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Error-mitigated fermionic classical
shadows on noisy quantum devices

M| Check for updates

Bujiao Wu'**< & Dax Enshan Koh®*

Efficiently estimating fermionic Hamiltonian expectation values is vital for simulating various physical
systems. Classical shadow (CS) algorithms offer a solution by reducing the number of quantum state
copies needed, but noise in quantum devices poses challenges. We propose an error-mitigated CS
algorithm assuming gate-independent, time-stationary, and Markovian (GTM) noise. For n-qubit
systems, our algorithm, which employs the easily prepared initial state |0") (0”| assumed to be
noiseless, efficiently estimates k-RDMs with @(knk) state copies and @(Jﬁ) calibration measurements
for GTM noise with constant fidelities. We show that our algorithm is robust against noise types like
depolarizing, damping, and X-rotation noise with constant strengths, showing scalings akin to prior
CS algorithms for fermions but with better noise resilience. Numerical simulations confirm our
algorithm’s efficacy in noisy settings, suggesting its viability for near-term quantum devices.

Assessing the properties of interacting fermionic systems constitutes one of
the core tasks of modern physics, a task that has a wealth of applications in
quantum chemistry', condensed matter physics’, and materials science’.
Notions of quantum simulation offer an alternative route to studying this
important class of systems. In analog simulation, one prepares the system of
interest under highly controlled conditions. However, any such effort makes
sense only if one has sufficiently powerful readout techniques available that
allow one to estimate properties. In fact, the read-out step constitutes a core
bottleneck in many schemes for quantum simulation.

Fortunately, for natural fermionic systems, one often does not need to
learn the full unknown quantum state; trying to do so regardless would be
highly impractical, as the resources required for a full tomographic recovery
would scale exponentially with the size of the system. Instead, what is
commonly needed are the so-called k-particle reduced density matrices,
abbreviated as k-RDMs. These are expectation values of polynomials of
fermionic operators of the 2k-th degree. Naturally, the expectation value of
any interaction fermionic Hamiltonian can be estimated using 2-RDMs
only*’. Indeed, the adaptive variational quantum algorithm (VQE)° also
utilizes up to 4-RDMs to simulate many-body interactions in the ground
and excited state”®. That is to say, meaningful methods of read-out often
focus on estimating such fermionic reduced density matrices.

On the highest level, several approaches can be pursued when dealing
with fermionic operators. One of those—and the one followed here—is to
treat the fermionic system basically as a collection of spins. Then given spin

Hamiltonians {H. 1},m: , and an unknown quantum state p, where
m = O(poly(n)), the classical shadow (CS) algorithm or its variants’” in
qubit systems are among the most promising ways to calculate the expec-
tations Tr(pH,), with the representation of the Hamiltonians { H i}:il in
the Pauli basis, which invokes a fermion-to-spin mapping such as the Jordan-
Wigner™” or Bravyi-Kitaev encodings’”. We define the classical shadow
channel as M, which involves operating the unitary channel 2/ uniformly
randomly sampled from the Clifford group before measurements in the Z-
basis and classical postprocessing operations on the measurement out-
comes. By performing the inverse of the classical shadow channel M ™! on
the resulting state after performing M on the initial state p, we obtain the
classical shadow representation p of the quantum state p, allowing for the
calculation of the expected values of observables { H i}:; with respect to p
using classical methods.

While the classical shadow algorithm requires exponentially many
copies even for some local interacting fermions due to the inefficient
representation in the qubit system, recently, several classical shadow algo-
rithms for fermionic systems without encoding of the Hamiltonians have
26

been proposed™**. Zhao, Rubin, and Miyake™ utilize the generalized CS
method’ for fermionic systems, and proposed an algorithm that requires
O(( Z )i / 2(log n)/€?) copies for the unknown quantum states to output all

the elements of a k-RDM. Low” proves that all elements of the k-RDM can
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14+n—k
quantum state, where # 1s the number of particles and # is the number of

k
be estimated with Z (1 —”77)() 1+ /&2 number of copies of the

modes. These fermionic shadow estimation methods (along with the generic
classical shadow formalism) do not account for noise in the system, which is
an inevitability in real physical systems.

Since we are still in the noisy intermediate-scale quantum (NISQ) era,
current quantum simulators are heavily affected by noise; hence, any
characterization technique needs to be robust for these simulators to be
useful. For qubit systems, robust shadow estimation was developed”’
where Chen et al.” use techniques from randomized benchmarking to
mitigate the effect of gate-independent time-stationary Markovian (GTM)
noise channels on the procedure. Jnane et al.”' proposed error-mitigated
classical shadow with probabilistic error cancellation.

Utilizing the robust shadow estimation scheme and taking inspiration
from the fermionic shadow estimation of Zhao et al.”***, we present an error-
mitigated shadow estimation scheme for fermionic systems and demon-
strate its feasibility for realistic noise channels. Note that akin to the fer-
mionic CS approaches proposed in refs. 26,28, our error-mitigated CS
method circumvents the need to encode the Hamiltonian using the qubit
representation.

We sample our unitaries U/, from the matchgate group®, a natural
choice for our protocol as there is a one-to-one correspondence between
two-qubit matchgates and free-fermionic evolution”**. We therefore
design the classical postprocessing operations by leveraging the irre-
ducible representation of the matchgate group. We successfully intro-
duce an unbiased estimator M for the noisy classical shadow channel
M, where we require an additional calibration protocol to generate the
estimator M with the assumption that the computational basis state
|0) (0] can be prepared noiselessly. Additionally, we demonstrate the
efficacy of our protocol under conditions of constant noise strength by
evaluating its performance across various common noise channels:
depolarizing noise, generalized amplitude damping, X-rotation, and
Gaussian unitary noise. The number of samples required for the esti-
mation process of our protocol is in the same order as the noise-free
matchgate classical shadow scheme®***.

We determine the effectiveness of our protocol with the above noise
models by calculating the expectations of all elements of the k-particle
reduced density matrix (k-RDM) when the noise strength is constant. The
number of samples required for estimation, in this case, is
O(kn*1n(n/8,)/€?) and for calibration is O(y/nlnnlIn(1/8,)/*) with
error ¢, + & and success probability (1 — 8,)(1 — 6,).

We have extended the analysis of our error-mitigated fermionic
shadow channel estimation to more general physical quantities
inspired by the fermionic shadow analysis of Wan et al.”’, with more
details in Supplementary Notes 5, 9. We list distinct classical shadow
approaches in both noiseless and noisy qubit and fermionic systems in
Table 1. Our error-mitigated fermionic classical shadow technique
constitutes an extension of the work by Chen et al.”’, accommodating
scenarios where the gate-set lacks (1) 3-design properties® and (2) the
applicability of the randomized benchmarking scheme developed by
Helsen et al.™.

We tested the accuracy and efficacy of our protocol by performing
numerical experiments to estimate Tr(pys) (where 73 = UgysUo,
where ys is the product of |S| Majorana operators and plays a crucial role
in computing k-RDMs) on a noisy quantum device subjected to various
types of gate noise such as depolarizing, generalized amplitude damp-
ing, X-rotation, and Gaussian unitaries. Our numerical investigations
confirm the potential of our methods in real-world experimental
scenarios.

Results

Basic notations and concepts

Here we give the basic notations and concepts that will be used throughout
this work.

Table 1 | Enumeration of the classical shadow protocols in
noiseless and noisy settings, for qubit and fermionic systems
respectively

Clifford-based shadows
Huang et al.’

Chen et al.?’; Koh and Grewal®

Fermionic shadows
Zhao et al.’; Low®’; Wan et al.”®

Noiseless

Noisy This work

Basic notations. The symbols X, Y, and Z denote the Pauli X, Y, and Z
operators respectively. The operator Ry(6) = exp(—i2X) denotes the
rotation operator around the x-axis. A Z-basis measurement is per-
formed with respect to the basis of eigenstates of the Pauli-Z operator. We
utilize [ to represent the identity operator on the full system. The set of
linear operators on a vector space H is denoted as L(H). We utilize the

symbol O to omit the logarithmic terms.

Superoperator. We denote the superoperator representation of a linear
operator O € L(H) as |O)) := O/1/Tr(00") and the scaled Hilbert-
Schmidt
{(O|R)) = Tr(OTR)/ Tr(OOT)Tr(RRT). The action of a channel £ €
L(L(H)) operating on a linear operator O € L(H) can hence be written
as £|0)) = £(0)/4 /Tr(OO*). The channel representation of a mea-

surement with respect to the computational basis can be represented as
X=> 0.1y 1) {x|. We denote the unitary channel corresponding to

the unitary operator Uas U(-) = U(-)U".

inner  product  between  linear  operators as

Majorana operator. The Majorana operators y; for 1<j<2n describes the

fermionic system with y; = b(/-H)/z—i—b(Tj for odd j and y, =

+1)/2
—i(bj e b;r/z) for even j, where b; and bj are the annihilation and
creation operators, respectively, associated with the j-th mode. Let ys be
the product of the Majorana operators indexed by the subset S, denoted as
YVs= 0 for S/>0 and y, =1, where S={l,,...,lg} and
L <l <... <lg. It can be shown that ys forms the complete orthogonal
basis for L(H) for S C [2n]. Let T}, := {ySI |S| = k} be the subspace of ys
with cardinality k. We denote the even subspace as I, := €D, Also,
we denote P, as the projector onto the subspace I', i.e.

P = Z |Vs>><<y5|’ 1

se()

where we have used the notation that for a set A and an integer k, (A) =
{T € A :|T| = k} denotes the set of subsets of A with cardinality k.

Gaussian unitaries. Matchgates are in a one-to-one correspondence
with the fermionic Gaussian unitaries and can serve as a qubit
representation for these unitaries. We denote M, as the matchgate
group, and write its elements U, € M, in terms of rotation matrices Q
belonging to the orthogonal group Orth(2#) (see Supplementary Note
1 for details)*”. Following Wan et al.’s study”®, which demonstrated
that the continuous matchgate group M, and the discrete subgroup
M,, N Cl,, (where Cl, represents the Clifford group) deliver equivalent
performances for fermionic classical shadows, our findings remain
applicable to both continuous and discrete matchgate circuits. Since
UgijQ =>4 Qi the matchgate Uy transforms the product
of  Majorana  operators ys in the T|g  subspace

as U;r;))’s Ug= ZS/E([‘Z‘V?]) det(Qlsg)ys -

k-particle reduced density matrices (k-RDM). We denote a k-RDM as
*D, which can be obtained by tracing out all but k particles. Here we
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denote it as a tensor with 2k indices,

kp., _Tr<pb* bib,l-nblk), @)

Jrodiiliseees

where j;and [;are in [n] for i € [k]. The fermionic system can be equivalently
described in the Majorana basis, in which case a tensor can be rewritten as
the linear combinations of Tr (py;), and |S| < 2k. Hence all n** elements of
the k-RDM can be obtained by calculating Tr (py; ), for the scaling of O (n*)
different S with |S] < 2k,

Pfaffian function. The Pfaffian of a matrix Q € R>"*?" is defined as

pf(Q) = 3)

l Z sgn(o) H Q"zx 1,027

0ESy,

which can be calculated in O(n3) time®.

Ideal fermionic shadow (Wan et al.”). Given an unknown quantum
state p, the classical shadow method applies a unitary Ug uniformly
randomly sampled from matchgate group M, followed by measuring
the generated state in the computational ba51s With the measurement
result |x)), we can generate the classical representation p = M~ 1Ug|x))
for the unknown quantum state p, where the channel M describing the
overall process is defined as

M(p) = dey(@[ (#UgpULIx ) Ublo) <x|UQ]

x€{0,1}

" 4)

Zk: Palp)-
)

Noise assumptions. In this work, we assume that the noise is gate-
independent, time-independent, and Markovian (a common assumption
in randomized benchmarking (RB) abbreviated as the GTM noise
assumption'’) and that the preparation noise for the easily prepared state
|0) (0] is negligible. For the convenience of calculation, we utilize the left-
hand side noisy representation for a noisy fermionic unitary U, := Aldy,.
Here we define the average fidelity in T5; subspace for noise channel A as

g = 3 Y oI (A,
2"( ) < (I ©)
( k)
where D(S) = {2j — 1,2jlj € S},0<k<n,x; = _jesX;- Itis easy to check

that B, = 1 if k = 0. With some calculations, we have B . = 1 for the noise-
free model where noise channel A equals the identity. In the following, we
give the analysis of the simplified result for 3, for several common noise
models in the qubit system and fermionic system when k > 1. See more
details for the analysis in Supplementary Note 3.

(1) The depolarizing noise with channel representation A4(A) =
(1-pA+ pTr(A)% for any n-qubit linear operator A, where the noise
strength pe [0,1],and B, =1 — p.

(2) The generalized amplitude-damping noise with the Kraus repre-
sentation

Aa(') = Z Euv(')EZv + EO()Eg7
u,v e {0,1}"

u#v

©)

Table 2 | Comparison of average noise fidelity F,,., Z-basis
average noise fidelity Fz, and average noise fidelity in 'z,
subspace B

Noise Ag Aa Ay

type

Aavg 1-p2 2/3—(py+p1)/6++/(1—py)1—py)/3 (cos(6) +2)/3
Fz 1—-p/2 1 —(po+p1)/2 cos?(6/2)

B4 1-p  1-(po+p1) cosf

whereE,, = \/p,|v) (ulforu=ve{0,1}"andE, = [I-%T, v e {0,1)" B
U#v

where the probabilities P, satisfy
@"—1p,<1 for any wue{0,1}". The average fidelity B, =
1 =3 cionyD, ifk#0. Welet > P, denote the noise strength.

(3) The X-rotation noise with the channel representation

A () = Rx(0)(-)Rx(—0) @)
where Ry (0) = exp(—iy_,_, 6,X;/2), where the noise strengths 6, are some

real numbers. By some calculations, we have
-1
n .
B, = (k) > ] [I)c5cos 6,. Hence min cosk0, < B, < max cosk6,.
Se( )

(4) Noise that is a Gaussian unitary*"*, where we assume that the noise
has no coherence with the environment. This noise channel is denoted as

A() = Ug()UQ, (8)

where Uy, is a Gaussian unitary. By selecting the noise model to be Ag, we get

-1
By = (Z) > [n] det(Qlps).n(s))-

s.8'e( 0

Note that for the noise models defined in (1-3), the average fidelity
By € [0,1] is close to one when the noise strengths are close to zero.

For comparison, it is worth noting that the standard average noise
fidelity"'F oy = [, dy(wIA(y){y)|y) where y is drawn from the Haar
measure, and the % basis average noise fidelity defined in Chen etal.”, F, =
7 L5, {(bIA[b)) are not equivalent to /B under the same noise model. We
present a comparison of these three quantities for Ay, A,, A, for a single qubit,
as depicted in Table 2. They are closely aligned, with B3, slightly smaller than
Fyyg and Fz. We give a more detailed analysis in Supplementary material X.

Mitigation algorithm and error analysis

Let M := > im0 f 2k Por be the estimator for the noisy shadow channel
M= > i—of2uPa In the Methods Section, we provide an explicit
expression and efficiency for the calculation of f 5k Using the estimated

noisy channel M, we can now obtain an estimate for {Tr(pH j)}jm= |» Wherep

represents certain quantum states and H; denotes certain observables. If

for =0, the channel ./A\//l becomes non-invertible. Consequently, the effec-
tiveness of the fermionic CS method diminishes, and we cannot retrieve
tr(pH) using it. In this study, we operate under the assumption that the noise
is permissible and the fermionic CS channel is consistently invertible.
Additionally, we provide a scenario in Supplementary Note 3 where the
extreme noise channel occurs, i.e., fy = 0. However, it is anticipated that such
an extreme case will rarely occur. Algorithm 1 demonstrates the method for
mitigated estimation.
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Algorithm 1. Error-mitigated estimation for noisy fermionic classical
shadows
1: Input Quantum state p, observables Hj,..
N,K,N,K,.
2:  Outputy, for i € [m].
3: R.:=NK;
4: forj<1toR.do
5: Prepare state p, =[0"), uniformly sample Q€ Orth(2n) or
Perm(2#), implement the associated noisy Gaussian unitary ﬁQ on
Po» and measure in the Z;llnasis with outcomes x;

6: Let /o) = 2"(—1)f (0P UL X, Yk € [n];

.»H,,, integers

7: end for R
8 fzk = MedianOfMeans ({ g,z}_cl,NC,Kc)Vk € [n];
— J=

9 M= fu P

10: R, :=N.K,

11: fori<1tomdo

12: forj<1toR,do

13: Prepare p, uniformly sample Q € O(2n) or Perm(2n), implement
the associated noisy Gaussian unitary UQ on p, and measure in the
Z-basis with outcomes x; .

14: Generate estimation f/?’) =Tr (H MU Jé (x));

15:  end for

16: ¥; := MedianOfMeans ({ f’ } NE,KE);

17: end for =

18: return {f/i}:nzl

Incorporating the MedianOfMeans sub-procedure, as explained in
Ref. 9, guarantees that the number of quantum state copies needed relies on
the logarithm of the number of observables. We included the Media-
nOfMeans sub-procedure in Supplementary Note 6 to ensure the com-
pleteness and consistency of this paper. Our error analysis will involve
selecting appropriate values for the number of calibrations and estimation
samplings N,, N, K, and K, to estimate the coefficients f 5k associated with
the noisy channel.

Letv := Tr(/\/l U (|x) (x])H) be an estimation of Tr (pH ) for some
observables H in the even subspace Teyen and quantum states p, where x

follows the distribution Tr<|x) (x|a(p)> for x € {0, 1}", then we have

v — Tr(pH)| < — Tr(ﬂ’lﬂ(p)Hﬁ
+|Tr(ﬂ_l/ﬂ(p)H> — Tr(pH)| ©)

:€E+£C7

P
where ¢, := |V — Tr<M M(p))l is the estimation error and e, :=

[Tr (//\\/171AN/1 (p)H ) — Tr(pH)| is the calibration error. Therefore, by

determining the necessary number of samples N, and K, to achieve the
desired level of estimation error ¢, (as well as N, and K, to account for the
calibration error ¢.), we can obtain an estimation ¥ with an overall error of
£=¢,+ & using N,K, copies of the input state p.

Theorem 1. Let p be an unknown quantum state and { H ,}:": , be aset of
observables in the even subspace Ieye,. Consider Algorithm 1 with the
number of estimation samplings

68(1+¢.)* In(2m/3,)
Re % Z

g(ll7 127 13)

o<l 4L+l <n

Tr( g v Hy ) Tr( g ys Hy ) Tr( ys 7.
1 2 2 1
> (Vs Vs 0) <Vs Vs, o) (ms P)>
5,,5,,5, disjoint
|S;1=21¥ie[3]

where

(i n 2n 2n 5

I, L, L 21 + 21, 2L, + 2, )

(h, b, ) = F ,
) ll + 12 lz + l3 h+h Ph+l3

21,,21,, 21,
H, = max(H, — Tr(H;) 5), and the number of calibration samplings

R =O(B,mx\/”lnnln(l/ﬁf))7

and

Brint?
where B, = maxIBkI and B, = min|B,|. Then, the outputs {v } of
the algorlthm appr0x1mate {Tr(pH; )k}m , with error &, + ¢, and success
probability 1 — §, — J,, under the assumption that HH H = O(1), where
||H H is the spectral norm of H;.

We observe that the sampling for estimation we obtained is consistent
with Wan et al.” in the absence of noise. In the following, we will provide an
analysis of the necessary number of measurements to compute (*D) using
Algorithm 1. To calculate the representation of each element
<kD)J'1=---~jk:11 ''''' , where j; I; are in the range [n] for i€ [k], we need to
calculate m = (9( ") expectatlons for different y,, where |S| = 2k. By
choosing the observable H; =7, where |S| = 2k and m = O(n*) in
Theorem 1, with the number of estimation samplings

k1
R, = O(ik” nz("z/ %) ) (10)
B ke
and the number of calibration samplings
Bax/ninnln(1/6,)
R. = O( B2 , (11)

the estimation error can be bounded to ¢, + ¢.. The equations for R, and R,
can be simplified to R, = O(%) and R, = O(M) for the
general noises with constant average fidelity 3, in subspace I'; for any
k € {0, ..., n}. We give more details for the calculations in Supplementary
Note 8. However, some types of noise channels, such as certain Gaussian
unitary channels present in the related 2n x 2n matrix Q, cannot be miti-
gated with our mitigation algorithm. In particular, there exists a signed
permutation matrix Q for which fo; = 0, resulting in complete loss of pro-
jection for the observable onto the subspace I';4. As a result, it is impossible
to calculate Tr (pyg) for any set S containing 2k elements. We anticipate that
the noise in the quantum device will differ significantly from the Ug which
belongs to the intersection of the matchgate and Clifford groups.

Numerical results

Here we give the numerical results for the mitigated shadow estimation in
the fermionic systems. Since the elements of a k-RDM can be expressed in
the form Tr(py;), we give the numerical results of the errors of the esti-
mators for the expectation value of local fermionic observables Tr (pyy).

The estimator ¥ for Tr (pys) can be represented as in Eq. (17) Here we
choose the number of qubits =4 and § = {1, 2}, and y; = UQyS Uq and
Q is uniformly randomly chosen from Perm(2#). The quantum state p is a
uniformly randomly generated 4-qubit pure state. As shown in Fig. 1, we
depict the estimations of classical shadow estimators™ and our mitigated
Algorithm 1, with the changes of noise strength (Fig. 1a—d) and the changes
of the number of samples (Fig. le-h). Here we numerically test the esti-
mations with respect to depolarizing, amplitude damping, X-rotation, and
Gaussian unitaries.

The calibration samples in Algorithm 1 for the numerics are
N,.=4,000 and K, = 20 for all noise models. The number of samples for the
classical shadow method is set as N, = 4, 000, K, = 10, and for Algorithm 1
are set as N, =4,000/(1 — ppoise) and K, =10, where p,o;se is the noise
strength varying for different noise settings:
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=== lIdeal value

10 100

The number of samples The number of samples

Fig. 1 | The estimations for the expectation values of Majorana operators. The
estimations with the changes of (a-d) the noise strength and (e-h) the number of
samples for fixed noise parameters, where (a, e) are associated with depolarizing
noise, (b, f) are associated with generalized amplitude damping noise, (¢, g) are
associated with X-rotation noise, (d, h) are associated with Gaussian unitary noise.
The error bar is the estimation of the standard deviation by repeating the procedure

for R=10 rounds, and it is estimated to be />R | (¥, — )*/R, where ¥ is the

0225
10° 10

The number of samples 10°

The number of samples

expectation of the corresponding estimations. Specially, v = % Tr(pys).g = f s for
()
)

the labels for different noise parameters. The dotted horizontal line indicates the

Mitigated estimation, and g = for CS estimation. In (a-d), the x-axis represents

value Tr(pyg).

(1) Depolarizing noise A4(p) = (1 — p)p + p =, where p is any quantum
state and p is the depolarizing noise strength. In Fig. 1a, p varies from
0.05 to 0.3 (p=0.05; for x-axis equals j where j € [6]), and in Fig. 1
(b),p=0.2.

(2) Generalized amplitude damping noise A, with representation

A(p) = Z EuvPEZv + EOPEgv
u,v € {0,1}" (12)
u#v
where E,, = /P, (ul for uzve{0,1}" and
Ey= [I->7,,¢ {0, 1}" E! E,,.Note that Eq. (12) is a generalization
u#v
of Eq. (6), which connects to Eq. (6) by setting p,, = p,, for any u, v € [n].
Here we uniformly randomly choose p,,, in %, and labeled it as j in the

x-axis of Fig. 1 where j € [6], and choose the generated damping errors for
j=5 case in Fig. 1 (b) as the damping errors for Fig. 1f.

(3) X-rotation noise A, defined in Eq. (7) with noise parameters 6]- = 2(8—”_],)

for j € [6], and the noise strength is chosen as 1 — cos 8 in Fig. 1c, and
Fig. 1g depicts the errors in the X-rotation noise with noise parameter
0s. The x-axis of the mitigation results of X-rotation noise in Fig. 1c
denotes the label for noise parameters cos ; for j range from 1 to 6.
(4) The Gaussian unitary noise channel U, is chosen such that Q is
sampled from the signed permutation group, ensuring that the coef-
ficient f; for the noise channel is non-zero. The associated numerical
results are shown in Fig. 1d, h. The number of estimation samplings
N, =8000, K, = 10 for Fig. 1d. Fig. 1h choose the same noise parameter
with the fifth noise parameter in Fig. 10d. From the figure, we see that
without mitigation, the error is enormous with the CS algorithm.

In Fig. le-h the number of samples ranges from |900 + 100 exp(j) |
for j € {0,...,5}. From Fig. 1, we see that with the increase of the noise
strength, the classical shadow method with depolarizing, amplitude
damping, and X-rotation noise all gradually diverge to the expected value
Tr(pys), while our error-mitigated estimation protocol in Alg. 1 gives an

expected value that is close to the noiseless value. Based on the numerical
results depicted in Fig. le-h, it is evident that as the number of samples
increases, the estimation outcomes generated by Algorithm 1 approaches
the expected value Tr(py;), while the convergent value for the classical
shadow method is far from the expected value with depolarizing, amplitude
damping, and X-rotation noises. Conversely, the error bar associated with
CS estimations is observed to be smaller compared to mitigated estimations,
using the same number of samplings, as illustrated in Fig. le-h. This is due
to the variance of the mitigated estimations associated with the average noise
fidelities in T'»; subspace B,.

Discussion

We present an error-mitigated classical shadow algorithm for noisy fer-
mionic systems, thereby extending matchgate classical shadows for noiseless
systems”***. With our method, the calibration process requires a number of
copies of the classical state |0) (0| that scales logarithmically with the
number of qubits. Assuming a constant average noise fidelity for the noise
channel, our algorithm requires the same order of estimation copies as the
matchgate classical shadow without error mitigation®. Our algorithm is
applicable for efficiently calculating all the elements of a given k-RDM.

To provide a clearer demonstration of the average fidelity of common
noises, we consider depolarizing, amplitude damping, and X-rotation
noises. The average fidelity of depolarizing and amplitude damping noises
are givenby (1 — p) and (1 — 3, p, ) respectively, where p, p,, are the noise
parameters. For X-rotation noise, the average fidelity lies between
[min, cos*6, max, cos*d] where 8 is the rotated angles. To evaluate the
effectiveness of our algorithm in mitigating these noises, we compare its
performance with the matchgate CS algorithm to calculate the expectations
of ')75, where |S| = 2k, which is crucial for calculating k-RDMs. Our
numerical results show good agreement with the theory, validating the
effectiveness of our algorithm.

While our algorithm demonstrates good performance in the presence
of common types of noise in near-term quantum devices, further investi-
gations are required to explore its potential limitations and improvements.
Some of the open questions that can be addressed in future research include:
(1) Is it possible to extend our algorithm to handle other types of noise,

such as time-dependent, non-Markovian and environmental noise*’,
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Fig. 2 | Schematic diagram of the error-mitigated M
matchgate classical shadow algorithm. a Protocol (a)
to learn the noisy classical shadow channel, where

M =UGXAUG() =D FPaul-), where Uy

is uniformly randomly sampled from the matchgate

group. The estimation f 2k for fo is obtained by

projecting M to P, subspace with input state

po = 10) (0. b The shadow estimation p for input

state p with the noisy quantum circuit and classical (0)
post-processing with the approximated noisy clas-

sical shadow channel in (a), where Uy is uniformly
randomly sampled from the matchgate group.
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or more generally, noise that does not satisfy the GTM assumption? If
so, how would these different types of noise impact the performance of
our algorithm?

(2) We provide numerical results under the assumption of Gaussian
unitary noise, a common noise model in the fermionic platform. An
intriguing unanswered question pertains to the performance of our
algorithm in the presence of more typical noise channels inherent to
fermionic platform.

(3) The number of gates required by the matchgate circuit is O(n*)*. As a
result, the accumulation of noise significantly increases the error
mitigation threshold**"’, which raises the intriguing question of whe-
ther it is feasible to provide an error-mitigated classical shadow using a
shallower circuit. This may be compared with Bertoni et al.*, who
propose a shallower classical shadow approach for qubit systems.

(4) In addition, we have included in the Supplementary materials the
analysis and numerical results regarding the overlap between a Gaus-
sian state and any quantum states, as well as the inner product between
a Slater determinant and any pure state. This prompts the question of
whether our algorithm can be utilized to calculate other physical,
chemical, or material properties beyond the scope of this paper.

Exploring these questions would enhance our comprehension of the
potential and limitations of our algorithm, and could potentially pave the
way for advancements in the estimation of fermionic Hamiltonian expec-
tation values with near-term quantum devices.

Note added

Following the completion of our manuscript, we became aware of recent
independent work by Zhao and Miyake*, who also study ways to counteract
noise in the fermionic shadows protocol.

Methods

Noisy fermionic channel representation

Here we present an unbiased estimation approach for the noisy repre-
sentation of the fermionic shadow channel, which utilizes a protocol similar
to the matchgate benchmarking protocol. According to representation
theory”' (see details in Supplementary Note 1), the noisy fermionic shadow
channel can be  represented as M =3} fy; Py Since
Tr(HM(p)) = Tr(pM(H)), with the pre-knowledge of f,, we can calculate
Tr(HM(p)) for any observable H in the even subspace. To learn the
2(n + 1) coefficients, we begin with the easily prepared state p, = |0) (0]
and apply a noisy unitary channel U with U sampled from the matchgate
group. We then perform a Z-basis measurement X’ with measurement
outcomes x € {0, 1}", followed by classically operating the unitary channel
U on |x) (x|. The generated state has expected value > }_ £, Pax(p,) and
fox is obtained by projecting the final state to the P,; subspace with some
classical post-processing. We illustrate the learning process of the noisy
channel in Fig. 2a. The following theorem provides an unbiased estimation
of the noisy fermionic classical shadow.

Theorem 2. The noisy fermionic shadow channel can be represented as
M = S foiPa> where Py is defined in Eq (1), and f, =

2" (<0|P2kug|x)) / ( Z) is an unbiased estimator of f,, € IR, where |x)) is
the measurement outcome from the noisy shadow protocol obtained by
starting from the input state |0)) and applying a noisy quantum circuit u Q
followed by a Z-basis measurement, where U, is uniformly randomly
picked from the matchgate group.

__ The representation of the noisy fermionic channel, denoted by
M =" f P where f,, € C, can be obtained by the irreducible
representation of the Gaussian unitary. A detailed proof of this theorem is
provided in Supplementary Note 4. We claim that the coefficients f,, can be
efficiently calculated with the following lemma.

Lemma 1. f 18 the coefficient of ¥* in the polynomial p(x), where

-1
pQ(x)=(Z) pf(Cio)pf (~Cigf +2Q7CQ),  (13)

—1)%

where C,,= P, ((—1(;’9“ ( é)

This lemma can be obtained by Proposition 1 in Ref. 28. For the
completeness of this paper, we also give the proof of this lemma in Sup-
plementary Note 4. The coefficients can be calculated with the polynomial
interpolation method in polynomial time. With Theorem 2, we can give an
unbiased estimation M for M.

By the definition of fzk» and the twirling properties of | Qdy(Q)Z/{gz,
the expectation value for the estimation f,, can be formulated as

o= (2 ()

We postpone the details of this proof to Supplementary Note 4. It implies

is the covariance matrix of |x).

(14)

that in the noiseless scenario, M degenerates into M as defined in Equation
(4). Combined with the definition of B, in Eq. (5), fu is close to

-1
(;Z ) ( Z ) if the average noise fidelity in I',, subspace is close to one.

Recall that 3, is a constant in the depolarizing, amplitude-damping, and X-
rotation noises with a constant noise strength, which implies that these
noises can be efficiently mitigated with our algorithm.

Alternatively, we have a counterexample in Supplementary Note 3 that
illustrates the limitations of our mitigation algorithm. Specifically, if the noise
follows a Gaussian unitary channel I/, where Q is a signed permutation
matrix (associated with a discrete Gaussian unitary), then 3, may become
zero. Hence, f,; = 0, rendering our estimation approach unsuitable.
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Recall that our goal is to estimate { Tr (pH) }:":] using a noisy quantum
device and polynomial classical cost, where p is an #-qubit quantum state and
H; is an observable in the even subspace [eye,,. Here we visualize the estimation
process with the guarantee in Theorem 2. We uniformly randomly sample a
matchgate U, from the matchgate group and apply it to the quantum state p,
and then measure in the Z-basis to get outcomes x. We define the estimator

v =Te(HM (Ul (d1U)) (15)

n

Ja 1 (P (Ubl) (51U, )

k=0

(16)

A
It is easy to show that tr(HM  M(p)) is an unbiased estimation of tr(pH)
when M is invertible, specifically when fo, # 0 for any k, and H belongs to
the even subspace I'eyen. Given that E[K\/l] = M and ¥ serves as an unbiased

estimator of tr(Hﬂiljf\v/l(p)), it implies that the estimation error € :=
|9 — tr(pH)| is bounded by | — t(HM  M(p))| + |te(HM  M(p))—

tr(pH)|, which can be minimized with the increasing of the number of

samplings for the estimations ¥ and tr(H. .//\\/l 1M(p)), as shown in Eq. (9).
Note that the estimator defined in Eq. (16) is not always efficient for all states
p and observables H. Here we claim that with this estimator, we can effi-
ciently calculate substantial physical quantities such as the expectation value
of k-RDM, which not only serves the variational quantum algorithm (VQE)
of a fermionic system with up to k particle interactions™’, but also provide
supports to the calculations of derivatives of the energy’*** and multipole
moments™. It is also an indispensable resource for the error mitigation
technique®””. It also serves to calculate the overlap between a Gaussian state
and any quantum state, and the inner product between a Slater determinant
and any pure state inspired by the fermionic shadow analysis of Wan etal.**.
We postpone the details to Supplementary Note 5.

Note that all elements of k-RDMs can be derived through Tr (py;) fora
total of O(n*) sets S with |S| = 2k. In an expansion of this concept, we now
focus on evaluating Tr (pys) for O(n*) different S with [S| = 2k. To calculate
the expectation value Tr (pyy ), we set the input quantum state to be pand the
observable to be H = 7y in the estimation formula of Eq. (16), which can
then be simplified to

7 = 17, pF(Q,Q7CyQQT ), (17)

where ?] = Zze[zn]Ql(i, Dy, QG D) is the (j,)-th element of Q;, and

Cy= @?:1((_ 1(;x}+1 (_é) ' ) is the covariance matrix of |x) (x|. Here,
Al refers to the submatrix obtained by taking the columns and rows of the
matrix A that are indexed by S. The simplified quantity can be calculated in
polynomial time since f . and the Pfaffian function can be calculated effi-
ciently. We give a detailed proof of the simplification process in Supple-
mentary Note 5.

Data availability
The datasets produced during the current study are available at https://
github.com/GillianOoO/Error-mitigated-fermionic-classical-shadow.git.
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