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Mathematical modelling identifies
conditions for maintaining

and escaping feedback control

in the intestinal epithelium

Matthias M. Fischer'?, Hanspeter Herzel' & Nils Blithgen2**

The intestinal epithelium is one of the fastest renewing tissues in mammals. It shows a hierarchical
organisation, where intestinal stem cells at the base of crypts give rise to rapidly dividing transit
amplifying cells that in turn renew the pool of short-lived differentiated cells. Upon injury and stem-
cellloss, cells can also de-differentiate. Tissue homeostasis requires a tightly regulated balance of
differentiation and stem cell proliferation, and failure can lead to tissue extinction or to unbounded
growth and cancerous lesions. Here, we present a two-compartment mathematical model of
intestinal epithelium population dynamics that includes a known feedback inhibition of stem cell
differentiation by differentiated cells. The model shows that feedback regulation stabilises the number
of differentiated cells as these become invariant to changes in their apoptosis rate. Stability of the
system is largely independent of feedback strength and shape, but specific thresholds exist which if
bypassed cause unbounded growth. When dedifferentiation is added to the model, we find that the
system can recover faster after certain external perturbations. However, dedifferentiation makes the
system more prone to losing homeostasis. Taken together, our mathematical model shows how a
feedback-controlled hierarchical tissue can maintain homeostasis and can be robust to many external
perturbations.

In a hierarchically organised tissue, usually two classes of cells can be distinguished: Adult stem cells with
unlimited capacity of self-renewal, which differentiate into cells with limited proliferative potential that perform
the designated function of the tissue'. Additionally, tissue damage can lead to dedifferentiation of differentiated
cells back into cycling stem cells>>. Homoeostasis of such a tissue in the face of external perturbations requires
a tight regulation of the stem cell compartment. Upon tissue damage, stem cells need to increase proliferation;
however proliferation of the stem cell compartment has to be tightly controlled to prevent unlimited growth of
the tissue®. Such a control seems to be realised by specific feedback loops exerted by differentiated cells onto the
stem cell compartment’. In contrast, control of the dedifferentiation of differentiated cells seems to be exerted
by the stem cell compartment (*® and the references therein).

The intestinal epithelium is a prime example of hierarchically organised tissues. Despite its simple single-
layered structure, it is able to withstand continuous mechanical, chemical and biological stresses due to its specific
tissue architecture and a high rate of tissue turnover’: Stem cells at the bottom of the intestinal crypts divide
continuously approximately once per day. Cells mature while migrating out of the crypt until they terminally dif-
ferentiate and become part of the villi, eventually undergoing apoptosis and being shed into the intestinal lumen'.
In the intestine and colon, the stem cell compartment is controlled via differentiated epithelial cells releasing
Indian Hedgehog (Ihh), which stimulates mesenchymal cells to release Bone Morphogentic Proteins (BMPs).
These interfere with intracellular effects of WNT signalling and thus stimulate stem cell differentiation!!-'.

Previous theoretical research on hierarchical tissues has often focussed on the case of arbitrary tissues: Rod-
riguez-Brenes et al.'® considered a generic hierarchical tissue with a compartment of cycling and differentiating
stem cells, and another compartment of non-cycling differentiated cells undergoing apoptosis, assuming the
differentiated cell compartment may exert feedbacks onto the stem cells by decreasing their rate of proliferation
and reducing the probability of symmetrical stem cell division. They then studied the order in which mutations
in feedbacks need to arise to yield a selective advantage. The same model was used in Rodriguez-Brenes et al."”
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to reveal that during recovery from an injury dampened oscillations may occur, which are more pronounced
when the stem cells are only a small fraction of the cell population. The same model has also been studied by Sun
and Komarova'® to obtain analytical solutions for the mean and variance of the cell compartment sizes. Recently,
Wodarz' has extended the model by including dedifferentiation. Assuming a specific sigmoidal feedback onto
stem cell cycling rate and self-renewal probability, he studied the effect of a linear and a sigmoidal dedifferen-
tiation term, showing how unbounded cancerous tissue growth may arise as a consequence of escaping this
feedback. He also demonstrated how dedifferentiation may allow for speedier regeneration after perturbations
using numerical simulations.

Other tissue-specific theoretical studies include models of the haematopoietic system?°-*, the mammalian
olfactory epithelium?>?%, and breast cancer?’. Models of the intestinal epithelium have been reviewed in Carulli
et al.”®. These include Paulus et al.”?, a model for its post-irradiation recovery that showed that damage-control
response may reside solely in the stem cell compartment without requiring a feedback from the villus, chal-
lenging earlier views. Another important model of the colon epithelium®® showed that a “bang-bang” control of
proliferation is optimal to minimise the time for crypt construction. However, this model assumes continuous
exponential growth, thus it is not suitable to address tissue homeostasis and stability.

Previous theoretical studies that address mechanisms of homeostasis and dynamics of healthy intestinal
epithelium have primarily relied on agent-based, spatially explicit approaches®'~, for a review refer to*”. While
models like these allow for a very detailled description of biological reality including, for instance, spatial effects,
stochasticity, and concentration gradients of signalling molecules, they also show a high complexity which
complicates their rigours mathematical analysis. In contrast, simpler models based on ODEs abstract away
some of these complexities to facilitate their analysis. They are thus useful for gaining insights into the most
general principles governing the system in question. However, approaches based on ODEs have been rare. A
noteworthy exception is Johnston et al.*, who derived a three-compartment ODE model distinguishing stem,
transit-amplifying and terminally differentiated cells, assuming that the first two compartments limit their own
growth via a negative saturating or a negative quadratic term, reminiscent of classical single-species population
dynamic models®. However, no mechanistic justification of these assumptions has been provided, possibly owing
to the fact that our mechanistic understanding of the biology of intestinal stem cells has been limited until very
recently®. Therefore, in this work, we set out to close this gap in the literature and derive a model of intestinal
epithelial population dynamics based on our current mechanistic understanding of the involved underlying
biological processes. This model allowed us to study specifically the role of feedbacks and dedifferentiation in
tissue homeostasis and regeneration for the specific case of the colon epithelium. Because the colon epithelium
can be seen as a prototype of hierarchical tissues, it should be noted that our results can also be transferred to
other kinds of tissues which show a similar organisation.

Materials and methods

Colon epithelium model. Our main model consists of two cell compartments S and D, denoting stem
cells, and differentiated cells, respectively, following earlier approaches °. Stem cells divide and die at constant
rates, thus the compartment shows a realised growth rate . Differentiated cells are cell-cycle arrested and die
with an apoptosis rate . Finally, stem cells differentiate with a rate § (D) that is a function of the size of the dif-
ferentiated cell compartment. Following earlier models in the literature such as Rodriguez-Brenes et al.'’, we
consider transit-amplifying cells to be a part of the differentiated cell compartment D, since their limited prolif-
erative potential distinguishes them from stem cells’.

Overall, the model is described by two coupled ordinary differential equations:

ds@)

T BS(t) — 8(D)S(t)

dD(¢) (1)

2 5(D)S(1) — wD(1),

dt

where 8,0 € Rt and§isa continuously differentiable, monotonically increasing, invertible function Rt — Rt.
This function § models the results of experimental studies on intestinal tissue that demonstrated the stimulation
of stem cell differentiation by differentiated cells via Indian Hedgehog (Ihh), and Bone Morphogenic Protein
(BMP)'12, A sketch of the model is shown in Fig. la.

Colon epithelium model with dedifferentiation. We extend the model by a dedifferentiation process
of differentiated cells into stem cells. In this model, the rate of dedifferentiation is a continuously differentiable
and monotonically decreasing function ¢ : R* — R™ of the stem cell compartment, where a higher number of
stem cells reduces dedifferentiation. Thus, the model reads:

ds(t)

a4 BS(t) — 8(D)S(¥) + 0(S)D

(2)
D
% = 8(D)S(t) — 0(S)D(t) — wD(t).

A sketch of the model is shown in Fig. 4a.
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Figure 1. The basic colon epithelium model. (a) Schematic sketch of the model. (b) The feedback

function § (upper row) determines the qualitative behaviour of the model (lower row). First column: Stable
steady state. Second column: unbounded growth. Third column: sustained oscillations. The little arrows
represent changes to the feedback function compared to the first column. The dotted line in the second

and third column shows the feedback function from the first column for easier comparison. (c) In case of
explosive growth, the system converges to a stable ratio of stem to differentiated cells. Exemplary numerical
integration. (d) Bifurcation diagram of the system with linear feedback function 6. Standard parametrisation:

B =10,0=0.1,80 = 0.9, 85ippe = 1074, 8,nax = 2.0. Note the switch from a stable steady state to unbounded
growth for 8 > 8,4 (upper-left panel ). Also note the invariance of D to changes in w (upper-right panel). Both
properties hold regardless of how we chose 8. Finally, notice that 89 > 0, 85jope > 0 can be made arbitrarily small
without switching to unbounded growth; however, if 9 > B, the system will go extinct (lower two panels). (e) A
steeper feedback functions causes stronger and longer oscillations. Exemplary numerical simulations with linear
function & for varying djop.; steady state fixed at S = 100, D = 1000.

Numerical simulations. Numerical simulations have been implemented in the Python programming lan-
guage, version 3.7.3. We provide the complete commented source code under: https://github.com/Matthias-M-
Fischer/Epithelium.

Results

A population dynamics model of the colon epithelium. We developed a model of the intestinal epi-
thelial population dynamics (Fig. 1a, ‘Materials and methods’), distinguishing between two compartments: A
stem cell compartment with a realised growth rate 8, differentiating at a rate § (D); and differentiated cells under-
going apoptosis and leaving the system at a rate w. We model the differentiation rate as a positive function of the
size of the differentiated cell compartment D, reflecting earlier experimental results'"!?. In this way, our model
conceptually belongs to the family of substrate-depletion oscillators*.

Stability can be lost via two routes. First we study the steady states of system (1). For now, we will not use any
specific function § and only demand that § is a positive, monotonic, continuously differentiable and invertible
function. We also assume d§/dD > 0, since differentiated cells stimulate stem cell differentiation.

By solving dS(¢)/dt = dD(t)/dt = 0 we find two steady states, which in the following we will mark with an
over-bar. We find a trivial steady state (S = 0, D = 0) that exists for all parameter values. Under some conditions,
also a non-trivial steady state exists at S = wD/B and D = §~!(B). Here, 6! denotes the inverse function of 8.
This non-trivial steady state exists if § can reach the value of 8. Thus, this second steady state is only present if
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the maximum differentiation rate is higher than the realised stem cell compartment growth rate. One may see
that the steady state number of differentiated cells D does not depend on the apoptosis rate w (for a proof, see
"Indirect regulation of the stem cell compartment decouples the steady state number of differentiated cells from
their apoptosis rate" section). This is a biologically interesting property which we will return to later.

To address the stability of the steady states, we investigate the Jacobian*' of the system:

_ (B—8(D) —S§(D)
IJ={"s) ssD) -

which at the trivial steady state has eigenvalues 41 = B — §(0), .2 = —w < 0. Hence, the trivial steady state is
only stable if 8 is smaller than the basal differentiation rate §(0).
At any non-trivial steady state, the Jacobian is given by

_ {0 —S§'(D)
Jos=\p ss'D)—w)
The steady state is stable if det Js_s > 0 and tr J,_; < 0 (Routh-Hurwitz criterion, see Strogatz*!), which leads to
the condition that 0 < 8'(D) < §(D)/D.

These results reveal two routes of how the intestinal epithelium can lose homeostasis (Fig. 1b): First, the tissue
might show unbounded growth, which could be interpreted as the emergence of a cancerous lesion (Fig. 1b, sec-
ond column). This occurs once the realised growth rate 8 exceeds the maximum differentiation rate 8, (either
by increased realised stem cell proliferation or decreased maximal differentiation). In this case, only the (unsta-
ble) steady state (0, 0) remains, and any positive perturbatlon of S away from it will lead to unbounded growth.

Second, the steady state D = §~!(8) can get unstable if (D) > §(D)/D. In other words, at the steady state
the slope of the feedback function might exceed §(D)/D. Then, the behaviour of the system depends on the
feedback function. This can be illustrated with the following two examples:

First, consider a linear function of the form §(D) = 8¢ + Jsiope D. The intercept §p denotes the basal differentia-
tion rate of stem cells in the absence of external stimuli, whereas 854y, quantifies the increase in differentiation
as a function of D(t). For instability, we require §'(D) > /D, hence the system will only be stable for a strictly
positive 8. This is biologically plausible, since the basal stem cell differentiation rate can be expected to exceed
zero. If, however, §p = 0, then the fix point will be unstable. This case is equivalent to the classical Lotka-Volterra
model of predator-prey population dynamics, exhibiting undampened oscillations. As a second example, consider
a sigmoidal function of the form §(D) = 8¢ + SmaxD?/ (Dfm id + DP). Here, 8,4x denotes the maximum increase
in differentiation rate the stem cell compartment may experience, D4 is the position of the mid-point of the
sigmoidal function, and p quantifies the steepness of the feedback function around it. For instability, we require
8'(D) > B/D.Hence, at p > 48/8,ax the steady state loses its stability, and sustained oscillations start to occur.

Exponential growth and convergence to a stable cell type ratio after escaping control. Next, we analyse the behav-
iour of system (1) if the conditions for homeostasis described in the previous section are not fulfilled, i.e. during
unbounded growth. This case corresponds to a tissue that has escaped homeostatic control and has degenerated
into a cancerous lesion. In our model, this occurs when f exceeds the maximum of §, implying that § has a maxi-
mum value 8,4 < B. Such saturation of the differentiation rate could arise from saturated signalling or from
upper bounds on the speed of chemical reactions in the cell.

Interestingly, during such unbounded growth the system will converge to a stable cell type ratio
(S(t)/D(t) = const for t — 00): After feedback saturation, the dynamics of the system is governed by the fol-
lowing differential equations:

dS(t)
e = (B — dmax)S(t)
@ = 8maxS(t) — wD(t)
dr - Omax . .

Directly solving for S(¢) yields a simple exponential function, and subsequently we may also solve D(t). Overall,
we get:

S(t) — Soe(ﬂ_amax)t
s=t

D(t) = Doe™" + SoSmaxe™" / (B—buactas g
s=0

where Sy = S(0), Dy = D(0) denote the initial condition of the system. This yields

So8
00max___ (B—8ma)t

D(t) = Doe™ " +
() = Do B by + 0
This allows us to take the following limit

S(t) ,3 +w
t~>oo D(t) Smax

-1,

which denotes the ratio of stem to differentiated cells the system will converge to during explosive growth.
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Additionally, one may see that after the transient period the overall growth of the system amounts to

Bto  (p—smar
S(t)+D(t) =Sy——e max )t
() +D() = So 7T

which implies an exponential growth at a constant rate 8 — &4« Figure 1c provides an exemplary numerical sim-
ulation of the system with a piecewise linear feedback function §(D) = min{0.9 + 10~*D, 1.0}, and parameters

B = 1.1and w = 0.1. Observe the convergence of the ratio S(t)/D(f) to a stable ratio of —1 + (8 + ) /8max =~ 0.2,
which is in agreement with our theoretical analysis.

Bifurcation analysis for the case of piecewise linear 6. Now, we analyse in more detail the specific effects of the
individual model parameters on the existence, position and stability of the steady states of system 1. To this end,
we now choose a concrete differentiation rate function 8. For simplicity, we choose a piecewise linear function
with a positive intercept § > 0, denoting the basal stem cell differentiation rate. We assume that § grows linearly
in D with a slope of 854p, > 0, until it reaches an upper bound 8,4, where it stops increasing. Hence, we have

8(D) = min{dp + 5SlupeDa Smax}s (3)

where 80, 8sope> max > 0. _ _ _
The non-trivial steady state resides at S = wD/B, D = (B — 80)/slope and only exists if B < qx. The steady
state is only biologically feasible (S, D > 0) if §p < B. Then, the Jacobian at the steady state is given by

0 _ (B=d0)w
— B
Jo—s = ﬂ (ﬁfgo)w —w» >

-%wi¢4mw+w%w+%w
28 ’

with eigenvalues

),1)2 =

If

5 Sw

B—=do < 52
the radicand is positive. Then, due to §y < S both eigenvalues will be negative and real, hence the steady state
is a stable node. If, however, the radicand is negative, oscillations occur and the real part of the eigenvalues is
always negative due to 8o, w > 0, making the steady state a stable focus. In any case, any biologically feasible
steady state of this system will always be stable.

Biologically, it is interesting that no other constraints on 8o and . are required except for 8o < f, which we
require for a feasible steady state, and B < 8ax. In particular, 8o > 0, 850pe > 0 can be arbitrarily small, yet the
system remains stable. Similarly, changes in @ > 0 will not affect the stability of the system. Figure 1d illustrates
these findings and shows bifurcation diagrams of the system for varying parameters §, w, 80, Ssiope-

The feedback loop can cause oscillatory behaviour in cell numbers.  In the previous section, we have observed that
the system may exhibit dampened oscillations around the stable steady state. Now, we investigate the specific
influence of the individual model parameters on frequency and amplitude of these oscillations.

For any given steady state S, D it holds that 8o = B — 8jope D. This permits to express /1,2, and thus the ampli-
tude decay and the angular frequency of the dampened oscillations in terms of §jop.. We find that the amplitude
of the oscillations will decay with

aslopeDw - 'Bwt

~ e 2B
Note that at any equilibrium the exponent is negative because from D=(B—- 80)/8slope it follows that
8siopeD — B = —00 < 0. The angular frequency of oscillations reads

00 = \/3uopeDAB?0 + ) — Pt /26,

Hence, a greater slope of the feedback function § will result in a slower decay of the amplitude, as well a higher
cycling frequency. For illustration, we provide a set of numerical simulations of the system with a piecewise linear
function 6 as defined before and varying values of &0, in Fig. 1e.

The relationship between function slope and oscillatory behaviour of the system is a biologically interesting
result. Observe how large values of §p, cause strong oscillations which are biologically unlikely. This suggests
that to minimise oscillations in cell numbers, a smaller slope of the feedback function is desirable. For very small
slopes, the difference between $ and 8 needs to become sufficiently small as well, if the position of the steady
state (S, D) should remain constant. Then, the oscillations will vanish, and the steady state becomes a stable node,
as shown previously.

Scientific Reports |

(2022) 12:5569 | https://doi.org/10.1038/s41598-022-09202-z nature portfolio



www.nature.com/scientificreports/

Comparison of different model topologies. In the previous section, we have shown that the colon
epithelium model can cause homeostasis through a single feedback from differentiated cells onto the stem cell
differentiation rate. However, as a consequence of the indirect feedback loop, the model is also prone to oscil-
latory behaviour which does not serve any immediately obvious biological purpose, and might in fact be not
desirable from a point of view of tissue homeostasis. To uncover potential reasons for why the colon epithe-
lium still relies on such an indirect feedback loop, we now explore how alternative feedback topologies in our
two-compartment colon model might alter tissue homeostasis, and compare the properties of these models. Of
course, model topologies with more than one feedback loop are imaginable, however due to their larger number
of free parameters their analysis leads to complicated expressions that do not lend themselves to a meaningful
analysis. Additionally, because our colon model only has one feedback loop, we here only focus on those alter-
native model topologies which also have exactly one feedback loop. We therefore generate the family of all six
one-looped model topologies (see Supplementary Figure S1).

Controlling stem cells is required for stability. First, we consider those two model topologies where only the
apoptosis rate w is regulated by either S or D, respectively. In contrast, neither stem cell proliferation nor stem
cell differentiation is controlled in these models. These model topologies are biologically unlikely, but we men-
tion them for the sake of completeness. Both topologies are not able to show homeostasis: If both 8 and § are
unregulated and hence constant, we have dS(¢)/dt = 8S — 8S, which for any non-trivial steady state requires
B = 4. This, in turn, implies V¢ : dS(t)/dt = 0, hence after any perturbation of S, S will not return to its pre-
perturbation state. Accordingly, these models are biologically not realistic, and we will not consider them in the
rest of this paper.

Indirect regulation of the stem cell compartment decouples the steady state number of differentiated cells from their
apoptosis rate. Next, we show that all models in which the stem cell compartment is exclusively regulated
by the differentiated cell compartment D following arbitrary continuously differentiable functions 8(D), 8(D)
enjoy the property of D being independent of w: Let dS(¢)/dt = B(D)S — §(D)S. At any non-trivial steady state
(S5, D), from dS(¢)/dt = 0 we get that 8(D) = §(D). Define a(D) := (D) — §(D), then D = a~'(0), which
does indeed not depend on our choice of w.

Saturating feedback functions 8 and § cause convergence to a stable cell type ratio duringunbounded growth.  Finally,
it may also be briefly remarked that all systems in which proliferation and differentiation rates of the stem cell
compartment are functions saturating to Byin and 8,4, will in case of unbounded growth converge to a stable
ratio S(¢)/D(t) = const for t — oc, given by:

S(t) _ Bmin + @

im —— = — 1.
t—o00 D(f) Smax

Differences in relaxation dynamics of different model topologies after perturbations. In this section, we compare
the relaxation dynamics of the four remaining model topologies after perturbations from steady state, again
using simple piecewise linear feedback functions to keep analyses tractable. We examine three different kinds
of perturbations: first, removal of differentiated cells; second, removal of stem cells; and third, both of these
perturbations combined. The first of these perturbations corresponds to a loss of differentiated cells which e.g.
may arise as a consequence of physical stresses, inflammation or interactions of intestinal cells with microbes
or parasites’. The second perturbation describes the loss of intestinal stem cells, which for instance arises as a
consequence of radiation-induced cell damage*. Alternatively, stem cells numbers also might be reduced due to
temporarily increased stem cell differentiation due to stochastic effects which may arise in such small popula-
tions.

Because of bilinear terms in the equations, we cannot in all cases obtain exact analytical solutions of the
occurring dynamics, but use approximations of the dynamics based on a linearisation of the systems around
their respective non-trivial steady state (see Supplement for details).

The Jacobians and their Eigensystems for the remaining four models are shown in Fig. 2, along with schematic
model sketches and exemplary numerical simulations, illustrating typical solutions.

Physiologically, it is important that the number of differentiated cells recovers quickly, as these are responsible
for carrying out the function of a tissue. We hence compare the models based on their defect’ x of differentiated
cells after perturbation—see Panel (a) of Fig. 3 for an illustration. We define the defect as the total area between
D(t) and D after a perturbation att = 0, i.e.

[ee]

X = / D — D(t)dt.
t=0
D(t)<D

'The defect integrates only those time intervals in which D(t) < D, as this defines the lack of tissue functionality.

For all four models and the three types of perturbations, we derived either an analytical expression for the
defect, or—if these are too complicated for a meaningful interpretation—an approximate solution (see Supple-
ment). Three relations simplify their analysis: First, for all models we obtain w = BS/D. Second, the slope of the
feedback function (Byope OF Ssiope» respectively) is not required for describing the dynamics relative to the steady
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Figure 2. All four one-looped model topologies that can show homeostasis. First column: schematic sketches;
second column: exemplary numerical simulations; third column: model equations, as well as Jacobian at the
non-trivial steady state and its eigensystem for the case of a linear feedback function B(x) = Bo + Biiopex OF
8(x) = 80 + Jsiopex, respectively.

state, as the slope is not part of the Eigensystems of the steady state Jacobians of the models. Third, the displace-
ments of all models from steady state of the first and second perturbation are linear in the initial displacement
(AD(0) or AS(0), respectively). This indicates that in both cases the choice of initial displacement (i.e. which
fraction of the cell pool size we remove) will not affect the comparison between model defects, and we can express
all defects as simple multiples of initial displacement. In case of the third perturbation, we remove the same
fraction of stem and differentiated cells, and we express the defect as multiples of the initial displacement of dif-
ferentiated cells. Overall, the complete parameter space we need to consider thus consists only of the ratio of stem
to differentiated cells at steady state and two additional free parameters (depending on the model By, § or B, 8¢).

We show the defects of all four models in Supplementary Figures S2-S5.

a. Colon model vs. direct stimulation of stem cell differentiation We start by comparing our basic colon epithe-
lium model (model 1), with model 2, where stem cell differentiation is stimulated by the stem cell compartment
itself (Fig. 3b). Figure 3c shows the difference in model defects throughout the parameter space (see Supple-
ment for the raw values), where areas shaded in red indicate regions where the colon epithelium model has a
bigger defect than the alternative model. In case of removing differentiated cells (first row) or removing both
differentiated and stem cells at the same time (third row), there exist ample regions (shaded in blue) where the
colon model recovers more efficiently—namely, whenever § is close to 8. This makes sense, because in the colon
epithelium model removing differentiated cells will cause the stem cells to differentiate more slowly and thus
grow in numbers quickly, thus being able to replenish the differentiated cell compartment more quickly. However,
in case of removing only stem cells (second row), the colon epithelium model always performs worse than the
alternative model, except for cases where the fraction of stem cells at the steady state becomes sufficiently big
(middle and right column). However, even then the difference between 8 and B still needs to be small for the
colon model to recover more efficiently.

Intuitively, the inefficient recovery of the colon model to a removal of stem cells can be explained as follows:
After an abrupt reduction of stem cell numbers, stem cell proliferation rate and stem cell differentiation rate are
still equal, and thus the number of stem cells will stay constant first. Only after some time has passed, the number
of differentiated cells will have significantly decreased (due to the reduced influx of new cells). Only then, the
stem cell differentiation rate decreases, and the stem cell compartment can start to expand again.

For the same reason, the colon model recovers efficiently from a removal of differentiated cells: an abrupt
reduction of the number of differentiated cells will lead to an instant, stepwise reduction of the stem cell
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Figure 3. (a) Illustration of our model comparison: After a perturbation att = 0, the model relaxes to its steady
state (continuous blue and orange lines, depicting differentiated and stem cells, respectively). We use a first-
order approximation (continuous red line) to not have to rely on costly numerical solutions of the system, and
compute the defects’ x of the models we want to compare (shaded red area). (b) The two models we compare

in this figure. Top: model 1, where stem cell differentiation is stimulated by the differentiated cell compartment;
bottom: model 2, where the stem cell compartment stimulates its own differentiation. Note that model 1 is
equivalent to our basic colon epithelium model derived earlier. (¢) Difference in defects of model 2 and 1
throughout the parameter space. Areas shaded in red depict regions where model 1 shows a bigger defect than
the alternative model; blue areas indicate the opposite. Columns represent different cases of stem cell fraction
at steady state (1, 10, and 25% respectively), rows represent the three different kinds of perturbations (removing
differentiated cells, removing stem cells, and removing both, respectively).
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differentiation rate. In this way, the stem cell compartment immediately starts to expand exponentially and can
quickly replenish the compartment of differentiated cells.

The alternative model reacts in the exact opposite way, because it regulates stem cell differentiation via the
size of the stem cell compartment, instead of via the size of the differentiated cell compartment (see Fig. 3b).

b. Colon model vs. indirect inhibition of stem cell cycling rate Next, we compare the recovery dynamics of the
colon epithelium model with alternative model 3, where the differentiated cell compartment inhibits stem cell
cycling. Because the two models have different system parameters (8, 8 vs. By, §) we cannot compare them
pointwise in parameter space. However, we can still compare the ranges of model defects for the three different
perturbations and steady state stem cell fractions (1%, 10%, and 25%) if we systematically vary the two other
free parameters within biologically plausible intervals. In all cases, the defects of the two models fall into similar
ranges (see Supplement). Hence, there does not seem to be any relevant difference in recovery behaviour between
indirectly regulating stem cell differentiation vs. indirectly regulating stem cell cycling rate.

c. Colon model vs. self-inhibition of stem cell cycling rate Finally, we compare the recovery dynamics of the colon
epithelium model with the behaviour of model 4, where the stem cell compartment inhibits its own cycling rate.
We again face the problem of the two models having some different system parameters (B, 8 vs. o, 8), thus we
again compare the ranges of defects occurring in different scenarios. For the first and third perturbation, model
4 cannot show an overshoot like the colon model. Thus, it recovers slower by several orders of magnitude if its
stem cell differentiation rate § is small (see Supplement), since a small differentiation rate will cause the system
to take longer to replenish the pool of differentiated cells. The only exception is when the steady state stem cell
fraction is very large. For the remaining case of removing stem cells, the model defects fall into similar ranges.
However the colon epithelium model shows its largest defect in case of a small 89, whereas the alternative model
performs worst in case of a very small difference between Sy and é.

Dedifferentiation improves recovery from perturbations, however offers an additional route
of losing homeostasis. Previously, we have seen that upon loss of stem cells, the colon epithelium model
often does not recover as fast as model 2 (Fig. 3), as removing stem cells will not alter the rate of stem cell dif-
ferentiation. Hence, removing stem cells will lead to a significant loss of differentiated cells first, before differen-
tiation rate drops enough for the stem cell compartment to replenish itself. This way, the transient behaviour is
characterised by large oscillations in the number of differentiated cells, causing a large model defect.

We now study how allowing for the dedifferentiation of differentiated cells affects these recovery dynamics
(Fig. 4a). We again assume for simplicity that the rate of stem cell differentiation is given by a linear function
with intercept 8g and slope 8gop.. We also assume that the function saturates to a maximum value §qx after
some value of D. Hence, we have §(D) = min{do + 8siope D> Smax}, Where 80, 8siope> Smax > 0. Next, we also for
now assume the same, but horizontally mirrored shape for o, giving 0(S) = max{go + 0siopeS; Omin}> Where
00 > 0, Qslope < 0, 0min = 0.

For brevity purposes, the exact calculations are presented in the Supplement. Briefly, adding a linear dedif-
ferentiation function causes a faster decay of the oscillations after perturbations. Additionally, we can find a
critical value gfj, which, when exceeded by oo will also reduce the frequency of oscillations after perturbations.
It is given by

0f = (B — 80/2)40” /.

By means of a Taylor expansion around the steady state, we can also generalise this finding to arbitrary decreasing
differentiable functions . Figure 4b shows some exemplary numerical simulations of this behaviour. Observe,
how the transient period after removing stem cells is characterised by smaller oscillation amplitudes and frequen-
cies when dedifferentiation is allowed.

Next, we examine the influence of dedifferentiation on the stability of the non-trivial steady state of the
system. Regardless of the concrete functions 8, 0, we find that the non-trivial steady state needs to satisfy
B — 8(D) + (B/w)o(S) = 0and D = BS/w. Hence, a non-trivial steady state exists, if and only if we can solve

B —3((B/@)S) + (B/w)o(S) = 0,5 > 0. (4)

Importantly, this shows that dedifferentiation enables the system to lose its non-trivial steady state through a
different route, namely via a sufficient increase of the values of ¢ (see Panel (c) of Fig. 4 for an illustration).
Then, the system will again converge to a stable cell type composition

S a+b+w
im — = ———
t—o00 D(f) 28max

where a := \/45mamein + (b4 w)2,b:= B — Smax> W := ® + Omin (see Supplement for details).

Discussion
In this work, we derived and analysed a simple population dynamics model of the colon epithelium, taking
into account the stimulating effect of differentiated cells onto the differentiation of stem cells''~!*. Despite its
simplicity, the model recapitulated known experimental results, such as the necessity to control the stem cell
compartment for tissue homeostasis®, the balance between stem cell proliferation and differentiation required for
constant tissue size*>*, and the emergence of stable intratumoural heterogeneity in a growing cancer (see below).
We showed that at any stable steady state the number of differentiated cells is not affected by changes in their
apoptosis rate, which is a biologically useful property, since differentiated cells are responsible for carrying out
the primary function of a tissue!'* and changes in apoptosis rate may regularly happen locally as a consequence
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Figure 4. The colon epithelium model with dedifferentiation and its most important properties. (a) Schematic
sketch of the model. (b) Exemplary numerical simulations of the system with piecewise linear differentiation
rate function § and different dedifferentiation rate functions o: no dedifferentiation (first column), linear
dedifferentiation with oo = 0.5, 0sippe = —0.01 (second column) and a faster linear dedifferentiation

00 = 0.9, 0519pe = —0.01 (third column). System parameters are 8 = 1,8p = 0.9, 85jope = 1074, w = 0.1. Note
how adding dedifferentiation, as well as increasing the higher maximum dedifferentiation rate oo makes the
system recover faster and with smaller oscillations after removing stem cells. (c) Adding dedifferentiation
opens up a second way the system can lose homeostatic stability. First column shows the case of homeostasis.
Equilibrium stem cell pool size S is given by solving 0(8)/w — 8(BS/w) = B. Second column: Sufficient
decrease of differentiation rate destroys the non-trivial steady state and unbounded growth occurs. Third
column: Sufficient increase of dedifferentiation rate has the same consequence.
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of infections or mechanical wounding®. Additionally, we have seen that strong alterations in system parameters
are required for the steady state to be destroyed and unbounded growth to occur. In contrast, other single altera-
tions will only change the position of the stable steady state. This is equivalent to the case of a pre-cancerous
lesion, where only a subset of canonical’ colorectal cancer mutations is yet present and which shows a higher
number of cells, but requires further alterations to switch to unbounded growth*. Hence, despite its simplicity,
our model recapitulates the observation of colorectal tumorigenesis being a characteristic multi-step process of
subsequent system alterations in vivo*®, showcasing the intrinsic resilience of the system towards isolated muta-
tions affecting system properties.

However, the indirect feedback loop in the model may cause oscillations. This is reminiscent of e.g. the damp-
ened oscillations observed in the healthy haematopoietic system*”. In case of very steep feedback functions, these
oscillations are more pronounced or can even become undampened; thus, we may expect rather flat feedbacks in
nature. Oscillations in cell numbers do not serve any immediately obvious biological purpose and indeed may
not be desirable for upholding tissue homeostasis. This led us to the question whether the colon model topol-
ogy may offer additional beneficial properties compared to other topologies, to which we compared our model.

We revealed pronounced differences of the plausible model topologies regarding their recovery after pertur-
bations by measuring the cumulative lack of differentiated cells over time after perturbation compared to steady
state levels. We have shown the existence of ample regions in parameter space where the colon epithelium model
recovers more efficiently than the other examined model or at least equally well. If, however, a perturbation
removes stem cells, recovery behaviour was poor.

This prompted us to study the behaviour of the model if we allow for dedifferentiation of differentiated cells.
We revealed that this lets the model recover faster and with smaller oscillations; however, dedifferentiation may
also cause the destruction of the non-trivial steady state. This is biologically interesting because it suggests that
a sufficient degree of dedifferentiation may offer an alternative route towards unbounded growth. Experimental
data seems to confirm the possibility of tumours arising from the differentiated intestinal epithelium*. Interest-
ingly, the mutations required for this indeed occur rather often in colorectal cancers*’, suggesting that increased
dedifferentiation might regularly contribute to tumorigenesis. Experimental data®! point into the same direction.

Obviously, dedifferentiation interferes with the invariance of the steady state number of differentiated cells
to changes in apoptosis rate. However, if the dedifferentiation rate around the steady state is small and only
becomes noticeable if a sizeable fraction of stem cells is removed (which seems to be suggested by the literature,
see Tata et al.> and Beumer and Clevers®), then around the steady state dedifferentiation becomes negligible and
the biologically desirable invariance still holds.

We also revealed that a tissue can be expected to converge to a stable cell-type ratio during unbounded growth.
From a biological point of view, this relates to the topic of intra-tumoural heterogeneity*>~>*, and suggests that in
case of cancerous growth the colon epithelium can still be expected to recapitulate known cellular hierarchies and
differentiation gradients. In case of breast cancer™ and cancers of the haematopoietic system™® this has already
been observed experimentally.

An interesting avenue for future research lies in comparing healthy with tumoural intestinal tissue to clarify,
whether one indeed observes similar cellular subpopulations and differentiation gradients. Recent research
indeed suggests this*”%. Tracking the numbers of different cell types over time during development and after
perturbations could therefore be expected to yield data for validating and parametrising the presented model.
Additionally, comparing the quantitative behaviour of tissues in different stages of tumorigenesis could elucidate
at which stage which system properties change in which way, and thus increase our mechanistic insight into the
dynamics of tumour development. This, in turn, might ultimately help to contribute to the development of novel
approaches to limiting tumoural growth in vivo.
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