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Abstract

The dynamics of protons, the nuclei of hydrogen atoms, are of focal interest in chemistry
and biophysics. Common examples are water splitting for hydrogen fuel production
or protonation underlying the function of various essential proteins. In water or other
hydrogen-rich environments, excess protons can travel rapidly over large distances by
transferring between di erent molecules and interchanging identity with the nuclei of
other hydrogen atoms. This thesis encompasses fundamental theoretical aspects of
the proton-transport dynamics: the spectral signatures, the reaction kinetics and the
non-Markovian nature.

The rst two chapters present how the spectroscopic signatures of proton-transfer
processes are predicted based on the stochastic reaction-rate time scales. The rst-
order linear approximation to model spectroscopic signatures is given by the harmonic
vibrational motion around semi-stable con gurations, the normal modes. However, the
transfer motion of the excess proton between two acceptors, such as water itself, is
not such a normal mode. It is rather described, according to reaction-rate theory as
stochastic motion over an energy barrier. These time scales are extracted from ab initio
simulations and related to the spectra via an analytical model.

In the third chapter, another approach for modeling spectroscopic signatures beyond
the harmonic normal-mode approximation is introduced: that being the inclusion of
anharmonic potential and frequency-dependent friction e ects. At ambient temperature
and in a liquid medium, the frequency and band shape of a vibrational mode are
strongly in uenced by the energetic and frictional coupling to the environment. When
regarding the spectroscopic signatures of the intramolecular vibrations of water molecules
in the liquid phase, both phenomena are relevant due to the strong intermolecular
interactions via hydrogen bonds. The generalized Langevin equation presents an e ective
dynamical model, which handles arbitrary nonharmonic potential shapes in conjunction
with non-Markovian time-dependent friction, and is here employed to extend the normal-
mode-based description of vibrational spectra. The framework is tested on ab initio
simulation data of water to disentangle anharmonic potential and frequency-dependent
friction e ects on the intramolecular dynamics.

Chapters four and ve focus on aspects of reaction-rate theory, that follow from such
non-Markovian memory friction models, and presumably are relevant for proton-transfer
reactions. A generalized Langevin equation incorporating both time- and space-dependent
friction is introduced and used to systematically study the e ect of di erent memory
friction around the minimal energy, i.e. the reactant state, and around the energy
barrier at the transition state on the mean barrier-crossing times. Besides the memory
friction, the e ective mass and the potential shape are relevant variables of theoretical
reaction-rate models. The thesis concludes with a perspective on the competition of these
three e ects on reaction times, which is demonstrated for pair-dissociation dynamics in
water from classical molecular-dynamics simulations.






Zusammenfassung

Die Dynamik von Protonen, den Kernen der Wassersto atome, ist ein zentrales Thema
der Chemie und Biophysik. Als Beispiele gelten Wasserspaltung fir die Herstellung von
Wassersto brennsto oder Protonierungsdynamik, die der Funktion vieler essentieller
Proteine zugrunde liegt. In Wasser oder wassersto reichen Umgebungen kdnnen uber-
schissige Protonen leicht Gber groye Entfernungen transportiert werden: durch Spriinge
zwischen den Molekulen und Austausch mit den Kernen anderer Wassersto atome. Diese
Arbeit umfasst grundlegende theoretische Aspekte der Protonentransportdynamik: die
spektralen Signaturen, die Reaktionskinetik und die nicht-Markovsche Natur.

In den ersten beiden Kapitel wird gezeigt, wie die spektralen Signaturen des Pro-
tonentransfers mit den Zeitskalen der stochastischen Reaktionsdynamik vorhergesagt
werden kénnen. Das einfachste Modell fir spektrale Signaturen ist durch die harmonische
Schwingungsbewegung um metastabile Kon gurationen gegeben: die Normalmoden.
Aber die Transferbewegung des Uberschussprotons zwischen zwei Akzeptoren, wie zum
Beispiel Wasser, ist keine solche Normalmode. Entsprechend der Ratentheorie ist wird sie
hier als stochastische Dynamik Uber eine Energiebarriere beschrieben. Die entsprechenden
Zeitskalen werden aus ab-initio Simulationen extrahiert und Uber ein analytisches Modell
mit den Spektren in Beziehung gesetzt.

Im dritten Kapitel wird ein weiterer Ansatz zur Modellierung spektraler Signa-
turen vorgestellt: die harmonische Normalmodenapproximation wird um anharmonische
Potential- und frequenzabhéangige Reibungse ekte erweitert. Bei Raumtemperatur und
in einem ussigen Medium sind die Frequenz und Linienform einer Schwingungsmode
stark durch Kopplung an die Umgebung beein usst. Beide E ekte treten in den spek-
tralen Signaturen der intramolekularen Schwingungen von Wassermolekilen auf, da
es starke intermolekulare Wechselwirkungen tber Wassersto briickenbindungen gibt.
Die Generalisierte Langevin-Gleichung ist ein Modell fur nicht-Markovsche Dynamik
in allgemeinen nichtharmonischen Potentialen, welches hier verwendet wird, um die
normalmodenbasierte Beschreibung von Schwingungsspektren zu erweitern. Die Methode
wird hier auf ab-initio Simulationsdaten von Wasser angewendet, um die E ekte anhar-
monischer Potentiale und frequenzabhangiger Reibung auf die intramolekulare Dynamik
zu verstehen.

Die Kapitel vier und funf konzentrieren sich auf Aspekte der Ratentheorie, die aus
Modellen mit nicht-Markovscher Memory-Reibung folgen und vermutlich fir Protonen-
transferreaktionen relevant sind. Eine Form der Generalisierten Langevin-Gleichung, die
sowohl zeit- als auch ortsabhangige Reibung enthalt, wird eingefiihrt und verwendet,
um die E ekte unterschiedlicher Memory-Reibung um die minimale Energie, d. h. den
Ausgangszustand, und um die Energiebarriere herum, im Ubergangszustand, auf die
mittlere Reaktionszeit systematisch zu untersuchen. Zusatzlich zu der Memory-Reibung,
sind auch die e ektive Masse und die Potentialform relevante Variablen in theoretischen
Ratenmodellen. Die Arbeit schlieyt mit einem Ausblick auf die E ekte dieser drei
Variablen auf mittlere Reaktionszeiten, die flur die Paardissoziationsdynamik in Wasser
anhand klassischer Molekulardynamiksimulationen demonstriert wird.






List of Publications

This cumulative thesis is comprised of the following peer-reviewed publications:

Florian N Briinig, Jan O Daldrop, and Roland R Netz. Pair-reaction dynamics in
water : Competition of memory, potential-shape and inertial e ects. The Journal
of Physical Chemistry B 126(49):10295-10304 (2022).

https://doi.org/10.1021/acs.jpchb.2c05923

Florian N Brinig, Paul Hillmann, Won Kyu Kim, Jan O Daldrop, and Roland R
Netz. Proton-transfer spectroscopy beyond the normal-mode scenarid.he Journal
of Chemical Physics 157(17):174116, (2022).

https://doi.org/10.1063/5.0116686

Florian N Brunig, Roland R Netz, and Julian Kappler. Barrier crossing in the pres-
ence of local memory friction : A numerical study. Physical Review E 106(4):44133
(2022).

https://doi.org/10.1103/PhysRevE.106.044133

Florian N Briinig, Manuel Rammler, Ellen M Adams, Martina Havenith, and Roland
R Netz. Spectral signatures of excess-proton waiting and transfer-path dynamics in
aqueous hydrochloric acid solutions.Nature Communications, 13(1):4210, (2022).

https://doi.org/10.1038/s41467-022-31700-x
Florian N Brinig, Otto Geburtig, Alexander von Canal, Julian Kappler, and Roland
R Netz. Time-Dependent Friction E ects on Vibrational Infrared Frequencies and

Line Shapes of Liquid Water. The Journal of Physical Chemistry B 126(7):1579
1589, (2022).

https://doi.org/10.1021/acs.jpcb.1c09481

Furthermore, during the doctoral research, contributions were provided to the following
peer-reviewed works:

Achintya Kundu, Shavkat | Mamatkulov, Florian N Briinig, Douwe Jan Bonthuis,
Roland R Netz, Thomas Elsaesser, and Benjamin P Fingerhut. Short-Range
Cooperative Slowdown of Water Solvation Dynamics around S - Mg?* lon
Pairs. ACS Physical Chemistry Au 2(6):506-514 (2022).

https://doi.org/10.1021/acsphyschemau.2c00034


https://doi.org/10.1021/acs.jpcb.2c05923
https://doi.org/10.1063/5.0116686
https://doi.org/10.1103/PhysRevE.106.044133
https://doi.org/10.1038/s41467-022-31700-x
https://doi.org/10.1021/acs.jpcb.1c09481
https://doi.org/10.1021/acsphyschemau.2c00034

List of Publications

vi

vii

viii

Yang Yang, Till Stensitzki, Luisa Sauthof, Andrea Schmidt, Patrick Piwowarski,
Francisco Velazquez Escobar, Norbert Michael, Anh Duc Nguyen, Michal Szczepek,
Florian N Briinig, Roland R Netz, Maria Andrea Mroginski, Suliman Adam, Franz
Bartl, Igor Schapiro, Peter Hildebrandt, Patrick Scheerer, and Karsten Heyne.
Ultrafast proton-coupled isomerization in the phototransformation of phytochrome.
Nature Chemistry, 14:823 830, (2022).

https://doi.org/10.1038/s41557-022-00944-x

Shane Carlson, Maximilian Becker, Florian N Briinig, Kenichi Ataka, Rubén Cruz,
Leixiao Yu, Peng Tang, Matej Kandu£, Rainer Haag, Joachim Heberle, Hesam
Makki, and Roland R Netz. Hydrophobicity of Self-Assembled Monolayers of
Alkanes: Fluorination, Density, Roughness, and Lennard-Jones Cuto s.Langmuir,
37(47):13846 13858, (2021).

https://doi.org/10.1021/acs.langmuir.1c02187

Cihan Ayaz, Lucas Tepper, Florian N Brinig, Julian Kappler, Jan O Daldrop, and
Roland R Netz. Non-Markovian modeling of protein folding. Proceedings of the
National Academy of Sciences of the United States of Americd18(31):€2023856118,
(2021).

https://doi.org/10.1073/pnas.2023856118
Richard Schwarzl, Susanne Liese, Florian N Briinig, Fabio Laudisio, and Roland R

Netz. Force Response of Polypeptide Chains from Water-Explicit MD Simulations.
Macromolecules 53(12):4618 4629, (2020).

https://doi.org/10.1021/acs.macromol.0c00138
Shane Carlson, Florian N Briinig, Philip Loche, Douwe Jan Bonthuis, and Roland R

Netz. Exploring the absorption spectrum of simulated water from MHz to infrared.
The Journal of Physical Chemistry A 124(27):5599 5605, (2020).

https://doi.org/10.1021/acs.jpca.0c04063

Daniel Friedrich, Florian N Briinig, Andrew J Nieuwkoop, Roland R Netz, Peter
Hegemann, and Hartmut Oschkinat. Collective exchange processes reveal an active
site proton cage in bacteriorhodopsin.Communications Biology, 3(1):4, (2020).

https://doi.org/10.1038/s42003-019-0733-7

Jan O Daldrop, Julian Kappler, Florian N Brinig, and Roland R Netz. Butane
dihedral angle dynamics in water is dominated by internal friction. Proceedings of
the National Academy of Sciences of the United States of Americd15(20):5169
5174, (2018).

https://doi.org/10.1073/pnas.1722327115


 https://doi.org/10.1038/s41557-022-00944-x
https://doi.org/10.1021/acs.langmuir.1c02187
https://doi.org/10.1073/pnas.2023856118
https://doi.org/10.1021/acs.macromol.0c00138
https://doi.org/10.1021/acs.jpca.0c04063
https://doi.org/10.1038/s42003-019-0733-7
https://doi.org/10.1073/pnas.1722327115

Xi

ix Julian Kappler, Jan O Daldrop, Florian N Brinig, Moritz D Boehle, and Roland R
Netz. Memory-induced acceleration and slowdown of barrier crossinglhe Journal
of Chemical Physics 148(1):014903, (2018).

https://doi.org/10.1063/1.4998239
The following contributed publications are unrelated to this thesis:

i Norbert Lindow, Florian N Brunig, Vincent J Dercksen, Gunar Fabig, Robert
Kiewisz, Stefanie Redemann, Thomas Miller-Reichert, Ste en Prohaska, and
Daniel Baum. Semi-automatic stitching of lamentous structures in image stacks
from serial-section electron tomography.The Journal of Microscopy, 284(1):25 44,
(2021).

https://doi.org/10.1111/jmi.13039

i Norbert Lindow, Stefanie Redemann, Florian N Brinig, Gunar Fabig, Thomas
Mdller-Reichert, and Ste en Prohaska. Chapter 3 - Quanti cation of three-
dimensional spindle architecture. In Helder Maiato and Melina Schuh, editors,
Mitosis and Meiosis Part B, volume 145 ofMethods in Cell Biology pages 45 64.
Academic Press, (2018).

https://doi.org/10.1016/bs.mcb.2018.03.012


https://doi.org/10.1063/1.4998239
https://doi.org/10.1111/jmi.13039
https://doi.org/10.1016/bs.mcb.2018.03.012




Contents

Abstract %
Zusammenfassung Vil
List of Publications iX
Glossary XVii
1. Introduction 3
1.1. Excessprotonsinwater . . . . . .. . . .. . . ... 6
1.1.1. Methodology . .. .. .. ... ... . . ... ... . ... ... 7
1.1.2. Excess proton structure . . . . . . . . .. ..o 12
1.1.3. Excess proton dynamics . . . . . . . . . . ... 22
1.1.4. Nuclear quantumeects . . . ... ... ... .. ... ...... 32
1.1.5. Excess protons in biological systems . . ... .. ......... 34
1.2. Vibrational spectroscopy . . . . . . . . ... e 40
1.2.1. Infrared spectrum of liquid water . . . . ... ... ........ 42
1.3. Reaction-rate theory . . . . . . . . . . . ... 44
1.3.1. Numericalmodels . .. .. ... ... .. ... ... ....... 44
1.3.2. Analyticalmodels . ... .. .. ... ... ... .. .. ... 46
2. Conclusion and Outlook 49
3. Proton-Transfer Spectroscopy Beyond the Normal-Mode Scenario 53

4. Spectral Signatures of Excess-Proton Waiting and Transfer-Path Dynamics
in Aqueous Hydrochloric Acid Solutions 63

5. Time-Dependent Friction E ects on Vibrational Infrared Frequencies and
Line Shapes of Liquid Water 77

6. Barrier-Crossing Times for Di erent Non-Markovian Friction in Well and
Barrier: A Numerical Study 89

7. Pair-Reaction Dynamics in Water: Competition of Memory Friction, Inertia
and the Potential Shape 111



Contents

Appendix A. Supplementary Information:
Proton-Transfer Spectroscopy Beyond the Normal-Mode Scenario 123

Appendix B. Supplementary Information:
Spectral Signatures of Excess-Proton Waiting and Transfer-Path Dynamics
in Aqueous Hydrochloric Acid Solutions 155

Appendix C. Supporting Information:
Time-Dependent Friction E ects on Vibrational Infrared Frequencies and
Line Shapes of Liquid Water 209

Appendix D. Supporting Information:
Pair-Reaction Dynamics in Water: Competition of Memory Friction, Inertia

and the Potential Shape 245
Appendix E. Fluctuation-Dissipation Theorem 281
List of Figures 285
Bibliography 289
Erkléarung 311

Danksagung 313









Glossary

AIMD ab initio molecular dynamics

ATR attenuated total re ection

BOMD Born-Oppenheimer molecular dynamics
BLYP Becke, Lee, Yang and Parr

CMD centroid molecular dynamics

CPMD Car-Parinello molecular dynamics

CP  contact pair

DFT density-functional theory

EXAFS extended X-ray absorption ne structure
FTIR Fourier-transform infrared

FWHM  full width at half maximum

GLE generalized Langevin equation

GH Grote and Hynes

HB  hydrogen bond

HCI  hydrochloric acid

IR infrared

KS  Kohn and Sham

KSR Krishnan, Singh and Robinson

LE Langevin equation

MCTDH  multicon guration time-dependent Hartree
MD  molecular dynamics

MM  Mel'nikov and Meshkov



Glossary

MSD mean squared displacement

MS-EVB multistate empirical valence bond

MFPT mean rst-passage time

MSD mean squared displacement

NM  normal-mode

NMR nuclear magnetic resonance

NQE nuclear quantum e ects

PBE Perdew, Burke and Ernzerhof

PMF potential of mean force

PGH Pollak, Grabert and Hanggi

RDF radial distribution function

RPC ring-polymer contraction

RPMD ring-polymer molecular dynamics

SCI-MS-EVB  self-consistent iterative multistate empirical valence bond
SSP solvent-separated pair

TP  transition path

TRPMD thermostatted ring-polymer molecular dynamics
TS  transition state

TST transition-state theory

VDOS vibrational density of states

VSCF/VCI  vibrational self-consistent eld/virtual state con guration interaction









Introduction

Protons are elementary patrticles with electric charget+le, in units of the elementary
charge, and mass of abouf u, where u denotes the atomic mass unit. Together with the
electrically neutral neutrons they form the nuclei of all atoms. In contrast to neutrons,
which are usually only released from the atomic nuclei upon nuclear ssion, single protons
are abundant in nature. That is because they appear as ionized hydrogen, the smallest
and lightest chemical element, which makes up most of the matter in the universe and,
together with carbon, oxygen and nitrogen, most of the organic matter{7, 18]. Naturally,
excess protons play a key role in many biological and chemical processes [19, 20]. Acid-
base chemistry, which essentially assesses the exchange of protons between di erent
reactants, is fundamental to scienti ¢ and technical applications. Hence, the pH value,
the hydrogen chemical potential given in terms of the concentration or rather activity of
free protons, is an important scale for the characterization and quanti cation of chemical
substances 21]. In industry, hydrogen fuel produced from renewable energy sources, for
example by synthetic water oxidation, is considered to be crucial for the transition to an
ecologically sustainable economy in sectors that are hard or even impossible to electrify
[18, 22].

Inside proteins, the relocation of protons on short and long time scales in the complex
hydrogen-bond network of amino acids and con ned water molecules is believed to be
critically important for protein function in various ways [ 23]. As examples, such “proto-
nation dynamics' are linked to i) the water-splitting redox reaction inside photosystem
Il as part of photosynthesis, ii) proton pumping and water synthesis in cytochrome
c oxidase, which is part of the respiratory chain or iii) conformational transitions in
phytochromes and channelrhodopsins, that exhibit enzyme regulation and light-induced
signal transduction or channeling [24 27, 7].

Since the proton is the smallest atomic nucleus, it is invisible to even the most advanced
experimental imaging techniques. Therefore, dielectric spectroscopic measurements that
are well-established in chemistry and biophysics are often applied to probe the fast
dynamics of excess protons in biological matter28, 20, 29]. The theory to describe these
measurements is historically based on vibrational nhormal modes, which is the linear
harmonic approximation to the motion around meta-stable con gurations, the local
minima of the energy landscaped0]. Two nonlinear theoretical models for spectroscopy
that go beyond this approach are discussed in this thesis.

At nite temperature, the motion over an energy barrier, i.e. a maximum in the
energy landscape, such as encountered in the proton-transfer reaction between water
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molecules or other proton acceptors, is not a vibrational normal mode. Here the process is
described in terms of stochastic reaction dynamics over an e ective energy barrier, which
is characterized by two stochastic time scales. The barrier-crossing waiting time or mean
rst-passage time (MFPT) is the average time the particle waits in the reactant state on
one side of the barrier before crossing over to the product stat&{, 16]. The transfer-path

or transition-path time is the average time of the actual crossing path of a reaction,
the so-called transition path (TP) [32, 33]. The spectral signatures resulting from these
stochastic time scales are derived analytically and applied to describe excess-proton
transfer dynamics in chapters 3 and 4.

Furthermore, at nite temperature vibrational dynamics are a ected by energetic
and frictional coupling to the local environment, that give rise to homogeneous and
inhomogeneous broadening and shifting of the spectroscopic signatured9[ 34]. If the
frictional coupling is adiabatic, energy is dissipated on the time scale of the vibration,
resulting in a so-called homogeneous broadening of vibrational bands. On the other hand,
inhomogeneous broadening becomes relevant when the frictional coupling is nonadiabatic,
i.e. happens on much longer time scales than the vibrational motion. In this case,
the frictional force is nearly constant on the time scale of the vibration and therefore
shifts the vibrational frequency. Inhomogeneous broadening of the total spectra is thus
perceived when this frictional shifting, which is equivalently understood as resulting from
varying inhomogeneous local environments, is time- or ensemble-averaged. These friction
e ects on vibrational spectra are modeled in this thesis in chapter 5 by employing the
generalized Langevin equation GLE); a generalization of the Langevin equation LE)
to time-dependent, or in this context frequency-dependent friction. Importantly, the
formalism employed here handles both, homogeneous and inhomogeneous broadening, or
equivalently adiabatic and nonadiabatic coupling, without any assumptions on time-scale
separation, that are often applied in the literature.

Reaction-rate theory, which underlies the stochastic theory describing the proton-
transfer spectral signatures, is the third major topic of this thesis. The exponential
dependence of reaction times on the inverse temperature, or rather the energy-barrier
height, forms the foundation of reaction rate theory B5. Since in many biophysically
relevant processes, such as proton-transfer or protein dynamics and reactions, the energy
barriers are rather low, the preexponential factor then becomes relevant. Historically,
the e ect of the harmonic potential-shape parameters for the reactant and the transition
states, i.e. the local extrema of the potential landscape, were considered rs8f. Soon
after, the e ects of stochastic frictional forcing and damping by the solvent molecules,
so-called Brownian motion, relative to the solute mass, were shown to exhibit a complex
turnover behavior between slow-downs in either the high- and low-friction limits due to
di erent mechanisms [37]. Whenever there is no time-scale separation between the solvent
degrees of freedom and the solute coordinate of interest, the Markovian assumption is
violated, and the friction constant governing Brownian motion is rather a time-dependent
property, the friction memory kernel [38, 39]. Ever since, reaction-rate theory has been
focusing on the complex e ects of time-dependent friction on the reaction rates, and how
they compete with other known prefactors, such as the potential shape and the mass.



In short, the thesis is comprised of three methodological aspects: vibrational spec-
troscopy, non-Markovian e ects and chemical reaction kinetics; that are applied to three
di erent systems: excess protons in di erent environments, pure water, and pair reactions
in water. The following sections of the introduction give an overview of the literature
and the theoretical concepts. In chapter 3 the infrared [R) spectral signatures and
proton-transfer reaction dynamics in a water cluster, the HO,* cation, are discussed
based on ab initio molecular dynamics D) simulations and nonlinear analytical models.
In chapter 4, this analysis is transferred to decompose the excess-proton dynamics in
concentrated hydrochloric acid solutions with comparison to experimental data. In chap-
ter 5, the IR spectral line-broadening of bulk water is discussed and modeled using the
GLE including non-Markovian time-dependent friction and a nonlinear potential, which
is parameterized from ab initio MD data. In chapter 6, a GLE model for non-Markovian
position and time-dependent friction is introduced to di erentiate the e ects of the well
and barrier regions of a potential landscape on the mean reaction times. In chapter 7,
the pair reaction dynamics of a NaCl ion pair and a pair of unpolar methane beads are
analyzed using theGLE, derived from force- eld MD data, and compared to previous
analytical theories.



1. Introduction

1.1. Excess protons in water

The structure and dynamics of excess protons in water sparked interest already two
centuries ago: Grotthus hypothesized that protons move through water by rapidly hopping
between water molecules, a process in which the excess proton repeatedly interchanges
with water hydrogen atoms, as illustrated in Fig. 1.1 §Q]. This shuttling process leads
to a high mobility of protons in water compared to other ions, as con rmed in many
experiments 1 45]. In attempts to understand the details of the Grotthus mechanism,
the structure and dynamics of excess protons in water have been investigated in numerous
studies throughout the last century, which were summarized in past reviews4p, 28, 20].
Due to its high net charge, the excess proton has a pronounced dielectric spectroscopic
signature. In fact, already early IR spectroscopy experiments reported strong and broad
mid-infrared signals associated with dissolved protons in acidic agueous solutiong7] 49].
This so-called “continuum band', located between the water bending and stretching
bands, where only few organic molecules absorldg 52], and the “acid bend band’, a
blue-shifted water bending band §3 56], are well-known spectroscopic features of excess
protons in water. The interpretation of the spectra of systems containing mobile protons
started a debate about the equilibrium solvation structure of excess protons in water.
On the one side, the Eigen state was hypothesized, corresponding to a central hydronium
ion surrounded by three tightly coordinated water molecules, illustrated below in Fig. 1.2
in green b7]. On the other side, in the Zundel state, the excess proton is shared equally
by two water molecules, illustrated in Fig. 1.2 in red @8§]. Until today, studies argue that
either the Eigen or the Zundel state is more important, often depending on whether their
observable favors one or the other. Obviously, both states participate in the Grotthus
mechanism, but for a complete picture, the residence and interconversion time scales
need to be known.

@ Hydronium protons
@ Excess proton -

/ * ~
Do--@ —» & - Do
("', \ ./ \ /
®

o- —

* \

Figure 1.1.. lllustration of the Grotthus process of proton transport in water. An
excess proton attaches to a water molecule, thereby forming a charged hydronium ion,
H3O*. Whenever any of the three hydrogen atoms of the hydronium ion transfers to a
hydrogen-bonded water molecule, a new hydronium ion is formed, while the original ion
becomes again a neutral water molecule. Thus, an excess proton can transfer quickly
across a chain of water molecules by exchanging identity with the hydrogen atoms of
water itself during the formation of intermediate hydronium ions.



Theoretical simulation studies of excess protons in water are not unambiguous. Since
the Grotthus mechanism can be understood as a concession of fast chemical reactions
between hydronium and water molecules, the e cient classical force elds are not
applicable and quantum-chemical techniques, such as density-functional theonDFT )
methods, need to be applied. Until recently, such methods were computationally too
expensive to address larger system sizes beyond a dozen atoms or long time scales
beyond some picoseconds. To complicate the matter, the proton is the smallest atomic
nucleus and hence subject to signi cant nuclear quantum e ects NQE) even at ambient
conditions [58]. In fact simulation techniques including NQE are evolving rapidly and
naturally are often applied to systems with excess protons [59 62].

More recently, the observation of characteristiclR continuum bands in biological
systems whose function relies on mobile protons shifted the research focus to the role of
con ned water and amino acids as proton donors and acceptors in Grotthus-like proton
transfer mechanisms [63, 49, 50, 64, 52, 65, 13, 7].

1.1.1. Methodology
Experimental methods

Among experimental methods for the observation of excess protondR spectroscopy is the
most prominent [47, 48, 66 70, 54, 71, 72, 55, 73, 56, 74 76, 52, 2]. Another prominent
method that can probe excess protons directly is nuclear magnetic resonanciNIR)
[77, 78, 43]. Both methods are also applied in biological systems to probe speci cally
excess protons, which, due to their small size and fast dynamics, are invisible to the
otherwise widely used structure-resolving techniques, such as X-ray crystallography
[49, 64, 52, 13, 7].

Infrared spectroscopy Linear IR spectroscopy relates the absorbed power of a light
beam at frequency! to the imaginary part of the dielectric susceptibility and thereby

to the autocorrelation function of the dipole moment. Many inter- and intramolecular
dynamical modes are associated with changes of a local dipole moment and are therefore
IR active, especially the dynamics of the charged excess protons. While strictly speaking,
a spectroscopic method measures a system's dynamics, vibrational normal modes are
often well-de ned for speci ¢ molecules but also super-molecular hydration con gurations
(further aspects of vibrational line shapes are discussed in section 1.2 and chapter 5). Due
to the extremely high resolution of modern spectrometers and by tight comparison with
computational quantum-chemistry methods, IR spectra are therefore often interpreted

in terms of ensembles of static con gurations.

IR spectra of strong acids were among the rst studies that reported experimental
evidence of excess proton dynamics from the characteristic spectroscopic signatures
[47, 48]. More recently, pump-probe and other time-resolvedR spectroscopy methods
have addressed the lifetimes of and interconversion times between various spectral regions
[70, 54, 55, 73, 56, 74 76]. Studies in the THz-regime address longer time scaleg9, 2]
and less localized, i.e. collectively-coupled motions with the rst hydration shells [71].
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Nuclear magnetic resonance NMR spectroscopy measures the resonant Larmor fre-
guencies of nuclear magnetic spins precessing around a strong constant external magnetic
eld. Therefore, only nuclei with a nuclear magnetic moment, that is with a total nonzero
spin, which is the case for nuclei with an odd number of either protons or neutrons or
sometimes both, are susceptible to this technique. Both, protons and deuterons, with
spin one half and one respectively, are therefolMR active. The e ective magnetic eld
at the nucleus is usually shielded by the local electronic structure because the electronic
spins are likewise reacting to the external magnetic eld with an antiparallel magnetic
moment. Generally, a higher local electronic density around the nucleus produces a
higher “chemical shielding', which reduces the e ective magnetic eld and likewise the
NMR frequency. The relative shift to a lower frequency is called a lower “chemical shift’,
while in this case, the chemical shielding is higher. ThusNMR spectroscopy can be
applied to probe local electronic structure around atomic nuclei and is therefore a widely
used technique in biophysics and molecular chemistry. Importantly, it can be employed
to measure protons directly, albeit at a lower time resolution than dielectric spectroscopic
measurements.

NMR studies of excess protons in solution are reaching back almost as long i&s
measurements [77, 78, 43].

Theoretical methods

Theoretical simulation approaches for studying excess protons rely mostly on quantum-
chemical methods. The quality of the quantum-chemical model usually depends on the
system size and time scale that is to be addressed and then again on whether one is
interested in static or dynamic properties. The most advanced models are vibrational
self-consistent eld/virtual state con guration interaction ( VSCF/VCI ) or NQE methods,
and notably also electron-nuclear coupling in the multicon guration time-dependent
Hartree (MCTDH ) method, together with many-body, high-level potential energy and
dipole moment surfaces, which have been applied to compute the static properties as
well as IR spectra of excess protons in small water clusters [80 82, 60, 83, 84].

While these methods compare well to gas-phase experimental data, water at ambient
conditions is in the liquid state. The collective, stochastic e ects apparent in larger
thermalized systems, such as water solutions of up to several hundred molecules, are
of therefore of vital interest. Here, approximate and therefore computationally more
e cient quantum-chemical methods, such as ab initio MD simulations, either as Born-
Oppenheimer or Car-ParrinelloMD (BOMD or CPMD), are widely applied [85 89, 61,
52, 90 94, 62]. Alternatively, classical force- eld methods are augmented by heuristic
models P5, 96, 53, 97] or used to sample hydration con gurations that are evaluated by
computationally expensive quantum-chemical techniques in post-processing [98, 99].

Ab initio molecular-dynamics simulations  As stated above, in water and biological
environments, excess protons are constantly reacting by hopping between di erent
molecules and even exchanging identity with other hydrogen atoms. Force- eldMD
simulations, often called classicalMD, that assume stable molecular structures and



commonly cannot address chemical reactions are therefore not applicable. Ab initigiD
simulations do not rely on such force elds and molecular structure models, but solve
the interatomic forces determined by quantum mechanics from rst principles, i.e. by
approximate solution of the Schrodinger equation for the electronie; and nuclearR
degrees of freedom

ihéa(ruR|n)= H (ri;Rist),; (1.1)
with the Hamiltonian operator H

X p2 2X th.2
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H =

where M, and me are the nuclear and electron masses and, the atomic numbers,
so that (eZ,) are the nuclear charges. ¢ is the vaccum permittivity. Since the full
solution is analytically impossible to obtain and numerically demanding even for the
simplest molecules, various approximations are be employed to address di erent scienti ¢
guestions.

If one is interested in nuclear dynamics, as for the case of the excess proton I&
signatures in general, an assumption of timescale separation for the dynamics of the
nuclei and the electrons is useful: the Born-Oppenheimer approximation. The ab initio
MD simulations used throughout this work rely on this assumption and are therefore
also called Born-Oppenheimer molecular dynamicsBOMD). In this formalism, for
which the introduction by Marx and Hutter [100]is followed here, only the electrons are
treated quantum mechanically, while the nuclei follow classical Newtonian mechanics
with the forces derived from the electronic structure. Furthermore, at the timescale of the
nuclear motion, the electrons are assumed to relax instantaneously to the ground state
de ned by the current nuclear positions. The quantum-mechanical problem is therefore
reduced at each instance of time to the ground-state solution ¢ of the time-independent
Schrédinger equation for the electrons with energyg and Hamiltonian He

Eo 0= He o (1.3)
and the equations of motion for each nucleus can be formulated as
MRy =1 (hoHe of I | Viuc(R1); (1.4)

where the rst term on the right side is the gradient of the ground-state energy and the
second term is the gradient of a Coloumb potential comprised of interactions with the
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other nuclei

VAWA

X
e(R0)= R RS

J61

(1.5)

Note, that the common convention is used and the equations are expressed in Hartree
atomic units: energy is given as the Hartree energykEy = h2=(mea5) and length is
expressed in terms of the Bohr radiusg =4 gh?=(mee?).

A breakthrough for numerical solutions of the time-independent Schrédinger Eq(1.3)
of many-electron systems was the development of Kohn-Sham density functional the-
ory (KS DFT). Here, the total wave function of the system g is expanded in terms
of eigenfunctions of non-interacting reference systems. This set of orthonormal single-
electron functions are called the Kohn and ShamKS) orbitals ;, which together give
the electronic density n(r) for given integer occupation numbersf;

X . .
nr)= fij i(nj* (1.6)

The total energy is then the KS energyEXS( ;)

Ewot = h ojHej of  min EXS( ); (1.7)
which is given by
z
EXS( )= Ts( i)+  Vext(r)n(r)dr (1.8)
z
" % Vi (1)n(r)dr + Exc(n): (1.9)

The rst term is the kinetic energy

X
Ts( )= fihij r 3 i (1.10)
i
The second term is an external potential, in this case a Coulomb potential from the
nuclear positionsR| with chargesZ,

X Z

Vext (') = m (1.11)

The third term is the Hartree potential, the classical electrostatic potential between the
electronic densities of the di erent orbitals

z
Vi (r) = jr”(r?q dr © (1.12)

The last term is the exchange correlation energy functionalExc(n), which is often a
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heuristically derived correction functional to account for the missing quantum-mechanical
interactions. This term is crucial as it signi cantly a ects the computational cost and
accuracy of the simulations. The Becke, Lee, Yang and ParBLYP ) exchange correlation
functional, used throughout this work, is a type of common GGA (generalized gradient
approximation) functional that only depends on the value and the gradient of the local
electronic densityn(r) [101, 102. The BLYP functional is heuristic and therefore strictly
speaking not based on rst principles, but computationally e cient and has been widely
applied to study water and biological system with success, especially in combination
with another heuristic correction for dispersion forces, called D3 [103].

The ground-state solution to the electronic system is found by minimization of theKS
energy Eq. (1.8), which de nes the KS HamiltonianHKS in the KS equations

@[N]
@

1, X
P + Vext(r) + Vu(r) + i(r)= i j(r) (1.13)

KS | — X L .
HES ()= () (1.14)

where the Lagrange multipliers j impose the orthogonality constraint between the
orbitals.

For numerical solution of the KS Eqgs. (1.13), the KS orbitals need to be expanded in a
suitable set of basis functions. The choice of basis, in particular the number of basis func-
tions, de nes again crucially the trade-o between accuracy and computational e ciency.
Typically, the valence orbitals, which de ne the chemical bonds, are modeled most accu-
rately, while inner shells are featured at lower precision or even integrated into an e ective
nucleus with a reduced charge and a repulsive pseudopotentidl(4, 105. Theoretically,
Slater-type basis functions exp( jjri Rj), centered at each nuclear positiorR, are
motivated from the solution of the Schrodinger equation. However, for computational
application larger numbers of Gaussian-type basis functions exp( jjri Rj?) are
typically used, which come with analytical solutions to many integrals and Fourier-space
representations. The number of dierent ; primitive basis functions employed to model
an orbital is typically indicated in the nomenclature of a basis set. So-called polarization
and di use functions are additional primitive basis functions for each orbital, that model
far-reaching densities, for example for anions, and induced polarization. As an example,
in this work the TZV2P basis set is a “triple-zeta valence' basis, i.e. three basis functions,
TZV, with two additional functions to account for polarization, 2P, are used to model
electrons in the valence shell]0g. The orthogonality constraint in Eq. (1.13) is implied
on the orbitals ; but the occupation of basis functions may spread over many molecules.
Localization of the electronic densities is therefore required to compute local molecular
polarization. Throughout this work maximally localized Wannier functions are used,
which follow as a unitary transform from the basis functions [105].

Nuclear quantum e ects NQE are known to become relevant whenever the zero-point
energy exceeds the thermal energy)!=2 > kg T [58]. Thus, they generally become more
important at lower temperatures, lower masses or higher frequencies. For the lightest
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atomic nucleus, the proton, they may be relevant at room temperature, as has been
demonstrated in numerous works %9, 60, 97, 61, 62]. Only recently, NQE simulation
techniques have advanced signi cantly to allow to include them into establishedviD
simulation frameworks. Based on the Trotter formalism,NQE are typically addressed by
replacing each atomic nucleus by a closed-loop polymer, or ring polymer, consisting Bf
elementary beads and then running replica simulations. However, the required number
of P increases with the maximal vibrational frequency of the system: P = 32 replicas
are needed to converge simple structural properties of a system at room temperature
containing O-H covalent bonds B8]. This is the naive factor by which the computational
cost of these simulations increases when compared to the case withddQE (replicas can
be run in parallel though). Therefore, it remains challenging to combine these methods
with ab initio MD using DFT which is already computationally very expensive, but
required to model protons in aqueous environments, where formation and breaking of
bonds occur constantly. Consequently, only a few works so far have introducedQE into
such simulations p1, 62], often by making additional assumptions and simpli cations, for
example by reducing the number of replicas®, so called ring-polymer contraction RPC).
In this rapidly emerging eld, however, no general method has been established yet.
Instead, each speci ¢ system requires careful optimization to allow simulation oNQE of
excess protons in water with a ordable additional cost.

1.1.2. Excess proton structure
The Eigen state

The Eigen state was proposed by Wicke et al[57] as the solvation structure of excess
protons in water, building on earlier works that found that excess protons attach to
water molecules to form the hydronium ion, O* . The Eigen state consists of a central
hydronium ion and three water molecules which are tightly hydrogen-bonded to the three
hydrogen atoms of the hydronium, thus forming a BHO4* complex. An illustration is
given on the left in Fig. 1.2. The structure was suggested based on measurements of the
molar heat capacity and molar volume, as well as earlielR and NMR spectra of dissolved
protons, from which the authors deduced ultra-fast motion of the excess proton in the
local hydration environment on the order of 10fs to 100fs [77, 47]. In current literature,
this solvation structure is supported mostly by simulation data, especially ab initio
DFT and heuristic multistate empirical valence bond MS-EVB) simulations at various
levels [LO7, 108 85 87, 61, 52, 92, 62]. When computing the static distribution of excess
protons around water molecules in bulk, most studies nd on average strong coordination
to a single, but of course varying water oxygen. These distributions are signi cantly
a ected when NQE are taken into account and the excess proton is less localized due
to zero-point motion and tunneling [59, 61, 109 62]. Also experimental extended X-ray
absorption ne structure (EXAFS) data supports this equilibrium structure [110. An
established concept building on the Eigen solvation structure is the so-called “special-pair
dance'. The role of the excess proton “dances' rapidly between the three candidate
hydrogen atoms of the central hydronium ion, thereby forming “special pairs' with the
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Figure 1.2.: lllustration of the Eigen (H 9O4", green on the left) 57] and Zundel states
(Hs0,", red in the middle) [4§] as intermediate solvation structures of the excess proton
in water. The gure shows the Eigen-Zundel-Eigen transition as a model for excess-
proton transport. Alternatively, the transport can be regarded as a Zundel-Eigen-Zundel
transition, depending on whether the Zundel or the Eigen states are assumed to be the
dominant solvation species.

according hydrogen-bonded water molecules [107, 62].

The Zundel state

The Eigen state was soon contrasted by the Zundel statetf], in which the excess proton
is symmetrically shared by two water molecules, i.e. KO, . Interestingly, the Zundel
state was also mentioned by Wicke et al[57], following the theories by Eucken[111]and
later Gierer and Wirtz [41], who suggest solvation structures of the excess proton by
either two or four water molecules, of which the former case corresponds to the Zundel
State.

This solvation structure was supported by the extremely high solubility of protons in
water and discussed with respect to the characteristidR spectral signatures, speci cally
the broad continuum between the water bend and stretch motives [48].

In a static description, the two states are mostly distinguished by the asymmetry of the
excess proton localization between two water molecules. In contrast to the Eigen state,
the asymmetry is small for the Zundel state. Therefore, as mentioned above, in contrast
to ab initio DFT simulations with classical treatment of the nuclei, the Zundel state
is supported by simulations which account forNQE because the static distributions of
proton localization between two water molecules are washed ous9, 61, 62]. Furthermore,
the energetically minimal proton asymmetry depends signi cantly on the relative distance
between the two oxygen atoms§9, 92, 2, 4]. It is also notable that the Zundel state
is favored when the water clusters which solvate the excess proton are con ned to a
two-dimensional slab or even more to one-dimensional water wires [112, 52].

Today, it is also known that the IR signatures associated with the Eigen- and Zundel-
like states are indeed distinct. While thelR continuum between the water bend and
stretch vibrations in the range 2000cm * to 3000cm ! as well as the acid-bend mode at



1. Introduction

1750cm ! are associated with Eigen-like solvation structures, the spectral signatures at
1000cm ! to 1200cm 1! are associated with proton-transfer motion between two water
molecules, also called “proton-transfer mode', in Zundel-like structures3p, 85, 54, 72,
98, 88, 99, 92, 2, 4].

Lately, the debate whether the dominant solvation structure of the excess proton
in water corresponds to the Eigen or the Zundel state is converging: recent studies
have demonstrated geometrically asymmetric Eigen and Zundel excess proton states
in water and suggested that the distinction between those states is rather small and
thus mostly semantic b5, 73, 62]. Several 2DIR studies have identi ed signi cant
lifetimes of Zundel-like states, where the excess proton uctuates over large distances
and encompasses asymmetric states that may equally well be characterized as Eigen-like
and thereby relaxed strict static criteria [55, 73, 76].

Obviously, such Zundel-like and Eigen-like structures form dynamic intermediates of
long-distance proton transfer events in water, as also illustrated in Fig. 1.2, where an
Eigen-Zundel-Eigen transition is shown schematically. The alternative perspective is
the Zundel-Eigen-Zundel transition. The general agreement is that there is fast and
reversible interconversion on short time scales and that the energetic di erence between
the two structures is rather small, i.e. the lifetimes are also rather similar §4, 62]. A
discussion of the excess-proton dynamics on short and long time scales is given in section
1.1.3.

Concentrated acid solutions

In the following, some static properties of excess protons in concentrated hydrochloric
acid (HCI) solutions are discussed, with data shown as determined from ab initio Born-
Oppenheimer molecular dynamics BOMD ) simulations of BLYP -D3 DFT quality [2]. In
the simulation data, excess protons are identi ed based on a simple geometric criterion:
after assembling at each time step the water molecules for each oxygen atom with the
closest two hydrogen atoms, the remaining least associated protons form hydronium ions
with their respective closest water molecules. Thereby, at each time step, a total number
of excess protondNy+ equivalent to the number of chloride ions in the simulations is
obtained.

Radial distribution functions

Solvation structures in liquids are often analyzed in terms of spatial correlations using
radial distribution functions ( RDFs) of the di erent solutes. The RDF, gan(r), denotes
the average relative density of particlesa at a distancer around particlesb. The absolute
density of speciesa at distance r to speciesb is then given as ;0ap(r) where ; is the
global density of species. The RDF is computed from simulation data of two particle
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species with numbersN; and Ny, and located at positionsr;

Xla %b
Gab(r) = (NaNp) * h(ri rjj i (1.15)
i=1 j=1

Average particle numbers of species within distance r of particles of specied are
obtained by integration over gap(r)
Z r
Nap(r)= a  dr%r @gap(r9: (1.16)
0

The RDF is directly related to data retrieved from EXAFS measurements [113, 114].

In Fig. 1.3A the spatial correlations of the hydronium ions and in Fig. 1.3B of the excess
protons are shown as obtained from ab initidDFT MD simulation of aqueous hydrochloric
acid solutions at various concentrations 2]. Comparable results for aqueous hydrochloric
acid solutions were shown previously for various exchange-correlation functionals used in
ab initio simulations [9]1] and for di erent self-consistent iterative multistate empirical
valence bond SCI-MS-EVB) simulations [115 116. Other works have regarded single
excess protons dissolved in water [87].

In Fig. 1.3A the RDFs of the oxygen nuclei of the hydronium ions are shown with
respect to the oxygen nuclei of other hydronium ions (0) as solid lines, for the oxygen
nuclei of the water molecules (O) as broken lines, for the the excess protons {Has
dashed and dotted lines and all hydrogen nuclei (H), including excess protons, as dotted
lines. Next to the trivial peaks of the dashed and dotted as well as the dotted lines at
below 1:0A belonging to the hydrogen nuclei which are part of the hydronium ions itself,
a clear peak of the broken lines atlg: o = 2:5A indicates the water oxygen nuclei in
the rst hydration shell. A second, much smaller, peak at about4:20A indicates the
water molecules in the second hydration shell of the hydronium ion. Both peaks at about
do+ o =2:5A and at 4:20A are clearly shown in data for various exchange-correlation
functionals [9]], as well as theSCI-MS-EVB simulations [115 116. Beyond that, a
decomposition of the rst peak into three components has been used to support the
picture of an asymmetric Eigen state $2]. Each peak is accompanied by peaks of the
dotted lines at slightly larger distances, which indicate the hydrogen atoms belonging to
the water molecules in the respective hydration shells. Additionally, the dotted lines show
a weak and broad shoulder below roughl:5A, the origin of which is further discussed
in section 1.1.2. A slight relative maximum of the solid lines atdg+ o+ = 3:00A but
with a magnitude below one indicates a metastable solvation structure to exist between
the oxygens of two hydronium ions. However, note that there is no such signature in
the dashed and dotted lines, i.e. no apparent correlation with the excess proton of the
nearest hydronium ion. The peak atdg+ o+ = 3:00A was also observed by Calio et al.
[116] and atdo+ o+ = 3:20A by Xu et al. [115].

In Fig. 1.3B the RDFs of the excess protons are shown with respect to the other excess
protons (H*) as solid lines and all hydrogen nuclei (H), including excess protons, as
broken lines. The main peak of the broken lines atly+ = 1:8A indicates the mean
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Figure 1.3.: Spatial correlations between the oxygen atoms of hydronium ions (A) and
excess protons (B) with respect to other nuclei in terms of radial distribution functions
(RDFs) as obtained from ab initio MD simulations of hydrochloric acid solutions at
various concentrations. A: RDFs are shown for the oxygen nuclei of the hydronium ions
(O*) as solid lines, for the oxygen nuclei of the water molecules (O) as broken lines, for
the the excess protons (H) as dashed and dotted lines and all hydrogen nuclei (H),
including excess protons, as dotted linesB: RDFs are shown for the excess protons
(H*) as solid lines and all hydrogen nuclei (H), including excess protons, as broken lines.

distance between hydrogen atoms within the same hydronium ion. The peak shows
a shoulder at around2:1A possibly related to spatial correlations between the excess
proton and two hydrogen atoms in the neighboring water molecule of the 5O,* complex.
The second peak of the broken lines aB:8A is related to other water molecules in the
rst hydration shell, that form hydrogen bonds with the hydronium ion to which the
excess proton is assigned. No spatial correlations are apparent in tieRDFs between
excess protons, shown as solid lines. In contrast to that, Xu et a[115] observed a slight
peak atdy- p+ = 4:20A, indicative of spatial correlations between two excess protons.

In summary, the RDFs of the hydronium ions as well as of the excess protons presented
in Figs. 1.3A and B indicate no spatial correlations between excess protons or hydronium
ions and other excess protons. While there appears a slight relative maximum in the
RDF between hydronium ions itself, this may simply be related to close-packing e ects
in the liquid.

In Fig. 1.4 the RDFs of the chloride counterions are shown for the three hydrochloric
acid concentrations with respect to the excess protons as solid lines, all hydrogen nuclei,
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Figure 1.4.: Spatial correlations between the chloride counterions and other nuclei in
terms of radial distribution functions ( RDFs) as obtained from ab initio MD simulations
of hydrochloric acid solutions at various concentrations.RDFs are shown for the excess
protons (H*) as solid lines, all hydrogen nuclei (H), including excess protons, as broken
lines, the oxygen nuclei of the water molecules (O) as dotted lines and the oxygen nuclei
of the hydronium ions (O") as dashed and dotted lines.

including excess protons, as broken lines, the oxygen nuclei of the water molecules as
dotted lines and the oxygen nuclei of the hydronium ions as dashed and dotted lines. For
all hydrochloric acid concentrations, the general features of th&kDFs are comparable
with only weak concentration-dependent trends. TheRDFs of the excess protons around
the counterions (solid lines) show two dominant peaks, a small one that is located at
around de; - = 1:8A and thereby left of the major peak of the hydrogen nucleRDFs
at around dg; y = 2:2A. This peak is important as it corresponds to excess protons
coordinated directly with the counter ion, i.e. in between the chloride ion and the oxygen
atom of the respective hydronium ion. This contact ion pair is considered as an important
intermediate [114. Yet, the excess protons are still part of the hydronium ion, since an
even smaller distance of around.:4A would be expected for the covalent bond to the
chloride atom [114. The peak clearly increases with the hydrochloric acid concentration
in Fig. 1.4, but even for the largest concentration of6 M it remains smaller than the
second and largest peak in theRDF s at about 3:5A. This peak is located to the right of
the rst and dominant peak in the RDFs of the oxygen nuclei of the hydronium ions
(dashed and dotted lines) at arounddg; o+ = 3:0A, which is slightly closer than the
respective peak of all oxygen nuclei at aroundlcy o = 3:1A.
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All of the presented data is in good agreement with results by Baer et al[114]
from comparable ab initio simulations, who additionally show data for much higher
concentrations up to16 m (117 M) and successfully reproducedEXAFS experimental
measurements 113. Speci cally, they report dg o+ = 2:96A and dg; o = 3:14A in
excellent agreement with experimentalEXAFS data [113. Data comparing various
exchange-correlation functionals used in the ab initidDFT simulation also consistently
reproduced the results presented in Fig. 1.4 with no signi cant dependence (except for
the PBE functional) and albeit large errors in some cases [91].

When interpreting the RDFs, the actual densities of the species need to be put into
perspective. The densities of chloride ions, excess protons and hydronium ions are equal
by de nition. However, for the 2M hydrochloric acid solution data set, the ratio of
water molecules to chloride ions or respectively excess protons is about 24.8 and drops
to 11.2 for the 4M and 6.5 for the 6 M data sets. These numbers would have to be
divided by two, assuming that water molecules are equally and exclusively solvating
all chloride ions and excess protons. It is therefore evident, that for thé M solution,
hydronium ions are necessarily residing already in the rst hydration shell of the chloride
ions. More precisely the average coordination numbers around the chloride ions are
obtained by integration over the rst peak of each RDF in Fig. 1.4 and use of Eq.(1.16).
The obtained coordination humbers are reported in tab. 1.1 and are generally in good
agreement with previous simulation and experimental results]14, 113. The average
number of hydronium ions in the rst hydration shell of any chloride ion increases from
0.13 for2M to 0.52 for 6 M. Previously, Baer et al. [114] interpreted this signi cant
increase in the coordination number with an increase of contact ion pairs, where the
excess proton is shared between the hydronium oxygen and the chloride ion. However,
the coordination number of the excess protons around chloride ions does not increase
as much, only from 0.01 for2 M to 0.05 for 6 M. Therefore, the excess protons of the
hydronium ions in the rst solvation shell of the chloride ions mostly point away from
chloride ions and must be coordinated with other water molecules, rather than the
chloride ions.

Taken together, this data indicates that the excess protons in aqueous hydrochloric
acid solutions exclusively reside inside the water, as part of hydronium ions within this
de nition, and additionally within the hydronium ions mostly reside away from the
chloride ions, i.e. between two oxygen atoms and not between a chloride and an oxygen
atom. This holds true even for moderately high concentrations up t®6 M considered in
this study, but necessarily breaks down at very high concentrations when the water is
saturated with hydrochloric acid [114]. The data con rms the high solubility of excess
protons in water, due to energetic but also entropic e ects 116, 75]. Along these lines,
according to [L14 the dominant e ect is the protonation of water when hydrochloric
acid concentration is increased and Calio et al[116] claimed to not observe a change in
proton solvation structures for hydrochloric acid concentrations up t03:26 M. Linear
trends of IR di erence spectra with respect to concentrations up to6 M lead to similar
conclusions, i.e. the correlations of two excess protons, or excess protons and chloride
ions, are negligible [2].
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Table 1.1.: Average coordination numbersN ,(r) around the chloride counterions as
obtained from the rst peak of the RDFs in Fig. 1.4 according to Eq. (1.16).

Cl-H* CI-H Cl-O* Cl-O
(r< 25A) (r< 30A) (r< 35A) (r< 35A)
2M 0.01 5.59 0.13 5.06
4M 0.02 5.37 0.27 5.01
6 M 0.05 5.07 0.52 4.86
2:5m [114] 0.17 5.82
6m [114] 0.42 5.21
10m [114] 0.71 4.67
16 m [114] 1.05 3.99
6m[114, 113] 07 02 51 05
10m[114, 113] 1.0 03 48 05
16 m[114, 113] 1.6 03 42 05

Hydrogen-bond structure

The hydrogen bond HB) structure of the water molecules in the rst hydration shell of
the excess proton has been shown to play an important role for understanding when and
where the excess proton moves [87, 97, 91, 61].

Hydrogen-bond asymmetry Napoli et al. [61] introduced the hydrogen bond HB)
asymmetry as a measure to identify the excess proton among the candidate protons in
a hydronium ion. First, each water molecule is assigned a coordination number as the
di erence of the number of acceptorHBs minus the number of donorHBs. Then is
de ned for each candidate proton at each time step as the coordination number of the
closest neighboring water molecule minus the average of the coordination numbers of the
closest water molecules of the other candidate protons of the same hydronium ion. By
construction, the sum of within a hydronium ion is zero. Napoli et al. [61] found that
protons with strongly negative values of show the typical spectral signatures associated
with excess protons. This measure is also applied to the ab initio simulation data that
was used for the analysis of the long time di usion in section 1.1.3, speci cally to the
joint trajectories of the excess protons from which the spurious “special pair dance' was
removed.

Normalized distributions of  over the whole simulations are shown in Fig. 1.5A with
mean values given in the legend. The mean values are clearly negative which suggests
that this criterion agrees with the excess-proton identi cation scheme applied to this
data set and con rms the previous observation by Napoli et al.[61] To study the
relation betweenHB structure and proton transfer, the trajectories are ltered in time
around the transfer events, i.e. when an excess proton changes its closest oxygen. The
normalized distributions of values during 20fs (40 time steps) before and after a
transfer event are given in Fig. 1.5B D as gray broken lines with mean values reported
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Figure 1.5.: Normalized distributions of the hydrogen bond asymmetries, denoted as
, of the excess proton trajectories from ab initioMD simulations of HCI solutions
at various concentrations. See text for de nition and details. Mean values of the

distributions are reported in the legends.A: Distributions over the whole trajectories. B

D: Distributions of  during 20fs before and after any transfer event (gray broken lines),
i.e. when the excess proton changes the closest oxygen, and distributions ofround
each uni-directional transfer event, which are split into the 20fs before, corresponding to
the donor oxygen of the proton transfer event (blue and left pointing triangles) and the
20fsafter, corresponding to the acceptor oxygen (red and right pointing triangles).

in the legends. To further elucidate the data, the same lter is applied before and after
each uni-directional transfer event. Uni-directional here refers to transfer events, that
are not followed by a fast return back to the original oxygen atom within the following
50fs (100 time steps). By only regarding these uni-directional events, di erentHB
con gurations can be discriminated around the donor oxygen of the proton-transfer
event, i.e. before the uni-directional transfer (shown in blue with left pointing triangles),
and the acceptor oxygen, i.e. after the uni-directional transfer (shown in red with right
pointing triangles), which show distinct distributions in Fig. 1.5B D. The mean values of
the distributions before a transfer are more negative than the corresponding averages in
Fig. 1.5A, indicating that on average a more negative value of precedes an imminent
transfer event. Therefore, actually seems to be a useful predictor for proton transfer.
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Figure 1.6.. Correlations between the existence of a fourth hydrogen bond of a hydronium
ion (4HB) and the return probability of the excess proton, as observed in ab initioMD
simulations of HCI solutions at various concentrations. A: Probability of the excess
proton to return across the mid plane between the oxygens within the following0fs.
B: Time-averaged probabilities of all hydronium ions for the fourth hydrogen bond to
exist (4HB) or not (3HB), as obtained from the whole simulation (gray, no hatching)
and during the 20fsbefore (blue) and after (red) each uni-directional transfer event.

The fourth hydrogen bond Inspired by Tse et al. [87], Biswas et al.[97] and Fischer
and Gunlycke [91] investigated the role of a fourth water molecule hydrogen-bonded to
the hydronium ion. Presumably, its presence determines whether an excess proton would
transfer to a di erent oxygen atom [97] and in particular whether it is likely to return to
the original oxygen atom, i.e. to perform back-and-forth transfers, or not §1]. Biswas
et al. [97] found a correlation between small values of the proton-sharing coordinate
and a peak at2:0A in the RDF between the oxygen atom of the hydronium ion and
the hydrogen atoms of other water molecules in simulations of dilute hydrochloric acid
solutions.

In their simulations of 1.7 M HCI solutions, Fischer and Gunlycke[91] observed a
higher return probability (67 %) if the hydronium ion was coordinated with only three
donor HBs as compared to fourtHBs (53 %), the additional one being an acceptediB
from a fourth water molecule. In accordance with previous works, the fourthHB is
de ned to be present if the vector connecting the hydronium oxygen and the hydrogen
atom of the fourth water molecule has a length of less thar2:6 A and points at an angle
of less than35 with respect to the normal of the plane spanned by the three hydrogen
nuclei of the hydronium ion [87, 91]. The probability of a return within the following 50fs
(100 time steps) upon any transfer across the mid plane between the oxygens obtained
in the simulations is illustrated in Fig. 1.6A depending on whether the donor hydrogen
ion is accepting aHB from a fourth water molecule (4HB, shown in blue with hatching)
or not (3HB, shown in red without hatching). The data demonstrates the clear trend
that the return probability is reduced if a fourth HB is present, in agreement with
previous studies 91]. However, even though this correlation is discernible in the data, the
mechanism does not appear to be a dominant driver for proton transfer in hydrochloric
acid solutions. This follows from Fig. 1.6B, where the probability of observing the fourth



1. Introduction

A f [THZ] B f [THZ]
0 104 I5 5.0 7.5 l(IJO 0 168 2.5 5.0 7.5 1(.)0
2041 — H0 5:0 +
— —— 2M HCI @' :
%15— —— 4MHCI mﬁl 2:5 + '-__
2 AMHCldi  : exp: < N
< 104 (Tramer 2015) .. 00 ~Z -
838 —— BMHCI e o5
— 0:5 1 _ ’
5:0 1
0:0 T T T T T T T
0 1000 2000 3000 4000 0 1000 2000 3000 4000
flem 1] flem 1]

Figure 1.7.: A: IR absorption spectra obtained from ab initio MD simulations of pure
water (blue solid line) and HCI solutions at various concentrations (dark purple: 2 M,
purple: 4 M and red: 6 M). The spectra are divided by the water molecular number
concentration cy . B: Dierence spectra between the threeHCI spectra and the water
spectrum, obtained from the spectra in A. The red dotted line shows an experimental
di erence spectrum of HCI at 4 M [54], rescaled in height to match the simulation results.

HB is plotted for three di erent time averages; the averages over the whole simulations
of all hydronium ions are given in gray, the averages over th@0fs (40 time steps) before
and after each uni-directional transfer event, i.e. without return, are given in blue and
red respectively. Throughout the data, the time-averaged probability of a fourthHB
is only about 10 20%. Before and after uni-directional transfer events this probability
is signi cantly increased but it is still smaller than the probability of a uni-directional
transfer event happening without the presence of a fourth HB.

The data conrms that HB structure is highly correlated with the excess-proton
transfer dynamics and the presented comparison with previous studies strengthens the
existing hypotheses, that theHB asymmetry or the fourth water molecule are useful
descriptors.

1.1.3. Excess proton dynamics

In the following, the dynamic properties of excess protons in concentrated acid solutions
are discussed, using again the data set of BLYP-D3 DFT quality [2] for illustration.

IR spectroscopic signatures

IR absorption spectra of hydrochloric acid solutions at various concentrations are shown in
Fig. 1.7A and compared to a bulk water spectrum, all calculated fromBOMD simulations
[2]. By taking the properly normalized di erence spectrum between the hydrochloric-acid
solution spectra and the bulk water spectrum, as shown in Fig. 1.7B, théR spectral
signatures related to excess-proton dynamics are revealed. The characteristic continuum
band between the water stretching and bending vibrations in the range2000cm ? to
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Figure 1.8.. Examples of ve joint trajectories of excess protons in2 M HCI solution on
short (A) and long time scales B). In A, the pale colored lines indicate the spurious
jumps, resulting from the “special pair dance', that are removed from the trajectories
(see text for details).

3000cm ! is well resolved and in addition strong bands are seen at arounti200cm 1,
400cm ! and below. The di erence spectra show good agreement with experimental
data, shown as a red dotted line in Fig. 1.7B. The previous literature interpretation
of these signatures in terms of Zundel and Eigen con gurations is discussed in section
1.1.2. The interpretation in terms of the proton-transfer reaction dynamics is the topic
of chapter 4.

Long-time dynamics

For the analysis of di usion of the excess protons on long time scales, the simple excess-
proton identi cation scheme for static observables needs to be augmented to identify
joint excess-proton trajectories throughout the whole simulation trajectory. Notably,
some works instead use a center-of-excess-charge reaction coordinate to circumvent this
problem [93]. Here, after identifying at each time step of the simulation a total number
of N+ excess protons, the trajectories of the excess protons are stitched together to a
total of Ny« trajectories, each of the length of the whole simulation. The procedure
obviously introduces jumps in the joint trajectories whenever an excess proton changes
identity, which is a manifestation of the Grotthus process. However, rapid spurious
jumps within the same hydronium ion, the “special pair dance'107, 62], are ltered from
the trajectories by the following procedure: within each hydronium ion, the candidate
proton that either performs the next transfer to another water molecule or is the next to
be identi ed as an excess proton while neighboring a chloride atom, remains the excess
proton (a procedure that was also used by Calio et al[62]). Lastly, the trajectories are
unwrapped over the periodic boundary conditions. Some trajectories of excess protons
produced by this protocol are illustrated in Fig. 1.8A and B along a single Cartesian
coordinate and on two di erent time scales. Additionally in Fig. 1.8A, the pale colored
lines show the trajectories before removal of the “special pair dance'.

Such joint trajectories can be used to calculate mean squared displacementgl$Ds),
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Figure 1.9.: MSDs (mean squared displacements) in the lab framehjr (t)  r(0)j3i,
of the excess protons A) and the oxygen atoms 8) computed from the simulation
trajectories of HCI solutions at three di erent concentrations. In B, the MSD of the
oxygen atoms in the pure-water simulations is shown as well. Errors of the mean are
indicated by the line widths and taken from standard deviations computed over the
individual excess-proton and oxygen-atom joint trajectories. Linear ts are shown as
black broken lines, which are tted in the long time regimes,20ps to 80ps, the range
that is also shown enlarged in the insets.

hir(t)  r(0)j%i, of the excess protons on long time scales. THdSDs averaged over all
excess protons are shown in Fig. 1.9A for simulations of hydrochloric acid solutions at
three di erent concentrations and compared to theMSDs computed for the oxygen atoms
representative of the water molecules in Fig. 1.9B. In general, th#1SD is expected to
show inertial scaling, MSD t2, for short time scales and di usive scaling,MSD t, for
long time scales. Both regimes are well visible in Fig. 1.9B for the oxygen atoms. For
the excess protons the inertial regime is perturbed by the jumps in the joint trajectories,
caused by changes of the excess-proton identities.

The di usion constant D, which is an experimentally observed quantity, is related to
the MSD by

_ 1 . .2..
D= &hjl’(t) r(0)j<i; (2.17)

and computed by a least-square t of the slopes in the di usive regime betweer20ps
to 80ps. The di usion constants are reported in the legends of Figs. 1.9A and B with
statistical errors from the linear ts.

To access the accuracy of these diusion constants, the focus is rst put on the
values for the oxygen atoms. Within the error the same di usion constant of about
Do = 0:08A2:ps is obtained in all four simulations. While this value is signi cantly
smaller than the experimental value ofDg = 0:23A2=ps [117, 11§, it is well known
that speci cally the BLYP exchange-correlation functional in this simulation approach
produces too small di usion constants. In agreement with these results, various studies
of water utilizing ab initio MD together with the BLYP exchange-correlation functional,
reported di usion constants in the range of O:O4A2=ps to 0:11A2=ps for comparable



25

setups to these, as reviewed recently [119].

Note that in experiments the excess proton di usion constant is known to be strongly
concentration and temperature dependent45]. In the dilute limit, the experimental
di usion constant of the excess proton,Dy+ = 0:94A2:ps, is much higher than the
experimental di usion constant of water by a factor of Dy+ =Do = 4:1, an observation
that corroborates Grotthus' hypothesis [44]. However, this factor drops to about3:0
at 2M and 1.5 at 6 M [45]. This trend was qualitatively captured in self-consistent
iterative multistate empirical valence bond (SCI-MS-EVB) simulations of hydrochloric
acid solutions [L15 116. Both studies obtained values betweerDy+ = 0:2A2=ps to
0:3A°=ps around 1M and Dy = 0:15A%=ps to 0:20A’=ps around 3 M, compared to
a value of Dy+ = 0:37A2=ps in the dilute limit (one excess proton in 256 waters) 97].
While a similar trend is also indicated in the present data, the errors are too large
to draw de nite conclusions. The obtained di usion constants for the excess protons,
Dy+ = O:24A2:ps to 0:34A2:ps, are smaller than the experimental value. However, the
ratios Dy+ =Dp = 0:34=0:09 =3:8 0:8 for 2M, D+ =D = 0:30=0.07 =4:3 1.3 for
4M and Dy« =Dp = 0:24=0:08 = 3:0 0:8 for 6 M, that is observed in the presented
data, seem in satisfactory agreement with experiments. Similar ab initio simulation
setups for a single excess proton in a box of water molecules obtained di usion constants
of Dy = 0:3A°=ps to 0:6A%=ps [87] and of D+ = 0:3A%=ps to 0:8A°=ps [94]. A
study employing Car-Parinello molecular dynamics CPMD) simulations of 1:7 M HCI
solutions and the Perdew, Burke and Ernzerhof PBE) exchange-correlation functional
found D+ = 0:9A%=ps to 1:1A=ps compared toDo = 0:04A%=ps to 0:07A*=ps for
the water molecules 91]. An older study of a single excess proton in a box of 64
water molecules usingCPMD with the BLYP functional obtained Dy« = 0:05/3\2=ps to
0:08A%=ps compared toDg = 0:02A%=ps to 0:06A=ps for the water molecules 120.
It is noteworthy, that the inclusion of nuclear quantum e ects in simulations has been
shown to signi cantly increase the obtained excess-proton di usion constants closer to
the experimentally observed values [97, 121].

To conclude, the accurate estimation of di usion constants for the excess proton
remains challenging, which is seen from the wide spread of results obtained in previous
studies. The results presented here for the di usion constants appear reasonable when
compared to previously reported values and speci cally the ratioD + =Dp = 3:0to 4:3
are in good agreement with experiment.

Short-time dynamics

The mean proton-transfer rate is at the heart of research on excess protons solvated in
water, as it is the relevant microscopic time scale that determines the macroscopic large
di usion obtained by the Grotthus process, which is not governed by vehicular di usion
of the oxygens but by exchange of the excess-proton identity. The mean transfer rate is
the inverse of the waiting time of a stochastic barrier-crossing process, that is not to be
confused with the transfer-path time of the actual transition over the barrier.
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Agmon [46] gives a summary of early experimental results, suggesting a mean proton-
transfer time of 1:5ps obtained in NMR studies §3], which is believed to be correlated
with the hydrogen bond rearrangement and water reorientation dynamics on the time
scales ofl psto 2ps determined from a number of other experiments. These time scales
seem to contrast more recent experimental results from 2DR spectroscopy, that report
interconversion between di erent proton hydration structures, i.e. Eigen and Zundel-like
structures, on time scales of aroundLOOfs and less 122 55, 74]. On the other hand,
Carpenter et al. [56] write, the hydrated proton bend displays fast vibrational relaxation
and spectral diusion timescales of200 300 fs, however, the transient absorption
anisotropy decays on a remarkably lon@:5ps timescale, which matches the timescale
for hydrogen bond reorganization in liquid water . Arguing that the latter would be
an upper bound, they infer the transfer of excess protons in water [...] is an activated
process with a timescale ofl  2ps. Kundu et al. [74] con rm that during the lifetime
of the HsO,* motif, that is on the order of 1ps, the proton undergoes uctuating large-
amplitude motions exploring essentially all possible positions between the anking water
molecules . Yuan et al.[90] measure a concentration-dependent “proton hopping time' in
HCI solutions using 2D IR chemical exchange spectroscopy with a methyl thiocyanate
probe and extrapolate a time of1:6 ps for the dilute limit.

It transpires, that two time scales determine the distribution of proton-transfer waiting
times, which was con rmed in various simulation studies and interpreted as stemming
from either back-and-forth or uni-directional proton transfer, respectively, in the literature
sometimes referred to as ‘reversible' and “irreversible' proton transfer. Napoli et aJ61]
point out that while they nd a frequency-correlation time of (1:4 0:3)ps corresponding
to the pump (3150cm 1) and probe (1760cm 1) frequencies used in34], the auto-
correlation of the proton asymmetry actually decays on time scales of less thatO0fs
with a second slower component 0f0:8 0:1) ps. Fischer et al.[123] nd the time scale of
proton "hopping' to be around 0:5ps, including back-and-forth events, and deduce a time
scale of2:5ps for uni-directional events in a later study [91]. Calio et al. [116] extract
two timescales of about400fs to 500fs and 1:3psto 2:3ps for the concentrations 0:43 M
to 3:26 M from ts to the long-lived anisotropy decays, which the authors argue can
correlate experimental time constants to irreversible proton transfer . In a follow-up study
Calio et al. [62] report three timescales of aboutl0 17fs, 320 490fs and2:3 3:2ps for
the concentrations0:22 M to 0:43 M from ts to the anisotropy decay of the excess-proton
dynamics projected on the axis of the two closest oxygen atoms, with a slight acceleration
to the values12 15fs, 83 270fs and 1:4 ps when nuclear-quantum e ects are considered.
Roy et al. [92] nd a time scale of 1 2ps for uni-directional proton transfer between two
water molecules in2 M HCI solutions employing two-dimensional transition state theory
and Marcus theory of ion pairing. This number increases signi cantly to2 4psin8M
HCI solutions. Arntsen et al. [94] report time constants of the excess-proton identity
auto-correlation function, which is elaborated on further below. They nd a values of
184fs, but after eliminating back-and-forth events from the data the time scale increases
to 1:69ps. Furthermore, a couple of studies point out that the long time scale of proton
transport increases signi cantly with concentration [75, 92].
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Table 1.2.: Collection of proton-transfer time scales in water at300K reported in the
literature from experiment (upper section) and theory (lower section).

method conc. [M] time

Meiboom [43] NMR 1.5ps

Woutersen and Bakker [122] 2D IR 5 <0:1ps

Dahms et al. [55] 2D IR <1 <0:1lps

Thamer et al. [54] 2D IR 4 >0:48 ps

Carpenter et al. [56] 2D IR 2 <2:5ps

Kundu et al. [74] 2D IR 1 <0:1ps

1ps

Yuan et al. [90] 2D IR chemical dilute 1.6 ps
exchange limit

Fischer et al. [123] DFT CPMD 1.7 0:5ps

Fischer and Gunlycke [91] DFT CPMD 1.7 2:5ps

Calio et al. [116] MS-EVB 0:43 3:26 0:4 05ps

1.2 2:3ps

Calio et al. [62] MS-EVB, 0:22 043 10 17fs

DFT BOMD 0:3 0:5ps

2.3 3:2ps

+ NQE 12 15fs

0:83 0:27ps

1:4ps

Arntsen et al. [94] DFT BOMD 0:184 ps

1:69 ps

Roy et al. [92] DFT BOMD 2 1 2ps

DFT BOMD 8 2 A4ps




1. Introduction

A summary of the reported values is given in Tab. 1.2. It transpires that the separation
in back-and-forth and uni-directional events is important to distinguish two time scales in
the broad distributions of proton-transfer times. For stochastic barrier-crossing processes
of highly inertial or non-Markovian coordinates and furthermore for low energy barriers,
it is well established that barrier-crossing events exhibit large numbers of subsequent
back-and-forth events, due to the slow dissipation of the energy required for the initial
barrier-crossing event B5, 124, 125 16, 92, 4]. Such events appear especially important
with regard to proton-transfer processes and their spectral signatures [2, 4].

Identity auto-correlation functions  To describe the long time scales of excess-proton
di usion observed in the anisotropy decay of 2DIR experiments b4, 56], correlation times
of the excess-proton identity have proven useful. Inspired by previous worl8p, 94, 62,
the auto-correlation functions of the excess-proton and hydronium-oxygen identities
are calculated from joint trajectories of the excess protons as have been used for the
analysis of the long-time di usion properties described in 1.1.3. Following this protocol,
the excess protons are given as the remaining protons after the water molecules are
assembled for each oxygen atom with the closest two hydrogen atoms at each time step
of the simulation. Hydronium ions are de ned by an excess proton together with the
water molecule of the closest oxygen atom. Therefore, at each time step a total number
of excess protonN -+, as well as hydronium ions, equivalent to the number of chloride
ions in the simulation, is obtained. The trajectories are then stitched together to give
Ny+ trajectories, each of the length of the whole simulation, for the excess protons and
hydronium oxygens, respectively. Following Arntsen et al.[94], rapid back-and-forth
uctuation of hydronium-oxygen identities is " Itered out' from the trajectories by the
following procedure. Whenever along a trajectory the identity changes from one oxygen
atom to another, it is checked whether the identity returns to the original nucleus within
0:5ps. If it returns without passing to a third nucleus in between, the identity remains
with the original nucleus as if the identity did not change throughout this time. For the
excess-proton identities this criterion does not su ce since the identity often uctuates
between three candidates within one hydronium ion. Rather the same procedure as also
detailed in section 1.1.3 and similar to Calio et al.[62] is used to " Iter out' the rapid
back-and-forth uctuation of excess-proton identities, i.e. the “special pair dance': The
candidate proton that either performs the next transfer to another water molecule or is
the next to be identi ed as an excess proton while neighboring a chloride atom, remains
the excess proton. These procedures de ne sets of trajectories from which the fast
identity uctuations are " ltered out'. The identity auto-correlation functions are then
calculated for excess-proton and hydronium-oxygen identities on both sets of trajectories,
" Itered' and "un ltered'.

The identity auto-correlation function is here de ned as

(t)h(0)i h hi2
thi h hiz

c(t) = (1.18)

where h(t) is one if an excess proton or hydronium oxygen atom has the same identity,
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Figure 1.10.: Identity auto-correlation functions Eq. (1.18) of the excess protonsA)
and hydronium oxygens @) obtained from ab initio MD simulations of HCI solutions at
various concentrations. The correlation functions are computed from un ltered (solid
colored lines) and ltered trajectories (broken colored lines), see text for details. The
data is shown on a logarithmic time axis in the insets.

i.e. is the same nucleus, as at = 0, otherwise h(t) is zero. In this de nition the identity
auto-correlation function is designed to reach unity fort = 0 and to decay to zero for
long times and is thereby slightly di erent compared to previous work [L26, 86, 94).
Additionally, the continuous identity auto-correlation function is given as [94, 62]

hH (OH (0)i

CO= —

(1.19)

where H (t) is one as long as an excess proton or hydronium oxygen atom continuously
has the same identity for the entire time interval [O; t] and zero otherwise.

The excess-proton and hydronium-oxygen identity auto correlations obtained according
to Eqg. (1.18) are given in Figs. 1.10A and B with the same data shown on a logarithmic
time axis in the insets. Auto-correlation functions of the ltered trajectories are shown
as broken colored lines for the three hydrochloric acid solutions at various concentrations
while the auto-correlation functions of the un ltered trajectories are shown as solid
colored lines. The curves decay on multiple time scales. All show remarkable long-time
behavior beyond several picoseconds, indicating that proton as well as hydronium identity
is correlated over very long times scales, which occurs from looping of identities over
several di erent nuclei [86]. As expected, the two types of data from Itered or un ltered
trajectories converge in these long time regimes. Both, the excess-proton identity auto
correlations in Fig. 1.10A and the hydronium identities in Fig. 1.10B show a clear
concentration dependence, with longer decay times for higher concentrations. On short
time scales the excess-proton identity auto correlations largely decay withi®:1ps to
a value of 0.5, whereas the hydronium identity auto correlations decay to a value of
0.5 only after about 1psto 2ps. Furthermore, a slight peak in the hydronium identity
auto-correlation of the un Itered trajectories (solid colored lines in Fig. 1.10B) at about
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Figure 1.11.: Continuous identity auto-correlation functions Eq. (1.19) of the excess
protons (a) and hydronium oxygens (b) obtained from ab initio MD simulations of HCI
solutions at various concentrations. The correlations functions are computed from ltered
(solid colored lines) and un ltered trajectories (broken colored lines), see text for details.
The data is shown on a logarithmic time axis in the insets.

0:025ps indicates back-and-forth transfer of the excess proton in the transient gO>*
cluster occurring at about twice the transfer-path time, tp = 12:6fsto 14:3fs, which
is related to the 1200cm ! proton-transfer-path IR spectral signature p]. Similarly, a
peak in the excess-proton identity auto correlations of the un Itered trajectories (solid
colored lines in Fig. 1.10A) at about0:010ps indicates the time scale of excess-proton
rattling within a single hydronium ion, referred to as "special pair dance' in the literature
[107, 62].

Next, to focus on the fast time scales of the correlations, the continuous identity auto-
correlation functions according to Eq.(1.19) of the excess protons and of the hydronium
oxygens are given in Figs. 1.11A and B with the same data shown on logarithmic time
axes in the insets. Again, the data is shown in each plot as computed from Itered
(broken colored lines) and un Itered trajectories (solid colored lines). Note, that for the
computation of these continuous identity auto correlations, con gurations where the
excess proton is located between the oxygen atom and a chloride ion are excluded. These
con gurations obviously produce spurious long-time auto correlations but have been
analyzed to make up only 5% of the total trajectory lengths of all excess protons even at
the concentration of 6 M, which is discussed in detail in section 1.1.2. The excess-proton
continuous identity auto correlations decay fully within 0:3ps and the hydronium-oxygen
identity continuous auto-correlations within 10ps. Comparing to the data presented in
Fig. 1.10A and B, the hydronium identity auto correlations in Fig. 1.11B show again a
clear concentration dependence, with longer decay times for higher concentrations. In
contrast, such a dependence is not visible for the excess-proton identity auto correlations
in Fig. 1.11A.

The time scales of the hydronium continuous identity auto correlations have been
interpreted to be consistent with the time scales of the anisotropy decay observed in 2D
IR experiments b6, 94]. Fits to these auto correlations with the sum of two decaying
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Figure 1.12.: Continuous identity auto-correlation functions Eq. (1.19) of the hydronium

oxygens obtained from ab initioMD simulations of HCI solutions at various concentrations
(already shown in Fig. 1.11B). The correlation functions are computed from Itered @A)
and un ltered trajectories (B), see text for details. Each curve is tted to a sum of two
decaying exponentials with the time scales reported in the legends and shown as black
broken lines.

exponentials are therefore given as broken black lines, together with the original data
from Fig. 1.11B repeated as solid colored lines in Fig. 1.12A (for the Itered trajectories)
and B (for the un Itered trajectories). The long time-scales of the bi-exponential ts to
the correlations of the Itered trajectories, shown in 1.12A, reach from1:2psto 1:53ps,
increasing with concentration. These time scales match the time scales reported for
uni-directional proton transfer rather well (see Tab. 1.2). With regard to the results
reported in section 1.1.3, where the long-time di usion constants are found to be too
small by a factor of about four when compared to experiment, one would expect the time
scales for uni-directional proton transfer to be longer by the same factor. However, the
present analysis excludes con gurations involving chloride ions, which presumably are
characterized by longer decay times. The di usion constants on the other hand would
have to be split in vehicular di usion, due to translation of hydronium ions, and the
jump di usion, due to uni-directional proton transfer, to allow for a better comparison
to the time scales of the auto correlations.

The long time-scales of the bi-exponential ts to the continuous hydronium identity
auto correlations of the un Itered trajectories, shown in Fig. 1.12b, reach from0:22ps
to 0:27ps, increasing with concentration. They can be interpreted as the mean proton-
transfer waiting times [2], that however are dominated by back-and-forth uctuations.

In case that back-and-forth motion of the excess-protons between two oxygen atoms
within 0:5ps are Itered from the trajectories, the continuous hydronium identity auto
correlation in Fig. 1.12a decays on time scales that match experimental spectroscopic
anisotropy decays and have been interpreted as uni-directional proton transfer.
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1.1.4. Nuclear quantum e ects

Apart from the challenging computational demand, the estimation of dynamical properties,
such as spectroscopic quantities or time-correlation functions, fronMD simulations
addressing NQE remains a challenging problem [58]. Strictly speaking, treating NQE
on the basis of the Trotter formalism is only valid for static observables.

So far, to obtain dynamical properties,NQE simulations are mostly propagated using
either CMD or RPMD. Note, that both are based on ring polymers though and do not
consider correlations between nuclei and electrons, thus relying on the Born-Oppenheimer
approximation. In fact, the formal justi cation of both  CMD and RPMD does not involve
a hierarchy of well-controlled approximations starting from the full quantum mechanical
expression for the various time correlation functions. Because one cannot identify or
compute terms that are neglected by these methods, it is hard to systematically address
their known artifacts, which becomes particularly problematic at low temperatures or
when calculating the nonlinear operators encountered in many types of spectroscopy
[58]. Thus, it is not surprising that IR spectra obtained from di erent NQE methods
may vary signi cantly, see Fig. 1.13, taken from reference€0], which showsIR spectra
for the HsO,* cation in vacuum obtained from di erent NQE simulation techniques.

— Experiment

(a')lg' T ' | ‘ o T

Classical
l 1 I 1 I 1 I 1 . 1 I L
T ] ] ] T ]
) RPMD £)
o ©
| | i [ |
T T | ] T |
CMD

|5‘3|;‘|ﬁ‘ ——t——4—

- — L L—#f//:j\f\“h——
800 -~ 1200 1600 2000 3300 3600 3900 4200

-1 -1

wavenumber (cm ) wavenumber (cm )

Figure 1.13.: IR spectra for the Zundel cation in gas phase, kD,", for various NQE
simulation techniques (ring-polymer molecular dynamics RPMD), centroid molecular
dynamics (CMD) and thermostatted ring-polymer molecular dynamics TRPMD )).
Reprinted from Rossi, M., Ceriotti, M. & Manolopoulos, D. E. J. Chem. Phys. 140,
234116 (2014), with the permission of AIP Publishing.
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Figure 1.14.: IR and vibrational density of states (VDOS) spectra and di erence spectra
for 4 M HCI solution from experiment and ab initio molecular dynamics simulations with
guantum and classical nuclei. Reprinted from Napoli, J. A., Marsalek, O. & Markland,
T. E. J. Chem. Phys. 148, 222833 (2018), with the permission of AIP Publishing.

Similarly, di usion coe cients are known to be vastly a ected [97].

To date, only a single study of aqueous hydrochloric acid solution showlfR spectra
obtained from ab initio MD simulations based onDFT which in addition attempts to
model NQE [61]. The study achieves this by making relatively drastic simpli cations, for
example performingRPC to a single bead and compare to data with larger ring polymers
only for a single observable. Still, the authors perform most of their analysis, which
focuses on the hydrogen-bond dynamics, based on the classical trajectories. The study
is important here as it comparesIR spectra as obtained with and without NQE for a
similar DFT model. The spectra taken from the publication, including also a comparison
to experimental data, are given in Fig. 1.14. The qualitative and quantitative di erences
between the absolute as well as the di erence spectra obtained with and withouNQE
are virtually nonexistent, except for high frequencies of the regime of the OH stretch
vibration around 3300cm 1. Interestingly, the data obtained without NQE appears to
be in better agreement with the experimental data overall, which of course could be due
to canncellation of errors. Notably, the study nds large deviations between simulations
with and without NQE for the mean distribution of the excess proton positions along
a proton sharing coordinate. While this strong e ect of NQE is known for a long time
[59], the actual dynamics do not seem to be drastically changed, which is seen by the
good overall agreement of the spectra. This is also seen from thR di erence spectra
reported in another study, comparing spectra with and without NQE for two versions



1. Introduction

LN L B B e e LI B B B e B e i e e
a) i :
= Experiment - W —  Experimen

I \ Experiment P

-~ -
e \

AAbsorbance
AAbsorbance

— aMS5-EVE 3.2 (Classical) — MS-EVB 3.2 (Classical)
— aMS-EVE 3.2 (CMD) — MS-EVB 3.2 (CMD)

PEPEETS BFE ST BPSPEErS BTl AR B FEPEPETE EFEPEPEFIN BPErErET EPSrErErS BT B
1000 1500 2000 2500 3000 3500 4000 1000 1500 2000 2500 3000 3500 4000

w(cm l ) w(cm l]l

Figure 1.15.: IR dierence spectra obtained from classical andCMD trajectories of (a,
left) aMS-EVB 3.2 and (b, right) MS-EVB 3.2 simulations of 1 HCI aqueous system along
with the experimental attenuated total re ection ( ATR) di erence spectrum. Reprinted
with permission from Biswas, R., Tse, Y. L. S., Tokmako , A. & Voth, G. A. J. Phys.
Chem. B 120, 1793 (2016). Copyright 2016 American Chemical Society.

of the multistate empirical valence bond (MS-EVB 3.2) model for the hydrated excess
proton [97]. The spectra taken from P7] are shown in Fig. 1.15 and likewise do not di er
much with and without NQE.

Another recent study performed simulations of a single hydrochloric acid pair in water
using DFT and attempting to account for NQE [62]. They addressed static properties
using a computationally very expensive path-integral simulation with P = 30 beads
for 32ps and dynamical properties by RPC simulations with a reference potential that
was obtained using machine learning techniques. From this study, it transpires that
either extensive computational resources or advanced methods with possibly uncontrolled
approximations are still required to addressNQE in high-level guantum-chemicalMD
simulations.

1.1.5. Excess protons in biological systems

The functioning of several widely studied proteins depends on the dynamics of protons.
Examples include the pumping of protons to build electrochemical gradients in bacteri-
orhodopsin B3, 49, 24, 50, 52, 13] or cytochrome c oxidase 127, 128 27], the transport
of protons from the water-splitting reaction center in photosystem Il [129, 25, 130, 26],
the proton-coupled isomerization of phytochromes]31 133 7] and viral proton channels,
so-called viroporins, that are targeted in drug design [134, 135].

The study of the dynamics of the small and fast-moving protons is especially di cult
in the complex protein environment. IR spectroscopy, which, due to its high resolution
and sensitivity, is an established experimental method in the eld of biophysics, is also
used to probe proton dynamics in these systems. However, as discussed above, the
spectral signatures of proton transport are rather broad 52, 2, 4] and the high resolution
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of IR spectroscopy cannot be exploited. By di erence spectroscopy it is possible to
distinguish these signatures from the broad background of the proteirdl, 50, 64, 52], but
the localization of the protons in the protein and the resulting signatures often requires
guidance by simulations b1, 65]. Time-resolvedIR spectroscopy adds another dimension
to the data and therefore aids the interpretation of these signals [131, 7].

In proteins, proton transport also happens in a Grotthus mechanism which di ers
from bulk solution because it involves proton-accepting side chains and con ned water
molecules P4, 136. Such scenarios are nowadays also modeled using ab initD
simulations [137, 52, 65, 13, 7].

Proton transfer between amino-acid side chains

Model systems for studying the excess proton localization and dynamics in the vicinity
of a typical proton-accepting side chain in a protein, are pairs of deprotonated carboxyl
molecules, as commonly assumed in a protein environment, with water molecules and
an excess proton in between. Such systems have recently been studied in ab inikitb
simulations, the results of which are summarized in Figs. 1.16 and 1.17 [13, 7].

The rst model system depicted in Fig. 1.16C, with one water molecule between a pair
of carboxylates, is a typical proton-storage site §5, 7]. It agrees well with the crystal
structure of bacteriorhodopsin, shown in Fig. 1.16A and B, which shows a water molecule
located right in between the head groups of the aspartate side chains D85 and D2123].

Suitable coordinates for analyzing the proton localization are given by the oxygen-
oxygen distancesRp.0,, and an asymmetry coordinate for the hydrogen atomsRo. H
Ro,, H, Similar to the coordinates used for excess protons in bulk or gas-phase water
clusters b9, 2, 4]. Since in this model system the role of the excess proton is uctuating
rapidly, the asymmetry coordinate is always computed for all three hydrogen atoms near
the water oxygen, Gy, with respect to the carboxylic oxygen, Q: of either carboxyl
molecule, that produces the smallest absolute asymmetry. This description is useful as it
treats all hydrogen atoms interchangeably and does not double count di erent pairs of
oxygen atoms.

Example trajectories of Ro.n for the three central hydrogen atoms are shown in
Fig. 1.16D. It is well visible in the time course that always two of the three protons
produce a small value ofRo.H, and one being closer to a carboxylic oxygen, one being
slightly closer to the water oxygen. As soon as one of these protons changes its asymmetry
and moves closer to the water, the other one moves closer to the carboxylic oxygen. The
free energy ofRo.n Ro,H shows in Fig. 1.16D a 2:5kg T barrier separating an
excess-proton localization near a carboxylic oxygen and the water oxygen.

A second model system with two water molecules mimics a water cluster near the
chromophore of bacteriophytochrome Agp2, that is proposed to transiently store a mobile
excess proton T]. The model system consists of two carboxylate molecules, two water
molecules and an excess proton as shown in Fig. 1.17A. The total charge amounts
to -1e The carbon atoms are constrained at a xed mutual distance of7:4 A, which
corresponds to the distance between the carboxylic side chains of propB and propC
of the chromophore taken from the crystal structure L33. The water oxygen atoms
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A B C
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Figure 1.16.: A, B: lllustration of the proposed active-site proton cage near the

chromophore of bacteriorhodopsin. Reprinted from Ref. 13|, used under Creative
Commons CC-BY license (ittp://creativecommons.org/licenses/by/4.0/ ). C: Snapshot
from the ab initio MD simulation of a water molecule and an excess proton in between
two carboxylate molecules. The reaction coordinate for the proton transfer between
the two carboxylates is the distance between carboxyl group and water oxygeRo. o,,
and and the excess proton's relative asymmetry to these oxyger®o.n Ro,H- D:
Example trajectories of the Ro.n distances of the three central hydrogen atoms in the
system. The proton transfer is well visible as a fast jump process by which protons 1
and 2 exchangeE: The free energy of the asymmetry coordinatdRo.4  Ro,, 1 Shows
an e ective barrier height of about 3kg T for proton transfer between the two carboxyl
group via a Grotthus mechanism.

are constraint by a quadratic potential in Y and Z direction, k(y? + z2), illustrated in

Fig. 1.17, to model the con ning e ect inside the protein. Since the realistic con nement
strength is not known, simulations at three di erent strengths were performed at k =
0.0, 0.4, 4.kg T=A2, wherekg T is the thermal energy.

IR spectra of this toy model system for di erent con ning strengths are shown in
Fig. 1.17B. All systems show a much higheiR intensity along the X axis than in the YZ
plane. The signals in the YZ plane are mostly independent of the con ning strengths.
Clear bands reside at 500, 800 and around 1000 tt200cm !, that are associated with
the modulated OC vibrations. In addition, broad features appear betweer2500cm * and
3500cm ! for H,O (and between1500cm * and 2500cm ! for D,0), that are associated
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Figure 1.17.: A: Snapshot from the ab initio MD simulation of an excess proton and two
water molecules that are located in between a pair of carboxylate molecules. The pink
cylinder illustrates the con ning potential acting on the water oxygen nuclei, which is
centered on the axis connecting the carbon atoms. The carbon atoms are fully constraint
in the MD simulations. B: IR spectra of the model system shown in Figure S13a along
di erent axes for di erent con ning strengths ( k in kg T=A?) of the water molecules. For
each gure, IR spectra along the X axis connecting the fully constrained carbon atoms
of the carboxylates are shown in the upper panel and IR spectra in the YZ plane in the
lower panel. Reprinted from Ref. [7], used under Creative Commons CC-BY license
(http://creativecommaons.org/licenses/by/4.0/ ).

with modulated OH (and OD) stretching vibrations. The relatively stronger signal along
the X axis on the other hand heavily depends on the con ning potential. While for the
two weakly con ned cases (red and green lines) the broad features betwe@300cm !
and 3500cm 1 for H,O (and between1500cm ! and 2500cm ! for D,O) resemble the
ones in the YZ plane, the signature is clearly di erent for the strongly con ned case
(blue line). Here a broad continuum band appears in thel700cm ! to 2500cm ! range
for H,O and between1300cm ! and 2000cm ? for D,0, likely connected to a proton
delocalization. The data shows that an excess proton exchange between two carboxylate
molecules with two water molecules in between, as suggested by the crystal structure
of Agp2 of the carboxylic side chains of propB and propC, is possible at the ps time
scale, if the water molecules are con ned to the central axis by a cylindrical con ning
potential. A con ning potential is obviously necessary to model the protein environment
in this simpli ed model system, it is however di cult to estimate the realistic potential
strength.

These toy-model simulations serve as a guidance for generally understanding the
e ect of con nement on water-mediated proton transfer dynamics between carboxylate
molecules and its spectral signature, speci cally the appearance of a continuum band in
the 1700cm  and 2000 cm * range for both H,O and D,O under con nement.

It is also possible to observe proton transfer in ab initioMD simulations of more
complex systems which model the protein environment more closely. This has been
demonstrated for a di erent extended water cluster that is proposed to transiently store
a mobile excess proton in bacteriophytochrome Agp2, and which consists of one side of
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the chromophore including ring C and ring D, side chains H278 and Y165, that were each
truncated at the ring and three water molecules TW1, TW2 and W6 [7]. An illustration

is given in Fig. 1.18. The system models the scenario of a deprotonated ring D and is
therefore setup with a neutral deprotonated ring D, but also an excess proton and thus a
total charge of 1e The excess proton is initially placed between water molecule TW2
and the carboxylic side chain of ring C of the chromophore, which was found by initial
equilibration to be a meta-stable con guration.

The IR spectra are averaged over three non-equilibrium simulations for $D, ve
non-equilibrium simulations for D,O and all dimensions. The resulting spectra are shown
in Fig. 1.18B for both, H,O and D,O, as red lines and compared to averaghR spectra
computed from the reference simulations, in which the keto group is protonated, shown
as blue lines. A comparison of thdR spectra clearly shows that the non-equilibrium
simulations exhibit a continuum band between1700cm ! to 3000cm ! for H,O (and
between1800cm ! and 2200cm 1 for D,0), which are not visible in the IR spectra of
the reference simulations. In conclusion, the ab initioMD simulations of the two model
systems of water clusters near the chromophore of Agp2, each show a mobile excess
proton and related continuum bands in the IR spectra for both, H,O and D,0O, that
are of comparable magnitude. The continuum bands reach approximately between the
bands of the respective water bending and stretching vibrations, i.e. betweeh700cm !
to 3000cm ! for H,O (and between1300cm * to 2200cm ! for D,0).

The ab initio MD simulation results of these model systems illustrate how proton
dynamics in biological systems may be mediated by hydrogen-bond networks of con ned
water molecules and proton-accepting protein side chains. The energy barriers for proton
transfer in the models systems, which are based on realistic scenarios in a protein, are not
too large, on the order of a fewkg T, and the dynamics can be resolved by these types of
simulations. The related IR spectral signatures that are experimentally accessible show
distinct features, such as the continuum band.

As for the rst model system, the data supported experimental evidence that excess-
proton exchange near the Schi base of the chromophore in bacteriorhodopsin is possible
in the equilibrated dark-state at ambient temperature, which hints to an active-site
proton cage.

In context of the experimental data presented in 7], the ab initio MD simulations
of the model systems two or three do not exclude either one as being the preferred
system for transient proton storage near the chromophore in bacteriophytochrome Agp2.
It is rather the contrary, both clusters present plausible candidates that con rm the
experimentally observed transient IR spectra.
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Figure 1.18.: A: Snapshots from the ab initio MD simulations of a proposed water
cluster near the chromophore of Agp2, including one side of the chromophore with ring C
and ring D, side chains H278 and Y165, that were each truncated at the ring, three water
molecules TW1, TW2 and W6 (see Fig. 1 of Ref.q]) and an excess proton, so that the
total charge amounts to1e The pink circle illustrates the location of the excess proton
during the course of the non-equilibrium simulations. A number of constraints is applied
to model the con ning e ect inside the protein. The heavy atoms of the chromophore and
H278 are fully constrained, except for the carboxylic side chain at ring C. Furthermore
the water oxygen atoms are constraint by a weak quadratic potential in all dimensions,
k(x? + y? + z?), with k = 0:04kg T=A2. Furthermore, for Y165, the oxygen atom of
the hydroxyl group and the carbon atom of the phenyl ring that connects to the back
bone of the protein are constrained by such a quadratic potential withk = 0:04kg T=A2.
A small number of simulations of this non-equilibrium system are performed for each,
H,O and D,0O, under NVT conditions at 300K using a simulation time step of0:5fs.
All show a transfer of the excess proton to Y165 as a Grotthus process within the rst
5ps, in some simulations the excess proton is further transferred to the nitrogen atom
of the keto group at ring D. Interestingly, in some simulations, Y165 is protonated at
the phenyl ring, before the proton from the hydroxyl group is released, which probably
presents another meta-stable state. Each simulation is run for aboubpsto 7:5ps or
until the keto group at ring D is protonated, which is considered the meta-stable reference
con guration. The rst 0:1ps are truncated for initial fast equilibration. B: IR spectra
of the model system shown in Figure S13b. ThdéR spectra are averaged over three
non-equilibrium simulations for H,O, ve non-equilibrium simulations for D ,O and all
dimensions. Reprinted from Ref. 7], used under Creative Commons CC-BY license
(http://creativecommaons.org/licenses/by/4.0/ ).
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1.2. Vibrational spectroscopy

Linear vibrational spectroscopy measures the power absorbed by a system subject to an
external eld F(t), oscillating at frequency! =2 f . The measured quantity is then the
imaginary part of the susceptibility, ! e®@! ). According to the uctuation-dissipation
relation, which is derived in supplement E, the absorbed power is proportional to the
equilibrium uctuations of an observable a(t) coupling to the eld F(t) in the Hamiltonian
[138. In the case ofIR spectroscopy the external eld is the electric eld of the incoming
light beam and the observable is the system's dipole moment.

Thus, to model the IR spectroscopic response of a system, one usually attempts
to model the uctuations of the system's dipole moment B0]. Of course, if suitable
simulation data with su ciently high time resolution is available, the most direct way
is to determine the uctuations from unperturbed equilibrium simulations [139. The
Wiener-Kintchine theorem provides an e cient and numerically stable approach to
estimate the uctuations from the Fourier transform of the observable [L4(. However,
this is a computationally demanding approach since force- eldMD simulations are usually
insu cient and quantum-mechanical methods are needed.

Alternatively, as mentioned already in the previous section, an e cient model are
normal modes, i.e. harmonic approximations to the dynamics around energetically
minimal states, which can be estimated directly from the sti ness of these states along
all 3N spatial dimensions B0]. Obviously, normal modes become exact in the zero-
temperature limit, when this linear approximation to the dynamics is valid. At elevated
temperature, these harmonic normal modes are mainly a ected by two di erent e ects.
On the one hand, nonlinear potential e ects beyond the harmonic approximation become
relevant and on the other hand, line broadening occurs as a result of coupling to the
thermal environment. It shall be noted that in the following only nonlinear potential
e ects are considered and not nonlinear response which is also a common perspective
taken in the literature with respect to multidimensional or time-resolved spectroscopy.

Line broadening is commonly accounted for by using e ective line-shape, or band-shape,
functions that are tted to the data at hand. The common choice is the Lorentzian line
shape which is derived from the response of the damped harmonic oscillating dipole
moment p(t) with mean hpi = qL, where g is the charge andL a length scale, as

¢ k ml2+ij!

)= gk miorr AT (1.20)

wherekg T is the thermal energy,V is the system volume, ¢ is the vacuum permittivity,

m is the mass andk is the stirptﬁof the harmonic potential U(p) = kp?=2. The
normal-mode frequency! \y = k=m is the position of the maximum of the function.
The friction constant is the linear frictional damping coe cient of the damped oscillator



41

and determines the line width. Eq. (1.20) can be rewritten as

2 12 124 i 1
_ q - NM . + I m .
e(t)= Vom(gy, !22+ 2m 212 (1.21)
2 2(! )+im 1
q (! Nm )+ i ; (1.22)
Vom!nw 4w 1)2+ 2m 2
where the near-resonance approximations ! yv and! ,%,M 12 20awmCam 1)

are used B4]. The imaginary part of Eq. (1.22) is identi ed as the normalized Lorentzian
function [30]

1

Lo 1 )= o D 2 (1.23)
with a maximal value of 2=( ) at ! y» and a full width at half maximum ( FWHM ) of

2 , so that

2
| e%1) = 2\;’ L0 = @m)): (1.24)

Note, that the Lorentzian function becomes the Dirac delta function in the frictionless
limt ! O.

In the overdamped limit, m ! 0, the previous approximations are not valid, but rather,
starting from Eq. (1.20), de ning = =k, and usingk = kg T=L?, one obtains the
Debye line-shape function [141]

PL? k+i !
V okg T1+ 212

e(!)= (1.25)
which is useful to model slow processes in the GHz regime, such as the well-known Debye
peak of water at around20 GHz [142, 143, 12].

In addition to the frictional broadening discussed above, the e ective harmonic sti ness
k may also uctuate in a varying local environment. The previous equations remain valid
in the limit of homogeneous line-broadening, i.e. when the broadening due the friction is
larger than the broadening due to the variance irk. This broadening is therefore expected
for strongly damped vibrations, i.e. with a fast energy exchange with the environment,
and in homogeneous media. Another limit, referred to as inhomogeneous line-broadening
occurs when the variance irk is large compared to the frictional broadening, which is
expected for weakly damped vibrations with slow energy exchange in inhomogeneous
media. Then the individual Lorentzian modes can be modeled to rst order as Gauss-
distributed around a mean value! [30],

z

101y = 2\?20m diOg(1 @1 HLEO 1) (1.26)
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where g(!;! o) = exp[ In2Q)(! )%= 2]IO In(2)== ) is the normalized Gaussian
distribution, written for a FWHM of 2 analogous to the Lorentzian function above.
This convolution is called the Voigt shape, which in the limit of weak damping ! O,

becomes simply the Gaussian line shape

q2
101y = 5y Omg(!;! ): (1.27)

It shall be noted that a Gaussian line shape is also experimentally observed in gas-phase
spectra due to the Doppler e ect, where it is therefore called Doppler broadening [30].

Since especially the estimation of the molecular friction is dicult, in practice
these line shape functions mostly present heuristic but e cient models. However, recent
developments in parameterization of theGLE, which is introduced in detail in section
1.3.1, allow for accurate estimation of molecular friction fromMD simulation data. In
the GLE, molecular friction is expressed as a time-dependent memory friction kerng( t)
and the response for a harmonic potential is given as [1]

o . @ 12ReE*(1)
e Vo mz2 jerqy

1 (1.28)

where *(!) denotes the single-sided Fourier-transformed friction kernel. When compar-
ing the denominator to the one in Eq.(1.20), it transpires that the real part of *(!)
acts like homogeneous frictional line-broadening, while the imaginary part acts like a
correction to the harmonic sti ness k as expected for inhomogeneous line broadening.
This line shape function therefore handles both inhomogeneous and homogeneous line
broadening and by numerical evaluation of theGLE also nonlinear potential e ects can

be addressed.

1.2.1. Infrared spectrum of liquid water

The experimental IR spectrum of liquid water given in Fig. 1.19 as a black broken line
is comprised of four dominant bands. A spectrum from ab initioMD simulations of
BLYP -D3 quality of 256 water molecules in a periodic box, representative of bulk water,
is shown for comparison as a blue solid line. The data set is discussed in detail in
chapter 5, where it is employed to analyze the frequency-dependent friction of the water
vibrational modes and its e ect on the line shape. The assignment of the peak at around
1650cm 1! as the water bending and the broad peak centered &300cm ! as the water
stretching band is straightforward when regarding the gas phase normal modes of a single
water molecule (vertical gray broken lines). Note the signi cant shift compared to the
gas phase and the di erent band widths which are explained as part of the analysis in
chapter 5. The broad peak centered a600cm ! is associated with librational motion of
water molecules and the peak at around.’50cm ! with the stretching of hydrogen bonds
[144 146, 12].

Previous e ort in modeling the bulk-water IR spectrum is extensive but has proven
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Figure 1.19.: IR absorption spectra obtained from ab initio MD simulations of pure
water (blue solid line, BLYP -D3 quality) and normal modes calculated from a single
water molecule on the same level (vertical gray broken linesll]. The black broken line
shows an experimental spectrum [198].

di cult due to a number of complex e ects. While simple assignment of the few bands of
bulk water is easy when compared to the few gas-phase normal modes of the comparably
simple single water molecule, these modes are strongly coupled across several molecules
in the bulk phase and quantitative models for the line shape need to account for this
[147 155. Many works therefore rely on computationally expensive quantum-chemical
ab intio MD methods for simulating bulk water and calculating spectroscopic properties
(such as theBOMD data shown in Fig. 1.19) [L44, 156 145 157,119 158 161, 12, 162 1].

Alternatively, several works have attempted to optimize the representation of water
molecules in classicaMD simulations with respect to the spectral properties 163 166
or with great success by including many-body interactions [167 172].

Also, mixed quantum-classical approaches have been used, where an emsemble of
con gurations is sampled from force- eld MD and the spectroscopic properties are then
evaluated on a more complex quantum-chemical levellf3 174, 151, 175 176, among
which the classical dipole and uctuating-frequency approximations can be di erentiated
[177, 178].

Beyond that, Fermi-resonance between the water bend and stretch vibrationsl[f9
and NQE [180, 181, 172] are known to a ect the line shapes and have been addressed.
Line shape models based on th6&LE have also previously gained some attention
[182 189 but only new parameterization methods allow to account for both anharmonic

potential and frequency-dependent friction simultaneously [1].

The complex nature of vibrational lifetimes, which are closely related to molecular
friction and vibrational coupling between di erent molecules and modes, have been
the focus of several experimental time-dependent and multidimensiondR studies [L89
197, 167, which present further benchmarks for computational studies and inspiration
for future models.
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1.3. Reaction-rate theory

Covalent and non-covalent reactions in solution are relevant in almost all biological
processes as well as technical applications. As such the mean turnover rate from reactants
to products is arguably the most important observable in such processes, as it determines
the time scales that balance the complex reaction chains and circles in biological systems
or simply the e ciency of large-scale technical applications. The analytical prediction of
such mean reaction rates has a long history in theoretical chemistry, reaching back to
Arrhenius [199, who stated the exponential dependence of the reaction rate on the free
energy barrier height separating reactants and products along a reaction coordinate.

In solution, the stochastic random forces and frictional damping induced by the solvent
particles on the reacting solutes result in stochastic Brownian motion30d, which is
modeled by the Langevin equation 201] and determines an important prefactor to the
aforementioned exponential scaling. Kramers37] rst explored the inverse scaling of the
prefactor in opposite limits of the friction constant, known since as Kramers' turnover.

To complicate the matter, low-dimensional models of reaction dynamics tend to break
down whenever the solvent in uence is critical, and therefore even for the simplest
reactions in solution, constant-friction models along a single reaction coordinate appear
insu cient [ 5]. However, due to their large number, it is not practical to include solvent
molecules explicitly in the model and e ective descriptions remain necessary. This issue
has in the past been addressed by searching for more suitable reaction coordinates and
proposing higher dimensional representations2pD2, 203. By linear projection, a higher
dimensional representation can be brought back to a one-dimensional dynamical model,
the generalized Langevin equation GLE) [38, 39 including a time convolution with a
kernel function, known as the memory friction kernel. Therefore, instead of searching for
an explicit high-dimensional representation, a suitable model including a memory kernel
appears to be more accurate and more general. The parameterization of memory kernels
from time series data is an active eld of researchg04 206 15], also in the application to
chemical reaction dynamics 124, 207 209. A crucial advantage of the memory friction
model is its generality. A lot of e ort has been put into the development of analytic rate
theories for the generalized Langevin equation, including inertial and memory friction
e ects, and therefore the precise prediction of mean reaction rates can be performed
based on a largely reduced set of parameters [210, 211, 16, 212, 213, 3].

1.3.1. Numerical models

Numerical simulations of thermally activated stochastic motion, also known as Brownian
motion, of a reaction coordinatex(t) is most e ectively performed with the Langevin
equation (LE), which is given in the overdamped form as [201]

x(t)= r UX)+ Fr(); (1.29)

where is the friction coe cient and U(x) an arbitrary potential shape. Fgr(t) is a
stochastic random force, which has zero meahFg(t)i = 0 and is correlated according to
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HFRr(1)Fr(t9i =2b (t  t9. In case ofb= kg T , the equation ful lls the uctuation-
dissipation relation and therefore describes a system at equilibrium. The equation is
conveniently derived by linear projection on the primary coordinate of an in nite number

of independent degrees of freedom describing the solvent particles and then assuming
a time-scale separation between the fast coupled degrees of freedom and the primary
coordinate, i.e. by absorbing the fast solvent coordinates into the e ective random force
and frictional damping terms [214]. For the free case, i.e. fotJ(x) = 0, the mean-squared
displacement MSD), Hx(t) x(0)]% = 2Dt, whereD = kg T=( L ?) is the di usion
constant and L a length scale, is a topical result of statistical physics [215, 216].

The overdampedLE can also be derived for a position-dependent friction pro le (x)

[217]
pox®= 1 U BT e (1.30)
2 (x)

For the time correlation of the random force Fr(x;t) follows HFr(x;t)Fr(x;t9i =
2b(x) (t 9, which for b(x) = kg T (x) ful lls the uctuation-dissipation relation. An
in general position-dependent friction prole (x) has been widely applied to model
for example the dynamics of drug diusion 21§, protein dynamics 219 22Q and
also pair reactions p21, 222. However, be aware of the appearance of a drift term
ke Tr (x)=(2 (x)) in Eqg. (1.29) in case of position-dependent frictiony (x) 6 0.

If inertial e ects are relevant, the non-overdamped, or inertial, version of theLE is
given as [217]

mx= ()x(t9 r UM+ Fr(xt); (1.31)

where the random forceFr(t) likewise has zero meariFr(t)i = O and is correlated
according to FFr(x;t)Fr(x;t9%i = 2b(x) (t tY, where againb(x) = kg T (x) ful lls the
uctuation-dissipation relation.

If a time-scale separation between the solvent degrees of freedom and the primary
coordinate is not given, the GLE follows from the same projection scheme [39, 38]
Z t

mx = (t t9x(9dt® r Ux()]+ Fr(t); (1.32)
0

which is exact in case of a harmonicU[x(t)] = kx?=2, or no potential, U(x) =0. The
given GLE Eq. (1.32) is valid if the correlation between the velocity and the random force
hv(t)Fr(t9i is independent ofx [223. In this equation, instead of a friction constant , a
time-dependent friction memory kernel ( t) couples to the velocity in a time convolution.
Due to the dependence on past states, this is a non-Markovian model in contrast to
the previous two LEs, Egs.(1.29) and (1.31). For the random force Fr(t), zero mean
hFR(t)i =0 and a correlation according tohFgr (1)Fr(t%i = kg T ('t t9 is required to
ful Il the uctuation-dissipation relation. In case of a non-linear potential U[x(t)], the
GLE Eqg. (1.32) has been applied successfully to model dihedral dynamics4], protein
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dynamics [8], pair reactions [5] and even vibrational line shapes [1].

Note, that the three Eqgs. (1.29) (1.32) are expected to give consistent results in the
respective limits. The Markovian limit, where memory e ects are negligible, is obtained
in the zero limit of all time scales in the memory kernel ( t), sothat (t)! 2 (t) and
the fﬁ'lction constant therefore corresponds to the integral over the memory kernel

= o, (t)dt. Then, Eq. (1.32) reduces to the MarkovianLE Eq. (1.31). Likewise in
the overdamped Markovian limit, when inertial e ects are negligible compared to the
friction, i.e. m= is smaller than the relevant time scale of the system, the Markovian
LE Eq. (1.31) reduces to the overdamped Markovian LE Eq. (1.29).

For application, e cient parameterization and evaluation techniques are furthermore
required. All parameters in Egs. (1.31) (1.32) can in principle be derived directly from
the time series of the reaction coordinatex(t) sampling the equilibrium ensemble. The
mass is obtained from the equipartition theoremm = kg T=rx?(t) and the potential
is taken to be the free energy as obtained from the distribution functiong(x) via
U(x) = kgTlog(g(x)). The friction constant is usually estimated fromMSDs, which
is also presented in section 1.1.3. The estimation of position-dependent friction pro les

(x) is more complex, but can be achieved for example frolWIFPT s as discussed in
section 1.3.2. The parameterization of the memory friction kernel( t) is certainly the
most di cult and remains an active eld of research [204 206, 15, 8, 224 227). Here, a
parameter-free extraction using a Volterra equation is applied, as detailed in previous
works [8, 1].

For evaluation of the model, the GLE Eq. (1.32) can be solved e ciently using a
Markovian embedding, which requires the memory kernel to be parameterized as a sum
of exponentially decaying and oscillating components [228, 186, 229, 1]

sin(! it) (2.33)

(D= —e &+  ae ™’ costit)+ —
i=0 | i=0 i

The generalization of the non-MarkovianGLE Eg. (1.32) to include position-dependent
friction e ects is more di cult and attempts reach back to Zwanzig [230] In chapter 6, a
model with locally independent memory friction is introduced ], which has the striking
advantage that it has a simple corresponding Markovian embedding and therefore the
analytical and numerical treatments are straightforward.

1.3.2. Analytical models

Analytical predictions for barrier-crossing dynamics in a viscous environment reach back
to Kramers [37], who derived di erent friction-dependent prefactors to the Arrhenius law
in the opposing inertia-dominated and overdamped regimes. The well-known Kramers
turnover between these regimes was only later fully covered in a theory by Mel'nikov and
Meshkov (MM) [23]] . A memory-induced acceleration compared to the overdamped
Kramers limit was rst explored by Grote and Hynes (GH) [21(, which competes with a
slow down in the long memory-time limit [211, 16, 212, 3].
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The transition-state theory (TST) escape rate 36] appears in several of the rate
theories that are considered in the following. According toTST, assuming a harmonic
potential well for the reactant state, the mean escape time of an undamped particle is
given as [36]

TST = - e~ ", (1.34)
= min
where Uy denotes the potelytial-barrier height, 1= kgT is the thermal energy, and

the well frequency! min = = UY9 =m contains the curvature U% = U%xnmin) at the

min
minimum Xmin Of the potential well from which the particle escapes.

Kramers considered the escape from a potential well for a particle undergoing Brownian
motion, as described by theLE Eq. (1.31) with position-independent friction , for both
the limits of medium-to-high friction, and low friction [ 37]. For the medium-to-high
friction regime, he obtained

n 2 1:2 # l
Qf = —+12 P ''max TST; (1.35)
r 4m2 max 2m
while in the low-friction limit, he derived
m
i = ——eYo; (1.36)
U o
: — P 7700 —m ; 00 .—
where the barrier frequency! max = Upax=m contains the curvature Ugz, =
U%xmax) at the barrier top xmax. Note the opposite scaling of both equations with
respect to the friction constant : While for medium-to-high friction [ , for low
friction ,ﬁr 1. The bridging of these asymptotic limits, the so-called Kramers'

turnover, was a long-standing problem in statistical mechanics.

Mel'nikov and Meshkov [231] (MM) derived a solution to the Kramers' problem which
is valid for all values of the friction, and hence connects the two expressions eq4..35),
(1.36). The Mel'nikov and Meshkov (MM) result is given by

" 2 1=2 # 1
wa = A () a2t | Eax >m ! max TST; (1.37)
,Z, h i 7
AO=exp = “In1 e o] gy . (1.38)
0
p Z o p
=2 2p= Uo U(x) dx: (1.39)
m 2L

While both Kramers' and MM theory consider Markovian dynamics, that correspond
to numerical results from the LE Eq. (1.31), Grote and Hynes GH) [21( developed a
theory for the mean rst-passage time under in uence of memory, hence non-Markovian
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e ects. Their expression for the case where the dynamics in the potential well relax fast,
and only memory e ects on the barrier are relevant, is given by

! max

GH —

TST (1.40)

where ~( ) denotes the Laplace-transformed memory friction kernel( t) at the barrier
top, and the real reactive frequency, > 0, is the solution of the equation

| o
e — (1.41)

For example, for a single memory time scale, i.e. the exponential kerngl t) = e © =,
the frequency is given as the single positive solution of the cubic equation

3 2 2 | 2a
- X .

o 12y = : (1.42)
Note that, either in the inertial, m!1 |, or the long memory limit, !'1 , it follows

= I max and GH theory collapses onto theTST result, gy = tst Iin Eqg. (1.40).
Furthermore, in the Markovian limit, i.e. for delta-correlated friction, (t)=2 (t) and
~()= ,itfollows = 2=(4m2)+ 12, " =(2m), which results in gy = [,
the Kramers high-friction result in Eq. (1.35).

In the overdamped Markovian limit, the Fokker-Planck equation for a distribution
P(x;t) is most suitable for analytical and numerical calculations,

1 h

@P(X,t): @ e U(X)@
@t @x (x) @x

since it handles arbitrary potential shapesU(x) and even position-dependent friction
(x). An exact expression for yrp between initial x; and nal positions x; can then be
derived [31]

i
P(x;t)eY ® (1.43)

Z,, Z o
mep (Xi:Xg) = de (x9 el &9 dx e Y X): (1.44)
Xi Xmin
Eq. 1.44 can be inverted and thereby used to estimate a position-dependent friction
prole (x) from measured values of yep [220, 221]. Determined by a di erent approach,
position-dependent friction pro les (x) have reproduced the non-equilibrium dissociation
dynamics of the NaCl ion pair 22. However, it has been shown recently that memory
e ects may give rise to spurious spatially dependent pro les when theGLE is mapped
on Markovian models [8, 5].
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The present thesis reveals the spectroscopic signatures related to non-Markovian e ects
and reaction kinetics that are shown to occur for hydrated excess protons and in water
itself. Beyond that, reaction kinetics themselves are subject to non-Markovian e ects
even for the simplest pair reactions in water such as NacCl dissociation. The intriguing
insights gained into these various systems fundamental to chemistry and biophysics are
achieved in close conjunction with signi cant methodological advances.

In the rst part of the thesis, the excess-proton dynamics and vibrational signatures
in water are interpreted in terms of nonlinear stochastic reaction dynamics. Speci cally,
the framework is presented as applied to excess-proton dynamics in between two water
molecules, i.e. in an isolated cluster in chapter 3, and to the dynamics in concentrated
hydrochloric acid solutions in chapter 4. It is shown that in both systems the excess-
proton spectra along the direction of proton transfer between two water molecules are
nearly proportional to the total IR spectra of the systems, which are experimentally
accessible. Thus, the total spectra report on the proton-transfer dynamics and in turn
the analysis of these dynamics is useful to interpret characteristic signatures in the
total IR spectra, namely the so-called continuum band between the water bend and
stretch bands, as well as a strong feature at around1100cm . By a combination
of trajectory and spectral decomposition, these well-known signatures are assigned to
di erent stochastic time scales of the proton-transfer reaction from one water molecule to
another, which in bulk water is an elementary step in the long-range Grotthus transport
of excess protons. Following reaction-rate theory, the stochastic time scales of proton
transfer are the transfer-waiting time, de ned as the mean rst-passage time, which is the
average time the proton stays with one water molecule between distinct transfer events;
and the transfer-path time, which is the duration of an actual transfer event. In addition
to these two time scales, vibrational bands result from the dynamics of the proton while
waiting near a water molecule, which are quasi-harmonic oscillations around a uctuating
potential minimum and can therefore be modeled as normal modes of an ensemble of
states. These normal modes of the excess proton are the fastest contribution of the
dynamics and give rise to the continuum band, which is broad because of the strong
uctuation of the e ective potential. The transfer-path time of the actual proton transfer
on the other hand gives rise to the spectral signature af100cm . The waiting time
scale is comparably longer, and the associated signature is therefore expected at lower
frequencies in the THz regime, for which experimental evidence was found. In addition to
the decomposition, thelR line shapes of the nonlinear spectral contributions for waiting



2. Conclusion and Outlook

and transfer-path dynamics are derived analytically in chapter 3. The good agreement
of the analytical theory with the decomposed spectra con rms that the characteristic
time scales of each process can be inferred from the spectral signatures.

In the second part, in chapter 5, the vibrational spectrum of bulk water is modeled
using the GLE containing a time-dependent friction memory kernel and a nonlinear
potential, which inherently treats homogeneous and inhomogeneous line-broadening
e ects without assumptions of time scale separation. It is shown that theGLE self-
consistently reproduces the vibrational spectra of the bending and stretching vibrations
of water molecules in the liquid phase. By comparing to data of single water molecules in
gas phase, the hydration e ect of the bulk liquid can be decomposed in static potential
and dynamic friction e ects. It is concluded that while both the bending and stretching
mean potentials of water are softened in bulk when compared to gas phase, which results
in a red shift of the vibrations, this e ect is partially compensated by a blue shift due to
time-dependent friction acting on the vibrations. For the stretching band a net red shift
remains but for the bending band the frictional blue shift overcompensates the potential
red shift. The observed shifts has previously been interpreted only in terms of potential
e ects, which is an inconsistent interpretation when compared to the static ensemble
energetics.

In the third part, the implications of non-Markovian e ects on the stochastic time
scales of chemical reactions are discussed. First, in chapter 6, the scaling of the mean
reaction time, the mean rst-passage time or barrier-crossing time, is analyzed for a model
combining position- and time-dependent friction. The model is employed to compare the
e ects of di erent non-Markovian friction on the potential barrier and in the potential
well. It is found, that whenever the dynamics in the potential well are overdamped and
Markovian, the barrier-dynamics dominantly determine the barrier-crossing time, which
in case of long non-Markovian memory friction can result in acceleration, in accordance
with predictions by Grote and Hynes. If, on the other hand, the dynamics in the potential
well are energy-di usion limited, meaning that inertial or non-Markovian memory e ects
are relevant, the well-dynamics dominate the barrier-crossing time rather independently
of the dynamics on the barrier. However, for this case, a small speed-up in case of an
overdamped Markovian barrier is found, which has not previously been observed and
notably behaves opposite to the acceleration predicted by Grote and Hynes.

At last, in chapter 7, the competing e ects of memory friction, inertia, and the e ective
potential shape on pair reaction dynamics are discussed. By extracting all parameters
of the GLE, namely the friction memory kernel, the e ective mass and the nonlinear
pair potential, directly and unambiguously from data obtained in MD simulations of
typical pair reactions in water, the validity of the GLE model is demonstrated. Beyond
that, the e ect of these di erent physically relevant parameters on the mean reaction
times is evaluated independently which is not possible iMD simulations. The analysis
is presented for the dissociation dynamics of the NaCl ion pair and a pair on nonpolar
methane beads in water. For both systems, the importance of non-Markovian memory
e ects is demonstrated, which speed up the dissociation reactions by a factor of two
compared to the Markovian limit. The e ective mass on the other hand leads to a
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slow-down of the dynamics by a similar factor when compared to the overdamped limit.
The e ect of the potential shape is analyzed by comparing numerical simulations to
di erent analytical results which assume harmonic approximations to the potential,
notably the Kramers' and Grote and Hynes's theories. Nonlinearities in the potential
shape are thereby found to slow-down reactions, which, when this e ect cancels with
memory-associated acceleration, may spark the wrong conclusion that a Markovian
harmonic theory, i.e. the Kramers theory, describes the system's dynamics faithfully and
that the Markovian and harmonic approximations would be correct.

To conclude, several new methods for the analysis and modeling of complex biophysical
systems were developed in this thesis and successfully applied in di erent profound
scenarios with elucidating results. Clearly, these developments and ndings motivate a
number of potential future projects.

The decomposition of spectral signatures of stochastic reaction dynamics, developed
with respect to the excess-proton dynamics in water in chapters 3 and 4, can possibly
be applied to gain valuable insight into the vibrational spectra of other systems. Im-
portantly, since vibrational spectra are usually accessible much easier in experiment
than, for example, the reaction times, the presented theory and methods can help to
explicate their relation and distinguish the spectroscopically equivalent Debye signatures
of overdamped dynamics. The ion-pairing dynamics discussed in chapter 7, which are
obviously susceptible to dielectric spectroscopic measurements, potentially present an
interesting system to apply these techniques. Of course, with recent developments in
simulating NQE, more realistic dynamical data of excess protons is becoming available,
which calls for the adaption of the presented methods and theories to the delocalized
nature of the quantum excess proton.

Since in chapter 5 theGLE is proven to self-consistently reproduce the vibrational
spectra of the water intramolecular modes, it would be interesting to apply the framework
to interpret di erent kinds of shifts that are known when molecules are placed in di erent
environments, for example, such as di erent solvents or a protein environment, where
characteristic shifting of vibrational modes has previously been observed. With the large
number of water models available, it will also be interesting to compare the frequency-
dependent friction among them to further understand the robustness of both the water
models and the friction pro les. Likewise, since the broad spectral signature of the
continuum band is associated with the dynamics of excess protons, the analysis can
possibly be applied here to decompose potential- and friction-induced line-shape e ects.
In turn, the same accurately parametrizedGLE may also be used to build dynamical
models for proton transfer.

The application of the GLE for modeling reaction dynamics is successfully shown
for NaCl and methane dissociation dynamics in water in chapter 7. It may thus be
introduced in coarse-grained models of such systems and extended to other pairing
dynamics or other kinds of reactions. Preliminary results show that position-dependent
memory friction, as for example handled by the type ofGLE introduced in chapter 6,
may be a promising model for protein folding or the dissociation dynamics of water
molecules.
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The GLE model for position- and time-dependent friction, introduced in chapter 6,
has the advantage over alternative models that it has a simple Markovian embedding
and is therefore easily evaluated numerically. In order to make it applicable for modeling
complex systems, a parametrization method needs to be developed. Several methods
exist for similar kinds of GLEs, for example the one applied in chapters 5 and 7, which
provide promising starting points for parametrization of the presented model.

Beyond that, the GLE model introduced in chapter 6 obviously calls for some extensions
and thus sparks ideas for the future development of Markovian embeddings. For example,
the currently independent local heat baths with corresponding local non-Markovian
friction kernels could be coupled, which is motivated by the underlying physical picture
and would introduce a controllable tuning between local and position-independent memory
friction.

In chapters 6 and 7 theGLE is explored to gain insight into the scaling of the mean
reaction time in terms of the mean rst-passage time. The second time scale that
characterizes the reaction dynamics is the transition-path time of the actual transfer
path which is receiving increasing attention, especially in nonequilibrium scenarios such
as single-molecule experiments on protein folding. It will be interesting to apply the
GLE in the same way to understand the scaling of the transition-path time with respect
to non-Markovian friction memory, inertia and the potential shape.
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ABSTRACT

A stochastic theory is developed to predict the spectral signature of proton-transfer processes and is applied to infrared spectra computed
from ab initio molecular-dynamics simulations of a singles &, cation. By constraining the oxygen atoms to a xed distance, this sys-

tem serves as a tunable model for general proton-transfer processes with variable barrier height. Three spectral contributions at distinct
frequencies are identi ed and analytically predicted: the quasi-harmonic motion around the most probable con guration, amenable to
normal-mode analysis, the contribution due to transfer paths when the proton moves over the barrier, and a shoulder for low frequen-
cies stemming from the stochastic transfer-waiting-time distribution; the latter two contributions are not captured by normal-mode analysis
but exclusively reported on the proton-transfer kinetics. In accordance with reaction rate theory, the transfer-waiting-contribution frequency
depends inversely exponentially on the barrier height, whereas the transfer-path-contribution frequency is rather insensitive to the barrier
height.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) licen:
(http://creativecommons.org/licenses/by/4:0f)s://doi.org/10.1063/5.0116686

I. INTRODUCTION water®?**"*From ab initio molecular-dynamics (AIMD) work, it
was concluded that an excess proton in bulk liquid water is predom-
The transfer dynamics of excess protons in the aqueous enviinantly present in the Eigen state and that the Zundel form plays the
ronment is central to many biochemical processdsyt despite  role of a relatively short-lived transfer or barrier state:’ As the
substantial work, even for acidic water, a complete kinetic modekeparation between the two water oxygen atoms that ank the excess
that would describe all spectral features encompassing the low THgroton decreases, the relative stability changes and eventually the
and infrared (IR) regimes remains elusive. Typically, the discusZundel form becomes preferred over the Eigen foftit,transpires
sion is based on two idealized proton-transfer intermediates, namelyhat excess proton and water motion are dynamically coupled. As a
the HsO2 Zundel cation, where two water molecules symmet- consequence, proton transfer from one water molecule to a neigh-
rically point their oxygens to the excess protomnd the Eigen boring one not only involves motion of the proton but also of the
cation, where hydronium RO is formed and solvated by three anking water molecules and even further water neighbors, making
water molecules.Accordingly, proton diffusion in water is por- the kinetics highly collective!? 341619723
trayed as a stochastic succession of these two states, where the excessIn isolated H O, clusters, the subject of this paper, and
proton switches during diffusion: It is a defect that diffuses ratherprotonated water wires the situation is different from bulk:
than a speci ¢ proton, which explains the high proton mobility Experimentdi®*?’and theoretical*’** *Wwork demonstrated that
in water:” the oxygen—oxygen distance is decreased and the Zundel form
An intensely debated question concerns the relative stabilis more stable than the hydronium form. By chemical modi -
ity and abundance of the Eigen and Zundel forms in acidic cations of two proton acceptors in gas-phase clusters, proton-
water’ " Several experimental 2D IR studies suggest the Zundeiransfer energy barriers of variable heights could be demonstfated.
form dominates the proton-transfer spectroscopic signature in bulkProton-transfer barriers also exist inside proteins, where amino-acid

J. Chem. Phy$57 174116 (2022); doi: 10.1063/5.0116686 157 174116-1
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side chains that act as proton donors can be located at variablee ects transfer-waiting statistics as well as TP kinetics and, in par-
separations’ **Thus, energetic barriers for proton transfer exist in ticular, cannot be modeled by a succession of normal modes located
a variety of systems and produce characteristic spectroscopic signaeross the barrier. Our results also apply to experimental systems
tures that fundamentally go beyond the established normal-modewith uctuating barrier heights, such as acidic water, as recently con-
picture, as we show in this paper. sidered by a combined theoretical/experimental sttidWe show
The excess proton has a high net charge and during a transthat the spectrum of unconstraineds#D, can be quite accurately

fer event covers signi cant distances over short times; consequentlyeproduced by Boltzmann averaging of spectra of constrained sys-
IR linear and nonlinear spectroscopy are very suitable methods teems; thus, all of the features we see in our constrained simulations
detect proton-transfer events and have been applied to bulk acidiare also expected in experimental systems where the proton acceptor
solutions; acidic water clusters, gas-phase ion$,and proteins’’ separation can uctuate.
While spectra computed from dynamical simulations encompass  Our simulations are performed at the Born—Oppenheimer level
nonlinear dynamics and do not employ a normal-mode approxi- with classically treated nuclei. Nuclear-quantum zero-point motion
mation, the interpretation of simulated spectra is typically based orhas been shown to lead to an increased proton density at the bar-
normal modes, with notable extensions to include anharmonic andrier, which is typically interpreted as a signature of a decreased
frequency-dependent friction effects."” Also the interpretation of  barrier height:”>*?*but for large enough barriers, such nuclear-
experimental spectra s traditionally based on normal-mode analysiguantum effects are not expected to eliminate the spectroscopic fea-
around one or multiple local energy minima, where the normal- tures we predict, as discussed in theoplementary materiaSec. I.
mode frequencyfnu de nes a vibrational time scale according to Furthermore, electron-nuclear quantum-mechanical coupling has

nv  1~fam. However, if a barrier exists, two additional time scalesbeen shown to be relevant for protonated systérbsit is challeng-
emerge, the transfer-waiting timew, which is the time the proton ing to include within the framework of our stochastic theory and
waits in one minimum before it transfefs; “°and the transfer-path  therefore, left for future work.
(TP) time 1p, which is the time the actual transfer over the barrier
takes.

In this paper, we show by a combination of stochastic the-Il. RESULTS AND DISCUSSION

ory andab initio molecular-dynamics (AIMD) simulations that the
normal-mode, the transfer-waiting, and the TP time scales, whic
together characterize the transfer-waiting kinetics, leave distinct an

characteristic spectroscopic traces. As a speci ¢ example, We COsy jerails). Suitable reaction coordinates are the oxygen—oxygen

sider a H 0, catlc_m In gas phase. In o_rder to p“’b‘? different distanceRoo and the excess-proton distance from the oxygen mid-
proton-transfer barrier heights, we constrain the separation betwee%oint position,d 1"Rom  Roex, projected onto the x-axis that
’ 2 1 7] ’

the two water oxygen atoms at variable xed distances, Which_i onnects the two oxygens, as illustrated fiiy. 1(2) The two-
app_hcable to prot_e_lns and other systems_Wheggjerotor)-acceptm%imensional free energy inig. 1(d) calculated from the probability
residues are pogltloned at well-de ned.d|stancés. Wh'l.e the. distribution of unconstrained simulations according & Roo, de
transfer-waltlng4(t|Trr14(?1 4o!\epends exponentlglly on the bgrrler height ksT In p"Roo, d+, demonstrates that the global minimum of the
Uoas tw €7 " "the normal-mode time scalenw is deter-  free energy is located arourRbo  2.40 A, andd 0. This is the
mined by the stiffness of the effectivg harmonig poterkiahd the  symmetric Zundel state, where the excess proton is symmetrically
effective mass maccordingtam 2 m~k 1~ Uo,andthe TP  shared by the oxygerig-or Roo A2.55 A, a double-well free-energy
time depends logarithmically oblg as tp  In"Ug~kgTe~Uq."">* landscape along appears, which indicates a preferred localization
From the different functional dependencies @y, one expects of the excess proton near one water molecule, analogous to the Eigen
a not too low barrier heights ny 1P @ Tw. Indeed, for an  state in bulk water. The excess proton trajectory for constrained
oxygen—oxygen distance Bbo 2.64 A, which in our AIMD sim-  Roo  2.64 AinFig. 1(b)is typical for the thermally activated barrier
ulations of the H O, cation leads to a moderate effective barrier crossing of a weakly damped massive parti@dad involves a mod-
height ofUg 2.0kgT, the normal-mode spectroscopic contribu- erate barrier height obJo  2.0kgT, as seen in the corresponding
tions lie between 1000 and 2000 cimthe TP contribution turns  free-energy pro le in~ig. 1(c) Most of the time, the excess proton is
out to be a rather well-de ned band centered around 800 tm part of a HO molecule and vibrates in one of the two free-energy
and since the waiting-time distribution is rather broad, the transfer- minima with an oscillation time described by the normal-mode time

We perform AIMD simulations of a single #0-, cation
ith a total trajectory length of 5 ns for several constrained oxy-
en separations as well as for unconstrained oxygens (seél Sec.

waiting contribution forms a continuum band below 500 chthat nv 17 fs[insef-ig. 1(b], while from time to time the proton sud-
reaches deep into the GHz range, in agreement with experimentalenly crosses the barrier, the mean time of such a TRds 25 fs
THz absorption measurements.” [insetFig. 1(b]. The longest time scale is the transfer-waiting time,

Our AIMD results show that the broad low-frequency transfer- which forRoo  2.64 Ais tw 440 fs. InFig. 1(e) we show as a
waiting spectral contribution crucially depends on the barrier height, grey solid line the absorption spectrum of the unconstrainegQ-
controlled by the relative distance of the water molecules sharing theation for an electric eld along;, the oxygen separation direction,
excess proton. In contrast, the TP spectral contribution shifts onlycalculated from the entire nuclear and electronic polarizations (see
slightly with barrier height, in agreement with recent theoretical and Seclll A). It shows, in addition to the OH stretch and HOH bend
experimental ndings'® " Isotope exchange of the excess proton, bands at 3400 and 1800 ci respectively, a prominent feature at
on the other hand, affects the TP contribution but not the waiting- 1000 cm?, which is the Zundel normal mode, where the excess pro-
time contribution, as we predict by stochastic theory. In summary,ton vibrates in a rather soft potential produced by the two anking
we show that the spectroscopic signature of proton barrier crossingvater molecules (see thepplementary materigSecs. Il and Ill, for
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FIG. 1Ab initionolecular-dynamics (AIMD) simulations ghechtion. (a) The oxygen—oxygen sep&gtiand the proton distance from the oxygen midpoint

along the axis, named, describe the excess-proton dynamics. (b) The excess proton trajecReyy fa2.64d visualizes the transfer-waitingrtiras well

as the normal-mode tirggand the transfer-path (TP) tipaésee the inset). Selected snapshots show structures at the free-energy minimum and at the barrier tc
(c) Free-energy pro le for Rey 2.64 A, extracted from constrained simulations. (d) 2D free-energy landscdRgiarntedfrsmfunconstrained simulations.

(e) Absorption spectra for an E eld alorgiewhere 2 f. The grey solid line shows the total (i.e., nueleetronic) spectrum of the unconstrained system,
compared with the Boltzmann average of constrained systems (black broken line). The grey broken line shows the total sjiegiruth 6drAormtnaimed

to the spectrum of only the excess proton (blue line, multiplied by a factor of 2). Note the chdng&@dGcattsatif 3000 cm'.

a literature overview). The spectrum for the constrained system withdescribes two-state kinetics with instantaneous transfers when the
Roo 2.64 A, grey broken line, displays a band at 800tand a  trajectory last crosses a free-energy minimun‘d’é{v 0.22 A.
very broad shoulder that extends down to the lowest frequencies. AShe TP contributiondrp”te consists of transfer trajectories between
we show in this paper, these two spectral features stem from prolast and rst crossing the free-energy minima, including recrossings
ton TPs and proton transfer-waiting-time stochastics, respectivelywhere the proton shuttles repeatedly back and forth between the
and are the only spectroscopic contributions that re ect the actualminima. Recrossings are rather frequent for the low friction expe-
proton-transfer kinetics. Interestingly, the spectral contribution of rienced by the protoff (see thesupplementary materiaSec. V1), a
only the excess proton for xeRoo 2.64 A (blue solid line, mul-  threefold recrossing event is seen in the proton trajectoryiin 2(a)
tiplied by a factor of 2) is almost identical to the full spectrum (gray att 0.6 ps. Finally, the normal-mode pagitw“te comprises the
broken line), so we conclude that the IR spectrum is predominantlytrajectory remainder.
caused by proton motion and can thus be used to investigate excess- Figure 2(b) shows in blue the simulated excess-proton
proton dynamics (more details are given in theipplementary  spectrum decomposed into its three components according to
materia] Sec. IV). In fact, the spectrum of the unconstrained C*% CE* CFF CRXw. the red broken lines show theoretical predic-
system (gray solid line) agrees well with the free-energy-weightetions (which will be explained further below). Trajectory decom-
Boltzmann average over constrained spectra with differéss position in the time domain creates spectral cross contributions,
values (black broken line, see thepplementary materigSec. V,  which are relatively small, as shown in thepplementary material
for details), indicating that the absorption spectrum can be under-Secs. VIl and VIIl, and are added . The transfer-waiting spec-
stood from decoupled proton and oxygen dynamics. Our simulationtrum CRy in Fig. 2(b2)displays a pronounced low-frequency shoul-
model with constrained oxygen—oxygen separation is thus also der, which re ects the transfer-waiting-time distribution. The TP
tool to decompose and, thereby, understand unconstrained systemspectrunCFsin Fig. 2(b3)is a rather well de ned band at 800 cth
spectra (a nding that is obvious only for static observabies Even though the time fraction the excess proton spends on TPs is
In order to distinguish transfer-waiting, TP and normal- only 16% forRoo 2.64 A, the spectral contribution is signi cant
mode spectral contributions, the proton trajectotte is decom-  due to the large and quick charge displacement: The proton transfer
posed according to"te drw'te drpte daw’te, as illustrated  velocity of roughlyvte  2d%p~ 1o 0.44 A25 fs 1.8, 10° m/s
in Fig. 2(a)for Rop 2.64 A. The transfer-waiting parirw"te is slightly larger than the proton thermal velocitywf, ke T~-mp
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1.5 10° m/s, wheremp, 1.7 10 27 kg is the proton mass. which shows that the spectrum is identical to an overdamped har-
This conrms previous ndings that TPs correspond to the monic oscillator with a corner frequency*TW 1~ tw (see the
high-energetic part of the Maxwell-Boltzmann ensemble, i.e., thesupplementary materigSec. X, for details). For large frequencies,
excess proton initiates a TP only when its kinetic energy is sig!d CRw is constant and proportional to the transfer-waiting rate,

ni cantly above averag€. The normal-mode spectrunGly in | CGE® 1~ 1w, for small frequenciesCRE  tw! 2.
Fig. 2(b4)consists of two main peaks. The TP spectral contribution depends on the TP shape.

We will now present analytic theories for each simulated spec-The ensemble of all 2829 TPs observed in the simulations for
tral contribution shown inFigs. 2(b232(b4). A stochastic two-state  Roo  2.64 A is shown irFig. 3(a)(gray lines), together with the

process has the spectrum mean TP (blue solid line) obtained by position averaging. The path-
integral saddle-point prediction for the TP shape over a parabolic
24t 2 2% Ay barrier,?
LgEy e 2T0W g AWt )

V"okBT 1 f)TWA! o2
drp'te diw € e' =N 3)
and depends on the Fourier-transformed transfer-waiting-time dis-

tribution prw™! ¢ and the survival distributiongtw™! *, which ] )
is de ned asqny’te Ra prw’t%dt® the positions of the free- (red dotted line), matches the simulated mean TP shape very well

energy minima d%,, the excess proton chargg e and the (N is a normalization constant). In theupplementary material
system volume V (see theupplementary materialSec. 1X, for ~ Se€c. Xl, it is shown that Ed3) corresponds to the exact mean
a detailed derivation). Usinglh, 0.22 A and bi-exponential TP shape in the high-barrier limit? The tted characteristic time

ts for p;, te to the simulation data inFig. 4(c) ! GRg"! dhy? ~2Uge 6.5 fs depends on the effective friction coef -
according to Eq.(1) (red broken line) matches the simulation cient acting on the proton as it moves over the barrier. A straight
data (blue solid line) inFig. 2(b2)very well without any t-  line (black broken line) also describes the simulated mean TP shape
ting parameters. For a single-exponential waiting-time distribution, quite well. Figure 3(b)shows the TP-time distribution of all TPs
prw’te 1w exp t~ twe, EQ.(1) simplies to (green triangles) together with a decomposition into single (non-
recrossing, blue squares) and multiple (recrossing, red dots) TPs,
ool 2 |2 where the TP time tp is de ned by the turning points of the TPs.
ICRV ! e q" L T"‘z’ , (2) Itis seen that multiple TPs that consist of recrossing trajectories
ViokeT "4 g1 2% are signi cantly faster than single TPs, which re ects that recrossing
J. Chem. Phy57 174116 (2022); doi: 10.1063/5.0116686 157 174116-4
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FIG. 3TP statistics. (a) Ensemble of all 2829 proton TPs for cétssratéd A (gray lines) as a function of the rescategigjmbererpis the individual TP time.

The horizontal blue broken lines indicate the mean TP terminadf?ps‘atidamed by the TP turning points, while horizontal grey dashed lines indicate the free-energy
minima dﬁw~2. The simulated mean TP (blue line) agrees well with the path-integral preietiatofed line). The straight black broken line also approximates
the TP shape quite well. (b) Time distriiyytifrall TPs (green triangles) and a decomposition into single (non-recrossing, blue squares) and multiple (recros
red dots) TPs together with ts according(to. ft). Recrossing-number probability distghyt®rcompared to an exponentightne "1 e <e ", the

con dence interval 20%is shown by grey lines.

protons have a higher kinetic energy and, thereby, tend to rebouncare illustrated inFig. 2(b4)(see Sed!l A and thesupplementary

back over the barrier. Fits according to the Erlang distribution, material Sec. Ill, for details).
In Fig. 2(b1) the simulated excess-proton spectrum (blue
1 solid line) is compared to the sum of the theoretical transfer-
preite - 1 TP~ e U, 4) waiting, TP, and normal mode predictions (red broken line);

the agreement is good (except for very high frequencies), which
demonstrates that Eqsl) and (5) together with the normal-mode
are shown as lines. Iitig. 3(c)the simulated recrossing-number analysis allow us to quantitatively describe excess-proton transfer
distribution pg,"ne is compared to an exponential t with a spectra.
decay constant 1.1, 40% of all TPs are single transfer events, The excess-proton spectra ifg. 4(al)vary signi cantly for
n 0O, while the remaining 60% TPs are part of multiple eventsdifferent values oRoo. The excess-proton free energies from sim-
with n AO. ulations in Fig. 4(b) demonstrate that the three systems exhibit
Combining the TP time distributionp;,"te in the innitely  high, moderate, and low barriers. Very pronounced is the change
sharp limit @ , the exponential recrossing-number distribu- of the low-frequency shoulder of the transfer-waiting contribution
tion pgy~Ne and approximating the TP shape as a straight line, thejn Fig. 4(a2)which moves to lower frequencies and becomes weaker
analytical result for the TP spectral contribution [red broken line with growing barrier height and is well captured by the theoretical

in Fig. 2(b3) is derived in thesupplementary materizSec. XlI,  predictions Eq(1) (black broken lines), using bi-exponential ts to
and is given as the transfer-waiting distributions irig. 4(c) Equation(2) demon-
strates that the spectral differences are due to less frequent transfers
v dhp’f 64 22, as the barrier height increases. The simulated mean transfer-waiting
IGTpl e VioksT 1w 4 I .2 time 1w in the inset of Fig. 4(c) exponentially increases with
- TP . . . .
- the barrier heightUo, as expected for thermally activated barrier
e'" T ) crossing.”“° On the other hand, the frequency of the TP spectral
2cosh o 2~ | pe? contribution in Fig. 4(a3)shifts very little for differenRoo, which

is well-captured by Eq5) (black broken lines) and re ects the weak

it matches the simulation data (blue solid line) around the maxi- dependence of the TP timerp on the barrier height in the inset of
mum quite well. In the comparison, the mean time of recrossing TPs~ig. 4(c) in agreement with the predicted logarithmic dependence
23 fsfromFig. 3(b)is used, which is shown to be the dominat- of tp on the barrier height?
ing time scale in theupplementary materiaSec. XII. Interestingly, Figure 4(d) compares the IR spectrum of the excess pro-
the TP spectrum Ed5) is a product of a Debye and a Lorentzian line ton (blue solid line) in the HO, cation to the normal-mode
shape, both with the same characteristic frequefigy 1~"2 tpe, spectrum, including frictional line broadening (grey broken line,
which explains its relative sharpness. see thesupplementary materiglSec. lll, for details) for xed

The remaining normal-mode contributioGe; in Fig. 2(b4)  Roo 2.40 A, the barrier-less global minimum of the unconstrained
is obtained by harmonic analysis of the minimal energy structure,Hs O, cation. The good agreement highlights that the barrier-
including line broadening from frictional damping (red broken less Zundel state is well described by a normal-mode analysis. This
line). The two dominant normal modes around 1416 and 1659%m is in contrast to the results for larger values Rfo in Fig. 4(a)
which correspond to in-phase and out-of-phase coupled vibrationswhere a nite barrier exists and the transfer-waiting and TP spectral
of the excess protons with the hydrogens of the distant watersignatures dominate over the normal-mode contribution.
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IlIl. CONCLUSIONS AND DISCUSSION position, which is typically interpreted as an indication that the
effective barrier height is reduced. This means that the effective bar-
rier heights could be smaller in the presence of nuclear quantum
ffects.

An H/D isotope exchange of the excess proton does not
shift the low-frequency transfer-waiting signature, as shown in the
supplementary material Sec. XIV, which is expected since
%be excess-proton barrier crossing is a friction-dominated pro-

ess and mass plays only a minor role, as discussed in the
supplementary materiaSec. XV. In contrast, TP and normal-mode

ignatures show isotope effects, which suggests how to experimen-
tally distinguish barrier crossing from the other spectral contribu-
tions. For the normal-mode spectral contribution the isotope effect
is well known (see Sec. X in thepplementary materijlthe mass-
dependence of the TP spectral contribution is rather subtle and
depends on the stochastic mass-friction balance (see Sec. XV in the

In contrast to traditional normal-mode-based approaches to
proton-transfer spectroscopy, which consider proton vibrations
around energy minima, we here investigate the spectrum of a pro-e
ton as it actually makes the move from one energy minimum to
another. While the normal-mode frequencies are on the harmonic-
approximation level determined by the positive curvature of the
energy landscape and by the effective mass, two fundamentally di
ferent time scales govern the barrier-crossing absorption spectru
the mean time the proton waits in a potential minimum before it
crosses the barrier, the transfer-waiting time, and the mean tim
it takes the proton to actually move over the barrier once it has
left the potential minimum, the so-called transfer-path (TP) time.
While the TP time distribution is rather narrow, which leads to a
well-de ned TP band, the transfer-waiting times are broadly dis-
tributed, which leads to a wide spectral absorption down to low .
frequencies. Recent experimental studies on hydrochloric acid solé_upplementary materl_)al .
tions in the THz regime indeed observed broad absorption that, by The spectroscopic signatures of proton transfer are most pro-

comparison with AIMD simulations, could be attributed to proton nounced aloqg the transfer (.j'reCt.'(m’ as showq in Sec. Vin the
motion 5253 supplementary materigthus dichroic spectroscopic measurements

The AIMD simulations of single HO, cations reveal a high of oriented samples® would be most suitable to observe the

similarity between excess-proton-only spectra and spectra from alfleatures discussed in this paper.

nuclei and electronic polarizations. This emphasizes the impact of

proton-transfer processes on experimentally measured spectra arfy Methods

allows us in turn to develop a stochastic spectral theory based The Born—-Oppenheimer AIMD simulations of the D2

on excess-proton motion only. The excess-proton transfer betweenation were performed with the CP2K 4.1 software package using
two water molecules depends strongly on the separation of the doubly polarizable triple-zeta basis set for the valence electrons,
two water oxygens. For oxygen—oxygen separatiRisC2.5 A, a  dual-space pseudopotentials, the BLYP exchange-correlation func-
barrier crossing is involved, whereas for closer separations the praional and D3 dispersion correctiofi. °” The simulation box size

ton is rather located directly in between the two water moleculeswas 10 10 10 A and the cutoff for the plane-wave representa-

It should be noted, though, that nuclear quantum effects signi - tion was 400 Ry. For each constrained system, 20 ps simulations
cantly increase the probability to nding the proton in the barrier with a time step of 0.5 fs were performed under NVT conditions
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for preserving vibrational dynamics.Consequently, a number of
independent simulations with a time step of 0.25 fs were performed
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for the systems witlRoo C2.5 A,20 90 psforRoo  2.72 A. Even
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The theoretical basis for linking spectral signatures of hydrated excess protons with micro-
scopic proton-transfer mechanisms has so far relied on normal-mode analysis. We introduce
trajectory-decomposition techniques to analyze the excess-proton dynamics in ab initio
molecular-dynamics simulations of aqueous hydrochloric-acid solutions beyond the normal-
mode scenario. We show that the actual proton transfer between two water molecules
involves for relatively large water-water separations crossing of a free-energy barrier and
thus is not a normal mode, rather it is characterized by two non-vibrational time scales:
Firstly, the broadly distributed waiting time for transfer to occur with a mean value of
200-300fs, which leads to a broad and weak shoulder in the absorption spectrum around
100 cm 1 consistent with our experimental THz spectra. Secondly, the mean duration of a
transfer event of about 14 fs, which produces a rather well-ded spectral contribution
around 1200 cm 1and agrees in location and width with previous experimental mid-infrared
spectra.
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he motion of excess protons in aqueous solution is fusuch proton-barrier-transfer events will make a sizable spectro-
damental for many biological and chemical processes. Tdwpic contribution, since they involve fast motion of a highly
excess-proton diffusivity is sigmiantly higher compared charged object over relatively large distances. From this follows
to other monovalent cations in walet since the excess protonthat an excess-proton transition state, which corresponds to a free
exchanges its identity with water hydrogens during the diffusi@mergy maximum and thus occurs with a small probability,
proces3?. Grotthus hypothesized a similar process over twwevertheless can make a dominant contribution to the spectrum,
centuries agdf, but a detailed understanding of the protonwhich would lead to characteristic differences between experi-
transfer dynamics between water or other molecules remaimental spectra and normal-mode theory predictions. Indeed, it
dif cult to date due to the multitude of time scales involved arfths been noted that the normal-mode spectra computed from
the only indirect experimental evidence. instantaneous cormyurations do not explain all experimental
Infrared (IR) spectroscopy in the THz and mid-IR regimes isspectral signatures associated with the excess proton in
powerful tool to explore the ultrafast dynamics of water andatef925-27 in particular of the proton-transfer dynamics It
aqueous ion solutions. For example, the prominent absorptioms recently shown that proton transfer in the@4* cationic
peak around 200cni of bulk water is dominated byrst- complex gives rise to two distinct spectroscopically relevant time
solvation-shell dynamics, whereas motion involving the secoschles that cannot be captured by normal-mode an&fysis
solvation shell contributes most sigeantly below 80 cm! (2.4 In general, the transfer of a particle with masever an energy
THz)78. Furthermore, so-calledrattling modes for strongly barrier with negative curvature< O corresponds to an unstable
hydrated ions lead to characteristic absorption features, while foode. The dynamics of such a barrier-crossing is not char-
weakly hydrated ions vibrationally induced chargetuations acterized by a vibrational time scale, which according to a har-
are dominant10 as suggested by dissecting simulation specmmnﬂp oscillat}gr model could erroneously be written as
into contributions from different solvation shefld2 © U mgki' T mL2=U,, whereUy, is the barrier height antl
IR spectroscopy has proven particularly useful for the studyisfthe barrier width, but rather by two other time scales, namely
the ultrafast dynamics of the excess proton in aqueoti® mean transfer-waiting timen, and the mean transfer-path
solutiont314 Due to their low pH value, aqueous hydrochloritime tp. T is the average waiting time before a transfer event
acid (HCI) solutions are perfect model systems to study exceasseurs and p is the average time of the actual transfer path over
proton dynamics, since HCI dissociates readily in water and givkes energy barrier. The former one scales exponentially with the
rise to a large number of highly mobile protons that are onlyarrier heightUp, 1, expJ,=kgTH%39 whereas the latter
weakly coordinated with neutralizing chloride ions and therefoome scales logarithmically with the barrier heigit,
behave as if added in excess. The characteristic continuum bagd 1ogdJ =k TH%43. In essence, it is not clear with current
in the IR absorption spectrum, located between the watéheoretical methodology what the spectroscopic signature of
bending mode around 1650 crhand the water-stretching mode excess-proton transfer events in aqueous solutions is and whether
around 3300cml, has long been known and led to thehe continuum band stems just from vibrations in metastable
hypothesis of the Zundel state, i.e., two water molecules sygiates or whether transfer reactions over barriers are involved.
metrically sharing the excess prot@nThis model has been Thus, a theoretical approach that is complementary to normal
challenged by a contrasting picture, the Eigen state, which igvades and can handle proton-transfer events that involve free-
hydronium ion caged symmetrically by three water moleéBlesenergy barriers is needed.
Ever since these idealized structures have been proposed, théir this study, we investigate the excess-proton dynamics in
relative stability has been controversially debgted?’. Itis now aqueous HCI solutions at ambient conditions using ab initio
known that neither the idealized Zundel nor the Eigen states an@lecular dynamics (MD) simulations at the Be@ppenheimer
realistic structural representations and that the excess prolemel and experimental THz/Fourier-transform infrared (THz/
mostly resides slightly asymmetrically shared between two wdtétR) measurements. Our simulated IR difference absorption
molecules, in théspecial pairstate, which geometrically can bespectra compare well to our experimental data in the THz regime
interpreted as ddistorted Zundel state or a‘distorted Eigeh as well as to literature data in the mid-IR regime. By projecting
state0232426-28 the excess-proton dynamics onto the two-dimensional coordinate
While simulations can reproduce most experimental spectrgystem spanned by the proton position along the axis connecting
scopic signatures, the understanding of the proton transféae two closest water oxygeshand the oxygen distand®o*445,
mechanism requires model building based on and guided #he excess-proton trajectories and their spectral signatures are
simulations. It is generally accepted that proton transfer involvéigbdivided into three contributions with distinct time scales, as
consecutive transitions between states that can be viewed as rilogirated in Fig.la. The fastest time scalgy, re ects vibra-
Eigen-like and more Zundel-like and have fast interconversitians when the excess proton transiently forms a solvagi*H
timeg42629 That the excess proton diffusion involves theolecule which is asymmetrically solvated in a special pair. It is
crossing of free-energetic barriers follows from the experimentailgll captured by a normal-mode description and has been amply
known  Arrhenius behavior of the excess-protoliscussed in literatut825263746 The other two spectral sig-
conductivity®30-32 Similar to the above-mentioned discussionatures, stemming from proton transfer events, are the focus of
on the relative stability of the Eigen and Zundel states, it rematihés study. The associated time scalgg and 1p are directly
debated whether the Zundel state is the transition state betwedtained from our simulated excess proton trajectories using a
two Eigen states or the opposite is the case, i.e., whether the Bigelidimensional path analysis. While the transfer-waiting time
state is the transition state between two Zundel st&é3’. 1 of aqueous proton-transfer events has been studied
Theoretical models for the spectroscopic signatures of tiegently/, the identi cation of both +w and 1 in simulated
hydrated proton motion so far relied on normal-mode calculsand experimental spectra is a main result of this work. \Weta
tions and have explained many aspects of experimental lingzan transfer-waiting time ofry = 206-300 fs depending on
absorptiod335 as well as 2D IR spect?®®. However, normal HCI concentration, which in our experimental THz spectra shows
modes by construction cannot deal with the thermally activategh as a broad weak shoulder around 100 &nthat is partially
transfer of an excess proton over a free-energy barrier, since @verlaid by the absorption due to rattling chloride anions at about
corresponds to an unstable mode with a negative free-enet@p cm 1911 The mean transfer-path time, from simulations
curvature along the transfer reaction coordisétét is clear that obtained as tp= 14 fs, produces a spectroscopic signature
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Fig. 1 Time scales of excess-proton dynamics and simulated absorption spectraSahematic trajectory of an excess proton that transfers between two
water molecules, together with a schematic free energy pte Hd) that exhibits a barrier and is representative of a relatively large oxygen-oxygen
separationRoo. Three time scales characterize the proton trajectory, the normal-mode vibrational period of the solvated transigit Hyy, the transfer-

path time, tpand the transfer-waiting time, w, where +w > tp> nm. An animation is shown onlinéttps:/fu-berlin.eu.vbrickrev.com/sharevideo/
df2d94a4-6e7f-499a-a256-17d73b6124ed Infrared (IR) absorption spectra obtained from ab initio molecular dynamics (MD) simulations of pure water
(blue solid line) and hydrochloric acid (HCI) solutions at various concentrations (dark purple: 2 M, purple: 4 and red: 6 M). The spectra areciiwdhe
water molecular number concentratiogy. ¢ Difference spectra between the three HCI spectra and the water spectrum, obtained from the spectra in b. The
purple dotted line shows an experimental difference spectrum of HCI at 44vtescaled in height to match the simulation result$ The simulated difference
spectra (as shown irt) divided by the HCI concentrationsyc;,. Three distinct spectral regions are shaded in different colors, that are ideattiwith different
excess-proton dynamic processes: transfer waiting (TW, gray), transfer paths (TP, red), and normal modes (NM, green). The transfer-waiting timeis clo
to the chloride-ion (Cl ) rattling time and the oxygen vibrational time in locald®,* complexes that is described by thByo coordinate.

around 1200 cm?, which is well captured in experimental mid-(purple to red solid lines) and are shown in Fl. The spectra

IR spectr&?20232426 Note that in our simulations the proton are divided by the water molecular number concentration
transfer becomes barrier-less for small water separation and thu$® ¥4 %%g,. Simulation details are provided in tH#leth-
includes the highly anharmonic normal-mode vibration ofds section. All IR spectra show the characteristic features of
Zundel-like congurations, which have already been analyzgflre water spectra, which are the prominent OH-stretching peak
theoretically#233746 In the THz regime our experimental dif- around 3300 cm, the HOH-bending mode around 1650 cfn
ference spectra show an additional prominent peak arouggq librational modes in the far IR regimes between 200 and
300-400cm %, in good agreement with our simulation datagoocm L The IR spectra of HCI solutions additionally show a
which is demonstrated to be caused by the coupling of the exc@sgad continuum between the bending and the stretching peaks,
proton motion to the relative oscillations of the twanking from 2000 to 3000 cm, and a broad peak at around 1200 ¢
water molecules in transients8," complexes. Proton transferpoth of which are commonly interpreted as to eet the excess-
events between water molecules are frequently followed by a fg¥ton dynamic4234°. Furthermore, additional features are
immediate back-and-forth transfer events, which is a coBhserved below 800 cri that are shown in Fig in comparison
sequence of non-Markovian effeéétshat have to do with the to our experimental THz spectra and will be discussed further
slowly changing solvation structure around the excess protgiow.

Although these transfer events are therefore not always prOdUGrhe simulated difference spectra in F:[g(sohd |ines) C|ear|y
tive in the sense that they lead to large-scale diffusion of #eémonstrate three distinct regions (color shaded), thiattereto
excess proton, they nevertheless give rise to pronounced expgstinct time scales of the excess-proton dynamics andrwtiis
mental spectroscopic signatures and therefore need to be inclugiggk be identied as transfer-waiting (TW, gray), transfer-path (TP,

in the analysis. red) and normal-mode contributions (NM, green). We obtaither
good agreement with the experimental difference speciud ¥
RESULTS HCI14 which was scaled to match the height of the simulated IR

Infrared and THz spectra of HCI solutions Within linear 1200cm? peak, see Supplementary Fig. 5 for a comparison of
spectroscopy, the energy absorption rate of incident light wigifferent experimental data. Our simulated 4 M differemeesum
frequencyf= /(2 ) is proportional to the imaginary part of the in Fig.1c does not reproduce the local maximum of the experimental
dielectric susceptibility and given by ( ). IR power spectra are difference spectra around 1750 chwhich is interpreted as the
obtained from ab initio MD simulations of water (blue solid linefcid-bend band, i.e., a blue shift of the bending mode J0*H
and HCI solutions at three concentrations between 2 and 6 &@mpared to water, and also not the shape of the experinzaitl

NATURE COMMUNICATION§S (2022) 13:4210 | https://doi.org/10.1038/s41467-022-31700-x | www.nature.com/naturecommunications 3



ARTICLE

NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-022-31700-x

@ b Ao C flom
- o 0 200 400 600 800 = O 200 400 600 800
sim. 2 T T T T 2 T T T T
S
avg. — ’ - = i
¢] E iwL /, \\/’ \ a 0.2
HO = %1 PR 1 &
oM T PN =8 =
2 = T~ ) e 01 ]
4M \_‘5 3 0 4 —\\& _(_)‘
oMy g S 1 <oo /
8M 3 N &
10M 1 1 L AN 5
5 10 15 20 25 3 0 5 10 15 20 25
f[THz] f[THz] f[THz]

Fig. 2 Experimental absorption spectra. &xperimental THz/Fourier-transform infrared (THz/FTIR) absorption spectra of HCI solutions at various
concentrations (colored broken lines for 2 M to 10 M), compared to literature data of pure wéfefblue broken line). The experimentally measured
extinction spectra have been converted into energy absorption spectra using the Kras@aig relation, no amplitude adjustment is used in the
comparison with the ab initio spectra (solid linesp. Experimental and ab initio molecular dynamics (MD) difference spectra derived from the results given
in a and plotted in the respective colors and line stylasThe experimental difference spectra (shown in b) are divided by the HCI concentratiga
(colored broken lines) and compared to the average of the simulated difference spectra after dividing,&yblack solid line).

stretch signature around 3000 c#nl419202350 The reason for this will be interpreted by our spectral trajectory-decomposition
disagreement is unclear, we note that the normalizatiopedtea techniques. In the remainder we analyze exclusively the 6 M
when calculating difference spectra is a subtle issua)ggler8en- solution, which provides the best proton statistics.

tary Note 3 for a discussion.

Figure 1d shows that the three simulated HCI differencgycess-proton trajectories and spectr&Excess protons con-
spectra divided by the HCI concentratiomgc) are nearly giantly change their identity as they move through the HCI
indistinguishable. This clearly indicates that the spectroscopiution. Each identity change introduces a spurious discontinuity
features are due to single-proton dy_namlcs a_nd that coIIect_methe excess-proton trajectory, which does not actually corre-
proton effects as well as proton-chloride coupling effects, whighong to charge transport and therefore is spectroscopically
would scale non-linearly in the HCI concentration, are minOfyrelevant. In order to extract continuous excess-proton trajec-
This is an important nding and justies our theoretical analysisiories from our simulations, we use a dynamic criterion as illu-
of single excess-proton motion in this work. _strated in Fig3a (that our extracted excess-proton trajectories are

In order to investigate the intermolecular vibrational dynami ectroscopically meaningful we will a posteriori demonstrate by
of water, solvated protons, and chloride ions, we experimentalymparison of spectra calculated from excess proton trajectories
measure THz absorption spectra for HCI concentrations of 2 Mgty spectra calculated from the complete simulation system).
M, 6 M, 8 M, and 10 M. For quantitative comparison with OUEgch proton is assigned to its closest oxygen atom at each time
simulation data, the experimentally measured extinction speclidp. Whenever three protons are assigned to the same oxygen,
are converted into energy absorption spectra using tfgsrepy forming a hydronium ion, all of them are registered as
KramersKronig relation, details are described in théethodS  eycess-proton candidates. That means, for the generation of
section and in Supplementary Methods 1. The experlmentai TH&ntinuous excess-proton trajectories, we do not select the
FTIR spectra are shown in Figa in the range 8650cm " phygrogen with the largest separation from the oxygen, which
(colored broken lines) _together with a literature spectrum of PUBould lead to fast switching of the excess proton identity, the so-
water (blue broken line) and are compared to the availaklg|ieqd ‘special pair danceof hydronium with its surrounding
simulated spectra (solid lines). Again, all experimental afghter moleculéd5l. Rather, if during the simulation an excess-
simulated spectra are divided by the respective water concenfigston candidate becomes assigned to a different oxygen and thus
tion ¢,. One notes the good agreement between the experimeiighsfers to a neighboring water, it is selected as an excess proton
and simulation spectra below 400 chn which is noteworthy for the entire time during which it was part of any hydronium
since the spectral amplitudes are not rescaled or adjusig@e? Note that the spectral effects of the rattling of the excess-
However, the reason of the dlsagreement for larger wave numtpﬁ@on candidates within one hydronium ion, i.e., theecial pair
is not clear. All spectra show a prominent peak at 200cm gance are in some of our calculations below included by taking
Difference spectra of the experimental data with respect t0 gy account the anking water molecules in the calculation of
pure water spectrum are shown in F2g.(broken lines) and again spectra, but do not show sigmiant spectral signatures. Excess
compared to the available simulated difference spectra (sQjihtons that are coordinated with a chloride anion as the second
lines). Two peaks dominate the difference spectra, one aroypgrest neighbor are neglected from our analysis. This does not
156-200 cm ! and one around 36@100 cm 1. The experimental i yence our excess-proton spectra, since even for the highest
difference spectra scale linearly with HCI concentration, whichggiq concentration of 6 M, only 5% of all caurations are of
demonstrated in Fig2c, where the difference spectra are dividggjg type, as demonstrated in Supplementary Table 3. Note,
by the HCI concentrations,c.. For comparison, the simulatedpgyever, that the fraction of protons coordinated with chloride
difference spectra divided byc), already presented in Filfl, are jons increases sigrgantly at higher concentratio?® Our pro-
averaged over the three HCI concentrations and shown as a re for calculating continuous excess-proton trajectories is

solid line. The linear scaling of the experimental spectra with Hgkcssed in further detail in Supplementary Methods 2.
concentration recorrms that the difference spectra are related to 1pe excess-proton trajectories are described by the two-
single-ion behavior and that collective ion effects are negligiblegifensional coordinate system ded within local transient
agreement with previous observatibfis. In essence, two HsO," complexes consisting of the excess proton and its two
different processes at &DOcm ! and 300400 cm ! are nearest water molecules, as illustrated in the right part of3gig.
clearly indicated by our experimental and simulated spectra affle coordinates are the instantaneous distance between the two
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Fig. 3 Excess-proton trajectories and spectra. #lustration of the method used to extract continuous excess-proton trajectories from ab initio molecular
dynamics (MD) simulations. From the three protons in a hydronium ion, the one that will later transfer to a neighboring water is idghtis excess proton.

To the right the coordinatesl and Ryo are de ned.b Example trajectories of thel and Ryo coordinates.c Power spectra of thed and Ry coordinates are
shown as broken and dotted black lines, respectively (vertical axis on the left). Also shown are the simulated difference spectrum of the 6 M HCI solution,
divided by the HCI concentratiom,c; and multiplied by the water concentratiow,, (red solid line), and the simulated difference spectrum between a
transient H0,* complex in HCI solution and two hydrogen-bonded water molecules in pure water (gray solid line), using the vertical axis on the right. The
inset shows a zoom into the THz regime, which additionally shows our 6 M experimental THz/FTIR difference spectrum (red broken line).

oxygen atomsRoo and the excess prottndistance from the spectral feature around 400 ch which turns out to be present
midplaned?#. The state fod= 0, where the excess proton is iralso in the simulated and experimental HCl-solution spectra, as
the middle between the oxygens, will be later used to@¢he will be discussed below.
transition state of the proton transfer between the tvemking To check for the effect of the two water molecules tlaaik the
water molecules. Figur8b shows an example excess-protoexcess proton on the difference spectrum, we also calculate the IR
trajectory from our ab intio MD simulations in terms of tfRyo  spectrum of transient ED,* complexes, as done previod3R?
andd coordinates. While the motion along the two coordinates &nd presented in more detail in Supplementary Fig. 11. To
strongly correlated, as we will show later, thieajectory shows construct a difference spectrum, we subtract from th©H
fast oscillatory components that are much weaker inRag spectrum the spectrum of hydrogen-bonded water-molecule pairs
trajectory. obtained from the pure-water ab initio MD simulation. The
The power spectra of the excess-proton trajectories, averageullting difference spectrum in Figc (gray solid line, right
over all excess protons in the solution, are shown in3€ifpr the scale) is reduced by a factor of roughly two compared to the
d coordinate as a black broken line and for B, coordinate as difference spectrum of the entire HCI solution (red solid line) but
a black dotted line, in the calculations we assume a bare chargetbérwise agrees in shape rather nicely. Compared to the
1 e for the excess proton (left axis). We compare with tlspectrum of the isolated excess proton (broken line, left scale)
simulated difference spectrum of the 6 M HCI solution (red solide observe an amptation by a factor of roughly two, but no
line), which is multiplied by the water concentratic, and essential spectral shape change. We conclude thatathidng
divided by HCI concentratioryc; and thus is normalized per water molecules and in particular thepecial pair dancewith
excess proton (right axis). The qualitative agreement betweenftméher solvating water molecules does not modify the spectrum
two spectra (black broken and red solid lines) is very good updbthe excess proton in an essential way. The amcgiion of the
an overall scaling factor of roughly four, which eets complete HCI-solution difference spectrum compared to the
polarization enhancement due to neighboring water moleculégO,* difference spectrum (red and gray solid lines, respectively)
The good agreement indicates that the difference spectrum ofvem rationalize by polarization enhancement effects of water
HCI solution is proportional to the spectrum of the highly IRmolecules that solvate thesB,* complex.
active excess proton in terms of its coordirgfté In other words, A few spectral contributions that are not included in the excess
the HCl-solution difference spectrum reports on the excegsoton power spectrum (black broken line in FRg) deserve
proton motion relative to the twoanking water oxygens and canmentioning: (i) Dynamics orthogonal to the connecting axis of
therefore be used to investigate proton-transfer dynamics. thre oxygens are shown to be small in Supplementary Fig. 11. (ii)
turn, the analysis of excess-proton trajectories allows to reveal The chloride motion is shown below to contribute only slightly
microscopic mechanism causing the signatures of HCI-solutiand at low frequencies to the spectrum. iii) The translation and
difference spectra, which is a central validation of the trajectorptation of the internal HO,* coordinate system relative to the
decomposition technique used in our study. In contrast, thab frame is in Supplementary Figs. 12 and 13 shown to only give
dynamics oRgo, i.€., the vibrations of the water molecules in tha small spectral contribution. We thus conclude that the IR
HsO," complex, black dotted line in Figc, gives rise to a singledifference spectrum between HCI solutions and pure water
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Fig. 4 2D excess-proton trajectory analysis. arhe two-dimensional (2D) free energy of the excess protons in 6 M HCI solution for thkRop)
coordinates dened in the inset of Fig3a. The shaded area is enlarged and shown in e. The gray dots denote the positions of the global minima of the 2D
free energy. The minima forxed Roo, i.€., the most likely proton locations!(Roo), are indicated by a black broken linb.Cuts through the free energy in a

for Roo = 2.39 , where the barrier just vanishes (blue solid lindRo = 2.42 , where the absolute barrier height is minimal (red solid line) afdo =

2.51 , for which the global minima of the 2D free energy are obtained (green solid limeéjhe absolute free energy at= 0 (red solid line) and the barrier
height relative to the minima at xed Roo located atd'(Roo) (blue solid line).d Distribution of Roo positions at which complete transfer paths cross the
d= 0 midplane.e Zoom into the free energy shown in a. The vertical colored lines indicate the cuts through the free energy shown in b. An example
trajectory from the ab initio molecular dynamics (MD) simulation is shown as a black solid lihnPath-duration distributions of complete (blue, times

de ned fromd  to d") and incomplete transfer paths (green, times deed fromd" to d= 0). Fits according to Eq.%) are shown as black solid lines.

g Time course of the example trajectory alond) same as shown in e, with complete and incomplete transfer paths indicated as blue and green lines,
respectively. The two branches of thBoo-dependent minimal energy positiod[Roo(t)] are shown as black broken lines.

reports very faithfully on the excess-proton dynamics, apart fronfi Roo and are determined by the parabolic functioi{Roo),
an overall amplication factor. which is plotted as a black broken line in Fg, e. The cuts in
Fig. 4b are shown forRoo = 2.39 , where the barrier just

) o vanishes (blue solid lineRoo = 2.42 , where the absolute
2D excess-proton trajectory analysigigureda shows the two- payrier height is minimal and which contains the transition state
dimensional (2D) free energy for 6 M HCI obtained from thg, ihe d-Roo plane atd= 0 (red solid line), andRoo = 2.51
negative logarithm of the distribution function of the continuoug,hich contains the global minima of the 2D free energy (green
excess-proton trajectories as a function of the coordirhte®d  ¢()iqg line).
Roo, @ blow up of the shaded area is given in Ag.By de- The absolute free energydit 0 is plotted in Fig4c as a red
nition, the free energy is symmetric with respect to the midplarg)iq line and compared to the barrier height relative toRag-
atd= 0, which separates two global minima&Ralo = 2.51 and  gependent minima at*(Roo) (blue solid line). The minimal
d= 0.2 . These minima, highlighted as gray dots in F@. apsolute barrier free energy of RJ (red line), located &Roo =
correspond to states where the excess proton is asymmetrically, , de nes the transition state: f&o = 2.51 , for which
shared between the twanking water molecules. The transitionpe most probable excess-proton state is obtained, the barrier has
between these minima, i.e., the proton transfer, is, therefore; @,oderate absolute height of kg, suggesting that proton
barrier-crossing process in the two-dimensional plane spannediysfer is not excluded for this value Bbo. Note that for

Roo and d. Roo<2.39 the relative barrier height vanishes and thus a
Figure4b shows cuts through the free energy for consB§¥  symmetrically shared excess proton is most likely.
along d, each tted to a quartic expressiof(d) = Fy-o(1+ Next, to decompose the excess proton trajectories into

202+ 0% shown as black broken Iin'es. Detai'ls. are reported g gments where the excess proton moves around the local free
SLbopIementary Methods 3. For negatiyetwo minima atd s energy minima and where a transfer across the midplane
+ ,=® ,p are separated by a barrier a= 0, which happens, transfer-path start and end points need to beete

correspond to the optimal proton asymmetry for a given valleor this we use the most likely proton locatidi(Roo) (black
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broken lines in Figda, e, g). The start of a transfer path is thuproton is not undergoing a transfer, which constitutes the
de ned as the last crossing of (Roo) on one side of the normal-mode contributiondyw(t) in Fig. 5d (green solid line).
midplane atd= 0 and the end of a transfer path as thest Different or more detailed excess-proton trajectory decomposi-
crossing ofd*(Rop) on the other side of the midplane dt= 0. tions are certainly conceivable, the usefulness of the present
The transfer paths are slightly extended forward and backwardsicheme follows from its spectral decomposition properties.

time to the points where the velocity alodgvanishes, the so- In Fig. 5e the excess-proton spectrum, (black solid line) is
called turning points, in order to be consistent with the analyticdecomposed as

theory presented ii%. An example trajectory is shown in Fitg 00, 00 00 00 .
(thin black line) in the @, Roo) plane, the corresponding time- T™W TP NM

dependent positiod is given in Figdg, where the transfer path is1,o power spectra of the transfer-waiting?, (blue line), and

highlighted in blue. Many transfer attempts are unsuccessful sfer-path contributions % (red line), are computed from the
lead to incomplete transfer paths, where the excess proton crosse TR L . . .
the mid-planepd: 0 but do%s not reach to the miﬁimal free, lt) and dre(t) trajectories using the Wienefintchine

energy statel (Roo) on the other side. Two incomplete transfe%heorem (see*MethodS - section for -details). All cross-
athg):are shown(i)n reen in Fitg and for consistepnc are alsocorrelation contributions are included in the normal-mode
P 9 Y contribution, 2, (green line).

ciended o ey g pots ransfer path ime ditrbulen “Tne normalode spectr &, in Fig. 5 accounts for the
g o ' P continuum band located between 2000 and 3000%ri is in

paths turn out to be slightly faster. In total, there are about %t amenable to normal-mode analy827 but by construc-
ma_ny incomplete _r(— 14877) as complete transfer path ion does not include the proton-transfer dynamics. The range of
(n= 14357), meaning that about half of all excess protofs,” yominant normal-mode time scales included in
reaching the midplang = 0 actually transfer from one water NM?

- : g g = 11-17fs, follows from the spectral width of the con-
molecule to the other. The main peaks in the distributions af&“ i _ PR h
tted by the Erlang distributigi-56 {fuum band, taken to bd= 2006-3000cm * in Fig. 5e, via

a3p

NM — 1/4.
t 1 B The transfer-path spectrum 9 in Fig. 5e shows a
1 t= 7p. ap TP .
prpdP /4—6 T e ™ pronounced peak around 1200cfn An analytical model
> TP

calculation shows that the peak in the transfer-path spectrum is
with the mean transfer-path time deed by tp, shown as black related to the mean transfer-path timefas= 1/(2 15)38. Taking
solid lines in Fig4f, the t parameters are given in the legend.the results from the ts in Fig. 4f, yielding $, = 14.1 fs for
The distribution of transition states in Figd, i.e., theRoo complete and }, = 12.7 fs for incomplete transfer paths, we
position at which complete transfer paths cross the midplane @edict f¢, ¥%1170cm?® and fiTP 1,1300cm?, indicated in
d= 0, is rather broad and peaks slightly beRys = 2.42 ,the Fig.5e as vertical lines and which bracket the transfer-path peak
most probable excess-proton positiondat 0. Most paths, in very nicely.
fact, 77%, cross fdkoo>2.39 , i.e., for values dRoo where & The transfer-waiting spectrum %9, in Fig. 5e exhibits a peak
barrier along thed coordinate is present. This means that thground 400 cm?, a shoulder around 100 crh and a slow decay
dominant mechanism for proton transfer is not one where th@r |ower frequencies. The peak around 400 &n(l2 THz) is
proton waits until the oxygen-oxygen separatiB5o reaches caused by oscillations of the oxygerygen separationRoo,
small values so that the remaining barrier alahgs small or \which couple to the proton positiod via the most likely proton
absent. Rather, protons cross the 0 midplane for a broad positiond*[Ryo(t)]; in simple terms, the proton vibrates with the

distribution of oxygen-oxygen separatidRso and by doing so \yater molecule it is bound to. The oxygen vibrational time scale
overcome substantial free-energy barriers. This reverberates that a = g6 fs, indicated in Figpb, follows from the peak of the

normal-mode analysjs cannot account for all aspects of protB \7ver spectrum oRog around 400 cm?, which is plotted in the
transfer in HCI solutions. lower panel of Figse and agrees perfectly with the peak i9,.
. ) This peak is in fact also well visible in our experimental THz/FTIR
Spectral signatures of pr.oton. transferln order t'o d|§sect the gifference spectra, shown again in Bas a broken red line for a
excess-proton spectrum in Fige (black broken line) into con- g \ HC| solution, the dotted red line shows the corresponding
tributions that have to do with proton-transfer events and thosgmylated difference spectrum. Note that this translational
that do not, the excess-proton trajectortft) are decomposed yjpration of two water oxygens in the transient®* complex
into three parts according to is about twice as fast as the translational vibration of two
d&b Y, @b pdpdb pdy,dk ®p hydrogen-bonded water molecules in pure water, which gives rise
to the well-known IR signature around 200 chnshown as a blue
To illustrate this decomposition, Fisa shows part of an examplesolid line in Fig6b obtained from pure-water simulatioks This
excess-proton trajectorsi(t) (black line), together with the most frequency shift is the reason why the water-vibration peak appears
likely excess-proton positiord [Ro(t)] (thin gray lines); the prominently in the difference spectra in Fé.
deviations between the black and gray lines visualize exces¥he shoulder in 9, around 100cm?! is related to the
proton motion relative to the oxygen it is bound to. We de the transfer waiting time +, which is the average time between two
transfer-waiting contribution to the excess-proton trajectory a®nsecutive complete proton-transfer events, as predicted from
drw(t) d[Roo(t)] projected onto the closer branch ofan analytically solvable barrier-crossing mé@eln Fig. 5f we
d"[Roo(t)], shown as a blue solid line in Figh. Therebydrw(t) show distributions of the transfer-waitingst-passage times, i.e.,
re ects the proton transfer jumps and also contains the watdistributions of the time difference between crossing the most
motion. The transfer-path contributiothrs(t) in Fig.5c (red solid likely proton positiond [Roo(t)] on one side of the midplane
line) is dened asdrp(t) = d(t) drw(t) during complete and d= 0 and crossingl"[Roo(t)] on the other side of the midplane
incomplete transfer paths (as ded in Fig.4e, g) and is zero d= 0 for the rst time, for the three HCI concentrations. The
elsewhere, it describes the excess-proton motion during transfistributions are essentially exponential in nature, which means
processes. Finally, by subtractthgy(t) and drp(t) from d(t), we that transfer events occur at a roughly constant rate andcts
are left with the oscillations arourdi[Roo(t)] When the excess the stochastic nature of the excess-proton transfer process in this
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Fig. 5 Spectral signatures of proton transfer. ad Decomposition of an excess-proton trajectod(t) (black solid line ina) into transfer-waitingdry, (blue
solid line inb), transfer-pathdyp (red solid line inc) and normal-mode contributionglyy (green solid line ind). The time course of theRoo-dependent
most likely proton positions atl'[Roo(t)] are shown as thin gray solid lines ing and b). e IR spectrum of the excess-proton motion projected onth
shown as a black solid line, and IR spectra of the contributions showa-aiin the respective color (the green broken line denotes negative values). The
power spectrum of theRo coordinate is shown as a gray broken line in the lower panel. The inverse of the characteristic time scalesg . 2 ¢ and

2 %p are shown as thin vertical solid gray line§ Distributions of the transfer-waiting rst-passage times of excess protons, see main text for details.

reduced one-dimensional description. The mean of these We comment on the subtle spectral features in the range
passage distributions dees the transfer-waiting timey, which 14061800 cm 1 in Fig. 5e, where small but distinct peaks are
is given in Tablel and increases with rising HCI concentrationrevealed in the different spectral contributions. The transfer-
This indicates that hydronium ions have a slightly longer life timeaiting contribution (blue line) peaks at about 1650 ém
at higher HCI concentrations. In contrast, both complete artunting to a weak coupling to an unperturbed water bending
incomplete transfer-path times interestingly show no dependennede of the anking water molecules. The transfer-path
on the HCI concentration. The inverse of the transfer-waitingpntribution (red line) peaks at 1750 cf the location of the
time w = 280 fs for 6 M, which is shown in Fife as a vertical experimental acid bend signature, which suggests that the acid
line, is located at 120 cr (3.5 THz) and corresponds well to thebend couples particularly to the transfer path motion of the excess
position of the shoulder in %9, which con rms the connection proton. Note, that even though the acid bend is primarily
between the transfer-waiting time and the spectroscopic signatpreduced by the excess-proton motion orthogonal to the
around 100 cm? that is predicted by analytical thedfy We coordinate, this contribution to the isotropic spectrum is largely
note that the total length of the continuous proton-transfecompensated by motion of theanking water molecules, as
trajectories are roughly twice as long as the mean transfer-waitiiigpwn in Supplementary Fig. 11. The normal-mode contribution
times, meaning that typically a few back-and-forth proton(green line) peaks around 1500 chconsistent with previously
transfer events occur in each trajectory (see Supplementa®jculated normal-mode spectra of Eigen-like solvated proton
Note 7 for more details). structured®. We thus see that our trajectory-decomposition
The characteristic time scales of each contribution, i.e., fieehnique also allows to disentangle the various normal-modes
transfer-waiting time +w, = 280 fs, the water-oxygen vibrationabbtained for the solvated excess-proton complex.
time = 86 fs, the transfer-path time§, = 14.1fs and’p = So far we have concentrated on the excess-proton spectral
12.7 fs and the normal-mode timesy, = 11-17 fs are contribution and not discussed the chloride contribution. The

unambiguously extracted from the simulations and character@@composition of the total simulated 6 M HCI spectrum in Biy.
both the trajectory contributions in the time domain in Fig—d, (red solid line) into the chloride contribution (green solid line,

where they are included as horizontal black bars, and also thgluding all cross correlations) and the remainder (gray solid line)
different spectral contributions in Fige. demonstrates a prominent chloride peak around 150%mwhich
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While the generally good agreement between our simulated
and experimental spectra supports our chosen simulation
methodology, it is clear that our classical treatment of nuclei
motion is a drastic approximation and therefore some of the
agreement might be due to fortuitous cancellation of errors.
B Interestingly, previous studies found no sigrint differences
R N between IR spectra computed from simulations with and without

nuclear quantum effects below 3000 dr&*3555, which might

suggest that quantum-mechanical zero-point motionuignces
- the excess-proton dynamics less than the instantaneous excess-
AN proton distribution. We discuss quantum nuclear effects and
lllll YT \\ basis set issues in tH#ethods$ section anql Supplementary

B N Note 1. Furthermore, we also compare our simulation results for
~=- BMHCIdiff. exp. RN radial distribution function&33525657 (Supplementary Note 4)
b -1 e — : — . and proton diffusion coetient83358-60 (Supplementary
Note 8) with previous reports and discuss other observables that
have been used in literature to characterize excess-proton transfer
dynamics, such as identity correlation functi®f®$61 (Supple-
mentary Note 7), the hydrogen-bond asymmetry around
hydronium ions$® and the number of hydrogen bonds hydro-
nium ions participate if*>759 (Supplementary Note 9).
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Discussion

We show that the spectroscopic signature of proton-transfer
dynamics between two water molecules in hydrochloric acid
(HCI) solutions can be investigated by trajectory decomposition
into transfer-waiting (characterized by the time scalgy),
transfer-path (characterized byrp) and normal-mode con-
Fig. 6 Absorption spectra in the THz regime. &Experimental THz/Fourier- tributions (characterized bynm). The decomposition is per-
transform infrared (THz/FTIR) difference spectra of 6 M HCI solution (red formed in the two-dimensional coordinate system that is spanned
by the excess-proton position and the oxygen-oxygen distance of
dynamics (MD) simulations (red dotted line)b The simulated 6 M HCI  the€ two anking water molecules and operates both in the time
spectrum (red solid line) is decomposed into a chloride-ion contribution domain as well as in the frequency _domam-_ Th_e coupling of the
(green solid line, including cross correlations) and the remainder (gray solioexce_ss'pmton motion to the relative oscillations of the two
line). For comparison the simulated pure-water spectrum (blue solid line) is anking water molecules produces a fourth spectral proton-

Cl + Cross Corr.
0 —— Remainder .

0 5 10 15 20
f[THz]

25

broken line) compared to the difference spectrum from ab initio molecular

also shown. dynamics contribution (characterized by ). The dynamics of
each of the four contributions are described by distinct time scales
wlth the. ord.erllng ™W> Ry > TP> nm and therefore con-
tribute with distinct peaks to the excess-proton IR spectrum. Due
to the high proton charge, the excess-proton spectrum, and due to
correlation effects with the neighboring water molecules in par-
conc. oM aM 6 M ticular the extcgbss:[-prot_on_mgtlct)n tﬁlo?Fg ér};a axis connetctlng tfhe
- 20826 22914 28314 oxygens, contributes sigmantly to the ifference spectrum o
o Ifs] 24143 249+ 3 23143 HCI. Our_expenmental THz/FTIR dlffer_ence spectra resolve the
o, [1S] 81+3 8242 8642 slowegt time scale_s_TW and o of Wh!Ch _the former one is
e ffs] 14.08+0.08 14.34+0.05 14.10+ 0.04 overlaid by an additional spectral contribution due to rattling of
o [fs] 12.65+ 0.09 12.80+0.05 12.74+0.05 the chloride ions, characterized by yet another time scale
o [75] (11+1) (17+1) which is close to rw. Mid-IR experimental difference spectra
from literature on the other hand are compatible with our pre-
The standard errors of the transfer-waiting timery and the transfer-path times -, and $, are dicted Spectra associated with th@, and NM time scales.
estimated from the variances of thetted distributions. The errors of the normal-mode times . L
nm, the oscillation time of the two anking water molecules Roo and the rattling time of In contrast to the tfanSfer-path tlrneI'Pu the tranSfer'Wamng
chloride ions ¢, are estimated from the resolution of the underlying spectra. time T™W ShOWS a Weak dependence on the HC| concentration.

Possible reasons include ionic screening and repulsion effects
between neighboring excess protons, but also entropic effects due

translates to a corresponding time scalef = 185 ps and is due
to the rattling of a chloride in its hydration c&J€. This peak is
also seen in the simulated difference spectrum iregi¢red dotted
line) and is slightly shifted to larger frequencies in the experimen
difference spectrum (red broken line). At 2200cm i the
remainder contribution in Figéb (gray solid line) is signcantly
stronger than the pure-water spectrum (blue line), indicating th
process related to excess-proton motion sicgmtly contributes in
this wavenumber range. We suggest that this process is the ex
proton transfer-waiting contribution, which in Fi§e is shown to
produce a broad shoulder around 100 ém

to the reduced number of accepting water molecules have been
discussetP3262 This is consistent with experimental results
owing a decrease of the excess-proton diffusivity with
nftreasing HCI concentrati6f which is reproduced in our
simulations (see Supplementary Fig. 19). One should note that
the transfer-waiting times in local transients®b* complexes
ailude back-and-forth proton-transfer events, which do not
contribute to the long-time excess-proton diffugiepo85963
Shevertheless have a pronounced spectroscopic sigiature
Our results nicely complement recent normal-mode calcula-
tions. We nd that the continuum band stems from normal-

NATURE COMMUNICATION§S (2022) 13:4210 | https://doi.org/10.1038/s41467-022-31700-x | www.nature.com/naturecommunications 9



ARTICLE NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-022-31700-x

mode vibrations of less symmetric, i.e., more Eigen-like,gzon modef® The force elds for Cl and H;O* were taken fror. The ab initio MD

urations of the excess proton, which are stronglyuanced by simulations were subsequently performed using a time step of 0.5 fs under NVT

the OXygen-oxygen Separatiﬁﬁol419'25'26 On the other hand conditions at 300 K by coupling the system to a CSVR thermostat with a time
h . . . ' cgnstant of 100 f2
our transfer-path signature, which is dominated by a broad Dipole moments were obtained after Wannier-center localization of the

absorption around 1200cm, shows striking similarity with electron density at a time resolution of 2 s or 4 fs. At each time step, the Wannier

normal-mode spectra computed for more symmetric, i.e., morenters were assigned to the closest oxygen or chloride ion. Water molecules were

Zundel-like congurations of the excess prol;d;ﬁg,zs,ze It is not assembled by assigning each proton to the closest oxygen nucleus, thereby forming

. o . either water or hydronium ions. For the hydronium ions, all protons were treated

|mple}u3|ble that normal modes f_or_small separano_ns _Of the tvglg excess-proton candidates and further processed based on a dynamical criterion
anking water molecules show similar spectroscopic signaturessagiscussed in the main text and Supplementary Methods 2. The dipole moments

the transfer paths we extract from our simulation trajectories. Yefpllow as a sum over the respective position vectaad charges; (q= 2 e for

in a normal-mode picture the interconversion between th&annier centers, and reduced core charges for nuplei), igir; for the whole or

. . . ired sub systems.
metastable Zundel-like and E'gen'“ke excess-proton states ca reiﬁztnear response theory relates the dielectric susceptilft)tio the equilibrium

be explained consistently, even though the_ importance of thifocorrelation of the dipole momef(t)= o p(t)p(0) , reading in Fourier
process for a complete description of the mid-IR signatures veasce
acknowledged several tim&%+2635 |n fact, the broad dis-

o - D . 1 . ab
tribution of this interconversion time scale is demonstrated by the O PYG T o P i€ 0P, ob
transfer-waiting time distribution and also gives rise to a distinct
spectral Signature that we identify in the THz regime. with system volum¥, thermal energ¥gsT, vacuum permittivity o and D being the

; [ : : : mber of Cartesian dimensions of the polarization veptdR spectra can
A recent study employing similar simulation techniques h refore be calculated straight-forwardly from signtly sampled trajectories of

decomposed the proton power spectra with respect to the prot@B ap initio MD simulation data using Eg¥)(and the WienetKintchine relation,
asymmetry coordinate and thereby reached similar conclusionsi¢dved in Supplementary Methods 4 as

ours: Eigen-like corgurations give rise to the continuum band 1 21 _

while Zundel-like congurations dominantly contribute around Cap Vo~ d e ‘IR &b

1200 cm 147, That study also determined the proton-transfer ' '

time scale using two-dimensional transition state theory arderepd Pis the Fourier-transformed dipole-moment trajectory with lerigtand
Marcus theory of ion pairing andnds this time scale to be the asterisk denotes the complex conjugate. Alternatively, for charged subsystems,

. d d . ith d .~ as in the case of the chloride ions, the computation using the time derivative of the
concentratlon ependent, in agreement with our an preV'OHéarization, i.e., the currelvs 4pap is preferable
observations.

. . z 1 it
In summary, in many theoretical treatments, only normal cap iy, L d 8 oo &b
modes of meta-stable or stable states are assumed to produce 24, th,
spectral contributions. Any spectral mode is therefore interpretedQuantum corrections have previously been addrédsbdt were not
as being due to a meta-stable state, consequently, broad spewtpégd here.

modes are often interpreted as eeting a wide collection of _ Since the Wannier-center localization time stdc = 4 fs is larger than the
original simulation time stept = 0.5 fs, the analysis is performed on two types of

normal modes with slightly different frequencies. In this papqrajectories stemming from the same simulations: one set of trajectories containing
we show that transfer and barrier-crossing events of chargrélelectronic degrees of freedom and another set of trajectories of higher time
particles as well as transfer paths create spectral features Inscdution but o_nly containing nuclei positions. Thi§ higher resolution data is used
mechanism that is very different from a normal-mode picture arigf the calculation of excess-proton spectra and kinetics.

. All spectra were smoothed by a convolution with a Gaussian kernel of varying
that these SpeCtral features are broadened by the stochastic n%ﬂdfﬁ depending on their respective resolution. We used a standard deviation of

of the transfer dynamié§. In fact, the strength or frequency of ass, 20, and 50 cni for bulk spectra, the kD, complex difference spectrum in
spectral feature does not allow to tell whether it is caused Hy.3c and excess-proton spectra, respectively. Experimental data was smoothed
normal-mode oscillations in a stable or meta-stable state 45t19 @ standard deviation of 3 crh

L - : - To address the quality of the chosen basis set, shorter simulations at 6 M were
whether it is caused by transfer or barrier-crossing dyn"’“nlcs'pen‘ormed using the non-short range basis set (DZVP-MOLOPT-GTH) as well as

a triple-zeta doubly polarizable (TZV2P-GTH) basis set. Spatial correlations in the
Methods data are compared in Supplementary Fig. 9. While the coordination of excess
protons with chloride ions slightly increases when the more elaborate basis sets are
alﬂsed, no signicant differences in correlations between excess protons and oxygen
k%(élei are found, which are the focus of this study.

Computational methods: ab initio molecular dynamics simulationsThe
Born-Oppenheimer ab initio MD simulations of pure water and HCI solutions
three different concentrations were performed with the CP2K 7.1 software pac
using a polarizable double-zeta basis set for the valence electrons, optimized for

small molecules and short ranges (DZVP-MOLOPT-SR-GTH, with the exceptiBrperimental methods: THz absorption measurementsTHz spectroscopic

of the chloride anions, that were modeled including diffuse functions in the augreasurements in the 3650 cm 1 frequency range were done with a commercial
DZVP-GTH basis set), dual-space pseudopotentials, the BLYP exchange-  Fourier Transform spectrometer (Bruker Vertex 80v, Germany) equipped with a

correlation functional, and D3 dispersion correct®h&. The cutoff for the mercury light source and a liquid helium cooled bolometer detector (Infrared
plane-wave representation was 400 Ry. The system parameters are summarizZeaboratories, Germany). Spectra result from an average of 128 scans with a reso-
Table2. lution of 2.cm 1. The liquid sample cell is composed of diamond windows (Dia-

Before production, each system was equilibrated in classical MD simulationsrfamd Materials GmbH, Germany) in which a Kapton spacer of approximately
200 ps under NPT conditions at atmospheric pressure and 800 ps under NVT13 m was placed between the windows tothe sample thickness. The exact
conditions at 300 K, using the GROMACS 2020.5 sofffavith the SPC/E water thickness of the sample cell was determined from the etaloning pattern of the

empty sample cell. The temperature of the sample was held constant at
20.0£0. 2C by an external chiller. The measured frequency-dependent extinction
coef cient, soutiod ), iS determined using the Beéamber law

1, lyaed P
solutiorP P ¥4I |s:|2:m6 b P wate® R arp
Conc. oM 2M 4 M 6 M
I whered is the sample thickneskyate ) and lsotior ) are the experimental
N 19.73 20.25 20.25 20.23 transmitted intensities of the water reference and the samplg( ) is the
N, 256 258 244 224 extinction coefcient of bulk water and is taken from literatdéife The extinction
Nip s Ngy 0 10 20 30 coef cient ( ) is converted to the absorption spectrum, proportional to the
201 ps 52 ps 84 ps 84 ps imaginary part of the dielectric susceptibility( ), by tting the spectra and
twe 2 fs 4 fs performing a KramersKronig transform as presented in Supplementary
Methods 1.

10 NATURE COMMUNICATIONE (2022) 13:4210 | https://doi.org/10.1038/s41467-022-31700-X | www.nature.com/naturecommunications



NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-022-31700-x

ARTICLE

The difference absorption spectra of HCI solutions with respect to pure wa22.
and normalized with respect to the water concentration are given by
1 1
00 00 00
avd P 1/4Q—N solutior® P % wate® R 38p 23
whereg, andd,\), are the concentration of water in the aqueous HCI solutions and4

bulk water, respectively, determined from the solution density at room
temperature.

25.

Data availability
The datasets generated and analyzed during the current study are available from ti26.
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From ab initio simulations of liquid water, the time-
dependent friction functions and time-averaged nonliretive
bond potentials for the OH stretch and HOH bend vibrations are
extracted. The obtained friction exhibits not only aitiabat
contributions at and below the vibrational time scales but also
much slower nonadiabatic contributionsgcteéng homogeneous
and inhomogeneous line broadening mechanisms, respectively.
Intermolecular interactions in liquid water soften both stretch and
bend potentials compared to the gas phase, which by itself would
lead to a red-shift of the corresponding vibrational bands. In
contrast, nonadiabatic friction contributions cause a spectral blue
shift. For the stretch mode, the potentiatedominates, and thus,
a signicant red shift when going from gas to the liquid phase results. For the bend mode, potential and nonadialetts friction e
are of comparable magnitude, so that a slight blue shift results, in agreement with well-known but puzzling reipgsmental
The observed line broadening is shown to be roughly equally caused by adiabatic and nonadiabatic friction contributions for |
the stretch and bend modes in liquid water. Thus, the quantitative analysis of the time-dependent friction that acts on vibratic
modes in liquids advances the understanding of infrared vibrational frequencies and line shapes.

INTRODUCTION According to such reasoning, the rather small frequency shift of
The OH stretch band in liquid water is sigamtly red-shifted ~ the water bending mode when going from gas to liquid water
and broadened compared to the gas-phase spectrum, whileGAg!d be argued to imply that the bond angle potential is only
HOH bend frequency is in fact slightly blue-shifted whenveakly perturbed by the liquid water environment and thus
going from gas to the liquid pha3ée broadening of the OH that the coupling of bend vibrations to the hydration
stretch band in liquid water is typically rationalized by &nvironment is weak. This interpretation is puzzling though,
combination of homogeneous and inhomogeneeots & because the vibrational lifetime of the water bending mode in
Inhomogeneous line broadening is associated wétlendi  liquid water is rather short (around 179'f$ and thus only
hydrogen-bonding environments of individual OH bonds8.5 times longer than the vibrational period of 20 fs, an even
which in the limit when the hydrogen-bonding pattern changesnaller ratio than for the stretch mode. The short bend
more slowly than the OH vibrational period and in thevibrational lifetime rects quick energy dissipation into
presence of nonlinearities in the OH bond potential produckbrational mode's, ** which in turn can be rationalized by
vibrational frequencies that vary over tifhelomogeneous e cient multiphonon energy relaxation based on the excitation
line broadening rects the fast coupling of OH bonds to their of librational overtones in liquids.
neighboring water molecules, mostly via hydrogen bonding,Time-dependent or, equivalently, frequency-dependent
which re.duce_s the vibrational ||fet|m_e beca_.use the Vlbratlor:fﬁbtion arises whenever the dynamiCS of a many_partide
energy is quickly transported to_neighboring molecules argstem is described in a low-dimensional reaction-coordinate
thus dissipated into collective mddesleed, the vibrational spacé? 2 and its relevance for infrared (IR) spectra was
lifetime of the OH stretch is very short (of the order of 190|641y demonstrated in the past: All friction contributions
&9 and thus only 19 times longer than the OH-stretch
vibrational period itself (of the order of 10 fs). The )
experimentally observed red shift of the OH stretch band Received: November 2, 2021
usually rationalized by strong hydrogen bonding in liquidRevised: January 7, 2022
water, which extends and thereby softens the OR°gmd ~ Published: February 15, 2022
fact, the relationship between the hydrogen-bond strength, the
OH bond length and the red shift of the stretch band has been
amply and partly controversially discussed in litéfatdfe
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that decay faster or similarly as the vibrational period steemvironment than stretch vibrations (as has been demonstrated
from adiabatic solvent degrees of freedom and account farevious? *); rather, it is the subtle balance of the potential
dissipation into intra- and intermolecular degrees of freedoamd friction contributions to the line shift, which both are
(including vibrational overtoné$)?® these friction contri-  caused by interactions with the liquid environment, that is
butions dominate the vibrational energy relaxation and lead do erent for the stretch and bend bands. We conclude that the
homogeneous line broadening. Friction contributions thatoupling of water stretch and bend vibrations to other intra-
decay much slower than the vibrational time scale describe #@l intermolecular degrees of freedom, as @qahby the
slowly changing nonadiabatic hydration environment and time-averaged bond potentials and friction functions, is of
conjunction with nonlinear bond potentials induce inhomogesimilar strength, which explains their similar vibrational life
neous line broadening, as our results explicitly demonstrate.tdfes, although their frequency shifts are ratheredt,
course, there is no clear-cut separation between adiabatic afidch we rationalize by a subtle edence of the
nonadiabatic solvent relaxation mddés prompting for a  compensatory potential and frictiorats. The spectral blue
time-scale bridging framework to treat the dynamic coupling shift due to frequency-dependent friction is a very general
molecular vibration modes and their environment. In fact, th@echanism; it transpires that the concept of frequency-
frequency-dependent friction function, which appears in thiependent friction is important for advancing the under-
generalized Langevin equation (GLE), is the appropriagtanding of vibrational spectroscopy.
framework to account for all theseats, with the only
drawback that nuclear quantureats can at the current level SYSTEM, SPECTRA, AND MODEL
of the formalism not be included without making additionaWWe primarily analyze aiMD simulations of 2&5 (dnd DO
approximations. Only recently developed extraction methofts comparison) molecules in the liquid phase at 300 K that
that account for nonlinearifiésllow obtaining these time- neglect nuclear quantumeets. Figure A compares the
dependent friction functions from ab initio molecular dynamics
(aiMD) simulations and with high enough accuracy; this we
self-consistently demonstrate by deriving vibrational spectra
from numerical simulations of the GLE that are virtually
indistinguishable from the vibrational spectra directly obtained
from aiMD simulation trajectories.

In this paper, we address the puzzle posed by ¢nendi
line shifts of the water stretch and bend modes by analyzing
the vibrational water dynamics in terms of the time-averaged
nonlinear bond potentials (as a function of the bond length for
the OH stretch and the bond angle for the HOH bend) and
the corresponding time-dependent friction functions, which
are extracted from extensive aiMD simulations for 256 H
molecules. In particular, we show that the slight blue shift of
the water bend mode when going from gas to the liquid phase
is not caused by a sthing of the bend potential, which would
explain the blue shiftut rather by the time dependence of
the friction acting on bending vibrations. \We that the
liquid environment in fact sigcéntly softens the time-
averaged bond potentials, and it does so quite similarly for the )
stretch and bend modes. Neglecting the frequency dependefii!r® 1.(A) Trajectory of the OH bond length, averaged over both
of the friction, both stretch and bend bands would thus b&' 2onds '.r,\‘/lg su_ngkla t‘."’ater fmc"ec“"tar'] from ahb Initio mc|>_|ecu|ar
expected to be red-shifted by comparable amounts when go gamics (aiMD) simulations of onHn the gas phase (gray line)
from gas to the liquid phase, in stark contrast to they
experimentalnding® It turns out that nonharmonic bond-
potential eects are rather unimportant for the band position
and thus cannot explain this puzzlimgling. Likewise, trajectories of the mean OH bond length of a single H
frequency-independent friction shifts the bands icsigthy molecule in liquid O (blue line) and in the gas phase (gray
and only increases the line width, in agreement witkine), both at 300 K (sddethodsfor simulation details). The
expectatiorfsin contrast, the frequency dependence of thencrease of the mean and the variance of the bond length in the
friction is crucial and not only leads, in conjunction withliquid phase compared to the gas phase is clearly visible, which
nonlinearities in the bond potentials, to inhomogeneous lin@ ects the shift and softening of the OH bond potential due to
broadening but also gives rise to pronounced blue shifts faydrogen bonding in the liquid phase. The slotuations of
both stretch and bend bands. The mechanism for this bluke oscillation amplitude e=t vibrational energy relaxations
shift is very genefdlas we analytically demonstrate. Thethat occur over about 100 fs in the liquid phase (pure
compensation of the potential red shift and the friction blueephasing due taictuations of the vibrational frequéhty
shift is incomplete for the stretch band but almost perfect fas not easily visible in the time domain). Similarly, the bond-
the bend band, so the stretch band exhibits ecsigihmet red  length velocity autocorrelation function (VACHjigure B
shift from gas to liquid, while the bend band shows only demonstrates a sigrantly faster decay and thus a decreased
slight blue shift in both experiments and simulations. Theibrational lifetime in the liquid phase. Although the OH-
absence of a sigoant frequency shift of the bend mode doesstretch absorption spectrum is (apart from electronic and
by no means imply that bend vibrations couple less to theaiollective eects) straightforwardly related to the OH bond-

for 256 KD molecules in the liquid phase (blue line), both at
K. (B) Corresponding velocity autocorrelation functions.
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Figure 2.Absorption spectra of aiMD simulations at 300 K of gB6rtdlecules are shown as gray solid lines in pai@I3 e spectra up to

2000 cm! are multiplied by a factor three. (A) Comparison to aiMD spectra for lGuiblie solid line) and experimental data (obtained for

298 K), shown as a gray broken line §¥*fiand a blue broken line fos@** (B) Comparison to aiMD simulations of a sing@ @lue solid

line). The normal-mode frequencies of a sin@eaké shown as vertical dotted lines. (C) Comparison to power spectra of the symmetric stretch,
dons (blue solid line); antisymmetric stretgh,, (blue broken line); and bend mode vibratiops,, (blue dotted line), which are averaged over

all molecules and rescaled to match the absorption spectrum.

length VACF via Fourier transformation, it turns out that aapproximations. Nevertheless, the interplay of potential and
careful analysis of the molecular vibrations in terms of the GlfEequency-dependent frictioreets we explore in this paper
reveals interesting information on the mechanisms tharesumably is not modd by nuclear quantumeets in a
determine the vibrational frequencies and line shapes. fundamental way, so that the conclusions we draw with regard
Linear IR spectroscopy experiments measure the absorliedthe importance of frequency-dependent fricti@ctse
power of light at angular frequency= 2 f, which is should remain valid even beyond our classical treatment of the
proportional to the imaginary part of the dielectricnuclei.
susceptibility ( ). Linear-response theory relatds ) to Figure B compares simulated liquigCHgray) and single
the total dipole-moment autocorrelation (see section | of thel,O (blue solid line) spectra at 300 K. The single-water
Supporting Informatipnallowing IR spectra to be calculated spectrum shows sharp peaks which perfectly coincide with the
from equilibrium simulatiofi§!® Figure 2 compares the IR normal-mode frequencies of a single water molecule (vertical
absorption spectrum from aiMD simulations of ligyd H dotted lines, computed on the same DFT level as the aiMD
(gray solid line) and JO (blue solid line) with corresponding simulations) at 1607, 3675, and 3772 cwhich are within
experimental data (gray and blue broken lines, respectivel® cm? of the experimental values 1594.7, 3657.1, and 3755.9
One discerns the stretch band (around 330bforH,0 and ~ cm 1°*? Note that the OH-stretch band consists of two
2400 cm? for D,O in the aiMD results) and the bend band modes, namely, the low-frequency symmetric mode, where
(at 1650 cm' for H,O and 1200 cnt for D,O). The both OH bonds vibrate in phase, and the high-frequency
librational absorption band is produced by a large humber ahtisymmetric mode, where the OH bonds vibrate out of
di erent intermolecular vibrational méfekat are domi-  phase, which do not clearly separate in the liquid spectrum.
nated by rotational vibrations of water molecules in theifhe symmetric stretch mode in the gas phase shows a much
hydrogen-bond environment (around 700" dor H,O and smaller intensity than the antisymmetric stretch mode, in
550 cm? for D,O) and by translational vibrations of water agreement with experim&ntyhich is caused by electronic
molecules against each other around 20bfemboth HO polarization eects. The OH-stretch peak in the liquid is
and DO. The agreement between the absorption spectra froeigni cantly red-shifted and enhanced compared to gas phase,
aiMD simulations, which fully account for electronic andvhich is typically rationalized by the softening of the OH bond
nuclear polarizations, and from experiments is good, whipbtential and the constructive collectivity of OH-stretching
suggests that the chosen simulation method is well-suited fabrations in the liquid (see section Il in thepporting
modeling IR spectra, although the agreement is known to beformatior);*>°° the signicant enhancement is noteworthy,
partly due to a cancellation of approximations in the employdmbcause one could expect the friction acting on the OH bond
density functional theory (DFT) and the neglect of nucleato be much stronger in the liquid and thus to reduce the
quantum eects®*? Molecular simulations of liquids including vibrational amplitude. In contrast, the HOH-bending mode in
nuclear quantum ects have rather recently become feasiblehe liquid is slightly blue-shifted and not enhanced, which can
mostly via centroid and ring-polymer molecular dynamidse rationalized by collectiveeets that are slightly destructive
(MD) techniques? Unfortunately, the projection techniques (see section Il in thupporting InformatipnAll these eects
we apply on the classical nuclear trajectories from our aiM&¥e fully accounted for by the frequency-dependent friction
simulations are not available on the quantum level; therefoegting on the derent vibrational modes, as explained below.
the analysis we do in this paper can currently not be done forThe vibrational modes of a water molecule can be described
quantum systems without additional drastic and uncontrollday the bond angle oy and the symmetric and antisymmetric
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stretch distancedyys = (dop1 + donn)/2 and dopa = (down the validity of the GLE in the formulationeof 1 of our
don)/2, where the two OH bond distances in a waterextraction methods, and of our simulation methods of the
molecule are denoteddas; anddg,,, Which are all based on GLE, we will further demonstrate below that the GLE
the nuclear positions in the aiMD simulations, as illustrated accurately reproduces the vibrational mode spectra calculated
the inset inFigure £. The power spectra of these three directly from the aiMD simulations. Therefore, our description
vibrational modes, averaged over all water molecules in thiethe vibrational dynamics of a water molecule in the liquid
liquid, are shown iRigure £ ( yon as dotteddy,s as solid, phase via the GLE is accurate, or, more strictly speaking, it
andd,, as broken blue lines) and compared to the absorptioaccurately reproduces the vibrational dynamics obtained in our
spectrum from the total dipole moment. The agreement of thab initio simulations.

line frequencies and shapes is quite good, except that thésor a harmonic potentidli(x) = kx%/2, the vibrational
absorption spectrum is red-shifted compared th,thand power spectrum that follows from the @GhELcan be given

dona Vibrational spectra. This red shift is due to dipolain closed form as (see section VI in thepporting
correlations between neighboring water molecules (dsformatioi)

mentioned above and discussed in detail in section Il in the 5

Supporting Informatiyrand also due to electronic polar- ()= — Re ()

ization eects, as shown in section Ill in tBapporting kSm?2Si () )
Information The doys and dop, Spectra overlap sigeantly,
with a small red shift of thgys spectrum relative to tlg,,
spectrum, in accordance with previous observAtiohe.
vibrational spectrum of thgoy mode overlaps perfectly wit

where the frequency-dependent friction is obtained by a single-
sided Fourier transfornf )= , dte ' (t). In the limit of
h frequency-independent frictiof ) = , this yields the

the spectrum from the total (nuclear and electronic) dipol§tandard Lorentzian line sfidpgsee section VIl in the
moment, which is due to the fact that the bending anglg PPOrting Informatign

vibrations of neighboring water molecules are only weakly (and 2

in fact anti-) correlated, as shown in section Il in the = = > 2 3

Supporting Informatiof We conclude that the absorption (kSm 2> + (©)
spectrum calculated from the total system polarizatiohich will be shown below to give only a poor account of our

(including nuclear and electronic polarization from all wategimulated vibrational spectra. Nonharmonic potentials are
molecules and their correlations) match the power spectparametrized as

based on the single-water nuclear-coordinate-based vibrational

modes rather faithfully. This good agreement lies at the heartyy(y) = K(Xg x)2 + ﬁ(xé x93+ ﬁ(xé x)
of the common interpretation of IR absorption spectra in 2 3 4

terms of molecular vibrations; it also validates our approa
because it means that the conclusions from our GLE anal

“

WherexO is the position of the minimum W€x). Vibrational
y§'|89ctra in the presence of nonharmonic potentials are obtained

: ) X . . N§rom numerical simulations of the GLE using a parametrized
dimensional reaction coordinates that are derived from nuclq@&ion function of the forf ©°
n

positions, can also be used to interpret simulated al

experimental absorption spectra. " sy e ! sy o 1
In the following, we will analyze the dynamics efeit (= 7+ ge™ ' gos(;ty ——sin( ;t)
water vibrational modes based on the one-dimensional i=0 i i=0 P
GLE%6 ®)
¢ consisting ofi exponentially decaying components with time
mx(t) =S (8 )x9dtS P+ Kt scalesf and friction coecients ; as well akoscillating and
0 decaying components with amplituglesscillation frequen-
@ cies ;, and decay time scal@{see sections VIIX in the

which contains an in-general nonharmonic time-independeft/Pporting Informatiofor details).
potentialU(x) that corresponds to a free energy as it results
from integrating out all other degrees of freedom extept METHODS
The memory kernelt) describes the time-dependent friction All Born Oppenheimer aiMD simulations are performed with
acting on the uctuating variabbt), which can be the bond the CP2K 4.1 software package using a contracted double-
angle (pyon), the symmetric stretch distandgy), or the basis set for the valence electrons, optimized for small
antisymmetric stretch distandg,f). The random forci(t) molecules and short ranges (DZVP-MOLOPT-SR-GTH),
has zero meanFx(t) = 0 and fullls the uctuation dual-space pseudopotentials, the BLYP exchamgtation
dissipation relationg(t)Fs(t) = kT (t t). The GLE functional, D3 dispersion correction, and a ¢atdhe plane-
approach as introduced by Mori and Zwanzig in the 1960s gave representation set to 406'Ry7 A time step of 0.5 fs is
an exact projection of the full dynamics of a multiparticlesed undeNVT conditions at 300 K by coupling all atoms to
system onto a reduced set of coordinates. Given a on@-CSVR thermostat with a time constant of 100fe bulk
dimensional trajectort) from the aiMD simulations, the systems contain 256 molecules subject to periodic boundary
e ective mass), the potentiall(x), and the friction function  conditions in a cubic cell of size (1.9734*naoyresponding

(t) are uniquely determined and can be accuratelyo densities of 996.4 kgirfor H,O and 1107.8 kg/fnfor
extracted? as described in sections IV and V in the D,O. The total trajectory lengths of the liquid systems are 230
Supporting Informationlt follows that all intra- and ps for HO and 130 ps for J®. Simulations of a singlgtH
intermolecular interactionexts on the molecular vibration molecule, representing the gas phase data, are performed in the
dynamics are accurately taken into account: as a crucial tesNME ensemble with 47 initial curations sampled from a
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Figure 3.Results for the symmetric stretch coordiatgfrom aiMD simulations. (A) Potenti#ld,) for 256 HO in the liquid phase (gray

solid line) compared to the nonharmoniaccording teq 4(blue broken line) and the harmonic part (gray dotted line). (B) Poté(aial)

for a single kD molecule in the gas phase (green solid line) compared with the nonharacooiding t@q 4(blue broken line) and the

harmonic part (gray dotted line). The liquid-phase potential (gray solid line) is shown for comparison. (C and D) Friction as a function of time ar
frequency (gray lines) compared with tleecording teq 5(blue lines). Real and imaginary parts in panel D are shown as solid and broken lines,
respectively; the spectrum on top is the full absorption spectrum from aiMD. The blue dotted line in panel C shows a single exponential with de
time = 10 fs; the dotted horizontal line in panel D shows the constant real figtion (fon evaluated at the symmetric OH stretch
vibrational frequendy,s = 3390 cm®. The gray circle denotes the static fricti¢d). (E) Vibrational power spectrum (gray solid line)

compared to models of varying complexity: normal mode of sfddlerdken vertical line), Lorentzian with harmonic potential and constant
friction ops(gray dotted line), nonharmonic potential and constant frigtigfblue broken line), harmonic potential and frequency-dependent
friction (f) (purple solid line), and nonharmonic potential and frequency-dependent ftitigatue solid line). (F) Vibrational power
spectrum  using the nonharmonic potential anéwint values of the constant frictiomhere s = (fong) is the friction evaluated at the
symmetric OH stretch vibrational frequency. The gray solid line is the spectrum from aiMD simulations.

25 psNVT simulation using an individual thermostat with awith system volum¥, thermal energ¥sT, and vacuum
time constant of 10 fs for each atom.NYiEsimulations are  permittivity ,. IR absorption spectra can therefore be
each run for 10 ps with a time step of 0.25 fs. The distributiorg@lculated straight-forwardly fromaently long trajectories
of their initial congurations sample well the equilibrium from aiMD simulation data usieg 6 and the Wiener
distributions as shown in section XI of epporting Khintchine relatioffi*® derived in section XIl in the
Information Supporting InformatioQuantum corrections have previously

H 6 fiee
Linear response theory relates the dielectric susceptibilE?en addressed, but are not applied h.é_ molecular_ .
(1) to the equilibrium autocorrelation of the dipole moment pole moments are obtained after Wannier-center localization

_ L . ) . of the electron density at a time resolution of 2 fs. The
c = p(t)p(O) ’ fead'”g in Fourier spat¢see section | in Wannier centers are assigned to the molecule of the nearest
the Supporting Informatign oxygen, which always results in exactly four Wannier centers
per water molecule. A charge @e is assigned to each

()= 1 M{O) Si—C( )i Wannier center, which together with the nuclear charges,
V ok 2 (6) reduced by the electronic charges of the inner shells, allows for
1583 https://doi.org/10.1021/acs.jpcb.1c09481
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the calculation of the dipole moment. The power spectra amterplay of the potenti&(doyy and the time-dependent
smoothed using a Gaussian kernel with width 10 Ehe friction function (t). Interestingly, the symmetric stretch
normal-mode analysis is performed for an energeticapows a much stronger frictional damping at the characteristic
minimal conguration of a single,8 using the implementa- frequency of the bending mode than the antisymmetric stretch
tion in CP2K 4.1 and the same ab initio model as for the aiMInode, shown in section XIlIl of tBepporting Information

simulation. which points to a stronger dissipative coupling of bending
vibrations with symmetric than with antisymmetric stretch

RESULTS AND DISCUSSION vibrations.
We start with a discussion of the symmetric stretchdgade For simulations of the GLE, which are necessary for the

The potential (which actually corresponds to a free energ@nalysis of the coupling between nonlinearities in the potential
U(dono from the aiMD simulations for liquid water (gray and frequency-dependent friction, we ( ) by the
solid line) is inFigure & compared with a nonharmonfc ~ €xpressioreq 5 with a sum of three exponential and six
according toeq 4 (blue broken line); the harmonic Oscillating functions, see section VIII of $hepporting
contribution is shown as a gray dotted line. The comparisdAformation for details. Thet shown in blue irFigure
of the liquid and gas-phase bond potenti&igine B shows 3C,D describes the _S|mulated friction funct_lon equally well in
that the minimum of the potential (i.e., the most probable OHhe time as well as in the frequency domain.

bond length) increases fragw 97.50 pm in the gas phase to ~ The vibrational spectrum of thly,s mode directly

% = 99.25 pm in the liquid; at the same time the harmoni@xtracted from aiMD simulations is showfidgnre & as a

force constant decreases fkokaT = 0.404 pn? in the gas ~ gray solid line. The simplest possible model for a vibrational
phase td/ kgT = 0.274 pn¥ in the liquid. This softening of lineé shape is the Lorentzian moeegl 3 for a harmonic

the potential is due to elongation of the bond, caused tential and a constant, frequency-independent friction. Using
hydrogen bonding in the liquid, and will in the absence df keT = 0.274 pn¥ from the harmonict in Figure & and
frequency-dependent frictioneets be shown to induce a the friction ous = (fond in Figure ® at the stretch
pronounced spectral red shift. Furthermore, the potentiaibrational frequendyy,s = 3390 cm', we obtain the gray
nonharmonicity increases, as can be seen by comparing @éted line inFigure E. Compared to the normal-mode

reduced cubic potential cagent in the liquid phasg = ky/ frequency of the gas phase, denoted by a vertical green broken
keT(K ksT) 2= 0.0840 with the value in the gas pkase line, the Lorentzian is sigrantly red-shifted by about 500
0.0485. cm L the width of the Lorentzian exts homogeneous line

The time-dependent friction function for the symmetricbroadening due to adiabatic solvent friction that is described
stretch mode (t) extracted from aiMD simulations (gray line by the frequency-independent constgnat Note that the
in Figure €) shows multiexponential decay characterized blorentzian is considerably red-shifted and narrower compared
relaxation times from a few femtoseconds to many picé® the spectrum extracted from the aiMD simulation (gray
seconds, which is appreciated by comparison with a sindige). Interestingly, the frictiog, that acts at the vibration
exponential function with decay tinre 10 fs (dotted blue  frequencyosis about 2 orders of magnitude smaller than the
line, the logarithmic time axis should be noted). This iriction in the static limit= 0, as seen iRigure ®, which
particular means thaft) accounts for solvent relaxations that explains why the stretch vibrational dynamics shéiguia
are equally fast (adiabatic) and slower (nonadiabatic)A is rather weakly damped. The vibrational power spectrum
compared to the OH vibrational period of about 10 fs; onén the presence of the full nonharmonic poteutiy),,) and
thus expects homogeneous as well as inhomogeneous fiagstant frictiong,, obtained from numerical simulations of
broadening to occur, as indeed borne out by our analydisge memoryless Langevin equation (blue broken line, see
below. The oscillations that appear(iy at around 10250 section IX in thé&upporting Informatiofor details), is only
fs reect the dissipative coupling of symmetric stretcrslightly red-shifted with respect to the Lorentzian obtained for
vibrations to antisymmetric stretch as well as higher-harmo@darmonic potential, which is expected based on perturbation
bend and librational modes. This is illustrated by the real anbleory’ We conclude that nonlinearities in the potential have
imaginary frequency-dependent friction componénts + for constant friction only an insigrnt in uence on the line
i ()= ,dtéd! (1) in Figure ® (solid and broken gray frequency and shape. The peak frequency of a Lorentzian does
lines, respectively), which exhibit maxima at the OH-stretchimgt depend on the value of the constant frict{see section
and HOH-bending frequencies and also at their higheXIV in the Supporting Informatignwhich is approximately
harmonics. true also in the presence of the nonharmonic potential

The friction function thus accounts for the frequencyU(dons, as demonstrated Figure & where spectra from
dependent vibrational energy dissipation of a given vibratiomalmerical simulations for varyingre compared. We next
mode within a water molecule as well as into the surroundirafpeck for the iruence of time-dependent friction on the
water and in particular accounts for resonances betwespectrum. For a harmonic potential and for frequency-
di erent vibrational modes and their overtones. Thalependent friction, the spectrum is determined analytically
resonances contained in the friction function thus arby eq 2and shown irFigure & as a purple solid line. A
equivalent to Fermi resonante$, which typically arise in  signicant blue shift compared to the results for constant
a quantum formulation and in our classical description aféction is obtained, so that the position of the spectrum agrees
caused by nonlinear intra- and intermolecular couplings in thery well with the simulated spectrum, while the line shape is
multidimensional potential landscape that describes theo narrow. The blue shift can be understood based on simple
nuclear vibrations. Also non-Condomceés, which arise and rather general analytic arguments, as shown below. The
because of modiations of the transition dipole moment of spectrum obtained from the GLE in the presence of the
a vibrational mode due to time-dependent changes of thmnharmonic potenti&)(dyy) and time-dependent friction
solvation environment of a molecBilare included via the (t), shown by the blue solid lineFigure & (here numerical
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Figure 4.Results for the bend coordinaigy from aiMD simulations. (A) Potentid] 4) for 256 HO molecules in the liquid phase (gray

solid line) compared to the nonharmoniccording teq 4(blue broken line) and the harmonic part (gray dotted line). (B) Potdntig),)

for a single KO molecule in the gas phase (green solid line) compared with the nonharatoeicling teq 4(blue broken line) and the

harmonic part (gray dotted line). The liquid-phase potential (gray solid line) is shown for comparison. (C and D) Friction as a function of time ar
frequency (gray lines) compared with theccording teq 5(blue lines). Real and imaginary parts in panel D are shown as solid and broken
lines; dotted lines denote negative values of the imaginary part; the spectrum on top is the full absorption spectrum from aiMD. The dot
horizontal line in panel D shows the constant real frigigre  (fon) evaluated at the bend vibrational frequipgy= 1650 cm®. The

gray circle denotes the static frictioi®). (E) Vibrational power spectrum (gray solid line) compared to models of varying complexity:
normal mode of single,® (broken vertical line), Lorentzian with harmonic potential and constant fiigtiGgray dotted line), nonharmonic

potential and constant frictionoy (blue broken line), harmonic potential and frequency-dependent fri€tigpurple solid line), and
nonharmonic potential and frequency-dependent fri¢fiofblue solid line). (F) Vibrational power spectrum using the harmonic potential

part and the constant frictiogoy (gray dotted line), the real frequency-dependent friction @filyblue broken line), and the real and
imaginary frequency-dependent fricti¢f) + i (f) (blue solid line). The gray solid line is the spectrum from aiMD simulations.

simulations are employed), is swamtly broadened com- because the projection onto the GLE neglects nonlinear
pared to the results obtained for a harmonic potential anfgiction eects’"

time-dependent friction(t) (purple line). This reects the The o4 water bending coordinate is analyzed analo-
e ects of inhomogeneous line broadéhiieg, the eects of a ~ gously: The bend angle potentiffl o) in Figure A
slowly varying hydration environment of a vibrating bond th&xtracted from aiMD simulations (gray line) includes

elongates or compresses the bond length in conjunction wittPign! ant nonquadratic contributions as appreciated by a

nonlinear bond potential, and reproduces the spectrur%omparison of the nonharmorti¢blue broken line) with the

. . : . armonic part (dotted line) and as witnessed by the magnitude
extracted from the aiMD simulations (gray line) almos f the reduced cubic and quariparameterk; = 0.0596
perfectly; in fact, inhomogeneous line broadening is quii@ndk4 = ki kgT(K ksT) 2 = 0.00323. Dierent from the

substantial and accounts for 52% of the total line broadeningy,ation for the stretch potential, the liquid environment shifts
This means that the GLE, when used in conjunction with thghe most probable bending angle only very slightly. Never-
properly extracted nonharmonic time-averaged potentigifeless, the potential is softened considerably, as is seen by a
U(done and time-dependent friction(t), reproduces the comparison of the shape arndparameters of the gas and
system dynamics very well, which is not guaranteed in gendiglid-phase potentidl{ ,o4) in Figure 8, which can be
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rationalized by the fact that attractive electrostatic interactiorexhibits a singularity and thus is not shown. It is in fact the
which are predominant for strongly correlated polar liquidenaginary part (f) that gives rise to the blue shift, as is now
such as water, exhibit negative curvature throughout theixplained by a simple analytical argument.

entire interaction range. The time-dependent frictfon For this we consider a single-exponential memory function
extracted from the simulations-igure € (gray line) shows () = lexp(t ). The single-sided Fourier transform is
a broad decay but more pronounced oscillations compareddiven as ( ) = o dteé ' (t) = /(1 i ) with the

the stretch vibrations fvigure €. The t (blue solid line) to asymptotic limits( ) (+i )forsmall and ( )

the simulated real frequency-dependent frictidh (gray i /() for large ; both deviations from the zero-frequency
solid line) inFigure D requires two exponential and 14 limit ( 0) turn out to be imaginary, which already
oscillatory functions to describe the simulated data satisfanats at why the imaginary part of the friction determines the
torily, see section VIII in th8upporting Informatiofor line position, as demonstrated=igure #. A general form
details. The dissipative damping is signily more that contains both asymptotic limits is given(by +
pronounced at stretch frequencies around 3400aoah at ia +ib/ ,wherea= andb=0 forsmall anda=0and

the overtones of the bending around 3300 and around = / for large . By inserting this asymptotic form ietp2

4950 cmt than at the bending fundamental around 1650 cm the Lorentzian line shame) 3is recovered but with an
itself, indicative of the nonlinear coupling betweemnedt e ective mass,¢=m aand an eective potential curvature
modes and overtones (where it should be noted that couplifg; = k + b. The vibrational frequency turns out to be
of bend vibrations to higher-frequency modes and overtones
are reduced when quantunects are properly includ@d — & - | k+b

The vibrational spectrum of thgyy coordinate from the 0 Myt mS a )
aiMD simulations is shownFigure & as a gray solid line and
is weakly blue-shifted from the gas-phase normal mo@&d in fact increases both in the small and large frequency
(vertical green broken line), which is a surprising fact anéimits, because and b are positive constants for single-
will be explained now by compensatory potential and frictiogxponential memory. Thus, a blue shift of the vibrational
e ects. The spectrum from the Lorentzian meglél(gray frequency is very generally expected for frequencies where the
dotted line) using only the harmonic potential part offrequency-dependent friction is described by the asymptotic

U( won) and the frequency-independent frictipg, = form. () + .ia +ib/  with positive&andb. In fact, this o
(fron), Obtained at the bending peak,a}; = 1650 cm* functional form is able to describe the stretch and band friction

(horizontal broken line iffigure M), is signicantly red- functions. rather acpurately around the stretch and band
shifted and is not modid much by including the non- frequencies, respectively, as inspectidiywks B and4D
harmonic potential contributions (blue broken line). Uponshows. In other words, frequency-dependent friction can lead
including the complex frequency-dependent frictidrbut to a blue shift of a vibrational band irrespective of whether the
only the harmonic part dfi( ,ou), the purple line is imaginary frlct|.on funct|on decreases or increases in the
obtained, which is blue-shifted with respect to the constariicinity of the vibrational band. o
friction case and reaches the frequency of the simulated curvéhe full width at half-maximum of a Lorentzian is given as
but is too narrow. Including the complex frequency-dependert™s  /(m  &); thus, the line width is, within the
friction (f) and also the full nonharmonic potetdi@l,op), harmonic approximation, prgdlcteq to slightly increase for the
the GLE (indicated by the blue line) rather accuratelystretch band (because(f) slightly increases at the stretch
reproduces the position and width of the simulated spectruryibrational frequency gure ® and thusais positive) but
In agreement with our stretch-vibration resul&gime &, to stay rather constant for the bend band (becayse
we detect considerable inhomogeneous line broadenigghtly decreases at the bend vibrational fredtigney D
(amounting to 47% of the total line broadening) from the@nd thusa presumably is small and dominate#)bfhese
comparison of the results with and without nonharmoni@redictions are in good agreement with the results shown in
potential contributions in the presence of frequency-dependérifures B and4E for the scenario of a harmonic potential and
friction. In contrast to the stretafibration results, we see that friction-dependent friction (purple lines). Clearly, the exact
the blue shift induced by including the frequency dependentiB€ shape and position are determined by the interplay of
of the friction almost exactly cancels the red shift due to tegenlinearities of the potential and frequency-dependent
softening of the bond potential in the liquid phase, whicfifiction, which can be accessed only by simulations or
means that the frequency dependence fbfclose to the perturbation theory,_ b_ut the simple harmonic mc_)del discussed
characteristic bend-mode frequency is more pronounc@@re allows appreciation of part of the mechanisms at play.
compared to the stretch mode. It transpires that rthe
details of the frequency dependence of the friction at the CONCLUSIONS
vibrational frequency determine vibrational line shape artequency-independent friction, whichects the fast
position, which we now analyze in more detail. adiabatic dissipative channels available for & sfi@@tional

It turns out that the imaginary and real parts of themode, modies the vibrational spectral line width via
frequency-dependent frictionuance the line position and homogeneous line broadening but not the line position. This
shape quite derently’® This is illustrated iffigure & by is strictly true for a harmonic potential but holds approximately
comparing spectra using only the harmonic part of theven in the presence of nonharmonic potential contributions,
potential for constant friction (gray dotted line), for purely reahs we demonstrate figure &. On the other hand, the full
frequency-dependent frictioiff) (blue broken line), and for  frequency dependence of the friction, which in particular
friction that contains both real and imaginary frequencyaccounts for the slower solvent relaxation processes, gives rise
dependent parts(f) +i (f) (blue solid line), note that for to a spectral blue shift and additional line broadening. The
purely imaginary friction the spectrum accordingqt® latter reects what is typically called inhomogeneous line
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We introduce a generalized Langevin model system for @iffenon-Markovian effects in the well and barrier
regions of a potential, and use it to numerically study the barrier-crossing time. In the appropriate limits, our
model interpolates between the theoretical barrier-angstime predictions by Grote and Hynes (GH), as well
as by Pollaket al, which for a single barrier memory time can differ by sevesaders of magnitude. Our
model furthermore allows one to test an analytic rate thémrgpace-inhomogeneous memory, which disagrees
with our numerical results in the long well-memory regime. In this regime, we nd that short barrier memory
decreases the barrier-crossing time as compared to long barrier memory. This is in contrast with the short well-
memory regime, where both our numerical results and the @Gdrshpredict an acceleration of the barrier
crossing time with increasing barrier memory time. Both effects, the “Markovian-barrier acceleration” and GH
“non-Markovian-barrier acceleration,” can be understood from a committor analysis. Our model combines nite
relaxation times of orthogonal degrees of freedom with &spahomogeneous coupling to such degrees and
represents a step towards more realistic modeling of reaction coordinates.

DOI: 10.1103/PhysRevE.106.044133

I. INTRODUCTION tems the dissipative interaction between reaction coatdin
and heat bath depends nonlinearly on the current state of

of interacting degrees of freedom. A standard approach to?ne reaction coordinateS]. For example, a small molecule

wards understanding dvnamics in such systems is to de ne traversing a membrane separating two different uids, lasil
; i 9dy : Y ftated in Fig.1(a), clearly interacts with different orthogonal
low-dimensional reaction coordinate, motivated by the-phe

nomenon to be investigated, and to construct an effectivoIegrees of freedom, namely, uid or membrane molecules, de-
model for the dynamics of this reaction coordinatel]. %endmg on where itis currently located. As a second example

Hereby, the orthogonal degrees of freedom are subsumed ingoreactlon coordmate dgscnbmg.thg folding Of.a proternds
an effeétive heat bath, which interacts with the reactioorco ected 1o experience different friction dependm g on wheth
dinate [l-4]. One is thén typically interested in the long-time the protem.ls unfolded. or folded. Even f°T a.smgle con ned
dynamics 6f the reaction coordinate and in particular rar splute part|cle'|n a mql, the ”0“"06‘6" qhssmatlve intera
events such as barrier-crossing phenomena characteyzed ion of the particle and its surrounding uid molecule_s lead
mean rst-passage times (MEPTS)ep [7,11-18]. Systems 0 con ne_mentjdepende_nt memory eﬁec&][; for colloidal
where this approach has been applied’are molecules in s grtlcles in a viscoelastic uid, such nonllnear solutdveot
lution, which show conformational transitions, for exampl teractions have peen observed expenmental@..[ .
protei,n folding [7,19-22], chemical reactions wr’1ere the reac- The rst analyﬂp al relat|.on b_etvveen the frlcnon magni-
! ; ' " o tude and the barrier-crossing time was derived by Kramers
tion coordinate characterizes the transition from redstém

L [11]. Kramers considered the memoryless, i.e., Markovian,
products 9‘3'.23_2.8]’ and v_|brat|onal spectrogcopﬂ,SQ}. Langevin equation with homogeneous friction magnitude.
If the dissipative coupling between reaction coordinat an

. ) L . He showed that, while in the high-friction limifyrp scales
heat bath is assumed linear, the dynamics is described ti early with the friction, in the low-friction scenarioyrp

an approximate version of the generalized Langevin €AY ales linear with the inverse of the friction magnitudee Th

Eﬁ]ne(?fliﬁé’ r¥\g g: tr)r; ?hrggi/] egi\(/:\;[:vil;eirtonzgﬁynp;trwey;?gzrgg? crossover between these two asymptotic results was eventu-
' ' ally bridged by a theory due to Melnikov and Meshkdb|
(MM), which is valid for all values of the friction magnitude

For the scenario where there is no timescale separation

*Corresponding author:jkapp|er@poste0.de betWeen heat bath and reaction Coordinate, SO that non-
Markovian memory effects are relevant, the rst theory to

Published by the American Physical Society under the tefiiseo ~ describe barrier-crossing times is due to Grote and Hynes
Creative Commons Attribution 4.0 Internationitense. Further  (GH) [13]. In their theory, only the local memory effects in

distribution of this work must maintain attribution to theithor(s)  the barrier region are taken into account, and away from the
and the published article’s title, journal citation, and DOI. barrier region the reaction coordinate is assumed Markovia
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FIG. 1. (a) The dynamics of a particle diffusing through a rbesne, separating different solvent species, serves dsistnative example
for space-inhomogeneous friction effects. (b) The truegtafuartic potential Eq5] is used to model barrier-crossing dynamics. The colors
indicate region with different local friction. (c) Example trajectory, sirtated using single-exponentially decaying locally cegpinemory-
friction components, Eq6, with w/ p = 1 and g/ p = 0.01, that together form the friction kernel of EQ)(The coupling function ;(x)
is given by Eq. B) for the regionsX;, also shown in (b). The mean rst-passage time (MFP{pp, for barrier crossing is de ned as the average
of all time differences between crossings of the well bottind L = S 1 (shown as vertical gray solid lines) to the escape at thadeny at
x/L = 0.5 (shown as a vertical black solid line).

For the case of homogenous memory effects throughout thieased on the nonlinear Zwanzig mod8|4§g]. Importantly,
well and barrier regions, Pollack, Grabert, and Hanggi (PGHwhile the model makes certain simplifying assumptions that
derived wep, Which for long memory scales quadratically are not guaranteed to hold for general systems, it allows us t
with the memory time, so that the former can exceed thestudy under which conditionsg,ep is determined dominantly
latter by orders of magnitude4]. For the special case of a by the memory friction either in the well or in the barrier
single-exponential memory function, the quadratic sgatih  region. Speci cally, we consider a reaction coordinatejeab
mrp With memory time was also derived analytically from to a potential well, bounded by a moderate barrier on one
a harmonic approximation, and a simple heuristic formulaside, as illustrated in FidL(b). In the well and barrier regions
which reproduces the results of the PGH theory was prothe reaction coordinate is locally coupled to independeat h
posed B5]. Importantly, for systems with long memory, the baths, each with a single nite and in general different xela
predictions of the barrier-crossing time by the PGH and GHation time. This local coupling leads to space-inhomogeaseo
theories differ by many orders of magnitude. Evidently it single-exponential memory in the reaction coordinate,tand
is crucial whether the coupling between reaction cooréinatindependently varying the memory effects in the well and bar
and heat bath is linear throughout well and barrier regiorrier region we disentangle the effects of space-inhomonyene
(homogeneous friction) or nonlinear and thus differentellw memory times, \ for the well and g for the barrier, and
and barrier region (space-inhomogeneous fricti@8)Jg. friction magnitudes, w and g, on the barrier-crossing time.
For homogeneous friction, there exist numerical studieBy comparing results of numerical simulations to the rate
of barrier crossing considering both single-timescale memtheories of the GH theorylB] and PGH theory 34] (for
ory [7,3537-39], as well as the implications of several which we for simplicity use our previously derived heusti
memory timescales2f,40]. Models incorporating space- formula [21]), with the latter evaluated using either the well
inhomogeneous friction have so far mostly been studieddn thor barrier friction, we are able to infer which theory debes
double limit where inertial and memory effects are negligib the numerical results, and whether the barrier-crossimeg ti
and can thus be modeled via an overdamped Langevin equdepends dominantly on the well or barrier friction.
tion [41] or the equivalent Fokker-Planck equatiof2f43]. We present the results of our numerical study in two parts.
However, this limit is subtle, as non-Markovian memory ef- First, we discuss the Markovian regime, for which memory
fects can generate spurious space-inhomogeneous fri€tion effects in both the well and barrier regions are negligibly
interpreted in terms of a Markovian modé&?]. For space- small, i.e., g and \ are much smaller than the diffusive
inhomogeneous memory friction magnitude with a singletimescale p = L%/ (ksT), given by the friction constant,
homogeneous timescale, some works observed signi card length scald. and thermal energiT. The dynamics in
deviations of yep in both analytic theory and simulations this regime are thus dependent only on inertial effectsciyhi
when compared to the space-homogeneous dasd§|. The  strictly speaking, are Markovian only if both instantangou
implications of space-inhomogeneous memory timescales iposition and velocity are used for de ning a con guration.
the well and barrier regions on the global barrier-crossingBy labeling inertial effects as Markovian, we demarcatehsuc
dynamics have so far been addressed only by an analyticalertial effects from non-Markovian effects due to couglin
model B7-49] which bridges the GH and PGH scenarios in of the principle coordinate with hidden heat bath degrees of
certain limits. However, this model has never been chattdng freedom. In our model inertial effects are characterized by
by numerical simulations. the inertial timescale for the different friction magnias]
We here present a model system to study space-mg=nm g or nw=m w. We nd that whenever the
inhomogeneous friction memory times and magnitudesyell dynamics is in the high-friction regimey/ D,
which in the appropriate parameter regimes reproduces thien the barrier-crossing time is determined by the batoier
predictions of both the PGH and GH theory. Our model isfriction. If then, the barrier top is also in the high-frioti
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regime,m/ g b, wrp iS described by Kramers’ theory dependent friction kernel[t S t , x(t), x(t )] is given as
[11], evaluated using the friction magnitude at the barrier
top. If, instead, the barrier dynamics is in the low-frictio = _ =
regime,m/ g > p, while g and  are not too different, [tSt,x({t), x()] = _ ixO itst) ixt) (2
then the MM theory 15| or PGH theory B4], evaluated using =1
the barrier parameters, describes the numerically olatainewhere the purely time-dependent componentdescribe the
barrier-crossing times. On the other hand, if the dynanrics i internal relaxation dynamics of reservigiand the dimension-
the well is in the low-friction regimeqmy > p, then yep less functions i, de ned by
is described by the PGH theory or MM theory, both evalu- )
ated using the well parameters, which therefore dominhtes t (x) = 1 ifx X, 3)
global barrier-crossing dynamics. 0 ifx/X,

In the second part we discuss the non-Markovian regimed
where memory effects in either well or barrier regions are,

re'e"‘?‘m' €., eitherg or w IS of f’ﬂ. least similar oroller. as g any past time, the reaction coordinateperturbs reservoir

the dnffuswe timescalep. For S|mpI|C|ty_ we keep t_he fr|_ct|_on i via the coupling strength;[x(t )]; this perturbation relaxes

magnitudes equal,s = w, and consider the high-friction ) i heat bath for a duratiar® t as described by;tSt),

regime by imposingn' g = M/ w p- Analogous to the nally couples back to the reaction coordinate at thestim

previous case, we nd that whenever the well dynamics IS via X))

in the Markovian regime,w  p, then the barrier-crossing -~ x5 \ye show in AppendixA 2, the random force ful lls the

time is gletermmed by the barrier top fnctlon.'lf then again uctuation-dissipation relation

the barrier top is also in the Markovian regime, D,

vrp is described by Kramers’ theoryL]], evaluated using X(t),t] [x(t),t] = [tSt,x@t),xt), (4

the friction parameters for the barrier top. If, insteadpmoey < ) )

effects in the barrier region are relevant, then the GH theorWhere °! = keT is the thermal energy witkgs the Boltz-

[13] agrees with the numerically obtained barrier-crossingMann constant and the absolute temperature. .

times. In contrast, if the well memory is longy > b, wrp _ For our n_umencal_ simulations we consider barrier crossing

is described by the PGH theory using the well parameterdn the quartic potential

While then in generalygp is rather independent of the barrier

friction, Markovian barrier dynamics lead to a speed up of U(X) = Ug

mrp &S compared to a barrier region with long memory. This

speedup, which we term the “Markovian-barrier accelergtio with a length scald. and barrier height Uy = 3 (we show

is not captured by any presently available rate theory, busome results with varying barrier heights in Appendi®).

can be understood from a committor analysis, analogous tdo systematically study the effect of space-inhomogeneous

the “non-Markovian-barrier acceleration” already prégic  memory on yep, We consideN = 2 independent heat baths

by the GH theory. with coupling regions in the welly/L = (S , S0.5), and
The remainder of this paper is organized as follows. Inon the barrierXs/L = [S0.5, 0.5), as illustrated in Figl(b).

Sec.Il we rst introduce the space-inhomogeneous memoryFor the resulting two memory kernelg, and g, we consider

model we consider. In Sedtll we then compare numerical single-exponential kernels,

simulations of our model to rate-theory predictions. Wet rs

N

escribe the coupling of the reaction coordinate reservoir
. The terms in Eq.2) have a simple intuitive interpretation:

2 2
S1 , (5)

| x

consider the short-memory limit and subsequently study how i(t) = —_'eét/ Y (6)
local memory effects modifyyep. In our concluding SedV :
we provide a table which summarizes our results. with friction magnitudes ; and relaxation timescales,

wherei { W, B}. This means that the particle interacts with
two independent heat baths, each of which relaxes according
to a single exponential.
As we show in AppendiA 3, Eq. (1) with local memory
We consider a reaction coordinat@ndN noninteracting Eq. (2) can be cast into dimensionless form by introduc-
heat baths with nite relaxation dynamic8,48]; for x X;, ing a diffusion timescalep = L? with = i i, and
the reaction coordinate couples linearly to ttie heat bath. an inertial timescale, = m/ . With the potential §) and
As we show in Appendii 1, integrating out the bath degrees a given barrier height Up, the system is then speci ed by
of freedom then leads to a GLE four dimensionless parameters which we choose to be the di-
mensionless inertial timescalg/ p, the dimensionless local
¢ memory times ;/ p,i { W, B}, and one of the two relative

Il. MODEL

mx(t) = S dt [tSt,x(t), x)]x() friction magnitudes i/ , i { W, B}. To transform dimen-
0 sionless results to physical dimensions, the temperatutiee
S WUx®)]+ [x()t], (1) length scald, and the sum of the local friction magnitudes

additionally need to be speci ed. To simulate the dimension

less formulation of Eqs ), (2), and @), we use a Markovian
which is a generalization of the model proposed by Zwanzigembedding whereby we explicitly simulate the dynamics in
[3]. U[x(t)] is a potential landscape, and the space- and timethe reservoirs, as detailed in Appendix.
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FIG. 2. MFPT, wre/ p, for different barrier memory friction, g(t) = g€ 8/ 5 and well memory friction, w(t) = we Wi
obtained from numerical simulations (data points) and cameg with analytical predictions given by Mel’nikov and Mésv [15] (MM, solid
and broken lines). The data are shown for various inertial timescgleg and equal memory times in the Markovian limig/ p = w/ p =
1054, (a) wrp plotted over the inertial timescalg/ p for different ratios of the barrier to total friction magnitudg/ . The predictions by
MM are shown for the effective barrier-friction parametgigen by g and for the effective well-friction parameters given hy. The black
triangles denote simulations with space-homogeneoutofnic(b, c) Example trajectories from simulations. (g}e plotted over g/ for
various n/ p. The predictions by MM are shown for the effective barrigctfon parameters as broken lines and for the effectivé-frietion
parameters as solid lines. (e) Contour plot of agreemeiiesdinulation results with the theoretical predictionse €blor denotes whether the
simulated e [2/ 3 theor 3/ 2 thed], WheETe e iS calculated using MM theory and either the effective well- or barrier-friction parameters.
The hatching indicates that both theoretical predictiare@ with the simulated data. White denotes that neithetigiiens agrees within the
tolerance. (f) Model potential (f1) and friction pro le (f2) used to study the effect of the barrier frictiogsin the high-friction Markovian
regime. For this modelygp is exactly predicted by Eq8J.

In analogy to previous works, we de ne various limits de ne p, a condition ; p does not automatically ensure
by comparison of respective timescales with the diffusivethe expected limit in region. Rather, a condition involving
timescale p. For example the Markovian limit where memory the local diffusive timescalep L2 ;, needs to be used,
effects are negligible is obtained for< p, and the high- namely, i/ p; i/ o(/ ) 1. Similarly, inertial effects
friction limit where inertial effects are negligible is athed  are locally relevant for m;i/ p,i o o(/ )? 1, where
for m< p [21,3540]. However, since the local friction in  n; m ;. While the distinction betweeny;, p; and m,
regioni, i, isonly part of the total friction , whichisusedto  p is important if ; is signi cantly smaller than , for most
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of the parameter combinations we consider in the main text, A. Markovian friction dynamics

all i are of5|m|lgrorder as t'he|rsum . . . We now consider the Markovian limit for both well and
Since we are interested in evaluating the barner-crossmgarrier_ In Fig.2(a) we show the rescaledyes/ p as a

time starting from the well regiodw, we restart the simula-  f,nction of the rescaled inertial timay/ . For reference,
tion once the particle crosses the right boundawy &t= 0.5,  \ye include numerical results from a GLE with a homoge-

which we consider a successful escape. At each restart, We,, s single-exponential memory kernel with memory time
draw the initial position from an approximate Boltzmann-dis go/ o = 10°* and a single friction magnitudeye, = 0.9

tribution around the well minimum, i.e., we drawaGauSS|an(ChOsen as to coincide with the light green solid line, as

random variablex(0) with x(0)/L =S 1 and [x(OYL+  gypiained further below)35]; the resulting vee are shown

12 = kgT/[LU (SL)] = keT/(8Uo). Similarly, we draw Fig. 2(a) as black triangles, and clearly show the Kramers
the initial velocityx(0) from its equilibrium distribution, i.e., { ,rnover between high-friction dynamics for/ o 1

- i i = 2(0) =

a Gaussian random variable witk(0) = 0 and x°(0) = \yhere oo scales as  , and low-friction dynamics for
ksT/m. The initial conditions for the heat bath variables we w o 1 where wepscalesas m/ [11,15,35].
sfubsequently'dra\./v from thejr respective Boltzmann distrib Figure 2(a) furthermore shows numerical results for the
tions, as detailed in Appendi2. ) . space-inhomogeneous memory model E43.and @) for

In Fig. 1(c) we show an example trajectory, simulated 8/ 6= w/ b= 1054 and the two valuesg/ = 0.1, 0.9.
using long memory in the well and short memory on thegg, /= 0.1 we have w/ = 0.9, so that the friction in
barrier, for which different dynamics in the different regs 1,5 \ve|l is almost one order of magnitude larger as compared
are clearly observed: While in the well region the trajegtor to the friction in the barrier region. Conversely, fas/ =
oscillates weakly-damped around the potential minimum, or) g the friction in the well w/ = 0.1, is almost one order
the barrier the trajectory is more akin to overdamped WIS 4t magnitude smaller as compared to the friction in the barri
dynamics. Figurel(c) furth_ermo_re illustrates how we COM- yagion. While in the high-friction regime/ o 1, the re-
pute yep from observed time dlfferences_between CrossiNgits for g/ = 0.9 (light green circles; barrier friction much
,Of the V\.’e” minimum and the escqpexitl. = 0.5. That this larger than well friction) agree well with the global mem-
is a reliable method for calculatingure has been shown o 'riction data (black triangles), in the low-friction regime
before B3). m/ o 1,itis wepfor g/ = 0.1 (dark blue squares; well

In the main text, we compare our numerical results 0 theiction much larger than barrier friction) that is compiakato
GH [13], MM [19], and PGH theory 34}, where instead of - he glohal memory friction result. This indicates that figth

the latter we use a heuristic fo_rmul%] in prac_tic_e. The _GH . friction, wrpis dominated by the barrier friction, whereas for
theory accounts only for barrier memory friction, which is 4\ friction wee is dominated by the well friction.

why we always evaluate it using the barrier memory kernel;  tha crossover between barrier-dominatege to well-
the theory assumes fast gq_uilibratiqn_ within the well, aoelsd dominated wep Observed in Fig2(a) is further con rmed
not depend on the We_llfrlctlon explicitly. Both the Markawi by comparing the numerical data to predictions of the MM
MM and non-Markovian PGH theory assume homogeneougeqry for Markovian barrier crossing, which is based on
friction. We therefore evaluate these _theoru_as using eithe homogeneous friction. In Fig2(a) we show the predictions
local parameters;, ; of the well or barrier region. This allows ¢ \v ' theory, evaluated using either the well frictioqy or

us to infer not only which rate theory describes the barriery,e parrier friction 5. Note that because of the symmetry
crossing dynamics in which regime, but also which region, e ysed parameters, the light green solid line represent
(well or barrier) dominantly determines the glob@ep. In both the MM prediction for g/ = 0.9, and evaluation us-

Appendix B we summarize the equations used to calculat§ny the parrier friction, as well as the MM prediction for
predictions for all rate theories considered in the main tex = 0.1, and evaluation using the well friction. On the

. . . . B
the main text, we do not compare our numerical simulations tQyinar hand, the dark blue broken line represents the ogposit

the analytical rate theory for space-inhomogeneous memony, o meter choice in both scenarios. We observe that, while i
friction due to Krishnaret al. [48]. The reason for this is the high-friction limit w o 1, the simulated wer agree

twofold: First, by comparing to the widely used GH and PGH it the MM predictions evaluated at the barrier region, for
theories, we are able to assess which local dynamics doeninaf,,; triction o o 1the numerical data are described by
the global vrp. Second, as we show in Appendix4, the 1o MM theory evaluated at the well.

theoretical predictions by Krishnaet al. [48] do not cap- That for the Markovian high-friction scenarioyep is
ture the "Markovian-barrier acceleration” regime, whick W yominated by the barrier friction, follows from a simple an-
prominently discuss below and which we quantify using they\ytical model. In the high-friction Markovian limitwep to

PGH predictions. start atxo and reachx; in a potentialU (x) and for space-
inhomogeneous friction (x) is derived exactly from the
Fokker-Planck equation agJ]
. RESULTS ” « )
mep (X0, X¢) = dx (x)eV® dx e’ VX (7)

In order to decouple Markovian inertial effects and % .
L

non-Markovian memory effects we analyze both scenarios
independently. For this we rst consider the Markovian limi wherex_ < xg is a lower re ecting boundary. To study the
s/ b, w b 1, and vary ,/ p, and second the high- effect of barrier friction on yrp, we consider the model il-
friction limit, / p 1, withvarying g/ p and w/ p. lustrated in Fig2(f): a simpli ed at potential U (x), which
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features a re ecting boundary at= 0 and a step barrier of To summarize Figs2(a)-2(e) in the Markovian (short
heightUp, width B and friction g located at positiom = L/2.  memory) limit, the rescaledygp is for high-friction dynamics
Outside of the potential barrier, the friction ig. Considering  determined by the barrier friction, whereas for low-fricti
Xo = X = Oandx; = L, wmepis calculated from Eq.7) to be  dynamics it is determined by the well friction. The former
) effect is illustrated by the analytical result E®),( while
0 L _ '—_ " g( S w) the latter is intuitively understood from the concept of en-
MFP 2 W 2 B2 W ergy diffusion. For low-friction dynamics the energy exnba
B(LSB) . « .5y Up & between the reaction coordinate and the heat bath is weak
T(ls e ) eSS w) (8  and therefore the energy to cross the potential barrierlis on
) o ) ) slowly built up in the well region. This process is dominated
In the high-barrier limit, whereUp 1, Eq. @)isdominated  py the well dynamics and leads to a slow-down of the global
by an expression which contains only the barrier frictign barrier-crossing times. Since slow energy diffusion isals

B(L S B)e U apparent for long memory times, a similar effect is observed
MEP B (9) in the discussion of the non-Markovian dynamics in the fol-
lowing.

This result explains why theyep in the high-friction scenario
is determined by the barrier friction.

Example trajectories, comparing the cases of Markovian
high-friction dynamics (/ p = 10°%), where yep is de- In Fig. 3 we investigate the memory-time dependence of
termined by the barrier friction, and Markovian low-friati mep. For this, we consider a constant inertial timescale in the
dynamics (n/ p = 10), where wep is determined by the high-friction limit, / p = 10>%, and identical friction mag-
well friction, are shown in Figs2(b) and 2(c). While the  nitudes for the two reservoirs,y/ = g/ = 0.5, while
trajectory in Fig2(b) generally exhibits dynamics reminiscent varying the well- and barrier-friction timescalesy/ p and
of Markovian high-friction Langevin dyamics around theivel g/ p. We compare our numerical results to analytical pre-
and also in the barrier region, differences in the lengths oflictions based on both the GH theofyg], which we evaluate
persistent motion due to the vastly different local fricttmag-  using the barrier-friction parameters, g and which is hence
nitudes are clearly visible. The trajectory in FR(c) shows independent of the well parameters, and PGH the®4(for
oscillations within the wells and long residence times,ahhi  which we in practice use a heuristic formull]), which we

B. Non-Markovian friction dynamics

are typical of inertia-dominated stochastic dynamg&s.[ evaluate for both the well parameterg, w or the barrier
Figure 2(d) shows the numericalyrp, plotted as a func- parametersg, s.
tion of the relative barrier frictiong/ for various values In Fig. 3(a) we show the rescaledyrp as a function of

of the rescaled inertial timey/ p. Again, while for high  the barrier memory timeg/ p for various xed well memory
friction, o o= 10°%, the simulated data agree with the times w/ p. For short barrier memoryg/ p 0.1, the dy-
MM theory evaluated using the barrier friction (light green namics on the barrier top is Markovian and the numerigap
broken line), for large/ p = 10 the numerical results agree are independent ofg/ p. If additionally also the memory
with the predictions using the well friction (dark blue sbli in the well is short, w/ p 0.1, we are in the Markovian
line). We observe that for the parameters considered, thkigh-friction limit. While, as we have already discussed in the
rescaled yrp/ p always increases monotonously wity/ context of Fig.2(a), in this limit the barrier-crossing time is
indicating that increasing barrier friction while decriegs  determined by the barrier friction, the PGH theory evaldate
well friction slows down barrier-crossing. The analytité with well friction (black solid line) agrees with the PGH
theory shows nonmonotonicities for the case of high totatheory evaluated with barrier friction (colored solid I§)end
friction, o o = 10°%, but very unequal friction magnitudes GH theory (black broken line; always evaluated at barrier
in well and barrier regions,/ 1,i.e.,tothe farright and friction); this is because we have equal friction magnitide
left of Fig. 2(d). This is discussed in detail in Appendixl. in well and barrier. While in the double limit of high frictio
Figure 2(e) illustrates for which parameters the simulatedand short well memoryyw/ p 0.01, all theories describe
mep is described by the theoretical predictions of MM theory, the numerical data (shown as circle and square markers) as
evaluated for either the well- or barrier-friction paraerst longas g/ p 0.01,for g/ p 0.01, both the GH theory
The gure again clearly shows that for high-friction dynam- and numerical results display an acceleration (as compared
ics, m/ b 0.1, wmrpis determined by the barrier friction, to the Markovian limit g/ p 0); we refer to this as GH
whereas for low-friction dynamics, the well friction deter “non-Markovian-barrier acceleration.” That the GH theory
mines wrp. The hatched area shows the overlap where botllescribes this acceleration regime is expected becausssit w
predictions calculated using well or barrier friction agre derived assuming fast equilibration within each well, vhic
with the simulated wgp. Obviously, in the crossover between is in line with the high-friction Markovian dynamics inside
barrier- and well-dominated friction, wherg  , therate  the well for / p = 10°% w/ p 0.01. We note that in
theories produce similar results when evaluated usingdvarr the limit of g/ p , the GH theory agrees with the
or well friction; see also Fig2(d). This is because forg/ predictions of transition state theorgJd. For high-friction
0.5, wehavew/ =( S ) 0.5, so that the effective dynamics with short well memoryrp is thus determined
friction magnitudes in well and barrier region, and henae th by the barrier friction and described by the GH theory.
predictions of MM theory, which depend on the effective loca  On the other hand, for long memory in the well,/ p
friction, are similar. 1, the numerical yep (dark purple diamonds and dark blue
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FIG. 3. MFPT, wee/ p, for different barrier memory friction,g(t) = g/ Beé“ B and well memory friction, w(t) = w/ Weg” w from
numerical simulations (data points) compared with anedytpredictions given by Grote and Hynds[ (GH, broken lines) and Pollaét al.
[34] (PGH, solid lines, evaluated using the heuristic form@a]). The data are shown for various barrier-frictiogf p and well-friction
times w/ p, constant inertial timescale in the high-friction limj§/ p = 10%4, and equal friction magnitudeg/ = w/ = 0.5.(a) wrp
plotted over the barrier-friction times/ p (data points). The theories are shown for the respective barrier-friction time in black and in the case
of the PGH theory for the well-friction time as colored lines. Simulatgg to reach the barrier entry atL = S 1/ 2 are shown as colored
dash-dotted lines. (b, c) Example trajectories from sitoria for the barrier-dominated and GH-predicted limit éod the well-dominated
PGH-predicted limit (c). (d) wrp plotted over the well-friction timey/ p (data points). The theories are shown for the respective well-friction
time in black and in the case of the GH theory for the barnietibn time as colored broken lines. (e) Contour plot ofesgnent of the
simulation results with the theoretical predictions. Théocdenotes whether the simulategke  [1/3 theo 3 theds Where eois calculated
using either the GH theory with the barrier-friction parameters or the PGH theory with the well-friction parameters. The hatching indicates
that both theoretical predictions agree with the simulateth. The light blue area denotes the “Markovian-barrieekcation” of the PGH
prediction for which we de ne teqmea = 0.2 theqran- (f) Committor p(TP|vi,) for transition paths crossing the barrier region plotted over
the initial velocityvi, upon entering the barrier region for various barrier-friction timgs p and constant well-friction timey/ p = 1 and
inertial time ./ p = 1054. The velocity related to the difference in potential energjative to the barrier top is plotted as a vertical black
broken line. The ux-weighted equilibrium velocity distition peg(vin) is plotted as a gray broken line on a linear scale.
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triangles) are comparable to the predictions of the PGHrtheo region, g/ p 0.1, then GH theory describes the numerical
evaluated with the well parameters, and even for a Markoresults. If memory effects are negligible for both well and
vian barrier, g/ p 1, disagree considerably with the GH barrier region, w/ p 1 and g/ p 0.1, then we are in
theory (which indicates a breakdown of the assumption othe Markovian limit, where the barrier frictions determines
fast equilibration within the well inherent to the GH thepry  ywep. That in this regime both GH theory (evaluated at the
In contrast to the Markovian-well scenario, for long well barrier region) and PGH theory (evaluated at the well région
memory yrp is thus determined by the well dynamics. In- describe the numericalyrp, as indicated by the hatching,
terestingly, in the long-well-memory regimey/ p 1,the can be rationalized by the fact that we use the same friction
observed yep show a slight acceleration for small barrier- magnitude for well and barrierg = .
memory times g/ p 0.1, as compared to the predictions
by the PGH theory and the numerical results fgf p ) ) _
0.1. We here refer to this acceleration due to short barrier C. Markovian-barrier acceleration
memory as “Markovian-barrier acceleration,” which noyabl In order to gain intuition about the “Markovian-barrier
behaves opposite as a function ¢f as compared to GH acceleration” regime, i.e., the slight barrier-crossipged-up
“non-Markovian-barrier acceleration,” as we discussiHert observedforw/ p 1, g/ p 1linFigs.3(a)and3(d), we
below. perform a committor analysis, the results of which are shown
Figures 3(b) and 3(c) show example trajectories where in Fig. 3(f). The committor shown in the gure is de ned as
mep IS determined by barrier or well friction. For the tra- the probability to be on a transition path through the barrie
jectory shown in Fig3(b) wmrp is determined by the barrier region, and plotted as a function of the initial velocity it
friction, and we observe high-friction Markovian dynamics which the particle enters the barrier region,. For com-
within the well and a direct transition path upon entering th parison, the ux-weighted equilibrium velocity probaltyli
barrier region. The trajectory with well-friction-deteimed  density,peq (V) vexp[Smv?/ (2ksT)] [50,51], is given as a
mrp, Fig. 3(c), on the other hand shows a long residence timegray broken line. Furthermore, we show as a vertical black
in the well, and multiple attempts entering the barrieroegi broken line the threshold velocity with which an undamped
before crossing over the barrier top, that are associatéd wi particle entering the barrier region crosses over thedrap,
energy-diffusion, i.e., memory- or inertia-dominategecao-  so thatmv?/2= Uy S U(x =S L/2)= 7Uo/ 16, and hence

ries [35]. Vi = 7Uo/ (8m).
In Fig. 3(d) we show the numericalygp as function of the For short memory in the barrier regiorg/ p 1, the

well memory time \/ p, for several constant values of the committor is relatively small and only very slightly incises
barrier memory timeg/ p. We again compare to theoretical with larger initial velocities (the light green and lightrsolid
predictions based on the PGH and GH theories. Similar tdines), indicating that the kinetic energy is quickly disstied
Fig. 3(a) we see that for short well memoryyw/ p 0.1, inthe barrier region and the probability to perform a transition
mrep becomes independent of the well memory time so thats approximately independent of the velocity with which the
the dynamics is governed by the barrier. If additionally theparticle enters the barrier region. For long barrier memory
barrier memory time is shortg/ p 0.1, then ygp is de- g/ p 1, the committor remains almost zero for velocities
scribed by both the PGH (evaluated in the well) and GHvi, v, indicating that many trajectories that enter the barrier
theory. Increasing the barrier memory timg pthenleadsto region will simply roll back into the well region. They initially
an acceleration of barrier crossing as we discussed irBFy. do not have enough kinetic energy to cross the barrier top
and as described by the GH theory [leftmost data points imnd the energy exchange with the barrier heat bath is not
Fig. 3(d)]. For any value of the barrier memory/ p, we ob-  fast enough to gain the missing energy.\ptthe committor
serve that as the well memory is increased, {pf p 1 an  starts to increase sharply and saturates at a value of 1lhwhic
asymptotic long-memory regime withyep & is reached  means that virtually every trajectory that enters the barri
[35], which is well described by the PGH theory evaluated atregion with at least this kinetic energy performs a traoaiti
the well. Increasing the well memory timgy/ p thus has through the barrier region. This is consistent with a weak
both a qualitatively and quantitatively very differentexff  energy exchange of heat bath and reaction coordinate in the
from increasing the barrier memory timg/ p where, as barrier region, where a trajectory traverses the barrjgotdy
demonstrated in Fig3(a), wrp slightly increase/decreases if initially it has enough kinetic energy to reach there.
(depending on \/ p) and then becomes independent of The physical picture for the “Markovian-barrier acceler-
8/ D ation” regime is hence that for short barrier memory time
Figure 3(e) summarizes the agreement of the simulatedthe energy exchange between reaction coordinate andibarrie
high-friction yrp with the PGH theory, evaluated on well pa- heat bath is fast; this means that for high-friction Marleovi
rameters, and the GH theory, which is always evaluated usinbarrier dynamics, a large fraction of particles entering th
the barrier parameters. We see that once the well memotyarrier region (without enough energy to cross the barrier
becomes relevant, i.e., fory/ p 0.1, mep IS approxi- top) is able to obtain the missing energy from the barrier
mately described by PGH theory evaluated at the well. Théneat bath, which leads to a decrease)jgp with decreasing
“Markovian-barrier acceleration” regime appears if meynor barrier memory time. Interestingly, as can be seen in¥ia),
in the well is relevant, but in the barrier region the memorythis effect changesyrp in the opposite way as the “non-
time is short, i.e., forg/ p 1, w/ p 1, and is shown Markovian-barrier acceleration” predicted by the GH thyeor
as light blue. If well memory effects are negligible, i.eor f and reproduced by our numerical model in the limit of high-
w/ b 0.1, but memory effects are relevant in the barrierfriction Markovian dynamics in the well.
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Nevertheless, the mechanisms behind both regimes are TABLE I. Summary of the regimes observed when varying
similar and can each be understood from the committor analysingle-exponential barrier and well memory friction, ahd tespec-
sis shown in Fig3(f). “Non-Markovian-barrier acceleration” tive applicable rate theories with the dominant preexptiatscaling
pro ts from the fact that in the case of long barrier memory factors. The GH reactive frequencyis de ned in Appendix B1.
fast initial velocities, i.e.vi, W [to the right of the verti-  The table is approximately valid while the barrier and welition
cal black broken line in Fig3(f)], always lead to a direct Magnitudes remain within one order of magnitude. Some ffec
transition. In case of short well memory, the initial velizs yery d|ﬁer§nt friction magnitudes in well and barrier are discussed
vin of subsequent barrier crossing attempts are only weakl{f! APPendixC 1
correlated, allowing for the assumption made by the GH
theory that the equilibrium velocity distribution is saregl well

equally at any attempt. Consequently the high-velocityofi Markovian Markovian Long
RO R L high friction low friction memory
the equilibrium distribution ok, is visited more frequently - = :

; | Barrier dominated Well dominated
over time compared to the long well memory case, where the €5 Kramers. GH PGH
initial velocity changes rather slowly for consecutiveeatpts, 82 PGH (Markovian-barrier
due to the weak coupling to the well heat bath. On the other g < MM Well acceleration)
hand, in the limit of long well memory the “Markovian-banrie =z YER 3 dominated | yep B0 w

acceleration” pro ts from the fact, that in the case of slow Barrier dominated PGH

initial velocities, i.e., to the left of the vertical blackdken 2 § S PGH MM

line, and short barrier memory, there is still a small chance g g 2 MM MFP

that a transition over the barrier occurs. This leads taghtji gz wee M e m/ w |Well dominated

faster yep When compared to the case that all the energy to _ : : e
Barrier dominated e wlow

reach the barrier top needs to be accumulated from the well
heat bath.

This analysis furthermore suggests a simple way to quan-
tify the “Markovian-barrier acceleration”: yep over the
barrier is mainly determined byyrp to reach the barrier re-
gion for the rsttime. Subsequently, a successful trapngitf
the barrier region happens relatively quickly. On the canytr
for long barrier memory vep over the barrier is determined account space-inhomogeneous memory), we identify in which
by the time to reach the barrier top. In FRB(a) we therefore region of the model parameter space the barrier-crossimg ti
also compare yep to reach the barrier entry at L = S 0.5 in terms of the mean rst-passage timggp, is determined by
(dark purple and dark blue dash-dotted lines) apeb over  the well memory or the barrier memory, respectively.
the barrier to reach at/ L = 0.5 (the data coincide with the The memory friction around the barrier top determines
dark purple and dark blue solid lines), both evaluated from yrp only if the dynamics in the well is in the Markovian
simulations with a global memory friction assuming the well high-friction regime. In this caseyrp is described by GH
friction parameters. As expected, the former coincide with  theory if non-Markovian effects on the barrier are present,
data of the “Markovian-barrier acceleration” regime cotlg ~ and instead by MM theory if Markovian low-friction effects
while the later coincide with the data in the case of longibarr dominate the barrier dynamics while the friction magnitide
memory. in well and barrier are comparable.

A comparison of all presented simulation data with the If the dynamics in the well is in the so-called energy-
global analytical rate theory for local memory effects by diffusion regime, i.e., either dominated by inertia effect
Krishnanet al. [48] is shown in AppendixC 4. Their the- mw/ pw 1, or because of long memory in the well,
ory performs well in some regimes of the parameter spacew/ pw 1, then the rate-limiting step is obtaining enough
correctly interpolates between predictions by GH and PGHenergy from the well heat bath to make a barrier-crossing
and therefore intrinsically determines whether the dyrmami attempt. In this scenarioyrp is described by the PGH theory
are well or barrier dominated. However, in certain parame-evaluated for the well parameters. In this regime, high friction
ter regimes, including the “Markovian-barrier acceleyali  on the barrier top slightly diminishegep; this “Markovian-
regime, major deviations from the numerical results are obbarrier acceleration” is due to the strong interaction leemv
served. This is due to instabilities of the perturbatiorotige  reaction coordinate and heat bath in the barrier regionchvhi
inherent to the analytical approach, in fact, the authcesth  enables particles that enter the barrier region withoutigho
selves state that predictions in this parameter regimeldhouenergy for a barrier crossing to gain the missing energy in
be validated by simulations, as we have done here. the barrier region and make it over the top. Interestingly,
the same mechanism leads to a slow-down in the case of
a Markovian well, where the “non-Markovian-barrier accel-
eration” correctly predicted by the GH theory happens in

We study a model for barrier crossing with different well the limit of long barrier memory, not short barrier memory.
and barrier memory friction times and magnitudes. By com-This contrast highlights the complex interplay betweemibar
paring extensive numerical simulations of this model to thefriction and well friction. The different regimes, and whic
GH theory (which takes into account memory friction in the theory needs to be evaluated where in order to describe the
barrier region) and the PGH theory (which does not take intaorresponding yrp, are summarized in Table The table

GH (non-Markovian
-barrier acceleration
MFP 1( B B)

Long
memory

IV. CONCLUSIONS
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allows one to quickly infer which aspect of the dynamics of aiary degrees of freedonfy(t), ..., yn(t)), which we refer
reaction coordinate determines the timescales of raret®vento as the heat bath. We assume that each of/tlebeys an
and will help researchers identify the appropriate ratempe overdamped Langevin equation with random fokggt) and
for a given system. friction magnitude ;. In analogy to the derivation by Zwanzig
While theoretical works often incorporate only either [3], we assume that the reaction coordinate is coupled to
space-inhomogeneous friction magnitudes or homogeneouke heat bath via a nonlinear potentidy,(X, y1, ..., Yn) =
time-dependent memory frictiorv$10,21,34,35,4043], re- 21 k[ f(x) S yi]%/ 2, where hb stands for heat bakh,de-
action coordinates in physical systems with nonlinearrinte termines the coupling strength betwerrand y;, and the
actions may in general exhibit both effects simultaneouslyfunctions f; will be used to obtain a space-inhomogeneous
Our model system therefore represents a step towards mogeupling between reaction coordinate and reserioifhe
realistic coarse-grained descriptions of reaction coatdis. total potentialUy; experienced by the dynamical system

To parametrize a GLE with both space-inhomogeneous menx(t), yi(t), ..., yn(t)) is then given as a sum
ory friction time and magnitude, such as the one presented
in this work, from time series data, an extension of meth-  Ugt(X, Y1,..., Yn) = UX) + Upp(X, Y1, ..., Yn),  (AL)

ods established for homogeneous memory can be considered
[7,52,53]. Furthermore, there are several relevant extension¥hereU (x) is the double-well potentiabj. The equations of
of our model system. First, an interaction between the iffe motion forx(t) and they;(t) are then given by

ent coupling heat baths could be included, as in a physical
system the orthogonal degrees of freedom are in general not
isolated from each other. Second, it will be interesting to
consider the nonequilibrium scenario where the interactio

N

mxt)=S  k{filx(®)] S wi(t)} «filx()]

i=1

between reaction coordinate and orthogonal degrees of free S (XU)Ix()], (A2)
dom does not originate from an interaction potential; this .

scenario has been studied before for homogeneous friction iyi(t) = k{filx(®)] S yi(t)} + R(t). (A3)
[54].

Quantum effects are not incorporated in the present model,n€ random forcesk are Gaussian white noise with
but quantum projection methods have previously been disZ€f© _mean, F(t) = 0, and covariances F(t)F;(t) =
cussed$5,56]. Within the Born-Oppenheimer approximation 2 iksT ij (t St), so that the Langevin EqAQ) obeys the
classical barrier crossing dynamics would essentially bd-m  Uctuation-dissipation relation. To obtain a GLE for onlyet
i ed by two effects: reduction of the effective barrier haig reaction coordinatg(t), we eliminate the degrees of fr_eedom
due to zero-point motion and competition of the classicadi(t) in Eq. (A2). For this, we use the formal solution of
barrier-crossing rate with the tunneling ratelfL6]. Beyond ~ EQ- (A3), which is given by
the Born-Oppenheimer approximation, nonadiabatic effect ¢
such as electronic transitions between different energy su yit) = vi(0)e 1+ ST dt S ifi[x(t)]
faces would require multistate modelirtgj/]. 0

v at s i (A4)
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S UM+ [x(t),t] (A6)

APPENDIX A: GENERALIZED LANGEVIN EQUATION

WITH SPACE-INHOMOGENEOUS MEMORY FRICTION with the space-inhomogeneous memory function

1. Formulation of the GLE in a Markovian embedding [t St,x(t), x(t)]
In the present section we show that the GLE with space- N o
inhomogeneous memory, Eql)(from the main text, is = = A1 Rx( )], (A7)
equivalent to aN + 1-dimensional dynamical system, in i=1 !

which the reaction coordinate(t) is coupled toN auxil-
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and the random force
N

LRI {H[x(0)] S yi(0)}

[x(@),t] =S
i=1

N t

dt flx)]1SSY R (). (A8)
0

i=1 !

How the coupling of the reaction coordinate to reservoir
i varies withx(t) is determined by the functiofi[x(t)]. To
obtain an on-off coupling depending on the valuex(if), as
used in Egs.2) and @), we choose functions

X, X X
fix) = min(X), x< min(X) , (A9)
max§), x  maxe),

whereX; is a spatial domain, which we assume to be a single

interval, within whichx(t) couples to reservoir. With this
de nition, the spatial derivative of; is the coupling function,

1, x X
0, x/X’

so that Eqs.A2) and @A3) couplex(t) andy;(t) if and only if
x(t) X, equivalent to a local memory kernel in that regime;
cf. Eq. (A7). Note that, strictly speaking, the derivativgf;
is not single-valued at the two points= min(X;), maxes);
since the probability that the reaction coordinate takdweei
one of these values is zero, this is not an issue.

To simulate the GLEX), we always use the equivalent for-
mulation in terms of a dimensionless version of the Markovia
system of Egs.A2) and A3), given in AppendixA 3.

(«f)) = i) := (A10)

2. Generalized Ructuation-dissipation relation

We now show that the memory kernél{) and the ran-
dom force A8) obey the generalized uctuation-dissipation
relation

IX(t), t] [x(),t] = keT [x(®),x(t),tSt]. (A11)

To compute the autocorrelation on the left-hand side of

Eq. (A11) for all timest, t, and not just for times larger
than the longest initial relaxation time m#&x} of the heat
bath, we need to specify initial conditiong(0) for the
auxiliary variables, which appear in EGA). For this we
assume that, for giver(0), they;(0) are distributed accord-
ing to the Boltzmann distribution pertaining to the potahti
Unb, SO thaty;(0) S fi[x(0)] are given by a Gaussian distri-
bution with zero mean and variandgy; (0) S f;[x(0)]}? =
ksT i/ ;. With this initial condition, the autocorrelation of the
noise [x(t),t] follows as

[x(®), t] [x(t).t]

i X)) DX e [RIxO)] S w(0))?

t
dt
0

wl

ix(®)] i[x(t)]

=1 i

x eé(tét +tSt ) F|(t )F|(t ) .

N

keT— i[x()] i[x(t )]
i=1 !
N

* iz iIX@)] [t )eS
i=1 i
t t
x dt dt etV 2 kT (& St )
0 0
N _ v
= kE,T—_I X()] i[x(t)]eStt)
i=1 i
N _ v
+ ZKBT—IZ X [x(t )]es(“t)/.
i=1 i
min(t,t )
% dt &/
0
N

keT— (X(O] ilx( ))& S, (A12)

i=1

By comparing the resul’12) with the memory kernelA7),
we observe that the generalized uctuation-dissipatida-re
tion Eq. A11) holds.

3. Dimensionless formulation of the GLE

In the present section, we give the dimensionless version of

both the GLE (), as well as the equivalent Markovian system
Egs. @2) and A3). This in particular makes explicit how
many independent parameters the GLE model has.

Using the typical length scaleof the potential Eq.5), and
the thermal energis T S1 as energy scale, we de ne the
diffusive time, p = L2 , which is the typical time a freely
diffusing particle with friction constant = ; ; needs to
travel a distancé in a at potential landscape. We further-
more de ne the inertial timescalg, = m/ , on which inertia
is dissipated.

Using the scaled, p, m ., we rewrite the coupled
Langevin Egs.A2) and @A3) in dimensionless form as

N i ~ ~, ~ ~ ~ ~,
X0 =8 2D S 51©} «FXO)]
i=1 !
S ()@, (A13)
50 = —f’{ﬁ (%@ S 5 (©) + iF ©, (A14)

where T:=1t/ p, X(@{):= x(pl)/L, X(@{)= px(pl)/L,
X() = Zx(of)yL are dimensionless time, position,
velocity and accelerationS ( sU)(X) is the dimensionless
deterministic force corresponding to the quartic potériba
and given by

S( U)K =S 40y(%2 S 1)% (A15)

with dimensionless barrier heigﬁb = U
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The dimensionless coupling between reaction coordinatéon, for both the limits of medium-to-high friction, andvo

and heat bath is given bfy(%) := f;(LX)/L, so that

i = min(X), %< min(), (A16)
max@$), X maxX)
whereX; = X/L, so that
~ ~ 1 g X
(f0= ®= g 3,5 (A1)
The  dimensionless random  forces F(f) =

L/ (kgT) 7 {FR(t) are Gaussian white noise with zero

mean, and covarianceB (f)F; () = 2; EST).

As in AppendixA 1, we formally solve Eq.A14), and sub-
stitute the result into EqA(L3), to obtain the dimensionless
GLE
t

%) = [fS T, @),

D 0
S (0)x®1+ "Ix(), i,

(S E)x(@E)di

(A18)

friction [11]. For the medium-to-high friction regime he ob-
tained

2 12 S1
IQI = m + rznax E\ max TST, (BZ)
while in the low-friction limit, he derived
My
= — el B3
Kr UO ( )

where the barrier frequencymax=  SU,,,,/ m contains the
curvatureU, ., .= U (Xmax) at the barrier topmax. Note the
opposite scaling of both equations with respect to theidnct
constant : While for medium-to-high friction it holds that
pt for low friction we have [f, S
c. Mel'nikov and Meshkov theory

Mel’nikov and Meshkov 15] (MM) derived a solution to
the Kramers’ problem which is valid for all values of the
friction, and hence bridges the two asymptotic expressions

with the dimensionless space-inhomogeneous memory kemglys g2) and @3). The MM result is given by

[£S T, %), %)
N
= == @ xE)exp S2EST) , (AL9)
i=1 ! !
and the dimensionless random force [X(f), ] :=
[x(t), t]/L. Instead of explicitly eliminating the heat-bath
variables, Egs.A18) and @A19), can also be obtained by
directly recasting Egs.AB) and @7), in dimensionless
form. Similarly to Eq. All), the dimensionless memory
kernel and random force ~obey the generalized
uctuation-dissipation theorem

O, 07 x(@). T = [ESTRO. ). (A20)

APPENDIX B: RATE THEORIES

1. Formulas for rate theories considered in the main text

wm = A1) e + 2 >m max TST»
(B4)
2 7 .
A Y=exp = InL8 €S UoosWgy | (BS)
0
— 0 -
=2 2— Uo S U(X) dx. (B6)

S 2

d. Grote and Hynes theory

While both Kramers’ and Mel’'nikov and Meshkov theory
consider Markovian dynamics, Grote and Hyn&8] [devel-
oped a theory for the mean rst-passage timggp, under
the in uence of memory effects. Their expression for theecas
where the dynamics in the potential well relax fast, and only
memory effects on the barrier are relevant, is given by

In the present section we recall the formulas used to evalu-

ate the various rate theories we consider in the main text.

a. Transition-state theory
While we do not explicitly show results from transition-

max

GH= —— TST (B7)

where” () denotes the Laplace-transformed memory friction
kernel (t) at the barrier top, and the real reactive frequency

state theory (TST)58] in the main text, the TST escape rate > 0 is given as the solution of the equation

appears in several of the rate theories we consider. Aaugrdi
to TST, for a parabolic free-energy in the reactant state, th

mean escape time is given &S]

2 el

TST = (B1)

min
where as befor&y denotes the barrier height®! = kgT is
the thermal energy, and the well frequencyin = U,/ m
contains the curvatutd,;, := U (Xmin) at the minimunXmin
of the potential well from which the particle escapes.

b. Kramers’ theory

2

= &. BS
7 ()im (B8)
Thus, for a single exponential kernelt) = €% / , s
calculated from the cubic equation
2 . 2
Tt =S Ny = (B9)

Note that, either in the inertiam , or in the long
memory limit, , it follows that = ¢ and the GH
theory collapses onto the transition-state theory resgilt,=

Ts7 N EQ. B7).

Kramers considered the escape from a potential well for a Furthermore, in the case of instantaneous, i.e., delta-

particle described by the Markovian inertial Langevin equa correlated friction, (t) = 2

(t)and “( )= , it follows
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= ( 2@+ 2.)Y2S | (2m), which results in gy = () 7/ = 0.001
it the Kramers high-friction result in EqBR). - :
B, TW GH (yg) PGH (yg) MM (yg) TST (yp) sim.
000t r 2o
e. Heuristic formula
) 1 J
In our previous work we constructed a heuristic formula ‘\; 10 r
that agrees with both the theory by Pollekal. [34] (PGH) &
and numerical simulations ofyep in the double-well potential c o - 8
Eqg. (6), and a GLE with a global single-exponential memory w4 8 e
kernel with friction magnitude and memory time [21,35]. i i Iy
Using the diffusive and inertial timescales = L2 and s/
m= m/ , the heuristic formula is given by B
0 . (b) Tm/Tp = 0.001
emp. - e _ 1+ 10 UO_ Sl+ _m B, TW PGH (yw) PGH (yg) MM (yg) TST (yg) sim.
o U 2 o o e g
2
m .
+2 UO_D +4 Uo—S . (B10) g 10" 428 & - 5
=~
S 5
2. Evaluation of rate theories for a space-inhomogeneous 10° 4 e e o T
memory kernel ]0'73 ) 0'72 ]0'71
Whenever we evaluate a rate theory for the effective fric- Yw /Y
tion parameters of a region, we use the respective regional
frlzctlon and memory parameters, or equivalently p; = FIG. 4. MFPT, wep/ p, for various single-exponential barrier-
L® i, mi=m ;. On the other hand, in plots we always ang well-memory friction parameters, compared with analgte-
rescgletheMFp as well azs the parameters using the diffusive-gictions given by Grote and Hynedd [GH, solid line in (a)],
and inertial timesp = L=, m= m/ , which correspond Melnikov and Meshkov 15 (MM, dotted lines), Pollatet al. [34]

to the total friction magnitude = ; ;. In the present sec- (PGH, evaluated using the heuristic formud]), and transition-
tion we state the relevant relations between these local anglate theory (TST, black broken lines). The numerical dagahown

global timescales. for equal barrier and well-friction timesg/ o= w/ p= 1053,
The relation between the local and global diffusive andand the inertial timescale is xed in the high-friction regimg p =
inertial timescales is given by 10°3. Dark blue square markers denote data for which the local

friction timescales are kept constant/ pg = w/ pw = 1053,

=12 - 2 -1 (B11) instead of the global ones. (a) Results for the limt 1, the
D.i : D limit of Markovian low friction on the barrier. (b) Results for the
_m_ m _ limit w/ 1, the limit of Markovian low friction in the well.
mi= T - T T T T m (512)
1 1 |
so that APPENDIX C: FURTHER COMPARISONS OF
NUMERICAL DATA WITH RATE THEORIES
2
mi_ . m (B13) 1. Very unequal friction coefbcients in well and barrier regons
D P Db In Fig. 2(d) above we show both the well- and barrier-
—=——, (B14)  evaluated MM predictions for high friction,/ p = 105%.
MEF’j ! hﬁ’FP Both curves show a nonmonotonic behavior as a function
—_—= (B15) of the barrier friction magnitudeg/ : Whereas the barrier-
Dii P D evaluated MM theory displays a minimum at smag/ |,

. L the well-evaluated MM prediction foryesp becomes mini-
Therefore, if we want to calculaterp/ p for regioni using gy 4t o/ close to 1. We here investigate these two limits

a rate theory for globally homogeneous friction, we have to, jetail by performing simulations for boths/ 1 and
evaluate 1S g/ = wl 1. We show the results in Fig, where
we consider an inertial timescale of/ p = 10°2 and equal
_MFP _ i MFP , (B16) friction timescales in the well and barrieg/ p = w/ p =
D Di (/ 2wl o (/ Dil b 10°3.
In Fig. 4(a)we consider the limit g/ 1,i.e., the limit

where the rst argument ( ;)% / p is the argument for of Markovian low friction on the barrier. While the MM
the dimensionless inertial timescalg/ p in the rate theory, and PGH theories, both evaluated for the barrier friction pa
and the second argument ( ;) i/ p is the argument for the rameters, show a nonmonotonic trend (namely the Kramers
dimensionless single-exponential memory 5 in the rate  turnover), the numericalrr (light green circles) levels off to

theory.
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(a) Tm/™ = 0.0001, 75/ =1, v8/7 = yw /v = 0.5

TMFP/TD

107t

Tw/m> PGH (7w)
0.0001

10°
10" 4
10% 4
102 4
10' 4
100 4

1 —

GH (7p) sim.

--- O

may still be much smaller than the time to diffusively crdss t
barrier (which depends on, g). Therefore, for w/ 1,
even though the well dynamics is in the energy diffusiontjmi
the crossing over the barrier can still be the rate-limititgp
of the escape process.

Furthermore, we note that in both Figé(a) and 4(b),
for the lowest value of the local friction magnitudg =
10°3, the local friction times, i/ p; = 1, are not anymore in
the Markovian limit. To exclude local non-Markovian effect
in uencing the shown yep, we also show numerical data
for constant local friction times,g/ pg = w/ pw = 10°3
(dark blue squares) in Figgl(a) and 4(b). These data are

almost identical to the data at constagt p, w/ p, SO we
conclude that non-Markovian effects remain negligibletfar
parameter regime shown.

(b) Tm/TD = 0.0001, TB/TD = 0.001, ’yB/“/ = ’)’W/’)’ =0.5

rw/m> PGH (rw) GH (rg) sim.
0.0001

10° 7

1 —_— - u]
4 ] - . .
10 0 2. Variation of barrier height
2 10% 4 . . .
il 102 ] =~ o O e In the main text, we consider numerical results and rate
: T 0 P theories for the barrier heightU = 3. In Fig.5 we compare
- 0 1" numerical results for barrier heights ranging frotdy = 2 to
w. ] Up = 7 to rate-theory predictions, and nd that conclusions
10 ; T i % drawn in the main text remain true also for larger barrier
Us/ (ks T) heights.

While in Fig. 5(a) we show results for non-Markovian
. . . ) barrier dynamicsg/ p = 1, in Fig.5(b)we consider a barrier
FIG. 5. MFPT, wrp/ p, for various single-exponential barrier- \yith Markovian dynamics,s/ o = 0.001. For both subplots
T o e S o o vk e Use wl = al = 05, ancaual pationing of he
timgs W/"'D =105 and w/ 5= 1. xed barrierfriction time total friction magnitude to well and barrier, and high fioet
T _gvso ' o w/ o = 10>*. For both subplots, we consider two represen-
o/ o= 1(a)ande/ o= 10°° (0), always for equal friction con- S0 o meters for the well-friction timey/ o. The results
stants g/ = w/ = 1/2. The inertial timescale is xed in the f F/) ~ 1054 sh liah W 'D.I : .
high-friction regime / p = 10°4. For comparison, predictions by or w/ p= 10" shown "?‘S Ig. t green .Clr.c es m.FI@’
Grote and Hynes1g (GH, broken lines) and Pollakt al. [34] cor_respond to th_e Markowa_n high-well-friction regimey fo
(PGH, solid lines, evaluated using the heuristic format)are also  Which the dynamics are predicted by the GH theory. The dark
shown. blue squares in the gure correspond ig=p for well-friction
time w/ p = 1, which corresponds to the long-well-memory
regime where yep is predicted by the PGH theory, evaluated
a constant for smallg/ , with a value close to the prediction using the memory kernel parameters at the potential well. As
of transition-state theory (black broken line). This linst Fig. 5(b) demonstrates, the “Markovian-barrier acceleration”
also correctly recovered by the GH theory evaluated for theegime discussed in detail in the main text also exists fgeia
barrier friction parameters (light green solid line). Téfere,  barrier heights.
for g/ 1, the GH theory outperforms MM theory and  Overall, Fig.5 shows that the predictions from the main
PGH theory. This is in contrast to the results shown in thetext are consistent with the numerical data for all barrier
main text in Figs2(a), 2(d), and2(e), where the local friction heights Uy [2, 7] considered here. In fact the predictions
magnitudes are considered to be within one order of magniseem to improve for higher barriers. The exponential depen-
tude, and the well-friction evaluated MM theory descriles t dence of yrp On the barrier-height, known since Arrhenius
numerical data correctly. [59], is also well visible in our semilogarithmic representation
We discuss the opposite limity/ 1in Fig.4(b). Here  of the data.
the numerical uep (light green circles) is consistent with
both the MM and PGH theories, evaluated using the barrier
parameters, and markedly different from the predictions of
transition-state theory and the PGH theory evaluated ubing In Fig. 3 we consider barrier crossing for the high-friction
well parameters. The agreement of barrier-evaluated idgeor regime ./ p = 10°4, while the friction magnitudes are equal
and the numerical data indicates that the system is describeg/ = w/ = 0.5 and the friction memory times in the
by the Kramers high-friction limit. At rst sight this might well / p and on the barrierg/ p are varied. In Fig6
seem surprising, because fqy/ 1 the local dynamicsin  we show additional numerical and analyticgkp for larger
the well is clearly underdamped, as fqy/ = 10°3we have inertial times. We consider the inertial times/ p = 1054
mw/ pw = 10°. However, since for y/ 1 we have [Figs. 6(a)-6(c), 10°2 [Figs. 6(d)-6(f)], and 1 [Figs.6(g)—
D.W D.B, €ven though the mean time a particle in the well 6(i)]. While the rst column of Fig.6 shows the rescalegyrp
needs to reach the barrier is a large multiplefy, thistime  as a function of the barrier-friction times/ p for various

3. Variation of inertial timescale
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Tm/Tp = 0.0001, v8/y = yw/v = 0.5

/D = 0.0001, y8/7 = w /7 = 0.5

Tw/Tp sim. PGH (rw) PGH (rg) Tg/7p sim. GH (rg) PGH (rw)
(a) 0.0001 (b) 0.0001 (C)
0.01 O —— GH (1) 0.01 O =—=—-
1 O — - 1 O ===
10° ' —_ — 100 0 A=
100932 2 A 2 A 5 2 & & =& 10* 4
o 10°4 o 10° 4
£ o ol & ~ (tw/m)*
g 10 000000 £ 1074
€ 10'4 - € 10t 4
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0 0
1074 HJ o o oo 10 e & ___
107" Fer — T T T T 107! T T T T T T
10°* 107% 1072 107'  10° 10! 107 1073 1072 107' 10° 10!
8/TD ™W/TD
Tm/TD = 0.01, v8/7 = yw /v = 0.5 Tm/Tp = 0.01, v8/7 = yw /7 = 0.5
Tw/Tp sim. PGH (rw) PGH (rg) Tg/Tp sim. GH (rg) PGH (rw)
(d) 0.0001 (e) 0.0001 (f)
0.01 O —— GH (7B) 0.01 O —-=-
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10° 10 A — 10 10 A ==~
A
10'{A A A A A A A & B 10* 4
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/™0 =1, 78/7 = yw/7 = 0.5 Tm/™> =1, ¥8/7 = yw /7 = 0.5
Tw/Tp sim. PGH (rw) PGH (rg) Tp/7Tp sim. GH (rg) PGH (rw) .
(g) 0.0001 (h) 0.0001 (I)
0.01 O —— GH (7B) 0.01 O ===
1 O — - 1 -
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o 10%4 a
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FIG. 6. MFPT, wp/ b, for different barrier memory friction, and well memory friction, obtained from numerical simulations (data points)
and compared with analytic predictions given by Grote andé4$yfL3] (GH, broken lines) and Polla&t al. [34] (PGH, solid lines, evaluated
using the heuristic formula2fl]). The data are shown for various barrier-frictiogy p and well-friction times w/ p and equal friction
magnitudes g/ = / = 0.5. The inertial timescale is constant and different in eamh fa—c: ./ p = 1054, d—f: o/ p= 102 g—i:

m b= 1). (a, d, g) mre plotted over the barrier-friction times/ p. The theories are shown for the respective barrier-fictime in black
and in the case of the PGH theory for the well-friction time as colored solid lines. (b, gshplotted over the well-friction timey/ p. The
theories are shown for the respective well-friction timéliack and in the case of the GH theory for the barrier-frittione as colored broken
lines. (c, f, i) Contour plots of agreement of the simulatiesults with the theoretical predictions. The color desatlether the simulated

vMrp (13 thear 3 thed], Where eo IS calculated using either the GH theory with the barrietiibn parameters or the PGH theory with the
well-friction parameters. The hatching indicates thahlibkeoretical predictions agree with the simulated date. [t blue area denotes the
“Markovian-barrier acceleration” of the PGH predictiom fehich we de ne heqmea = 0.2 theqpch-

values of the well-friction timew/ p, in the second column marize for which parametersd/ p, w/ p) the numerical
we vary the well-friction time for several constant valuds o data agree with the predictions of the GH theory or PGH the-
the barrier-friction time. In both the rst and second colusn  ory. Note that [Figs6(a)—6(c) are replots of Figs3(a), 3(d),

the appropriate analytic predictions including memorgeff  and3(e)

are given either by the GH theory, which is evaluated for the Figure 6 shows that all conclusions drawn in the main
effective barrier-friction parameters, determined Ry(bro-  text also hold true asn/ p is varied, i.e., away from the
ken lines) or by the PGH theory (solid lines), which is eval- high-friction limit. In particular, for larger inertial thescales
uated for the effective well-friction parameters, given Ry m/ b, the predictions for the yep are described glob-
The third column of Fig6 depicts phase diagrams that sum-ally by the PGH theory for the well-friction parameters.
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TB/T]_) = Tw/T]_) = 0.0001

8/ = Tw /™ = 0.0001

(a) (b) |7/ MM Gw) MM () KSR (m,9w) sim.
vB/7 MM (v) MM (vw) KSR (v,yw) sim. 0.0001
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FIG. 7. MFPT, wee/ p, for different barrier memory friction, g(t) = g/ Beé“ 8 and well memory friction, w(t) = w/ Weé" w,
obtained from numerical simulations (data points) and caneqgh with analytic predictions given by Mel’'nikov and Meski{15] (MM) as
well as the predictions by Krishnaet al. [48] (KSR, dotted lines), equivalent to Figa(a)and2(d). The data are shown for equal memory
times in the Markovian limit withg/ p = w/ p= 1054 (a) wmrp plotted over the inertial timescalg/ p for different ratios of the barrier
friction constant to total frictiong/ . (b) wmrp plotted over g/ for various / p. The predictions by MM are shown for the effective
barrier-friction parameters, given by, as broken lines and for the effective well-friction parameters, given\pyas solid lines.
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FIG. 8. MFPT, wep/ b, for different barrier memory friction and well memory friction, obtained from numerical simulations (data points)
and compared with analytic predictions given by Grote anaesy[L3] (GH, broken lines) and by Pollakt al. [34] (PGH, solid lines,
evaluated using the heuristic formull]), as well as predictions by Krishnaat al.[48] (KSR, dotted lines). The data are shown for various
barrier-friction s/ p and well-friction times w/ p and equal friction constantg/ = w/ = 1/2. The inertial timescale is constant and
different in each row (a—c:/ p = 10°4, d—f: / p = 10°2). (a, d) wep plotted over the barrier-friction times/ p. The prediction by the
PGH theory are shown for the respective barrier-friction time as black and for the well-friction time as colored solid linesy{Hptted
over the well-friction time w/ p. The prediction by the PGH theory is shown for the respeactig#-friction time in black and in the case
of GH theory for the barrier-friction time as colored broken lines. (c, f) Perturbation paramgtiensthe barrier region and,, for the well
region and energy lossE/ (ksT), both relevant for stability of the KSR theory. The thindiehorizontal line denotes the value 1.
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(@) 78/ = 7w/ = 0.001 (b) 8/ = 7w /™ = 0.001
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FIG. 9. MFPT, wep/ b, for various single-exponential barrier- and well-friction parameters, obtained from numerical simulations (data
points) and compared with analytic predictions given byt&end Hynes13] [GH, solid line in (a)], Pollaket al.[34] (PGH, evaluated using
the heuristic formulaZ1]), transition-state theory (TST, black broken lines), as well as the predictions by Krigh@ri48] (KSR, dotted
lines). The numerical data are shown for equal barrier and well-friction tirgésy = w/ p = 10°% and the inertial timescale is xed in the
high-friction regime / p = 10°3. (a) Results for the limit g/ 1, the limit of Markovian low friction on the barrier. (c) Results for the
limit w/ 1, the limit of Markovian low friction in the well. (b, d) Perturbation parameter$or the barrier region and,, for the well
region and energy lossE/ (ksT ), both relevant for stability of the KSR theory. The thindiehorizontal line denotes the value 1.

Furthermore, Figs6(d) and6(g) show that the “Markovian- First, in Fig. 7 we consider the data from Fi@. For a
barrier acceleration” regime is also present for largertiae  detailed discussion of the data we refer to the main texhias t
times. On the other hand, the “non-Markovian-barrier accelsection focuses on evaluating the quality of the KSR theory
eration” predicted by the GH theory vanishes. with respect to the other theories. For the Markovian limit, i.e.,
w/ b= 8/ p 1, we generally observe good agreement
) ) between numerical data and KSR theory throughout Fig.
4. Comparison of numerical results to KSR theory However, the predictions by MM using effective local param-
In the present section, we compare our numeriggl  eters perform slightly better in the whole parameter range.
with the predictions of a theory for barrier crossing with Of course, the true strength of the model by KSR here is
space-inhomogeneous memory friction. Krishnan, Singtl, anthe correct interpolation between barrier- and well-dcatea
Robinson (KSR) 48] derived an analytic theory forygp in -~ dynamics, which needs to be chosen by hand in the evaluation
a piecewise harmonic potential with different well and arr  of MM theory. This is most clearly seen in Fig, where
memory friction; this theory is based on the formalism by-Pol KSR theory switches between the barrier-dominated and well
lak, Grabert, and Hanggf]. The analytical KSR predictions dominated MM predictions as,/ p is increased.
for wep had not been compared to numerical simulations in  The data of Fig.3(a) and 3(d) are discussed in this sec-
the literature. tion in Figs. 8(a) and 8(b), where ./ p= 10°* While
The KSR model takes as input the memory-friction ker-the predictions by KSR again interpolate correctly between
nels for the well and barrier regions, for both of which we well- and barrier-dominated dynamics, in the regime where
consider single exponentials, the particle mess , , the w/ b 0land g/ p 0.1, we observe signi cant devia-
local angular frequencies of the potential for the wel,= tions between the numericalep and the corresponding KSR
( 2U)(x=S L)Y mand barrier , =S ( 2U)(x= 0)m, and prediction. As can be seen clearly in the upper left corner of
the barrier height Uy = 3, where as beford (x) is the quartic ~ Fig. 3(a) and the right side of Fig3(b), the numerical and
potential ). analytical data can deviate by several orders of magnitude.
We now compare the predictions of KSR theory with theFor larger inertial timescales, these deviations beconaiem
same numerical data as considered in Fagsnd3. as shown in Figs8(c) and 8(d) where / p = 10°2. We
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note that KSR throughout predicts a barrier crossing speeduslightly larger inertial times / p = 0.01. Here the condi-
as g/ p is increased [see Fig8(a) and 8(d)], whereas the tions g < 1 and w < 1 are met and the predictions agree
numerical data display the “Markovian-barrier accelemti ~ with the simulation data in Fig8(c) and8(e).
behavior for w/ p 1, for which barrier crossing is in fact In Fig. 4 we consider yep for the cases wheres/ 1
slower as g/ p is increased. Possible explanations for theand / 1, i.e., the the scenario where the well- and
deviations observed in Figg. and 8 are discussed in the barrier-friction magnitudes are very different. In Fig¥a)
following. and 9(c) we compare the numerical results fogep with
To rationalize the deviations between numerical and anKSR theory. As can be observed in Figfa) KSR theory
alytical predictions, we point out that KSR themselvesestat (light green dotted line) correctly captures the limgt
that their theory is not to expected to be reliable gdf 1, i.e., the limit of Markovian low friction on the barrier.
1 in the barrier region ory 1 in the well region (note However, Fig.9(c) shows that KSR theory does not capture
that and are used in the original workdB]). The per-  the opposite limit. For y/ 1, KSR theory predicts a
turbation parametersg, w represent a measure for the signi cant slow-down, which is not con rmed by simulation
strength of coupling between reaction coordinate and heatata. The breakdown of KSR theory is again understood
bath, and are dened asg = g/[2m g(1+ g g)?] and by considering the perturbation parametegs w and the
w= w/[2m w1+ w w)?], with gand \ the GH fre- energy loss E/(ksT), which are plotted in Figs9(b) and
quencies which solve EqBB) for the respective memory 9(d) for the respective data. As previously discussed for the
kernels (well or barrier). These conditions are easilyatiedl  data in Fig.8, KSR theory breaks down whenever the energy
in the case of small inertial timescalgs= m/ , as Fig.8(c) loss per cycle in the well region is small,E/ (ksT) 1,
shows. However, a similar perturbation parametds also  while the coupling to the barrier heat bath is strong,
relevant for the applicability of the PGH theory, and thosel. This is again the case for the data in Fgfc), as can
authors note in their paper that the PGH theory remains valithe seen from the corresponding perturbation parameters in
even for large , if at the same time the energy loss per cycleFig. 9(d).
through the well region is large, E > 1 [34]. More so, In summary, while KSR theory does capture the crossover
the PGH predictions have been shown to globally agree welrom well-dominated to barrier-dominategep, the theory
with numerical results obtained from a homogeneous memorgaptures neither the “Markovian-barrier acceleratiomjimee,
kernel [35]. nor the limit / 1. This can be explained by the assump-
The clear deviations between KSR theory and the numertions underlying the KSR derivation, which are not ful lléal
ical results in Fig.8(a), observed for smallg/ p and large these regimes: In both regimes, the energy exchange with the
w/ b (dark purple and dark blue lines), can be rationalizedwell heat bath is weak (small E 1), while simultane-
by the simultaneous breakdown of both the conditions on theusly the coupling to the barrier heat bath is strong ( 1).
pair g, w,and E:asFig.8(c)shows, inthe regime where While in the “Markovian-barrier acceleration” regime, the
deviations between theory and numerical data are observedieak energy exchange in the well is due to long memory, in
s lwhile E 1.In contrast to that, Fig8(f) shows the regime v/ 1, the weak energy exchange is because
the perturbation parameters and energy loss per cycle fafthe small well friction.
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. QUANTUM ZERO-POINT MOTION EFFECTS

Quantum zero-point motion is known to smear out particle distributions and thereby to increase the particle density
at barriers. Therefore in this section, we estimate the potential barrier height of a double-well potential for which the
ground-state probability density develops a minimum at the barrier.

The one-dimensional stationary Schrodinger equation

2 @
m @ (d)=(U(d) E) (d) (S1)
is solved numerically for the quartic double-well potential
g 2 7
Ud)= Uy — 1 (S2)
dTW

which is shown in g. S1A to approximate the e ective potential describing the excess proton distribution obtained
from our ab initio molecular-dynamics (AIMD) simulations very well.

A B

10 0:3
Roo =2:56A, dny =0:14A;Ug=0:36kg T 8
. —— Rop =2:64A, dpy =0:22A;Ug=1:99kBT/
— —— Rop =2:72A, dpy =0:28A;Ug =4:42kg T z °
SN _ 021
D ‘ o _
0- S N E— dry =0:035A=kg T Ug +0:134 A
T T T T T Ol T T
0.4 0:2 0.0 0:2 0:4 0 2 4
d[A] Uo [ke T]

Figure S1. A Free-energy proles U(d) for xed Roo, extracted from constrained ab initio molecular-dynamics (AIMD)
simulations of the HsO,* cation, are shown as colored lines. Fits according to eq.(S2) are shown as black dotted lines with t
parameters given in the legend. B Dependence ofdy,y, on Up. Here a linear t is shown as a black dashed line.

The equations are rescaled as

g () =(8(x) E) (x); (S3)

8(x) = Bo(¥* 1) (S4)

with x = d=dp, , B = 2mUody, 2=-* and B = 2mEdy,, =-?. Using the proton massm = 1:7 10 ?"kg,
~=1:1 10 %*Jsanddy, = 0:22A for the system with Roo = 2:64A, the rescaling factor for the energies is
~2=2md,, 2)=7:4 10 21J=1:8kg T at 300K. Note that this scaling factor implicitly depends on U, due to the
dependence ofil;,, on Uy shown in g. S1B.

Dimensionless ground state energie® are numerically computed for 8y 2 [1; 2] using bisection to nd the eigenvalues
of the dimensionless Schrodinger equation eqS3). The ground state energyE shows approximately linear dependence
on B, 2 [1;2] (see green dots in g. S2A). A minimum of the ground-state density at the barrier is de ned by a
positive curvature at the origin, @@;; 2(x =0) > 0. From the Schrédinger equation eq.(S3) it becomes clear that the
wave function of the ground state develops a minimum at the origin for€ < 8. It follows for the curvature of the
probability density by inserting eq. (S3)

@
@

" #

@(g) H(8(x) ) 2(x) - (s5)

2(®)=2
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3
szkrg_-r[dTW (UO)]2U0
24— B =1:36
@
1 -
0 . . .
0 1 2 3 4

Uo ke T]

Figure S4. A minimum in the ground state probability density appears for zzkrg—T [crw (Uo)]? Uo > 8, obtained by rearrangement

of eq. (S7), where Uy is the barrier height of the double-well potential, 8. = 1:36 is taken from g. S2B and dpy (Uo) is taken
from the linear tin g. S1B.
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SUMMARY OF PREVIOUS EXPERIMENTAL AND THEORETICAL STUDIES ON
502" CATION

.
INFRARED SPECTRA OF THE H
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Figure S5. Collection of experimental (A) and theoretical (B) IR spectra of the HsO,* cation in the proton-transfer regime
(colored lines), compared to the IR spectrum obtained from AIMD simulations in this study, shown in black. A The experimental
spectra were recorded using infrared multiple-photon-dissociation (IRMPD) spectroscopy “?, infrared predissociation (IRPD)
spectroscopy in Argon® and Neon* and Fourier-transform IR (FTIR) spectroscopy of H 50,* cations solvated in acetonitrile ®. B
Theoretical spectra were obtained using AIMD simulations on the MP2/cc-pVTZ level ¢, the multicon guration time-dependent
Hartree (MCTDH) method 7, CPMD simulations using the BLYP functional &, CPMD simulations using the BLYP functional °,
MD simulations on the CCSD(T) potential energy surface using MP2 dipole moment functions (based on °)°, AIMD simulations
on the BLYP-D3 TZV2P level 1!, MD simulations using the multistate-empirical-valence-bond (MS-EVB) method 2, AIMD
simulations on the DZVP-BLYP level 3, classicalMD, centroid MD (CMD), as well as ring polymer MD simulations (RPMD,
TRPMD) ** on the CCSD(T) potential energy surface 1°. For comparison, the spectrum of the unconstrained HsO," cation
obtained from AIMD simulations in this study (obtained on the BLYP-D3 TZV2P level) is shown as the black line at the top.
All theoretical spectra report on isolated H 505" .

A collection of IR spectra of the H0,* cation in the so-called proton-transfer regime,600cm * to 1500cm ?, obtained
from experiments is given in g. S5A and from theoretical calculations in g. S5B. The spectra vary greatly among
di erent experimental studies, highlighting the subtle di erences between experimental techniques and setups and
also pointing to a pronounced temperature dependence of the spectra. Importantly, there are systematic di erences
between the gas-phase spectra obtained for isolatedg®,* cations from theoretical calculations and experimental
spectra, which rely on di erent model systems and employ di erent techniques, one experimental study reports on
HsO,* cations in acetonitrile solution.

Regarding the experimental infrared multiple-photon-dissociation (IRMPD) spectra, the authors themselves raise the
question whether their data can be directly compared to linear absorption spectrk?. For the infrared predissociation
(IRPD) spectra®* on the other hand, messenger-induced artifacts are known and have been studied theoreticafi? .
For the case of HO,* cations solvated in acetonitrile solution, it is clear that the uctuating electric elds created by
the solvent strongly in uence the resulting spectra®. Thus, di erences between the di erent experimental spectra do
not re ect inaccuracies in the measurements but rather subtle di erences in the studied experimental systems.
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Figure S6. Comparison of theoretical IR spectra of the HsO," cation in the proton-transfer regime at various temperatures
obtained from Car-Parinello MD (CPMD) simulations on BLYP level 89,

The following collection of comments from the literature report on the discrepancies between the IRMPD and IRPD
experimental spectra of isolated HO,* cations. Fridgen et al.? say that at this point, we are unable to determine
the source of the discrepancy between the present infrared spectrum and that obtained by Asmist al.! . Hammer
et al.* state the IR pro les obtained in these two measurement$? were markedly di erent, perhaps re ecting the

di erent ion sources used in the two experiments and/or the speci ¢ uence characteristics of the laser sources . Sauer
and Dobler® discuss that di erences between the IRMPD spectrunt and the IRPD spectrum?® should be due to the
di erent excitation mechanisms and/or di erent temperatures . Vendrell, Gatti, and Meyer 7 state that spectra could
not be consistently assigned in terms of fundamental frequencies and overtones of harmonic vibrational modes due to
large amplitude anharmonic displacements and couplings of the clusté®*1® and conclude their study by pointing
out that their reported calculations are in excellent agreement to the experimental measurements of Ref§® on the
predissociation spectrum of H502+Ne. , which is the most widely accepted low-temperature spectrum of the isolated
cation to date.

Furthermore, in theoretical studies, the temperature dependence was analyzed by Par&t al.® and Kaledin et al.®

in Car-Parinello MD (CPMD) simulations, presented in g. S6, and by classicalMD simulations on the CCSD(T)
potential energy surface using MP2 dipole moment functions (based df), leading to the conclusion that classical MD
simulations at a temperature of 30 K qualitatively reproduce many of the key features in the experimental vibrational
[Ar-] predissociation . Nuclear quantum e ects were studied in detail by Rossi, Ceriotti, and Manolopoulos'*, who
compared spectra from di erent ring polymer MD simulations. The messenger-induced changes of spectra apparent in
IRPD techniques were investigated by Parket al.® and Baer, Marx, and Mathias*.

More recent studies have focused on the ¥D,* cation in larger water clusters or in bulk water or other solvents
and at room temperature>12131618 |mportantly, the electric elds of the environment heavily in uence the spectra.
These studies identify remarkably broadIR features in the 1000cm * to 1200cm ! regime, associated with proton
shuttling 6, the proton-transfer mode (PTM) 5317 or the shared proton stretch 8,

The review of the published experimental and theoretical data shows that the data produced in this study is in
gualitative agreement with previous results on HO,* cations in gas phase. However, especially in the region of
800cm ! to 1200cm ! associated with the proton-transfer motion, large temperature and system-dependent di erences
between the previously published results are observed and re ect the incomplete understanding of proton-transfer
dynamics.
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the method is well suited for modeling the excess-proton dynamics without a barrier. Along« the normal mode spectra
serve to explain the major peaks of the spectra at high frequencies, which are thereby identi ed as the normal-mode
contributions. The broad low-frequency shoulder, which is related to the barrier-crossing e ects, can obviously not be
modeled using normal modes.

The system with Rop = 2:40A represents the global unconstrained minimum of the free-energy landscape, shown in
g. 1D in the main text, and can therefore be used to compare qualitatively to published data on the unconstrained
Hs0,* cation, as done in tab. S1 for the rangel00cm * to 2000cm . The normal-modes can be grouped to rocking
and wagging modes in the rang8800cm ! to 600cm !, the water-water stretch at around 550cm ! to 650cm 1, which

is missing in the constrained case, the widely discussed proton-transfer mode aloxg which varies greatly between
800cm ! to 1200cm 1, a pair of modes betweer.300cm ! to 1600cm !, associated with perpendicular excess-proton
motion in the yz-plane, and the two water-bending modes at1600cm ! to 1800cm !, for which the lower one shows
excess-proton motion in theyz-plane (named in-phase or gerade) and the higher one shows excess-proton motion along
X (named out-of-phase or ungerade).

lllustrations of the normal modes in the range 100cm ! to 2000cm ! of H50,* cations with various contrained
Roo are shown in g. S8, where the colored frames indicate similar normal modes for di erent values oRoo .
Fig. S9 summarizes the frequencies of the normal modes for all values Bbo and highlights the associated relative
excess-proton-motion intensities either alongx or in the yz-plane. Most modes shift only weakly, including the
wagging and rocking modes in the rangg800cm ! to 600cm * and the pair of modes betweeri300cm ! to 1600cm 1,
associated with perpendicular excess-proton motion in the/z-plane. However, the proton-transfer mode {157cm ?!
for Roo = 2:40A) strongly increases for values ofRoo  2:40A, as shown previously by Wolkeet al.® for the
Ds0,* cation, which possibly explains why the proton-transfer mode in bulk is suggested to reside at much higher
wavenumbers compared to the gas-phase specifa The in-phase water bending mode shows no shifting but the
out-of-phase water bending mode, associated with excess-proton motion along strongly shifts. Generally, modes
associated with proton motion alongx are shown to be highly sensitive on the value oRoo, while modes that are
associated with proton motion in the yz-plane are not.
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VIl. IR POWER SPECTRA FROM LINEAR-RESPONSE THEORY

Assuming linear response of an observable(t) with respect to a force that couples to an observabley(t), the response
function y (t) is related to the correlation function Cyy (t% = hx(t + t9y(t)i fort 0%

d

xy () = macxy (1); (S9)
wherekg T is the thermal energy. Realizing that (t) is single-sided, i.e. (t) =0 for t < 0, the Fourier transform is

calculated as

z
1~ . d
ey (1) = e dt et acxy(t)
1 i Zl it
ol Cyxy (0) ! . dt e" Cyy (1)
1 )
= BT Cy(0) i€ () ; (S10)

where the superscript* denotes a single-sided Fourier transform. In case af = y, Cu (t) is an autocorrelation
function, which is real and symmetric, therefore it follows for the imaginary part of the response function in Fourier
space

R(1)= 7! Re(€ (1) (s11)
= k%!z@““ ): (S12)

When computing the power spectra of a stochastic process(t), limited to the time domain [0; L], the Wiener-Kintchine
theoreme, eq. (S65) in section XVI, can be used to expres8y (! ) in terms of x(! ), turning eq. (S12) into

|
00 (1 \ = : Sef1)i2-
Q1) = s I (513)

In case ofx(t) being the polarization p(t) of the system, which is coupling to an external electric eld E (t), the
dimensionless dielectric susceptibility (t) is given by

e(l)= Violhepp(! )i: (S14)

where ¢ is the vacuum permittivity, V is the system volume and an average is performed over thedimensions ofp.

15
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Sinceprw (t) and grw (t) are single-sided, a single-sided Fourier transform is performed,

z, z, X YW 21
Pop (1) = dt "t dtp orw (tp) dtJD Prw (tjp)
0 0 N=0j=1 O
5 . 3 (S22)
dfprw () 4t to () + )5
j=1

Z,

Z, X W Z,
= dtp orw (tp) dt? prw (t°)
zol N=0j=1 © (S23)
tpry (12) & [0+ 1% @+ )]
X 2N
=grw (') pw (1) (S24)
N =0
_ aw () .
1 oprw ()7 (S25)

and it follows for the single-sided Fourier-transformed autocorrelation, eq. (S20),

2
€ ()= %%: (S26)

From egs. (S10) and (S26) we obtain our expression for the response function of the binary jump process
D? ; teaw()
2kg T 1 prw(!)?

In case of the jumping variabled(t) being a polarization with polarization jump 2qd;,, , where q is the charge and
dr a length scale, the dielectric susceptibility of the binary polarization jump process reads

(S27)

eop (!)=

2fdny *  aw ()
V ok T 1 prw (')

and eventually its power spectrum, proportional to the imaginary part of the dielectric susceptibility, is obtained as

e(l) = (S28)

2¢Pdpy, ® 2w (1)
1 200 = T™W .
1) V ke T Re WOE (S29)

18
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X. POWER SPECTRUM OF THE DAMPED HARMONIC OSCILLATOR

The absorbed power! €2 (!) of the damped harmonic oscillator described by the di erential equation
mx(t) = x(t) kx(t) + Fex(t); (S30)

is computed from the linear response in Fourier space

ew ()= 2 (s31)
=(k m?2 jr)!? (S32)
_ km 241 (S33)

k mizzs 212
where x(! ) is the oscillating variable, m the mass, the friction coe cient, k the spring constant of the harmonic
potential and Fex (! ) an external force. For the power spectrum follows

] 2

k m2z+ 212

LefR(l) = (S34)

which by introducing the time scales =2 =k, ,, = P m=k and length scaleD with D? = kg T=k converts to

2D? 12

00 — .
!eXX(!)_|(|37T4(1 %!2)2+ 2y 2°

(S35)

In case of the oscillating variablex(t) being a polarization with polarization jump gD, where g is the charge, the
dielectric susceptibility reads

2¢?D?2 12
1 e%1Y) = :
L) = T eTan zigEe wE (S36)
In spectroscopy this is known as a Lorentz band shape, which in the overdamped casg, ! 0, reads
20°D? 12
ey = (s37)

V oksT 4+ 212’

known as the Debye band shap#.

19
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Xl. TRANSFER-PATH SHAPE

Kim and Netz 22 derived the transfer-path-time shapet(drp ) over a harmonic barrier by an exact calculation, valid for
arbitrary barrier height, as

Z PG = p_ !
2d oy, 2 U(dre =dpy 1) dy erf(y) erf(C U) o 1 D, (¥): (S38)

t(dre) = keTU Py erf(” U(drp =ty 1) efCU) 2

where D, (x) = e x* Rg dt e’ is the Dawson integral function, is the friction constant, U = Uy=kg T is the
dimensionless barrier height,d,, a length scale and the time of the complete transition path across2dy,, . Note
that the shape function is expressed at timet as a function of positiond. The second term in eq.(S38) vanishes for
drp =2dyy andyeduces to  for drp =0 (derived in?2) and therefore t(drp =0) =0 and t(drp =2dp, )= . For
a variable s= y= U, eq. (S38) is rewritten as

|

Z . - p_ p_
2d g, 2" dr 0w 1 erfC Us) erf( U) 1 p—
tdrp)= —P= ds p— p— - D.( Us): S39
(dre) ke T U 1 erf(" U(drp=dr, 1)) erf( U) 2 ¢ Us) (S39)
ForlargeU landdp, <dtp < 2dn, , €q. (S39) reduces to the asymptotic expression
2Z g =dpy 1 P
t(dp)  + Jw ds2 8 Y9
ke T 4 U
d 1w 2
+ e TU In(dp =dpyy,  1); (S40)

where we useD . (p Ut)=IO U  1=(2us).
Therefore, further using the symmetric nature oft(drp ) in the limit U !1 |, we obtain the asymptotic expression for
t(dTp ) as

doy ? — .
t(dTp): ﬁ'?(l dTp—dTW), for 0<dqp <dTW (541)
+ ZKB% |n(dTp :dTW l), for dTW <dqp < 2dTW .
It is straightforward to invert eq. (S41), yielding
8 2kg TUt
3 dr € ‘w? 1 ; for0O<t< =2
dre (1) = 2kg TU () (S42)
.ngW e ‘w’ +1 ; for =2<t<:
Using the curvature parameter = d 2:(2kBTU), and shifting the variablest! t+ =2anddyp ! drp + dpy, to
fulll dtp (t =0) =0, we arrive at the leading order expression as the sum of the above two functions
h 2t +2 t I
dp (1) = dTW e 2 e 2z
=dy & e¥ =e: (S43)

This expression is easily compared to the transfer-path shape (in the presence of a harmonic potential) derived from
the path-integral approach (equivalent to eq. 3 in the main text)2>24
h i
drp(t)=dry € e® =N; (S44)

with a slightly di erent normalization factor N = ez~ e z . Note that the di erence vanishes in the high-barrier
limt U!1 ,ie. ! O, inwhich limit eq. (S43)derived from referencé? becomes equivalent to eq(S44) derived
from the path-integral approach.
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Xll.  SPECTRAL SIGNATURES OF TRANSFER PATHS

The IR spectral signature of transfer paths is derived by modeling the Fourier-transformed transfer-path contribution
drp (! ) based on the transfer-path time tp and the recrossing-number probability distribution prn (n).

Recall that the power spectrum! e%! ) of a stochastic procesx(t) limited to the time domain [O;L,] is computed
from the Fourier-transformed expressionsx(! ) as presented in section VII. In the following an expression foidrpe (! )
is derived, based on the model fodp (1) illustrated in g. S15A. The mean transfer path is expected to repeat on
average with period 1 . The model is therefore constrained to[0; tw ]; using eq.(S13), the IR power spectrum of
the transfer-path contribution can then be written as

q2

V ooke T 1w
where g is the displaced charge.drp (t) is modeled by a single mean transfer path with shape®, (t) that is followed by
a subsequent number of recrossing transfer paths, according to the recrossing-number probability distributiopry (n)

e ()y=12 Gre (1 )bre (1); (S45)

* x
dre ()= prn(N) ( D"d% (t m1p); (S46)

n=0 m=0

where the factor ( 1)™ accounts for the alternation of recrossing transfer paths that are going up and down. A Fourier
transform with respect to t turns eq. (S46) into

b3 X Z, )
e (l)= Prn (N) (™ dte" dd%(t m 1p)
n=0 m=0 1
% x )
= (1) Prn (N) ( Dme M ™ (S47)
n=0 m=0

An expression for the mean transfer-path shapa?; (t) is obtained by regarding ensembles of rescaled transfer paths,
shown in g. S16 for various Rpo, along with the mean transfer paths, obtained from space-averaging the ensembles of
rescaled transfer paths at each rescaled time between the respective turning points of the trajectory. The mean value
at the turning points de nes the length scale dp . The single mean transfer pathd9, (t) reaching between the turning
points is then modeled by a truncated straight line

& (1) = drp % 1 (W  w); (548)

(S49)
with the Fourier transform

ei! i (2 || TP) 2 |I TP .
12 '

% (1) = drp (S50)

FoTP
The time scale tp in eq. (S47) is estimated directly from the simulation data, using the distributions shown in
g. S15B D. The distributions of transfer-path times considering only multiple transfers in g. S15B D are sharply
peaked at roughly the same value tp = 0:023 psfor all systems.

To account for subsequent recrossings, the expression e(B47) is evaluated for an exponential decay of the recrossing-
number probability distribution, pry(n)=(1 e )e ", with decay parameter and shown in g. S17 for the given
systems. Using this t function the nal expression for the transfer-path spectral contribution evaluates to

1 . !
2dp % e ! tpcos b 2sin b 2

V oke T 1w 12 2, (cosh( )+cos(! 1p))

An approximate expression for eq.(S51) is derived by factorizing ! €% (1) into the recrossing contribution
Xrec(5; 5 1p) and the shape contribution j&, (!; 1p)j?

Lef ()= (S51)

! 1 2

| [ ) in !
4! 1pcOs — 2sin —

i@ (5 1)i* = dpp? i ; (S52)
: TP
el?22
I- - - TP .
Xree (7 7P) 2(cosh( )+ cos(l 1)) (S53)
2
! egg ()= v Okgi-l- w Xrec(h 7 1P )Jng (4 )% (S54)
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XVI.  WIENER-KINTCHINE THEOREM

The correlation function C,y (t) of two stochastic processes(t) and y(t) limited to the interval [O;L.] is e ciently
computed from the Fourier-transformed expressions«(! ) and y(! ) according to

1Zl

Co= 5 , de "Xy () (S63)

where the asterisk denotes the complex conjugate. This is known as the Wiener-Kintchine theorerfie Both sides of
eg. (S63) are Fourier-transformed to give

z 1
dte™ L, 1 Cyy (1) = (1 )y (1); (S64)
1
which in the limit of large L reduces to
Gy (1) =L %(M)y (1): (S65)
Eq. (S63) can be derived starting o with the de nition of the correlation function
1 z Ly t
Cyy (1) = 0t dt® x(t°+ t)y(t9: (S66)
De ning x(t);y(t) =0 for t 620; L¢], the integral bounds can formally be extended
1 41
Cyy (1) = ™ dt®x(t%+ t)y(t%; (S67)
and making use of the convolution theorem
1 Z 0Z ! it (t+19 21 0 it %°
= | E | | I |
Cyy (1) rRT dt . dle x(1) . d%e wW! 9
1 Z7 Z 4 Z 4 , .
- 1 it | 1 01 Oy it°(1+17)
LD, dle " x(!) . d oyt 9 . dt%
z z
1 ' itt ' d 0192 (1 +19
= ! : ! ! ! I+
iy, M0 A
1 ! -
= - ! It (1 1)
200 . dle *(N)y( ! ); (S68)

noting that Yy ! )=+ (!) for a real function y(t) in order to obtain eq. (S63).
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Supplementary Methods

Supplementary Methods 1.:

Kramers-Kronig estimate of complex index of refraction

Our THz spectroscopic experiments measure the frequency dependent extinction coe cient,

solution (! ), de ned by the Beer-Lambert law

_ 1 |water(!) .
solution(! )_ aln m + Water(! )v (1)

whered is the sample thickness| yater (! ) and I souion (! ) are the experimental transmitted
intensities of the water reference and the sample. yqer (! ) is the extinction coe cient
of bulk water and is taken from literature [l]. For comparison to the simulated data the
power loss, i.e. the absorption spectrum, proportional to the imaginary part of the dielectric
susceptibility °¢! ), has to be computed from the experimental extinction coe cient.

The extinction coe cient (!) is related to n°¢! ), the imaginary part of the index of

refraction, via

()= ——— 2)

wherec is the speed of light in vacuum.
The complex dielectric susceptibility (!) is related to the complex index of refractiom(! )
as [2]

n?(1) =[nq )+ in%)P? 3)
=1+ (1)=1+ Y)+i U); @
from which follows
C)y=n%) n%) 1 (5)
Ry=2n%)n%r): (6)

The missing real part of the index of refractiom{! ) is related to the imaginary partn°! )
by the Kramers-Kronig relation [3]

z 1 0
n)= nY1)+ gp.v. i !!rzl t )zd!; (7)
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where p.v. denotes the Cauchy principal value andY1 ) is the real index of refraction at
the upper boundary of the integral. In practice, since experimental data is only available in
a limited frequency range, extrapolation beyond the data range may improve the Kramers-
Kronig inversion and a so-called “anchor point', obtained from an independent measurement,
can be used to replac@¥1 ) [4]. For measurements in the infrared IR) regime, a good
estimate fornY1 ) is obtained by using the real index of refraction measured in the visible
[5].

We perform the Kramers-Kronig transform using a set of Ansatz functions for the index
of refraction, each consisting of a real pafY! ) and an imaginary part!’{! ), which follow

approximately from a Lorentz oscillator model for the dielectric susceptibility [5]

AZ ;!
= e A ®)
A2 12)
O g T ®

and extrapolate beyond the range of the available experimental data. We t the imaginary

index of refraction obtained from the experimental extinction coe cient (! ) via eq.(2) as

X
)= 1% (10)

O

- H,0, Bertie, 1996
---- 5 Lorentz t

- H,0, Bertie, 1996 1501 = H,0, Bertie, 1996
---- eq. (11) ---- eq. (12)

0:61

2:01

nO

I [THg]
o
o
o

1:54

0 5 0 15 20 0 5 10 15 20 0 5 10 15 20
f [THz] f [THz] f [THzZ]
Supplementary Figure 1. Example of the calculation of the absorption spectrum  %®from refractive
index data. The blue solid lines show literature data of water I]. a: Imaginary part of the index
of refraction n°and a t (black broken line) as a sum of ve Lorentz-type t functions eq. (8)
(red broken lines). b: Real part of the index of refraction n® and the estimate (black broken line)
obtained from the Kramers-Kronig transform eq.(11) of the t in a. The real parts of the individual
t functions according to eq. (9) are shown as red broken lines, shifted by the o senﬁt: =1:33 c:
Absorption spectrum ! %and the estimate (black broken line) that is computed from the original

data for n%in a and the estimate forn®in b.
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where thel%! ) contain t parameters A;, ! o; and ;. The real index of refraction is then

given by

X
n{')=nd. + 11); (11)

i
where the constant real index of refraction in the visible®,. = 1:33 is taken from the
literature, which has been shown to be in general a good approximation for biological matter
[5]. The absorption spectrum,! !), which is eventually used to compare to the simulation
data, is computed using egs. (2) and (6) [6] as

bR =c ()nT); (12)

where (!) is the original data andn9! ) is parametrized according to eq(11). As a
benchmark example, Supplementary Fig. 1 illustrates the result of this procedure applied to
literature data of water [1] in the regime 10cm ! to 600cm 1, for which the experimental
THz spectra are obtained. In Supplementary Fig. 2a the ts to the experimental THz data of
aqueous hydrochloric acid ICI) solutions in the range2 M to 10 M (colored solid lines) are
shown as black broken lines, that are used to estimate the real part of the refractive index,
shown in Supplementary Fig. 2b as broken colored lines. The t parameters are reported in
Supplementary Tab. |. Eventually the resulting absorption spectra, shown in Supplementary

Fig. 2c, are used to compare to simulation data in the main text.
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b 259 -== OM === 6M C

N - 2M  --- &M
1001
I
E
_. 501

0 5 10 20 0 5 10 15 20

f [THz] f [THz]

Supplementary Figure 2. Calculation of the absorption spectrd  °%rom experimental THz extinction
coe cient spectra of aqueousHCI solutions at various concentrations.a: Imaginary part of the index
of refraction n%computed directly from the experimental absorption spectra (colored solid lines) and

ts (black broken lines). The pure water data (blue solid line, 0 M) is taken from literature [1]. Each
tis a sum of ve Lorentz-type t functions eq. (8) with t parameters reported in Supplementary
Tab. I. b: Estimates of the real part of the index of refractionn® (colored broken lines) obtained

from the ts in a according to eq. (11). c: Absorption spectra! %(colored broken lines) that are

computed from the original data for n%in a and the estimates forn®in b.
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Supplementary Table I. Fit parameters of the ve Lorentz-type t functions eq. (8), that are used to
t the imaginary part of the index of refraction n%of aqueousHCI solutions at various concentrations

in Supplementary Fig. 2A.

Ai [THz] ! oi=(2 ) [THz] ; [THZ] Ai [THz] ! 0i=(2 ) [THz] ;i [THZz]

oOM 6 M
0.679 1.749 53.66 0.9225 2.048 81.82
0.3628 4.298 30.04 0.5483 4.082 32.04
0.4378 5.653 26.39 0.4036 5.7 20.58
0.1594 11.81 41.97 0.3602 10.55 33.78
1.206 20.59 120.3 1.04 18.67 118.9

2M 8M
1.008 2.552 141.7 0.7904 1.703 51.2
0.4925 4.314 34.67 0.5899 4.124 32.88
0.3729 5.58 22.37 0.4266 5.845 20.53
0.2535 11.01 40.95 0.414 10.55 34.43
1121 20.16 117.5 0.9807 17.85 112

4 M 10 M
0.7589 1.301 41.06 0.85 2.035 72.92
0.5611 4,178 35.08 0.6844 4.483 39.35
0.3975 5.616 21.92 0.3892 6.035 19.1
0.2813 10.49 32.56 0.3797 10.6 31.25
1.175 19.82 137.2 0.9387 17.08 109.7
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Supplementary Methods 2:

Excess-proton identi cation

The identi cation of excess protons from trajectory data is a non-trivial task since the notion

of an excess proton itself is subtle. While for the idealized structure of a Zundel cation
it is possible to identify one proton that is qualitatively di erent from the others, in that

it is symmetrically shared between two oxygen atoms, such a discrimination is impossible
for an ideal symmetric Eigen cation from a con guration at a single time. Certainly it is
possible to simply determine the protons that are the least closely associated to any oxygen
atom in the simulation at each time step and call them excess protons. This is a perfectly
reasonable choice when examining static properties of excess protons, as for example the
radial distribution functions (RDFs) in Supplementary Note 4. Marx et al[7] used a similar

de nition for the calculation of excess proton probability distributions in ab initio molecular
dynamics (MD) simulations of protonated water.

In this work, however, we are interested in dynamical properties of excess protons. Since we
aim to track and examine protons during their transfer between water molecules, including
when they stay close to an oxygen atom, a selection based on a static geometric criterion
would not su ce. Due to uctuations of protons inside a hydronium molecule, also called
“special pair dance'§, 9], a criterion based on instantaneous interatomic distances would
lead to the disruption of otherwise continuous proton-transfer trajectories. Instead, similar
to Calio et al. [9], we record the trajectories of protons that could potentially transfer from
one water to a neighboring one and later discard those that did not. In fact, we are selecting
protons that transfer from one water molecule to anotheand call them excess protons for

simplicity.

Selection of transfer candidates

Ignoring the possibility of spontaneous autoionization of water molecules, proton transfer can

only occur from one water molecule to another if the former has an extra proton associated
to it, i.e. if it is a hydronium molecule. For the identi cation of hydronium molecules we use

a geometric criterion: Each oxygen atom gets assigned its closest two protons which together

form water molecules. The remaining protons are then assigned to the water molecule with

7
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by a change of the proton's closest oxygen atom (the same criterion was used by Calio et al.
[9]). This last condition leaves 50% of the previously selected protons in each simulation
that actually contribute to the analysis, which is still more thanNy+ selected protons per
time step because some trajectories overlap. This is the case since during the lifetime of
a hydronium molecule, two of its protons might be tracked at the same time. One proton
which transfers to initially create the respective hydronium molecule and one that transfers

away from it later on. Figure 3 illustrates such a situation.
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Supplementary Table Il. Fit parameters for the ts shown in Supplementary Fig. 4a using the

quartic expressionF (d) = Fg=o (1+ 2d?2+ 4d%).

Roo [A]|Fa=0 (ke T]| 2 [A 2]| 4 [A 1]
2.35 2.24 11.63 919.7
2.39 1.12 7.78 1099
2.42 0.73 -38.29 1747
2.45 0.78 -62.25 1625
251 1.76 -49.17  623.5
2.55 3.11 -35.24 319.6

11
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Supplementary Methods 4:

Wiener-Kintchine theorem

The correlation function C,y (t) of two stochastic processes(t) and y(t) limited to the time
interval [0; L] is e ciently computed from the Fourier-transformed expressions«! ) and

W ) according to

1Zl

2 Y . die " x()y () (13)

Cy(t) =

where the asterix denotes the complex conjugate. This is known as the Wiener-Kintchine

theorem [10]. Both sides of eq. (13) are Fourier-transformed to give
VA 1

l dtet L, 1 Lit Coy (1) =x(M)y (1 ); (24)

which in the limit of large L, reduces to

Co ()= L)y (1) (15)
Eqg. (13) can be derived starting o with the de nition of the correlation function
1 z Lt t
Cy(t) = dt®x(t°+ t)y(t9: (16)
Lt t 0

De ning x(t);y(t) = 0 for t 620; L], the integral bounds can formally be extended

Z 1
Coy(® =1 ! dt® x(t°+ t)y(t9; (17)
t
and making use of the convolution theorem
1 fr Fa Zy
ny(t) = - dt® dle (t+t°)x_(! ) dr%e % W ()
4 2Ly t)_, 1 L
1 z zZ, zZ, ot
=———— dle "x! d! Oy dt%e 0+
il 1, O, @y
1 1 d ilt (' ) 1 d' Oy_(l (5 2 (| | ()
= = e ™ x(! ! ! I+
4 2(L, t)Z 1 1
1 1 .
- ! it I l . 1
s, . are Oy (18)

noting that y( ! )= (!) for a real functiony(t) in order to obtain eq. (13).

12



B. Supplementary Information:
Spectral Signatures of Excess-Proton Waiting and Transfer-Path Dynamics in Aqueous
Hydrochloric Acid Solutions

Supplementary Notes

Supplementary Note 1:
Alternative methods for simulation and characterization of excess-

proton dynamics

It is known that nuclear quantum e ects (NQES), speci cally zero-point e ects, signi cantly

in uence distributions of excess protons in water?, 9, 11]. While the techniques for
simulating NQEs have signi cantly advanced in recent years, the accurate calculation of
dynamical properties, which is the focus of this study, remains an active eld of research
[12]. There are some subtle questions how the time-dependent polarization correlation
functions of decomposed excess-proton trajectories, which form the basis of our spectroscopic
analysis, would be extracted from simulation data encompassing NQEs, in particular, it is
unclear whether the common approaches taken by centroid or ring-polymeiD are directly
applicable. Most of all, it is noteworthy that previous studies found no signi cant di erences
betweenIR spectra computed from simulations with and without NQEs belov8000cm *

[11, 13, which could mean that the neglect of NQEs might have less severe consequences for
time-dependent correlation functions than it has for spatial distributions of excess protons.
We therefore interpret the good agreement between simulated and experimental spectra in
the THz regime in g. 2c and in the mid4R regime in g. 1c as a validation of our chosen
simulation techniques. Besides, our neglect of NQEs allows us to generate long trajectories
that improve statistics and therefore the quality of our spectra, particularly down in the THz
regime.

In Supplementary Note 4 we extract radial distribution functions involving excess protons
and chloride ions from our simulation trajectories and obtain good agreement with previous
simulations and experimental data [14 18].

In Supplementary Note 7 we show that our transfer-waiting time distributions in g. 5f
correspond quite closely to hydronium-oxygen continuous-identity auto-correlation functions
[19], which were previously introduced to characterize proton-transfer time scales. The
same correlation functions, but with the fast back-and-forth excess-proton transfer events

between the same two water molecules of the transients8," complexes removed, have

13
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been used to interpret the long time scales of uni-directional proton transfer, which re ects
signatures observed in 2DR experiments at time scales olpsto 2ps[19 21]. We note
that back-and-forth proton-transfer events that occur within transient HO," complexes
are spectroscopically relevant and therefore must be included in the prediction of spectra.
The longer time scale of uni-directional proton transfer al psto 2ps contributes in linear
absorption spectra at frequencies belowTHz.

In Supplementary Note 8 we determine the di usivities of excess protons and water molecules
and obtain similar results as previous simulationsl, 16 19, 22]. Compared to the experimen-
tal data, the absolute di usivities of excess proton®y+ and water oxygend o are smaller by

a factor of about three, but their ratios, given byDy+ =Do = (3:0 0:8);(4:3 1:3);(3:8 0:8)

for 6 M, 4 M, 2M HCI, respectively, are albeit large errors in satisfactory agreement with the
experimental ratios of aboutD 4+ =Dg = 1:5; 2:3; 3:0 for similar concentrations [23].

It has been shown that proton-transfer events are caused by subtle structural changes in the
excess-proton solvation environment, for example the hydrogen-bond structure in the second
solvation shell L1, 13 18, 22]. Based on our simulations, we con rm that the suggested
hydrogen-bond asymmetry coordinate can indeed be used to predict the excess proton that
is most likely to transfer to a neighboring water among the three transfer candidates within
a hydronium ion [L1]. Along these lines, the presence of a fourth water molecule that forms
a hydrogen-bond to a hydronium ion weakly correlates with back-and-forth transfer behavior

[13, 18, 22]. These ndings are presented in detail in Supplementary Note 9.

Supplementary Note 2:

Experimental infrared spectra of aqueous hydrochloric acid solutions

Supplementary Fig. 5a shows experimentdR absorption spectra and Supplementary Fig. 5b
shows di erence spectra of aqueous$Cl solutions at various concentrations. All data is taken
directly as published in the literature. The proton continuum band is clearly visible in all
di erence spectra, albeit with slight di erences in shape. In comparison to our calculated
di erence spectra in Fig. 1b in the main text, the features ad0THz, 50THz and 90THz
are more pronounced.

Indeed di erence spectra depend on the normalization applied to the underlyingCl solution

14
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Supplementary Note 3:
Normalization of infrared di erence spectra of aqueous hydrochloric

acid solutions

The normalization of the di erence spectra is subtle and in many studies not well documented
as discussed in the previous Supplementary Note 2. In Supplementary Fig. 6, we illustrate
how small deviations in the normalization constants can lead to drastic variations among
the di erence spectra. Throughout this work di erence spectral %(1) are de ned
as normalized by the water concentratiorc,, of the aqueousHCI solutions and by the

concentration ¢, of the reference water spectrum

! 82(!):;’! Sotuton () e water (1); (19)

ch

according to eq.(8) from the methods section. In Supplementary Fig. 6, the di erence spectra
of the 4 M HCI solution, obtained from ab initio MD simulations in this study, are shown
as a blue solid line and compared to di erence spectra, that are obtained if instead slightly
varied water concentrations for the acid solutiorg,, are used in the normalization. The
data illustrates, that even in the moderate range of, =G, = 0:8 to 1:2, some features of the
di erence spectra, like the dip at the position of the water bend around650cm * (50THz),

or the features in the OH stretch above8000cm ! (90THz), are signi cantly changed. These
features therefore have to be considered with great care. However, the dominant spectroscopic
features, like the continuum band betweer2000cm ! to 3000cm ! and the peak around
1200cm ! (35THz), that are associated with the excess proton dynamics and are at the
focus of this study, are modi ed in height but not in shape and seem therefore very robust

with respect to the normalization protocol.
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Supplementary Note 4:

Spatial correlations

Spatial correlations in liquids can be quanti ed with radial distribution functions (RDFs),
Oan(r), which denote the average density of particles of typa at a relative distancer around
particles of type b. The local average density of relative to b at distancer is given as

aan(r) where , = N,=V is the global density ofa. The RDF is computed from simulation
data of two particle species with numberdN, and N, that are located at positionst; and
(28]
Xa Xb

h(s  ®j ni: (20)

i=1 j=1

Gan(r) = 4T IN.N,

Average coordination numbers of specieswithin distance r of particles of specied are

obtained by integration overgay(r)
Z r
Nao(r) = o dr%r Pga(r9: (21)
0

In this Supplementary Note, the spatial correlations of the excess protons in thCl solutions

are analyzed usingRDFs, speci cally also the correlations with the chloride ions. Excess
protons are identi ed in the simulation data as the remaining protons after the water
molecules are assembled for each oxygen atom with the closest two hydrogen atoms at each
time step of the simulation. Here and in Supplementary Note 8 we are not excluding protons
close to the chloride ions, in contrast to the analysis of the proton-transfer statistics in the
main text, which is described in Supplementary Methods 2. Hydronium ions are de ned for

each excess proton together with the water molecule of the closest oxygen atom.

4.1. Correlations with the chloride ions

In Supplementary Fig. 7 theRDFs of the chloride ions are shown for the threelCl concen-
trations with respect to the excess protons as solid lines, all hydrogen nuclei, including excess
protons, as broken lines, the oxygen nuclei of the water molecules as dotted lines and the
oxygen nuclei of the hydronium ions as dash-dotted lines. For aiCI concentrations, the

general features of theRDFs are comparable. But, there are a few concentration-dependent
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dominant peak in the RDFs of the oxygen nuclei of the hydronium ions (dash-dotted lines)
at around dg; o+ = 3:0A, which occurs at a slightly smaller distance than the respective
peak of all oxygen nuclei at aroundle; o = 3:1A.

All of the presented data is in good agreement with results by Baer et 4lL4]from comparable

ab initio simulations, who additionally show data for much higher concentrations up to
16m (16mol=kg ' 117 M) and successfully reproduced extended X-ray absorption ne
structure (EXAFS) experimental measurements1b]. Speci cally, they report de; o+ =
2:96A and dg o = 3:14A in excellent agreement with experimental EXAFS datal[5]. Data
comparing various exchange-correlation functionals used in the ab initio simulation also
consistently reproduced the results presented in Supplementary Fig. 7 with no signi cant
dependence on the type of functional (except for the PBE functional), albeit with large
statistical uncertainties in some data [18].

When interpreting the RDFs, the actual densities of the species need to be put into perspective.
The global densities of chloride ions, excess protons and hydronium ions are equal by de nition.
However, for the2 M HCI solution data set, the ratio of water molecules to chloride ions or
respectively excess protons is about 24.8 and drops to 11.2 for thi®l and 6.5 for the6 M
data sets. These numbers would have to be divided by two, assuming that water molecules
are equally and exclusively solvating all chloride ions and excess protons. It is therefore
evident, that for the 6 M solution, hydronium ions are necessarily residing already in the
rst hydration shell of the chloride ions. More precisely, the average coordination humbers
around the chloride ions are obtained by integration over the rst peak of eacRDF in
Supplementary Fig. 7 and use of ed21). The obtained coordination numbers are reported
in Supplementary Tab. Il and are generally in good agreement with previous simulation and
experimental results 14, 15]. The average number of hydronium ions in the rst hydration
shell of any chloride ion increases from 0.13 f@M to 0.52 for 6 M, see third column in
Supplementary Tab. Ill. Previously, Baer et al.[14]interpreted this signi cant increase in
the coordination number as an increase of contact ion pairs, where the excess proton is shared
between the hydronium oxygen and the chloride ion. However, the coordination number of
the excess protons around chloride ions does not increase as much, only from 0.002 dr

to 0.054 for6 M, see rst column in Supplementary Tab. Ill. Therefore, the excess protons
of the hydronium ions in the rst solvation shell of the chloride ions mostly point away from

chloride ions and are predominantly coordinated with other water molecules, rather than

20



B. Supplementary Information:
Spectral Signatures of Excess-Proton Waiting and Transfer-Path Dynamics in Aqueous
Hydrochloric Acid Solutions

Supplementary Table Ill. Average coordination numbersN z, around the chloride ions as obtained
from the rst peak of the RDFs in Supplementary Fig. 7 and eq(21). Errors of the simulation data

are estimated from the resolution of the RDFs.

Cl-H* (r< 25A) CI-H (r< 3:0A) CI-O* (r< 35A) CI-O(r< 35A)

2M 0:007 0:001 564 0:07 013 0:01 48 01

4M 0:020 0:001 542 0:.07 026 0:01 46 01

6M 0:054 0:001 512 0:.07 051 0:01 42 01

6 M, MOLOPT 0:091 0:001 50 01 0:56 0:02 40 02
6M, TZV2P 0:115 0:001 50 02 0:63 0:02 40 02
2:5m [14] 0.17 5.82
6m [14] 0.42 5.21
10 m [14] 0.71 4.67
16 m [14] 1.05 3.99
6m [14, 15] 0.7 02 51 05
10 m[14, 15] 1.0 03 48 05
16 m[14, 15] 1.6 03 42 05

with chloride ions. However, it is noteworthy that the chloride-excess-proton coordination is
a ected, when a di erent basis set is considered in the simulations, which is shown below
in subsection 4.3 for simulations a6 M. In particular, an increase of the coordination of
the excess protons with the chloride ions is observed when considering the MOLOPT or
TZV2P basis sets. Therefore, while the above results have to be considered with care when
comparing to experimental data and additional analysis with more elaborate basis sets may
be useful, the analysis performed in this study is self-consistent for the MOLOPT-SR basis
set.

Taken together, this data indicates that the excess protons in aqueotCl solutions mostly
reside inside hydronium ions within our de nition, and additionally stay away from the
chloride ions, i.e. are located between two oxygen atoms and not between a chloride and an
oxygen atom. This holds true even for moderately high concentrations up 60M considered in
this study, but necessarily breaks down at very high concentrations when the water becomes

saturated with HCI [14]. The data con rms the high solubility of excess protons in water, due
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to energetic but also entropic e ects 17, 29. Furthermore, it justi es the focus on proton
transfer between water molecules and the excess-proton selection and identi cation scheme
in Supplementary Methods 2 to analyze the excess-proton spectral signatures of He@l
solutions. Note, that already the linear trend of theHCI di erence spectra with concentration
shown in Fig. 1d in the main text indicates that in the range up to6 M considered in the ab
initio MD simulations in this study, the e ect of the chloride ions on the excess-proton spectra
and dynamics is negligible. Similarly, Napoli et al[11] previously showed thatlR spectra

of excess protons coordinated with chloride ions show much weaker spectral signhatures as

compared to the average spectra of all the excess protons.

4.2. Correlations between oxygen and hydrogen atoms

In Supplementary Fig. 8a the spatial correlations of the hydronium ions and in Supplementary
Fig. 8b of the excess protons themselves are discussed. Comparable results for aquéGls
solutions were previously shown for various exchange-correlation functionals used in ab initio
simulations [L8] and for di erent self-consistent iterative multistate empirical valence bond
(SCI-MS-EVB) simulations [16, 17].

In Supplementary Fig. 8a theRDFs of the oxygen nuclei of the hydronium ions are shown
with respect to the oxygen nuclei of other hydronium ions (O) as solid lines, for the oxygen
nuclei of the water molecules (O) as broken lines, for the the excess protons$ Jts dash-
dotted lines and all hydrogen nuclei (H), including excess protons, as dotted lines. Next to
the trivial peaks of the dash-dotted as well as the dotted lines at beloOA, belonging to
the hydrogen nuclei which are part of the hydronium ions itself, a clear peak of the broken
lines atdo+ o = 2:5A indicates the water oxygen nuclei in the rst hydration shell, each of
which are candidates to form a transient EO,* complex, i.e. the special pair, together with
the hydronium ion. This peak is roughly consistent with the most probable oxygen-oxygen
distance of the transient HO,* complex, that is seen in the free energy in Fig. 4a in the
main text. A second, much smaller, peak at abou:2 A indicates the water molecules in the
second hydration shell of the hydronium ion. Boths peaks at abouk: o = 2:5A and at
4:2 A are clearly shown in data for various exchange-correlation functionalsg], as well as
for SCI-MS-EVB simulations [L6, 17]. Beyond that, a decomposition of the rst peak into

three components was used to support the picture of an asymmetric Eigen state [9].
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other excess protons (H) as solid lines and all hydrogen nuclei (H), including excess protons,
as broken lines. The main peak of the broken lines af+ = 1:8A indicates the mean
distances between hydrogen atoms within the same hydronium ion. The peak shows a
shoulder at around2:1A possibly related to spatial correlations between the excess proton
and two hydrogen atoms in the neighboring water molecule of the transientsB,* complex,

i.e. of the special pair. The second peak of the broken lines2BA is related to other water
molecules in the rst hydration shell, that form hydrogen bonds KIBs) with the hydronium

ion to which the excess proton is assigned. No spatial correlations are apparent in RBFs
between excess protons, shown as solid lines. In contrast to that, Xu et HI6] observed a
slight peak atdy: p+ = 4:20A, indicative of spatial correlations between two excess protons.
In summary, the RDFs of the hydronium ions as well as of the excess protons presented in
Supplementary Figs. 8a and b indicate no spatial correlations between excess protons or
hydronium ions and other excess protons. While there appears a slight relative maximum in
the RDF between hydronium ions itself, this may simply be related to close-packing e ects

in the liquid.

4.3. Results for di erent basis sets

To address the quality of the simulations for the chosen MOLOPT-SR basis set, additional
simulations of HCI solutions at 6 M with the DZVP-MOLOPT-GTH and TZV2P-GTH
basis sets are performed(, 31]. For both cases the chloride ions are modeled including
di use functions by using the aug-DZVP-GTH and aug-TZV2P-GTH basis sets, respectively.
Otherwise the setups are equivalent to the MOLOPT-SR simulations and each simulation
is run for 28ps under NVT condition. The spatial correlations in each data set are then
compared by computingRDFs, the results of which are presented in Supplementary Figs. 9a
e. The correlations of the oxygen atoms and the hydrogen atoms among each other, that are
most important for the solvation structure of the excess protons and therefore the focus of this
study as discussed above, show no signi cant dependence on the choice of basis set as is seen
from the near-perfect agreement of th&®DF curves throughout Supplementary Figs. 9c e.
Regarding the chloride ions, some di erences in thRDFs in Supplementary Figs. 9a and b
are clearly discernible though. Most importantly, the rst major peaks in theRDFs between

chloride ions and oxygen atoms of hydronium ions (solid lines in Supplementary Fig. 9a) as
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well as between chloride ions and excess protons (solid lines in Supplementary Fig. 9b) increase
when the MOLOPT or TZV2P basis sets are used. Additionally, a second much smaller peak
is visible at a closer distance for both simulations with the MOLOPT and TZV2P basis sets
(solid blue and purple lines in Supplementary Fig. 9b), indicating that contact pairs between
chloride ions and excess protons appear rarely throughout the simulations. This means that
the role of the chloride spectator, that is argued in Supplementary Note 4.1 to be of minor
importance, may be underestimated in simulations using the MOLOPT-SR basis set. In
Supplementary Note 4.1 the coordination number of the excess protons around chloride ions
at 6 M was found to be 0.054 from integration over the rst major peak of th&DF up to
2:5A (solid red line in Supplementary Fig. 9b and rst column in Supplementary Tab. 4.1).
When considering the MOLOPT basis set, this value increases to 0.091 and for the TZV2P
basis set to 0.115, meaning that on average each excess proton is for 9% or respectively 12%
of the time coordinated with a chloride ion as the second nearest neighbour (or rarely even
as the nearest neighbor) in a con guration that is not well described by a transient4®,*

complex which forms the basis of the analysis performed in the main text.
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and each averaged over their spatial dimensions. The excess-proton spectrum perpendicular
to the O-O axis (Supplementary Fig. 11b, red solid lines) clearly dominates the isotropic
excess-proton spectrum (Supplementary Fig. 11c, red solid line). Including cross correlations,
de ned as the di erence between the total spectrum and the sum of the proton and water
contributions, a di erent picture emerges. In Supplementary Fig. 11a and b the cross
correlations between the excess proton and its two closest water molecules are plotted in
gray. The cross correlations between proton and water molecules are of the same order of
magnitude and of similar shape as the proton spectrum itself and almost entirely positive
along the x-axis and negative along the yz-plane, meaning that the water polarization is to
some degree amplifying the proton's polarization dynamics along the O-O axis, whereas they
cancel perpendicular to the O-O axis. This phenomenon was similarly observed for isolated
HsO,* complexes 32). Also, Sauer and Doblef33] found in an MD study of HsO,* that

[...] the O-H*-Oy .z bends (perpendicular to the O-O axis) have vanishing IR intensities and
should not be seen in the spectra [...] .

The analysis presented in this Supplementary Note shows, that tHR spectra of HO,*
complexes inHCI solutions dominantly represent the motion of the excess proton along the
0-0 axis. This motivates the projection of the protons' movement onto the O-O axigl, that

is used for the decomposition in the main text.
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were additionally rotated according tor9(t) = M (). (1) . wans (t) (cOmpare eq.(22)). The
proton spectrum is barely a ected and the e ect on the water spectrum is limited to low
frequencies.

Since both translation and rotation have at most a minor e ect on the transient EO,*
spectrum in the relevant frequency range, our ndings from the decomposition into x- and

yz-contribution in Supplementary Note 5 for transient HO,* complexes also apply to the
lab frame.
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Supplementary Note 7:

Distribution of proton-transfer waiting times

The mean proton-transfer rate is at the heart of research on excess protons solvated in
water, as it is the relevant microscopic time scale that determines the macroscopic large
di usion obtained by the Grotthuss process. As outlined in the main text, the mean transfer
rate corresponds to the waiting time of a stochastic barrier-crossing process, that is not
to be confused with the transfer-path time of the actual transition over the barrier. The
waiting-time distributions that are also shown in Fig. 5c¢ in the main text are discussed in
this Supplementary Note and are compared to previous results from literature.

Agmon [34] gives a summary of early experimental results, suggesting a mean proton-transfer
time of 1.5ps obtained in NMR studies B5], which is believed to be correlated with the
hydrogen bond rearrangement and water reorientation dynamics on the time scaleslfs to
2psdetermined from a number of other experiments. These time scales seem to contrast more
recent experimental results from 20R spectroscopy, that report interconversion between
di erent proton hydration structures, i.e. Eigen and Zundel-like structures, on time scales
of around 100fs and less 20, 36, 37]. On the other hand, Carpenter et al[38] write, the
hydrated proton bend displays fast vibrational relaxation and spectral di usion timescales
of 200 300fs, however, the transient absorption anisotropy decays on a remarkably long
2:5ps timescale, which matches the timescale for hydrogen bond reorganization in liquid
water . Arguing that the latter would be an upper bound, they infer the transfer of excess
protons in water [...] is an activated process with a timescale &f 2ps. Kundu et al. [20]
con rm that during the lifetime of the H 50," moitif, that is on the order of 1ps, the proton
undergoes uctuating large-amplitude motions exploring essentially all possible positions
between the anking water molecules . Yuan et al[39] measure a concentration-dependent
“proton hopping time' in HCI solutions using 2D IR chemical exchange spectroscopy with a
methyl thiocyanate probe and extrapolate a time ofl:6 psfor the dilute limit.

It transpires, that two time scales determine the distribution of proton-transfer waiting times,
which was con rmed in various simulation studies and interpreted as stemming from either
back-and-forth or uni-directional proton transfer, respectively, in the literature sometimes

referred to as ‘reversible' and “irreversible' proton transfer. Napoli et dtL1] point out that
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Supplementary Table IV. Collection of proton-transfer time scales reported in the literature.

method conc. [M]|T [K] time

Meiboom [35] NMR exp. 1:5ps

Woutersen and Bakker [36] 2D IR exp. 5 300 <0:lps

Dahms et al. [37] 2D IR exp. <1 300 <0:lps

Thamer et al. [27] 2D IR exp. 4 300 >0:48ps

Carpenter et al. [38] 2D IR exp. 2 300 <2:5ps

Kundu et al. [20] 2D IR exp. 1 300 <0:lps

1ps

Yuan et al. [39] 2D IR chemical| dillute 300 1:6 ps
exchange exp. limit

Fischer et al. [40] DFT CPMD 1.7 300 | bi-directional 0:5ps

Fischer and Gunlycke [18]] DFT CPMD 1.7 300 |uni-directional 2:5ps

Calio et al. [17] MS-EVB 0:43 3:26| 300 0:4 O0:5ps

1:2  2:3ps

Calio et al. [9] MS-EVB, |0:22 0:43| 300 10 17fs

DFT BOMD 0:3 O0:5ps

2:3 3:2ps

+ nuc.-quantum 12 15fs

e ects 0:83 0:27ps

1:4ps

Arntsen et al. [19] DFT BOMD 300 | bi-directional 0:184 ps

uni-directional 1:69 ps

Roy et al. [41] DFT BOMD 2 300 1 2ps

DFT BOMD 8 300 2 A4ps
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while they nd a frequency-correlation time of(1:4 0:3)ps corresponding to the pump
(3150cm 1) and probe (1760cm 1) frequencies used inZ7], the auto-correlation of the
proton asymmetry actually decays on time scales of less thd00fs with a second slower
component of(0:8 0:1)ps. Fischer et al.[40] nd the time scale of proton “hopping' to
be around 0:5ps, including back-and-forth events, and deduce a time scale afps for
uni-directional events in a later study 8. Calio et al. [17] extract two timescales of about
400fs to 500fs and 1:3psto 2:3ps for the concentrations0:43 M to 3:26 M from ts to the
long-lived anisotropy decays, which the authors argue can correlate experimental time
constants to irreversible proton transfer . In a follow-up study Calio et al[9] report three
timescales of aboutl0 17fs, 320 490fs and2:3 3:2ps for the concentrations0:22 M to
0:43 M from ts to the anisotropy decay of the excess-proton dynamics projected on the axis
of the two closest oxygen atoms, with a slight acceleration to the valué2 15fs, 83 270fs
and 1:4ps when nuclear-quantum e ects are considered. Roy et g41] nd a time scale of

1 2ps for uni-directional proton transfer between two water molecules i2M HCI solutions
employing two-dimensional transition state theory and Marcus theory of ion pairing. This
number increases signi cantly to2 4ps in 8 M HCI solutions. Arntsen et al.[19] report
time constants of the excess-proton identity auto-correlation function, which is elaborated on
further below. They nd a values of 184fs, but after eliminating back-and-forth events from
the data the time scale increases t:69ps. Furthermore, a couple of studies point out that
the long time scale of proton transport increases signi cantly with concentration [29, 41].
A summary of the reported values is given in Supplementary Tab. IV. It transpires that the
separation in back-and-forth and uni-directional events is important to distinguish two time
scales in the broad distributions of proton-transfer times. For stochastic barrier-crossing
processes of highly inertial or non-Markovian coordinates and furthermore for low energy
barriers, it is well established that barrier-crossing events exhibit large numbers of subsequent
back-and-forth events, due to the slow dissipation of the energy required for the initial
barrier-crossing event32, 41 45). Such events appear especially important with regard to
proton-transfer processes and their spectral signatures.

The proton-transfer waiting time distributions of the excess-protons in aqueoud$Cl solutions

at various concentrations, reported in the main text in Fig. 5c, are plotted in Supplementary
Fig. 14a on a double logarithmic scale in order to investigate the long time behavior. The

distributions do decay in the picosecond range with a clear concentration dependence, i.e.
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the excess-proton and hydronium-oxygen identities from joint trajectories of the excess
protons as also prepared for the analysis of the long-time di usion properties described in
Supplementary Note 8. Following this protocol, the excess protons are given as the remaining
protons after the water molecules are assembled for each oxygen atom with the closest two
hydrogen atoms at each time step of the simulation. Hydronium ions are de ned by an
excess proton together with the water molecule of the closest oxygen atom. Therefore, at
each time step a total number of excess protorié,+, as well as hydronium ions, equivalent
to the number of chloride ions in the simulation, is obtained. The trajectories are then
stitched together to giveNy-+ trajectories, each of the length of the whole simulation, for
the excess protons and hydronium oxygens, respectively. Following Arntsen et [d19], rapid
back-and-forth uctuation of hydronium-oxygen identities is " Itered' from the trajectories

by the following procedure. Whenever along a trajectory the identity changes from one
oxygen atom to another, we check whether the identity returns to the original nucleus within
0:5ps. If it returns without passing to a third nucleus in between, the identity remains
with the original nucleus as if the identity did not change throughout this time. For the
excess-proton identities this criterion does not su ce since the identity often uctuates
between three candidates within one hydronium ion. Rather the same procedure as also
detailed in Supplementary Note 8 and similar to Calio et al[9] is used to " Iter' the rapid
back-and-forth uctuation of excess-proton identities, i.e. the “special pair dance": The
candidate proton that either performs the next transfer to another water molecule or is
the next to be identi ed as an excess proton while neighboring a chloride atom, remains
the excess proton. These procedures de ne sets of trajectories from which the fast identity
uctuations are " Itered'. The identity auto-correlation functions are then calculated for
excess-proton and hydronium-oxygen identities on both sets of trajectories, " Itered' and
“un ltered'.

We de ne the identity auto-correlation function as

Mh(t)h(0)i h hi2

M= —h hhiz

(23)

where h(t) is one if an excess proton or hydronium oxygen atom has the same identity,
i.e. is the same nucleus, as dt= 0, otherwiseh(t) is zero. In our de nition the identity
auto-correlation function is designed to reach unity fot = 0 and to decay to zero for long

times and is thereby slightly di erent compared to previous work [19, 46, 47]. Additionally,
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for uni-directional proton transfer to be longer by the same factor. However, the present
analysis excludes con gurations involving chloride ions, which presumably are characterized
by longer decay times. The di usion constants on the other hand would have to be split in
vehicular di usion, due to translation of hydronium ions, and the jump di usion, due to
uni-directional proton transfer, to allow for a better comparison to the time scales of the
auto correlations.

When regarding the long time-scales of the bi-exponential ts to the correlations of the
un ltered trajectories, shown in Supplementary Fig. 17b, which reach fron®:22ps to
0:27ps, increasing with concentration, we nd them to match perfectly the mean proton-
transfer waiting times reported in the main text and in Supplementary Fig. 14. The
continuous hydronium identity auto correlation therefore presents an alternative and intuitive
interpretation for the proton-transfer waiting times that we discuss in the main text. In case
that back-and-forth uctuations of the excess-protons between two oxygen atoms within
O:5psare ltered from the trajectories, the continuous hydronium identity auto correlation

in Supplementary Fig. 17a decays on time scales that match experimental spectroscopic

anisotropy decays and have been interpreted as uni-directional proton transfer.
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MSD by
D = 6—1thjr(t) r(0)j%; (25)

and computed by a least-squares t of the slopes in the di usive regime betwe@dps to
80ps. The di usion constants are reported in the legends of Supplementary Figs. 19a and b
with statistical errors from the linear ts.

To access the accuracy of these di usion constants, we rst focus on the values for the oxygen
atoms. Within the error the same di usion constant of aboutDg = 0:08A2=ps was obtained

in all four simulations. While this value is signi cantly smaller than the experimental value

of Do = 0:23A2:ps [48, 49, it is well known that speci cally the BLYP exchange-correlation
functional in our simulation approach produces too small di usion constants. In agreement
with our results, various studies of water utilizing ab initioMD together with the BLYP
exchange-correlation functional, reported di usion constants in the range @IO4A2:ps to
0:11A2=ps for comparable setups to ours, as reviewed recently [50].

When regarding the excess proton di usion constant, it has to be noted that it is known
to be heavily concentration and temperature dependent in experimentdd. In the dilute
limit, the experimental di usion constant of the excess protonDy+ = O:94A2=ps, is much
higher than the experimental di usion constant of water by a factor oD+ =Do = 4:1, an
observation that corroborates Grotthuss' hypothesis5[l]. However, this factor drops to
about 3:0 at 2M and 1.5 at 6 M [23]. This trend was qualitatively captured in self-consistent
iterative multistate empirical valence bond (SCI-MS-EVB) simulations of HCI 16, 17]. Both
studies obtained values betweeD,+ = 0:2A2:ps to 0:3A2:ps around 1M and Dy- =
0:15A%=ps to 0:20A°=ps around 3 M, compared to a value oDy = 0:37A%=psin the dilute
limit (one excess proton in 256 waters)1f]l. While a similar trend is also indicated by
our simulation data, the errors are too large to draw de nite conclusions. The obtained
di usion constants for the excess protonspD+ = 0:24/—\2=ps to O:34A2=ps are smaller than
the experimental value. However, the ratioDy+-=Do = 0:34=0:09 = 3:8 0:8 for 2 M,
Dy+=Dp = 0:30=0.07 = 4:3 1:3for 4M and D+ =Dg = 0:24=0:08 = 3:0 0:8 for 6 M, that

are observed in our simulations, seem in satisfactory agreement with experiments. Similar ab
initio simulation setups to ours but using a single excess proton in a box of water molecules
obtained di usion constants of D+ = 0:3A°=psto 0:6A°=ps[27] and of D+ = 0:3A%=psto
O:8A2:ps [19. A study employing Car-Parrinello molecular-dynamics (CPMD) simulations
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of 1:7 M HCI solutions and the PBE exchange-correlation functional founB -+ = 0:9A2:ps

to 1:1A’=ps compared toDo = 0:04A%=ps to 0:07A’=ps for the water molecules18. An
older study of a single excess proton in a box of 64 water molecules using CPMD with the
BLYP functional obtained D, = 0:05A%=ps to 0:08/A°=ps compared toDo = 0:02A%=ps

to 0:06A2:ps for the water molecules §2]. The inclusion of nuclear quantum e ects in
simulations has been shown to signi cantly increase the obtained excess-proton di usion
constants [13].

We conclude that the accurate estimation of di usion constants for the excess proton remains
challenging, which is seen from the wide spread of results obtained in previous studies.
Our results for the diusion constants appear reasonable when compared to previously
reported values and speci cally the ratioDy- =Do = 3:0 to 4:3 are in good agreement with

experiment.
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Supplementary Note 9:

Hydrogen-bond structure

The hydrogen bond HB) structure of the water molecules in the rst hydration shell of

the excess proton has been shown to play an important role for when and where the excess
proton moves [L1, 13 18 22). In this Supplementary Note theHB structure around the
excess protons irHCI solutions obtained in our ab initio simulations is discussed using some
previously established methods. We follow the standard criterion and de neBs to be
present when the distance between two oxygens, i.e. the donor and the acceptor of iz

is < 3:5A, and the angle between the vector connecting the two oxygens and the vector

connecting the donor oxygen with the hydrogen atom is 30 [47].

Hydrogen-bond asymmetry

Napoli et al. [11]introduced the HB asymmetry as a measure to identify the excess proton
among the candidate protons in a hydronium ion. First, each water molecule is assigned a
coordination number as the di erence of the number of acceptdiBs minus the number of
donorHBs. Then is de ned for each candidate proton at each time step as the coordination
number of the closest neighboring water molecule minus the average of the coordination
numbers of the closest water molecules of the other candidate protons of the same hydronium
ion. By construction, the sum of within a hydronium ion is zero. Napoli et al. [11] found
that protons with strongly negative values of show the typical spectral signatures associated
with excess protons. We applied this measure to our simulation data, speci cally to the
joint trajectories of the excess protons that were prepared for the analysis of the long time
di usion in Supplementary Note 8 and from which the spurious “special pair dance' was
removed.

Normalized distributions of over the whole simulations are shown in Supplementary Fig. 20a
with mean values given in the legend. The mean values are clearly negative and we therefore
conclude that this criterion agrees with our excess-proton identi cation scheme. To study the
relation of HB structure with proton transfer, we lter the trajectories in time and regard

the normalized distributions of values around the transfer events, when an excess proton

changes its closest oxygen. Distributions of during 20fs (40 time steps) before and after
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coordinated with only three donorHBs as compared to fouHBs (53 %), the additional one
being an acceptedHB from a fourth water molecule. In accordance with previous works, the
fourth HB is de ned to be present if the vector connecting the hydronium oxygen and the
hydrogen atom of the fourth water molecule has a length of less th&B6A and points at an
angle of less tharB5 with respect to the normal of the plane spanned by the three hydrogen
nuclei of the hydronium ion [L8, 22]. The probability of a return within the following 50fs
(100 time steps) upon any transfer across the mid plane between the oxygens obtained in
our simulations is illustrated in Supplementary Fig. 21a depending on whether the donor
hydrogen ion is accepting &1B from a fourth water molecule (4HB, shown in blue with
hatching) or not (3HB, shown in red without hatching). The data shows the clear trend that
the return probability is reduced if a fourth HB is present, in agreement with previous studies
[18]. However, even though this correlation is discernible in our data, the mechanism does
not appear to be a dominant driver for proton transfer inHCI solutions. This follows from
Supplementary Fig. 21b, where the probability of observing the fourthiB is plotted for three

di erent time averages; the averages over the whole simulations of all hydronium ions are
given in grey, the averages over th20fs (40 time steps) before and after each uni-directional
transfer event, i.e. without return, are given in blue and red respectively. Throughout the
data, the time-averaged probability of a fourthHB is only about 10 20%. Before and after
uni-directional transfer events this probability is signi cantly increased but it is still smaller
than the probability of a uni-directional transfer event happening without the presence of a
fourth HB.

We con rm that HB structure is highly correlated with the excess-proton transfer dynamics
and the presented comparison with previous studies strengthens the existing hypotheses,

that the HB asymmetry or the fourth water molecule are useful descriptors.
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| Infrared power spectra from linear-response theory

Assuming linear response of an observabtét) with respect to a force that couples to an
observabley(t), the response function ,(t) is related to the correlation functionCyy (t9 =
x(t + t9y(t)i fort 0St

1d

xy (1) = macxy (t); (S1)

wherekg T is the thermal energy. Realizing that (t) is single-sided, i.e. (t)=0 fort< O,

the Fourier transform is calculated as

Z
1 1! 4 d
1Y = i >
ey()= o die dtc;xya)
1 ; ! it
ey(l)= T Cy(@) i . dt e™ Cyy (1)
1 Lt
ey(l)= T Cy(0) i @Xy(!) : (S2)

where the superscript” denotes a single-sided Fourier transform. In case »f= y, Cy (1) is
an autocorrelation function, which is real and symmetric, therefore it follows for the imaginary

part of the response function in Fourier space

1

en(l)= T Rel o (1) (S3)
= kBlT!Z@XX(! ): (S4)

When computing the power spectrum of a stochastic procesét), limited to the time domain
[0; L], the Wiener-Khintchine theorem, e€q.(S96) in section Xll, can be used to express
€. (1) in terms of x(! ), turning eq. (S4) into

. ' .2_
2kBTLtJ*(' )< (S5)

en(l)=
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When computing the power spectrum of the observablgt) from the ensemble average of
equilibrium trajectories, a decomposition ok(t) into two parts x(t) = xi(t) + X»(t) gives rise

to three contributions in the total power spectrum

1 2 h |

1 ey = szT C(1)+ &1 )+2€5(!)

=1 e{)+ e+ %) ; (S6)

where the cross-correlation contribution 3%(! ) is de ned such that it equals the di erence

spectrum

e (1)=¢eR ) )= el()

= erCiall) (s7)

A positive cross-correlation spectrum hints to in-phase motion, a negative cross-correlation
spectrum to out-of-phase motion ok, (t + t9 and x,(t) at a given frequency.
In case ofx(t) being the polarizationp(t) of the system, coupling to an external electric eld

E (1), the dimensionless dielectric susceptibility (t) is given by

1 .
V oD hey, (1)1 (S8)

e(!)=

where ¢ is the vacuum permittivity, V is the system volume and an average is performed

over the D dimensions ofp.
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Il Decomposition of water infrared spectra into single-
molecular and collective components

Fig. S1A and B show a complete decomposition of the total (A, nuclear and electronic)
and the nuclei-only (B, further discussed in section IlI)IR spectra obtained fromaiMD
simulations of 256 HO molecules (gray solid lines), as introduced in the main text, into self
(blue solid lines) and collective cross components (purple solid lines), which follow from the

molecular dipole moments;(t) of all the molecules in the bulk a$?

eO?! ) = egglf(! )+ eg?oss(! ) (59)

X X X X X
h pi(0) . pj(t)i = | hoi (0)pi (t)i + | }“pi(o)_

i j

pi (V)i (S10)
i6i
The data in g. S1A clearly shows, that whereas in the OH stretching regime the collective
cross-component e ects are constructive and lead to an ampli cation of the total infrared
spectrum with respect to the self spectrum, in the HOH bending regime the collective
cross-component e ects are destructive and lead to a slight decrease of the amplitude of the
total IR spectrum with respect to the self spectrum. In the regime of the librations between
300cm ! to 800cm ? the collective e ects contribute constructively as well as destructively.
At the small signature around200cm 1!, associated with translational vibrations of water

molecules against each other, the collective cross-component e ects contribute constructively.



C. Supporting Information:
Time-Dependent Friction E ects on Vibrational Infrared Frequencies and Line Shapes of
Liquid Water




215




C. Supporting Information:
Time-Dependent Friction E ects on Vibrational Infrared Frequencies and Line Shapes of
Liquid Water

IV Extraction and parametrization of the potentials

From the entire set of trajectories of a vibrational coordinate a histogram is created with 50
equidistant bins centered atx;. From this histogram h(x;) the potential (or free energy) is

calculated as
Uxi) = logh(xi)ksT; (S11)

where the potential if shifted vertically so thatmin(U[x;]) = 0. The largest and smallest value
of x; whereU(x;) < 8kg T are the edges for a new histogram with 99 equidistant bins. From
this histogram the potential is again calculated as shown above. This potential is then tted
to a 4th-order polynomial, U(x) = a+ bx+ cx? + dx® + ex?, using the Levenberg-Marquardt
algorithm. The position of the minimum of the t function, x,, is subsequently obtained

using Newton's method, both implemented in scipy v1.5. EventuallyJ(x) is rewritten as

U0 =ko+ 506 X0+ 206 x0)%+ (x x0)* (s12)
ks =4e (S13)
ks =3(d + KuXo) (S14)

k =2(c+ ksXo §k4xg) (S15)
ko=a %xﬁ + %xg %xg: (S16)

Note that kg is small but can be non-zero because of discretization e ects. The results of the
ts for the di erent vibrational coordinates are presented in g. S3A D, by comparing the
second derivatives of the t functions,U%x) = k + 2ks(x  Xo) + 3ka(X Xo)?, (blue broken
lines) with second derivatives obtained numerically from the datalJ{x;) = (U(Xi+1)
2U(xi)+ U(x; 1))=(xi X;i 1), using histograms with 300 equidistant bins. The numerically
obtained derivates are smoothed (gray and purple dots) by iterative convolution with a

at window function, which has a width of three bins. The plots illustrate that for all
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equation (GLE)

Z t
mx(t) = (t t9x(t9Ydt® r U[x(t)]+ Fr(t); (S17)
0

which is multiplied by the initial velocity x(0) and ensemble averaged

Z t
m h(0)x (t)i = dt® (9 m(O)x(t  t9i h x(O)r UX(D)]i ; (S18)
0

assuming the random forcd-g(t) to be uncorrelated with x(0). De ning the correlation

functions as

Cw () = m(0)x(t)i; (S19)
Cur u(t) = m(0)r U[x(t)]i ; (S20)
Cxr u(t) = IX(©O)r Ux(t)]i ; (S21)
eq. (S18) is written as
d Z
mCu(t) = di® (t9Cw(t t) Cu u(®) (S22)
0
and integrated over time
Z, Zw z,
mC, (1) mCy,(0) = dt®  dt® (t9C, (t%° t9 dt°c,, u (t%: (S23)
0 0 0
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For the terms on the right hand side, one nds

Z t Z t
dt®C,, u(t° = dt®m(0)r U[x(t°9]i
0 ZOt
dt®mx( t%r U[x(0)]i
0 Z .
r Ux©)]  dt®%( t%
Z0
0
r Ux(0)]  dt%%(t%

hr U[x(0)]x(0)i hr UX)]x( 1)i

= Cyr U(O) Cxr U(t) (524)
and
Z t Z ,[00 Z t Z 100
dt®  dt® (t9C,(t%° t9 = dt®®  dt®% % t9%C,, (t°%
0 0 ZO 0 Z
t t
e dtOO%W(tOOj) dtOO( tOO tOOP
0 tOOO
Z t t tOOO
= dt,, (%% dt%( t%
ZO 0
t
= dtC, (PGt 1%, (S25)
0
where
Z t
G(t)y=  dt®(19; (S26)

0

is the integral over the friction kernel. Inserting eq(S24)and eq.(S25)into eq. (S23), one

obtains

Z t
vav(t) vav(o) = dtOCW(t%G(t t() er U(O) + er U(t): (827)
0
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The mass is found to be

— Cuxr U(O).
Cw(0) ’

(S28)

which follows from multiplying the GLE eq. (S17) by the initial position x(0), averaging over

the ensemble and evaluating at = 0

m hx(0)x(0)i = h x(0)r U[x(0)]i (S29)
m hx(0)x(0)i = h x(0)r U[x(0)]i : (S30)
Using eq. (S28) in eq. (S27), one nds
Cxr u(0) Z
Co() 252 = dt%Cu(19G(t 1Y+ Cyr u(b): (S31)
Cw(0) 0
Eq. (S31)is a Volterra equation of rst kind which can be discretized in timet =i t, and
solved numerically,
. C2 X o _
C\I/v érO = Wi tC\JIVGI I+ C:>I<r U (S32)
vV j=0
. X1 o
= GIWi:i tC\(/)v Wi tC{,vGI I+ C)I<r us (833)

j=0

wherew;; are integration weights and the corresponding iteration relation reads
!
6= L Xl!i.- tCl G J'+%ci C! : (S34)
I tC\(/)v o i w C\(/)v vV xr U
Thus by calculating the necessary correlation functionsC!, = Cy(i t) and Ci, , =
Cyr u(i 1), from equilibrium trajectories, the integral of the time-dependent friction kernel,
G' = G(i t), can be obtained by iteration from the initial valueG® = 0. The friction kernel

"= (i t)is subsequently obtained by a numerical derivative.
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VI Power spectrum of the Generalized Langevin Equation

A random processx(t) with massm and subject to time-dependent (or frequency-dependent)
friction (' t) in a harmonic potential U(x) = gxz can be described by the generalized Langevin

equation

Zt
mx(t) = dt® (t t9x(tY  kx(t) + Fr(t); (S35)
0

obeying for the random forceFg(t) the uctuation-dissipation relation HFg(t)Fgr(t9i =

ke T (t t9. A Fourier transform gives

F2mx(1) =il € ()x(1)  kx(!)+ Br(!); (S36)
as well as
z 1 z 1
he (! )B:(! 9i = kg T dt " dt°e' *°(t 9 (S37)
z! oz
1 P )
=kgT  dtoe ™)t dte' @Ot 19
1 1
=2kgT (1%+ 1§ 1): (S38)

The absorbed powet €°¢! ) is derived in Fourier space from linear response to an external

force Fey, Which is calculated according to

e(l) = :(!(I)i); (S39)
=(k m!2 jerqayy)t (S40)
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Using egs. (S38) and (S40) the autocorrelation in Fourier space is given by

z
€ (!)= ' dt €' hx(t)x(0)i (S41)
i Z, ) Z, ) Z, o
== dteé"  dt%e ™™ dl % " el Yx(! i
4 Zl 1 7 1
l 1 1
= = d%2 ¢ 19 d! (! 9%(! %i
4 73 1
-1 d! (1 )x(! %i (S42)
2 71
= zi d! %he(! )z (! Ye(! ' (! %i

z,
ks T dr o )e(t % (1 %% 1)g 1)
1

ke Te(! )e( 1)]!); (543)

which is further simpli ed by realizing that the Fourier transform of the purely real function

(t)isevene( !)=¢e (1)

Cu(!)=ksTe(l)e (1)’ )

ke Tje(!)i*§!)

= ke TR ) 5: (S44)

K mi2 je+(l)l

From eq. (S4) the power spectrum follows

12 Re€* (1)

K mi2 ey

1eRr) =

(S45)
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VIl Power spectrum of the damped harmonic oscillator

The absorbed powet e%! ) of the damped harmonic oscillator described by memoryless

Langevin equation
mx(t) = x(t)  kx(t) + Feq(t); (546)

is computed from the linear response in Fourier space

e(l)= :(!(I)i) (S47)
=(k m? qir)?t (S48)
k mi2+i! (S49)

Tk mzzs a2

wherex(! ) is the oscillating variable,m is the mass, the friction coe cient, k the spring

constant of the harmonic potential andF.. (! ) an external force. For the power spectrum

follows
0 ! §

e (t' ): (k m! 2)2+ 2] 2; (SSO)
which by introducing the time scales = 2 =k, , = P m=k and length scaleL with
L2 = 2kg T =k converts to

0 L2 1 2

| 1) = ’ :
1 eqq) eTa0 A9i+ AT (S51)
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In spectroscopy this is known as a Lorentzian line shapg which in the overdamped case,

!0, reads

1 2

1e?Rr) = K2 _,_. 2] 2 (S52)
L2 ] 2
T AZ (553)

Eq. (S52) is also known as the Debye line shape.

VIII  Parametrization of the extracted memory kernels

The memory kernels ( t), extracted from the aiMD simulation data as described in section
V, are truncated at 50ps, oversampled at a time resolution of t = 0:025fs and subsequently
Fourier transformed using the FFT algorithm implemented in numpy v1.19. The real part of
the Fourier-transformed memory kernel is then tted to a combination ofh exponential and
| oscillating memory kernels according to ed5) in the main text. The Fourier-transformed

expressions of the fundamental kernels are found to be

. a l+- 1

Sadlian )= 5 Tt T (S54)

. = . . LI |
e (- - y= L . S55
exp\*s 11 I)_ Il || i; ( )

+ >¢l + XI +
)= e B O+ San ) (S56)

i=1 i=1

The real part of the Fourier-transformed memory kernef® (! ) is tted in the (2n + 31)-
dimensional parameter space using the Levenberg-Marquardt algorithm implemented in scipy
v1.5. n and| are iteratively increased until the t quality does not improve signi cantly. The
initial values for all ;, & &, °and!; are chosen suitably. After tting in Fourier space,
another t is performed in the time domain, by subtracting thel oscillating t functions

from the memory kernels in the time domain and again tting then exponential functions
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to the remainder. This signi cantly improves the ts for the long-time tails of the memory
kernels. The hereby obtained t parameters for the friction memory kernels for the di erent
vibrational coordinates in the bulk water system are summarized in tabs. S1 S4.

The e ective masses of the vibrational coordinates that are used throughout this study
are determined by the equipartition theoremmgps = kBT:thHSZi =1:90104y mona =
ke T=dowa | = 1:84571y Moy = ks T=dew i = 0:936477 uand myon = ke T=h pen | =
0:418 17uA’. Comparable analytic estimates are given by the reduced mass of tbgy
coordinate moy = (Momy)=(Mo + Mmy) = 0:947617u For the masses of thaloys and
dona coordinates it followsmgopa = Mops = 2mMeoy = 1:89523u Furthermore, Myony =

myhdoni2=2 = 0:503 345 &k” can be estimated.

S-16



C. Supporting Information:
Time-Dependent Friction E ects on Vibrational Infrared Frequencies and Line Shapes of
Liquid Water

Table S1: Fit parameters according to eq. (5) in the main text of the friction
memory kernel of the dons coordinate.

i [u/ps] £ [ps]
2758 0.115
25941 1.28
54005 5.72

a [u/ps’] P [ps] !i[THZ]
8468  0.00944 170
3525  0.0146 1290
5985  0.0256 614
1095  0.0599 675
10560  0.0807  28.7
6318 0.122 313

Table S2: Fit parameters according to eq. (5) in the main text of the friction
memory kernel of the Hon coordinate.

i [u/ps] € [ps]

661 0.582

5210 3.08
a [ups®]  Plps] !i[THZ]
322 0.0257 1280
2139  0.0283  28.9
2577  0.0322 953
37 0.0323 1590
786 0.0394 110
4600  0.0396 643
374  0.0417 162
435  0.0465 136
4089  0.0532 612
69 0.056 252
471 0.0612 84.4
49 0.0839 284
40 0.12 311
2836 0143  14.4
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Table S3: Fit parameters according to eq.
memory kernel of the dona Coordinate.

(5) in the main text of the friction

[ulps] ¢ [ps]
5653 0.183
32596 2.03
a [Wps?] " lps] !, [THZ]
7584 0.0165 1280
3186 0.021 300
5051 0.0266 602
3208 0.0361 141
1320 0.0401 413
2810 0.0415 644
39665 0.0752 36.5
1353 0.0768 677
2010 0.0856 100

Table S4: Fit parameters according to eq.

memory kernel of the doy coordinate.

(5) in the main text of the friction

i [ups] £ [ps]
1212 0.109
9005 1.06
19399 4.52
a [u/ps?] P [ps] !i[THZ]
1343  0.0174 249
1669  0.0264 616
1544 0.0301 145
420 0.0364 411
137 0.0688 673
845 0.0699 100
10641  0.081 355
1802 0.115 312
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IX Simulation of the generalized Langevin equation

The GLE

Z t
mx(t) = (t t9x(t9dt® r Ux(t)]+ Fr(t); (S57)
0

with a sum of n exponential andl oscillating memory kernels, analogous to egs) in the
main text,

X ~ X B 1
(t)= aebfi+ a e cos(;t)+ S—sin(tit) (S58)

i=1 i=1 !

can be e ciently simulated using Markovian embedding (which for the oscillating components

is derived in detail in section X)

X(t) = v(t); (S59)
X X
mev(t) = r U@+  alyi(t) xOI+  afz(t) x@O (S60)
i=1 i=1
iYi(t) = a[x(t) vi®)]+ Fi(t) for n exp. components
(S61)
z(t) = wi(t); (S62)
miw;(t) = jwi(t) + ax(t) z )]+ F(t) for | osc. components
(S63)

For the n exponential components we obtaim = — from the t parameters ; and £. To

obtain m; and ; for the | oscillating components from the t parametersa;, ° and!; we use
mi=a(( ) *+!7) 5 (S64)

=20 (S65)
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The random forceF; present in eqgs. (S61) and (S63) is

P
F=' kT 1 1 : (S66)

where is a Gaussian random distribution with zero mean and a standard deviation of one.
In the numerical simulation we use the numpy.random.normal function to generate these
random numbers. Eqs(S60) (S63) are numerically solved using a 4th-order Runge-Kutta
scheme to obtain the trajectory ofx. The timestep of the simulation is0:001fs and only every
500th value is stored. Thus the trajectory is evaluated at a time step @5fs. The trajectory
contains2:5 10’ values which corresponds to a simulation time df25ns. Each trajectory is
divided into 50 parts of 250ps and their spectra are calculated using the Wiener-Khintchine
relation introduced in section XlI. All 50 spectra are then averaged to give the nal spectrum.
Starting velocity and position are set to be zero.

The memoryless Langevin equation, with a friction constant replacing the integral over the

memory kernel,

mx(t) = x(t) r U]+ Fr(t); (S67)

is likewise simulated using a 4th-order Runge-Kutta scheme. The timestep of these simulations
is 0:1fs for a total of 10’ steps, which corresponds to a simulation time dfns. Each trajectory

is divided into 200 parts of5ps and their spectra are calculated using the Wiener-Khintchine
relation introduced in section Xll. All 200 spectra are then averaged to give the nal

spectrum.
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X Oscillating memory kernels

X.1 Oscillating memory kernels from a Hamiltonian model

Oscillating memory kernels arise from inertial dynamics in orthogonal degrees of freedom at
time scales of the order of the primary reaction coordinate. The relation of the time scales of
the orthogonal coordinate and the memory kernel is understood from an explicit derivation of
the dynamics of the primary coordinatex with velocity v, linearly coupled to an orthogonal
coordinatey with velocity w and coupling constantk. The Hamiltonian of the system is
given as

=My, My, 2 E 2.
H 2v+ 2W+2(X V)% (S68)

de ning the Hamilton equations

X(t) = v (S69)
my(t) = k[x(t) y(t)] (S70)
y(t) = w(t) (S71)
myw(t) = k[x(t) y()]: (S72)

These Newtonian equations of motion can straight-forwardly be extended to Langevin

equations by introducing random force(t); Fy(t) and friction terms with coe cients ;

x(t) = v (S73)
my(t) = xv(t) + k[x(t)  y(t)]+ Fx(t) (S74)
y(t) = w(t) (875)
myw(t) = yw(t) K[x(t) y(t)]+ Fy(t): (S76)
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The random forces have zero meahE;(t)i = 0, and strength HF; (t)F; (t%i =2 kg T (t 19,

ful lling the uctuation-dissipation relation.

To obtain the GLE including the memory kernel, we will now nd a solution fory using
eg. (S76) and insert this solution in eq.(S74) Eq. (S76) is essentially a driven damped
harmonic oscillator, which can be solved in a general fashion using matrix exponentials and
introducing the inertial time scale ,, = my=, and the memory time scaley, = =k. First

we write the coupled rst order ordinary di erential egs. (S75)and (S76) in the matrix form

Mt) = Ay(t), (S77)
where
01
)= B % (578)
y
0 1
A= 0 g (S79)
( my kv) myl
1
1 1
AL=B ™ () "¢ (S80)
1 0

The solution is given as

y(t) = exp (ALt to)%
z 0 (s81)

v dlexpal 1B
to (my k) XY+ m, *Fy(t9
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Next a partial integration over the integral containingx(t) is performed

¥(t) = exp (Aft  to])¥o
2 13,

0
94 texpalt B 0 x4

(my k) (1)
0

to 1
Z, 0 (S82)
FAT dexpAlt 1) X
to (my k) V(19
0 1
Z, 0
+  dtPexp(Alt t9) ?@ X :
to m, Fy(t9

The matrix exponential can be evaluated by diagonalizing the matriXA. After introducing

lo= P (2 my) 2 | my ky) 1 the Eigenvalues ;., of A are given as

2= @m) " Lo (S83)
and the matrix exponential reads
0 1
1 e et g2t et
exp(At) = @ ° ' X (S84)
o ,ett e et et
0 1
cosh( ot) + SnhCot sinh(! ot)
— a =@ my) 2my!o To .
© ' sinh(! ot) ' hi -t sinh(! ot)g ; (S85)
“my k0 coshtot) 5 7
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giving

A 1eXp(At) = my kye =2 my)
0

1
—cosh( ot) + 55 —sinh(! ot) + —2——sinh(! ot) 5—2—sinh(! ot) cosh( ot)
% my my: 0 my ky: 0 my: 0 g:
L cosh( ot) + —L— sinh(! ot) L sinh( ot)
my Ky my ky'o my ky'o
(S86)

The solution for y(t) = ¥,(t) is now obtained from eqs(S82) (S86)and by sendingty, ! 1,
i.e. assuming an equilibrated system
Z t

y(t) =x(t) dt(t9e ¢ I cosho(t 1)+ 5
7 : 1 my-: 0

sinh(l o(t  t9)
(S87)

dt%F, (t%e ¢ =@ my)isinh(! ot 19):
my! 0

To obtain the generalized Langevin equation fox(t) containing the oscillating memory kernel

(t) = ke @ my) cosh( ot) + ! sinh(! ot) : (S88)
2 m,' o
eq. (S87) is inserted in eq. (S74)
Z t
mv(t) = ,v(t) + Fy(t) + dt(t) (t )+ FD); (S89)
1
where
Z, 1
FI1) = k 1 dt%, (t9e ¢ =@ my’m—losinh(! ot t9): (S90)
y!
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X.2 Underdamped limit: oscillating kernel

The kernel of eq.(S88) can be analysed for two limiting cases. For Itho) > (2 m,) *, which

is equivalent to4 ,, > ,, the underdamped casé!, o is purely imaginary and the kernel is

(t) = ke ¥@ my) cos(Im(l o)t) + sin(Im(! o)t): (S91)

_t
2 mylm(! 0)

The integral is evaluated to

Z,

= dt(t)=k
o 1

4 m,
=Ky = y: 2
4 &, Im(! 0)? o (592)

X.3 Overdamped limit: exponential kernel

For Re(! o) < (4 m,) *and i, > (4 m,), the overdamped case, it follows that g is purely

real. The integral equally gives

Zl
4
= dt(t):k%:kky: v: (S93)

212
0 4'my!O
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Xl Wiener-Khintchine theorem

The correlation function C,y (t) of two stochastic processeg(t) and y(t) limited to the
interval [O; L] is e ciently computed from the Fourier-transformed expressions(! ) and ! )
according to

Z 1

1
Cyy (1) = >

T . dle "x(1)y(); (S94)

where the asterisk denotes the conjugate form. This is known as the Wiener-Khintchine

theorem®’. Both sides of eq. (S94) are Fourier-transformed to give

z 1
dte" 2L, 1 Li Coy () =% )y (1 ); (S95)
t

1
which in the limit of large L, reduces to
Co(1)= L)y (1) (S96)
Eq. (S94) can be derived starting o with the de nition of the correlation function
1 z Lt t

Cyy(t) = 0ot dt®x(t°+ t)y(t9; (S97)

and making use of the convolution theorem

Z, + Z, 4

— 1 0 | it (t+19 | ! 1 0 it %O |
Cyy (1) = LD dt ) d'e 1) , d%e 19
1 Z, . Z, . (5 Ly t 6 #9419
= - die ! | d! 1 dte|°!+!
4 2(L, t)Zl X )21 A 0
—# 1d'e”tx(') 1d'°y('()2 (r+19
27, t)z @ ! @ ! ! !
1 ! :
= — dle " L); S98
T T . (¥ 1) (S98)
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observed in thelR spectra including electronic degrees of freedom compared to the nuclei-only
IR spectra, discussed in section Ill. As expected for the decomposition, the power spectra
of dons and dona exactly sum up to the doy power spectrum, there exists no remaining
cross-correlation spectrum, so they form orthogonal coordinates.

The potentials, power spectra and analysis in terms of frequency-dependent friction of th&;s
and pon coordinates are shown in the main text. The remaining discussion is shown here for
the doy coordinate in g. S6 and for thedona coordinate in g. S7. The potential of thedon
coordinate shows strong nonharmonic contributions in g. S6A, seen from the reduced potential
coe cients Rz = ks=kg T(k=kg T) 32 = 0:128and R, = ks=ks T(k=ks T) 2 =0:00503 The
potential of the dop, coordinate is symmetric by de nition and therefore has a negligible cubic
and only a small quartic contributionk, = 0:0141in g. S7A compared to the potential

of the dons coordinate, shown in g. 3A in the main text, which has a signi cant cubic
contribution. When compared to the potential of a single water molecule in gs. S6B and S7B,
the doy coordinate shows a shift of the minimum fron®7:37pm to 99:06pm, i.e. elongation of
the bond length due to hydrogen bonding. As expected, the potential of thiyp, coordinate

is centered around zero for both systems. Both coordinates show a signi cant potential
softening in the liquid phase, which follows from comparison of the dominant harmonic
contributions of k=(kg T) = 0:139pm 2 for doy and k=(kg T) = 0:272pm 2 for dona With the
respective gas-phase values kf(kg T) = 0:183pm 2 for doy and k=(kg T) = 0:352pm 2 for
doHa-

The memory kernels in the time domain, shown in gs. S6C for thdoy coordinate and S7C
for the dopa coordinate, are discussed further below in g. S8. The frequency-dependent
friction, shown in gs. 3D in the main text for the dons coordinate, S6D for thedoy coordinate
and S7D for thedona coordinate show remarkable di erences. The frequency-dependent
friction of the dons coordinate shows a much stronger contribution in the regime of the HOH
bending band at around1650cm !, indicating that it couples more intensely to the HOH

bending mode than thedon, mode.
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| E ect of the con nement along the reaction coordinate

The harmonic con nement, kx?=2, applied along the reaction coordinate, the distance
between the two reactants, has an impact on the equilibrium distributions and the reaction
kinetics. In Fig. S1 this e ect is illustrated by showing the e ective pair potentials and
vep for the NaCl ion pair obtained from simulations with di erent con nement strengths
k = 30;50; 100kJmol nm 2; the data for k = 100kJmol *nm 2 in blue is shown throughout
the main text and the other sections of the supplement. In Fig. S1A the e ective potential
landscape is shown to be signi cantly broadened when the value feris decreased. Also the
barrier height from the contact-pair (CP) to solvent-separated-pair (SSP) states, i.e. for the
dissociation reaction, decreases by abo0t5ks T when going fromk = 100 kJmol nm 2 to

k =30 kJmol *nm 2.

6 - —— k=100kImol ' nm 2
k=50 kJmol *nm 2
'WlOZ- \ —— k=30kImol *nm 2
£ a4 i
m
X o
=~ [T
S 21 =
k=100 kJmol 1 nm 2
k=50kImol ®nm 2
04 —— k=30kImol ®nm 2
02 04 06 08 1.0 12 03 0:4 0:5
x [nm] Xi [nm]

Figure S1: E ective pair potentials (A) and pro les of wep (X;) (B) for both the dissociation
(solid lines) and association reactions (broken lines) along the reaction coordinateobtained
from molecular dynamics WMD) simulations of the NaCl ion pair in water at di erent harmonic
con nement strengthskx?=2. In B the positions of the local minima of the pair potential
for k = 100 kJmol *nm 2 are indicated by vertical gray broken lines, which de ne the initial
positions x; for the pro les of yep (Xf).

In Fig. S1B pro les of wep (X¢) are shown for both the dissociation (solid lines) and the
association reactions (broken lines) from MD simulations. In accordance with the changes of
the barrier height seen in Fig. S1A, the dissociation reaction becomes faster with decreasing

con nement strength, while the association reaction becomes slower. Thus, to focus on



D. Supporting Information:
Pair-Reaction Dynamics in Water. Competition of Memory Friction, Inertia and the

Potential Shape

the dissociation reaction in such equilibrium simulations, a high con nement is preferable,
because the systems spends little time in the less favorable solvent-separated @8 state.
In Fig. S2 it is demonstrated that also the extracted kernels are slightly modi ed when the

con nement potential strength changes, which presumably re ects that the memory kernel is

di erent for the CP and the SSP state.

— k=100kImol *nm 2

k=50kImol !nm 2
—— k =30 kJ mol Lam 2

—— k =10 kJ mol Lom 2

B 0
1500+
'2 1000 /—\
3
500
O -
108 102 101 10° 10t

t [ps]

Figure S2: Memory friction kernel A) and its running integral (B) for the NaCl ion pair in
water from MD simulations at di erent harmonic con nement strengths kx2=2.
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1l Nonharmonic-potential and barrier-height e ects

The exponential scaling of reaction times with the potential barrier heighty is known since
ArrheniusS?. Our work focuses on the prefactor of the exponential scaling that is predicted
by various analytical rate theories and depends on mass, memory friction and the potential
shape. As also discussed in sections IV and VIlI, the rate theories that are considered
in this study, namely MM, GH and Kramers' medium-to-high-friction theories, use local
harmonic approximations for the well and barrier regions of the nonharmonic pair potentials.
This is often called a high-barrier approximation, since the local harmonic approximation
becomes exact in the high-barrier limit. However, the harmonic approximation and the
high-barrier approximation are distinct. In this section a perturbation analysis is presented in
the overdamped Markovian limit that includes non-harmonic corrections and thereby allows
us to improve the analytic prediction of reaction times for nite barrier height and to test
the high-barrier approximation in dependence of the barrier height.

The exact prediction for the crossing time over a barrier in the overdamped Markovian limit

given in Eq. (6) in the main text, which for constant friction reads

0

Z,, Z
mep (Xi; %) = dx%e" 9 dxe Y, (S1)

Xi Xmin

is rst compared to the Kramers' result for high friction, which follows via a harmonic

approximations of the potentialU(x) and is given by

K= m TST (S2)
* max
2 U
= —= S3
m! max! min ( )
= p=———¢"": (S4)
Umin]Ur!AaxJ

The test is performed for a double-well (DW) potentialU(x) = Up(1 (x=L)?)? with length

scaleL, illustrated in Fig. S4A, as well as for the NaCl and methane pair potentials, which
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are scaled by a constant factor in order to be able to vary the barrier height, from well to
barrier top, i.e. from the contact pair (CP) to the transition state (TS).
The curvatures at the well bottom and at the barrier top, that enter the Kramers theory,
are obtained from iterative smoothing of the pair potentials, as discussed in detail in section
VIIIl. For consistency, the potential that is used for the evaluation of Eq. (S1) is obtained at
the highest iteration of smoothing as presented in Fig. S10. Since di erent iteration levels
are used around the well bottoms and the barrier top, the smoothed potential is constructed
by combination of potentials with di erent numbers of smoothing iterations. The obtained
smooth potentials are shown in Fig. S4D and G as blue solid lines and are compared to the
raw data represented by gray solid lines. Subsequently, to accelerate the numerics, the smooth
potential is represented by a fth-order spline, for which the number of knots is determined
such that the squared deviation between the spline and the smooth potential for values
< 10kg T is below0:0002ks T) 2. Afterwards, the spline is scaled linearly when investigating
di erent barrier heights. The double integral in Eq. (S1) is then evaluated using the function
“integrate.dblquad’, while for the spline representation the class “interpolate.UnivariateSpline'
is used, both implemented in scipy 1.5.4.
In Fig. S4B and C the results for the double-well potential are presented, scaled by the di usion
time scale p = L 2=kgT. In Fig. S4D F the results for the NaCl and in Fig. S4G | for the
methane system are presented. Kramers' theory (colored solid lines) slightly underestimates
the exact analytical theory by up to 10%-20% in each system, but the relative di erence,
2G(0) = Kramers 1 which is shown in the insets in Figs. S4B,E,H, does decrease with barrier
height, as expected, but the decrease is quite slow. Even at a barrier heightagf=20kg T
a relative di erence of about 2% persists for the double-well and the NaCl systems and of
about 6% for the methane system. Therefore, while for high barriers the quality of the local
harmonic approximations of the potential used by the analytical rate theories does improve,
even at moderately high barriers< 20kg T, nonharmonic-potential e ects are signi cant and

cannot be disregarded.
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The error of the harmonic approximation can be estimated analytically from the exact solution,
Eq. (S1), by deriving higher-order corrections to the Kramers' high-friction result Eq. (S2),
which allows to predict the scaling of the relative error of the harmonic approximation with
the barrier height. First, the inner integral of Eq. (S1) is approximated by Taylor expansion
around the barrier top positionxg according to

Z
1(x9 = dxe 99 = 1(xg) +(x° xg)lUxs)+(x° xg)%1%xe)=2+ ; (S5)

Xmin

where U (x) = O(x) is used. Sincd {xg) = exp( U(xg)), the rst term in the expansion is
exponentially dominant over the correction terms. By expanding the potentidl(x) around

the local minimum at x4, i.e. the potential well, the inner integral thus can be written as

Z o Z,
I (x9 = dxe 9% I (xg) dx e 9™ (S6)
mein 1
! 1 2+l 1 3!l 1 41~V
. dx exp U E(x Xa) 0, é(x Xp) Oy Zl(x Xa) 0, +
(S7)
o 1 1 1
‘e Oa dx exp  S(x xa)?0) 1+ x%0)' )2 =x*oyy o+ (S8)
L 2 a p72 | 24
BN 2 5 v 5 ’
e 2 Ol (s9)
_ oz R 24 m)”
N ny2 v '
e 2 1,50 Oa : (S10)
OA 240y ) 8(0y )?

where Roman superscripts denote the order of derivative§, = @Ux=@%x=x,. In the
derivation, the series expansion of the exponential function has been useg(x) =1+ x +
x?=2 + ::: and the fact that odd powers inx do not contribute to the symmetric integral. The
extension of the integral boundaries to in nity corresponds to a high-barrier approximation

and leads to a correction that is exponentially small in the barrier height.
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MFPT to barrier top

Next, the outer integral of Eq. (S1) is approximated by a Taylor expansion of the potential
around the barrier top at xg. First, we consider the case in which the upper boundary of the

integral, i.e. the nal position of \yep, is located at the barrier top,

A X8
wer (Xiixg) ' | (xg)  dx%Y ) (S11)
Xi
Z xe 1 1 1
"1 (xg) dx exp Us+ Z(x xpg)20% + Z(x xg)30§" + —(x xp)*0y/ + i
1 2 6 24

(S12)
Z,.
1 ol
Ll (xe)e™  dxexp (X Xe)Ug ]
1
1+ 500 + xS0 )2+ Sxtol + o (S13)
6 s 72 24 |
1 2 2|Jlll 5(UIII )2 UIV
: o n <8 B B
! (XB)eBE o L Peegra s gl 2
10g ] 3 20 24(0g ) 80z |
(S14)

The extension of the integral boundary to minus in nity leads to a correction that is
exponentially small in the barrier height but also eliminates the dependence on the initial
position x;. The nal expression for the MFPT is given as

s S —o— IRV Y !

2 jopi Oy 2400 8O}
L2080 s0y') oy

vep (XisXg) ' €

= S15
3 2 jo)j32 240))3  gul 2 (515) |
11 11 \2 I\ 11 y2 \% '
C@lg 2 g pit_]B” _— 5(UA”)3 UA” . 5(UB“)3+ _UETI .
2 joy jol 3 2 j0gj%= 240y) 8(0y) 24(0g ) 80z |
(S16)
!
_ ﬁ 1 hiUllall N 5(UIAII )2 U/I\V N 5(U||3” )2 N UIIBV
2 3240y 240))° 8(U)) 2400Y)° UL
(S17)
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MFPT over barrier top

Here the outer integral of Eq. (S1) reaches over the barrier

fo
wee (Xisxe) 1 (xg)  dx%eY ) (S18)
z

1 1 1
I (xg) dx exp Ug+ Q(X xg)?0y + é(x xg)30y" + ﬂ(x xg)*Oy + i
1

] (S19)
I (xg)e"® l dx exp }(x xg)jorj 1+ iXG(U”' )2 + L agy 4o
1 2 B 72" VB 24" 78
| (S20)
s [
1 \2 A%
'l (xg)e® 2 1+ SO )", Ua (S21)

jOg | 240y ) 8oy j?

where compared to the well-to-barrier-top case, Eq. (S14), the prefactd=2 and the
20! :(Sp 2 joY j%?) term are missing. The nal result is given as

S s !

2 v
wrp (Xi;Xe) ' e O On 27” 27” 1+ S(UAu)g UA” 2
1G] O, 2401 8(O))
14 SO, O (S22)
24(Ué' )3 SJUII3I j2 '
1 y2 Y 1 y2 o
jog jop 2404 )2 8(0))z 24 ) guolj?
!
12 \% 1 \2 v
=g 2+20 ) G 50 ), Ds (S24)
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Application to explicit potentials

The correction terms Eq. (S17) and Eg. (S24) can be evaluated analytically for the double-well

model potential

2
X2

Ux)=U 1 = (S25)
U= U % 4%43 ; (S26)
u'(x)= U é 13;2 =) O = Uoé;ug = Uoé; (S27)
u" (x) = Uozl_if =) o) = Uo%";t)‘g” =0; (S28)
uv(x) = Uo%l =) Oy =0y = Uo%": (S29)

When inserting these values into Eq. (S17) and Eq. (S24), we obtain for the transition to the
barrier top and over the barrier top the same result (except the prefactor of 1/2) since the

third derivative at the barrier vanishes,0}' =0, i.e. for x; > x g we obtain

50III 2 UIV UIV
weo i) B 1 20a ) On O
2405 )®  8(04)? 8§y j?

15 3 12

= U e ‘
640, 640, 640,
3
= o1+ o (S30)
0
=) MFP(;(fi;Xf) 1=i: (S31)
Kr 8U0

This estimate is shown in Fig. S4C as a gray solid line and agrees well with the actual
error, i.e. the relative di erence between the Kramers' high friction prediction and the exact
analytical result, that is plotted as a yellow broken line for the well-to-well caseQP to SSP
and as a blue broken line for the well-to-barrier-top caseCP to TS). Speci cally the U, *
scaling is well visible.

For both the NaCl and methane systems, the correction terms for well-to-barrier-top and
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well-to-well cases, Eq. (S17) and Eq. (S24) respectively, are unequal. To evaluate these terms
the local numerical derivatives are used as reported in Tab. S1 in section VIIl. The local
polynomial approximations of the potentials that follow from these parameters are also shown
explicitly in Figs. S4D and G as broken black lines for the well bottom and dotted black lines
for the barrier top.

We rst discuss the well-to-barrier-top case CP to TS), for which the estimated error,
Eq. (S17), is given in Figs. S4F and | as thin gray solid lines. For both NaCl and methane
it agrees well with the actual error, i.e. the relative di erence between the Kramers' high
friction prediction and the exact analytical result, that is plotted as blue broken lines, the
dotted lines denote negative values. All curves show a crossing from positive to negative
values at aroundU, = 10 kg T, which re ects a complex competition of the various terms in
Eq. (S17).

For the well-to-well case CP to SSP the estimated error, Eq. (S24), is given in Figs. S4F and

| as thick gray solid lines and again compared to the actual error, that is plotted as yellow
lines, dotted lines denote negative values. The estimated error is in both cases dominated by
the U, * scaling, that is also visible for the DW system discussed above and shown in Fig. S4C.
For NaCl this scaling agrees well with the actual error (yellow broken line in Fig. S4F). For
methane the actual error for the well-to-well case (yellow broken and yellow dotted lines
in Fig. S4l) is much closer to the one of the well-to-barrier-top case (blue broken and blue
dotted lines in Fig. S4l), than to the estimated one. This behavior is understood from
the underlying potential in Fig. S4G, which shows that the two scenarios are actually very
similar. Moreover, the barrier is highly asymmetric when compared to the potential of NaCl
in Fig. S4D, which means that the cubic term at the barrier topJg' , is important. However,
the 20} =(3p 2 jol j*2) term drops out of the estimated error for the well-to-well case,
Eq. (S24), due to the shift of the integration boundaries to in nity, which explains the
deviation between the actual and the predicted error. Once again, these results con rm the

complex interplay of potential e ects beyond the harmonic approximation.
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IV Rate theories for barrier crossing

Theoretical predictions for barrier-crossing dynamics in a viscous environment reach back
to Kramers®S3, who derived di erent friction-dependent prefactors to the Arrhenius law in
the opposing inertia dominated and overdamped regimes. The well-known Kramers turnover
between these regimes was only later fully covered in a theory by Mel'nikov and Meshkov
(MM) % A memory-induced barrier-crossing acceleration compared to the overdamped
Kramers limit was rst demonstrated by Grote and Hynes (GHJ®, which gives way to
barrier-crossing slow down in the long memory-time limit®-S".

All these reaction-rate theories calculate a prefactor to transition-state theory, which, assuming
a harmonic potential well for the reactant state, predicts the mean escape time of a particle

over a frictionless barrier to bé&®

1T = —eYs; (S32)

* min

where Uy denotes the barrier height, = kg T is the thermal energy, and the well frequency

I min = P U% =m depends on the curvaturdJ%, := U%Xmin) at the minimum X, of the
potential well from which the particle escapes.

Kramers considered the escape from a harmonic potential well for a particle undergoing Brow-
nian motion, as described by the Langevin equatiorLE) Eq. (3) with position-independent
friction , for both the limits of medium-to-high friction and low frictionS3. For the medium-

to-high friction regime, he obtained

" _ # 1
2 1=2
Ir(T:'h = W + I r?nax 2m I max TST; (833)
from which follows in the high-friction limit, =m 1 |
K= —— TsT; (S34)

ml max
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. p—
where the barrier frequency! max = U%, =m depends only on the curvatureU%, :=
U%xmax) at the barrier top Xmax, Which re ects usage of the harmonic approximation for the
barrier.

In the low-friction limit he derived

fo= T eVo; (S35)

Note the opposite scaling of the predictions with the friction constant: While for high
friction [f , for low friction [ L

Mel'nikov and Meshkov (MM)®* derived a solution to the Kramers' problem which is valid
for all values of the friction and hence bridges the two asymptotic expressions Eq. (S33) and

Eq. (S35). The Melnikov'/Meshkov (MM) result is given by

n ~ # 1
2 1=2
wma = A () am? + m ''max TST; (S36)
,Z, h i 7
AQ)=exp = “In1 e TAoSKI gy ; (S37)
0
p Z o p—
=2  2p— . Uy U(x) dx: (S38)
m 2L

Importantly, while the prefactor A() , which becomes relevant in the inertial regime, !

0, considers the full nonharmonic potentialU(x), Eq. (S36) still contains the harmonic
approximations of the potential for both well and barrier and is therefore not exact for a
general potential shape.

While both Kramers' and MM theory consider Markovian dynamics, Grote and Hynes (GH}
developed a theory for the mean rst-passage time including non-Markovian e ects. Their
expression for the case where the dynamics in a harmonic potential well relax fast and only

memory e ects on a harmonic barrier are relevant is given by

GH = — 1sT; (S39)
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where ~( ) denotes the Laplace-transformed memory friction kerne{ t) at the barrier top,

and the real reactive frequency, > 0, is the solution of the equation
= — & (S40)

Thus, for a single exponential kernel( t)= e ¥ =, s given as the single positive solution
of the cubic equation

2 12

e 1, = (s41)

In the Markovian limit, i.e. for delta-correlated friction, (t)=2 (t)and ~( )= , itfollows
that = ( 2=(4m?)+ 12 )" =(2m)andthus gy = 2", the Kramers medium-to-high-
friction result in Eq. (S33). Note that, either in the inertial, m!1 , or the long memory
limit, !'1 ,itfollowsthat = ! .. and thus Grote/Hynes (GH) theory reduces to the
transition-state theory result, gy = ts7. It thereby misses both the Markovian low-friction
limit, covered by Eq. (S355%5* and the memory slow-down regime for long memory time
that is obtained if memory e ects in the barrier and well regions are equally importarsfS”.
Evidently, it also misses nonharmonic-potential e ects.

In the overdamped Markovian limit, the Fokker-Planck equation is most suitable for analytical
calculations, for arbitrary potential shapesU(x) and position-dependent friction (x) it
reads>®

@ @ ;e U (X)@

@t D= gy (x) @x

and describes the time propagation of the distributiorP (x;t). From the Fokker-Planck

P(x;t)eY ™ (S42)

equation, the exact expression foryep between initial X; and nal positions x¢, shown as

Eqg. (6) in the main text, follows as’'°
zZ,, Z o
wiep (Xi1X¢) = dx® (x9 eY 7 dx e Y0 (S43)

Xi Xmin

Eqg. (S43) can be inverted and thereby used to estimate a position-dependent friction pro le
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(x) from measured values ofyep , Which is presented in detail in section V.

V Position-dependent friction e ects

The dynamics of overdamped Markovian systems is often modeled with a position-dependent
friction prole, (x). Such a pro le can be estimated fromygp (X) data and the Fokker-Planck

solution Eqg. (6) in the main text, that is repeated here

Z,, Z o
wee (Xis X¢) = dx® (x9) eV &9 dx e Y ®: (S44)
Xj Xmin
wherex; is the starting position andx; the nal position of yep, = (ksgT) * and Xpyi, is

the lower re ecting boundary. Eq. (S44) holds for dissociation dynamics witk; > x;. The

corresponding solution for association dynamiog < x; is

Z Xi Xmax
wep (X5 X¢) = dx® (x9 eV 9 dxe Y®; (S45)

X¢ x0

where Xmax iS the upper re ecting boundary.

EQ. (S44) and Eg. (S45) can be inverted to give!St?

. z X 1
L (Xf) = kBT@'\"FF’@g);")(f)e U (xr) dxe YO+ forx; >x;; (S46)
wXmin # N
. Xmax
(x¢) = kBT@’We U (i) dxe YO forxs <xi; (S47)
Xt

or, alternatively, when instead taking the spatial derivative with respect to the initial position

Xi
. Z Xi 1
(X)) = kBT@We U (xi) dxe Y™ o forxs >xi; (S48)
Xmin
. Xmax 1
(x;) = kBT@MFPé);(an)e U (xi) dxe YOO forx <X (S49)
Xi
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From Eq. (S46) and the yrp (X;) data for the dissociation dynamics of the NaCl ion pair
shown in the main text in Fig. 2C, the friction prole , (x¢) is estimated, while from
Eq. (S47) and the yrp (X;) data for association dynamics shown in Fig. S8B, one obtains
the friction pro le (X¢).

In practice, the estimation of these pro les is not straight-forward. Importantly, x; and

X¢ should not be too close to each other because otherwise inertial and memory e ects
lead to spurious artifacts'2S13, It is therefore advisable to estimate the pro les for various
combinations ofx; and x; and take the mean in regions where the data overlap, as presented
previously for water pair dynamic$'2. Proles | (x;) alongx; for various xed values ofx;
are given in Fig. S5A and for (x;) in Fig. S5B as colored solid lines.

Corresponding pro les | (X;) alongx; for various xed values ofx; are given in Fig. S5C
and for  (x;) in Fig. S5D as colored solid lines. The overlap pro les are estimated from the
mean of all proles (x:)jx, (or (Xi)jx,) for which jx;  x;j 2 [0:05; 0:1]nm and are shown in
Fig. S5A D as black broken lines and repeated in Fig. S6 as blue,((x)) and yellow ( (X))
lines.

Comparison of the four position-dependent friction pro les in Fig. S6 demonstrates signi cant
deviations among them. In fact, the result depends strongly on the direction ofjp, i.e.
on whether one determines friction pro les from dissociation or association reactions, and
also on details of the averaging procedure. We conclude that due to signi cant inertial and
memory e ects, strong variations between the friction pro les for association and dissociation
reactions determined from variation of the initial and nal positions are seen in Fig. $52513
and therefore there is no unique friction pro le that would describe the dynamics of the NaCl

separation coordinate.
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VI Dependence of the mean rst-passage time on the
initial position
In Fig. S7 the dependence ofyrp (Xi; X¢) on the initial position x; is illustrated for the NaCl
ion pair (Fig. S7A) and the pair of methane beads (Fig. S7B). The data is shown both for
the dissociation (blue solid lines) and association reactions (blue broken lines) and the nal
positionsx; are taken as the local minima (vertical thin gray broken lines) left and right of
the potential barrier (gray solid lines). All pro les are very at within the well regions from
which they depart, even for the association reaction of methane where the barrier to t#
state is virtually non-existent. This means that the precise choice of is rather unimportant

when comparing with analytical rate theories, for which the predictedyrp does not depend

on the choice ofx; due to the inherent high-barrier approximation, which is discussed in

section IlI.
A N aCl B CH, ,
—= MD
D 7 107 ~
o o =
- - — .{ 2.2
2 =10 4 -7 =)
//
T T T T ,, T I O
0:3 0:4 0:5 0:4 0:6 0:8
X; [nm] X; [nm]

Figure S7: Pro les of wep (X;) for the dissociation (solid lines) and associations reactions
(broken lines) along the reaction coordinate, obtained fromMD simulations of the NaCl ion
pair (A) and a pair of methane beads (B) in water. For comparison the potentials are shown
as a gray solid line with the scale on the right side of the plot. The positions of the minima
are indicated as vertical gray dotted lines and determine the nal positions of eackyep (X;).

The weak dependence of the MFPT on the initial position can be easily understood in the

Markovian overdamped limit based on the exact expression Eq. (6) in the main text, from
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which one derives

R
U (xi) X U
@MFP(Xi§Xf):@?<: et () Rmin dxe (X):
@wire (Xi; Xt )=@K eV ) M dxe U

min

(S50)

If the initial position Xx; coincides with the potential minimum and if there is no second deeper

minimum betweenx; and X;, one obtains in the high-barrier limit

@i (Xi; X1 )=@X el (i) U (xi)=p:
@wre (Xi; Xt )=@K |

(S51)

which means that the ratio of the dependence of the MFPT on the initial position and on
the nal position depends exponentially on the free energy di erence of the initial and nal

positions. For dissociation reactions, the initial state has a lower free energy than the nal
state, which explains the very weak dependence of the dissociation MFPT on the initial

position in Fig. S7 compared to the dependence on the nal position shown in the main text.

VIl NaCl ion pair association reaction dynamics

In Fig. S8, the analysis of the association dynamics of the NaCl ion pair in water is presented,
using the same methodology that is employed in the main text for the dissociation reaction.
In Fig. S8A a summary of the results is presented similar to Fig. 3A in the main text and in

Figs. S8B E the data is shown in detail similar to Figs. 2C,E G in the main text.
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Figure S8: Analysis of the association dynamics along the separation coordinate of a single
NacCl ion pair in water. A: Summary of the results, similar to Fig. 3A in the main text, in
terms of yrp from the SSPto the CP of the pair potential, as obtained fromMD (gray
bar and horizontal gray broken line) and using the generalized Langevin equatioGL(E)

in di erent limits of the memory and inertial scaling parameters, and (blue bars). The
analytical result of Eq. (6) is shown for the overdamped Markovian limit as a lightgray bar.
Additionally, Kramers' theory for high friction Eqg. (S34) is shown as a yellow bar. Stochastic
errors for the MD data are obtained as standard errors of the mean over ten fragments of
the total trajectory. Stochastic errors for the variousGLE and LE simulations (blue bars)
are calculated from the standard error of the mean over ten independent runs. Errors for
the rate theories (yellow bars) are estimated from the dominant errors in the harmonic ts
to the potentials, as shown in Sl section VIII.B: Proles of yrp starting from the SSP
state, obtained directly fromMD simulations (yellow solid line), from simulation of theGLE
Eq. (1) (vellow short-dashed line), from the theory for the overdamped Markovian limit
Eq. (6) (yellow long-dashed line) and from simulations of the overdampedE, Eq. (3) for
m! O (yellow dotted line). For comparison the potential is shown as a gray solid line with
the scale on the right side of the plot. The positions of the extrema are indicated as vertical
gray dotted lines. C E: Scaling of yrp of the association reactions from th&SPto the CP
(yellow squares) with respect to changing both and simultaneously (C), only memory

e ects (D) and only inertial e ects (E) as obtained from GLE simulations. Theoretical
predictions by Kramers for medium-to-high friction (dotted lines) and by GH (solid lines) are
shown for comparison. The analytical result Eq. (6) is shown in C as a broken yellow line.
Predictions by MM theory are shown in E as a dash-dotted line. Further numerical data are
obtained for the Markovian limit using Eq. (3) in D (yellow dash-double-dotted line).
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VIl Harmonic approximations of the pair potentials

The rate theories that are considered in this study, namely MM, GH and Kramers' medium-
to-high-friction theories, use local harmonic approximations for the well and barrier regions
of the nonharmonic pair potentials. Thus, the pair potentials must be tted quadratically,
U(x) = U' (x x;)2=2 around the extrema atx;, the two well regions of the contact pair
(CP) and solvent-separated pair $SP states, with Uy and U! respectively, as well as the
TS at the barrier top, with Uy . The parametersx; and U!' are obtained from the numerical
derivatives of the potentials. The potentialsU(x)=(ks T) = log(h(x)), are obtained from
histogramsh(x) of the trajectory data with equidistant bins of width xj.1  X; = 0:5pm,
that are smoothed by iterative convolution with a at window function, which has a width of

three bins. The numerical derivatives are then calculated by successive central di erences, i.e.

U(Xj+1) U 1),

U'(x;) = o % 1) (S52)
U(X;j+ 2U(x;) + U(x
U () = 2 z)(xj+l ()ij) . (X 2). (S53)
U(X; + 3U(X; + 3 U(X; U(X;
u (x) = (Xj+3) (():(JJ-+11)+XJ- S(; 1) U(X; 3); (S54)
uv (x) = U(Xj+a)  4U(Xj42) +BU(X))  4U(X 2) + U(X 4): (S55)

(Xj+1 X 1)4

The rst and second numerical derivatives obtained after di erent iterations of smoothing
are shown in di erent shades of gray in Fig. S10. The curves are then linearly interpolated to
obtain x; from U'(x;) = 0, shown as vertical black broken lines throughout Fig. S10, and
i from U (x;) = ; shown as horizontal black broken lines in the lower panels in Fig. S10.
The convergence of the values of and U/' with the number of iterations is reported in the
insets in Fig. S10. A summary of the t parameters together with higher derivatives is given
in Tab. S1.
In Figs. S9A and B, the local harmonic ts are shown as black broken lines and compared

to the potentials as thick solid lines. The t parameters are reported in the legends. For
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both curvatures directly propagates to the relative error of the predictedyrp and is assumed

to be the dominant source of error.
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Figure S10: First (upper panels) and second derivatives (lower panels) of the e ective pair
potentials around the three local extrema corresponding to théP (A, D), the TS (B, E) and
the SSPstates (C, F) for NaCl and methane. The derivatives are calculated numerically after
consecutive iterations of smoothing of the potentials, that are obtained from the simulation
data at a xed bin width. The vertical black broken lines denote the position of the local
extrema, X;, determined from the rst derivatives. In the lower panels the horizontal black
broken lines denote the values of the harmonic t parameterd!' , that are determined from
the second derivatives at the highest iteration of smoothing. The convergence of the relative
deviations of the values ofk; and U!' with the number of iterations is shown in the insets.
A C:. Results for the NaCl pair potential. D F: Results for the methane pair potential.
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IX Methane pair reaction dynamics

In Fig. S11, the analysis of the dissociation dynamics of a pair of unpolar methane beads
in water is presented, using the same methodology that is employed in the main text for
the NaCl ion pair. MD simulations were performed analogously to th®ID simulations for
NaCl as presented in the methods section. The reaction coordinate is the relative distamce
along which a weak harmonic potential with force constark = 30 kJmol *nm 2 is applied

to increase the number of dissociation events. The memory kernel obtained from tH®
simulation data is shown in Fig. S11A and its integral in Fig. S11B as blue solid lines. In
contrast to the memory kernel of the NaCl ion pair shown in Fig. 2A, three exponentially
decaying components, according to Eq. (2), su ce to t the memory kernel satisfactorily
(yellow broken lines in Fig. S11A and B). Furthermore, the integral value of = 790 u=psis
only roughly half the value of that for the ion pair and is reached after abou?0 ps

In Fig. S11C the free energy obtained from th& D simulation is shown as a thick gray line
around the barrier, that separates theCP and the SSPin the rst hydration shell. In analogy

to Fig. 2C in the main text, a pro le for yrp is shown as a blue solid line, between the initial
position x; located at the minimum of the free energy, corresponding to theéP and varying

nal positions x¢, i.e. for the dissociation reaction of the methane beads. The association
reaction is not considered here, since its barrier is very small. According pro les fager as
obtained from a numerical simulation of theGLE Eq. (1) using the t to the memory kernel,
shown in Fig. S11A and the free energy shown in Fig. S11C, are shown in Fig. S11C as a blue
short-dashed line and exhibit good agreement with the pro les obtained directly from the
MD. Again, we compare to pro les for the overdamped Markovian limit, that are obtained
from Eq. (6), shown as a blue long-dashed line, as well as from numerical simulation of the
overdampedLE, Eq. (3) form! 0, shown as a blue dotted line. Similar to the NaCl ion
pair, the yep pro les of the methane dissociation dynamics of thé1D data are signi cantly
sped up when compared to the pro les in the overdamped Markovian limit. Therefore, also

in this system the reaction dynamics are signi cantly dependent on both inertia and memory
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friction, which is summarized in Fig. S11D, showing a contour plot of the dissociation times
mep as a function of and , the scaling factors of the memory and inertial time scales.

In Fig. S11E yrp in the simultaneous limit of small inertia and small memory times,; ! 0,

is shown as blue circles. Again, in this overdamped Markovian limit the analytical result from
Eqg. (6), ,\j‘,‘!(ps) = 39:56ps shown as a blue broken line, is approached, which was already seen
in Fig. S11C to be signi cantly slower than yep =(19:4 0:4) ps for the original dynamics,

= =1, which corresponds rather well to theMD data, wrp =(25:86 0:01)ps. This
limit is reached only for ; < 0:02 which is in contrast to the respective data for the NaCl
ion pair, presented in Fig. 2E, where the analytic limit is reached already for < 0:1
Therefore, when compared to the case of the NaCl ion pair, the dissociation dynamics of two
methane beads in water is relatively further away from the overdamped Markovian limit. Also
in the methane system there appears to be a signi cant cancellation of memory acceleration
and slowing-down due to inertial e ects, which is discussed in the following.

Fig. S11F shows how the dissociation dynamics of a pair of methane beads in water depends
on the memory-time scaling parameter. yep Obtained from GLE simulations are shown as
blue circles, that level to a constant value of Y&k = (42:2  0:8) psin the Markovian limit,

I 0, which is similar to the value of the overdamped Markovian limit o*® = 39:56ps in
Fig. S11C and likewise signi cantly slower than yep for the original dynamics, = 1. This
memory-induced acceleration is well predicted by GH theory, shown as a blue solid line in
Fig. S11F. In the Markovian limit the GH theory converges to the constant value of Kramers'
medium-to-high-friction theory (blue dotted line). In the long memory-time limit, yrp Show
a quadratic scaling with the memory time scale that is not captured by either theory, as
discussed already for the NaCl ion pair data in the main text. Interestingly, GH theory for

1 (as well as Kramers' medium-to-high-friction theory in the Markovian limit, ! 0)
agrees well with the yrp data of the GLE simulations. This suggests that the harmonic
approximations of the potential shape employed by both theories are rather good, which is in

contrast to the results presented for NaCl in the main text. However, a detailed analysis of
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Figure S11: Analysis of the reaction dynamics for a single methane pair in water, similar to
the analysis in the main text for a NaCl ion pair, using simulations of th&sLE Eq. (1) and
the LE Eq. (3). A, B: The memory friction kernel (A) and its integral (B) are shown as blue
solid lines together with a t according to Eq. (2), shown as yellow broken lines, which is a
sum of three exponentially decaying components (red broken lines). The t parameters are
given in the legend.C: Proles of yrp starting from the CP state, obtained directly from
MD simulations (blue solid line), from simulation of theGLE Eq. (1) (blue short-dashed
line), from the theory for the overdamped Markovian limit Eq. (6) (blue long-dashed line)
and from simulations of the overdamped.E, Eq. (3) for m ! 0, (blue dotted line). For
comparison the potential is shown as a gray solid line with the scale on the right side of the
plot. The positions of the extrema are indicated as vertical gray dotted lined: Contour
plot of wrp between theCP and the SSP states for rescaled inertial and memory times
determined by the scaling parameters and . The gray solid lines illustrate the parameter
combinations shown in detail in E G. E G: Scaling of the yrr for dissociation as obtained
from GLE simulations (blue circles) when changing memory times and mass simultaneously
(E), when changing only memory times (F) and when changing only the mass (G). Theoretical
predictions according to Kramers theory for medium-to-high friction (dotted lines) and by
GH (solid lines) are shown for comparison. Predictions by MM theory are shown in G as a
dash-dotted line. Further numerical data obtained for the overdamped Markovian limit using
Eq. (6) form! 0is shown in E (blue broken line) and for the Markovian limit using Eg. (3)
in F (blue dash-double-dotted line, which overlaps with the blue dotted line).
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the harmonic approximation with respect to the barrier height given in section 11l shows that
the good agreement is in fact fortuitous for the speci ¢ barrier height and due to cancellation
of competing honharmonic-potential e ects.
Fig. S11G shows the dissociation dynamics of a pair of methane beads in water as a function
of the particle mass, that is varied by the scaling parameter. The yrp data (blue
circles) only slowly saturates in the overdamped limit for < 0:01 to a value of about
odnon M: = 10 ps, indicating that the original dynamics, =1, is in fact slowed-down by
a factor of S%5°" M= \-n = 0:5 due to inertial e ects. The GH (solid blue line), Kramers'
medium-to-high friction (dotted blue line) and MM theories (blue dash-dotted line) that are
plotted here for comparison, do not model the data satisfactorily. In the inertial limit the
MM theory shows a di erent scaling than the other theories, yrp , which appears in
better agreement with the simulation data.
While for methane, nonharmonic potential e ects appear less important, the competition
of inertial and memory e ects on the dissociation dynamics is clearly visible also for the

methane data.
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X Simulation of the GLE

Simulations of the GLE, Eq. (1) in the main text,
Z t

mx(t) = (t 9x(Ydt® r U]+ (1); (S56)
0

using parametrized memory kernels with a sum of exponential andl oscillating components,

X e X e =7 sin(! it)
(O T sz o s 0T e 89D
are performed by Markovian embedding according #*

x(t) = v(t) (S58)

xn |
my(t)= r Ux@®]+  ayi(t) xOI+  alzt) xOI (S59)

i=1 i=1
fyi(t) = afx(t)  yi(t)]+ Fi(t); (S60)
zi(t) = wi(t) (S61)
miwi(t) = Pwi(t) + al[x(t)  z(t)]+ Fi(t): (S62)

Eq. (S59) Eg. (S62) are numerically solved using a 4th-order Runge-Kutta scheme in a
custom C++ implementation to obtain the trajectory of x. For the n exponential components

a = = F is obtained from the t parameters ° and £. m{ and & for the | oscillating

components are obtained from the t parameters?, °and!; by using

[o]

a?: 2 io(1+(;i i0)2) 1;
mp = % (S64)

(S63)

S-30



D. Supporting Information:
Pair-Reaction Dynamics in Water. Competition of Memory Friction, Inertia and the
Potential Shape

The random forceF; present in Eq. (S60) and Eq. (S62) is given by

p__
Fi= 2kgT it 1 (S65)
where is a Gaussian random distribution with zero mean and a standard deviation of one.

The memoryless LE, Eg. (3) in the main text,

mx(t) = x(t) r U@+ (1); (S66)

with a constant homogeneous friction as well as its overdamped limitm ! 0, are simulated
using a 4th-order Runge-Kutta scheme in a custom C++ implementation. The corresponding

equations for the LE Eq. (S66) are

X(t) = v(t) (S67)

my(t) = v(t) r UX@Ol+ Fr(t); (S68)
and for the overdamped limit
x(t)= r U]+ Fr(t); (S69)

whereFr(t) are again random forces given by Eq. (S65).

The full nonharmonic potential used in the simulations of theGLE and LE, U(x) =
ks T log(p(x)), is calculated directly from the distribution function p(x) obtained in the MD

simulations with a bin size 0f0:0025nm for the ion and 0:005nm for the methane pair. Inside

the range[0:27; 0:8]nm for the ion pair ([0:36; 1:0]nm for the methane pair), the gradient is

computed with a local linear t between the nearest data points ofJ(x). Outside of this

range the potentials are approximated using a least-square t to a polynomial of third order.

Most GLE simulations are performed with an integration timestep ofit = 2 fs = dt“P,
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Figure S12: Scaling of yep for the dissociation of NaCl in water from theCP state to the
TS as a function of the mass scaling parameterfrom simulations of the GLE. Di erent
symbols illustrate di erent simulation time steps, the time step used for the analysis and the
total simulation times are the same. Blue symbols denote data produced according to the
criterion introduced in the text and used for all data shown in the main text.

equivalent to that of the MD simulation, and every value is stored for the computation of
vep - Usually, ten independent simulations, each of a length &0ns, are run. For the
long-memory and inertial regimes, whereyrp are signi cantly larger, each simulation was
run instead for 200ns. Errors of yep, that are estimated from the standard error of the
mean across the ten simulations, are smaller than the size of the plot symbols.
When modifying the original masses and memory times to explore the overdamped and
Markovian limits, i.e for ; < 1, the simulation timestep is multiplied by a factor10, where
i = min(0; bl + log;s[min(; )]c), while only every10 '-th step is stored for the analysis. The
necessity for decreasing the simulation time step is illustrated in Fig. S12 for the dissociation
dynamics of the NaCl ion pair in water by showing e as a function of the mass scaling
parameter < 1. Dierent symbols denote di erent integration time steps, dt, while the
total length of the simulations and the time step used for the analysis is kept xed. It is well
visible that for < 0:01the gray circles (corresponding to data fodt = dtMP) deviate from
the data with smaller integration time steps, which clearly indicates discretization e ects.
Likewise, for < 0:001the gray squares (corresponding to data fait = 0:1dtMP) deviate
from the gray triangles. The criterion introduced above for choosing the integration time

step based on the values ofand is used for the data shown in blue, these results are not
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a ected by discretization errors.
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Fluctuation-Dissipation Theorem

Consider a Hamiltonian system under a perturbation by a time-dependent external
force F (t) coupling directly to an observableA(q; p), that is a function of positions q
and momentap, for example an external electric eld E(t) coupling to the polarization
P(g). Then the total Hamiltonian Hio will consist of an unperturbed part Ho and the
time-dependent perturbation Hqt),

Ho+ HYt) (E.1)
Ho A(g;pF(1): (E.2)

H ot

The e ect of the external force on any observable, expressed as the deviationB (t)
from the unperturbed mean Bg, de nes in the linear regime the single-sided linear
response function ga (t t9,i.e. ga(t)=0 fort< 0,

Z t
B(t) = ga(t  tYF (t9dt® (E.3)
1

Alternatively eq. (E.3) reads in Fourier space
B()= esa(t)F(!): (E.4)

The Fourier-transformed expressionega (! ) of the single-sided linear response function
sa (1) is also called the generalized susceptibility, which is a complex function consisting
of real €3, (! ) and imaginary parts e, (!)

ega(!) = eBa (1) + iegh (!): (E.5)

In some works the imaginary part is de ned with a minus sign. This is a matter of
convention, related to the de nition of the Fourier transform. In this work the forward
and backward Fourier transforms are de ned as

Z 1
) = dt "t f (t); (E.6)
Lz
171 .
f(t)= > dle " €1): (E.7)

1

e2, () in eq. (E.5) is called the reactive part and €3 (! ) is called the dissipative
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part, which becomes clear in the following derivation.

The dissipated energy from the system per period of tim& =2 =! of the perturbing
force F (t) is given by

Z
dHqt).,  1d° T _ :
th T T . hA(q; pF (t)idt (E.8)
T
=2 ma@pi—at (E.9)
T o
The real forceF (t) at the given frequency! is
z 1
F(t) = ZiRe (¢ 19’ %e " Aq0 (E.10)
1
= ZiReP?(! )e M (E.11)
= 4i B(l)e ™ + (1) (E.12)

where® (!) is the complex conjugate to(! ). Analogously the real deviation A(t)
from the unperturbed meanAg contributes to the energy dissipation and is expressed
through linear response as

PA(q; pi = ZA(t) (E.13)
= At OFO (E.14)
11 21
= 5 Re (19’0 % " Mepn (! Yd! © (E.15)
1
= 4i ean (1B e M + e (1P (1)e" (E.16)

Entering egs. (E.12) and (E.16) into eq. (E.9) one obtains

Zq
dHO(t)i: 1

- M i | | |
G T, @y emPOP ()
+iean (V)P (1)E() (E17)
+ terms containing e 2" idt:
The e 2" terms are time-averaged out and the real remainder is
dHHt). !
h#. = ﬁe,fi(z\(! (' (1) (E.18)

A (b (E19)
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which shows that the imaginary part of the susceptibility eOAOA (') is related to the energy
dissipation introduced by a forceF (t) that is conjugate to A(q; p) in the Hamiltonian.

In the following the generalized susceptibility eag (! ) will be related to the correlation
functions of the observables, which is the essence of the uctuation-dissipation theorem.
Consider the distribution function (q;p;t) of an N particle system described by the

perturbed Hamiltonian of eq. (E.2). Its time propagation is governed by the Liouville
operator

)’(N
L@y T o (E.20
)’{N
= Ho ~ Ho F (t) A A
i Pi di di Pi Pi di  di Pi
= Lo(a;@  F(t) L(a;p:; (E.21)
and
7 @p9= L@@p:) (g:p:0): (E.22)

Again the function (q;p;?t) is split into unperturbed o(qg;p and perturbed parts
(g;p; 1), as well as using the Liouville operator as given in eq. (E.21)

Tlot @M= [Lo F®) LiLo+ (V)] (E.23)
[ OI= Lo O+ F® Lo+[FH) L (1) (E.24)

The last term is neglected as it is small and eq. (E.24) is formally solved
z

t
(t) = di% @ OLopd L o (E.25)
1
Assuming a canonical distribution,r o(Hg) = kB—°Tr Ho, the integrand is expressed as
0
L o= LH E.2
0 T 0 (E.26)
A A
0
= —— —— H E.27
keT | Pidi dipi (£27)
= %A (E.28)

ke T
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where A_is de ned for the unperturbed systemHg to be

XN

A A

A= —q + —D E.29
i Qiq piQL ( )

A A
= —— —— Hyg: E.30
i Pidi di Pi ° ( )

Eqg. (E.28) is inserted into eq. (E.25)
1 4

0= 5 1 dt% (19 ¢ Lo oA (E.31)

Next the perturbation of another arbitrary observable B (t) is expressed in terms of
the perturbed distribution )

z z
B()= dg dpB(a;p (1) (E.32)
L Z z z,
= dN  dpVB 1 dt%F (1% ¢ Lo oA (E.33)
1 Z z NZ 3N (t tOL
" kT . dt% % dgN  dp*NBe 0 A; (E.34)

where the inner integrand is identi ed to be the correlation function in an unperturbed
equilibrium ensemble

Z Z
Bt t9A@M)Ii= dfV  dpNBe ¢ Lo A (E.35)
leaving us with the expression
1 Z+
B(t)= — dtF (9Bt tYHA()i: (E.36)
ke T 1

Comparison of eq.(E.36) with eq. (E.3) allows to relate the linear response function
ga (t  t9 to the correlation function in an equilibrium ensemble

aa(t 9= kngrB(t tYA()i: (E.37)

or equivalently
5 (1) = kBlTrB(t)Am)i: (E.38)
= Y ma©)i: (E.39)

kg T dt
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Rossi, M., Ceriotti, M. & Manolopoulos, D. E. J. Chem. Phys. 140,
234116 (2014), with the permission of AIP Publishing. . .. .. .. ..

1.14. IR and VDOS spectra and di erence spectra for4 M HCI solution from
experiment and ab initio molecular dynamics simulations with quantum
and classical nuclei. Reprinted from Napoli, J. A., Marsalek, O. & Mark-
land, T. E. J. Chem. Phys. 148, 222833 (2018), with the permission of
AIP Publishing. . . . . . . . . .

1.15. IR di erence spectra obtained from classical andCMD trajectories of
(a, left) aMS-EVB 3.2 and (b, right) MS-EVB 3.2 simulations of 1 HCI
agqueous system along with the experimentaRTR di erence spectrum.
Reprinted with permission from Biswas, R., Tse, Y. L. S., Tokmako ,
A. & Voth, G. A. J. Phys. Chem. B 120, 1793 (2016). Copyright 2016
American Chemical Society. . . . ... ... .. ... ... .......
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1.16.A, B: lllustration of the proposed active-site proton cage near the chro-
mophore of bacteriorhodopsin. Reprinted from Ref. 13], used under Cre-
ative Commons CC-BY license (ittp://creativecommons.org/licenses/by/4.0/ ).
C: Snapshot from the ab initio MD simulation of a water molecule and
an excess proton in between two carboxylate molecules. The reaction
coordinate for the proton transfer between the two carboxylates is the
distance between carboxyl group and water oxygeRRo.o,, and and the
excess proton's relative asymmetry to these oxygerBo.H RoyH- D:
Example trajectories of the Ro. 1 distances of the three central hydrogen
atoms in the system. The proton transfer is well visible as a fast jump
process by which protons 1 and 2 exchangg: The free energy of the
asymmetry coordinateRo.n Ro,H Shows an e ective barrier height
of about 3kg T for proton transfer between the two carboxyl group via a
Grotthus mechanism. . . . . .. . ... ... 36

1.17.A: Snapshot from the ab initio MD simulation of an excess proton and
two water molecules that are located in between a pair of carboxylate
molecules. The pink cylinder illustrates the con ning potential acting
on the water oxygen nuclei, which is centered on the axis connecting
the carbon atoms. The carbon atoms are fully constraint in theMD
simulations. B: IR spectra of the model system shown in Figure S13a
along di erent axes for di erent con ning strengths ( k in kg T=A?) of the
water molecules. For each gure,IR spectra along the X axis connecting
the fully constrained carbon atoms of the carboxylates are shown in
the upper panel and IR spectra in the YZ plane in the lower panel.
Reprinted from Ref. [7], used under Creative Commons CC-BY license
(http://creativecommons.org/licenses/by/4.0/ ). . . . . . ... ... ... 37
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1.18.A: Snapshots from the ab initioMD simulations of a proposed water cluster
near the chromophore of Agp2, including one side of the chromophore
with ring C and ring D, side chains H278 and Y165, that were each
truncated at the ring, three water molecules TW1, TW2 and W6 (see
Fig. 1 of Ref. [7]) and an excess proton, so that the total charge amounts
to 1e The pink circle illustrates the location of the excess proton during
the course of the non-equilibrium simulations. A number of constraints
is applied to model the con ning e ect inside the protein. The heavy
atoms of the chromophore and H278 are fully constrained, except for the
carboxylic side chain at ring C. Furthermore the water oxygen atoms are
constraint by a weak quadratic potential in all dimensions,k(x?+ y?+ z2),
with k = 0:04kg T=A2. Furthermore, for Y165, the oxygen atom of the
hydroxyl group and the carbon atom of the phenyl ring that connects
to the back bone of the protein are constrained by such a quadratic
potential with k = 0:04kg T=A2. A small number of simulations of this
non-equilibrium system are performed for each, BO and D,O, under
NVT conditions at 300K using a simulation time step of0:5fs. All show
a transfer of the excess proton to Y165 as a Grotthus process within the
rst 5ps, in some simulations the excess proton is further transferred
to the nitrogen atom of the keto group at ring D. Interestingly, in some
simulations, Y165 is protonated at the phenyl ring, before the proton
from the hydroxyl group is released, which probably presents another
meta-stable state. Each simulation is run for about5ps to 7:5ps or until
the keto group at ring D is protonated, which is considered the meta-
stable reference con guration. The rst 0:1ps are truncated for initial
fast equilibration. B: IR spectra of the model system shown in Figure
S13b. ThelR spectra are averaged over three non-equilibrium simulations
for H,O, ve non-equilibrium simulations for D ,O and all dimensions.
Reprinted from Ref. [7], used under Creative Commons CC-BY license
(http://creativecommons.org/licenses/by/4.0/ ). . ... ... .. .... 39

1.19. IR absorption spectra obtained from ab initio MD simulations of pure
water (blue solid line, BLYP -D3 quality) and normal modes calculated
from a single water molecule on the same level (vertical gray broken lines)
[1]. The black broken line shows an experimental spectrum [198]. . . .. 43
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