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Abstract

We consider the impact that temporal correlations in the measurement statistics can have on the
achievable precision in a sequential metrological protocol. In this setting, and for a single quantum
probe, we establish that it is the transitions between the measurement basis states that plays the
most significant role in determining the precision, with the resulting conditional Fisher
information being interpretable as a rate of information acquisition. Projective measurements are
shown to elegantly demonstrate this in two disparate estimation settings. Firstly, in determining
the temperature of an environment and, secondly, to ascertain a parameter of the system
Hamiltonian. In both settings we show that the sequential estimation approach can provide a
useful method to enhance the achievable precision.

1. Introduction

Accurate measurements underpin our ability to understand all physical systems and processes. This places a
high priority on the development of useful metrological protocols, i.e. estimation schemes to infer the
maximal amount of information regarding some unknown parameters of a given system of interest. More
formally, an estimation scheme is a process that converts measurement data into an estimate of an unknown
parameter, §. The Cramér—Rao bound [1, 2] places a lower bound on the variance of any unbiased
estimation scheme
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where Fy is the associated Fisher information [3]. In standard quantum and classical estimation schemes the
Fisher information scales linearly with the number of measurement results, N, leading to a N ™! scaling in the
variance. By making use of quantum correlations, such as entanglement, between different sub-systems it is
possible for quantum estimation schemes to achieve N2 scaling, the so-called Heisenberg limit [4—7]. It has
recently been demonstrated that it may even be possible to surpass the Heisenberg limit by exploiting critical
phenomena [8-14].

In spite of the advantages, when dealing with quantum systems additional subtleties must be taken into
account; such as the freedom in choosing the measurement basis or considering generalized measurement
operators. In probe based metrology, where a sensor is placed in contact with a sample whose properties we
wish to learn, measurement back-action can also play a significant role [15-20]. In fact, even if the sample is
sufficiently large that the interaction between it and probe has negligible impact on its state, such back-action
can still play a significant role in the effectiveness of the protocol depending on how the measurements are
performed on the probe. If the same probe system is measured repeatedly, the backaction can cause each
measurement result to depend on the outcomes of, in principle all, previous measurements. While the
impact of this can be neglected if, as is often assumed, the probe is reset after each measurement, this has the
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deleterious effect of making the process slow and, more importantly, potentially throwing away the
opportunity to extract a better estimation by using the additional information gained due to the correlations
established between the outcomes. This is motivation behind sequential quantum metrological

protocols [21-26]. Additionally, if the probe is reset between each measurement it also precludes us from
exploiting any quantum correlations that may have built up in our system and results in the Fisher
information of such processes necessarily scaling linearly in the number of repetitions. There has been recent
numerical evidence that it is possible to achieve super-linear scaling as the number of repetitions of a
sequential measurement process increases [27, 28]. Although this scaling likely only holds for a finite number
of repetitions [29].

In the sequential setting the metrological process can be depicted as a time-series of outcomes, i.e. a
stochastic process. Due to the measurement backaction, the outcomes will generally be correlated in time.
These correlations can affect the rate at which we acquire information, however, as has recently been shown
in [30, 31], these correlations are not always beneficial and can either speed up or slow down the acquisition
of information. It is therefore highly relevant to critically assess how correlations in time impact the rate of
learning and to develop schemes that leverage the measurement backaction to increase metrological
precision.

In this work we take precisely this approach in probe-based metrology, where we consider a single system
acting as the probe, which is interacting with a sample (hereafter referred to as the environment). The
protocol involves performing sequential measurements on the probe at discrete time intervals that generate
correlations between the measurements, which can be leveraged to increase the Fisher information. For a
process with finite Markov order, the Fisher information will necessarily scale linearly in the long-time limit,
in contrast to the large Markov order found, e.g. in continuous [32-38] and weak [39, 40] measurement
schemes, which can make parameter estimation difficult [41]. We demonstrate that stroboscopically
performing projective measurements on the probe, whose underlying dynamics is otherwise Markovian,
leads to a Markov order-1 measurement scheme. This results in a significantly simpler optimal estimation
protocol and clear evidence of the role that temporal correlations in the measurement outcomes can have on
the resulting Fisher information, which we can interpret as the rate of information acquisition. The small
Markov order allows for effective feedback control [42, 43] to be implemented simply by adjusting the time
between measurements. We analyse this approach in two paradigmatic metrological settings, thermometry
of a large environment and estimation of the Rabi frequency of a qubit.

2. Correlated Fisher information

We consider a general setup of a system, with initial state pgs interacting with an environment at a state pg, via
a unitary U. From the perspective of the system, this can be described by the completely positive
trace-preserving map

&y (ps) =tre {U(ps @ pp) U'} = ZKipusTa (2)

where {K;} are Kraus operators satisfying . K}LK,» = L. In the most general setting, the state of the
environment pg and/or the unitary U depend on an unknown parameter § which we wish to estimate. The
channel & therefore transfers information about 6 to the probe system’s state. Such a setting encompasses
several broad classes of dynamics, including the case of purely unitary dynamics of the system, which occurs
when U is a tensor product of unitaries. It also captures the case of generic quantum channels defined only
by the Kraus operators, i.e. cases where we only have access to #-dependent K;’s.

The basic task of probe-based metrology is to extract an estimate of # from measurements of the system
alone. That is, we perform a generalized measurement on the system described by a set of operators L, with
outcomes w. The probability of obtaining outcome w is

p(wlps) =Tr(psM,,), M, =L{L,, (3)
and the state of the system, given that the outcome was w, is updated as

prSL]L
— Ly, = 7&0’ (4)
s L )= )

where the channel £, is now non-linear as it refers to a specific outcome w.
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Typical probe based metrological protocols involve the resetting the state of the system and environment
after each measurement, making each outcome w iid (independent and identically distributed). The variance
o¢ of any estimator is bounded by the Cramér—Rao bound

1

Z ng, (5)

g9

where ng is the Fisher information associated with a single outcome

iid _ 1 0 w ?

weN

Resetting leads to the inevitable linear scaling for an iid measurement protocol. Relaxing the requirement to
reset the system, and therefore moving beyond the iid setting, leads to correlations being established between
the measurement outcomes and we examine the impact that these correlations have on the resulting Fisher
information in the remainder of this section.

2.1. Correlated outcomes
We consider a scenario where we sequentially measure the same probe [22, 23, 25, 44, 45], i.e. after each
measurement is performed the same probe is made interact with the environment again. For ease of
calculation, we assume that the environment is sufficiently large and therefore its state resets at each time as
is the case for dynamics accurately captured under the Markov approximation, or when the environment is
modelled by a suitable collision model [46, 47]. In practice, this is tantamount to the assumption that the
same channel & is applied each time. Crucially however, while the environment’s state remains the same, the
sequential nature of the process means that the system’s state at the start of each interaction cycle will depend
on the result of the previous measurements. Therefore, the results of the measurements are correlated with
each other.

We consider a process where we first measure the system according to equation (4), then apply the
channel (2) and then repeat this sequence. This leads to a string of outcomes wy.y := (wy,...,wy). The state
of the system conditioned on these N outcomes will then be given by

Ps (wl:N) = 59 o ‘ch ... 0 59 o ‘cwl (P(s)) 5 (7)

where o denotes map composition. At each step, the probability of obtaining the next outcome w4 given all
previous outcomes wy., is

p(Wnpi|win) =Tr (PS (len)Mw,,+1)7 (8)

and the probability of observing a particular sequence w;.y is

P(wlzN) :p(wN|w1;N,1)...p(w2|w1)p(w1). (9)

This therefore describes a correlated (and generally non-Markov) stochastic process.

The measure-evolve-repeat sequence provides sufficient versatility that we can naturally introduce a
feedback mechanism where the applied channels £ are assumed to be conditioned on the previous
measurement outcome. This modifies equation (7) according to

Ps (wlzN) = ((/’(;UN O,CWN.. . O((:;)l O‘Cw] (pg) . (10)

This feedback could be introduced, e.g. by assuming that the unitary U applied in equation (2) at each step
depends on the previous measurement outcome. This can lead to more information about the parameter of
interest allowing to increase the estimation precision over iid protocols, as we detail below and demonstrate
with explicit examples.

To formalise our ideas, consider the map ®,,(p) that represents one iteration of the sequential
measurement process with a specific measurement outcome,

D, (ps) =& o Lu,ps. (11)

We assume that the unconditional channel ®(ps) =", p(w|ps) P (ps) has a unique steady-state, ®(7) =.
We remark that P(wy.y) is still conditioned on the initial state of the system. However, as will become clear
below, the choice of initial state plays only a small role in the sequential measurement scheme, and therefore

3
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to simplify the dynamics we assume the probe’s initial state is given by the steady state; i.e. p) = 7, thus
making the probability distribution P(w;.y) ‘stationary’ [30].
Since the resulting stochastic process (9) is now correlated, the Cramér—Rao bound (5) becomes

1

Fo (o)’ (12)

og =

where

Fo(win) = Y P(l(;P(wI;N)>. (13)

wl:N)
Wiy, WN

The computation of Fg(w).N) is, in general, quite difficult as it involves a high-dimensional summation.
Recently, it was shown by some of us [30] that the calculation of equation (13) simplifies for processes having
a finite Markov order M, an assumption which is true in many cases of interest. It is also approximately true
in cases with infinite Markov order, as one can often define some sufficiently high effective Markov order
Mg [29]. For systems with a finite Markov order equation (13) reduces to

Fo (wi:N) = Fp (wim) + (N = M) Fy (w41 |wim) - (14)

The first term is the Fisher information of a block of M outcomes, while the second is the conditional Fisher
information, defined as

_ (Dop (w1 |win))?
Fo (Wm1|wim) = Z P(M:M)Z I (15)

Wiyee s WM WM1
The quantity p(waq+1|wi.aq) is the probability of future outcomes given all the relevant past, i.e. up to the
Markov order. Equation (15) is the Fisher information of this distribution averaged over all possible pasts.
For N >> M, equation (14) shows that the dominant contribution to the Fisher information is given by
Fp(w1:n) =~ NFg(wat41|wi:am)- This therefore allows us to interpret the conditional Fisher information as a
Fisher information rate
F 0 (wl:N )

lim ———=. (16)

Fo (W1 |wim) = R

That is, it represents the effective Fisher information acquired per outcome. Notice that this is generally
different from ng, as defined in equation (6). In fact, as shown in [30], there is no general relation between
the two quantities, and Fg(waq+1|wi.a1) can be both smaller or larger than Fi¢ depending on the problem in
question.

2.2. Projective measurements

A particularly elegant and useful instance of this corresponds to when the measurement operators L, in
equation (4) are projective measurements onto some basis {|k) }. Since the projection erases all information
about previous states, this corresponds to a Markov order M = 1; that is, each measurement result only
depends on the previous outcome, i.e. when the underlying dynamics adheres to the Markov approximation.
The probability of obtaining each outcome reduces to p(k|ps) = (k| ps|k) and the channel ®,,(ps) in
equation (11) simplifies to

i (ps) = & (k) (KI) (17)
Hence, the conditional probability (8) reduces to
P(KIK') = (K| 5" () (k")) 1K) (18)
This formula elegantly encompasses the relationship between the quantum channel & and the actual

measurement record that is observed, which in this case has the form of a Markov chain. The steady-state of
Oy is m=_, qi|k) (k| where gy is the solution of the Markov equation

a=Y aquP(kk'). (19)
k/

4



10P Publishing

New J. Phys. 26 (2024) 033048 E O’Connor et al

For Markov order-1 processes, equation (14) simplifies to [30]
Fo(ki,....,kn) = Fi + (N —1) Fyy, (20)

where we introduce the slightly simpler notation F; =, (9gqx)*/qx for the Fisher information of the
steady-state distribution gy, and

1 B A
o= Z%/ZW (%P(Hk )) ; (21)
K K

for the conditional Fisher information. This quantity is precisely the Fisher information rate in

equation (16). Interestingly, this result shows that for projective measurements, the rate at which we acquire
information is directly related to the Fisher information of the transition probabilities P(k|k’). For a Markov
order 1 process, we learn about 6 by observing the transitions. It is therefore clear that the correlations
between measurement outcomes in a sequential protocol will have an impact on the attainable precision. In
section 3 we demonstrate that these correlations can both enhance and hinder an estimation scheme, and
subsequently in section 4 provide explicit examples of how they can be leveraged to boost the effectiveness of
a given protocol.

3. Comparison to other strategies

The key insight arising from equation (20) is that for a metrological scheme employing sequential
measurements on a single probe system, what matters for the acquisition of information are the transitions
from k’ — k. This is clear from the fact that F,|; depends on dpP(k|k’), i.e. on how sensitive the transitions
are to changes in . Conversely, F; depends on dpgx. One would naturally be tempted to compare F,|; with
Fy, or to any other meaningful quantity. It turns out, however, that these comparisons are quite subtle and
can, in fact, lead to incomplete or incorrect conclusions due to neglecting specific aspects of a given
implementation. We now attempt to clarify this issue.

3.1. Comparing with Fi4 in equation (6)
A first, somewhat naive, choice would be to compare By with the case where the outcomes are i.i.d. There
are two possible ways one might obtain iid outcomes. The first is to have N copies of the probe and send each
one individually through the channel &, equation (2). However, this introduces an arbitrariness on the
choice of initial state pg, which can in principle be prepared in any way. This leads to a clear problem in
comparing with the sequential setup since the states in that case are only prepared once and subsequently
evolve. The second is to obtain iid outcomes by resetting the state of the probe system after each
measurement. This could mean, for example, coupling it to a heat bath after each measurement, hence
erasing information about past outcomes. Once again, this introduces an arbitrariness as to how the reset
occurs and an additional arbitrary parameter, which is the time it takes to re-prepare the system.

In [25], the authors compared their results with the iid scenario. In particular, they considered the
situation in which the system was always re-prepared in specific states |k’). The corresponding Fisher
information is then a single term in the sum appearing in equation (20),

1 B A
Byj1=p = ZW (MP(klk )) : (22)

k

It is clear from equation (21) that F,|; will be a convex sum of such quantities:
B = qu’FMl:k“ (23)
k/

We can therefore have F,|,_/ S F,|;, depending on the particular choice of k’. The quantities F,|;—; are
useful, as they tell us which outcomes k’ lead to higher information gains. However, if one is using just a
single probe then the quantity in fact being sampled is F;.

3.2. Comparison with F;

Alternatively, we may be inclined to compare F,|; with F;. The former is the information contained in the
transition probabilities P(k|k") and the latter is the information contained in distribution g (equation (19)).
However, this comparison is generally not fair since the gx-information is not acquired over independent
trials. Instead, it is determined sequentially in a single run. This subtle point was recently discussed by some

5
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of us in [31] and can be clarified as follows. The actual data we have at hand is the string ki, ..., kx.
Estimation therefore proceeds by building a function é(kl ,--+,kn) to use as the estimator. For any (unbiased)
estimator, the error for large N will be bounded by 1/(NF,);).

To achieve this bound, however, we must use estimators that make use of the transitions. For example,
suppose that the functional form of a specific transition reads P(2|1) = f{#), for some function f(6). Then a
potential estimator could be constructed as follows: given a single string ki, .. ., kn, we count how many times
k=1 was followed by k=2, and use this to build an estimate P(2|1) for the transition probability. The
function f~'(P(2[1)) would then be an estimator of 6, which will generally be unbiased for large N. Since this
estimator uses information about transitions, it might saturate the Cramér—Rao bound asymptotically,
although there is no guarantee of this.

In practice, we might prefer to use simpler estimators. For example, we can build a histogram of the
outcomes. That is, given a string ki, ..., ky, where each k; ranges over some alphabet k; € {1,...,d}, we can
build a histogram counting how meany times k; = 1 is recorded, how many times k; = 2 is recorded and so
on. This is called the empirical distribution (ED) and is a form of data compression. It can be shown that the
ED is an unbiased estimator of the steady-state probabilities g, and hence, naively, we might expect that the
information associated to it should be F;. However this is not the case, as shown in [31]. The reason being
that the data string k,, ..., ky is not 1.i.d. Instead, it is acquired sequentially on a single run. As a consequence,
due to correlations between sequential outcomes, the resulting Fisher information is affected. The actual
form for the Fisher information in the ED is described in [31].

The only way we would obtain an information rate given by F, is if we perform the same protocol as
section 2.2, but only use data points spaced by a large distance A > 1. That is, we would have to perform
NA measurements, however, instead of building an estimator based on ki, ..., kya, we discard intermediate
data and build an estimator involving only k;,ka+1,kya+1, ... This, of course, is a terrible strategy since it
involves throwing away valuable data.

3.3. Direct measurements on the environment

In our approach, information about a parameter of the environment is obtained by coupling it to a probe
system via the map (2). Suppose that the only dependence on @ is in the environment’s state p%. Then
equation (2) represents a form of data compression; that is, information is lost when it is transferred from p§
to ps. A natural way to quantify the amount lost is to compute the quantum Fisher information of pg, which
already maximizes over all possible measurements on the environment. The resulting quantity must then
necessarily exceed By In reality, of course, this compression can be significant, for example if the
environment is very large and the system is small. In appendix A we prove a stronger result: we consider a
maximization only over measurements that have the same number of outcomes as the dimension of the
system. We find that

Fo < B <F(pr.G), (24)

where Fi?" is equation (6) maximised over all initial states and {G;} is the optimal POVM with the same
number of measurement outcomes as the dimension of pgs. Hence, even restricting the number of outcomes
in the environment, a direct measurement would still be better than using a probe. This agrees with the
results of [48], which studied temperature estimation in thermal states.

3.4. Relation to collisional schemes

The sequential measurement approach shares several commonalities with the recently proposed framework
of collisional thermometry [49-52]. Instead of performing the measurement on the system itself, an auxiliary
system is used which interacts (collides) with the probe system and the measurement is subsequently made
on this auxiliary system. For projective measurements performed immediately after the interaction, we find
that the Fisher information is equivalent to the sequential measurement scheme. We assume that the system
and colliding auxiliary unit are initially uncorrelated and evolve via a unitary interaction

psc = U(ps® pc) U', (25)

after which we perform a measurement of the auxiliary unit in an arbitrary basis {|i) }. The probability of
getting a measurement result 7 is then given by
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P (i) = Tr[psc (Is @ |i)(i])]

j
= Trs[psEi], (26)

where we have defined F; ;= (i|Ulp;) with |p;) an eigenvector of the auxiliary unitand E; =}, FI]-FI-J .
Through a similar analysis to the one in appendix A we can prove that {E;} isa POVM on ps. Therefore,
performing a measurement on the auxiliary unit immediately after interaction is equivalent to performing a
(different) measurement on the system itself. In fact, Neumark’s theorem [53] proves that any POVM on the
system can be realised via a suitable projective measurement on a collisional unit. This may be a useful
practical method of realising some more complicated forms of POVMs on the system. The collisional setup
still provides some additional freedom to make use of initial correlations between measurements [50] or
collective measurements on multiple collisional units but a significant advantage has yet to be demonstrated
for these methods.

4. Applications

4.1. Precision thermometry

We now turn to applications of our formalism. First, we consider the case of quantum thermometry [54—60],
where it is known that an advantage can be obtained by using quantum probes for low temperatures [61-63].
Nevertheless, estimation of thermal probes is limited by the thermal Fisher information [64] which is
maximised by using a D level probe with a non-degenerate ground state and (D — 1)-degenerate excited
states [64]. The Hamiltonian reads H, = ey|ey) (eo| + Z?;ll e1]e;) (ei], with energy spacing e; — eg =2.
Following [64], we model the environment as a bosonic heat bath with a flat spectral density. In suitable
limits, this leads to the following master equation

% =Lps = Vi{(l + 1) Dleo)eil] + D lei ) {eo] } ps. (27)

i=1

where D[L]p = LpL" — 1{LTL, p},  is the system-environment coupling and 71 = 1/(e"¥/*T — 1) is the
mean occupation number. Our goal will be to estimate the occupation 7, from which we can estimate T
assuming {2 is fixed and known [14]. The map &, equation (2), corresponds to the evolution
ps(t) = E(ps(0)) = €“ ps(0), up to a certain time 7. This defines the time between measurements and will be
used as a free parameter of the model which can be optimized over to enhance the estimation precision. We
will restrict to measurements in the energy basis, since this is known to be optimal in the case of incoherent
states. As a consequence, the system remains diagonal throughout the protocol.

In the limit of infinite evolution time 7 — 0o, the steady state of the master equation (27) is the Gibbs
thermal state, with ground-state occupation gy = (eo| p¥leo) = %, and excited state occupation
qi = (ei|pslei) = 5> forall states i = 1,..., D — 1. In this limit the map £ completely resets the state of the
system, causing the outcomes to become i.i.d. The corresponding Fisher information, which is the analog of

equation (6), is given by
10\ 1/
h=—{(— N—-1)— | =
7 qo<3ﬁq°> vy (aﬁql)

B D-1 08)
~ A(1+7)(1+Dn)*

and is precisely the thermal Fisher information. Particular to this setup, equation (28) coincides with all of
the comparison quantities in section 3, making it the logical benchmark for the correlated process.

Similar in spirit to the collisional thermometry scheme of [49], with sequential measurements we can
exploit the additional information about temperature that is contained in the thermalization rates of the
probe by relaxing the assumption that 7— 0o between each measurement, therefore the probe only partially
thermalizes after each measurement. The first step is to compute the transition probability P(k|k’) in
equation (18), where |k) now corresponds to the energy basis |ex) of the probe Hamiltonian. These
probabilities can be explicitly calculated, as detailed in appendix B, and we find

P(0[0)=1-¢q.(1—f) (29)

7
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P(il0) = o (30)
P(01) = a0(1 ) G1)
piij) = LUDH8 62)
P(ii) = g+ P(lj), (53)

where we have defined the probability of finding the system in any of the excited states, g, = 1 — g, as well as
the functions g = e~ 77" and f = =77 (P"*+1) which represent the two most relevant relaxation rates of the
problem. We remark that these rates naturally depend both on the choice of 7, as well as on #, but we omit
these explicit dependences for clarity of notation. The steady-state of the Markov chain, equation (19) is
given by the same equilibrium probabilities g defined above. This is not immediately obvious: while it
certainly must hold true when 7 — oo, for finite times this is less evident. The rationale behind this is
explained in detail in appendix B.

Using these results we can compute the conditional Fisher information rates F,|;— in equation (22). If
the measurement outcome was k’ =0 (i.e. the system was found in the ground-state), then the Fisher
information rate for the next measurement will be

_ 0P 2,0

P =0 P o oY
_ (95x)’
x(1-x)’ (35)

where x = g.(1 — f) = 1 — P(0|0) is the probability that, after observing the system in the ground state, it is
excited to any of the excited states after a time 7. This conditional Fisher information rate is therefore the
same as that of a binary random variable, where the system is either in the ground or in the excited state after
a time 7, given that at time t=0 it was in the ground state. Similarly, we can calculate the conditional Fisher

information rate given that the outcome was one of the excited statesi = 1,...,D — 1. From equation (22) it
follows that
[0:P OV | [8:P(1|1))° [0:P (2]1))°
Fi— = D-2 36
2= P(0[1) P(1]1) +( ) P21) (36)

where the factor of D — 2 represents the number of excited states the system can go to, other than i, given that
it was initially detected in i. With some simplifications, the final expression reads

O 1 [0w) = (D=2)(%g)]" D=2 [(Ohy+ g’
y D—1 1—-y—(D-2)g D—1 1—-y—g

FZ‘ 1=¢; — 9 (37)
where y = 1 — x — f. The first term is the Fisher information of the binary process i — 0, the second is the rate
for i — i, and the third is the rate for i — j with j # i, weighted by the D — 2 possible j’s.

From these results, the total Fisher information rate in equation (20) is

Fyj1 = qoFj1=¢, + 4eF2)1=e; (38)

where, recall, g, = (D — 1)g;. The quantities F,|;—,, F>|1—, and F,|; are shown in figures 1(a) and (b) as a
function of the measurement time y7. We analyze the three different contributions, equations (35), (37)

and (38) for D=4 and D = 8. It is clear that there is an optimal finite time at which the Fisher information
rates are maximized, i.e. partial thermalization is favorable as it allows us to gain more information about the
temperature of the system from the relaxation rates. We can find this optimal Fisher information by
calculating F; ; = max, Fy|; for any given value of 7.

From figure 1(a) it is clear that the value of the inter-measurement times y7 which give the highest
precision depend on whether the outcome was the ground or the excited state. Based on this, we can
therefore envision a feedback mechanism that chooses the value of 7 depending on the outcome. This would
amount to using different values of 7 in the probabilities (29)—(33). However, some care must be taken in
doing so because the steady-state distribution gx will no longer be the thermal distribution. As a
consequence, the optimal times are not exactly the peaks of the dashed lines in figures 1(a) and (b). The new
steady state probabilities are given by

9o (39)
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Figure 1. Ratio of the relevant Fisher informations from the sequential scheme to the thermal Fisher information. We show F,
[solid] and the individual contributions to this Fisher information for specific previous measurement results F,|,—,, [dashed],
and F,|,—,, [dot-dashed] of the D — 1 degenerate probe as a function of the time between measurements for arbitrary choice of
n=1and (a) D=4 and (b) D =8. (c) Maximum enhancement, F;TI
about the previous measurement outcome as a function of 7. We show the results for different values of D =3 [bottom-most,
solid], 4 [dotted], 5 [dot-dashed], and 6 [top-most, dashed].

/ F;l, for the optimised protocol leveraging information

To determine the maximal achievable precision we must optimise the combined Fisher information,

equation (38), over both 7, and 7, giving Fz& | = max,_., Fy|;, which is a complex optimization problem

which must be solved numerically. In figure 1(c) we show the enhancement achievable, i.e. Pj W/ Fjj,asa
function of 7, which also scales with the increasing dimension of the probe. We find that the ratio of the
optimal 74 and 7, changes very little with temperature implying that the feedback mechanism can reliably
achieve this enhancement.

4.2. Themometry with coarse grained energy measurements

Due to the degeneracy of the probe, there is a subtle distinction when we only have access to an energy
measurement which is unable to distinguish between measurement outcomes in the degenerate eigenspace
and which we will call partially indiscriminate, instead of the full measurement in the energy basis considered
in section 4.1. The result of such a partially indiscriminate energy measurement would be the POVM

D—1

Ey = leo)(eo; Er = lei)(eil. (40)

i=1

Although this is no longer a projective measurement, the Fisher information still retains the same form as a
projective measurement, i.e. that of equation (21). This is because the transition probability from one energy
eigenspace to another is independent of the the specific state that the system is initially in within that
subspace. The transition probabilities can be calculated in a analogous manner to the full energy basis
measurement case detailed before and we find

P(0[0) =1—g.(1—f) (41)
P(10) =q.(1-§) (42)
P(0[1)=qo(1—1) (43)
P(1[1)=1-qo(1~f). (44)

As anticipated, the transition probabilities here are identical for transitions to the ground state and the
transition probabilities to the excited subspace are simply the sum of all the transition probabilities to the
individual excited energy eigenstates. The main difference now is that we are unable to distinguish measuring
the same excited energy eigenstate two measurements in a row from measuring two different excited energy
eigenstates. We can see the consequences of this difference in figure 2(a) and comparing it with figure 1(a).
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Figure 2. As for figure 1, however, considering coarse grained energy measurements which cannot distinguish between
measurement outcomes in the degenerate eigenspace.

We see that the Fisher information is exactly the same when the previous measurement was a ground state
(upper blue curve) but it is significantly lower for previous measurements that resulted in an excited state
outcome due to the reduction in information we have for this measurement (bottom-most red dot-dashed
curve). For low values of 7 the Fisher information attainable when the previous measurement was excited is
never larger than the thermal Fisher information. In this case an obvious measurement strategy to pursue
would be to allow the system to fully thermalise after an excited energy measurement outcome is recorded
and then optimise the Fisher information over the measurement time after a ground state measurement
outcome is obtained. In fact, this is the optimal strategy for small 7 and we can see in figure 2(c) that it can
still provide a significant advantage over any strategy without feedback control.

This strategy indicates that there are other possible metrology protocols that, while not being projective
measurements, nonetheless maintain the same form of the Fisher information as seen in equation (21). For
equation (21) to hold, outcomes must depend only on the result of the directly preceding measurement.
While projective measurements are an example of such a process, they are not the only example. As just
discussed, we satisfy this condition if all of the POVM operators project onto degenerate subspaces.
Additionally if we have POVM operators that project onto a non-degenerate subspace we could allow the
system to fully equilibrate after obtaining that measurement result, the system will therefore be in the
equilibrium state, independent of any previous measurements.

4.3. Rabi frequency estimation

We next demonstrate that the sequential metrology approach can be employed to determine a property of
the system Hamiltonian, such as the Rabi frequency of a driven qubit [22], thus extending its applicability
beyond estimating parameters of only the environment. To make our ideas concrete, we consider a qubit
probe with Hamiltonian Hs = Qo which is coupled to an environment according to the master equation

dps

T Lps = —i[H, ps] + 7D [o_] ps. (45)

We once again consider sequential projective measurements in the system, with a free evolution of duration 7
in between. Equation (18) then becomes

P(KK') = (K] (&7 (K') (k') ). (46)

From this we can determine the steady-state distribution gy in equation (19) and subsequently determine the

conditional Fisher information rates F,;— in equation (22), as well as its average F,|; in equation (21).
Figure 3 shows results for F,;—;/ and F,; in the case of measurements in the computational basis

k’ ={]0),|1)} and we show the results for 2/ =0.2 in panel (a) and 2/ = 1.0 in (b). The eigenvalues of
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Figure 3. Fisher information from the sequential scheme for estimating the Rabi frequency €2 in the Rabi model (45). We show
F,); [solid] and the individual contributions to this Fisher information for specific previous measurement results Fy1=|0)
[dashed], and =1 [dot-dashed] for (a) /v = 0.2 and (b) €2/ = 1.0. The measurements are performed in the
computational basis.

the Liouvillian depend on 1/~? — 6402, which becomes imaginary for 2/~ > 1/8. This is evident by
comparing the behavior between the two settings in figure 3 as all Fisher rates show significantly more
oscillations for larger (2. We also see from the images that the information rates depend sensibly on 7, and
this becomes particularly strong for large 2/, cf figure 3(b), to the point where the Fisher information can
actually be zero at certain points.

One could also study the same problem for bases in other directions. Measurements in the o, basis yield
no information, while measurements in o, can and, in fact, generally do lead to somewhat larger Fisher
information rates, although their behavior with 7 is also different. Finally, one could ask about what is the
optimal basis. However, this quickly becomes a difficult problem to solve in general since the basis will
depend on the actual value of 2, as well as on 7.

5. Conclusions

We have examined how temporal correlations established between measurement outcomes impact the
achievable precision in estimating a parameter of interest using quantum probes. We considered a sequential
measurement protocol, where the probe system is stroboscopically measured. We established that the
resulting conditional Fisher information captures the rate at which information about the parameter of
interest can be obtained. For protocols employing projective measurements, we have used our formalism to
demonstrate that advantageous schemes can be developed. In the case of thermometry we showed that
allowing for different waiting times between measurements of the probe based on the previous measurement
outcomes allows for an increase in the achievable precision. Furthermore, we demonstrated that the protocol
is versatile, allowing to effectively estimate Hamiltonian parameters such as the Rabi frequency. The latter
example also established that the choice of measurement can play a significant role in the achievable
precision, thus opening the possibility to explore whether further enhancement can be achieved by extending
an adaptive scheme beyond allowing for different measurement times but also implementing measurements
in a different basis at each step.

This work builds on [30, 31], which studied stochastic metrology of generic correlated outcomes in
classical processes and connects those results with quantum processes. In particular, with the stochastic
outcomes obtained when a quantum system is subject to stroboscopic measurements. Our work highlights
the subtlety and care that must be considered when measurement outcomes in a metrological protocol are
not independent and identically distributed. Furthermore, it provides a useful framework to explore a wider
class of sensing protocols, in particular those that can leverage the temporal correlations to be more
metrologically effective.
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Appendix A. Coarse grained comparison

We consider the setup from equation (2) of a general system-environment evolution with U and ps
independent of @ and ps = > _, si|si) (si|. When this is not the case it is possible do violate the following bound.
The addition of an auxiliary system such as was considered in [48] has no effect on the following proof as
long as the auxiliary system also has no 6 dependence. Our first step is to derive the map £’ (pg) = & (ps)

& (ps) = Trs [U(ps @ pr) U']

fZ (BlU| D s slisls@ pr | UT [bi)e
j
= s (bl Ulsj)spe s(5|U"[bi)e
i,j
=Y MijpeM];
i

where {|b;) } is an arbitrary basis of Hg and M; ; = /5; £(bi|Uls;)s. For the following analysis we require that
M; ; is independent of  with is clearly true when U and ps are independent of 6 but can also be true even
when this is not the case. The quantum Fisher information of £(ps) is then given by the Fisher information
of pi(E(ps), Ei) = Tr[€(ps)Ei] maximised over all possible POVMs {E;}. Where {E,} is a set of hermitian,
positive semi-definite matrices that sum to the identity. Lets now look at the quantum Fisher information of
E(ps)=E"(pg) = 2:]]\/1],051\/1;r We will label the optimal POVM as {F;}

pi(€(ps),F:) = pi(E' (pe) , Fi)

=Tr[€ (p =Tr Z [k pEM
=3 [%m%w] = [pEMj,kwk]
j j

=Tr | pg ZZ\/I;,(FI-]VIL;{ . (A.2)

We can now define a new set of operators G; =} -, MT «FiM; 1, it is important to note that {G;} has the
same number of elements as {F;}. Now we need to prove that {G;} is a valid POVM on H . Since F; is
Hermitian then G;j clearly is too. A matrix is positive semi-definite if and only if it can be decomposed into a
product F; = L L;. Since {F;} is a POVM we know that it can be decomposed. Therefore we can write

G = ZJ kM L LiMj = ZJ K sz,j,k with Kj j ¢ = LiM;j k. This means G; is the sum of positive

semi- deﬁmte matrices and is therefore also positive semi-definite. The last thing to show is that {G;} sums to
the identity
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D Gi=D > MFiM
i

i gk

=2 _Mj, (Z F) M= M) My
ik i Jk

= > sis(slUT b 6(b{ Ulsi)s
7.k

= sk s(slUUT [se)s
k
=15 (A.3)

This implies that the quantum Fisher information of (ps), F(E(ps)) is upper bounded by the optimal
coarse grained measurement on pg with the same number of outcomes as the dimension on pg which we will
denote by F(pg, G ). Finally, we know that Fy;_, = F(EXF (Jk')(K']), |k) (k|) which implies

By =3 e Fanme < > (€ () (K'])
k' k’

<> awF(pp.GY) = F(pr. G;). (AA)
kl

This result is also interesting when the environment has a smaller dimension than the system such as might
be the case in a collision model setup. In this case the Fisher information we can obtain from measuring the
system is bounded by the quantum Fisher information of the environment, therefore larger probes are not
necessarily more informative.

Appendix B. Exact solution of the sequential thermometry problem

In this appendix we give details on how to calculate the probabilities P(k|k’) for the metrology problem in
equations (29)—(33). The system obeys the master equation (27), which forms the so-called Davies maps,
which do not create coherences. Hence, the evolution after each measurement will remain diagonal and we
can map this into a classical master equation problem. Define the D-dimensional transition matrix

—y(D-1)n ~(H@E+1) ~(@E+1)

i —y(A+1) 0
it 0 —y(@E+1) ] (B.1)

The transition probabilities will then be

P(kIK') = (") (B.2)
where 7 is the time between measurements.
To compute this matrix exponential we solve the corresponding master equation
dpx
E = Z Wkk’Pku (B3)
k/

for all initial conditions of the form py(0) = & ;. We proceed in 2 steps. First, define p, = > ' g;. Then,
because of the symmetry of the problem, we can actually solve a simple 2-dimensional equation for py and p,:

% =7 (A4 1)pe—~(D—1)npo, (B4)
P (D~ V)0 (A4 1)pe (B5)
The solution is
po(t) = (90 +4ef) o (0) + qo (1 —£) pe (0), (B.6)
Pe () = ge (1= f) o (0) + (qe + qof) pe (0) , (B.7)
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where f = ¢~ 7P"+1) From this we can already read off P(0|0) in equation (29), as being the coefficient in
equation (B.6) that multiplies py(0). Similarly, because p,(0) = Z?:_ll pi(0), we can also read off from
equation (B.6) the element P(0l3).

For the remaining elements we need to determine the probabilities of the individual states p;. From the
master equation (B.3) we have that

dpi _ _
= A+ )b+ o 1), (B:8)
Since po(t) is known the solution will be
7 D—1
pi(7) = gpi(0) +7ﬁ/dt’ g7 —1") (@0 +aef(t'))po(0) +ao(1 = fIt)) [ D_pi(0) ||, (BI)
0 i=1

where g = g(7) = e~ 77("*1), The remaining matrix elements (¢"*);, can now all be directly read off from
these results. For example, the element P(i|0) is read from equation (B.9) by looking at all terms that
multiply po(0). Carrying out the time integrals we obtain the results in equations (29)—(33).

This analysis also shows why the thermal probabilities gy are still steady-states of the Markov process,
even if 7 is finite. Namely, since Wq = 0, it follows that ¢V'q = q.
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