooper-pair tunneling regime in the current-biased junction corresponds
to a phase-diffusion conductance of about GPD= 100 µS while the conductance in the
voltage-biased junction is half as high with around G0 = 50 µS. The characteristics
of the junction with a lower noise level are shown in figure 6.3 d). The two curves
recorded with a current and voltage bias are much more similar. The phase-diffusion
conductance in the current-biased junction is determined to be around GPD= 130 µS
while the conductance in the Cooper-pair tunneling regime for the voltage-biased
junction is about G0 = 110 µS. The voltage-biased junction shows a lower conduc-
tance in the Cooper-pair tunneling regime than the current-biased junction for both
noise levels. However, the differences are much less pronounced in the junction with
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Figure 6.3: Two Pb-Pb Josephson junctions at 50 µS normal state conductance mea-
sured with tips from different preparations. The statistical analysis of
current-biased measurements is shown in the histograms in a) and b).
Absolute values of Isw are larger for the junction in b) which indicates a
lower noise level in that junction compared to the junction presented in
a). In c) and d) single voltage-biased I(V)Cs are compared to current-
biased V(I)Cs. Switching events are indicated by blue symbols and re-
trapping events by orange symbols. Diamond shapes indicate events in
the voltage-biased junction and circles are chosen for the events in the
current-biased junction.
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a lower noise level.
From the previous discussion a shift of the peak in the voltage-biased I(V)C to
higher voltages as well as the change in slope can be explained by an increase of
the probability to dissipate higher energies to the environment (see P(E)-theory in
chapter 3.2). Furthermore, it was discussed that in the current-biased junction the
slope in the phase-diffusion regime is dominated by noise fluctuations (see damping
properties in chapter 3.1). The difference between the voltage- and current- biased
measurements in figure 6.3 c) indicates that the influence of noise fluctuations on the
junction characteristics depends on the biasing method. At lower noise levels the
biasing methods yield much more similar results as shown in figure 6.3 d) compared
to the junction with a higher noise level in figure 6.3 c). Voltage-biased Josephson
junctions seem to be affected more strongly by an increasing noise level.
However aside from the noise level of the junction, the bias sweep rates can influence
the phase dynamics of the junction. Especially for the current-biased measurements
the sweep rate is expected to influence the observed switching events. Due to the
statistical nature of escape events the waiting time at each current value influences
the probability for a switching events to occur. While the current of the presented
measurements was swept with a high rate of 270 nA/s the voltage bias was swept
with a much lower rate of 2 mV/s. Investigating the influence of different sweep rates
on the characteristics of current- and voltage- biased measurements is an interesting
prospect for future investigations.

6.5 Normal state conductance dependence of
Josephson characteristics

One of the main advantages of forming Josephson junctions in an STM is the con-
trol of the junction conductance by simply changing the tip-sample distance. The
switching currents of current-biased Josephson junctions for varying normal state
conductances where extracted from 500 sweeps. In figure 6.4 a) the average switch-
ing currents and standard deviation for a range of normal state conductances are
shown for two sets of current-biased measurements with two different tip prepa-
rations. Both data sets show slightly different switching currents due to different
noise levels. For a strictly current-biased junction in the absence of noise fluctuations
switching currents are expected to scale with the critical current of the junction as
derived by V. Ambegaokar and A. Baratoff [78] as expressed in equation 3.3 and
explained in chapter 3.1. This is clearly not the case for the Josephson junctions
formed in an STM. The fits in figure 6.4 a) assume a quadratic dependence of
the switching current on the normal state conductance. According to equation 6.2
derived by P(E)-theory a quadratic dependence of the current on the Josephson
energy is expected for Josephson junctions that are strongly coupled to the envi-
ronment. The Josephson energy is directly proportional to both the critical current
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and thereby to the normal state conductance.
Extracting the phase-diffusion conductance GPD that is measured as the slope of
the V(I)-curves in the low-voltage regime shows that Isw and Ire depend linearly on
GPD for both data sets (figure 6.4 b)). The slope of Isw over GPD corresponds to
a characteristic voltage at which the junction switches to the resistive state. This
voltage reflects the average energy that the junction is able to dissipate before the
junction switches into the resistive state. The junction switches at the same voltage
value for all measured normal state conductances, i.e. the same amount of energy
is dissipated.

6.6 Frequency-dependent damping and
P(E)-theory

Previously we discussed the characteristics of the current and voltage-biased junc-
tions separately. The RCSJ model is well suited to explain the phase dynamics of
the current-biased junction while the P(E)-theory shows good agreement with the
voltage-biased characteristics. We also saw that both biasing methods may give
similar results when extracting switching and retrapping currents. The switching
currents are affected by the noise level in the junction, however, the voltage-biased
curve is influenced differently from the current-biased curve. In addition, we found
that the switching events of the current-biased junction follow a quadratic depen-
dence on the normal state conductance which is a strong indication that the junction
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Figure 6.4: Dependence of Josephson junction characteristics on the normal state
conductance. Two datasets of Josephson junctions at various normal
state conductances (set point current at 10 mV) were recorded with
different tip preparations. In a) the dependence of the switching cur-
rents on the normal state conductance shows a quadratic dependence.
Plotting the switching and retrapping currents over the phase-diffusion
conductance in b) shows a linear dependence.
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couples to an environmental impedance.
The treatment of the voltage-biased curve with P(E)-theory was explained in the
washboard potential picture. It is assumed that the junction constantly fluctuates in
and out of the Cooper-pair tunneling state depending on the possibility to dissipate
energy to the environment. This effect results in an average tilt of the washboard
potential picture that corresponds to an average current that is measured at finite
voltages. In the current-biased junction energy is dissipated via damping in the
phase-diffusion regime in the washboard potential picture. In this case the energy
is also dissipated to the environment.
For a better understanding of the mechanisms that dominate the phase dynamics
in the junction an equivalent circuit of our measurement setup is shown in figure
6.5. In this circuit we include the wire impedance by an RWCW -link in the bias line
which we call ZW (ω). Additionally we include another RSCb-component that gov-
erns frequency-dependent damping as suggested by R. L. Kautz and J. M. Martinis
[81] for current-biased junctions in parallel to the junction (Zf (ω)). A large resistor
RB is included in the bias line which can be bypassed by a switch. A current bias
is achieved by opening the bypass switch.
Including RB in the circuit affects the properties of the circuit significantly. For the
current-biased junction the resistance of the wires RW is negligible compared to the
series resistor RB. However the parallel RSCb-component in parallel to the junction
strongly influences the outcome. As described in chapter 6.2 this component causes
the damping of the junction to be frequency dependent and thereby explains the
observed features of the V(I)Cs. The RSCb-component can be regarded as a way to
interchange energy with the environment in the current-biased junction.
On the other hand, in the voltage-biased junction, RW dominates the impedance
of the bias line. The parallel components, however, do not influence the voltage
drop at the Josephson junction. The line impedance is responsible for the energy
dissipation before reaching the Josephson junction itself.
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Figure 6.5: Equivalent circuit of the measurement setup including the impedance of
the wires ZW (ω) and the impedance of the electromagnetic environment
of the junction Zf (ω).
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CHAPTER 7

HIGH FREQUENCY IRRADIATION OF
JOSEPHSON JUNCTIONS

High frequency (HF) irradiation was applied to the STM Josephson junctions by
an antenna located near the junction. Frequencies (ωr) between 30 and 40 GHz
were applied. As discussed in chapter 3.3 voltage-biased STM junctions absorb
energy from the irradiation by photon-assisted tunneling. Tunneling charge carriers
absorb photons from the HF-field, opening additional discrete tunneling channels.
This results in a splitting of the peaks of the dI/dV spectra as resonance conditions
are met when the energy difference across the junction matches the energy of the
photons generated by the HF-field (eVdc,bias = nℏωr). Several photons n can be
absorbed as the amplitude of the irradiation increases.
It has been shown that the process of photon-assisted tunneling can be reproduced
accurately by the model of P. K. Tien and J. P. Gordon [49]. For Josephson junctions
the model is adjusted to transfer particles with a charge of 2e instead of one electron
(see chapter 3.3 and [50, 51]). In chapter 5.3 it has been shown that this model is
well suited to simulate the splitting of the coherence peaks as well as the resonances
due to Andreev reflections and Cooper-pair tunneling [52].
It was discussed in chapter 3.3 that if there is phase coherence across the Josephson
junctions Shapiro steps instead of photon-assisted tunneling are observed. Shapiro
steps are resonant excitations of the time-dependent phase difference across the
junction. As discussed in the chapter 6 the voltage- and current-biased junction
differ in their interaction with the environment and show differences in their phase
dynamics.
This chapter aims at understanding the interaction of the HF-field with the current-
biased Josephson junctions as well as the differences compared to voltage-biased
Josephson junctions in the presence of HF irradiation. First the theoretical concepts
of photon-assisted tunneling and Shapiro steps will be revisited. Subsequently, the
experimental findings for a current-biased junction at 60 µS with HF irradiation of
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40 GHz are presented. For experimental details and the data analysis see chapter
5.3. The current-biased spectra are compared to measurements that were performed
in parallel with a voltage bias.

7.1 Concepts of photon-assisted tunneling and
Shapiro steps

The excitations of Josephson junctions under the influence HF irradiation were ex-
plained in detail in chapter 3.3. It was found that incoherent absorption of photons
by the tunneling charge carrier results in photon-assisted tunneling while the reso-
nant interaction of the phase particle with the electromagnetic environment results
in Shapiro steps. Here, the relevant physical picture to understand the experimental
results is briefly summarized again.

Photon-assisted tunneling of Cooper pairs
Photon-assisted Cooper-pair tunneling processes treat Cooper pairs as individual
particles with twice the electron charge that absorb or emit photons from the HF-
field during the tunneling process. It is assumed that the timescale of subsequent
tunneling events is much larger than the phase coherence time. The model of P.
K. Tien and J. P. Gordon for single-electron processes suits Cooper-pair tunneling
events by assuming particles carrying twice the electron charge [50, 51]. Additional
tunneling channels are accessible as a discrete number of photons is absorbed. The
amplitude of the HF irradiation determines the number of photons that can be
absorbed by the junction. According to the Tien-Gordon equation for Cooper pairs
the measured current is modelled by

I(t) =
∑

n

J2
n(2eVac

ℏωr

)I0
qp(V + nℏωr

2e ). (7.1)

Steps in the measured current occur whenever the voltage bias corresponds to mul-
tiples of the photon energy (2eVdc,n = nℏωr). The square of the Bessel-functions
(Jn) determines the height of the current steps. It has been shown that the mea-
sured dI/dV curves in dependence of the irradiation amplitude can accurately be
reproduced by this model (see chapter 5.3)[86].

Shapiro steps in Josephson junctions
Shapiro steps consist in sharp resonances whenever the Josephson frequency (ωJ =
2e
ℏ V (t)) matches multiples of the modulation frequency nωr = ωJ . The Josephson
frequency corresponds to the velocity of the phase particle following the periodicity
of the washboard potential. In the V(I)Cs the resonances are observed as plateaus
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at discrete voltage values of Vdc,n = nℏωr

2e
. Resonance conditions are met for integer

values of n which is equivalent to the number of periods in the washboard over
which the phase particle is resonantly excited. As has been found in chapter 6 the
phase dynamics in a Josephson junctions are influenced by the interaction of the
junction with the environment. In this section voltage and current- biased junction
are treated separately. For the current-biased junction different damping regimes
inlfuence the observation of Shapiro steps
When a voltage-biased junction is modulated by an ac-signal the time dependent
voltage takes the form

V (t) = Vdc,bias + Vac cos(ωrt) = 2e
ℏ
dϕ

dt
(7.2)

with the HF amplitude Vac and frequency ωr. This results in a complex expression
for the time dependent phase difference:

ϕ(t) = 2e
ℏ

(Vdct+ Vact

ωr

sin(ωrt) + ϕ0) (7.3)

With the dc Josephson equation I(t) = IC sin(ϕ(t)) the current-voltage characteris-
tics can be expanded by Bessel functions (Jn(x))). Solving the equation results in
current steps at discrete voltage values at Vdc,n = nℏωr

2e
. The current can take values

between Iqp − ICJn(nVac

Vdc
) < I(Vdc,n) < Iqp + ICJn(nVac

Vdc
) for each voltage value,

where Iqp corresponds to the quasiparticle current and IC the critical current of the
junction.
With a dc current bias Idc,bias applied to the junction, the external HF-field mod-
ulates the signal by I(t) = Idc,bias + Iac sin(ωrt). In the washboard potential picture
this corresponds to a periodic modulation of the washboard potential’s tilt with the
frequency ωr and amplitude Iac. Resonances appear when the HF frequency matches
the Josephson frequency of the moving phase particle, effectively locking the speed
of the phase particle to multiples of the potential’s periodicity. Experimentally, this
results in measuring resonances at discrete voltage values of Vdc,n = nℏωr

2e
. Depend-

ing on the amplitude of the HF irradiation the number of available resonances n
varies as the particle may resonantly be excited over several maxima of the wash-
board potential landscape.
In chapter 3.3 Shapiro steps in a current-biased junction were discussed in the two
scenarios of over- and underdamped junctions. In figure 7.1 the expected V(I)Cs for
the two cases are presented.
In the noise-free current-biased overdamped junction the particle in the trapped
state cannot be excited resonantly as the phase has no preferential direction. When
the applied dc current reaches Ib = Isw−Iac the junction switches to the resistive
state due to the ac modulation. As soon as the phase particle is able to escape
the potential minimum the voltage increases with increasing current bias which now
allows the junction to reach resonant conditions at Vdc,n. This results in voltage
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plateaus at increments n of ℏωr

2e
in the normal state V(I)C of the junction, shown in

the blue curve of figure 7.1.
Noise induces escape events that lead to phase diffusion in the otherwise trapped
state in overdamped junctions. When the resulting average voltage meets the reso-
nance conditions a voltage plateau occurs for an increasing applied current.
Assuming an underdamped junction the discrete resonant excitations of the
phase particle induced by the HF-field are equally stable for any applied current
below Isw as the system does not loose energy due to damping. The phase par-
ticle may assume any discrete velocities that are within the resonance conditions.
Experimentally, the system transitions sharply between discrete voltage resonances
as shown in the red curve in figure 7.1. The history of the system determines the
resonance of the phase particle, i.e. the inertia of the phase-particle determines its
velocity within the HF-field. That means that for each applied current the measured
voltage can take values of Vdc,n with n depending on the HF amplitude. This causes
hysteretic behaviour between sweep directions of the current bias as the transition
between steps depend on the previous state. These transitions are also subject to
statistical influences.

overdamped

underdamped

0 1 2 3

0.3

0.2

-0.1

0.1

0.0

Figure 7.1: Shapiro steps in an overdamped and underdamped current-biased junc-
tion. The overdamped junction corresponds to the blue curve and the
underdamped junction to the red curve. Both curves show steps at the
same voltage values. For the overdamped junction the transitions are
well defined as the voltage increases gradually until another resonance
condition is met. For the underdamped junction multiple resonances
are available for the same current bias values. The transitions between
resonances are not well defined and depend depend on the history of the
system. Adapted from [77].
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7.2 Resonances in current-biased Josephson
junctions

A Pb-Pb Josephson junction at 60 µS normal state conductance was investigated
under 40 GHz HF irradiation. More data on junctions with varying HF frequencies
are summarized in appendix C. In figure 7.2 exemplary V(I)Cs are shown for varying
amplitudes of the HF-field. The presented curves are averaged over 100 sweeps to
capture the statistics of the events.
In figure 7.2 a) the V(I)C in the absence of irradiation is shown. The character-
sitics of the junction change significantly as soon as the HF irradiation is applied.
In figure 7.2 b) the V(I)C under HF irradiation for a small amplitude is shown.
Immediatly a reduction of the switching current and an increase of phase diffusion
in the Cooper-pair tunneling regime is observed in comparison to the junction in
the absence of irradiation. At the same time the absolute values of the retrapping
currents increases effectively reducing the observed hysteresis between biasing direc-
tions. These are effects that can be explained by an increase of the noise level in the
junction and indicate that escape events are enabled by the incoherent absorption
of energy from the HF-field.
Upon further increasing the HF amplitude two resonances appear at positive and ne-
gaitve voltage values as shown in figure 7.2 c). In a current-biased junction a step in
the V(I)C marks the transitions between discrete voltage resonances at Vdc,n = nℏωr

2e
,

with n depending on the amplitude of the HF irradiation. The current value at which
the junction transitions between voltage plateaus depends on the direction of the
applied current, i.e. a hysteresis of the step is observed with respect to the sweep
direction. Additionally, it is observed that the plateaus at finite voltage are not
flat as expected for coherent absorption of the HF irradiation in a current-biased
Josephson junction but have a finite slope. The observed slope on the plateaus is
related to the incoherent interaction with the environment resulting in additional
escape events causing phase diffusion.
The voltage values of the observed plateaus appear to increase continuously with
increasing amplitude (figure 7.2 c)-e)). This indicates that transitions between volt-
age resonance with higher values of n occur. In figure 7.2 f) second resonance is
observed at zero voltage. The transitions between the voltage resonances still show
hysteretic behaviour.
As the amplitude further increases, more voltage plateaus are observed with higher
increments of n. Four plateaus are recognizable in figure 7.2 g) and five plateaus in
figure 7.2 h). However, the transitions show less and less hysteresis until it vanishes
completely.
Single V(I) curves as presented in figure 7.2 can be summarized in a stacked color

plot as shown in figure 7.3. The two sweep directions are plotted individually in
figure 7.3 a) and b). for an increasing amplitude of the HF irradiation. To high-
light the transitions between the voltage plateaus the derivative of the V(I) curves
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Figure 7.2: Example I(V)Cs for different HF amplitudes at 40 GHz of a 60 µS Joseph-
son junction set at 10 mV. The curves show the average of 100 sweeps to
capture the statistics of the process. The spectra were chosen to high-
light the hysteresis that is observed for the HF induced steps as well as
the switching currents.
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Isw,- Ire,+ Ire,- Isw,+

a) b)

c) d)

e) f)

Figure 7.3: 2D-colormaps of current-biased Josephson junctions irradiated by
40 GHz irradiation. a) and b) show a stacked color plot of the V(I)Cs
for decreasing and increasing current sweeps, respectively. To highlight
the voltage steps occurring in the spectra a the derivatives of the same
data is shown in c) and d). In e) and f) guides to the eye are added for
the steps occurring with increasing amplitude.
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7 HIGH FREQUENCY IRRADIATION OF JOSEPHSON JUNCTIONS

is plotted in figure 7.3 c) and d).
Guides to the eye are included in figure 7.3 e) and f). With increasing HF ampli-
tude the values of switching currents start to continuously decrease for both sweep
directions while the retrapping currents increase. Consequently, the difference be-
tween switching and retrapping currents becomes less pronounced until it vanishes.
Once both events happen at similar current values they start shifting towards larger
current values as the HF amplitude increases and eventually smear out. The disap-
pearance of the hysteresis can be a result of an increasing noise level in the junction.
As the first resonance appears in figure 7.3 hysteresis for the transition between
voltage steps is observed as a curvature in opposite directions for the forward and
backward sweep. The spectra become more symmetric as the amplitude increases.
Hysteresis indicates the presence of phase coherence in the junction. In the wash-
board potential picture the inertia of the phase particle results in the direction
dependence of the transition between resonances. As described in the beginning
of this chapter hyseresis is observed for underdamped junctions. Additonally, zero-
voltage crossings are observed in the V(I)Cs in figure 7.2 c) to e), i.e. the transition
between resonances occurs at slightly positive current values for the upwards sweep
while the transition of the downward sweep happens at slightly negative values. In
literature these kinds of steps are known as zero-crossing steps and are observed in
underdamped Josephson junctions [6, 87, 88].
The hysteretic transition between resonances indicates phase coherence and is ex-
pected to be observed in underdamped Josephson junctions. At the same time
however, the voltage resonances are not sharp and show signs of phase diffusion as
explained above. Phase diffusion is related to the incoherent absorption of energy
from the electromagnetic environment. It is found that phase diffusion increases with
increasing irradiation frequency and at the same time switching currents reduce and
retrapping currents increase. These features can be correlated to an increasing noise
level in the junction and indicate incoherently tunneling Cooper pairs.
Similar effects have been observed in literature. T. F. Q. Larson et al. [103] inves-
tigated current-biased graphene-based Josephson junctions and observed hysteretic
zero-crossing steps. Y. Koval et al. [104] observed Shapiro steps at the same time
as phase diffusion in Nb/AlOx/Nb Josephson junctions. They observed an enhance-
ment of the phase diffusion by the application of the electromagnetic field while at
the same time resonances with a finite slope appeared.
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7.3 Comparison of voltage- and current-biased
junctions under HF irradiation

In chapter 6 we discussed differences between the voltage- and the current-biased
characteristics of STM Josephson junctions. The phase dynamics of the junctions
are influenced differently by external fluctuations. It was suggested that while for
the voltage-biased junction the in-line impedance dominates the characterisitcs of
the junction while the parallel impedance is more relevant for the current-biased
case.
Previous experiment have shown photon-assisted tunneling in voltage-biased STM
Josephson junctions. The measured data is well reproduced by the adjusted model
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Figure 7.4: HF irradiation of the voltage-biased Josephson junction at 60 µS. a)
shows a comparison of the voltage- and current- biased junction in the
absence of HF irradiation. b) and c) show the color plots of the voltage-
biased dI/dV spectra with increasing HF amplitude at 40 GHz irradia-
tion. b) shows the whole superconducting gap and the splitting of the
coherence peaks, Andreev reflections and Josephson peak. c) is a zoom-
in on the Josephson peak displaying the resonances in more detail. White
dashed lines indicate the resonances with V = nℏωr

2e
.
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7 HIGH FREQUENCY IRRADIATION OF JOSEPHSON JUNCTIONS

by P. K. Tien and J. P. Gordon as has been shown in chapter 5.3. In this section the
behaviour of current- and voltage-biased Josephson junctions under the influence of
HF irradiation are compared.
As the current-biased junction in the presence of HF irradiation was already de-
scribed in detail in the previous section we will focus first on the voltage-biased
junction under the influence of HF irradiation. In figure 7.4 a) the stacked color
plot of the full-range dI/dV spectra recorded on the junction with 60 µS normal
state conductance is shown. The coherence peaks, the Andreev reflection peaks and
the Josephson peak split with increasing HF amplitude. It was already discussed in
chapter 5.3 that the peaks all split in accordance with the Tien-Gordon model when
taking into account the number of tunneling particles. A zoom-in on the Josephson
peak reveals the splitting of the zero-voltage peak with a spacing of Vdc,n = n ℏ

2e
ωr

(white lines in figure 7.4 c)).
To compare these resonances to the spectra obtained with an applied current bias,

selected curves for both biasing methods are presented in figure 7.5. The orange
dashed lines indicate the spectra that were chosen for the comparison in the stacked
color plots of the voltage- and current- biased junction (figure 7.5 a) and b), respec-
tively). The discrete values of nℏωr

2e
are indicated by white lines in figure 7.4 a). The

first resonance is clearly seen in figure 7.5 c) for both current- and voltage- biased
junction. The switching current is still slightly reduced for the voltage-biased junc-
tion in comparison to the current-biased junction. At the first resonance at ±ℏωr

2e
a

step occurs in both current and voltage bias similarly.
As the amplitude increases, the next resonance appears at ±2ℏωr

2e
(figure 7.4 d)).

With both biasing methods a zero-crossing step is observed as the voltage stays
positive (negative) when the current reverses sign from positive (negative) to nega-
tive (positive). In the current-biased junction this results in the observed hysteresis
between forward and backward sweep while for the voltage-biased junction this re-
sults in a non-monotonic behaviour of the curve between the two steps as observed
in figure 7.5 d). It also seems that the slopes of the individual steps differ slightly
for the two biasing methods. As observed already in figure 7.4 a) the slope in the
low-voltage state of the junction is governed by different impedances for the current-
and voltage- biased measurements. The same seems to apply the slope of the curves
under HF irradiation.
For higher applied current and voltage biases the curves do not completely over-
lap which is a bit surprising as no differences between current- and voltage- biased
measurements are expected outside of the Cooper-pair tunneling regime. It may
be an artefact of the current biasing method as the junction resistance at these
values becomes closer to the bias line resistor. Other than that the current and
voltage-biased curves in figure 7.5 e)-h) are all quite similar as the HF amplitude is
increased further and more steps appear at the expected voltage values. The only
difference being the hysteresis in the current-biased steps that is not reproduced by
the voltage-biased curves.
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Figure 7.5: Comparison of I(V)Cs and V(I)Cs of the 60 µS junction for different HF
amplitudes at 40 GHz. a) and b) show the color plots of the voltage-
biased dI/dV spectra and the derivative of the current-biased spectra
respectively in dependence of the HF amplitude. Orange lines indicate
the location for which example spectra are plotted below in c) to h).
White lines indicate Vdcn = n ℏ

2e
ωr with n = 1...8. Spectra were selected

to highlight the steps within the spectra. c) to h) show examples of
current- and voltage- biased characteristics for comparison. Dashed lines
indicate Vdcn while the solid lines highlight the step voltage for the chosen
amplitude.

109



7 HIGH FREQUENCY IRRADIATION OF JOSEPHSON JUNCTIONS

The fact that the I(V)Cs and V(I)Cs behave quite similarly when the HF is ap-
plied indicates that the occurrence of the steps is not an effect of phase coherence
across the Josephson junction. Since the model of P. K. Tien and J. P. Gordon
results in a good agreement with the measured data, incoherent photon-assisted
tunneling of Cooper pairs is the most likely source of the observed steps. However,
the hysteretic behaviour of the current-biased junction indicates a phase correlation
between tunneling events. This together with the slightly different slopes observed
for the individual steps indicates that there might be some phase coherence that is
strongly masked by the noise within the junction. The timescales of this coherence
is probably very short lived and can only be observed with a free running phase as
provided by the current-biased junctions.
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CHAPTER 8

MAGNETIC ADATOMS IN JOSEPHSON
JUNCTIONS

Most of the results presented in this chapters are published in:

Martina Trahms, Larissa Melischek, Jacob F. Steiner, Bharti Mahendru, Idan
Tamir, Nils Bogdanoff, Olof Peters, Gaël Reecht, Clemens B. Winkelmann, Felix
von Oppen and Katharina J. Franke,
"Diode effect in Josephson junctions with a single magnetic atom",
Nature 615, 628-633 (2023).
https://doi.org/10.1038/s41586-023-05743-z [1].

The original data and self-written Python routines used for the analysis can be found
in [102].
As discussed in chapter 2.3 magnetic adatoms on a superconducting surface induce
YSR states. Figure 8.1 a) and c) show dI/dV spectra measured on single Cr and
Mn adatoms. For both atoms three different YSR states can be resolved in STM
experiments (indicated by greek letters). Potential scattering results in electron-
hole asymmetry and causes different intensities of the peaks for electron and hole
tunneling processes on the positive and negative bias side. By approaching the tip
to the surface of the substrate the normal state conductance of the junction can be
controlled. At a normal state conductance of 50 µS the dI/dV spectrum of pristine
Pb-Pb junction shows multiple Andreev reflections as displayed in the background
of figure 8.1 b) and d). In the presence of YSR states, additional multi-particle
tunneling processes become available. The following processes occur but cannot be
assigned unambiguously due to the finite energy resolution of the experiments:

• Andreev reflections by the coherence peaks at EA = 2∆/n (n > 2...)

• resonant Andreev reflections at EA,resonant = ϵYSR + ∆

• Andreev reflections through YSR states at EA,YSR = ϵYSR
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Figure 8.1: dI/dV spectra recorded on single Mn and Cr adatoms in the up config-
uration on the Pb(111) surface for high and low junction conductances.
YSR states are indicated by α, β and γ. In the background reference
measurements on a pristine Pb-Pb junction are shown. In a) and c) single
electron tunneling processes are dominant at a normal state conductance
of GN = 0.125 µS for Cr and Mn adatoms, respectively. Asymmetric in-
tensities of the peaks are observed in both spectra due to electron-hole
asymmetry. In b) and d) dI/dV spectra at 50 µS are shown where mul-
tiple particle tunneling processes play a major role. Andreev reflections
cause additional peaks. The asymmetry of the intensity is still present
though the weight is distributed differently due to resonant Andreev
reflections through the YSR states. Reproduced from [1].
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Figure 8.2: Exemplary V(I)Cs at GN = 50 µS measured on a) Cr and b) Mn. Sweep
directions are indicated by arrows and switching and retrapping events
by blue and green symbols, respectively. The slope in the phase-diffusion
regime is marked by a yellow dashed line. Reproduced from [1].
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Figure 8.3: Exemplary histograms of switching and retrapping events at GN = 50 µS
measured on a) Cr (2000 sweeps) and c) Mn (500 sweeps) and their
respective reference measurement on a pristine Pb junction shown in b)
and d). For better visibility the absolute current values are shown and
different colors to distinguish the positive bias values from the negative
bias values. Asymmetric retrapping currents are observed. Reproduced
from [1].
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• Cooper-pair tunneling peak at E = eVb = 0

Resonant Andreev reflections through YSR states cause a reversal of the intensities
weights for the YSR state energies at positive and negative bias upon increasing the
junction conductance. For more details see Peters et al. [52].
Here we focus on the Josephson peak at zero bias where Cooper pairs tunnel directly
through the STM junction. Josephson spectroscopy was performed by applying a
current bias and measuring the voltage across the junction at high normal state con-
ductances as explained in chapter 5. Exemplary V(I)Cs are presented in figure 8.2
on Cr and Mn adatoms. The switching and retrapping events are indicated by blue
and green symbols. The phase-diffusion conductance was derived from the slope at
low currents indicated by the yellow dashed line.
As discussed previously, the switching and retrapping currents are statistical events
and highly influenced by noise. For that reason, 500 sweeps were recorded on Mn
and 2000 sweeps on the Cr adatom and their Pb reference in both sweep directions.
To discuss the influence of the magnetic impurities on the Josephson junction’s
properties switching and retrapping currents were extracted from the single V(I)Cs
and and the resulting histograms are shown in figure 8.3. For these histograms no
creep correction was performed which leads to a broad distribution especially for
the longer measurement of 2000 sweeps on Cr (for details see chapter 5.2).
In chapter 6 the characteristic features of the V(I)Cs especially regarding switching
and retrapping events as well as phase diffusion were discussed for pristine Pb-Pb
junctions. The switching currents in the presence of magnetic adatoms are reduced
in comparison to the pristine junctions at the same normal state conductances as
can be seen by comparing figure 8.3 a) to b) and c) to d). In addition to that, an
asymmetry of switching and retrapping events with respect to the current sweep
direction is observed in the presence of the magnetic adatoms. This non-reciprocity
is particularly pronounced in the retrapping currents, though small differences are
also observed in the average switching events. The origin of this non-reciprocity will
be discussed in detail in the following sections. First we will focus on comparing the
switching currents of the pristine junctions to the switching currents of junctions
containing magnetic adatoms.
Due to piezoelectric creep the junction conductance changes over time as the statis-
tics are recorded for several minutes broadening the histograms (see chapter 5.2).
While we cannot determine the normal state conductance between measurement
sweeps, we can measure the phase-diffusion conductance for each individual V(I)C.
The phase-diffusion conductance is correlated to phase slips caused by the noise fluc-
tuations. The strength of the phase-diffusion conductance depends on the amount
of noise and the height of the potential maxima in the washboard potential picture.
High noise levels and low potential maxima result in more phase slips and a re-
duction of the phase-diffusion conductance. The normal state conductance directly
influences the Josephson energy and by that the height of the potential maxima.
For that reason, the phase-diffusion conductance helps us keep track of changes in
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the normal state conductance over time.
The extracted switching currents are plotted over the phase-diffusion conductance
in the presence of Mn and Cr adatoms and are compared to the reference measure-
ments on the pristine Pb-Pb junctions in figure 8.4. A linear dependence between
phase-diffusion conductance and switching currents is observed for the Josephson
junctions. The phase-diffusion conductance GPD and switching currents Isw are re-
duced in the presence of magnetic atoms compared to the reference measurement on
pristine Pb junctions at the same normal state junction conductance. The observed
linear dependence in these curves indicates that all junctions switch at similar crit-
ical voltages for identical STM tips.
One of the reasons for the reduction of Isw and GPD consists in a local disturbance of
the superconducting order parameter by the coupling of the magnetic moments to
the superconducting condensate. Another reason for the enhanced phase diffusion
may be an increase of the noise level induced by single particle scattering processes
induced by the YSR states of the magnetic adatom. A higher noise level increases
the probability for escape events to occur and also cause a reduction of the switching
currents.
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Figure 8.4: Switching currents Isw for Josephson junctions on a) Cr and b) Mn atoms
in dependence of the phase-diffusion conductance GPD in comparison
to pristine Pb-Pb junctions . Normal state conductances were set up
between 25 µS and 50 µS. GPD and Isw are suppressed in the presence of
magnetic adatoms. Reproduced from [1].
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8.1 Josephson characteristics in proximity to Mn
adatoms

As discussed in the previous section, magnetic adatoms in a Josephson junction
reduce the switching currents of the V(I)Cs. In chapter 4.3 dI/dV maps of the Cr and
Mn are shown. The lateral extension of the YSR states stems from the anisotropic
crystal field of the Pb(111) surface that lifts the degeneracy of the unpaired d-
orbital electrons of the magnetic atoms. As has been explained in chapter 4.3, the
YSR states of Mn on Pb extent laterally, displaying the orbital configuration of the
magnetic moments. Here, we investigate if the spatial extent of YSR states can be

0 1 2
Distance from Mn [nm]

2

4

6

|C
ur
re
nt
|
I s
w
,I
re

[n
A
]

Mn

PbPb on YSR
Pb off YSR

switch
ing curren

ts

retrapping currents

-2.20 mV

-2.20 mV 1.53 mV

1.53 mV

Pb

Mn

a) b) c)

e)

f) g)

d)

Vbias [mV]
- 4 - 3 - 2 - 1 0 1 2 3 4

-0.5

0.0

0.5

1.0

1.5
-

-

-

Pb
Mn

2

dI
/d
V
[μ
S]

Figure 8.5: A Pb atom was manipulated to different locations around a Mn adatom
as depicted in the topographic image in a). Two different Mn adatoms
were investigated and the dI/dV maps are shown for each in figure b),
c) and d), e) for two of the YSR peaks as indicated in the dI/dV spec-
trum in f). Circles indicate positions in which Josephson characteristics
were recorded on the Pb atom. Colours distinguish if the atom was posi-
tioned on top of the YSR extension branch (red) or in-between branches
(green). In g) the resulting switching and retrapping currents are plotted
in dependence of the distance between Pb and Mn atom.

116



8.2Non-reciprocity of retrapping currents

resolved in Josephson spectroscopy.
The presence of single magnetic atoms stabilizes the junctions at high conductances
(see chapter 4.3). A single Pb atom was manipulated to different locations in close
proximity to the Mn atom to measure the local variations of Josephson spectroscopy
as indicated in figure 8.5 a). In figure 8.5 b) - e) the dI/dV maps for the YSR state
energy are presented for two different Mn atoms on the Pb(111) surface. The YSR
state energies were determined by the spectrum shown in 8.5 g). Circles of different
colors indicate the location at which measurements were performed, red and green
colors indicate if the location was considered to be on a YSR branch or in-between
branches, respective.
The average switching and retrapping currents for the positions around the two
presented atoms are summarized in figure 8.5 f). Within the resolution of our
measurements there is no visible influence of the measurement being taken on a
YSR branch or not. A slight reduction of the switching currents can be observed
with decreasing distance between Pb and Mn atoms. From figure 8.5 f) the area
of influence of the Mn atom on the Cooper-pair condensate of around 1 nm can
be roughly estimated. This is in agreement with the Fermi wavelength that was
was estimated from the periodicity of the scattering patterns observed for Mn on
Pb(111) by M. Ruby et al. [40]. The resolution of the presented data is limited by the
adsorption site of the Pb atoms next to the Mn adatom. A direct correlation between
the single-particle scattering processes of electrons and holes to the reduction of
switching currents of the Josephson junction cannot be made with a high degree of
certainty.

8.2 Non-reciprocity of retrapping currents
The histograms in figure 8.3 show that the absolute values of the retrapping currents
of junctions in the presence of magnetic atoms depend on the sweep direction of the
current bias. The asymmetry is observed in exactly opposite directions for junc-
tions containing Cr and Mn atoms. Furthermore, it is completely absent in Joseph-
son junctions that feature a non-magnetic Pb adatom. In figure 8.6 the extracted
switching and retrapping currents are shown in dependence of the phase-diffusion
conductance. The switching currents do not show as significant an asymmetry as
the retrapping currents.
The non-reciprocal behaviour of the junction’s retrapping current is clearly shown in
figure 8.7 were the difference of the retrapping currents of different sweep directions
∆Ire = Ire,+ − |Ire,-| is presented in dependence of GPD. Figure 8.7 a) clearly shows
that for Cr the retrapping currents on the positive bias side are larger while for the
Mn atom the retrapping current on the negative bias side has the larger value. In
comparison, the reference measurements on the pristine Pb junction do not show
any asymmetry at all.
The asymmetric behaviour of retrapping currents has been observed in several ex-
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Figure 8.6: Switching and retrapping events in the presence of magnetic adatoms.
In a) and b) switching and retrapping currents for Cr a) and Mn b) are
presented in dependence of GPD. Each point represents the average over
100 sweeps, the values change systematically over time due to piezoelec-
tric creep. In both cases a clear asymmetry of the retrapping currents is
visible. Reproduced from [1].

periments using different tip and sample preparations. The results for these mea-
surements are summarized in figure 8.7 c) and d) for Cr and Mn, respectively. The
same trends are observed for all of these experiments while the reference measure-
ments on the pristine junctions do not show any asymmetry. Quantitatively the
exact values of retrapping and switching currents depend on the noise level within
the junction which may change between preparations. Some of the data with less
pronounced asymmetries can be attributed to a change of the adsorption site of the
magnetic atom by the forces acting between tip and sample.
The retrapping events mark the transition from the resistive to the predominantly
trapped state of the junction. In the washboard potential picture the phase particle
in the running state is recaptured in a minimum for a specific tilt of the potential
landscape. The damping of the particle particle is determined by the resistance of
the junction in the running state. The tilt of the washboard potential for which
the particle is retrapped strongly depends on the inertia of the phase particle and
its damping just before it is retrapped. The inertia is determined by the damping
properties of the junction. In figure 8.8 the effect of damping on the junction is
shown schematically in the washboard potential picture. The shape of the gray
spikes indicate the asymmetric damping properties when the applied current tilts
the potential in opposite directions.
To explain this difference in damping the YSR states that are induced by the mag-
netic adatoms need to be considered in detail. The damping of the Josephson
junction is equivalent to the conductance of the junction in its resistive state. As
discussed in chapter 2.3 and shown in figure 8.1 the dI/dV spectra become highly
asymmetric with respect to their intensity in the presence of YSR states. Potential

118



8.2Non-reciprocity of retrapping currents

a) b)

0 50 100 150 200
GPD [μS]

0.50

0.25

0.00

0.25

0.50

|I r
e,
+|
−
|I r
e,
−|
[n
A
] Pb

Cr
Mn

(1) reference Mn
(2) reference Cr

(2)

(1)

0 0.5 1.0 1.5 2.0 2.5
|Vbias| [mV]

0

25

50

75

100

|I|
[n
A
]

Cr+
Cr−
Mn+
Mn−

c) d)

0 50 100 150 200
GPD [μS]

0.0

0.2

0.4

0.6

|I r
e,
+|
-|
I re
,−
|[
nA
]

Tip1
Tip 2
Tip 3

Tip1
Tip 2
Tip 3

Cr Pb

0 50 100
GPD [μS]

0.6

0.4

0.2

0.0

0.2

|I
re
,+
|
-|
I re
,−
|[
nA
]

Tip 2
Tip 1

Tip 3
Tip 4
Tip 5

Tip 2
Tip 1

Tip 3
Tip 4
Tip 5

Mn Pb

150 200

Figure 8.7: Non-reciprocity in the presence of Mn and Cr adatoms. In a) the asym-
metry of Ire for Cr and Mn in comparison with the reference Pb-Pb
junction is shown. The asymmetries are established in opposite direc-
tions for Cr and Mn and are absence in Pb. b) shows the I(V)Cs on a
larger scale measured in voltage bias. An asymmetry of the measured
currents on the positive and negative bias sides are observed. The non-
reciprocity of the retrapping currents is observed in several data sets
with STM tips from different preparations as shown in c) and d) for Cr
and Mn, respectively. Though the quantitative value is affect by noise
and varies between measurements, the diode effect is observed regardless
of the specific setup. Slight variations may occur if the adsorption site
of the atom was not sufficiently stable. Reproduced from [1].
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8 MAGNETIC ADATOMS IN JOSEPHSON JUNCTIONS

scattering in the presence of the magnetic adatoms results in different tunneling
probabilities for electrons and holes into the YSR states. This asymmetry is partic-
ularly strong for the lowest lying energy state in both cases of Cr and Mn adatoms
(figures 8.1 a) and c)). The intensity weights are higher for opposite polarities of the
applied voltage for the two types of atoms. For Cr the peak on the positive side is
much larger than on the negative side while for Mn the probability to tunnel into the
YSR state on the negative is much higher. As we approach the magnetic adatoms
the intensity weights are inverted due to resonant processes through the YSR states.
At high normal state conductances the quasiparticle current within the supercon-
ducting gap of the junction is large due to the occuance of Andreev reflections as
described in the beginning of this chapter. As some of these tunneling processes are
conveyed through the YSR states the electron-hole asymmetry translates to small
energies close to the Josephson peak. On the Cr adatom (figure 8.1 b)) that results
in a larger spectral weight for small energies on the positive bias side compared to
the negative bias side while the opposite weight distribution is observed for the Mn
adatom (figure 8.1 d)).
To emphasize the effect of electron-hole asymmetry the absolute values of the I(V)Cs
for both atom species are shown in figure 8.7 b). The absolute values of the mea-
sured currents on the positive side are much larger than on the negative side for Cr
and the opposite is true for the Mn adatom. Comparing these results with the asym-
metries observed for the retrapping currents in figure 8.7 a) shows a relation of the
asymmetric conductance through the YSR states due to electron-hole asymmetry
to the damping properties of the Josephson junction.

ωp

Ibias > 0

Ibias = 0

Ibias < 0E

2EJ

Figure 8.8: Schematic representation of the washboard potential for positive and
negative bias values with different damping properties causing the non-
reciprocity of the retrapping currents. Reproduced from [1].
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8.3 Non-reciprocity of switching currents
In the beginning of this chapter it was established that the switching currents as well
as the conductance in the predominately trapped state decrease in the presence of
magnetic atoms. In figure 8.4 it was observed that the junctions switch at the same
voltage as the pristine Pb junction. Additionally, a slight asymmetry for switching
events at positive and negative applied currents is observed for Cr and Mn adatoms
which is not present for pristine Pb-Pb junctions (figure 8.3). Following the previous
argumentation, the asymmetry that we observe in the switching currents originates
from the same effect as the asymmetry in the retrapping currents. In the phase-
diffusion regime the phase particle constantly switches between the running and
trapped state. As previously discussed, the voltage in the resistive state differs for
positive and negative bias values, due to the electron-hole asymmetry induced by the
magnetic adatoms. The voltage measured in the phase-diffusion regime is averaged
over the time the particle spends in the running and the static phase. In the presence
of a magnetic adatoms, the particle escapes to different resistive conditions in the
running phase on either bias polarity. This results in different voltages that are
measured for the same bias value on the positive and negative side which affect the
damping of the phase particle in the washboard potential. Due to the asymmetric
quasiparticle conductance the switching events occur at different current values.
The described asymmetry of Isw is not resolved in every junction in the presence
of magnetic atoms. A reason for that might be a change in the escape mechanism
depending on the noise level in the junction. Strong noise fluctuations may give the
escaping particle more excess energy and cause the particle to escape immediately.
The effects caused by the damping conditions might not be resolved next to these
spontaneously occurring fluctuations.

8.4 Calculation of V(I)Cs with asymmetric
damping properties

Theoretical calculations were performed by L. Melischek and J. F. Steiner in the
group of Prof. F. von Oppen at Freie Universität Berlin. They reproduced the
non-reciprocity observed in experiments by using asymmetric quasiparticle currents
but assuming a completely symmetric CPR with IS(ϕ) = IC sin(ϕ). The results de-
scribed here are published in [1] and a more elaborated theoretical study of diode-like
behaviour in Josephson junctions and their symmetry requirements can be found in
[105].
The equation describing the Josephson junction derived from the RCSJ model con-
tains a fluctuation term that in our experiment is dominated by Johnson-Nyquist-
noise δIF . Including this fluctuation term equation 3.13 becomes a stochastic dif-
ferential equation (Langevin equation) with respect to the phase of the Josephson
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Figure 8.9: Simulated Josephson characteristics for Pb, Cr and Mn adatoms. In a)
V(I)Cs were simulated by theoretical calculations including an adjusted
RCSJ model to capture the influence on the damping of the junction by
the asymmetric YSR intensity. Histograms of the statistics of the simu-
lated V(I)Cs are shown for b) Pb, c) Cr and d) Mn junctions. The sim-
ulated histograms fit very well to the experimentally observed statistics
and reproduce the asymmetry of the retrapping currents. Reproduced
from [1].
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8.4Calculation of V(I)Cs with asymmetric damping properties

junction which are solved by Monte Carlo integration.
In chapter 3.1 frequency-dependent damping was introduced by the addition of an
RsCb-component to the RCSJ model (figure 3.5 b)). Taking this RsCb-component
into account, the total dissipative current through the junction Id consist of two
parts:

Id(V ) = IR + Ifreq. (8.1)

IR = V/RN corresponds to the quasiparticle current and Ifreq = (V − Vs)/Rs is the
frequency-dependent current through the resistor of the RsCb-component. V is the
measured voltage drop across the junction and Vs the voltage drop at the capacitor
Cb. The Johnson-Nyquist noise in the junction is determined by the noise of the
two resistors RN and Rs (δIR and δIRs).
The quasiparticle current IR is extracted from the experimental data. A phenomeno-
logical approach was chosen to separate the contribution from the Josephson current

IJ(V ) = A
V δV

V 2 + δV 2 +B
V 3δV

(V 2 + δV 2)2 (8.2)

and the quasiparticle current

IR(V ) = CV +DV 2 + EV 3. (8.3)

Determining the fit parameters (A, B, C, D, E) allows for isolating the Josephson
contribution and removing it from the experimental data obtaining the bare quasi-
particle current [106].
With these considerations single traces of V(I)Cs can be simulated as shown in fig-
ure 8.9 a). Simulating a few hundreds of these curves captures the statistical nature
of the involved processes and results in the histograms for switching and retrap-
ping events in figure 8.9 b) - d). By extracting the quasiparticle currents from the
experiments information on the junction properties enter the simulation. In partic-
ular, the asymmetric conductance measured in the normal state of the junction in
the presence of a magnetic adatom directly reproduces the asymmetric retrapping
behaviour. This can be observed by comparing the histograms of the simulated
V(I)Cs for Pb, Cr and Mn in figure 8.9 b), c) and d) to the histograms measured
in the experiments (figure 8.3). A qualitative agreement between the simulations
and experiments is observed. The non-reciprocity of the retrapping currents for the
Josephson junctions containing Mn and Cr is well reproduced. The direction of the
non-reciprocities in the Josephson junctions depends on the asymmetry of the con-
ductance in the resistive state. No asymmetries are observed for the non-magnetic
Pb atom in the junction.
A small asymmetry of the switching currents is observed as well. The asymmetry of
the switching current is determined by noise fluctuations at the normal state resistor
δIR which influences the statistics of the escape process. The asymmetric normal
state conductance causes asymmetric fluctuations as well.
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8 MAGNETIC ADATOMS IN JOSEPHSON JUNCTIONS

A symmetric CPR enters the calculations and the observed asymmetry originates
purely from the in-gap quasiparticle conductance. The asymmetry of the conduc-
tance in the presence of the magnetic adatoms is caused by electron-hole asymmetry.
As explained in chapter 2.3 the electron-hole asymmetry is an effect related to the
potential scattering of the adatom and results in different tunneling probabilities
into YSR states with electrons or holes. All details and further information on the
calculations and theoretical considerations can be found in [105].

8.5 The Josephson diode effect
In the presented experiments magnetic impurities on a superconducting surface
break inversion symmetry due to the electron-hole asymmetry of the YSR states
so that I(V ) ̸= I(−V ). This causes non-reciprocities mainly in the retrapping cur-
rents with a small asymmetry also being observed in the switching currents of the
Josephson junctions formed on the atoms. This diode-like behaviour however has
different origins than the Josephson diodes discussed for example in [98], [20] and
[15]. For more details on the theoretical background on the Josephson diode effect
see chapter 3.4. The Josephson diodes with asymmetric critical currents require an
asymmetric CPR , as discussed in most recent literature. In superconductors with
strong spin-orbit coupling helical superconductivity is observed when time-reversal
symmetry is broken. Cooper pairs in these helical systems have a finite momentum
in the absence of an external bias which causes the non-reciprocity in the experi-
mental findings. In Josephson junctions an asymmetric CPR causes the junction’s
critical currents to become dependent on the biasing direction. Time reversal sym-
metry breaking is usually achieved by an external magnetic field and is essential for
helical superconductivity to be observed.
In the presented experiments no external magnetic field is applied. The magnetic
moment of the atoms do not have a preferential direction and are therefore not suited
to break time-reversal symmetry and do not cause helical superconductivity. In our
case the processes are governed by noise and non-reciprocities can be explained by
differences in the damping properties alone. Asymmetries in the quasiparticle con-
ductance arise due to the electron-hole asymmetry of the induced YSR states and
influence the damping properties of the Josephson junction. The difference of the
damping is mainly observed in the retrapping current of the V(I)Cs as opposed to
observing non-reciprocities in the switching currents.
We show that by adding single magnetic atoms we can influence the damping proper-
ties of the Josephson junctions (as schematically shown in figure 8.8). The electron-
hole asymmetry induced by the adatoms breaks inversion symmetry without break-
ing time-reversal symmetry. This asymmetry influences the damping of the junction
in the running-state and causes the observed non-reciprocities of the retrapping cur-
rents.
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CHAPTER 9

SUMMARY, CONCLUSION AND OUTLOOK

Current-biased STM Josephson junctions enable the investigation of the junction’s
phase dynamics on the atomic scale. In STM Josephson junctions the normal state
conductance becomes an easily tunable parameter and the exact atomic composition
of the surface on which the junction is formed is fully controlled. However, the exact
physical form of the tip remains elusive so that the junction capacitance is not well
defined and may change between experiments. Single atoms on the Pb(111) surface
were used to stabilize junctions of conductances up to 60 µS. A statistical analysis
was done by recording a few hundred sweeps for each bias direction for each junction.

9.1 Characterization of STM Josephson junctions
The STM Josephson junctions investigated in this thesis couple to the environment
via a frequency-dependent impedance. The frequency-dependent impedance causes
the junction to weakly interact with the environment at low frequencies (under-
damped junction) while strong dissipation is observed at higher frequencies (over-
damped junction).
In the current-biased V(I)Cs phase diffusion is observed in the Cooper-pair tunneling
regime where the plasma frequency dominates the phase dynamics and the junction
is in the overdamped state. The switching currents extracted from the V(I)Cs are
more than an order of magnitude smaller than the expected value for the full super-
conducting gap of a Pb-Pb Josephson junction. The junction switches prematurely
due to noise fluctuations which are also responsible for the observed phase diffusion
in the Cooper-pair tunneling regime. Retrapping events, i.e. the opposite transition
from the resistive state to the Cooper-pair tunneling regime occurs at much lower
current values compared to the switching current. This hysteresis is clearly related
to underdamped behaviour.
Voltage-biased Josephson junctions also allow Cooper-pair tunneling by exchanging
energy with the electromagnetic environment. The interaction with the environment
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can be described by P(E)-theory and takes a frequency dependent impedance into
account for calculating the probability functions that determine the likelihood of
tunneling for each individual Cooper pair.
We observe that while both biasing methods exchange energy with the environment,
the coupling to the environment is not always the same. For current-biased Joseph-
son junctions the impedance is determined by an RC-component in parallel to the
junction. The impedance of the voltage-biased junction is dominated by the series
resistance.

9.2 HF irradiation and Cooper-pair tunneling

To further investigate the interaction of the Josephson junction with the environment
and particularly the influence on the phase dynamics, an HF-field of ωr =40 GHz
was applied via an antenna located near the junction. As previously discussed the
STM Josephson junctions strongly interact with the environment. In voltage-biased
Josephson junction photon-assisted tunneling is known to occur for incoherently
tunnelling Cooper pairs. The tunneling Cooper pairs absorb an integer number of
photons n at energies of 2eV = nℏωr.
In current-biased Josephson junctions phase coherence may result in the coher-
ent absorption of energy from the HF-field. Coherent excitations occur when the
Josephson frequency due to the motion of the phase particle in the RCSJ washboard
potential matches the frequency of the HF radiation. Resonances are also expected
at voltage values of Vn,dc = nℏωr

2e
.

Resonances are observed in the presented experiments at the expected voltage val-
ues. The transition between resonances in the current-biased junctions depend on
the direction of the applied current. This hysteresis implies that the inertia of the
phase particle in the washboard potential influences the transition between reso-
nances which corresponds to phase coherence in the junction. However, the voltage
resonances are not flat but show a finite slope which indicates the presence of phase
diffusion and accordingly incoherent processes to be relevant.
Comparing the voltage- and current-biased measurements showed that the HF irra-
diation affects the transport through the junction quite similarly. The voltage reso-
nances show small variations of the slope for the two biasing methods. This variation
is probably related to the coupling to the environment via different impedances as
discussed in the previous section. The largest difference consists in the hysteresis
which is observed only in the current-biased junction but not in the voltage-biased
measurements. Hysteresis is a feature that is expected for slightly underdamped
junctions for which the phase particle’s inertia determines the transition between
resonant voltage states. However since incoherent processes are observed at the
same time, Shapiro steps cannot be clearly identified in the current-biased STM
Josephson junctions.
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9.3 Magnetic adatoms in Josephson junctions

The influence of single magnetic atoms on the properties of current-biased Josephson
junctions was studied. Switching currents as well the conductance in the Cooper-
pair tunneling regime are reduced in comparison to the pristine Pb-Pb junctions.
This reduction can be correlated either to an increase of noise fluctuations in the
junction increasing the escape rates or to a reduction of the Josephson Energy due to
coupling of the impurity to the Cooper-pair condensate. Additionally, we observed
a non-reciprocity which was most pronounced in the measured retrapping currents.
This asymmetry with respect to the biasing direction appeared only in the pres-
ence of the magnetic atoms while no asymmetry is observed in the pristine Pb-Pb
junctions. According to the RCSJ model, the retrapping event marks the transition
from the running state of the phase particle within the washboard potential picture
to the trapped state.
By introducing magnetic adatoms to the junction YSR states are induced via the
coupling of the spin of the unpaired electrons to the superconducting condensate.
The YSR states can be accessed by electrons and holes and appear at positive and
negative energies in the tunneling spectra. Potential scattering occurs as the lo-
cal electromagnetic environment at the sample surface is disturbed by the magnetic
adatom. Potential scattering influences the tunneling rates when accessed by an elec-
tron or hole. This electron-hole asymmetry introduces different intensity weights for
YSR states at positive and negative energies. At high junction conductances ad-
ditional resonant tunneling processes through the YSR states influence the in-gap
conductance of the tunnel junction significantly. Specifically, it in-gap conductance
of the junction close to zero energy becomes asymmetric due to the asymmetric
intensities of the YSR resonances.
Josephson spectroscopy was performed on magnetic Cr and Mn adatoms to inves-
tigate the influence the YSR states. In collaboration with the theory group of Felix
von Oppen at Freie Universität Berlin the electron-hole asymmetry of the YSR states
was correlated to the damping properties of the Josephson junction. They solved
the Langevin equation from the adapted RCSJ model by Monte-Carlo simulations.
Assuming a symmetric CPR and modelling the resistive quasiparticle current from
the experiments it was possible to reproduce the non-reciprocities observed in the
experiments.
Magnetic atoms influence the presented Josephson junctions by interacting with the
Cooper-pair condensate and changing the junction’s damping properties. In the
absence of time-reversal symmetry breaking there is no reason to assume a funda-
mentally change the CPR of the junction causing asymmetric critical currents. The
magnetic moments of the adatoms do not have a preferential direction so that they
do not break time-reversal symmetry.
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9.4 Conclusion
In this thesis STM Josephson spectroscopy was performed on single-atom adsorbates
on a Pb(111) surface. The phase dynamics of STM Josephson junctions was found to
be strongly influenced by noise fluctuations. Noise is introduced to the junction by
interaction with electromagnetic environment via a frequency-dependent impedance.
It was found that a current-biased STM Josephson junction couples to the environ-
ment by an impedance that is different from the impedance of the voltage-biased
junction.
The coherence of the Cooper-pair tunneling process was further investigated by ap-
plying external HF irradiation. Hysteretic steps are observed in the current-biased
V(I)Cs. This hysteresis indicates the presence of phase coherence in the current-
biased Josephson junctions. The steps could not be identified unambiguously as
coherent Shapiro steps due to the evidence of incoherent processes such as phase
diffusion.
Performing Josephson spectroscopy on single magnetic adatoms revealed a reduc-
tion of the switching currents compared to the pristine junctions. A reduction of the
Josephson energy EJ or an increase of the noise fluctuations due to single-particle
scattering processes were identified as possible causes. A non-reciprocity was ob-
served with respect to the sweep direction of the retrapping currents in the presence
of magnetic adatoms. It was found that the conductance in the resistive state of the
junction strongly influences the damping properties of the Josephson junction. The
damping of the Josephson junction becomes asymmetric in the presence of magnetic
adatoms due to the electron-hole asymmetry induced by the YSR states. This re-
sults in the observed Josephson diode effect with respect to the retrapping events
in the Josephson junctions.
STM Josephson spectroscopy provides the possibility to fine-tune the non-reciprocal
transport through the junction by the manipulation of magnetic adsorbates on su-
perconducting surfaces and thereby the induced YSR states.

9.5 Outlook
One of the goals for future possible projects could be to deepen the understanding
of the relevant timescales of the Josephson junctions and investigate the influence
of noise fluctuations in more detail. Another interesting avenue consists in further
investigating the Josephson diode effect and looking into the possibility of asym-
metric CPRs in the presence of magnetic structures.
For a deeper understanding of the phase dynamics in STM Josephson junctions,
the timescales of the phase coherence in the junction should be further investigated.
Systematically changing the speed of bias sweeps will provide informations on the
escape rates of the phase particle from the washboard potential. Preliminary results
showed an influence of the current sweep rate on the average switching and retrap-
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ping currents. For a measurable effect the sweep rate had to be varied by at least
one order of magnitude. It was found that sweeping the bias slowly increases the
probability of the phase particle to gain sufficient energy to permanently escape from
the potential for each applied current value. For that reason a decrease of switching
currents is expected the slower the current is changed over time. The effects on the
phase-diffusion conductance are not as intuitive. The ratio of the time the phase
particle spends in the running state to the time it stays in the trapped state should
be constant over sufficiently long time averages. These effects will be highly influ-
enced by external noise sources and strongly impacted by the exact form of the tip
apex. For that reason good statistics are necessary to draw conclusions from the
suggested experiments. Presumably the current-biased measurements might con-
verge with the voltage-biased measurements for very slow sweep rate.
In this work HF irradiation was applied to the pristine Pb-Pb Josephson junc-
tions. These measurements might hold further information on the coherence of the
tunneling processes in the junction when combined with the suggested sweep rate
dependence. Applying different irradiation frequencies in combination with chang-
ing the speed of the current bias sweep may influence the dynamics of the junction.
Additionally, the influence of the HF irradiation on the Josephson junctions that
contain magnetic adatoms can be investigated. Magnetic adatoms locally disturb
the Cooper-pair condensate and introduce noise by the induced YSR states. Pre-
liminary measurements of Josephson junctions containing Mn atoms have been per-
formed and are shown in figure 9.1. The additional tunneling channels that are
mediated by the YSR states result in a higher overlap of the splitting peaks in the
measured dI/dV maps (figure 9.1 a) and b)). For the current-biased measurements
in figure 9.1 c) - f) the appearance of a first HF-induced step can be observed at
zero bias. However, since the switching and retrapping events occur at much smaller
values for the Josephson junctions in the presence of magnetic adatoms, subsequent
steps are hard to resolve.
The noise in the Josephson junction should be further specified as well. In STM ex-
periments shot noise experiments have been performed on similar setups [107, 108].
Further specifying the amount and type of noise in the Josephson junction may
provide more insights into the physics behind the phase dynamics of the junction.
One of the main advantages of using Josephson spectroscopy in an STM experiment
is that it provides control over the junction on the atomic scale. It may be possible
to build magnetic structures that fix the magnetic moment of the atoms providing a
ferromagnetic or anti-ferromagnetic behaviour. These structures might break time-
reversal symmetry and change the CPR of a Josephson junction fundamentally. As
of now the Josephson experiments performed in STM are dominated by external
noise and it is unlikely that non-reciprocity of the critical currents of the junctions
would be resolved in the experiment. By further improving the noise ratio of the
junction for instance by cooling the bias line resistor to temperatures close to the
junction temperature and improving the noise in the wiring leading to the junc-
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b)a)

d)

f)e)

c)

Figure 9.1: Josephson junction at a normal state conductance of 50 µS on a Mn
adatom in the presence of HF irradiation. a) shows the splitting of the
voltage-biased dI/dV spectrum. b) shows a zoom-in on the Josephson
peak. Due to the overlap of the additional conductance peaks caused by
the YSR states the splitting of the Josephson peak is hardly resolved.
c) and d) show the current-biased junction for the two sweep directions.
Compared to the pristine Pb-Pb junction switching and retrapping cur-
rents are reduced. e) and f) show the derivative of current-biased spectra.
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tion it might be possible to test for asymmetries in the CPRs of STM Josephson
junctions.
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APPENDIX A

CONCERNING THE AC JOSEPHSON
EFFECT

The ac Josephson effect describes the ac modulation of the current in response to a a
dc voltage drop across the junction. The ac Josephson effect can be explained in the
washboard potential picture. In contrast to the main text where the voltage-biased
junction dissipates energy to the environment and is treated by P(E)-theory the ac
Josephson effect occurs in the absence of noise fluctuations. Biasing a junction with
a voltage directly controls the velocity of the phase particle. For a constant velocity
a force needs to counteract the energy dissipation of the phase particle due to the
damping properties of the junction. That force corresponds to a tilt of the potential
which is equivalent to the measured current. A constant dc voltage Vb simplifies the
RCSJ equation since Vb ∝ dϕ

dt
= const→ d2ϕ

dt2 = 0:

I(t) = IC sin(ϕ(t)) + ℏ
2e

1
R

dϕ

dt
= IC sin(ϕ(t)) + ηVb = Iac + Idc (A.1)

The current has a dc component Idc which is modulated by the ac component Iac.
The dc component of the current corresponds to the average tilt of the washboard
potential. In figure A.1 a) the equivalent tilt of the washboard potential is depicted
for two different applied voltages. The average tilt of the potential compensates
for losses due to the dissipation in the system. However, the particle experiences
acceleration and deceleration within each period of the washboard potential. To keep
the velocity constant within each period of the potential an additional modulation
of the potential tilt is necessary. Iac = IC sin(ϕ(t)) decelerates the particle on the
down-slope of the potential and accelerates it on the up-slope to keep the velocity
constant with ϕ(t) = ωJt. The relevant frequency for this motion is the Josephson
frequency ωJ .
In figure A.1 b) the current modulations for different applied voltages are shown over
time. The higher the dc voltage the higher also the average tilt of the washboard
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A CONCERNING THE AC JOSEPHSON EFFECT

potential (Isc) and the higher the frequency of the modulation. Additionally the
height of the effective maxima decrease with increasing average tilt of the potential.
Accordingly the modulation amplitude of the ac component of the measured current
decreases with increasing voltage.

a) b)

π 2π 3π 4π
∆E∆E

∆E∆EE

Iac

Iac

∆ϕ

V

V x 4
I Idc

t

Figure A.1: The ac Josephson effect and the washboard potential picture. a) An
applied voltage causes an ac modulation of the measured current. For
an overdamped junction the washboard potential’s average tilt com-
pensates the junction’s damping by ∆E. b) Current modulations for
different applied voltages. The average tilt of the washboard potential
is given by Idc. The frequency of Iac depends on the applied voltage
(ϕ(t) = ωJt) and it’s amplitude on the effective height of the potential
maxima.
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APPENDIX B

CORRECTION OF V(I)CS FOR A FINITE
VOLTAGE IN THE RUNNING STATE

In chapter 5.2 it was mentioned that the current-biased measurements of the V(I)Cs
are not completely accurate as soon as the Josephson junction switches to the re-
sistive state. In the resistive state a voltage drops across the junction which is not
negligible compared to the bias line resistor of RB = 1 MΩ. The applied current
needs to be corrected by the measured voltage Vmeasure as follows:

Ijunction = Ib −
Vmeasure

RB
(B.1)

Most prominently this effect changes the extracted retrapping currents for each sin-
gle V(I)C.
In figure B.1 the histograms of data sets recorded on Josephson junctions containing
a single Pb, Cr and Mn adatoms are shown. The extracted data for the uncorrected
V(I)Cs are displayed in the left column while the histograms that result from the
corrected V(I)Cs are shown in the right column. The extracted current values shift
as expected when the correction is applied. However, the qualitative comparison be-
tween the data sets is consistent with the analysis and interpretation given in chapter
8. Note that fewer V(I)-curves enter the statistics of the corrected histograms due
to the challenges with regarded to the now not completely monotonous behaviour
of the V(I)Cs with the applied current Ib as pointed out in chapter 5.2.
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Histograms from uncorrected V(I)Cs Histograms from corrected V(I)Cs
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Figure B.1: Comparison of histograms from uncorrected and corrected V(I)Cs. The
left column (a) Pb, c) Cr, e) Mn) show the histograms based on the
uncorrected V(I)Cs for Pb, Cr and Mn adatoms respectively. the right
column (b) Pb, d) Cr, f) Mn) shows the histograms after correcting for
the finite voltage drop in the resistive state of the junction.
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APPENDIX C

ADDTIONAL DATA WITH HF IRRADIATION

In chapter 7 the influence of an external HF irradiation on the current-biased Joseph-
son junctions has been discussed in detail. As an example a junction on a Pb atom
at a junction conductance of 60 µS was chosen with an irradiation frequency of
40 GHz.
More data has been recorded on junctions containing a Pb atom at 50 µS. The
junctions were irradiated with different frequency and are presented in figure C.1
with 40 GHz, figure C.2 with 35 GHz and in figure C.3 with 30 GHz irradiation fre-
quency. Both the voltage-biased and current-baised data is presented. Comparing
the voltage-biased data sets for different applied frequencies shows a reduction of
the spacing between peaks as expected. In the current-biased data the amount of
hysteresis of the first step seems to reduce with decreases frequency. A more detailed
analysis is necessary to investigate the influence of the irradiation frequency on the
phase dynamics of the current-biased junctions.
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C ADDTIONAL DATA WITH HF IRRADIATION

a) b)

c) d)

e) f)

Figure C.1: 50 µS Josephson junction on a Pb adatom under 40 GHz HF irradiation.
a) shows the voltage-biased dI/dV spectra (amplitude Vrms = 20 µV)
for an increasing HF amplitude. b) shows the zoom in on the Josephson
peak. In c) and d) the current-biased V(I)Cs are displayed for both
sweep directions. The derivative of these data sets is plotted in e) and
f).
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a) b)

c) d)

e) f)

Figure C.2: 50 µS Josephson junction on a Pb adatom under 35 GHz HF irradiation.
a) shows the voltage-biased dI/dV spectra (amplitude Vrms = 20 µV)
for an increasing HF amplitude. b) shows the zoom in on the Josephson
peak. In c) and d) the current-biased V(I)Cs are displayed for both
sweep directions. The derivative of these data sets is plotted in e) and
f).
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a) b)

c) d)

e) f)

Figure C.3: 50 µS Josephson junction on a Pb adatom under 30 GHz HF irradiation.
a) shows the voltage-biased dI/dV spectra (amplitude Vrms = 20 µV)
for an increasing HF amplitude. b) shows the zoom in on the Josephson
peak. In c) and d) the current-biased V(I)Cs are displayed for both
sweep directions. The derivative of these data sets is plotted in e) and
f).
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