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Abstract

This thesis involves quantum mechanical studies of diatoms embedded in cryogenic envi-
ronments. Computer simulations are performed on three molecular systems with the aim of
disclosing the role of the interactions of the diatoms with their environment in the dynam-
ical mechanisms of chemical reactions. It gives, therefore, a contribution to the transition
of chemical reaction dynamics from the gas phase to the condensed phase. The complexity
of such interactions increases along this work, from the elementary caging effect, until the
active role of the environment in chemical reaction. The quantum mechanical treatment
of many-body systems makes extensive use of the Born-Oppenheimer approach or even
calls for going beyond it. Along this work a multi-stage hierarchical adiabatic separation
scheme is applied in order to study different classes of degrees of freedom (DOF') of interest
separately, even though approximately.

Two dimensional quantum dynamics simulations are carried out on the double proton
transfer system embedded in the frozen scaffold of a porphine molecule. Starting from a
non-equilibrium initial state a switch from synchronous (or concerted) to sequential (or
stepwise or successive) breaking and forming of the two hydrogen bonds is observed. The
wavepacket dynamics is analyzed in terms of the probability densities and flux densities.
Quantitative results are inferred from the time evolutions of the populations in various
regions of the potential energy surface (PES). The switch from the synchronous to the
sequential mechanism is mediated by two effects: The wavepacket dispersion in time, and
the relief reflections of the broadened wavepacket from the steep repulsive wall close to the
minimum for the product. Both of them are directly connected to the landscape of the
PES determined by the environment, i.e. the porphine scaffold.

The second study is concerned with the photo-dissociation dynamics of molecular bromine
embedded in an Ar crystal upon laser excitations from the ground X to the electronically
excited B state. Although the definitive internal bond breaking is prevented by caging ef-
fects of the environment, the investigation of the non-adiabatic transition (predissociation)
between the bound B and the dissociative doubly degenerate C' states is central for the
understanding of the role of the matrix in the predissociation mechanism. The lattice is
taken to be frozen with exception of the cage surrounding the impurity. The five dimen-
sional model includes two anharmonic reaction coordinates, describing the Br-Br bond and
a collective displacement of the caging atoms, and three additional vibrational modes of
cage fragments. Laser control is performed with the aim to promote predissociation. Res-
onant vertical transitions from vibrationally preexcited eigenstates of the Bry coordinate
in the X state are used to access different Franck-Condon windows in the B state. The
largest predissociation yield is observed from the v = 8 vibrational eigenstate, since this
supports formation of a wavepacket in the B state with energy close to the B — C' level
crossing. Optimal control theory is used in order to achieve vibrational preexcitation via

the C state. The ultra-short shaped light pulse is essentially constituted by four subpulses



triggering a pump-dump-type mechanism. The first and fourth subpulses are resonant to
the vertical C' <— X (v = 0) and the X (v = 8) - C transitions, whereas the second and
third subpulses have negative chirps covering the frequency range between the first and
four subpulses.

In the third part of the thesis the structure and energetics of a Cly molecule embedded in
the parahydrogen crystal is investigated. The aim is the characterization of the initial state
for Cl + Hy — HCI + H chemical reaction, which has been experimentally observed upon
simultaneous UV+IR laser irradiation. The role of the environment is fundamental for the
understanding of the dynamical mechanism of the reaction, since it becomes a reactant
itself. The many-body system is approximated in a pairwise fashion, neglecting three-
body terms. The Clo-pHy and pHa-pHo pair potentials are obtained by adiabatization of
four-dimensional quantum chemistry potentials with respect to the rotational DOF of the
hydrogen molecule(s) in a rigid rotor approximation. These potentials are used in order
to grow the energetically lowest cluster sequence by means of classical simulations. A
first-shell structure is found with the Cly molecule occupying a single substitutional site
of a fcc cluster pointing along the <001> crystallographic direction. The translational
zero-point energies (ZPE) and wavefunctions of solvent and solute molecules in the matrix
are calculated within the three dimensional Einstein model revealing large ZPEs compared
to the well depths of the pair potentials, even for the heavier Cly molecules. For the
first time, relaxation of the cage around the pHy and Cls molecules for the pure and doped
crystals, respectively, is simulated in order to mimic the flexibility of translational quantum
matrices. Comparison of the results obtained within the rigid and the non-rigid lattice
approaches show that the translational time-scale of the individual hydrogen molecules
is much shorter than the one needed by the surrounding molecules in order to relax, so
that the rigid model more closely reproduces experimental data. The situation is reversed
for Clg, since it translates more slowly due to its heavier mass, so that the simulation of
a softer environment may be more adequate. The rotational energies and the rotational
wavefunctions of the Cly molecule in the matrix are evaluated within the Devonshire model
disclosing that within both the rigid and non-rigid lattices the impurity cannot rotate
freely, but actually librates around definite crystallographic directions implying librational
7ZPEs. Moreover, relaxation of the cage shows substantial changes on the landscapes of
the rotational PESs, which favour librations around different crystallographic directions
in the rigid and in the non-rigid lattices. A comparison with the pHy translational ZPEs
suggest that the solvent molecules easily follow the Cly rotations, so that the simulation

of the non-rigid lattice may be required.
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Kurzfassung

Die vorliegende Arbeit umfasst quantenmechanische Untersuchungen zweiatomiger Sys-
teme, die in ultrakalte Umgebungen eingebettet sind. Fiir drei verschiedenen moleku-
lare Systeme werden Computersimulationen durchgefithrt mit dem Ziel, den Einfluss der
Wechselwirkung der Diatome mit ihrer Umgebung auf die Dynamik chemischer Elemen-
tarschritte aufzudecken. Somit soll ein Beitrag zur chemischen Reaktionsdynamik beim
Ubergang von der Gasphase zur kondensierten Phase geleistet werden. Dabei steigt die
Komplexitiat der Wechselwirkungen fiir die drei untersuchten Systeme, vom elementaren
Kéfigeffekt beim Bindungsbruch bis hin zur aktiven Rolle der Umgebung in einer chemis-
chen Reaktion. Die quantenmechanische Behandlung der Vielkorper-Systeme basiert in
weiten Teilen auf adiabatischen (Born-Oppenheimer) Néherungen oder geht sogar dariiber
hinaus. In dieser Arbeit wird eine mehrstufiges, hierarchisches adiabatische Approxima-
tionsverfahren entwickelt, das es uns ndherungsweise erlaubt, verschiedene Klassen von
Freiheitsgraden separat zu betrachten.

Das doppelte Protonentransfer-System im eingefrorenen Geriist eines Porphin-Molekiils
wird mit zweidimensionalen quantendynamische Simulationen modelliert. Ausgehend von
einem Nicht-Gleichgewichtszustand kann ein Umschalten von synchronem (konzertiertem)
zu sequentiellem (schrittweisem) Brechen und Neubilden der zwei Wasserstoffbriicken-
bindungen beobachtet werden. Die entsprechende Wellenpaketdynamik wird in Hinsicht
auf Wahrscheinlichkeitsdichten und -fliisse analysiert. Quantitative Ergebnisse werden aus
der Zeitentwicklung der Populationen in verschiedenen Bereichen der Potentialenergiefliche
erschlossen. Der Wechsel vom synchronen zum sequentiellen Mechanismus wird durch zwei
Effekte vermittelt: Zum einen die Dispersion des Wellenpaketes mit der Zeit, zum anderen
die Reflektionen des verbreiterten Wellenpaketes an den repulsiven Wanden des Potentials
in der N&he des Minimums fiir das Produkt. Beide Effekte stehen in direktem Zusammen-
hang mit der Potentialenergie-Landschaft, die durch die Umgebung des Porphin-Geriistes
gegeben ist.

Die zweite Studie behandelt die Photodissoziations-Dynamik von Brom-Molekiilen, die
in einen Argon-Kristall eingebettet sind, nach Anregung vom Grundzustand (X) in den
elektronisch angeregten B-Zustand. Auch wenn der endgiiltige Bindungsbruch von Ki-
figeffekt der Umgebung verhindert wird, ist die Untersuchung des nicht-adiabatischen
Uberganges (Pridissoziation) vom gebundenen B- zum dissoziativen und zweifach en-
tarteten C-Zustand fiir das Verstdndnis des Einflusses der Matrix auf den Prédissoziations-
Mechanismus von zentraler Bedeutung. Dabei wird das Gitter der Edelgas-Atome als starr
angenommen, mit Ausnahme des Kéfigs aus den Atomen, die die das Gastmolekiil direkt
umgeben. Dags fiinfdimensionale Modell umfasst zwei anharmonische Reaktionskoordi-
naten, die die Br-Br-Bindung und eine kollektive Auslenkung der Kéfigatome beschreiben,
sowie drei weitere Schwingungsmoden des Kifigfragmentes. Die Laser-Steuerung wird
mit dem Ziel durchgefiihrt, Pridissoziation zu beférdern. Resonante vertikale Uberginge
werden verwendet, um verschiedene Franck-Condon-Fenster im B-Zustand zu erreichen,
wobei die Schwingung des Bro Molekiils im X-Zustand vorher angeregt wird. Die grofste
Pridissoziations-Ausbeute wird vom v=8 Schwingungs-Eigenzustand aus beobachtetet,
da dieser zu einem Wellenpaket im B-Zustand mit Energie nahe der B-C Durchschnei-



dung fithrt. Die Theorie der optimalen Steuerung wird verwendet, um die Schwingungs-
Voranregung iiber den C-Zustand zu erreichen. Der ultraschnelle geformte Lichtpuls wird
im wesentlichen aus vier Subpulsen gebildet, die einen Anregungs-Abregungs-Mechanismus
auslosen. Der erste und vierte Subpuls sind resonant zu den vertikalen C' <— X (v = 0) und
X (v =8) < C Ubergiingen, wihrend der zweite und dritte Subpuls mit ihren abfallenden
Frequenzen den Bereich zwischen dem ersten und vierten Subpuls abdecken.

Im dritten Teil der vorliegenden Arbeit werden die Struktur und die Energetik von Cls
Molekiilen untersucht, die in einen para-Hs Kristall eingebettet sind. Das Ziel ist die
Charakterisierung des Anfangszustands fiir die chemische Cl + H o — HCl + H Reak-
tion, die in Experimenten mit gleichzeitiger UV + IR Laserstrahlung beobachtet wurde.
Dabei ist hier fiir das Verstindnis der Reaktionsdynamik die Rolle der Umgebung von
grundlegender Bedeutung, da sie selbst einen der Reaktanden darstellt. Die Vielkorper-
Wechselwirkung wird durch die Summe aller paarweisen Wechselwirkungen approximiert,
wobei Drei-Kérper-Terme vernachléssigt werden. Die Cls-pHs und pHo-pHs Paarpoten-
tiale werden quantenchemisch in vier Dimensionen berechnet und dann beziiglich der Ro-
tation des/der Wasserstoff-Molekiile(n) adiabatisiert, wobei die Ndherung der starren Ro-
toren verwendet wird. Die resultierenden Potentiale werden verwendet, um zunéchst das
Wachstum kleiner Cluster an Hand der energetisch niedrigsten Cluster-Sequenz mit Hilfe
klassischer Simulationen zu untersuchen. Als erste komplette Solvatationshiille ergibt sich
eine fcc-dhnliche Struktur, bei der das Cly Molekiil einen mono-substitutionellen Platz ein-
nimmt und entlang der kristallographischen <001> Richtung ausgerichtet ist. Die transla-
torischen Nullpunktsenergien und die zugehorigen Wellenfunktionen der Gastmolekiile und
der Molekiile des Wirtskristalles werden im Rahmen eines dreidimensionalen Einstein-
Modells berechnet. Dabei zeigt sich, dass die Nullpunktsenergien im Vergleich zu den
Topftiefen der Paarpotentiale groksind, sogar fiir die schwereren Cly Molekiile. Zum ersten
Mal wird auch die Relaxation des Kéafigs um die pHs und Cls Molekiile fiir die reinen bzw.
dotierten Kristallen simuliert, um die Flexibilitdt der translatorischen Quanten-Matrizen
zu modellieren. Ein Vergleich der Ergebnisse fiir die starren und nicht-starren Gitter zeigt,
dass die translatorische Zeitskala der einzelnen Wasserstoffmolekiile viel kiirzer ist als die
Zeit, die die umgebenden Molekiile zu ihrer Relaxation beniitigen, so dass die starren
Modelle die experimentellen Daten besser wiedergeben. Die Situation fiir Cly Molekiile
ist umgekehrt, da sie sich aufgrund ihrer h6heren Masse langsamer bewegen, so dass die
Simulation mit einer flexiblen Umgebung angemessener erscheint. Die Rotations-Energien
und -Wellenfunktionen des Clo Molekiils in der pHe Matrix werden im Rahmen eines De-
vonshire Modells berechnet, wobei sich zeigt, dass sich die Gastmolekiile weder in den star-
ren noch in den nicht-starren Gittern frei drehen kénnen, sondern tatséichlich Librations-
Schwingungen um bestimmte kristallographische Richtungen ausfiihren, was insbesondere
auch eine Nullpunktsenergie impliziert. Dariiber hinaus filhrt die Relaxation des Kéfigs zu
wesentlichen Anderungen in den Landschaften der Rotationsenergieflichen, die Libratio-
nen um verschiedene kristallographische Richtungen in den starren und in den nicht-starre
Gittern favorisieren. Ein Vergleich mit den Energien der pHy Translation legt nahe, dass
die Umgebungsmolekiile den Cly Drehungen leicht folgen konnen, so dass die Simulation
mit nicht-starren Gitter nétig ist.
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1 Introduction

Understanding the dynamical mechanisms of chemical reactions is central in physical chem-
istry. Characterization of energetic states of particles in reactive collisions relies in general
upon spectroscopic techniques, because of the uniqueness of atomic and molecular spectra.
In the gas-phase, information about the initial conditions of reactants and products, such as
the kinetic energy or the angle of orientation, at the moment of the collision are lost, since
they are eventually averaged. Spectroscopic investigations have been therefore proposed in
solid-matrices, where the reactant molecules are fixed in well-defined positions. In the last
decades matrix isolation techniques developed ideal conditions for such spectroscopic and
also for photochemical investigations [1-7]. The molecular system of interest is trapped in
an unreactive matrix, i.e. the host-guest interactions are weak or even negligible. Natural
candidates for such host matrices are therefore inert species, such as close-shell rare gas
atoms [1-4] or hydrogen molecules [5H7], which present crystalline structures with a broad
optical transparency in their solid state at low temperatures. Thus, their very low melting
points call for a spectroscopy at cryogenic temperature, where the system lies preferably
in its ground state and information about the initial conditions are known. Moreover,
the solvent first electronic excitations are found at much higher energies (10-12 eV [2,8])
than the solute electronic transitions which allows for recording their spectral responses
upon light interrogation similarly as in the gas-phase. Even more interesting in the field of
quantum reaction dynamics has been the development of ultra-fast lasers, which permits
to excite specific modes in the system with the aim of controlling the dynamics of the
hosting molecules [4], as for example, the excitation of specific lattice phonon modes. In
this case the weak solute-solvent interactions are actually of interest and present even a

major challenge.

The above-mentioned experimental conditions are also suitable for theoretical treatments
such as quantum chemistry and quantum dynamics, since they generally rely on the valid-
ity of the Born-Oppenheimer approximation [9-12] for the study of the molecular system
and approximate low-dimensional models. Quantum calculations are in fact expensive, and
simulations are mostly carried out in reduced dimensionality. Finally, cryogenic tempera-
tures are the closest phenomenon to an ideal frozen environment, which allows to focus on
the subpart of interest of the system, i.e. the solute or guest molecules. Furthermore, the
calculation of the multi-dimensional matrix interaction potentials is also simplified by the

approximate pairwise additivity of two-body forces, which accounts for 90-95% of the total



1 Introduction

solvent-solvent interaction energy. In particular, the isotropic solvent-solvent pair poten-
tials are known to high precision from experiment. Finally, the three-body interactions are
in general well approximated by the Axilrod-Teller-Muto potentials, which contain triple-
dipole polarization terms |2]. The use of hydrogen as hosting species poses some more
challenges to the theoreticians, since one has to deal with additional degrees of freedom,
such as molecular rotations and vibrations, which where absent in the case of noble gas
atoms, and which are connected to many quantum effects because of the lighter mass, such

as partial flexibility of the quantum crystal [13}14].

The present thesis comprehends quantum dynamical studies of three different molec-
ular systems at cryogenic temperatures. One entire chapter is devoted to each of three
topics, which deserve their own introduction and conclusion. Therefore, only a short sur-
vey is provided here on the topics themselves emphasizing the common aspects. Since
the investigations are carried out in the same quantum mechanical framework, the second
chapter contains the whole theoretical background required along the thesis. The first
part is consecrated to the Born-Oppenheimer approach, which pervades the entire thesis,
even though it aims at the observation of different phenomena depending on the molecular
system. Adiabatic separation is a useful tool, which simplifies the study of a molecular sys-
tem by considering its degrees of freedom to be independent, so that they may be treated
separately. This assumption is not always valid, but has permitted several generations of
scientists to gain insights in the molecular systems observed. An adiabatic separation relies
essentially on different masses and different contents of energy of the dynamical degrees
of freedom, thus the larger the difference between such contents of energy is, the safer is
the corresponding adiabatic separation. On the one hand, the motion of the degrees of
freedom showing fast dynamics. i.e. the light particles, can be averaged, so that the system
is then described by its quantum mechanically properties. On the other hand, the degrees
of freedom showing a slow dynamics, i.e. the heavy particles, can be considered frozen,
so that a classical approximation is then applied by considering fixed particle positions
instead of distribution functions. Since a system formed by N particles has 3N degrees
of freedom, when trying to isolate the ones of interest, several consecutive adiabatic sep-
arations may be applied to the system. This is addressed in chapter two as "multi-stage
adiabatic separation” and has been in particular adapted to the hydrogen matrix system.
The second part of the chapter two is a review of the quantum chemistry and quantum
dynamics methods involved in the research. Afterwards, the three topics are presented
individually.

In the first topic quantum dynamics of the double proton transfer reaction of the bio-
logical system porphine is investigated, where the molecular scaffold can be seen as the
matrix embedding the two-proton subsystem. Attention is focused on the long-standing
debate, whether the two proton exchange their equivalent positions synchronously or se-

quentially. Despite of the many approximations involved, the two dimensional analytical



potential taking into account just the linear motions of the two protons and their coupling,
and ignoring therefore the scaffold-matrix dynamics, served well for the proof of principle

disclosed there.

The second and third topics investigate the two halogen molecules Bra and Cly embedded
respectively in a Ar and Hs matrices, even though with two different purposes. In the fourth
chapter laser-driven quantum dynamical reactions are simulated on the Bro@Ar system.
Attention is focused on controlling the predissociation dynamics of Bra through electronic
excited states by using ultra-fast laser pulses. The quantum simulations involve therefore
non-adiabatic vibronic coupling terms between electronic states, which are included in
the diabatic multi-dimensional potential energy surface obtained within the Diatomics-
In-Molecule (diabatic) approximation. Thus, by means of a Group Born-Oppenheimer
approximation [10L|11] we select the relevant subgroup of electronic states, even though by
treating non-adiabatic coupling terms within that group we are actually going beyond the

Born-Oppenheimer approximation [10-12].
In the fifth chapter the Clo@pHsy system is studied prior to laser excitations. Attentions

is focused on the structure and the energetics of the doped quantum crystal in the electronic
ground state in order to prepare the system to form HCI in situ upon combined UV/IR
irradiation [15,[16]. Intuitive, low-dimensional models are applied for taking into account
the quantum effects such as the rotations and the large and strong anharmonic translational
zero-point energy typical for solid hydrogen, as well as the the rotations of the solute, which
could be simply hindered by matrix or even reduced to librations involving therefore again
a zero-point energy. All degrees of freedom of the reactants play a role in the system, so
that one has to consider them all. The validity of the many adiabatic separations involved
is discussed both when calculating the pHa-Clo and pHe-pHy pair potentials needed for the
evaluation of the matrix interaction potential energy surfaces in terms of two-body forces,
and when treating the solvent translational and solute translational and rotational degrees

of freedom within the matrix.

Thus, even though we investigate three different systems, the common aim is to describe
chemical processes of small molecules embedded in an environment quantum mechanically.
Molecular spectroscopy as well as reaction dynamics of three body systems are well un-
derstood in the gas phase and full quantum mechanical models are straightforward. It is
the aim of this thesis to move towards the understanding of physical chemical processes
of molecular systems in the condensed phase. This poses more challenges because of the
interactions with the environments, so that crystallized systems or frozen environments at
cryogenic temperatures are still simplified prototypes. Nevertheless, the interactions with
the environment must be included when developing theoretical models, which in princi-
ple means to account for all possible degrees of freedom of hosting and guest molecules,
i.e. rotational, translational, vibrational, electronic motions. Thus, it becomes difficult to

have a full quantum mechanical description of these systems and one has to focus just on
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certain aspects. For this reason mixed classical-quantum mechanical approximate models
are often applied and/or are commonly based on the Born-Oppenheimer approximation,
generally called also adiabatic separation, where two or more molecular degrees of freedom

with rather low energies are taken into account individually.



2 Theoretical Concepts

2.1 Overview

The investigation carried out throughout this work is based on time-independent (TT)
and time-dependent (TD) Quantum Mechanics (QM). In this chapter the reader will be
introduced to the theoretical concepts underlying the methods employed. In section [2.2]the
Born-Oppenheimer approach is presented and the Schrodinger Equation in its adiabatic
picture is derived. The second section is an introductory review about the different
Quantum Chemistry methods used throughout this work. Finally, in the third section
the Multi-Configurational Time-Dependent Hartree (MCTDH) method used in order to

carry out the numerical Quantum Dynamics simulations, is discussed.

2.2 The Born-Oppenheimer Approach

2.2.1 The Born-Oppenheimer Approximation

QM is a branch of physics born in the early 1900’s, after a number of experimental ob-
servations, such as for example the emission of discrete quantities of energy (quanta) from
the black body by Planck or the photoelectric effect could not be interpreted within the
classical mechanics picture anymore. A new paradigm was developed in physics which was
well supported by de Broglie in the wave-particle duality at the atom-scale: on the one
hand, particle-like properties were recognized to the waves (photons) by Einstein, on the
other hand, wave-like properties were recognized to the particles (electrons) by Compton.
Thus, at the microscopic scale Newton’s laws give way to the Time-Independent (TISE)

and Time-Dependent Schrodinger Equation (TDSE), respectively,

Etot|\IJtot> } _ I:It t{ ‘\I’t0t> (21)
ih%’qjtot(t» ° Wit ()

where Hy; is the total Hamiltonian, the operator corresponding to the total energy Fiot
of the system, and |Wio) and |Wiot(t)) are, respectively, the time-independent and time-
dependent full particle wavefunctions expressed in the Dirac notation. In the TISE the

total Hamiltonian and the wavefunction are always time-independent. In the TDSE the
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wavefunction is strictly time-dependent, however, the total Hamiltonian can be both inde-
pendent of, or dependent on, time according to the system and/or the phenomenon to be
described. For example, the 2-dimensional model system of Porphine presented in Chap.
it is assumed to not exchange energy with the ambient, which implies conservation of the
total energy of the system, so that the Quantum Dynamics simulations are carried out
by solving the TDSE for a time-independent total Hamiltonian. In turn, in Chap. {] the
Bro@Ar system is excited by an external electromagnetic field changing in time, imply-
ing a non-conservation of the total energy of the system and the total Hamiltonian being
time-dependent.

The TISE is an eigenvalue equation, Fiot and |Wye) being its eigenvalues and eigenfunc-
tions, respectively. It is widely used in the first part of Chap. [5] since its solution allows for
the calculation of the Cla-Ho 2-dimensional potential energy surface and of the pHe-pHsg 1-
dimensional potential energy curve, in terms of which the energetics of a chlorine molecule
embedded in a para-hydrogen crystal (Clo@pHs) at cryogenic temperatures is described.

The wavefunction is a mathematical function providing information about the probabil-
ity amplitude of position and momentum of the particles. Thus, the Schrédinger equations
give the most complete non-relativistic description to a physical system!, since they de-
scribe both its microscopic and macroscopic properties, but at the same time they are very
difficult equations to deal with.

The Born-Oppenheimer (BO) approximation [9], also known as adiabatic separation,
is a well-known concept in theoretical chemistry and physics, based on the very general

separation of the particles into heavy and light ones, under the assumption the mass ratio
=
The mass of the heavy and light particles are M and m, respectively. The idea is, in fact, to
try to separate the total Hamiltonian I:Itot(ﬁR, ﬁ, ﬁr, 7) of the system in Eq. into two

contributions: a heavy particle Hamilton operator ﬂheavy(ﬁ R, ﬁ) containing the kinetic

1
whose inverse squared, ( %) 2 is often called adiabatical parameter, to be large enough.

energy of the heavy particles, with coordinates R and gradient with respect to them, v R,
as well as the interactions between the heavy particles, and a light Hamilton operator
I:Ihght(ﬁr, 7 ]:f) containing the kinetic energy of the light particles with coordinates 7 and
gradient with respect to them, 67«, the interactions between the light particles as well as

the interactions between heavy and light particles.

I:Itot(ﬁRa R, ﬁra F) = I:Iheavy(ﬁRa ﬁ) + I:Ilight(ﬁra 7?; é) ; (22)
I:Iheavy( _’Ra ﬁ) = Theavy( _’R) vheavy,heavy (ﬁ) ) 2-3)
Hiigni (Vi 5 R) = Tlignt (V) + Viignt tight (75 B) + Viight heavy (73 B) ,  (2.4)

'In the more particular case of molecular systems, the description of bosons and fermions, in q
accordance with the Pauli principle, is not directly covered by the Schréodinger equation and must
be introduced as a constraint when representing the wavefunction, ¥
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where the kinetic energy operators are expressed in terms of the momentum operators in
QM, P = —ihV g and §= —ihV, 2:

. - k2

Theavy(vR) = _WAR ) (25)
. - K2
Tlight(vr) = _%Ar . (26)

In order to solve the TISE and TDSE, Born and Oppenheimer proposed to expand the

total wavefunction in terms of the light wavefunction. The so-called BO-expansion reads

‘\Iftot(é, 7?, t)) = Z ’\Ijl(lqe)avy(ﬁh ﬁg, ...EN,t>> ‘\I/hght(rh???’ veuy Fn; El, ﬁg, EN)> y (27)
q=0

where, in the case of the TISE, one just has to drop the time-dependence in the equation.

N and n are the total numbers of heavy and light particles, respectively, and ¢ is a quantum
(q)

heavy
only on the set of coordinates R = ﬁl, éz,. RN, whereas the light wavefunctions W7

number running, in general, from zero to infinity. The heavy wavefunctions ¥ depend

(9)

light
depend on the set of coordinates 7 = 71,75, ..., 7, as well as parametrically on the set of

coordinates R. Moreover, the complete set of light wavefunctions is orthonormal:

\Ill(;lg)}1t’\1/11ght> = 5(1(1' : (28)
The light TISE is defined as
(g (V. 75 B) — B (R)| W0, (75 R)) =0, (2.9)

where the set of eigenvalues, El(iqg)ht(]:f), define the so-called adiabatic energies of the light

particles. Please note that the coordinates 7 are averaged out by solving the light TISE.

Hence, the heavy particles feel only an interaction with the light ones, which is averaged

2The choice to express the total energy in terms of kinetic energy depending only on the derivative
with respect to the position coordinates, the v operators, and the interactions, or rather the potential
energies, depending only on the position coordinates themselves, is not the most general one. For
example, the use of non-Cartesian coordinates, which might be a better choice for describing certain
systems, would make the kinetic energy to become coordinate-dependent. In turn, the presence of a
magnetic field would make the potential to depend, classically speaking, on the velocity of the particles
and hence on the momentum operators, V. As a final remark, it is mentioned that in general the form
of the momentum operator could be conveniently rethought case by case. This notation used here is
anyway preferred since the approximation will be later applied to molecular systems without involving
any magnetic field.
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over all their possible positions since they move much more rapidly.

(U0 (7 B) [ Fliigne (V7 B) U0 (7 R)), = B (R) . (2.10)

In the following it shall be useful to consider

vvlggfqt(é) El(é)ht(é) + vheavy,heavy(ﬁ) 9 (211)

which defines the potential energies governing the dynamics of the heavy particles. In
heavy(R,t)>, the
BO-expansions of Eq. 2.7] are now inserted in Eq. 2.I] Multiplication from the left by

<\I'1(iqg:1)lt(f’; R)| with ¢ # ¢ and integration over the light coordinates finally leads to

order to derive the coupled equations for the expansion coefficients |W

@ g@ 0 2
Eeav‘ eav )> h / R
T A S| T T

Zhat ‘\Ijheavy(R t)) q'=0
W (0-de) 5 =) @10 (R))
A 27—_»111 q) . Vi + 7—_*2‘1 q heavy 7(212)
o ) Wy (R 1)

where the explicit form for the kinetic operator for the heavy particles given in Eq.
was used. Eqgs. are the TISE and TDSE within the adiabatic representation. The
first two terms are diagonal matrices, with the Wfl(gh)t(R) being the sum of the interactions
between the heavy particles and the adiabatic potential energies resulting from the average
of the light particle Hamiltonian with respect to the light densities, as already mentioned
above for Eq. 2.1I] The third term couples the motions of electrons and nuclei through

the two matrices, Tl(q 9 and FQ(q,q)

, which are, therefore, called the first and second order
Non Adiabatic Coupling Terms (NACT), and is inversely proportional to the mass, M, of

the heavy particles. The definitions of the NACTs are

FOVNR) = (WL (7 R)VRWD, (7 R)), | (2.13)
AIVNR) = () (7 R)| ARV, (7 R)), | (2.14)

so that they are matrix representations of the gradient and the Laplacian operator in the

~(qd'q) -

basis of the light wavefunctions, respectively. The 7" % is an off-diagonal matrix, whereas

72(q 9 is a full matrix. They also have the following interesting properties [10,[12]:

(Fl(QQ))* _ 1(qq)’ (215)
7jz(q’q) — Vg e(q q) +7fl(q’q) 1(qq) 7 (2.16)
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(@q)

( Q), is rewritten in terms of 7;

where 7, . Moreover, by using the extended Hellmann-

Feynman theorem, the first order NACT can be otherwise expressed as [10L|12]

o B (Vg (V7 R) ) [0
(R) =

, (2.17)

E(Q)

llght(é> - E(q ) (é>

light

where, instead of the diagonal elements, as in the traditional Hellmann-Feynman theorem,

the off-diagonal elements with ¢’ # ¢, are taken. Eq.[2.17|shows that the magnitude of Tl(q/@

is inversely proportional to the energy gap between the two states, ¢ and ¢, considered.
In the traditional Hellmann-Feynman theorem, derivation of the Hamiltonian with respect
to the positions of the particles results in the averaged forces acting on them. Thus, the
numerator in Eq. has also the unit of a force. Moreover, this equation highlights the
link between the first order NACTs and the topography of the eigenstates, since ﬁ(q’q)

shows a singularity whenever two eigenstates are degenerate.

2.2.2 Adiabatic Separation (AS)

For the while being, no approximations have been introduced, since the BO-expansion in
Eq. is assumed to be complete. However, the solution of the heavy TISE and TDSE in
Eq. [2.12|requires the infinite set of eigenvalues El(iggt
potential energies ngggt(ﬁ) and eigenfunctions \Ill(fg;})lt (7 R) from the light TISE in Eq.[2.10

since they are needed for the calculation of the NACTs of first and second order.

(R) in order to calculate the adiabatic

The BO-approximation enters the discussions at this point by simply neglecting the third
(coupling) term of Eq. [2.12] which reduces the number of eigenvalues to be calculated. The
new TISE and TDSE read:

i(a) 53 2 7@ (B

E R , v (R

heavy| heavy( i }_ <_hA “hﬁéfn(fi)){ | heaW() ;o (218)
ing |0 (R, 1) 2M B0 (R, 1))

where the motions of the heavy and light particles are now decoupled from each other,

but, due to the adiabatic approximation, the eigenvalues E}(;Z;Zwy are different from E}(lg)avy

in Egs. [2.12] The same applies to the wavefunctions, i.e. \\I/heavy( R)) \\Ifheavy( R)) and

"llheavy(R7 t)> 7é ‘\I’heavy(R’ t>>
Since the neglected coupling term is inversely proportional to the mass, M, of the heavy

particles, its magnitude is proportional to the adiabatic parameter (%)%, which indeed
dictate the limits of applicability of the BO-approximation. Additionally, the magnitude
of the coupling term depends on the magnitude of the NACTs themselves and on the action
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of the nabla operator dot-multiplying Fl(q/q) (that is the momentum operator —i%ﬁR) on
the heavy wavefunctions. For the NACTSs to be small enough, the light wavefunctions have
to change as little as possible when varying the position of the heavy particles (see Eq.
and Eq. , whereas the effect of the nabla operator is the smaller, the slower the heavy
particles move. The last condition connects the use of the words adiabatic and diabatic
in the BO-approach to the concept of "adiabatic process” in thermodynamics, where the
terminology actually comes from, where systems are said to behave “adiabatically” or
“diabatically” when e.g. the temperature changes slowly or rapidly, respectively. Recalling
Egs. one can equivalently state that 7__,1(q’q) is small whenever the energy gap between

—

two eigenvalues, E. (7 (R) and EY

—

(R), and subsequently also between the corresponding

light light
adiabatic potential energies, Wflggﬁt(ﬁ) and Wﬁgfm(é) (see Eqs. [2.11f and [2.17)), is large

enough. Therefore, the following corollary can be additionally drawn: "The slower the
heavy particles move and the larger the energy gap between the adiabatic potential energies
is, for which the TISE is solved, and the rest of them, the more accurate the adiabatic
separation of the motions of heavy and light particles is”. Thus, the BO-approximation
fails whenever two eigenvalues approach each other at some set of ﬁ, since the ﬁ(q,q)
becomes very large (infinite at singularities), even if the heavy particles move very slowly.
These points of degeneracies between the adiabatic potential energies are known as avoided

crossings (one dimension) or conical intersections (more than one dimension).

Whenever the BO-approximation fails, an accurate description of the system under in-
vestigation calls for the explicit treatment of the NACTs. However, their calculation is not
straightforward since their dependence on the heavy particle coordinate generally presents
singularities. Therefore, it is usually preferred to switch to the so called diabatic repre-
sentation, in which the equation of motion for the heavy particles is formulated in a set
of diabatic (light) wavefunctions, generally obtained by an orthogonal transformation in a
small subset of (light) adiabatic wavefunctions, chosen such that the off-diagonal coupling
term in the kinetic energy operator becomes small (ideally vanishes). As a consequence,
in this new representation, the motions are not coupled via the momenta, but via the
potentials, namely the potential energy matrix becomes off-diagonal. Thus, avoiding the
calculation of the NACTs, one eventually has to deal with these off-diagonal elements in
the new potential energy matrix, which, however, often behave smoothly. Finally, since
the new diabatic set of states is obtained from a subset of the adiabatic wavefunctions,
diabatic representations are also approximated, so that one speaks of "quasi-diabatic” rep-
resentation [10]. This domain is usually called as going "beyond the BO-approximation”
and will not be treated explicitly here. A in depth discussion can be found for example
in the book of Baer [12] or in the book of Domcke et al. [10]. Please note that even
though the Bro@Ar system in Chap. [4]is treated in the diabatic picture, still the so called

Group-Born-Oppenheimer Approximation [10] is applied in order to separate a subgroup

10
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of adiabatic electronic potential surfaces (the ground state and three excited states) from
the higher lying ones.

The Born-Oppenheimer approach presented in this section is a very powerful tool and
can be applied whenever the total Hamiltonian of the system can be separated into the
heavy (or slow) and light (or fast) parts and the DOFs involved satisfy the above mentioned
conditions. In the particular case of molecular systems, one could even think to iteratively
apply adiabatic separations in a multi-stage process with the aim of separating motions of
different nature like the electronic, vibrational, rotational and translational DOFs, which
may have different effective masses and/or lie in different energy scales, two of the con-
ditions seen in the last paragraph for having negligible coupling terms. Such procedures
are common in QM and can be generally repeated until the desired level is reached (if
possible), which the molecular system is studied at. The study of the Clo@pHsy system in
Chap. [l for example, involves electronic, vibrational, rotational and translational motions
of the Cly and Hy molecules, so that such an iterative application of the Born-Oppenheimer
approach is performed. Therefore, in the next section, the multi-stage adiabatic separation

tool is presented.

2.2.3 AS of Nuclear from Electronic Molecular Degrees of Freedom (DOF)

The first stage of the multi-stage adiabatic separation tool is the separation of the electronic
and nuclear motions. The BO-approximation is tailored to the description of molecular
systems in the electronic ground state. The TISE and TDSE, in fact, can not be solved
exactly for systems larger than H; (a three particle problem!). Since the ratio between
the mass of a proton and an electron is about 1836, the electrons move much faster than
the nuclei and it seems obvious to consider the electronic and nuclear Hamiltonians as the

light (or fast) and heavy (or slow) Hamiltonians of the adiabatic separation, respectively

— —

I:Iheavy = I:Inuc( nuc) Rnuc) ) (2'19)
I:Ilight = I:Iel(ﬁela ﬁel; énuc) > (2'20)
I:Itot = I:Imol( _'num énuc» 6@% ﬁel) = I:Iheavy + I:IIight ) (221)

where R,c and R,; are the coordinates of the nuclei(= nuc) and of the electrons(= el), re-
spectively, and ﬁnuc and ﬁel are the corresponding gradient vectors 3. Consider a molecule

composed of Ny nuclei with masses My, momenta Py and nuclear charges Zie at Carte-
sian coordinates Ry, with & =1, ..., Ny surrounded by ne electrons with masses m.,

momenta p; and charge e at Cartesian coordinates R j, with j = 1,...,nq. The light

3Please note that from now on in order to keep the notation compact, the gradient vectors will carry a
subscript indicating only the kind of Degree Of Freedom (DOF) involved, Apor, instead of Ar, 5

11



2 Theoretical Concepts

electronic and heavy nuclear Hamiltonians are, respectively

I:Inuc(ﬁnuw énuc) = TIIUC( _'TLUC) + Vnuc,nuc(énuc) 9 (222)
T

I:Iel(ﬁela éel§ énuc) = 1 el(ﬁel) + vel,el(éeﬁ énuc) + Vel,nuc(ﬁel; ﬁnuc) ) (2~23)

with

. Nnuc 1—3’3
Tnuc == Z W 5 (224)
k=1 <k
N,
- 2 ZkZye?
Vnuc,nuc = Z k l_» (225)

= )
k<l ‘Rnuc,k’ - Rnuc,l|

S p
Tg = ), %{Le : (2.26)
7j=1
R Tel 62
Vv = e — 2.27
el,el Z ’Fell Felj‘ I ( )
i<j ) ),
Nnuc Mel

7 2
ke (2.28)

k=1 j=1 ’FBl,j - Rnue,k‘ '

By following the adiabatic separation procedure, the total wavefunctions will be now

expanded in the electronic wavefunctions

ot (Rucs Ret, 1)) = > (WL (Rpe, 1) % [0 (Bet; Roae)) (2.29)

where n is the first or principal or main quantum number, not to be confused with the
total number of electrons in the system, ne 4. Similarly, the TISE for the electronic part

1s:

(I:Iel(ﬁeh ﬁel; énuc) - EE(}?) (Rnuc))ywé?) (éel; Rnuc» =0, (230)

where, the eigenvalues, Eéln ) (Rpue), are obtained by multiplying Eq. by (\Ilgl) (Ro;
ﬁnuc)|, which means to average the electronic Hamiltonian with respect to the electronic

wavefunctions. The electronic adiabatic energies Eéln ) (Rpue) and the nuclear repulsion

“Please note that in this and in the next sections the BO-expansion is always presented in its time-
dependent form and that in the case of the TISE, one just has to drop the time-dependence.

12
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term, Vnuo,nuc(émc), together form the potential energy surface (PES) of the molecular

system along the nuclear coordinates, ﬁnuc, namely:

W( )(ﬁ ) E(N) (Enztc> Vnuc,nuc(lfénuc) . (2-31)

Finally, the coupled TISE and TDSE for the nuclear Degree Of Freedom (DOF) reads

Enu \Ilnu uc N
c‘ C( )> } Z |: nuc 5nn + W( )(Rnuc) 5n/n _
Zha“ljnuc( nUC) t)> '=0

_o»
2M

n'n) & _(n'n \Ijn?l/c é
(2?1( )V e + 7 )) [Pone (Brc)) g 59
|\Ijnuc ( nucH t)>

where the first two terms in square brackets are diagonal matrices describing the kinetic
energy of the nuclei and the PES governing their dynamics, respectively, while the third
term is an off-diagonal matrix coupling the nuclear and electronic DOFs. By applying
the BO-approximation, this latter term is neglected, which reduces the number of eigen-
values Eéln ) (Rpue) to be calculated from infinite to just one (or few in the Group-BO-

Approximation mentioned in the previous section). Finally, the TISE and TDSE become:

DL (Roe))
R

1 (R ) (2:33)

E(uc’q’nul(ﬁn1tc)> } _ <_ hQ

7Anuc + We(ln) (En7L0)> {
Zhahllnuc( nucat)> 2M

where the motions of nuclei and electrons are now decoupled from each other, but, due to
the adiabatic approximation, the eigenvalues E](l”i are different from El(lﬁl in Eq. The
same applies to the wavefunctions, i.e. |\ill(fflc( Rpue)) # |\Ifnuc( Roue)) and |‘ifl(1ﬁ)c(ﬁnuc, t)) #
WS (Rpes 1))

The discussion about the validity of the BO-approximation in Sec. is now trans-
ferred to the adiabatic separation of the electronic and nuclear DOFs. In this case, in
fact, the adiabatical parameter appearing as a prefactor in the coupling term in Eq.
is often small enough to decouple them safely (for the hydrogen atom, for instance, this
ratio is approximately (18%)%) Additionally, since the magnitude of the coupling term is
directly proportional both to the effect of the nabla operator Ve acting on the nuclear

~(n'n)

wavefunction and to the magnitude of the NACTs 7 and T *(n )

, the BO-approximation
is the more accurate, the slower the nuclei move and the smaller the NACTs are. This
last condition is satisfied when the electronic wavefunction does not change dramatically,
during the motion of the nuclei, or, equivalently, if the energy difference between two PESs,

n and n/, is large enough. This is shown in the next three equations:

13
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—

7—_»1(n n) (ﬁnuc) - <\I’(n )(éel; énuc) |6nuc|qjg?) (Rel; Rnuc))el 5

el

, N <\I"((;11 )(éel; énuc)‘ <6nucﬂel(6ela Rel; ﬁnuc)) ‘\Ilgl) (éel; Enuc»al
7—_»1(n n) (Rnuc> - 5

EE()ln) (énuc) - Eéln )(énuc)

B Roe) = (U5 (Bets Re) | Al O (Rt Bruc)) et - (2.34)

el

In turn, the faster the nuclei move and/or the bigger the NACTSs are, the less accurate
Eq. will be, implying the failure of the BO-approximation. Thus, on the one hand,
the BO-approximation critically fails whenever two or more PESs approach one another
forming the so-called avoided crossing (1 dimension) or conical intersection (more than 1
dimension). In those cases, in fact, the NACTs become very large (infinite at the contact
points), so that the BO-approximation fails even if the nuclei move slowly. On the other
hand, although the energy gap between two adiabatic potentials may be large enough, the

BO-approximation might still fail if the heavy nuclei move too fast.

The failure of the BO-approximation was found for more and more systems during the
last decades, but nevertheless this approximation and the underlying idea have been a
milestone in the theory of molecules, basic to all molecular QM and remains therefore
the reference to which we compare and in term of which we discuss different quantum

systems [10,/11].

The separation of electronic and nuclear DOFs is just the first stage of the multi-stage
AS tool mentioned above. Since in the next section the nuclear DOFs will be further
separated, the counter m indicating the number of consecutive ASs applied is introduced.
The consecutive ASs performed are depicted in the tree diagram in Fig. together with
the counter m, the quantum numbers and the corresponding nomenclature used at each
stage. Eventually, the positions of the three molecular systems investigated along this
thesis in the tree diagram are also indicated. The Bro@Ar system investigated in Chap.
is treated at the present stage, m = 1, of the multi-stage adiabatic separation. The model
involves four PESs (Group-BO-Approximation), but actually, since the NACTs between
them are treated explicitly, we even go beyond the BO-approximation. The PES were
obtained by Borowski [17] by using the Diatomics-In-Molecule (DIM), which is a suitable
model for the calculation of electronic PESs in their diabatic picture and for the treatment
of the relative diabatic nuclear equation of motion within the vibronic coupling theory. In
this context the NACTs are called "vibronic couplings”, since they measure the coupling
between vibrational and electronic motions. In particular, after population is transferred

from the electronic ground state to the first excited state via an electromagnetic field, the

14
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[Multi-Stage Adiabatic Separation]

Stage / Quantum Number Molecular Degrees of Freedom

m=2 /

/

hght /fast  heavy / slow

Br.@Ar
Chap. 4
n Electrons (el Nuclel (nuc)
fast slow
14 Internal Vibrations (int) External DOFs (ext)

DPT
Chap. 3

m=3"/ vy light / fast heavy / slow /

|
fast Ch@phs slow

Chap. 5

Translations (tra) or Rotatlons (rot)

m=3 / k orl Rotations (rot) or Translations (tra)

Figure 2.1: Tree diagram of the multi-stage adiabatic separation applied along the thesis.
The counter m indicates the number of subsequent adiabatic separations. In Chap. 4 the
Bro@Ar system is treated at the stage, m = 1 (actually we go beyond Born-Oppenheimer).
In Chap. 5 the Clo@pHy system is studied at the stage, m = 3. In Chap. 3 the investi-
gation of the Double Proton Transfer (DPT) also involve three subsequent ASs, but the
stage is indicated as m = 3, since the path in the tree diagram differs from the path for
the Cla@pH, system and, moreover, the vibrationally-fast DOFs are treated in a time-
dependent picture. Quantum numbers and labels used along the thesis are also reported.
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role of two vibronic couplings in the non-adiabatic population transfer (predissociation)
between the first and two additional electronically excited PESs is investigated.

It is also mentioned here that the PES for the DPT is not calculated by solving the TISE
for the electronic part in Eq. Instead, the ground state adiabatic PES is an analytical
function fitted to both experimental and ab-initio parameters from the literature. Non-
adiabatic transitions to electronically excited states and NACTs are completely neglected,

even if this approximation is very critical.

2.2.4 AS of External and Internal Molecular DOFs

So far the general adiabatic separation between the DOFs of heavy (or slow) and light (or
fast) particles has been applied to electronic and nuclear motions. The subsequent stage,
m = 2, involves the AS of external and internal DOFs (see Fig. , where the former ones
are the three translational and two rotational motions (three in the more general cases of
non linear molecules), which are indeed defined with respect to an external coordinate sys-
tem of reference (space-fixed frame), whereas the latter ones are the 3N —5 (3N — 6 for non
linear molecules) vibrational motions, which are indeed defined with respect to an internal
coordinate system of reference with origin at the center of mass (COM) of the molecule
(body-fixed frame). In particular, it should be verified whether the adiabatic parameter is
small enough to separate internal and external DOFs and whether the molecules involved
are vibrating faster enough than translating or rotating, that is whether the Cly, Bro and
Hy molecules possess higher vibrational than translational or rotational frequencies. The
comparison of rotational and vibrational effective masses is difficult, since rotations imply
the moment of inertia of the molecules instead of just their masses. The moment of iner-
np 2

p "MpTps

m,, and 7, are the mass of the particle and its distance from the rotational axis, which

tia is defined in general as I = ) where n), is the total number of particles and
goes through the COM of the system, respectively. Since the moment of inertia is directly
proportional to both these quantities, the heavier and/or the more extended a molecular
system is, the greater the momentum of inertia will be and the better will vibrational and
rotational DOFs separate. Translational and vibrational effective masses are, in contrast,
easily compared. In the case of linear homonuclear diatomic molecules, the vibrational
effective masses corresponds to the reduced masses pux, = 5%, that is half of the mass
of the atom X, and the effective mass of the translational motions is the total mass of
the molecule, My, = 2mx. As a consequence, the adiabatic parameter when separating
vibrational and translational DOFs is % Since all linear homonuclear molecules present
the same adiabatic parameter, the separation of vibrational and translational motions is
principally based on different frequency scales (fast vs slow) rather than on mass differences
(light vs heavy), see also Fig. For more general molecular systems, different reduced
masses allow also for an AS of vibrations of light and heavy nuclei [18-20], as mentioned

above.
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2.2 The Born-Oppenheimer Approach

In principle, the procedure in the first stage, where the motions of electrons and nuclei
were separated, is now repeated by splitting the nuclear coordinates into a set of external
and internal coordinates, énuc = {éext,éint}, assigned to the heavy and light particle

Hamiltonian, respectively.

I:Itot = I:Inuc<§nu07 énuc) = I:Iext (ﬁexty éezt) + I:Iint(ﬁinty éint? Ee$t) (235)
I:Iheavy = : ext( _’eztv ﬁe:nt) = Text(ﬁewﬂ + vext(éext> ) (236)
I:Ihght = I:Iint (62’111&, Rmt; Remt) - Tint(ﬁint) + vint (EiTLt; ﬁemt) . (237)

With the purpose of giving an explicit expression for the corresponding kinetic and poten-
tial energy operators in terms of linear diatomic molecules, the very general external coor-
dinates are split into translational and rotational ones. Whereas the former ones are still
expressed in Cartesian coordinates, étray describing the COM position of the molecules,
the latter ones are better expressed in spherical coordinates, r, 6§ and ¢, describing the

rotations around the COM. The Laplacian in the new coordinates becomes

1 9 1 ) 1

Ayot—vib = ﬁvr (7” Vr) + mVG (sin6Vy) + 2enlg e (2.38)
where, since r refers to the internuclear bond distance, one has
1 2
Aipt = ﬁvr (T vr) (239)
1 1

A = in 0 —_— . 2.40
rot r2 sin@ve (sin6Vo) + r2sin?0 " (2.40)

Even though Eq. shows a dependence of the rotational operator on the internuclear
distance, in the present work the molecular bonds will be considered fixed at their equilib-
rium position, r¢;. For the internal DOFSs, this implies a further classical approximation
(on top of the adiabatic separation otherwise the right-hand side of Eq. Would vanish),
i.e. an infinitely narrow delta distribution function centered at the ground state vibrational
equilibrium distance is used instead of the quantum mechanical distribution. For the ro-
tational DOFs, it implies neglecting the centrifugal distortion of the bond due to rotation.

Finally, the external and internal kinetic energy operators are

. - h? 1 1
Tex ex = —— |A ra 5 . i 5 . 9 5 2.41
t(Vext) 50 |~ + T’gq SmGVQ (sinfVy) + z 2o ( )
. R k2
Tint(Vint) = _ﬂAint , (2.42)
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2 Theoretical Concepts

where Rep = {ﬁtra, 0, ¢} and Vest = {ﬁtm, Vo, V}. Moreover, i is the reduced mass of
the molecule and Vi is a (3N —5)-dimensional vector ((3N —6)-dimensional in the general
case of polyatomic molecules). Regarding the potential energy operators in Eqs. [2.36
and 2 . Vext ( ext is the PES obtained by solving the respective light TISE of the
present AS stage m = 2, whereas Vint(ﬁint) is the PES obtained by solving the respective
heavy TISE from the previous AS stage m = 1, that is

A

Vext(éext) = VVlEjt )(éemt) - vaqzv (Rtraa 390) (243)
mt(éznta ée:rt) — Wr(lug(ﬁnuc) = Wi ") ﬁz ,étraaea ) ) (244)

nuc (

A

It is worth to note at this point, that the potential, We(fl)(ﬁnuc), governing the dynam-
ics of the heavy particles, in the first stage m = 1, is obtained by averaging the light
particle Hamiltonian, ﬂel(ﬁel, ﬁel; ﬁnuc) with respect to the light particle wavefunctions,
\Ifi?) (Rez, Rnuc) in turn the potential, Wrgu(); (ﬁnuc) = Wégg (ﬁtra, 0, ), governing the light
particle dynamics of this stage m = 2 are the eigenvalues, Er(ﬁ?;(ﬁmc) obtained by solving
the heavy TISE in Eq. for the heavy Hamiltonian, I:Inuc(ﬁnuc7 ﬁnuc), with respect to
the heavy particle wavefunctions, \Ilgﬁ)c(énuc) of stage m = 1. In close analogy, the poten-
tial, I/Vlgﬁ v)(]:?:tm, 0, ), governing the dynamics of the heavy particles in this stage m = 2,
is obtained by averaging I:Iint(ﬁmt, ﬁmt; ﬁem) with respect to the vibrational wavefunc-
tions and so on. Please refer to Fig. for an overview of which DOFs are assigned to
the light (or fast) and heavy (or slow) parts of the system from one stage to the next one.
Please note also that the iterative application of the adiabatic separations causes the list

of quantum numbers to increase in order to completely specify an adiabatic state.
In order to solve the TISE for the vibrational Hamiltonian, the nuclear wavefunction,

\ifﬁﬁl(énuc), is now expanded in the internal wavefunctions, l(nt )(Rmt, Rem)

[T (Raer 1)) = Y (050 ) (Reae, 1) % [0 ) (Rint; Rea)) (2.45)

v

with v being a new set of (3N, — 5) vibrational quantum numbers 5,

Finally, the internal TISE reads

5Along this work the electronic adiabatic separation in stage m = 1 is always assumed to be valid,
i.e. we consider only the n = 0 electronic ground state and forget about vibrational, rotational and
translational NACTs to the n > 0 excited electronic states.
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2.2 The Born-Oppenheimer Approach

(Flint (Vints Rint; Beat) — B (Rogt)) [0 (Rt Rewt)) = 0 (2.46)

mt int

o

1nt

which is solved by multiplying it by (¥ )(Rmt, Rext)] namely by averaging the inter-
nal Hamiltonian with respect to the internal wavefunctions. The resulting eigenvalues,
Ei(lft’v) (Eext), finally correspond to the vibrational adiabatic PES, I/Vlgé ) (th), of the elec-
tronic state n and vibrational states v, governing the external DOFs, namely translations

and rotations.

It is briefly mentioned that in the particular case of diatomic molecules, the nuclear
PES, ngﬁg(ﬁmt, ﬁewt), can be approximated by the simple Morse oscillator model, which

also includes anharmonicity effects. The Morse potential is defined as

M(r) = De(1 — e=alr=re)y2 (2.47)

where D, is the dissociation energy, a is a range parameter controlling the width of the
potential, and r, the equilibrium bond distance of the molecule considered, and the re-

sulting vibrational eigenvalues are

1 1\?
Env) — i, <U + 2) — AWee (U + 2> , (2.48)
where w, = a4/ % is the harmonic vibrational frequency and wez, = % is the anhar-

monicity constant.

The coupled TISE and TDSE for the external DOFs finally reads

ext |\Ilext (Reﬂ?t» 3 h2 |: : ( 1 ):|
- s A ra + A + COt 9 V + A 5,0/,[) —'—
il (W (Rets 1)) 2 2M [~ ’ * 7 sinp" ¥

ext v’ q
v (B
n,v = X R
+ I/Vl(nt )(Rext) 5v’v+c{ . ?ntv (Fect)) ) (2.49)
|lI/ext (Rfﬂtﬂ t)>

with C' being the coupling term
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h? —(n, v'v n, v'v) 1 —(n, v'v —»(n v'v)
C = —27 |:2 1 tra ) vtra + 7—2( tra + qu (27‘1’0 ) V@ + +
~(n, v'v) 1 ~(n, v'v) ~(n, v'v)
+ cotf Tl ) + qusﬁ (27’17@ A + T 2 >] . (250)

The parts in Eqgs. [2.49] and [2.50| referring to the translational DOFs are very similar to the
corresponding equations in the previous sections. The same is true for the terms referring to

the coordinate ¢, except for the prefactor, m,
to the polar angle 6, in contrast, present two new terms, that is the diagonal and off-

(n,v'v)

diagonal matrices cot Vg and cot 0 7;, , respectively.

multiplying them. The parts referring

Within the adiabatic approximation, the coupling term C in Eq. is neglected and
Eq. simplifies to

£ ) ,
\I’ ex
eXt ‘ eXt (R t)> } = _i |:At7”a+ L <A0+C0t9 Vg-i- ! AW>:|+
Zh&t |\Ilext (Rea:ta t)> 2M eq 9
nov) B G(R,,
+ Wi (Rea )){| t( oo (2.51)
‘\Ilext (Re:vt;t)>

where the motions of external and internal DOFs are now decoupled from each other, but,
due to the adiabatic approximation, the eigenvalues Eéxt *) are different from Ee(Xt Y in

Eq m The same applies to the wavefunctions, i.e. |\Ilgztv (Rewt)) # \\I/gl(tv)( Rezt)) and
U0 (Rext 1) # [0 (Rear, 1)).

The neglected NACTs are expressed in the following equations

7__’1(77;7U’U)(-éext) = <W§n,v)(ﬁinta ext)|v |\Ijmt (Rmt;éext))inta

int

<\Ill(:t7vl) (Rinta Rea:t)| (V Hlnt(vznty Rmt; Rezt)) |\Ijmt (Rznt; Rext»int
W(n ’v) (Rext) - W(n ! )(éext)

int int

)

A Rew) = (U (Ring; Reat)| Al O (Bint; Reat))imt + (2.52)

where, by cyclically substituting the subscript a by tra, 6 and ¢, the different NACTs in
Eq. are obtained.
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2.2 The Born-Oppenheimer Approach

Similarly to the previous stages of the ASs, the magnitude of the coupling term in
Eq. is directly proportional to the adiabatic parameter, which mainly dictates the
applicability of the BO-approximation. Additionally, two more factors influence the mag-
nitude of the coupling term, the velocity at which the molecules rotate and translate, which
is expressed by the nabla operators, 6”&, Vg and V, acting on the external wavefunction,
and the magnitude of the NACTs, themselves, which depends on how much the internal
(n,v)

wavefunction, ¥; /’
Egs. and [2.52]).

These two factors becomes important for example in molecular collisions, where transla-

(éint; éext), change when varying the parameters Rypq or 0 Or ¢ (see

tional and/or rotational energy is transferred to the vibrational DOFs, so that the higher
the collision energies are, the higher the non-adiabatic effects will be, since under a faster
motion (consequence of an higher frequency/energy) of the external DOFs, the vibrational

(internal) wavefunctions undergo drastic changes.

A second equivalent way to interpret the first order NACTs is shown in Eq. that is
non-adiabatic couplings are the smaller, the larger the energy gaps between the vibrational
eigenstates, W/i(nf’v)(}?ezt) are. Correspondingly, if the internal vibrational motions in a
molecule occur at a much higher frequency-range than the rotational and translational
ones, one condition for the validity of the approximation is fulfilled. However, the adiabatic

separation could still fail, if the external DOFs move too fast.

Before we continue to the next stage m = 3, it should be mentioned that the adiabatic
separation can also be applied in order to decouple the motions of heavy (or slow) and
light (or fast) vibrations within the internal DOFs, see for example [18-20]. This permits
for example to combine classical and quantum dynamics simulations, by treating light /fast
particles, such as hydrogen, quantum mechanically, and the heavy rest of the molecular
system classically [21-23]. This is actually done in Chap. [3] where the DPT mechanism
of the porphine molecule is investigated. The relative equations are not included in this
chapter, since their derivation involves an extension of the Born-Oppenheimer approach
to time-dependent solutions for the light (or fast) DOFs, in close analogy to the field of
attosecond chemistry [24], where the nuclei are still clamped, but the electronic SE in
solved in a time-dependent picture®. Nevertheless, three ASs are consecutively applied on
the DPT gsystem, so that in the tree diagram of Fig. this stage is numbered m = 3/,
where the prime serves to distinguish between the two series of ASs applied to the DPT
and to the Clo@pHsy systems, respectively. A new quantum number vy is therefore also
defined, which stays for vibrationally-fast DOFs.

5Please note that this is never foreseen for the Bro@Ar and the Clo@pH, systems, but the multi-stage
adiabatic separation tool could be generalized to include the time-dependent solution of the light or
fast DOFs.
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2.2.5 AS of Translational and Rotational Molecular DOFs

In the stage m = 3 of the multistage AS the separation of translational and rotational
DOFs is presented. This stage is applied only on the Clo@pHs system treated in Chap.
At stage m = 1 electronic and nuclear DOFs have been separated. The electronic pair
potentials for the Clo-Hy (2D) and pHa-pHy (1D) systems are obtained by means of the
Quantum Chemistry methods presented later in this chapter, that is, by solving the elec-
tronic TISE in Eq. 2.30] In this case, electronic transitions will be neglected, since no
electromagnetic fields are applied and, at the cryogenic temperatures considered, the sys-
tem has not enough energy to reach the electronic excited states, which lie energetically
well above. At stage m = 2 the nuclear ones are separated into internal (vibrational) and
external (rotational and translational) DOFs. The AS of translations and rotations is, in
general, more severe, since the conditions for its validity are not always fulfilled by molec-
ular systems. Translational motions of the molecules around their nominal position in the
crystal, could for example take place at similar frequency as rotations, * so that assign-
ment of rotational and translational DOFs to the fast and or slow parts of the Hamiltonian
has to be considered case by case. Therefore, differently from the previous sections, both
cases will be considered. In the worse case, if rotations and translation can not be treated
separately, they must be treated simultaneously.

Let us split the external coordinates in rotational and translational ones, éewt = {ﬁtm, 0,

¢}, and assign first the rotations to the light Hamiltonian. Hence,

I:Itot = I:Iext(ﬁexta éext) = I:Itra(ﬁtraa ﬁtra) + I:Irot(VGa vtp» 9, 2 ﬁtra) (253)
I:Iheavy = I:Itra(ﬁtraa Rtra) = Ttra(ﬁtra) + vtra(étra) 5 (254)
I:IIight = I:Irot(v97 vcp’ 95 "2) ﬁtra) = Trot(vé)a vtp) + VI‘Ot(97 @3 étra) 5 (255)
with
. - K2
Ttra(vtra) = _mAtr‘a y (256)
Vtra(Rtra> = Wr(:tw,l) (Rtra) y (257)
. 1 1
Tt (Ve, — B|—Vy(sinf A, 2.
«(Vo vw) sm@ve (sin 6 Vo) + sin29 7 (2:58)
Vrot (‘97 2 Rtra) = We(::t’v) (Rext) = We(gt’v) (97 @, étra) 9 (259)

"In this context, it must be also remarked that in two of the systems studied here, Bro@Ar and Cl,@pHp,
since the single molecules or atoms in the matrix are surrounded by the other ones, which behave as a
cage around them, the translational motions will be called ”external” vibrational motions, in contrast
to the "internal” one, in the sense that the COM of the molecules or of the atoms is oscillating forth
and back around their nominal positions.
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2.2 The Born-Oppenheimer Approach

where M is the total mass of the molecular system, B = —% is the well-known rotational
constant of the specific molecule with I = M rgq being the moment of inertia mentioned
above. Moreover, 6 and ¢ are the same spherical coordinates as in the previous section,
W(n v,l)
rot

DOFs obtained by solving the rotational TISE in Eq. [2.61]in the present stage m = 3 and
W) (émt) — g (ﬁemt) are the eigenvalues obtained by solving the external TISE in

ext ext

(Rtm) is the rotationally adiabatic PES governing the dynamics of the translational

Eq. 2.51] that is the external PES from the previous stage with m = 2, governing the

dynamics of the DOFs defined as "light” in this third stage with m = 3.
(n,

oxt )(ﬁext), is now expanded in the rotational wavefunc-

The external wavefunction, 7}
tions, gvd) (0, @;Rtm)

rot

(n,v,l (n,v,l =
’\Ijext e:nt; Z’\Iltra ) Rtrua )> ’\Ijrot )(9730;Rt7"¢1)> ) (260)

where [ is an index collecting the two rotational quantum numbers for linear molecules in

a three dimensional Cartesian space®.

The TISE for the rotational DOFs reads

(Frot (Vrot, 0, 03 Bira) — BV (Rpa)) 000, 05 Rivg)) = 0, (2.61)

where the eigenvalues, E("’U’Z)(ﬁtra) are obtained by multiplying Eq. by <\Il("’v’l)(6, ©;

rot rot

Rira)|, that is by averaging the rotational Hamiltonian with respect to the rotational
plnol)

rot

wavefunctions. The rotationally adiabatic energies, E (Rtm) finally correspond to

the rotational adiabatic PES, W(nv 2

U0 (Rira), of the electronic state n, vibrational state v

and rotational state [ governing the translational DOFs.
Finally, the coupled TISE and TDSE for the translational DOFs become

nvl) (n,v,l) o 5
tra ‘\I’tra (Rtr‘a» ) (n,w,l")

= Ara6’+Wr0 Rra Oy — 262

Zh% |\I/§?av l)(Rtra, )> l’z: 2M t i t ( (3 ) 'l ( )

(n,0,0")

h? (n v,l'l) (n v,l'l) ‘\Ilt (Rtra)>
o 2v o - + 7 ra
oM ( ! ) (U (Rira, 1))

tra

8 Again it is assumed the electronic and internal adiabatic separations in the previous stages with m = 1
and 2, respectively, to be valid, i.e. we consider only the electronic and vibrational ground state,
n = v = 0 and forget therefore about rotational and translational NACTs to the v > 0 excited
vibrational states.
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and neglecting the coupling part of these equations, the TISE and TDSE within the adia-

batic approximation are obtained, namely

E(TL'UZ |\II TL’L}l (Rt,r,a)>

tra tra

(n,v,l
Zh% ’\I/ )(Rtrav )>

tra

no D (Rira)
T ra(Rtra) + Wr( l) (Rtra>) rnav ) (263)
} t ’\I[ 4) (Rtrav )>

tra

where the motions of the translational and rotational DOFs are now decoupled from
=(n,v,l)

each other, but, due to the adiabatic approximation, the eigenvalues E; . " are differ-

ent from Et(gv’l) in Eq. The same applies to the wavefunctions, i.e. \\I/t?av l)(Rtm)> +
1 1 1)

B (R and (B ><Rtm, 1) # (" (Bira, 1)),

Let us now briefly consider the second case where the translational motions are assign

to the light Hamiltonian instead. Hence, the two Hamiltonians become

I:Itot — I:Iext(ﬁe:pb éext) = I:I (Vea vtpa 97 SO) + I:Itra(ﬁtraa Rtra; 97 90) (264)
I:Iheavy = I:Irot(vea Vgoa 97 ‘P) = T (VOa \4 ) + vrot(e ) ’ (2-65)
I:Ilight = I:Itra(ﬁtray étra; 97 (10) = T (vtra) + Vtra(Rtra, 97 SD) (266)

where the kinetic energy operators are those of Egs. and but the potential energy

operators are

Viet(0,9) = Wie"(0,0) (2.67)
vtra(ﬁtra;eacp) = We(xt )<§ ) (268)

with W k)(H, ) being the translationally adiabatic PES governing the dynamics of the

tra
rotational DOFs obtained by solving the translational TISE in Eq.[2.70]in the present stage
(n,

ext

m = 3. With this aim, the external wavefunction, ¥ )(ﬁext) is expanded this time in

the translational wavefunctions, \I/,E:Lav k)(Rtm, 0,p)

n,v n,v,k n,v,k
(B8 (Rt Z\\Ifﬁoﬂ @, t) % Ui (Rirai 0,0)) (2.69)

where k is an index, which collects the three new translational quantum numbers for a
molecule with its COM translating in the three-dimensional space. The TISE for the

translational DOFs reads
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2.2 The Born-Oppenheimer Approach

(I:Itra(ﬁtraaﬁtra;aa@) - E(n,vk ( ))‘\I’(nvk (Rtra7074/7)> O (270)

tra tra

where the eigenvalues, E(n’v’k)(ﬁ7 ¢) are found by multiplying Eq. by (¥ glmek) (Rira:

tra tra

0, ¢|, that is by averaging the translational Hamiltonian with respect to the corresponding

wavefunctions. The rotationally adiabatic energies, Et(fav k)(H, ©), finally correspond to the

rotational adiabatic PES, Wt(rzv ) (0, ¢), of the electronic state n, vibrational state v and

translational state k governing the rotational DOFs. Finally, the coupled TISE and TDSE

for the rotational DOFs become

ECPR et 4, o)) > ( 1 )
T ro ’ = Ay + cot OV + — A S +
ind w9, o 1)) ,;_:0 ’ ?Tsinzg¢)

w0, 0))

rot

o k! (2.71)
(W ) (0, 0, 1))

+ W0, ) bk +C {

with

(n,v,k'k) —(n,v,k'k)

C=8B 27"’19” -Vo+ T o +cot9_'(nvkk)

1
+ =

sin 6

(2;1(77;,1;,1@%) A4 7 2(7;vkk)>:|.

Please note that the sum of the coupling terms in Eqgs. and corresponds to the
term coupling the external and internal DOFs in Eq. [2.49] Finally, by neglecting the
coupling term in Eq. 2.72] the TISE and TDSE within the adiabatic approximation are

obtained, namely

1R (9, o))

rot

150 (6, 0, 1))

rot

(n,v,k) n,v,k)
! -
rot | rot (07 (P)> } R (2.72)

o = Tot (0, )+W(””k)(9,¢)){
ind |59, 0,1)) '

rot

where the motions of the rotational and translational DOFs are now decoupled from

each other, but, due to the adiabatic approximation, the eigenvalues Er(:tv k)

from E("tv k) i Eq. m The same applies to the wavefunctions, i.e. \\IJ o k)(Rmt)> +

T rot

(U (Rror)) and |05 (B, 1)) # (W9 (B, 1)).

rot rot

are different

(0, ) = 0 the solution of
the rotational TISE, E"R) are just the eigenvalues of the rigid rotor, that is

rot

It is briefly mentioned here that in the trivial case of Wt(j;” k)
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E"R () = BI(J +1) (2.73)

where J is the rotational quantum number, and Y} /(0, ¢) are the corresponding eigen-

12
2/[
In the case of diatomic molecules in vacuum, Where translational and rotational DOFs are

functions (spherical harmonics) and B =

+ is the rotational constant of the rigid rotor.

separable (no collisions), the rovibrational spectra can be interpreted within the non-rigid
rotor model, which is an extension of the rigid rotor including the centrifugal distortion
of the molecular bond due to rotations. In this sense, it is a simple model for approxi-
mating the rovibrational operator in Eq.[2.38 The non-rigid rotor approximation give the

following eigenvalues

B (J0) = By Jo(Jo + 1) + Dy J2(Jy +1)2 (2.74)
where B, = zujQ and D, 2ku ST (in the harmonic oscillator approximation [25|) are the

rotational and centrifugal distortion constants, which depend on the vibrational eigenstate
v the molecules are vibrating at, since the higher is the vibrational frequency, the larger is

the expectation value of the bond distance r,, the smaller are B, and D,.

The equations for the first order NACTs for the two cases exposed above, namely, when
assigning either the rotational (case 1) or the translational (case 2) DOFSs to the light part

of the Hamiltonian, are now given below.

Case 1:

7:’1(717”7[/” (ﬁtra) = <\Ij(n ad )(9 ©; Rtra)‘vtra‘\lj(n " l (97 '2) Rtra»rot ’

rot rot

L'l B <\I/1(~Ztv u )(97 ("2H Etra)‘ (6traﬂrot(ﬁrot; 07 @3 ﬁtr@)) ’\Ijrgtv A (67 ©; Etra»rat
T (Rtra) - (n,0,) (n,0,0") ’
W (Rtm) -W (Rtm)

rot rot

A Bya) = (00,05 Rira) iy W0 (0, 01 Brva)) o (275)

rot rot
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—(n,v,k’ n,v,k’ (n,v,k
FrER g o) = (W) (Ba: 0,0) Vot B (Rira: 0,0))ira

<\I’E?av ok )(Rtraa 07 90)| (vrothra(vtraa Rtrm ) 90)) ‘\I"E?av k (Rtrm 97 90)>tra

Wit 0, 0) = WL (6, 0)

tra

A0, 0) = () (Borai 0,0)| vt W (Roras .) v (2.76)
Thus, as already discussed for the previous stages, the AS separation is the more ac-
curate, the smaller the adiabatic parameter is, since the coupling terms are directly pro-
portional to it. However, the magnitude of the coupling term is also proportional to the
magnitude of the NACTs and to the velocity, or momentum, at which the heavy compo-
nents move relative to their light counterparts, depending on the cases 1 and 2, because
of the gradient multiplying the heavy wavefunctions in Egs. and Finally, the
NACTs are negligible if and only if upon variation of the heavy particle coordinates, the
respective light wavefunctions do not change drastically (see Eqgs. [2.75] [2.75] [2.76{and [2.76)).
Equivalently, the extended Feynman-Hellman theory allows us to state that the first order

NACTs are inversely proportional to the energy gaps between two considered PESs, as
shown in Eqs. 2.75 and [2.76]

When for the molecular system considered, translational and rotational DOFs do not
separate, the NACTs have to be treated explicitly. Referring to the present work for exam-
ple, ?(n vl'h) (Rtm) could be calculated by quantifying the changes in the rotational states
of Cly or Ho, when translating their COM in the crystal. Correspondingly, Tl(n vk ’“)(9, ©)
could be calculated by quantifying the changes in the translational states when the orien-
tation of Clp or Hy is changed (rotation). This field of research is established since many
years, see for example [26], and is still actual, see for example [27]. Afterwards, the SE for
the system has to be solved, which is, in the case of a linear molecule, a five-dimensional
coupled equation (3 translational and 2 rotational DOFs) and can be nowadays treated, by
using the Discrete Variable Representations (DVR) [28-30], also implemented in the Multi
Configurational Time-Dependent Hartree program package [31-37] used for the Bro@Ar
system in Chap. [l and exposed later in this chapter.

2.3 Quantum Chemistry Methods

In this section it will be focused on the Quantum Chemistry (QC) methods used during
this investigation for solving the TISE in Eq. [2.30] In the first subsection the Hartree
Fock (HF) method will be introduced, whereas in the next ones the so-called post-HF or

correlation methods will be exposed. The subscript el indicating electronic wavefunction
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will be dropped from now on, and instead the method will be indicated in order to highlight

the connections between the HF method in section 2.3.1] and the correlated methods in

Sec. [2.3.3] 2.3.4) and [2.3.5], which improve the results upon the HF approximation. Hence,
gmethod — 1 (where "method" may be "HF", "CI", "MP", etc.) and H = H,. Please
note that the different QC techniques are adapted from various sources including Refs)38
and 139.

2.3.1 Hartree Fock (HF) Method

Solution of the TISE for atoms and molecules containing many electrons is not a trivial
task. Most of the calculations rely on the Hartree-Fock method, which is equivalent to the
molecular orbital (MO) approximation, in which a determinant of one-electron functions
is constructed so that the total electronic wavefunction results antisymmetric with respect
to the exchange of any two electrons (Pauli exclusion principle) and then optimized [38].

For an ng-electron system the HF wavefunction can be expressed by means of a Slater

determinant:
x1(@)  x2(@1) - Xng (@)
1 7 ) o (@
. xi(@)  x2(q) Xna (@) | (2.77)
Nep! .
Xl(inel) X2 (qnel) ttt X”el (Jnel)

The multiplying prefactor in Eq. is the normalization factor and the y;(q;) are a
set of orthonormal spin-orbitals describing each electron. They are a product of a spatial
part, 1;(7;), which depends on the position of the electron, and a spin orbital, a(w) or

B(w), which depends only on its spin coordinate:

Xi(@) = i(75) - { (2.78)

In order to determine the best spin-orbitals, the variational method is applied to mini-
mize the electronic Hamiltonian operator:

(O H| O = min (2.79)

Finally, the variation results in the following eigenvalue problem [38]:

£(G)x (@) = ex(@) - (2.80)

Eqgs. are called Hartree-Fock equations. €; are the eigenvalues and f(g;) is an effective

one-electron operator called Fock operator with the form,
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E(@) = h(z) + (V77 (@) = h(@) + Y (3,@) - K, @) - (2.81)
j=1

The first term is the one-electron Hamiltonian for the ith electron

. h? e Zpe?
h(g)=-———VZ-y . 2.82
@ 2me ; |7 — Ry (252

It describes the motion of a single electron 4 in the field of the nuclear frame. Indeed
the two terms are the kinetic energy and the potential energy for the attraction between
the ith electron and each of the nuclei. (VHF(g)) is the so-called one-electron effective
HF potential, describing the interaction of each electron in the mean-field of all the other

electrons. In turn, (VHF (7)) is composed of the one-electron Coulomb operator

@@ = [ [ dapG(@) 0@ @) (2.83)

? J

which specifies the classical interaction of an electron with coordinate ¢ in the average

field arising from the remaining ne — 1 electrons, and the exchange operator

Ry (@) = [ [ oy @) @) @) (284)

|7

which arise from the antisymmetric nature of the Slater-determinant and does not have a
classical interpretation like the Coulomb operator [38]|. The last two expressions show that
the Fock equations in are not independent, since the Fock operator, f'(q}), acting on a
spin orbital, x;(g;), depends itself on all other spin-orbitals via the Hartree Fock potential
operator, (VHF(g)). Thus, the problem has to be solved iteratively: an initial guess for
the spin-orbitals, x;(qj), is used to calculate J and K and, hence, the Fock operator f.
Then the Hartree Fock equations are solved yielding new y;(¢) which are again used to
calculate a new Fock operator. This iteration step is repeated until convergence is reached
and it is known as the Self Consistent Field method (SCF) [38].

In general, if the spatial part of the spin-orbital is expanded in an infinite basis set
(see Sec. for an introduction to the basis set used in this work; for a more detailed

review of basis sets, see instead Ref. [39)) ensures the HF energy EHF(:ES))) to reach the
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Hartree-Fock limit.

EHF — (o | ghty | (2.85)

where UHF — ‘II(O)

el »

non-relativistic energy within the BO approximation, F®® and the HF energy EMF at

is the HF ground state wavefunction. The difference between the exact

the basis set limit is called correlation energy

o — Eexact - EHF . (286)

Please note that, since the EHF is an upper bound to the exact energy, the correlation
energy is always negative. Correlation energy arises since the motion of the electrons with
the same spin (called Fermi correlation |39]) is treated approximately and the motion of
electrons with opposite spin (called Coulomb correlation |39]), which is the largest contri-
bution to the correlation energy, is not treated at all within the Hartree-Fock approach.
Since the HF method gives the best wavefunction for a single Slater determinant, the ob-
vious way to improve on this result is to start from a trial wavefunction containing more

than one Slater determinant,

o
Dy = oW + Z caVy (2.87)
d=1

where ¢g is usually close to 1 and the subscript d stays for determinant. Several methods,
called electron correlation methods, were developed in order to recover the correlation

energy upon the HF approximation and they actually differ in how the coefficients ¢4 in
Eq. are calculated [39).

Before some of those methods will be exposed, in the next section the Roothaan Equation
are derived by introducing the set of function (basis set) used in order to represent the

atomic orbitals (AO) before the SCF procedure is applied.

2.3.2 Basis Set and Roothaan Equation (MO-LCAO)

The spatial part 1;(7;) of the spin-orbital x;(q;), that is, the Molecular Orbitals (MO),
is generally expanded in a set of known K spatial basis functions 0,(7),n =1,2,..., K,

representing the atomic orbitals (AO).
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i) =) eubu(7)  i=1,2,.. 0 . (2.88)

The ¢,; are the coefficients for the linear combination of atomic orbitals (LCAO), to be it-
eratively found by using the SCF method mentioned above, which minimize the electronic
energy. The set of known functions 6, is in general finite, because of practical computa-
tional limits, and K is therefore chosen such that a good compromise between accuracy
and computer resources is achieved. Substitution of Eq. in the Fock equations [2.80
leads to the so-called Roothaan-Hall equations [40,/41].

FC = SCe , (2.89)

with F being the Fock matrix with elements

Fij = (0:(MIE(@)10;(7) (2.90)

and S the overlap matrix with elements
Sy = (6,(7)16;(7) . (2.91)

Across this work, the MO were expanded by using the Polarized Correlation Consistent
(ce-p) basis set [42] and the discussion will therefore be restricted just to them. For a more
general knowledge refer to Ref. [39. The cc-p are a widely used type of basis set developed
by Dunning and co-workers [42], which was especially designed to converge systematically
to the Complete Basis Set (CBS) limit using extrapolation techniques, see Eq. 2.94] The
cc-p basis set are based on the Gaussian Type Orbitals (GTO), which in polar or Cartesian

coordinates can be written as

GTO¢p1m(r,0,0) = NYim(0,@)rn—2"De " (2.92)
GTO( 1, 1,0 (2,y,2) = Naleylvalee " (2.93)

Since the number of GTO functions increases very rapidly with the complexity of the
system to be described, it is of common use to fix, in a reasonable manner, some of
the variational coefficients, c,;, of the MO expansion creating fixed linear combination of
basis functions, called contracted GTOs (CGTO). Therefore, in contrast, the initial basis
functions are generally denoted primitive GTOs (PGTO). In Table the total number
of contracted Gaussian functions used in order to represent the MOs is shown. The red
colour code highlights the cases occurring in this work. The CGTO functions used in

the cc-p type basis sets and in the aug-cc-p type basis sets are listed in the upper and
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Table 2.1: The number of contracted Gaussian functions (CGTO) used for each basis set
are listed for the first and third rows of the periodic table containing the H atom and, the
Cl and Ar atoms, respectively. The red colour highlights the cases occurred in this work.
VDZ, VIZ, VQZ, ect. stay for Valence Double, Triple, Quadruple, and so on, Zeta and
means that a n-tuple set of CGTOs is used for describing the valence Atomic Orbitals
(AO) of an atom. For the H-He row a VDZ basis set contains 2 CGTOs for the s-AO
indicated by [2s]|. cc-p stays for Polarized Correlation Consistent basis set and means, for
the H and He elements, that 1 set of CGTOs is taken for the p AOs (indicated by [1p]),
which accounts for polarization effects of the electronic cloud. Since the p-AQOs are triply
degenerate, the total number of CGTOs is 5. Aug- stays for augmented and means that
for each of the AOs, 1 more CGTO is taken, which accounts for dispersion effects. For the
H and He elements 1 GCTO must be added for each of the AOs, i.e. [1slp|. This finally
means to add to the 5 functions in the cc-pVDZ basis set four more CGTOs for a total of
9.

H—-H, Na — Ar

cc—pVDZ 2s+1p] = 5 [4s3p2d 4+ 1f] — 30

ce—pVTZ [3s2p + 1d] — 14 [5s4p3d2f + 1g] — 55

cc—pVQZ [4s3p + 2d1f] — 30 [6s5p4d3f + 2g1h] — 91

ce—pV5Z [5sdp + 3d2f1g] — 55 [7s6pbd4 f + 3g2h1i] — 140

cc—pV6Z [6s5p + 4d3f2g1h] — 91 [8sTp6db f + 4g3h2i1l] — 204
aug—cc—pV DZ [2s1p + 1s1p] — 9 [4s3p2d1f + 1s1pldl f] — 46
aug—cc—pVTZ [3s2pld + 1slpld] — 23 [5s4p3d2f1lg + 1slpldlflg] — 80
aug—cc—pVQZ [4s3p2d1f + 1s1pldl f] — 46 [6s5p4d3f2g1h + 1slpldl flglh] — 91
aug—cc—pV5Z | [5sdp..2f1g + 1slpldl flg] — 80 [7s6p...2h17 + 1s1pldl flglhli] — 189
aug—cc—pV6Z | [6sbp...2g1h + 1s1pldl flglh] — 91 | [8s7p...2i1l + 1s1pldl flglhlill] — 268
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lower part of the table, respectively. The keywords DZ (Double Zeta), TZ (Triple Zeta),
QZ (Quadruple Zeta), ect., mean that the CGTOs are doubled, tripled, quadrupled and
so on. The term zeta stems from the exponent used above in the GTO equations. The
addition of the keyword V, specifies that only the valence AOs are doubled, tripled, ect..
Finally, the cc-p basis sets include already a set of CGTOs, generally called polarization
or correlation functions, which take into account for polarization effects on the AOs and
are indispensable for the calculation of the correlation energy. In the second part of the
table aug, stays for augmented and refers to the addition of diffuse functions, which are
indispensable for calculating long-range interactions like for example Van der Waals forces.

They are, indeed, very large CGTOs with small exponent coefficients.

As already mentioned, the use of p-cc basis sets allows the extrapolation of the PES

values to the complete basis set limit by using the following formula [43]

_ X3Ex —Y3Ey

Bxy = <55 (2.94)

where X and Y represent the cardinal numbers in the basis sets used.

2.3.3 Configuration Interaction (Cl) Method

The CI method can be seen as an extension of the HF method in the sense that the new
ansatz is constructed starting from the n-electron Slater determinant of the HF ground

state wavefunction

T = X1X2- XaXb-Xna) (2.95)

which contains all occupied spin-orbitals. The latter will be labelled with the first letters of
the alphabet, whereas the unoccupied or virtual ones will be labeled with the later letters
of the alphabet 7, s, .... If one now moves one electron from one occupied to an unoccupied
spin-orbital, a new wavefunction describing a single excited Slater determinant would be

created.
T = [X1X2--Xr Xbe-Xngy) - (2.96)

At the same way exciting two electrons from two occupied to two unoccupied spin-
orbitals one would end up with a wavefunction describing double excited Slater determi-

nant.

Zi = ‘X1X2"‘X7‘XS"'X’VZ€1> . (297)
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In general, this procedure could be repeated until all electrons have been excited from all
occupied to unoccupied spin-orbitals, obtaining all possible Slater determinants describing
all possible electronic configurations of the system. The CI Ansatz consists in writing
the exact electronic wavefunction for any state of the system as an expansion of all these

configuration state functions [38|.

5T = o[ W) + 37w + S ) + S ) + . (2.98)
ra a<b a<b<c
r<s r<s<t

which is the exact wavefunction for the electronic ground state. It is very interesting to
examine the structure of the full CI matrix, obtained by solving variationally the SE. For
this purpose it is more convenient to rewrite the Eq. as

B = co| UMY + 3 "eslS) + > eplD) + > er|T) + D cql@) + ... (2.99)
S D T Q

By virtue of the Brillouin’s theorem (see Sec. 3.3.2 in Ref. |38) and because the matrix
elements of 2 electrons operator vanish if two Slater determinants differ for more than 2

spin-orbital, the final Full CI matrix reads:

(WHF |, | @ HF) 0 (UHF | H | D) 0 0
(SHalS)  (SHalD)  (S|H.|T) 0

(D|Hu|D)  (D[Hq|T) (DHa|Q)

(T[Ho|T) (T|Hal|Q)

(QIHq|Q)

. (2.100)

The Brillouin’s theorem is based on the use of the canonical HF equations. In this case,
in fact, the Fock matrix of Eq. is diagonal and the off-diagonal (or mixing) elements,
<XZ(F)|f"(q)|X](F)>, with j = ¢ £ 1 vanish. Since the singly excited Slater determinants
<WHF|ﬂ|S> correspond to such mixing terms, the first conclusion to be drawn is that
they only mix indirectly with |[WHF) through the doubly excited determinants and have
consequently a very small effect on the ground state energy. On the contrary the doubly
excited determinants are the first important term, since they directly mix with the ground
state. Finally the more highly excited determinants only interact with the ground state

indirectly.
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At this point the CI expansion of Eq. is conveniently rewritten in its intermediately

normalized form

@) = [0 £ S e+ A ¢ Y e b (200
ra a<b a<b<c
r<s r<s<t

which involves the reasonable approximation that the coefficient cg is much larger than
all other coefficients and that ¢ must be really close to 1. Multiplying the SE for the

correlation energy by (UHF| from the left one obtains

<\IJHF’(I:I - EHF)‘(I)(()JI> = (Eea:act - EHF)<\I’HF|(I)(?I> = Ecorr<‘1’HF|(I)OCI> = Ecorr 7(2-102)

since for the intermediately normalized wavefunction condition (WHF|®ST) = 1. Substi-
tuting the expansion in Eq. [2.101] in the left-hand side of the last equation, an explicit

equation for the calculation of the correlation energy FE.,.. is obtained:

Beorr = > G (AP [H|W) . (2.103)

a<b

r<s
By using the intermediately normalized wavefunction, the correlation energy seems to
depend only on the coefficients of the double excitations, but in reality those coefficients
are affected by the presence of other excitations, as demonstrable by multiplying the SE
for the correlation energy by (U7, (Urs], (U5| etc.. By doing it, a large number of

equations involving higher excitations would be generated. Those equations have to be

solved simultaneously and show how CI is not a feasible method.

In the case that all ne-electron determinants for the molecular system are included the
method is called "full CI” (FCI). If, additionally, an infinite number of basis functions are
used with FCI, ideally the non-relativistic solution of the SE within the BO-approximation
would be obtained. Unfortunately, the number of the ng-electron determinants increases
exponentially with the number of electrons of the system, so that the method becomes unre-
alistic from the computational point of view. Therefore, the CI expansion is often truncated
including only determinants with single (CIS), single/double (CISD), single/double/triple
(CISDT) excitations and so on. In opposition to the FCI, the truncated CI methods do not
fulfill the Size Consistency requirement. The size consistency is an important property,
which can be explained, considering for example the interaction potential between two Ha

molecules as a function of their distance. Imagine the two Hy molecules at a very large
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distance, at which the two molecules do not interact. Physically, the energy of the dimer
should be twice the energy of the monomer, namely E(Hy) = 2E(Hs). If the approxi-
mation scheme considered, fulfill such a requirement, then the method is size consistent.
This is the case for the HF method, since only closed-shell monomers are considered and
the interaction between the monomers is automatically not included. In turn, at the CISD
level, single and double excited determinants will be created for each of the monomers,
and multiplying this by two would generate quadruply excited determinants. Since the
method is restricted to doubly excited determinants, the size consistency is lost, or simply
E(H,) # 2E(H>). Briefly, it must be mentioned that if the two monomers interact (in the
previous example for short distances) an additional property has to be in general fulfilled,
the Size Extensivity. In this case the method must scale properly with the number of
particles, or in other terms the energy of a many-particle system, must be proportional
to the number of particles n in the limit n — oo [38]. These two properties are all but
modest requirements. For the study of molecular dissociation evidently a method is needed
which is able to treat the molecule and its fragments at the same level. In general, the CI
methods have the advantage to be variational, but the disadvantage to be computationally
unreliable (FCI) and to not be size consistent (CIS,CID,CISD,....etc.). In the next sections
new correlation methods are introduced, which unfortunately are not variational, but are
size consistent and in the case of the Mgller-Plesset (MP) method shows considerable

calculating time advantages.

2.3.4 Mgller-Plesset (MP) Method

The MP method is based on the more general theoretical framework called the Many-body
Perturbation Theory (MBPT) or simply Perturbation Theory (PT). The idea behind all
perturbation methods is to treat a system being only slightly different from a reference
one, which has an exactly known solution. Mathematically, it means that the electronic

Hamilton operator is separated into two parts:

H=H,+\H , (2.104)

a reference Hamiltonian Hy and a perturbation Hamiltonian H’, which should be very
small compared to Hy. ) is a continuous parameter (Lagrange multiplier), which is in the

range [0,1] and switches on and off the perturbation. The general perturbed SE reads:

H|UPT) = (Hy + A\H)|OFT) = EFT|wPT) | (2.105)
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The eigenfunctions and eigenvalues of the unperturbed Hamiltonian fulfill the unperturbed
SE,

Ho|®;) = F4|®s) . (2.106)

If A = 0, one simply has the SE for the unperturbed Hamiltonian, so that H = flo,
|UPTY = |®g) and E¥T = Ejy. As the perturbation increases continuously, the new energy
and wavefunction also change continuously and can be written as an expansion in powers

of the perturbation parameter A |39

EPT = MNEFT+ METT+ NEST + NEST +
OPT = AWl - AT 4 A2eET 4 SR 4 (2.107)

where the UF'T and EF'T are the nth-order corrections to the wavefunction and the energy,

respectively.

Again to work with intermediately normalized wavefunction is useful. This implies that

the corrections to the wavefunction are orthogonal to the unperturbed wavefunction.
(U1 %ol ®0) =0 . (2.108)
Thus, by using the expansions of Eqgs. the SE becomes
(Ho + N H — XEFT — M EPT — X2EPT — HY(A00lT + AP + A208T 4+ ) = 0(2.109)
and by sorting the terms with the same power of A, the nth-order perturbation equations

are obtained

A0 HowT) = BETIwET)
A T + BT = EETET) + BETIUET)
N2 ST + BT = EETWET) + BETI0ET) + BTl

n
X' Ho|UyT) + HWRT) =) CEFTONT (2.110)
=0
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The zero-order equation is just the unperturbed problem for the ground state, i.e. I:I()]<I>0> =
Ey|®p). The higher-order perturbation equations in turn contains unknowns. The energy
correction to the nth-order can be easily calculated by multiplying the nth-oder equation

from the left by (®¢| and using the intermediate normalization property.

EPT — (&o|H/|UPT) (2.111)

It appears that for the calculation of the nth-order corrections to the energy, F,, the
(n-1)th-order correction to the wavefunction is required, but in reality by using the equa-
tions it can be shown that actually the nth-order correction to the wavefunction
allows the calculation of energies up to the (2n+1)th-order [39].

At this point an expedient for the solution of the perturbation equations is needed.

Rayleigh and Schrodinger (RS) proposed to expand the unknown nth-order corrections to

the wavefunction, |[¥FT=RS) "in the unperturbed wavefunctions, |®;).

[ETRS) =3 " il ®5) (2.112)

(2

Thus, the first-order perturbation equation becomes
(Hy — ES’T_RS)(Z: c1,:®;) + (H — EFT-R5)9, = 0. (2.113)
Multiplying from the left by (®g| and integrating yields the first correction to the energy
B} — (@0 |H'|®o) | (2.114)

which is the average of the perturbation operator over the unperturbed wavefunctions.
Otherwise, multiplying from the left by (®;| and integrating, the first correction to the

wavelunction is obtained

= y : (2.115)
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Solving the second-order perturbation equation, leads to the following two equations

_ . Do H!| ;) (| H!|By)
EPT-RS  _ {(Do|H'|D;) = (%o JA ek 2.116
2 E c1,i(@o|H'[®;) ;0 Fo_ E, , ( )
;|1 |®;)(®,|H'|® O |H |®p) (Do |H |
ey = (@) [H'[@;)(P;[H'|®g)  (P;[H'[Pg)(Po|H| o>7 (2.117)
’ Z#O (Eo — E;)(Eo — Ey) (Eo — E;)?

for the second-order correction to the energy and to the wavefunction, respectively. Com-
paring, Eqs. 2.113] [2.115] 2.116] and 2.117] it becomes already clear how complicated the

formulas for the higher-order corrections must become. Please note, however, that all

corrections can be expressed in terms of unperturbed energies and wavefunctions.

In the Mgller Plesset theory the unperturbed Hamiltonian is expressed as a sum of Fock

operators,

MNel Nel

H, = Z;f = z;h +2(Vee) (2.118)

~

where, (Vo) = >0 (VHF) 'is just the sum of the one-electron mean-field of Eq. m
over all electrons and the factor 2 arises because the interaction between pairs of electrons
is counted twice. Thus, the zero-order wavefunction is just the HF wavefunction, i.e.
|UMPY = |WHF) "and Ej is just the sum of the MO energies. This is what makes MP so
attractive, the method, in fact, becomes size consistent. The inconvenient is that for this
choice the perturbation is not so small, as the MBPT requires. In principle, by solving
the total Hamiltonian, ﬂ, the total interaction potential, Vee, between the electrons is
recovered. The perturbation Hamiltonian H’ , if expressed as the difference between the

total Hamiltonian, H and the unperturbed Hamiltonian ﬁo, can be rewritten as

~ A A

H/:I:I_I:IO :Vee_2<vee> . (2'119)

Recalling the first order correction to the energy in Eq. [2.113] since the first-order
correction is the average of the perturbation operator over the zero-order wavefunction,

one obtains:

E%\/IP = <(I)O|I:II|q)O> = <Vee> - 2<Vee> = _<Vee> . (2120)
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Please note that in the Mgller Plesset theory, the zero- and first-order corrections to the
energy correspond to the Hartree-Fock energy, where E%VIP is just the correction for the
overcounting of the electron-electron repulsion, so that the first evaluation of the correlation
energy is the second-order energy, e.i. MP2, followed by the higher-order terms. Therefore,
the correlation energy in Eq. is defined in MP terms as

00
Ecorr = ZEsz . (2121)
1=2

Since in the MP theory, the zero-order wavefunction is just the HF wavefunction, the
various equations derived above could be now discussed in terms of CI determinants. Re-
calling Eq. [2.115] from the Brillouin theorem, it is known that c; ; will not vanish, only
if |®;) is a doubly excited determinant. Therefore, since with the first-order correction to
the wavefunction, |\I'11V[P>, it is possible to calculate the second and third-order corrections
to the energy, then EYF and EYF contain contributions only from doubly excited deter-
minants. In Eq. the coefficients ¢2, j will not vanish, only if the |®;) in the second
term and the |®;) in the first one, are again doubly excited determinants, whereas the (®;|
of first term may be either singly, doubly, triply or quadruply excited determinants, see
Eq. Hence, since with the second-order correction to the wavefunction, |¥3F) it
is possible to calculate the fourth and fifth-order corrections to the energy, then E}fﬂ) and

Eévlp contain contributions from singly, doubly, triply and quadruply excited determinants.

Size consistency and greater computational reliability make MPn methods a good alter-
native to the variational but not size consistent truncated CI methods. Furthermore, even
if the energy could be overestimated, this is rarely a problem, since the basis set imposes

even more severe limitations [39].

Property

A

< >

MP4

HF
\ MP3
\//\ » Limitingvalue

MP2

Figure 2.2: Typically oscillating convergence behaviour of energy results obtained with the
MPn methods. The Limiting value is the exact non-relativistic electronic energy in the
Born-Oppenheimer approximation. (Adapted from [39])
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Probably the main disadvantage of MPn methods is that the HF reference Hamiltonian
is not really consistent with the premise of the perturbation theory, the perturbation to be
small enough. It is indeed known that in such a case the MP2, MP3 and MP4 methods show
oscillatory convergence, as shown in Fig. overshooting in some case the exact energy.
This behaviour becomes more drastic if big basis sets are used, as for example basis sets
with augmented functions. In such a case the MP3 method gives certainly wrong, whereas

MP2 often gives surprisingly good results [39] and is considered to be then the best choice.

2.3.5 Coupled-Cluster (CC) Method

Coupled Cluster (CC) methods form another popular approach to the problem of construct-
ing correlated wavefunctions. CC theory was born in the physics community in particular
in the area of nuclear physics, but since over 30 years it found an always increasing appli-
cation in Quantum Chemistry, where perhaps the most reliable computational method for
the calculation of electronic structures and for the prediction of molecular properties has

been developed. Like the MPn methods, the CC is size consistent, but non-variational.

The intermediate normalized coupled cluster wavefunction is written as
1WCCY = eT|@y) (2.122)
where |®g) is the HF reference wavefunction and T is the cluster operator, given by
T=T1+To+Ts+..+Ty. (2.123)

Moreover, the T term can be expanded as follows:

T __ T 2 Tk
—1+T+ T + Zk|T (2.124)

When the T; operator acts on the HF wavefunction |®p), the nth-ply excited Slater

determinants are created,

1WCCY = |B,) +Zﬂ|\1ﬂ“ H )+ > ety (2.125)
a<b a<b<lc
r<s r<s<t
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where
Tie)) = S e)wn) (2.126)
ra
To®o) = > t3|U0) (2.127)
a<b

r<s

and t are called amplitudes. Substitution of Eq. 2.123]into [2.124]leads to the explicit form

of the exponential operator:

i . . 1. - A 1.
e = 1+T1+ <T2+2T%> + <T3+T2T1+6T?> +
1

N N 1. 1. . R
- <T4 +T5T) + §T§ + 5TQT% + 24T;1> + ... (2.128)

The last expression already gives an idea of the advantages of truncated CC over truncated
CI methods, since it shows the size consistent nature of the CC ansatz. The first term is the
reference wavefunction, the second term generates the single excited Slater determinants,
the first parenthesis includes all doubly excited configurations, both the so called connected
(T2) and disconnected (T?), whereas the second parenthesis includes all connected and
disconnected triply excited determinants, and so on. The size consistent property of the
truncated CC methods arises from the presence of those disconnected terms. For example
the CISD method does not include the term T% and at the same way the CISDT method
does not include the terms ’i“;’ and Tng and so on. By using the CC wavefunction the
SE reads

HeT|3g) = ECCT| @) . (2.129)

Similarly to the Eqgs. R.113] 2.115] [2.116] and 2.117] if one multiplies the SE from the left
by (®g| or by one of the nth-ply excited determinants and integrates the expressions the

CC energy or the nth amplitudes are attained, respectively.

ECC (®g|eTdy) = (Do[HeT|Dy) ,
=1
ECC = (@o|HeT|Dy) | (2.130)
E°C = EHF+Zt2<¢o\ﬂl\l’z>+2(ﬂi+t£ti—titi)@olﬂ! ab) s
ra a<b

r<s
=0
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and
ECC(@|eT1dy) = (@)[HeT|Dy) | (2.131)
ECC(@)|T1®0) = (@4[H|@o) + Y th (O FW,) + Y (55 + tht5 — t5t5) (@o|FIWSE) + .
o o<
=0

The last expression only shows the amplitudes of the singly excited determinants, as an
example. In both equations the matrix elements of the singly excited determinants are

zero because of the Brillouins Theorem.

If all possible operators are included in Eq. up to the order N = oo, the CC-
and FCl-ansatz become equivalent and equivalently the method becomes computationally
unreliable. The CC operator has to be truncated at some excitation level, and like CI,
Coupled Cluster Double (CCD), Single Double (CCSD) are generally used and the only
applicable ones. The CCSDT and the higher methods are, in fact, computationally too
demanding. Unfortunately the contributions from the double and triple excitations, T,
and Tg, respectively, in the CC operator expansions are the dominant terms, so that a
relevant part of the correlation energy is therefore not included. It is possible to avoid the
obstacle and add the triple excitations calculating them by mean of perturbation theory
at a same level of approximation. The MP4 methods for example includes the correlation
energy given by the triple excitations and is usually added to the CCSD energy. In this
case the method is called CCSD+T(CCSD). Addition of more terms arising from MP5
and describing the coupling between singles and triples leads to the CCSD(T) method.
The CCSD(T) method is often called "the gold standard of quantum chemistry" for its
excellent compromise between the accuracy and the computational cost for the molecules
near equilibrium geometries. One could go on and add other terms from the MP5 or even
from higher MPn methods, but again the procedure would become computationally too
demanding. Please note that in those hybrid MPn-CC methods for the calculations of the

MPn energy correction the CCSD-wavefunctions (amplitudes) are used.

2.4 Quantum Dynamics Method

2.4.1 Multi-Configuration Time-Dependent Hartree Method (MCTDH)

The multi-configuration time-dependent Hartree (MCTDH) method [31}437| is probably
one of the most powerful numerical implementations for propagating wavepackets, i.e. for
solving the TDSE in Eq. [2.33]

m%\pnm(t) = HUu(t) . (2.132)
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The method is particularly advantageous in case of multi-dimensional systems. In order
to appreciate this point let us consider first the standard wavepacket propagation approach,
before the basic concepts behind the MCTDH method will be illustrated. Consider a sys-
tem with f nuclear degrees of freedom k, which may be represented by a set of generalized
coordinates {qx}, being different kinds of coordinates, the standard expansion in term of

a time-independent basis for representing a multi-dimensional wavepacket reads

f
Wnue({ar}it) = 2: ZAhH>H@ﬂmEZMmmmmn, (2.133)
k=1 J

Jji=1 Jr=1

(k)
Jk
DOF; A;(t) = Ajy...j, (t) are the time dependent expansion coefficients with .J collecting all

where Ny denotes the number of basis functions x ’(gx) required for representing the kth

the jj indices; X;({qr}) = H - x]k (qk) is a time independent Hartree product expansion
of the one dimensional basis set. By solving the TDSE the basis functions Xg.k)(
chosen by using a Discrete Variable Representation (DVR)/Finite Basis Representation
(FBR) on a grid, [28,29,/44,45]. For more detailed information on DVR techniques refer
to the reviews in Refs. [36] and [30]. By using the ansatz in Eq. and applying the

Dirac-Frenkel variational principle to Eq. [2.132

i) are often

(Ve () — i [We({as}i 1) = 0, (2130

the following equations of motion (EOM) for the expansion coefficients Aj(t) can be ob-

tained:

ihA(t) ZHJLAL (2.135)

where Hyp = (X;({qe})|H|X1({gx})) denote the matrix elements of the Hamiltonian in
the above product basis set. If for simplicity the same number N, = N of grid points is
chosen for all k, the numerical effort in evaluating the EOMs is proportional to fN7*1. This
exponential scaling restricts the applicability of standard methods to quantum problems
with only few nuclear DOFs. In the MCDTH method a new ansatz is proposed for the
wavefunction Wy, ({qx},t) [46]:

i ::]x

n1 nyg
Unue({ar}, t) = Z Z Ajl“']f Qk7 = ZAJ(t)XJ({Qk}at) (2.136)
=1 =1 J
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The main difference is that the configurations X ;({gx},t) are time-dependent, since they
are represented by f-dimensional Hartree products of now time-dependent single-particle
functions (SPFs) )ZE-IZ)(qk, t), as they are called in the MCTDH frame. The single particle
functions are now able to follow the propagation of the system (imagine a moving grid),
decreasing substantially the number n of SPFs needed for representing the different nuclear
DOFs. Considering s expansion terms, the total effort now scales as s fn(N?+ fnf), which
is advantageous over fN/*1 aslong as n < N [36]. Numerically, each SPF is represented

by a linear combination of time-independent basis (grid) functions ggll:)(qk):

N

Want) = Y i @) - (2.137)

ip=1

The limiting case ny = Nj corresponds again to the numerically exact expansion of
the wavefunction in Eq. [2.133] Since both, the expansion coeflicients and SPFs are time-
dependent, Eq.[2.136]also introduces some redundancies in the representation of the wave-

function, which can be avoided applying additional constraints to the SPFs, e.g.:

(@t = 0 (@t =0)) = G, (2.138)
<>~(§'l,:)(Qk,t)|>L(1(,l:)(Qk,t)> = 0. (2.139)

In particular, Eq. [2.13§] ensures the SPFs to be orthonormal at ¢ = 0. Eq. [2.139]in turn

ensures orthonormality for ¢ > 0 and moreover minimizes the motions of the SPFs.

It is helpful to introduce the single-hole functions

U (g geev ) ) = G (@0 ) Waie({ar}, 1) - (2.140)

which is a linear combination of Hartree products of (f — 1) SPFs, which does not con-
tain the SPF for the kth-DOF. The single-hole functions permit the following alternative

expression for Eq. 2.136
v t) = W (g, )M t 2.141
nuC({qk}7 ) lek (qk7 ) Ul ({QI7Qk—17Qk+17Qf}7 )7 ( . )
Uk
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and density matrices as well as mean field matrix elements, which act on a kth-DOF only,

can be expressed respectively in an easier way:

P;I:gk({Q1,Qk71,qk+1,qu},t) = <\II§'I:)({(Ih(kalvq}ﬁLla(If}’t)|\Ijl(]]:)({Q1:Qk71,Qk+17fIf}:t)>7 (2.142)

= O (g g ) (o g ) - (2.143)

Finally, after defining the single-particle projector onto the space of the SPFs

ng
PO =57 159 (i, ) (3 (gr 1) (2.144)

Je=1

and employing Eqgs. [2.14212.144], the MCTDH coefficients and single-particle functions can
be optimized by using the Dirac-Frenkel variational principle in Eq. [2.134] The following
EOMs can thus be derived [36},37]:

inA; () = Y (Xs({ah OIHIXL ({0, 0)AL(t) | (2.145)
L
O ) = (1-PO) (69 (g g1 gii.073.0) EOO ge,1) , (2.146)

where the constraints Eq. |2.138| and |2.139| were used. X*)(qx,t) = ()ng), e ,)Z%IZ))T

to a column vector of the individual SPFs )Zg-lz), and p(k)({ql,qk,l,qkﬂ,qf},t) and <H>(k) to the
respective density and mean field matrices defined by Egs. 2.142] and 2.143] respectively.

It is worth to highlight that the eigenvectors and eigenvalues of the density matrix

refers

p(k)({ql,qk,l,qkﬂ,qf},t), the so-called natural orbitals and natural populations, are unique
quantities with respect to the chosen SPFs, such that the population of the highest natural
orbital provides a measure for the convergence of a MCTDH calculation.

The most CPU expensive part in solving the EOMs is the direct evaluation of the f-
and f — 1-dimensional integrals of the Hamilton matrix elements mean fields, Eqgs. [2.145
and [2.146], respectively. A way to avoid the problem is to utilize a separate representation
of the Hamiltonian in terms of sums over products of one-dimensional operators, similar
to the MCTDH ansatz of Eq. [2.136] Unfortunately, the PES in general does not have this
form. For this reason the additional internal algorithm POTFIT [47,48| was implemented
in order to fit PESs in such a form.

Since the TDSE is an initial value problem, an initial guess, namely W,..(t = 0), is

required. The ground state wavefunction of a coupled Hamiltonian can be provided by
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propagating an initial Hartree product of 1D-eigenfunctions of uncoupled Hamiltonians, in

imaginary time ¢ — —i7 [49|. In this case the new TDSE reads:

o .
e Wie(r) = HWue(r) (2.147)

and the general formal solution for the wavefunction becomes
fir
\I/nuc(T) = eiT\I/nuc(O) . (2148)

Finally, expanding the initial wavefunction in eigenfunctions 6,, of the Hamiltonian the

following equation is obtained

Ent

o 0,(0) . (2.149)

Uiue(T) = Z ane”

which shows how each eigenfunction relaxes to zero at a rate proportional to its eigenvalue.
Therefore, after a time 7 the eigenfunction n is reduced relative to the ground state by the

ratio e~ (En—Eo)T

. This means that the ground state relaxes most slowly persisting over all
other ones, such that after sufficient time and by preserving the norm of the wavefunction

only the pure ground state is left.

The MCTDH program package is capable to treat non adiabatic systems using the built-
in multi-set formalism [34-437,50-52|. Different sets of SPFs are employed for each elec-
tronic state considered. The expansion of the Hamiltonian H as well as the wavefunction

Upye has therefore to be expanded into a set {|a)} of electronic states:

Unac{ar};t) = D Ui({ar}it)la) (2.150)
H = > > ja)H |, (2.151)
a b

where each wavefunction ‘I/gfl)c({qk}, t) has the MCTDH form in Eq.[2.136f The new EOMs
read now [34,36./51]:
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inAP (1) = Y STEO (@) 0 E@IXD (), 0) AP 1), (2.152)
b L

-1

i) (1) = (1 P““)( @ (g, a1 a” }t))

Z abk: ( (b) ) 7 (2153)

b

Finally, a brief discussion must be carried out about the integration schemes the MCTDH
package provides. The EOMs both in the single and multi-set formalism are systems of
coupled non-linear equations of first-order. The standard predictor-corrector methods are
available under the name wvariable mean-field (VF) [36]. Alternatively another scheme
is provided, which was specifically developed for the numerically efficient solution of the
MCTDH-EOMs, called constant mean-field (CF) [53]. The name refers to the fact, that
Hamiltonian matrix elements (X ;({qx}, t)|H| X1 ({qx},t)), as well as the products of the in-
verse density and mean field matrices, respectively (p(k)({qga), q,(ga_)l, q,g i1 qf } t)) ' and
(H)®) | change much slower in time than the MCTDH coefficients and single-particle func-
tions, such that the former matrix elements can be kept constant over some time. In this
case the differential equation for the A-vector in Eq. becomes a set of linear equa-
tions with constant coefficients, most efficiently solved by using the short iterative Lanczos
(SILE) or Lanczos-Arnoldi integrators implemented. Similarly, the differential equation
for the single-particle functions in Eq. splits up into each subsets of uncoupled, but
still non-linear equations, which can be integrated using the implemented Bulirsch-Stoer

(BS) extrapolation method.

2.4.2 Optimal Control Theory (OCT)

Optimal Control Theory (OCT) is a mathematical discipline with numerous applications
in science, engineering and even in economy. The method is sometimes called quantum
optimal control theory in the particular case of quantum systems. The idea is to vary
a properly defined functional in order to shape specially tailored laser pulses, which are
able to control the quantum dynamics of the system under consideration, as for example
to coherently control product ratios of chemical reactions. Thus, the OCT method has
an own history, which is independent from the MCTDH framework (see for example Refs.
54 155).

Since the OCT method must be solved iteratively after an initial laser pulse has been
given as a guess, it turns to be very expensive from the CPU point of view. As it will
be shown in this section, two wavefunctions have to be propagated forward and backward

in a time interval T numerous times, in order to reach the chosen target, restricting the

48



2.4 Quantum Dynamics Method

use of the method to system with few degrees of freedom. Thus, the combination of OCT
and MCTDH appears to be a natural choice for controlling multi-dimensional systems
[56,[57]. Moreover, Brown et al. implemented the possibility to perform forward and
backward propagation at the same time and also saving the time-dependent wavefunction
is not required anymore. The expedient speeds up the MCTDH-OCT implementation
considerably [57].

The OCT method was implemented in the MCTDH package by May et al. [56] within
the electric dipole approximation. Later Brown et al. [57] even moved on allowing the use

of arbitrary dipole operators.

Assuming that the interaction between a system and an electromagnetic field can be

treated semi-classically, the TDSE can be rewritten as

0 (RS .

AWne(t)) = 1 (o = ie(t) ) [@nuc(®)) (2.154)
ot h

where Wy,(t) is the nuclear wavefunction as in the MCTDH expansion, i denotes the

dipole operator in S.I. units of [Cm] and atomic units of [eap], €(t) is the electric field in
S.I. units of [%} and atomic units of [%‘)], so that the product fie(t) finally has units of

energy as well as the time independent Hamiltonian of the unperturbed system, H, in the
initial state |Unuc(0)).

There are different ways to define the OCT functional J. The one implemented in
MCTDH and used in this work is given by [58|

Je,T) = (Unue(T)| OV pue(T)) (2.155)
T a H T

where O is associated with an observable, or in other words denotes the control target,
whose expectation value has to be maximized at the final propagation time T. The operator
O could be, for example, a projector operator O = |®)(P|, where |P) can be a target state
or a target wavepacket. Please note that in all cases every term in Eq. has to be
dimensionless. Therefore, ap has S.I. units of [\I;l—;s] and atomic units of [;255} The
second term in Eq. [2.156] ensures that Eq. is fulfilled and introduces the Lagrangian
multiplier (Opuc(t)|. Moreover, Opyc(t) and Wyye(t) obey the TDSE. The third term in
Eq. guarantees strong fields to be penalized, in order to avoid, for example, the

ionization of the system. «(t) is a time-dependent constraint function, which ensures the
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pulse to be switched on and off smoothly, namely [59]

20 ift <T

alt) = { s(t) , (2.156)

0 otherwise

with ag being the constant constraint controlling the intensity of the pulse. Finally, s(t)
within the MCTDH package is simply defined as:

s(t) = sin?(nt/T) . (2.157)

Variation of the functional J with respect to the laser pulse €(t) leads to the expression
for the optimal electric field [56]

B sin?(nt/T)
ﬁOé()

€(t) = Im(Opnue(B)| | Ve (t)) (2.158)

where Oy (t) is propagated back in time and is, initially, Ouue(T) = OUpuo(T) = |B)
(P|Wnue(T)). The wavefunction Opye(t) evolves according to the TDSE.

2 Omel®) = 1 (At — (1)) Ouc0) (2.159)
The general OCT scheme presented above exhibits a quadratic and monotonic convergence
behaviour as demonstrated by different authors (see Refs. 27-29 of Ref!56). Since the
MCTDH-ansatz in Eq. 2.133|results in coupled nonlinear EOMs for the SPFs and expansion
coefficients, a direct check of the convergence behaviour is not possible [53] and convergence
has to be proved within the course of the numerical calculations. However, this above-
mentioned OCT scheme can not be implemented in the existing MCTDH code, since
solution of the noni-linear TDSEs obtained when the left-hand side of Eq. for the
electric field €™ is substituted in Egs. |2.154| and |2.159|7 is not possible [56]. May et al.

proposed to approximate the optimal pulse via a quadratic extrapolation |56]. The field at

time t — At is evaluated within the n-th iteration by using @ﬁﬁ;”(t — At) of the previous,
(n — 1)-th iteration.

B sin?(7t/T)

M (t — At) = p
Q0

Im(O0 Y (¢ — A a8 (£ — At)) . (2.160)

nuc nuc

@gﬁ)c(t — At) is, in fact, not yet available, since it should be obtained after backward
propagation of Eq. [2.159| by using e,
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For the calculation of the electric field for the n-th iteration at time ¢, €™ (t), the two

following auxiliary fields are necessary

0 %(é") (t — BAL) — 4™ (£ — 2AL) + 3¢ (£ — At) |

aux

2 = %(e(”) (t — 3At) — 2™ (t — 2A8) + ™ (¢t — At) .

The extrapolated field strengths at ¢t and ¢t + At are finally obtained as follows

() = eMt—-At)+EL +EP,,
€M+ At) = €™t —At)+ 2 42

The stability of this numerical strategy is proved in Appendix B of Ref. [56

(2.161)

(2.162)

(2.163)
(2.164)
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3 From Synchronous to Sequential
Double Proton Transfer: Quantum

Dynamics Simulations for the Model
Porphine [60]

3.1 Introduction

Porphyrins and metalloporphyrins are a wide class of organic compounds known as well as
the "pigment of life", since they play important roles in several biological processes, such
as photosynthesis (chlorins), oxygen transport (hemoglobin and myoglobin) and oxygen
activation (cytochromes). Their characteristics are utilized in many fields as for example
in medicine for phototherapeutic treatments, as well as for many advanced materials as for
example artificial photosynthetic systems or molecular memories. Therefore, these kind of
systems are object of a wide research in both basic and applied sciences, which consequently
drove to a systematic development of synthetic procedures in order to obtain them [60].

All porphyrins show a second, but biologically not less important process: the Double
Proton Transfer (DPT) mechanism. For example its dysfunction in the DNA base pairs
may cause irreversible mutations. Moreover, DPT mechanism has been observed for many
reactions such as cycloadditions [61-66] or three-body dissociations [67]. To those systems
the same question was addressed, whether the DPT shows a synchronous (or concerted)
or sequential (or stepwise or successive) mechanism. In this chapter the DPT mechanism
of porphine will be inquired entering a hot debate of the last decades [60.|68-85].

The research carried out here aims at a proof of principle, showing that the question
addressed till now was wrong, since it implied a restricted classification of the mechanism
either as concerted or stepwise. Both mechanisms in fact may occur simultaneously, albeit
with different probabilities, or even a switch from one to the other mechanism may be
observed. Moreover, the classification of the DPT may depend on the definition of the
two mechanisms themselves. On the side of quantum chemistry (QC), the classification
was essentially based on the discussion of the saddle points [61}/65,/68] of the PES for
a given system. In other words, the system will prefer the mechanism with the lower
energy barrier. In the same fashion sometimes the decision is based on consideration of

the reaction path: if it leads from the reactant to the product via a quasi-bound reaction
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intermediate which is characterized by a local minimum on the PES, then the mechanism is
classified as stepwise, otherwise as concerted, see e.g. Refs. 80|81l Accordingly, constrained
dynamics simulations along specific paths a priori classify a mechanism as either stepwise
or concerted. In contrast, unconstrained classical Molecular Dynamics(MD) simulations
carried out by Ushiyama and Takatsuka [73], discovered, for example, that the DPT in
the formic acid dimer shows a sequential mechanism, even though the second hydrogen is
transferred only 8 fs later. This result contradicts previous studies based on exclusively
energetic considerations, which favour the synchronous mechanism. Their counter-intuitive
result is supported by an in-depths-discussion of the underlying properties of the system,
which induce the sequential events [73]. A new and very interesting definition of concerted
and stepwise mechanisms has been recently given by Houk et al. [66], see also Refs. 65,84,85/
who carried out MD simulation of 1,3-dipolar cycloadditions. They classify the mechanism
as synchronous, if the two new bonds in the reaction are formed within a time gap below
a characteristic period of vibration. In particular, the reactions between nitrous oxide,
fulminic acid and methylene nitrone with acetylene occurs in a time scale below 30 fs,
which is the vibrational period of the characteristic bending mode of the three linear
molecules. Since this bending mode distorts the reactants, supporting the formation of the
precursors of the respective transition states (TS), the phenomenon can also be described
in terms of Polanyi rules [86], where the excitation of the vibrational mode can be seen as
a typical late barrier reaction. In this new definition, however, the formic acid dimer DPT
should be regarded as synchronous again, in contrast with the assignment as sequential
given by Ushiyama and Takatsuka [73]. Apparently, different definitions based on MD

simulations may yield different classifications.

In contrast with the previous MD simulations [65,66,73|, and with the previous quantum
dynamics simulations along a selective reaction coordinate [80-83|, in the present approach
quantum dynamics simulations are carried out for the DPT reaction of a model porphine,
which involves the breaking of two NH bonds and the formation of two alternative NH
bonds, in the electronic ground state. The purpose of this work is on the one hand to
demonstrate a proof of principle, the scenario of competing synchronous and sequential
mechanisms via alternative reaction to be possible, and on the other hand to answer the
question about synchronous or sequential mechanism within a quantum time-dependent
approach, since, as it will be seen later, the quantum effects play a major role for a
switch from a synchronous to a sequential mechanism. Moreover another important aspect
disregarded in the previous approaches is considered here, namely the initial preparation
of the reactants, which effects the mechanism. Unfortunately, performance of quantum
instead of classical dynamics simulations is much more demanding, so that a dimensionally
reduced model of porhine is used. In the next section the model of porphine designed by
Smedarchina, Siebrand, and Fernandez-Ramos [69] is adapted. This model has also been

used in a recent quantum model simulation of laser driven double proton transfer [87].
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Figure 3.1: Double proton transfer of the model porphine, adapted from Smedarchina et
al. . The protons move along coordinates q;, g2. The snapshot shows the configuration
of the minimum of the model PES, see Eq. corresponding to the reactant.

3.2 Model

The simple two-dimensional model of porphine adopted in this work takes into account
only the constrained dynamics of the two protons of the DPT reaction and clearly involves
many approximations. Recalling the multi-stage adiabatic separation tool in Chap. 2] at
the first stage the electronic and nuclear motions are adiabatically separated. Afterwards
the fast vibrational DOFs of the light protons is adiabatically separated from the slow
motions of the heavy molecular scaffold, which is therefore considered frozen (see also
Fig.[2.1]). It should also be recalled that the light DOFs, i.e. the motion of the two protons,
is treated in a time-dependent picture in close analogy to the attosecond chemistry ,
where the position of the electrons in time is investigated. In contrast, in Chaps. [d] and ]
the light DOFs are exclusively treated in a time-independent picture. Obviously, excitation

of the other vibrational DOFs can have a dramatic influence on the DPT dynamics, as
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recently shown by Waluk and coworkers [88] on the related porphycene molecule, but in
the time scale of a few tens of femtoseconds investigated here, the adiabatic separation of
the two fast proton from the scaffold can be considered a valid assumption, as supported in
a paper by Limbach [89], based on the Rice-Ramsperger-Kassel-Marcus (RRKM) theory,
which states that the molecule shows a slow intramolecular vibrational relaxation (IVR).
Finally, with respect to the first chapter, the resulting two-dimensional PES for the motion
of the two hydrogens refers to the light adiabatic potential of Eq. [2.1I} which is here
obtained by using the analytical model by Smedarchina et al. [69] fitted to experimental

and calculated parameters.

The model is illustrated in Fig. The two protons are labeled 1 and 2 and move
parallel along the coordinates ¢q; and ¢o, respectively. A DPT reaction is always completed
when the two protons have moved from the domain of the reactant close to ¢4 = ¢q2 =
—Agmin to the product domain near to g1 = Ag¢min and go = Agmin, or back from the
product to the reactant domain. The analytical function for modelling the PES is given
by

Wi ) = o (@ = Ag)* + (& = A)” - 4GAGma:| +26(2+ 6y . (3.1)

Uy
Agy
where WISQ‘C: 0 (q1,q2) uses the nomenclature of Chap. With the quantum number, n = 0,
indicating the adiabatic electronic ground state. The function represents a quartic po-
tential and can be thought of as a two-dimensional quadruple-well potential, with an
additional bilinear coupling between the transfers of the two single hydrogens. The pa-
rameter Uy = 0.473 eV has been fitted in Ref. [69 considering the experimental results
of nuclear magnetic resonance (NMR) and laser-induced fluorescene (LIF) measurements
of Refs. 90192 and represents the barrier height for the transfer of one single decoupled
hydrogen, i.e G = 0. The parameters Agy = 1.251ap and G = 0.063 are based on
density functional theory (DFT) calculations of Smedarchina et al. [93] at the B3LYP/6-
31G* level. Finally the constant term 2G(2 + G)Uy is added in order to shift the PES,
such that the two equivalent global minima for the reactant (R, cf. and the prod-
uct (P) are set to zero, WIEQC:O)(—Aqmm, —AGmin) = éﬁfo)(Aqmm, Agmin) = 06V, where
A¢min = Aqov/1 +G = 1.290a9 ~ Aqy. Note that the nomenclature has been simplified

and the first quantum number "n =0" is just indicated with its value ”0”.

The PES resulting from the analytical functions is shown in Fig. [3.2] where new fea-
tures are now visible: the two equivalent local potential minima, WISZC: U)(Aql, —Agqp) =
Wéﬁfo)(—Aql,Aql) = 8GUy = 0.238 ¢V, which support two reaction intermediates, la-
beled respectively, I; and Ip, with Aqr = Agov/1 — G = 1.211ag ~ Aqp; the four equiv-
alent barriers between reactant or product and the intermediates, WISGLC: 0) (—Aq%rs, Aqrg) =
W= (Aghs, —Agrg) = W (Agpe, —Agty) = W (— Agre, Agty) = (142G)2U, =
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3

Figure 3.2: Potential energy surface for double proton transfer of the model porphine, see
Eq. 3] adapted from Ref. 69 The equidistant values of the contours range from 0eV
for the potential minima for the reactant (R) and product (P) configurations, to 9.7eV.
The corresponding energies of the local minima for the intermediates I, Is, of the four
barriers labeled TS, and of the saddle point SP2 are 0.238, 0.600 and 1.069 eV, respectively.
Synchronous double proton transfer leads via the domain which is encircled by the thick
contour; its energy is 0.860 eV, and it passes through the point (—Agp/2,0) and three other
equivalent points, half way between SP2 and TS.

0.600 eV, where Aq%s = (Aqo/vV2)V1++/1—4G? | hence Aq‘TFS = 1.249 a9 =~ Aqp and
Aqpg = 0.079ag. Please, note how the small displacements, Agrg, can be discovered
in Fig. [3.2l The label TS of the four barrier reminds of “transition states” for two al-
ternative sequential reaction mechanisms, which are illustrated schematically in Fig. 3.3
The forward reactions can lead from the reactant R to the intermediate I; and Iy via
two alternative TSs and subsequently via the other two alternative TSs to the product
P. Equivalently, the back reaction is also shown in Fig. Additionally, Fig. shows
a saddle point, winso (0,0) = 2(1 + G)2Uy = 1.069¢eV, labeled SP2, since it is a saddle
point of second order with two imaginary frequencies corresponding, in two dimensions, to

a maximum. Thus, the synchronous mechanism leads from the reactant R to the product
P via the SP2, as schematically illustrated in Fig. [3.4]

In order to analyse the dynamics of the DPT, the PES was schematically divided in
different domains (D), as illustrated in Fig.|3.5| The different domains are D = R, P, SP2,
I; and I. In both Figs and the SP2 domain is encircled by the equi-potential-

contour Wéﬁfo)(ql, g2) = 0.860 €V, which passes through the four points half way (“equal
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Figure 3.3: Two equivalent mechanisms for sequential double proton transfer of the model
porphine, from the reactant R via alternative barriers or transition states TS to intermedi-
ates I; or I, and subsequently via the other two TS to the product P, and back (schematic).
The path via I} corresponds to initial motion of proton 1 along qy, followed by the motion
of proton 2 along qs, from the reactant to the product configurations. The path via Is has
the reverse order of the sequential steps, first transfer of proton 2, then 1. Compare with

Figs [3.1] and

———O—‘
R = SP2 - P

Figure 3.4: Synchronous double proton transfer of the model porphine, from the reactant
R via the saddle point SP2 to the product P, and back (schematic). Compare with Figs

and

.
.
®

o
¢
:
¢

share”) between the saddle point SP2 and the four barriers TS, e.g. (q1 = —Aqo/2,q2 = 0).
Finally, Fig. also shows the domain boundaries (DB), which will be labeled using the
same notation, DB = R, P, SP2, I;, I5. The straight lines DB(R,I;), DB(I1;,P), DB(P,Is),
DB(I2,R), separating the neighbouring domains R and Iy, Iy and P, P and Iy as well as Io
and R from each other, extend to infinity and are connected by quarter circle. This ensures
closed loops for each of the domains R, I1, P, Io. However, these extensions are physically
irrelevant, since the representative wavefunction never penetrates outside the region which
is shown in Fig. [3.2] since the potential energy goes to infinity for ¢; and ga = +o00. This

means the corresponding densities are negligible, beyond the domain boundaries which
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3 From Synchronous to Sequential Double Proton Iransfer

are shown in Fig. [3.5] The definition of these domains and their boundaries is, of course,
somewhat arbitrary, but reasonable. Other reasonable definitions, e.g. slightly smaller
or larger domains SP2, possibly with different shapes of the boundaries, yield equivalent

results and conclusions.

The potential provided by Eq. is symmetric with respect to the diagonal ¢ = 4o,
since reactants and products are identical, according to experimental results by Limbach

and coworkers for various similar environments [89-92]. Consequently, the corresponding

eigenstates of the PES must be near-degenerate doublets, namely \Ill(;;to’ o5 +) (q1,92) and
=0, — . . . =0, + =0, -
\Ill(izht vr) (q1,q2), with respective energies Eﬁght “"(q1,q2) and El?ght “(q1,q2), delo-

calized, either preferably in the R and P, or I; and Is. The heavy model Hamiltonian for
the DPT is defined as

& f)% f)% (n=0)
Hiigni (g1, 92) = o toar T Wine (a1, g2) (3.2)

where

( Py ) - —ih( 0/ 941 > (3.3)
P2 0/0qz

are the momentum operators conjugate to qi1, g2, and M = m,, is the proton mass. The
symmetry of the PES in Eq. implies that the Hamiltonian in Eq. [B.2] is symmetric

with respect to exchange of protons 1 and 2, namely

I:Ilight((ha Q@) = I:IIight(Q2a q). (3.4)

The initial (¢ = 0) state Wyght(q1,q2,t = 0) is determined by propagating in imagi-
nary time an initial two-dimensional wavefunction in the domain of the reactant by us-
ing Eq. and the MCTDH method [36,/53]. This initial guess is a Hartree prod-
uct (see Eq. but for generalized DOFs) of one dimensional ground state eigenfunc-
tions, obtained by diagonalizing two one-dimensional operators [53| for two respective one-
dimensional cuts of the two-dimensional PES, WIEQC: 0)(q1, q2), along the relative DOFs, ¢;
and g2 at the minimum of the reactant well R. At the initial time, 7 = 0, of the relaxation,
the two-dimensional Hartree product is represented in MCTDH as a linear combination
in the doublet eigenstates, see Eq. calculated by solving the TDSE of Eq. for
Wit (a1, a2),
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3.2 Model

Figure 3.5: Domains of reactant (R), product (P), two intermediates (I;, I2), and the
saddle point (SP2), together with their boundaries. Horizontal and vertical red arrows
indicate the flux densities of protons 1 and 2 from the domain of the reactant R to the
intermediates I; and Is, respectively, corresponding to the first step of the two alterna-
tive routes of the sequential reaction mechanism, cf. Likewise, vertical and horizontal
blue arrows symbolize the flux densities of protons 2 and 1, from domains I; or Is to the
product P, respectively, corresponding to the second step of the sequential reaction mech-
anism (schematic). Moreover, green and magenta arrows indicate the flux densities at the
boundaries between domains R and SP2 as well as SP2 and P, respectively, corresponding
to synchronous double proton transfer, see Furthermore, cyan arrows indicate the
flux densities at the boundaries between SP2 and intermediates 17, Is. Also shown b

equi-density contours is the ground state wavefunction \Ill(g:sz:O) (q1,q2,t = 0) (gray), 3.6
which is localized close to the potential minimum in the domain of the reactant (R), to-

gether with the initial wavefunction Wyigh(q1,¢2,t = 0) (black), which is obtained by

a shift (gray arrow) of \I’I(g:tvﬁzo) (q1,q2,t = 0) along the diagonal ¢; = g2, see text.

kel :07 :t :0, :l: :0, :l:
Hlight‘lll(ight o )(qla q2, t= 0) = El(ight o )\Ill(;;ht o )(q17 q2, t= O) (35)

Finally, after a relaxation time of 7., = 28 fs the corresponding localized ground state is

obtained, which is the superposition of the ground state doublet

—v,=0 1 =0, vr=0+ =0, v;=0—
Uik (@102t =0) = (00> (g 0) + B0 T @) (36)
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3 From Synchronous to Sequential Double Proton Iransfer

with mean energy Eﬁg;vﬁzo) = (El(igfto’ Uf:0+)+E1(iZ;0’ Uf:o_))/2 = 0.194 eV. The localized

wavefunction is rigorously non-stationary, since it tunnels from the reactant to the prod-

=0, vy=0— =0, vy=04) .
El(irglht Y )_El(irglht =) i the

tunneling splitting. AFp is a very small number: the four barriers TS in fact ensure both

El(iglio’ °r=0%) 4nd Eﬁg;o’ v1=97) 5 be below the TS barrier height Wn(‘?czo) (—Aqits, Aqrg) =

0.600 eV and, therefore, their difference to be even smaller. Consequently, the tunneling

uct with tunneling time 79 = h/AEp, where AEy =

time 7 is very long compared both with the relaxation time 7,..; and with the final time of
propagation of approximately T' = 40 fs and is therefore negligible. From the experimental
point of view, such a localized ground state may be created by symmetry breaking, namely
by deuteration of the CyN rings. The slightly heavier mass in fact does not change the
PES, but induces a localization of the reactant wavefunction. For reference, in harmonic
approximation, each of the two global potential minima supports two normal modes, one
for symmetric vibration along the diagonal Q1 = @2, with vibrational period ¢y, = 21.2fs,
and the other one for perpendicular antisymmetric vibration, tqsym = 20.6fs.

As mentioned above, the dynamics crucially depends on the preparation of the initial
wavefunction. In this study the following scenario is chosen, where the localized wavefunc-
tion, \Ill(:;tljﬁzo)(ql, q2,t = 0), is displaced along the diagonal ¢; = g2 to a non-equilibrium

position

n=vr=0
Wiignt (g1, q2,t = 0) = ‘I’fight,{q N1+ Aq,qa + Ag,t = 0) (3.7)

as shown in Fig. where Ag = —1ag. Such a shift can be induced, for example, by
means of pump-dump laser pulse control, as designed by Tannor and Rice [94-97]. Shortly,
the first ultra-short pump pulse transfers the wavepacket to the excited electronic state,
where it evolves until it is shifted to the target position. At this point the dunp pulse
transfers the wavepacket back to the electronic ground state. A similar shift has been
shown recently by means of laser pulse control, by Kapteyn, Murnane and coworkers [98].
The displaced wavefunction has now a new mean energy Ey = 4.885 eV. The wavefunction
at later time ¢ > 0 is evaluated by solving the TDSE of Eq. using again the MCTDH
method [36,53].

3.3 Fluxes and Flux Densities

The quantitative analysis of the dynamics of the DPT was done by evaluating the fluxes
and flux densities flowing from a domain to the neighbouring ones through the boundaries
defined in the previous section. The net fluxes can be calculated by deriving the population

in each of the domains with respect to the time:

60



3.3 Fluxes and Flux Densities

Folt) = & Po(t) = o) (3.8)

where the population is obtained by integration of the densities in the domains D =

R,P,SP.I; or I with respect to the two coordinates q; and gy for each time step

Pp(t) ://130(917‘]27t) dq1dgs - (3.9)

and the density is obtained from the propagated wavefunction as

plqi,q2,t) = |\I’1ight(Q17QZat)‘2> (3.10)

Please note that for the present 2D model, the density in Eq. has units of 1/area,
analogous to the units of 1/volume of the densities in the 3D world. Similarly, the fluxes
can be calculated by integrating the flux densities along the domain boundaries DB =
R,P,SP1; or I,

- —

Fp(t) = —/DBJ(Ql,QQ,t) -dS(q1,q2) , (3.11)

where \dg(ql, g2)| represents the infinitesimal part of the boundaries at (g1, ¢2) and dg(ql, q2)
denotes the corresponding infinitesimal vectors perpendicular to the boundaries, pointing
out of the domains. The Gauss’s theorem, known as the divergence theorem, allows to
rewrite the integrals of Eq. as corresponding 2D ("surface”) integrals of the diver-
gence, V = (0/0q1,0/0q2)", of the flux densities in the domains D,

FD(t)Z—//67(6]1,q2,t)dq1dq2. (3.12)
D

The continuity equation for the considered model

p(q17Q27t)+ﬁ‘;(qlaq27t) =0 (313)
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3 From Synchronous to Sequential Double Proton Iransfer

yields finally,

Fp(t) ://Dﬁ((h,(h,t) dqidgs (3.14)

Please note that by substituting Eq. in Eq. Eq. is obtained.

The symmetry of the system and its Hamiltonian, as well as the symmetry of the initial
condition implies the probabilities and the fluxes for the domains of the two intermediates

to be equal,
1
Ph (t) = P12 (t) = 5 Pl(t) (3.15)
and

Fiu (1) = Fiy (1) = 3 () (3.16)

so that from now on Pi(t) and Fi(t) denote the overall population and fluxes of the domain
of both intermediates, I = I; + Iy, respectively. This means that the two possible routes
from the reactant to the product, R =+ 1 — P or R — Is — P, have the same probabilities

at any time.

The population present in the different domains during the propagation of the initial
wavepacket is used to indicate whether the synchronous or sequential DPT mechanism is
preferred by the system, as discussed in the next section. If the population in the SP2
domain, Pgps(t), is larger than the population in the I domain, Pi(¢), then the system
prefers a synchronous mechanism, and vice versa. In order to analyse even more deeply
the DPT reaction, it would be interesting to evaluate not only the whole population flowing
out from each of the domains to its neighbor ones (net fluxes), but to evaluate the so-called
domain-to-domain (DTD) fluxes from one domain (say D1) to only one of the neighboring
ones (say D2), as well. These new fluxes will be denoted as Fpip2(t). The DTD fluxes
can be obtained by using Eq. after the two-proton flux density has been calculated

from the wavefunction as

—

1 * s D Ty *
i1, qo,t) = o <\Ijlight(QIa q2, )P Wiigne (g1, 92, ) — Wiigne(q1, g2, )P ‘I’nght((h,%,t)) (3-17)

where the two components j1(q1,g2,t), j2(¢1, g2, t) correspond to the one-proton flux den-
sities of protons 1 and 2, respectively. Please note that the components of the flux density

have units of 1/(time - length), analogous to the units of 1/(time - area) of the familiar flux
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3.3 Fluxes and Flux Densities

density in the 3D space. Due to the momentum operator in Eq. the first derivative
of the wavefunction has been evaluated numerically using finite difference approximations
for representations of the wavefunction on the non-equidistant grids used in the MCTDH
propagations. For example the DTD flux between the domain of the reactant R and the

specific intermediate I is evaluated as

- " —Aqo/2
Fr, (6) = — /D U RCORAES / il =0, 8)dgy . (3.18)
911

—00

where DB(R,1;) is the straight line boundary between domains R and Iy, see Fig. The
integral is evaluated by using the midpoint rectangle rule applied to the fluxes density
representation on the non-equidistant grid employed for the MCTDH propagation of the
wavefunction in principle between —oo and —Agqp/2, which corresponds to the boundary
between the two domains. Equally, the DTD flux between the domain I; and the product

P can be calculated as

[e.e]

F,p(t) = —/ 7(q1,q2,t) - dS(q1, q2) = —/ J2(q1,q2 = 0,t)dqr . (3.19)
DB(I,,P) Ago/2

For symmetry reasons, the DTD fluxes between R and I; and R and Iy, as well as

between P and I} and P and I are again equal,

1
Fr,(t) = Fry(t) = §FR,I(75) ; (3.20)
and
1
Fip(t) = Frp(t) = 5 Fip(t) , (3.21)

where Fg1(t) and Fyp(t) denote the overall DTD flux between R and the domain of the
two alternative intermediates, I = I; + I3, and between the domain of the two alterna-
tive intermediates, I = I; + I, and P, respectively. In general, the infinitesimal vectors
dg(ql,qg) for the DTD fluxes Fpi p2(t) are perpendicular to the boundaries DB(D1,D2)
and point from D1 to D2. Consequently, the DTD flux Fp1 p2(t) is negative for the proton

transfer from D1 to D2 and vice versa.

Moreover, microscopic reversibility implies
Fp1p2(t) = —Fpa2p1(t). (3.22)

Finally, the balance equations are employed for the net fluxes, Eq. [3.8] for all domains D
=R, P, SP2, I =1; + Iy, in terms of all the DTD fluxes, specifically

63
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Fr(t) = Fri(t) + Frspa(t) (3.23)
Fp(t) = Fpi(t) + Fpspa(t) (3.24)
Fspa(t) = Fspar(t) + Fspap(t) + Fspa(t). (3.25)
Fi(t) = FRr(t)+ Fip(t) + Fispa(t) (3.26)

0 = Fr(t)+ Fp(t) + Fspa(t) + Fi(t) . (3.27)

where the Eq.[3.27)is the conservation of fluxes obtained by summing up all net fluxes. The
last five equations allow the indirect calculation of the DTD fluxes between the domains
SP2 and R and P, FR gp2(t) and Fp gpa(t), respectively, which are used in order to measure
the DTD fluxes associated with the synchronous mechanism, as well as the DTD fluxes
between the domains SP2 and I. Please note that direct integration of the flux density in
the partially circular boundaries of the SP2 domain would have been a more difficult task.
To the best of our knowledge, the complete DTD fluxes between neighbouring domains
have not been calculated previously, with the exception of special cases where the overall

fluxes from R to P were evaluated, see, for example, Refs. |83,/99.

3.4 Results

The populations in all the domains versus time are shown in Fig. [3.6p. The net fluxes
together with their decomposition in the DTD fluxes are shown in Figs [3.6b-e. Finally, in
Fig. the densities and flux densities are shown with snapshots of the salient moments
(identified by tg, tp, tc, ... , t; corresponding to the events a,b,c, ... ,1 shown both in
Figs and of the wavepacket propagation. Analysis of this detailed documentation
vields, as a proof of principle, a switch of the reaction mechanism of the DPT reaction of
the model porphine from synchronous to sequential. In principle, at any time the Pp(t)
curves represent the probabilities of the different species D on the PES. In general, higher
or smaller Pp(t) values corresponds to more and less important population and processes,
respectively. Specifically, dominance of Pgpa(t) or Pi(t) documents a mechanism which
is preferably (not exclusively!) synchronous or sequential. The discovery of simultaneous
occurrence of more than one species on the PES, reflects the non-deterministic quantum
description of the process and, as a consequence, makes the reaction never either syn-
chronous or sequential. Instead, it may proceed at the same time both synchronously and
sequentially, albeit with different probabilities. Consider first the populations in Fig. [3.6h.
At time t, = 0 the whole population resides in the reactant domains R, since it corresponds
to the prepared initial state (see Eq. in sec. . At time t, = 3 fs, the reactant is
still dominant with probability Pg(ty) > 0.99. Afterwards, the two protons of the model
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porphine are transferred preferably with a synchronous mechanism during the first forward
reaction from R to P. The transfer from the reactant region to the SP2 domain is evident
from the loss of Pr(t), which starts soon after 5 fs, and from the increase of Pspo(t),
e.g. Pspa(te) = 0.264, Pspa(ty) = 0.657, Pspa(te) = 0.475 at t. = 5.65fs, t4 = 6.751s,
te = T7.75fs, respectively. Subsequently, the population flows to the product region P
and reaches its maximum value Pp(ty) = 0.959 at ¢ty = 14.85 fs. Soon after, the first
back propagation to the product starts and, in fact, the population in the domain P at
ty = 17.8 fs already decreases to Pp(ty;) = 0.756. This time the population flows back
to the reactant preferably via the [ domains, namely following the sequential mechanism:
the maximum population Pi(t;) = 0.390 is reached at t;, = 21.20. Finally, the reactant
rises again to its second maximum population, Pr(t;) = 0.793 at t; = 27.75 fs ending
the first back propagation. At this point, the second forward propagation starts which
again is dominantly sequential, Pi(t;) = 0.326 at t; = 34.90fs. The second maximum for
the product is reached at t; = 40.90fs, Pp(t;) = 0.618. Fig. shows that the maxi-
mum probabilities for R and P never reach 1 again, but decreases continuously in favour
of SP2 and in particular of I. This behaviour is linked to well-known quantum effects of
wavepackets, which are composed of faster and slower parts. The faster parts, in fact,
run away, whereas the slower parts lack behind causing an increasing "wash-out" effect
of the dominant population to the benefit of others. Summarizing Fig. [3.6p, the two pro-
tons of the model porphine are transferred preferably concertedly during the first forward
propagation, but stepwise during the first back and second forward propagations, which
provides the proof of principle. The subsequent analysis of the fluxes gives more detailed

information of the underlying effects.

The flux dynamics shown in Figs [3.6b-e may be divided into two different periods: the
initial one corresponding to the first forward propagation, where the concerted process
dominates, and a second one corresponding to the first back and second forward propa-
gations, where both mechanisms are present, but nevertheless, the sequential process is
dominant, as seen in Fig. for the population analysis. Moreover, a second distinction
must be done between the panels b and ¢, regarding the fluxes of R and P, and the panels d
and e regarding the fluxes of SP2 and I. The former, in fact, show unidirectional processes
from R to P and vice versa, whereas the latter show unidirectional as well as antagonist
processes, which in some case compensate. The second panel in Fig. shows the net
and DTD fluxes relative to the reactant: Fr(t), Frsp2(t) and Fri(t). In the first 10 fs
FR gp2(t) dominantly participates to Fr(t) resulting in a concerted process during the first
forward propagation. Later the first back and the second forward propagations is sup-
ported by both DTD components with slightly larger contribution from Fg1(¢). Likewise,
in Fig. B.6F, the net flux Fp(¢) is, clearly, dominated by a the DTD fluxes from the SP2
to the P domains, Fspa p(t). The contribution of Fyp(t) to Fp(t) increases, however, with
respect to the contribution of Fg1(t) to Fr(t). Subsequently, both mechanisms contribute
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unidirectionally, with slightly larger losses of Fp 1(t) with respect to Fspo1(t) during the
first back propagation, followed by more or less equal contributions during the second for-
ward propagation. The forth panel in Fig. shows the net and DTD fluxes relative to
the saddle point domain representing the synchronous DPT. Two rather sharp opposite
peaks can be noted during the first forward propagation corresponding to Fgpa(t). Its de-
composition in DTD fluxes readily shows that the two peaks are due to the slightly delayed
(circa 3 fs) decay of the reactant (Fgpyr()) and formation of the product (Fspap(t)) by
the synchronous mechanism. Moreover, a direct switch from synchronous to the sequen-
tial mechanism is visible (Fgp21(t)). This corresponds to the two sets of opposite arrows,
from the SP2 to the I domain shown in Fig. 3.5] Pictorially speaking, they represent a
switch from initial concerted motions of protons 1 and 2, corresponding to the beginning
of synchronous double proton transfer, to the repulsion of one of the protons, either 2
or 1, back towards its position at the reactant, while the other one that means 1 or 2,
respectively, continues its paths to the product geometry, implying formation of one of the
intermediates, I; or I, respectively. Ultimately, this repulsion of the two protons from
each other may be interpreted as consequence of their Coulomb interaction. Afterwards,
the two contributions, Fspa r(t) and Fspop(t) form again pairs of opposite and slightly
delayed peaks which are now broader (circa 5 fs) than their delay (circa 2 fs) and have
smaller amplitudes. They are reversed during each propagation from or to the P, but their
effects compensate more and more, so that the initial two opposite sharp peaks become
a strongly damped oscillation of Fgpy(;) around the mean value zero (note that the DTD

Fgpo1(t) does not play any role in the second part of the propagation).

The synchronous mechanism is thus dominant only during the first forward propagation
(Pspa(ty) = 0.657 and Pspa(ty) = 0.182). The major source for this "wash-out" effect
is due to several partial waves with different momenta, which lower and broadens the
amplitudes of the peaks of the DTD fluxes, resulting in the suppression of the concerted
mechanism. The fifth and last panel of Fig. [3.6]shows the flux dynamics of the intermediate
domains Iy and Iy representing the sequential process. The net flux Fi(t) results from the
contributions of Fir(t), F1,p(t) and Fjgpa(t). This picture appears more complex than the
others, but in reality there are no prominent large amplitude peaks, which becomes clear
when looking at the blow-up of the scale of the fluxes in this panel. Nevertheless, Fi(t)
and its components show al least three minor effects taking place during the first part
of the propagation: first the DTD flux Figr(t), which accompanies the dominant DTD
flux Fspar(t) from R to SP2 as discussed before in Figs ,d; second about 2 fs later
comes the direct switch from SP2 to I given by Fjgpa(t), discussed previously in Fig. .
Moreover, these two contribution are unidirectional and have equally large contributions.
Third, the contribution Fip(t), which has opposite sign and slightly smaller amplitude
with respect to the previous contributions, arises circa 1-2 fs after F1g(t) showing that the

small gain of the intermediate is almost instantaneously transformed into the products P.
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Figure 3.6: Population and flux dynamics of double proton transfer in the model porphine,
starting from the initial state, Eq. 3.7 (a) Populations Pp(t) of the domains D = R,
P, SP2 and I = I; + Iy of the reactant, product as well as the saddle point and the
two intermediates, for the synchronous and sequential reactions, respectively. The events
labeled a, b, ¢, etc are discussed in the text. (b), (c), (d), (e) Net fluxes Fp(t) out of, or
into the domains D, and domain-to-domain (DTD) fluxes Fp1 p2(t) for the domains D1 =
D =R, P, SP2 and I = I; + Iy and neighboring domains D2, respectively. The colors for
the DTD fluxes correspond to the domain boundaries DB(D1,D2), see Fig.
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This results in the maximum population Pi(¢) for the sequential mechanism for the first
concerted forward propagation, close to t = t4. In the following backward and second
forward propagations the direct switch component Fi gpa(t) becomes zero, as seen already
in Fig. and the net flux is the result of the superposition of the two left components,
with alternate gains and losses of Fi p(t) and Fj r(t) in the first backward propagation and
of Fir(t) and Fip(t) in the second forward propagation, respectively. Their behaviours are
similar to the behaviour of Fspa g(t) and Fgpg p(t) seen in panel d of Fig. . In particular,
the peaks are broader (circa 5 fs) than their time delay (circa 2 fs), so that they overlap.
The more and more efficient compensation ends with the damped oscillation around the
mean value zero of the net flux Fj. The largest amplitude peak is given by Fjp(t) at the
first backward propagation and causes the population Pi(t;) to be the dominant peak in
Fig. [3.6. Moreover, their amplitudes decrease systematically due to the “wash-out” effect.
The main difference between the net flux Fi(¢) and the previously discussed Fgpo(t) is the
mean value around which the populations oscillate because of the damped oscillation of
the respective net fluxes, which is larger for Pi(t), confirming that after the mechanism

switches from concerted to sequential, it will not return.

More detailed information about the quantum nature of the underlying effects for the
switch of the mechanism from concerted to sequential are illustrated in Fig. by using
snapshots of the density of the wavefunction together with the flux density which corre-
sponds to the events a,b,c, ... 1. In panel a the initial wavefunction at ¢, = 0 fs is shown,
when the flux density is still zero. During the first 3 fs the wavefunction propagate towards
the global minimum of the reactant region R, driven by the L-shaped parts of the steep
walls of the PES close to the reactant which impose various momenta on different part of
the initial wavefunction. In panel b at ¢, = 3 fs a fascinating quantum effect is visible,
namely the wavepacket is squeezed into the minimum well, since the forces by the PES
walls impose a "lensing” effect, such that the wavefunction is narrowed in the "focus”. Sim-
ilar effects are described for example in Refs. [58,[100. Subsequently, the wavefunction is
driven forward and climbs the saddle point reaching the top at t5 = 6.75 fs. Afterwards it
runs towards the product well (te = 07.75 fs), see panel e. The “lensing” effect seen before is
suddenly converted into a strong dispersion of the wavefunction with several consequences.
In particular, the minor DTD flux Fg1(¢), which accompanies the dominant Fg gpa(t) at
te = 5.65 fs discussed in Fig. [3.6pb, is due to the wings of the wavepacket, which slightly
penetrate into the domains of the two intermediates I; and Is. Moreover, the dispersion
causes also the small DTD flux, Fspa1(t), for the direct switch from concerted to sequential
mechanism, seen above in Figs [3.6(d,e. At ¢y = 14.85 fs the wavepacket is already in the
product domain P. This is visible in Fig. which corresponds to the first maximum of
population Pp(ty) = 0.959 of Fig. . From now on, the wavepacket dispersion has the
most decisive consequences for inducing the switch of the mechanism from synchronous to

sequential. Specifically, the wavefunction crashes against the inverse L-shaped part of the
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marked in [3.6h. The vectors have common logarithmic scales for panels (a)-(j), with a

Eq. B7 The snapshots labeled a, b, ¢, etc correspond to the events a, b, ¢ etc which are
blow-up for panels (k), (1).

Figure 3.7: Density (equi-contours) and flux density (arrows) dynamics of the wavefunction
representing double proton transfer in the model porphine, starting from the initial state,
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steep walls close to the minimum for the product, covering a much broader range compared
with the part of the opposite L-shaped steep potential close to the reactants, covered by
the initial wavepacket at t, = 0 fs. Consequently, so-called relief reflections of the different
parts of the wavefunction into different directions is induced |101,102|. Thus, at ¢, = 17.80
fs in Fig. B.7g, the wavepacket takes three major different directions: one part is scattered
back towards the SP2 domain and two prominent equivalent parts are scattered towards
the two intermediates domains Iy and Io. Therefore, it can be concluded that the present
switch of the mechanism from synchronous to sequential has to be attributed to the dis-
persion of the wavepacket and to the relief reflections from the walls of the PES. This
switch could be called “indirect” in contrast with the “direct” switch due to the DTD flux
Fi gpa(t) seen above in Figs |3.6(d,e. A last relevant consequence of the dispersion of the
wavefunction is the rich interferences patterns of the wavepacket, whose faster parts have
already been scattered by the wall, whereas the slower parts are still running towards it.
The Figs [3.7k-j show the first back reaction. At t; = 21.20 the majority of the wavefunc-
tion is in the domains of the intermediates I; and I,. This corresponds to the maximum
population Pi(t;) = 0.390 of Fig. . The preference for the sequential mechanism is
even more evident in Fig. at t; = 24.50 fs. In panel j at ¢; = 27.75 the population of
the reactant achieves its second maximum, Pg(t;) = 0.793, see Fig. . This snapshot
confirms the conjecture which has been made during the discussions of the probabilities
Pgr(tj) and Pi(ty), that is, the time dilatation of the wavefunction is so large that even
though most parts of the wavepacket are back to the domain R of the reactant, there are
still some other slower parts which lack behind in domain I. The two last panels, k and
1, of Fig. at tp = 34.90 fs and t; = 40.90 fs confirm the dominance of the sequential
mechanism, as well as the time dilatation supported by continuous wavepacket dispersion,

during the second forward reaction.

3.5 Conclusion

The proof of principle for the switch of the DPT mechanism of porhine from synchronous
to sequential has been demonstrated within a simple two dimensional model, starting from
the symmetric non-equilibrium position of the initial wavepacket. This is schematically
depicted in Fig. [3.8] where the synchronous first forward reaction through the saddle point
SP2 is followed by the sequential first backward reaction through the intermediate domains
I} and Is. The subsequent second forward reaction is not shown. Admittedly, the chosen
scenario may be considered as somewhat extraordinary, but it is just fine for a proof of
principle.

The effects for the switch of the mechanism are analyzed within quantum reaction dy-
namics methods starting from the qualitative patterns of densities and flux densities and

from the quantitative fluxes and populations probabilities in the different domains of the
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Figure 3.8: Switch from synchronous double proton transfer (DPT) of the model porphine,
during the first forward reaction from the reactant (R) to the product (P) via the saddle
point domain (SP2) (horizontal arrows), to two sequential DPTs during the first back
reactions via two intermediates Iy and Iy (other arrows, schematic). The events a, b, ¢, etc
correspond to those of Figs. and After the first back reaction, the second forward
reaction is also sequential (not shown).

PES during the propagation of the initial wavefunction during the first 40 fs. The net
fluxes were decomposed into the DTD fluxes providing additional interesting informa-
tion about the causes for the switch of the mechanism. Thus, the present definition of
synchronous and sequential mechanism is based on the populations flowing through the
synchronous and sequential regions, SP2 and I, respectively, and may be considered as
a quantum mechanical extension of the definition of Ushiyama and Takatsuka based on
classical MD simulation [73|. The transfer of the protons one-after-the-other corresponds
to the representative wavepacket flowing mainly through the intermediates domains [} and
Iy (Pi(t) > Pspa(t)) from R to P or vice versa, whereas the both-at-the-time transfer of the
two protons corresponds to the representative wavepacket flowing mainly through the SP2
domain(Pspa(t) > Pi(t)). Alternatively, within the recent quantification of synchronicity
by Houk and coworkers [66], since the wavepacket always resides in the I or in the SP2
domains less than 10 fs and the characteristic vibrational periods are 7y, = 21.2 fs and
Tasym = 20.6 fs for the symmetric and asymmetric stretching modes, respectively, the

DPT mechanism of the model porphine would be classified as synchronous. Apparently,
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3 From Synchronous to Sequential Double Proton Iransfer

the different assignments depend on the specific definitions of synchronous and sequential
mechanisms. Moreover, by joining these two quantum extension of the classical definition
by Ushiyama and Takatsuka 73] and by Houk and coworkers [66|, the present results could
be summarized as follows: during the first forward reaction both protons are transferred
via the saddle point SP2, whereas during the first backward and second forward propaga-
tions the two protons are transferred preferably one-after-the-other via the intermediates
domains; all forward and backward reactions are ultra-fast and occur within less than the
characteristic periods of vibrations.

The central point of the results presented here, is that the switch of the mechanism is
supported essentially by the quantum effect of the dispersion of the wavepacket during the
propagation and by the relief reflections from the corner and the two arms of the rather
steep, inverse L-shaped repulsive walls of the PES near the product P. Minor effects are
also discovered as for example the direct switch from synchronous to sequential or the
partially compensating processes of the reformation and decay of the reactant during the
sequential first back and second forward reactions.

Explicit considerations of flux densities and domain-to-domain fluxes are still innovative
tools for the analysis of reaction processes, beyond the investigations based only on den-
sities and probabilities analyses. Similar analyses can be found for the interpretations of
electronic flux densities and fluxes [1004103}/104].

The present study should stimulate systematic investigations for switches of mechanism
from concerted to sequential or from sequential to concerted, or even multiple switches
for more realistic models and for different non-equilibrium initial conditions. For example,
a break of the symmetry of the two intermediates of the initial condition could induce
switch from synchronous mechanism to clockwise or anticlockwise sequential reactions via
the intermediates I; first and Iy second, or in the reverse order. Ultimately, these types of
switches of the reaction mechanism should be induced and observed experimentally. The
design of laser pulse for driving clockwise or anticlockwise electronic ring currents [105]
106|, or nuclear currents [107] (or see the review [108]), or molecular rotors |[L09]| are very

encouraging examples for such quantum controls.
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4 Non-adiabatic Quantum Dynamics

Simulations and Laser Control of Brs in
Solid Argon

4.1 Introduction

Dihalogen and interhalogen systems embedded in cryogenic rare gas matrices are very
suitable prototypes for detailed spectroscopic studies of condensed-phase systems. On the
one hand, the dihalogen chromophores show a rich set of bound, repulsive, and crossing
electronic states. On the other hand, the inertness and spectroscopic al transparency of
rare gas matrices allow for a deep investigation of the energetics, as well non-radiative and
coherent dynamics processes. Moreover, both the dihalogens and the rare gases have been
studied in great detail in the past decades, both theoretically and experimentally, so that
a very well characterized set of spectroscopic constants for simulations is available in the
literature |[34,25,(110-113|.

Pump-probe spectroscopy has been mainly used for the investigation of these systems,
since it allows for a systematic collection of information about the electronic population
and nuclear wavepacket evolution on one electronic state. First, an ultra-fast pump pulse
vertically excites the chromophore from the electronic ground state to the Franck-Condon
region of an electronic excited state, where a coherent superposition of vibrational states
is created. Such superposition is a vibrational wavepacket evolving in time, which can be
interrogated by a probe pulse at the delay time At and excited, in turn, to higher lying
Charge Transfer (CT) states. The fluorescence from CT states can be finally recorded as
a function of the delay time, tracking the time evolution of the wavepacket. These experi-
ments have permitted to observe a large number of interesting phenomena, as for example,
vibrational energy relaxation effects for Bry in Ar, for which an effective chromophore po-
tential could be deduced [114]. Due to the presence of non-adiabatic electronic transitions
(see Sec.[2.2.1]in Chap. [2), ultra-fast spin-flip [115}{117] takes place. For instance, for CIF
molecules in Ar matrices a time scale of 0.5 ps has been reported, which is a rather fast
intersystem crossing process from a singlet to a triplet state. The wavepacket simulation
for this system using a one-dimensional model (bond coordinate) gave an even lower limit
of 60 fs [116], whereas for HF in Ar a 1 fs spin-flip time has been predicted on the ba-

sis of non-adiabatic trajectory simulations [118]. For the heavier dihalogens Bry and I,
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4 Non-adiabatic Quantum Dynamics Simulations and Laser Control of Bry in Solid Argon

a classification of the electronic states according to the Hund case ¢ is preferred to the
case a, due to the enhanced spin-orbit coupling [17]. For those systems the most studied
non-adiabatic transition is the predissociation from 0 to the doubly degenerate 1, states,
usually called B and C states, respectively [119,/120]. The B state is attractive, whereas
the C state is repulsive in the gas-phase. The predissociation yield in the gas-phase is
extremely low [121], but it is considerably enhanced in the rare gas environment due to
the non-adiabatic couplings to the lattice modes (vibronic coupling). This has been shown
in particular for Iy in Ar at different pressures [122]. For Bry in Ar the predissociation
probability has been experimentally estimated from the broadening of the zero-phonon

lines to be 5% per vibrational round-trip [123].

The cage effects are probably the most dramatic manifestations of the interaction be-
tween chromophore and matrix and have been demonstrated, for example, for Fo in a
Argy cluster host comprising the first four shells of an fcc crystal structure [124]. The
collision with the matrix transfers energy to the cage, which excites specific collective vi-
brational motions. This has been seen, for instance, in Cly in Ar [125]. Moreover, the
electronic transition induce coherent phonon motion in the host, which display a dynamics
mostly decoupled from the dihalogen’s bond vibration, as seen for Iy in Kr and Cly and
Brg in Ar [126),127]. The respective oscillations persist during several picoseconds with a

frequency corresponding to the zone boundary phonon mode of the host crystal.

These results stimulated several new experiments aiming at the investigation of electronic
and vibrational coherences. The former have been investigated by using Phase-Locked
Pulse Pairs (PLPP). Two pulses excite a population from the electronic ground to the
excited state within a delay time A7. Population can be transferred by the second pulse
in a constructive or destructive way, by tuning the relative phase ¢ between the PLPP.
As in the pump-probe scheme seen above, the vibrational wavepacket is probed by a third
pulse at time At to a CT state. The vibrational recurrences on the excited state have
been registered on an interferogram and can be related to the electronic coherence, which
persist for more than 660 fs for Cly in Ar and 300 fs for Bry in Ar [128,|129]. With the
same technique, it has been shown that the chromophore-matrix interaction can even be
tuned by generating a frequency comb able to excite a wave packet composed of either
zero-phonon lines or phonon side bands [130]. Ultimately, vibrational coherence has been
investigated by means of shaped laser pulses. In particular, chirped pulses have been used
for Bry in Ar in order to compensate for the wavepacket dispersion on the B state due to
the anharmonicity of the potential and to measure the time scale of vibrational decoherence
due to the interaction with the environment [129).

On the theoretical side, a great effort has been made in order to treat those systems and
carry out classical trajectory and quantum dynamics simulations. The first challenge for
theoreticians has been the calculation of the PESs, which may describe the manifold of the

dihalogen (at least valence) states and take into account the very large number of nuclear
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DOFs of the considered crystal. Moreover, since the nuclear motions are coupled to the
electronic ones (see Sec. [2.2.3)), the electronic states mix and non-adiabatic transitions have
to be treated as well. The semi-empirical method Diatomics-In-Molecules (DIM) was able
to match all these criteria: the many-body nature of these systems, the valence electronic
states of the dihalogen molecules (the extended Diatomics-in-Ionic-System method, DIIS,
actually includes also CT states [131}/132]) as well as the easy calculation of forces and
NACTSs (see Sec. [2.2.1). The method was initially worked out by Ellison [133}[134] for the
calculation of electronic structures of polyatomic molecules from diatomic and atomic po-
tentials avoiding, thus, the calculation of interaction integrals. It was adapted later by Tully
for studying molecular collision dynamics within the surface hopping approach [135-137],
since it efficiently allows for the calculation of the PES “on-the-fly”. The basic idea of
the DIM method is to approximate the polyatomic PES by a sum of all diatomic interac-
tions and it is, therefore, closely related to the walence bond theory of pairs of electrons
forming bonds between atoms. Finally, the pair potentials are simple analytical functions
fitted to experimental and/or calculated data. Despite its semi-empirical nature, the DIM
method was widely used for classical trajectory simulations, revealing itself as an optimal
compromise between accuracy and numerical feasibility, in particular for halogen-rare gas
systems |[138-151].

Although classical and semi-classical methods treat these systems in their full dimension-
ality, the description of coherent dynamics as well as the laser-matter interaction clearly
call for quantum dynamical simulations. Unfortunately, the dimensionality of the problems
must be drastically decreased, restricting the model systems to a subset of relevant elec-
tronic states and nuclear DOFs. In this respect, quantum dynamics profits from classical
simulations, which have shown a reduced effective dimensionality, at least in the early time
window [144H146].

Quantum dynamics simulations have been carried out in particular by Manz and co-
workers, who developed models based on the DIM-PES including one or two nuclear DOFs.
Quantum dynamics has been performed in order to simulate cage exit dynamics of Fg in Ar
including a collective cage coordinate next to the bond distance [101L152,[153]. It was also
shown that the inter-system crossing process for Cly [154}/155] and CIF [1164|117}/156}157]
in Ar systems can be controlled by laser pulses on ultra-fast time scales. Specifically, a case
was studied where two wave packets are excited, respectively, from the third preexcited vi-
brational state in the electronic ground to the singlet B-state and from the vibrational and
electronic ground to the triplet C-state, so that the populations in the excited states are
about equal. The constructive or destructive interferences of the associated wavepackets
in the region of strong spin-orbit coupling can favour the triplet or the singlet components
depending on their initial preparation. Moreover, 4D [119}/120,/158] and 5D [120] dimen-
sional models including 4 electronic states have been developed for the Bra in Ar system by

combining concepts from the Cartesian Reaction Surface (CRS) and the Vibronic Coupling
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4 Non-adiabatic Quantum Dynamics Simulations and Laser Control of Bry in Solid Argon

Hamiltonian (VCH) approaches. Within the CRS concept [31,159-161], two mass-weighted
large amplitude coordinates (LAC) have been chosen for simulating excitation from the
ground X- to the B-state. The first is just the dihalogen internal bond and the second
is a collective matrix coordinate obtained from the coordinate shift between the config-
urations at the minima of the X- and B-state PES. Within the VCH concept [162H164],
two more harmonic coupling modes are included in the 4D-model [119,/120,/158|, which
are involved in the non-adiabatic transition, and a supplementary harmonic tuning mode
is included in the 5D-model [120], which modulates the energies of the electronic excited
states [10,/11]. Specifically, Ref. |119,120}{158| considered those modes, which are important
for the B to C transition, since the role of the cage matrix in the predissociation has been
investigated. The quantum dynamics of the dimension-adapted Reaction Surface-Vibronic
Coupling (RSVC) Hamiltonian has been conveniently treated using the MCTDH package
(see Sec. , after the PES and NACTs were calculated by using the DIM method, as
outlined on Ref.[17. In the present contribution the B-C predissociation mechanism is in-
vestigated further from the perspective of optimal laser control by using the OCT method
implemented in the MCTDH package (see Sec. [2.4.2)). In fact, the simulations carried out
by using the 4D and 5D models were not able to reproduce the experimental predissociation
yield mentioned above (about 5% per vibrational round-trip). One straightforward way to
enhance such yield is to add more (in principle all) of the remaining vibronic coupling and
tuning modes (in other words, to take into account all possible NACTs). This way will be
not pursued here, since the 5D model from [119,120},158] is not further developed in the
present work. Instead, a second way to enhance such yield is presented in the following
sections and is based on changing the Frack-Condon window of the B +— X excitation by
using OCT, so that the wavepacket created on the electronically excited bound B-state
spends as much time as possible at the crossing seam with the other two electronically

excited dissociative C and C’ states, where predissociation actually takes place.

4.2 Theory and Model [119,120,158]

The RSVC Hamiltonian has been derived in Ref. [158 and takes into account four electronic
states: X, B and the doubly degenerate C and C’ states. Two large-amplitude coordinates,
C(r and (x_p, account for the Br-Br bond elongation and for the displacements of the
cage atoms upon excitation from the X-ground state to the B-excited state, respectively.
The two large-amplitude coordinates are depicted in panels (c) and (d) of Fig. [4.1} Upon
elongation of the Br-Br distance, the four belt atoms invade the space emptied by the
chromophore, whereas the 8 (4+4) atoms forming the 2 windows, toward which the Br
atoms are moving, are pushed outward. Fig. shows the X-state PES along these
two coordinates by taking all other DOFs frozen at the minimum configuration, whereas
Fig. shows the quasi-adiabatic PES obtained by following the lowest energy path along
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the B and C states. Both large-amplitude coordinates preserve the overall Dy symmetry
of the cage and are of A, symmetry. Therefore, they form a crossing seam along the
intersection of the B and C states, as indicated by the solid line in Fig. [£.1] which is almost
parallel to the (x_p coordinate. Finally, the filled circle marks the energetic minimum

along the seam.

Within the CRS approach, the two large-amplitude coordinates account for the full
anharmonicity of this PES cut [120]. In order to represent the DOFs of the remaining

part of the system, vibronic coupling theory is applied. In particular, the two LACs are
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Figure 4.1: PES along the two large-amplitude coordinates for the (X) ground (panel (b),
contour lines at 0.001, 0.035, 0.069, 0.080, 0.090, and 0.100 E;) and quasi-diabatic (B-C)
first excited state (panel (a), contour lines at 0.069, 0.072, 0.073, 0.075, 0.077, 0.080, 0.085,
0.090, 0.095 and 0.100 E). In panel (a), the crossing seam is included as a black line. The
minimum along this seam is at (g ~ 8 and (x_p ~ 3 amu'/2ag. Panels (c¢) and (d) show
the mass-weighted atomic displacement vectors for the two large-amplitude coordinates.
The four panels are adapted from Ref. 120
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projected out and the Hessian matrix is diagonalized at the minimum of the electronic

ground state, in order to obtain normal modes, which are orthogonal to the LACs.
Within the VCH approach [162], the normal mode coordinates, {¢;}, are treated in har-

monic approximation and are added to the model, giving the following RSVC Hamiltonian

matrix in diabatic representation [119}]120L[158]:

T+ Vx 0 0 0
0 T+Vg V3 Ve
H— + VB BC BC (4.1)
0 Ve T+ Vo 0
0 Vi 0 T+ Ve

Since the {¢;} normal modes are taken to be dimensionless, the kinetic energy is simply
defined as

R 0\ he O
r= (2 T ) sy, O 42
2 (aﬁ% " ag§_3> 2 Zi:” g2 (4.2)

Finally, the diagonal and off-diagonal elements of the potential energy operator are given
by (a,b = X,B,C,C")

Vo = Ua(Cr, Cx-B) + g > wig? + Y FailCr,Cx-B)a (4.3)
and

Vab =Y Fubi(Cr, Cx—B) i - (4.4)

In Eq. [£.3] U, denotes the potential energy of the Cartesian reaction surface spanned by
the two LACs (see Fig. and Fig. [4.1p). The second term is the potential energy of the
bath oscillators. The last term in Eq. f.3]is, in terms of vibronic coupling theory, the sum
over the intra-state couplings (tuning modes), where Fy,; are the gradients along the {¢;}

modes. The gradients are taken here in linear approximation with respect to the LACs,

oF, oF,

8<R (R + aCXjB CX—B 5 (45)

Fo(Cr,(x-B) ® Fa(Cr =0,{x-p = 0) +

with Fp(Cr = 0,(x_p = 0) = -4.101, Fo(Cr = 0,(x_p = 0) = -25.96 (in 107°Ey,),
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OFp/0Cr = -2.325, 0Fp/0Cx_p = 3.828, 0F¢/I(r = -2.025, and O0F¢/I(x_p = 3.603 (in
107 E}, /ag(amu)~'/?). Notice, that such quantities can be calculated analytically within
the DIM approach. Moreover, since the C and C’ PESs are degenerate, all quantities

referring to them are the same.

The off-diagonal potential energy matrix elements of Eq. are the inter-state inter-
actions mediated by the coupling modes and are taken to be the Taylor expansion of the
gradient with respect to (x_p up to the fourth term. In fact, since they are calculated at
the energetic minimum of the crossing seam (called below ¢), the derivative with respect

to (r practically vanishes.

! ajFabi j
Fopi(Cx—B) = Fapi(Cx—B =€) +Z — Ck_p (4.6)
j=1 IHx_p
with
Fpoi(Cx—p=c¢) = 356-107E),
FpealCx-p=c) = 191-100% E; |
OF,
acxi’;CX‘B = 1.16 - 107 E}, /ao(amu) "2,
oF,
(%XZZCX_B = 1.69-107%E}, /ag(amu) /2,
0?F, _ _
e PLe2 g = 3.46-107%E,/(ag(amu)?)?
X—-B
0°F, _ _
o oG = 8AT107 "By (ag(amu) )
X—-B
»PF, _ ~
o Gen = 1531070 By (ag(amu) )
X—-B
OF, ~ _
o Gep = 215107 By (aglamu) ),
X—-B
'L, _ _
oo Ckop = 120107 By (ao(amu) )1
X—-B
84F‘ab,2

T2 = 2.33-107 1 By /(ag(amu) M)
Ix_p

Where again, these gradients have been calculated analytically within the DIM model.
Moreover, projecting them on the normal modes is a useful way to identify the strongest
coupled modes. In the 4D-model in Ref. [158, two coupling modes are identified by pro-
jecting the Fpc gradients taken at the minimum of the crossing seam, ¢, onto the nor-
mal modes. These modes have been selected because they show, within the approxima-

tions employed here, the strongest non-adiabatic effects. They are here denoted as ¢
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Figure 4.2: Mass-weighted atomic displacement vectors for the vibronic coupling modes ¢;
(B3g) in panel (a) and g2 (Bag) in panel (b) and the tuning mode g3 (A4) in panel (c). In
panel (d) the coupling of the ground state normal modes to the X to B transition upon
vertical excitation is shown. The four panels are adapted from Ref.
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(hwi = 60cm ™" of B3, symmetry) and ga (hws = 63cm ™! of By, symmetry) and are shown
in Fig. and Fig. £.2b. Displacements along these two modes lead to conical intersec-
tions (not shown, see Ref. [119,1201/158). The coupling of the ground state normal modes to
the B <— X transition upon vertical excitation (Franck-Condon), is depicted in Fig. and
has been obtained by projecting the Fp gradients onto the normal modes [120]. The cou-
pled tuning mode included in the 5D-model [119,/120] is denoted here as g3 (hws = 61cm ™1
of Ay symmetry). This mode has been selected because it shows, within the approxi-
mations employed here, the strongest displacement upon laser excitation. The respective
displacement vectors are shown in Fig. {.2f.

The interaction with the laser field is included in the model by means of the following

interaction Hamiltonian

Hﬁeld(t) - _/*Lg(t) ’ (47)

where the laser field £(¢) is linearly polarized along the Br-Br bond and the dipole operator
u allows for transitions between the X ground and the B and C excited states. The dipole
gradient with respect to (g [119] is also included in the model and has been adapted from
Ref. [165. The transition dipole moment operators are given by (a = B,C,C’)

Ol xa
pxa = pQ) + FXepy (4.8)
oCr

with 10, = 0.1953ea0, dpxc/dCr = —0.01047e(amu) /2, 80, = 0.15ea0, duxp/0Cr =
0.01e(amu) /2,

For the electric field the following form is assumed
E(t) = Egexp(—t%/20?) cos(wt), (4.9)

with amplitude FEy, carrier frequency w, and width o.

These 4D and 5D models developed in Refs. [119,[120,|158, have been used to perform
quantum dynamics simulations by using the multi-set formulation within the MCTDH
package (see Sec. and the harmonic oscillator DVR (see Refs. 28-30,44,45| ). Tests
for the convergence of the number of grid points Ny as well as the number of SPFs (Single
Particle Functions, see used, have been carried out in the corresponding Refs. |119,
120l In particular, the wavepacket dynamics on the excited B state and the relative

nonadiabatic population transfer (predissociation) from the B to the doubly degenerate
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Figure 4.3: Time-dependent reduced B-state densities for (a) the Bromine coordinate
pB)(CR,t) (isodensity values of 0.001, 0.003, 0.005, 0.007, 0.01, and 0.03), (b) the matrix
coordinate pB)(Cx_p,t) (isodensity values of 0.002, 0.004, 0.006, 0.008, 0.01, and 0.02),
and (c) the tuning mode pB)(gs,t) (isodensity values of 0.001, 0.003, 0.005, 0.007, 0.01,
and 0.03). Panel (d) compares the relative C-state population, Eq. , of the present 5D
to that of the former 4D model [119], which did not include the tuning mode. The four

panels are adapted from Ref.
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4.2 Theory and Model

C state have been investigated. The vertical excitation from the vibrational ground state
v = 0 of the X state to the Franck-Condon region of the B state has been performed by
using the analytical laser pulse in Eq. with resonant frequency w = 0.092E}, /h, width
o = 18fs and amplitude Ey = 0.005E},/(eap), which corresponds to an intensity I of about
1.8 -10"2Wem™2, calculated with the following formula:

I = ceoF? (4.10)

With these conditions, about 8% of the total population is transferred onto the excited
bound state, where the wavepacket is propagated during 2 ps. In order to focus on the

predissociation yield versus propagation time ¢, the following quantity has been defined:

_ Po(t)+ Po(t)

PO =" p (4.11)

where P,(t) is the population of the diabatic a = X,C,C’ states and 1 — Px(t) is the
population excited from the X state by the laser pulse, so that finally P(t) is the rel-
ative population transferred non-adiabatically from the bound to the dissociative in the
gas-phase states. This quantity is shown in Fig. for the 4D (dashed line) [119}120]
and 5D model (solid line) [120]. Both curves show a step-wise behaviour with different
predissociation dynamics at different propagation times. The reason for this behaviour can
be understood from panels (a), (b) and (c) of Fig. [4.3] which show 1D reduced densities
of the wavepacket with respect to the coordinates (g, (x_p and g3, respectively. In the
first panel the reason for the step-wise predissociation mechanism is disclosed. Each time
the wavepacket passes the crossing seam, nonadiabatic population transfer occurs. A
comparison with panel (b) shows that the predissociation yield is enhanced whenever the
wavepacket passes the crossing seam and at the same time the matrix coordinate (x_p is
maximally elongated, showing that compression of the cage is a prerequisite for predissoci-
ation, since the B and C states are brought in resonance. Note that the interaction with the
two coupling modes is a function of the {x_p elongation (not shown, see Refs. [119,120)),
that is, the coupling to the asymmetric cage deformation is enhanced by symmetric com-
pression of the matrix LAC, favouring predissociation. Finally, comparing panels (b) and
(c), the role of the tuning mode is discovered. With respect to the 4D model, which did not
include the g3 mode, the final predissociation yield increases. The tuning mode involves
a breathing of the 4 belt-atoms of the cage, as well as the collective matrix coordinate
(x—B, so that they exchange energy. When the two coordinates are out of phase ( t=750fs
and ¢ = 1700fs), (x_p is decelerated by the tuning mode and the predissociation yield
is lowered. When the two coordinates are in-phase (¢ between 1300 and 1400 fs and ¢
= 1800 fs), (x_p is accelerated by the tuning mode and the predissociation yield is, in
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4 Non-adiabatic Quantum Dynamics Simulations and Laser Control of Bry in Solid Argon

Table 4.1: Parameters used for the MCTDH propagation. All coordinates were repre-
sented by a harmonic oscillator discrete variable representation using Ny grid points; the
numbers of SPFs per DOF for the multi-set formulation are given in the last columns for
the respective electronic states (number of SPFs for the non converged result of Fig. in
parentheses).

Mode | N X B C C

Cr | 160 | 12(6) | 12(6) | 12(4) | 12(4)
Cx—p | 160 | 12(6) | 12(6) | 12(4) | 12(4)

@ |10 | 4@2) | 4©2) | 42) | 42)
@ | 10 | 4(2) | 42) | 4(2) | 4(2)
g3 | 65 | 12(6) | 12(6) | 12(4) | 12(4)

Table 4.2: The first and second columns show the vibrational quantum number v from 0 to
10 and the corresponding energy values within the direct product approximation (see text)
representing the vibrationally preexcited initial states. In the third column the respective
laser frequencies for excitation from these vibrational states to the electronically excited
B-state are listed. They have been taken to be the frequencies matching the resonance
condition.

Eigenstate v | Eigenvalue E("=0 Y)[E,] | Excitation frequency w[E}, /A]
0 0.001182 0.0920
1 0.002612 0.0825
2 0.004029 0.0775
3 0.005437 0.0740
4 0.006837 0.0704
5 0.008225 0.0676
6 0.009605 0.0651
7 0.010973 0.0630
8 0.012331 0.0606
9 0.013679 0.0586
10 0.015017 0.0567
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Figure 4.4: The strategy for the enhancement of the population transfer from the B- to the
C-state (predissociation) is shown. The first 8 vibrational levels of the X-state potential
are depicted. Their energy values are listed in the second column of Tab. Steps 1
and 2 (blue and violet arrows) refer to the Tannor’s pump-dump scheme used in order to
populate the vibrational level v = 8 starting from v = 0. This part is accomplished by
the OCT scheme. Steps 3 and 4 (red arrows), respectively, refer to the excitation of the
wavepacket created by the OCT pulse to the B-state and to the subsequent propagation
on it.

turn, higher. In particular, at £ = 1800 fs, the energy gap between the B and C states,
modulated by the tuning mode, becomes very small (not shown, see Ref. 120) showing a
decisive enhancement of the predissociation yield with respect to the 4D-model.

Upon vertical Franck-Condon excitation from the vibrational ground state v = 0, the
wavepacket on the B state is energetically about 0.016E} above the crossing seam at the
first passage, so that deformation of the cage matrix is needed in order to bring the B and
C states in resonance and have an efficient nonadiabatic population transfer, as seen above
in Fig. Another way for establishing resonance would be the excitation of a wavepacket
to a lower energy region of the B state. Using a vertical Franck-Condon excitation, this is

possible only by starting from preexcited vibrational states of the electronic ground state.

The next section can be split into three subparts. In the first part, the dependence of the
predissociation yield on the starting vibrational levels v = 1—8 in the X state is investigated

(v = 1 has been already investigated in Refs. 119,/120). The starting vibrational levels
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4 Non-adiabatic Quantum Dynamics Simulations and Laser Control of Bry in Solid Argon

are drawn in Fig. and their corresponding values are listed in Tab. [£.2] Enhanced
predissociation is disclosed for excitation from the preexcited vibrational eigenstate v = 8§,
motivating the subsequent study. In the second part, the OCT method is applied for the
preparation of the vibrational level v = 8 in the X state. The strategy presented involves
the C state and is labeled in Fig. by 1 and 2 and corresponds to the blue (pump) and
violet (dump) arrows. In the third part, the state obtained by the OCT pulse, is used as
the initial state for further investigation of the B-C predissociation, labeled in Fig. by
3 and 4, and corresponding to the two red arrows, respectively.

The number of grid points Ny, as well as the number of SPFs used in MCTDH for carrying
out all quantum dynamics calculations are listed in Tab. The VMF (Variable Mean-
Field, see Sec. scheme has been used in combination with an eight-order Burlisch-
Stoer integrator. The maximum of the lowest natural orbital population was well below
10710,

4.3 Results

4.3.1 Vibrational Preexcitation-Dependent Dynamics

The first ten vibrationally excited (stationary) states, from 1 to 10, along the (g coordinate
have been chosen as the initial states for the investigation of the B-C predissociation, upon
vertical excitation to the B state. They are approximated as direct products of vibrational

eigenfunctions of one-dimensional cuts of the PES along the five coordinates,

\I/(n:O’ v=0) (CR7CX—B7‘117‘127‘13¢:0) ~ WCR (CR) wﬁCX_B (CX—B) 1//3‘“ ((h) 7/)%2 (QQ) 7/)%3 (Q3)

or

~ ‘®<R’6CX—B76Q171~)Q276(13> (4-12)

Thus, the ground state (=0, UZO)(CR,CX_B,ql,qQ,qg;tZO) =10,0,0,0,0) in the direct prod-
uct approximation has all quantum numbers equal to zero. The first excited state

Un=0 v=L(cp ey paaiagangsit=0) = |1,0,0,0,0) has all quantum numbers equal to zero ex-
cept for ¢, and so on. Please note that 0¢, is the only quantum number changed from
0 to 8, whereas the other four ones are always zero, so that from now on, the quantum
number v = 0¢, will be used in order to refer to the vibrational states obtained in the
direct product approximation. The validity of this last approximation was checked only
for the ground state, U"=" "=Y(¢p ¢x_5,q1,42,43:t=0) which has been relaxed on the 5 di-
mensional PES. The eigenvalue for the ground state before and after relaxation does not
change within the first 6 digits. In Tab. the vibrational quantum numbers v and the

energy values E("=% %) of the corresponding vibrational states are listed from 0 to 10 in
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4.3 Results: Vibrational Preexcitation-Dependent Dynamics

the first and second columns, respectively. In the third column the corresponding car-
rier frequencies of the laser fields are listed, which has been used for vertically excite a
wavepacket from those 10 vibrationally states in the electronically ground state X, to the
B-state. They have been taken to be the frequencies matching the resonance condition for
vertical excitation. For all cases the width of the pulse has been o = 18 fs, the amplitude

Ey = 0.005 E}/(eap) and the population transfer to the B state about 8%.

Fig. shows the relative nonadiabatic transfer population P(t) in Eq. from the B
to the C and C’ states for four chosen initial conditions: v = 0, 1, 8 and 10, labeled cases
I, II, 111, and IV, respectively. The black curve for case I was already shown in Fig.
for the 5D model [120] and is now drawn for comparison with the other cases. First, the
predissociation yield decreases as a function of v until v = 5, but then increases to reach
a maximum at v = 8 (case III), after which it decreases again (case IV). The reason for
the decrease of the population yield in case II has already been explained in Refs. [119,[120L
Excitation to a lower region of the B-state corresponds to a shorter round-trip for the
wavepacket, so that the matrix cage compression and, consequently, the coupling to the
q1 and ¢o asymmetric compressions are reduced, causing a decrease of the predissociation
yield [119,120|. Moreover, the kinetic energy of the wavepacket upon passing the crossing
seam is still too high and can not compensate for the reduced coupling by having better

resonance. This behaviour can be explained in terms of Landau-Zener formula [166/168]|,

2.5

L5}

Rel. Population [%]

0 500 1000 1500 2000
t [fs]

Figure 4.5: Population dynamics (relative C-state population, Eq. , for excitation
from different vibrational states in the electronic ground state, (I) v = 0, (II) v = 1, (III)
v =38, (IV) v = 10. The pulse parameter of the Gaussian pulse have been set to o = 18
fs, and Eyg = 0.005E}/(eap). The respective frequencies matching the resonance condition
are listed in Tab. in the text.
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27 \2

PLZ:1—€_’Y with "}/:UAF

(4.13)

where X is the coupling matrix element in the diabatic representation, v is the classical
velocity at the crossing point and AF is the difference in the slopes of the two crossing
diabatic PESs taken to be linear at the crossing point.Thus, the nonadiabatic transfer
probability is proportional to the coupling and inversely proportional to the velocity and
to the slopes at the crossing point. Starting from v = 5, this situation changes and for
v = 8 (case IIT in Fig. , the energy of the wavepacket is close to the energy of the
crossing seam of 0.074E}, corresponding to the fourth vibrational level in the B state.
The energy of the v = 8 level is, in fact, 0.0123F},, which together with the excitation
energy, 0.0606E), (see Tab. approximately matches the energy of the crossing seam
along the (R coordinate close to its minimum. The step-like increase of the predissociation
yield results from the small-amplitude vibration of the Bro coordinate in the B state. The
turning point of the wavepacket propagation is located approximately at the crossing seam,
so that for each round-trip population is transferred to the repulsive states. Finally, by
exciting even closer to the potential minimum, the wavepacket does not reach the crossing
seam anymore and predissociation through the barrier would be possible only by tunneling,
which is, due to the high mass of Bre, practically impossible. Thus, the predissociation

yield dramatically drops.

4.3.2 OCT Preparation of a Vibrationally Excited Ground State

Motivated by these results, the preparation of the vibrationally excited ground state
v = 8 is now attempted. Experimentally, vibrational preexcitation of matrix-isolated het-
erodimers has been demonstrated, for example, for HCI in Kr [169], by direct IR excitation.
However, since Bry is a homodimer, excitation strategies involving excited electronic states
have to be used in analogy to Tannor’s pump-dump scheme [95]. This stimulated Raman
type of excitation has been carried out in experiments on Ky in the gas-phase, where the
ground state wavepackets could be generated with mean quantum numbers ranging from
4 to 18 depending on the laser pulse parameters, such as wavelength and pulse delay [170].
From the theoretical point of view, non-equilibrium ground state distributions have been
generated by vibrational hole burning mechanism in the strong field regime [171,/172]. In
contrast, in Refs. [154,[155], the goal has been to selectively excite a single vibrational state
in the electronic ground state. This was achieved by means of narrow bandwidth lasers
with durations of picoseconds, which are state-selective within an effective one-dimensional
model of Cly in Ar.
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Figure 4.6: Guess field (N = 0) and fields from the first two OCT iterations, N = 1, and
N =2.
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In this work, the preparation of the vibrational level v = 8 in the electronic ground state
was achieved by using the OCT method. For this purpose, the operator O in Eq.
of Sec. has been defined as the projection operator O = |X,v = 8)(X,v = 8| on
the target state. Since in the next step the wave function from the OCT pulse will be
used as the initial state for further investigations of the B-C predissociation mechanism,
the B state as intermediate state for the pump-dump strategy is immediately excluded.
Thus, the choice is reduced to one of the two repulsive C and C’ states included in the
already-developed model Hamiltonian used along this work. Note that any other electronic
optically bright state would have been equally well-suited for the present purpose. For the
present choice, however one still has to deal with the part of the wavepacket eventually
left on the C or C’ state by the OCT-Pulse. The round-trip of the wavepacket on the
dissociative state is, in fact, approximately 300 fs, which is much shorter than the time
interval of 500 fs chosen below for the B-C predissociation, so that in order to avoid
interferences with the predissociation mechanism to be studied, the population on the C
state is neglected after the OCT pulse is over and the wavepacket in the X-state is re-
normalized. Re-normalization does not affect the results presented, since only relative
nonadiabatic population transfer from the B- to the C-state are considered (see Eq. .

In the Franck-Condon region, the C-state PES is repulsive, and the wavepacket moves
rapidly out of the region where it overlaps with the v = 8 eigenstate. For this reason,
the final time T for the OCT pulse, in Eq. of Sec. 2.4.2] is chosen to be only 50
fs. The time step is chosen to be At = 0.1 fs. The initial guess field has been chosen
as £(t) = Egsin?(nt/T) cos(wo(t — T/2)), with Ey = 0.005E},/eag and wy = 0.1099E}, /A,
which corresponds to the vertical transition energy at the minimum of the X state, and is
shown in Fig. [f.6p. In order to obtain a J functional different from 0, a very small penalty
factor (see Eq. of Sec. , ap = 0.000025 e2a2/E2, was used for the first iteration.
Immediately, upon starting the OCT iteration, the amplitude Ey of the pulse increases
from 0.005 to 0.08 Ej/eap, and the relative intensity from about 1.8 1012 W em™2 to
about 4.5 -101* W ¢cm™2 entering the strong field regime (compare panel (a) and (b) of
Fig. . The penalty factor is increased to ap = 0.08 e?a2/E? for the second iteration
and subsequently kept constant at a value of ag = 0.1¢e%a?/ E,% until the final iteration N
= 200. The laser pulses after the second and the final iterations are shown in Fig.
and Fig. [£.8h, respectively. After one iteration the laser field already shows a four pulses
envelope, which does not change appreciably along the 200 OCT iterations, except for their
relative amplitudes.

A convergence study with respect to the number of SPFs is shown in Fig. £.7 First,
the number of SPFs listed in parentheses in Tab. were used. The resulting OCT
yield (dashed line in Fig. does not show any monotonic or quadratic behaviour, as
expected from the general scheme of OCT implemented in the MCTDH package (see
Sec.[2.4.2). In contrast, the solid line in Fig. shows a momnotonic convergence behaviour
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and corresponds to the use of the larger number of SPFs listed in Tab. After 200

iterations the change in the J functional becomes rather small.

Fig. shows that about 17% of the population is transferred into the target state v = 8
and about one third of the population remains on the C state. This amount of population
left on the C state is neglected later as detailed above. The rest of the population is
distributed over vibrational levels v # 8 as demonstrated in Fig. .9 The dashed and
solid black lines refer to the population left on the vibrational ground state and the one
transferred on to the target state v = 8, respectively, which has been maximized with
respect to all other vibrationally excited states. An appreciable percentage of populations
(above 5%) are distributed on vibrational levels around the target state; in decreasing
order: v =7,9, 6, 1, 10, 5 and 11.

Finally, the optimized OCT-pulse generates a vibrational wavepacket in the X state,
whose distribution is, at the final time T, centered around the target state v = 8, as

confirmed by the average occupation number calculated with respect to t,

(1)) =D vP(t), (4.14)

and plotted in Fig. (solid black line).

0.17 - . .
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Figure 4.7: Convergence of the Yield Control versus the number of OCT iterations. The
solid line corresponds to the large SPF basis used with MCTDI in order to obtain all
the presented results. The dashed line shows the non-monotonic behaviour obtained for a
smaller set of SPF functions as given in Tab. .
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Figure 4.8: (a) OCT pulse after 200 iterations (see text). (b) XFROG trace of the OCT
pulse (contours from 0.2 to 4 in steps of 0.2). The gate function in Eq. is a rectangle
of width 41%/E), with Gaussian tails of the same width; see Ref. 57. The two horizontal
lines correspond to the vertical transitions from the v = 0 and 8 vibrational states in the
X state to the C state. (c) Population of the C state and of the target state v = 8 in the
electronic ground state. (d) Time-dependent reduced 1D X-state density for the Bromine
coordinate p®)((r, t) (isodensity values of 0.05, 0.15, 0.25, 0.35, 0.55, and 0.85) during the
OCT pulse.
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Figure 4.9: The population distribution on the vibrational levels v = 0—12 of the electronic
ground state X upon the OCT optimized laser pulse after 200 iterations (see Fig. [.8h) is
depicted in panel a). The population distribution obtained by scaling the intensity of the
same OCT-pulse by a factor 4 is shown in panel b) for comparison. Panel ¢) compares the
average occupation versus time, <v(t)>, of the corresponding wavepackets created on the
electronic X-state.
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The reduced 1D-density of the generated wavepacket is shown in Fig. [£.8d. In Fig.
the changes of population on the target state and on the C state are plotted together.
Fig. shows the XFROG trace (see Ref. 57) of the respective OCT-pulse of panel (a).
The XFROG trace is calculated as

2
Ixrroc(w,7) = ’/dté‘(t)G(t — 7) exp(—wt) (4.15)

where, G(t) is a rectangular gate function with Gaussian tails, as in Ref. [57, Comparing
panels (b) and (c) the action of the laser pulse can be rationalized. The first subpulse is
resonant to the vertical excitation C < X(v = 0), whose frequency, wo = 0.1099E}, /h, is
shown by the upper horizontal black line in Fig. [4.8b. It populates the C state by about
20%, but there is no population of the target state. The second subpulse has a negative
chirp; it excites the C state and stimulates population down to the X state at the same
time. The chirp brings the center frequency down to accomodate the transition energy
from the C to the v = 8 state, whose frequency, wy = 0.0966E}, /h, is shown by the lower
horizontal black line in Fig. {.8b. The action of the third subpulse is rather similar to
that of the second one. Finally, a fourth subpulse being resonant to the X(v = 8)« C
transition captures part of the propagating C-state wavepacket and dumps it down to the
X state.

One should notice that the peak intensity of the OCT field of about 4.5 -10'* W em ™2 is
about 2 orders of magnitude larger than the estimated damage threshold for Bry in solid
Ar (N. Schwentner, private communication). An attempt to reduce the intensity of the
shaped OCT-field by a factor 4 also reduced the control yield, as shown in Fig. [{.9pb. The
populations distributed on the vibrational states v # 0 dramatically drop (about 2 orders
of magnitudes) and the distribution is clearly dominated by the v = 0 level. However, the
pump-dump-like scheme is not appreciably modified: Still a wavepacket on the X-state is
produced, whose averaged occupation number still corresponds to the target state v = 8§,
as shown in Fig. by the black dashed line. In other words, the mechanistic aspects of

the proposed control pathway do carry to the regime of lower intensities, as well.

4.3.3 Predissociation Starting From the OCT ground state Wavepacket

The propagation of the ground state wavepacket during the next 500 fs is depicted in
Fig. £.10h. After the OCT-pulse is over, the wavepacket begins to regularly oscillate with
a period of circa 100 fs. Hence, the ground state wavepacket needs to be promoted to the
B state. The most simple scheme appears to be its excitation whenever the outer turning

points are reached and this for two reasons: First, it is rather compact, and second,

94



4.4 Conclusion

its maximal displacement allows for the energetically lowest excitation onto the B-state
potential.

This was achieved by a short Gaussian laser pulse, Eq.[4.9] of width o = 18 fs, amplitude
Ey = 0.005E}/eap and frequency w = 0.0606 E}, /h, which matches the resonance condition
giving the maximum of population of again about 8%. The pulse is centered at 185 fs,
as shown in Fig. {.I10b. The predissociation yield obtained, is finally shown in Fig.
(black solid line) and compared to the case of excitation from the vibrational preexcited
stationary eigenstate v = 8 (solid blue line), see also Fig. within the first 500 fs.
The predissociation dynamics looks rather similar, that is, one observes steps whenever
the wavepacket arrives at the crossing seam region. Two points should be emphasized.
First, it is surprising that the predissociation yield after 550 fs is almost the same in both
simulations. After all, one compares excitations from rather different initial states, and
optimization of the pulse parameters of the second pulse were not even attempted. Second,
one could, in principle, envisage a simple extension of this control scheme, which consists

of a train of pulses acting each time the wavepacket is located at its outer point.

4.4 Conclusion

The five-dimensional RSVC-Hamiltonian model, based on the DIM theory and developed
in Refs. [119,]120,/158, was used here in order to get more insights into the nonadiabatic
population transfer mechanism (predissociation) from the B- to the C-state of the dihalogen
molecule Bry embedded in a Ar matrix. All nonadiabatic laser-driven quantum dynamics
simulations were based on the MCTDH wavepacket propagation.

In this work a new strategy has been applied for studying the predissociation mechanism,
which could be resumed in the following three stages. In the first stage, it has been proved
that excitation to the energetically lower region of the B-state potential permits to create
a wavepacket energetically closer to the B-C crossing seam, which slightly increases the
predissociation yield with respect to the previous studies, Refs. [119/[120L[158 A systematic
study of the dependence of the predissociation yield on the starting vibrationally preexcited
(stationary) states v = 1 — 10 has shown that this resonance condition to the B-C crossing
seam is matched by promoting a wavepacket into the B state from the preexcited vibrational
level v = 8. The energy values of the first eight vibrational states are listed in Tab. and
are additionally drawn in Fig. In the second stage, population on the vibrationally
state v = 8 is achieved by using Optimal Control Theory. The shaped pulse actually
prepares a wave packet in the electronic ground state with dominating v = 8 character, via a
multiple pump-dump-like mechanism involving the electronic C state. This is schematically
depicted by the blue and violet arrows, labeled 1 and 2, in Fig.[£.4l The created wavepacket
oscillates in the X state and is, in the third stage, excited by a simple Gaussian pulse to
the B state. This stage is represented in Fig. by the two red arrows, numbered 3 and

95



4 Non-adiabatic Quantum Dynamics Simulations and Laser Control of Bry in Solid Argon

T T T T (a)

| ®

E [Ey/eag]

e
W

<
~

Rel. Population [%]
o =)
[\S) w

e
=

50 150 250 350 450 550
t [fs]

Figure 4.10: (a) Time-dependent reduced X-state density for the Bromine coordinate
pB)(Cr,t) (isodensity values of 0.05, 0.15, 0.25, 0.35, 0.55, and 0.85) after the OCT pulse
is over. (b) Gaussian pulse (o = 18 fs, Ey = 0.005F} /eagy, w = 0.0606E},/h) promoting
part of the ground state wavepacket to the B state. (c¢) Predissociation yields (C-state
relative populations, Eq. are compared when starting from the stationary eigenstate
v = 8 (blue solid line), see also Fig. and when taking the OCT wavepacket in the
X-state as the initial state (black solid line), within the first 500 fs.
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4.4 Conclusion

4. Approximately, the same predissociation yield was obtained as for the idealized case
when the stationary vibrational preexcited eigenstate v = 8 is taken as the initial state.

Even though the new strategy enhances the nonadiabatic transfer process, the increas-
ing of the predissociation yield still does not reach the threshold of 5% per round-trip
estimated experimentally from the broadening of zero-phonon lines mentioned in the in-
troduction. One source of error in the model could be the Br-Ar interaction potential used
for calculating the DIM-PESs, which has been extracted from photoelectron spectroscopy.
A further inconvenience in the present strategy lies on the OCT method used in the second
stage, which involves a very intense pulse, not reproducible in a real experiment.

Finally, in more general terms, it must be emphasized that dihalogens in rare gas matrices
lend themselves as laboratories for testing new concepts. They are versatile simplified

models for disclosing basic quantum mechanics phenomena, as shown throughout this work.
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5 Structure and Quantum Dynamics of
Cls, Embedded in Solid Hs

5.1 Introduction

The main purpose of this chapter is to get insights on the structure and energetics of a Cly
molecule trapped in solid hydrogen. In the previous chapter, a Bry molecule embedded in
an Ar matrix was investigated. In general, cold and well-ordered crystalline systems such
as RG matrices permit to study a wide range of interesting chemical processes, such as
photodissociation of the guest molecules, in detail both in experiment and in theory. At
cryogenic temperatures solid hydrogen shares many properties with the RG matrices. For
example, the individual molecules rotate in their rotational ground state wavefunctions,
which is indeed almost spherical, closely mimicking the RG atoms. Moreover, the inter-
actions between the hydrogen molecules and with doping molecules are also in the van
der Waals regime. However, solid hydrogen shows many quantum effects connected to its
lighter mass, such as the high zero-point energy, which make the crystal to be less rigid.

Additionally, under certain conditions, chemical reactions can be observed in situ.

At the end of this chapter, we try to hand over the information needed for future quantum
dynamics simulations of the Cl + Hs -> HCI + H reaction observed in situ by Anderson
and Raston in Ref. |15/ when irradiating the system with UV and IR light at the same time.
From the theoretical point of view, this implies many challenges, since practically all pos-
sible degrees of freedom of the reactants have to be considered, i.e. rotations, translations
and vibrations of the hosting hydrogen molecules, and also rotations (or librations), vibra-
tions and translations of the guest molecules. In order to treat this complicated system,
the multi-stage adiabatic separation tool developed in Chap. [2] is applied, which essen-
tially permits to separate most of these DOFs and study them individually at least in an

approximate way.

In the first part of this introduction, a review is given about the fascinating features
of pure solid hydrogen. Afterwards, since the many-body system is described in terms of
pair interactions, the second part is dedicated to the Ho-Ho pair potential, which has been
widely investigated in the past decades. Finally, in the third part, a review is given about

the use of doped solid hydrogen for matrix isolation spectroscopy.
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In Sec. 5.2} the multi-stage adiabatic separation tool is applied in order to calculate the
Ho-Hsy, Do-Ds, Ho-Cly and Do-Cls pair potentials. The theoretical model is detailed and
the corresponding equations for the rotational adiabatization of the Hs molecule in the
rigid-rotor approximation are derived.

In Sec. the results are presented. This section is subdivided into three main parts.
In the first one, the quantum chemistry calculations are performed. On the way, the pair
interactions are discussed in terms of quadrupole-quadrupole electrostatic interactions.
The resulting rotationally adiabatic pair potentials are finally fitted to HFD-functions. In
the second part, the pair potentials are used in order to grow pure and doped clusters
by means of classical dynamics. The obtained growth sequences are therefore discussed
before building up the crystal. In the third part, the study on the translational and
rotational DOFs of guest and hosting molecules in the pure and doped matrices within the
Einstein [173] and the Devonshire [174] models are presented. In Sec.[5.4] the main results

are summarized.

5.1.1 H, Solid Crystal

Molecular hydrogen and its different isotopes form the simplest of all molecular species.
Intensive experimental and theoretical investigation of solid molecular hydrogen only began
in the early 1960s (see for example the review [13]), whereas solid He, the smallest stable
atom of similar mass, has already been studied since the 1930s. One possible reason for
this is that the theoretical treatment of molecular Ho poses more difficulties than that of
atomic He, owing to the rotational and vibrational DOFs of the diatomic molecule.

In the solid phase molecular hydrogen presents many fascinating features mostly con-
nected with its quantum nature. The light mass, in fact, heavily influences the condensed
phase properties, as for example its low melting and boiling temperatures of 14.01 and
20.28 K, respectively, at normal pressure. Its phase diagram is rather complicated and
supersolid and metastable metallic phases are expected at high pressures. Nevertheless,
since we are only interested in low pressure properties, all simulations carried out do not
involve pressure.

In the solid state the Hy molecules rotate almost freely, even at T=0 K [13]. The reasons
for this particular behaviour are, on the one hand, the small moment of inertia correspond-
ing to a large molecular rotational constant, on the other hand the weak anisotropic forces
due to the almost spherical distribution of the electronic density. Moreover, because of
the light mass and the weak intermolecular interaction, the system possesses a large trans-
lational Zero Point Energy (ZPE), which conferred to solid Hy (and He) the attribute of
“translational quantum” solid. The large ZPE is also accompanied by a large anharmonic-
ity which explains why the quasi-harmonic theory of lattice dynamics can not be applied
to translational quantum solids [13|. A further consequence of the large ZPE and strong

anharmonicity is the large nearest-neighbour distance (NNd), which becomes 0.3789 nm in
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the limit of 0 K. Based on a hard-sphere model with van der Waals radius of 0.12 nm [175|
for atomic hydrogen and considering the experimental minimum equilibrium distance of
circa 0.074 nm for molecular hydrogen, one may guess the NNd to be around 0.314 nm,
which is about 17% less than the experimental value. Thus, due to the ZPE, solid hydrogen
undergoes a great expansion in each direction. The same model applied on Ar, gives an
expected NNd around 0.376 nm, (0.379 nm within the extended Einstein model of Manz
et al. [176]), with the difference that effectively the experimental NNd has been measured
to be 0.376 nm [177].

The total wavefunction of an isolated hydrogen molecule may be approximated by the
product of the vibrational, rotational and nuclear spin wavefunctions. Molecular hydrogen
is formed by two indistinguishable protons with nuclear spin Iy = %h, that is two fermion
particles. Thus, they are subject to the Pauli’s principle and the total wavefunction must be
antisymmetric under exchange of the two nuclei. Seeing that the vibrational wavefunction
is symmetric, either the nuclear spin wave function is antisymmetric (anti-parallel spins)
and the rotational one is symmetric (the rotational quantum number J assumes even
values) or vice versa. In the first case the species is termed para-Hy (pHs), whereas in
the second case ortho-Hg (0Hz). For the boson deuterium, the situation is simply reversed
since the total wave function has to be symmetric under exchange of the nuclei. Thus, the
rotational quantum number J assumes even and odd values for the ortho-Da (0D2) and
para-Dy (pDs) species, respectively.

Para and ortho-hydrogen as well as ortho and para-deuterium should be regarded as
different species with different properties. Conversion between them is forbidden in the
case of isolated molecules and very slow in general, because of the small spin coupling term.
In the solid phase at zero pressure, conversion takes place with a constant rate of 1.9%/h
and 0.06%/h for Hy and Dy, respectively. Thus, pure samples of them can be prepared
up to a concentration of 99.98% [13|, which remain metastable for long enough to permit

suitable experimental investigations.

5.1.2 The (pH), Interaction Potential

Theoretical study of the intermolecular interactions in solids has been and still is a challenge
for scientists. The total interaction energy of a solid can be subdivided in sums over the

n-body interactions as
Biot(N) =Y En(N)=> Ej(2)+ > Eir(3)+ ... (5.1)
n 1<j 1<j<k

where N is the number of closed-shell particles and n runs from 2 to N. The importance
of the terms in the expansion decreases with the number n of body interactions involved,
whereas the difficulties in calculating them remarkably increases, so that the expansion is

truncated at some value of n where hopefully the results are a good compromise between

100



5.1 Introduction

computational feasibility and a reasonable value of the total interaction energy. For certain
systems the three-body interactions can already be neglected, whereas, for example for
RG crystals, they are indispensable in order to find the equilibrium fcc structure [3|. The
three-body interactions can be divided in two contributions, the exchange terms, which are
operative at short-distance and have to be considered only in liquid-phase or high density
solids, and the dispersion terms, which are operative at long-distances and whose leading
term is the interaction between the induced-dipoles of three particles, generally evaluated
by the Axilrod-Teller-Muto (ATM) potential [178]. Thus, in the zero-temperature limit,
eventually, the ATM approximately describes the three-body interactions and can therefore
be considered an estimation of the error introduced by neglecting the three-body term in
Eq. In the case of Ar, Kr and Xe crystals, the ATM contribution amounts to 7%,
9% and 10% of the cohesive energy [179] and in the case of solid hydrogen it amounts to
10% of the pure pair interactions [13]. Finally, even though the importance of three-body
terms has been largely demonstrated, they have been normally neglected and the total
interaction energy approximated just by the sum over the two-body interactions. By all
means, the study of the (pHs)o pair potential has been a milestone for the understanding
of the properties of solid pHy and many efforts have been made in the last decades by both
the theoretical [180-191] and experimental [13,[192,/193] communities.

Please note that in Chap. ] in the spirit of the DIM model used for calculating the PES

of the Bro@Ar system only two-body interactions have been considered, as well.

Two of the most famous and widely used semi-empirical (pHg)y pair potentials in the
past decades as well as in this study are the experimental potentials of Silvera-Goldmann
(SG) [13,192] and Norman-Watts-Buck et al. (NWB) [193]. Both potentials are fitted
to the Hartree-Fock-dispersion (HFD) potential family developed by Ahlrichs et al. [194],

which consists of the sum of an attractive and a replies part

Ci

V = V}ep + Vattr = eXp[f<R)] + Z E %

i=6.8, ...

(R) . (5.2)

Viep describes the short-range interaction and has in general an exponential form, so that
the energy goes to infinity when the nuclei approach each other, as expected from Pauli’s
principle forbidding two different electrons to occupy the same spin-orbital. Vg, accounts
for the long-range interactions and behaves as some inverse power of the distance R between
the centers of mass. The attractive part is, additionally, multiplied by the switch function
S(R), which attenuates the asymptotic van der Waals (VDW) attraction at short distances.
Both the repulsive and attractive parts arise mainly from the electrostatic interactions
between the molecules and are well established in theory (see for example [195]). Vit
reflects the multipole expansion, which is a valid assumption as long as the distance between
two molecules is large compared to the dimension of the molecule (or more precisely to the

dimension of the multi-particle charge-distribution). Moreover, the multipole expansion
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

terms become infinite at the origin, so that the switch function also has the role to cut
them off at shorter distances. Within this theory, the C; coefficients assume a physical
meaning and quantify the contributions from the electrostatic, induction and dispersion

effects. Its leading term with n = 6 is the induced dipole -induced dipole interaction.

Neutral, homonuclear molecules, with D, symmetry, like Hy, Do and Cly (treated
in the next sections) do not possess a monopole or dipole so that the lowest order of
electrostatic interaction between two of these molecules is the quadrupole-quadrupole in-
teraction, which has a R™° dependence. Since the next symmetry allowed multipole is
the hexadecapole, the next two ones are the quadrupole-hexadecapole and hexadecapole-
hexadecapole interactions, which have R~7 and R~ dependencies, respectively. Their
orders of magnitude have been guessed here to be never greater than 1073 kJ /mol. How-
ever, the C5/R®, C7/R" and Cy/R® terms do not appear in the HFD fitting function by
Norman-Watts-Buck (NWB) and Silvera-Goldmann (SG), since all electrostatic moments
vanish in the case of isolated para-hydrogen and ortho-deuterium molecules in their lowest
rotational state, J = 0. Please note that the Cy/R? term in the HFD fitting function of
Silvera-Goldmann term refers to the three-body interaction and not to the hexadecapole-
hexadecapole interaction. In the rotational ground state, the average static multipolar
field outside the molecule vanishes because all the multiple moments of a spherical charge
distribution are zero, whereas in the state J = 1 the molecule is surrounded by a relatively
strong field of mainly quadrupolar nature [14], as shown also in App. [6.3] where such
quadrupole moments have been calculated. As a consequence, electrostatic contributions
are expected to be important only for oHy (and pDs), whereas for pHy (and oDj) only
induction and dispersion effects play a role. The isotropic part of the (pHz)o pair potential,
almost exclusively arises from dispersion effects (of quantum-mechanical nature), and the
leading terms are the Cg/R®, Cs/R® and Cjo/R!°, namely, the induced dipole-induced
dipole, induced dipole-induced quadrupole and induced quadrupole-induced quadrupole
interactions, respectively. These coefficients have been determined by Meyer by means of

perturbation theory [196].

The SG and NBW potentials are compared later in Fig. and show very similar
shapes independently of the inclusion of the three-body term Cg, which is approximated
as aCg, with a being the polarizability of pHs. This coefficient has been determined so
that the effective pair interactions, when summed over the lattice, give the same energy
as the true ATM forces [13|. This approach has been recently criticized by Hinde in
Ref. [191], where high level quantum chemistry calculations demonstrate that three-body
exchange (non-ATM) interactions can not be neglected at high densities. The author
justifies the very good agreement to the experiments to a fortuitous error cancellation of
the neglected non-ATM effects and the fit of the repulsive part of the potential to very low
level calculations. Operetto and Pederiva recently computed the pressure-volume curve

at T' = 0 K by using the diffusion quantum Monte Carlo method and reported a poor
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agreement with the experimental curve when using the SG potential, whereas a better
agreement is achieved by using the NWB potential when the ATM triple-dipole term is
included explicitly.

From the theoretical point of view the interaction between four nuclei and four electrons
is in principle calculable to high precision from ab-initio approaches. However, since the
interactions are of VDW nature, a very high level of calculation is needed. Thus, from the
first calculations of Gallup in 1976 [180|, to the first accurate 4-dimensional potential of
Deep and Johnson in 1999 [186] about 2 decades passed. In 2008 an even more accurate
4-dimensional potential has been calculated by Patkowski et al. [188|, which accurately re-
produces measured thermodynamic properties. In about the same period Hinde published
a 6-dimensional potential at nearly the same level of calculation as Diep and Johnson,
including the intramolecular vibrational DOFs of the two monomers. The agreement of
the rotational and rovibrational infrared spectra with those obtained experimentally, is
impressive. Recently, Hinde also recalculated the isotropic dispersion coefficients Cg, Cg
and Cqg of the parahydrogen dimer by averaging them over the monomer vibrations [197].
They are compared later in Tab. of Sec. to the ones calculated by Meyer [196]

and along this work.

5.1.3 Doped pH; Solid Crystal

The many peculiar properties mentioned above make pHy crystal a very interesting medium
for matrix isolation spectroscopy, as well as for hosting chemical reactions. Matrix isolation
spectroscopy was initiated in the 40’s by Lewis [198] and found many interesting applica-
tions in physical chemistry. Because of their chemical inertness and weak perturbation,
Rare Gas (RG) atoms have been mostly used in this field (see Chap. d|or for example [199]).
However, the resolution in RG matrices is limited due to both homogeneous and inhomo-
geneous line broadening, which could, as a consequence, hide some information in the
spectra [6]. Moreover, the rigidity of such matrices limits the study of chemical reactions
at cryogenic temperatures, as strong interactions from the surrounding lattice may distort
the reaction potential surface significantly with respect to those in gas-phase [6]. After
Oka in the 80’s demonstrated that enriched pHs can be used as matrix for IR spectroscopy
with high resolution of Av/v < 107 [5], many investigations started on pHy doped with
several molecules [6},7,/15,200-206|. The IR spectra of molecules embedded in pHa-crystal
present very sharp linewidths, indicating that the dopants are in well-defined rotational
and vibrational quantum states [7]. Moreover, due to the large ZPE, pHa results in a "soft”
crystal (that is in a high compressibility [176,207]), so that cage effects are practically ab-
sent and chemical reactions upon photolysis can be observed in situ, opening a way for the
investigation of chemical processes in condensed-phase and at cryogenic temperatures |7),
as for example, pure tunneling reactions. Isolated hydrogen molecules as well as solid pHo

do not show IR activity, in contrast, absorption is observed in the presence of impurities
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as for example oHs or other molecules. The interaction with the hosted species, in fact,
induces dipole moments in the neighbouring pHs molecules, so that the resulting spectra

contain information about the response of the pHy matrix [7].

Since pHs in the condensed-phase retain good vibrational and rotational quantum num-
bers, v and J, respectively, the IR spectrum features correlate with well-defined rovibra-
tional transitions [7]. Upon absorption due to an impurity, a vibrational coupling based
mechanism delocalised the v = 1 vibrational state, so that the vibrational excitation can
"hop” between neighbouring pHs molecules. The v = 1 vibrational state is therefore broad-
ened (4 cm~!) and the vibrational exciton is termed vibron after van Kranendonk [14].
Analogously, delocalized rotational excitations are called rotons (see for example [208].
Finally, this vibrational bond energy can be used to induce reactions with reactive species
stabilised in solid para-hydrogen. Solid pHy possesses, in fact, a property not yet men-
tioned: a thermal conductivity of 50 W m~! K~ [6], which is comparable with that of Cu
and is almost one order of magnitude larger than the conductivity of RG crystals [1]. Thus,
solid pHy stabilises photofragments resulting from photodissociation processes through a

very efficient dissipation of the excess of energy [6].

Several molecules have been used to dope pHy for experimental investigations in the
past years. Momose et al. studied the photochemistry of methyl iodide, CHsl, in pHs [6],
showing that methylradicals and iodine atoms can be stabilised and that upon a new irra-
diation, formation of methane is induced via a three-step reaction mechanism. They also
observed the same chemical reaction via quantum tunneling. Yoshioka et al. [7] investi-
gated pHe doped with CH3F, CH3Cl and CH3Br, showing that the residual oHo molecules
in the crystal cluster around the dopant species due to electrostatic interactions between
the non-vanishing quadrupole moment of oHs and the dipole moment of the dopant. Sim-
ilar clustering effects were observed when doping with NoO. Clustering of olly molecules
around trans-formic acid embedded in pHs, instead, has been shown by Paulson and An-
derson [205]. Anderson et al. for the first time demonstrated a cooperative transition
in pHo matrices doped with HCl: A single photon excites the rotational motion of the
dopant molecules and the vibrational coordinate of an adjacent pHy molecule, which are
the condensed-phase analogs of combination bands in VDW clusters [202]. Cyclic wa-
ter hexamer have been observed in solid para-hydrogen by Fajardo et al. [209], who also
recorded spectra of HoO, D2O and HDO molecules in pHy 2 years later [203]. Infrared
spectroscopy of carbon clusters trapped in solid para-hydrogen have been presented by
Miki et al. [201]. Several atomic species embedded in solid para-hydrogen have been also
studied and literature can be found on H, Li, B, C, N, O, Mg, Al, see, for example, the

small review Ref. 210l

Many of the mentioned experiments were stimulated by, or conversely went on to stim-
ulate theoretical investigations, including the present one. Theoretical investigation has
been found in the literature on OCS [211}213|, on HF [214}220|, on CO [221,222], on
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O3 [223] as well as on NO2 [224] molecules and on Li [225-230|, on Lit [231.[232] as well
as on B [233] and on O [234] atoms.

The present work was inspired by the experiments carried out in the group of Anderson
on solid pHs doped with Cly molecules [15,204]. In particular, they photolysed the dopant
species and monitored the formation of HCI in situ under different experimental conditions.
In the first instance, they irradiated the sample by using a 355 nm UV source exciting the
Cly molecules to the dissociative C, 2II, state and generating C1* atoms almost exclusively
in their spin-orbit ground state 2P /2. Conservation of energy gives the translational energy

of the photofragments with respect to the laboratory frame

Br = —CL By, — Do] = 48.93 k.J /mol (5.3)

Mg,

where E;,=337.02 kJ /mol is the photon energy and Dy = 239.22 kJ /mol is the dissociation
energy of Cly (X 13,).

For this experimental set up, referred to as "only UV”, formation of the product HCI was
not observed. It is known from previous theoretical and experimental studies [235,236] that
in the gas phase the Cl + Hg(v=0) -> HCI(v=0) + H reaction is endothermic by about
4.31 kJ/mol. However, even though the translational energy for the Anderson experiment
in Ho crystal is far above the reaction barrier, formation of the product is negligible and
has a probability of Pyy = 0.006.

In a second experiment, the sample is simultaneously irradiated by UV + IR sources.
The authors refer to this experimental set up as "UV+IR”, in which production of HCI is
observed with a probability Pyyvyir = 0.15. They state that excitation to at least the first
vibrational level v=1 of the pHs matrix is necessary in order to induce reaction, since the
PES presents a late barrier, hence explaining the mechanism in terms of Polanyi rules [86].
In a third experiment, to which they refer as "IR" only, the IR source is used to irradiate
the sample after the UV source is turned off. Again no significant amount of HCl was
produced, demonstrating that the translational energy of the Cl* atoms after photolysis is
rapidly dissipated by the crystal thanks to the high thermal conductivity mentioned above.

Finally, the results for the three experiments can be summarized by the following re-

spective reactions

1 : Cl*+ Hy(v=0)—» HCl+ H

2 ¢ Cl'*+Hy(v=1)—- HCI+H

3 0 Ol + Ho(v=0) 25 Cl+ Hy(w = 0) 25 Cl+ Hy(w = 1) » HCl+ H
(5.4)

where Cl* and CI are the photofragments produced upon UV photolysis with high trans-

lational energy and after the translational energy has been dissipated, respectively.
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Quantum dynamics simulations corresponding to reactions 1 and 2 have been carried out
in the Manz group [16]. Reaction 3 is more difficult to simulate, since the time needed by
the CI* atoms to relax in the pHo matrix is too long with respect to the approximation for
which the environment is considered frozen during the first 100 fs. Admittedly, the model
involves many approximations. For example, it assumes a single vibrationally excited Hs
molecule, instead of a delocalized vibron. Moreover, such Hs is positioned in the first
shell of molecules surrounding the dopant, so that the direction of the Cls bond is directly
pointing to it. As a consequence, the probability found for the reaction resulted in an upper
limit of the real one. A second approximation lies in the description of the wavefunction of
the reactant Hy molecules in terms of the Einstein model (EM), which is for the first time
applied to a "translational quantum crystal” [176]. For this purpose the classical EM has
been extended including anharmonicity effects. The effective potential has been evaluated
by moving the COM of the Hy molecule along three important crystallographic directions.
The three 1-dimensional cuts of the effective potential have been found to be approximately
harmonic within the width of the 1-dimensional wavefunction of Hs. Moreover, this all is
assumed to be valid also for the dopant molecule, so that the width of the wavefunction
of the Cly molecule is calculated within the harmonic oscillator model from that of the
Hs molecule, to be proportional to the fourth-root of the ratio between the masses of the
two molecules. Additionally, the dimensionality of the problem is reduced to 2 and the
reaction is considered to start from the electronic ground state instead of from the C?II,
state. Finally, a London-Eyring-Polanyi-Sato (LEPS) PES is used with parameters fitted
to the ab-initio PES of Capecchi and Werner [236] and the total wavefunction entering the
LEPS represented simply by a product of the Cl and Hy wavefunctions.

Nevertheless, this simplified model already elucidates some of the most important and
interesting features of the reaction mechanism involved in the experiment of Anderson. In
particular, reactions 1 and 2 have been explained as consequences of energetic and dynam-
ical effects. From the energetic point of view, if one considers the “only UV” experiment,
only about 5.4% of the kinetic energy of the photodissociated Cl atoms are converted into
translational energy available for reaction, whereas the rest is "wasted” as energy of the
COM of the reactive system. This is shown in App. and published in Ref. |[16|, where
the three-body collision kinematic is treated in detail for the special case of photodissoci-
ation. Finally, the main energy of the system, which only consists of this small fraction
of the kinetic energy, is below the reaction barrier height. The "UV +IR” experiment, in
contrast, supplies additional vibrational energy, making the reaction endothermic. From
the dynamical point of view, the experimental results can be explained within an extended
theory of the Polanyi rules, called "interpolated Polanyi rules”. Manz et al., in fact, found
the barrier of the LEPS PES to be neither "early” nor "late”, but actually in between, at

"high noon”; as they termed it. In other words, in order to efficiently overcome the barrier
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and obtain the products, the total energy must be adequately partitioned in translational

+ vibrational energy, which seems to be the case for the experimental setup in reaction 2.

The present work aims to prepare the ground for the quantum reaction dynamical treat-
ment of the Clo@pH, system, i.e. the mechanism of the UV /IR driven reactions observed
in situ by Anderson et al.. It critically reviews some of the assumptions made in Ref. [16
in order to gain a deeper knowledge of the structure and the energetics of the reactants in

the matrix.

The crystal is described in terms of only pair interactions, so that the first step involves
the calculation of the (Hy)2 and Ho-Cly pair potentials by means of quantum chemistry
in Sec. In order to have a compact description of them, the multi-stage AS tool
developed in Chap. [2| is going to be applied, since electronic, vibrational and rotational
DOFs of both molecules have to be in principle considered simultaneously. Finally, the
quantum chemistry PESs are further averaged with respect the hydrogen molecule rotations
(rotational adiabatization), which allows for the calculation of the (pHz)2 and pHa-Cly as
well as of the 0Hs-Cls, 0D9-Cls, pDy-Cly and (in principle also (0Dsg)s) pair potentials in
Sec. (3.3

The first question addressed is which of the close-packed structures is energetically
favoured in the pure and doped crystal, fcc or hep? It is known that the pure crystal
can be grown both in fcc and hep symmetries depending on the experimental conditions,
so that near degenerate energies are expected from theoretical simulations. However, the
structure of the crystal in the presence of the impurity has to be thoroughly investigated.
Comparing the magnitude of the dopant molecule and the particularly large NNd of solid
para-Ha, the Cls molecule is expected to occupy only a single substitutional lattice site, but
no theoretical simulations were still performed to confirm it. In contrast, Brs for example
is found to occupy a double substitutional site in the Ar matrix, see Chap. [dl Moreover,
Brs is found to undergo only small librations around the <110> fcc crystallographic di-
rection: On the other hand the Ar atoms are heavy to be pushed away and Brs has even a
smaller rotational constant than Cls. Immediately, another question arises: Along which
crystallographic direction does Cls align? Since hydrogen molecules are very light and the
crystal very soft, is the impurity librating or even rotating in the matrix? One step in
this direction, is the investigation of the growth sequences of pure and doped clusters in
Sec. (3.0

In order to perform quantum reaction dynamics on a translational quantum crystal,
sophisticated models must be developed for the calculation of realistic initial wavefunctions
for the reactants Hy and Cls. The models have to take into account the anharmonicity
originating from the large excursions (translations or external vibrations) from the nominal
lattice position and the rotations of the Hs molecules and, eventually the rotations or
librations (rotational oscillations around a main crystallographic direction) of a solute

molecule. This clearly calls for a quantum mechanical treatment in order to properly
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describe the position of the molecule in terms of distribution functions. Moreover, due to
the high ZPE and to the large lattice constant, translational quantum crystals are highly
compressible [176,207] and therefore considered to be "soft” matrices. Finally, the high
dimensionality of condensed systems unfortunately makes it difficult to include all those
properties in an unique model. Anharmonicity was included by Manz et al. in Ref. |16
within the "anharmonic Einstein model”, but the lattice is still treated classically, i.e. with
the nuclei frozen at their nominal lattice positions. Distribution functions for the nuclei
of the lattice are instead included by Rosciszewski and Paulus in Ref. 237, within the
"quantum Einstein model”, which, on the contrary, does not include anharmonicity. In the
present work we try to include the softness of translational quantum crystals by simulating
a less rigid environment. This is achieved by extending the anharmonic Einstein model,
so that for the first time anharmonicity and high compressibility of solid hydrogen are
considered at the same time.

Investigation of the Cly rotations also involves approximate models, which closely recall
the EMs just discussed. The rotational potential felt by the guest molecule in the matrix are
calculated within the Devonshire model (DM) [174] by considering both fcc and hep rigid
lattices. Similarly to the EMs, the DM is also extended to include a non-rigid environments.
Dynamics of the molecules in the matrix is treated in Sec. which also includes a

discussion on the validity of the fourth and last AS of translational and rotational DOFs.

5.2 Multi-Stage Adiabatic Separation for Pure and Doped
pH;, Crystals.

Description of the pure pHs and doped Clo@pHy crystals in terms of (at least) the pair
interactions involves the calculation of the (pHsz)e and pHy-Cly pair potentials, which is
the aim of this section. Such pair potentials are calculated within the multi-stage AS tool
presented in Chap. [2] so that the many DOFs involved in the pair interactions will be
separated and the validity of the critical AS-stages discussed.

The application of the multi-stage AS tool calls, therefore, for the comparison of the
energy (or frequency) or time scales, in which the different DOFs of the involved species
lie. These data are listed in Tab. together with the diatomic constants, where the time

scales are calculated as

h

5.5
AEpor (5:5)

Tpor =

with AEpor being the energy difference between first excited and ground states.
In general, the first stage, i.e. the nuclear and electronic AS in Sec.[2.2.3] is considered to

be valid for all species, since the first electronic excited states lie well above their respective
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ground states (last three rows in Tab. [5.1) and no electronic laser-driven excitations are

foreseen®

. For the subsequent stages, only vibrational and rotational energy scales are
compared, since the translational DOFs enter the model only when considering both species
in the matrix. Moreover, the application of the multi-stage AS must be separately discussed
for the "homomolecular” (pHsz)e and the “heteromolecular” pHo-Cly pair potentials. In
order to compare vibrational and rotational energy scales, one also may compare the ratios
between them. These ratios are defined as AEDOFl:f‘_f(mOll), where DOF1 and DOF2 can
AEpora=f«i(mol2)
be either a vibrational or a rotational DOF, and moll and mol2 refer to one of the species

considered. Finally, ¢ and f refer to the quantum numbers of the initial and final states.
Please note that for para and ortho molecules, since they are two different species, the
ground and first excited rotational states are, respectively, J = 0 and J = 2 for pHy and
oDy, and J =1 and J = 3 for 0Hy and pDs. For instance, the energy scale ratio between
the vibrational DOF of Cly and the rotational DOF of pHs is defined as ﬁ;’%‘%.
Thus, the bigger the ratio between energy (or frequency, or time) scales, the safer is the
corresponding AS.

Vibrational and rotational frequencies are compared first for the isolated molecules. By
analysing the Tab. [5.1I] one notes that for Cly they are safely separable: The respective
energy scale ratio is 1230, that is a frequency difference of more than three orders of mag-
nitude. In turn, for the four species, pHs, oHs, oD and pDs, such separation is less
accurate, since the corresponding ratios lie between 7.3 and 17, which means that the
frequencies, at which each of those molecules rotates and vibrates, differ only about one
order of magnitude. Nevertheless, in all cases we apply the adiabatic separation and con-
sider only the vibrational ground state v = 0. Additionally, the corresponding probability
density function, |\Ili(gt’”:°> 2 (see Sec. , e.g. Gaussian function, is approximated to
an infinitely narrow delta distribution centered at the v = 0 vibrationally averaged equi-
librium distances, 7ci, = (rciy)v=0 = 0.2032 nm, 7pH, = (TpH,)v=0 = 0.0757 nm and
ToDy = (ToDy)v=0 = 0.0753 nm. At the low temperature of few Kelvin, in fact, only the
vibrational ground state is populated, the probability density distribution of which has its
maximum at the equilibrium distance?. The ground state probability densities were calcu-
lated resulting in nearly Gaussian shapes and the corresponding FWHM are respectively
0.0208, 0.0175 and 0.0103 nm for Hy, Dy and Cly molecules, that is the 13.5%, 11.5% and
2.5% of the vibrationally averaged equilibrium distances. Thus, the Cly vibrational density
function is effectively narrow, whereas at a first glance the classical approximation may
appear not to be valid for the solvent molecules. However, when separating the vibra-
tional and rotational DOFs, this corresponds to describe the molecules in the rigid rotor

approximation, for which the centrifugal distortion constants are found to be 5 orders of

!This was not the case for the Bro@Ar system in Chap. [4f where we instead went beyond the Born-
Oppenheimer approximation, since non-adiabatic laser-driven processes were investigated.

2Please note that this is exactly the opposite for classical oscillators, where the maximal probability to
find the molecule is at the minimum and maximum elongation of the bond.
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Table 5.1: Diatomic constants of Ho, Dy and Clsy are listed in order to compare energy,

AFEpor, and time scales, Tpor (see Eq. , of the different DOFs involved.

DOF | Species | Diatomic Constants[k.J/mol] AEpor[kJ/mol] Tpor[fs]
pH, B, = 0.6812 AEj_s o = 4.087 97
= OHQ Be = 0.6812 AEJ:3<_1 = 6.812 59
g
o
b= oDy B, = 0.3498 AEj_9. o = 2.099 190
3
a'ad
pD, B, = 0.3498 AEj_3. 1 = 3.498 114
Cly B, =2.733 x1073 AEj_1.0=54x10"3 | 72 x 10°
H, we = 52.65 [§] AE,_1 0 =49.75 8
Wete = 1.451 [§]
E
S D, we = 37.27 [§] AE,_10 = 35.79 11
5 WeTe = 7.397 x 1071 [§]
=
=
Cly we = 6.695 [§] AE,—1.0 = 6.632 60
WeTe = 3.194 x 1072 [8]
5 H, AE,—1.0 = 1096.97 [3] 0.36
g
Qo
£ D, AE,—1. 0 = 1096.94 [8] 0.36
[}
&
Cly AE,—1.0 = 205.28 [§] 1.94
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magnitude smaller than the respective rotational constants for Ho and Ds and 8 orders of

magnitude for Cly [§].

Comparison between the vibrational as well as rotational frequencies of Ho (para and
ortho) and Dy (ortho and para) is not mentioned here, since only solvent-pure crystals are
considered. Moreover, the ratio between their fundamental vibrational frequencies as well
as between the anharmonicity corrections to them are already known from the solutions
we(H2)

to the Morse potential given in Eq. |2.48, that is ZZ 5% = V2 and % =2.

In the case of the pHy-Cly dimer the situation is further complicated, since the DOFs of
Cly and pHs have to be considered at the same time, but the idea behind the multi-stage
AS discussed in Chap. 2] remains essentially the same. Solute and solvents rotational en-
ergy scales lie in very different ranges because of the particularly large rotational constant
of Hy and Ds. The vibrational energy scales instead only differ less than one order of
magnitude. However, the most critical point is the adiabatic separation of solute vibra-
tions and the solvent rotations, since their motions happen in a very similar time scale.
Thus, even though the Cly vibrational ground state wavefunction is narrow (classical ap-
proximation), the NACTs may be still large due to the very fast Hy and Dy rotations (see
Eqgs. and in Sec. )7 so that this is, a priors, probably the weakest point in
the application of the multi-stage AS on the Hs-Cls and Do-Cly dimer systems. The error
introduced by rotational adiabatization will be estimated later in Sec. In order to
avoid such error an average with respect to the vibrational ground state of Cly, should
be considered as well, but implies excessive CPU-time, which we cannot afford, since the
ab-initio PES should be calculated at different Cly bond distances. This has been done
for example on the (Ha)2 dimer at a high level of theory by Hinde [197]. Summarizing,
specifically for the pHs-Cls and 0Ds-Cls dimers, the sequence of ASs can be represented

in terms of the energy scales of the different DOFs as follows:

AEnzl(_(](HQ/DQ) >> AEn:R_o(Clg) >> AEVZR_O(pH2/OD2> ~ (5.6)
~ AFE,—1.0(Cly) = AEj—2. o(pHy/0D2) >> AE;—1((Cl2)

At this point, one can proceed to the rotational adiabatization of the Hy (and Do)
molecules for the calculation of the pair potentials. Since at the temperature of liquid
Helium (less than 4 K), only the rotational ground state is thermally populated, in a first
assumption, one expects all pHy (and oDg) molecules to behave almost isotropically in
solid hydrogen, like in solid Helium. In contrast, anisotropic interactions are expected for
oHs (and pDg). Consideration of the shape of the pHy molecules as perfectly spherically
shaped, in fact, notably reduces the computational effort of, e.g., dynamical simulations,

since the molecules are then treated as He-like atoms. Under these assumptions, the
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Figure 5.1: The figure shows the Cartesian coordinate system in the laboratory frame used
in order to carry out the quantum chemistry calculations.
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respective angular distribution functions become those of the free rotor, that is the spherical
harmonics with angular and directional quantum numbers J = 0 and M = 0 (s-like
spherical distribution) and J = 1 and M = —1, 0, 1 (p-like distributions), respectively,
and the pair potential can be obtained by a crude spherical average of the PES on a
surface of a sphere, that is the absolute value of the lowest spherical harmonics function,
|Yj—0.m=0|> when considering only pHs. This approximation is called here Spherical-
Average-Approximation (SAA) and has been applied in the past in several works, see
for example [221}224,234,238,,1239]. Recently Le Roy et al, [240], compared the results
obtained within the SAA to those obtained within an "adiabatic-hindered-rotor” (AHR)
approximation, when applying them to the hydrogen molecule in the case of the pHs-CO»,
pHs-CO and (pHs)s dimer systems (and on the deuterium molecule for the corresponding
systems with oDs) finding slightly more accurate PESs. In contrast to the SAA, the AHR
approximation consists in the average of the PES with respect to a basis-set of SHs, which
is complete, in principle, so that it describes also the distortion due to the presence of the
field of a second molecule (pair potential). Actually, the different results between the two
methods can be considered as measure of the degree of distortion undergone by the system.
Thus, the more similar are the AHR wavefunctions to the SHs, the more decoupled are
the rotational DOFs. Please note that the AHR approximation is completely equivalent

to the rotational adiabatization applied in the present work within the multi-stage AS.

The pHa-Cly and (pHg)o ab-initio PESs have been calculated referring to the coordinate
system shown in Fig. 5.1l The molecule labeled by A can either be the chlorine or the
hydrogen (or deuterium) molecules, whereas the molecule labeled by B is always hydrogen
(or deuterium). In both cases the position of the four atoms is defined by the four angles
04, 0B, o4 and ¢p and the distance Rap between the COM’s of the two molecules. The
internal bonds R4 and Rp of the two molecules are considered rigid and fixed at the
quantum mechanical average values for the respective vibrational ground states (classical
approximation). Consequently, R4 can either be 7y, or 7m,, wheres Rp = 7y, always.
Nevertheless, for both dimer systems, the ab-initio PESs are four dimensional because of
their respective Cooyy and Do, global symmetries, which make them to be dependent only
on the mutual orientations of the planes on which the two monomers lie, which is indeed
expressed by ¢p — ¢ 4. Hence, the ab-initio PESs are defined as WX’_:]%)(RAB, 04,0B,08 —
¢4). Please note that in order to obtain the final pair potentials, different procedures
are applied for the two molecular systems: In the case of the Ha-Cly dimer, the hydrogen
molecule is rotationally adiabatized with respect to fixed values of the parameters Rap,
04 and ¢4, whereas in the (Hg)s molecular system both the monomers are rotationally

adiabatized with respect to fixed values of the intermolecular distance, Rap.

Let us now derive the equations for the rotational adiabatization of Ho in the Ho-Cly
dimer system. Please note that the Ho-Cls pair potential is independent of the variable

o4, that is a two dimensional potential is obtained upon adiabatization, but the following

113



5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

equations are given in a more general formulation in view of the calculation of rotational
PESs of Cly embedded in the crystal, where 84 and ¢4 define indeed its orientation. In
the most general formulation the R4 and Rp parameters should be also included in such
equations, but they are skipped here, since their values are just kept fixed, within the rigid

rotor approximation applied here.

The four-dimensional intermolecular translational-rotational Hamiltonian, in terms of

the notation used in Eq. in Sec. has the following form

R 52 82 j_ S N2 P
Htot _ 5 +( JA 2]3) +BA]124
2,U/AB aRAB QMABRAB
+ Hrot(v937 V¢B79B7 ¢B7 RABy 9A7 ¢A) ) (57>

where A and B are Cly and Hg, respectively. The first and the second term in the former
equation are the translational and the rotational Hamiltonians with respect to the COM
of the dimer. pap is the reduced mass of the dimer, (j —ja— 53)2 = A2 is the angular
momentum operator for the rotation of the dimer with respect to the intermolecular axis,
Rap. J is the total angular momentum operator and j’A and j’B are the angular momentum
operators of the two single molecules. The third term finally is the rotational Hamiltonian
of the hydrogen molecule, the solution of which will give us the rotationally adiabatic
H,-Cly pair potential. Please note that by splitting the Hamiltonian in two parts, i.e.
the translational and rotational DOFs with respect to the dimer COM from the rotational
DOFs of the Ho molecule, an AS has been applied to the system, where, recalling Sec.
the first three terms of Eq. represent the heavy or slow Hamiltonian depending only
on Rap, 04 and ¢4, and Eq. represent the light or fast Hamiltonian depending on 6p
and ¢p, but parametrically also on Rap, 04 and ¢ 4. Following the notation in Sec.

the rotational Hamiltonian is defined as

H,0t(Vay, Vog, 08, 65; Rap, 04, ¢4) = BBJ% + Wi o (RaB, 04,08, 05 — ¢a) ,  (5.8)

where the parameters {Rap,04, ¢4}, the variables {0, ¢p} and the potential Wg;z_vczg
(RaB,04,0B,05 — ¢a) correspond respectively to the parameter Rira, the variables {6, ¢}

—

and the potential ‘A/rot(97 ?; ]%tra) = é;év>(Rext) in Eq.[2.59, The quantum numbers (n =
v = 0) specify that the system is in its electronic and vibrational ground state. The validity
of this AS has to be still proved along this work and will tell us how strongly coupled those
DOFs eventually are. Finally, a two-dimensional (light) TISE for the rotational Hamilton

operator in Eq. is solved for every (Rap, 04, ¢4)-configuration averaging out fp and
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¢pB, namely

(Hrot(Vogs Vg, 08, 65; Rap, 04, 64) — ES™"(Rap,04,04)) X (5.9)

X ¢g;fé(1)2’l)(933¢3; Rap,04,04) =0

where [ is the rotational quantum number. The rotational wavefunction in Eq. is

hence expanded in terms of spherical harmonics

Jmax J
e (08,68 Rap 04, 0) = > Y cSr(Rap,0a,64) Yo (05, 65)  (5.10)
J=0 M=-—J
with [241],
J — M)! -
Y,u(0p,05) = \/(QJ + I)W PM(cosfp) Mo for M >0 (5.11)

where Pj‘/[(cos 0p) is an associated Legendre polynomial. It is interesting to show that the

SHs obey the following symmetry-law [241]:

Y, (0B, 68) = —¢ (2J + 1)% PM(cosOp)e M5 = Y, (05, 6p) . (5.12)

In order to solve the two-dimensional TISE, let us multiply Eq. by the left by
D05, ¢B3 Rap, 04, 04), s0 to obtain the matrix, Hy """ (05, ¢p; Rap, 04, d),

which is the sum of a diagonal matrix from the kinetic energy operator of the free rotor
(see Eq. [2.73)) and a full potential energy matrix with elements

;o 1 ™ 2T
Wi 6 (Rap, 04, 64) = - /0 sin 0pdfp /0 dép x (5.13)

X WG (RaB, 04,08, 08 — ¢a) X

X YJ*’M’(GB7 ¢B) Yiu (QB, ¢B)

dcosfp __

sinfp dfp dpp representing the infinitesimal surface element of a sphere. Since ST =

sin fp, this integration can be conveniently rewritten in terms of cosfp,
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1 2w
Wi Y (RaB, 04, pa) = N/ dcos 93/ dpp Wi "o (RaB, 04,08, 6B — da) X
-1 0

x P (cos ) PM (cos ) e!M—M)o5 (5.14)

with

1 J — M) J'— M)
N:M\/2J+1EJ+M;!\/2J’+1§J/+M,§! (5.15)

Since Eq. will be solved separately for the para and ortho species of molecu-
lar hydrogen, two different matrices are diagonalized, that is ﬂ;‘ﬁfi”c‘]l’f)(RAB,ﬁA,qSA)
and flgﬁjfé]l’zw (Rap,04,04), respectively for even and odd values of J. The eigenvalues
Eﬁgt:”:o’”(RAB,HA,qu) for each of the (Rap,04,¢4) configurations define the adiabatic
PES, WI({’;:_”SFQ’”(RAB,HA,%), describing the interaction of pHy and oHy with the Clg
molecule, respectively, and [ defines a new quantum number, running over the resulting
rotationally adiabatic PESs. The resulting potentials are grouped with respect to their
asymptotic limits, given by the free rotor kinetic energies (in units of B), 0, 2, 6, 12,
etc., which are one-, three-, five-, seven-fold, etc., degenerate. Thus, the energetically
lowest PES, Wﬁ;:fc:fz’l:m(RAB, 04,04) (resulting from the diagonalization of I:I;J}/IQAZCJ]QM))
describes the interaction between chlorine molecule and the pHy species in its rotational
ground state and the first three PESs Wﬁfféﬁ L2 (R A, 04, ¢4) (resulting from the diag-
onalization of I:Ié‘ﬁ;fc"l;[)) describe the interactions between the chlorine molecules and the
oHs species in its lowest three states. Please note that the same applies to the Do-Cly sys-
tem, except for the different masses involved, so that Wé)gfjgglzo)(RAB, 04, ¢4) describes
the interaction between chlorine molecule and the 0Ds species in its rotational ground state
and the first three PESs WBZTE&lZl’Q‘S)(RAB, 04, ®4) describe the interactions between the

chlorine molecules and the pDs species in the three lowest states.

After the rotational adiabatization, the Hamiltonian in Eq. is effectively reduced to

2 92 (J —ja)?
2p1AB 8R1243 QMABR?AB

HO ~ +BAj2 + WG (Rag. 04, 6a) - (5.16)

The equations relative to the rotational adiabatization of Hy in the (Hy)o dimer system
are just an extension of the previous ones, since simultaneous adiabatization of the two

monomers is involved. The total rotational-translational Hamiltonian is now
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. K2 02 22
H., = -— + + 5.17
tot 2uaB 0R1243 Q,UABRIQL‘B ( )

+ Huot(Vo,,04,V,, 04, Ve, 08, Ve, 05; Rap)

where again the first two terms build up the slow (or heavy) Hamiltonian, and the third
term the fast (or light) Hamiltonian, so that following the notation in Sec. the rota-

tional Hamiltonian reads:

I:Irot(vaA’eA’v¢A7¢A’VQB’GBavqﬁB,QbB;RAB) — BA +BB] + (518)
+ Wi (04,08, 68 — ¢a; Rag)

where the parameter R4p and the potential W(("Z;’:O) (04,005,065 — ¢pa; Rap) correspond
respectively to ﬁtra and W™ ”) Rext) in Eq. |2

ext

The TISE to be solved is now four-dimensional and will average out the couples of polar

angles of the hydrogen molecules.

(Hrot(Vo,,04, Vo, 64, Vg, 08, Vg, ¢5; Rag) — EST™"(Rap)) x (5.19)
X ¢(n o l)(QA,cf)A,@B,QbB;RAB) =0

The adiabatic wavefunction is expanded by using the product of two sets of SHs, namely

Jmax Jmax

¢E%2v - l)(9A7 ®A,0B,9B; RAB Z Z Z Z (520)

=0 My=-J, Jg=0 Mp=-Jg

C(JZ My, Jp,Mp (Rap) X% YJA,MA (04, 04) X Y,y (0B, ¢8)

so that the full potential energy matrix involves the four pairs of quantum numbers J';,
M:47 JA; MA7 J/B7 MlBy JBy MB:

! I gl !
Sy My T My
JAMAJgMp

1 1 27 2T
(H2)s >(RAB) = Ny XNB/ dcos@A/ dcosGB/ dgbA/ dop
- - 0 0

i
Wi " (Rap, 04,05, 65 — ¢A)
P A(COSQA)P B(COSHB) (COSHA) (cosQB)

iMa—M})pa i(Mp—Mp)ép (5.21)
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Thus, for the case of two para-Hydrogen molecules, the initial rotational-translational
Hamiltonian of Eq. is now reduced to just one dimension.

A

R 02 2

I:I(l) ~ — +
2uAB 8R?43 Q/AABR%B

+ W((ﬁ:;’:(””(RAB) (5.22)

Once the TISE is solved for each of the R 4p distances, the lowest eigenvalue, [ = 0, defines
the one-dimensional isotropic interaction potential between two para-hydrogen molecules
in their rotationally adiabatic ground state. Please note again that, except for the different
masses involved, the same applies to the (0D2)2 system.

In general, the weaker the NACTs are, the more the rotationally adiabatic ground state
wavefunctions will resemble the first spherical harmonic Y;_ 5,—o, which is independent of
0 and ¢, or a product of two of them, Y, ¢ 11,0 Ys,—0,15-0, respectively for the pHa-Cly
and (pHa)2 systems. This is expected to be the case for the pHy dimer, since the interaction
at the minimum of the pair potential of approximately 0.28 kJ/mol is very weak compared
to the rotational energy spacing of 4.087 kJ/mol (see also Tab. :

wéﬁ:2§:o’l:0)(9m $4,08,08; RaB) < Y;, on,—0(04,04) - Yip—ompz-0(0B,0B)  (5.23)

for each of the Rap distances. In contrast, in the SAA the ground state wavefunctions
are taken just to be the first spherical harmonic or the respective product of two of them,

ignoring the couplings to higher SHs, as already mentioned above.

5.3 Results

All quantum chemistry calculations have been carried out by using the quantum chemistry
methods presented in Chap. by means of the MOLPRO program package [242-252].
The bond distances of the two molecules were fixed at the quantum mechanical average
values for the respective vibrational ground states: 7cy, = (rci,)v=0 = 0.2032 nm, 7pp, =
(rpHy)v=0 = 0.0757 nm and 7op, = (ToDy)v=0 = 0.0753 nm. The electronic ground state
curves have been calculated at the CCSD(T):aug-cc-pV5Z and Full-Cl:aug-cc-pV6Z levels
of theory, respectively.

For all calculations, the Basis-Set Superposition Error (BSSE) was handled by using

the a posteriori counterpoise (CP) method introduced in the famous paper by Boys and

3Please note the notation ’METHOD:BASIS-SET” adopted from now on.
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Bernardi [253]. The BSSE becomes significant for systems bound through hydrogen bond
or VDW interactions, like in the systems investigated here. Interaction energies between
two atoms or molecules A and B are typically calculated as the energy difference between

the product complex AB and its components A and B:

Einteraction = E(AB7 rc) - E(A; 7’a) - E(B7 Tb) (5'24)

where the label r. indicates the geometry of the product complex AB, while r, and 7}
indicate the geometries of the separated reactants. The BSSE originates from the fact that
the wavefunction of the monomer is typically expanded in much fewer basis functions than
the wavefunction of the complex. Strictly speaking, the use of an infinite basis-set would
prevent such an error, so that the BSSE in more general terms originates from the use of

a finite basis-set. The CP interaction energy is therefore computed as:

Einteraction = E(AB, TC)AB - E(A7 ra)AB - E(B, rb)AB (525)

where the superscript AB indicates that the complex as well as the separate components

are calculated in the absolute basis.

5.3.1 Basis-set Convergence

The basis-set convergence test has been carried out only on six particular highly sym-
metric geometries of the Ho-Cly complex, which are shown in Fig. [5.2] For each of these
configurations, the PES curve has been calculated by using the following basis-sets: The
aug-cc-pVTZ, cc-pVQZ, aug-cc-pVQZ, cc-pVSZ and aug-cc-pVSZ. Single point calcula-
tions with the aug-cc-pV67Z basis-set were carried out, but they appeared to be prohibitive
for complete scans of the surfaces.

Fig. shows the curves calculated at two different levels of theory, the CCSD (dashed-
line) and the CCSD(T) (solid-line) methods. For all configurations, the curves obtained
with the CCSD method underestimate the binding energy and lie well separated above
the corresponding CCSD(T)-curves independently of the basis-set used. Moreover, the
use of the augmented basis-set is found to be essential for an accurate description of the
VDW interactions involved, so that only those curves are shown. The aug-cc-pV5Z almost
converge to the extrapolated complete basis-set limit, with respect to which the relative
errors are also given in Fig. Errors between 2.7% and 4.3% occur depending on the

configuration considered.
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(or H-form)

(HAH)

c) X-form d) T2-form

)
(HE

e) Linear f) Slipped parallel
(or L-form) (or S-form)

Figure 5.2: The six highly symmetric geometries taken into account for the first calculation
of the Hs-Cly pair interaction. Four of them, namely the H-, T1-, T2- and X-configurations
take their names from their geometrical dispositions in the space, whereas the other two
take the names from the word used to name them, L-form comes from "Linear’and S-form

comes from "Slipped”, respectively.
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Table 5.2: The two pairs of angles corresponding to each of the six highly symmetric
configurations are listed referring to the Cartesian coordinate system depicted in Fig.

Configuration 04 oy 0p B G(04,0p,05 — ¢a)
Parallel or H 90° 0° 90° 0° +3
T 90° 0° 0° 0° -3
X 90° 0° 90° 90° +3
Linear or L 0° 0° 0° 0° +6
Slipped or S 45° 0° 45° 0° —2L

A similar trend is discovered in Fig. (see also Fig. top-left for an overlook)
for the H-, T1-, and X-configurations, respectively. They have similar binding energies
between -1.58 and -1.29 kJ/mol and similar equilibrium distances of approximately 0.35
nm. In contrast, the T2- and L-configurations exhibit very different behaviour: the L-
configuration is much less bounded and has a minimum geometry at a larger distance of
0.44 nm, whereas the T2-one is the most stable complex at a distance of 0.40 nm. A
partial explanation lies in the symmetry of these 5 configurations, which can be divided
in two main groups: the ”"Collinear”, where the CIl-Cl bond lies on the line connecting the
two centres of mass and the Ho molecule essentially interacts only with one CI atom, and
the "Non-Collinear” symmetry group where the CI-Cl bond is perpendicular to the same
line. The Slipped configuration can be placed in between the two groups, even though, the

equilibrium distance is more similar to those of the "Collinear” group.

The same calculations have been carried out for the (Hs)s complex at the CCSD(T):aug-
cc-pV5Z level, but only for five different highly symmetric configurations, since now T1
and T2 are degenerate and the configuration is simply called T. These curves are shown all
together in the top-right panel of Fig.[5.4l A comparison of the two top panels highlights
two different energy scales for the two dimers. The Hy-Cly potential depths are about
five times deeper than the corresponding (Hs)o ones. Moreover, the equilibrium distances
are much more homogeneous in the second system confirming almost spherical electronic
density. Only for the (Hg)o linear configuration a slightly shorter equilibrium distance is

observed.
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Figure 5.3: Hs-Cly ab-initio potential energy curves in the electronic ground state cal-
culated within the CCSD (dashed lines) and CCSD(T) (solid lines) methods for the
highly symmetric configurations X, H and T1 (top/middle/bottom left) and L, T2 and S
(top/middle/bottom right) with internal bond distances fixed at 7, = (ru,)v=0 = 0.0757
nm and ¢y, = (rcl,)v=0 = 0.2032 nm. The colour code denotes the use of three different
basis-sets. The basis-set limit was calculated for the CCSD(T) curves at the equilibrium

distances by using Eq. [2.94]
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5.3 Results: Basis-set Convergence

Most of the features in Fig. can be interpreted in terms of quadrupole-quadrupole
(QQ) electrostatic interactions typical between linear neutral homonuclear molecules. Since
they are simple to calculate, let us compare them to the already calculated ab-initio PES
curves. The formula for the calculation of the QQ interaction is found in literature [195]

and reads:

QaQB
UQAQB = 47TEOR5 X G(HA, er QSB - ¢A) (526)

with the angular-dependent function G(64, 605, ¢ — ¢4) being

G(04,0B,05 — da) = %[1 —5cos?04 — 5cos? O — 15cos® 04 cos® Op +

+ 2(4cosfycosfp —sinfysinfp cos(pp — ¢A))2]

Q4 and Qp are the z-components (along the bond axis) of the quadrupole tensors of
the molecules involved, hence, Qu, = 0.42526@% or Qci, = 2.4704ea(2], which have been
calculated at the CCSD(T) level of theory and using the very large basis-set aug-cc-pV6Z
at the equilibrium bond distances 7g, = (rmg,)v—0 and 7c, = (rci,)v—0, defined above.
The two couples of polar angles refer to the Cartesian system shown in Fig. and
their values are given in Tab. for the five particular configurations. By substituting
them into Eq. [5.26] five different values are obtained for the angular-dependent function,
G(04,98,05 — ¢a), which are listed in the last column of the same table (see also [195]).

The QQ electrostatic interactions for the two systems, (Hg)o and Hy-Cly, are plotted
in the bottom-left and bottom-right panels of Fig. [5.4] respectively, together with the
respective ab-initio curves (top-left and top-right, respectively). The QQ-interaction curves
all start from a minimum distance, which has been calculated on the base of a very simple
model, here called hard-sphere. Consider the atoms involved to be hard spheres with
the VDW radii tabulated in Ref. [175. These minimum distances correspond to the Rap
separations, when the hard spheres are brought into contact. They are therefore called
VDW minimum distances and compared with the equilibrium distances from the ab-initio
curves. The VDW minimum distances are depicted in Fig. by the red dashed lines.

Below this distance, since the hard spheres cannot overlap, the energy goes to infinity.

In spite of its simplicity, this model already correctly reproduces many of the trends
obtained with the ab-initio methods. First of all, since both molecules have a positive
quadrupole moment along the internuclear axis, the energetic order of the QQ-interactions
for the different configurations remains the same for Ho-Cly and (Hg)o. Please note that
under consideration of the QQ-interaction only, QQ(T1) and QQ(T2) are completely de-
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Figure 5.4: Ho-Cly (top-left) and (Hs)2 (bottom-left) ab-initio potential energy curves
calculated respectively for the 6 and 5 highly symmetric configurations shown in Fig.
at the CCSD(T):aug-cc-pV5Z level of theory, are compared to the corresponding QQ-
interactions (top-right and bottom-right). The intermolecular distances Ry from which
the QQ-interactions are calculated are based on the simple hard-sphere model.

generate. Moreover, this order is well conserved also in the ab-initio curves, even if for
the Ho-Cly dimer it is necessary to zoom in close to the asymptotic limit, where quantum
mechanical effects (or dispersion effects) are still negligible. The order of the VDW minima
are also very well predicted for the L-, S-; and T- (T1- and T2-) configurations, whereas
for both dimers, the H- and X-configurations are not. Those configurations can definitely
get closer in the hard-sphere picture, than in the Quantum Mechanical one. The bind-
ing energies for the X- H- and L- configurations all exclusively originate from dispersion
effects, since the QQ-interaction is repulsive. Finally, the dispersion effects are definitely

much more important for the complex involving the chlorine molecule, which is much more
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5.3 Results: Calculation of the Multi-Dimensional PESs

polarizable, as disclosed when comparing the difference between the energy scale of the

QQ- and of the ab-initio-curves separately for each dimer.

5.3.2 Calculation of the Multi-Dimensional PESs

The two four-dimensional Hy-Cly and (Hg)2 PESs have been calculated at 36 and 37 differ-
ent R 4p distances between 0.17 and 0.95 and 0.27 and 0.95 nm, respectively. Additionally,
19 equidistant angles between 0° and 90° have been chosen to represent 64 in the former
case. The sets of angles corresponding to the rotation of one Hs monomer have been taken
to be the Gaussian-Legendre Discrete Variable Representation (DVR) grid points, so that
the average of the PESs with respect to the rotational states of each hydrogen monomer
was evaluated with a Gaussian-Quadrature (GQ), see App. . In particular, the grid
consists of 8 x 16 points along the cosfp and ¢p angle, as well as along cosf4 and ¢4
in the case of two hydrogen molecules, which run from 1 to -1 and from 0° to 360°, re-
spectively. In total, the electronic SE has to be solved for 36 x 19 x 8 x 16=87552 and
37 x 8 x 16 x 8 x 16=606208 different geometrical configurations for the Ha-Cly and (Hg)o
molecular systems, respectively. Additionally, in view of calculating counterpoise energy
points, for each of those geometrical configurations the SE has to be solved three times.
Even though the number of configurations to be calculated for the homomolecular dimer
system is almost 10 times greater than for the other one, it only involves four electrons,
so that the high level of theory CCSD(T) could be chosen and the results extrapolated to
the complete basis-set from the large aug-cc-pVTZ and aug-cc-pVQZ by using Eq.
in Sec. In contrast, for the pHs-Cly dimer a lower level of theory has been used,
since now the dimer system has 34 electrons and the CCSD(T) method revealed itself to be
highly CPU consuming. With four Intel(R) Xeon(R) CPU’s (2.33GHz) running in parallel,
the calculation of the PES at each of the geometrical configurations, (R4p,04), takes about
1.5 h and 2.5 h when using the aug-cc-pVQZ and aug-cc-pV5Z basis-sets, respectively, so
that circa 15 and 25 years would be needed in order to calculate the entire surface when
using only one of such machines. For this reason, the previous highly symmetric pair po-
tential curves have been recalculated by using the MP2 method with different basis-sets
and then compared with them calculated at the CCSD(T):aug-cc-pV5Z as well as with at
the CCSD(T):extrapolated level of theory. It is known from literature that the Mpgller-
Plasset method of 2"? order (MP2) based on the perturbation theory (see Sec. [5.3.2) gives
good results and is very competitive from the CPU-time point of view (0.28 h for one point
on the PES). Fig. compares the PES curves obtained with the CCSD(T):aug-cc-pV5Z
method with the MP2:aug-cc-pVQZ as well as the MP2:aug-cc-pV5Z methods. The basis-
set limits at the minima of the curves calculated in the previous section are also re-shown
and the errors are given in percent with respect to them. The errors lie between -9.7%
and 9.5%, depending on the basis-set used and the configuration considered. Negative

or positive values correspond to an over- or underestimation of the binding energies, re-
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Figure 5.5: Hs-Cly ab-initio potential energy curves in the electronic ground state cal-
culated within the MP2:aug-cc-pVQZ and MP2:aug-cc-pV5Z methods are compared to
the CCSD(T):aug-cc-pV5Z curves for the highly symmetric configurations X, H and T1
(top/middle/bottom left) and L, T2 and S (top/middle/bottom right) with internal bond
distances fixed at i, = (rp,)v=0 = 0.0757 nm and 7cy, = (rci,)v=0 = 0.2032 nm. The
error with respect to the basis set limit extrapolated within the CCSD(T) method is given
in percent.
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5.3 Results: Rotational Adiabatic Separation: Numerical Treatment

spectively. Both the MP2:aug-cc-pVQZ and MP2:aug-cc-pV5Z curves in all cases lie very
close to those calculated with CCSD(T):aug-cc-pV5Z, so that finally the smaller basis set
has been chosen, as the CPU time will also be considerably shorter. Furthermore, the
MP2:aug-cc-pVQZ curves are almost equally distributed around the CCSDT:aug-cc-pV5Z
ones through the configurations, so that one could argue a cancellation of the error after
rotational adiabatization. Later in this work, a counter check of our choice of the basis-set
is provided for the Ho-Cly complex at 84 = 0°, 45°, and 90° (see Sec. .

5.3.3 Rotational Adiabatic Separation: Numerical Treatment

Once the ab-initio PES has been computed at the Gauss-Legendre DVR points, the GQ
scheme is applied and Egs. and are numerically integrated:

<J’M’> Cop=8 Ggp=16
JM
Wi, —cr, (Rag,0a,64) =N Y wp Y wj X
k=1 i=1
X WG (RaB, 04, ¢4 =0, cosbpy, ¢pj) X
x P (cos 0p.1) P (cos O 1) M= M)98.5 (5.27)

and

! I ! ! — —
(JAMAJBMB Go=8 G4=16 Gp=8 G =16

W(H“;*)‘QA/IAJBMJ(RAB) ~N Z wy Z wy Z W Z wj X
p=1 g=1 k=1 j=1

n=v=0
><VV((H2)2 )(RAB, cos 04y, coslpk, Paqg PBj) X

M/, M y
X PJAA (cosBap) PJIBB (cosOp k) Pj\i“ (cosBap) PZI?B (cosOp ) x

x et Ma=My)bak i(Mp—Mp)¢s,; (5.28)

The precision of the numerical integration through the GQ scheme depends on several
factors. First of all, the accuracy of the ab-initio energies at the Gauss-Legendre DVR
grid points. The default energy error threshold in the MOLPRO program package is
AFE = 1x1078 Ej, which is already enough for the calculation of van der Waals interactions
in the order of 1074 Ey,.

The most severe limitation for the integration of Egs. and lies, however, in
the precision attainable within the chosen size of the DVR grid. In fact, the higher the
quantum numbers J and M are, the more numerous the nodes of the corresponding SH
functions and the less accurate the integration becomes. Since the integral also includes
the PES (with its nodes), a numerical convergence test is needed in order to find out for

which maximum angular momentum Jpax the GQ is still accurate.

127



5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

|2

(1

IC

(=1 2

IC

|2

(1

IC

|2

(1

IC

=0)
IM

IM

=2)
IM

=3)
IM

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0 A=0°

0 A=20°

0 A=900

Symmetry = X"

0,0

Y Y

2,0 4,0

Symmetry = A

0,0

Symmetry = Al

0,0

Y Y

2,0 4,0

0 6 8 17 19 21 23

0 6 8 17 19 21 23

0 6 8 17 19 21 23

Symmetry =11

Yl, 1Y3, -1 Y3, 1

2 4 11 13 15 26 28

Symmetry = A

Symmetry = B 1

Yl,l

Yl,—l Y3,—1Y3, 1

2 4 11 13 15 26 28

2 4 11 13 15 26 28

Symmetry =11

Yl,l

Yl,—l Y3,—1Y3, 1

2 4 11 13 15 26 28

Symmetry = A

Symmetry = B2

Yl, 1Y3, —1Y3, 1

2 4 11 13 15 26 28

2 4 11 13 15 26 28

Symmetry = £* Symmetry = A Symmetry = A1
Y Y
1,0 YI,O 1,0
Yl,—l Yl 1
Y
>0 Y3,0
|
2 4 11 13 15 26 28 2 4 11 13 15 26 28 2 4 11 13 15 26 28
1 1 1

oH2

0H2

0H2

Figure 5.6: Squared value of the expansion coefficients CSZ,)M in Egs. are plotted re-
vealing the linear combinations of spherical harmonics, Y ,,, building the rotationally

adiabatic wavefunctions

(n=v=0,1)
Hy—Cla

(Rap,04) of the pHa-Cly (I = 0, see first row of panels)

and of the oHs-Cly dimers (I = 1,2, 3, see second, third and fourth rows of panels, respec-
tively). The three columns of panels refer to the three configurations with (Rap = 0.36
nm; 64 = 0°,20°,90°)
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Figure 5.7: Hy-Cly eigenvalues, E
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Eq. has been integrated at three different configurations with 64 = 0°,20° and
90° and ¢4 = 0 on a 25 x 25 DVR grid to make sure the integration scheme is accurate
even for relatively high values of Jax. For these three configurations the system assumes
Coov, C1 and Cy, symmetries, respectively. Contributions from the SHs to the eigenvec-
tors wg;g(f;)(}% AB, 04,94 = 0) are obtained by projecting out the expansion coefficients
c‘(fﬁ)M = (JM]l). The corresponding results are plotted in Fig. . The three columns
correspond to the three chosen configurations with 64 = 0°, 20°, 90°, whereas the rows
correspond to the eigenvectors with quantum numbers [ = 0,1, 2, 3, which are the ground
state wavefunction describing the pHa-Cly (I = 0) and the three lowest ones describing
the oHs-Cly (I=1,2,3) molecular systems, respectively. Please note that the irreducible
representations under which the eigenvectors ¢g;fé?2’l)(RAB, 04,04 = 0) transform have
also been given in Fig. [5.6]

Many comments arise from this figure. First of all, it is well-known that for 84 = 0° and
90° only higher SHs with the same symmetry contribute to a given eigenvector. Moreover,
the contributions to the eigenvectors from SHs with high quantum numbers J and M
are limited just to the SHs with quantum numbers J' = J + 1 (and M’ = M), which
reflects a weak coupling due to the interaction potential. Additionally, these contributions
become smaller when 64 increases from 0° to 90° and, correspondingly, the rotationally
adiabatic (RA) wavefunction ¢g;fé?2’l:0)(RAB,0A,¢A = 0) becomes more similar to the
corresponding SHs of the free rotor, that is Y,_, —o. Finally, since the SH with the
highest quantum numbers, which significantly contributes to the adiabatic wavefunctions,
is Y;_4 =0, Jmax has been set to 5, involving therefore two basis-sets of 15 and 21 spherical

harmonics for the para and ortho species, respectively.

In Fig. the RA-energies, corresponding to the same chosen configurations as in
Fig. are depicted by red circles and are compared to the energy levels obtained within
the free rotor, which have already been defined in Eq.[2.73] The first free rotor energy levels
are 0BPH2 2poH2 gpPH2 19 oHz  “and are depicted by blue circles in Fig. Whereas
the free rotor eigenvalues are 2.J + 1-fold degenerate, such degeneracy is lifted within the
rotational adiabatic separation (RAS), due to the potential energy interaction. Thus, at
distances, Rap — o0, where the interaction potential between the two molecules vanishes,
the eigenvalues E'"="" tend to the energy values of the free rotor, E), themselves. In

other words, the energy levels of the free rotors are the asymptotic limits of the RA-PESs
calculated later in this chapter (see for instance Fig. [5.8)).

Since the interaction is weak, it is still easy in Fig. to assign the free rotor energy
levels, B, with even and odd values of J, to the respective eigenvalues Eo"=""(Rap =
0.36,04 = 90°, ¢4 = 0) to the values of [ = 0,4,5,6,7,8 corresponding to pHs, and those
withl=1,2,3,9,10,11,12,13, 14, 15 corresponding to oHs. They in fact do not differ much
in general. For 6,4 = 90°, the pHs rotor in its ground state, [ = 0, is practically unperturbed

by the Cly molecule. This can be traced back to the results obtained above in Sec. [5.3.1
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5.3 Results: The Hy-Cly and Dy-Cly RA-PESs

when the Ha-Cly pair potentials have been calculated for the six highly symmetric H-,
L-, X-, Ty, Ty and S-configurations. The Ts- and L-configurations were subgrouped in
the ”Collinear” symmetry group, since they present higher bonding energies and larger
equilibrium bond distances, whereas the H-, X- and Ti-configurations were subgrouped
in the "Non-Collinear” symmetry group, since they present in turn lower bonding energies
and shorter equilibrium bond distances. For symmetry reasons only configurations from
the "Non-Collinear” subgroup (the COM of Hs is always perpendicular to the Cls bond)
contribute to the RA-eigenvalues E'="=""(Rap = 0.36,04 = 90°,¢4 = 0), which are
indeed weakly bound. As a consequence, the RA-wavefunction is only slightly distorted.
For the same value of Jynax = 5, the RAS has been carried out on different grids and the

results then compared. Convergence for the RA ground state potential, W}({;:_”a(; "=(Rupg,

04,04 = 0) is already reached for a 8 x 4 grid. Convergence up to Wg;f’gg’lzs)(RAB,HA,
¢4 = 0) is instead reached for a 14 x 8 grid. Finally, the more safe 16 x 8 grid has been
chosen. The rather good accuracy reached despite such small grids is explained by the fact
that within the chosen basis-functions, those with M > 1, which are the ones calculated
with less precision because of the increased number of nodes along ¢p, play no role, i.e.
they do not contribute to the building of the RA-eigenvectors, wg‘;_”é?;)(RAB, 04,04 =0)

at 84 = 0°.

5.3.4 The HQ—CIQ and DQ—CIQ RA-PESs

In the previous section, all needed convergence tests have been carried out for the cal-
culation of the RA-PESs of the Ho-Cls and Do-Cls systems. The calculation of the RA-
eigenvalues E\' """ (Rap = 0.36 nm,04, ¢4 = 0) with 64 = 0°, 20° and 90° and of
the expansion coefficients of the first RA-eigenvectors, wg;_”é?;)(RAB,HA,QZ)A = 0), with
04 = 0°, 20° and 90° and [ = 0,1,2,3, already gave us physical insights in the system
under investigations. In particular, the very small contributions from SHs with high val-
ues of J to the RA-eigenvectors and the small differences between the free rotor energy
levels and the RA-eigenvalues, already tell us that, at least at the distance, Rap = 0.36
nm, the pair interaction is very weak and, hence, that the hydrogen behaves almost like
a free rotor. Moreover, considering the NNd in the para-hydrogen crystal of 0.3798 nm,
and assuming that the Cly molecule occupies a single substitutional site, the convergence
test is probably a close example of the changes the solute molecule induces to each of the
hydrogen molecules in its first shell environment when embedded into the crystal (within
the two-body interaction approximation).

In order to gain some more insight, let us now investigate the resulting RA-PESs,
WI%TSI(;’”(RAB,HA,¢A = 0) and W]()";’C:gl)(RAB,GA,qu = 0), for the four lowest quan-
tum number | = 0,1,2,3, where [ = 0 corresponds to the potential interaction of pHy or
oDy with Cly and [ = 1,2, 3 corresponds to the interaction potential of oHy or pDs with

Cls. Please note that the ab-initio PESs have been calculated at the quantum mechanical
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Table 5.3: The values of the dissociation energies at three one-dimensional cuts of the
RA-PESs along 04 = 0°, 45° and 90° for the Hy-Cly and Do-Cly molecular dimers with
four different values of the quantum number [ = 0 (pHa/0D3) and [ = 1,2,3 (0Hy/pD2) are
listed together and compared to those of the SAA-PES for the first four spherical harmonics

with J,M = (0,0), (1, —

1),(1,1),(1,0).

energies for the SAA-model from those of the more accurate RA-model.

In brackets the deviations of the dissociation

PES 64 =0° 64 = 45° 64 = 90° Asymptotic
Limits
Hs-Molecule
RA (1 =0) 1.8790 0.7361 1.4169 0 x B2
SAA(J=0,M =0) | 1.7648 (—6%) 0.7278 (—1%) 1.4132(—-0.3%) | 0 x BH2
RA(I=1) 2.1324 0.8870 1.5110 2 x B2
SAA(J=1,M = —1) | 2.0916 (—2%) 0.7249 (—18%) 1.4144(—6%) | 2 x B2
RA (1=2) 2.1324 0.6955 1.4119 2 x B2
SAA(J=1,M =1) | 2.0916 (—2%) 0.7249 (+4%) 1.4144 (+0.2%) | 2 x BH2
RA (I = 3) 1.2435 0.6069 1.3209 2 x B2
SAA(J=1,M =0) | 1.1989(—4%) 0.7335(+20%) 1.4109 (+7%) | 2 x BH>
Ds-Molecule

RA (I = 0) 1.9593 0.7442 1.4202 0 x BP2
SAA(J=0,M =0) |1.7648 (—10%) 0.7278 (—2%) 1.4132(-0.5%) | 0 x BP2
RA(I=1) 2.1709 0.8905 1.5123 2 x BP2
SAA(J=1,M = —1) | 2.0916 (—4%) 0.7255(—19%) 1.4144(—6%) | 2 x BP2
RA (I = 2) 2.1709 0.6976 1.4109 2 x BP2
SAA(J=1,M =1) | 2.0916 (—4%) 0.7249 (+4%) 1.4144 (+0.2%) | 2 x BP2
RA (1 =3) 1.2867 0.6126 1.3273 2 x BP2
SAA(J=1,M=0) | 1.1989(=7%) 0.7335(+20%) 1.4108 (+6%) 2 x BD2

e
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average value of the Hs bond distance, but used also for applying the RAS to the Do-Cls
molecular system. Since the difference between the two bond distances is circa 1%, and
the potentials are not averaged with respect to the vibrational DOF, the systematic error
is expected to be very small with respect to the systematic error introduced by all previous

assumptions.

The two-dimensional contour-plots of the RA-PESs with respect to Rap and 64 for the
Hy-Cly and Do-Cls systems are presented in the next section. For the moment, in order
to better understand the topology of the PESs and disclose some more physical insights,
let us look at Fig. [5.8] where one-dimensional cuts of the RA-PESs (solid lines) along
04 = 0°,45°,90° (first, second and third column of panels) are depicted and compared
with the SAA-PESs (dashed lines) for the four lowest rotationally adiabatic states of the
Hy-Cly (I = 0) and Dy-Cly (I = 1,2,3) systems, and in Tab. where the values of the
dissociation energies of the different RA-PES and SAA-PES cuts are collected and the

relative discrepancies given in percent.

Topologically, for all PESs shown two minima have been found at 84 = 0° and 64 =
90°, the global one always at 64 = 0°, except for WISIT;TSFQ’Z:&(RAB,QA,QSA = 0). The
position of the saddle points is discussed later after fitting the PESs to continuous functions.
Focusing on the Wg;fggl:o) (Rap,04,04 = 0) cuts (first row of panels), one notes that
the magnitude of the energy discrepancy between the RA- and SAA-models increases with
stronger interaction with maximum value at 84 = 0° and that this dependence is enhanced
for the 0D9-Cls molecular system. These two conclusions have already been drawn by Le
Roy et al. in [240] and are confirmed here. However, only the second conclusion applies
to all RA-PESs, since for [ = 1 and 3 the greatest discrepancy is found at 84 = 45°.
Such discrepancies may not be large in absolute terms, but in relative terms the RA-PESs
deviate up to a + 20% from the SAA-PESs in particular in the region close to the saddle
points. This justifies the application of the RAS model on the present system.

In Tab. the rotational constants for Hy and Dy molecules have different values due
to the different masses of the two molecules and therefore B2 < B2, Thus, the PES
cuts with = 0 (first row of panels) have the same asymptotic limit, since the rotational
constants are both multiplied by 0, but for [ # 0 the asymptotic limits for the two systems
are shifted by 2(B”2 — BP?), such that the Hy-Cl, PESs are always located above the
D9-Cly ones. Apart from this shift, the RA-PESs with [ > 0 (second, third and fourth row
of panels) are rather similar in the two molecular systems as in the [ = 0 case. Please note
that within the SAA model, apart from the B2 — BP2 ghift, the potentials are identical.
This also is a reason for using the RAS model instead of the SAA model.

Even more interesting is the fact that both molecular systems, Ho-Clo and Ds-Clsg,
present deeper minima, i.e. the complex is more stable, when the chlorine molecule forms
complexes with oHy and pDs (I = 1 and 2) instead of with pHy and oDs (I = 0), respec-
tively. This happens quite often: At 84 = 0° and [ = 1 and 2, at 84 = 45° and 90° for
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Figure 5.8: Four Hy-Cly (red-solid lines) and four D2-Cly (blue-solid lines) one-dimensional
cuts of the 2D RA-PESs with quantum numbers [ = 0 (pHa/0D2) and I = 1,2,3 (oHz/pD2),
are compared to the corresponding cuts of the SAA-PESs with quantum numbers J, M =
(0,0) (red-dashed lines) and J, M = (1,—1),(1,1),(1,0) (blue-dashed lines).
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5.3 Results: The Hy-Cly and Dy-Cly RA-PESs

[l = 1. Additionally, for many of the remaining cases the values in Tab. eventually
only differ by less than 0.1 kJ/mol. The increase in stability of such complexes is due to
the interaction between the quadrupolar moment of the chlorine molecule and the non-
vanishing quadrupolar moment of the rotating oHs and pD9 molecules (see Appendix
and is expected to increase further in complexes with molecules possessing electrostatic
moments lower than the quadrupolar one. Thus, molecular impurities embedded in Hs
and Ds crystals, which have a dipole moment or even a charge, interact more strongly with
oHy and pDs than with pHy and oDs, respectively, since the latter ones do not have any
electrostatic moments. This would confirm the conclusion drawn by Yoshioka et al. [7] and
by Paulson and Anderson [205]| from their experiments on CHsF, CH3Cl, CH3Br, NO,
and trans-formic acid molecules embedded in a para-hydrogen crystal, that the observed
clustering effects of oHy molecules around the impurities is mainly due to the interaction

with the dipole moment possessed by those impurities.

Fit of the Hy-Cl; and D,-Cly; RA-PESs

The fit of molecular PESs is the starting point for the definition of a PES to be used in
molecular dynamical calculations. The use of a parametrized continuous functions provides
the energy values on the global PES and not only at the ab-initio energy values. In this
section the 8 RA-PESs obtained for the two molecular systems, Ha-Clo and Do-Cls, are
fitted by including an angular dependence to the analytical HFD-function, invented by
Ahlrichs et al. [194] and used for instance by Goldmann and Silvera, and Norman, Watts
and Buck, for fitting their semi-empirical (pHg)s pair potentials. In the present work the
latter one is used, so the attractive part does not contain the Cy coefficient. The function

reads:

VI (Rap,04) = a(fa) x exp[=b(04) x Rap — c(0.4) x R4 p]

Cs(0a)  Cs(0a)  Cro(fa)
_ B 2
< Rp Rip Riy x Blfian, 04) (529

exp[~p(0a)(Rp(04)/Rap — 1)°],  if Rap < R,

. . (5.30)
1, if Rap > R,

B(RAB,HA) = {

where R),(604), p(64), a(84), b(04), c(04), Cs(84), C3(0a) and C10(04) are angle dependent

fitting parameters expanded in terms of the first three even Legendre Polynomials (LP)
X(@A) :XQ'PO(QA)“‘XQ'PQ(HA)+X4'P4(9A) . (531)
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

where X (64) represents each of the fitting parameters and Xy, X2 and X4 are the coef-

ficients of the LP expansion*

. On the one hand, expansion of the fitting parameters in
the first three even LPs makes this analytical function dependent on 24 parameters, hence
to be very flexible. On the other hand, the computational costs for fitting the RA-PESs
are expected to be very high. For this reason, it is important to have already reasonable
initial values as input for the fitting code. This has been achieved, by fitting three one-
dimensional cuts of the RA-PESs along 04 = 0°, 45°, 90° for each of the four values of .
In other words, the angular dependent fitting function of Eq. is used for fixed values
of the angle 6,4. Thus, three values, X (0°), X (45°) and X (90°), are obtained for each of
the 8 fitting parameters, which can be used in order to solve 8 different systems of linear

equations (for each value of the quantum number [) of the type given below:

PO(OO) X X0+P2(OO) X X2+P4(OO) x Xy = X(OO) (532)
Py(45%) x Xo + Po(45°) x Xo + P4(45°) x X4 = X(45°) (5.33)
Po(90°) x Xo + Pa(90°) x Xo + P4(90°) x X4 = X(90°) (5.34)

where the matrix of LPs is known, the LP expansion coefficients X for each of the 8 fitting
parameters have to be determined and will be the initial values of the 24 fitting parameters
for fitting each of the two-dimensional RA-PESs using Eq. [5.29] as mentioned above.
The two-dimensional fitted RA-PESs of the Ho-Cls and Ds-Cly systems are shown in
Figs. p.9] [b.10] 6.11] and [5.12] and the corresponding fitting parameters can be found in
Appendix . The positions of the two minima Rpin1 and Rpina (always at 04 = 0°

and 90°, respectively) and of the saddle point Rsp, and the corresponding dissociation

energies, D, are collected in Tab. 5.4, A comparison with the dissociation energies given
in Tab. at 04 = 0° and 90°, which came from the quantum chemistry raw data, shows
some small discrepancy, in particular for the PESs with [ > 0, but, nevertheless, their
topologies have been maintained. The dissociation energies given in Tab. at 04 = 45°
can not be directly compared, since within the analytically fitted RA-PESs they are given
in correspondence of the saddle points, the location of which depends on the potential
considered hence on the quantum number [ and are indeed always located at 04 > 45°.
Please note that all the dissociation energies given in the Tab. are now subject to the
accuracy of the fitting procedure.

The large change in the equilibrium distances when going from the L- to the T-shaped
configurations makes the PESs to depend strongly on 64, hence on the Legendre expansion

of the fitting parameters. Such a high anisotropic character is also seen in the PESs of

4Please note that from now on the new notation Véz)fclg(RABveA) and V¥

(Haz)s (Ragp) will be used to
indicate the now fitted pair potentials, see Eq.
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5.3 Results: The Hy-Cly and Dy-Cly RA-PESs

Table 5.4: For each of the two species, Hy and Do, the positions of the two minima, Rint
and Rmin2 and of the saddle point R, and the corresponding dissociation energy values,
D,, are tabulated for the first four lowest fitted RA-PESs with [ =0, 1, 2 and 3. Distances
are given in nm, angles in degrees and energies in kJ/mol.

PES Minimuml Saddle Point Minimum?2 Asymptotic

04 Rminit De 04 R D, 04 Rmino De Limits
Hsy-Molecule

RA(1=0)|0° 0.408 1.876|46.6° 0.341 0.734 |90° 0.241 1.415| 0x B2

RA(I=1)|0° 0.408 2.116|45.9° 0.338 0.847 | 90° 0.244 1.515| 2 x B2

RA(I=2)|0° 0.409 2.107|48.7° 0.332 0.686 | 90° 0.242 1.434| 2x B2

RA(1=3)|0° 0428 1.262|45.4° 0.346 0.624 | 90° 0.244 1.368 | 2 x B2
Ds-Molecule

RA(I=0)|0° 0407 1.967|46.6° 0.339 0.716 | 90° 0.243 1.427 | 0x BP:

RA(I=1)|0° 0406 2.171]46.2° 0.337 0.852|90° 0.243 1.561 | 2x B2

RA(1=2)|0° 0404 2.176|55.5° 0.312 0.765|90° 0.241 1.394| 2x BP2

RA(1=3)|0° 0424 1.285|46.1° 0.344 0.608 | 90° 0.244 1.343 | 2 x B2

other RG-Cly systems, even if the change on the equilibrium distances between linear and
T-shaped minima are not so large. For example, for the linear and T-shape configurations
in the He-Cly and Ar-Cls systems they are respectively 0.420 against 0.345 nm and 0.447
against 0.374 nm [254] (see also Tab. [5.11)). In a similar way, the equilibrium distance
between Cly and the other three molecules is always shorter at 64 = 90° than at 64 = 0°
because of the linear shape of Clg, as already seen in Sec. [5.3.1| when comparing Collinear

against Non-Collinear spacial configurations.

Validity of Previous Assumptions

At this point, as already mentioned above in Secs. and respectively, two signifi-
cant a postertort tests are carried out in order to validate two important assumptions made

throughout this work: 1) the choice of the Quantum Chemistry method and of the basis-set
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Figure 5.9: pHy-Cly (top) and oDy-Cly (bottom) 2D RA-PES contourplots with quantum
number [ = 0 obtained by solving Eq. The contour levels are given at -1.75, -1.50,
-1.25, -1.00, -0.75, -0.50, -0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. For the

positions and energies of the minima and the saddle points refer to Tab. 5.4l The zero is
defined as the BSSE-corrected energy value at R4p = 0.95 nm.
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Figure 5.10: oHs-Cly (top) and pDs-Cla (bottom) 2D RA-PES contourplots with quantum
number [ = 1 obtained by solving Eq. The contour levels are given at -0.75, -0.50,
-0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the top-panel and at -1.25, -1.00,
-0.75, -0.50, -0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the bottom-panel. For
the positions and energies of the minima and the saddle points refer to Tab. [5:4 The zero
is defined as the BSSE-corrected energy value at R4p = 0.95 nm.
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Figure 5.11: oHy-Cly (top) and pDs-Cls (bottom) 2D RA-PES contourplots with quantum
number [ = 2 obtained by solving Eq. The contour levels are given at -0.75, -0.50,
-0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the top-panel and at -1.25, -1.00,
-0.75, -0.50, -0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the bottom-panel.
For the positions and energies of the minima saddle points refer to Tab. [5.4] The zero is
defined as the BSSE-corrected energy value at Rap = 0.95 nm.
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Figure 5.12: oHy-Cly (top) and pDs-Cls (bottom) 2D RA-PES contourplots with quantum
number [ = 3 obtained by solving Eq. The contour levels are given at -0.75, -0.50,
-0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the top-panel and at -1.25, -1.00,
-0.75, -0.50, -0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 for the bottom-panel.
For the positions and energies of the minima saddle points refer to Tab. [5.4] The zero is
defined as the BSSE-corrected energy value at Rap = 0.95 nm.
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

used in the evaluation of the ab-initio PESs, and 2) the validity of the RA approximation
upon the vibrational motion of the Cly molecule. Again only the three one-dimensional
cuts of the RA-PESs at 04 = 0°, 45° and 90°, are considered.

Recall that the Quantum Chemical calculations have been carried out at the MP2:aug-
cc-pVQZ level of theory. The results obtained after adiabatization with respect to the
rotational DOFs of the hydrogen or deuterium molecules are now compared with data
produced at a higher level of theory. The one-dimensional cuts along 64 = 45° and 90°
have been reproduced at the CCSD(T):aug-cc-pVQZ level of theory, whereas the one-
dimensional cut along 84 = 0° has been reproduced using the CCSD(T) method, but
extrapolating the results to the complete basis-set from the aug-cc-pVQZ and aug-cc-pV5Z
basis-sets (CCSD(T):extrapolated), see Eq. This last configuration is in fact CPU-
time saving for symmetry reasons, since the rotational adiabatization of the Hs molecule

becomes independent of ¢p.

These two counter-checks are depicted in the left and right panels of Fig. only for
the Ho-Cls molecular system, but all conclusions drawn in this section are valid for the Do-
Cls molecular system as well. The top-, middle- and bottom-panels are the respective cuts
along 84 = 0°, 45° and 90°. Moreover, the relative errors with respect to the dissociation
energies are given in percent in Tab. which is also divided in a left and right part for
the validity of the chosen ab-initio level of theory and of the adiabatic separation. In the

table, the relative errors are given for both molecular systems.

Let us focus first on the ab-initio level of theory counter-check. With respect to the
energy differences observable in Fig. between the interaction potential curves for the
H, L, X, T1, T2 and S configurations (hence before adiabatization!), the energy differences
between the RA-PESs (hence after adiabatization!) obtained from the two different levels
of theory almost vanish for #4 = 45° and 64 = 90° and all relative errors are below
or equal to 4%. Greater discrepancy is found at 84 = 0° (top-panel), where the cyan
colour has been used instead of blue, since the comparison is now done with respect to
the CCSD(T):extrapolated level of theory. The dissociation energies are overestimated
between a 5% and 8%. A reason for this larger discrepancy can be found in the strength
of the interaction between the two molecules in a collinear configuration, which means
that the MP2 method is less accurate in evaluating the correlation energy at the collinear

geometries.

The magnitude of the error introduced by considering the Cls bond length fixed at
the v = 0 vibrationally averaged values (classical approximation) has been estimated by
recalculating the RA at two additional values of the Cly bond distances, which have been
chosen to be the distances corresponding to the Full Width at Half of the Maximum
(FWHM) of the vibrational ground state wavefunction, namely 7~ = (7¢1, — Ar) = 0.1959
nm and 7" = (F¢y, + Ar) = 0.2107 nm. The changes of the dissociation energies for the
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5.3 Results: The Hy-Cly and Dy-Cly RA-PESs

Table 5.5: The difference between the values of the dissociation energies at three one-
dimensional cuts of the RA-PESs along 64 = 0°, 45° and 90° for the Hs-Cls and Do-Cl,
molecular dimers with four different values of the quantum number [ = 0 (pHz2/0D2) and
[ =1,2,3 (oHa/pD2) and the dissociation energies obtained when using the higher level of
theory CCSD(T):aug-cc-pV5HZ (CCSD(T):extrapolated in the case of 4 = 0°) (left part
of the table) and the dissociation energies obtained when using the new values r~ and r™
for the Cls bond distance (right part of the table) are given in percent.

Counter-check

ab-initio Level of Theory Adiabatic Separation
PES 0a=0° 04 =45° 04 =90° s =0° O = 45° 04 =90°
Hy
RA(I=0)| +5% —1% +2% %/ +8%  —1%/+1%  +4%/ —3%

RA(I=1)| +5% +0.6% +4% | =T%/+ 7% 2%/ +2%  +2%/ - 1%
RA(I=2)| +5% —2% +1% | 6%/ +7% —1%/+1%  +5%/ — 4%

RA(I=3)| +8% -3% +0.8% | —6%/+ 7% —0.1%/+0.6% +4%/— 3%

Do

RA(I=0)| +5% —0.9% +2% | =T%/+8% 1%/ +1% +3%/ —3%
RA(I=1)| +5% +0.6% +4% | =T%/+8% 2%/ +2%  +2%/ — 1%
RA(1=2)| +5% —2% +1% | —6%/+8% —1%/+1%  +5%/ — 4%

RA(1=3)| +7% -3% +0.9% | —6%/+ 7% —0.2%/+0.6% +4%/ — 3%

molecular complexes at the Cly bond distances 7~ and 71 with respect to the equilibrium

position 7, are given in percent on the last three columns of Tab. [5.5]

Once more the differences between the energy curves are more pronounced for configu-
rations close to the collinear one. As expected, the potential energy is very sensitive to the
Cls internuclear distance at 84 = 0°, since in this case the chlorine vibrations are along the
axis pointing to the hydrogen or deuterium molecule. The relative errors are below 6% for
the PES-cuts along 64 = 45° and 90°,but lie between 6% and 8% for the PES-cut along

64 = 0°. Since the quantum mechanical probability to find the molecule at its equilibrium
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Figure 5.13: Two a posteriori checks are shown: The level of theory chosen for the ab-
initio calculations (left column) and the separability of the Hy rotations and from the Cls
vibrations (right column). Three different cuts of the 2D RA-PESs, WI%:_”S&”(RAB,H A)
for quantum numbers [ = 0,1, 2,3 are depicted at three configurations (04 = 0°,45° and
90° (top-, middle- and bottom-row, respectively). Colour-code: The black curves refer to

the RA-PESs calculated at the MP2:aug-cc-pVQZ level of theory with 7cy, = (rci,)v=

0=

0.2033 nm. The colours red and green refer to the same RA-PESs with 7+ = (¢, + Ar) =
0.2107 nm and 7~ = (Fc, — Ar) = 0.1959 nm, respectively.
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5.3 Results: The (pHa)2 RA-Pair Potential

distance is maximal, we believe that neglecting the Cly vibrational DOF does not affect

the present results for more than 10%.

5.3.5 The (pH:): RA-Pair Potential

In the calculation of the ground state of the (pHa)2 RA-pair potential, W((;;;):;’ ="(Rap),
the size of the DVR-grid 8 x 16 is taken to be the same without any further convergence
test, since the interaction potential energy is weaker and almost isotropic compared to the
pHo-Cls molecular system. Moreover, only the rotational ground state is calculated, since
no applications are foreseen, which imply mixed ortho/para or pure ortho/ortho crystals.

The (pHz)2 and (0D3)2 pair interaction are expressed in this work by the same curve.
Strictly speaking the quantum chemistry PES should have been recalculated with the
two Do monomer bond length fixed at the 7p, distance, instead of 7g,, but within all
above mentioned approximation we believe that the systematic error introduced may be
negligible.

The (pHz)2 RA-pair potential pair potential is fitted to the V((rl)g;)h (Rap) HFD-function
in Eq. where the angular dependence is now dropped. The resulting curve is compared
in Fig. (red solid line) to the semi-empirical potential curves by Norman, Watts and
Buck 193], by Silvera-Goldmann [13] and to the Lennard-Jones potential based on Michels’
results [255] (black lines) as well as to the pair potentials calculated by Li, Le Roy and Roy
(LLR) [240] within the AHR model (blue solid line) and to the one calculated by Hinde [189]
(green solid line). The LLR curve is based on the ab-initio PES calculated by Patkowski et
al. [188] at a higher level of theory than in this work (they extrapolated the energies from
the QC to the basis-set limit from CCSD(T):aug-cc-pVQZ and CCSD(T):aug-cc-pV5Z),
however also in the rigid-rotor approximation, whereas the calculations by Hinde are based
on an ab-initio PES at a very similar level of theory as in the present work (CCSD(T):aug-
cc-pVQZ supplemented with a set of 3s3p2d bond functions at the dimer’'s COM), but
include also the vibrational average of the hydrogen monomers, so that comparison to
the curve from the present work can be considered as direct measurement of the error
introduced by fixing the molecular internal bond distance (classical approximation).

The HFD fitting parameters are listed in Tab. except for the curve by Hinde, since
none have been found in the literature. Nevertheless, the vibrationally averaged dispersion
coefficients Cg, Cs and Cho were recently calculated by Lillistolen and Hinde [197] (LH)
at the high CCSD:d-aug-cc-pV5HZ level of theory and are, therefore, listed in Tab. for
comparison. Finally, the equilibrium distances and the dissociation energies are summa-
rized in Tab. 5.7} In general, all pair potentials present very similar shapes, equilibrium
distances and dissociation energies. Nevertheless, the curves from ab-initio present slightly
larger equilibrium bond distances and dissociation energies than the semi-empirical ones.
It is also interesting to note that the potential curves by Hinde and from the present work

have a softer repulsive part than the LLR curve. As already mentioned in the introduction
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Figure 5.14: The (pHz)2 RA-pair potential, V="

(pH2)2(RAB) from the present work is com-
pared to the semi-empirical curves by Norman-Watts-Buck (NWB) [193|, by Silvera-

Goldmann (SG) with and without the Cy coefficient [13], to the Lennard-Jones (LJ) poten-
tial [255], to the (pH2)2 AHR-pair potential curve calculated by Le Roy et al. [240] (based
on an ab-initio PES calculated by Patkowski et al. |[188] at a higher level of theory than

in the present work) and to the vibrationally averaged pair potential by Hinde (H) [190]
(based on an ab-initio PES calculated at a similar level of theory).
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5.3 Results: From Clusters to Crystals

Table 5.6: HFD-parameters fitting the one-dimensional isotropic (pHs)s RA-PES,
V((;E;))Q (RAB), from the present work and the semi-empirical pair potentials by Norman,
Watts and Buck (NWB) [193| and by Silvera-Goldmann (SG) [13|. The vibrationally av-
eraged dispersion coefficients by Lillestolen and Hinde [197] are also listed both for the

(pH2)2 and the (0Dg2)2 dimers. All values are given in au.

pair potential Unit Present Work NWB SG LH (Hz) LH (Do)

R, [ao] 9.7410 9.641 - - -
R, [ao] - — 0.341 — -
p 1.0 1.0 - - -
log(a) = « 1.4414 1.31564  1.713 - -
b=p lag?] 1.3706 1.47058  1.5671 - -
c=n lag?] 0.0419 0.02240 0.00993 - -
Cs [Ep x af] 11.6812 12.14  12.14  12.073  11.865
Cs [Ep x a§] 235.2 215.2 2152 2127 207.4
Cy [Ep % al] — — 143.1 — —
Cho (B, % ad’] 4813.9 4813.9 48139 4783 4630

to this chapter, the ab-initio methods give in general more repulsive energies at short bond
distances than the semi-empirical methods. In fact, inclusion of the three-body interac-
tions has been proved to soften the repulsive wall [191]. Nevertheless, for our purpose it is
more important to compare the attractive parts of the potentials. Since at larger distances,
the curves converge to each other, similar results are expected when using any of those
curves. This becomes also evident by comparing the dispersion coefficients in Tab.[5.6] No
drastic deviations are indeed disclosed, neither upon vibrational average, nor between the
LH (Hy) and LH (D3) coefficients, so that on one hand the classical approximation seems
to introduce only negligible errors in the pair potential, on the other hand the (pHz)s can

be used to express also the (0D2)y interaction.

5.3.6 From Clusters to Crystals

In the next sections solid state aggregation is investigated starting from the growth of small
clusters and arriving at the building of infinite crystals. All simulations are based on the
two-body interaction potentials calculated in the previous sections within the multi-stage
adiabatic separation, so that all conclusions drawn on the pair potentials are transferred
to the multi-body simulations. The solvent-solvent pair potential showed a very low inter-

action energy confirming that the pHs molecules rotate almost freely. In the solvent-solute
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Table 5.7: The positions of the minima, Ry, and the dissociation energies of different
one-dimensional isotropic (pHa)e pair potentials are listed. The semi-empirical potentials
by Norman, Watts and Buck (NWB) [193] and by Silvera-Goldmann (SG) [13| (with and
without the Cy parameter), the Lennard-Jones potential by Michels (LJ) [255] and those
from ab-initio by Li-Le Roy-Roy (LLR) [240] and by Hinde(H) [190] are compared to
the fitted RA-PES, V((éaz)h (RaB), from the present work. Distances are given in nm and
energies kJ/mol.

Potential Rmin|nm|  De|kJ/mmol]

NWB 0.344 0.281

SG 0.344 0.268

SG (Cy = 0) 0.341 0.285

LJ 0.332 0.305

LLR 0.346 0.296

H 0.347 0.289
Present Work 0.346 0.286

pair potentials the solvent rotations were found to be slightly dependent on the Cls inter-
nal vibrations, but the error was evaluated to be less or equal to 8%. Consequently, it is
now assumed in the aggregates that the rotational DOFs of the single plly molecules are
practically decoupled from those in their neighbourhood as well as from the Cly vibrations,

even though this introduces a systematic error in the simulations (see Sec. [5.3.4)).

In the next section the structures of the closest packed crystals, the hexagonal close-
packed (hep) and the face-centered cubic (fec), and of the icosahedral (ico) quasi-crystal
are introduced as a background for the subsequent sections. Afterwards, small pure and
doped clusters are grown by means of classical simulations with the aim of investigating
which structure is energetically favoured when describing the N-dimensional PESs just by
a sum of pair interactions of HFD type. Secondly, since the three structures, fcc, hep and
ico, all have 12 molecules in their first coordination shell, the total energies of these first-
shell pure (pH2)13 and doped Cla(pHsg)19 clusters, are calculated as a function of the NNd
and compared. Thirdly, the (in principle infinite) pure and doped crystal structures, hep
and fcc, are discussed, which will be used later when applying the non-rigid anharmonic
EM for calculating the translational energies of Ho and Cls and the rotational PES of the
Cls in the crystal.
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5.3 Results: From Clusters to Crystals

Figure 5.15: The two different ways of stacking sheets of spheres are shown, from which
the hep (ABA..) and fcc (ABC...) structures originate, in the left and right part of the
figure, respectively. The red honeycomb-like hexagon typical for closed-packed lattices is
shown in the left part of the figure, whereas in the right part the cubic form of the fcc unit
cell is highlighted. The figure has been adapted from Wikipedia.

Close Packing of Spheres

In nature, atoms, ions or molecules aggregate in several different crystal structures depend-
ing on the magnitude of the particles involved and on the kind of interactions between them,
ionic, covalent, hydrogen bonds or VDW. Since the particles in the solid state attract each
other, the denser the arrangements in the space are, the more stable the structures will
be. For this reason, two of the most common crystallographic structures found in nature
are the hcp and fee ones, which are based on the closest way of packing spheres. This
means that within these arrangements the particles occupy the largest fraction of space
which is achievable in a regular lattice. Both structures are based on sheets of touching
spheres disposed at the vertices of equilateral triangles. They just differ in the way how
subsequent sheets are stacked on each other as depicted in Fig. First a sheet of
spheres is created, such that each triad of contiguous spheres forms a triangle. This sheet
is called A. The second sheet of spheres called B (black triangle), is stacked on top of the
first one, leaning the spheres at the centers of the triangles of sheet A. Please note that in
the top-left part of the figure (hcp ABA-stacking), there are two possible ways of leaning
the new black triangle: The one shown in the figure, which forms the B-sheet, and a second
one (not shown) where the black triangle is rotated by 60° around the axis perpendicular
to the sheet and passing through the center of the black triangle, which is called C-sheet.
Finally, if the third sheet put in top of the second is again an A sheet, then the hcp packing
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originates, whereas if the sheet is a C sheet, the fcc crystal arises, as shown in the left and
right part of Fig. [5.15] respectively.

The two structures also reach the same highest average density possible in nature, which
is called, generally, the atomic packing factor (APF). This quantity is obtained by dividing
the volume occupied by the spheres contained in the unit cell of a crystal by the total
volume of such unit cell. The calculation of these quantities can be easily done looking
at the two different unit cells (UC), which are the hexagonal prism and the external cube
represented in the top and middle parts of Fig. [5.16] The hcp and fcc UCs contain 6 and

4 spheres, so that the volumes occupied by such spheres are

h 47

sp(;llzzre = GX?(T)?) (535)
4

Vighere = 4x 5 (1), (5.36)

whereas the volumes of the UCs are

Vi — 6 x v3r? x 2¢ = 24V/2r° (5.37)
3
Ve — (2\/%) = 16V2r3 (5.38)

respectively, where 7 is the radius of a sphere. Since the diameter corresponds to the
distance between the centers of two touching spheres the diameter is indeed the NNd,
Ry = 2r, where the subscript d stays for diameter®. Finally, the fcc lattice constant is
a = 2v2 r = /2 Ry, whereas for the hep lattice a second lattice constant ¢ = v/6 x %T
has to be considered along the z-axis stacking direction, being half of the height of the
hexagonal prism forming the hep unit cell. Finally, the APF of both crystal structures is

hep fce

APF = ‘;’ﬁlp - ‘;’? - 3% ~ 0.74048... (5.39)

Please note that the fcc UC is a face-centered cube, and its edges are usually taken to
be the Cartesian system of coordinates of references for it, whereas for the hcp, each of the

sheet lies on the xy plane, and the sheets are stacked in the z-direction.

The hep and fee UCs are depicted in the top and middle panels of Fig. For the
fce crystal, a primitive cell is defined within the UC by the following so-called primitive

5The nearest-neighbour distance will be indicated by Rq through the entire thesis.
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5.3 Results: From Clusters to Crystals

Figure 5.16: The UCs and the primitive cells together with the primitive vectors for the
hep (top panel) and the fce (middle panel) lattices. These two pictures have been adapted
from . In the bottom panel, a regular icosahedron is constructed by three concentric,
mutually orthogonal rectangles, the two sides of which define the golden formula (Paciolo

construction 15" century )
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vectors

o= 5+]) (5.40)
£ =:%G+% (5.41)
Iy = ;;E(E-+Z), (5.42)

where ;, J and k are the unitary vectors in the z, y and z directions as defined in the
middle panel of Fig. where also the primitive cell is shown, that is the smaller inclined
cube inside the UC. It contains one sphere per cell and when translated along the three
dimensional space generates an infinite lattice without overlapping itself or leaving voids

(translational symmetry). This is expressed mathematically by the Bravais vector [257],

T = nity + naty + nats (5.43)

where n;, with [ = 1,2,3, can be any integer number. These regular lattices are indeed
called Bravais-lattice [257].

The primitive cell for an hcp lattice can be defined by the following three vectors

. 1 .o
t :§a%h—ﬁ (5.44)
. 1 .o

t :§qﬁn+ﬁ (5.45)
ts = 2k (5.46)

where f, ; and k are the unitary vectors in the x, y and z directions as defined in the top
panel of Fig. The hcp lattice contains two spheres per primitive cell and the position

of this second sphere is given by the non-primitive vector

7T = (i1 + FQ) + —i3 . (5.47)

also shown in Fig.
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5.3 Results: From Clusters to Crystals

Icosahedral Structure

The use of mass spectroscopy has revealed that when growing large RG clusters particularly
stable sizes constituted by N particles appear [258|. These particular cluster sizes, N, form
a sequence of so-called magic numbers, which are closely connected to the mechanism of
cluster formation and growing. In the case of noble gases, the magic clusters mainly
have size N = (25 + 1)(55% + 55 + 3), which is the analytical formula counting the
number of particles required to build icosahedral clusters with S = 1, 2, 3, 4, 5, ..., etc.
complete coordination shells. Since icosahedral structures are crystal-like ordered, but do
not present translational symmetry, they have been called quasi-crystal after Shachtman
[259], who has been awarded the Nobel Prize in chemistry in 2011 for having observed
them experimentally for the first time in 1982.

Since pHy molecules have almost a spherical shape and the binding energy is also in the
range of VDW interactions, the growth sequence is expected to be similar. Experimentally,
only one investigation has been found in the literature based on Raman spectroscopy of
small pHy clusters formed in cryogenic free jets [260], where the authors were able to resolve
Raman peaks for the first clusters with N = 2, ..., 8 molecules, whereas broad maxima were
observed at N =~ 13,33,55, and connected to icosahedral structures. In turn, theoretical
studies are numerous, most of them based on Monte Carlo methods [261-266]. They all
observe formation of the so called Mackay clusters [267], which is a series of global minimum
structures of icosahedral symmetry typical for RGs when the pair potential interaction is
approximated by a Lennard-Jones (LJ) potential [268270|, which has a R~% dependence
for the attractive part, or also by Morse potentials [270]. The similar results obtained
for molecular hydrogen clusters are easily explained by the use of the NWB or the SG
pair potentials fitted to HFD-functions having the same dependence on the intermolecular
distance in their leading term Cg/R~. In the paper by Doye et al. [269] a very interesting
structural phase diagram for general LJ clusters is found, which predict that at T = 0 K
icosahedral structures are stable up to a maximum number of particles (critical number)
of about 2000. Afterwards a switch is expected to the decahedral phase and finally, to
the fcc phase. RGs certainly switch at same point to the fcc symmetry as experimentally
observed [258], whereas para hydrogen has been experimentally observed to form fcc or
hep crystals depending on the growing conditions [13].

For the above mentioned reasons, the icosahedral structure is also presented in the
following. The formation of icosahedral clusters should not astonish for two simply reasons:
all three structures, fcc, hep and ico show the same coordination number 12 in the first
shell and, moreover, the surface over volume ratio is of 5.163 against 5.7195 of the hcp or
fec first shells clusters [271]. Mackay showed in 1962 [267] that the icosahedral structures
are a dense non-crystallographic packing of spheres with a very large APF. The number of
spheres contained in an icosahedron, as well as the APF, changes depending on the number
S of shells forming it. Each of the spheres at the vertex counts 0.20965, at the edges 0.38386
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and at the faces 0.5. The number of spheres within an icosahedral shell has been calculated
by Mackay to be C'g = % +0.151837 and the APF to be Ps = 0.68818+0.03767r2 [267],
where 7 is the radius of the icosahedron, that is the centre-vertex distance. Finally, the APF
for the first shell is 0.72585, for the second shell already 0.69769 and decreases continuously
for increasing number of shells tending to the value 0.68818, if the number of shells tends
to infinity.

The regular icosahedron is formed by 20 identical equilateral triangular faces, 30 edges
and 12 vertices. The Platonic body can be partitioned into 20 equal distorted tetrahedra
sharing the common vertex at the center of the icosahedron. For this reason the edges are
1.05 times longer than the radius r, and the vertex-center-vertex angle is 63.43° instead of
60° (as for the regular tetrahedron), so that the spheres on the faces of the icosahedron can
not be densely packed. A regular icosahedron is shown in the bottom panel of Fig.
where it is created by three concentric, mutually orthogonal golden rectangles (Paciolo
construction 15th century [256]), which have a ratio between the two edges corresponding

to the golden ratio, that is, if the shorter side is long a, the NNdistance, the longer side

V541
2

the regular icosahedron can be easily found.

will be a x . From this, the Cartesian coordinates of the 12 spheres at the vertices of

The icosahedral clusters are closely related to the fcc and hep crystals and, in fact, each
of the spheres is 12 coordinated: Those at the vertices in pentagonal pyramidal prisms
(I, icosahedral symmetry), those in the edges in anti-cuboctahedra (Ds;, hcp symmetry)
and those at the faces in cuboctahedra (Oy, fcc symmetry), where anti-cuboctahedron
and cuboctahedron are the polyhedra formed by hcp and fee complete coordination shells,
respectively, as shown in the top and middle panels of Fig. for their first coordination
shells. The anti-cuboctahedra and the cuboctahedra are slightly distorted, which helps in
understanding why above the critical number, icosahedral structure switch to the fcc one.
The first reason is certainly the APF, but the second is that the number of sphere at the
faces of the icosahedron, which are almost fcc-packed, at some point is overwhelming with
respect to the others, in particular the number of vertices, which is constant from shell
to shell, so that a fault in the stacking of layers parallel to the faces easily prevent the

icosahedral clusters to grow further [267].

Growing Small Clusters

When growing small clusters, the aim is generally to find the global minimum structure
out of the N dimensional PES. Those global minima are equilibrium structures at T =
0 K and are normally considered as good starting points for the structures at higher
temperatures [269]. The degree of difficulty for these global optimizations increases with
the size of the clusters, N, since the number of local minima increases exponentially.
Moreover, optimization of some cluster sizes may be even more difficult because of an

unfavourable topography of the PES (see for example Ref. 272,273).
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5.3 Results: From Clusters to Crystals

In this section, small pure (pHg)y and doped Cla(pHs)y clusters are grown within a
size-range from 2 to 65, and from 2 to 60 molecules, respectively. The growth process does
not involve the temperature. The total binding energy was calculated by minimizing the

cohesive energy of the clusters with respect the two-body distances

Eiot = min Z Z Vi, (R (5.48)

=1 j>1i

and

Np—1 Np

Etot = min Z Z (IfHS) p(i{ 0 —Cly R1j7 0A7 ¢A) (549)
=2 3>t

for the pure and doped clusters, respectively. In Eq. the first and second terms are
respectively the sum over the solvent-solvent interactions, Epp, pH,, and over the solute-
solvent interactions, Fpy, c1,. The interaction between each pair of pHz molecules in the
clusters is approximated by the NWB pair potential (the pair potential from the present
work had not been yet calculated, but the results are expected to be very similar), whereas
for describing the interaction between each of the pHy molecules and the Cly molecule the
RA-pair potential VH CZQ(RA& 04, ¢4) from the present work is used. For each cluster
size many independent optimizations with random initial conditions have been run by using
the TrajLab software [274], which means that, when the size of the clusters increases, the
probability to get the most stable structure (i.e. the global minimum) fast decreases and
the number of calculations to be performed must be notably increased. The most stable
cluster configuration (or cluster isomer) of size N has been taking as starting configuration

for the simulations involving the cluster with size N + 1.

The binding energy per molecule with respect to the size IV of the clusters in general
decreases monotonically, that is the clusters become more stable during the growth process,
but particularly drops for certain values of N, referred to as magic numbers, which are
peculiar to the structures formed. For the icosahedral structure the following analytical
formula, N = %(25’ +1)(5S8? + 55 +3) with S =1, 2, 3, 4, ... ect. being the number
of concentric icosahedra, has been found for the calculation of the magic numbers. Thus,
at each of these magic numbers the clusters assume the form of an icosahedron. This
formula, however, does not take into account other particularly magic numbers occurring
when growing clusters and corresponding to stable substructures between two different
concentric icosahedra S and S + 1. Please note that no simple formulas have been found
for the calculation of the magic numbers in the case of fcc and hep structures, but they

can be calculated by using a slightly more complicated method treated elsewhere [275|.
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In the following, the total binding energies (or chemical potentials) of the clusters,
Eiot(N) and the "first derivative” (or incremental binding energies) AEiot(N) = Eiot (V) —
Eiot(N — 1), are listed in Tabs. and respectively, together with the sizes N and the
corresponding point group syminetries. Moreover, the series of magic numbers, both for
the pure and the doped clusters, are highlighted instead by plotting the "second derivative”
of the total binding energy, A2Eot(N) = Eiot(N — 1) — 2Bt (N) + Eiot (N + 1), in the
lower parts of Figs. and respectively. In the upper parts of the same figures the

most important /symmetric cluster structures are also shown.

Pure (pH2)xn Clusters

The total binding energies, Fiot(N) of the (pHa)n clusters shown in the first column of
Tab. [5.8] decrease stepwise while the cluster size N increases. The magnitude of such steps,
that is AFiot(IN), when going from N to N + 1, is not constant and present minima at
N =7,13,19, 23, 26, 29, 32, 34, 37, 41, 43, 45, ..., ect., showing that such structures are
magic clusters. Moreover, next to these minima always a maximum of AFy.(N), that is at
N + 1 is found, since the next molecule is placed at the surface of a complete coordination
shell, or subshell, such to have a smaller number of nearest neighbours to interact with.
The magic numbers are also highlighted by plotting the "second derivative”, A2E;(NV),
in the lower part of Fig. [5.17, which, inversely to AEy(N), shows a maximum at the
magic sizes. Additionally, Tab. also shows the corresponding symmetries of the grown
clusters, some of which can be recognized in the upper part of Fig.[5.17} The two smallest
clusters with sizes N = 2 and 3 have not been shown since they have the trivial linear and
equitriangular shapes with point group symmetries Dy and Dsp, respectively. The first
cluster visualized in panel a of Fig.[5.17/has size N = 4 and the shape of a tetrahedron with
point group symmetry Ty. In panel b, the cluster with N = 5 forms a trigonal bipyramide
of D3, symmetry, for which, A2E.(N), shows a minimum, since the two molecules above
and under the triangular plane do not touch each other. The next cluster with N = 6
forms an octahedral and belongs therefore to the Oy point group. At N = 7 the second
maximum of A2FE;(N) is reached, which together with the clusters of size N = 19 and
34 (panels d, j and [ of Fig. respectively) present a Dsp, symmetry typical for some
of the substructures between consecutive complete icosahedral shells. At N = 13 the first
icosahedral shell with S = 1 is completed (see panel h and/or i of Fig. p.17). This is
the most stable structure (highest maximum in bottom panel of Fig. , since it has
maximum APF as already mentioned in Sec.[5.3.6] The remaining clusters do not present
elements of symmetry other than the identity.

The magic numbers N = 13, 19, 23, 26, 29, 32, 34, 37, 43, 49 highlighted by the maxima
of A?2E(N) in the bottom part of Fig. are a typical series of magic clusters, which
follows the growth process model made of interpenetrating icosahedron units proposed in
Ref. 268, Starting from the first-shell cluster with size N = 13, shown in panel h and 7 of
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Figure 5.17: The most symmetric and/or significant cluster structures from the growing
sequence with number of pHy molecules N =4, 5,6, 7, 8,9, 12, 13, 19, 23, 34 are shown
in the top part of the figures in panels a-I. In the bottom part, the "second derivative” of
the cohesive energy, A2Eiot(N) = Eiot (N — 1) = 2FEi0t(N) 4+ Eyot (N + 1), is plotted against
the cluster size N in order to discriminate particularly stable structures (maxima).
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Table 5.8: The total binding energies of the pure (pHs)x clusters obtained by using the
NWB pair potential are shown together with their sizes N and their corresponding point
group symmetries. Energies are given in kJ/mol.

N Etot (N) AEtOt (N) Point GI'OUp N Etot (N) AEtOt (N) Point GI'OUp

1 0 — — 33 —40.5489 —1.3478 Ch
2 —0.28132 —0.28132 Doon, 34 —42.1354 —1.5865 Dsp,
3 —0.84396 —0.56264 Dsy, 35 —43.4170 —1.2816 Cy
4 —1.68790 —0.84396 Ty 36 —44.8289 —1.4119 Ch
5 —2.55880 —0.87089 D3y, 37 —46.3999 —1.5710 C1
6 —3.57470 —1.0159 Oy, 38 —47.7767 —1.3768 Cy
7 —4.63310 —1.0584 Dsy, 39 —49.3841 —1.6074 Ch
8 —5.55820 —0.92502 Ci 40 —=50.9579 —1.5738 Ch
9 —6.76000 —1.2018 Cq 41 —52.6096 —1.6517 Ch
10 —=7.96790 —1.2079 Ci 42 —54.2025 —1.5928 Ch
11 —-9.18510 —1.2172 Ch 43 —55.8415 —1.6390 Ch
12 —-10.6570 —1.4719 Csy 44 —-57.3072 —1.4657 Ch
13 —-12.4484 —1.7914 Iy, 45 —58.9382 —1.6310 Cq
14 —-13.4249 —0.97653 Ch 46 —60.5116 —1.5734 Ch
15 —14.6738 —1.2489 Ch 47 —61.9827 —1.4711 Cy
16 —15.9285 —1.2547 Ci 48 —63.6015 —1.6188 Ch
17 —17.1852 —1.2567 C 49 —65.3117 —1.7102 Ch
18 —18.6074 —1.4222 Ci 50 —66.6696 —1.3580 Ch
19 —20.4156 —1.8082 Dsp, 51 —68.0854 —1.4157 Ch
20 —-21.6776 —1.2620 Cay 52 —69.8325 —1.7471 Ch
21 —22.9387 —1.2611 Coy 53 —71.4203 —1.5878 Ch
22 —24.3919 —1.4532 Cs o4 —=T73.3175 —1.8972 Cq
23 —26.1273 —1.7354 Cay 55 —T74.8314 —1.5139 Ch
24 —-27.3840 —1.2567 Cr 56 —76.5415 —1.7101 Cq
25 —28.8085 —1.4245 Ch 57 —78.0800 —1.5386 Ch
26 —30.5283 —1.7198 Cay 58 —79.9090 —1.8290 Ch
27 —31.7823 —1.2540 Ch 59 —81.6940 —1.7850 Ch
28 —33.1868 —1.4045 Ch 60 —83.4829 —1.7889 Cy
29 —-34.8738 —1.6870 Cay 61 —85.2330 —1.7500 Ch
30 —36.1422 —1.2684 Cay 62 —86.8891 —1.6562 Ch
31 —37.5396 —1.3974 Ch 63 —88.7096 —1.8204 Cq
32 —39.2011 —1.6614 Cay 64 —-90.1028 —1.3933 Ch
— — — - 65 —91.5054 —1.4026 Cy
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Fig. (top and side views, respectively), a double icosahedron (DIC) can be obtained by
completing the first-shell coordination of one of the vertices. The DIC is constituted by 19
molecules, which is, indeed, the second magic number, and is shown in panel j of Fig.
The DIC is now a prolate structure of three pentagonal rings and four atoms lying on the
five-fold axis (two of them being the vertices). If one now takes one of the molecules of the
central ring and completes its first-shell coordination a new icosahedron interpenetrates
the DIC and the new cluster has in total 23 molecules, which is the third magic number.
The corresponding cluster is shown in panel k of Fig. (top view). If the same is done
for the other molecules of the same ring, e.g. the neighbouring one in clock-wise direction,
only 3 more molecules are now required to complete its first-shell coordination. The new
cluster has now size N = 26, the fourth magic number. Following the clock-wise direction
the procedure can be repeated 2 more times adding always 3 molecules and a third and
last time adding 2 molecules only, forming the now oblate cluster shown in panel [ of
Fig. (top view), and the corresponding magic sizes are therefore 29, 32, 34 and 37.
The cluster structures for N = 43, 46 and 49 are not shown, but they also continue the
interpenetrating model just explained. Starting from N = 50 this pathway is lost and the
next magic number 55, corresponding to the complete second icosahedral shell has been

not found, at least within the number of runs simulated.

The growth process discovered in the present investigation at 7' = 0 K, is in close
agreement with most of the results obtained by others theoretical groups, who use Quantum
Monte Carlo methods [261-264]. A small comment is worth about the investigation by
Cuervo and Roy in Ref. 265 who compared the magic number sequence obtained by using
the SG and the NWB potentials finding only magic clusters with N = 13, 19, 23, 26, 30,
36 and N = 13, 26 and 33, respectively. These results are definitely in contrast to the
present ones, since we found all magic clusters (except the one of size N = 55) by using

indeed the NWB pair potential, for which they found fewer magic clusters.

As already mentioned above, the attractive part of the HFD-potentials presented along
this work all present an R~% dependence in their leading term. This is shared by the

Lennard-Jones (LJ) potential as seen in the next equation

LJ(R) = 4e {(;)12 - (;{)6] (5.50)

where € is the depth of the potential well, ¢ is the distance at which the potential is zero, and
R is the internuclear distance. The LJ-potential has been widely used for growing clusters,
so that it could be very interesting to compare the total binding energies, Fio(IV), listed in
Tab. with those of so-called LJ-clusters. A very easy way of calculating such energies is

to make use of the disconnectivity graphs [276], which have been suggested as an intuitive
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Ly N

Figure 5.18: Disconnectivity graphs for (a) LJi3, (b) LJ1g9 and (c¢) LJs5. In (a) all minima
are included, whereas in (b) and (c) only the branches leading to the 250 and 900 lowest
minima are shown. The figures have been adapted from Ref. 276

and simple way for visualizing multi-dimensional energy landscapes of systems in just two
dimensions. The idea is to connect the local minima (isomers) and the transition states
between them in a tree-like graphic. In particular, given an energy, E, the minima can
be grouped in subsets, termed “superbasins”, if they are mutually accessible via transition
states lying below E. Two minima are instead in different superbasins if the pathway
between them exceeds this energy. By raising the energy threshold, new local minima
become accessible and more superbasins appear. Construction of disconnectivity graphs
for LJ-clusters results in a further advantage: they can be given in units of € and become
independent of the molecular system under investigation, as shown in Fig. [5.18h, b and ¢
for the LJ-clusters of size N = 13, 19 and 55, which have been adapted from Ref. 276l The
Disconnectivity graph for the LJ-cluster of size N = 13 is complete and shows 1467 local
minima, whereas the other two only show their lower parts. The global minimum in the
first graph corresponds to the first Mackay icosahedron with 12 vertices and one particle
at the center. The next three lowest isomers correspond instead to "defect” structures,
where one particle is moved from the vertex to one of the three possible so-called "capping”
sites, for example at one of the faces of the icosahedron. The energy gaps between the
global minima and the first lowest isomers are 2.85¢ and 2.64¢ for the complete Mackay
icosahedra at NV = 13 and 55, which are quite large since the icosahedral structures are very
stable. By taking e to be the depth of the NWB potential used to grow the clusters in the
present work, i.e. 0.2813 kJ/mol (see Tab. , the binding energies of the corresponding
13-, 19- and 55-LJ-clusters can be calculated from the graphs by multiplying the energy
of the global minimum by e. By doing so, one obtains approximately -12.52, -20.45 and
-78.62 kJ /mol. The first two values are very similar to the corresponding ones in Tab.
which demonstrates that HFD-cluster closely follow the growth process of LJ-clusters. The

third value instead is, as expected, in disagreement (5%), since in the present work the
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5.3 Results: From Clusters to Crystals

global minimum structure at N = 55 has not been found. For the capped 55-LJ-cluster
an approximate energy of -77.88 kJ/mol is expected from the disconnectivity graph in
Fig. [5.18¢, which is still much lower than the energies of the 55-isomers found in the
present work. Nevertheless, the disconnectivity graph could be used, inversely, to predict
the superbasin of belonging of our local minimum structure. In this case, its energy is

divided by €, and results -266.02, which is unfortunately outside of the partial graph given
in Fig. :

Doped Cly(pH2)n Clusters

Similar to the growth process of the pure clusters, the total binding energies Fiot(N) of
the now doped Cly(pHa)n clusters also decrease in a stepwise fashion while the cluster size
N increases, as shown in the fourth column of Tab. The magnitudes of such steps,
AFio(N), are shown in the second column and define the "first derivatives” of Eio(IV),
that is the gain in energetic stability when going from the N to the N + 1 cluster. The
minima of AFEjo(N) show magic numbers at N = 6, 9, 14, 18, 23, 26, 29, 31, 36, 39, 42, 46,
49, 52, 54, 57 , ..., etc., which correspond to maxima of the “second derivative”, A2 Ey(N),
plotted in the lower part of Fig. Tab. also lists the corresponding symmetries of
the grown clusters, some of which are depicted in the upper part of Fig. The first
cluster with N = 1 has two minima (see also PES in top Fig. : the global one has a
linear (L) C, symmetry with the only pHs molecule in a head-on position, and is shown
in panel a of Fig. the local one is instead T-shaped and has, therefore a Cs, symmetry
(not shown). The clusters of sizes N = 2, 3, 4 have even three different minima, the global
ones are shown in panel b, ¢ and d and have D, Co, and Cs, symmetry, respectively. The
corresponding other two isomers are obtained by moving one or both the molecules from
L-position to the T-position, respectively. Thus, as long as the ring around the Cly-bond
has less than three molecules, the head-on positions (IL-shaped) are favoured with respect
to the equatorial ones (T-shaped), which is a consequence of the high anisotropy of the
pHo-Cls pair potential from this work, that is an appreciable energy difference between
the L- and T-shape configurations (about 0.45 kJ/mol). The situation changes in panel
e where the cluster of size N = 5 with Cy, symmetry is depicted. Since the four-fold
ring is now closed, the T-configurations are stabilized and the cluster structure has only
one molecule in the L-configuration. The cluster with N = 6 in panel f is an elongated
octahedral of Dy, symmetry (a subgroup of the Oy, point group) and is the first magic
number of the growing sequence. The other clusters up to N = 11 do not present any
symmetry elements, so that the cluster at N =9 is not shown in Fig. [5.19] even if it is a
magic number. The cluster with size N = 14 in panel g shows a distorted fcc structure
with Dy, symmetry. This is easily recognised by comparison with the next panel h, where
an fcc slab is depicted with the corresponding 14 solvent molecules highlighted in blue.

Since the molecules of the two non-equatorial ring around Clg are now the least bound,
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the two structures with N = 12 and 13 simply have one or both the rings incomplete
(not shown). Since the fcc symmetry is slightly distorted and the L-configuration has the
shortest equilibrium distance, the first-shell around the Cls is first complete at N = 14
whereas at N = 12 no magic cluster is found, as one would expect when considering
the first coordination shell in an fcc crystal when the doping molecule occupies a single
substitutional site. Moreover, no cluster structures are found for larger values of N with
the impurity occupying a double substitutional site and pointing along the <<001> or along
another typical fcc (nor hep) crystallographic direction. On the contrary, the fcc "cage”
slightly distorts in order to better accommodate the dopant molecule, so that Cly occupies
a single substitutional site, as it has been correctly assumed by Manz et al. in Ref. [16]
and after completion of the first shell, i.e. starting from N = 15, the growth process is
dominated by the solvent-solute interactions and the new solvent molecules prefer to stack
on each other forming an icosahedral phase, instead of building a second coordination shell
around Clsy, see second and third columns of Tab. This leaves the doping molecule
and the distorted fcc-structure at the surface of the larger clusters (not shown) implying
an optimal shield of the Cly attraction when the latter occupies a single substitutional site
and points along the <001> fcc crystallographic direction, and, therefore, an energetically

favourable structure.

Unfortunately, no literature has been found about Cly impurity clustered by pHo molecules
to compare with. Theoretical investigations based on Quantum Monte Carlo simulations
have been carried out on (pHz)x clusters doped by the two isotopomers, oHs [278] and
oDy [279], which form icosahedral structures as in the case of pure pHy. Clusters doped
with OCS [280], CO2 [281], CO [221] and N2O [282] have been also studied, but the sizes
only ranged between N = 1-19 depending on the molecular system considered. However,
clusters doped by triatomic molecules are expected to show a different sequence of magic
numbers. The system CO(pHs)y, which is already more similar to ours, even if less sym-
metric, has a very stable structure at the cluster size N = 12, for which the first shell is
completed. A second less stable minimum of the cohesive energy is found at N = 14, but

unfortunately, such structure and their symmetries are not shown.

Other cluster growth sequences to compare with are naturally doped RG systems, since
they are also closed-shell systems interacting in the VDW regime. Here, results are reported
for CloHen [283] and ClaAry [284]. The ClpArpy clusters have magic numbers at N = 8,
11, 13, 15, 17, 21 and 23, which correspond to icosahedral structures ascribable to the
corresponding pure Aryio ones, but distorted by the presence of the dopant molecule,
which occupies a double substitutional site in an icosahedral quasi-crystal, so that the
first coordination shell is completed at N = 17, that is the DIC structure seen above in
Fig. as well as in other Dihalide-RG system as for example IoKr;7 [285]. In Ref. |283,
CloHepn clusters are investigated, but only for NV = 1, 6 and 20, so that no sequence of

magic numbers is given. At N = 6, the solvent molecules form a six-fold ring around the
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5.3 Results: From Clusters to Crystals

Table 5.9: The solvent-solvent, the solvent-solute, the total and the relative binding en-
ergies of the doped Cly(pHz)n clusters are listed respectively in the second, third, fourth
and fifth columns with respect to the cluster size N (first column) together with their
corresponding point group symmetries (last column). Energies are given in kJ/mol.

N EpHprHQ (N) EpH2—012 (N) Eiot (N) AEtot(N) Point Group
0 0 0 0 — Doop
1 0 —1.8348 —1.8348 0 Coov
2 —0.0025515 —3.6697 —3.6722 —1.8374 Doop
3 —0.15827 —5.1047 —5.263 —1.5908 Coy
4 —0.59829 —6.5383 —7.1366 —1.8736 Coy
) —1.5782 —7.5759 —9.1541  —2.0175 Ciy
6 —1.8806 —9.4097 —11.2903 —2.1362 Dy,
7 —3.1036 —9.8416 —12.9452 —1.6548 C4
8 —3.9917 —10.7498 —14.7415 —1.7963 4
9 —5.1645 —11.721 —16.8855 —2.144 &)
10 —6.5669 —12.0726 —18.6396 —1.7541 4
11 —7.2811 —12.9858 —20.267 —1.6274 C4
12 —8.9206 —12.8203 —21.7409 —1.4739 4
13 —9.8726 —13.38 —23.2525 —1.5116 &)
14 —10.7965 —14.0878 —24.8843 —1.6318 Dyp,
15 —12.0532 —14.1284 —26.1816 —1.2973 4
16 —13.3159 —14.1721 —27.488 —1.3064 Ch
17 —15.0961 —13.6872 —28.7833 —1.2953 4
18 —16.3639 —13.969 —30.3329 —1.5497 Ch
19 —17.5407 —14.2601 —31.8008 —1.4679 4
20 —18.8106 —14.4474 —33.258 —1.4571 Ch
21 —20.0558 —14.6482 —34.7039 —1.4459 4
22 —21.8295 —14.4352 —36.2647 —1.5608 4
23 —23.0247 —14.7403 —37.765  —1.5003 Ch
24 —24.4706 —14.7019 —39.1725 —1.4075 4
25 —25.902 —14.7571 —40.6591 —1.4865 4
26 —27.5675 —14.7677 —42.3352 —1.6761 4
27 —28.9619 —14.7776 —43.7395 —1.4043 Ch
28 —30.4867 —14.8117 —45.2984 —1.5589 4
29 —32.0854 —14.8225 —46.9078 —1.6094 C4
30 —33.4789 —14.8936 —48.3725 —1.4647 &
31 —35.1684 —14.8979 —50.0663 —1.6938 C4
32 —36.8045 —14.8427 —51.6471 —1.5808 4
33 —38.2205 —14.9187 —53.1392 —1.4921 &)

continued in the next page
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Table 5.10: Continued from previous page.

N E(pH2)2 (N) EpH27C12 (N) Etot(N) AEtot (N) Point Group

34 —39.5352 —15.083 —54.6182  —1.4789 Cy
35 —40.9438 —15.2685  —56.2123 —1.5941 Cy
36 —42.5808 —15.2774  —57.8582 —1.6459 Ch
37 —44.1862 —15.1819 -59.368  —1.5099 Ch
38  —45.2277 —15.7158  —60.9435 —1.5755 Ch
39  —47.0886 —15.6055  —62.6942 —1.7506 Ch
40 —48.4195 —15.5693  —63.9888 —1.2947 Ch
41 —49.9658 —15.4471 —65.4129  —1.424 Cy
42 —51.6973 —15.37 —67.0673 —1.6544 Ch
43  —53.141 —15.437 —68.578  —1.5106 Ch
44  —54.7321 —15.487 —70.219 —1.6411 Cy
45 —56.3826 —15.5769  —71.9595 —1.7405 Cy
46 —58.2686 —15.5434 —73.812  —1.8525 Ch
47  —60.1383 —15.1796  —75.3178 —1.5058 Ch
48 —61.8862 —14.948 —76.8342 —1.5164 Ch
49  —63.5199 —14.9582  —78.4781 —1.6439 Ch
50  —65.1236 —14.9749  —80.0986 —1.6204 Ch
51  —66.9477 —14.9362  —81.8839 —1.7854 Ch
92  —67.9766 —15.6279  —83.6045 —1.7206 Ch
53 —69.5734 —15.678 —85.2514 —1.6469 Cy
54  —71.7259 —15.1743  —86.9002 —1.6488 Ch
55 —73.2058 —15.2122 —88.418  —1.5178 Cy
56 —74.3714 —15.4815  —89.8529 —1.4349 Ch
57  —76.351 —15.5547  —91.9057 —2.0528 Ch
58 —78.1162 —15.5193  —93.6355 —1.7297 Ch
59  —79.5479 —15.6229  —95.1708 —1.5353 Ch
60 —81.4042 —15.4162  —96.8204 —1.6496 Ch

Cly bond. A six-fold ring structure is also found for OCS embedded in liquid *He droplets
with a complete first shell at N = 17 in Ref. 286l The OCS-He and Cly-He pair potentials

present indeed similar anisotropies [286).

Since the optimized growth sequences for the CloHepy, CloAry and Cla(pHsg)y systems
are based on two-body interactions, a further comparison shall focus on the equilibrium
distance and on the energetics, that is the well depth, of the solvent-solvent and solvent-
solute pair potentials listed in Tab. The solute-solvent PESs for the three systems
have a similar topography, since all present one global and one local minimum in the L-

and T-shaped configurations, respectively. Let us now define a new quantity for measuring
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Figure 5.19: The most symmetric and /or significant Cly(pHz) n cluster structures from the
growing sequence with number of pHy molecules N =1, 2, 3, 4, 5, 6, 14 are shown in the
top part of the figures in panels a-g. Panel h depicts a small slab of fcc crystal, where the
blue spheres correspond to the pHs molecules in panel g. In the bottom part, the second
derivative of the cohesive energy, A2Eiot(N) = Eiot(N — 1) — 2Eot(N) + Eyot (N + 1), is
plotted against the cluster size N in order to discriminate particularly stable structures
(maxima).
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Table 5.11: The equilibrium distances and the respective well depths of the He-He, (pHs)o,
Ar-Ar, He-Cly, pH2-Cly and Ar-Cly pair potentials are compared. For the mixed pair
potential the energy difference between the L- and T-shape minima relative to their mean
energy is also given as a measure of anisotropy. All entries are given in nm and kJ/mol.

Pair Potential Req(nm) De(kJ/mol) ;%i;ETT

He-He 277]  0.296 0.090 -
(pHa)s 0.344 0.281 -
Ar-Ar [I20]  0.374 1.190 -
He-C1SY) [254]  0.420 0.481
2 0.076
He-C1I{™) [254]  0.345 0.446
o)
pH,-CLS 0.405 1.879
) 0.280
pH,-C1 0.242 1.417
o)
Ar-CLY [254]  0.447 2.573 0.013
Ar-cliD [254]  0.374 2.540 '

their relative anisotropy as follows:

2A1 7

S 5.51
EL+ BT (5:51)

where A;_r = EL — ET is the absolute energy differences between the global and local
minima, i.e. 0.4621, 0.035 and 0.033 kJ/mol for the pHs-Cla, He-Cly and Ar-Cly dimers,
respectively, and 0.5(E” + ET) is in turn the corresponding mean energy. The results are
listed in Tab. and mirror the higher anisotropy of the pHs-Cly system with respect to
the RG ones. Thus, the preference in occupying the head-on positions in the Cly(pHa)n
growing sequence and the in contrast formation of the six-fold ring in the Cly(He)g cluster
are a consequence of the different anisotropies in the pair potentials. This is further
confirmed in [254], where it is stated that, even if the linear minimum of the He-Cly PES

is deeper, experiments show that the T-shape configuration is favoured because of the ZPE
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5.3 Results: From Clusters to Crystals

energies associated with the minima. Finally, the formation of the six-fold ring around the

Cls bond is instead related to the shorter He-He equilibrium distance.

The second interesting feature is the relation between the solvent-solute and the solvent-
solvent pair potential well depths, which strongly influences the growth processes. In the
pHo-Cls and He-Cly systems their ratio is about 5, whereas in the Ar-Cly system the ratio
is circa 2 (with respect to the T-shape configuration), which could explain why the Ar-
Clan clusters form icosahedral structures, that is the growing sequence is dominated by

the solvent-solvent interaction already from the beginning.

Finally, it seems counter-intuitive that the Ar atoms form a five-fold ring around the Clsg,
whereas in the present work the ring is four-fold, even if the equilibrium distance is larger
for the Ar-Ar system than for the (pHa)2. However, this proves that both the energetics
and the equilibrium distances play a role in growing process of cluster systems and the Ar

prefers a growing process based on icosahedral structures because of five-fold rings.

First-Shell Clusters

On the way to build the infinite crystal, pure and doped first-shell clusters are investigated
in order to disclose the energetics of fce, hep and icosahedral structures when imposing
those symmetries onto the clusters. For this purpose cohesive energies are calculated as a
function of the NNd and compared. First-shell clusters represent the closest environment
to the solvent or the solute in the crystal. They are responsible for the most part of its
cohesive energy (per molecule) and strongly influence the growth process of the crystal
in the first stages when surface effects play a dominant role. In fact, whereas the central
molecule is 12 coordinated, the surface coordination number is always smaller. Thus, it is
interesting to guess to which of the closest packed crystal structures the pure cluster may
switch because of the missing translational symmetry in the icosahedral quasi-crystals.
Even more interesting are the first-shell doped clusters, since they can be seen as the
precursors of larger rigid crystals in contrast to the optimized cluster structures which
can be seen as distorted local symmetries induced by an impurity in a non-rigid lattice
(as for example translational quantum crystals) of different global symmetry. Actually, in
Sec. rotational and translational DOFs of solvent and solute are investigated in the
matrix and the first two shells (see Fig. around them will be relaxed so that such

local distorted symmetries may occur.

The first coordination shells of fcc, hep and icosahedral symmetry are all constituted by
12 molecules. They differ just in how those molecules are distributed in the space, as shown
in Fig. [5.20l They form three solid polyhedra: the anti-cuboctahedron (hcp), the cuboc-

tahedron (fcc) and the icosahedron (ico), respectively from the top. The Miller indices,
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4
P z,<0001>

x, <100>

Figure 5.20: The first-shell of nearest-neighbour molecules for the hcp (top), fecc (mid-
dle) crystals and for the icosahedral structure (bottom) are shown. All of them are
formed by 12 molecules placed at the vertices of three regular platonic polyhedra, the
anti-cuboctahedron, the cuboctahedron and the icosahedron, respectively. The Miller in-

dices [287] are also shown.
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Figure 5.21: The total energies, Eio(Rq) and FEiot(Rg,04,04) in Egs. and
respectively of pure and doped first shell clusters with fcc (red curve), hep (blue curve)

and ico (green curve) symmetry, are plotted with respect to the NNdistance, Ry.

which define the crystallographic directions of Bravais lattices are also given (however not

for ico)®.

The binding energies of the clusters have been calculated as the sum of the contributions

of all distinct pairs for the pure and doped first-shell clusters, respectively:

Np—1 N,
Eion(Ra) = > Y Vi), (Rigi Ra) (5.52)

i=1 j>i

5Please note that when using the Miller indices for the crystallographic directions, the convention is to
indicate sets of equivalent directions [hkl] by <hkl>, whereas sets of equivalent plane (hkl) are indicate
by curly brackets {hkl}. Moreover, for the hcp lattice it is possible to use four Miller indices <hkil>,
as in the present work. For the equivalence to the three indices convention please refer to |287].
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Table 5.12: Nearest-neighbour equilibrium distances, ernin and the corresponding binding
energies, Eioy of pure (pH2)13 and doped Cly(pHz)12 clusters with fce, hep and icosahedral
symmetries are listed. All entries are given in nm and kJ/mol.

Molecular System Symmetry — RT(nm) Eiot(Rg)(kJ/mol)
fee 0.339 —11.44
(pH2)13 hep 0.339 —11.45
ico 0.330/0.3465 —12.45

Molecular System Symmetry — RI(nm)  Eiot(Ra, 04, ¢4)(kJ/mol)

fece 0.339 —15.34
Cla(pH2)12 hep 0.360 —13.49
ico 0.350/0.3675 —12.63
and
Np—1 N,
Eioi(Ra,04,04) = Y > VS (Rij; Ra) +ZVI§£IOCIQ<R1J,RC¢,0A,¢A> (5.53)
i=2 j>i Jj=2

which is the usual formula for calculating the cohesive energy of a crystal with N, particles
at their lattice positions, R}, with ﬁz depending on the Nearest-Neighbour (NN) distance,
Rg4. Ry is changed from 0.25 to 0.9 nm and the resulting curves are shown in Fig. All
curves tend to zero at their asymptotic limits, since the interaction energy vanishes, when
the molecules are taken apart. In the case of the pure (pHs)13 clusters, the hep and fee
structures present nearly identical curves (dashed blue and red lines), since the two clusters
count the same numbers of NN interactions: 12 between the central molecule and those of
the shell and 24 between these latter ones, which correspond to the number of edges of the
cuboctahedron and of the anti-cuboctahedron (see Fig. . Thus, they present almost
the same binding energies, -11.44 and -11.45 kJ /mol for fcc and hcp, respectively, at the
minimum of the curves with NNd, Rmm = 0.339 nm, as shown in Tab. . This is not
surprising, since the two polyhedra are interchangeable just by halving the polyhedron with
a plane parallel to one of the triangular faces and rejoining them after rotation of 60° [267].
The icosahedral structure is the most stable in the case of pure first-shell clusters, since

the icosahedron possesses now 30 edges, and the molecules at the surface are therefore 5,
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instead of 4 coordinated as in the two previous polyhedra (see also Tab. . Its energy
at the minimum of the green dashed line is -12.45 kJ/mol and has the same energy as
the optimized (pHz)13 cluster structure in Fig. and , see Tab. It must be
recalled, however, that the distance between the molecules at the surface is 1.05 times the
NNd, Rg‘i“ = 0.330 (center-vertex distance), which increases the weight of surface effects
for larger crystals (see also Sec. . Finally, large icosahedral cluster may switch either
to an hep or an fee structure confirming the many experimental founding of pure hep, fec
or mixed hcp/fcc hydrogen crystals [13].

The total binding energy of the doped first-shell clusters strongly depend on the orien-
tation of the Cly molecule inside the cluster. Since the growth sequence in the previous
section brought to a complete first coordination shell with a distorted fcc symmetry with
the Cls oriented along the z-direction, that is the <001> crystallographic direction, the
calculations have been limited to this direction. The direction of the impurity in the hcp
crystal is arbitrarily chosen to be also the z-direction, that is the <0001> crystallographic
direction. Finally, in the case of the icosahedral quasi-crystal, the Cls molecule lies along
one of the C5 symmetry axis. Later in Sec. the rotational DOF of the Cls in the
crystal is going to be studied giving more insights about the relative distribution function
of Cly along the crystallographic directions. Relatively to the z-direction, the Cla-doped
first-shell clusters favour the fcc structure with a binding energy of -15.34 kJ/mol at the
bottom of the solid red curve with Rgli“ = 0.339 nm. This cohesive energy rather deviate
from the energy of the Cly(pHs)12 in Tab. because of the imposed fcc symmetry. In
fact, the optimized cluster Cly(pHsz)14 in Fig. presents an elongated Dy symmetry
instead of Op. Please note, however, that the pure and doped first-shell cluster in Fig.
present the same NNds at the bottom of the fcc curves (solid and dotted red curves) with
Rgli“ = 0.339 nm, which means that the Cls molecules has enough space to accommodate
in the single substitutional site, so that the deviation from the fcc symmetry disclosed for
the optimized Cla(pHg)14 cluster exclusively depend on the anisotropy of the Clo-pHy pair

potential, i.e. Rg) < Rmin < Rgé). The icosahedral structure is the least stable (solid

green line) with an energy of -12.63 kJ/mol at Rg‘in = 0.350 nm, which is slightly larger
than in the pure cluster meaning that the cluster need to expand to accommodate the
impurity. The hcp curve lies energetically in between the other two curves and has the
largest NNd, Rglin = 0.360 nm, so that again the cluster need to expand to leave place to

the Cly molecule, at least when directed along the z-direction.

5.3.7 Simulation Boxes for fcc and hcp Crystals

In this section, the sizes of the simulation boxes for the hep and fee crystals are converged
by calculating the cohesive energy per molecule with respect to the number of primitive
cells, n., in each direction, hence, with respect to the number of molecules N, constituting

the box. Since a primitive cell contains 4 molecules, the total number of molecules in the
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simulation box is simply N, = 4 x (ne)?. The cohesive energy per molecule is calculated
by dividing the total binding energy Eiot(Rq) from Egs. and by the total number

of molecules, IV,,.

Etot (Rd)

Ec(Rd) - N
p

(5.54)

for the pure and doped crystals. The subscript ¢ stays for classical and its meaning will
become clear at the end of this section. Periodic boundary conditions are applied onto the
simulation boxes, which practically corresponds to modelling the crystal by the infinite
repetition of a small part of it. This small part is normally taken to be a slab of lattice
for which the central particle feel no surface effects. Since all other particles in this slab
still suffer surface effects, the minimum image convention is additionally applied, which
is a stratagem ensuring that each molecule in the simulation box should feel the same
environment as it would be at the center. This is achieved by letting each individual
particle in the lattice slab interact with the closest image of the remaining particles in one
of the repeated neighbour slabs. Periodic boundary conditions is only applicable to Bravais
lattices, so that it was not used for the icosahedral quasi-crystal. Upon application of the
minimum image convention Eq. can be rewritten respectively for the pure and doped

crystals as

NP
Ec(Rg) =)V, v RU, Ry) (5.55)
Jj=2

where the molecule number 1 is always the central molecule, and

N,
N, — 1
Be(Ra,04.64) = 5= > Vi) (Riji Ra) + pf{ O, (Riji Ra, 04, 64) (5.56)
P =2 =2

with 4 = ¢4 = 0° independently of the crystal symmetry considered.

The results of the convergences of the simulation boxes made of pure pHs and doped
Cla@pHj crystal are shown in Figs. [5.22]and [5.23] respectively, and are practically identical.
The top panels show the crystal cohesive energy per molecule with respect to the NNd.
The fcc and hep crystals are constituted by 4000 molecules (n. = 10) and the ico quasi-
crystal by 3870 molecules (10 concentric icosahedral shells). Because of the surface effects
the icosahedral quasi-crystal has the lowest cohesive energy per molecule. The fcc and hep
crystals show almost identical curves. At N, = 4000, the cohesive energy per molecule

of pure pHy fcc and hep crystals are approximately -2.36 kJ/mol, which is slightly above
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Figure 5.22: The cohesive energies per molecule, E.(Ry), from Eq. is converged with
respect to the magnitude of the simulation boxes, i.e. the number of molecules, IV, con-
stituting the pHa-pure crystals with fec (blue curves), hep (red curves) and ico (green
curves) symmetries. The top panel shows the cohesive energies vs the NNdistance, Ry, for
a simulation box made of n., = 10 primitive cells per direction. The middle panel shows
the convergence of the cohesive energies at the minimum NNdistance, Rg‘in, from the top
panel vs Np,. The bottom panel shows the changes in the cohesive energies when increasing
the magnitude of the simulation box, i.e. of number of primitive cells per direction, n., by
steps of one unit.
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Figure 5.23: The cohesive energies per molecule, E.(Rg,04, ¢ 4) from Eq. is converged
with respect to the magnitude of the simulation boxes, i.e. the number of molecules, N,
constituting the Clp-doped crystals with fcc (blue curves), hep (red curves) and ico (green
curves) symmetries. The top panel shows the cohesive energies vs the NNdistance, Ry, for
a simulation box made of n., = 10 primitive cells per direction. The middle panel shows
the convergence of the cohesive energies at the minimum NNdistance, Rg‘in, from the top
panel vs IV,. The bottom panel shows the changes in the cohesive energies increasing the
magnitude of the simulation box, i.e. the number of primitive cells per direction, n., by
steps of one unit.
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5.3 Results: Simulation Boxes for fcc and hcp Crystals

Table 5.13: Nearest-neighbour equilibrium distances, ernm and corresponding cohesive
energies per molecule, Eo(RT™), and E (R, 04,¢4) from Egs. and respec-
tively, of the pure pHs and doped Clo@pHs crystals with fcc, hep and quasi-crystal with
icosahedral symmetries are listed for N, = 4000. All entries are given in nm and kJ/mol.

Molecular System Symmetry RI™ [nm)] E.(R3Y) [kJ/mol]
fec 0.331 —2.36
Pure pHs hep 0.331 —2.36
ico 0.325 —2.08

Molecular System Symmetry R5™ [nm| E.(RjY,64,¢4) [kJ/mol]

fee 0.331 —2.36
Doped Clo@pH, hep 0.331 —2.36
ico 0.330 —2.07

the value expected when using the LJ-potential, that is 8.6¢ [288|. If e = 0.2813 kJ/mol,
i.e. the well depth of the NWB pair potential used for converging the simulation boxes,
the expected cohesive energy per molecule would in fact be -2.42 kJ/mol. In the middle
panels of Figs. and the crystal cohesive energy per molecule is now calculated
by stepwise varying the crystal size, but fixing the NNd at the fixed value Rgﬁn for which
the total energy of the crystal is minimized. At each step, n. is increased by one, so
that the N, increases from 4 x n? to 4 x (n. + 1)3. Thus, when the cohesive energy per
molecule becomes constant with respect to the crystal size, the simulation box converges,
since the interaction between each molecule and the most distant ones becomes negligible.
The hcp and fee simulation boxes, when using the minimum image convention, converge
faster than the icosahedral quasi-crystal, which instead suffers the surface effects, and the
cohesive energy per molecule becomes almost constant for a crystal made of 4000 molecules
with n, = 10. This can be better seen in the bottom panels, where the changes of the
cohesive energy per molecule is plotted again the crystal size. When increasing the crystal
size from n. = 9 to the n. = 10, the change in the energy is about or even less than 1
J/mol depending on the crystal symmetry considered. Please note that the convergence

of the Clo@pHy simulation boxes again assumes the impurity to be directed along the z-
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

direction for the fcc and hep crystals and along the Cs symmetry axis for the icosahedral
quasi-crystal, as in the first-shell cluster calculations in the previous section.

The minimum of the cohesive energy per molecule for both the fcc and hep crystal is
found at the NN equilibrium distance Rfinin = 0.331 nm, which does not fit the experi-
mentally measured value Reyp, = 0.378 nm. Similarly, the cohesive energy per molecule
E.(R™") = —2.36 kJ /mol is more than thrice the sublimation energy value of 0.74 kJ /mol
measured from experiment [289]. This is due to the strong quantum effects, which make
the theoretical treatment of solid hydrogen more elaborate than that of RG crystals. Our
model so far do not account for the large Zero-Point Energy (ZPE), which covers up to two
thirds of the classical cohesive energy EC(Rgﬁn), confirming a rather large quantum effect.

In the next section, the EM will be applied with the aim of including the ZPE and cal-
culating the corresponding translational wavefunctions both for a pIlly and a Cly molecule
in the matrix. Summation of the ZPE to the classically calculated cohesive energies, is
expected eventually to predict the experimental NNd, Rexp, and the correct sublimation
energy, Fs. Additionally, within the multi-stage adiabatic separation, the ZPEs will be
later compared to the rotational energies of the pHy and Cly molecules in order to discuss

whether the rotational and translational DOFs may be, or to which degree, separable.

5.3.8 Translational and Rotational DOFs

The study of the Clo@pHs system involved so far many approximations. In the first step,
the low temperature of liquid Helium ensured the safe separation of the electronic DOFs
of solute and solvent from the other DOFs. In the subsequent step, where internal (vibra-
tional) and external (rotational and translational) DOFs are separated, it is assumed that
only the vibrational ground states of the two molecules are populated and, moreover, that
the coupling to the rotations is negligible. It must be mentioned that this last assump-
tion based either on the gas-phase diatomic constants or on the pair potentials calculated
above, is in turn transferred to the solid-phase, which is indeed a multi-body problem, so
that they have to be thoroughly considered. The internal and external DOFs of Cls, for
example, can be safely separated on the base of gas-phase diatomic constants, since the
spacing between the two first vibrational levels is three order of magnitude larger than the
one between the first rotational states (see Tab. , but the situation could drastically
change in the solid-phase, since the dopant is expected to show a hindered rotation or even
a libration. Thus, vibrations are first neglected, but will be discussed a posteriori in the
next sections after a model is applied for the calculation of the Cly rotational/librational
energy levels in the crystal. The energy difference between the first two vibrational levels
of Hy is only one order of magnitude larger than the one between the first two rotational
levels in the gas-phase. The situation is expected to hold also in the solid-phase, since the
narrow vibrational potential is not expected to undergo drastic changes and the rotational

states are practically undistorted as we learnt from the pair potentials. Thus, conclusions
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5.3 Results: Translational and Rotational DOFs

are now transferred to the solid-phase, a many-body interactions problem, on the base
of just pair interactions. This is justified in the case of Clg, since the solvent-dopant po-
tential describes the distortions suffered by each of the solvent molecule in the vicinity of
the impurity, which, in the spirit of the pair interaction approximation, largely conserves
additivity. This is not true for the (pHs)s potential, since it describes the interaction be-
tween two individual solvent molecules, even though in the crystal each of them is actually
interacting with 12 nearest-neighbours at the same time. Thus, the true distortion of the
rotational levels is probably more than twelve time the distortion undergone under the
presence of only one solvent molecule (less additivity), e.g. the terms of order N > 2 in
the many-body expansion of Eq. becomes more important. Finally, the couplings of
the solvent rotations to Cly internal vibrations is neglected, which introduces an error in
the RA pHy-Cly pair potential with an upper limit of 8% in the linear configuration when
the solvent molecules lie along the Cly bond (head-on), see Sec. For the same reasons
just discussed, these last conclusions based on pair potentials are again safely transferred

to the solid-phase.

Once the internal DOFs are adiabatically separated, still all possible non-adiabatic cou-
plings between translational and rotational DOFs has to be disclosed. From now on, the
models applied serve for the calculation of rotational and translational energy levels of
molecules embedded in the crystal, so that all conclusions refer to the solid-phase. Those
models suffer from the same range of errors just discussed, i.e. the neglect of the NACTs
terms between solvent rotational and solute vibrations and of higher order terms of the

many-body expansion, in particular the three-body term.

In general, rotational and translational DOFs of a molecule are separable only in the gas-
phase, whereas in the solid-phase the situation is highly complicated by the non-adiabatic
interactions with the matrix. The translations in the gas-phase, become external vibrations
around the lattice nominal positions in the solid-phase’. Such vibrations can be analyzed
in terms of collective motions, which give rise to phonon modes, the quantum-mechanical
equivalent of classical vibrational normal mode. Phonon modes are coupled in different
ways to the internal vibrational [290] and in particular to the rotational DOF [27,291-294]
of the solvent as well as of the solute molecule.

Translational and rotational PESs can be explored simultaneously by rotating the test-
molecule around its COM and by displacing it at the same time. This allows also for the
calculation of the NACTSs given in Egs. and of Sec. However, along this
investigation the two DOFs are treated separately. On one side, the translational PES
is explored along different crystallographic directions, on the other side, the rotational

PES is explored for different lattice symmetries. In the limiting case of complete AS, no

"Please note that in the literature translations in the crystals are often synonymous to vibrations, since
the molecules or atoms move back and forth from their nominal lattice positions. Recall that they have
been called "external” vibrational DOFs in Chap. [2] in contrast to the “internal” vibrational DOFs.
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Figure 5.24: The first 12 and second 6 nearest-neighbours are shown for the pure and Cly-
doped pHy crystals in the left and right panels, respectively. Their positions are optimized
in the 1D and 3D non-rigid EMs.

dependence of the translational energy levels on the rotational DOFs, and vice versa, is
expected to be observed. The individual PESs are evaluated by using the Einstein Model
(EM) [173] and the Devonshire Model (DM) [174] for the translational and the rotational
DOFs, respectively. In both models, the interaction potentials are calculated as the change
in the crystal cohesive energy when only the central molecule in the lattice, also called test-
molecule, is displaced from its nominal lattice position, or rotated around its COM fixed at
its nominal lattice position, respectively, while keeping all other molecules frozen (classical
treatment). Fig. shows a pHa (left) and a Cly (right) molecule, embedded in the
nearest environment, i.e. the first two shells of pHo molecules in a fcc lattice. The PESs
felt by the test-molecules are effective, since they account for also the anharmonicity of
the system. Afterwards, they are inserted in the respective translational or rotational SEs
in order to calculate the corresponding quantum states. However, this classical treatment
is expected not to hold in the case of translational quantum crystals, because of the large
quantum mechanical distribution functions and of the high anharmonicity due to the large
amplitude of such translational motions. Moreover, the large lattice constant makes the
solid hydrogen to be a spacious and soft lattice for guest molecules [6]. Experimental studies
on doped para-hydrogen show indeed that the rotational parameters of doping species are
typically about 90% of those in the gas phase and even less affected than in He droplets,
see for example [295]. The inverse compressibility, called bulk modulus, was calculated in
Ref. [176| to be 1.6 kbar at the zero-temperature limit. As an example, the experimental
bulk modulus for solid Ne and Ar at 0K are 11.2 and 26.7 kbar, respectively [296].

Along this work we try to include the softness of the crystal by considering a non-rigid
environment, which allows the molecules to move away from their nominal positions, but

still treats them in a classical way, so that their quantum mechanical distribution functions
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5.3 Results: Translational and Rotational DOFs

are still neglected. By means of an optimization routine, the lattice is relaxed around the
central molecule trying to simulate the ability of the pHs molecules to partially adjust their
positions and favourably lower the total energy of the crystal. Unfortunately, due to the
computational costs of optimizing the position of the N, — 1 molecules in the crystal, only
the positions of the first two coordination shells are optimized for a total of 18 molecules,
12 from the first coordination shell and 6 from the second shell, whereas the remaining
N, — 19 molecules are still kept frozen. For the fcc lattice, the first two shells form the
octahedrons depicted in Fig.

All equations were implemented by using the TrajLab software [274], whereas the SEs
are solved by using the WavePacket software [297].

Translational DOFs: The Einstein Model [173]

The harmonic EM has been proposed by Einstein in 1907 to solve the problem of specific
heats of solids, which had not found adequate explanation in classical mechanics. It as-
sumes all particles in the solids to be independent three-dimensional quantum harmonic
oscillators vibrating at the same frequency, w; (in contrast to the Debye model, which con-
siders instead collective phonon motions). The idea behind the EM can be easily traced
back to the concept of adiabatic separation applied to the translational motions of particles
in a solid. If they vibrate independently of each other, then the ZPE of a crystal within
the EM is calculated just by summing over the ZPEs of the single oscillators.

This simple model has been successfully applied to rigid lattices, such as RG matrices,
but fails when applied to translational quantum crystals. Therefore, the harmonic EM
has been extended in order to include different properties. The 1D “anharmonic Einstein
model” proposed by Manz et al. in Ref. [16] includes anharmonicity effects. Within this
model the potential is evaluated by displacing a test-molecule away from its nominal lattice
position, while all the other molecules are treated classically, that is for T = 0 K. Never-
theless, such potentials effectively include the anharmonicity of the system. The quantum
mechanical character of solid hydrogen is in contrast included in the "quantum Einstein
model” by Rosciszewski and Paulus [237]|, who use a distribution function for describing
the positions of the molecules in the lattice. They use the idea of the Self Consistent Field
method (see Sec. in order to average the effective potential over all the quantum me-
chanical distribution functions. However, they fit the obtained potential to an harmonic
potential, so that possibly existing anharmonic contributions are cut out, which is in con-
trast with the argued anharmonicity of translations in quantum crystals. Unfortunately,
an extension of the quantum EM to include anharmonicity corresponds to average over
distribution functions others than Gaussians, which is expected to notably increase the
already non negligible computational efforts of the Self Consistent method. An important
property of translational quantum crystals, which has been neglected so far, is its high

compressibility [176,207|, which implies a "soft” matrix. The anharmonic Einstein model
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(EM) is therefore partially rethought in the present work in order to account for it. In
practical terms, the first 2 coordination shells around the test-molecule, will be allowed
to relax and move from their lattice nominal positions in order to simulate a less rigid
environment. In this context, the model could be named "non-rigid anharmonic EM”.
First we extend the 1D anharmonic EM [16] to a 3D model, here simply called rigid EM.

The effective PESs are evaluated by implementing the following equation

Np
Vi (0R a; Ra, [0, $a]) = % > V(6Ra = Rj; Ra, [04,64]) — Ee(Ra, (04, 64]) , (5.57)
Pj>1

where, for A = Clg, the potential is evaluated at 4 = ¢4 = 0, independently of the
crystal symmetry considered. Otherwise, if A = pHs (or 0Ds), the parameters 04 and ¢4
can be just dropped, since they have already been averaged out in the calculation of the
pair potential (doubly rotational adiabatization). E.(Rg,[04,¢a]) is the cohesive energy
per molecule of the crystal before displacing the test-molecule (see Egs. and in
Sec. . In order to evaluate Eq. the simulation box is reduced to n. = 3 cells
in each direction for a total number of molecules, N, = 4 x 3% = 108 without loss in the
accuracy of the simulations, since systematic errors are cancelled out by the subtraction.

When the matrix is relaxed around the test-molecule, the model is called "non-rigid EM”.
Within this approach, Eq. becomes:

Np

o . 1 L ~
Vem(0R4; Ra, [04,94]) = | min _§ 5 Y V(6Ra — RBj; Ra, [0, 6.4]) — Ec(Ra, [04,64]) p (5.58)
i>1

where C is the maximum allowed displacement of the caging molecules away from their
nominal lattice positions, used as a constraint in the optimization routine, and EC(Rd,
(04, pa]) corresponds to E¢(Rg, [04, $4]) in the non-rigid model, that is the cohesive energy
of the crystal when keeping the central molecule at its nominal lattice position and relaxing

the remaining molecules.

N

- _ 1 — . .

Ec(Ra, [0, ¢a]) R dm 33 > V(B — Rj;Ra,[04,64)) ¢ - (5.59)
! ’ J>1

Within the non-rigid model the number of cells per direction of the simulation box is
increased from n. = 3 to 4, so that the total number of molecules becomes N, = 4 x 43 =
256.
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5.3 Results: Translational and Rotational DOFs

By following the notation in Sec. [2.2.5] the translational SE is written as

(Hira(Vsz, 6Ra; Ra, [04,04]) — ES™""""(Rq,[04, $a])) x
X WO (GRA; Ry, [0, 64]) =0, (5.60)

For A = Clp, the latter equation closely resembles Fq. except for the additional
parameter R;, which determines the positions of all molecules in the crystal and appears
because the multi-stage adiabatic separation tool is now applied on the solid phase. The

translational Hamiltonian is defined as

2 .
Asp, T WOT"(6Ra; Ry, 04, 64])  (5.61)

I:Itra(ﬁ(gﬁAa 6ﬁAa Rda [9147 ¢A]) — 72MA SR

where the parameters { Ry, 04, ¢4}, the variable 5]§A and the interaction potential W ("=v=0
(Ra,[04, d4]) correspond respectively to the parameters {6, ¢}, the variable Ry, and the

—

potential mra(étra; 0,0) = W (Rext) in Egs. m Finally, the potential W"="=0(R,,

ext
[04,}4]) is one of the translational PESs, either Vign(6RA; Ry, [04, 64]) or Vin(6R 4; Ra,
[04,¢4]), within the rigid and non-rigid EMs, respectively, i.e. Egs. and
The SE is solved in order to obtain the translational ground state wavefunctions and the

corresponding probability densities
P~ (6RA: Ra, [04,041) = (WG " (6R 4 Ra, [0, 04D (5.62)

which are in many cases very close to Gaussian distributions and are, therefore, fitted to

the following Gaussian function (in 1D)

, (5.63)

g

(k=0) . ~ ORA ?
pa (0RA; Ry, [0a,04]) ~ Noexp |—|—

with o always referring to the widths along the crystallographic direction of the fcc and the
hep crystals properly chosen case by case (for the Cartesian coordinates and the respective
Miller indices refer to Fig. .

The ZPEs, E{"™""""="(Ry,[04,¢a]) are finally summed to the respective classically
calculated cohesive energies E.(Rg,[04, ®4]) in order to find the ZPE-corrected interaction

potential of a particle in the translational quantum crystal, namely:
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Vom(Ra, [04, 4]) = Ec(Ra, [04,04]) + ES """ (Ry, [0, $4]) , (5.64)

where QM stands for quantum mechanical. For the discussion, the following particular
NNds are additionally defined: The NNd, R., at the minimum of the classical cohesive
energy curve E¢(Rg,[04,¢4]) from Eq. and the NNd, Ry, at the minimum of the
ZPE curve Ey"="="*"(Rg, [0.4, ¢4]) from Eq.[5.60, and the quantum mechanical corrected
NNd, Rqwm, at the minimum of the effective ZPE-corrected curve Vom(Ry, [04, ¢4]) from

Eq. [5.64

R. = arngin(EC(Rd,[HA,(;SA])), (5.65)
d

Ry = arg min(E(()":”:O’k:O)(Rd, [04,04])) , (5.66)
Rg

Rou = arngin<VQM(Rd7[0A7¢A]))a (5.67)
d

where arg min defines the value of the argument at the minimum of the corresponding
function. Rqwm and —Vgum (RQM) are directly compared to the experimental NN equilibrium
distance, Rexp = 0.3789 nm and Reyp = 0.3610 nm, and to the sublimation energies,
Es = —Voum(Rqum) = 0.74 and 1.1 kJ/mol [289] for the pHo@pHy and 0D2@oDy systems,

respectively.

pHy/0D;y Translational Zero-Point Energies in the Matrix.

fce rigid EM

In the one-dimensional EM proposed by Manz and coworkers, the test-molecule was dis-
placed along the <100>, <110> and <111> crystallographic directions of an fcc-lattice.
Thus, they used one-dimensional versions of Egs. [5.57, [5.60] and [5.61| [L176]. The effective
potential Viy(Rg) was calculated by using the NWB pair potential and the resulting ZPEs

Eé”:”:()" "=9(R,) approximated by the sum of the ZPEs along the three chosen directions:

E{=70(Ry) = BT (er; Ra) + B (ea; Ra) + By~ (e3; Ra) (5.68)

where e;, e; and e3 are unit vectors along the <100>, <110> and <111> directions.
Such approximation is based on the fact that along those crystallographic directions the
probability distributions are nearly isotropic, that is the ZPEs depend weakly on the di-
rection of the translations. This has been already proved in Ref. [176|to be the case within

a certain range of g values including Rexp, but the ZPEs have in turn shown dependence

182



5.3 Results: Translational and Rotational DOFs

Rd=0.33nm o I$d=0‘.33m‘n

------ Gaussian
= = = Gaussian
— Gaussian

VEM [kJ/mol]

05

Rd=0.38 nm

o " E
£ g0
=
= 4
2 —
m =]
> Vv

‘6‘ - .
E Zo
S 5
E :

E o005
> v

<,
),

L= i W i ‘ \ / B
-02 -0.15 0.1 005 0 005 01 015 02 02 015 -01 005 0 005 01 015 02

OR, [nm] [10mm] <100> [nm]

Figure 5.25: pHo@pHs effective potentials, Ven(Rg) in Eq. , are evaluated in the fcc
crystal within the 1D rigid EM (panels (a), (¢), (e) ) along the e = <100>, <110>,
<111> directions, and within the 3D rigid EM (2D cuts in panels (b), (d), (f)), along the
{001} plane at three representative NNds, Ry = 0.33, 0.38 and 0.42 nm (top, middle and
bottom panels, respectively). Contour lines are given in a logarithmic scale by 48 steps
between 0.001 and 100 kJ/mol. The corresponding ground state probability densities,
pfffzo)(dﬁA;Rd) in Eq. are superimposed. For the 1D model at the experimental
NNd, Rg = Rexp = 0.38 nm in panel (c) the corresponding Gaussian approximations (blue
curves) in Eq. [5.63| are additionally plotted.
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Figure 5.26: pHo@QpHy effective potentials, Vem(Ryg) in Eq. , are evaluated in the fcc
crystal within the 3D rigid EM at the experimental NNd, Ryp = Rexp = 0.38 nm. 2D cuts
are plotted together with the probability densities (red curves), p'y =" (6R 4; Rq) in Eq.[5.62
and their approximated Gaussian functions (blue curves) in Eq. along the {001} and
{110} planes in panels (a) and (b), respectively. The 1D cuts along the <100>, <110>
and <111> directions are additionally plotted in panel (c) together with their Gaussian

approximations.
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on the direction of displacement for larger NNds. These results are reproduced in panels
(a), (¢) and (e) of Fig. and compared now to the extended three-dimensional (3D)
EM in the corresponding next panels (b), (d) and (f). The 2D cuts of the 3D effective
potentials ViEm(Rq) (black contour-lines) have been also obtained by using the NWB pair
potential and are shown at the same three representative NNds, Ry = 0.33, 0.38 and 0.42
nm, respectively, in the top, middle and bottom panels. In the former case, the three
one-dimensional (1D) cuts along the <100>, <110> and <111> fcc crystallographic di-
rections are depicted, whereas in the latter 3D model, two-dimensional (2D) contour plots
are shown along the {001} plane (z and y Cartesian directions defined in Fig.[5.20). Please
note that due to the O, symmetry of the fcc crystal, the (001), (100) and (010) planes are
equivalent. Similarly to the 1D model, when increasing Ry from 0.30 nm to 0.42 nm, the
effective potential becomes flatter (black curves), since the test-molecule has more space
at disposal for translating. At the largest NNd, Ry = 0.42 nm, the double-well potential in
panel (e) within the 1D model becomes four-well shaped in panel (f) within the 3D model.
As the potential becomes flatter, the corresponding ground state probability density (PD)
(red curves and green contour lines for 1D and 3D plots, respectively) broaden and the ZPE
decreases. The background colour-code in panels (b), (d) and (f) corresponds to the de-
creasing of the ZPE when going from light to dark yellow. Only at the experimental NNd,
Rexp = 0.38 nm, the resulting PDs have been approximated by Gaussian distributions (see
Eq.[5.63) and superimposed (blue curves) in Fig.[5.25c) to the 1D PDs. The same is done
in Flgs “ ) and [5.26) - ) for the 3D EM, where 2D cuts of the PDs are superimposed to
their corresponding 2D Gaussian approximations, respectively along the {001} and {110}
crystallographic planes. The diagonal dashed-lines in Figs. E a) and [5.26] - ) indicate
the <110> and the <111> directions. Finally, for better comparison with the 1D model,
1D cuts of the effective potentials and of the PDs along <100>, <110> and <111> are
extracted from the 3D model and plotted in Fig. [5.26]c), the blue curves being again 1D

Gaussian approximations.

In addition to the anharmonicity of the effective potentials, both the 3D and the 1D
model show a notable dependence on the direction of the displacement at the largest NNd
(Rg = 0.42 nm), where the effective potentials become double- and fourth-well shaped
and the wavefunctions deviates, therefore, from Gaussian distributions. This latter case
justifies the extension to an anharmonic EM. The widths of the Gaussian approximations
at the experimental NNd, Rey, — 0.38 nm, are listed in Tab. The translational PDs
become more similar to their Gaussian approximations, and their widths are practically
independent from the crystallographic direction, in particular in the 3D EM. This is easily
discovered comparing Figs. “ and- . In Ref.[176/the 1D Gaussian approximation
is given only for the PD arithmetically averaged over the three directions, that is phy ) =
(P(<k1(;)())> + p s + p(<k1101)>) = 0.0876 nm~!. Thus, extension to the 3D model results in

slightly narrower wavefunctions in position space and, in turn, in broader wavefunction in
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Figure 5.27: pHy@pHy effective potentials, Venv(Ry) in Eq. are evaluated in the hcp
crystal within the 3D rigid EM (2D cuts) along the xy-plane (panels (a), (d) and (g)), along
the yz-plane (panels (b), (e) and (h)) and along the zz-plane (panels (¢), (f) and (7)) at
three representative NNds, Ry = 0.33, 0.38 and 0.42 nm (top, middle and bottom panels,
respectively). Contour lines are given in a logarithmic scale by 48 steps between 0.001
and 100 kJ/mol. The corresponding ground state probability densities, pfzo)(éé A; Rg) in

Eq. [5.62} are superimposed.

186



5.3 Results: Translational and Rotational DOFs

Rd =0.38 nm
0.15 ; . ‘

y [nm]

7z [nm]

o Gaussian
= = =Gaussian
Gaussian

—0i1 —OA‘05 0 OA‘OS Ot1 0.1!
OR [nm
A [nm]

Figure 5.28: pHo@pHj effective potentials, Venv(Ry) in Eq. are evaluated in the hcp

crystal within the 3D rigid EM at the experimental NNd, Rg =Rexp = 0.38 nm. 2D cuts
are plotted together with the probability densities (red curves), p'y =" (6R 4; Rq) in Eq.[5.62
and their approximated Gaussian functions (blue curves) in Eq. along the zy and xz

planes in panels (a) and (b), respectively. 1D cuts along the x, y and z directions are
plotted in panel (c).
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Table 5.14: The widths o of the 1D Gaussian function defined in Egs. and approxi-
mated to the probability densities resulting from the 1D and 3D rigid EMs when using the
(pHs2)2 pair potential by NWB are listed for the fcc and hep phases. All values are given
in nm™! at Rexp, — 0.380 nm.

rigid Model O.<100> O.<110> O.<111> C

1D-fec 0.0865 0.0761 0.0788 0

3D-fcc 0.0789 0.0759 0.0763 O

non-rigid Model ¢<100> <110> ,<ll1> &

0.1041 0.0849 0.0916 0.01
1D-fec 0.1245 0.0918 0.1069 0.02
0.1356 0.0983 0.1167 0.03

0.0898 0.0853 0.0867 0.01

3D-fec 0.0955 0.0904 0.0923 0.02
rigid Model o” load o? C
3D-hep 0.0778 0.0772 0.0775 0

momentum space, that is higher translational energies. The values of E{"~"="""(Rqum)
can be compared in Tab. both for the pHy@pHs and 0Ds@oD4 systems and for both
the fcc and hep lattices, when using the (pHsg)s pair potentials of NWB, GS and from the
present work. In particular, when going from the 1D to the 3D EM the ZPEs increase
approximately by a 20% and 10% for the two systems, respectively, independently of the
(pHso)o pair potential used and the lattice structure considered, calling for the extension
to the 3D EM. Next to the ZPEs, Tab. additionally shows the respective values of the
quantum mechanical NNd, Rqwm (see Eq. .

hep rigid EM
The 1D and 3D EM have also been applied to the hcp crystal. The results are presented in
Figs. and but only for the 3D model. Since the test-molecule is displaced along

the Cartesian directions x, y and z, the Miller indices are not used along this section (see

188



5.3 Results: Translational and Rotational DOFs

Fig. . The orthogonal x, y and z directions as well as the three xy, yz and xz planes are
not equivalent as in the fcc-lattice because of the lowered symmetry. Along the xy-plane,
the central molecule is at the center of the honeycomb-like hexagon typical for closed-packed
lattices, which gives the regular hexagonal shapes to the effective potentials in panels
(a), (d) and (g). In particular, the vertices of the hexagon correspond to displacements
directed between two NNs, whereas the middle of the sides, where the potential is steeper,
to displacements directed against a NN. Panels (b), (e) and (h) show the cuts along the
yz-plane. The effective potential has also an hexagonal shape, but is elongated, that is
shallower, along the z-direction, since the central molecule is directed against the triangular
windows, whereas in the y-direction the potential is steeper, because it encounters a NN.
The potential along the xz-plane in panels (¢), (f) and (i) present less regular and less
intuitive shapes. This irregularity is due to the fact that only two NNs lie on this plane,
both in the z-positive half, where the potential is indeed steeper, whereas in the z-negative
half, the NNs are all off-plane resulting in a shallower effective potential. The asymmetry
of the effective potential along the z-direction is also observed in Fig. [5.28|c), where 1D
cuts of the PDs at the experimental NNd, Reyxp, = 0.38 nm, are shown together with the
Gaussian approximations to them. The 2D PDs along the xy (most symmetric) and zz
(least symmetric) planes are also approximated to 2D Gaussian functions and shown in
Figs. [5.2§(a) and [5.28(b). The resulting 1D widths have been collected in Tab. and
reveal that despite the stronger anharmonicity of the hcp effective potentials, in particular
along the x-direction, the PDs are again very close to Gaussian distributions and their
widths even more similar to each other, i.e. more independent from the crystallographic
direction. When comparing the Gaussian widths of the two different lattice structures, fcc
and hcp, one sees that the 3D wavefunctions are, very similar, as expected on the base of

the environment felt by the test-molecule, which is identical for the first coordination shell.

The Voum(R4) (green-), Ec(Ry) (red-) and Ey'="="*="(R,) (blue-)curves are shown to-
gether in Figs. [5.29] and [5.30] respectively for the pHo@pHy and 0D2@oDy systems. The
red curve is the same in all panels, since the classical cohesive energy is obtained using the
NWB pair potential, which describes both the (pHz)s and (0Dg)2 interactions. R. = 0.331
nm, is highlighted by the X-marker on the red curves. In contrast, E""""""""(R,) and
Vom(R4) depends on the mass and on the EM used. Rqwm and Vum(Rqwm) are highlighted
by the X-mark on the green curves and their numerical values listed in Tab. The dot-
mark shows the Voum(Rqwm) value obtained in Ref. |237| (only for the pHo@pHy system) by
using the quantum Einstein. Their Rqu value is only 0.6% shorter than the experimental
one, but the sublimation energy, Fy is underestimated by about 26%. Finally, the cross-
mark shows the experimental NNd, Reyp, and sublimation energy, g, given in Ref. |289L
By using the 3D EM we found Rqgwm = 0.381/0.381 nm and 0.363/0.362 (fcc/hcp), which
are only 0.5% longer than the experimental ones, and sublimation energies, —VQM(RQM)
of about 0.85 and 1.2 kJ/mol which are only 12% and 8.3% larger than the experimental
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

values for the pHo@pHs and 0Do@oDs systems, respectively. Finally, our 3D anharmonic
EM reduces the classical cohesive energies by 64% and 49%, respectively and comes very

close to the experimental values.

These results are in very good agreement with the experiments. Thus, in spite of all ap-
proximations introduced so far, as for example the omission of the three-body interactions,
but in particular the classical treatment of the remaining N,-1 molecules in the lattice, the
three-dimensional extended rigid EM works well for translational quantum crystals. Since
the quantum EM in Ref. [237| averages the effective potential over all quantum mechanical
positions of the neighbouring molecules (within a cutoff distance of 1 nm), but neglects
anharmonicity, by fitting the potential to a harmonic form, the two model are in some
sense complementary. Unfortunately a combination of them, even if theoretical possible, is
expected to be very expensive from the computational point of view, since the calculation
of the effective potential within the quantum EM would involve the solution of complicated

three-dimensional integrals, which in the harmonic model have been evaluated analytically.

fcc non-rigid EM

In order to calculate the ZPEs within the non-rigid EM, an optimization procedure is
carried out by stepwise increasing the constraint C' in Eqgs. and [5.59] which is the
maximal change allowed to the three components of the displacement vectors of each
molecule, so that the absolute value of the displacement vector can be larger than C. At
each step the constraint C is increased by 0.01 nm and the geometries optimized in the
previous step are taken as starting point and further optimized in the next step. Thus
the 183-dimensional optimization procedure is subdivided in smaller sub-tasks diminishing
the risk of remaining trapped in a local minimum. Moreover, from one step to the next,
one can monitor the degree of relaxation around the central molecule until in principle
the global minimum is reached and the displacements from the nominal lattice positions

converge to a maximum value.

First the 1D non-rigid EM is applied. The results are presented in Fig. In panels
(a), (d) and (g) the first two solvation shells are allowed to move not more than C' = 0.01
nm away from their position. In panels (b), (e¢) and (h) the constraint is enlarged to
C = 0.02 nm and, finally, in panels (¢), (f) and (i) to C = 0.03 nm. In the three top
panels, when going from C' = 0.01 to 0.03 nm, no significant changes are observed in the
effective potentials, since the crystal is so densely packed, that the relaxation process easily
converges. At the experimental NNd, Ry =0.38 nm, comparing additionally Fig. c)
(C =0 nm) to Figs. p.31|(d), 5.31](€) and [5.31] f), one observes the effective potential cuts
become less repulsive and the wavefunctions broader. Please note that the barrier forming
the double-well effective potential appears at shorter NNds with respect to the rigid EM,
since the first two solvation shells can now adjust their position creating the condition for
the minimum configuration at larger displacements, dR4. Thus, the effective potentials

become double- or even quadruple-well shaped already at shorter NNds. However, as long
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5.3 Results: Translational and Rotational DOFs

Table 5.15: The NNds, Rqu (see Eq. and the ZPEs, EJ"™"""**(Rexp) and
B (Rqum), of the pHy and oDs within the 1D and 3D rigid and non-rigid EMs are
compared for both the fcc and hep lattices using the (pHs)2 potentials by NWB, GS and
from the present work. Rexp = 0.380 nm. Energies are given in kJ/mol.

pHa
Pair Pot. |  Lattice 1D +1D + 1D \ 3D
rigid EM
Eo(Rowm) | Eo(Rexp) | Roum | Eo(Bqu) | Eo(Rexp) | Rom
NWB fcc 0.637 0.777 | 0.386 0.828 0.888 | 0.381
hep 0.694 0.813 | 0.384 0.838 0.885 | 0.381
e fec 0.605 0.771 | 0.387 | 0.798 0.879 | 0.383
hep 0.667 0.806 | 0.386 0.807 0.876 | 0.382
Present fce 0.587 0.858 | 0.392 0.785 0.974 | 0.388
Work hep 0.640 0.895 | 0.391 0.901 0.970 | 0.387
non-rigid EM
NWB fce (C=0.01) 0.472 0.588 | 0.384 0.773 0.665 | 0.373
fce (C=0.02) 0.498 0.507 | 0.358 0.745 0.618 | 0.369
OD2
Pair Pot. Lattice 1D+1D+ 1D 3D
rigid EM
NWB fee 0.741 0.732 | 0.364 0.818 0.792 | 0.363
hep 0.762 0.751 | 0.364 0.817 0.788 | 0.362
e fec 0.719 0.723 | 0.364 0.793 0.782 | 0.363
hep 0.738 0.741 | 0.364 0.793 0.778 | 0.363
Present fce 0.718 0.816 | 0.369 0.801 0.876 | 0.368
Work hep 0.739 0.836 | 0.369 0.801 0.872 | 0.368
non-rigid EM

NWB fce (C=0.01) 0.731 0.584 | 0.354 0.806 0.4637 | 0.353
fce (C=0.02) 0.681 0.565 | 0.356 0.750 0.576 | 0.353
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Figure 5.29: The pHo@pHy cohesive energy, E.(Rg) (red curve) in Eq. the ZPE,
E{==""9(R,) (blue curve) in Eq. [5.60] and the ZPE-corrected interaction potential,
Voum(Rg) (green curve) in Eq. evaluated in the hep crystal within the 1D and 3D
rigid EMs (panels (a) and (b), respectively), the 1D and 3D rigid and non-rigid EMs
(panels (c), (d), (e), (f), respectively) using the (pHz)2 potentials by NWB are depicted

in the range of Ry = 0.30 — 0.45 nm.
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Figure 5.30: The oD2@oDsy cohesive energy, E.(Rg) (red curve) in Eq. , the ZPE,
E{==""9(R,) (blue curve) in Eq. [5.60] and the ZPE-corrected interaction potential,
Voum(Rq) (green curve) in Eq. evaluated in the hep crystal within the 1D and 3D
rigid EMs (panels (a) and (b), respectively), the 1D and 3D rigid and non-rigid EMs

(panels (¢), (d), (e), (f), respectively) using the (pHz)2 potentials by NWB are depicted
in the range of Ry = 0.30 — 0.45 nm.
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Figure 5.31: pHo@pH, effective potentials, Vign(Rg) in Eq. , are evaluated in the fcc
crystal within the 1D non-rigid EM along the e = <100>, <110>, <111> directions at
three representative NNds, Ry = 0.33, 0.38 and 0.42 nm (top, middle and bottom panels,
respectively). In panels (a), (d) and (g) the constraint is set to C' = 0.01 nm, in panels
(b), (e) and (h) it is set to C' = 0.02 nm and in panels (c¢), (f) and (7) it is set to C' = 0.03
nm. The corresponding ground state probability densities (red curves), p(jzo)(éﬁ A; Rg) in
Eq. are superimposed. For the 1D model at the experimental NNd, Rg =Rexp = 0.38
nm in panel (¢), the corresponding Gaussian approximations (blue curves) in Eq. are

additionally plotted.
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Figure 5.32: pHo@pH, effective potentials, Vinm(Ry) in Eq. are evaluated in the
fcc crystal within the 3D non-rigid EM at the experimental NNd, Rgp =Rexp = 0.38 nm.
2D cuts are plotted together with the probability densities (red curves), pfzo)(éﬁA; Ry)
in Eq. and their approximated Gaussian functions (blue curves) in Eq. along
the {001} and {110} planes in panels (a), (b),(c),(d), respectively. The 1D cuts along
the <100>, <110> and <111> directions are additionally plotted in panel (e) and (f)
together with their Gaussian approximations. In panels (a), (¢) and (e) the constraint is

set to C' = 0.01 nm, whereas in panels (b), (d) and (f) it is set to C' = 0.02 nm.
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as the height of the barriers is lower than or in the same order of the ZPE, the wavefunctions
are still well approximated by the Gaussian distributions as depicted by the blue curves in
panels (b), (e) and (h). On the contrary, at Ry = 0.42 nm, the barriers are energetically
above the ZPEs strongly affecting the wavefunctions, which notably deviate from Gaussian
distributions. Please note also that the effective potentials become so shallow that the
respective wavefunctions become in some case broader than 1 nm, and the relaxation does
not converge completely! Thus, if one would treat the non-rigid model in a quantum
mechanical way, one would have to average the effective potential with respect to very

delocalized and broad wavefunctions.

Application of the 3D non-rigid EM gives similar results as in the 1D treatment. This is
already seen in Fig.[5.32] where the 2D cuts of the effective potentials are plotted along the
{001} and {110} fcc crystallographic planes together with the 2D reduced PDs (red lines)
and their Gaussian approximations (blue lines). Panels (a), (¢) and (e) show the results
for the C' = 0.01 nm, whereas panels (b), (d) and (f) for C = 0.02 nm. Optimization has
not been possible when setting C' = 0.03 nm, since the potential becomes too flat and the
wavefunctions tend to the particle-in-the-box ones. Panels (e) and (f), finally show the 1D
cuts along the <100>, <110> and <111> fcc crystallographic directions extracted from
the 3D model and fitted to 1D Gaussian functions.

The Gaussian widths at the experimental NNd, Rexp, = 0.38 nm from the 1D and 3D
non-rigid models have been collected in Tab. for comparison with the ones from rigid
model. When increasing the constraint C', the effective potentials become shallower and the
widths of the wavefunction increases. However, the PDs are still well approximated by their
Gaussian fits showing that the bottom of the effective potential is still nearly harmonic.
The anisotropy of the effective potentials eventually increases faster for increasing values
of C in the 1D than in the more realistic 3D model, which means that the total ZPE
cannot be approximated as the sum over the 1D ZPEs. The values of Eé”zv:o’kzo)(RQM)
are summarized in Tab. and confirm that the ZPES are slightly lowered compared
to the corresponding 1D and 3D rigid EMs, however, when going from the 1D non-rigid
EM to the 3D one, the ZPE again increase by about 20% and 10% for the pHo@pHs and

oDs@oDs systems, respectively, as seen above within the rigid EMs.

The Vm(Rq) curves obtained with the non-rigid EM are represented by the green lines in
Figs. [5.29(e) and [5.29|( /) and [5.30)e) and [5.30] f) respectively for the 1D and 3D cases and
for the pHo@pHs and 0D2@oDs systems. The colour code and the meanings of the marks
are the same as before. In the case of the pHo@pHs system the quantum mechanical
NNds, Rqm are about 5.5% and 2.6% shorter than Ry, and the sublimation energies,
that is —Vom(Rqm), overestimated by about 65% and 55% by the 1D and 3D models,
respectively. In the case of the 0Ds@oDy system they are about 1.4% and 2.2% shorter
than the experimental ones and the sublimations energies overestimated by about 30% and

27%, respectively. Thus, the results obtained within a 3D rigid lattice are in a much better
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agreement with the experimental values than within a 3D non-rigid lattice. This may be
ascribable to the time scale of the relaxation process, which is not taken into account in
the optimization routine. Two opposite pictures can be proposed: In one case, the caging
molecules are able to rapidly adjust their positions (non-adiabatic approximation). In the
opposite case, the test-molecule is moving so rapidly that the other pHy molecules cannot
adapt to the new configuration (adiabatic process). Reality stays somewhere in between
these two extreme cases. The optimization routine certainly works in the non-adiabatic
regime, since it just searches for the new global minimum on the PES after displacing the
central molecule, i.e. the system has in principle an infinite time to find its new most stable
configuration, whereas the real relaxation process in the pure crystal seems to be much
closer to the adiabatic regime. Thus, if there would not be other sources of error, from the
resulting ZPEs we could state that the rigid EM is more adequate. As a consequence, the

non-rigid EM has not be applied to the hcp lattice.
Cl, Translational Zero-Point Energy in the Matrix
In this section the rigid and non-rigid EMs are applied to the Clo@pHy system. This

should be considered as a preliminary step towards a more complete and realistic quantum
dynamical simulation of the experiments carried out in Refs. |15,204, where the doped
Cly@pHy sample is grown without any annealing process, so that the crystal is expected
to exhibit a mixed fce/hep structure [15]. In the previous quantum dynamical simulations
carried out in Ref. [16] to which we refer for comparisons, an fcc lattice structure has been
assumed. Moreover, the authors just assumed that the Cly bond points in the direction
of a vibrationally excited Hy molecule of the surrounding cage without specifying any
crystallographic direction. Following the results in Sec. [5.3.6] where small doped clusters
have been grown, in the present simulations the impurity is assumed to occupy a single
substitutional site at the center of an fcc lattice site. Moreover, only the <001> direction
is considered (see Fig.[5.19). The subsequent investigations of the Cl, rotating in both fec
and hcp lattices in the next section, actually show that other crystallographic directions

may also be of interest for a more complete treatment.

fce rigid EM

The results from the 1D and 3D rigid EMs are compared in Fig. With respect to the
1D model, since the Cly molecule points in the <001> crystallographic direction, the 1D
cuts of the effective potential along the <100> and <010> directions are degenerate. In
panels (a), (d) and (g), the effective potential and the corresponding probability densities
(PD) are superimposed, showing that the potential is shallower along the <001> direction
than along the <100>=<010> directions, since in the former case the Cls points to the
center of the square formed by the first NNs, easily passing through and moving to the
second NN (the vertex of the octahedron), whereas in the latter case it has to pass through
the lateral (equivalent to the first) square of NNs, but with the Cls bond parallel to the
square diagonal (see also Fig. and [5.24)), encountering more resistance. From the blue
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Figure 5.33: Cly@pHy effective potentials, Vin (6B 4; Ra, 04, ¢ 4) in Eq. m, are evaluated
in the fec crystal within the 1D rigid EM (panels (a), (d), (g) ) along the <100>= <010>
and <001> directions, and within the 3D rigid EM along the {001} plane (2D cuts in
panels (b), (e), (h)) and along the {010} plane (2D cuts in panels (¢), (f), (7)) at three
representative NNds, Ry = 0.33, 0.38 and 0.42 nm (top, middle and bottom panels, re-
spectively). Contour lines are given in a logarithmic scale by 48 steps between 0.001 and
100 kJ/mol. The corresponding ground state probability densities, pf:o)(éé A;Ri,04,04)
in Eq. [5.62) are superimposed. For the 1D model at the experimental NNd, Rg =Rex, =

0.38 nm in panel (¢) the corresponding Gaussian approximations (blue curves) in Eq.
are additionally plotted.
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Figure 5.34: Clo@pH, effective potentials, Vign (Rg, 64, ¢4) in Eq. , are evaluated in
the fcc crystal within the 3D rigid EM at the experimental NNd, Rg = Rexp = 0.38 nm. 2D
cuts are plotted together with the probability densities (red curves), pf:m(éﬁA; Ry, 04,04)
in Eq. , and their approximated Gaussian functions (blue curves) in Eq. along the
{001} and {100} planes in panels (a) and (b), respectively. The 1D cuts along the <010>
and <001> directions are additionally plotted in panel (c¢) together with their Gaussian
approximations.
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Figure 5.35: The Clo@pHsy cohesive energy, E.(Rg,04,%4) (red curves) in Eq. , the
ZPE, E(()":”:O’ "=O(Ry,04,¢4) (blue curves) in Eq. and the ZPE-corrected interaction
potential, Vom(R4,04,¢4) (green curves) in Eq. evaluated in the fcc crystal within
the 1D and 3D rigid EMs (panels (a) and (b), respectively), the 1D non-rigid EMs (panels
(c) and (d), respectively) using the (pHa)2 potentials by NWB are depicted in the range
of Rg = 0.30 — 0.45 nm. In panels (¢) and (d) the constraint values are C' = 0.01 and 0.02
nm, respectively.

curves in panel (d) it can be seen that at the experimental NNd, Rey, = 0.38 nm, the PD
along the <100> direction is perfectly approximated by a Gaussian function, whereas it
slightly deviates along the <001>> direction. The width along the Cly bond is nearly twice
as broader as the one along the perpendicular direction, as shown in Tab. where the
widths of all Gaussians approximated to the 1D PDs have been collected. In panels (b),
(¢), (e), (f), (h) and (i), the 2D cuts of the effective potential and of the PDs from the
3D rigid EM are depicted. Similarly to the 1D model, the 2D cuts along the (100) and
the (010) planes are also degenerate (suggesting two perpendicular translational modes of
Cly), so that they are shown only once. In panels (b), (e) and (h), the potential shows

an octagonal shape. The potential is more repulsive at the side centers of the octagon,

200



5.3 Results: Translational and Rotational DOFs

Table 5.16: The widths o of the 1D and o1 = o9 of the 2D Gaussian functions are fitted
to the probability densities obtained within the 1D and 3D EMs. Data are listed for the
fce and hep phases and compared to the results from [176]. All values are given in nm for
Rexp = 0.380 nm.

rigid EM o<100> _ <010>  ,<001> C
1D-fcc 0.0271 0.0543 0
3D-fcc 0.0234 0.0385 0O

non—rigid EM o<100> _ ;<010> ,<001> C
0.0323 0.0622 0.01
1D-fce - - 0.02

Table 5.17: The NNds, Rqu (see Eq. and the ZPEs, E{"™"""*"(Rep) and
E{=="""(Rqu), of the Cly within the 1D and 3D rigid and non-rigid EMs are com-
pared for both the fcc and hep lattices using the (pHsg)o potentials by NWB, GS and from
the present work and the pHy-Cly potential from the present work.

Cly
Pair Pot. | C 1D + 1D+ 1D \ 3D
rigid EM
Eo(Rqum) | Eo(Rexp) | Boum | Eo(Rom) | Eo(Rexp) | Rom
NWB 0 0.623 0.348 | 0.343 | 0.473 0.248 | 0.339
G 0 0.613 0.348 | 0.344 | 0.467 0.248 | 0.340
Present | 0 0.590 0.348 | 0.346 | 0.445 0.248 | 0.343
non-rigid EM
0.01 | 0.551 0.212 | 0.339 - - —
NWB | 0.02| 0.454 (0.334) |0.338 — — —
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

where the test-molecule encounters more repulsion. The octagon is slightly elongated
along the <010> than in the <110> direction, since in the former case the molecule
encounters two of the first NNs forming the square window, whereas in the latter case it
encounters only of the first NNs orthogonal to the Cly bond. In panels (¢), (f) and (¢) the
degenerate 2D cut along the (100) and (010) planes is depicted, showing both elongated
effective potentials and PDs along the <001> direction. The potential is particularly
shallow in the <001> direction, since this time the Cly molecule passes through the square
window of first NNs before encountering one of the second NNs. The background color
changing from green to yellow indicates that the ZPE decreases when going from Ry =
0.33 to 0.45 nm. At the experimental distance, Rexp = 0.38, the PDs along the (001)
and (100) planes have been approximated to 2D Gaussian functions (red and blue curves)
in Figs. (a) and (b) showing a very good match. Actually, when looking at the
corresponding 1D cuts in Fig. (c), one sees that the PD has a more Gaussian shape now
also along the Cly bond with respect to the PDs obtained within the 1D model. Moreover,
its width is less than twice the one along the <100> or <010> directions, as shown in
Tab. . Thus, as in the pure crystal, also for the Clo@pHs the 1D model predicts a
larger anisotropy due to the environment than the 3D one. In contrast to the pHo@pHs
and 0D2@oDy systems, the ZPEs, E"™" """ (Rqu, 04, #4) and E" """ (Rexp, 04, ¢ )
decreases (about 45%) when going to three dimensions. Thus, in the pure crystals as well
as in the doped one, the 3D EM predicts ZPEs in closer agreement to the experimental
values than the 1D one. Finally, it is interesting to compare the magnitude of the ZPE
at Re, E"7"""*"(Re,04,64) in the 3D rigid EM, when going from the light Hy and
D5y molecules to the heavy Cly. They correspond respectively to about 81%, 65% and
23% of the respective classical cohesive energies, Eq(Rc,[0a, ¢4]), which reflects the high
quantum nature of hydrogen and deuterium. Nevertheless, the Cly ZPE in solid hydrogen
is still large considering the heavy mass of about 71 amu depending probably on the larger
steepness of the Vinm(Re, 04, ¢4) potentials. For example, application of the 1D rigid EM
to the Ar@Ar system results in a ZPE, which is, despite the lighter Ar mass of about
40 amu, only about 11% of the classical cohesive energy (see [176]|). Thus, the big ratio
between ZPE and classical cohesive energy of a Clo embedded in the pHy matrix is to be

addressed to the weaker cohesive energy of the crystal.

fce non-rigid EM

Due to the lower symmetry of the Clo@pHs system, relaxation of the lattice around the Cly
impurity presented longer CPU-time and only the 1D non-rigid EM has been applied. The
results are presented in Fig. at the NNds, Ry = 0.33, 0.38 and 0.42 nm, respectively
in the three top, middle and bottom panels. The constraint C is increased from 0.01
nm in panels (a), (¢) and (e), to 0.02 nm in panels (b), (d) and (f). As seen previously
in the pure crystals, the effective potentials become flatter when allowing the 18 caging

molecules to relax. This is particularly evident at larger NNds. Moreover, the height of
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Figure 5.36: Clo@pH, effective potentials, Vin (Rg, 0.4, ¢.4) in Eq. m, are evaluated in the
fce crystal within the 1D non-rigid EM along the <100>=<010> and <001> directions at
three representative NNds, Ry = 0.33, 0.38 and 0.42 nm (top, middle and bottom panels,
respectively). In panels (a), (¢) and (e) the constraint is set to C' = 0.01 nm, whereas
in panels (b), (d) and (f) it is set to C' = 0.02 nm. The corresponding ground state
probability densities (red curves), pf:O)(éﬁA;Rd,OA,(;S 4) in Eq. , are superimposed.
At the experimental NNd, Ry =Rexp = 0.38 nm in panels (¢) and (d), the corresponding

Gaussian approximations (blue curves) in Eq. are additionally plotted.
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

the barrier originating at the center of the potentials also increases, influencing the shape
of the corresponding wavefunctions. In particular in panel (c), along the <001> direction
a double-well potential originates already for C' = 0.01 nm, so that the corresponding PD
deviates from a Gaussian distribution. The deviation is enhanced in panel (d), where also
the potential along the <100>=<010> directions have now a double-well shape, so that the
widths from the corresponding Gaussian approximations are not given in Tab.[5.16] To the
flattening of the effective potentials corresponds a lowering of the ZPEs, as already seen for
the pHy@pH, and 0Do@oD5 systems. Admittedly, the values of the dynamical energy at the
experimental distance, Eé”:”:()’kzo) (Rexp, 04, ¢4), for C = 0.02 nm listed in Tab. could
be inaccurate due to an inefficient optimization at NNds, Ry > 0.34nm (the value is given
in brackets). This is also seen in Fig. where the static energy, Eq(Rq,04,¢4) (red),
the dynamical energy, E(()":'”:O’k:m(Rd, 04,04) (blue), and the total quantum mechanical
energy, Vom(Rq4,04,04) (green) are plotted with respect to R4. Thus, the three crystal
systems show similar changes in the properties of the effective potentials calculated, and of
the corresponding wavefunctions, when going from the 1D rigid model to the 3D one, or to
the 1D non-rigid one. On this bases, we speculate that the 3D non-rigid model is expected
to results in even more shallow and isotropic potentials. Correspondingly, the value of
Eé”zv:o’kzo)(Rexp, 04,¢04) in the 3D model is expected to be even below the value of 0.248
kJ /mol reported in Tab. [5.17} Actually, the Cly ZPE, EJ'"=""""=(Rexp, 04, ¢4) = 0.212
kJ/mol (1D non-rigid EM, C' = 0.01 nm, NWB, fcc), is approximately one fourth of the
pHy ZPE, E"="=""%(Rexp) = 0.888 kJ /mol (3D rigid EM, NWB, fcc), so that the caging
molecules are expected to follow more easily when the Clg is moving because of their higher
translational frequency. In terms of the time scales mentioned above, the doped crystal
probably is closer to the non-adiabatic regime than the pure crystal, that is the solvent
molecules translate much more rapidly than the solute molecule, so that the non-rigid EM

for Clo@pHy may be more adequate than for pHo@pHo.

Cl; Rotational DOF: The Devonshire Model [174]

The dynamics of rotating diatomic molecules trapped in crystals has been widely inves-
tigated since the 1930’s in the theoretical and experimental fields of research. A first
theoretical model was proposed by Pauling [298] in 1930, which takes into account the
interaction of a trapped molecule in the field of a crystal of definite symmetry. The model
considered the molecule rotating on a plane and was extended to the more realistic three
dimensional cases by Devonshire [174] in 1936. Considering only crystals of octahedral
symmetry, he connected the strength of the crystal field to the shifts and splittings of the
rotational energy levels of the molecule with respect to those of a free rotor, providing a
first tool for the interpretation of rovibrational spectra of diatoms embedded in RG matri-
ces. In the Devonshire model (DM) [174] the crystal is taken to be rigid with the COM of

the host as well as of the guest molecules fixed at the nominal lattice positions. This has
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the advantage of describing the interaction potential as a linear combination of (totally
symmetric) spherical harmonics of the lattice symmetry. In the case of fcc crystals with
octahedral symmetry Op, one just uses linear combinations of cubic harmonics. Devonshire
included only the first cubic harmonic with J = 4 and M = —4,0,4 and multiplied the
linear combination by a constant K being the strength of the solute-solvent interaction. On
the one hand, if the trapped molecule interacts weakly with the environment, that means
the crystal field barriers are lower than the molecular rotational constant, the molecule
behaves as a slightly hindered rotor, as for example small molecules such as the hydrogen
halides [3]. In the most extreme cases even as a free rotor, as for example solid molecu-
lar hydrogen, at least in a very good approximation. On the other hand, if the trapped
molecule strongly interacts with the environment, that is the case if the crystal field bar-
riers are much higher than the molecular rotational constant, the guest molecule librates
around some crystallographic directions. In the most extreme case, librational quantum
states are better described by a harmonic or anharmonic oscillator, which involves also an
additional quantum effect, i.e. librational ZPEs. The DM was later extended to include
cubic harmonics of higher orders [299-303] and other crystal symmetries [304] and it is to-
day commonly known as crystal field theory (CFT). Nevertheless, when considering rigid
lattices, one completely neglects couplings between rotational and translational (either of
solute or solvent) DOFs. Thus, the DM failed to predict the fine structure of many diatoms
embedded in RG matrices. In the 1960’s Friedman and Kimel [26,305-307] introduced the
rotation-translation coupling (RTC) model, which includes only the translational DOF
of the impurity and still considers a rigid lattice. They assumed the impurity to rotate
around a center of interaction not coinciding with the center of symmetry in heteronuclear
molecules. This causes the center of interaction to translate (or externally vibrate) during
rotation (eccentric rotation). The coupling is treated using second order perturbation the-
ory in the distance between the impurity COM and the center of interaction expressing the
strength of the perturbation. The RTC model was further generalized by Mannheim [291],
who introduced the coupling to the lattice vibrations represented by Green’s functions. Af-
terwards, many models originated and evolved including different couplings, see [292-294].
In particular, Kono and Lin [293] adiabatically separated the intramolecular vibrational
DOF from the heat bath DOFs, which closely resembles the investigation in Chap. [d], where

also localized matrix-solute modes are separated from the solvent modes.

Another meaningful contribution to the solute-solvent interaction was given by Manz [308]
in 1980, who extended the DM including a more realistic non-rigid host lattice. The
molecules in the vicinity of the impurity are relaxed to new equilibrium positions, so that
the cage assumes the form of the guest linear molecule and an ellipsoidal deformation is
induced. Thus, when the impurity is rotating, the molecules undergo small deviations
from their nominal lattice positions. The final effect is called pseudorotation and couples

the guest rotational to the host translational DOFs. A further consequence of the pseu-
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

dorotation is an effective increase of the total moment of inertia of the guest molecule
corresponding to a decreasing of the rotational constant, the detection of which has been

documented in spectroscopy [301,309-316].

In the present work, effective rotational PESs are obtained first within the CFT, namely
considering a rigid DM, afterwards by relaxing the first two solvation shells around the
impurity, namely considering a non-rigid DM, in close connection to the rigid and non-
rigid EMs from the previous section. In the same way the rotational PESs are calculated

as the change in the crystal cohesive energy when rotating the Cls molecule in the matrix,

Np
VDM(f(50A7 5¢A); Rexp) = % Z V(f(égAa 5¢A) - éj; Rexp) - Ec(Rexp) (569)
j>1

where f(004,0¢4) simply transforms the spherical coordinates into the corresponding
Cartesian coordinates of the Cl atoms. Similarly, if the two solvation shells are relaxed the

previous equation becomes

N,

- ) 1 — - .

Vou(f(804,06.0); Rexp) =, min, = 3 > V(f(504,064) — Bj; Rexp) — Ee(Resp) (5.70)
J ’ j>1

These potentials are used in order to calculate the rotational energy levels, when im-
posing an fcc and hep symmetry to the lattice, that is changing the positions ﬁj. This is
achieved by setting equations very similar to Eqgs. and respectively. The SE to

be solved is

(I:Irot(VHAa 0,4, V¢A) QbA; Rexp) - Eﬁgt:v:()’l)(Rexp)) X wggu:o,z)(gm ¢A; Rexp) =0 (571)

where the rotational Hamiltonian ﬂmt is defined by following the notation in Sec. m

H,ot(Vo,,04, Vo, 645 Rexp) = BA3 + W=7 (04, 645 Rexp) (5.72)

and the variables {64, $4}, the parameter Ry, and the potential Wé’f;”zo)(QA, d4; Rexp)

correspond respectively to the variable {6, ¢}, the parameter ﬁtra and the interaction

potential Viot (¢, 0; Rira) = W (Rext) in Eq. 2.59

ext
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The effective potential Wg{;”zo)(«%, ®4; Rexp) 1s evaluated on a 73 x 37 grid for equidis-
tant points in the range [0 — 180°] and [0 — 360°] for the 04 and ¢4 coordinates, respec-
tively, implementing Eqs. and within the TrajLab software [274] for the rigid and
non-rigid DMs, respectively. The SE is solved by using the WavePacket software [297].
The quantum numbers given as superscript in the potential term, ng;”zo) (04, Pa; Rexp):
means that the Cly molecule lies in its electronic and vibrational ground states, whereas
the translational DOFs are neglected, since the positions of the molecules are described
classically (no distribution functions). These quantum numbers come from the multi-stage
AS applied to the system, see Sec. Please recall that the classical approximation is
additionally imposed for Cly internal vibrations by using the ground state vibrationally av-
eraged equilibrium bond distance, 7cy,, even though the vibrational dynamics could couple
the rotational eigenfunctions, and vice versa, as already seen for the Hy rotational wave-
functions. We also recall that the Cls translational and rotational DOFs in the present
models are treated separately. On one side, the rotational SE is solved at only one value
of Ra (determined directly by Rexp), that is with the guest molecule COM fixed at the
nominal lattice position, on the other side the Cls translational energies were calculated in
the previous section for only one angular orientation, i.e. the <001> fcc crystallographic
direction.

The rotational wavefunction w&:uzo’”(ﬁ A, A; Rexp) is again expanded in SHs, but since

the rotational constant is now much smaller, the Cly free rotor energy levels are more
dense and energetically expected to be in the same or even lower order than the barriers
of the potential, ng;”:m(émqu;Rexp). Actually, the rotational wavefunctions are so
strongly coupled by the potential, that they must be expanded up to the SH with maximum
angular momentum Jpax = 80. Please note that for the rotational adiabatization of Ho,
the wavefunction was expanded just up to Jyax = 5 (see Sec. . On the other hand,
the mass ratio between the two species is approximately 35.17, and the ratio of the two
momenta of inertia is 249! Since the accuracy of the adiabatization depends strongly on
how accurate the computation of the SHs is, a denser DVR grid is needed. This means
that the potentials Vpy and VDM in Eqgs. and must be also fitted to the new
grid before the SE can be treated numerically as in Eq. The new grid is conveniently
taken at the Gauss-Legendre DVR points in order to apply the GQ scheme with Gp, = 512
and Gy, = 256, see Sec. [5.3.3

The effective potentials felt by Cls rotating in the crystal are shown in Figs. m (panels
(a), (¢) and (e)) and[5.38] respectively for the fcc and hep lattices. Figs. a) and [5.38(a)
show the crystal field potentials felt by the impurity rotating in the rigid lattice with C =0
nm. Correspondingly, Figs. .37(c) and [5.38(e) show the rotational PESs when letting
the first two coordination shells relax around the impurity with constrained maximum
displacement C' = 0.06 nm away from the lattice nominal position in all directions. The

corresponding displacement vectors when relaxing the matrix are depicted by the blue
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Figure 5.37: Cly@pHy effective rotational PESs, WG=""" (04, ¢a: R4) in Eq. are
evaluated in a fcc crystal within the rigid (panel (a )) and non-rigid DM (panels (¢) and
(e)). By relaxing the caging molecules the constraint values are C' = 0.02 and 0.06 nm,
respectively. Panels (b), (d) and (f) are the corresponding PESs obtained by fitting the
linear combination of cubic harmonics given in Eq. 5.73] Contour lines are given in the
same range of energies in units of kJ/mol, i.e. [0 - 2.25] and steps of 15.0, and in units of
B, in the range [0 - 825| and steps of 55, where B, is the Cly rotational constant in the

gas-phase.
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Figure 5.38: Clo@pHy effective rotational PESs,
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evaluated in the a hep crystal within the rigid (panel (a)) and non-rigid DM (pane
and (c)). By relaxing the caging molecules the constraint values are C' = 0.02 and 0.06
nm, respectively. Contour lines are given in the same range of energies in units of kJ/mol,
ie. [0 - 2.25] and steps of 15.0, and in units of B, in the range [0 - 825] and steps of 55,
where B, is the Cly rotational constant in the gas-phase.
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Table 5.18: The equilibrium distances of the caging molecules from the Clo, COM obtained
by relaxing the first two coordination shells around the impurity within the fcc non-rigid
model are compared to the equilibrium distances of the solvent molecules for the Cla(pHs)14
cluster obtained in Sec. [5.3.6|

Cage molecule numbers Cly(pH3)14 cluster | Clo@pHy (C = 0.06)
5,6,7,8 (belt ring) 0.244 nm 0.295 nm
1,2,3,4 and 9,10,11,12 (square windows) 0.362 nm 0.370 nm
13,14 (head-ons) 0.471 nm 0.510 nm

arrows in Figs. [5.39} [5.40| and [5.41] for the fcc lattice and in Figs. [5.42] |5.43|and [5.44] for the
hep lattice, respectively, and their corresponding absolute values are listed in Tab.
Finally, intermediate situations with C' = 0.02 nm are shown in Figs. [5.37|(b) and c)

for comparison. All rotational potentials have been shifted to have their global minima

at zero for easier comparison. The magnitude of the shifts S is given on top of each
panel next to the constraint C'. All figures are plotted within the same energy range
[0 - 2.2995] kJ/mol with regularly spaced contour lines at intervals of 0.1503 kJ/mol.
Such interval exactly corresponds to 55 B, and their values are also given in units of
B, next to the kJ/mol units as [kJ/mol ; B, |. This should help the reader to readily
discriminate whether the impurity dynamics lies in the hindered rotor (B, much larger
than the rotational potential barriers) or in the librational (B, much smaller than the
rotational potential barriers) regime. For both lattice symmetries considered, the absolute
energy decreases when relaxing the caging molecules as inferred from the magnitude of
the shifts S when comparing respectively panels (a), (¢) and (e) of Fig. and the
corresponding panels (a), (b) and (¢) of Fig. The absolute energy scale of the
rotational PESs depends on the magnitude of the simulation box used, thus the larger the
box the lower the energy (pair interaction are summed up), so that relative energies are
more appropriate for comparisons. Generally, one expects the energy difference between
global maximum and global minimum to decrease upon relaxation of the molecular system,
as well. An optimized interaction between the molecules in the crystal should in fact flatten
the respective rotational barriers. This is not seen here since the pHo-Cly interactions are
about 7 (T-shaped) and 10 (linear) times larger than the respective (pHsz)2 ones, which
particularly affects the first two coordination shells included in the optimization code. They

prefer to stay closer to the impurity, instead of mediating between the impurity and the
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outer shells, so that to consider the remaining lattice molecules as rigid, finally stabilizes the
minimum geometries more than the maximum ones. Thus, these energy differences increase
oppositely from 1.73 to 2.01 kJ/mol and from 1.78 to 2.30 kJ/mol when considering the
fcc and hcp lattices, respectively. This systematic error could not be avoided because of
CPU time limits and must be added to the already long list of approximations involved in
the model. However, it is reasonable to think that the model slightly enhances the barriers
without losing its overall topology, since the PESs are strongly affected by the relaxation
process. In all cases, those energy differences are small, i.e. in the order of 2 kJ/mol, which
is due to the softness of the crystal. Nevertheless, such a small barrier is still very large
compared to the rotational constant B, = 2.733 x 1073 kJ/mol, so that the Cly molecule
is eventually expected to librate in the matrix.

In Fig. [5.37(a), the global minimum is found in the <100> crystallographic direction,
where the Cly is pointing to the center of the square window and to the second nearest-
neighbour, see Fig. [5.39] A local minimum is found in the <111> direction, where the
impurity is pointing to the center of the triangular window, see Fig. The energy
difference between the two minima is only 0.0147 kJ/mol and the saddle point (SP1)
between them lies at 1.03 kJ/mol. A second local minimum with the very peculiar form of
a volcano is finally visible along the <110> direction, where the Cls is pointing to one of
the first nearest-neighbour, see Fig. The volcano minimum becomes the global one in
Fig.[5.37|(e) after relaxation. The displacement vectors in Fig. show that the head-on
nearest-neighbours are pushed away to the minimum equilibrium distance dictated by the
pHo-Cls pair potential. The other 16 caging molecules also adjust their positions to lower
the total cohesive energy of the system. The minimum along the <111> direction becomes
the global maximum after relaxation. In reality, the absolute cohesive energy is lowering
upon relaxation, see Fig. but the relative energy with respect to the global minimum
increases. Finally, the minimum along <001> turns in a local minimum lying at 0.225
kJ/mol with a saddle point (SP2 in Fig. [5.37(e)) to the global minimum at 0.792 kJ/mol.
Again the absolute cohesive energy of the system is lowered upon relaxation, whereas the
relative one increases.

For the rigid lattice in Fig. [5.38|(a) global minima are found along the z or <0001> and
along the <0331> crystallographic directions. In the former case the impurity points in
both directions to the triangular windows lying on the top and bottom parallel honeycomb
sheets formed by the molecules numbered respectively 1,2,3 and 10,11,12 in Figs. [5.42]
and whereas in the latter case, the Cly bond points on one end to the center of
the a lateral triangular window formed for example by the molecules numbered 1,4,5 or

4,510, and on the other end to an opposite square window (not shown) 8. These two

8Please note that now the Miller indices are used in order to indicate the hep crystallographic directions.
For the hcp symmetry two equivalent conventions exist: The three indices <hkl> one, as for fcc, and the
four indices <hkil> one, which is used along this section. For the equivalence between the conventions
please refer to [287].
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy

crystallographic directions are not equivalent. Nevertheless, the energy difference of the
minima along them is practically negligible. Two local minima are found on the PES.
The first one when the Cls bond points almost to one of the three vertices of the top
(or bottom) triangular windows, see Fig. the energy of which is 0.437 kJ/mol. The
direction pointing exactly to one of such vertices is the <(0221> crystallographic direction
with 64 = 35.26° (or 180° — 35.26° = 144, 74°), which is indicated in the three panels of
Fig. by the black solid line. Since the minimum is found at slightly larger angles than
35.26° (or slightly smaller than 144, 74°), this direction is labeled as "Vt” in Fig. The
global maximum is found between each of the Vt local minima (not shown) and is simply
labeled with a ”B” in Fig. Finally, the saddle points between the Vt local minimum
and the global minimum along the <0331> (labeled SP3 in Fig. (a)) is 0.816 kJ/mol
and between the same local minimum and the global minimum along z or <0001> (not
labeled in Fig. [5.38|(a)) is 1.23 kJ/mol. Similarly to the fcc lattice, a volcano minimum is
found along the <1210> crystallographic direction (the equivalent <2110> corresponds to
the y Cartesian direction) in Fig.[5.3§|(a), when the Cly is pointing to one of the equatorial
nearest-neighbours (see top panel in Fig. . Please note that as in the fcc lattice, the
volcano minima become global minima in Fig. [5.38|c) upon relaxation. As seen before for
fce, the head-on nearest-neighbours are pushed away to the minimum equilibrium distance
dictated by the pHs-Cly pair potential, see Fig. and the other 16 cage molecules
adjust their positions to lower the total cohesive energy of the system. Upon relaxation,
the global minimum along the <0331> direction simply disappears, whereas the global
minimum along the z or <0001> direction becomes a maximum, confirming that their
near degeneracy before relaxation was just incidental. The Vt remains a local minimum
and the maximum B becomes a local minimum nearly degenerate to the Vt ones. Finally,
the saddle point (SP4 in Fig[5.38]c)) between global and local B minimum is 1.20 kJ/mol,
and between the two local minima (not labeled in Fig. [5.3§|(c)), Vt and B 0.68 kJ/mol.

Convergence of the optimization routine was difficult to check. In fact, since only the
first two shells are relaxed in the present model, the optimization routine is mostly driven
by the pHy-Cly pair potential, as already mentioned above, so that the caging molecules
eventually move even closer to the impurity for larger values of the constraint, C' > 0.06
nm, resulting in slightly artificial rotational PESs. Therefore, we compare the subsystem
shown in Fig. with the impurity along the <001> to the Cly(pHz)14 minimum cluster
structure shown in Fig. [.19(g) of Sec. [5.3.6f The equilibrium distances of the caging
molecules numbered from 1 to 14 after relaxation of the non-rigid fcc lattice and those
optimized within the cluster growth are listed in Tab. in the first and second columns,
respectively. In the second column of Tab. the distances are larger, since the solvent
molecules are slightly attracted by the molecules of the outer shells in the matrix. This
effect is stronger on the molecules in the belt ring than on those forming the square

windows. The cohesive energy of the Cla(pHsa)14 cluster has been recalculated by using
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5.3 Results: Translational and Rotational DOFs

these larger distances resulting in a slightly more stable cluster of -25.15 kJ /mol against
-24.88 kJ/mol of the optimized cluster Cla(pHg2)14. The comparison confirms that the
structure optimized is very close to the equilibrium structures, so that we believe that the

optimization was stopped before entering the artificial regime.

Finally, please note that in all bottom panels of Figs. [5.39] [5.40] and [5.41] for the fcc
lattice and to Figs. [5.42] [5.42] and [5.44] for the hcp lattice, the first two shells of solvent

molecules after relaxation assume as expected an ellipsoidal form around the impurity.

Nevertheless, when using the Manz’s model [308| for pseudorotation, even by taking the
largest displacement from Tab. that is 0.085 nm as the average displacement, the in-
crease in the moment of inertia due to pseudorotation is still less than 1.0% (upper limit)
because of the very light mass of molecular hydrogen. Thus, pseudorotation is easily tak-
ing place, but the influence on the rotational constant and, consequently, on the rotational
energy levels is negligible. Thus, coupling due to pseudorotation does not give rise to no-
table displacements in the vibrational frequencies or splitting in the rotational frequencies

in the rovibrational spectrum, as suggested by Manz also for the CO@Ar cryogenic system.

Fit of the fcc Rotational PESs

The top panel of Figs. [5.39, [5.40] and [5.41] for the fcc lattice and to Figs. [5.42]
and for the hep lattice all represent the geometrical system configurations at different

points of the rigid rotational PESs in Figs.[5.37|(a) and [5.38|(a), respectively. When rotating
the impurity the Oy and Djp, symmetries of the fcc and hep lattices are locally broken.

However the overall symmetry is still conserved due to the rigid character of the outer
molecules of the lattice considered. The bottom panels of Figs. (.39 [.40] and [5.41] for
the fce lattice and of Figs. [5.42] [5.43| and [5.44] for the hcp lattice, respectively, show the

changes in the positions of the molecules in the first two solvation shells after relaxation

(C = 0.06 nm). Similarly to the rigid DM, the O and Dgj symmetries are locally lost.
For example, in Fig. p.39| the symmetry of the Cla(pHz)1s subsystem is lowered from Oy, to
Dyp. Nevertheless, the overall symmetry of the rotational PESs is again preserved as before,
since the environment is still taken to be rigid. Consequently, all rotational PESs can be
still approximated by linear combinations of spherical harmonics as done by Devonshire.
Equations are given here only for the Oy, (fcc) symmetry by summing up linearly combined

cubic harmonics up to the angular momentum J = 8§,

W (04, ¢ a; Ra) = KoVo(0a,04) + KaVi(04, 64) + KeVs(0a, 0a) + KsVs(0a,04) (5.73)

where the coeflicient Ky corresponds to the shift parameter S, the coeflicients Ky, Kg
and Ky are given in Fig. on top of the corresponding panel, terms Vj—g 468 are the
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5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy
symmetry adapted spherical harmonics (SASH) of order J [301,[302,317,318]|

= agp X Yo
4 4

= ay X Yia+as® xYyo+a,” xYy_4
4 4

= ag X Ysa+as® X Yeo+ag" X Ys_4

= af x Yag+agx Yeu+as® x Yo +ag? x Vs _4+ag® x Ys _g(5.74)

where the coefficients ay determine the linear combinations of SHs and are found in Table
I(a) of Ref. 319 as well as in Table I of Ref. 317, Similar equations can be written also for
the hep lattice, even though this is slightly more laborious, see for example [320]. Eq.
was used here in order to fit the rotational PESs with the K ; coeflicients being the fitting
parameters. This is very convenient for dynamical simulations since the potential energy
matrix elements become just product of three spherical harmonics, for which analytical
solutions are known. In order to fit the rotational PES in Fig. [5.37(a), Eq. was
expanded only to K = 6. The resulting potential already predicts the right landscape,
except for the volcano shaped maxima for which cubic harmonics of order J > 8 are
needed, but not implemented. The fitted values are K; = -182.98 kJ/mol and Kg =
-402.55 kJ/mol. The appearance of particular combinations of minima and maxima in
octahedral crystal fields was connected to the signs of the K4 and Kg values already by
Smith [300] in 1977 and are correctly predicted in Fig. [5.37(b), where both of them are
negative. In Figs. 5.37(d) and [5.37(f) the connection between the signs of the K and
Kg and the positions of minima and maxima on the PESs foreseen in Ref. 300 is instead

broken, due to the inclusion of the Kg parameter.

Cly Librational Energy Levels in the Matrix

The rotational PESs, ng;“:m(ﬁA, ®4; Rexp), within the fec rigid and non-rigid lattice in
Figs. [5.37(a) and [5.37(e) and within the hcp rigid and non-rigid lattice in Figs. [p.38{a)
and [p.38|c), have been inserted in the SE given in Eq. in order to calculate the
respective rotational energy levels. The results are depicted in the spectrum-like Fig.
where they are also compared with the free rotor quantum levels. The energies are again
given in the double scale units [kJ/mol ; B.|, as for the effective rotational PESs. Before
entering the many information contained in this figure, the reader should note that for
each of the models, the saddle point energies SP1, SP2, SP3, SP4 from Figs. and
are represented by the respective green lines. These energies have to be understood as the
respective barriers hindering the Cly rotation within the crystal and must be compared
to the free rotor energy levels depicted on the left side of the figure. The green lines are
found between the rotational levels J = 16 and J = 21, which is roughly between 275 and
440 B, units. Thus, referring to the DM, the Clo@pHy molecular system resides at one of
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Figure 5.39: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an fcc crystal around the Cly molecule lying along
the <001> direction. The motion is depicted by the blue arrows.
energies, Vpm(f(004,004); Rexp) and VDM(f((SGA,(SQSA);ReXp) in Egs. and |5.70| are

also given.
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Figure 5.40: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an fcc crystal around the Cly molecule lying along
the <101> direction. The motion is depicted by the blue arrows.

energies, Vpm(f(004,004); Rexp) and VDM(f((SGA,(SQSA);ReXp) in Egs. and |5.70| are

also given.
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Figure 5.41: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an fcc crystal around the Cly molecule lying along

the <111> direction. The motion is depicted by the blue arrows.

The corresponding

energies, Vpm(f(004,004); Rexp) and VDM(f((SGA,(SQSA);ReXp) in Egs. and |5.70| are

also given.

217



5 Structure and Quantum Dynamics of Cly Embedded in Solid Hy
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Figure 5.42: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an hcp crystal around the Cly molecule lying
along the <0001> (or z) direction. The motion is depicted by the blue arrows. The

corresponding energies, Vpm(f(004,004); Rexp) and VDM(f(MA,(SgbA); Rexp) in Egs. m

and are also given.
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Figure 5.43: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an hep crystal around the Cly molecule lying along
the <1210> direction. The motion is depicted by the blue arrows. The corresponding

energies, Vpm(f(004,004); Rexp) and VDM(f((SGA,(SQSA);ReXp) in Egs. and |5.70| are
also given.
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Vou' f(d 6 K ¢ RE ReXp ) =—433.1208 kJ/mol
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Figure 5.44: The position of the caging molecules is shown before (top panel) and after
(bottom panel) relaxing (C' = 0.06 nm) an hep crystal around the Cly molecule lying along
the Vt direction. The motion is depicted by the blue arrows. The corresponding energies,

VoM (f(604,0¢4); Rexp) and VDM(f(MA,égZ)A);ReXp) in Egs. and |5.70| are also given.
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Table 5.19: The absolute values of the displacement vectors due to relaxation (C' = 0.06
nm) of the molecules in the first two solvation shells are listed for Cly lying along the
<001>, <101> and <111> of the fcc matrix, and along the <0001> (or z), <1210> (or
y) and Vt directions of the hep matrix are listed.

Molecule Number | < 001 > [pm)] < 101 > [pm] < 111 > [pm]
1 27 32 15
2 29 56 83
3 28 84 27
4 28 56 16
5) 85 55 14
6 85 57 27
7 85 57 15
8 85 o7 84
9 29 84 83
10 30 55 17
11 29 32 15
12 29 56 27
13 17 13 18
14 15 14 20
15 11 13 20
16 12 ) 19
17 11 14 18
18 12 7 21

Molecule Number | < 0001 >,z [pm] < 1210 >,y [pm] Vit [pm]
1 15 83 84
2 14 27 22
3 14 78 20
4 7 30 52
5) 17 86 34
6 15 29 85
7 22 66 76
8 22 o7 76
9 61 71 53
10 14 78 85
11 61 74 50
12 72 31 50
13 19 15 17
14 17 12 17
15 25 13 34
16 19 16 17
17 15 13 17
18 25 12 10
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the far ends of the Devonshire [174] diagram for large absolute values of K and, therefore,
definitely in the librational regime.

Molecular librations around main crystallographic directions can be described within 2D
anharmonic oscillators (AQO). Since the results are going to be discussed only qualitatively,
let us for simplicity consider a non-degenerate 2D HO approximated by the sum of two
1D HOs along each of the two dimensions. Moreover, let us already distinguish between

global and local minima by considering two of them:

; = 1 1

E(CAI;,AQ)(RA) = hLU1 (Al + 2) + hbdz <A2 + 2) (5.75)
; = 1 1

E(C1\lz,A4)(RA) = huws (Ag + 2> + hwy <A4 + 2> (576)

where the first couple of quantum numbers, (A1; Ag) will be always referred to the global
minimum wells and the second couple of quantum numbers (Asz; Ay) to the local minimum
wells. In the most simple case of degenerate 1D HOs, that is the case if w; = we and

w3 = wy, the previous equations reduce to the even more simple form of the 2D HOs

E(C%)(R'A) = hwg (Ag+1) (5.77)
BOU(Ra) = hw (A +1) (5.78)

with wy = w1 = wy, Wy = w3 = wgand Ay = A;+Ao and A; = Ag+Ay. To recall the 2D HO
model at this point is useful, since it helps in reading the features in Fig. In a 2D HO
the first eigenvector with quantum number A, = 0 has no nodes and is singly degenerate.
The next eigenvector can either have one node along the first dimension, that is (A; = 1;
Ay = 0), or along the second one, that is (A; = 0; A2 = 1), but since the sum of the two
quantum numbers is A, = 1 in both cases, the eigenvector is doubly degenerate. Similarly,
the eigenvector with Ay = 2 is triply degenerate, since the following three combinations of
couples of quantum numbers (A = 2; Ay =0), (A; =0; Ay =2) and (A =1; Ay = 1)
are possible and so on. Finally, the eigenvectors present (A4 + 1)-fold or, equivalently,
(A; + 1)-fold degeneracy.

The different librational states could be recognized on the base of the number of the
nodes along the 64 or the ¢4 dimensions of the respective two dimensional eigenvectors,
at least as long as the eigenvalues lie below the respective saddle points SP1, SP2, SP3
and SP4 between global and local minima. Above such limit, that is above the green
lines, the wavefunctions from the different wells begin to mix and the assignment of the

right quantum numbers to the eigenvectors becomes too difficult. These mixed states are
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represented by the black lines up to the arbitrary energy value of 1.5 kJ/mol, whereas below
such threshold the red and blue lines are always the librational levels localized respectively
in the global and local minimum wells. Please note that in the former two "spectra” (fcc),
the green lines are between black lines, whereas in the latter two "spectra” (hcp), they are
still between red and/or blue lines. This may depend on how important tunneling effects
between minimum wells are, since they can anticipate the mixing of eigenvectors already

below the respective energy barriers.

Please note that when solving the SE in Eq. 5.71] all rotational PESs are evaluated in
the range 64 = 0—180° and ¢4 = 0—360°, so that the property of homonuclear molecules
to exist in their para and ortho species, proper also to Cly, similarly to Hy and Do, was
neglected. In fact, half of the rotational PESs is found by just inverting the position of the
chlorine atoms. Thus, the SE is solved as the impurity would be the CI3°CI3” heteronuclear

molecule.

The number n of minimum wells found on the potential dictates the degeneracy of the
eigenvalues, since this corresponds to consider an ensemble of n 2D HOs. Finally, in the
ideal case of n independent 2D HOs, one expects therefore ng x (Ag+ 1) and n; x (A;+1)
degenerate eigenvalues. Since the oscillators are neither harmonic, nor independent, such
degeneracy is definitively lifted in Fig. but nonetheless the dg = ng x (Ay+1)-fold and
d; = ny x (A;+ 1)-fold librational energy levels, Egl;’ ) and Eg\l’; of the ideally six uncoupled
2D HOs are calculated as the arithmetic mean values of the corresponding non-degenerate
eigenvalues Eg\l;;AQ) and Eg\lg”\“) with Ay + Ay = Ay and Az + Ay = Ay, respectively. The
quantum numbers (A1; Ag), (As; Ag), Ag and A, as well as the degeneracies (dy) and (d;)
are given in Fig.

fce Rigid DM

Global Minima (red librational energy levels). Let us consider the librational quantum lev-
els obtained within the fcc rigid lattice model in more detail. The corresponding rotational
PES shows six global minimum wells along the <001> crystallographic direction corre-
sponding to the three couples of spherical angles {04; ¢4} = {0°; 00}, {90°;,0°}, {90°;90°},
respectively. The spherical coordinates corresponding to the other three minima are found
by inverting the position of the two chlorine atoms, they are {04;04} = {180°; 00},
{90°;180°}, {90°;270°}. The first six eigenvectors present no nodes and the corresponding
eigenvalues are d, = 6-fold (nearly) degenerate, so that the system is well approximated
by an ensemble of six uncoupled 2D HOs with quantum number Ay = A; + Az = 0, with
ideal first librational eigenvalue E(CAI;’:O) = Thwy = 0.24 kJ/mol (see Eq. for Ay = 0).
Please note that this is the librational ZPE of the system within the harmonic approxima-
tion considered here. The degeneracy is slightly lifted by tunneling effects between the six
potential wells coupling the oscillators. The next twelve eigenvectors have either a node

along the first dimension ¢4 or along the second dimension 84, so that the correspond-
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ing quantum numbers are (A; = 1; Ay = 0) or (A; = 0; Ay = 1), both corresponding
to Ay = A1 + Ay = 1 in the ideal case of six uncoupled 2D HOs. The degeneracy is
completely lifted by tunneling effects, which indeed increase for higher eigenvalues, and
additionally by the anharmonicity of the oscillators, i.e. two different frequencies w; and
wy along the two dimensions. From the eigenvectors and the corresponding eigenvalues,
it could be argued that the potential well is narrower, i.e. steeper, along the second co-
ordinate, 64, than along the first one, ¢p4. and therefore wo > w;. Finally, the second
librational level of the ideal ensemble of 2D HOs has energy E&ZZU = 0.42 kJ/mol with
AEp,—1.0 = 0.18 kJ/mol. Following this line of reasoning, we can assign also the next 18
eigenvectors to the three following combinations of quantum numbers (A7 = 0 ; Ay = 2),
(Ay =1;A2=1)and (A; =2; A2 = 0) and corresponding ideally to the quantum number
Ay = A1 + Ay = 2. The degeneracy of the d, = 18 eigenvalues is again lifted by an even
increased anharmonicity of the oscillators and by strong tunnel effects coupling them. The
third librational level of the ideal ensemble of 2D HOs has energy E(CAIZZQ) = 0.68 kJ/mol
with AEAQZQHl = 0.26 kJ/mol. The fourth and last group of librational levels comprises
the 12 eigenvectors with quantum numbers (A1 = 1, Ao = 2) and (A1 = 2, Ay = 1), so that
those with quantum numbers (A; = 0, A2 = 3) and (A1 = 3, A2 = 0) ideally corresponding
to the Ay = A1 + Ag = 3, as well, are already mixing with the eigenvectors from the local
minimum wells. The eigenvalue of the ideal ensemble of 2D HO oscillators is Eg\lzzg) =
0.85 kJ/mol with AFEj,—3, 2 = 0.17 kJ /mol.

Local Minima (blue librational energy levels). Eight local minima are found in the rota-
tional PES along the <111> crystallographic direction to which the following spherical
coordinates correspond: {04;¢4} = {54.7°;45° + n x 90°},{125.3°;45° + n x 90°} with
n =0,1,2,3. The first eight eigenvectors do not have any nodes, i.e. with quantum num-
bers A; = A5+ Ay = 0. They present complete d; = 8 degeneracy, so that the librations is
well described by eight independent 2D HOs with librational ZPE E¢'™" = $hw; = 0.54
kJ/mol (see Eq. for A; = 0). Please note that the librational ZPE is calculated from
the bottom of the local minimum well at 0.0147 kJ /mol indicated in Fig. by the blue
dotted horizontal line. Since the local minimum wells are much steeper and narrower than
the global minimum wells, the higher eigenvalues are already above the saddle point SP2 in
the upper part of the figure, where the corresponding eigenvectors mix with those localized

in the global minimum (black lines).

fcec Non-rigid DM

Global Minima (red librational energy levels). The same reasoning can now be repeated
for each of the other DMs. The fcc non-rigid lattice results in a rotational PES with 12
global minimum well along the <101> corresponding to the following spherical coordinates
{04504} = {45°;04+nx90°}, {90°; 45°+n x90°} and {135%;0°+n x 90°}, respectively with
n =0,1,2,3. Along this crystallographic direction the impurity points to one of the 12 first

NNs. The first 12 eigenvectors do not have any nodes and the corresponding eigenvalues
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are dy = 12-fold (nearly) degenerate, so that the system is still well approximated by an
ensemble of 12 uncoupled 2D HOs with quantum number Ay = A1+ Ay = 0, the librational
ZPE of which is Eéﬁ;’zo) = 2hwy = 0.29 kJ/mol (see Eq. m for Ay = 0). The next 24
eigenvectors have either one node along ¢4 or along 64, i.e. their quantum numbers are
(A1 =1 Ay =0) or (A = 0; Ay = 1) both corresponding ideally to Ay = Aj + Ap = 1.
The ideal d, = 24-fold degeneracy is now completely lifted. Since the potential well has
similar steepness along the two dimensions, i.e. the frequencies w; and wo are similar, we
argue that the anharmonicity effects are small and that the degeneracy is lifted principally
because of tunneling effects between global and local minima. The approximation to an
ideal system of 12 uncoupled 2D HOs gives a librational energy level at Eéﬁgzl) = 0.55
kJ/mol with AEp,—1, 0 = 0.26 kJ/mol, which is indeed energetically close to the saddle
point (SP2) between global and local minima. This is also proved by the fact that the
eigenvectors at higher energies already mix with those in the local minimum wells even

though they lie still below the saddle point energy SP2.

Local Minima (blue librational energy levels). When relaxing the fcc lattice, the global
minima within the fcc rigid DM become now local minima. They are therefore located along
the same crystallographic direction. The first 6 eigenvectors do not have any nodes and the
corresponding d; = 6 librational energy levels are nearly degenerate. The approximation
to an ensemble of six ideally uncoupled 2D HOs with quantum number A; = A3+ Ay =0
results in the ideal librational ZPE Eg}l;o) = 1hw; = 0.23 kJ /mol (see Eq. for A; = 0),
where the bottom of the local minimum well at 0.2252 kJ/mol is indicated in Fig. by
the blue dotted horizontal line. The next 12 eigenvectors have either one node along ¢4
or along 64 so that their quantum numbers are (A3 = 1; Ay = 0) and (A3 =0; Ay = 1)
both corresponding ideally to A; = A3 + A4 = 1. The approximation to an ideal system
of six uncoupled 2D HOs results in the second librational energy level, Eéﬁfl) = 0.45
kJ/mol with AEj,—1.0 = 0.22 kJ/mol. As in the global minima, the ideal d; = 6-
fold and d; = 12-fold degeneracies for A; = 0 and A; = 1 are lifted by small tunneling
effects. It is interesting to note that the minimum wells in the <001> direction, even
though they became local minima upon relaxation, remain almost unchanged, in particular
the bottoms. This is inferred by comparing the librational ZPE and the first librational
quantum in the global minima of the fcc rigid DM and in the local minima of the fcc
non-rigid DM, that is B’ = hwy = 0.24 kJ/mol and AEj 1o = 0.18 kJ/mol
against EéAll;O) = %hwl = 0.23 kJ/mol and AEp,—1.0 = 0.22 kJ/mol, respectively. What
effectively changes upon relaxation are indeed the relative stabilities of the system along
the <111> and the <101> directions: The former destabilized to a maximum, the latter
stabilized to a global minimum. Finally, with respect to the fcc rigid DM, the librational
frequencies are all in the same order or, equivalently, the walls in the respective wells have
similar steepness. With respect to the fce rigid DM within the non-rigid fcc DM broader

wells are favoured upon relaxation.
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hep Rigid DM

Global Minima (red librational energy levels). In the hcp rigid model, librational states
could be assigned only to the 12 global minimum wells along the <0331> direction, to
which correspond the spherical coordinates {04; ¢4} = {71.8°;0° +n x 60°} and {180° —
71.8°;0° +n x 60°} with n =0,1,2,3,4,5, and to the nearly degenerate couple of minima
along the <0001>> (or z) direction to which correspond the spherical coordinates {64; ¢4} =
{0°; 00} and {180°; 00}, respectively. There is a set of 14 lowest eigenvalues with quantum
number Ay, = Ay + Ay = 0. To the twelve eigenvectors localized in the wells along the
<0331> direction correspond d, = 12-fold (nearly) degenerate eigenvalues, whereas to
the two eigenvectors localized in the wells along the <0001> (or z) direction correspond
two degenerate eigenvalues at a slightly higher energy. From this we deduce that the
latter wells are steeper compared to the former one. The two crystallographic directions
are indeed not equivalent, as already mentioned above in Sec. [5.3.8] Nevertheless, the
system is approximated by an ensemble of 14 uncoupled 2D HOs with ideal librational ZPE
Eg\lzzo) = Lhwy = 0.49 kJ /mol (see Eq. mfor Ay = 0). The degeneracy within the ideally
dy = 12-fold degenerate eigenvalues is principally lifted due to tunneling effects between the
global minimum wells (<0331>), and to the anharmonicity of the oscillators (triangular
shape of the well). The next 24 eigenvectors with quantum numbers (A1 = 1; A2 = 0)
and (A7 = 0; Ay = 1) are localized in the potential wells along the <0331> direction only.
The ideal d, = 24-fold degeneracy of the corresponding eigenvalues is lifted again due to
tunneling effects, but in particular to the more evident anharmonicity effects. From the
eigenvectors and the corresponding eigenvalues, it could be argued that the potential well
is narrower, i.e. steeper, along the second coordinate 6,4, than along the first one, ¢4,
i.e. we > wi. The librational energy levels of the approximated system of 12 uncoupled
2D HOs finally results in Eg? " = 0.82 kJ/mol with AEx,—10 = 0.33 kJ/mol. Higher
eigenvectors are difficult to assign, since they lie energetically above the saddle point SP3
energy (black levels) mixing with the one from the local minimum wells. However, in
contrast to the fcc non-rigid DM, the 24 eigenvectors ideally with Ay = Ay + Ay = 1
could be still correctly assigned, even though some of them also lie energetically above the
saddle point. This is due to the fact that the bottom of the local minimum wells (Vt) lie
at the high energy of 0.4373 kJ/mol (see blue dotted line in Fig. and the respective

eigenvectors well above the saddle point.

Local Minima (blue librational energy levels). No librational states could be assigned ex-
clusively to the local minimum wells. Compared to both the fcc rigid and non-rigid DMs,
the librational quanta between librational levels slightly increases because of narrower and

steeper walls of the global minimum wells.

hcp Non-rigid DM
Global Minima (red librational energy levels). Upon relaxation in the hcp matrix the 6

volcano minima along the <1210> (or y) direction become global minima, to which cor-
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respond the following spherical coordinates: {64; ¢4} = {90°;30° 4+ n x 60°}, respectively
forn =0,1,2,3,4,5. The first six eigenvectors do not have any nodes and have therefore
quantum numbers Ay, = A; + Ay = 0. To them correspond d, = 6 degenerate libra-
tional eigenvalues, so that the system behaves as an ensemble of six uncoupled 2D HOs
with librational ZPE Egi; = = %hwg = 0.40 kJ/mol. Tunneling effects are absent, since
the global minimum wells are separated by the global maxima along the <0110> (or y)
direction (about 2.3 kJ/mol) and the librational ZPE lies well below the bottom of the
local minimum wells. Moreover, 12 eigenvectors with quantum numbers Ay = 1 could
be assigned easily. To the 6 eigenvectors with quantum numbers (A = 0; Ay = 1) and
and to those with quantum numbers (A; = 1; As = 0) correspond to two groups of 6
degenerate eigenvalues. Thus, the ideally d, = 12 degenerate eigenvalues are split in two
groups. This proves that there are no tunneling effects between the minimum wells, but
only anharmonicity effects due to different steepnesses along the two dimensions 64 and
¢4, respectively. In particular, we could argue that ws > w;. The second librational level
of the ideal ensemble of 2D HOs is found at Eéﬁ;’zl) = 0.79 kJ/mol with AEAgzlgo =
0.39 kJ/mol. A third series of eigenvectors with quantum numbers Ay = Ay + Ay = 2
is localized in the global wells. The degeneracy of the corresponding d, = 18 librational
energies is now lifted also by tunneling effects between global and local minima. Never-
theless, those effects are still small, since the eigenvectors could be assigned easily even
though they lie energetically above the saddle point SP4. Approximation of the system to
an ensemble of six uncoupled 2D HOs gives the librational energy Eéﬁ; 2 =1.16 kJ /mol
with AFEp,—2,1 = 0.37 kJ/mol. The higher eigenvectors lie well above the saddle point
SP4, where the eigenvectors from global and local wells are mixing. The librational quanta

in the global minimum well are again larger than in both the fcc rigid and non-rigid DMs.

Local Minima (blue librational energy levels). The local minima along the Vt and <0331>
directions are practically degenerate and the barrier between them is only 0.13 kJ/mol.
As a consequence, the eigenvectors in the 24 wells mix already at low energies and the de-
generacies d; of the corresponding eigenvalues are completely lifted (the levels are spread
out in Fig. . In other words, the approximation to the ensemble of 2D HOs is rather
poor. Nevertheless, due to the high energy of the saddle point SP4, the eigenvectors from
local and global minima mix only late and at least the sequences of eigenvalues are easily
assigned. Two series of 24 and 48 eigenvalues are assigned to the librational ground state
and to first excited librational energies, respectively. Considering an ideal ensemble of six
uncoupled 2D HOs the librational ZPE is Egl;:o) = %hwl = 0.29 kJ/mol and the energy of
second librational level is B¢ = 1.10 kJ /mol with AEj,—1o = 0.31 kJ/mol. Finally,
the librational quanta in the local minimum wells are comparable to those in both the fcc

rigid and non-rigid DMs.
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Figure 5.45: Librational energy levels of Cly embedded in the pHa crystal are evaluated within the rigid and
non-rigid DMs by solving Eq. when considering fcc and hcp lattices. The corresponding eigenvalues localizes

Lattice Symmetry [Matrix Coordinates]

in the global (red) and local (blue) minima are depicted as long as the corresponding eigenvectors are not mixing.
The mixed eigenvalues are depicted in black up 1.4 kJ/mol. The corresponding quantum numbers, (A1 ; A2 )
and (A3 ; A4 ) in Egs. and are indicated respectively in red and blue for the global and local minima.
Arithmetically averaged librational energy levels (harmonic approximation) of eigenvectors with the same quantum
numbers Ag = A1 + A2 and A; = A3+ A4 in Egs. and are also given in order to qualitatively interpret the
results in terms of uncoupled ensembles of 2D harmonic oscillators. The degeneracy of the eigenvectors in the 2D
harmonic approximation is given in brackets next to the eigenvalues with quantum numbers Ay and A;. The vertical
solid lines indicate the energies between two consecutive librational levels in the 2D harmonic approximation.
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General Remarks. In conclusion, comparison of the librational energy levels in Fig.
for the four different cases within the harmonic approximation given in Eqs. and
tells that the librational quanta are slightly higher within the hcp lattices than within
the fcc ones, but definitively in the same order. When changing the lattice symmetry or
relaxing the environment, the librational ZPEs are still in a narrow range, namely [0.23 -
0.54] kJ/mol. Except for the hep rigid DM, the impurity can librate in the cage around
two different crystallographic directions corresponding to the global and local minima of
the corresponding rotational PES. Nevertheless, at 0 K the Cly molecule is expected to
librate trapped along the crystallographic direction with the lowest possible eigenstate,
since all rotational barriers are still in the order of hundreds of B, units and tunneling
effects should be negligible.

It is very interesting to note that similarly to the translational DOFs, the librational
ZPEs are large compared to the depths of the corresponding minimum wells. For the fcc
rigid DM the ZPEs are about one fourth and one half of the saddle point SP1 along the
<001> and <111>> directions, respectively. For the hcp rigid DM this ratio becomes even
more than one half.

Referring to the application of the EMs to the Cly molecule, we have to admit that it
was restrictive to consider the impurity aligned only along the <001> direction just in the
fec lattice, since librations are also expected along the <111> and <101> directions in the
case of rigid and non-rigid fcc lattice models, respectively, and also along the <0331>, Vt
and <1210> (or y) directions in the case of an rigid and non-rigid hep lattice. It would
be interesting in fact to compare translational and rotational fundamental quanta between
the corresponding lattice models, instead of just rigid fcc with the Cly aligned exclusively

along the <001> direction.

Adiabatic Separability of Internal and External DOFs.

In the previous sections the pHe and Cls translational and Cly librational DOFs were
investigated in the matrix. Adiabatic separability of internal and external DOFs as well of
translational and rotational DOFs was assumed. Therefore, it is interesting to compare a
posteriori the energies of fundamental vibrational, translational and rotational /librational
quanta listed in Tab. [5.20] The vibrational and free rotor energies are just reported from
Tab. It is known that for RG as well as pHs matrices, the vibrational levels shift very
little from the gas to the solid-phase. The translational and librational energies are taken
in the harmonic approximation by just doubling their respective ZPEs. The vibrational
harmonic energies are circa 30 - 40 times larger for the pure pHa@pHy and 20 - 30 times
larger for the pure oDo@oDy crystals than the corresponding translational ones depending
on the lattice model applied. The Cly internal vibrational frequency is between 13 and 16
times larger than the translational ones in the rigid and non-rigid EMs, and between 12

and 28 times larger than the librational frequencies in the four DMs, respectively. Thus,
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Table 5.20: Vibrational (gas phase), rotational (gas phase), translational and librational
(solid phase, i.e. 3D Einstein and Devonshire models, respectively) energies are compared.
Please note that vibrational, translational and librational energies are given in the harmonic
approximation. The subscripts g and [ stand for the global and local minimum of the
respective rotational PESs. (* = 1D Einstein model)

matrix or | fec lattice[kJ/mol] | hep lattice [kJ/mol|
% specie
[
rigid non-rigid rigid non-rigid
=
£ 0.239, | 0.286, | 0490, | 0.400,
§ Clo@pH,
E 0.540; 0.230; — 0.280;
pHy@pH, | 1.776 1.236 1.770 -
=
]
8
L{g oDo@oDoy 1.584 1.152 1.576 —
z
=
Clo@pH, 0.500 0.420* - —
pH, 4.087
8
2
=1 oDy 2.099
e
&
Cly 54 %1073
Ho 49.75
=
g 8
o 3
2 <
.0 D 35.79
=5
>
Cly 6.632
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5.4 Conclusion

vibrational-translational and vibrational-librational couplings are probably small, but still
not entirely negligible. Finally, the AS of translational and rotational/librational DOFs in
the matrix is more troublesome, since the corresponding harmonic quanta lie in the same
energetic order of magnitude. Therefore, more advanced models should simultaneously
treat these DOFs and accurately evaluate the NACTs.

5.4 Conclusion

An extensive theoretical investigation is carried out on a Cly molecule embedded in a Ho
crystal at cryogenic temperatures. Beside the many fascinating features of solid hydrogen
pointed out along this work, mostly connected to the translational and quantum nature
of the crystal, the energetics and structure of the doped crystal are characterized with
the aim of providing the initial state for quantum dynamics simulations of the Cl + Hs
— HCl + H reaction experimentally observed in the system upon simultaneous UV+IR
irradiation [15,204].

The multi-body system is completely treated in a pairwise fashion. The multi-dimensional
PES of a hydrogen molecule interacting with a chlorine molecule is calculated by using
ab-initio methods at the MP2:aug-cc-pVQZ level of theory. Later verifications on a sub-
part of the PES shows that the results extrapolated from the CCSD(T):aug-cc-pVQZ and
CCSD(T):aug-cc-pVHZ levels of theory to the complete basis-set are comparable. The
multi-dimensional PES of two interacting hydrogen molecules is calculated extrapolating
the results from the CCSD(T):aug-cc-pVQZ and CCSD(T):aug-cc-pV5Z levels of theory
to the complete basis-set limit. On the way, the electrostatic interactions between closed-
shell linear molecules, such as Ho and Cls, are discussed on the base of the classical static
quadrupole-quadrupole interaction.

For the calculation of the multi-dimensional ab-initio Ho-Ho and Ho-Cly potential in-
teractions, all intramolecular bond lengths are fixed at their v = 0 vibrationally averaged
values, 7 = (r)y—o. This is referred through the thesis as "classical approximation”, since
practically an infinitely narrow delta function centered at the equilibrium bond distance
is considered instead of the ground state vibrational distribution function. The ab-initio
PESs are numerically averaged over the spherical coordinates of the fast rotating hydrogen
molecules in order to obtain the rotationally adiabatic (RA) pHa-pHsa, pHo-Cly (ground
state, [ = 0) and three oHy-Cly (excited states, | = 1,2, 3) pair potentials. This procedure
is based on the multi-stage adiabatic separation tool described in Chap.[2l The correspond-
ing RA interaction potentials with Do instead of Hy are obtained as well, even though they
are based on the same ab-initio PESs, that is with the deuterium intramolecular bond
fixed at the 7, bond length. However, since the v = 0 vibrationally averaged D2 bond
length, 7p, is only 0.005% shorter than 7y, distance, this is expected to introduce negli-

gible errors. This is also confirmed by Hinde, who calculated similar (but not identical)
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vibrationally averaged multipole dispersion coefficients [197]|. The classical approximation
applied on the rotating Hs molecules, corresponding in the rotational adiabatization to
the rigid-rotor approximation, does not introduce a considerable systematic error in the
pair potentials. This is proved by the comparison to the vibrationally averaged (pHz)2 pair
potential by Hinde [190], i.e. not in the rigid-rotor approximation, and to the already men-
tioned (pHsz)2 vibrationally averaged multipole dispersion coefficients [197]. The (pH2)2
pair potential is also compared to the ab-initio curve by Li, Le Roy and Roy (LLR) [240]
at a higher level of theory and to the semi-empirical curves by Norman, Watts and Buck
(NWB) [193], Silvera-Goldmann |13] and to the Lennard-Jones potential based on Michels’
results [255]. No remarkably differences between all these curves are eventually found. In
contrast, the "classical approximation” applied on the Cly molecule introduces a systematic
error in the (I = 0) pHa-Cly and oDy-Cly potentials, which is estimated to be circa 8%
of the dissociation energies at the intermolecular equilibrium distances, R4p, and at the
collinear geometry, 4 = 0°. Since at the latter configuration the Ha or Dy COMs lie
along the Cly bond, the solvent rotational coupling to the solute vibrations is the strongest
and the systematic error of 8% an upper limit. All Hy-Cly and Ds-Cly pair potentials
with [ = 0, 1,2 present a global and a local minimum at 64 = 0° (collinear configuration)
and 64 = 90° (perpendicular configuration), whereas for the corresponding pair potentials
with [ = 3 the situation is reversed. A saddle point is always found between 64 = 45° and
56°. In general, all pairpotentials are highly anisotropic, with the intermolecular distance,
Rap, being much shorter at the perpendicular than at the collinear configuration. It is
interesting to note that the rotationally excited oHs-Cly and pD9-Cls pair potentials with
quantum number [ = 1,2 present both at the local and global minima larger dissociation
energies than in their respective rotational ground states with [ = 0. This is due to the
additional electrostatic quadrupole moment of oHs and pDs molecules interacting with
the Cls molecule. More in general, this supports the experimentally observed clustering of
residual oHy molecules present in parahydrogen crystal around impurities with permanent

multipoles [7].

All RA potentials are fitted to HFD-functions and the resulting parameters found in
Sec. [6.3.5] and App. Two main topics are investigated on the base of these pair
potentials: The growth of small pure (pH2) y and doped Cla(pHz) x global minimum cluster
structures out of N dimensional PESs, and the calculation of translational and rotational
PESs of solvent and solute molecules in the matrix. Please note that all codes implement
the NWB-(pHz)2 fitting parameters, since the one from the present work was obtained in
a later stage, and that a systematic error is introduced by neglecting the three-body terms,

which in the case of pure parahydrogen cover up to a 10% of the crystal cohesive energy.

The cluster sequences are grown by means of classical molecular dynamics and does
not involve temperature. The growing process of the pure clusters closely follows the

Farges’s series of interpenetrating icosahedrons |268] and could be easily compared to the
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cluster growing processes found in the literature in particular when using Lennard-Jones
potentials, see for example [267]. The latter ones, in fact, shares with the HFD-functions
the R~5 term in the attractive part of the potential. The growing process of the doped
clusters is essentially dominated by the solute-solvent interaction until completion of the
first coordination shell at NV = 14. The structures of the first 14 clusters mirror the high
anisotropy of the H-Cly pair potentials, showing a strong preference (when possible) to
coordinate the solvent molecules along the Cly bond. The Cly(pHgz)14 cluster presents a
distorted fcc symmetry with the solute lying along the <001> crystallographic direction
in a single substitutional site. In particular, the head-on molecules are slightly pushed
away by the impurity, and the equatorial ones are slightly attracted, so that the symmetry
is lowered from Oj to Dyp. In the larger clusters with N > 14, the growing process is
dominated by the solvent-solvent interactions and an icosahedral phase forms leaving the
nearly fce structure at the surface. The growing process could not be compared to other
investigations, since none was found in the literature, but interesting comparisons are made
with the RG systems CloHen and CloAry.

The pair potentials are also used to investigate the energetics of (pHs)13 and Cly(pHz)12
first-shell clusters when imposing the fcc, hep and icosahedral symmetries, since they all
coordinate 12 solvent molecules in their first shell. The results from the previous optimized
cluster structures are confirmed. The most stable pure first-shell cluster has icosahedral
symmetry. The pure fcc and hep first-shell clusters are found to have almost identical
energies supporting the possibility for the large icosahedral quasi-crystal (no translational
symmetry) to switch either to fcc or hep according to the literature. In the doped first-
shell clusters, the Cly prefers to be surrounded by an fcc cage. By comparing the fcc pure
and doped first-shell clusters it is found that the crystal does not need to expand in order
to accommodate the Cla molecule in the single substitutional site, so that the elongated
Dy, symmetry of the previous optimized Cla(pHsg)14 cluster is exclusively due to the high
anisotropy of the pHo-Cls pair potential.

In the subsequent stage, the simulation boxes for the fcc and hep pure and doped crystals
are converged. The minimum image convention is used to calculate the cohesive energy
per molecule against the increasing sizes of the crystals. In all cases, a simulation box of at
least 4000 molecules is needed in order to have negligible surface effects at the boundaries.
This is in agreement with previous investigations [176]. The convergences show a negligible

preference for the fcc crystal structure.

In the last part of this work, two models are used for investigating the translational and
rotational DOFs of the Cls molecule embedded in the matrix as well as the translational
DOF of pHs and oDs in their respective pure crystals, separately: The Einstein [173] and
the Devonshire [174] models, respectively. They allow for the calculation of the effective
translational or rotational PESs felt by a molecule in the crystal and are further devel-

oped in order to include non-rigid lattices. Relaxation of the matrix around hosting and
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guest molecules tries to simulate the softness of translational quantum crystals, which is
connected to their typical high compressibility. However, only the positions of the first
two shells of solvent molecules are optimized, since the relaxation of the whole simulation
boxes would have been too expensive from the CPU-time point of view. Afterwards, the
PESs obtained within these models are inserted in the respective Schrédinger equations in
order to calculate the respective translational and rotational eigenvalues and eigenstates.
Translational eigenstates are calculated for the pHo@pHs, 0D2@oDs and Clo@pHs crys-
tals. For the doped crystal only the fcc crystal structure is taken into account with the
impurity lying along the <001> direction. It is observed that the simulation of a non-rigid
lattice may be more adequate for the doped crystal, whereas the pure crystals are still
better described by the rigid lattice approximation. This is explained on the base of the
different translational frequencies of heavy solute and light solvent: The relaxing time-scale
of the hydrogen or deuterium molecules is, in fact, comparable to the slow translational
motions of Clo, that is the solvent molecules are able to readily adapt to a new config-
uration (non-adiabaticity), whereas they cannot follow the fast pHy or oDy translations
(adiabaticity). Rigid and non-rigid lattices are considered for the calculation of the Cly
rotational eigenstates in the matrix, as well. It is disclosed that, despite the softness of the
crystal, the Cls is not free to rotate in the matrix, but librates along one or two crystallo-
graphic directions depending on the lattice model considered. In fact, after relaxation of
the lattice the topology of the rotational PESs changes favouring a different main direction
for the librations. In general, the librational ZPEs calculated are large with respect to the
depth of the minimum wells found on the rotational PESs. The librational eigenvalues lie
in a similar range of energies independently of the lattice model simulated, which implies
they are not strongly coupled to the relative positions of the host molecules, that is to the
translational modes of the solvent molecules. A comparison of the solute librational and
solvent translational ZPEs let us suppose that upon lattice relaxation the pHs molecules

easily adjust their positions around the rotating Cly (non-adiabaticity).

The present investigation involves a long sequence of adiabatic separations in order
to investigate the several DOFs individually, even though approximately, which is called
"multi-stage adiabatic separation” through the thesis (please refer to Fig. . Stage m = 1:
The gas phase diatomic constants listed in Tab. show that the electronically excited
states lie energetically high enough to consider the Born-Oppenheimer approximation safe
for both the Hy and Cly molecules. Stage m = 2: By assuming that the vibrational
frequencies are not shifted from the gas to the solid phase, the subsequent adiabatic sep-
aration between internal (vibrations) and external (rotations and translations) DOFs for
the individual species is safe only for the Cly molecule, whereas for the solvent molecules
the vibrationally excited states lie only one order of magnitude (or less than) higher in
energy than the corresponding rotational excited states (see Tab. , that is the solvent

rotational eigenstates may be coupled to the vibrational ones. Nevertheless, this stage of
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the multi-stage adiabatic separation is considered, a priori, to be valid. A posteriori, the
comparison of the pHa-pHs potential curve from this work to the vibrationally averaged
one by Hinde suggests only small couplings. Comparison of the energies listed in Tab.
suggests that the vibrational and translational DOFs of solvent and solute are instead
coupled when embedded in the matrix. The Hs-Cly and Ds-Clsy pair potentials eventu-
ally suggest that the Cly vibrational DOFs couple the Hy and Ds rotational DOFs. Stage
m = 3: Translational and rotational/librational (solvent/solute molecules) eigenvectors
are also coupled, since the respective eigenvalues listed in Tab. are in the same order
of magnitude.

Hence, the model could be improved by implementing also three-body interactions, which
are important for the description of systems interacting in the van der Waals regime, such
as closed-shell molecules. Furthermore, the (Hs)2 and Ha-Cly pair potentials could be also
averaged with respect to the vibrational DOFs of Hy (as already done by Hinde [190]) as well
as of Cls. Upon improved description of the crystal energy interactions, translational and
rotational DOFs of the guest molecule in the crystal could be trated simultaneously and in-
clude the respective NACTs. The 5D (2 rotational and 3 translational coordinates) effective
PES could be eventually treated in the MCTDH approximation using DVR in order to sim-
ulate the laser driven quantum dynamics of the solvent-solute reaction. For the treatment
of vibrational-translational, vibrational-rotational and vibrational-librational couplings dif-

ferent methods must eventually be implemented.
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6 Appendix

6.1 Kinematics of three-body Collisions X+Y, [16]

From the laboratory frame to the center of mass frame.

Consider a molecular system, as depicted in Fig. at the time t=t;, before collision.

[ Ry |

XYY

R

cm

The total kinetic energy of the molecular system in the laboratory frame is:

PR BB,
2Mx ' 2My | 2My

T:

=TIx + Ty, +1v, (6.1)

In order to describe the kinematics of a three-body collision, the expression of the kinetic
energy with respect to the center of mass frame needs to be calculated. This involves a

transformation from the laboratory frame to the center of mass frame coordinate system.

In matrix notation:

q Ry v 0 -11 Rx
@ |=| Bxyy |=| -1 5 3 Ry, (6.2)
qs3 Rem cX Cy Cy RY2
or, in a more general notation:
q=Rcr =T Rip (6.3)
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6.1 Kinematics of three-body Collisions X+Y»

where CF means Center of mass Frame and LF means Laboratory Frame.

The coeflicients in the matrix are correlated to the masses involved in the collision. In

particular, cx = 1\]\4{3 and cy = %, where Mi,s = Mx + 2My is the total mass of the
system. Finally, since these coefficients are the ratios of the single masses with respect to
the total one, it also holds cx + 2¢cy = 1.

From coordinate space to momentum space

In the laboratory frame the momentum is given as:

0 0 0
Px = —ih Py, = —ih d Py,=—ih 6.4
XT TRy 0T TMaRy, MY 2T TMaR,, (64
In contrast, in the center of mass frame:
Pepi=p = —ihaa with 1=1,2,3 (6.5)
q
Applying the chain rule one obtains:
Pe— iy 0
X -1 8RX aql
3
: dq 0
Py, = —ih —
hE IZ; ORy, Oq
3
, oq 0
Py, = — — .
Vs m; STiv. O (6.6)

The relation between the momenta in the two frames is found to be the transposed of
the matrix 7" of Eq. [6.2], namely

Pp=T" - Pop (6.7)
with
0 -1 CX
"= -1 1 e (6.8)
1 % Cy

As a consequence, the inverse of the transposed matrix T relates the new momenta in

the center of mass frame to the momenta in the laboratory frame,

Pep = (T")™' Py (6.9)
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with
1 1
0 —3 2
(T =] —2¢y ex cx (6.10)
1 11

Thus, the general solutions for the new momenta are:

1 1
o= _§PY1 + §PY2
pys = —2cyPx+ C)(PY1 -+ CXpY2
ps = Px+ Py, + Py, (6.11)

Substituting Eqs. [6.6]in the expression of the kinetic energy Eq. after some calcula-
tion, one arrives at the following very simple equation for the kinetic energy in the center

of mass frame:

p? P3 P

C 2pyy o 2pxyy  2Miot

= TY,Y + TX,YY + Tem (6.12)

where iy y indicates the reduced mass of the molecule Yy, and px yy indicates the reduced

mass of the molecular system, the halogen atom X and the mass of the molecule Y.

Special case: Photodissociation
Let us now consider a special scenario, in which the initial Yo molecule is at rest in the
laboratory frame, i.e. Py, = Py, = 0, and X has a momentum Px due to a photodissoci-

ation process. The corresponding total energy of the system is therefore given by (see Eq.

6.1):

7
= 6.13
I (6.13)
Applying Eq. the resulting momenta in the center of mass frame are
P1 0
P2 | =1 — ?\/[]V{; Px (6.14)
P3 Px

From this result, one concludes that:
1. The momentum for the two atoms Y with respect to their center of mass is zero.

2. The momentum for the halogen atom X with respect to the center of mass of the
molecule Yy is —?\fy—m‘i times the momentum of the halogen atom. The magnitude of

this factor depends on the masses of the atoms X and Y involved.
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6.1 Kinematics of three-body Collisions X+Y»

3. The momentum for the center of mass of the system is the same as Px.

Finally, the fraction of kinetic energy available for reaction is calculated as the ratio of

the kinetic energy of the center of mass and the initial total one,

2 2
b3 (2cy)
Tx,yy o 2pxyvyy  2px,yy 2My (6.15)
= — = = .
Tx Pg i Mot
2Mx X

If one now considers the photodissociated atom X being the halogen atom, Cl, and the
molecule Yy being Hy or Do, these equations demonstrate that the quantity of energy,
which is really available for the reaction for this kind of three-body system, is just a small
fraction of the total energy at disposal.

In particular:

Tci,uu _ 2My ~ 5.4%,
TX MCI + 2MH ’
Tcr,pp _ 2Mp ~ 10%

Tx Mcy + 2Mp

where Mg = 34.968852 a.m.u. , My = 1.00794 a.m.u. and Mp = 2.01355 a.m.u.
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6.2 The Gaussian Quadrature [321]

In numerical analysis, numerical quadrature is practically a synonym for numerical inte-
gration. They are often called quadrature methods or just quadrature. There is a very

broad family of algorithms for calculating the numerical value of a definite integral.

b
/ f(z)dzx (6.16)

If f(z) is a smooth well-behaved function with bounded limits of integration, a and b,
there are many quadrature methods for approximating the integral with an arbitrary preci-
sion. In a very general fashion, quadrature methods can be described as a weighted sum of
integrand evaluations at a finite set of points (integration points) in order to approximate
the integral. The integration points and weights depend merely on the method used and

the accuracy desired.

The probably largest class of quadrature rules consist in the use of polynomials as inter-
polating functions, since they are easy to integrate. The simplest of these quadratures is
the midpoint or rectangle rule, where the interpolating function is a polynomial of degree
zero passing through the middle points ( (a +b)/2, f((a+b)/2) ).

/abf(:c)dcz:zf<a—2|_b> (b—a) (6.17)

The interpolating function could be an affine function, which means a polynomial of

degree one, passing through the integration points. This is called the trapezoidal rule.

/f ”;f() (b—a) (6.18)

For both of these methods, higher accuracy is reached by dividing the intervals [a, ]
into an arbitrary number n of subintervals (nesting property). Quadrature methods based
on equidistant integration points belong to the more general Newton-Cotes formulas. In
contrast, if one allows the space intervals between the interpolation points to vary, the
quadrature methods are called Gaussian Quadrature formulas (GQ) and are typically more
accurate than a Newton-Cotes rules which requires the same number of function evalua-
tions. The two points GQ formula can be seen as an extension of the trapezoidal rule, where
the arguments of the function are not predetermined as a and b, but are the unknowns
(not equidistant anymore) 21 and xs, so that with the coefficients there are altogether four

unknowns.

b
[ et @ite = wnsten) + i (w) (6.19)
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Table 6.1: Different kind of polynomials used in the Gaussian Quadrature methods listed
together with their properties [321].

H Interval ‘ Weighting Function w(z) ‘ Orthogonal Polynomials H
[—1,1] 1 Legendre Polynomials
(-1,1) [ (1—2)%1 +2)? with a, 8 > —1 Jacobi Polynomials
(—1,1) \/1£7 Chebyshev Polynomials of first kind
[—1,1] V1 — a2 Chebyshev Polynomials of second kind
[0, +00) e ” Laguerre Polynomials
(—00, +00) e Hermite Polynomials

The general n-points GQ is thus defined as:

b n
/ w(z)f(@)dr = waf(za) (6.20)
a a=1

The fundamental theorem of GQ states that, chosen an orthogonal polynomial g(z) of
order n, whose n roots are the integration points x,, for some set of wq, Eq. is exact,
if f(z) is a polynomial of degree < 2n. It is well known, that one always can fit an n — 1
degree polynomial to a set of n points. For example, 2 points define a line, 3 points a
parabola, etc. The GQ theorem practically says that by carefully choosing the integration
points and weights, one can exactly fit a polynomial ¢(z) of degree n — 1 to a polynomials
of degree < 2n, which is computationally not expensive and very accurate. Depending on
the integral to be evaluated the best suited polynomial should be chosen, corresponding
to a different class of GQ. Table lists the most common polynomials used together
with the respective weighting function and interval of validity. The Chebyshev polynomials
form the one dimensional particle-in-the-box basis set functions [30]. They give equally
spaced integration points centered at z = cos™!(#). The Legendre and associated Leg-
endre polynomials with z = cos(f) are appropriate for angular functions and are closely
related to the Spherical Harmonics (SH) basis-set [30]. The Hermite polynomials form
the one dimensional Harmonic Oscillator basis set functions apart from a constant multi-
plication factor [30]. After the polynomials chosen for the integration, these quadrature
are respectively called Chebyshev-Gauss, Legendre-Gauss, Gauss-Hermite quadratures, re-

spectively [30].

241



6 Appendix

6.3 Quadrupole-Quadrupole Interactions

The quadrupole is the lowest non-vanishing electrostatic momentum possessed by a linear
molecule belonging to the D, symmetry point group, as for instance the Hy and Cly
molecules. As a consequence, when considering a molecular system composed of two linear
molecules, the lowest possible electrostatic interaction is the Quadrupole-Quadrupole (QQ)
one. The higher electrostatic terms, like the Hexadecapole-Quadrupole and Hexadecapole-

Hexadecapole interactions, are not considered here, but are also present in such systems.

In the following appendix the QQ-interaction between the chlorine molecule A fixed in
the space and the rotating hydrogen molecule B will be explicitly calculated with the aim
of showing that for molecules with spherical rotational distributions, such as pHa and oDo,
the quadrupolar (actually all) electrostatic momentum vanishes, whereas for molecules
with a non spherical rotational distribution, such as oHo and pDs, it does not.

In more mathematical term, this is shown by integrating the QQ-interaction formula

over the absolute value of the respective spherical harmonics, |Y7, a(05, ¢5)[%

s 27
/ QaQp YoM (0, ¢5)|*sin0pdipdor (6.21)
o Jo

where Q 4@ p is the QQ-interaction formula and is given in the next equation.

_ _ 24 2 2 2
QaQp = 1 5cos“04 —5cos“ O+ 17cos” 04 cos* O + (6.22)
II IIr v

+ 25sin? 0 4 sin® 05 cos? dA cos? o+ 2 sin? 0 4 sin® 0 sin? oy sin? OB+

14 VI
+ 4in® 04 sin? O cos pACOSPpSin,sinep +

VII
— 16sinf4 sinfpg cosh 4 cos O cos g 4 cos pp +

VIIT
— 16sin04sinfp cosf4 cospsin ¢ 4sin gp

IX

Inserting Eq. into Eq. for each of the addends of the QQ-interaction formula
enumerated with the roman numbers, a different integral has to be solved. For each species
considered, a different spherical harmonic has to be integrated. The spherical harmonic,
Y1 —0,Mm=0, for an isolated pHs or oDy molecule and the spherical harmonics, Y7,—1 p=—1,0,1
for an isolated oHs or pDs molecule. These four spherical harmonics are given below

together with their absolute values:
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6.3 Quadrupole-Quadrupole Interactions

1
Yoo(0B,¢B) = 4/ e = |Yo.0(05,65)* = o

3 . , 3 .
Yi+1(0B,0B) = \/QSIHQBCW = Y1,51(05,905)* = gSIHQ Op

3 2 3 9
Yio(0B,¢B) = ECOSQB = |Y1,0(0B,¢B)|" = 1 o8 Op

The list of integrals needed for solving the integrals have been taken in [321] and are
listed below:

1
A /sin cxdxr = —— coscx
c
1

B: sin cx cos™ cxdr = ——— cos™ T cx
c(n+1)
coscrsincr 1
C: cos®cxdr = ———— " 4 “x
2 2
. sincrcoscx 1
D : sinfexdr = ——— """ 4 g
2 2
n—1 s
CcoS crsincx n-—1 _
E: /cos" cxdr = + /cosn 2cxdr  (forn >0)
ne n
oon—1
. sin""tcxrcoscr n-—1 . n—
F: /sm" cxdr = — + /Sln" 2exdz  (forn >0)
ne n
. 1 .
G: sin cx cos cx = — sin? cx
2c
H : /cos cxdxr = —sincx
c
san—1
I: sin™ ez cos™ cady = — SR 1
c¢(n+m)

n—1

/sin”_2 cxcos™ cxdr  (for m,n > 0)
n—+m

243



6 Appendix

Integration over Y, (0p,¢p) (PH2 and oD, rotational ground states):

1 27 s
I = — dop / sinfpdfp -1 =1
47T 0 0
=2r =g because of A
1 27 T
II = —5cos?fy- / dop / sinfpdfp = —5cos’ 0,
47T 0 0
=2r =2 because of A
1 27 T ) ) 5
17 = -5-— dop cos”“ g sinfpdip = ——
47T 0 0 3
=2m 2 because of B

1 271 T 1
IV = 17cos®0y - / d¢3/ cos’ Opsinfpgdig = —70082 04
471' 0 0 3

=27 2 because of B

1 27 us 1
V = 2Sin20ACOSQ¢A'4/ COSQ¢Bd¢B /sinSGBdHB :§sin29,4c082¢,4
™ Jo 0

=r because of C 2 becausg of F+A

1 2T i 1
VI = 2sin29Asin2¢A-4/ sin? ¢pdop /sin?’eBdaB :§sin20Asin2¢A
T Jo 0

=r becaﬁse of D 4 because of F+A

1 2T T
VII = 4sin® HACOS¢Asin¢A~4/ sin pp cos ppdpp / sin®0pdfy =0
m™Jo 0

=0because of G 2 because of F+A
1 27 T
VIII = —lﬁsineAcosﬁAcos¢A-4/ cos¢qu§B/ sin’ 0 cosOpdlp = 0
™ Jo 0

=0 because of H
1 2 s
IX = —1GSin9ACOSQASin(Z)A-4/ singdegbB/ sinfg cosfpdip =0
™ Jo 0

=0 because of A

Finally, summing up all non-vanishing terms:

™ 27
/ QaQp - [Yoo(0p,¢p)|*sinbpdipdop
o Jo
5 17 2 2
= 1-5cos?04 — = + — cos? 04 + = sin® 04 cos? dA +=7sin? 04 sin? dA
3 3 3 ~—— 3
1—sin ¢4
2 2 2 2 2
= —§+§C0529A+§Sin2(9,4:§+§:0
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Integration over

6.3 Quadrupole-Quadrupole Interactions

Y1 41005, ¢B) (0Hz and pD; rotational ground states):

3 27 T
I = / dog / sin® 0pdfp =1
87T 0 0
—_— —}/
=2r 4 because of F+A
IT = —5cos?04-1=—5cos’0,
3 27 T ) 3 1
II7I = -5.— dd)B COS GB sin QBdQB = -
87T 0 0 5
=2m 4 because of 1
1 1
IV = III-— -17cos’f4 = —2—; cos? 0,4
3 27 i 4
V = -251n2«9A6082¢A/ cos? opdop / sin® 0pdfp = — sin? 9,40052¢A
87T 0 0 5
=r because of C 3¢ becau;:e of F+F
3 27 T 4
VI = - 2sin? 0 4 sin? qSA/ sin? ppdop / sin®@pdfp = —sin® 04 sin? g4
87T 0 0 5
=r because of D 1¢ because of F+F
3 27 T
VII = 3 ‘4sin29Acos¢)Asin¢A/ sin¢Bcos¢Bd¢B/ sin® 0pdfg = 0
a 0 0
=0 because of G
3 2T T
VIII = o —16sin6 4 cos B4 cos (Z)A/ cos ¢Bd¢>3/ sin* g cosOpdip = 0
™ 0 0
=0 because of H
3 21 T
IX = & —16sin6 4 cosf4sin gy / sin ppdop / sinfg cosfpdip =0
™ 0 0

=0 because of A

Finally, summing up all non-vanishing terms:

/07r " QaQB

0

Y1,4(05,¢5)|° sinpdfipdes

1 17 4 4
1—5cos?04 4+ = — — cos? 04 + — sin® 4 cos? oA += sin? 6 4 sin? da
~—— 5

5 25 )
1—sin? ¢4
g — %COSQ O+ %sin2 04
g + %sin2 04+ ;gcosz 04— %sin2 04
3—24—%—%%529;‘:2—%%8291&1
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Integration over Y o(0p,¢p) (0Hz and pD; rotational ground states):

11
117

v

VI

VII

VIII

IX

27 T
3/ d(bB/ cos’Opsinfpdip = 1
47'(' 0 0

=27 2 because of B

—5cos204 -1 =—5cos?0,

27 T
—5-3/ d¢B/ cos? O sinfpdip = —3
47'(' 0 0

=27 2 because of B

1 1
e 5 17 cos? 0,4 = %00320,4

3 27 T )
. 2sin? 0 4 cos® (bA/ cos? gde(bB/ sin® g cos® Opdog = R sin® 0 4 cos® DA
™ 0 0
=r because of C & because of [+B
2
sin“ ¢ 4 2 ., . 9
V. ot oa gsm 04sin“ ¢4

27 ™
= . 4sin?6, Cos P4 sinqu/ sin ¢p COS(;SquSB/ sin® 0 cos? 0pdog = 0
U 0 0

=0 because of G

2T T
42 - —16sin 64 cos 04 cos gf)A/ cos ppdop / sin? O cos® Apdip = 0
T 0 0
=0 because of H
27 T
43 - —16sinf4 cosf 4 sin ¢4 / sin ¢ gdop / sin® 05 cos® Ogdlp = 0
™ 0 0

=0 because of A

Finally, summing up all non-vanishing terms:

T 2T
/ QaQp - |Yi0(0B,0p)|*sin0pdipdon
o Jo
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51 2 2
= 1-5cos?04 — 3+ —cos?04 + =sin® 64 cos? b4 += sin? 6 4 sin® da
5 5 ~——— b

1—sin? ¢4
26 2
= -2+ Ecos2 04+ 5sin?eA

24 2 2
= —24 —cos?f4+ =cos’0,+ =sin® 64
5 5 5
8

24
= 73 + 30082 04



6.4 RA-PES Fitted Legendre Polynomials Expansion Coefficients

6.4 RA-PES Fitted Legendre Polynomials Expansion

Coefficients

Table 6.2: Coefficients for the expansion in the first three even Legendre Poly-
nomials, P,—024(04), of the 8 angular dependent parameters in the HFD-function,

VAL (Rap.04) in Eq. [5.29] fitting the two-dimensional RA-PESs, W e =" (Rap, 04)

and ngjfz% =0 (Rap,04), are given in a.u. respectively in the left and right columns of
the table.
XP()(@A) XPQ(@A) ><P4(6A) XP0(9A) XPQ(GA) ><P4((9A)
V(=0 pHy — Cly oDy — Cly
R,(04) 6.546083 2.457239  —0.961604 | 7.463068 2.376177 —1.238354
p(6a) 8.342770 10.81063 5.339028 4.235626 1.179803 3.617177
loga(f4) | 0.123888 —0.1575050 0.1006369 | 0.312947  —0.342894  0.1995624
b(04) 0.227439  0.2124749 —0.448644 | 0.987746 —0.7396689  0.242461
c(04) 0.1137108 —0.1481077 0.1166428 | —0.005826  0.015604  —0.0000019
Cs(04) 40.46230 127.8287 58.22363 139.1351 373.1690 164.2687
Cs(04) 1136.867 1496.881 185.1981 625.5885 754.4154 —710.9507
Cio(64) | 4827.163 2567.031 —1152.398 | 4816.229 2553.961 —1373.243
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Table 6.3: Coefficients for the expansion in the first three even Legendre Poly-
nomials, P,—p24(04), of the 8 angular dependent parameters in the HFD-function,
VIL(‘%(RAB, 04) in Eq.[5.29, fitting the two-dimensional RA-PESs, W;}gﬁg& lzl)(RAB, 04)

and W(Egjfz% lzl)(R 4B, 04), are given in a.u. respectively in the left and right columns of

the table.

XPQ(@A) XPQ(@A) ><P4(9A) XP()(@A) XPQ(QA) XP4((9A)

y (=1 oHs — Cly pDy — Cly

Ry(04) |7.272212 2457591 —1.132996 | 7.082789  2.580084 —1.198885

p(0a) 5.600052  1.155076  4.941181 5.628994  1.141327  5.068411

loga(f4) | 0.153863 —0.173002 0.103477 | 0.222301 —0.252485 0.150700

b(f4) |0.873880 —0.698060 0.266102 | 0.955018 —0.773104 0.277703

c(04) 0.005791  0.004250 0.01814 | —0.001737 0.015031 —0.000332

Cs(04) | 107.4460 283.5249  133.6542 120.0814  308.5875  130.9678

Cs(04) | 533.6362 804.6727 —748.2995 | 404.4496  622.6149 —301.0167

Co(64) | 3182.611 1451.915  1340.984 | 2019.258  3997.051 —1.339907
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Table 6.4: Coefficients for the expansion in the first three even Legendre Poly-
nomials, P,—p24(04), of the 8 angular dependent parameters in the HFD-function,

VIL(‘%(RAB, 04) in Eq.[5.29, fitting the two-dimensional RA-PESs, WISIZEEZ?Q le)(RAB, 04)

and W(Egjfz% =2) (Rap,04), are given in a.u. respectively in the left and right columns of
the table.

XPQ(@A) XPQ(QA) ><P4(9A) XPo(QA) XPQ(@A) ><P4(9A)

y(=2) 0Hy — Cly pD2 — Cly

R,(64) | 7.887075 2.241792  —1.066878 | 7.761789  0.018946  0.260517

p(0a) 3.789988 1.746207 2.585752 | 7.523380  15.02365  4.229105

loga(64) | 0.030453 —0.030127  0.018277 | 0.081839 —0.078861 0.002692

b(64) |0.2851373 —0.4098456 0.195429 | 0.5533672 —0.538118 —0.657567

c(04) 0.037022 —0.011143  0.001354 | 0.034101 0.016519  0.079221

Cs(04) | 176.8759 443.7729 161.1696 | 37.75205  122.9202  68.46941

Cs(04) | 721.6169 413.5156  —607.2996 | 1626.125  506.7775 —352.6596

Cio(0a) | 4788.124 2572.646  —1399.737 | 3226.777  1447.586  1298.371
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Table 6.5: Coefficients for the expansion in the first three even Legendre Poly-
nomials, P,—p24(04), of the 8 angular dependent parameters in the HFD-function,

VIL(‘%(RAB, 04) in Eq.[5.29, fitting the two-dimensional RA-PESs, W;}gﬁg& l:?’)(RAB, 04)

and W(Egjfz% =3 (Rap,04), are given in a.u. respectively in the left and right columns of
the table.
XPQ(@A) XPQ(@A) ><P4(9A) XP()(@A) XPQ(QA) XP4((9A)
V(=3 oHy — Cly pDy — Cly
R,(04) | 7.659767 2.484850 —0.732845 | 7.053535 2.492342 —0.788342
p(04) 4.181904 1.528093 2.288791 6.382567 1.797911 5.305201
loga(f4) | 0.027879 —0.026671 0.014598 0.257607 —0.272980 0.164915
b(04) 0.246792 —0.409352 0.220119 0.102531 —0.679282  0.290446
c(04) 0.038907 —0.009858 —0.003952 | —0.005042 0.008230 —0.004256
Cs(64) | 190.5950  462.1301 168.0032 91.2944 233.7369 104.4669
Cs(64) | 507.4645 599.0433 —341.9357 | 351.1368 542.6530 —526.6093
Cio0(04) | 4607.373 1142.824 —2738.211 | 3001.648 —3.794078 23.36125
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6.5 Einstein Model Computational Details

6.5 Einstein Model Computational Details

This Appendix gives information about the computational technicalities in order to set
up the Einstein models. The effective potentials Vgy(Ro) have been calculated at 16
different Nearest-Neighbour distances (NNd), Rq between 0.30 and 0.45 nm with steps
0Rg =0.01 nm. For the non-rigid Einstein model, eventually, this grid has been reduced
discarding few of the shorter and larger NNds, because of the computational cost. The
models have been generally applied to both the fcc and the hcep lattices except for the
non-rigid Einstein model, which has been applied only to the fcc lattice again because of
the computational cost. The simulation boxes are constituted by a number of cells n, =3
and 4 for each dimension for the rigid and non-rigid Einstein model, respectively. The
effective potential are very little influenced by the magnitude of the simulation box, since
by subtracting the fcc cohesive energy per molecule, E.(Ry), in Eq. the systematic
errors are cancelled out. The test-molecule at the center of the slab is displaced along
chosen directions, which are indicated by Miller indices for which we refer to Tab.

The number of grid points N, has been chosen case by case. The initial and final points
2Ry
(Ng—1)"
In the case of the 1D rigid model N, was independent from the value of R; and always

are always —Ry and Ry and the relative spacing dd between them is simply dd =

equal to 121. The 1D effective potentials, Vgas, have been fitted to 128 grid points by a
spline interpolation, before calculating the ZPEs. In the case of the 1D non-rigid Einstein
model, N4 has been made dependent from the NNd, R4, of the lattice. It has been varied
for increasing values of Ry between 21 to 51 and from 39 to 69 for the pHy/0D9 and the
Cly systems, respectively, with a step, dg, of 2 points. The total number of grid points
needed to be drastically decreased with respect to the rigid Einstein model, since the
optimization routine for the relaxation of the cage around the central molecule was highly
CPU-consuming. In contrast, the spacing, dd, does not increase drastically at large values
of R4, as in the rigid Einstein model, such that the fit of the effective potentials, Vg,
to 128 points by the spline interpolation is still accurate. In the 3D rigid and non-rigid
Einstein model N4 has been varied from 312 to 613 for both the fcc and the hep lattices
with a step, dg, of 2 points. The effective potentials, Vs, have been fitted to a 642 grid by

using an spline interpolation before evaluating the ZPEs. All parameters are summarized

again in Tab. [6.6]
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Table 6.6: The table summarizes the simulation box size in terms of number of primitive
cells, n., the number of grid points, Ny, along the crystallographic directions of displace-
ments and the step size, dg, of the number of grid points used in the different Einstein
models and lattice symmetry used. The minimum and maximum displacements are always

-R; and Ry.

pHa/0Do

Einstein Model

Lattice

Ne

Ny

Directions

1D rigid

fce

3

121

< 100 >
<011 >
<111 >

1D rigid

hep

121

< 100 >
< 010 >
< 001 >

1D non-rigid

fce

21 — 51]

< 100 >
<110 >
<111 >

1D non-rigid

hep

21 — 51]

< 100 >
< 010 >
< 001 >

3D rigid

fce/hep

[313 — 617]

< 100 >
< 010 >
< 001 >

3D non-rigid

fce

[313 — 617]

< 100 >
< 010 >
< 001 >

Cly

Einstein Model

Lattice

Ne

Directions

1D rigid

fce/hep

87

< 100 >
< 010 >
< 001 >

1D non-rigid

fce

39 — 69]

< 100 >
< 010 >
< 001 >

3D rigid

fce/hep

[313 — 613

< 100 >
< 010 >
< 001 >

3D non-rigid

fce

[313 — 613]

< 100 >
< 010 >
< 001 >
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