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Abstract

In response to the climate crisis, there is a need for technological innovations to reduce
the escalating CO5 emissions. Two promising semiconductor technologies in this regard,
perovskite-based solar cells and memristive devices based on two-dimensional layered
transition metal dichalcogenide (TMDC), can potentially contribute to the expansion of
renewable energy sources and the development of energy-efficient computing hardware.
Within perovskite and TMDC materials, ions dislocate from their ideal position in
the semiconductor crystal and leave void spaces. So far, the precise influence of these
vacancies and their dynamics on device performance remain underexplored. Therefore,
this thesis is dedicated to comprehensively examining the impact of vacancy-assisted
charge transport in innovative semiconductor devices through a theoretical approach
by modeling and simulating systems of partial differential equations. We start by
deriving drift-diffusion equations using thermodynamic principles, including Maxwell-
Stefan diffusion and the grand canonical ensemble of an ideal lattice gas. Particular
attention is directed towards accurately limiting vacancy accumulation. Furthermore,
we formulate drift-diffusion models to describe charge transport in perovskite solar
cells and TMDC memristors. We discretize the transport equations via the finite
volume method and establish the existence of discrete solutions using the entropy
method. Our study concludes with simulations conducted with ChargeTransport. j1,
an open source software tool developed in the programming language Julia. These
simulations investigate the large time behavior of discrete solutions for both transport
models. Additionally, we explore the influence of volume exclusion effects on charge
transport in perovskite solar cells and compare our simulation results with experimental
measurements found in literature for TMDC-based memristive devices.
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1. Introduction

Semiconductor technology ranks among the leading sectors in today’s industrial
landscape. We face technology based on semiconductors several times a day, from
the touchscreen displays of smartphones (thin film transistors) to the illumination
provided by LEDs (light-emitting diodes) [101]. Developing new semiconductor devices
and materials drives innovation in established technologies while potentially positively
contributing to environmental sustainability. These innovations influence areas such as
next-generation solar cells, and brain-inspired computing hardware [166, 168]. While
some of these technologies are already on the path to commercialization, others remain
in their early developmental stages, working toward readiness for mass production.

The design of new technologies and devices offers an interdisciplinary interface between
science, technology, engineering, and mathematics. Modeling and simulating charge
transport phenomena in these devices can assist in making predictions and optimizing
their performance, addressing challenges that are often difficult and costly to overcome
solely through experimental approaches [71]. In Section 1.1, we motivate the necessity
to advance theoretical research for two concrete innovative applications. Then, in
Section 1.2, we categorize the models and numerical schemes used in this thesis within
the existing literature. Finally, in Section 1.3, we outline how this thesis aims to
analyze these devices theoretically.

1.1. Motivation

According to the World Meteorological Organization, there is a 66 % probability that
the world will surpass the critical 1.5 °C temperature threshold for the first time
within the next four years [247]. This threshold, denoting the rise in the global average
temperature above the pre-industrial baseline (1850 — 1900), was established in 2016 in
response to the escalating global warming crisis and enshrined in the Paris Agreement
[56]. Due to this alarming trend, the urgency of stabilizing the global climate has never
been more pronounced. The Intergovernmental Panel on Climate Change has recom-
mended achieving net-zero greenhouse gas emissions by 2050 to ensure sustainable
climate stabilization [114]. As a result, rapid and transformative changes in the coming
decades are needed. In this thesis, we pay particular attention to the charge transport
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in two semiconductor technologies that can be part of the solution for CO, reduction.
Specifically, we introduce perovskite-based solar cells for advancing renewable energy
production and transition metal dichalcogenide (TMDC)-based memristors designed
to enhance energy-efficient data storage and processing in future electronic devices.

1.1.1. Perovskite solar cells

In recent years, perovskite solar cells (PSCs) have emerged as a rapidly advancing
technology within the field of photovoltaics [178, 188]. PSCs have demonstrated
remarkable power conversion efficiency (PCE) rates, defined as the proportion of
incident light power converted into electrical power, exceeding 30 % [16, 40, 162].
These PCE rates surpass the efficiency of widely used silicon solar cells under laboratory
conditions. Furthermore, specific PSC architectures can significantly reduce production
costs compared to conventional silicon solar cells. Due to their high efficiency and low-
cost manufacturing, PSCs can potentially revolutionize renewable energy production,
which is crucial for reducing greenhouse gas emissions. However, the commercialization
of PSCs is still in its early stages, and several substantial challenges must be addressed,
including issues related to stability, limited lifespan, and toxicity concerns [213].

light

glass
transparent electrode

electron transport layer

perovskite layer

hole transport layer

metal contact

Figure 1.1.: A fabricated thin-film perovskite solar cell (left) and an illustration of a planar
perovskite-based solar cell architecture (right). (Left image from [214] and the right image
from [DA4] with modifications.)

In a PSC configuration, a perovskite layer is sandwiched between an electron transport
(ETL), a hole transport layer (HTL), and additional contact layers, as illustrated in
Figure 1.1 (right). A planar cell is among the common architectures where incident
light enters through the ETL. Perovskites do not describe one concrete material but
belong to a class of crystalline semiconductors with the formula unit ABXj3, composed
of two cations, A and B, and an anion, X. In reality, these ions are not rigidly fixed
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within the crystalline lattice. Dynamic crystal defects occur, forming void spaces
known as vacancies within the crystal lattice. Ions can occupy these vacancies. The
continually changing crystalline structure, caused by ionic migration occurring on a
timescale about ten orders of magnitude slower than that of electron and hole motion,
significantly impacts the overall device charge behavior and cannot be neglected. In
perovskites, the movement of numerous negatively charged anions plays a substantial
role in charge transport. Several experimental observations and simulations indicate
the occurrence of ionic accumulation near the perovskite interface [29, 141, 224].

Furthermore, the phenomenon of current-voltage (I-V) hysteresis, where different
output currents are observed for varying voltage scanning directions, is directly linked
to vacancy migration [213, 225]. Despite notable advancements in characterizing
vacancy-assisted migration in perovskites, it is still necessary to comprehensively
understand its impact on device performance. As a result, it is crucial to gain a deeper
understanding of charge transport within perovskite materials through advanced
modeling and simulation techniques.

1.1.2. Memristive devices

Energy consumption and, consequently, carbon emissions present a substantial chal-
lenge across all sectors of modern IT (information technology) [123]. This challenge
extends to traditional computing, from personal computers to supercomputers, man-
aging and analyzing large and complex datasets, and the emerging field of artificial
intelligence (AI). Most of today’s IT systems rely on digital CMOS (complementary
metal-oxide-semiconductor) logic and the von Neumann architecture [199]. Regrettably,
the energy efficiency of this type of hardware is insufficient to meet the increasing
demands. In particular, the increasing popularity of Al in recent times [60, 198, 238]
raises significant concerns about the energy consumption of Al and its damaging
impact on the environment [8, 55, 154].

An alternative, more energy-efficient, and sustainable approach to address many
AT challenges is using hardware that processes information similarly to biological
brains. This approach is known as neuromorphic computing [87, 254]. This inno-
vative hardware architecture can be implemented using memristive devices, often
called memristors, as their fundamental building blocks. The term “memristor”, a
portmanteau of “memory” and “resistor”, was initially conceptualized by Chua in
1971 [42]. It took nearly four decades to realize the first prototype in 2008 [228].
Memristors elegantly enable the emulation of synapses and neurons, the fundamental
components of biological brains. Their electrical behavior is characterized by hysteresis
in the current-voltage characteristics [43]. More precisely, memristors are known for
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exhibiting pinched hysteresis loops, as depicted in Figure 1.2 (middle).
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Figure 1.2.: Example of a lateral memristive device architecture comprising two electrodes
(source and drain) on top of a two-dimensional memristive material (left), illustration
of a pinched I-V hysteresis loop of a memristive device (middle), and comparison of a
measured current-voltage characteristics from [150] with simulations based on the classical
van Roosbroeck model [204] (right). (Left figure from [DA5] with modifications.)

Memristors based on two-dimensional (2D) layered materials have recently attracted
considerable attention [109, 137]. Transition metal dichalcogenides (TMDCs) represent
a promising class of layered memristive materials [57, 146, 207, 252]. These materials
are characterized by the formula unit AX,, where A is a transition metal atom and X
belongs to the family of chalcogen atoms. In Figure 1.2 (right), a measured curve from
[150] shows the classical memristive hysteresis behavior. In contrast, simulation results
from the standard drift-diffusion model [204], without additional physical effects, fail
to exhibit any hysteresis and underestimate the current-voltage characteristics of the
measured curve. Indeed, the origin of experimental hysteresis in these devices and,
thus, the physics of TMDC memristors is incompletely understood and continues to
be subjects of active debate.

Experimental findings have provided evidence of the accumulation and migration of
chalcogen vacancies within TMDC-based memristive devices [177, 206, 258]. Specifi-
cally, studies have shown a correlation between the dynamics of charged chalcogen point
defects and the observed hysteresis in the current-voltage characteristics [150, 206].
Unlike perovskites, the mechanisms leading to the formation of defects within TMDC
crystals and the stable charge states still need to be fully understood. Consequently,
there is a lack of physically meaningful charge transport models and simulation tools to
investigate the potential vacancy-assisted migration in TMDC memristors adequately.

1.2. Semiconductor modeling and simulation

In summary, perovskite solar cells and TMDC-based memristive devices represent
promising semiconductor technologies characterized by hysteresis behavior closely
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linked to the migration of vacancies. However, these devices also exhibit other physical
effects, such as charged trap states [64, 110, 147, 231], which can impact the overall
device charge and, thus, the current-voltage characteristics. Distinguishing between
various physical phenomena solely through experimental approaches can be challenging.
Moreover, the production of semiconductor devices itself contributes significantly to
greenhouse gas emissions [96, 172]. Consequently, the primary objective of this thesis is
to provide a comprehensive, physics-based theoretical exploration of vacancy-assisted
charge transport in these two devices.

1.2.1. Model hierarchy

Semiconductor device transport modeling aims to understand and predict the behavior
of charge carriers within semiconductor materials and devices. When we treat charge
carriers as discrete quantities that distribute within a medium, microscopic semi-
classical kinetic equations like the Boltzmann transport equation can describe their
behavior. The Boltzmann equation is a partial differential equation (PDE) formulated
for an individual quantity dependent on a three-dimensional spatial vector and a
three-dimensional wave vector (both dependent on time). As the number of quantities
we consider grows (e.g., N = 10* electrons), the number of dimensions 6N to solve
this coupled set of equations linearly increases. Consequently, kinetic models come
with high computational costs in numerical simulations.

However, we often only need specific physical information for certain devices, and
simpler models are preferred for computational efficiency. In light of this, macroscopic
semi-classical drift-diffusion models have been developed to effectively represent the
device behavior while accurately preserving the fundamental physics. Indeed, more de-
tailed semi-classical macroscopic models, such as general hydrodynamic models (which
account for smaller timescales and temperature dependencies) or energy-transport
models (which consider temperature-dependent behavior), also exist, see, e.g., [1, 99,
116, 164, 169]. Since our primary objective is to investigate the influence of vacancy-
assisted charge transport, we, consequently, assume negligible temperature variations
and timescales that do not need more general models in favor of computational costs.

Thus, this thesis focuses on semi-classical drift-diffusion models, which balance accuracy
and computational efficiency. Additionally, the semiconductor structures investigated
in this thesis have dimensions where quantum effects can be neglected. When dealing
with much smaller device scales, more comprehensive quantum mechanical models
(microscopic or macroscopic) instead of semi-classical models must be considered. For
further mathematically-focused details on the presented and other model types, we
refer to [128].
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1.2.2. Overview of existing numerical methods

Drift-diffusion models, being nonlinear PDE systems, often allow for analytical solu-
tions only under simplified conditions. Consequently, extensive literature has been
dedicated to the numerical solution of these models. These numerical methods include
discretization schemes based on both the finite difference method (FDM) and the
finite element method (FEM), see, e.g., [10, 24, 174, 216, 242]. Another alternative,
which is as flexible as FEM with respect to the device geometry, but still correctly
reflects physical phenomena, is the finite volume method (FVM). These physical
phenomena include, for instance, the local conservativity of fluxes and consistency
with thermodynamic laws [70, 72]. Therefore, in the context of this thesis, we introduce
FVM-based schemes.

Adequately decomposing a multi-dimensional computational domain and correctly
discretizing charge carrier current densities is essential to formulate effective FVM
schemes. Admissible meshes [70], which meet certain orthogonality constraints, form
the basis for large classes of finite volume schemes based on two-point flux approx-
imations (TPFA). For instance, central finite difference flux (suitable for problems
governed by diffusion) and upwind flux discretizations (suitable for problems governed
by drift) have been thoroughly analyzed, e.g., [19, 37, 38]. Moreover, exponential fitting
flux approximations, which have been recently investigated and/or developed (see, e.g.,
[19, 32, 72, 85, 140, 190]), have been successfully employed in commercial software
[46, 223, 233]. Exponential fitting schemes are characterized by numerical stability,
thermodynamic consistency, and applicability to general charge carrier statistics [71].

Therefore, this thesis relies on admissible meshes and the excess chemical potential
flux scheme as an exponential fitting TPFA. The earliest reference we could find for
this discretization scheme is [255] which was later numerically analyzed in [30, 92]
and compared in [DA9, 132]. We note that in cases where charge transport models
exhibit anisotropies, such as those related to a magnetic field [88], multi-point flux
approximations formulated on more general, not necessarily admissible, meshes have
been developed and analyzed [63, 69, 84, 191]. Specifically, in [35, 173], hybrid finite
volume schemes for drift-diffusion models have been explored mathematically.

1.3. Outline

This thesis is organized as follows.

In Chapter 2, we derive general semi-classical macroscopic drift-diffusion equations
from Maxwell-Stefan diffusion and electrostatic drift for charge transport in crystalline
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semiconductors. Instead of carrier densities, we use quasi Fermi potentials as primary
variables, which allows us to easily include nonlinear diffusion for electrons and holes as
well as limit the vacancy accumulation. The latter is motivated by a grand canonical
formalism for ideal lattice gas. We also examine crystal lattice diffusion processes for
perovskites and TMDCs. Lastly, we discuss selected thermodynamic properties such
as thermodynamic equilibrium, electroneutrality, as well as the free energy.

In Chapter 3, we apply the derived charge transport equations to two physically and
societally relevant applications: perovskite solar cells and TMDC-based memristive
devices. In order to formulate well-posed initial boundary value problems for these
applications, we employ suitable initial and boundary conditions. Additionally, we
discuss photogeneration, recombination, and image-charge-induced Schottky barrier
lowering. After the non-dimensionalization of both charge transport models, we
introduce the concept of entropy methods. This theoretical framework allows us to
establish an entropy-dissipation inequality, a tool to study the well-posedness of the
equations and the asymptotic behavior of their solution.

Chapter 4 deals with the formulation of numerical schemes for the non-dimensionalized
models and their numerical analysis. We introduce the notion of admissible meshes
and develop implicit-in-time two-point flux finite volume schemes tailored to vacancy-
assisted charge transport in PSCs and TMDC memristors. For both discretizations, we
show an entropy-dissipation inequality within the discrete framework. This inequality
helps us to prove the existence of a discrete solution of the nonlinear discrete systems
with the help of a corollary of Brouwer’s fixed point theorem and the minimization of
a convex functional.

Chapter 5 complements our theoretical results with numerical experiments. We
perform the simulations with ChargeTransport.jl, an open source software tool
in the programming language Julia, designed explicitly for solving charge transport
problems in semiconductors via the Voronoi finite volume method. We validate the
finite volume schemes by examining properties, including relative entropy decay, large
time behavior, and spatial convergence rate. In addition, we discuss the influence of
volume exclusion effects on perovskite charge transport modeling. To achieve this, we
compare two different ionic current density descriptions, treating either the mobility or
the diffusion coefficient as density-dependent while the other quantity remains constant.
Finally, we focus on the phenomenon of hysteresis in TMDC-based memristive devices.
We analyze the hysteresis’ origin through simulations and compare the results with
experimental measurements found in literature.

Chapter 6 summarizes the findings of this thesis and suggests reasonable continuations
for future research.
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The main parts of the derivation in Chapter 2 are based on [DA4]. Other parts of
this chapter can be found in [DA2], [DA3], and [DA5]. In Chapter 3, the work is
partially from [DA2], [DA4], and [DA5]. Furthermore, the main results in Chapter 4
are published in [DA2], whereas minor parts are published in [DA4]. Lastly, Chapter 5
is based on [DA2, DA3, DA5]. Detailed information on which sections are published
in which reference will be given in the introduction of each chapter.



2. Derivation of vacancy-assisted charge
transport equations

Defects in semiconductor crystals can significantly affect the performance and relia-
bility of electronic devices. Although impressive advancements have been made in
characterizing defects and their impact on electrical properties [101, 196], this charac-
terization highly depends on the specific semiconductor material. When dealing with
novel semiconductors, understanding the impact of vacancies on structural properties,
such as the electronic behavior, and, consequently, on the device performance needs
to be understood. As previously discussed, emerging materials like perovskites and
TMDCs are attractive for future electronic devices. However, accurately predicting and
controlling the behavior of devices based on these materials poses a major challenge
due to the additional vacancy migration. Therefore, a physically meaningful character-
ization of such crystal defects and their dynamics is crucial to advance semiconductor
technology.

To capture the charge carrier transport in semiconductor devices, semi-classical macro-
scopic drift-diffusion models are commonly used. This model class provides a com-
putationally efficient approach to describe the average motion of particles, focusing
on the overall electronic device behavior, where the interactions at the microscale
are not of primary interest. Arguably, this is the most convenient approach with
respect to the computational cost while still yielding an interpretable output of the
device physics. This output can be compared to experimental measurements, such
as [-V characteristics. For this reason, we will exclusively deal with macroscopic
semi-classical drift-diffusion models. We refer to [116, 128] for further information
on different types of models, such as kinetic models, like the Boltzmann equation, or
quantum models, such as density functional theory (DFT) models.

On the one hand, there is a well-established mathematical literature concerning drift-
diffusion models to describe charge transport in (in)organic semiconductors and similar
physical systems, where electrons and holes migrate through a device (see for instance
[89, 90, 163, 164, 174, 204]). Usually, these models are called semiconductor device
equations or van Roosbroeck system [71]. On the other hand, there is well-established
mathematical literature concerning drift-diffusion mathematical models to describe
the charge transport in electrolytes, batteries, and ion channels, where ionic particles
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migrate through a medium, e.g., [25, 62, 85, 133, 143], which are referred to as
(modified) Poisson-Nernst-Planck equations [180, 192, 193].

Indeed, literature addresses the migration of electrons, holes, and additional ionic
carriers in specific oxides. For example, studies are conducted on metal oxide cells
(e.g., [3, 160, 161]). Moreover, some investigations have centered around iron oxide
and its impact on nuclear waste canisters’ corrosion [12, 13, 31], as well as solid oxide
cells employing YSZ as the electrolyte material [170, 240]. Nevertheless, these models
are primarily tailored to specific applications and may not readily apply to other
crystalline semiconductors that support vacancy migration. Thus, this chapter aims to
develop suitable drift-diffusion equations describing vacancy-assisted charge transport
in novel semiconductor materials, such as perovskites and TMDCs.

We start in Section 2.1 with an introduction and review of the initial and the final
equations. In Section 2.2, we derive suitable electric current density descriptions.
Then, we formulate carrier concentration and current density descriptions for electrons
and holes (Section 2.3) and ionic defect carriers (Section 2.4). To complete the charge
transport equations for a crystalline semiconductor layer supporting vacancy migra-
tion, we state in Section 2.5 suitable volumetric space charge densities for concrete
ionic defect migration scenarios. This chapter ends with Section 2.6, where selected
thermodynamic properties are introduced, such as thermodynamic equilibrium and
thermodynamic free energy.

This chapter is based in large parts on [DA4]. Parts of the discussion of statistics
functions (Section 2.3) were published in [DA2], and parts of the discussion on the
limitation of vacancy accumulation and the resulting current density descriptions
(Section 2.4) in [DA3]. Minor parts of Section 2.4.1.2 are based on [DA5].

2.1. Starting point and review

This chapter aims to construct charge transport equations incorporating the influence
of vacancy dynamics by starting from a general system of nonlinear partial differential
equations. This system consists of the Poisson equation for the electrostatic potential
as well as the balance equations for the particle densities in an isothermal electrostatic
setting. The development of these vacancy-assisted charge transport equations lays
the foundation for Chapter 3, where we formulate drift-diffusion models tailored to
two real-world applications, providing the necessary initial and boundary conditions.

In the following, we focus solely on an intrinsic subdomain €2;.,, as highlighted in
Figure 2.1. This subdomain describes the spatial region of a crystalline semiconductor
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material within the device where vacancy-assisted migration phenomena occur. For
example, in the context of PSCs, we can think of the perovskite layer, while in the
context of TMDC memristive devices, iy, corresponds to the TMDC layer. The
domain €2;., is a subset of the overall spatial domain €2 representing the entire device
geometry, i.e., the total solar cell (see Figure 1.1) or the total memristive device (see
Figure 1.2, left). In simpler terms, Qi € Q, where Qi @ C RY d € {1,2,3}.

To derive now suitable bulk equations for vacancy-assisted charge transport in €2,,
we further assume that €2, contains charged species «, labeled by a finite index set A.
The quantity n,(x,t) denotes the particle density associated with the species o € A
at the location x € Q,, for a time ¢ > 0. Furthermore, the charge density carried by
the species « is given by z,qn., where ¢ denotes the positive elementary charge and
2o € Z the charge number of the species a.

device architecture Q = UxQx

intrinsic region
Qx i Qx
\ Qintr 2

[ Aim: Derive suitable drift-diffusion equations for vacancy-assisted charge transport in Qip¢, J

Figure 2.1.: An example illustration of a model device geometry €2 with indicated material
layer Qintr supporting vacancy-assisted migration on which we focus in this chapter.

The Poisson equation describes the distribution of electric charge within the material
layer €2, by relating the electric potential 1) to the overall volumetric space charge
density given as the sum of charge densities

-V <53V1p(x, t)) = Q(Z ZaNa (X, 1) + zcnc(x)>, X € Qiner, t > 0. (2.1a)
a€A

Here, nc denotes the density of a fixed background charge uniform in time with charge
number z¢ € Z. We define £, = g, as the (absolute) dielectric permittivity given
as a product of the vacuum permittivity €y and the relative material permittivity
g,. Additionally, mass balance equations for the particle densities, which are self-
consistently coupled to the Poisson equation, are taken into account

Ong(x,t) + V- Jo(x, 1) = 10(X,t), X E Qupgy, t >0, fora €A, (2.1b)

The particle fluxes are given by J, and the density production/reduction rates of
species « are denoted by 7,. As a matter of readability, we do not highlight the spatial
and temporal dependence of quantities in the following.
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2. Derivation of vacancy-assisted charge transport equations

In this chapter, we will systematically derive from (2.1) suitable equations describing
the charge transport in ;.. These equations will apply to all mobile carriers a € M,
where Ml C A denotes the respective index set. For example, M may contain the
indices of electrons, holes, and vacancies. To provide greater clarity, we will outline
the principal findings of the following sections.

e Section 2.2 will show that the electric currents j, are defined as
jo = —22qUana Vs, a € M, (2.2)

with the negative gradient of quasi Fermi potentials o, being the driving force
of motion.

e In Section 2.3.1 and Section 2.4.2 we will find out that we can link the carrier
densities n,, to the respective quasi Fermi potentials ¢, and the electric potential
1 via the state equations

Q(Qpa - ¢) + Ea
kgT ’

Ng = NoFao (na<¢a>¢)>> %(%»W = Za a € M, (2'3)

with F, being the underlying statistics function.

e In Section 2.3.2 and Section 2.4.3, we will see that the moving carriers satisfy
a generalized Einstein relation which links the diffusion coefficient D, and the
mobility e

n n n 1 [ N
a NaUTga <No¢), Ja (Na) Na (]:a ) <No¢), ORS ( )

Here, g, denotes the nonlinear diffusion enhancement. This relation will eventu-
ally help to rewrite the electric currents j, into a drift-diffusion form.

e Lastly, for each concrete index set M, we must adapt the right-hand side of the
Poisson equation (2.1a), which will be done in Section 2.5.

We refer to ‘List of notations and physical constants’ on page xiii for additional
information on the SI (derived) units of each quantity.

2.2. Maxwell-Stefan diffusion and electrostatic drift

We start with adapting (2.1b) and deriving the electric current (2.2). First, we can
relate the motion of a species to the friction with another species with the help of
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Maxwell-Stefan diffusion and electrostatic drift via

Fa= 3G (30-22), aca (2.5)

where F, is the main driving force acting on mass transfer and motion of species
a € A and (,p = (g, is the symmetric binary friction coefficient between two species
a and (3, see, e.g., [142, 165, 227, 246]. We call J,/n, the velocities of species a.

Let us assume that one of the species within the semiconductor material layer €2,
represents the crystalline lattice with index o« = L and charge number 21, = 0. Moreover,
we assume that the friction is solely observed as an interaction between the lattice
and the other species,

Coa,@zo and COLLZOa Oé,BGA\{L}

We describe the transport of a species a € A\ {L} from the viewpoint of the lattice. In
other words, we assume no movement and no production/reduction of lattice species,
ie., J, =0, r, = 0. This implies by (2.1b) that 0;n;, = 0. Furthermore, we assume
that the friction does not cause a deformation of the lattice. Moreover, due to z;, = 0
the lattice species density does not contribute to the overall charge density (2.1a).

With this, we can simplify (2.5) and model the particle fluxes by

Jo = LnoéFoé, ae A\ {L}. (2.6)
CoaL
Next, we discuss the choices of the friction coefficient (.1, and the driving force F,,
entering the particle flux J,. In analogy to classical semiconductor theory, we define
the following relation between the quasi Fermi potential ¢,, the chemical y, and the
electrostatic potential ¢ (see e.g. [11, 15])

Xa E,
a= 2y — 22 ae A\ {L}, 2.7
fa= 2 Y- L) 2.7

where we introduced a species-dependent intrinsic energy level F, with VE, = 0. We
assume that the force F, depends on the negative gradient of the chemical potential
Xa (per particle) as well as on the electrical field =V for a € A\ {L}

F, = _VXa - Zaqvw = -V (Xa + zaqw - zaEa) = _ZaqVQDaa (28)

where we inserted (2.7). In electrochemistry, z,qp, is frequently called electrochemical
potential [11, 15], and, in solid state physics, the quantity z,qp, is often called (total)
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chemical potential. Contrarily, x, is sometimes referred to as (internal) chemical
potential [136, 189]. In this thesis, we use the terminology quasi Fermi potential for ¢,
and electrochemical potential for z,qp,. Furthermore, we set the friction coefficient to
q

CaL - ,u_7 a €A \ {L}7 (29)
where p, describes the mobility of species a. Substituting now (2.8) and (2.9) into
(2.6) shows that the negative gradient of the electrochemical potential is the driving
force of the particle current density

Jo = —zattana Vi, o€ A\ {L}. (2.10)

Remark 2.1. (Friction coefficient in the literature) The friction coefficient can be
related to the inverse of the (Maxwell-Stefan) diffusion coefficient Dy, (see e.g. [142,
201, 246])

kT

CoaL = DaL )

(2.11)

where kp is the Boltzmann constant and 7' the temperature. It is worth noting that
with the definition of the friction coefficient (2.9) and the relation (2.11) we recover
the classical Einstein relation D1, = ’“BTT 1o between diffusion coefficient and mobility
of a species a. In the following of this work, we use the notation D, := Dy, and refer

to D, as diffusion coefficient.

The electric current density (sometimes also referred to as electric fluz) j, observed
due to the transport of species « is related to the particle flux J, by

Jo = 2aqda, o€ A\{L}. (2.12)
Using the description of the particle flux (2.10) yields
jo = —22q1ana Vs, o€ A\ {L}. (2.13)

Thus, we have successfully established the desired electric current density description
(2.2) for « € M = A\ {L}. For such an electric flux the drift-diffusion equation now
finally reads

Zozqatna +V 'ja = Z2aqTa a €A \ {L}a (214)

where we multiplied (2.1b) by z,q. We emphasize that the carrier density n, entering
(2.13) and (2.14) can be rewritten in terms of the quasi Fermi potential ¢, and
the electrostatic potential ¢ as indicated in the state equation (2.3), which will be
addressed in the next two sections.

14



2.3. Electron and hole concentration and current density

2.3. Electron and hole concentration and current
density

Following [101, 216, 235], we relate the carrier density n,, to the electrostatic potential
1 and the respective quasi Fermi potential ¢, for electrons & = n and holes o = p as
species a € A in accordance with the state equation (2.3). Additionally, we discuss
the implications of different choices for the statistics function F, entering the state
equation, and we equivalently reformulate the current density (2.13) in drift-diffusion
form. The charge numbers for electrons and holes are z, = —1 and z, = 1, respectively.

2.3.1. Carrier concentration

The carrier densities of electrons and holes can be defined as a convolution integral of
the densities of (electronic) states DOS,, DOS, in the conduction and valence band
and the particle occupation probabilities of an orbital f,, f, over the energy space

m= | DOS.(E)S, (E - Z’fﬁ“ - ¢)) dE, (2.15a)
E, B
Ep —

m= [ DOS,(E), (E ”fé? w) dE. (2.15b)

We call E,, E, the intrinsic conduction and valence band-edge energies. For non-
interacting, identical fermions with half-integer spin (ideal Fermi gas model [58, 78,
136]), we can choose the Fermi-Dirac distribution

1 1

T Wl h@) = oy T€R (2.16)

Julw) = exp(—xz)+ 1’

This choice of occupation probability is fundamental in the modeling and simulation
of inorganic three-dimensional semiconductors [71, 216, 235]. The densities of states
DOS,,DOS, in (2.15) can be calculated explicitly for different dimensions and as-
sumptions on the electronic band structure. In case of a parabolic band approximation
[209], the three-dimensional densities of states read

1 [2m:\*?

DOS.(E) = 5 ( h;) O(E — E,)\VE — E,, (2.17a)
T
1 2m; 3/2

with the effective masses my; and m of electrons and holes, the reduced Planck
constant i and the Heaviside step function ©(x) = 1,50}
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Substituting (2.16) and (2.17) into (2.15) and setting £ = E/(kpT') shows

n - En
Ny = NnF1/2(77n)7 Mo = an(go ¥)+ , (2.184a)
kgT
q(pp — ) + K
np = NpFip2(np),  mp =2 (20— ¥) = (2.18b)
kgT
where Ny, N, are the effective densities of states
mikpT mikpT\ >
N, =2 (= d N,=2.(-2 : 2.19
< 2mh? > o p 2 h2 (2.19)

Since Xo = 2aq(Ya — V) + zaEo = kpTn,, we call the argument of the statistics
function n, dimensionless chemical potential. Moreover,

B 2 00 51/2
Fl/z(n)_ﬁ/o exp(§ — 1) + 1

is the Fermi-Dirac integral of order 1/2. The function F}/, behaves like n%/? when the
dimensionless chemical potential 1 tends to 400, namely, in the large density limit

d¢, neR, (2.20)

(also called degenerate limit). In the low density limit (non-degenerate limit), when
the dimensionless chemical potential 7 tends to —oo, it behaves like

F(n) =exp(n), neR, (2.21)

which is called (Maxwell-)Boltzmann statistics. Choosing the Boltzmann distribution
fo(x) = 1/exp(x), x € R, in (2.15) instead of the Fermi-Dirac distribution (2.16),
yields (2.18) with the Boltzmann statistics (2.21). This is equivalent to the assumption
of a (classical) ideal gas model [189].

Another useful approximation of (2.20) for a certain region of parameters in the
non-degenerate limit is the Blakemore approximation [22, 71]

1
exp(—1) +7
with 7 = 0.27. Due to [DA4, Remark 1.7.1.] we point out that the Blakemore

approximation for v = 1 coincides with the Fermi-Dirac integral of order —1, i.e.,
F_y = Fp,. For this reason, we refer to

FB:’Y(n) = y ME R? S R? (222)

1

Foi(n) = op(—n) 11

neR, (2.23)

as Fermi-Dirac integral of order —1, which will play an important role. All the
functions stated are visualized in Figure 2.2 (left).
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Figure 2.2.: Semi-logarithmic plot of the introduced statistics functions F, for —5 <7 <10
(left) and logarithmic plot of the diffusion enhancement g, for the statistics functions in
the left figure, where we used (2.27) (right). The carrier density (2.24) can be limited by
the Fermi-Dirac integral of order —1 which agrees with the Blakemore function (y = 1).

In the following of this thesis, we generalize the state equations (2.18) to

Q((pa - ’QZ)) + Ea
kgT ’

No = NoFo (na(¢a7¢)>7 na(@m ¢) = Ra a =1,D, (2'24)

where F,,, F, are now general statistics functions, which satisfy the hypothesis

Fus Fp - R — (0,00) are C'- diffeomorphisms;
(H1)
0 < Fo(n) < Faln) <exp(n), n€R, a€{n,p}

if not mentioned otherwise. With (2.24), we have successfully attained our objective
of establishing a generalized relation between the carrier density and the potentials
(2.3) for electrons and holes.

The positivity of the statistics functions due to (H1) reflects the positivity of the
densities n,. The Fermi-Dirac integral of order 1/2 in (2.20) and the Boltzmann
approximation (2.21) satisfy the hypothesis (H1). In case of im(Fg,) = (0,77}),
the Blakemore approximation (2.22) also satisfies (H1). The proofs can be found in
Appendix A.1. In case of organic semiconductors, the state equation (2.24) also holds
true resulting in a statistics function F, which is referred to as Gauss-Fermi integral
[186] and with different effective densities of states Ny, N,. For further information,
we refer to [72] and the references therein.

Remark 2.2. Since various definitions of band-edge energies can be found in literature,
we give an overview of how the different terminologies are related. We refer, for example,
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to [101, 216, 235] for additional information. In case of not necessarily well-defined
band structures (e.g., organic semiconductors) the lowest unoccupied (LUMO) Erymo
and the highest occupied molecular orbital (HOMO) edge level Eyono are used,
respectively, instead of the intrinsic conduction and valence band-edge energies [45, 82].
Some references also introduce the electron affinity ¢., and the ionization potential
bip, €.8., [82, 181, 249]. However, mathematically all these energies play identical
roles. Thus, we assume in this thesis £, = FrLumo = —@ea and £, = Enoyvo = —@ip-
Lastly, sometimes the state equation (2.24) is formulated with respect to the band-edge
(energy) of electrons and holes which is defined as the sum of the intrinsic band-edge
energy F, and the electric potential energy ¢

(g]a = Ea + ¢7 (b = _qu o€ {H,p}. (225)

2.3.2. Drift-diffusion current density

In the literature, carrier densities are usually used as primary unknowns. To see the
connection to the literature, we express the electric fluxes in gradient structure form
(2.13) mathematically equivalent in terms of densities. For this, we introduce the
nonlinear diffusion enhancement [167] for electrons and holes given by

Ga(Na) = %, neR, aec{np} (2.26)

For the choice of Boltzmann statistics (2.21), the diffusion enhancement reduces to
go = 1 and in the case of Blakemore approximation (2.22), we have g,(n) = 14+ exp(n).
Generally, due to (H1), it holds that g, > 1. Thus, the diffusion enhancement can be
seen as a measure of how far a model is from the non-degenerate case [72]. We stress
that the diffusion enhancement g, in (2.26) can be equivalently formulated in terms of
densities as shown in (2.27). For different statistics functions F, the expression for g,
in (2.27) is portrayed in Figure 2.2 (right). With the help of the diffusion enhancement
we can formulate now a generalized Einstein relation [101] (see the outline in (2.4))

_ o ) _ Pazoayr (Pa
Do = p1aUrga (Na>’ Ja <Na) A (]:a ) (Na), a € {n,p}, (2.27)

which relates the carriers’ mobility introduced in (2.9) to the respective diffusion
coefficient D,,. Here, Ur = kgT/q is the thermal voltage. Finally, it is now possible to
express the electric currents (2.13) in drift-diffusion form due to the relation (2.27)
and the state equation (2.24)

ja = —Zaq<Da <%) Vna + zaﬂanavw>u o€ {Il, p} (228)
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2.4. Vacancy carrier concentration and current density

From (2.28), it becomes evident that the motion exhibits a drift-diffusion character.
The first term corresponds to diffusion, which arises due to variations in the carrier
density. Contrarily, the second term corresponds to the drift caused by the presence
of the electric field —V. For electrons and holes, mathematically, choosing the
Boltzmann approximation (2.21) as statistics functions yields linear diffusion. Statistics
functions deviating from the Boltzmann approximation lead to nonlinear diffusion
which grows for larger densities or dimensionless chemical potentials as can be seen
from (2.26) and (2.27) or visually in Figure 2.2 (right). This means, we can interpret
the generalized Einstein relation for electrons and holes (2.27) as a nonlinear, density-
dependent diffusion [72, 101].

2.4. Vacancy carrier concentration and current
density

As mentioned in the introduction, all materials contain structural defects that affect
their electronic properties [101, 196]. Particularly in the case of perovskite-based solar
cells (e.g., [29, 202, 213, 225]) and TMDC-based memristive devices (e.g., [150, 206])
the hysteretic behavior is linked to vacancy migration on the crystal lattice. We begin
by reviewing the literature on perovskites and transition metal dichalcogenides and
making some basic assumptions about defects occurring in their crystal structures.
This will allow us to derive a description for the ionic defect carrier concentrations from
a grand canonical formalism for ideal lattice gas, correctly reflecting the limitation of
vacancy accumulation. Finally, we can formulate suitable defect current densities.

In the following, P is the index set of all unit particles (atomic or ionic) for a
given crystalline semiconductor, whereas Py denotes the index set of respective
vacancies/defects.

2.4.1. Examples of crystal structures
2.4.1.1. Perovskites

Perovskites have the formula unit ABXj5, where in the context of perovskite solar cells
A and B denote positively charged cations and X denotes a negatively charged anion.
Several choices for the anions and cations are possible [213]:

e the cation A is chosen to be an organic ion such as methylammonium (MA™) or
formamidinium (FA™),

e the other cation B is a metal, frequently B = Pb?" (lead) or B = Sn?* (tin),
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2. Derivation of vacancy-assisted charge transport equations

e the halide anion X is commonly chosen to be either I~ (iodine), Br~ (bromine),
or Cl™ (chlorine).

The most commonly used combination is methylammonium (A = (CHsNH;)" =
MAT), lead (B = Pb?"), and iodine (X = I7), resulting into methylammonium lead
(tri-)iodide (MAPI). As perovskites have a highly ordered crystal structure, a variety
of A, B, and X site compositions are possible. In fact, mixing different ions for the
anion and cation sites seems to be the most promising method for developing efficient
solar cells based on perovskites [5, 213].

Not all perovskite structures exhibit the same degree of ionic movement. However, ion
migration is most likely caused by Schottky defects [65, 244], which can be described
by the Kroger-Vink notation, namely,

nil — Vo+ Vg +3Vx + ABX,. (2.29)
=~ N ~ ——
ideal unit cell vacancies perturbed /realistic
unit cell
Schottky defect

Here, nil denotes the ideal perovskite crystalline unit cell. However, in reality, the ions
dislocate from their ideal positions, forming vacancies V,, in the ideal lattice, where
a € P ={A,B,X}. The superscript " denotes a negative charge and the superscript
denotes a positive charge. We make some assumptions for these dynamically appearing
and reappearing crystal defects which leave void spaces within the crystal:

1. Each Schottky defect creates oppositely charged vacancies V5, Vg and 3Vy.
2. Each vacancy V, can be only occupied by an ionic species a € P = {A B, X}.

Changes in the crystalline structure affect the electronic properties of the underlying
device. Figure 2.3 visualizes the crystal configuration for an ideal unit cell and in the
case of present vacancies. The quantity S, in Figure 2.3 denotes an ideal lattice weight.
The parameter [, can be determined by counting the number of a-sites in each ideal
unit cell, respecting shared faces and edges with neighboring unit cells. Generally, we

assume [y, = Sa.

There are a number of modeling approaches [28, 77, 182, 200], where mobile A and X
ions are taken into account. In [65], it was reported that the hopping of X = I" appears
to have the lowest energy barrier for ABX; = (CH3NH;)"Pb*™1;. Therefore, it is
reasonable to assume that both cations A and B are immobile on short timescales [419].
Additionally, simulations on MAPI indicate that assuming either only mobile anions
or mobile anions and mobile cations produces the same results [182]. Hence, in some
applications, it is convenient to consider a charge transport model, in which only the
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2.4. Vacancy carrier concentration and current density

anion species X is considered to be mobile. This is done, e.g., in [29, 48]. Furthermore,
there is a discrepancy in the literature on whether to formulate the equations for
mobile ions (e.g., [28, 77, 182, 200]) or mobile ion vacancies (e.g., [44, 48]). Both ways
are equivalent. Nonetheless, Section 2.4.2 will demonstrate why it is more appropriate
to formulate the charge transport based on vacancy-assisted migration.

® CationB:zp= 2,085=1
Anion X :zx = -1, fx =3

Figure 2.3.: A cubic perovskite unit cell under idealized conditions (left) and with realistic
crystal defects (right) with the corresponding charge numbers z, and the ideal dimension-
less lattice weights S, for v € P. The lattice constant a is also shown. (From [DA3] with
modifications.)

2.4.1.2. Transition metal dichalcogenides

Transition metal dichalcogenides represent a promising class of layered materials.
Usually, in the context of memristive devices, they have thicknesses of only a few
nanometers. In such devices, the length and width are typically on the order of a
few micrometers and, thus, much larger than the thickness, see e.g., [39, 41, 112,
121, 134, 152]. Therefore, these atomic-layered crystal structures are often referred
to as two-dimensional materials. The formula unit is AX, given by an A-atom layer
sandwiched between two X-atom layers, where the following choices are possible [109]:

e A is a transition metal atom such as molybdenum (Mo) or tungsten (W),

e X belongs to the family of chalcogen atoms such as sulfur (S) or selenium (Se).

Molybdenum disulfide (AX,; = MoS,) along with its electronic properties is among
the most extensively researched TMDC materials [260]. Figure 2.4 illustrates different
idealized schematics of a two-hexagonal (2H) MoS, monolayers. For TMDCs, the
lattice weights [, depend on the number of monolayers within one unit cell and the
type of crystal structure. In case of 2H MoSs,, as depicted in Figure 2.4, we have
fa =2 and PBx = 4.
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2. Derivation of vacancy-assisted charge transport equations

® 'A

@ X

Pl S =

.
X X a

Figure 2.4.: Different idealized representations of two MoSs monolayers arranged in a hexag-
onal lattice structure [120, 215]. The figure includes a three-dimensional representation of
the two monolayers (left), a schematic of the hexagonal lattice structure with indicated
trigonal prismatic covalent bond (middle), and a view of a single unit cell (right). The

lattice constants a and ¢ are likewise indicated.

Experimental work suggests that sulfur vacancies in MoS, can migrate [177, 206, 258].
Specifically, studies have shown a correlation between the drift of charged sulfur point
defects and the observed hysteresis in the current-voltage characteristics [150, 206]. In
contrast to perovskites, the mechanisms that lead to the formation of defects within
TMDC crystals and their stable charge states are not fully understood yet. However,
it is expected that when present in high concentrations, such defects Vx will act as
n-type dopants [212, 219, 253], i.e., 2y, € N. As before, we formulate the following
general assumptions on defects in TMDC for the unit particle index set P = {A, X}:

1. Each defect V, has a charge number zy_, € Z, where a € P = {A  X}.

2. Each defect V,, can be only occupied by a unit particle o € P.

2.4.2. Limiting vacancy accumulation

In order to understand now why and under which assumptions the physical meaningful
statistical relationship (2.3) holds for vacancies, we need to discuss how to limit vacancy
accumulation. Accumulating too many vacancies is physically unrealistic as it can
destroy the crystal structure and lead to unrealistically high vacancy concentrations.

In the fields of electrolytes and battery modeling (e.g., [15, 23, 85, 144, 230]) or cell
and molecular biology (e.g., [25, 26, 108, 187, 248]), the need to limit ionic (defect)
concentrations is already well known. Depending on the literature this phenomenon is
either called volume exclusion effects, excluded-volume effects, steric effects, volume
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2.4. Vacancy carrier concentration and current density

filling or limitation of overcrowding. Within our framework this means that the
finite number of available lattice sites within a crystalline semiconductor needs to be
incorporated into the charge transport model. This can be achieved by either limiting
the vacancy accumulation of V, or the depletion of a unit particle a € P. To be
more precise, assuming imperfections in the unit cell, we can relate the (realistic) unit
particle density n, and the corresponding (ionic) vacancy density ny, via

No = Ng — Ny, «€P, (2.30)

where 7, is the ideal unit particle density which can be linked to the ideal lattice
density ny,

Boli, =N, a €P, (2.31)

with the lattice weights /3, discussed in Section 2.4.1. The relationship (2.31) becomes
apparent, when considering that

~ #(unit cells) 1
L™ Solume of material  volume of unit cell’

since the ideal lattice density 7y, is constant and, thus, n, = const. This means,
the equality (2.30) reveals the equivalence between either limiting the unit particle
depletion or limiting the vacancy accumulation in a unit cell. We focus on the latter
and model thermodynamically consistently the limitation of vacancy accumulation.
We note that, if the vacancy concentration becomes zero, i.e., ny, = 0 m™3, then
(2.30) yields n, = 7, for a € P and all vacancies in a unit cell are occupied. Hence, in
the following, we exclusively discuss the more interesting case, the presence of defects
in the crystal structure, i.e., ny, >0 m™3.

We assume the existence of a non-zero and uniform average vacancy concentration Cy,,
and a temperature-dependent, upper saturation density for the vacancy concentration
denoted with Ny, = Ny, (7). The latter indicates that we cannot arbitrarily create
new vacancies. We have 0 m™2 < ny_ < Ny, . For the saturation density Ny, we have
the following bounds:

1. As a lower bound for the saturation density, we have Cy_, < Ny, . In the case of
equality, vacancy movement is suppressed.

2. As an upper bound, we have Ny, < f,n1, = N, which means that the ideal unit
particle density bounds the saturation limit.

As an example, in case of MAPI as perovskite material, we have an average vacancy
concentration Cy,, in the range of 1.0 x 10 — 1.6 x 10> m~3, see [202]. Furthermore,
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2. Derivation of vacancy-assisted charge transport equations

DFT calculations [65] provide the lattice constant of 6.28 A= 6.28 x 107'* m, leading to
an ideal halide density of ix = 1.21 x 10?®* m™3. As a result, approximately one vacancy
can be found in every 1.0 x 10 to 1.0 x 10° unit cell. Figure 2.5 visualizes the vacancy
density ny_, for different choices of the saturation limit Ny, including the two special
cases of suppressing vacancy movement (left) or choosing the saturation limit equal
to the ideal unit particle density (right). Experimentally observed accumulation of
vacancies may be reproduced for a saturation limit Ny, between these two saturation
limit bounds. Hence, we can identify Ny_ as a model parameter limiting the vacancy
accumulation.

density Ny, = Cy, Cv, < Ny, <TNg Ny

V o

location in device

Figure 2.5.: Three possible vacancy density configurations depending on the choice of the
saturation limit Ny,. The left and right figures visualize the case, where Ny, agrees
with its lower or upper bound, respectively. The value of the maximum vacancy density
Ny, can be chosen to ensure that, e.g., experimentally observed accumulation is correctly
limited (middle). (From [DA3] with modifications.)

Not limiting the vacancy density can lead to non-physical behavior, such as all ion
sites becoming vacant. Especially in out-of-equilibrium calculations, a model needs to
indicate a limit for saturation to reflect experimental observations of ionic accumulation
near the interface. Indeed, in the context of solid oxide cells with YSZ as electrolyte
material, a similar model was formulated for mobile ionic carriers, where a saturation
limit Ny, < 7, was successfully fitted to measurements [170]. In the numerical
simulations in Chapter 5, we will analyze how varying Ny_ influences the behavior of
charge transport within perovskite solar cells.

In the following, we will include volume exclusion effects in a thermodynamically
consistent manner while accounting for the limitation of vacancy accumulation. These
features shall be reflected by a suitable statistical relationship between the vacancy
density ny, and the quasi Fermi and electric potential ¢y, 1, respectively, for a unit
particle a € P. The derived state equation for vacancies will mirror the one previously
established for electrons and holes in (2.24), and its derivation is based on a grand
canonical formalism.
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2.4. Vacancy carrier concentration and current density

Grand canonical formalism for ideal lattice gas. We use the grand canonical
ensemble to analyze the behavior of interacting particle systems [6]. In the following,
we let a € Py, i.e., the index « refers to the vacancies and, e.g., n, to the vacancy
density. Our specific ensemble, called =, includes the electrochemical potential z,q@q,
a volume of the semiconductor material Q,, C Qi and a temperature T, i.e.,
= = (2a9%a, Qvol, T'). We assume that n, || vacancies exist in .. For the sake
of simplicity, we further assume no interaction with any of the other species vacancy
p € Py \ {a}. The upper bound for the number of the vacancies in the volume €, is
No|Qyol|- Generally, the grand (canonical) partition function [14, 189, 232] is given as
a sum over all microstates of the ensemble

(Na|2vo1l)
ZEE) = Y. Z(na.NaT,8)exp (nammﬂ%), aePy, (2:32)
kgT

(na|Svol|)=0
where the function Z corresponds to the (canonical) partition function which is
dependent on the number of vacancies and an energy level &,. To derive a suitable
expression for the partition function Z, we make use of an ideal lattice gas (or mean
field lattice gas) model for the description of the occupying behavior of particles on a
fixed number of sites on a lattice [14, 83]. There exist

(Na|Qva)!

(nalﬂvolp!(Na‘Qvol’ - ”a\ﬂvoﬂ)!’

distinguishable configurations of the vacancies in the volume €2, since the species and

W(na, Na) = S PV?

the species vacancies are indistinguishable. We note that the defect configurations are
distinguishable, but we assume that their location on the lattice is fixed. Otherwise,
we may distribute the vacancies among all possible B,71,|Qyo| sites. Additionally,
every vacancy brings an energy of &, = 2,99 — 2, E to its microstate, where the first
term corresponds to the electrostatic potential energy and F_ to an intrinsic defect
energy level. With this, the partition function Z entering (2.32) reads

Zaqub - ZaEa
sy == P
kBT ) ) o< Iy,

and we can reformulate the grand partition function Z in (2.32) due to the binomial

L, Nos T 62) = W (s No) e (—nammu

formula to

— Zaqw _'_ ZaEa Na‘ﬂvol| 0e P
]fBT ) V-

Furthermore, the following relation holds between the so-called grand potential U and
the grand partition function Z (see [232])

Z(E, &) = {1 +exp (Z“q‘p“

a Ea
U=—kpTlogZ = —kgTN,|Qya|log {1 + exp <zaq((p ? ﬂj])ﬂ + )} ., «a € Py.
B
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2. Derivation of vacancy-assisted charge transport equations

The partial derivative of the negative grand potential &/ with respect to the vacancy
electrochemical potential z,qp, equals the number of the vacancies ny|Qyo| in the
volume (see [232])

0 exp (70 e Ee )

9(2aq )L{ = Mol A(pa=)+Ea \’
aqPa 14 exp (zakB—T>

na|ﬂvol| = - S ]Pv. (233)

Thus, in analogy to the state of equation for electrons and holes (2.24) we can formulate

q(pa — ) + Eq
kgT ’

No = NoF_y <77a(90a7¢)>7 Na(Par V) = 2a a € Py, (2.34)
where F_; is the Fermi-Dirac integral of order —1 in (2.23). With (2.34), we have
established a statistical relation for ionic charge carriers. From Figure 2.2 (right), one
can clearly see that the vacancy density can never become larger than N,, meaning
that this choice of statistics function reflects correctly the limitation of defect density
by a saturation limit N,. In some prior works, such as [23], the relation (2.34) was
derived for electrolyte solutions from a phenomenological free energy framework. This
derivation was based on the assumption that a vacancy site V,, initially associated
with a unit particle a, can be occupied by a different unit particle 8. In our current
derivation, we do not consider such a scenario. By employing the grand canonical
formalism for an ideal Fermi gas, we can similarly derive the descriptions of the
electron and hole concentrations in (2.18), see, e.g., [131].

As before, we formulate a generalized (mathematical) hypothesis which needs to be
satisfied by the statistics function of vacancies

Fo: R —(0,1) is a C*- diffeomorphism;
for o € Py, (H2)
0 < Fo(n) < Faln) <exp(n), neR,

if not mentioned otherwise. Contrarily to the hypothesis on the electron and hole
statistics functions (H1), the image of the vacancy statistics is bounded. The bound-
edness of the image of F, reflects the boundedness of the vacancy density, which can
be likewise observed in Figure 2.2 (left). We refer to Appendix A.1 for the proof that
the Fermi-Dirac integral of order —1 indeed satisfies (H2).

2.4.3. Drift-diffusion current density

Similarly to electrons and holes, we can introduce the nonlinear diffusion enhancement
g for vacancy carriers which is sometimes called activity coefficient [15]. In the specific

26



2.4. Vacancy carrier concentration and current density

case of the Fermi-Dirac integral of order —1 as statistics function we have

Na\ _ Ma (po1y/ (M) _ 1
g“(Na>_Na(fa)<Na)_1—x—“’ a € Py. (2.35)

[e7

The generalized Einstein relation between the diffusion coefficient and the mobility of
vacancies for diffusion processes on a lattice [15] also holds

Da = p1aUrga (ﬁ) . acPy. (2.36)
Nq

While it is a common practice for electrons and holes that the nonlinearity of the
diffusion enhancement is directly incorporated into the diffusion coefficient of the
current density, see, e.g., [46, 71, 223], the situation appears to be more inconclusive
in the literature concerning ionic vacancy carriers, see, e.g., [25, 31, 85, 240]. Whether
we assume now a constant mobility or a constant diffusion coefficient results into
two different drift-diffusion current densities, when reformulating the gradient form
description of the current density jo, = —22quana Vs in (2.13). We call these two
resulting descriptions nonlinear diffusion and modified drift current density.

Nonlinear diffusion. On the one hand, to be consistent with the electron and hole
current density expressions we can assume a constant mobility fi, = pe in (2.13),
apply the generalized Einstein relation (2.36), and make use of the state equation
(2.34) with a general statistics function satisfying (H2). We receive a current density
with nonlinear diffusion [DA4, 28]

JaND = — 20 Ur <ga (%) Vng + é—“naw) . acPy.  (237)
a T

Modified drift. On the other hand, a constant diffusion coefficient D, = D, allows

us to express the mobility in terms of the diffusion enhancement g,. Reformulating

(2.13) similarly as before leads to a current density with linear diffusion but with a

modified drift term [15, 44, 51]

Ja,MD = —24qDo | Vo + z—“navw ,  a € Py. (2.38)
UTga (%)

It is worth noting that both current densities, (2.37) and (2.38), lead to two different
charge transport models. Assuming that the constant prefactors in both current
density descriptions are proportional, i.e., fi,Ur ~ D, leads to

N

Ja,ND ™~ Ga (F) Jayp, «a €Py. (2.39)
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Hence, if fi,Upr ~ D,, then the main difference between the nonlinear diffusion
and the modified drift current density is the additional diffusion enhancement as
prefactor. In this thesis, we assume a constant mobility, implying that we implicitly
employ the nonlinear diffusion description (2.37) for the vacancy current density. This
choice may not be immediately apparent when considering the quasi Fermi potential
description of the fluxes (2.13). In Chapter 4, we will prove the existence of discrete
solutions for an appropriate discretization of the nonlinear diffusion current density.
Additionally, in Section 5.2, we thoroughly investigate the impact of both current
density descriptions on the electric potential, the vacancy carrier density and the
current-voltage characteristics of a PSC configuration.

Remark 2.3. (Special cases of vacancy current densities) We note that the current
densities introduced in (2.37) and (2.38) align when the Boltzmann statistics is applied.
Furthermore, under suitable conditions, they recover Fick’s law of diffusion.

1. Boltzmann statistics. We assume F, = exp for a € Py. Then, the diffusion
enhancement reduces to g, = 1. Both current densities in (2.37) and (2.38)
coincide:

ja = —Zaq (Eavna + Zaﬂanav¢) ) ONS IP>V~

The model assumption F,, = exp is, for example, used in [29, 48, 77, 182, 200, 229].
However, as discussed in the current section, this assumption is non-physical.

2. Fick’s law of diffusion. Again, we assume a statistical Boltzmann relation in
(2.3). Furthermore, the driving force acting on motion in (2.8) shall be solely
given by the negative gradient of the chemical potential, which is F, = —Vx, =
—kpTVn, = —kgT'Vlog 3+ = —’f—aTVna With (2.6) and (2.9) we receive a
particle flux of the form

kgT
Jo = _,uaivna = _Davna, o€ ]P)Va
q
where we used the Einstein relation (2.4) with g, = 1. We immediately see that
we recover Fick’s first law of diffusion [79, 142].

2.5. Volumetric space charge density

Up to this point, we discussed the electric current density descriptions, the state
equations, and the generalized Einstein relation applicable to electrons, holes, and
vacancies. Lastly, we must adapt the right-hand side of the general Poisson equation
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(2.1a) to suit concrete cases of present carriers. For this, the index set of all species
A shall be given by A = Py U {n, p} U {L}, where we recall that & = L denotes the
crystalline lattice with 2z, = 0. Additionally, @ = C in (2.1a) denotes the index of
stationary charges. For example, in case of singly ionized acceptor atoms with a density
Cp, we have zcnc = —C),. Analogously, we have for an effective donor background
charge zcne = C,, where C, is the density of singly ionized donor atoms.

In the following, we discuss three concrete choices of the index set of moving carriers
M, initially introduced in Section 2.1.

Case 1. We do not allow any vacancy migration. In this case, we have as index set of
moving carriers Ml = {n, p}, and we recover the classical Poisson equation [204]

—V - (e,VY) = q(znnn + zpnp + zcnc>. (2.40)
Case 2. All vacancies a € Py are able to move, i.e., M = {n,p} UPy and
=V - (esVY) = q(znnn + zpnp + Z ZoMa + zcnc>. (2.41)
acPy

Case 3. We have only one migrating vacancy a = Vyx, where for the sake of
readability we define a := Vx. For example, in Section 2.4.1 we introduced two
materials, perovskites and TMDCs, where it is reasonable to assume the migration of
only the halide or the chalcogen vacancies, respectively. Hence, the moving carriers
are given by M = {n,p,a}. In that case, we can formulate the underlying Poisson
equation

=V - (,V) = q(znnn + Zpnp + ZaMa + C’), (2.42)

where C' is the sum of the background charge density and the uniform immobile
vacancy densities

C = Z ZaNa + ZoNe. (2.43)
acPy\{a}

Before ending this chapter and applying the gained knowledge to two real device ap-
plications, we briefly discuss selected thermodynamic properties that hold significance
within the context of this thesis.

2.6. Selected thermodynamic properties

Generally, (non-equilibrium) thermodynamics studies the relationship between energy
and matter and how they interact and transform in physical systems. For example,
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the negative gradients of quasi Fermi potentials are the driving forces of motion. Due
to that, the quasi Fermi potentials have a natural appearance in the thermodynamic
description of a drift-diffusion model [9, 71]. Also, consistency with fundamental laws of
non-equilibrium thermodynamics is needed when extending the charge transport model
such that optical and thermal effects are considered [9, 131]. Without going into further
details of thermodynamics, we present two thermodynamically meaningful concepts in
this section: thermodynamic equilibrium and free energy. While discretization schemes
preserving thermodynamic equilibrium on a discrete level properly avoid non-physical
state dissipation [18, 71, 73, 140], the free energy is not only a well-known tool in
physics and chemistry but also mathematics to analyze PDE systems and underlying
discretization schemes [36, 129)].

For the sake of readability, M = {n, p,a} gives the index set of moving charge carriers
denoting electrons, holes and vacancies, i.e., we are in the Case 3 of Section 2.5.

2.6.1. Thermodynamic equilibrium and local electroneutrality

Thermodynamic equilibrium describes a physical state, where vanishing currents imply
constant quasi Fermi potentials, i.e.,

Jo =0 1implying ¢4 0:= s =const., forall ae M. (2.44)

Without any loss of generality, we assume that both ¢, o and ¢, ¢ equal the same value
©o. This indicates that there is only one Fermi level in thermodynamic equilibrium,
and the electron and hole quasi Fermi potentials have the same value in this case.

The gradient structure of the current densities (2.2) guarantees that thermodynamic
equilibrium is satisfied. Assuming additionally to thermodynamic equilibrium a
vanishing left-hand side of the Poisson equation (2.42), we can compute a locally
electroneutral solution vy. In case of present vacancies, we have

0 = 2Ny <nn(¢o, g00)> + zpn, (np(%, 900)> + ZaNa (na(@/)o» QDa,o)) +C. (2.45)

Usually, this equation cannot be solved directly. However, suppose we assume linear
diffusion of the electron and hole current density, i.e., modeling the charge carrier
statistics Fy,, F, with a Boltzmann approximation (2.21), and assume that no vacancies
are present. In that case, we can solve (2.45) analytically, yielding

E,+E, 1 N, . C
= ——— — —Urlog— + U h 2.46
o = o + 2 5T 0g N, + Urarcsin (2 Nimr> ) ( )
where the intrinsic carrier density N, is defined by
E,—F
Ni%ltr = Nan exXp (-Tjjp) . (247)
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The solution 1 of the equation (2.45) will be precisely the function we evaluate at
the boundaries in (3.7), when modeling ohmic contacts.

2.6.2. Thermodynamic free energy

The sum of different energy contributions gives the thermodynamic free energy in
Qinir. Following [1, 157], on the one hand, the contribution of electrons and holes can
be derived from an ideal Fermi gas. On the other hand, the electrostatic field energy
gives the electric potential contribution to the total energy. Lastly, assuming an ideal
lattice gas as in Section 2.4.2, we can also derive a consistent energy contribution of
vacancies, which extends the electric free energy formulation in [157]. In total, the
free energy functional reads
nOé

1
]Ef(t) :é/ﬂ 55|V@/)|2dx + Z / |:]€BTNQ(I)Q <N

intr
/
Q

o€ {n.p} (2.48)
Na

—) — zaEana} dx,

where @, is an antiderivative of F, ! for & € M. Following [1], we neglected the external

{kBTNaCI)a <N

intr a

interaction effects of the electric potential. Thus, for non-degenerate semiconductors,
i.e., for F, = F, = exp and F, chosen as Fermi-Dirac integral of order —1, the free
energy simplifies to

1
Ef(t) 25/9 | VU dx + Z / {k:BTna (log (%) — 1) — zaEana} dx

aefnp}’?

+ /ﬂim [kBT <na log <;—Z) + (N, — na) log (1 — ]T\Z[—Z)) — zaEanal dx,

(2.49)

where @, (z) = ®, = xlog(z) —z and @,(x) = xlog(z)+ (1 —x)log(l—x). A variation
of the energy functional (2.48) will help us in Chapter 4 to prove the existence of a
discrete solution for an implicit-in-time finite volume scheme.
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3. Charge transport models for two real
device applications

In Chapter 2, we derived vacancy-assisted charge transport equations in a crystalline
semiconductor layer €2;,,. Next, we apply these equations to two practical device
applications and formulate well-defined initial boundary value problems. Section 3.1
introduces a drift-diffusion model that describes the charge transport in perovskite solar
cells, including photogeneration and recombination. Section 3.2 presents a consistent
charge transport model for TMDC-based memristive devices and a comprehensive
description of an image-charge-induced Schottky barrier lowering boundary model.
After non-dimensionalizing both models in Section 3.1.4 and Section 3.2.3, we discuss
entropy methods in Section 3.3, a mathematical tool to analyze PDE systems. We
conclude this chapter by proving a continuous entropy-dissipation inequality.

Within the intrinsic domain €2;,(,, we assume the transport of three carriers: Electrons
(v =), holes (o = p), and vacancies (« = a). In case of perovskites, we can think
of the carrier a = a as the halide anion vacancies and, in case of TMDCs, as the
chalcogen defects. We have the standard charge numbers 2, = —1, 2, = 1 for electrons
and holes. For the ionic defect carriers, we allow z, € Z for the mathematical modeling,
noting that we discussed previously that in perovskites (Section 2.4.1.1) and TMDCs
(Section 2.4.1.2), negative charge numbers may have limited physical relevance.

The set of unknowns is given by (¢n, ¢p, @a, 1), i.e., we consider the quasi Fermi
potentials instead of the carrier densities n,, as unknowns. Using quasi Fermi potentials
instead of densities as unknowns has several practical advantages: First, they are
on the same order of magnitude as the electrostatic potential and do not vary over
more than twenty orders of magnitude as densities may do, simplifying numerical
computations. Second, unlike densities, quasi Fermi potentials are usually assumed to
be continuous across heterojunctions, meaning no additional discontinuity-preserving
internal boundary conditions are needed. Third, current densities proportional to
gradients of potentials are easier to interpret physically and mathematically, e.g., as
gradient flows [61, 95, 169].

Parts of Section 3.1 are based on [DA2, DA4]. Furthermore, parts of Section 3.2 can
be found in [DA5], whereas Section 3.3 was partially published in [DA2].
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3. Charge transport models for two real device applications

3.1. Perovskite solar cells

Already in the 80ies, the diffusion of ionic halide vacancies in perovskites was studied
[171]. However, only in 2014 did ion migration in perovskite devices become of practical
interest when experiments suggested that the mobility of ionic defects is one possible
reason for current-voltage hysteresis in perovskite solar cells [225]. Since then, few
materials within photovoltaics have gained such interest as perovskites in the last
years [135, 188, 237]. These materials show promise for use in applications, including
lasers, memristors, LEDs, and solar cells. Notably, perovskite-silicon tandem cells have
recently surpassed the efficiency of high-performing single junction silicon solar cells
[16, 40, 162, 178], achieving world record efficiencies exceeding 30 % where further
efficiency gains are likely. Even though specific architectures have significantly lower
production costs than conventional solar cells, a couple of challenges must be overcome
for the mass production of PSCs, especially the fast device degradation. For this
reason, it is paramount to understand the charge transport in perovskites better via
improved modeling and simulation.

A substantial difference between drift-diffusion charge transport models for (in)organic
semiconductors and those for perovskites lies in the fundamental role played by ion
migration within the perovskite material. In PSCs, the various charge carrier species
live in different parts of the domain, evolve on different timescales, and obey different
diffusion laws. Moreover, we need to consider the photogeneration rate due to sun
illumination. These differences and new features compared to classical semiconductors
require additional mathematical and numerical modeling and comprehensive analysis of
these devices, which include all relevant physical effects, to predict the behavior of such
complex physical devices. Initial drift-diffusion models incorporating ionic movement
such as [29, 50, 77, 182, 217, 237] did not impose constraints on the vacancy density,
meaning the presented models did not bound the number of available lattice sites
within a perovskite crystal. Later, models were introduced to address this limitation
[DA4, 28, 44, 51]. Note that other ways exist to model the charge transport in PSCs.
For example, we can find approaches based on atomistic density functional theory [65,
236] and equivalent circuit models [175, 224]. However, a comprehensive discussion of
such models goes beyond the scope of this thesis.

3.1.1. Bulk equations

In a perovskite solar cell, the perovskite layer €2, is sandwiched between a doped
electron transport layer (ETL) and a doped hole transport layer (HTL), denoted by
Qg7 and Qyrp, respectively. TiO,, PCBM, and ZnO are typically chosen as ETL
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3.1. Perovskite solar cells

materials, whereas spiro-OMeTAD, PTAA, and PEDOT:PSS are common materials
for the hole transport layer [213]. More precisely, the device geometry © C R,
d € {1,2,3}, is separated into three pairwise disjoint, polygonal (or polyhedral),
open subdomains such that Q = UpQy, k € {ETL,intr, HTL}. We assume that £
is an open, connected, and bounded spatial domain, and we denote the interface
between the transport layers and the perovskite layer by Xgrr, = 0QprL N 0
and Xy, = 0Qyrr N 0. The electron and hole transport layer boundaries do
not intersect, i.e., 0Qgrr, N ONgTr, = 0. We refer to Figure 3.1 for a possible visual
representation of the device geometry.

Vintr F ]\/
sun a =
light g(ynrL, t; intr) " ..... o g(y,t)
Qpnrr Qintr QprL  |pD

(¥, ¥n, ©p) 5 (¥, €n, Pps Pa) p§ (¥, 0ns Pp)

" f(XHTL, t; HTL)

Foet)
X yi 3 3
—
Vintr

z

Figure 3.1.: A two-dimensional three-layer perovskite solar cell device geometry with the
relevant potentials stated per subdomain and a visualization of the notation used for the
definition of the interfacial conditions in Section 3.1.3.2. (From [DA2] with modifications.)

Unlike quasi Fermi potentials for electrons and holes ¢, ¢, and the electric potential
1, which are defined on all of €2, the quasi Fermi potential of halide vacancies ¢, is
defined only in the intrinsic domain €2;,;,. The continuity equations are given by

20q0my, + V- jn = zZnq (G(X) — R(ny, np)>, xeQ, t>0, (3.1a)
g0y + V- jp = qu<G(x) — R(ny, np)>, x€Q, t>0, (3.1b)
Zaqatna +V 'ja = 07 X &€ Qintr, t Z 07 (310>

which are self-consistently coupled to the nonlinear and region-wise defined Poisson
equation for ¢t > 0

q(znnn + zpnp + C(X)), x € Qurr, U Qprr,

—V - (5, V) = (3.1d)

q(znnn + Zpnp + Zala + C’(x)), X € Qintr.

Moreover, the electric current densities of electrons, holes, and vacancies are defined
as before (see (2.2))

jo = —22quanaVos, x€Q,t>0, forac {n,p,a}. (3.1e)
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3. Charge transport models for two real device applications

Concerning the right-hand side of the continuity equations (3.1a), (3.1b) and the
Poisson equation (3.1d) we assume that the doping profile C' is bounded, i.e., C' €
L>(2) and that the photogeneration rate satisfies 0 < G € L*(€2). In other words,
the carrier-dependent doping profile and the photogeneration rate are constant in time
and bounded in space. In practice, the doping C' is equal to a singly ionized donor
density C, > 0 in the ETL and a singly ionized acceptor density C}, > 0 in the HTL,
Le., C(x) = Cy(x) for x € Qg and C(x) = —C,(x) for x € Qurr. The doping C
in the intrinsic region €2;,, corresponds to the uniform density of cation vacancies in
accordance with (2.43). For global charge neutrality, C' is set to the negative average
anion vacancy density —C, in the intrinsic region, multiplied by the respective charge
number, i.e., C' = —2z,C,, see [29, 50].

3.1.2. Photogeneration and recombination rates
3.1.2.1. Photogeneration

The photogeneration, i.e., the process of generating charge carriers through light
absorption, is a fundamental feature of photovoltaic devices. We assume that light
enters through one of the transport layers (z direction in Figure 3.1). In the general
case, photogeneration is linked to the electromagnetic field distribution within the
solar cell device, which can be described by Maxwell’s equations [7]. Solving these
equations requires advanced numerical techniques such as the finite element method
[194] or the transfer-matrix method [208]. However, in the context of this thesis, which
primarily focuses on the electric properties of perovskite solar cells, we can rely on
a more straightforward approach. We describe the photogeneration rate using an
analytical formula, following the Beer-Lambert law of light absorption [179], as

G(x) = Fnagexp(—a,z), x=(z,y,2)". (3.2)

Here, F};, denotes the incident photon flux and «, the material absorption coefficient
which depends on the light wave length. Thus, the photogeneration rate can be
described as an exponential decay in z direction. For further insights into numerical
studies regarding the optical optimization of perovskite solar cells using advanced
optical models, we refer to, e.g., [119, 239].

3.1.2.2. Recombination rates

Within the device, electrons and holes may recombine. The recombination rate R on
the right-hand side of the electron and hole mass balance equations (3.1a), (3.1b) is
given by the sum of the most common recombination processes: Schockley-Read-Hall
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3.1. Perovskite solar cells

(SRH), radiative, and Auger [71] with » € {SRH, rad, Auger}

R(ny,np) = Z R, (ny,nyp),

where all recombination processes can be modeled by the following formula

R, (N, np) = 7 (Nn, M) MM (1 — exp <w)) . (3.3)
kgT

The process-dependent non-negative rate r, will be defined in the following paragraphs.
It is worth noting that the recombination processes stated in the literature for the
simulation of PSCs such as [28, 44, 77, 182] assume a Boltzmann relation between the
carrier densities and the quasi Fermi potentials, yielding an expression

R, (ny,np) = rp(nn, np) (nnnp — Ni%m) , (3.4)

where the intrinsic carrier density Ny, is defined by (2.47). Using (3.4) and assuming
a nonlinear diffusion for electrons and holes via the generalized Einstein relation (2.4)
violates consistency with thermodynamic equilibrium in the sense of Section 2.6.1.

One of the most common recombination processes is the Shockley-Read-Hall recombi-
nation, which models trapping of electrons. In general, this process can be described
by a trap continuity equation [97], which implies different recombination rates for
electrons and holes. However, a simplified version of this physical process can be given
in a closed form when we assume the system to be stationary, namely,

1

To(Mn + Nnr) + Ta(np +np 7) ’

TSR (Mn, Np) = (3.5)
where 7, 7, are the carrier lifetimes and n,, -, n, » some reference carrier densities. For
the constant reference carrier densities different expressions can be assumed [28, 46,
223, 233]. In the case of a trap energy level close to the equilibrium Fermi level we
may even assume n,, ~ Ny, ~ N, see, e.g., [48, 259]. Choosing the simplified
version (3.5) is applicable when assuming that the trapping and detrapping processes
are faster than the timescale of measurements [27]. Otherwise, this way of defining the
SRH recombination needs to be extended as in, e.g., in the context of PSCs [77, 182].

The radiative recombination (frequently called bimolecular or band-to-band recombina-
tion) is given by

Trad(nna np) = T'0,rad (36)

for a constant rate coefficient 7¢ yaq.
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3. Charge transport models for two real device applications

For the Auger recombination we have
TAuger(nnu np) = Bun, + Bpnp

with rate constants B, and B,. This type of recombination becomes likely for high
carrier densities or in semiconductors with small band gaps [101]. For example, for
MAPI, it was shown that including Auger recombination has a minor influence on the
resulting current-voltage characteristics [245].

3.1.3. Initial and boundary conditions

We supply the system (3.1) with initial conditions for t = 0

en(x,0) = p0(x),  ©p(x,0) = ¢(x), for x € €, (PICa)
©a(x,0) = ©2(x), for x € Qipy, (PICD)

where we assume ¢}, ©) € L®(Q) and @) € L>(Qin;). Correspondingly, we define
the initial densities nl(x) = NyFa(na(4%,1(x,0))) for a € {n,p,a}.

3.1.3.1. External boundary conditions

The outer boundary of €2 is decomposed into two ohmic contacts at the metal interfaces
modeled by Dirichlet conditions I'? and isolated interfaces T'", where we impose no
flux Neumann boundary conditions. We assume that T'” and T'V are closed subsets
of 0Q with 9Q = I'” UTY. In particular, the ohmic contacts are solely located at
the outer boundary of transport layers, i.e., '’ N Qe = 0, see Figure 3.1. The outer
boundary conditions are for ¢ > 0 modeled via

V(x,t) = Yo(x) + U(x,1), ¢n(x,t) = @p(x,t) =U(x,t), x€TP, (3.7a)
Vip(x,t) - v(x) = ju(x,t) - v(x) = jp(x,t) - v(x) =0, xeI™  (3.7b)

where U corresponds to an externally applied time-dependent voltage and v is the
outward pointing unit normal to I'V. The potential ), can be computed iteratively,
implicitly or explicitly when assuming a Boltzmann relation, as described in Sec-
tion 2.6.1. Concerning the anion vacancies, we impose no flux Neumann boundary
conditions on the whole intrinsic boundary, namely,

Ja(X, 1) - Vi (X) =0, X € OQpgr, t >0, (3.8)

where vy, is the outward pointing unit normal to 9i,,. In Section 5.2, we will
perform simulations on a perovskite solar cell using these time-dependent outer
boundary conditions.
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3.1. Perovskite solar cells

Remark 3.1. (Time-independent ohmic contacts) Under the assumption of time-
independent boundary conditions we will study the underlying finite volume discretiza-
tion scheme and prove the existence of a discrete solution in Chapter 4. More precisely,
let the Dirichlet values P P € Wh*(Q) be given. Then, we adjust the outer
boundary conditions (3.7a) to

w(xa t) = wD<X)7 Son(xvt) = SDP(Xv t) = @D(X)a X € FD? t=>0. (3'9)

When comparing (3.7a) and (3.9), this means the boundary values are fixed to
PP :=1py + U and ¢P := U, where U is a constant-in-time applied voltage. We note
that the same Dirichlet value ¢ is imposed on both quasi Fermi potentials.

3.1.3.2. Internal boundary conditions

Due to the heterojunctions between the perovskite and the transport layers, we
need additional internal boundary conditions at the interfaces between neighboring
subdomains. The traces of the potentials ¢,, ¢, and 9 coincide on both sides of the
internal boundaries Xg7r, and Xyrr,, which contain a point in the one-dimensional
case, an edge in two dimensions and a face in three dimensions. Moreover, we assume

continuity of the corresponding fluxes across internal boundaries. More precisely, for
t >0 and k € {ETL, HTL} we have

<6svw(x,t; k) — e Vi(x,t; intr)) Vi (X) =0, x € Xy, (3.10a)
(jn(x, ti k) — ju(x,t; intr)) Vit (xX) =0, x € Xy, (3.10b)
(jp(x, ti k) — jp(x,t; intr)) Vi (x) =0, x € X, (3.10c¢)

Here, we use the notation that for an arbitrary function f the expression f(x,t; k)
denotes the trace of f, where f is restricted onto Q, &k € {ETL,intr, HTL} and
evaluated at the respective interface between transport and perovskite layer x € 3.
It is possible to introduce surface recombination rates via the right-hand sides of the
electron and hole equations (3.10b), (3.10c), as demonstrated in, e.g., [28, 48]. An
extensive discussion and inclusion of this effect will be neglected in this thesis.

Remark 3.2. (Conservation of mass for anion vacancies) Observe that by integrating
the continuity equation (3.1c) over €y, using Gauss’ theorem, and the Neumann
boundary conditions (3.8) the total mass of anion vacancies is conserved, namely,

/ na(x,t) dx = / nd(x)dx, forallt> 0.
ﬂintr ﬂintr

An equivalent condition does not hold for electron and hole densities due to the
boundary conditions and the recombination/photogeneration terms.
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3. Charge transport models for two real device applications

3.1.4. Non-dimensionalization

In this subsection, we derive the relevant non-dimensional parameters of the model,
following [50] and [163, Section 2.4]. Starting from the bulk equations (3.1), we
rewrite the equations in terms of the scaled variables given as the ratio of the unscaled
physical quantity to the scaling factors defined in Table 3.1. In the following, we make
several simplifications to simplify the presentation and the forthcoming computations.
More precisely, we assume from now on that the mobilities p, and p,, the dielectric
permittivity €,, and the effective conduction and valence density of states N, and N,
are constant in the domain €2, as well as the parameters entering the process-dependent
recombination rate r, in (3.3), if not mentioned otherwise. Moreover, we assume that
the band-edge energies E,, E,,, E, are zero, [, = (i, and N, = N,. In Table 3.1, the
timescale is chosen for the anion vacancies. By replacing fi, with fi in the time variable
scaling factor, one could write the dimensionless version adapted to the electrons and
holes timescale. We assume that the scaling factor N is precisely equal to N, = Ny
and that N, = N,. Similarly, since we assumed, for simplicity, that the mobilities are
constant in the overall spatial domain, we take fi, = 1, and it = p, = pp.

In practice, the previous quantities vary in each subdomain. All the analyses of
Section 3.3.2 and Section 4.2 can be adapted without the previous simplifications.
However, apart from creating a notational overhead, the fundamental ideas remain the
same. Moreover, the location vector is rescaled with respect to the device thickness.
By denoting the scaled quantities with the same symbol as the corresponding unscaled
quantities, the dimensionless version of the mass balance equations (3.1a), (3.1b),
(3.1c) read

Vz2nOmng +V - jn = 2Zn (’yG — R(nn,np)>, xeQ, t>0, (Pa)
v 2p0my, +V - j, = 2 <7G — R(nn,np)>, xeQ, t>0, (Pb)
220Ny +V - ju =0, X € Qinir, t >0, (Pc)

coupled to the non-dimensionalized version of the Poisson equation (3.1d)

5<Znnn + ZpMp + C), X € QHTL U QETL7 t 2 O,

—N2Ay = (Pd)

5<Znnn + ZpNp + C) + ZaMla, X € Qintm 13 Z 0.
The charge carrier currents (3.1e) can be rewritten in non-dimensionalized form

ja = _Zinav(pom (OBS {H, b, a}a (Pe)
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3.1. Perovskite solar cells

Symbol Meaning Scaling factor | Order of magnitude
X Space variable l 107" m
Vo, 7, @9 Quasi Fermi potentials Ur 1072V

W, PP Electric potential Ur 1072V
C Doping profile N 10?4 m—3
Nn Electron density N 1024 m—3
Np Hole density N 10?4 m—3
Na Vacancy density N, 10%" m—3

fns Hp Electron and hole mobility i 10~* m2/(Vs)
L Vacancy mobility [l 10716 m?2/(Vs)

12
t Time variable — 10 s
'“aU:f

jn Electron current density qugﬂ 106 C/(m?s)
Jp Hole current density qUTlN[L 10% C/(m?s)
Jja Vacancy current density W 1073 C/(m?s)
R Recombination rate ﬁUl';sz 1032 1/(m3s)
G Photogeneration rate Fonoy 108 1/(m3s)

Table 3.1.: Scaling factors of a perovskite solar cell device with MAPI as perovskite material
related to the default parameters of [44, 48] (see also Table B.1) at 7' = 298 K.

and we have the following non-dimensionalized expression for the state equation (2.3)

Ng = Fa <za(goa — w)>, a € {n,p,a}.

(Pf)
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3. Charge transport models for two real device applications

There are four dimensionless parameters, the rescaled Debye length, which is taken
with respect to the anion vacancy concentration

PN (3.11)
[2qN,

the mobility parameter, defined as the relative mobility of anion vacancies with respect
to the electron and hole mobility

v="2 (3.12)

the concentration parameter, given as the relative concentration of electrons and holes
with respect to the anion vacancy concentration

N
Na
and the photogeneration parameter, which rescales the photogeneration rate
Foo,l?
y = Teh%l (3.14)
MUTN

We can also interpret the parameter v as the ratio of the ionic carrier to the electric
timescale. In a typical device, the parameters v, A, J, and « are small (compared to
1). More precisely, for the values in Table 3.1, we have v ~ 10712 A ~ 1072, § ~ 1073
and v ~ 10~%. In particular, the parameters v and \? generate important stiffness

in the model, which motivates using a robust implicit-in-time numerical scheme (see
Chapter 4).

To summarize, we have the set of unknowns (¢, @p, a, 1) solving the equations (P)
with rescaled initial conditions (PIC) (see Section 3.1.3). As boundary conditions, we
supply the model with non-dimensionalized versions of (3.7b), (3.8), (3.9), and (3.10).
For t > 0 and k € {HTL, ETL}, we have

Vi(x,t) - v(x) = ju(x, 1) - v(x) =jp(x,t) - v(x) =0, x e TV, (PBCa)
Y(x,t) = PP (x), @u(x,1) = pp(x,t) = pP(x), x TP, (PBCb)

Ja(X, 1) - Vinge(x) = 0, X € 0Qn, (PBCc)

</\2V77/)(X, ti k) — N2V (x, t; intr)) Vinte(x) = 0, X € Xy, (PBCd)
(jn(x7 t; k) _jn(Xv t; intr)) : Vintr(x) = 07 X € Ek; (PBCQ)

(jp(x,t; k) —jp(x,t; intr)) Vintr(X) =0, X € Xy, (PBCH)
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3.2. Memristive devices

where P, P € WH*(Q). Until the end of Chapter 4, we exclusively deal with this
PDE system for the charge transport in perovskite solar cells. Further, if referring to
the initial conditions (PIC), we refer to a non-dimensionalized version of (PIC), if not
mentioned otherwise.

3.2. Memristive devices

Two-dimensional layered transition metal dichalcogenides (TMDCs) are promising
memristive materials for neuromorphic computing systems. These materials could
solve the issue of high energy consumption associated with conventional von Neu-
mann computer architectures, commonly used as hardware for artificial intelligence
calculations [57, 146, 207, 252]. However, our understanding of the physics of lateral
TMDC memristors still needs to be completed, and there is ongoing debate about
the mechanisms responsible for resistive switching in these devices. Experimental
evidence suggests different switching mechanisms, including the movement of chalcogen
vacancies [150, 206]. In our context, understanding the key switching mechanism is
related to understanding the origin of hysteresis in the current-voltage characteristics.

The existing models for lateral devices are based on analytical approximations of
the current-voltage curve with numerous fitting parameters [207] or compact model
formulations [226, 262]. While such models can be helpful for circuit simulations and
design due to their computational efficiency, they fail to capture the complex dynamics
of the switching process. To our knowledge, the first vacancy-assisted drift-diffusion
model for describing lateral TMDC-based memristors is formulated in [DA5]. While
drift-diffusion models describing charge transport in memristors based on other mate-
rials also exist [3, 229], they need to include a proper discussion of the limitation of
vacancy accumulation, as demonstrated in [DA5].

3.2.1. Bulk equations

In contrast to a perovskite solar cell, the memristive device geometry is solely given
by the semiconducting material layer, i.e., Q = Qy,,, where Q C R4, d € {1, 2,3},
is an open, connected, and bounded spatial domain. Figure 3.2 illustrates a typical
lateral memristive device geometry and its cross-section in the z-y plane. The device
comprises a TMDC flake on a substrate, given by silicon dioxide (SiO3) and silicon
(Si). The flake is laterally sandwiched between two electrodes, usually composed of a
titanium (Ti) and a gold (Au) layer. We can further simplify the model geometry and
represent it by a one-dimensional (1D) conducting channel, defined by the flake length,
in z direction, see Figure 3.2. As explained in Section 2.4.1.2, we assume vacancy
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migration of chalcogen defects. The electron, hole, and chalcogen defect densities
Nn, Np, N, satisfy the continuity equations

20q0na +V -jo =0, x€Q, t>0, forac{n,p,a}, (3.15a)

which are self-consistently coupled via the electrostatic potential ¢ to the nonlinear
Poisson equation

—V - (e.VY) = ¢ Zana(th,a) +¢C(x), x€Q, £>0, (3.15b)

ac{n,p,a}

where C' € L>*(2) denotes the background charge density. In our charge transport
model, we assume a negligible vacancy generation and substantial n-type doping (i.e.,
nn, > n,). Consequently, this leads to no reaction or production rates in (3.15a).
Lastly, the current densities are defined as before (see (2.2))

ja = —22qUuanaVps, x€Q,t>0, forac{n p,a}. (3.15¢)
electrodes [
TMDC flake / \ Si0, : : 2D cut
ZI Si substrate | | plane
yx : E
SiO4 substrate : :
Si substrate z yi — : : 1D model
X * N / geometry
metal-semiconductor contacts I'

Figure 3.2.: Illustration of the three-dimensional geometry of a memristive device with
indicated SiO2/Si substrate, the TMDC flake and the contact electrodes (left), a two-
dimensional view of the z-z cut plane (upper right), and a simplification of the geometry
for a one-dimensional model (lower right). (From [DA5] with modifications.)

3.2.2. Initial and boundary conditions

The system (3.15) is supplied with initial conditions for ¢ = 0

90r1<xv O) = 90?1<X)7 @p(xv O) = 803(X)a Spa<xa O) = 802<X)7 for x € Q, (MIC)

where we assume gpg,gpg,gpg € L>(€2). As before, we define the initial densities
ng(x) = Na-}—a(na(@&Qﬁ(Xa 0))) fOl" ac {n,p,a}.
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We divide the outer boundary of the device geometry €2 into two parts: T' and
I'N. Here, T refers to the interface between the flake and the electrodes and IT'"V to
the remaining interfaces. We assume that I' and T'V are closed subsets of 9Q with
09 =T UTY. For the chalcogen defects all boundaries represent physical barriers

Ja(x,t) - v(x) =0, x€0Q, t>0, (3.16)

where v is the outward pointing unit normal to 0€2. At the isolating Neumann
boundary we impose for the other species

Vi(x,t) - v(x) = ju(x,t) -v(x) = jp(x,t)-v(x)= 0, xeT™ t>0  (3.17)

At the metal-semiconductor contact I' it is possible to impose a range of boundary
conditions. In Section 3.2.2.1 and Section 3.2.2.2, we assume that I' represents a
Schottky contact, where we use the notation I' = I'. Subsequently, in Section 3.2.2.3,
we consider a scenario where the boundary I' behaves like an ohmic contact, modeled
by Dirichlet boundary conditions. There, we employ the notation I'” = T

3.2.2.1. Schottky boundary conditions

In case of classical Schottky contacts at T'¥, thermionic emission [52] is described for
electrons and holes with the boundary conditions

gn(%,1) - V(%) = 20qua(na(X,t) — 1), x €T ¢ >0, (3.18a)
ip(%,1) - v(x) = 2pqup(np(x, 1) — npg), x €T, ¢t >0. (3.18Db)

Here, vy, v, are the electron and hole recombination velocities given by (with h as
Planck constant)

_ Arm}(kgT)? dmm’(kpT)?

Uy = N, and v, = N, (3.19)

with the effective mass my and my of electrons and holes, respectively. The corre-
sponding equilibrium carrier densities n, o, and n,p, at the contacts are

bo Es — o
Mo = ann <—]@—T and Npo = prp _i"T s (320)
where ¢y = ¢o(x) > 0 is an intrinsic Schottky energy barrier constant in time

and B, = E, — E, is the band gap. For the electrostatic potential at the metal-
semiconductor contacts I'® we apply the Dirichlet condition

U(x,t) = o(x) + U(x,t), xeT% t>0, (3.21)
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3. Charge transport models for two real device applications

with 19 = —(¢o — Fy)/q denoting an intrinsic electrostatic potential barrier, and U
denoting a time-dependent applied voltage at the contact. The intrinsic Schottky
barrier ¢q is considered as a material and device parameter, i.e., for a given device, 1
and ¢, depend only on x € I'’.

3.2.2.2. Image-charge-induced Schottky barrier lowering

The charge transport model (3.15) with the initial conditions (MIC) and classical
Schottky boundary conditions (3.18)—(3.21) characterizes a system where the band-
edges &, = E, — qp, &, = E, — qi on the boundary I'¥ are prescribed by a Schottky
barrier ¢y. In what follows, we denote the underlying electrostatic potential unaffected
by any additional external charges by 1, and refer to it as residual electrostatic
potential. Correspondingly, the electric potential energy for electrons is given by
¢r = qutb and is visualized in Figure 3.3 (right, gray curve). Here, ¢, = z,q is the
electrons’ electric charge.

Without an external bias, the band-edge of electrons for the previously defined Schottky
boundary model is defined as

& =E,+¢, ¢=d¢, inf, (3.22)
&y = oy, on I'?, (3.23)

where ¢ denotes the electric potential energy in accordance with (2.25). However, any
point charge near a metal-semiconductor junction induces an opposite polarity charge
(image charge) in the metal through charge redistribution caused by the electric field
(Figure 3.3, left).

T
. > | image-charge potential |A¢|
s metal  semiconductor § metal o0 energy ¢; v
PR : I g
£ 53 5} . . oo
< 3 Ss — | residual potential
S & I energy o,
d — : : =
%Dg e i 4_® ®_> i «—F: _8 total potential energy ¢, + ¢;
£z image charge![ charge charge |!image charge a --------- R
g ~ | T semiconductor metal
Q an ' Gn Gn i Gn
2y & SS s
/ —_— > -
location l l location

X

Figure 3.3.: Schematic illustration of an electron point charge ¢, at the semiconductor-metal
interfaces inducing an image charge —g, in the metal electrode, which results in an
attractive image-charge potential energy ¢; (left), and the superposition of the residual
potential energy ¢, and the image-charge potential energy ¢; without an external bias.
The superposition reduces the interfacial potential energy barrier maximum by |A¢|
relative to the value of ¢, at the interface (right). (From [DAS5] with modifications.)
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3.2. Memristive devices

The induction of image charges adds a contribution ¢; (Figure 3.3, right, dark blue
curve), to which we will refer as image-charge potential energy [52, 235], to the total
electric potential energy

¢=¢,+¢;, n€ (3.24)

The new total potential energy (3.24) has an impact on the band-edges &, &, and
alters the boundary values of &,, &, by some A¢ (see Figure 3.3, right, light blue
curve). As will be demonstrated, in case of the electron band-edge this means when
no external bias is applied

éan:En+¢7 ¢ = ¢, + ¢, inQQ,

3.25
& = do+ A, on T%. (3.25)

This change in the boundary values of the potential energies can be schematically
observed in Figure 3.3 (right). As shown, the total potential energy ¢ is indeed reduced
due to the superposition of the residual potential energy ¢, with the image-charge
potential energy ¢;, which is why this effect is known as (image-charge-induced)
Schottky barrier lowering.

Now, we will carefully extend the classical Schottky boundary conditions (3.18)—(3.21)
on I'¥ by identifying the barrier change A¢ caused by Schottky barrier lowering. To
accomplish this, we rely on the following assumptions.

1. The semiconductor-metal interface is planar, with the device’s width and thickness
aligned perfectly with the y and z axes.

2. The electron point charge and the induced image charge are symmetric around
the interface. Both are evaluated at the same distance [ from the interface T'Y.

3. We focus only on the closest electrode’s induced charge and image force, i.e., we
ignore image forces from other metal contacts.

We proceed in two steps to find a suitable description of A¢ entering (3.25). First, we
use Coulomb’s law to calculate the energy induced by the image charge ¢;. Due to a
planar setup, the Coulomb force reduces to a one-dimensional force, dependent on an
arbitrary distance s between charges and the interface I'®

2
q 1 >0,

Fls) = dme; (25)2 7=

where the negative sign indicates attraction independent of direction. It is worth noting
that we replaced the vacuum permittivity in Coulomb’s law by an appropriate real-
valued permittivity describing the semiconductor medium, the image-force permittivity
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3. Charge transport models for two real device applications

g; [234, 235]. We can calculate the image force potential energy ¢; by integrating F’
from a reference position to the exact position s = [ > 0 assuming an infinitely far
away reference position [98]

l 2 [e'e] 2
q 1 ¢ 1
= — | Fds =——I [ gy — D 2
¢ / § 167, /, 52 7 167z, | (3.26)

With (3.26) we have a suitable description for the image-charge potential energy ¢;.

Second, we must evaluate the residual potential energy ¢, = ¢,¢, at I'® to address
modified boundary conditions. To do this, we perform a linear Taylor expansion in
the opposite direction of the outward pointing unit normal to I'*, denoted by v,

Ur(x — W) = (x) — IV, (x), xel¥, (3.27)

where V¢, = Vi, - v. With (3.24), (3.26), and (3.27), we can identify the total
potential energy ¢ as a function of the distance [ between the charges and the interface

o) = ¢ (1) + (1) = gu (wr — IV + 16; %) : (3.28)

The total potential energy ¢ attains a maximum near the interface at

q .
Fe el iV, <0,
Tome, v, LV <0

where we omitted the non-physical solution resulting into a negative length. In the
one-dimensional case and under the assumption of a planar interface, the condition
V., ¥, < 0 indicates that ¢, needs to be bent downwards. The total potential energy
evaluated at [ = [* reads

gV
47’(’6@

o) = aa (0 + ) = qutr + A0,

where the value of A¢ is set to the second term multiplied by the electrons’ charge qy,.
Assuming that [* is negligibly small, the electron band-edge &;, at the boundary can
be approximated by

/ Vz/ r
(g)n == En + qbr + sz ~ (En + QHQ/JT) + Gn _q47T;'D = Qbo + A¢7 X &€ FS7 (329)

where due to (3.22), we have E, +q,1, = ¢ for boundary values x € I'®. The equation
(3.29) is consistent with (3.25). Since ¢, < 0, the formula in (3.29) demonstrates that
the potential barrier at the boundary is indeed lowered by a value |A¢|, as illustrated
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3.2. Memristive devices

in Figure 3.3 (right). While the image-charge potential energy ¢, is constant in time,
¢, = qu), depends on the charge distribution within the semiconductor, which can
influence A¢. In total, in case of Schottky barrier lowering, the electric potential
boundary condition differs from (3.21) by the barrier change Ay = A¢/qy, i.e.,

V(x,t) = Yo(x) + U(x,t) + A(x,t), xeT¥ t>0, (3.30)
where
_qvuwT Vu T < 07
Ap={ V  Are v (3.31)
0, Vo > 0.

The latter case (V,1, > 0) assumes no barrier changes for non-physical negative
lengths [ = [*. Furthermore, the equations for the equilibrium carrier densities at the
metal contacts I'® in (3.20) must be altered to

B G0 + A B By —(¢o + A9)
Nno = NoJFn <_]<?B—T) . npo= N, Fp, ( kT ) , (3.32)

to consider the change in the Schottky barrier.

As previously indicated, the residual electrostatic potential v, solves a Poisson equa-
tion with the same volumetric space charge density as for ¢ in (3.15b), supplied
with Dirichlet boundary conditions at the metal contacts I' and no flux boundary
conditions on the remaining interfaces I'"V. Consequently, we solve a system of five
coupled partial differential equations with five unknowns, namely, the three quasi
Fermi potentials ¢y, ¢p, ¢a, and the two electrostatic potentials ¢ and ,.

Let p(¢) = qzae{n’p’a} ZaMa(V, o) + qC denote the right-hand side of the Pois-
son equation (3.15b). Then, the initial boundary value problem for ¢ > 0 can be
summarized by the bulk equations

=V - (esVY) = p(v), x € (), (3.33a)
-V - (esVY,) = p(v), x € Q, (3.33b)
2aq0ing +V - jo =0, for « € {n,p,a}, x€Q, (3.33¢)

with zero-flux boundary conditions on I'"V and the Schottky barrier lowering conditions
at the metal contacts I'® for t > 0

Y=g+ U+ Ap(V,ah), xeT¥, (3.33d)
Yr =t + U, x € T, (3.33¢)
Ju v = zaqua(ny — nnp), x € T, (3.33f)
Jp -V = 2pqUp(np — np o), x € 7, (3.33g)
ja-v =0, x eT¥, (3.33h)

49



3. Charge transport models for two real device applications

where v is the outward pointing unit normal to I'* and (3.32) defines the equilibrium
densities n, o, n,0. Lastly, we supply the problem with the initial conditions (MIC).

Classical Schottky boundary I'’ Image-charge induced Schottky boundary I'¥

unknowns: ¢y, @p, Qa, ¥ unknowns: ¢@n, @p, Pa, ¥, Pr

given: ¢o (intrinsic Schottky barrier) given: ¢o (intrinsic Schottky barrier)

1. Y=1o+U on I'¥ 1. a. =10+ U+ AY(Vuihr) on I'S

b. Y=o+ U on I'¥
-V (5svw7“) =qC +¢q Z Zana(d}) in Q
a€e{n,p,a}

2. Jn() ¥ = 2aqvn (mn() = 1 0(d0) ) on T 2. §a(¥) ¥ = zaqun (ma(®) ~mno(d0, Vurr))  onT?
Jp(¥) v = 2pqup (np(i/)) - n,p=0(¢0)) on I'¥ Jp(¥) v = zqup (np(u) — np,0(%o0, Vul/)r)) on I'S

3. ja(¥) v =0 on I'S 3. ja(¥) - v=0 on I'S

Figure 3.4.: Summary of the classical Schottky (left) and the image-charge induced Schottky
boundary model (right), where the dependencies on the electric potentials ¥, v, are
highlighted. The latter boundary model introduces the residual electric potential ), as an
additional unknown.

We note that the Poisson equation with respect to v in (3.33b) is nonlinear in 1,
while (3.33c¢) is linear in v,. In Figure 3.4, the equations for the classical and the
image-charge induced Schottky boundary model are summarized. Including Schottky
barrier lowering adds a term A (V,1,) to the electric potential boundary condition
(3.21). This term depends on the projected gradient of the additional unknown, the
residual electric potential v,., which solves the Poisson equation for the same material
charge density as 1.

In Section 5.3.2, we will conduct simulations to study how reducing the Schottky
barrier heights due to the introduced boundary model will impact the current-voltage
characteristics of TMDC memristors and compare the results with measurements
found in literature.

3.2.2.3. Ohmic contacts

Similar to the PSC model, we can supply the memristive charge transport model with
ohmic boundary conditions. For this, we replace I'* by I'”. As the outer boundary
conditions on I'”, we have

Y(x,t) = Yo(x) + U(x,1), ¢n(x,t) =@p(x,t) =U(x,t), xeTP t>0 (3.34)

with the locally electroneutral solution ¢y and an externally applied voltage U, as
introduced in Section 3.1.3.1.
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3.2. Memristive devices

Under the assumption of time-independent ohmic boundary conditions, we will also
prove the existence of solutions (¢n, @p, @a, 1) to an implicit-in-time finite volume
discretization scheme in Chapter 4. In consistency with Remark 3.1, we apply

D1 = 6700, ealxt) = pplx 1) = ¢P(x), x€TP 120, (33
where ¢, pP € Wh>°(§) are given Dirichlet values.

3.2.3. Non-dimensionalization

As in Section 3.1.4, we will formulate a non-dimensionalized model for the charge
transport in TMDC memristive devices, which serves as a reference model for the
numerical analysis in Chapter 4. We rewrite the equations in terms of the scaled
variables given as the ratio of the unscaled physical quantity to the scaling factors
defined in Table 3.2. For this, we use the parameter set S; (Table B.3, Table B.4).

We assume for the electron and hole mobility p, = p, and for all band-edge energies
E, = 0 with a = {n,p,a}. However, we allow in contrast to Section 3.1.4 different
magnitudes of electron and hole densities. For the introduced scaling factors C, Ny, N,
in Table 3.2, we assume C = Ny, N, = N,, N, = N,. Similarly, we take fi, = pa, and
ft = pin = ptp. As before, we choose the timescale of chalcogen vacancies. Moreover,
the location vector is rescaled with respect to the channel length.

The dimensionless versions of the mass balance equations (3.15a) read

VO, + V- j, =0, xe, t>0, (Ma)
v zp0mp + V- j, = 0, xeN t>0, (Mb)
2a0Ma + V- ja =0, xeQ, t>0, (Mc)

which are self-consistently coupled to the non-dimensionalized Poisson equation
“NAyY =6, (znnn + 8, (2pnp + C)) + Zana, xX€Q, t>0. (Md)
The dimensionless charge carrier currents are given as
jo = —22n.Va, o€ {n,p,al, (Me)
and the non-dimensionalized version of the state equation (2.3) equals
Ng = Fa (za(goa — 1/1)), a € {n,p,a}. (M)

There are four dimensionless parameters, the rescaled Debye length, which is taken
with respect to the vacancy concentration

U
A= 25T~ 1079, (3.36)
[2qN,
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3. Charge transport models for two real device applications

Symbol Meaning Scaling factor | Order of magnitude

X Space variable l 1075 m
Vo, 7, ©% | Quasi Fermi potentials Ur 1072V
P, PP Electric potential Ur 1072V

C Doping profile C 102! m—3

Nn Electron density Nn 10%° m—3

Np Hole density C 102" m~3

Ny Vacancy density N, 10?8 m—3

10~* m2/(Vs)

fns fp Electron and hole mobility i
L Vacancy mobility [l 10714 m?2/(Vs)
l2
t Time variable = 10* s
paUr
Ur Nyji
jn Electron current density w 10% C/(m?s)
UrCii
Jp Hole current density g 1; K 10?2 C/(m?s)
Ur N, ji
Jja Vacancy current density T Tl 10~ C/(m?s)

l

Table 3.2.: Scaling factors of a MoSs-based memristive device related to the parameter set
S1 (Table B.3, Table B.4) at T'= 300 K. Since the doping and hole densities are small
compared to the electron and vacancy densities, we use the same scaling factor.

the mobility parameter, given as the relative mobility of chalcogen vacancies with
respect to the mobility of electrons and holes

S T (3.37)

[

14

the electron concentration parameter, defined as the relative concentration of electrons
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3.3. Entropy method to prove the existence of solution

with respect to the chalcogen vacancy concentration
Na

On =
Na

~ 1072, (3.38)
and the hole concentration parameter, given as the relative doping/hole concentration
with respect to the electron concentration

0p = =

p

¢ o 1074, (3.39)
Similar to the non-dimensionalized PSC charge transport model, we have a stiff
model, generated by A\? and v. We use the non-dimensionalized version of (MIC) (see
Section 3.2.2) as initial condition if not mentioned otherwise. As boundary conditions,
we supply the model with a dimensionless version of the ohmic contact boundary
model (3.35) at TP =T, introduced in Section 3.2.2.3. Furthermore, on the isolating
interface 'V, we consider dimensionless versions of (3.16) and (3.17). Thus, for ¢ > 0,

we have
Vi(x,t) - v(x) = ju(x, 1) - v(x) =jp(x,1) - v(x) =0, x eIV, (MBCa)
QXJ(X, t) = wD(X)> Qpn<x7 t) = QOP(X> t) = SOD(X)’ X € FD> (MBCb)
Ja(x, 1) - v(x) =0, x € 012, (MBCc)

where P, P € WH>(Q). Until the end of Chapter 4, we only deal with the PDE
system (M), (MIC), (MBC) with the unknowns (¢y, ¢p, @a, ¥) for the charge transport
in TMDC-based memristors.

3.3. Entropy method to prove the existence of
solution

A mathematical study of the charge transport model for perovskite solar cells has not
been conducted yet. In contrast, the charge transport model for memristive devices
was explored in [124]. There, the authors established various results, including the
global existence of weak solutions, assuming that all charge carriers obey a Boltzmann
relation with the time-independent boundary conditions (MBC).

In comparison, classical drift-diffusion models have been studied in detail, see, e.g.,
[89, 90, 122, 127, 163, 164, 174]. An essential a priori estimate for these models relies
on the evolution of the physical free energy or a related energy functional. It allows
us to study the well-posedness of the equations as well as the asymptotic behavior of
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3. Charge transport models for two real device applications

their solution [21, 89, 174]. The techniques relying on a well-chosen physically relevant
Lyapunov functional have been used for many dissipative systems of PDEs and are
usually referred to as entropy methods [4, 129]. For further information, we refer to the
textbook [129] and the references therein. Due to that, we will use the term entropy
instead of free energy even though the latter one is physically more appropriate.

From now on, we restrict ourselves to the non-dimensionalized version of the charge
transport models. More precisely, we study for perovskite solar cells the model (P)
with initial conditions (PIC) and boundary conditions (PBC) (see Section 3.1.4) and
for TMDC memristive devices the drift-diffusion equations (M) supplemented with
(MIC) and (MBC) (see Section 3.2.3). It is worth noting that the differences between
both models are the physical interpretation of the vacancy carrier o = a, the scaling,
and the device geometry.

Within this section, we will introduce useful entropy functions for both models and
establish a continuous entropy-dissipation inequality. The discrete version of this
inequality, which we will derive in Section 4.2, will allow us to deduce the existence of
discrete solutions and assess the stability of the discretization schemes. We understand
stability here in the sense that the discrete solutions remain bounded, independent of
changes in the grid and time spacing.

3.3.1. Entropy functions

For a € {n,p,a}, we define the entropy function ®,, associated with the statistics
function F,, as an antiderivative of the inverse of statistics function, namely,

! (v) = F, (z), x>0. (3.40)

«

Observe that the hypotheses on the statistics functions (H1) (see Section 2.3.1) and
(H2) (see Section 2.4.2) imply that F, is strictly increasing and, therefore, that
the entropy function @, is strictly convex. Furthermore, we note that ®, enters
the definition of the physical free energy (2.48). Of course, from (3.40), the entropy
function ®,, is only defined up to a constant, but the value of the constant is not crucial
for electrons = n and holes @ = p in what follows because we will introduce relative
entropies. The constant may be generally taken to ensure that &, is non-negative and
vanishes at only one point, which is a necessary condition for the vacancies o = a. We
define the relative entropy H, by

Ho(2,y) = Pol2) — Paly) — O, (y)(x —y), =,y >0. (3.41)

Observe that H, is non-negative due to the convexity of ®,.
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3.3. Entropy method to prove the existence of solution

Examples. In case of the Boltzmann approximation, i.e., F,(n) = F,(n) = exp(n),
one may choose, for example, as entropy function

O, (z) = Pp(z) =xlog(z) —x+1, x>0.
In case of the Fermi-Dirac integral of order —1, i.e., F,(n) = (exp(—n) + 1), one has
¢, (z) = xlog(z) + (1 —x)log(l — x) + log(2), x> 0.

Let us now state some useful results for the entropy functions. The proofs can be
found in Appendix A.2 and Appendix A.3.

Lemma 3.3. One has the following bounds on the entropy functions (3.40) and (3.41).

(i) Let a € {n,p}. Further, let F, be a statistics function satisfying (H1) and H,
be the associated relative entropy function. Then, for any ¢ > 0 and gy, > 0,
there exists a constant ¢, . > 0 such that

T < cye+eHy(z,y), forallz >0, yel0,yo.

(ii) Let F, be a statistics function satisfying (H2) and ®, be the associated entropy
function. Then, for any € > 0, there exists a constant ¢. > 0 such that

r<c.+edb,(x), forallz>0.

Under the final additional assumption on the statistics functions of electrons and holes

lim Ha<m7 ?Jo)

Am iy oo forye=0 and € fn,p}, (H3)

we have the following result.

Lemma 3.4. Let F, with a € {n, p} be a statistics function satisfying (H1) and (H3).
Then, for any € > 0 and yy > 0, there exists a constant c,, . > 0 such that

max{F, '(z),0} < Cyoe +€Ho(z,y), forallz >0, yel0,yo

We will also show in Appendix A.1 that the Boltzmann statistics and the Fermi-Dirac
statistics of order 1/2 both satisfy (H1), (H3), while the Fermi-Dirac statistics of order
—1 satisfies (H2). We proceed with establishing entropy-dissipation inequalities for
both introduced non-dimensionalized charge transport models.
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3.3.2. Entropy-dissipation inequality

The thermodynamic free energy, as introduced in Section 2.6.2, is of physical relevance.
However, our current objective is to prove a mathematical entropy-dissipation inequal-
ity. For this reason, we examine a variation of the energy functional (2.48), which
we will now refer to as the total relative entropy in agreement with the mathematical
literature. Despite considering different device geometries and non-dimensionalizations
for the PSC and the TMDC memristive model, we can establish, in both cases, an
entropy-dissipation inequality. We start with the perovskite solar cell application.

Perovskite solar cells. We consider the problem (P) with the initial conditions
(PIC) and the boundary conditions (PBC) (see Section 3.1.4). Adapting the functional
of [18, 126] to our system, the total relative entropy with respect to the Dirichlet
boundary values ¥, P € WhH>(Q) for ¢t > 0 is given by

E(t) = %Z/Q|V(w-w[))|2 dx +/ﬂ P, (n,)dx +9 Z H,(nq,n?) dx, (3.42)

intr ac {n’p} Q

where the entropy functions ®,, H,, and H, are defined in (3.40), (3.41). The densities

b nl? can be calculated by inserting ¢, 4" into the dimensionless state equation

(Pf). It is important to note that since we generally assume ®, > 0 the middle term is

n

non-negative as well which implies that the total entropy is non-negative.

In contrast to the energy functional (2.48), the relative entropy (3.42) takes the
assumptions for the non-dimensionalization in Section 3.1.4 into account, in particular
the assumption of vanishing band-edge energies. Furthermore, the energy contributions
of the electric potential and the electron and hole quasi Fermi potentials are defined
on the overall domain €2, whereas the contribution with respect to the anion vacancies
is solely defined on the intrinsic domain €2,

Taking into account the fact that z2 = 1 for @ € {n, p}, the associated non-negative
dissipation D for ¢ > 0 is defined as

) )
D(¢t) :;/S)R(nn,np) (¢p — ¢n) dx + % Z Lna|V¢a|2 dx
) ac{np} (3.43)
+ Z—a/ na|Va|? dx.
2 Jo

intr

The relative entropy E and the dissipation I satisfy the following inequality.

Theorem 3.5. (Continuous entropy-dissipation inequality for a PSC model) Consider
a smooth solution to the model (P), with initial conditions (PIC) and boundary
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conditions (PBC). Then, for any € > 0, there is a constant ¢, g > 0 such that

d
TEW) +D() < coq +eE(D), >0, (3.44)

where the entropy is defined in (3.42) and the dissipation in (3.43). The constant c. o
depends only on €, the measure of €2, the boundary data and the photogeneration term
via the norms ||G|| e, || |wi. and |[t)P]|yy1.00, as well as on 22 and the dimensionless
parameters ¢, v and v.

Proof. Let t > 0. First, we take the derivative of (3.42) with respect to time

—E(t) = \? / (O:VY) - V(b —P)dx + / Fi  (na)0m, dx

intr

(3.45)
+6 > / (Fil(na) — FH(n2)) 9pna dx.

By integrating the first term by parts and using the Poisson equation (Pd) one obtains
A2 / (0, V) - V(¢ —ypP)dx = 5/ (2005 + 2,0imp ) (Y — P) dx
Q Q
+/ Za0na (Y — ¢P) dx
Q

intr

where all the boundary terms cancel thanks to the boundary conditions (PBCb)
and (PBCd). Plugging the previous equality back into (3.45) and using the relation
F 1 (na) + 200 = 2444 (from the state equation (Pf)), we have

EE(t) =9 Z / o (Qpa - QOD> atna dx + / Za (‘pa - lDD) 8tna dx.

Qintr

Next, we insert the balance equations (Pa), (Pb), (Pc), the definition of the current
densities (Pe)7 and integrate by parts

d
th() /VJa Pa dx—/ V - Ja (00 — ¥7) dx

aG{n p} Qintr

+— Z /za 7G — R) o) dx
ae{n p}
D )
= - = Z navwa' Pa — ¢ ) dX+; (PYG_R) (SDp—SOn)dX
aE{n p} Q@

— / 22na Vs - V (pa — 7 dx,
Qingr
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where we used 2z, = —1 = —z,. The boundary terms vanish again thanks to (PBCa),
(PBCb), (PBCc), (PBCe), and (PBCf). By expanding all contributions of the previous
equality

d 2
EE =— — Z /na|Vgpa\ dx+— Z /nanoa VP dx

ozE{n p} ae{n p}

— / 220, |Va|* dx + / 22n. Vi, - VP dx
Q

1ntr intr

/G — ©n) dx—é/R(gop—gpn)dx,
Vi

and using Young’s inequality for the cross terms (ab < a?/2 + b?/2) we get

d
dt]E() Z /na\w y2dx+ / na| VP | dx
ae{n p} mtr (346)

5
+2 [ a (0p — ¢n) dx,
vV Ja

where we also added the dissipation D defined in (3.43). It remains to bound the
terms on the right-hand side. For the first two remainder terms on the right-hand side
of (3.46) we use Lemma 3.3 to find for some € > 0

Z /na]VgoDde—l— / na| VP |? dx

Oée{np} 1ntr
IVl 3 [+ 20 [ o
a€{n,p} Qintr
<—||V<pDHL°°5 > / eyp o + eHo(ng,n2)) dx
a€{n,p}

22
+ EHV@DDH%OO / (c6 + 5@a(na)> dx
Q

intr

1 2
< {596 e, IVP I | (G + e + I8+ )

since the first term in (3.42) is non-negative. Here, H, is defined in (3.41). The

quantities c., ¢ Cyb e are the corresponding constants introduced in Lemma 3.3,

b es
where we set

Yo =Falll”lz> + 107 r), o€ {n,p}. (3.47)
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3.3. Entropy method to prove the existence of solution

With help of Lemma 3.4 and the relation z,¢, = F, ' (na) + 24%, the last remainder
term of (3.46) is estimated by

5
TG, — 75 D /G]—“ (12)

vV Ja

a€{n,p}
S—HGHLOO(S Z /max{]—" (nq),0} dx
a€{n,p}
§%||G||Loo Z (5CD |Q|+€5/H Ny T )dx)
a€{n,p}

< |Gl (Seyp oI +beyp |2 + <E) .

since the other two contributions of the entropy are non- negative The quantities
4D > Cyp - are the constants introduced in Lemma 3.4 with y, y” defined in (3.47).
Pluggmg these estimates back into (3.46) proves the entropy-dissipation estimate (up
to a redefinition of €) and with suitable c. q. O

C

Under additional assumptions, we can expect a decay of the relative entropy in time.

Remark 3.6. Under the assumption of constant boundary data, i.e., Vo = VP = 0,
and in the absence of external generation of electrons and holes, i.e., G = 0, the entropy-
dissipation inequality simplifies to

d

E(t)+D(t) <0, t>0.
SED+DH) <0, t2

It becomes evident from the proof of Theorem 3.5, particularly from the immediate
estimate (3.46), that the right-hand side of the entropy-dissipation inequality (3.44)
vanishes in this specific scenario. In this case, the entropy E decays in time and the
solution is expected to converge exponentially fast towards the equilibrium solution
(5, o5, 03l 1°4). This equilibrium is such that the quasi Fermi potentials for electrons
and holes are constant on €2

P2 = 2 = P

and 4 is constant on €2, determined by the conservation of mass for anion vacancies

/ Na (@S %) dx = / na(x,0) dx,
Qintr Qintr

which is consistent with Section 2.6.1. The electric potential 1°? satisfies the following
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3. Charge transport models for two real device applications

nonlinear Poisson equation

5(”1’(%018)(17 ¢eq) - nn(@fﬁ? weq) + C>7 X € QHTL ) QETLJ

_\2 eq __
VAU =0 5yt ) — a0, 0 + C)

+ Zana«Oan weq)7 X € Qintm

supplemented with the boundary conditions (PBCa), (PBC) for the electric potential.
The proof of this asymptotic behavior is beyond the scope of this thesis but could be
investigated following the lines of the seminal work of Gajewski [89].

We proceed with establishing an entropy-dissipation inequality for our second applica-
tion, the TMDC-based memristive devices.

Memristive devices. The memristive model is given by (M), with initial conditions
(MIC) and boundary conditions (MBC) (see Section 3.2.3). Analogously, we define a
total relative entropy with respect to the Dirichlet boundary values ¢, o € Wh> ()
fort >0

B =y [ 1900~ 0" ax + [ @)+, [ Humon?)ax

+5n5p/ﬂHp(np,nf)dx,

where ®,, H, and H,, are given by (3.40), (3.41).

(3.48)

Like the entropy function for the PSC model (3.42), the relative entropy for the mem-
ristive model (3.48) considers the assumptions made for the non-dimensionalization in
Section 3.2.3. This notably includes the assumption of vanishing band-edge energies.
Furthermore, the domain €2 now refers to the TMDC material layer, on which all
potentials evolve. The dissipation rate for ¢ > 0 is defined as

D) = 3% [ nalVianPax + 2
Q 2v

2
/np|Vg0p|2dx +§/ na|Va?dx.  (3.49)
2v Q 2 Ja

Observe that the entropy E as well as the dissipation D are non-negative. Now, we
can formulate a continuous entropy-dissipation inequality.

Theorem 3.7. (Continuous entropy-dissipation inequality for a memristive model)

Consider a smooth solution to the model (M), with initial conditions (MIC) and
boundary conditions (MBC). Then, for any € > 0, there is a constant c. o > 0 such
that

d
&E(t) +D(t) < cca+eE(t), t>0, (3.50)
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3.3. Entropy method to prove the existence of solution

where the entropy is defined in (3.48) and the dissipation in (3.49). The constant c. o
depends only on &, the measure of £ and the boundary data via the norms ||©® ||y1.
and [P ]|, 22, and the dimensionless parameters d,, d, and v. O

The proof of Theorem 3.7 follows a similar structure as the proof of Theorem 3.5 and is
therefore omitted here. Regarding constant boundary conditions, i.e., VP = VyP =
0, Remark 3.6 also applies to the memristive model. Specifically, the right-hand side
of the entropy-dissipation inequality (3.50) also vanishes, indicating an exponential
decay of the entropy E.

Before concluding this chapter, we can deduce, with the help of Gronwall’s lemma
[66, 67, 100], immediate consequences of Theorem 3.5 for the entropy E in (3.42) and
the dissipation D in (3.43) or of Theorem 3.7 for the entropy E in (3.48) and the
dissipation D in (3.49). As time-dependent functions, ¢ — E(t) and t — D(¢) are
locally bounded and locally integrable, respectively. To show this, we will employ a
modified version of Gronwall’s lemma, as presented in Lemma 3.8.

Lemma 3.8. (Gronwall’s lemma) Let ¢z € R5 and suppose that u, g,a : [0,tp] — R
are sufficiently smooth functions such that

u'(t) + g(t) < a(t)u(t), forte |0,tr],

where a, g are non-negative on [0,¢z]. Then,

u(t) + /Otg(s) ds < u(0)exp (/Ota(s) ds> , forte|0,tp].

The proof of Lemma 3.8 can be found in Appendix A.4. We formulate the following
result, showing that the entropy E is locally bounded and the dissipation D is locally
integrable. Moreover, for any but fixed € > 0, we observe that the entropy is bounded
by an exponential with respect to time.

Corollary 3.9. Let E and D either be given by (3.42), (3.43) or by (3.48) and (3.49).
Then, for any € > 0, one has

t
E(t) +/ D(s)ds < e E(0) + C;’Q (e —1), t>0.
0

Proof. We define E := E+ CET“ Reformulating now the entropy-dissipation inequalities
in Theorem 3.5 and Theorem 3.7 with respect to E, gives us

d -~ -
EE(t) +D(t) <cE(t), t>0.

Setting now u(t) = E(t), g(t) = D(t), and a(t) = ¢, applying Gronwall’s lemma in

Lemma 3.8, inserting [E, and rearranging terms, proves the claim. O]
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4. Numerical analysis of vacancy-assisted
charge transport models

Extensive literature has been devoted to addressing suitable methods for solving
drift-diffusion equations as given PDE systems, including discretization schemes based
on the finite difference (FDM) or the finite element method (FEM). For instance,
we refer to [10, 24, 75, 125, 148, 155, 174, 216, 242]. However, this thesis will
focus exclusively on schemes derived from the finite volume method (FVM). FVM-
based approaches are flexible with respect to the device geometry like FEM while
still correctly reflecting physical phenomena such as local conservativity of fluxes or
consistency to thermodynamic laws [70, 72]. The design and study of FVM numerical
schemes for drift-diffusion models is also a mature but still very active field of research
(e.g., [19, 30, 74, 86, 88, 125, 132, 157, 211]). In order to ensure the quality of the
numerical simulation and the stability of the numerical method, efforts have been
made towards the design of structure-preserving schemes [17, 34, 94, 107, 173]. They
preserve the physical features of the original model, such as the decay of free energy
or non-negativity of carrier densities.

In the context of perovskite solar cells, other researchers have used either a finite-
difference [50, 77, 138], a finite-element discretization [29, 50] or commercial software
packages [2, 81, 117, 182, 250]. However, as of our current knowledge, no drift-diffusion
discretization schemes have been formulated explicitly for memristive devices.

This chapter is organized as follows: In Section 4.1, we formulate the numerical schemes
for two models, namely, the PSC model defined by (P), (PIC), and (PBC), as well as
the TMDC memristive model given by (M), (MIC), and (MBC). These models were
introduced at the end of Section 3.1.4 and Section 3.2.3, respectively. Additionally, we
provide in this section essential concepts and notations needed for a proper formulation
of the discretization schemes. These finite volume schemes rely on a two-point flux
approximation (TPFA) of the fluxes and a backward Euler scheme in time. As TPFA,
we use the excess chemical potential flux scheme (frequently called Sedan scheme),
which appears to be used for the first time in [255]. As in the continuous setting, we
will show in Section 4.2 that entropy-dissipation relations also hold at the discrete
level, ensuring stability and preservation of the physical structure of the models. After
proving the existence of a discrete electric potential for given quasi Fermi potentials
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4. Numerical analysis of vacancy-assisted charge transport models

(Section 4.2.2), we continue proving a priori estimates on the quasi Fermi potentials
and the electric potential in Section 4.2.3. This chapter ends with the existence proofs
in Section 4.2.4.

This chapter is based in large parts on [DA2]. Minor parts can be found in [DA4].

4.1. Discrete charge transport equations

This section presents the concepts and notations essential for formulating implicit-
in-time finite volume discretization schemes. In Section 4.1.1, we will begin by
introducing admissible meshes [70]. These meshes, which satisfy some orthogonality
constraints, establish the structural framework for discretizing a computational domain
2 into discrete cells. We continue in Section 4.1.2 with the development of suitable
FVM discretization schemes. Finally, in Section 4.1.3 we discuss two-point flux
approximations designed to describe the flow of charge carriers, and, we introduce
the excess chemical potential scheme, our chosen method for discretizing the current
densities, in this thesis.

In Chapter 3, we made a common assumption for both applications that the device
domain 2 C RY, d € {1,2,3}, is open, connected, and bounded. It is important to
note that when dealing with the PSC model, the spatial domain is further divided
into three subdomains 2 = Uy, k € {ETL, intr, HTL}. In contrast, for the TMDC
memristor application, the device geometry is represented solely by €2. Differences in
the discretizations due to different device geometries in our two applications will be
explicitly highlighted.

4.1.1. Discretization meshes

An admissible mesh, following the definition in [70], can be characterized by the triplet
(T,E,{xxK} ker) under the additional assumption that the computational domain €2
is polygonal (or polyhedral). In this context, 7 denotes a family of control volumes,
& corresponds to a family of faces, and {xy} xe7 describes a family of nodes. In the
following, we describe the concept of an admissible mesh and its relevance to our
discretization mesh. More precisely, 7 denotes a family of non-empty, convex, open,
and polygonal (or polyhedral) control volumes (frequently called cells) K € T, whose
Lebesgue measure is denoted by my. The union of the closure of all control volumes
is equal to the closure of the spatial domain, i.e.,

o=|J K

KeT
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4.1. Discrete charge transport equations

Furthermore, we call £ a family of faces, where o € £ is a subset of € contained in a
hyperplane of RY. Each face (or edge) o has a strictly positive (d — 1)-dimensional
measure, denoted by m,. We use the abbreviation 0 = K|L = 0K N JL for the
intersection between two different control volumes K # L. The intersection K|L is
either empty or reduces to a face contained in €. Also, for any cell K € T we assume
that there exists a subset of faces Ex C £ so that we can describe the boundary of
a control volume by 0K = J ¢, o and, consequently, it follows that £ = Uy s Ex.
We distinguish the faces that are on the boundary of €2 by introducing the notations

EP={ocEst.ocT?}, E¥={oec&st.occT}

and assume that the Dirichlet and Neumann boundaries I'”, I'V can be well described
by the union of respective boundary faces, i.e., I'” = U,cep o and Y = Uyeen o

KeT

XK

Figure 4.1.: Neighboring control volumes in the interior of the device domain (left) and near
outer boundaries I'” and T'"V (right). For our analysis, we assume that the cell centers
(black points) of a boundary control volume are located in the interior of the computational
domain. The boundary of the control volumes are highlighted in red. (From [DA2] with
modifications.)

To each control volume K € T we assign a node (also called cell center or collocation
point) xx € K, and we assume that the family of nodes {xx}xer satisfies the
orthogonality condition: If K and L share a face 0 = K|L, then the vector

XXy, is orthogonal to o = K|L.

We assume that each node xy is located within the interior of £2. In other words, for
all K € T with Ex NI # (0, it holds that xx ¢ 9. This condition is visualized in
Figure 4.1 (right). It is important to note that the last assumption is not a constraint
arising from the definition of admissible meshes but rather a requirement for the
subsequent numerical analysis in this chapter. Indeed, it is possible to construct
admissible meshes with nodes xx located at the boundary 0€2, as will be discussed in
Remark 4.1. Furthermore, for each edge 0 = K|L € £, we define d, as the Euclidean
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4. Numerical analysis of vacancy-assisted charge transport models

distance between two collocation points xx and x,. If the edge o € &£ lies on the
boundary 02, i.e., 0 = 0K NOQ # (), then d, is defined as the Euclidean distance
between xy and the affine hyperplane spanned by o (see Figure 4.1, right). Lastly, we
introduce the transmissibility through the edge o by 7, = m,/d,. The notations are
illustrated in Figure 4.1.

Additionally to the admissibility, we assume that the mesh (7, &, {xk }xe7) is regular
in the following sense. There is a constant & > 0, which does not depend on the size
of the mesh hy = maxye7{diam(K)} such that

d, > € diam(K)

4.1
my > & ZUESK Mydy . (4.1)

VK €T, Vo € &, {

We can think of the regularity assumptions as an asymptotic property as hy — 0,
which have to be always satisfied on a given mesh due to the finite number of cells.

For the time discretization we decompose the interval [0,¢r], for a given end time
tr > 0 into a finite and increasing number of time steps 0 = t! < ... < t¥ = tp
with a step-size 7™ = t™ — t™~! at time step m = 2,..., M. We finally introduce
At = max,—o {7}

In the PSC charge transport model (P), (PIC), and (PBC), the device domain is
divided into three subdomains € = U, Q. with & € {ETL, intr, HTL}, where only the
intrinsic perovskite region 2;,, contains migrating anion vacancies. To incorporate
this fact in the discretization, we denote the subset of control volumes in the intrinsic
domain by Tinr C 7. It is assumed that

ﬁintr = U [_(

Keﬂntr
Furthermore, we use for the set of faces in the intrinsic domain the notation
Emr = {0 €Es.t. 0 C Qe -
We also define the set of interior faces on the whole and the intrinsic domain as

g = (o el st og o), &

intr — {0 € gintr st.o ¢ aS_Zintr}a

respectively.

Remark 4.1. (Boundary conforming Voronoi meshes) A particular type of discretiza-
tion mesh can be generated using Voronoi diagrams and Delaunay triangulations
(triangulation in two dimensions, tetrahedralization in three dimensions), which are
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4.1. Discrete charge transport equations

interdisciplinary concepts with various applications beyond computational mathemat-
ics [185]. Given a finite number of points {xx }xe7 C RY, d € {1,2,3}, a Voronoi cell
K contains all locations that are closest to the point xx € K from the given point set

{XK}KETa i'e'7
K= {x e RY: ||x — x|| < ||x — x| for all x; € {xx}xer X1 % xK}.

The dual of a Voronoi diagram is a Delaunay triangulation, in the sense that the
Voronoi cells” vertices are the Delaunay triangles’ circumcenters. As a result, explicitly
calculating Voronoi cells is unnecessary to implement the finite volume method based
on Voronoi meshes. Instead, we can work with a triangulation Q@ = |, Tk of a
computational domain €2, where {Tk } is the family of non-overlapping simplices
and the simplicial contributions of the triangulation [71]. Delaunay triangulations of
computational domains can be efficiently generated using software such as Triangle
[218] for two-dimensional or TetGen [221] for three-dimensional domains. Figure 4.2
shows two partitions of a domain €2, generated with Triangle, with the boundary of
the Voronoi cells highlighted in red and the boundary of the Delaunay simplices in gray.
Clearly, we see that the partition in Figure 4.2 (left) does not satisfy € = KeTI_(
(gray cells).

non-admissible partition of € admissible partition of €2
I | | |

Y | |

Figure 4.2.: Two Delaunay triangulations of a computational domain {2 with the boundary
of the Voronoi cells highlighted in red. In the left figure, the Voronoi cells do not satisfy
Q =Uger K (see the gray cells), while the admissible Voronoi mesh in the right figure
is a product of a boundary conforming Delaunay mesh generation, by adding additional
points to the partition. The meshes are generated with Triangle [218].

However, by imposing additional constraints on the angles of Delaunay simplices and
adding additional points (Figure 4.2, right in red), a concept known as boundary
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4. Numerical analysis of vacancy-assisted charge transport models

conforming Delaunay triangulation [80, 91, 220, 222], we can construct admissible
Voronoi meshes in the sense of [70], as depicted in Figure 4.2 (right). In contrast
to our previous assumption that x; ¢ 9€2, which does not come from the definition
of admissible meshes, Figure 4.2 (right) illustrates that when a control volume K
intersects with the boundary, i.e., K N 9§ # (), we require that xz € 0S.

4.1.2. Finite volume discretization

Next, we formulate the implicit-in-time finite volume discretizations for the two charge
transport models (P), (PIC), (PBC) and (M), (MIC), (MBC), stated at the end
of Section 3.1.4 and Section 3.2.3, respectively. In what follows, the quantity w7}
represents an approximation of the mean value of u(x,t) on the cell K at time t™,
where u is one of the potentials ¢y, ¢p, @a, ¥. With this, we can define the vector
u™ = (uf})ger- We note that for the anion vacancy quasi Fermi potential ¢, in
the perovskite application the approximation is only given for K € T, so that we
define ' = (¥'x )KeT,- The discretizations of the doping profile C' € L>(£2), the
boundary data ¢, p? € WH>(€), and the photogeneration rate G € L>*(2) (for

the PSC model) are expressed as integral averages over a cell K

1

= [ ik K e T, x=C G or P (4.20)
MK JK

For the boundary data, this results in the vectors ¥ = (YR)ker and P = (¢R)ker
We discretize in the same way the initial conditions ¢9, ¢9, ¢, which lead to the
corresponding vectors ¢?, gog and °. Furthermore, for a face o € P located at the
Dirichlet boundary I'” the Dirichlet functions ", P are given as integral averages
over the face o

1
Xo = m—/x(v)d% o e &P x=v", " (4.2b)

The discrete densities can be calculated via the dimensionless state equations (see (Pf)
and (MTf)) inside the domain and at the Dirichlet boundary, namely,

n = Fo (2ol — ™)), a € {n,p,a}, m €N, (4.3a)
nP = 7, (sa(? — 7)) o € {n.p), (13b)
no'ia =F, (za(gpg) — ¢£)) , a € {n,p}, c €&, (4.3¢)

where the statistics function is applied pointwise to the first two input vectors. We
remark that the discrete values of the boundary densities, defined by (4.3b) and (4.3c),
are bounded but that the upper bound may be larger than ||n?||z~. Indeed, we have

D Dot < Fallle” e Pllpe) =92, f . (44
maX{r[rgg;na,K,géggna,g}_ a7 Mo + [[07][1e) =2y’ fora € {n,p}. (4.4)
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4.1. Discrete charge transport equations

Furthermore, we introduce the finite difference operator acting on vectors u = (ug)x,
denoted by Dk . It is given by

up, —ug, if o= KI|L,
Drg,u=<X ul —ug, ifce&P u#p,,u#n, (4.5)
0, otherwise.

For the vacancy density m, and the quasi Fermi potential ¢,, we have in case of
the PSC model that 0 = K|L € &2 whereas in case of the memristive model

intr»

o= K|L € £™. Lastly, we discuss the choice of the time discretization method.

Because of the stiffness in drift-diffusion models arising from small non-dimensionalized
parameters such as the rescaled Debye length A, fully implicit-in-time numerical
methods are usually preferred. Using the backward Euler method yields robustness
of the discretization schemes and asymptotic preserving properties for drift-diffusion
type models [18, 34]. To the best of our knowledge, there does not exist literature
proving such properties for higher order time and spatial FVM discretizations in the
context of drift-diffusion models. Hence, the discussion of other time discretizations is
omitted here, and we also rely on the backward Euler method. We refer to, e.g., [102,
103, 115] on a general overview of temporal discretization methods.

The finite volume method follows a general procedure in which we integrate the bulk
equations (P) and (M) over each control volume K € T (resp. K € Ty, for the
vacancies in the PSC model). We employ Gauss’ law to account for the current
densities and break down the surface integrals into the sum of integrals over the faces
o € Ek. For instance, for the left-hand side of the Poisson equation, this means

/ Arpdx = Vi Ve dS = Z /Viﬂ-uK,g s ~ Z mU—DK’”w ,
K 0K

d
il o€k 7

where v, is the unit normal to the face o outward from the control volume K, and,
where we used a central difference flux approximation for Vi) - v ,. Furthermore, for
the right-hand side of the Poisson equation, we can apply one-point quadrature rules.
Similarly, we can formulate proper discrete counterparts of the other equations. We
proceed with formulating the numerical schemes.

Perovskite solar cells The finite volume scheme for (P), (PIC), (PBC) (see Sec-
tion 3.1.4) is given as follows. First, the discrete mass balance equations for the three
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4. Numerical analysis of vacancy-assisted charge transport models

charge carriers are for each time step m € N given by

nm
L S nK +Z Ik o = MK (fyGK — R(nf’jK,ng?K)» KeT, (DPa)
o€€K
m m—1
n’e —n
uzme% +Z Ko = 2K <7GK — R(nﬁfK,ng?K)), KeT, (DPb)
o€€K
ny ' —
ZaMKg ———— L aK +ZJ;71KU = 7 K € 7;ntr- (DPC)
o€€K

They are coupled to the discrete Poisson equation for m € N
dmp(zang ¢ + 2pnp e + Cx ), K €T \ Tintr
2 m _
XY e Dico™ = G (zan e + mnl + Cre) (DPd)

7K + mKZang’LK7 K € 7;ntr-

Memristive devices The finite volume scheme for (M), (MIC), (MBC) (see Sec-
tion 3.2.3) is given by the discrete mass balance equations for the three charge carriers.
For m € N we have

ny'x —
vVeymg————— LS nK +Z nKa: ) KGT, (DM&)
c€EK
Ny — nm;(l
VmeK’T—mp’ + Z J}TK,J = 07 K e 7—7 (DMb)
o€EK
ny' —
Zamy — 2 K + > T, =0, KeT, (DMe)
o€EK

which are coupled to the discrete Poisson equation which reads for m € N and K € T

—\? Z T Dk o™ = pmg (znngj‘K + 5p(zpn§K + C’K)> + szaanK. (DMaA)

c€EEK

In both numerical schemes (DP), (DM), we assume for o € {n, p,a} that the discrete
current density Ji'x , is a locally conservative and consistent approximation of fa Ja-
Vi dS with vk, as the unit normal to the face o outward from the control volume
K. We understand locally conservative in the sense that for ¢ = K|L the flux
approximation shall satisfy

aKU+ aLo:O’ ae{n,p,a}. (46)
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We note that the finite difference operator D, defined in (4.5), is also locally
conservative. As a consequence of (4.6), the locally conservative fluxes agree up to sign
for any interior edge o. This allows us to introduce for the finite difference operator
the notation

Dyu = |Dg,u|, foro e &g. (4.7)

A discussion of possible choices for the numerical charge carrier fluxes will be part of
the following section.

4.1.3. Charge carrier flux discretization

A correct choice of the discrete current densities J'x , is a rather delicate issue as
the wrong choice may lead to instabilities or violation of thermodynamic principles.
For example, when choosing a second-order accurate central finite difference flux for
Ji'k > Tigorous numerical analysis can be performed [30], but does not reflect physical
phenomena adequately generally, such as positivity of carrier densities or a discrete
maximum principle [71]. Furthermore, the first-order accurate upwind flux discretiza-
tions exist, which take the flow direction of the drift component of the continuous
current densities into account [243]. In the context of drift-diffusion models, they were
analyzed in, e.g., [19, 37, 38]. Moreover, we have the exponential fitting schemes. In
case of Boltzmann statistics (2.21), the resulting scheme was independently derived
several times [54, 111, 158, 203, 210]. In the framework of this thesis, we call this
family of discretizations Scharfetter-Gummel schemes, a name frequently used in
semiconductor physics [76, 203].

For a Boltzmann approximation as statistics function F,, the classical Scharfetter-
Gummel scheme [210] (which corresponds to linear diffusion) results in a stable and
thermodynamically consistent two-point flux approximation scheme. The scheme is
proven to exhibit second-order convergence in the L? norm for sufficiently smooth
solutions of two-dimensional problems [145]. The classical Scharfetter-Gummel ap-
proximation simplifies to the upwind scheme when the drift component dominates over
diffusion. Conversely, when the electric field, and consequently the drift, vanishes, it
coincides with the central difference flux [71]. A computationally costly generalization
can be formulated for statistics functions beyond the Boltzmann approximation but
cannot be expressed in closed form [68].

Hence, several modified numerically stable Scharfetter-Gummel flux discretizations,
which preserve the physical properties of the model, have recently been developed
and/or analyzed [19, 71-73, 85, 139, 140, 190]. These schemes deal with nonlinear
diffusion within the continuous current densities (see (2.28), (2.37)). In our following
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4. Numerical analysis of vacancy-assisted charge transport models

analysis, we maintain consistency with the descriptions of electron and hole current
densities (2.28) by assuming a constant mobility for the vacancies. This assumption
results in nonlinear diffusion within the drift-diffusion current density (2.37). For a
discussion of schemes for current densities that involve linear diffusion but a modified
drift component as stated in (2.38), we refer to, e.g., [DAG, 31-33, 105]. It is worth
noting that Scharfetter-Gummel based schemes, similar to those mentioned, have been
successfully employed in commercial software such as [46, 223, 233].

In the following, we use the excess chemical potential approximation as TPFA scheme
for Ji'x ,. The earliest reference, we could find for this thermodynamically consistent
discretization scheme is [255] which was later numerically analyzed in [30, 92] and
compared in [DA9, 132]. The derivation of the numerical flux is based on an equivalent
reformulation of the non-dimensionalized current densities j, = —22n,V@, (see (Pe),
(Me)) with respect to the dimensionless excess chemical potential n°™ :=n — n'd. Here,
n'd := logn, denotes the ideal dimensionless chemical potential. For instance, for
the Boltzmann approximation, the dimensionless chemical potential reads 1 = logn,,
which results in 7 = logn, — n'¢ = 0. Thus, we can identify the excess chemical
potential n** as a measure of degeneracy of the chemical potential from a Boltzmann

setup [15].

Using the dimensionless relation 2,04 = 7o + 241 and the fact that Vn'd = Vn, /n,,
we reformulate the current densities (Pe), (Me) to

Ja = —ZinanOa = —ZaNaV (77 + za¥ + 77id - Uid>
=—z, (Vna + na V(209 + nex)> for a € {n,p,a}. (4.8)

=—z, (Vna +nq V(200 — log na)),

In the classical Scharfetter-Gummel scheme derivation, we assume that both the
electric field —V1, and the current density j, remain constant along the connecting
vector XXy, between two neighboring control volumes K, L, see, e.g., [71]. Suppose we
additionally assume that the excess chemical potential gradient V7 is also constant
along the vector Xxxy. In that case, we can similarly derive the excess chemical
potential flux approximation which takes the following form for o € {n,p,a}

2o (B (= Qi) nity = B Qi) i), i o = KL
Ko = § —ZaTs <B (—Qu ko) nl, — B (Q.,) anK), ifo &P a+#a, (DFa)

Q,

0, otherwise,
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4.1. Discrete charge transport equations

where the quantity Q7 , is defined as

ZL,K,U = DK,J (Zagogl - 10g TLZ%) . (DFb)
In the previous formula, the logarithm is applied componentwise. Lastly, the function
B denotes the Bernoulli function

T
B = —— f R\ {0 d B(0)=1. 4.9

(@) = o frw €R\ {0} and B(O (4.9

It is worth noting that in case of the PSC discretization scheme (DP), if o = a in
(DF), then the face 0 = K|L is only contained in the set of intrinsic interior faces, i.e.,

o € &R and not in the set of all interior faces o € £,

Remark 4.2. (Physical parameters) As explained at the beginning of Section 3.1.4 and
Section 3.2.3 (non-dimensionalization of models), we introduced several simplifications
for the physical parameters to enhance clarity in our presentation. To extend our
current schemes to include non-constant and/or different parameters, we must make
these parameters edge-dependent, involving the mobilities p,, ptp, the permittivity
s, and the effective densities of states NV,, N,. Edge-dependent parameters must
then be introduced into the flux discretization schemes (DF) as well as the sum of
the left-hand side of the Poisson equations (DPd), (DMd). For the effective density
of states, we must adapt the definitions of densities via the state equations (4.3)
accordingly. To consider non-zero but piecewise constant band-edge energies F,, we
need to add the corresponding term in the state equations (4.3). Finally, we must
modify the definitions of the PSC discrete mass balances (DPa) and (DPb) to include
non-constant recombination parameters entering (3.3).

Remark 4.3. (Boundary conditions) Observe that all the boundary conditions have
been considered in the definition of the schemes. The external Neumann (PBCa),
(MBCa) and Dirichlet boundary conditions (PBCb), (MBCb) for the electric potential
are handled in the definition of the finite difference operator (4.5). For the quasi Fermi
potentials of electrons and holes external boundary conditions are included in the
definition of the finite difference operator (4.5) as well as in the flux discretization
scheme (DF) (and in the discrete state equation (4.3c) entering the flux discretiza-
tion). The Neumann boundary conditions for the vacancies of both applications
(PBCc), (MBCc) are included in the definition of (DF). Finally, observe that for the
discretization scheme of PSCs the continuity of fluxes of electrons, holes and electric
potential through the interfaces Xgrr, and Xy, ((PBCd), (PBCe), and (PBCY)) is
automatically ensured thanks to the flux conservation property (4.6).

73



4. Numerical analysis of vacancy-assisted charge transport models

At first glance, it might not be obvious why the flux scheme (DF) is a discrete version
of the current density j, = —22n,V¢, (see (Pe) and (Me)). It turns out that we can
define for @ € {n,p,a}

( B _m nm. — B m nm
( a,K,a) oTzr,LL ana’K’U) cy,K7 if o= K|L,
ZO[(SOOA,L - SOa,K)
My o 1= B(— ZL o nocDU_B ? o n? 4.10
oo ( K) - m( K) ’K, if o € EPNEx,a # a, ( )
2a(P8 — ¥l )
- otherwise,
and equivalently rewrite the excess chemical potential scheme (DF) to
Ko = —ziﬂ,ﬁ;’fa Dk,  foralla € {n,p,a}. (4.11)

We note that, as before, in case of the finite volume scheme for the perovskite solar
cell charge transport model, we have in case of halide vacancies a = a for the faces
only o0 = K|L € £ in (4.10), whereas in all other cases ¢ = K|L € £, Moreover,

intr
—=m
noc,a

ny, is well-defined in the sense that thanks to the conservation property (4.6),
depends only on the edge (and not nodal values) as well as the fact that a boundary
edge has only one associated control volume. The reformulation of the discrete fluxes
(4.11) now is closer to the continuous current density j, = —22n,V, (see (Pe) and
(Me)), but the analogy would not be complete, if 77", is not consistent with the density
at the interface 0. This is actually the case as the following lemma shows which is
adapted from [30, Lemma 3.1].

Lemma 4.4. Let o € {n,p,a}. The interface value 77, defined by (4.10) is a convex
combination of n}'; and nj'; (resp. nl), for a # a), if 0 = K|L (resp. o € EP for
a # a). In particular, it is enclosed between the minimum and the maximum of the
two values n' ;- and nl'; (resp. nk, for o # a).

Proof. Let o € {n,p,a}. It suffices to observe that for ¢ = K|L (the boundary case
can be readily adapted),
o BW-B) . |, BCw) By

= ——" 4.12
a,o T—y na,L + T —y na,K? ( )

_(Hm

with © = Dk ,logn]’ and y = o Ko+ Using the fact that the Bernoulli function
is decreasing, B(y) — B(—y) = —vy, and B(—z) — B(x) = z, we observe that the
coefficients in (4.12) are non-negative and sum to 1. Hence, the claim follows. We
refer to [30] for additional details concerning this computation. ]
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4.2. Existence of a discrete solution

4.2. Existence of a discrete solution

The goal of this section is to establish the existence of a discrete solution corresponding
to the two implicit-in-time TPFA finite volume schemes (DP), (DM) with the flux
approximation (DF). The discretizations consist of a nonlinear system of equations at
each time step. Knowing the solution at step m — 1, we establish the existence of a
solution at time step m. We consider the quasi Fermi potentials and the electrostatic
potential as unknowns of the nonlinear system of equations, as the charge carrier
densities are functions of these potentials through the statistical relation (4.3).

The primary tool of our analysis is a discrete counterpart of the continuous entropy-
dissipation inequalities in Theorem 3.5 and Theorem 3.7. For further information
on the entropy method for finite volume schemes, we refer to [36]. We proceed as
follows: In Section 4.2.1, we adapt the arguments of the continuous entropy-dissipation
calculations to show in Theorem 4.5 and Theorem 4.6 that an analogous inequality also
holds for a solution of the implicit-in-time FVM schemes. We continue in Section 4.2.2
with showing the existence and uniqueness of a discrete electric potential for given
quasi Fermi potentials associated with the Poisson equation. Then, we prove in Section
4.2.3 some a priori estimates on the quasi Fermi and electrostatic potentials, obtained
as consequences of the bounds on the entropy and the dissipation. Lastly, Section 4.2.4
shows the existence of quasi Fermi potentials, which finalizes the proof of the existence
of discrete solutions stated in Theorem 4.15 and Theorem 4.16. The proofs rely on
a corollary of Brouwer’s fixed point theorem for the quasi Fermi potentials, coupled
with the minimization of a convex functional for the electric potential.

4.2.1. Discrete entropy-dissipation inequality

This section aims to prove the discrete entropy-dissipation inequalities presented in
Theorem 4.5 and Theorem 4.6, which serve as discrete counterparts of Theorem 3.5
and Theorem 3.7.

Perovskite solar cells We consider the problem (P) with the initial conditions
(PIC) and the boundary conditions (PBC) (see Section 3.1.4). The implicit-in-time
finite volume scheme is given by (DP), (DF). In the following, we derive a discrete
counterpart of Theorem 3.5 for the discrete relative entropy (m € N)

)\2
BY =5 37 (Do =4")" 40 3 T mucHa(nilyenl)
oe€ ac{np} KET (4.13)
+ Z qu)a(naK)’
K€Tintr
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4. Numerical analysis of vacancy-assisted charge transport models

where @/, = F, ! (see (3.40)) and H,(7,y) = @4 () — Pu(y) — P/, (y)(x —y) (see (3.41)).
Furthermore, we introduced the notation D,u = |Dg ,u| (see (4.7)). Since we assume
that ®, > 0, the overall discrete entropy E7 is non-negative. Taking into account the
fact that z2 = 1 for a € {n, p}, the corresponding discrete non-negative dissipation
D77 for m € N is given by

5 0
DF == mi R np'x) (P = @lwe) + 50 D D Tolag (Do)
KeT ac{n,p} o€

2
+%a S° A (Dl

Uegjnt

intr

(4.14)

With this, we formulate the discrete entropy-dissipation inequality for the PSC model.

Theorem 4.5. (Discrete entropy-dissipation inequality for a PSC model) Let m € N.
For any solution to the finite volume scheme (DP), (DF) and any ¢ > 0 one has the
following entropy-dissipation inequality: There is a constant c. g ¢ > 0 such that

Er — E7
m
where the entropy E7 is defined in (4.13) and the dissipation D in (4.14). The

constant c. o ¢ depends solely on ¢, the measure of 2, the mesh regularity £ > 0, the

boundary data and the photogeneration term via the norms ||G||z«, |[|¢”||w1.~ and
2

+ D? S C€’Q7£ + SE?, (415)

|9P]| 1.0, as well as on 22 and the dimensionless parameters §, v and v. If G = 0
and VP = VP = 0, then the right-hand side of (4.15) vanishes.

Proof. Let m € N. We start by considering the difference of the entropy E7 defined
in (4.13) evaluated at time t™ and ™', that is

B~y =3 (Da(pr —97) - (Do — 47)))
el
+0 Y mi (Rulny's) — Pulngy!) — @ (nxe) (nilye — nivict)
KeT (4.16)
+8 ) mue (®p(nfl) — () — @, (nc) (gl — i)
KeT
+ Y mi (Palngly) — Pu(ny))
KeTintr

First, we apply —0? < —a?+2(a—b)a for a,b € R to the electric potential contribution

(Dotw™ = 7)) = (Dol = 9"))") < 2D1co (47 = %" ") Dic (47 = $7).
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4.2. Existence of a discrete solution

Second, since @, is convex, i.e., =P, (y) < —P@,(z) + D/ (2)(z —y) for z,y € R, we
can estimate for « € {n, p,a}

~Pa(ngy') < —Palng k) + o (na k) (no e — nog )
Applying now the previous two estimates to the right-hand side of (4.16), we receive

E7 —Er~t <0237, Dy, (%7 — ™) Do (9™ — 9P)

oe€

+0 Z Z mi (Fo ' (nak) = Fo' (na k) (nex — i) (4.17)

ac{n,p} KET
+ Z mF, H(ny'x) (”ZZ - ”?K1>
Keﬂntr
where we used ®/, = F,'. Furthermore, for the first sum in the above inequality,

S = )\2 ZTJDKJ (’l,bm - lbm_l) DK,U (¢m - ¢D) ’

ce€

we use a discrete integration by parts, stated in Lemma A.7(i), with uw = ™ — ™,
and insert the discrete Poisson equation (DPd) to get

S =Y S Dre, (7 — ) (67 — D)

KeT oelk

=4 Z Z Mz (N — n;’f?) (VR —vR)

acinp} KT

+ Z MK Za (n?K - ng,lf_(l) (@b}? - ¢ID<) .

Keﬂntr

Plugging this relation back into the initial estimate (4.17), and using the relation
ZaPa = Fi (na) + 24, We obtain

Ef —Ep <83 > mucza (v — 9B) (niii — nigd)

ae{n,p} K€T

+ D ez (Pl — UR) (Wl — i)

Keﬂntr

(4.18)

Now, we divide by the time step size 7™ and insert the mass balance equations (DPa),
(DPDb), (DPc)

E? —E™!
TT—mT—__ Z ZZ aKa ‘:%,K Z Z Kcr ‘PaK 1/’1()

Oée{n p} KeT UESK KEﬂntr JE(‘,‘K
5 m m
+ > Z Z “allV K <7GK - RK) (oo x — @g) ,
ae{n,p} KeT
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4. Numerical analysis of vacancy-assisted charge transport models

where we introduce the abbreviation R := R(n;'x,n'x ). Next, we perform a discrete

integration by parts (see Lemma A.7(ii) and (iil)) and use z, = —1 = —z, to deduce
w D D —_ P
Z Z a, Ko Ko Pa Z a, K o K,o 90 17b )
ae{n,p} o€ oegint
- Z mg g (Sﬂp,K - %,K) + > Z mrbk (SOP,K - SDH,K) -
KeT KeT
Furthermore, we insert the fluxes J7'x , = =237, , Dk o (see (4.11)) dependent

on the interface density 7', defined in (4.10) and use 2} = 2 = 1

Er —E7! )
TT—mT < - ; Z Z Toﬁgfa DK,a‘P;nDK,a (SOZL - <PD)

ac{n,p} o€&

- ZQ Z Toﬁ;rfg DK,O'C)OZLDK,O' (SOZL - ¢D)

Uegl‘r‘?ﬁr
d
=23 R (e — ) + LS G (e — i)
KeT KeT

After using the inequality —a(a — b) < —(a® — b*)/2 for a,b € R in the first two sums
and adding the dissipation defined in D7 in (4.14), we obtain

E?—Er{—kl m D\2 23 —m D\2
BN g < S S, (D™ 4 Y o, (D7)

a€e{n,p} o€€ segint

. (4.19)
+ 77 Z mgGr (SOZ,LK - ‘P:K> ;
KeT

where D,u = |Dg,u| (see (4.7)). At this stage, it is evident that if G = 0 and
VP = VP = 0, then our claim holds for a vanishing right-hand side, and we can
formulate a discrete equivalent of Remark 3.6. In the general case, it remains to
estimate the different remainder terms in the right-hand side of (4.19), which we
denote by S7, .95 and Ss, respectively. We need the following intermediate result for
the remainder terms S; and Sy in (4.19). Let 0 = K|L € £™. Then, we have the
following estimates for the discrete approximation ¢? = ()7 of the boundary
data P € WhH>(9Q)

Dy 1 D D
< — dxd
P < [ 10— Pl axay

< diam(K') + diam(L)
< a.

(4.20)

2
VPl < E||V<PD||L°°-
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4.2. Existence of a discrete solution

The last inequality holds also when o € EP or when replacing P with ¥”. We
can prove the first inequality by using the integral average descriptions (4.2), the
second with the mean value theorem, and the last inequality with the help of the first
regularity assumption (4.1) (d, > £ diam(K)). Going back to the first remainder term
of (4.19), we set

1 2V Z Zma—m D)2a

a€{n,p} 0€€ do

where we inserted 7, = m,,/d,. Since the interface value Ny, 18 the convex combination
of the two neighboring non-negative densities (see Lemma 4.4), it is bounded from
above by the sum of these densities, i.e.,

Zﬁé’fozz +Zﬁao—2ZZ”K+Z Moo

oe€ ge€int oeED KeT o€l oce&D

where due to the definition in (4.10) we have 7}, = 0 for 0 € £”. The previous
estimate and D" /dy < 2|V |1 (see (4.20)) yield for S,

2 -
S1 < V—£2HV¢DH%W > medoary,

a€{n,p} o€
20 m —m
< V—Sznan%w S (Y we Y medo+ 3 modonZ,) (421
a€{n,p} KeT €K ocec&ED

<l Vel 30 (330 ment + 1907).

ac{n,p} KGT

where we used the second regularity assumption in (4.1) (mx > & > e Mmod,) and
estimated the interface density by the upper bounds y? = F,(||@” || + ||¢P || 1) for
a € {n,p} (see (4.4)). Similarly, we define the remainder term in (4.19) corresponding
to the vacancy contribution as Sy and establish the estimate

2
V4
S2= Y o, (Dep?)? < HV¢ Zee D munly. (4.22)

O'Egmt K€7:ntr

intr

With (4.21), (4.22) and Lemma 3.3, we find for some ¢ > 0 with the corresponding
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4. Numerical analysis of vacancy-assisted charge transport models

constants c,, ¢ Cyb e > 0

v e

Sl + SQ S?HVCPDHLOOé Z Z mKn

17 Z MK, K

ac{n,p} KeT K€Tintr

5
—HVsODH%ooIQ!(nyryI?)

]\V¢D|’Lw5 Z ZmK(cD —I—&?Ha(nzK,nﬁK))

ac{np} K€T
2 - 2
= TR N scba(na,K)) + 2 VP + )
Keﬂntr y£
<ce (057975 +¢ed Z Z myHo (00 10, Mg i) + € Z Mg Dol )
ozE{n,p} KeT K€Tintr

< ¢ (e +BT),
since the first term of the entropy (4.13) is non-negative. We set the constants to
I3},
20
vEce

For the last remainder term coming from the photogeneration we have

5 J
S3Z%ZmKGK(¢§K_@$K):% Z ZmKGK}—‘;l(nzK)’

KeT ae{n,p} KeT

4 4z
— _v DQOO,
e = max{ s 51V I,

Ce 6 = 5Cy €|Q| + 5cy Q]+ | Qinee| + —— ||VSOD||L°O|Q|(yn + Yp )

where we used ¢, = F,'(na)/za + ¢ and z, = —1 = —z,. Furthermore, we use
Lemma 3.4 to estimate

5"}/ — m
Sy < " (TII(IS;S GK) Z Z my max{F, 1(”a,K)a 0}

ac{n,p} KET

< NG 3 37 mue (egpe + eHalnilie, )

ae{n,p} KeT

< 116l (Feyp ol + deyp ol + <E7 )

since the other two contributions of the entropy E7* defined in (4.13) are non-negative.
If we combine everything back into (4.19) for redefined constants c¢, c. ¢ > 0 depend-
ing on all the aforementioned quantities, we find

Er —EZ

m

+ Dg—l <S4+ 95 +95; < Ce (05,975 + 2€E$> (423)

80



4.2. Existence of a discrete solution

Since ¢¢ does not depend on ¢, this is equivalent to the desired inequality (4.15) up to
a redefinition of € and c. q. ]

In the same way, we can prove a discrete entropy-dissipation inequality for TMDC-
based memristors.

Memristive devices The memristive model is given by (M), with initial conditions
(MIC) and boundary conditions (MBC) (see Section 3.2.3). The underlying implicit-
in-time finite volume scheme is formulated in (DM), (DF). Analogously to (4.13), we
define a total relative entropy for m € N

E’T = E To (D0<¢ - ¢D)) + 511 Z mKHn(anannD,K)
o€l KeT (4.24)
+ 0n0p Z my Hy(ny' g, nf,)’K) + Z mgPa(ny k),

KeT KeT

where @, = F; 1 (see (3.40)) and H,(z,y) = Pu(x) — Puly) — P (y)(x — y) for

a € {n,p} (see (3.41)). Since we assume that ®, > 0, the overall discrete entropy E7*
is non-negative. The non-negative dissipation rate for m € N is defined as

m 51’1 —m m 5n6 —m m
D7 =5, > 1o, (Do) + > > Tty (Dapy)?

o€l e

2
+ 2 Y T (Dol ),

oce€

(4.25)

and with this, we can formulate a discrete entropy-dissipation inequality.

Theorem 4.6. (Discrete entropy-dissipation inequality for a memristive model) Let
m € N. For any solution to the finite volume scheme (DM), (DF) and any € > 0 one
has the following entropy-dissipation inequality: There is a constant ¢, g ¢ > 0 such
that .

Er — E2™

TT—mT +D7 < c.o¢+eET, (4.26)
where the entropy E7 is defined in (4.24) and the dissipation D in (4.25). The
constant c¢. o ¢ depends solely on e, the measure of €2, the mesh regularity £ > 0,
the boundary data via the norms ||¢” |1, and |[t)P]|yy1.0, as well as on 22 and the
dimensionless parameters d,, §, and v. If VP = V)P = 0, then the right-hand side

of (4.26) vanishes. O

The proof of Theorem 4.6 follows a similar structure as the proof of Theorem 4.5
and is therefore omitted here. From the discrete entropy-dissipation inequality in

81



4. Numerical analysis of vacancy-assisted charge transport models

Theorem 4.5 (resp. Theorem 4.6), we can deduce some bounds on the entropy E7 in
(4.13) (resp. (4.24)) and on the cumulated dissipation -, 7*D% for any m > 1 with
D% defined in (4.14) (resp. (4.25)). The proof relies on similar ideas to those used in
the proof of Gronwall’s lemma, as explained in Appendix A 4.

Corollary 4.7. Let EF* and D7 be given by (4.13) and (4.14) (resp. (4.24) and (4.25)).
Provided that € < (At)™!, where At = max,,en{7™}, one has for any m > 1 that

EF + ) m/Dy < (1 - cA)Ef + SR ((1-cAn ™~ 1) (427)
j=1

Proof. For j € N we define K/ = EJ- + =2L Tt is worth noting that by using (4.15)
(resp. (4.26)) we get
Ki — K&+ 7D8 <erlKy <eAtK), jeN, (4.28)
where we multiplied (4.15) (resp. (4.26)) with 77. Furthermore, for j € N, we define
w’ = KJ-(1 — eAt)’. Using (4.28) we obtain that
w — w4 (1 - eAtY DL = (1 — Aty [KZF ~ K+ 7D — cAtKE
<0,
and summing over j, we get
w™ — w’ + Z(l — gAt)j_lrj]DZr <0.
j=1
We now multiply the last inequality by (1 — eAt)™™ which yields
Kyt + ) (1= eAt)~ "D < (1 — eAt)"KS.
j=1

Since (1 — eAt)~("=7+) > 1 we find

Kyt + > 7D < (1 - eAt) K,

j=1
which proves (4.7) after inserting K9, K and rearranging terms. O

Corollary 4.7 provides the discrete counterpart to Corollary 3.9, demonstrating that
the discrete entropy E? and the cumulated dissipation ;" 7*D% remain locally
bounded by an exponential for m € N. This result is based on the observation that
for any fixed ¢ > 0, we have (1 —eAt)™™ = exp(mlog(—x;)) and 0 < eAt < 1. In
particular, the boundedness of the entropy and the dissipation for a fixed time are
needed to establish the existence of discrete solutions in Section 4.2.4.
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4.2.2. Existence of electric potential

In the following, we neglect the superscript m, and denote by X the vector containing
the unknown quasi Fermi potentials which we define by

X = ((Son,K - SDE,K)KE% (px — @I?K)Ke% (Pax — 1/’[?)1(67;)7 (4.29)

where in case of the PSC discretization scheme (DP), (DF) we have T, := Tiy-
Analogously, we set for the memristive device scheme (DM), (DF') the family of control
volumes to T, := T.

This section aims to show the existence of a unique electric potential ¥ = (Vi) ot
solving the Poisson equation of the discretization schemes dependent on the vector of
unknowns X.

Lemma 4.8. (Existence of electric potential) Let X denote the vector containing the
unknown quasi Fermi potentials as defined in (4.29). Suppose that X is given. Then,
there exists a unique solution 1(X) to the discrete nonlinear Poisson equation (DPd)
(resp. (DMd)). Furthermore, the mapping X +— 1(X) is continuous.

For the proof of Lemma 4.8, we rely on the following lemma, which addresses the
conditions under which a real-valued function f has a (unique) global minimum.

Lemma 4.9. (Existence of (unique) global minimum) Let N € N and f: RY — R
be a continuous and coercive function.

(i) Then, f has at least one global minimum x* € RY.

(ii) Suppose that f is additionally differentiable and strictly convex. Then, the global
minimum x* € RY of f is unique.

To establish Lemma 4.9, we will employ the extreme value theorem, which can be
found in, e.g., [205, Theorem 4.16]. We will state the theorem without a proof.

Theorem 4.10. (Extreme value theorem) Let D C RY be compact and f: D — R
be a continuous function. Then, f attains its maximum and minimum on D. ([l

Proof of Lemma 4.9. We start with the proof of (i). On the one hand, according to
the extreme value theorem (see Theorem 4.10), we can deduce the existence of a local
minimum x* € B(0, M) with M > 0, which satisfies

f(0) > f(x*), for0,x" € B(0,M).
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4. Numerical analysis of vacancy-assisted charge transport models

On the other hand, due to the coercivity of f, we know that as ||x|| = 400, f(x) —
+00, which implies that for a sufficiently large M > 0, we have

f(x) > f(0) = f(x7), for [x]| > M.

The above inequality shows that x* is a global minimum. The assumption in (ii) that
f is strictly convex and differentiable implies that f satisfies for x,y € RV

fly) > f(x) + V) (y —x).

Therefore, for an existing global minimum x*, for which it holds V f(x*) = 0, we can
conclude that f(y) > f(x*) for all y € RY. This means that the global minimum
x* € R is unique. [

We continue by proving the existence of a discrete electric potential for given quasi
Fermi potentials, as stated in Lemma 4.8.

Proof of Lemma 4.5. We will only demonstrate the claim for the discrete Poisson
equation associated with the PSC discretization scheme (DPd). The proof for the
Poisson equation associated with the memristive model (DMd) follows a similar logic.
It is worth noting that the boundary conditions are already incorporated in both
(DPd) and (DMd), as indicated by Remark 4.3. We define the discrete functional J
for O = (Vg )x € RY as follows:

j(‘I’) = — (5 Z mKCK\I/K + (5 Z Z nga<Za(<Pa,K — \I/K))

KeT a€{np} KeT
/\2
+ ? Z 7-¢7<D0'\Il)2 + Z nga(2a<90a,K - lI]K))
0'68 Keﬁntr

Here, G, denotes an antiderivative of F, for a € {n,p,a}. Since G, is increasing and
F,, vanishes at —oo (due to (H1) and (H2), stated in Section 2.3.1 and Section 2.4.2),
the antiderivative G, is bounded from below. Furthermore, the K-th component of
VJ is given by

( - 6mK (OK + Z Zafa(za(¢a,K - qu)))
a€{n,p}
- )\2 Z TO‘DK,U'\II7 K e T\ 7i-ntr7
aj g€EK
Oy
K — 5771]( <CK + Z Zoafa(za(gpa,K - qu)))
a€{n,p}
— N 7D oW — mgzaFa(za(ar — Vi), K € T
L A%
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4.2. Existence of a discrete solution

We conclude that a solution % to the discrete Poisson equation (DPd) satisfies
VJ(¥) = 0. Therefore, finding a unique minimizer ¥ of J is equivalent to finding
a unique solution ¥ to the discrete Poisson equation. The existence of such unique
global minimum follows from Lemma 4.9. Therefore, we need to demonstrate that the
assumptions of Lemma 4.9 are satisfied. Indeed, 7 is continuous and differentiable.
Since G, is bounded from below, the coercivity of J follows from the coercivity of
H(P) = ’\72 vee To(Do®)? =63 .- mgCr V. We can establish the coercivity of
H as follows. The discrete Poincaré inequality [70, Lemma 3.1] shows that we can
bound the first term of H from below. Furthermore, Holder’s inequality implies that
||l < Mpy||Vl2 for some constant My > 0, where we specifically refer to the
discrete approximations of the LP norms [149]. In total, we obtain

)\2 2
T (D) 63 miCic 2 g ¥ — ARIICla
el KeT
)\2
> —
~210p
where the right-hand side tends to +oo as || V|2 — +oo. This means that H is
coercive, and consequently, 7 is also coercive. From Lemma 4.9(i) we can conclude
the existence of a global minimum W = 1). The strict convexity of 7, due to being a

19172 — O M| Cllzo 9] e,

sum of a strictly convex and convex functions, gives the uniqueness of this minimum
at ¥ = 1 (see Lemma 4.9(ii)). Therefore, the original claim, that there exists a
unique solution to the discrete Poisson equation (DPd) for given quasi Fermi potentials
X, is established. Finally, we can prove the continuity of X — (X) by applying
the implicit function theorem to V7. To do this, we need to demonstrate that the
Hessian of J with respect to W is non-singular. This can be achieved by showing
that the Hessian of J is strictly diagonally dominant [241, Theorem 1.21], which is
straightforward given the description of the diagonal entries of the Hessian of J

( 5mK Z QF Za (;Da,K - \IJK)) + A2 Z Tos K S T\ﬂntra
a€{n,p} oelk
N4
a\IIKalllK - 5mK Z QF Za Qoa,K - WK)) + /\2 Z To
ac{n,p} o€k
\ + szzf(;(Za(QOa,K - Q/)K))7 K € 7;ntr7

and the fact that the off-diagonal components solely contain information about the
scaled transmissibility 7, of one edge. Moreover, due to (H1) and (H2) we have F,, > 0
for @ € {n, p,a} which completes the proof. ]

As a consequence of Lemma 4.8 we can interpret the discrete electric potential as a
continuous map @ = ¥ (X).
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4. Numerical analysis of vacancy-assisted charge transport models

4.2.3. A priori estimates

Due to Lemma 4.8, we denote the discrete entropies (4.13), (4.24) by E+(X) and
its associated dissipation functionals (4.14), (4.25) by D7(X), where X is defined in
(4.29). In this dissipation, we may distinguish the contributions of electrons, holes,
and vacancies. Therefore, we introduce the following notation Dy, for a € {n,p,a}.
In case of the PSC discretization scheme (DP), (DF), we have

b
Dra(X) = o > Tolao(Dotp,)?,  for all a € {n,p}, (4.30)
oel
2
zZ
Dra(X) =3 Y Tollac(Dop,)’, (4.31)
oegint

intr

and, analogously, for the TMDC memristive device discretization scheme (DM), (DF),

we set
On _ 2 5n5p — 2
D7 n(X) = % ZTo”n,U(DJSOn) ;o Drp(X) = o ZTUnp,U(DUQOp) , (4.32)
o€l o€l
2
_ *a — 2
DT@(X) - 5 ZTana,a(Da(Pa) . (433)

In the following, we prove some a priori estimates on the set of unknowns following
from bounds on the entropy and dissipation. We start in Lemma 4.11 with a bound
on the electric potential.

Lemma 4.11. (Bound for electrostatic potential) Assume that there exists a constant
Mpg > 0 such that E+(X) < Mpg. Then, there exists some Mp > 0 depending on Mg,
A, T, and ¥? such that

—Mp < g < Mp, VK €T. (4.34)

Proof. As the (relative) entropy contributions of the charge carriers o € {n, p,a} are
non-negative, the bound on E+(X) directly implies a bound on the electric energy
contribution,
A2 Dy\2
o To(Do (Y — ™))" < Mg,
=

where the difference operator D,u = | Dk ,u| is defined in (4.5) and (4.7) for some wu.
We deduce (4.34) by starting with a fixed control volume K* € T so that Ex NEP # (.

This means that K* has a face o located on the Dirichlet boundary. For such
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4.2. Existence of a discrete solution

o* € Ex- NEP £, it holds

>\2 D |2 )‘2 Dy |2 /\2 Dy\2
37_0* wK* _wK*| = ?TU*IDK*,O'*(,I#_’(# )| = ?Tg*(Da*(’l:b_"b ))
)\2
<23 (D% - 9P
)\2 o€+
< 5D m(Dol = $7))* < My
el

Since P € WH(Q), we can deduce a bound on |- | depending on Mg, A, P and
also 7 (due to the occurrence of 7, = m,/d,). Proceeding now with an interior edge
o = K*|L, we observe that

\? A2
?Ta<|¢L — P | — [k — ¥R.|)? <

)2

To(lhr — Yre — (2 — i)

2
N2 Dy\2
= S 7 (D~ P)) < My,

which shows that || is also bounded due to the boundedness of ¥+, ¥R, and P.
From these bounds, and by using the connectedness of the mesh and the finite number
of control volumes one can inductively get a uniform finite bound for all (¢ )xer
dependent on all the aforementioned quantities. O

Next, we prove bounds on the electron and hole quasi Fermi potentials, where we stay
close to the proof in [30, Lemma 3.7]. Due to different hypotheses on the statistics
function F, and boundary conditions in [30], an adapted version of [30, Lemma 3.2] is
stated in Lemma A.8 and proven in Appendix A.6.

Lemma 4.12. (Bound for electron and hole quasi Fermi potentials) Let o € {n, p}.
Assume that there exists Mg > 0 such that E-(X) < Mg and Mp > 0 such that
D7 .o(X) < Mp. Then, there exists some Mp > 0 depending on Mg, Mp, T, P, ©P,
Zo, and the dimensionless constants v and § (resp. 6y, d,) such that

—Mp < Pa,K < MB, VK €T. (435)

In the following proof, we utilize the definition (4.30) associated with the PSC model
for D7 ,(X), D7 ,(X). If we instead use the definition (4.32) associated with the
memristor model, we only need to adapt the prefactors of the dissipation within the
following proof. In that case, Mp in (4.35) additionally depends on other parameters.
Specifically, in the case of the memristive model, we have dependencies on d,, 9, for
D7 ,(X), and on §, for Dy ,(X).
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4. Numerical analysis of vacancy-assisted charge transport models

Proof of Lemma 4.12. Let a € {n,p}. First, we rewrite Dy ,(X) as defined in (4.30)

by using J'y , = =237, Dol (see (4.11))
D7 (X) = — 0 Jo. k0D
T« — 2 o a,KolVKoPa>

where we used z; = 1 = 2. The main proof idea is based on reformulating D7, in
terms of a discrete functional D,. With the help of another functional associated to
D, we can iteratively deduce the boundedness of ¢, i for all K € 7. To define D,,
we introduce the function K, : R x R — R with

Ko(z,a) =log(Fo(z —a)) —x, V(r,a) € R xR,
and we note that
Qa,K,cr = KQ(ZQQDQ,K, zoﬂbK) - Ka(za<pa,K,07 ZawK,o>7

where ¢, i, and Vg, stand for o, 1, %r, if 0 = K|L € E™ and for o2, 2 if 0 € EP.
With the help of K, we introduce the face dissipation functional D, : R* — R defined
by (with D, = D,(z,y,a,b))

D, = (x—vy) [B (ICa(a:, a) — Kau(y, b))fa(x —a)—B (lCa(y, b) — Kaol(z, a))]:a(y — b)} :
Indeed, D7 ,(X) can be rewritten in terms of D,
D7 o(X) = % Z ToDa (2o ks ZaPa k.os 20K, ZalK o )- (4.36)
Similarly to [30, Lemma 3.7], we introduce another functional associated to D,,
T53 : R — R, defined by
Tg3(r) = inf {Do(z,y,a,b); 2 <y<P, -V <a,b< U}, (4.37)
and we establish (see Appendix A.6, Lemma A.8) that

gcli)riaoo Tgg(r) =+oc and xl_lgloo Tg5(r) = +oo. (4.38)
Especially, Lemma 4.9(i) guarantees that T3 g is bounded from below, which will even-
tually ensure the boundedness of ¢, x for all K € 7. As in the proof of Lemma 4.11,
we begin by demonstrating the boundedness of the potential ¢, - at a specific control
volume K* situated at the Dirichlet boundary. Let K* € T be a control volume, for
which there exists a face 0* € Ex N EP # (). Next, we verify whether Y53 in (4.37) is
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4.2. Existence of a discrete solution

well-defined for o*. Thanks to the regularity assumptions on the boundary data, i.e.,
P P € WH>(Q), and the bound on the discrete electric potential (see Lemma 4.11),
there exist ®, U > 0 such that

—P <l <@ and — W < g, R <,

which shows that g (2aa,x+) exists. We consider the description (4.36) of Dz .
The assumption D7 ,(X) < Mp and the boundedness of Tg 5 (2aa,x+) from below,
particularly imply for o* € Ex NEP # ()

2v

0Ty

Hence, ¢, k- is bounded. This property propagates from cell to cell due to the

—00 < Tgg(2aPak) < Da(2aair; 2aPhe, 2alk+, 2a0h) < ——Mp.

connectedness of the mesh. Since we have a finite number of control volumes, the
claim follows. O

Lastly, Lemma 4.13 gives a bound on the vacancy quasi Fermi potential. Regarding
the numerical schemes for the charge transport in PSCs, we identify a = a as halide
vacancies and set T, := T In contrast, for the TMDC-based memristive devices,
we can think of chalcogen vacancies, where we have T, := T. The difference in the
dissipation D7 , for both models is only the set of faces in the sum, where we have
o € EMT for the perovskite model and ¢ € £ for the memristor model (see (4.31) and
(4.33)).

Lemma 4.13. (Bound for vacancy quasi Fermi potential) Assume that there exists
Mp > 0 such that Dy ,(X) < Mp and that there also exists n € (0, 1) such that

> mgnax =n. (4.39)

1
’Q’ KeTa

Then, there exists some Mg > 0 depending on Mp, n and T such that
_MB S Pa, K S M87 VK € 7;. (440)

Proof. We note that the statistics function F, is monotonically increasing due to
hypothesis (H2). Thus, the result stated in Lemma 4.13 is equivalent to the fact that
there exists € € (0,1) satisfying

E<n.xk <l—¢, VKE€ET,. (4.41)

Under the conditions specified in Lemma 4.13, the inequality (4.41) was previously
demonstrated in [30, Lemma 3.7]. The proof method employed there is similar to the
approach used to establish Lemma 4.12. It involves a reformulation of the dissipation
functions, the introduction of a coercive face dissipation functional ([30, Lemma 3.2]),
and identifying a control volume that ensures the boundedness of at least one n,
(which is guaranteed by the mass conservation (4.39)). O
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4. Numerical analysis of vacancy-assisted charge transport models

4.2.4. Main existence result

Finally, we can prove the existence of discrete solutions. In order to establish the
existence results, we rely on a corollary of Brouwer’s fixed point theorem [67, Section
9.1] which reads as follows and is stated here without a proof.

Lemma 4.14. (From [67, Section 9.1]) Let N € N and P : RY — R be a continuous
vector field. Assume that there exists Mp > 0 such that P(X) - X > 0, if || X|| = Mp.
Then, there exists X* € RY such that P(X*) = 0 and || X*|| < Mp. O

Lemma 4.14 will ensure the existence of quasi Fermi potentials associated to the discrete
continuity equations. For example, for the perovskite solar cell discretization scheme
the discrete continuity equations (DPa), (DPb), and (DPc) and for the memristive
application the corresponding equations (DMa), (DMb), and (DMc) at the time step
m constitute a nonlinear system of equations. More precisely, we can introduce a
continuous vector field P, : R — R with 0x = 2Card(T) + Card(Tin:) (resp.
0x = 3Card(T)) such that P,,(X"™) = 0 is equivalent to the continuity equations
(DPa), (DPb), and (DPc) (resp. (DMa), (DMb), and (DMc)), where X™ is defined by
(4.29), noting that we have omitted the superscript m there. The vector X contains
the unknown quasi Fermi potentials.

Within the existence proofs, we will use an estimate that relates the scalar product
P,.(X™) - X™ to the discrete entropy-dissipation inequalities (see Appendix A.7). To
establish this estimate, the components of P,,(X™) are build as follows. For the
electron and hole components, we put every term of the equations (DPa) and (DPDb)
(resp. (DMa) and (DMb)) on the left-hand side and rescale by a factor §7 /v (resp.
0n7" /v and 6,6,7™/v). The vacancy-related components are given by (DPc) (resp.
(DMc)), rescaled by 7. Furthermore, we will apply Lemma 4.14 to a regularized
version of P,,, and then consider the limit with respect to the regularization parameter.

In case of perovskite solar cells, the existence result reads as follows.

Theorem 4.15. (Existence of discrete solution to the PSC discretization scheme)
For all time steps m > 1, the implicit-in-time finite volume scheme (DP), (DF)
for the PSC charge transport model (P), (PIC), (PBC) has at least one solution
(e, e, @i, ™) € R? with 6 = 3Card(T) + Card(Tinw:). Moreover, this solution

satisfies the following L> bounds. There exists Mp > 0 depending on the data and
on the mesh such that

_MB < ‘ana ‘P;na (PZL>¢m < MB; for all m > 17

holds componentwise.
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4.2. Existence of a discrete solution

Proof. First, we prove the existence of quasi Fermi potentials X, where for the sake
of readability, we omit the superscript m. We recall that Lemma 4.8 guarantees
the existence of a continuous and uniquely determined map X +— 1)(X) solving the
nonlinear Poisson equation (DPd) for any given vector of quasi Fermi potentials X.
Thus, P,, is well-defined and continuous. We have established the following inequality
within the proof of Theorem 4.5 for £ > 0 (see Lemma A.9)

P,(X) X > (1—erEr(X) - Er(X") + 7"Dr(X) — 7"c. g, (4.42)

where c.q¢ > 0 and X™ ! denotes the known solution at the previous time step
m — 1. The scalar product P,,(X) - X is given in (A.12) up to a rescaling with 7.
For a suitable, but fixed ¢, the constant c. o ¢ is bounded. Consequently, there exists
a constant M > 0 such that e7™ < 1/2 and EF(X™ 1) + 7M. q¢ < M. Therefore,
we can further estimate (4.42) as follows,

P, (X) X > %ET(X) + 7D (X) — M. (4.43)

Our goal is to utilize Lemma 4.14 to demonstrate the existence of a solution at time step
m. Rather than directly applying this lemma to P,,, and specifically showing now the
non-negativity of the scalar product P,,(X) - X, we introduce a parameter-dependent
regularization of P,,. This regularization satisfies the assumptions of Lemma 4.14:
For a given p > 0, we define P# (X) = P,,,(X) + puX. It holds

P (X) - X = P(X) - Xl X2 > X2 = 37 >0, for [XI| > /51 /p, (4.44)

where we used the estimate (4.43) and the non-negativity of Er(X) and D7 (X). Then,
Lemma 4.14 shows the existence of X™#* € B(0, 1/ M /p) such that

P (X™H) =0, for || X™"|| < /M /pu. (4.45)

Next, we need to show that X" * is actually uniformly bounded in p. To achieve
this, we will verify the hypotheses of Lemma 4.12 and Lemma 4.13. We begin by
demonstrating the validity of the assumption (4.39) of Lemma 4.13. To do this, we
take the scalar product of P# (X™*) with the vector V = (07,07, 17, ,.). Since the
sum over all fluxes in the intrinsic region vanishes due to the local conservativity of
the flux discretization scheme, we obtain

m, —1 : _
g ZaMET, 3 — E zamgnl g + pX"™ -V =0,

Kéﬂntr Keﬁntr
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4. Numerical analysis of vacancy-assisted charge transport models

and, therefore, after rescaling with the measure of €2, we have

1 1 .
@ 2 AmenE g D mman

Keﬂntr Keﬁntr

1
< 7 XTIV
€|

(4.46)

Mp

<
€

VI,

where we used ||X™#|| < 1/ M /u. But since the solution at the previous time step exists
and hence is bounded, there exists ¢™~1 € (0,1) such that ﬁ D KT mgny' €
(em=D 1 — £m=1)) Consequently, we deduce from (4.46) that for a sufficiently small
11, the vector X™# satisfies for (™ = ¢(m=1 /2

1
— Z myn, i € (e 1 — ™),

|Q| Keﬁntr
where (0D 1 —e(m=1) ¢ (0™ 1 —0™). Thus, the condition (4.39) of Lemma 4.13
is satisfied. Moreover, due to (4.43), (4.44), (4.45), and || X™"||? > 0,

1 -
0= P (X7 - XM > B (XM 4 7D (X7 — A,

we see that E-(X™*#) and Dy(X"*) are uniformly bounded in p. Hence, we can
apply Lemma 4.12 and Lemma 4.13 to deduce that || X™#|| is bounded uniformly in
i, for sufficiently small u. Finally, we can extract a subsequence, which converges to a
limit denoted by X™ as p tends to 0. Due to (4.45), this limit satisfies P? (X™) =
0. On the other hand, due to the definition of the regularization P% , we have
P,.(X™) = PY (X™) = 0. Thus, we have found quasi Fermi potentials which solve
the discrete system (DPa), (DPb), and (DPc). It remains to show the existence of a
uniquely determined and bounded % (X™) which solves the Poisson equation (DPd).
However, this follows from Lemma 4.8 and Lemma 4.11 which ends the proof of

Theorem 4.15. O

Analogously, we can formulate an existence result for the memristor application.

Theorem 4.16. (Existence of discrete solution to the TMDC-based memstrive device
discretization scheme) For all time steps m > 1, the implicit-in-time finite volume
scheme (DM), (DF) for the TMDC-based memristor charge transport model (M),
(MIC), (MBC) has at least one solution (@', @7, @', ¥™) € R? with § = 4Card(T).
Moreover, this solution satisfies the following L*> bounds. There exists Mg > 0
depending on the data and on the mesh such that

_MB S (P?lla (P’Ir)na (P;nvwm S MB; for all m 2 ]-7

holds componentwise. O
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4.2. Existence of a discrete solution

The proof of Theorem 4.16 follows a similar structure to the proof of Theorem 4.15
and is therefore omitted here. We end this chapter with a remark on the convergence
of both introduced discretization schemes.

Remark 4.17. (Convergence of both schemes) In addition to the existence of a solu-
tion to the numerical schemes, it is expected that the entropy-dissipation inequalities,
serving as a priori estimates, will provide the necessary bounds to prove convergence
towards weak solutions of the PDE systems [36]. For instance, Corollary 4.7 demon-
strates that both the discrete entropy and the discrete dissipation remain bounded
for a fixed time. If we closely examine the definitions of the entropy E* in (4.13) and
(4.24) and the dissipation D% in (4.14) and (4.25), we may identify with Corollary 4.7
uniform estimates for the electric potential, the densities, and the gradients of quasi
Fermi potentials in a suitable Bochner space LP(0,tr; X), 1 < p < 0o, where X is some
Banach space, and t is the end time. We can potentially find a convergent sequence
of approximate solutions by establishing these estimates and employing compactness
and/or convergence arguments. In simpler models, the convergence of the schemes
concerning the excess chemical flux approximation has already been demonstrated
(e.g., [30], for the Fermi-Dirac integral of order —1 as the statistics function). However,
in our context, we expect more technical challenges due to multiple domains (in the
case of the PSC model) and various species. Furthermore, developing new nonlinear
estimates to handle general statistics functions will be crucial.
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5. Simulation results

In Chapter 2, we derived suitable drift-diffusion equations for vacancy-assisted charge
transport in crystalline semiconductors. Chapter 3 extended these equations to describe
the transport in perovskite solar cells and TMDC-based memristive devices. Then, we
translated the continuous model into discrete counterparts and proved the existence of
discrete solutions in Chapter 4. Finally, in this chapter, we complement our theoretical
results with numerical experiments.

We can realize the simulations with the help of commercial software packages (see,
e.g., [77, 81, 117]). Major drawbacks of commercial software are the limitation in
flexibility and transparency. Thus, there is also a rise in (partially) open-access software
tools to simulate vacancy-assisted charge transport in perovskite solar cells in one
dimension [28, 44, 138]. To our knowledge, no open-access software exists for simulating
vacancy-assisted charge transport in TMDC-based memristive devices. As another
alternative, we rely in this thesis on the open source software ChargeTransport. jl
[DAT] for simulating charge transport in semiconductors via the Voronoi finite volume
method as implemented in VoronoiFVM. j1 [DAS]. The packages are written in the
programming language Julia, which received remarkable attention in recent years due
to its exceptional performance capabilities, combining high-level syntax with execution
speeds comparable to low-level languages [20].

This chapter starts by verifying properties of the finite volume schemes, such as a
special case of the entropy-dissipation inequalities and the spatial convergence rate
(Section 5.1). Furthermore, we pay particular attention to the large time behavior
and the decay of a relative free entropy with respect to the steady state solution
for physically meaningful setups of PSCs and TMDC-based memristive devices. We
continue in Section 5.2 with a study of volume exclusion effects and its influence on a
PSC setup with MAPI as perovskite material by comparing the electric potential, the
vacancy carrier density and the current-voltage curves of a charge transport model
based on two different ionic current densities. Lastly, we validate in Section 5.3 the
vacancy-assisted model with experimental hysteresis and pulse measurement data found
in literature for lateral 2D MoS,-based memristive devices, strongly corroborating
the relevance of vacancy dynamics in TMDC devices. While Section 5.1 considers
exclusively the drift-diffusion models with time-independent Dirichlet conditions, we
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use time-dependent boundary conditions in Section 5.2 and Section 5.3. In these
sections, we supply the PSC model with ohmic contact boundary conditions (see
Section 3.1.3.1). For the TMDC-based memristors, we simulate the Schottky boundary
conditions (see Section 3.2.2.1) as well as the image-charge-induced Schottky barrier
lowering conditions (see Section 3.2.2.2). For all simulations, we use the backward
Euler method for the time discretization, as explained in Section 4.1.2. Moreover, the
linear system of equations resulting from applying the Newton method is solved via
a sparse LU factorization [DAS]. In the following, when referring to the L” norms,
1 < p < o0, we specifically refer to the discrete approximations [149] of these norms
at a fixed time t™. All Julia files to generate and visualize the simulation data are
available in [DA1], which can be used to verify the presented results.

The main parts of this chapter are based on [DA2, DA3, DA5]. To be more precise,
Section 5.1.1 is published in [DA2], the findings of Section 5.2 are based on [DA3] and,
lastly, Section 5.3 can be found in [DA5].

5.1. Large time behavior, convergence order and
entropy decay

In this section we are interested in the large time behavior of both non-dimensionalized
charge transport models (P), (PIC), (PBC) and (M), (MIC), (MBC), introduced at
the end of Section 3.1.4 and Section 3.2.3, respectively. We refer to the solutions for
t — 400 as steady state solutions, denoted by (pg°, ¢, ¢, ¥>), and introduce an
entropy with respect to the steady state solutions

)\2
Ew(t)_7/9|vw—¢°°)|2dx+ 3 ‘51“/9 Ho(na,n®)dx,  (5.1)

a€{n,p,a}

where H,(z,y) = ®o(z) — Pu(y) — PL(y)(z —1y) (see (3.41)). The steady state densities
can be calculated via the non-dimensionalized state equations n2° = F, (z4(¢3° — 1))
(see (Pf) and (Mf)) from the steady state solutions. In both charge transport models,
electrons and holes migrate throughout the device, i.e., 2, = 2, = €. For PSC devices,
the vacancy domain is 2, = 2., whereas for TMDC-based memristive devices, we
define €2, = . The quantity dg, > 0 denotes the dimensionless concentration
parameter. Comparing the previously defined continuous entropy functionals (3.42),
(3.48) with (5.1), we set for the perovskite application dg,, = dgp, = 0 and g, = 1. In
the case of memristive devices, we define 0g,, = 0n, 0gp = 0,0, and g, = 1.

The non-negative, dimensionless functional E, in (5.1) can be seen as a measure
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5.1. Large time behavior, convergence order and entropy decay

of the distance between a solution at time ¢ and the model’s steady state, which
vanishes if and only if the solution at time ¢ and the steady state coincide almost
everywhere. Furthermore, from an analytical point of view, E,, may help to prove the
convergence of the discrete solution to the discrete steady state [34]. Tracing back the
non-dimensionalizations and assumptions in Section 3.1.4 and Section 3.2.3, we can
formulate a dimensionalized version of (5.1)

E(t) 1/985|V(@/J—¢°°)|2dx+ Z /n Hy(ng,ny) dx, (5.2)

"2
a€{n,p,a}

where we now use the dimensionalized state equation (2.3) to calculate the steady state
densities n2°. In the case of F, = F, = exp and F, = F_,, the following functions
enter H,

O, (x) =kgTx (log (Ni) - 1) — 2o Eq, for « € {n, p}, (5.3a)

67

S, (z) = kT (x log <i> + (N, — z) log (1 — i)) — 2, Fax. (5.3b)
N, N,
We note that the functions in (5.3) are exactly the contributions entering the thermo-
dynamic free energy (2.49). This means, we extend the contributions of the relative
entropy with respect to the steady state such that they are consistent with the physical
free energy in Section 2.6.2.

5.1.1. Perovskite solar cells

We consider the perovskite charge transport model, formulated in (P), (PIC), (PBC)
with its discrete counterpart (DP), (DF) (see Section 4.1.2 and Section 4.1.3). In the
following, we start with a toy problem resulting from the perovskite application with
non-physical choices of the dimensional parameters and end with a realistic study of
the large time behavior of the perovskite model at a constant applied voltage. This
scenario corresponds in a physical sense to investigating the influence of preconditioning
[51] a PSC before current-voltage measurements.

5.1.1.1. Initial test problem

Within this section, we assume a one-dimensional and dimensionless domain 2 = (0, 6)
and set Qurr, = (0,2), Qintr = (2,4), QprL = (4,6). We chose 511 interior nodes per
subdomain, and additional points at the outer x = 0,6 and inner boundaries x = 2, 4,
resulting in a total of 1537 nodes with a grid spacing h ~ 3.9 x 1073. The time domain
is given by [0, 80], which we discretize with a uniform time step of At = 1.0 x 10~
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5. Simulation results

We set the rescaled Debye length to A = 1, the mobility parameter to v = 1, the
concentration parameter to 6 = 1, and the photogeneration parameter to v = 0.

Equal boundary values. In the first setup, we study the implications of Remark 3.6,
i.e., we assume constant boundary functions p” ¢ € W1H>(Q) and the absence
of external generation of electrons and holes. To this end, we have a constant
doping C' = 0.1 and no photogeneration and recombination, i.e., G = R = 0. The
Dirichlet functions (PBCb) are chosen as constant functions p” = 0.5 and P =
arcsinh(C'/2) 4+ 0.5 in the whole domain 2. The sinusoidal initial conditions (IC) for
the electron and hole quasi Fermi potentials, as well as for the electric potential, and
the constant initial condition for the vacancy quasi Fermi potential, along with the
steady state solutions, are depicted in Figure 5.1 (left). In Figure 5.1 (right), we show
the respective steady state densities.
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Figure 5.1.: Steady state solutions (¢3°, ¢p°, wa°,¥>) with the respective initial conditions
(IC) as dotted lines (left) and the associated steady state densities (right) for a three-layer
test problem with equal boundary values. (From [DA2] with modifications.)

Since for these specific choices, we have 0 = VP = V¢ and G = 0, Remark 3.6

indicates that the relative entropy with respect to the Dirichlet boundary values

d
) dt
as shown in Figure 5.2 (left in blue). Due to a non-constant steady state electric

potential ¥> (Figure 5.1, left in blue) and the choice ¥ = arcsinh(C/2) + 0.5, we
have |V (¢ — ¢P)| # 0 for all time steps. Thus, the relative entropy with respect to
the boundary values (3.42) (Figure 5.2, left in blue) levels off after an initial decrease.
Furthermore, the relative entropy with respect to the steady state (5.1) (Figure 5.2,
left in green) as well as the quadratic L? errors between the steady state and a solution
at time ¢ (Figure 5.2, right) decay exponentially with a similar slope, reaching machine

(3.42) does not increase in time, i.e., <-IE < 0. This result can be numerically verified,

precision at a similar time. Hence, the expected exponential convergence towards
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5.1. Large time behavior, convergence order and entropy decay

steady state, as stated in Remark 3.6, is confirmed through numerical simulations
for the two measures (relative entropy with respect to steady state and quadratic L?
errors) for the deviation of a solution at time ¢ from the steady state.
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Figure 5.2.: Left: Time evolution of the relative entropy with respect to the Dirichlet
boundary functions (3.42) as well as the relative entropy with respect to the steady state
(5.1). Right: Time evolution of the quadratic L? errors between the computed and the
steady state solutions. All quantities are calculated for a three-layer test problem with
equal boundary values. (From [DA2] with modifications.)

Non-equal boundary values. In most applications, the constraint of having equal
boundary values is too limiting. Therefore, we examine in the following the large time
behavior of solutions and the relative entropy when non-equal boundary values are

considered.
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Figure 5.3.: Steady state potentials with the respective initial conditions as dotted lines
(left) and the associated steady state densities (right) for a three-layer test problem with
non-equal boundary values. (From [DA2] with modifications.)

We assume that the doping C' is a piecewise constant function given by 0.5 in Qgry,
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5. Simulation results

and by —0.5 in Qgrr, U Qine. The boundary values are set to QOD’xzo =1, c,OD]xzﬁ =0,
YP],—0 = arcsinh(—0.5/2) + 1,9"|,—¢ = arcsinh(0.5/2). We choose quadratic initial
conditions for the electron and hole quasi Fermi potentials, as well as the electric
potential and a constant initial condition for the vacancy quasi Fermi potential.

The initial conditions are additionally to the steady state solutions depicted in Fig-
ure 5.3 (left) as black dotted lines. Furthermore, Figure 5.3 (right) shows the steady
state densities. For this setup, the relative entropy with respect to the steady state
and the quadratic L? errors are shown in Figure 5.4 (left and middle). Also, for
non-equal boundary values, these curves decay exponentially as before and reach
machine precision with a similar slope, even though this setup is not covered by
Remark 3.6.

Finally, we complete this section with an investigation of the spatial convergence
behavior. Suppose n, € N is given, then 2-2™~! — 1 interior nodes are chosen in each
of the three subdomains along with four additional boundary nodes at z = 0,2, 4, 6.
In total, we have ny; = 3 - (22! — 1) + 4 nodes. We calculate a reference solution
on a grid with n, = 9 corresponding to 1537 nodes with a grid spacing h, ~ 3.9 x 1073,
The L? errors between the solution u,, , for n, = 2,...,8, and the reference solution
projected onto the coarser mesh evaluated at the final time are shown in Figure 5.4
(right). Since for the final time tr = 80, the system is already within machine precision
of the steady state, the error shown is purely due to the spatial discretization. We
observe second-order convergence in the L? norm.
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Figure 5.4.: Time evolution of the relative entropy (5.1) for non-equal boundary values (left)
and of the quadratic L? errors between steady state and solutions at time ¢ (middle). On
the right, the L? error with respect to the grid spacing h is shown. All quantities are
calculated for a three-layer test problem with non-equal boundary values. (From [DA?2]
with modifications.)

Next, we discuss the large time behavior and the entropy decay for a physically
meaningful PSC setup.
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5.1. Large time behavior, convergence order and entropy decay

5.1.1.2. PSC preconditioning scan protocol

In the following, we choose the rescaling factors and non-dimensionalized parameters
introduced in Section 3.1.4 in such a way that the resulting solutions correspond to a
realistic three-layer PSC device with MAPI as perovskite material, indicating that
the vacancy carrier evolving in ), corresponds to iodide vacancies. In particular, we
allow for regionwise-constant parameters in the whole domain 2, non-zero band-edge
energies and a present photogeneration. We use the parameter set provided in [44, 48],
which is summarized in Table B.1. The one-dimensional domain €2 = (0,700) nm is
subdivided into Qg1 = (0,100) nm, Q. = (100, 500) nm, and Qpr, = (500, 700) nm.
The mesh is given by 385 nodes with a uniform grid spacing in each layer, namely,
herr, = 0.78 nm, hygr, &~ 1.6 nm in the transport layers, and hiy, =~ 3.1 nm in the
perovskite layer. The uniform time mesh is built with a step size of At = 0.5 s and
the final time is given by tp = 220 s.
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Figure 5.5.: Steady state potentials (left) and the associated steady state densities (right)
with the respective initial conditions as black dotted lines for a PSC three-layer device with
realistic parameters including photogeneration and non-equal boundary values. (From
[DA2] with modifications.)

In experimental measurements, a PSC device typically undergoes a preconditioning
protocol [51] where it is held at a constant voltage for several seconds, allowing ionic
charges to equilibrate. Subsequently, scan protocols involving an applied voltage
varying with time are applied to investigate the device’s physics. Mathematically,
during the preconditioning protocol, time-independent boundary conditions are applied.
Then, when accurately modeling the scan protocol, the time-dependent voltage is
incorporated via the Dirichlet boundary conditions (3.7a). Thus, the steady state
potentials and their respective densities depicted in Figure 5.5 (left and right) can
be considered as the solutions after a successful preconditioning scan and before a
voltage-varying measurement protocol. In the presented configuration, the constant
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5. Simulation results

applied voltage is chosen such that the steady state electric potential ¢)* remains
constant. This behavior of a constant 1> can be well observed in Figure 5.5 (left, in
blue). The chosen initial conditions (black dotted lines) correspond to a solution of
the charge transport model with a non-constant vacancy concentration (see Figure 5.5,
right). As before, we consider the large time behavior of the quadratic L? errors and
the relative entropy with respect to the steady state. It is worth noting that we now
consider the dimensional form of this functional, given in (5.2), supplied with (5.3).
Specifically, this implies that non-zero band-edge energies enter the relative entropy
with respect to the steady state.
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Figure 5.6.: Time evolution of the relative entropy with respect to the steady state (5.2) (left)
and of the quadratic L? errors between the computed and the steady state solutions (right).
All quantities are calculated for a PSC three-layer device with realistic parameters including
photogeneration and non-equal boundary values. (From [DA2] with modifications.)

It is worth noting that the presented setup is not covered by Remark 3.6. Still,
Figure 5.6 indicates an exponential decay towards zero of the dimensionalized relative
entropy with respect to the steady state (5.2) and the quadratic L? errors. In contrast
to the observations made in the previous section, where the relative entropy and the
quadratic L? errors reach machine precision with a similar slope, the relative entropy
vanishes faster in this example. This may be explained by a present photogeneration
rate or by the additional terms in (5.3) due to non-zero band-edge energies, which
influence the convergence behavior. Nevertheless, we see again, as in the previous
setups, a similar and exponential convergence rate of the two introduced measures,
the relative entropy (Figure 5.6, left) and the quadratic L? errors (Figure 5.6, right),
for the deviation of a solution at time ¢ from the steady state.

We conclude our study on the large time behavior of the relative entropy and the
quadratic L? errors for vacancy-assisted charge transport with a physically reasonable
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5.1. Large time behavior, convergence order and entropy decay

memristive device application.

5.1.2. Memristive devices

Usually, when analyzing memristive devices, periodic piecewise linear and time-
dependent voltage cycles are applied to identify the origin of the hysteretic behavior of
the current-voltage curve, which is crucial for understanding the underlying switching
mechanisms of the device. For example, Section 5.3 deals with such a study and
relates the I-V hysteresis to forming local vacancy depletion zones. Most of these
studies consider time-dependent boundary conditions modeling ohmic, Schottky, or
Schottky barrier lowering contacts (via a time-varying applied voltage) as described in
Section 3.2.2. However, to gain further insight into the device behavior and reliability,
we investigate the large time behavior of solutions at a given constant voltage U, within
a voltage cycle. In this context, the initial conditions correspond to the solutions at
a time t, > 0, which represents the time after the completion of one voltage cycle,
and when the voltage U, is once again reached, as illustrated in Figure 5.7. Starting
from t = t,, we study in the following the large time behavior of these solutions. It
is important to note that the initial configuration at ¢ = t, is a consequence of the
previously applied voltage cycle and the specific initial conditions chosen at t = 0 s.
Therefore, the initial condition at ¢ = ¢, is not chosen arbitrarily.

10
= 57
% 01 : U:
8 737
~10
0 . 20 40 60 80 100
time [s]

Figure 5.7.: Illustration of the applied voltage as a function of time applied at the right
contact. After a given threshold voltage U, the applied voltage is chosen to be constant.
The time regime of interest for a large time behavior study is highlighted in gray.

In this example, we choose again the rescaling factors and non-dimensionalized pa-
rameters introduced in Section 3.2.3 such that the resulting solutions correspond to a
realistic TMDC-based memristive device with MoS, as TMDC material. Consequently,
we assume the transport of sulfur vacancies additionally to the electron and hole
transport. We use the parameter set S; (Table B.3, Table B.4), and as a representative
voltage at the beginning of the second cycle, we choose U, = 1.6 V and a start time
t, = 10.72 s, following Figure 5.7.
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5. Simulation results

In contrast to the PSC setup, we have solely one domain € = [0.0, 1.0] pm, on which
all potentials evolve. We consider a non-uniform grid spacing with 213 nodes, a
minimum spacing of Amin ~ 3 x 10~* pm near the contact boundaries, and a maximum
spacing of hmax & 2 x 1072 pm in the bulk. For the temporal discretization, we use
non-uniform time steps between Aty = 1.0 ps and Aty = 5.0 X 107! s with an end
time tr = 250 s and a total number of 1005 nodes. The boundary values are set to
©P =0V, P = (E, —¢o(x1))/q = —4.001 V at the left contact and to o = U, = 1.6
V, P = (E, — ¢o(x2))/q + U, = —2.401 V at the right contact.

We set the average vacancy concentration C', as the ratio of the overall vacancy charge
to the measure of the device domain, i.e.,

1 1
C’a:—/nax,t dx:—/ngx dx, forallt>0, 5.4
Q] Jo 00 T g Jg " o4

which is constant in space and time due to the conservation of mass, as mentioned
in Remark 3.2. We observe that the initial condition nd = N, F,(n.(¢2, ¢ (z,0))) is
directly connected to C,. For MoS, as the TMDC material and the selected device
geometry, DFT calculations [106, 195] predict average vacancy concentrations C, up
to ~ 1 x 10> m—3. The precise value of the average vacancy concentration C, is not
only a matter of numerical interest (due to the initial condition), but also serves as a
critical physical parameter, strongly depending on the device’s microstructure. In the
following, we assume C, ~ 6.4 x 10** m™3. This choice will be shown in Section 5.3.1
to align well with experimental measurements found in literature.
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Figure 5.8.: Steady state potentials (left) and associated densities (right) with the respective
initial conditions as black dotted lines for a realistic TMDC memristor. In this case, we

have an average vacancy concentration of C, ~ 6.4 x 10% m™3.

Figure 5.8 shows the steady state solutions (left) and the associated densities (right)
along with the initial conditions as black dotted lines. In the vacancy quasi Fermi
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5.1. Large time behavior, convergence order and entropy decay

potential initial condition (Figure 5.8, right, third row), we observe a decrease at the
left electrode, leading to a local depletion region of vacancies in this regime. As time
evolves, this depletion region moves towards the right contact, also portrayed in the
steady state vacancy density in Figure 5.8 (right, third row). For further details on
the physical interpretation, we refer to Section 5.3.1. Furthermore, in Figure 5.9, we
observe an exponential decay of the relative entropy with respect to the steady state
(5.2) (left) and the quadratic L? errors (right), both approaching zero. Similar to the
physically relevant perovskite example in Section 5.1.1.2, both measures vanish at
different times, although with a similar and exponential rate.
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Figure 5.9.: Time evolution of the relative entropy with respect to the steady state (5.2) (left)
and of the quadratic L? errors between the computed and the steady state solutions (right)
for a realistic TMDC memristor. In this case, we have an average vacancy concentration
of Cp ~ 6.4 x 10?3 m™—3.

The number of vacancy sites significantly relies on the fabrication process of each
memristive device. Therefore, we investigate how the large time behavior depends
on the average vacancy concentration C, which is directly connected to the choice
of initial condition, as described in (5.4). We performed simulations for different
values of C, between 4.5 x 10" — 1.0 x 10*” m—3 and visualized in Figure 5.10 the
convergence times, i.e., the time at which the relative entropy and the quadratic L?
errors reach machine precision. We use the backward Euler method for all average
vacancy concentrations and adjust the time steps non-uniformly for varying C,.

For all considered C, a decay of the relative entropy and the quadratic L? errors is
witnessed. In the range of 1.0 x 10** m™ < C, < 1.0 x 10% m3, we see a peak in the
convergence time for both, the relative entropy and the quadratic L? errors, differing by
a factor of 2. Interestingly, this range corresponds to the physically meaningful regime
for C,. However, for small average vacancy concentrations (C, < 1.0 x 10*! m~3) and
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5. Simulation results

large average vacancy concentrations (C, > 1.0 x 10?2 m~3), the relative entropy and
the quadratic L? errors reach machine precision much faster. The observed peak in

the convergence time can be better understood by examining the density profiles for
a small (C, ~ 1.0 x 10" m~3) and a large (C, ~ 1.0 x 10> m~3) average vacancy

concentration, corresponding to values, where the convergence times for the relative
entropy and the quadratic L? errors are comparably small (see Figure 5.10).
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Figure 5.10.: Convergence times defined as the time at which machine precision is reached of

the relative entropy with respect to the steady state (5.2) (left) and of the quadratic L?

errors between the computed and the steady state solutions (right) in dependence of the

average vacancy concentration Cj.
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Figure 5.11.: Steady state densities with initial conditions for a realistic TMDC-based
memristive device with an average vacancy concentration of C, ~ 1.0 x 1017 m~3 (left)

and a concentration of Cy ~ 1.0 x 10%” m~

3 (right).

For smaller average vacancy concentrations (Figure 5.11, left), we clearly see that
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5.2. Volume exclusion effects in perovskite charge transport modeling

the initial electron and hole densities remain close to the steady state configuration.
Although there is a more pronounced trend of forming depletion zones at the left
contact for the initial condition and at the right contact for the steady state of the
vacancy density, in comparison to Figure 5.8 (right), the vacancy density appears to
be so small that the steady state solution is quickly reached for all carriers.

Contrarily, we observe discrepancies in the initial conditions and steady state densities
of electrons and holes for larger average vacancy concentrations (Figure 5.11, right).
However, unlike the physically realistic case of C, ~ 6.4 x 10?3 m~3, depicted in
Figure 5.8, these differences appear to be minor, allowing the steady state solution to
be reached more rapidly. Additionally, the scenario of moving local depletion zones is
not observed at all.

Summarizing, for the memristive devices, we also observe an exponential decay of the
relative entropy with respect to the steady state (5.2) and the quadratic L? errors
towards zero for all chosen average vacancy concentrations. This study underlines
the importance of selecting initial conditions that are physically justified and aligned
with the specific characteristics of the device. In the regime 1.0 x 10** m=3 < C, <
1.0 x 10%> m~3, which corresponds to values near those predicted in literature, the
relative entropy and the quadratic L? errors vanish slower. In this range, the vacancy
dynamics clearly influences the dynamics of electrons and holes, as reflected by the
larger convergence times. For smaller and larger vacancy concentrations, we observe
faster convergence times. However, these concentration values tend to underestimate
the influence of vacancy dynamics, as seen in Figure 5.11.

5.2. Volume exclusion effects in perovskite charge
transport modeling

So far, we gained in this chapter insight into the large time behavior and the entropy
decay of two vacancy-assisted charge transport models. However, as indicated in
Section 2.4.3, when considering volume exclusion effects, the question arises of choosing
the mobility or the diffusion coefficient as constant, while the other remains density-
dependent. This section comprehensively compares two different ionic current densities,
where we either assume a given mobility or diffusion coefficient. We will first carefully
design a reasonable benchmark for perovskite solar cells. Then, in the framework
of this benchmark, we will discuss the influence of the two different ionic current
densities on the electric potential, the vacancy carrier density and the current-voltage
characteristics for a model based on the ohmic contact boundary conditions, described
in Section 3.1.3.1.
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5.2.1. Design of benchmark

Until now, we assumed a constant mobility 7z, and a density-dependent diffusion
coefficient D, in the model formulations and in the numerical analysis of the implicit-
in-time TPFA finite volume schemes (restated from (2.37))

Ng Za
janD = —2aqui,U: 2l — | Vg + —n, Vo ). 5.5
JaND qp T(g (Na> 0, w) (5.5)
Indeed, there exist approaches [15, 44, 51] where, instead of a constant mobility, a
density-dependence of the mobility is incorporated into the model, while the diffusion
coefficient D, is regarded as constant (restated from (2.38))

ja,MD = _Zaqﬁa vna + Lnavw . (56)
UTga (%)

In the following, we call j, np a current density based on nonlinear diffusion and j, mp a
current density with a modified drift. Following the discussion in Section 2.4.3, suppose
that the mobility and the diffusion coefficient of both descriptions are proportional, i.e.,
7, Ur ~ D,. Then, the nonlinear diffusion current density jannp and the modified drift
current density j, mp are also proportional with respect to the diffusion enhancement
ga (restated from (2.39))

. Na \ .
Ja,ND ™~ Ga (E) Ja,MD- (5.7)

Now, we aim to understand the implications that the multiplication with the diffusion
enhancement g, in (5.7) has. To this end, we further assume that the vacancy
concentration n, is approximately equal to the fixed average vacancy concentration C,,
which is incorporated into the model via the right-hand side of the Poisson equation
(3.1d) through the doping C' = —C, in the intrinsic layer, i.e., n, =~ C,. Then, the
diffusion enhancement can be approximated by

Ng C. 1 1
ga(E)Nga(E)—l_%—l_€7 (58)

where we introduce the dimensionless scaling factor

Ca average anion vacancy density (5.9)
€= —F = - : - .
N, maximum anion vacancy density

Here, N, is the saturation limit and a model parameter entering the state equation
(2.3). If € tends to zero (g. \, 1), we neglect the finite size of ions, resulting in
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5.2. Volume exclusion effects in perovskite charge transport modeling

a Boltzmann relation between n, and ¢, (see Remark 2.3 and the right column in
Figure 5.12). Contrarily, if € tends to 1 (g, /* +00), then ionic movement is suppressed,
which can be well observed in Figure 5.12 (left column), and, thus, the model reduces
to the classical van Roosbroeck system [204]. Since g, > 1, the relation in (5.7) along
with (5.8) indicates a slower evolution of the vacancy profile in the case of the modified
drift current density and large choices of e.

In the following, a small € indicates low exclusion, while a larger e indicates high
exclusion. We can calculate a lower bound for the scaling factor €, introduced in (5.9).
To do this, we introduce the largest possible vacancy density N,, which is the ideal
density of halide sites in a unit cell (see (2.31) and the subsequent discussion). Defining
€ := C,/N,, we indeed have € < ¢, since N, < N,. However, the precise choice of ¢
is strongly dependent on the perovskite material. For clarity, we assume a constant
average vacancy concentration C,. Thus, we can consider variations in € to represent
different maximum vacancy densities N,, where C, < N, < N,. A choice of N, < N,
indicates that only a certain percentage of ion sites, rather than all, becoming vacant
is sufficient to, e.g., reproduce experimentally observed accumulation (see Figure 5.12,
middle column).
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Figure 5.12.: Simulation of three possible equilibrium vacancy density configurations depend-
ing on the choice of the saturation limit N,, portrayed in the perovskite layer (highlighted
in red). The first row shows the vacancy density at the ETL/perovskite interface while
the second row corresponds to the vacancy density at the perovskite/HTL interface. The
simulation is based on the parameter set in Table B.2 and the device domain in Figure 5.13.

We use the parameter set in Table B.2 with C, = 1.0 x 10** m~3 and N, = 1.21 x 10%®
m~3. With 7z, = 1 x 107 m?/(Vs) and D, = 2.59 x 10716 m? /s, we have ,Ur = D,.
This choice of mobility and diffusion coefficient shows in the simulations that, given
sufficient relaxation time, we receive the same steady state solution for the PSC charge
transport based either on the flux (5.5) or the flux (5.6). Thus, of particular interest
is the simulation of current-voltage scan protocols, where the model is far from an
equilibrium state. To this end, we simulate a three-layer PSC device, where the
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perovskite is sandwiched between two doped non-perovskite semiconductor transport
layers. To be more precise, MAPI is used as the perovskite material, while PCBM is
chosen for the electron and PEDOT:PSS for the hole transport layer. A schematic of
the device architecture is shown in Figure 5.13. We note that the iodide vacancies
move solely within the perovskite (red area), whereas electrons, holes, and the electric
potential are defined across the whole device. The simulations are performed in one
dimension. Furthermore, we apply a linear I-V scan protocol with a scan rate of 40
mV /s for an applied bias between 0 V and 1.2 V via the time-dependent Dirichlet
conditions (3.7a), meaning that the scan ends at ¢ = 30 s. During the scan, the outer
boundary conditions for the ohmic contacts vary with time, and the steady state is
not reached.

sun PCBM MAPI PEDOT:PSS
light

1—Z 85 nm 300 nm 30 nm

Figure 5.13.: Schematic diagram of the simulated PSC device configuration with ohmic
contacts as described in Section 3.1.3.1. The electron transport layer (blue) is given by
PCBM, whereas for the hole transport layer (green) PEDOT:PSS is used. As perovskite
material (red layer), we use MAPI. (From [DA3].)

We validate the solutions calculated with ChargeTransport.jl [DA7]| with addi-
tional simulations performed in the open source tool Ionmonger [44, 50]. While
ChargeTransport. jl uses a finite volume method for the spatial discretization as
described in Chapter 4, ITonmonger is based on a finite element method written in
Matlab. The same non-uniform grid spacing as introduced by [44, 48] is used, whereas
a uniform time mesh is utilized in ChargeTransport.jl and an adaptive one in
Ionmonger. Information on the flux discretizations can be found in [DAG]. To primar-
ily focus on the impact of the different current density descriptions, other effects, such
as photogeneration and surface recombination, are neglected in the simulations. In
the following, we look closer at the numerical performances of the solutions for the
two current densities introduced in (5.5) and (5.6) for the described setup.

5.2.2. Discussion of results

Figure 5.14 shows the evolution of the electric potential within the perovskite layer
(area shaded in red). Additionally, the evolution of the vacancy density in the vicinity
of each perovskite/transport layer interface is depicted in Figure 5.15. Both profiles
are visualized for a model based on the nonlinear diffusion current density (5.5) and a
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5.2. Volume exclusion effects in perovskite charge transport modeling

model based on the modified drift current density (5.6) for two choices of € reflecting
low and high volume exclusion. The colored lines correspond to a solution calculated
with ChargeTransport. j1, whereas the black dotted lines indicate respective solutions
calculated with Tonmonger. Brighter colors indicate a later time. First, both software
tools based on different discretization techniques yield near-identical results. Hence,
we can compare the impact of the different current density descriptions independent
of the numerical method.
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Figure 5.14.: Evolution of the electric potential v in the perovskite layer solving the PSC
charge transport model based on the nonlinear diffusion (5.5) (first column) and for the
model based on the modified drift current density (5.6) (second column). The first row
shows the case of € = 0.01 (low exclusion) and the second row of € = 0.9 (high exclusion).
The arrows indicate the direction of increasing time. (From [DA3] with modifications.)

Not surprisingly, for ¢ = 0.01, no difference in the electrostatic potential evolution

111
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(Figure 5.14, first row) and in the vacancy density profiles (Figure 5.15, top set of
four) can be observed. We can explain this behavior using (5.8), which shows that
for e = 0.01, g, = 1. Consequently, both current density descriptions coincide, as
indicated by the relationship (5.7) and the equality fi,Ur = D,. This particular case
is also described in Remark 2.3.
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Figure 5.15.: Evolution of the vacancy density n, at the left and right perovskite/transport
layer interface for the PSC charge transport model based on the nonlinear diffusion current
density (5.5) (first column) and for a model based on the modified drift current density
(5.6) (second column). The first set of rows shows the case of ¢ = 0.01 and the second
set of rows (below the line) corresponds to € = 0.9. The arrows indicate the direction of
increasing time. No differences can be observed in the case of low exclusion, whereas a
slower evolution of the ion profile can be observed in the case of high exclusion and a
modified drift current density. (From [DA3] with modifications.)

Contrarily, for high volume exclusion (larger €), the modified drift current density (5.6)
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5.2. Volume exclusion effects in perovskite charge transport modeling

causes a slower decrease of the ion density at the right perovskite interface (Figure 5.15,
second set of rows). Again, this behavior can be explained via the relation (5.7) and
the equality 7i,Ur = D,. Moreover, the diffusion enhancement g, enters the diffusion
part of the nonlinear diffusion current density j, np, defined in (5.5). In this case, as g,
increases (larger ¢), the diffusion of the vacancies in case of nonlinear diffusion current
density (5.5) also increases. Therefore, it is only in the case of both high exclusion and
modified drift current density (Figure 5.15, second set of rows) that we see a slower
evolution.

0.0003 0.03
0.0002 1 0.021
% 0.0001 1 0.011
Z.
> 0.0000 0.001
a .
= —0.0001 1 m— t=0s —0.011
> = t=0s
—0.0002 1 m—t=24s —0.021
t=30s SO
—0.0003 ' ' ' ' -0.03 o ' ' '
0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
space [um] space [um]
e =0.01 e=20.9

Figure 5.16.: Difference between calculated electrostatic potentials depicted in Figure 5.14
based on either a modified drift or a nonlinear diffusion approach, i.e., the error ¥mp —¥ND
is shown for € = 0.01 (left) and e = 0.9 (right). The scale of the y-axes differs by two
orders of magnitudes. (From [DA3] with modifications.)

Furthermore, the difference in the calculated electric potentials, i.e., ¥yp — ¥np, is
approximately two orders of magnitude larger for high volume exclusion (Figure 5.16).
Both configurations (nonlinear diffusion and modified drift) start with the same
initial condition, so the difference in electric potentials is negligible at ¢ = 0 s.
However, for later times t, the difference ¥p — ¥np attains a peak at both of the
perovskite/transport layer interface. A similar behavior can be observed in the
vacancy density differences, depicted in Figure 5.17. The largest differences occur near
the junction between the perovskite and transport layers. Again, for high volume
exclusion, the difference in vacancy densities (Figure 5.17) is approximately two orders
of magnitude larger. In case of high excluded-volume effects, the difference between
the calculated vacancy densities at the end time ¢ = 30 s is significantly larger than at
previous times (Figure 5.17, right), agreeing with the previously made observations
concerning Figure 5.15.
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This trend of increasing error can be likewise observed for different choices of € in
Figure 5.18, where the L*° error between the calculated electric potentials and the
vacancy densities with respect to € are depicted. Both L* errors are increasing with
higher effects of excluded-volume for all visualized times ¢ > 0 s. The difference in the
vacancy densities seems most visible for larger times and larger € (Figure 5.18, right)
and increases the most for the end time ¢t = 30 s.
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Figure 5.17.: Difference between calculated vacancy densities depicted in Figure 5.15 based
on either a modified drift or a nonlinear diffusion approach scaled by the average vacancy
density for € = 0.01 (left) and e = 0.9 (right). The scale of the y-axes differs by two orders
of magnitudes. (From [DA3] with modifications.)
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Figure 5.18.: L> error between the electric potentials (left) and the vacancy densities (right)
calculated from a model based on either a nonlinear diffusion (5.5) or a modified drift
current density (5.6) for different values of €. (From [DA3] with modifications.)

It is worth noting that the end time ¢ = 30 s corresponds to the end of the scan
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5.2. Volume exclusion effects in perovskite charge transport modeling

protocol rather than the time when a steady state solution is reached. Holding the
perovskite solar cell at the constant end voltage U = 1.2 V while increasing the time
allows us to calculate the steady state solutions as t approaches infinity. Figure 5.19
(first row) shows that for low exclusion effects, the quadratic L? errors between the
steady state and a solution at time ¢ reach machine precision at a similar time for
both current density descriptions. However, the steady state solution is attained more
slowly when using the modified drift approach for cases with high volume exclusion
effects, as shown in Figure 5.19 (second row). In this case, the resulting quadratic L?
errors take approximately two to three times longer to vanish with the modified drift
current density.
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Figure 5.19.: Time evolution of the quadratic L? errors between the computed solutions
at time t and the steady state solutions for low exclusion (first row) and high exclusion
effects (second row). The steady state solution is calculated for a constant applied voltage
U = 1.2 V. For high volume exclusion effects, the steady state solution is reached at
different converging times.

Lastly, the influence of the different current density descriptions on the current-voltage
curves without illumination is investigated in Figure 5.20 and Figure 5.21. Again, the
colored curves correspond to solutions calculated with ChargeTransport.jl, while
black dotted lines are the solutions received using Ionmonger. Brighter colors indicate
higher volume exclusion, reflected in the choice of e.

Figure 5.20 illustrates for low exclusion effects (e = 0.01) that the currents for either
a nonlinear diffusion (5.5) or a modified drift current density (5.6) are identical.
Moreover, for a model based on the modified drift current density (Figure 5.20, left),
the impact of volume exclusion in the I-V curves becomes already observable for smaller
choices of € (e = 0.5). In contrast, for the nonlinear diffusion approach, differences
in the I-V curve become only apparent for larger values (Figure 5.20, right, e = 0.9).
However, both current density approaches reveal in Figure 5.20 that as € increases, the
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corresponding I-V characteristics shifts to the left, indicating that the current starts
to flow at a lower voltage. The trends in the currents can be explained, as in [47], in
terms of the distribution of the electric potential across the cell.
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Figure 5.20.: Current-voltage curves for modified drift (left) and nonlinear diffusion (right)
for variations of €. The arrows indicate the direction of increasing e. For larger values of €
the diode opens earlier. (From [DA3] with modifications.)
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Figure 5.21.: Simulated I-V curves for modified drift (left) and nonlinear diffusion (right) for
variations of € in comparison with measurements [29]. (From [DA3] with modifications.)

At earlier times (t = 0,9 s in Figure 5.14), it can be seen that low exclusion leads to
smaller potential drops within the perovskite layer and larger potential drops within
the neighboring transport layers. Large drops can suppress recombination (by keeping
minority carriers away from recombination sites) by forming barriers. However, at
later times (¢ = 24,30 s), we observe that the electric field at the perovskite/HTL
interface decreases for increasing €. Smaller positive fields/larger negative fields allow
more holes from the transport layer to enter the perovskite, leading to increased
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5.3. Role of vacancy dynamics in two-dimensional memristive devices

recombination and higher currents, as shown in Figure 5.20. For the modified drift
current density, at large €, a negative electric field also emerges across the bulk of the
perovskite due to the slower migration of ions (see Figure 5.15, second set of rows),
further enhancing the currents.

Figure 5.21 compares the simulated I-V curves to the measurements from [29] for
the same device setup, as illustrated in Figure 5.13. Indeed, Figure 5.21 shows that
in comparison to the experimental measurements, the difference between nonlinear
diffusion or modified drift current density are minor. However, it is important to
note that for the sake of simplicity, this study excluded other effects, such as surface
mechanisms or general trap states.

In summary, our study reveals that when dealing with high exclusion, the modified
drift current density leads to a slower evolution of the vacancy profile, affecting the
electric potential profile and the I-V characteristics. While this indicates a greater
influence of volume exclusion effects on model predictions based on a modified drift
current density description, in our specific comparison with a measurement curve, this
influence is negligible. Nevertheless, additional physical effects or other scan protocols
may exhibit a different behavior depending on whether a charge transport model is
based on nonlinear diffusion or modified drift current densities.

5.3. Role of vacancy dynamics in two-dimensional

memristive devices

We end this chapter by analyzing the origin of hysteresis, the influence of vacancy
dynamics, and image-charge-induced Schottky barrier lowering for TMDC-based
memristive devices. The discussion includes the cases of vanishing Schottky barriers and
significant Schottky barrier heights. In addition, we examine the case without vacancy
migration, leading to the classical semiconductor device equations [204]. Furthermore,
the simulations are compared with experimental studies found in literature.

We use physically realistic parameters for MoS, as representative material, as stated
in Table B.3. This includes the relative permittivity €,, the band-edge energies E,,, E,,,
and the effective densities of states Ny, /V,. While the abovementioned parameters are
obtained directly from the literature and used for all simulations, other parameters
such as the mobilities py, jtp, fta, the intrinsic Schottky barriers ¢o, and the vacancy
energy level F, are expected to be highly sensitive to the sample’s microstructure.
These parameters are stated in Table B.4 for the two considered simulation scenarios.
The measurements are from [150] and were performed on MoS,-based memristive
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devices fabricated with a mechanical shear exfoliation technique followed by a plasma
treatment step to induce sulfur vacancies. Auger-electron spectroscopy measurements
are performed on these devices, confirming vacancy migration. We refer to [150] for
further information on the fabrication and measurement processes.

In the following, we have a one-dimensional device geometry, as illustrated in Figure 3.2
(bottom right), and apply a periodic piecewise linear voltage at the right contact, as
shown in Figure 5.22. The scan protocol depends on the maximum voltage, the sweep
rate and the number of cycles, specified in Table B.4. We denote the left contact by
x1 and the right contact by zs.

<«— cyclel —><«— cycle2 —><«— cycle3 —>
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Figure 5.22.: Illustration of the time-dependent periodic piecewise linear voltage applied at
the right contact for three consecutive voltage cycles.

5.3.1. Vacancy depletion and mobility

For the first case, we consider the parameter set S; (Table B.3 and Table B.4) with
negligible Schottky barriers ¢o(z1) = ¢o(r2) = 1 meV. We supply the model with the
classical Schottky boundary model (Section 3.2.2.1). The minimum and the maximum
applied voltages are Uy, = —13 V, Unax = 13 V, and one cycle lasts 10.4 s.

Figure 5.23 shows eight consecutively simulated I-V curves (middle). Additionally,
we see a comparison of the experimentally measured curve with the second cycle
simulation (left) and with two simulated I-V cycles without vacancy migration (right).
The magnitude of the measured curve |I| (Figure 5.23, gray circles) is smooth with
approximately equal maximum current magnitudes at Uy, and Upax. While |1(U)] is
more or less symmetric around U = 0 V, the right hysteresis branch (U > 0 V) has a
slightly larger area compared to the left branch (U < 0 V). The hysteresis direction is
clockwise in the right and counterclockwise in the left branch (Figure 5.23, right).
The second cycle I-V curve closely mirrors the characteristics of the measured curve,
including the hysteresis direction and the transitions from the low-resistive state (LRS)
to the high-resistive state (HRS) and vice versa (Figure 5.23, left).
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Figure 5.23.: Comparison between the simulated second cycle I-V with a symmetric I-V
measurement curve from [150] (left) and illustration of eight consecutively simulated
current-voltage cycles (middle). Furthermore, simulations without vacancy migration are
compared to the measurements (right). The simulations are based on the parameter set
S1 (Table B.3 and Table B.4). (Left and middle figure from [DA5] with modifications.)

In Figure 5.23 (middle), we observe a notable difference in the I-V curves of the first
cycle (light blue) compared to the following seven cycles (dark blue). Particularly,
the first cycle I-V curve is highly asymmetric, with an initial rise in the current,
which quickly saturates and almost remains constant until U, is reached. In the
left hysteresis branch (U < 0 V) of the first cycle I-V curve (light blue) a current
crossing is visible, resulting in a change of the hysteresis direction from clockwise to
counterclockwise indicated by arrows. The consecutive I-V curves (dark blue) behave
differently, compared to the initial cycle. However, they consistently reproduce the
[-V characteristics of the measured curve.

Moreover, we do not observe at all a hysteretic behavior when simulating the charge
transport without accounting for vacancy migration (Figure 5.23, right). Furthermore,
neglecting vacancy migration results in an underestimation of the current magnitude
by a factor of two orders.

The different I-V characteristics for the initial cycle and the subsequent ones in
Figure 5.23 (middle) arise from variations in the initial vacancy quasi Fermi potential
v, configuration at the beginning of each cycle. At the beginning of the first cycle
(t=0s,U =0V), the system is in equilibrium, wherein all quasi Fermi potentials
remain constant, i.e., ¢, = ¢, = @, = 0V, as shown in the band diagram (Figure 5.24,
left). Similarly, at the beginning of the second cycle (¢t = 10.4 s, U = 0 V) the electrons
and holes still remain close to their initial configuration at t = 0 s (Figure 5.24, right).
Contrarily, the small vacancy mobility results in a deviation from equilibrium of ¢, at
the left contact as seen in Figure 5.24 (right, yellow dotted). Such a non-equilibrium
configuration is reproducibly reached after each cycle following the first one.
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Figure 5.24.: Simulated band diagram of the initial equilibrium configuration at ¢ = 0 s,
and an applied voltage U = 0 V (left) and of the non-equilibrium configuration at the
beginning of the second cycle at t = 10.4 s (U =0 V). (From [DA5] with modifications.)

This difference between the first and the subsequent hysteresis loops can be linked to
a more general dynamic phenomenon, which will become clearer in the subsequent
discussion. We focus on the second cycle I-V curve as a more reproducible and repre-
sentative [-V curve. Figure 5.25 shows the vacancy density at selected applied voltages
during the second cycle. Additionally, its steady state limit, i.e., the configuration
attained under a constant applied voltage as t — +o0, is shown in gray.
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Figure 5.25.: Vacancy density configurations n, for selected positions in the second cycle I-V
curve shown in Figure 5.23 (left, darkblue), together with its steady state limit (gray).
(From [DAS5] with modifications.)
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At the beginning of the cycle, the previously discussed drop in the vacancy quasi Fermi
potential results in a local depletion of vacancies at the left contact (n, < 10 m=3,
Figure 5.25, U = 1.6 V). Initially, this depletion zone limits the current, but it vanishes
quickly as the voltage increases (Figure 5.25, U = 5.1 V). Therefore, the device is in a
high-conductance state at the beginning of the second cycle. As the applied voltage
increases, the current also increases until a depletion zone forms at the right contact
(Figure 5.25, U = 11.2 V). This depletion zone limits the current just before U.x = 13
V is reached and grows, while the voltage decreases again (Figure 5.25, U = 11.2 V,
U=9.6V,U =44YV). The forming of the depletion zone at the right contact reduces
the current, and, hence, the device is in the low-conductance state.

At U = 0V, the system strives to restore equilibrium where no depletion zone exists.
Because of the small vacancy mobility, the depletion zone is not entirely annihilated
at the beginning of the left hysteresis branch (Figure 5.25, U = —2.6 V) leading to a
mirrored vacancy density configuration similar to the one at the beginning of the right
cycle (Figure 5.25, U = 1.6 V). This implies that the I-V curve is overall symmetric
around U = 0 V, and the device starts in a high-conductance state at the beginning of
the left hysteresis branch, portraying the behavior of the measured curve Figure 5.23

(left).

Next, we examine how the vacancy mobility u, impacts the I-V curve. As u, approaches
zero or infinity, we expect the vacancy density to remain stationary. Further simulations,
as detailed in [DAD], confirm this and reveal that significant hysteresis occurs only
within the range of p, ~ 107 m?/(Vs) to p, ~ 1072 m?/(Vs). Selected hysteresis
curves with varying mobilities are portrayed in Figure 5.26.

As the mobility exceeds small values jz, > 107 m?/(Vs), clockwise oriented hysteresis
in both branches can be observed (Figure 5.26, first row). A transition of the hysteresis
direction occurs in the left hysteresis branch from clockwise to counterclockwise at
mobilities around p, ~ 107 m?/(Vs) (Figure 5.26, y, = 3 x 107 m?/(Vs) and
ta =5 x 107 m?/(Vs)). During this transition, the current in the left hysteresis
branch intersects at a crossover voltage U, (Figure 5.26, j1, = 3-107'* m?/(Vs)), which
moves towards U = 0 V as the mobility increases until the entire left hysteresis branch
is directed counterclockwise (Figure 5.26, second row). Origin of this transition is
the shorter time required for vacancies with a larger mobility to reach a steady state,
which causes a faster annihilation of the depletion zone before U < 0 V is reached.

Further increasing the vacancy mobility (Figure 5.26, second row) results in the
formation of maxima at voltages U < Upayx (and U > Upyyn), a symmetric I-V curve,
and an overall reduced maximum current. This behavior reflects the formation
dynamics of the depletion zone: In the high-mobility regime, the depletion zone can
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5. Simulation results

form before Ui, or Upay is reached, leading to maxima at earlier voltages and a drop
in the current. Simultaneously, the vacancy density is close to its steady state limit,
resulting in the symmetry around U =0V and U, ~ 0 V.
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Figure 5.26.: Example hysteresis loops of the second cycle I-V simulation for selected vacancy
mobility values. (From [DA5] with modifications.)

Additional simulations in [DA5] reveal that the crossover voltage consistently converges
to U. = 0 V after a sufficiently large number of voltage cycles. Higher mobility values
result in faster reaching U, = 0 V, requiring fewer cycles. Moreover, variations in the
voltage sweep rate solely shift the range of mobilities for which hysteresis becomes
observable.

In summary, the hysteresis and its symmetry originate from the formation and
annihilation dynamics of the vacancy depletion zone. Hysteresis occurs in a small
vacancy mobility range, in which the vacancies are sufficiently mobile to follow the
other carriers but slow enough to be in non-equilibrium. Furthermore, the asymmetry
and intersection in the left hysteresis branch are volatile features, influenced by both
vacancy mobility and the number of cycles, vanishing after enough voltage cycles.

In this example, the intrinsic Schottky barriers are so small that SBL is negligible.

122



5.3. Role of vacancy dynamics in two-dimensional memristive devices

However, SBL is debated as a substantial mechanism contributing to hysteresis [150,
226, 262]. Therefore, the influence of SBL on the I-V curve is explored next.

5.3.2. Schottky barrier lowering

For the second case, we consider a similar parameter set Sy (Table B.3 and Table B.4)
as before but introduce intrinsic Schottky barriers ¢g(z1) = 0.144 eV and ¢g(z2) = 0.11
eV with a slightly smaller value at the right contact. The case with SBL refers to the
Schottky barrier lowering model in Section 3.2.2.2; while without/no SBL refers to the
Schottky boundary model in Section 3.2.2.1. The minimum and maximum applied
voltages are Up, = —10 V, Upax = 10 V and one cycle lasts 8 s. This section deals
exclusively with the second cycle I-V curves.

Figure 5.27 shows a comparison of the experimentally measured curve [151] with
the simulated I-V with Schottky barrier lowering (left), without SBL (middle), and
without vacancies (right). We observe good agreement of the measured I-V curve
with the simulated I-V with SBL (Figure 5.27, left). Both have the same clockwise
direction in the right branch and a counterclockwise direction in the left branch. In
comparison to the measured I-V curve in Figure 5.23 (left), the asymmetry around
U =0 V of the measured curve in this section (Figure 5.27, left) is more pronounced,
the two maximum current magnitudes are different, and the right hysteresis area is
smaller than the left area.

Measurement vs. simulation Without SBL Without vacancies

<105
=
‘E
) -6
& 10
3
o

107 O measured

© measured O measured = without vacancies
o w—cycle 2 = without SBL =+« without SBL & vacancies
10— . | | -
-10 -5 0 5 10 =10 -5 0 5 10 -10 -5 0 5 10
bias [V] bias [V] bias [V]

Figure 5.27.: Comparison between measurements of an asymmetric hysteresis curve from
[150] and simulations with SBL (left) and without SBL (middle). Furthermore, simulations
without vacancy migration based on both considered boundary models are compared to
the measurements (right). The simulations are based on the parameter set Sy (Table B.3
and Table B.4). (Left and middle figure from [DA5] with modifications.)

In contrast, the current-voltage characteristics without SBL (Figure 5.27, middle)
shows a qualitative different behavior. Without SBL, the hysteresis direction of the
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5. Simulation results

right branch is counterclockwise. Furthermore, we have significant differences in the
maximum currents and the hysteresis areas of the left and right branches. Additionally,
if we neglect vacancies (Figure 5.27, right), the current magnitude is underestimated
by a factor of two orders and no hysteresis can be observed. For both boundary models
(with and without SBL), the absence of vacancies results in identical I-V curves.

In equilibrium (¢ = 0 s), SBL reduces the contact barriers by approximately 25 % and
18 %. This results in new equilibrium barrier values of ~ 0.11 eV (without SBL: 0.144
eV) at the left and ~ 0.09 eV (without SBL: 0.11 eV) at the right contact, altering
the electron band-edge boundary values (Figure 5.28, left). A similar reduction can
be noticed in the band-edges of holes and vacancies. Next, we investigate how the
barrier change at the left |A¢(z1)| and at the right contact |A¢(z2)| entering the
SBL boundary model evolves over time. The barrier change A¢ is incorporated into
the model through the electric potential boundary condition (3.30), (3.31) via the
relation A¢p = —gAe. Figure 5.28 (middle) shows the applied bias and the changes
in the Schottky barrier heights with respect to time during the first two voltage
cycles. In our one-dimensional case, the condition V,1, < 0 in (3.31) indicates an
upwards bending of the band-edges. Initially, for a positive bias, the band-edges at the
left contact are bent upwards (V, 1, < 0), leading to an increased Schottky barrier
change |A¢(z1)| > 0. Meanwhile, at the right contact, V1, becomes positive, i.e.,
Vo, > 0, indicating a downwards bent band-edge. Consequently, the change in
the right Schottky barrier remains zero, i.e., A¢(xs) = 0, during most of the right
hysteresis cycle (U > 0). When the bias becomes negative, the situation reverses: The
change in Schottky barriers is A¢(z1) = 0 and |A¢(xq)| > 0 during most of the left
hysteresis cycle (U < 0).

t=0s, U=0V

0.2 (

mes without SBL === with SBL

> F =107
= ; 0.1 - =
201 T2 =5
; ss g g 5
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Figure 5.28.: Equilibrium electron band-edge with and without SBL (left) and the Schottky
barrier change along with the applied voltage with respect to time (middle). Furthermore,
a comparison between the simulated I-V curves with SBL (Figure 5.27, left) and without
SBL but with reduced intrinsic Schottky barriers are shown (right). (From [DA5] with
modifications.)
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5.3. Role of vacancy dynamics in two-dimensional memristive devices

An additional I-V simulation was performed without SBL using the reduced equilibrium
Schottky barriers obtained from the simulation with SBL as intrinsic Schottky barriers
¢o, (Figure 5.28, right; No SBL, reduced barrier). The resulting I-V curve aligns
closely with the one obtained with SBL. This comparison shows that the hysteresis is
primarily governed by the formation of the depletion zone as described in the previous
section. Consequently, while SBL significantly affects the -V curve, it does not explain
the origin of hysteresis in this example.

Further simulations in [DA5] with varying intrinsic Schottky barriers at the left or
right contact show a symmetric I-V curve for identical left and right Schottky barrier
values. However, as the Schottky barrier heights at the left and right contacts differ,
increasing asymmetry becomes noticeable in the I-V curve. Depending on the specific
barrier values, this asymmetry can change the hysteresis direction in either the left or
right branch. Other features were observed, such as the formation of a maximum at
U < Upax and a reduction in maximum current with increasing barrier difference.

The analysis of the current-voltage dynamics resulting from asymmetric Schottky
contacts is also investigated in [DA5]. There, the I-V curves show an initial asymmetry
that decreases slightly but remains constant during more than 100 voltage cycles.
Higher vacancy mobilities led to a faster convergence to this stable configuration,
although it did not alter the underlying asymmetry. This observation suggests that
the asymmetry in the hysteretic I-V characteristics, resulting from different Schottky
barriers, is a non-volatile feature. This finding contrasts with the volatility observed
in Section 5.3.1 for the case of negligible Schottky barriers.

5.3.3. Pulse simulation

For applications such as analog computing and the emulation of synaptic behavior,
the devices are operated by applying repetitively short voltage pulses accompanied
by a low-amplitude voltage pulse to read out the resistance via the current. Running
such pulse simulations is challenging and computationally expensive due to the broad
range of timescales involved. Each pulse lasts just a few microseconds to milliseconds,
while the entire set of pulses can extend over many seconds to minutes. Moreover, the
detailed behavior depends significantly on the pulse parameters, resulting in different
maximum currents and symmetry of the set and reset currents. Like the I-V curve
simulations, the pulse simulations start from an ideal equilibrium configuration, which
is not necessarily ensured in the measurements. Considering these challenges, the
pulse simulations in [DA5] show that our vacancy-assisted charge transport model
can reproduce the overall experimental pulse-update behavior of two representative
devices from [150].

125



5. Simulation results

5.3.4. Summary and conclusion

Our findings indicate that the hysteresis in both types of I-V characteristics, with
and without significant Schottky barriers, arises from mobile charged vacancies. The
vacancy dynamics leads to the formation and annihilation of a vacancy depletion
region, locally reducing the conductivity and limiting the current. With this switching
process, we can match experimentally observed I-V curves and explain other features,
such as the formation of a maximum at U < Upay [118, 206, 207], hysteresis crossing
[118], and different hysteresis directions [118, 150, 207].

Experimental studies have previously often explained different hysteresis directions
with different switching mechanisms [118, 150, 262]. However, our simulations reveal
that the vacancy depletion mechanism can account for both hysteresis directions,
depending on minor changes in parameters like Schottky barriers, mobilities, and
sweep cycles. In all our simulations, the hysteresis crossing results from slightly
modifying the vacancy’s dynamic response rather than an entirely new mechanism.
Moreover, our study reveals that, while SBL notably affects the I-V curves, we did not
identify any configuration where solely the effect of SBL reproduces the experimental
measured [-V curve. Indeed, we showed that we can link the hysteresis behavior
to the vacancy dynamics by modifying the Schottky barriers and using the classical
Schottky boundary model. This result offers new insights into the frequently discussed
hypothesis that SBL. might be a primary mechanism for hysteresis in such devices
[150, 226, 262]. In conclusion, our study highlights the importance of considering
vacancy-assisted migration when designing and analyzing lateral memristive devices.
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As the central concepts have been outlined in the preceding chapters, we will now sum-
marize and draw conclusions based on the insights gained from this thesis. Additionally,
we will provide an overview of potential avenues for future investigations.

6.1. Conclusion

A well-structured derivation and formulation of charge transport models, comple-
mented by physically consistent numerical discretizations and simulations, are valuable
tools for theoretical analysis. Furthermore, these tools can potentially guide future
technological advancements, including developing technologies like perovskite solar
cells and memristive devices. These innovations are promising in addressing our time’s
escalating global energy challenges.

In Chapter 2, we started with deriving general semi-classical macroscopic drift-diffusion
equations. The resulting equations allow for an arbitrary number of mobile vacancies.
Furthermore, they effectively include the physics of mobile point defects, particularly
their nonlinear dynamics and volume exclusion effects, which capture the density
saturation prescribed by the material’s structure. Then, we continued in Chapter 3
by formulating drift-diffusion charge transport models tailored to PSCs and TMDC
memristors. Moreover, we developed a self-consistent framework to account for image-
charge-induced Schottky barrier lowering, which allows us to capture the influence
of the applied voltage and the charge carriers on the Schottky barriers. In addition
to these developments, we formulated in Chapter 4 implicit-in-time finite volume
schemes based on the excess chemical potential flux as TPFA which preserves relevant
physical properties such as positivity of densities or constant equilibrium quasi Fermi
potentials. We looked closer to the numerical analysis of the discrete schemes, by
proving an entropy-dissipation inequality which helped us to establish the existence of
discrete solutions at every time step. Finally, in Chapter 5, we performed numerical
simulations with ChargeTransport.jl [DA7]. These simulations allow us to validate
and test our theoretical findings.

Our numerical experiments consistently demonstrate an exponential decay towards
the discrete steady state solution for two error measure functionals. Moreover, the
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relative entropy concerning non-zero band-edge energies exhibits an exponential con-
vergence towards zero for both charge transport models. Our investigations also
reveal that varying initial vacancy densities notably impact the convergence time
towards the steady state, emphasizing the critical importance of aligning material
parameters with existing literature for meaningful comparisons. Furthermore, we
conducted a numerical comparison between two ionic current density descriptions
when incorporating volume exclusion effects in a perovskite solar cell setup, using
MAPI as the perovskite material. Notably, both models recover special cases of the
charge transport model in the limit of ignoring the finite size of ions or suppressing
ionic movement. In cases with high exclusion effects, we observed that the modified
drift current density results in a slower evolution of the ion profile. This highlights the
significant influence of volume exclusion effects on model predictions, particularly in
scenarios involving a modified drift current density description. Lastly, we validated
our charge transport model with I-V and pulse measurements found in literature for
lateral 2D MoS,-based memristive devices. These experiments strongly corroborated
the relevance of vacancy dynamics in TMDC devices and offered a new perspective
on the switching mechanisms. The insights gained from this study can also extend
the functional behavior of 2D TMDC memristive devices, making them promising
candidates for future neuromorphic computing applications.

6.2. Outlook

So far, we established a framework for describing and numerically solving the charge
transport in crystalline semiconductors with additional vacancy migration. However,
in addition to vacancy migration, other effects discussed in the literature influence the
current-voltage characteristics and, consequently, the device performance. For instance,
the impact of trap states has been explored in the context of perovskite-based solar
cells (see, e.g., [110, 147, 183]) and TMDC memristors (see, e.g., [64, 113, 231]). From
a modeling perspective, this involves coupling the drift-diffusion model to another
continuity equation for the trap density, as proposed for perovskites in [77, 182]. Both,
vacancy-assisted migration and charged trap states, alter the overall charge density,
influencing the total device current. Thus, quantitative physical models can help by
separating such effects, which are experimentally challenging to access or distinguish.

Concerning the discretization schemes, investigating the model behavior with non-zero
and even irregular band-edge energies, as successfully applied in LED simulations
[73], is from a mathematical and physical point of view of interest in the future.
Additionally, studying the impact of time-dependent Dirichlet functions aligned with
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physically realistic measurement techniques for PSCs and TMDC memristors can be
a topic of future research. Within the scope of this thesis, we also did not discuss
the convergence of the schemes for charge carriers evolving on different timescales.
Furthermore, we have omitted an examination of the parameter sensitivity of physical
parameters, following existing literature for the perovskite solar cells. Given this
consideration, a logical next step involves a theoretical study of PSCs, similar to
our approach for the TMDC memristive devices, by validating the model through
experimental measurements. The presented ideas naturally extend this thesis and
underline the importance of the interplay between theoretical findings, such as the
modeling and discretization, and physical measurements.
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A. Selected proofs

Within Chapter 2, we formulated the hypotheses (H1) and (H2), which deal with the
regularity of the electrons and holes statistics functions

Fus Fp - R = (0,00) are C'- diffeomorphisms;

(H1)
0 < Fao(n) < Fa(n) <exp(n), neR, ae{np}
and the regularity of the vacancy statistics function
F.:R —(0,1) is a C'- diffeomorphism;
(H2)

0 < Fi(n) < Fa(n) <exp(n), neR.

In this chapter, we show in Appendix A.1 that the examples of Fermi-Dirac and
Boltzmann statistics (2.20), (2.21), and (2.23) indeed satisfy these assumptions. Then,
we deal with the estimates concerning statistics and entropy functions (Lemma 3.3
and Lemma 3.4). We provide the proof of Lemma 3.3 in Appendix A.2 and Lemma 3.4
in Appendix A.3, which are stated under the assumption of (H1), (H2), and/or (H3).
The hypothesis (H3) reads

lim Ha<x7y0)
votos Fol(z)

where H,(z,y) = @u(x) — Po(y) — P/ (y)(x — y) is the relative entropy, defined in
(3.41). We proceed by proving Gronwall’s lemma (Lemma 3.8) in Appendix A.4 and

=400, foryo>0 and o« € {n,p}, (H3)

a discrete integration by parts in Appendix A.5. Lastly, we establish two auxiliary
results. One is needed for the proof of Lemma 4.12 (see Appendix A.G), and the
other is required for the proofs of existence in Theorem 4.15 and Theorem 4.16 (see
Appendix A.7).

A.1. Boltzmann and Fermi-Dirac statistics
functions

We relate the Fermi-Dirac integral of order 1/2 in (2.20), and the Boltzmann ap-
proximation (2.21) to the hypotheses (H1) and (H3). Furthermore, we relate the
Fermi-Dirac integral of order —1 in (2.23) to the hypothesis (H2).
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Lemma A.1. (Boltzmann) Assume that the statistics for electrons and holes is the
Boltzmann statistics (2.21), namely,

Foln)=¢e", neR, aec{np}
Then, F, satisfies (H1) and (H3). O

Lemma A.2. (Fermi-Dirac of order —1) Assume that the statistics for vacancies is
the Fermi-Dirac integral of order —1 in (2.23), namely,

, neR.

Then, F, satisfies (H2). O

Lemma A.3. (Fermi-Dirac of order 1/2) Assume that the statistics for electrons and
holes is the Fermi-Dirac integral of order 1/2 in (2.20), namely,

51/2
\/_ exp(§ —n) +1
Then, F, satisfies (H1) and (H3).

Fa(n) = Fi2(n d¢, neR, ae{np} (A1)

We only give a proof in the case of the Fermi-Dirac statistics of order 1/2 since the
results are essentially trivial for the other statistics functions.

Proof of Lemma A.3. Let o € {n,p}. First, observe that F, is smooth and strictly
increasing with limits 0 and +oo, when 1 — —oco and n — 400, respectively. Then,

61/2 2 00 12 B
Fi5(n) exp(—n) \/_/ = mp—" d¢ < ﬁ/() £/ exp(—€)d§ = 1.

Moreover,

&% exp(€ — 1)

() = \/_/ (exp(é — ) + 1)2

This proves (H1). Now let us focus on the behavior at infinity of Fj/,. We claim the

d¢ < Fija(n).

existence of constants ¢, ¢y > 0 such that
ant? < Fija(n) < con?, forn > 1. (A.2)

With (A.2) we can conclude F1/2( s) = O(s*?) for s — +o0o. Therefore, the associated
entropy function behaves like O(s%/?) and (H3) readily follows. To see that (A.2) is
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indeed satisfied, we consider (A.1) on the two intervals [0,7] and [n, +00), where the
respective integrals are denoted by Iy, I,. This yields Fl/Q(n) = \/%7 I + I5) with

n 1/2 00 1/2
I = / § d¢ and I, = / L+n”
o exp(§—n)+1 o exp(z) +1

where we substitute z = £ —n in Is. We bound I; and I, separately. On the one hand,
since 0 < exp (£ —n) < 1 for £ < n, we obtain

1, 2
3t < < St
377 _1_377

On the other hand, we split /5 into an integral over [0,7] and one over [n, +00) and
bound each term

n 1/2 0o 1/2
12—/ (e dz+/ exn g,
0 n

expz+1 expz+1
1/2

S21/2771/2/n;dz+21/2/002—dz.
o expz+1 n expz+1

But,

n 1 n
/ — —dz < / exp(—z)dz < 1
0 expz+1 0

and

00 1/2 oo ,1/2
/ Z—dzg/ S dr=T(3/2),
n 0

expz+1 exp z

— VT

5. Hence, assuming

where I' is the Euler’s Gamma function, satisfying I'(3/2)
n > 1, we receive for I,

0<1I, < \/§<771/2+\/7%> < \/§n3/2(1+\/7%>.

With ¢; = # and ¢y = %(% +v2(1 + \/777)) the claim in (A.2) is shown. O

A.2. Proof of Lemma 3.3

Lemma 3.3. One has the following bounds on the entropy functions ®/, = F, ! in
(3.40) and H,(x,y) = Po(z) — Po(y) — P (y)(x — y) in (3.41).
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(i) Let o € {n,p}. Further, let F, be a statistics function satisfying (H1) and H,
be the associated relative entropy function. Then, for any € > 0 and yo > 0,
there exists a constant ¢y, . > 0 such that

r < cye+eHy(z,y), forallz >0, yel0,yo.

(ii) Let F, be a statistics function satisfying (H2) and ®, be the associated entropy
function. Then, for any € > 0, there exists a constant ¢. > 0 such that

r < c.+edy(x), forallz>0. (A.3)

Proof. First, we show (i). Let F, with a € {n,p} be a statistics function satisfying
(H1) and H, be the associated relative entropy function. Let ¢ > 0 and yo > 0. We
note that the Legendre transform of the strictly convex function = — eH,(x,y) exists
as a sum of a strictly convex and convex function. The Legendre transform reads
L(z) = sup,ep (2 — eHy(x,y)). For x > 0 and y € [0, yo| one has

v <sup (v —eHo(2,y)) +eHa(z,y),
x€ER

where we evaluated the Legendre transform at 1. The value is exactly given by
L(1) =% —eH,(z,y) with = = F, (% - Fojl(y)). In turn, one has

T <cye+eHy(z,y), forallz >0, yel0yol,

for ¢y = Fao (L 4+ F 1 (yo)) > 0 since F, is increasing.

For (ii), where F, is a statistics function satisfying (H2) and &, is the associated
non-negative entropy function, an analogous calculation will prove the estimate

r<c.+ed,(x), forallax >0,

with ¢. := F, (1) > 0, where we use now the Legendre transform of = — e®,(x), given

as L(z) = sup,cp (v2 — ePy(2)). O

A.3. Proof of Lemma 3.4

Lemma 3.4. Let F, with o € {n,p} be a statistics function satisfying (H1) and (H3).
Then, for any € > 0 and y, > 0, there exists a constant c,, . > 0 such that

max{]-:l(x), 0} < eye +eHu(z,y), foralxz>0,yel0y
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Proof. Let us consider F,, with a € {n,p} as a statistics function satisfying (H1) and
(H3). Let € > 0 and yo > 0. Because of (H3) there exists zy > 0, depending on y, and
e such that

0 < F, M (x) <eHy(w,y0), forall z > x. (A.4)

Furthermore, the calculation 0,H,(x,y) = —®%(y)(z — y) < 0 reveals that y —
H,(x,y) is non-increasing for all y € [0, o],y < x, due to the convexity of ®,. This
eventually implies that (A.4) does not only hold for y = yo, but also for y € [0, yo|
with yo < x. Hence,

0< F,'(z) <eHy(z,y), forallye[0,y], > max{rg,yo} =: Z.
This proves the claim with ¢, . = 0 in case of x > Z. For 0 < 2 < Z we have
Fo'l(z) < Fo ' (@),

since F,, ! is monotonously increasing. Due to the positivity of eH,(z,y), the claim

directly follows with ¢, . = F,'(z). Hence, in total, we set ¢, . := min{0, F, '(z)},

which ends the proof. O

A.4. Proof of Gronwall’s lemma

Lemma 3.8. (Gronwall’s lemma) Let tp € R5¢ and suppose that u,g,a : [0,tp] = R
are sufficiently smooth functions such that

W(8) + g(t) < a(tyu(t), forte[0,ts], (A.5)

where a, g are non-negative on [0,tg|. Then,

ult) + /0 t g(s) ds < u(0) exp ( /0 ta(s) ds) . fort e [0,tx]. (A.6)

Proof. Additionally, let h : [0,tr] — R be a sufficiently smooth function. We can
establish our claim directly by demonstrating that if

R (t) < a(t)h(t), fort e [0,tF], (A.7a)

then

h(t) < h(0) exp < /0 () ds)  forte [0,te]. (A.7D)
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To see that our original claim (A.6) follows from (A.7), we define h(t t)+ fo
Due to the assumption (A.5), we have for ¢ € [0, 5]

R'(t) =u'(t) + g(t) < a(t)u(t) < a(t)h(t) + a(t)/o g(s)ds < a(t)h(t),

since both functions, a and g, are non-negative. This means that h satisfies (A.7a).
Thus, from (A.7b), it follows for ¢ € [0,tp]

u(t) + /0 " 4(s) ds = h(t) < h(0) exp ( /0 "a(s) ds) — u(0) exp ( /0 "a(s) ds) |

which proves the claim (A.6). To conclude the proof we demonstrate that (A.7a)
indeed implies (A.7b). We define h(r) = exp(— Jy al h(r), for r € [0,t]. From
(A.7a) the non-negativity of A/ follows ie.,

B(r) = exp (— /0 "als) ds) (W(r) — a(r)h(r)) <0, forr e [0,1].

Integrating A’ from 0 to ¢ gives us h(t) — h(0) < 0, where

h(t) — ;L(O) = exp (—/0 a(s) ds) h(t) — h(0), fort e [0,tp],

which shows (A.7b) after rearranging terms and multiplication with exp( fot a(s)ds). O

A.5. Proof of a discrete integration by parts

Lemma A.7. (Discrete integration by parts) Let (T,&, {xx}ker) be an admissible
mesh and the finite difference operator Dk, be given by (4.5).

(i) Let ™ = (Y)ke7 be the approximation of the electric potential ¢ at time ¢
and ¥ = (Y2)ker be the approximation of the boundary data ¢? € W (Q).
Similarly, we define the approximation of some function u as u = (ug)xer-
Then,

> DiouDio(p™ —¢pP) == > Dr u(wp —vpR).

ceé KeT o€ék

(ii) Let o € {n,p} and the flux approximation J7' , be given by (DF). Furthermore,
let @' = (¢ ) ket and @” = (pR)xer be the approximations of the electron
and hole quasi Fermi potentials at time ™ and the boundary data p? € W1°°(£),
respectively. Then,

Z KG'DKU Lpa Z Z aKa SOCMK ()OI?')? fOI‘OéG{Il,p}.

el KeT o€€k
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(iii) Let @' = (¢1'x) ke, be the approximation of the vacancy quasi Fermi poten-
tial @, at time ™ and J)", be the corresponding flux approximation (DF).
Furthermore, let " = (w[D()KGT be the approximation of ¢¥© € W1°°(2). Then,

Z‘] DKU Soa Z Z aKa QpaK ¢I€)

o€ KeTa o€l

In case of the PSC model, we have T, = Ty, and &, = £ whereas in case of

the TMDC memristor model, we have 7, =T and &, = €.

Proof. All proofs rely on the same idea: We reorder the sums by using the local
conservativity of the finite difference operator D, in (4.5) and the flux approximation
J'k o in (DF) for a € {n,p,a}, i.e., for o = K|L it holds

0= 23{0'+’ ZZ%J:: Lh{aib+‘l)Lp1L
Therefore, it suffices to prove (i). We begin by splitting the sum on the left-hand side
> DrouDi (@™ =)= Y DgouDk, (4" —3P°)

oe€ segint
+ Y DiouDio(p™ —4°)
ocED
+ Z Diou Dy o (™ — ") =1 ) + S + S,
ocEN

and use the definition of the finite difference operator (4.5) to rewrite Sy for o = K|L
Si= Y DrouDio(" —¢") = > Diou (97 — of —of +¢7)
oegint oc&int
= 3 (Dreow (v = ¢F) = Dicou (5 — vR) )

oe&int

= — Z (DLJU (wzl — w[?) + DK,O'U' (w?{l - ¢1€)>’

where Dk ,u = —Dp, ,u since Dk, is locally conservative. It is important to note
that we count edges twice when summing over cells. Therefore, we obtain

=D D Drou(R—vR),
KETa'GgKﬂgi“t

which proves the claim for all interior faces. Furthermore, we can rewrite S, such that

Sy = Y DrouDo (9" — ") = Y Drou (08 — o) — @2 —4R))
oe&P oegP
= - Z Z Dk ou (%b? - ¢1€) )
KETUEgngD
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which proves the claim for all faces located at the Dirichlet boundary. Lastly, due to
the definition of the finite difference operator Dy, for o € N, we have

0= DrouDg,(" =) ==> " Y Diou(vi—ug).

oeEN KeT gefxneN

Thus, we proved (i) for all o € £. O

A.6. Auxiliary result needed to establish
Lemma 4.12

In this section, we establish a technical result which is crucial for the proof of bounds
satisfied by the quasi Fermi potentials of electrons and holes, see Lemma 4.12.

Lemma A.8. Let o € {n,p}. Assume that the statistics function F, satisfies the
hypothesis (H1). Let us define K, : (z,a) € R? = K,(x,a) € R with

Ko(z,a) =log(Fo(zr —a)) — z,
and D,, : (z,y,a,b) € R — D,(x,y,a,b) € R with
D = (v =) B(Ka(w,0) = Kaly.)) Falw — @) = B(Kaly b) = Ka(. 0) ) Fualy — b)|.
Then, for all &, ¥ € R, the function T35 : R — R defined by
Tgg(z) = inf {Da(:c,y, a,b); — 0 <y<® -U<ab< E}
verifies

mgr—noo Tgg(r) =+oc and wl_l}r_POO Tgg5(r) = +oo.

Proof. Let ® and ¥ be given. First, we remark that the function C, is non-increasing
with respect to both of its variables a and x, where x — K, (z,a) is non-increasing
due to (H1). We note that the Bernoulli function B is also non-increasing on R. The
regularity of the functions IC, and JF, ensure that there exist positive constants A, u, 7
such that for all —Egygé, —U<H< U B

A< Koy, b) <A and  p < Foly —b) <.

This implies the following inequalities, for € R, y € [~®, ®] and a,b € [-¥

B(ICa(a:, ~T) + /\> < B(/ca@, a) — Koy, b)

)
—B(—)\ — Kz, _\p)> < —B(/ca@, b) — Koz, @)) <
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yielding the following bounds on D,(x,y,a,b)/(x — y)

Da(2,y,a,0) > B(}Ca(x, —U) + /\>]:a(I — V) — B(—/\ — Koz, —@))ﬂ,
D. (Z,;,ya, b) _ - = (4.8)
T B(Kale,®) = ) Falo + ) = B(A = Kale, ) ) .

First, we consider the case that z < —®. We can deduce from (A.8) that

DOt(x’ y? a’ b)

Fr—— B(Ka(~8,T) = \) Falw + ) = B(A = Ko(~3,9)) o

But, due to (H1), lim F,(x 4+ ¥) = 0, which implies that, for —x large enough, the
T——00

right-hand side of the last inequality is negative. Thus, for such x with x <y we have
Da(w,9,0,0) = (2 = ) [B(Ka(-8,9) = \) Fualw+ B) = B(A = Kal—3,) ),
and, by taking the infimum in y € [~®, ®], we obtain

T55(2) > (z + D) [B (Ica(—6, T) — A)fa(x L) — B()\ — K (-3, T))M] .

As the first product in the right-hand side tends to 0, while the second one tends to
+00, we deduce that

We may now consider that z > ®. From (A.8), we deduce that

Da(gja y? a‘? b) >

S (B(lca@, “T) + ) Falz — U) — B(—A — Ka(®, _ﬁ))ﬁ)

For z sufficiently large, the right-hand side of the last inequality is positive and
To5(@) 2 (2 = ) (B(Ka(@,~T) + ) Falw = ) = B(=) = Ka(®, ~T)).

Therefore, we get

lim Tzg(z) = +o0.

T—r+00
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A.7. Auxiliary result needed to establish the
existence of discrete solutions

In Lemma A.9, we relate the scalar product between a continuous vector field P,,(X)
and the vector of quasi Fermi potentials X, as defined in (4.29), with the discrete
entropy-dissipation inequalities (see Theorem 4.5 and Theorem 4.6). This auxil-
iary result is crucial in proving the existence of discrete solutions, as formulated in
Theorem 4.15 and Theorem 4.16.

Lemma A.9. Let P, : R — R with 0x = 2Card(T) + Card(Ti.) (resp. Ox =
3Card(7)) be a continuous vector field, where the components are related to the
continuity equations (DPa), (DPb), and (DPc) (resp. (DMa), (DMb), and (DMc)) as
follows. For the electron and hole components, we put every term of the equations
(DPa) and (DPb) (resp. (DMa) and (DMb)) on the left-hand side and rescale by
a factor d7™ /v (resp. 0,7 /v and 0,0,7™/v). The vacancy-related components are
given by (DPc) (resp. (DMc)), rescaled by 7. Furthermore, let X denote the vector
containing the unknown quasi Fermi potentials at time step m as defined in (4.29).
Then, the following inequality holds for any € > 0

(1 —em™Er(X) — EA(X™ ) + 7"Dr(X) — 7"ce 0 < Prn(X) - X, (A.9)

where c. g ¢ corresponds to the constant from the entropy-dissipation inequality in
Theorem 4.5 (resp. Theorem 4.6) and X™ ! denotes the solution at time step m — 1.

Proof. In the following, we will only prove the claim for the PSC charge transport
model, as the proof for the TMDC-based memristor model is analogous. The claim was
already established within the proof of Theorem 4.5, where we defined the following
remainder terms

5 My _ Zg _
Sl = 5 Z Zd_na,a (DUSOD)27 SQ = ? Z TanaaU (DU¢D)27

ac{np} ocg 7 segint

oy
Sz = — — .
3=, Z miGx (Pp,x = PnK)
KeT
With this, we can bound the dissipation rate defined in (4.14) as follows

DT(X) _ Sl — 52 — 53 < g Z Z Z Ja,K,U(()Oa,K - 302)

ac{n,p} K€T 0€€i

* g D m (RK B ’VGK> (.5 — ni) (A.10)
KeT
+ 3N Jakolpar —UR).
KeTing: 0€€K
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The recombination and photogeneration term of the right-hand side of (A.10) is equal
to the difference of the recombination-related term of the dissipation D (X), i.e.,
O/v Y ker MRk ((png — goﬂfK), and S3. The remaining terms can be easily estimated
by tracing back the reformulations within the proof of the entropy-dissipation inequality.
For example, for the vacancies, we define Dy o(X) :=22/2>" _cint ToTa o (Dotp,)? (see
(4.31)). We can show the following inequality by using (a® — llrjlér)/Q < a(a —b), the
definition of the discrete flux (4.11) dependent on 7}
parts (see Lemma A.7(iii))

and a discrete integration by

a,0?

ZQ 22
DT,a(X) - 52 - _a Z Taﬁa,a(Do('Pa)Q - _a Z Tcrﬁa,cr (Doz/)D)Q

‘76533& 0651‘3&
— D
Z ToNa,o DK,U‘PaDK,U (‘Pa - ’l/) )
TEE N
D
< - Z JoskoDi o (o — ") < Z Z Jo ko (Paic —VR) -
G’G(‘:mt Keﬂntr JegK

intr

A similar calculation can be applied to relate the remaining terms in (A.10). Moreover,
within the proof of Theorem 4.5, we established (see (4.18) up to a division by 7™)

m—1 _ ,m—1
]ET(X) B ]ET(X ) S 5 Z Z MgK-Zq (SOOC,K — SO[D{) na,K na,K

m Tm
oée{n,p} KeT
A1l
by MK = g (A
+ Y mkz (Pax — YR) ———

m
K€7—intr

We observe that the right-hand sides of (A.10) and (A.11) are equal to scaled scalar
product, given by (P,,(X) - X) /7™

P m 1

Z Z (poaK_SOK <6mKZa ok aK + - Z‘]OéKO'>
ae{n,p} K€T 0’65K
0 > mk (RK(%,K —ni) — VG (Ppx — son,K)> (A.12)
KeT
+ Z Pa, K — wK)(szan _'_ Z JaKU)

Keﬁntr UESK
Here, we used 2z, = —1 and 2, = 1 and defined Rg := R(n,k,npx). Thus, by
combining (A.10) and (A.11) we can deduce the estimate

E7(X) —Er(X™) | Dbo(X) — (S + S+ 85) < LX) X

Tm 7—m

(A.13)
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Moreover, we verified within the proof of Theorem 4.5 (see (4.23))
Sl + SQ + Sg S EET(X> + Ce e (A14)
Substituting now (A.14) into (A.13) shows

Er(X) - Er(X™))

m

P, (X) X

m

-+ DT(X) — <€E7‘(X) + Cs,ﬂ,ﬁ) <
Finally, multiplying the last inequality by 7 and rearranging terms completes the

proof.
O
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B. Summary of model parameters

All model parameters used for the simulations in Chapter 5 are summarized in this
chapter. Appendix B.1 contains the parameters for the perovskite solar cell application
and Appendix B.2 for the TMDC-based memristive devices.

B.1. Perovskite solar cells

We use Table B.1 in Section 5.1.1.2 to simulate a three-layer PSC device domain with
TiO, as electron transport layer material and spiro-OMeTAD as material for the hole
transport layer. Apart from N, = 1.0 x 10>” m~3 and E, = —4.45 eV, the parameter

values are from [44, 48].

Physical quantity Symbol Value Unit
TiO9 MAPI spiro-OMeTAD
Layer thickness 100 400 200 nm
Relative permittivity Er 10 24.1 3
Conduction band-edge energy En —4.0 —-3.7 —3.4 eV
Valence band-edge energy Ep —5.8 —5.4 —5.1 eV
Vacancy energy level E, - —4.45 - eV
Eff. conduction band DoS Nu 5 x 10%° 8.1 x 10% 5 x 10%° m~3
Eff. valence band DoS Np 5 x 10%° 5.8 x 1024 5 x 10%° m~3
Max. vacancy density Na - 1.0 x 1027 - m~3
Doping density Ch 1.0 x 10%4 0.0 0.0 m~3
Doping density cp 0.0 0.0 1.0 x 10?4 m~3
Average vacancy density Ca - 1.6 x 10%° - m~—3
Electron mobility fin 3.89 x 1074 6.62x 1073 3.89 x 1075 m?2/(Vs)
Hole mobility Up 3.89x 1074  6.62x 1073 3.89 x 1075 m?/(Vs)
Vacancy mobility Ha - 3.39 x 10716 - m?/(Vs)
Radiative recombination coeff. T0,rad 6.8 x 1017 3.6 x 1018 6.3 x 1017 m3 /s
SRH lifetime, electrons Tn 1.0 x 10100 3.0 x 1079 1.0 x 10100 s
SRH lifetime, holes To 1.0 x 10100 3.0x 1077 1.0 x 10100 s
SRH trap energy E; —5.0 —4.55 —4.1 eV
Inc. photon flux Fon 0.0 1.4 x 102! 0.0 1/(m?s)
Absorption coefficient ag 0.0 1.3 x 107 0.0 1/m

Table B.1.: Parameter values from [44, 48] for the simulation of a three-layer perovskite
solar cell at a temperature 7' = 298 K with TiO as electron transport layer material and

spiro-OMeTAD as hole transport layer material.

143



B. Summary of model parameters

Furthermore, the simulations in Section 5.2 are based on Table B.2, where the
parameters are from [28]. In this setup we use PCBM as electron transport layer
material and PEDOT:PSS as hole transport layer material.

Physical quantity Symbol Value Unit
PCBM MAPI PEDOT:PSS
Layer thickness 85 300 30 nm
Relative permittivity Er 3 23.0 4
Conduction band-edge energy En —-3.8 —-3.8 —-3.0 eV
Valence band-edge energy Ey —6.2 —5.4 —=5.1 eV
Eff. conduction band DoS Ny 1 x 102° 1.0 x 102° 1 x 1026 m~—3
Eff. valence band DoS Np 1 x 10% 1 x 10%° 1 x 10%6 m~3
Doping density Ch 2.09 x 1024 0.0 0.0 m~3
Doping density Cp 0.0 0.0 2.09 x 10%4 m~3
Average vacancy density Ca - 1.0 x 1024 - m~3
Electron mobility fin 1.0x 107 2.0x1073 1.0 x 105 m?/(Vs)
Hole mobility Up 1.0x 1077  2.0x 1073 1.0x 1075  m2/(Vs)
Vacancy mobility Ha - 1.0 x 1014 - m?/(Vs)
Radiative recombination coeff. 70,rad 6.8 x 10717 3.6 x 10718 3.6 x 10~18 m3/s
SRH lifetime, electrons Tn 1.0 x 10100 1.0 x 10~7 1.0 x 10100 s
SRH lifetime, holes o 1.0 x 10100 1.0 x 1077 1.0 x 10100 s
SRH trap energy E; —=5.0 —4.6 —4.05 eV

Table B.2.: Parameter values from [28] for the simulation of a three-layer perovskite solar
cell at a temperature 7' = 300 K with PCBM as electron transport layer material and
PEDQOT:PSS as hole transport layer material.

We note that with a lattice constant of a = 6.28 x 107° m (see [65]), we have an
ideal halide density of N, = 1.21 x 10*® m~3. In the simulations in Section 5.2, when
N, = 1.0 x 10*® m™3 (¢ = 0.01), we choose E, = —4.66 eV and for N, = 1.1 x 10*
m~ (e = 0.9), we set E, = —4.16 eV. For all other choices of the tuple (N,, F,) we
directly refer to the simulation files in [DA1]. In both parameter sets in Table B.1 and
Table B.2, we set the doping to C' = C}; in the electron transport layer, C' = —C}, in
the intrinsic perovskite layer and C' = —C}, in the hole transport layer.

B.2. TMDC-based memristive devices

In the following, we have the material-dependent parameters collected from literature
summarized in Table B.3. The sample specific parameters for the simulations in
Section 5.1.2, Section 5.3.1 and Section 5.3.2 are summarized in Table B.4.

We calculate the valence band-edge energy with the relation £, = £, — I, and the
effective conduction and valence band densities of states Ny, N, via (2.19) by inserting
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the effective masses from Table B.3. The saturation limit N, can be estimated by
the volume V' and the number of sulfur sites in a 2H MoS, unit cell, see Figure 2.4.
With the lattice constants ¢ = 0.316 nm and ¢ = 1.229 nm from [215], we have
N, <4/V ~ 4 x 10*® m~3. Lastly, we use an n-type, i.e., positive background doping
concentration C' = 1.0 x 10?! m~3. This concentration value improves numerical

stability and is sufficiently small to have no significant influence on the results.

Physical quantity Symbol Value used Range Unit Reference
Channel length 1 - pm [150]
Channel width 10 - pm [150]

Channel thickness 0.015 - pm [150]

Relative permittivity €r 10 - [130]
Image-force permittivity €i 10 > e [156, 176]
Conduction band-edge energy E, —4.0 [—4.3,-3.7] eV [53, 104, 153, 184, 251]
Band gap Eg 1.3 - eV [159]
Valence band-edge energy E, —5.3 — eV
Electron effective mass m} 0.55 - mo [257]
Electron effective mass my 0.71 - mo [257]
Eff. conduction band DoS Nn 1 x 102° - m—3
Eff. valence band DoS Np 1.5 x 10%° - m~3
Max. vacancy density Na 1 x 1028 <4 x10%8 m~3

Electron mobility n - [1.0x107%,1.0x1072] m?/(Vs)[151, 197, 256, 261]
Hole mobility s - [1.0x1072,1.0x1072] m?/(Vs)[151, 197, 256, 261]
Doping density C 1.0 x 102! - m~3

Table B.3.: Summary of the MoS, material parameters collected from the literature for a
layer thickness of =~ 15 nm and a constant temperature 1" = 300 K and comparison with
the values used in the simulations. Here, mg denotes the electron rest mass.

Next, the sample-specific parameters are summarized in Table B.4. The used intrinsic
vacancy energies result in average vacancy concentrations of C, ~ 6.4 x 10* m™3
(E, = —4.32¢eV) and C, ~ 5.4 x 102 m™3 (E, = —4.33 eV). These average vacancy
concentrations align well with DFT calculations [106, 195], which predicted areal
densities of up to ~ 4.6 x 10'” m~2. The areal densities should be divided by the
channel thickness to obtain the average volumetric density, resulting in average vacancy

concentrations C, up to ~ 1 x 10%> m=3.

We can relate the fitted vacancy mobilities u, to the vacancy activation energies AH,
via the Genreith-Schriever hopping model [93] which relates the vacancy mobility s,
the electric field strength E, the drift velocity vy and the activation energy AH, via
fa = ming{(0vy/OF)(AH,, E)}. Assuming a vanishing entropy of migration S, = 0,
an attempted frequency of vy = 1.0 x 102 Hz (see [59]) and setting the hopping
distance to the lattice constant @ = 0.316 nm (see [215]), the chosen vacancy mobilities
in Table B.4 can be translated to the activation energies H, = 0.53 £ 0.01 eV (for
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S;) and H, = 0.503 + 0.001 eV (for Sy). This matches particular well with previous
estimations H, = 0.6 eV for the devices [150]. In case of the parameter set S; one

cycle lasts 10.4 s, while for S, one cycle takes 8 s.

Physical quantity Symbol S1 So Unit
Left Schottky barrier ¢o(z1) 1.0 x 1073 0.144 eV
Right Schottky barrier do(z2) 1.0 x 1073 0.110 eV

Intrinsic vacancy energy Ea —4.32 —4.33 eV

Electron mobility Un 2.5 x 1074 2.15 x 1073 m?/(Vs)

Hole mobility Up 2.5 x 1074 2.15 x 1073 m?/(Vs)
Vacancy mobility Ha 5x 10714 1.15 x 10—13 m?/(Vs)
Voltage amplitude Umax 13 10 Y

Table B.4.: Sample-specific parameter sets S; and Sy obtained from the simulation fits to
the experimental data in Figure 5.23 (right) with S; and in Figure 5.27 (left) with So. A
sweep rate of 5 V/s was used for all fits.
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Zusammenfassung

Angesichts der Klimakrise ist es entscheidend, verstéirkt auf technologischen Fortschritt
zu setzen, um den steigenden COq-Ausstof3 zu reduzieren. Zwei vielversprechende
Halbleitertechnologien, die in diesem Kontext hervorstechen, sind Perowskit-basierte
Solarzellen und auf Ubergangsmetall-Dichalkogenide (TMDC) basierende memristive
Bauteile. Diese Technologien kénnten eine Schliisselrolle beim Ausbau erneuerbarer
Energien oder bei der Entwicklung energieeffizienterer Hardware spielen. In beiden
Materialien, Perowskit und TMDC, belegen experimentelle Studien die Existenz und
Akkumulation von Vakanzen, Leerstellen in der Kristallstruktur, die in den Halblei-
termaterialien migrieren konnen. Dieser zusétzliche Effekt und sein Einfluss auf das
Verhalten der Bauteile sind bislang nicht hinreichend erforscht worden.

Deswegen hat sich die vorliegende Dissertation als Ziel gesetzt, auf umféingliche theoreti-
sche Art den Effekt des zusétzlichen Vakanzentransports in Halbleitern zu untersuchen.
Dabei setzen wir uns mit der Herleitung, der Modellierung, der numerischen Diskreti-
sierung und schlussendlich mit der numerischen Simulation auseinander. Im ersten
Schritt leiten wir Drift-Diffusions Gleichungen her, um den Ladungstransport in Mate-
rialien mit zusétzlicher Vakanzenbewegung zu beschreiben. Die Herleitung basiert auf
thermodynamischen Konzepten wie dem Maxwell-Stefan-Diffusionsmodell und dem
groflkanonischen Ensemble. Besonderes Augenmerk legen wir darauf, die vakanzenba-
sierte Migration und Akkumulation physikalisch korrekt darzustellen. Anschliefend
formulieren wir gekoppelte Systeme partieller Differentialgleichungen, die den Ladungs-
transport in Perowskit-Solarzellen und TMDC-Memristoren modellieren. Aufbauend
auf diesen kontinuierlichen Gleichungen diskretisieren wir die Transportgleichungen
mithilfe des Finite-Volumen-Verfahrens. Durch das Anwenden der Entropie-Methode
konnen wir die Existenz von diskreten Losungen fiir unsere zugrundeliegenden dis-
kreten Modelle nachweisen. Diese Dissertation schliet mit Simulationen ab, die
wir mithilfe von ChargeTransport. j1l durchfiihren, einer von uns entwickelten Soft-
ware, die in der Programmiersprache Julia verfasst wurde. Dabei untersuchen wir
das Langzeitverhalten der diskreten Losungen fiir das Perowskit-Solarzellen und das
TMDC-Memristor Transportmodell. Zuséatzlich diskutieren wir den Einfluss zweier
unterschiedlicher Modellierungsansétze der Vakanzenstromdichte auf den Ladungs-
transport in Perowskit-Solarzellen. Des Weiteren vergleichen wir unsere Simulationser-
gebnisse zum vakanzenbasierten Ladungstransport in TMDC-basierten memristiven
Bauteilen mit experimentellen Messungen aus der Literatur.
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