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Abstract

We consider the ensemble Kalman inversion (EKI) which has been recently
introduced as an efficient, gradient-free optimisation method to estimate
unknown parameters in an inverse setting. In the case of large data sets,
the EKI becomes computationally infeasible as the data misfit needs to be
evaluated for each particle in each iteration. Here, randomised algorithms
like stochastic gradient descent have been demonstrated to successfully over-
come this issue by using only a random subset of the data in each iteration,
so-called subsampling techniques. Based on a recent analysis of a continuous-
time representation of stochastic gradient methods, we propose, analyse, and
apply subsampling-techniques within EKI. Indeed, we propose two different
subsampling techniques: either every particle observes the same data subset
(single subsampling) or every particle observes a different data subset (batch
subsampling).
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1. Introduction

A large variety of physical, biological and social systems and processes have been described
by mathematical models. Those models can be used to analyse and predict the behaviour
of the associated processes and systems. In case, a model shall be employed to describe a
particular system, the model needs to be calibrated with respect to observation of that par-
ticular system. This calibration process that fits the model to data is often called inversion.
Inversion forms the basis for, e.g. numerical weather prediction, medical image processing, and
many machine learning methods. Several inversion techniques have been proposed and stud-
ied: we often distinguish variational/optimisation-based approaches and Bayesian/statistical
approaches. Throughout this work, we consider a class of methods that can be seen as being in
between those two approaches: the ensemble Kalman inversion (EKI) framework going back
to [20, 31]. EKI is based on an Ensemble Kalman—Bucy Filter that is iteratively applied to
solve an inverse problem. In the linear setting the resulting algorithm is usually given in the
form of a preconditioned gradient flow, that is an ordinary differential equation describing the
dynamics of an ensemble of particles.

EKI becomes computationally infeasible, if the considered amount of data is too large:
the data cannot be stored in the memory at once and, thus, EKI is not applicable. The same
problem arises also in other traditional optimisation algorithms, like gradient descent or the
Gauss—Newton method. In the past decades, randomised algorithms that optimise in each time
step only with respect to a subsample of the data set have become popular. A subsample is
a (often randomly chosen) subset of the considered data set. The foundation for all of these
stochastic optimisation algorithms is the stochastic gradient descent (SGD) algorithm going
back to [28]. Stochastic gradient descent and its variants have become especially popular in
the machine learning community.

The idea of randomised subsampling in the EKI framework has been proposed in [22],
where it is, indeed, applied to train a neural network. There, the subsampling has been intro-
duced after discretising the preconditioned gradient flow, but no analysis has been presented.
A recent work by [23] explains how subsampling can be represented in continuous-time set-
tings and how these can be analysed. In the present work, we aim at using this theory in the
context of EKI to analyse subsampling methodology at the ODE level.

1.1. Literature overview

Since its introduction in [15] the ensemble Kalman filter (EnKF) has been widely used in both
inverse problems as well as data assimilation problems. The EnKF is very appealing for many
applications due to its straightforward implementation and robustness w.r. to small ensemble
sizes [3, 4, 18-20, 24]. Stability results can be found in [32, 33]. Convergence analysis based on
the continuous time limit of the EKI has been developed in [5, 6, 9, 30, 31]. However, to obtain
convergence results in the parameter space some form of regularisation is usually needed. We
mainly consider Tikhonov regularisation which was analysed for the EKI in [12] for example.
Recently there has been further analysis on Tikhonov regularisation for the stochastic EKI as
well as adaptive Tikhonov strategies to improve the original variant [35]. Considering large
ensemble sizes, an analysis of the mean-field limit is presented in [10, 14].

A historical overview of the Kalman filter and some of its extensions can be found [10].

After their introduction by Robbins and Monro [28], the stochastic gradient descent method
has in the recent past been further analysed by, e.g. [8]. Stochastic gradient descent is often
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computationally advantageous compared to normal gradient descent [26] due to computa-
tional efficiency as well as being able to escape local minimisers in non-convex optimisation
problems [13, 34]. As mentioned earlier, the theory employed in this work is based on the
continuous-time analysis of stochastic gradient descent by Latz [23] that was further gener-
alised in [21], but is somewhat orthogonal to the diffusion-based continuous-time analysis of
SGD of, e.g. [25].

1.2. Contributions and outline

In the following, we focus on the case, where the data misfit is computationally infeasible
due to large data. Inspired by the success story of randomised gradient descent methods, we
introduce subsampling strategies to EKI to ensure feasibility of the method also in the large
data regime. We summarise our contribution below:

1. We introduce two subsampling techniques for EKI: single subsampling and batch sub-
sampling.

2. We present an analysis of the subsampling techniques for linear forward operators, in par-
ticular we analyse stability of the subsampling schemes and give conditions under which
we obtain asymptotic stability. Indeed, the resulting dynamical system approximates the
EKIT solution.

3. We illustrate our results with two examples: estimation of the source term for an elliptic
partial differential equation and estimation of the diffusion coefficient for a parabolic partial
differential equation.

Whilst analysing the subsampling EKI, we generalise some results from [23] to more gen-
eral flows. These generalisations may be of independent interest.

This work is structured as follows. We introduce problem setting and EKI methods in
section 2. We discuss stochastic approximations of certain flows in general and the sub-
sampling in EKI in particular in section 3; before analysing them in section 4. We show numer-
ical examples in section 5 and conclude the work in section 6.

2. Problem setting and mathematical background

Let (£2,.A,P) be a probability space, X be a separable Hilbert space and Y := R | with Nyps €
N={1,2,...}. We will refer to X as parameter space and to Y as data space. Letnow n,m € N.
We sometimes associate finite-dimensional spaces R" with the basic inner product (-,-) and
the associated Euclidean norm || - || or the weighted inner product (-,-)r := (-,I'~!-) and its
associated weighted norm || - ||, where I' € R**" is symmetric positive definite. Further we
denote by BX := B(X,|| - ||) (or respectively BX := B(X,|| - ||r)), the Borel-o-algebra on X.
Given an additional space R” we define the tensor product of vectors in x € R” and y € R™ by
XQy = xyT.
In the following, we focus on linear inverse problems of the form

AOT 4T =T, 2.1)

where 67 € X is the frue parameter, yJr € Y is the observed data set, nT € Y is observational
noise, and A : X — Y is a compact operator. In a Bayesian setting, we model #7, 7' as random
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variables 6 : Q) — X and n: Q — Y, where 6 | 7. Assuming that the noise is normally distrib-
uted, i.e. n ~ N(0,T") and non-degenerate, the posterior 1” is characterised through Bayes’
formula:

1 1
) = exp (~3 1= 4611 ) auo(0),

where iy denotes the prior distribution on the unknown parameters and Z = [E,,, exp(—% lly —
Af||r) is the normalisation constant. We will focus in the following on the computation of a
point estimate of the unknown parameters, the maximum a posteriori (MAP) estimate, which
is a minimiser of a regularised version of the potential

1
B(0) = 2(0;y) = 5 |ly — A0t (22)

In order to handle large data settings, i.e. Nqyps large, we introduce a subsampling strategy,
i.e. we partition the data y' into multiple subsets y]{, e y}:,sub, such that (y}L, RN y}:,sub) =i,
Naub € N, Ngyp > 2, and I := {1,...,Ngp }. To this end, we define data subspaces Yy, ...,Yn,,,

such that Y:=][;,¥i. Moreover, we assume that the noise 7 has independent entries

with respect to this splitting of the data space Y. In particular, we assume that there
are covariance matrices I'; : ¥; — Y;, i € I, such that I' has the following block diagonal
structure:

I
I

Ly

sub

Finally, we split the operator A into a family of (A;);c;, where
Ay
A= :

ANsub

Then, we can equivalently represent the inverse problem (2.1) by the family of inverse prob-
lems

A6 +77;r :y];

ANsubgT + nlt’suh = lequb’

where niT is a realisation of n; ~ N(0,T;) fori € I.

Remark 2.1. Note that the diagonal structure of the noise can always be guaranteed by mul-
tiplying (2.1) with the inverse square root of I'. To simplify notation we will, w.l.o.g. assume
for the remaining discussion that I' = Id; and correspondingly I'; = Idy,.

We will then consider the potentials of the respective data subset

1 .
®i(0) = 54—y IP (€D
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To overcome the ill-posedness of the inverse problem, we often consider a regularised ver-
sion of the potential in the form of

1 «
OE(0) = B (0;y) = S lly = AO|* + (10
where C is a self-adjoint, trace-class operator and « > 0. This corresponds to the MAP estim-

ate in case of a Gaussian prior with covariance aCy, cp. [12, 29]. Assuming a Gaussian prior
distribution with mean equal to zero, we can incorporate the regularisation via

A= ((0420) ) =(5)

allowing us to write

ol

1 -
() = S [Iy - A0|” 2.3)
Note that the forward operator A is usually not injective, whereas the regularisation results in

an injective operator A.
Similarly, when we split the forward operator we consider

_ A; Vi
A= s = ( i)
(6) 0

leading to the family of potentials

1

re; I, ~ .
E(0) = 5”)’:’ — A0, (iel).

that satisfies
Nsub

() =D PIE(D).

i=1

2.1. EKI and its variants

We aim to solve the inverse problem (2.1) using the EKI framework. We will focus in the
following on the continuous-time limit of the Kalman inversion, cp. [30].

We define the initial ensemble to be 6y = (6);c; € X¥m assuming w.l.o.g. that (65 —
o) jes is a linearly independent family, with Nens € N, Nens > 2, and J:={1,...,Nens }. The
basic EKI proceeds by moving the particles in the parameter space according to the following
dynamical system

doW) (1)

o= e ) (el 2.4)
6(0) = 6o,
where
&y e LS00 a0 W0 - AT). T =309 (>0
Neww — 1 2 News 4
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The linearity of the forward model leads to the following equivalent reformulation of the
dynamical system

W) _ e Ged) @5
60(0) = 6o,
where
N 1 N _ . _
Ci = N —1 2(9(’)(0 —0(1) @ (09 (1) — 0(1)).
ens j:1

Intuitively, the dynamic represents parallel gradient flows minimizing (2.2) which are coupled
through the empirical covariance C,. This empirical covariance can be viewed as a precondi-
tioner. The following reformulation of the right hand side

Ao ()

—g =2 A0 —A0),A0 (1) -y )0V () - 0() (i €)
k=1

0(0) = 6

reveals the so-called subspace property, i.e. the particles (Gt(j ) )jes lie in the span of the initial
ensemble (9(()’ ) ) ey for any time 7 > 0, cp. [20]. Hence, we can assume that the parameter space
is finite dimensional with X := R and will, w.1.0.g. do so in the following.

We define the Tikhonov-regularised ensemble Kalman inversion (TEKI) by the solution of
the following ODE

) N .
WO — _epasn) (e 2.6)

0(0) = 6.

The ensemble of particles converges to the empirical mean following the dynamics given
by (2.6). This results in the so-called ensemble collapse, and thus the degeneracy of the
ensemble covariance operator, which results in an algebraic convergence rate rather than an
exponential rate (compared to gradient flows). Variance inflation is a technique mitigating this
effect by adding an operator to the degenerate C;. Let C,; : X — X be a covariance operator on
X. We define the variance-inflated EKI as the solution of the ODE

() R .
d9 :h(t) = (@t awC)De®OV ) (j ) 2.7

6(0) = 0o,

for ay; > 0.
By replacing @ by ®™¢ in (2.7), one obtains the variance-inflated TEKI

o) _ A
dadt(t) = —(Ci+aiCy)Dp® (00 (1)) (€

6(0) = 0y,

for ay; > 0.

2.1.1. Well-posedness and convergence analysis. ~ We summarise in this section the main
results on the well-posedness and convergence properties of EKI with regularisation and vari-
ance inflation.
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Theorem 2.2 ([30, theorem 3.11,[12, theorem 3.2]). Let u'(0),...,u’(0) be a given initial
ensemble, we denote by S = span{u(f) J€{1,...,J}} the span of the initial ensemble. Then
the ODE systems (2.5)—(2.7) have unique global solutions u)) (t) € C'([0,00);S) for all j €

{1,....J}.

The convergence of the EKI estimate to the true parameter is restricted to the span of the
initial ensemble S. More precisely, the particles stay in the affine space 63 + & for all £ > 0,
cp. [12, corollary 3.8], where

g = Span{e(l) (O)a ce ae(th)(O)}
with
eV =00—0,  (Ge{l,... Nens})

03 = 0(0) — P¢6(0), and P¢ being the projection onto the subspace £.

This implies that the accuracy of EKI is bounded below by the accuracy of the best approx-
imation in 93‘ + £. We summarise in the following the main convergence results for the various
variants of EKI.

Theorem 2.3 ([30, theorem 3.3],[12, theorem 3.13]). Assume that
span{Ae("(0),...,Ae™) (0)} = RV,

Then, the residuals of EKI mapped under the forward operator converge to 0. It holds that
o the rate of convergence for EKI without variance inflation is
146V =yt e O™ Vie{l,....J},
e the rate of convergence for EKI with variance inflation is
409 —y|} € O(e™)  Vje{l,....J},
for a constant ¢ > 0.

Assume that € =X. Then, the particles of TEKI converge to the minimiser of the regu-
larised least-squares problem 07, , which is given by 0}, = (ATA)_IATy and respectively

reg’ reg *

o}, .= (ATA) - AT§ when considering regularisation. It holds that

reg "
e the rate of convergence for TEKI without variance inflation is
. ) B .
16V =0l ik e OG™")  Vie{l,....J},
e the rate of convergence for TEKI with variance inflation is
109 0Lk € O™ Vje{l,....J}
for a constant ¢ > 0.

The assumption on the affine space £ = X is rather restrictive and usually not satisfied in
practice. We discuss in the following the generalisation of the convergence result to the more

7
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general setting 65 + & C X. The best approximation in this space is given by the solution 9}
of the following constrained optimisation problem

1 -~
in=[|A(6+65) — 3|
min > [|A(6 +65°) - 51,
which can be equivalently formulated as the unconstrained optimisation problem

1. - -
min_ S [AEe — (3 A0, (2.8)
with E denoting a basis of £ (w.l.o.g. dim(€) = Neps — 1). Then, TEKI can be formulated in
the coordinate system of E and convergence results can be straightforwardly generalised. Note
that convergence then follows to the minimiser of 2.8, i.e. the best approximation of 2.3 in the
affine space GOL + &. We refer to [12] for more details on the derivation of the convergence
result. We will denote in the following the optimiser of the constrained optimisation problem
by 6%, i.e.

. . J .
0 eargm1n9€g§||A(9+03‘)—y||2,

3. Subsampling in continuous time

In this work, we are interested in certain stochastic approximations of ODEs, indeed, we are
studying EKIs in which we randomly replace the potential € by one of the (®;%);<;. We
now introduce and study a framework in which we are able to consider the subsampling of
(actually, more general) flows, before then discussing the subsampling in EKI.

3.1 A general framework and result

Let F;:X x[0,00) — X be Lipschitz continuous for i € . Moreover, we define F=
> icrFi/Neuw. We study the full dynamical system (0(t)):>o, given by

0(t) = —F(0(r),r)  (1>0) (3.1
0(0) =6 X

and also the subsampled dynamical system
0(t) = —F;(0(r),1)  (1>0) (3.2)
9(0) =0y e X.

We denote the flows with respect to (F;);c; by (cp,(i))ig,@o: Letz>0,i € I, and 6 € X, then

o0 (00) = —Fi(e(00)), o () = by

In the same way, we denote the flow with respect to F by ¢,.

Solving or approximating the full dynamical system (3.1) can be computationally expens-
ive, especially if Ngps is large. We will now discuss an approximation strategy for this full
dynamical system that replaces the full system at any point in time by a randomly selected
subsampled system. Hence, in any small time interval, we only need to evaluate (3.2) for some
iel

We define the subsampled system through a continuous-time Markov process (CTMP) on
I, which we call (i(¢)),;>0. Let 7 : [0,00) — (0, 00) be continuously differentiable and bounded

8
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from above. We refer to 1(t) as learning rate at time ¢ > 0. Leti : [0,00) x 2 — I be the CTMP
with transition rate matrix

L 1 . . . - Nsub .
A e S R TG R e

and initial distribution #(0) ~ Unif(f). (i(r))>0 is the stochastic process characterised by
Algorithm 1.

Algorithm 1. Sampling (i(¢))>o0.

1: initialise i(0) ~ Unif(/) and 7y < 0
2: sample A with survival function
P(A > tlto) == 1]t < 0] +exp (— [ym(u+10) " du) (t € [~00,00])
3: set i|(,07,0+A) — i(t())
4: sample i(to + A) ~ Unif(I\{i(t0)})
5: increment #y < fo + A and go to 2

Hence, the process (i(f));>o is a piecewise constant process that jumps from one state to
another after random waiting times. There are several other characterisations of the process
(i()) =0, we refer the reader to [1] for general CTMPs on discrete spaces. The algorithmic pro-
cedure above goes back to Gillespie [17]. Properties of this particular CTMP have been studied
in [23]. We can now define the stochastic approximation process for (F;);c; and (i(¢)),>0.

Definition 3.1. We define the stochastic approximation process given by the family of flows
(F;)ier and the index process (i(t)),>0) by the tuple (i(z),0(¢)) =0, with

0(t) = —Fyy(0(1),1)  (1>0)
9(0) =60y eX.

In the following, we are interested in the long time behaviour of the stochastic approxima-
tion process.

Assumption 3.2 Let K € N and X := RX. Let (i) and (ii) hold for any i € I

(i) F; € C'(X x [0,00),X),
(ii) the flow <p,( 9 contracts quickly—in particular, we have a measurable function % : [0,00) —
R, with [ h()df = oo such that

(Fi(2" (60),1) = Fi(” (61),8), 0 (80) — 21 (01))x < —h()]| 0" (80) — 21" (61) ]2
for any two initial values 6y, 0, € X.

Note that assumption 3.2(ii) already implies that the flow of —F is exponentially contract-
ing. The Banach fixed-point theorem implies that the flow has a unique stationary point, which
we denote by §* € X. We now generalise one of the main results of [23] by showing that the
stochastic process converges to the unique stationary point §* of the flow (%,),>¢ if the learning
rate goes to zero. Convergence is measured in terms of the Wasserstein distance

dw(m,7')= inf / min{1,]|6 — 0'|}dH(6,6"),
HeC(m, ') Jxxx

9
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where ¢ € (0,1] and C(m,7’) is the set of couplings of the probability measures m, 7’ on
(X, BX).

Theorem 3.3. Let assumption 3.2(i) and (ii) hold for a constant h and a stochastic approx-
imation process (i(t),0(t))=0 with initial values (iy,0p) € I X X. Moreover, assume that
lim,—, oo n(t) = 0. Then,

lim dw (6(- — 6%),P(0(¢) € -|6,ip)) = 0.

t—o0

Proof. Please see theorem A.1. O

Hence, the process converges to the Dirac measure 0(- — 6*).

3.2. EKI with subsampling

We introduce two possibilities of subsampling: EKI with single subsampling and EKI with
batch-subsampling. In the first case, we choose a single subsample y:f from y' essentially
replace the potential in (2.4) by the subsampled potential ®;. In the mini-batching case, we

pick a total of Ngys subsamples (y;r(l), e yiT(Nms)), i.e. one subsample for each particle in the
ensemble. Then, we evolve each of the ensemble members with respect to their data subsample,
i.e. #U)(z) is evolved with respect to ®;(jy, forj =1,..., Nens.

After one remark, we continue by defining the single subsampling.

Remark 3.4. When defining the subsampling algorithms, we will only refer to the basic EKI.
Of course, it is possible to combine subsampling with Tikhonov regularisation. In this case,
we replace the potential ®; in (3.4) with
/ . o 2
2/(6) = 2.(6) + 7 01
for i € I. In the same way, one can combine subsampling with variance inflation, by replacing
the empirical covariance C; with the inflated covariance (C; + a’Cy).

3.2.1. Single subsampling. ~ The essential idea is now the following: at every time step, we
follow the EKI flow of the potential ®;, for one random i € I, as determined by (i()).>o.
Indeed, the EKI with single subsampling is defined via the dynamical system

doW) (¢ ~ - ,
e 000 (e

0(0) = .

(3.4)

We illustrate this single subsampling strategy in figure 1.

3.2.2. Batch-subsampling.  In batch-subsampling, we define a set 1 C Ve such that for all
i €{l,...,Ngp},j €J, the number of elements in {i el: ij =1} is identical. Moreover, we
define a stochastic process i : [0,00) x  — I. Here, the coordinate processes (i(t; 7))i>o0, for
J =1,..., Nens, are stochastically independent CTMPs with transition rate matrix (A()),>0, as
given in (3.3). The process (i(f;/));>0 now represents the data subset with which the particle
0\) is evolved, for j = 1,...,Nens. Hence, the EKI with batch-subsampling is given by

dov) (z)
dt

= —CiDyPi(1 (09 (1)) (eJ)

10
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'S ' )
Ys Y1 Ya
o e—_ OO

9(3) k7t§%

e .// R —

9(4) g -/ -

0 T Ty T

Figure 1. Cartoon of EKI with single subsampling: same data subset y;,y, ... for each
ensemble member.

Figure 2. Cartoon of EKI with batch subsampling: different data subsets y;,y, ... for
each ensemble member.

0(0) = 6,.

We illustrate the batch subsampling strategy in figure 2.

4. Analysis of the EKI with subsampling in the linear setting
We present in the following a convergence theory for the two subsampling strategies in the
linear setting. Our goal is to verify the assumptions 3.2, in particular the condition

—(01 — 02, F,(01,0) = Fi(02,1)) < —h(0)[[01 — 0%,

for ¢ large enough, with —F;(6(z),7) denoting the right hand side of the dynamical system
and & : [0,00) — R being a measurable function. We will see that the analysis of the ensemble
collapse will play a central role for the construction of the function 4. In order to derive conver-
gence results in the parameter space, we will focus in the following on the regularised setting,
i.e. we consider the potential ®™¢.

4.1. TEKI with variance inflation

The variance inflation allows to explicitly control the ensemble collapse by controlling the
preconditioner in the following way:

1
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Theorem 4.1 (Single Subsampling TEKI with variance inflation). Lez (0 (t)),>0,¢; satisfy

dov)( ~ e st
T - @ aucopie 00 0) (G ed)
6(0) = 6.
with index process (i(t));>0) and
A; T
re ; 1. ~ ~ i(r) N y!
e (09 (1) = 5 3o —A0|?, Ay = (Na c )% , V= ( ‘(()’)> ;
sub

with o, a,; > 0, 6, denoting the empirical covariance matrix of the particles 1) (t), and Cy, Cy;
being symmetric positive definite matrices. The tuple (i(t),0(t))>o0 denotes the single sub-
sampling TEKI solution with variance inflation. Then,

lim dy (5(. —6*),P(09 (1) € ~|90,i0)) —0 (e

—0o0

Proof. By theorem 3.3, we know that convergence of (6\/)()), for j € J, follows if assump-
tions 3.2 are satisfied. The continuous differentiability of the right hand side follows straight-
forwardly from the definition of the TEKI. The inequality holds with

s+ + I Vsub

B0 = oG iy in AT )
where obviously fooo h(t)dt = o is fulfilled. The details on the construction of % are given in
lemma A.S. O
Theorem 4.2 (Batch subsampling TEKI with variance inflation). Let (6\)(1));>0, s satisfy
da(/) (t) a re, j .
5= —(Ci+anC)De®5 (0V(1) (€
6(0) = 6y.

with index process (i(t;]))i>0je1,... Nows ) and

reg () L 1 2 1 Ai(t;j) i - y}L >
Lige (07 (1) = S i) = AicspOII%s - Aicejy = (Na C )f s Jiey =G )
sub

with o, a,; > 0, a denoting the empirical covariance matrix of the particles ') (t), and Cy, Cy;
being symmetric positive definite matrices. The tuple (i(t;)),0(t))i=0 denotes the batch sub-
sampling TEKI solution with variance inflation. Then,

lim dy (3~ 0).B(09) (1) € 100.i0) ) = 0,

forj e J.

Proof. The proof follows the same lines as the proof of theorem 4.1. O

4.2. TEKI without variance inflation

We have seen that the control on the smallest eigenvalue of the preconditioners, i.e. the empir-
ical covariances, is crucial in order to prove convergence. We will consider in the following

12
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the more general case, where the smallest eigenvalue converges to 0 with a rate such that
fooo h(#)dr = oo still holds true and convergence follows by theorem 3.3.

Theorem 4.3 (Single Subsampling TEKI without variance inflation). Let (61 (t))>0, ¢y
satisfy

) ~ .
& c;t(t) =—CDe@ (07 (1) (j€J) @.1)
0(0) = 6.

with index process (i(t))>0) and

reg ( n(j) 1 ~ 1 2 ~ Ai(t) ~ yT
(I)i(,)(g (t)) = EHYi(t) —Ai(t)‘9|| , Ai(t) = (Na C )2 y Y= 'g) )
sub

with a > 0, a denoting the empirical covariance matrix of the particles /) (1), and Cy being
a symmetric positive definite matrix. The tuple (i(t),0(t))>0 denotes the single subsampling
TEKI solution without variance inflation. Then,

lim dy (5(- —0"),P(O9 (1) € -|90,i0)) =0,

t—o0
forjeJ.

Proof. The continuous differentiability of the right hand side follows with the same argument
as in theorem 4.3. The inequality holds with A(f) = Amin(C} ) mine (. n} Amin(A7A;), where
5 h(1)dt = oo is fulfilled due to Apin(C!) € O(r~"). The details on the minimal eigenvalue
are given in lemma A.6. O

In the case of batch subsampling, the rate of convergence of each particle is exponential for
a fixed data set, as the ensemble collapse is prevented (under suitable assumptions of the data).
This is contrast to the single subsampling case, where the rate of convergence is algebraic due
to the ensemble collapse. This can be shown as follows:

Lemma 4.4. Given the N, subsamples (jizl),...,j)](LN [)), assume that the centred initial

ensemble is a generator of the full space X, i.e. span{e(()j ) .J €J} =X. We further assume that
Z;v;i (t9]T — H_T)(GJT —ONT has full rank d. Then the particles converge to the true solution 6
exponentially fast, i.e. 0 — 67 with 67 denoting the minimiser of ®;(0) = 111A:6 — 3.

Proof. Please see lemma A.4. O

The assumption on the ensemble spread being a generating set of the parameter space X is
rather restrictive and usually not satisfied in practice. Generalisation of the result is straight-
forward when working in the coordinate system of the linear subspace spanned by the initial
ensemble using the projection Pg.

The batch subsampling case leads to exponential convergence rates for fixed data, however,
as the minimum eigenvalue depends on the initial data, the convergence result cannot be readily
applied. We modify the process such that we can control the minimum eigenvalue similar to
the variance inflation technique above. However, instead of considering a static lower bound,
we now allow the minimum eigenvalue to decrease at a certain rate.

13
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Theorem 4.5 (Batch subsampling TEKI with diminishing variance inflation). Let
(9(1) (0)[2011‘ cJ satisfy

d9(1) (l) -~ Qi
dt —(G 1+1¢

0(0) = 6.

C)De®is, (09 (1) (€ 4.2)

with index process (i(t;]))i>0je1,... Nows ) and

reg ) 1 = A 2 1 Ai([;/.) 1 ~ yT 17
iy (07 (1) = 5By —Aip 07, Aiy) = (Na )i C =
sub

o

with o, a,; > 0, a denoting the empirical covariance matrix of the particles /) (1), and Cy, C;
being symmetric positive definite matrices. The tuple (i(t;}),0(t))>0 denotes the batch sub-
sampling TEKI solution with variance inflation. Then,

Tim dyy (5<- —0%),P(0Y) (1) € -|90,i0)> =0 (jeJ.

Proof. The proof follows the same lines as the proof of theorem 4.1. The only difference

being that we have here (1) = %% \yin (Cyi) min; ey, vy} Amin (A7 Ai), The diminishing rate

however is slow enough to obtain [, (f)dt = occ. O

We now move on to proving the convergence of the subsampled EKI. We start by defining
an auxiliary EKI subsampling process. Let ¢ € (0,1) and

deu-=)(r)
dr
0090 =65 (e,

where (i’(,€))0 is the CTMP on I with transition rate matrix B(z) := A(r1[r € [0,1/¢]] +
1/elft € (1/e,00)]).

Proposition 4.6. Let ¢ > 0. Then, the process (00-°)(£),&(),i’ (,€))i>0 has a unique station-
ary measure ji.. Moreover, for every 6y € XV and iy € I there are c,c’ > 0, with

i (11, PUOC) (0,608 (1,€)) € -10(0) = 00, (1)) = i0) ) >0 (1 00).

Proof. 1. We note that for any initial value 6, € XNers there is a compact set M C XVes M S 6
from which the process (6\°)(),i’(t,€));>0 cannot escape. See [2] for details. Moreover,
we note that under the hypothesis of theorem 4.4, we can assure that §(%)(¢) & Xdiag 1=
{(91,. .. ,GNW) € XNens 3j,j € J,Oj = Qj,}

2. We now show that two coupled processes (0U-°)(z),i’(t,))>0 and (9£j’5)(t)7i/(t,s)),>0
starting at different initial points 6,6, contract in the Wasserstein-2 distance. Let
(i'(t,&;+)) >0 be a realisation of i’ (¢,&;-)),>0. Then, again we try to find a continuous func-
tion h;/ : [0,00) — (0,00) with

= —aDe@i’(z,e;j)(HU’s)(t)) (jeJ)

_<0 - 0*761D9(I)i’(t,5;4)(9) - 61D9(1>i’(t,5;4)(9>~<)> < —hi (t) H9 — 0. ||2

Lemma A.5 gives us A/ () = 3% Amin (Cyi) MiN; e 41, Ny} Amin (AiTA,-).

T+
Note that we are using variance inflation, however one that is diminishing at rate r~!. This
is slow enough so that we obtain [~ /;+(r)ds = co. O

14
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In proposition 4.6, we showed that the auxiliary process (6°(f)));>o is ergodic (¢ > 0) and
converges to a stationary measure. In the following, we will show that (6(7)));>0 — (6(7))):>0
as £ — 0 and then also that 8, — Pyf' as r — .

Theorem 4.7. Under the assumptions of proposition 4.6, we have
dw(é(-—PYQT),IP’(O(t) €))—0 (t — o00).
Proof. The result follows from [23]. O

5. Numerical experiments

We now test our methodology in two numerical experiments: first, we aim to estimate the
source term in a 1D parabolic PDE using measurements from its solution. Then, we estimate
the log-diffusion coefficient in a 2D elliptic PDE, again using measurements of the solution.

5.1 1D-Heat equation

In this experiment we consider a one-dimensional Heat equation, given by the following dif-
ferential equation

u(x,t) 0%u(t,x)

=flx)  (>0,xe(0,1))

ot Ox?
u(0,x) =0 (x€(0,1))
u(t,0),u(r,1) =0 (t=0).

Our goal in this inverse problem is to estimate the unknown forcing f from perturbed
measurement data that we have obtained from the solution. Indeed, we define A = Qo L™},

2 .
where L= ¢ — 4~ and O : H)([0,1],R) = R, (p(:)) — O(p(")) = (p(x1),. . p(xx))" is an
equidistant observation operator on [0, 1] x R>¢ and p € H}([0,1],R) is a solution operator of

the PDE. The inverse problem is given by:
u=Af+n,

where 17 ~ N(0,T), with T’ = 0.1%Idg.
The forcing is assumed to be a Gaussian random field with zero mean and covari-

ance C(s,t) = a%xp(—%), where (s,7) € [0,1] x [0,1],0> =10 and L,. = 0.1. We sim-

ulate the random field usiﬁg a KL-expansion, which is truncated after 8 terms, i.e. f(x,w) =
S AV 2ei(x)§i(w), where )\; are the largest eigenvalues of C(s,),e;(x) the corresponding

=17\
eiglenfunctions and &; standard normal distributed random variables. Furthermore, we use a
spatial step size of A=0.01, a time step size of A =0.05 and a time horizon of 7=0.3.
Hence, we have 6 time steps. The PDE-solution is then computed through the Crank-Nicolson
method.

To solve the inverse problem we will consider the numerical computed solutions of u(#,x) at
each time step as one subsample. Therefore we have Ny, = 6 many subsamples. Additionally
the choice of the step size A, yields Ny, x) =99 interior points that we seek to estimate.
Furthermore, we have Nyps = 6 - 99 = 594 many observations and use N.,s = 5 particles. Our
initial ensemble is assumed to have the same distribution of the Gaussian random field that we
choose for the forcing /. We sample from the random field by making Ny, independent draws
from f(x,w). Therefore, the generated solutions will lie in the subspace fy- + £, where & is the
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Figure 3. Mean absolute errors of computed solutions in the parameter (left) and obser-
vation space (right). The red line illustrates the EKI, the blue line single subsampling
and the green line batch subsampling.

linear span of the centred initial ensemble and fi- = f(0) — P¢f(0). The best approximation in
this space is given by the solution f; of the constrained optimisation problem (2.8), i.e.
N .= 2
min_ S[AEe—(5—-Af)II"

with E denoting a basis of € and A and j correspond to the regularised versions of the respective
variable. This solution can be computed analytically and is given by

cl = ((AE)'(AE)) ™' (AE)" (5 — A67).
Thus the reference solution in the parameter space is given by
f} = Ecz + 05"
We simulate N =32 many runs and illustrate the mean absolute error of the runs in the
parameter space as well as in the observation space for single-subsampling, batch-subsampling
and compare it to the EKI. Lastly, we also illustrate the mean ensemble collapse for each

particle. The ODE solutions of the EKI as well as our subsampling methods are computed
using MATLABs ode45 ODE solver.

5.1.1. TEKI with variance inflation.  The first conducted experiment uses constant variance
inflation of the magnitude ay; = 0.01 and regularisation of 5 = 10. Furthermore, the learning
rate decays at exponential speed, i.e. 7(f) = aexp(—bt), witha =0.01 and b = 10. We compute
the solution up until 7 = 1. With those parameter choices we obtain approx. 2 - le5 many data
changes. We illustrate our results in semi-log plots, i.e. we only apply the log function on to
the y-axis.

Figure 3 shows the mean relative error over all N = 32 runs, w.r.t the Tikhonov solution. The
left figure shows the mean error in the parameter space and the right figure in the observation
space. We can see that both methods converge towards the true solution at exponential rate, due
to the linear decay in the semi-log plots. They only differentiate themselves in the constants.

In figure 4 the mean ensemble collapse of the particles is illustrated. Again we can see that
the collapse happens at an exponential rate. Interesting to note is that there seem to be more
fluctuations in batch-subsampling than in single-subsampling. And that batch-subsampling is
also a bit slower than single-subsampling(see different scaling on y-axis).
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Figure 4. Mean ensemble collapse of all Nens = 5 particles for the three methods. The
different colours represent the ensemble collapse of one ensemble member respectively.
Left figure: EKI; middle figure: single subsampling; right: batch subsampling.
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Figure 5. Mean absolute errors of computed solutions in the parameter (left) and obser-
vation space (right). The red line illustrates the EKI, the blue line single-subsampling
and the green line batch-subsampling.

5.1.2. TEKI with diminishing variance inflation. ~ In this simulation we consider diminishing
variance inflation. We illustrate the results using the same parameters as chosen in the experi-
ment with constant variance inflation. We let variance inflation vanish at a linear rate, i.e. the
gradient flow is given by (4.2) with «a,; = 0.01. We use again an exponential decaying learning
rate and we illustrate the results for EKI, single-subsampling and batch-subsampling.

We can see in figure 5 similar results as in 3. Both subsampling methods converge at a
similar rate towards the solution. However, they are both converging at a slower rate than the
EKI. Furthermore, this experiment shows less noise in the subsampling approaches as opposed
to a constant variance inflation. Figure 6 shows the ensemble collapse of all methods. We get
similar results to the experiment conducted before.

5.1.3. TEKI without variance inflation.  In this subsection we consider experiments without
variance inflation. In theorem 4.1 we proved convergence for single-subsampling. However,
we were not able to obtain a result for batch-subsampling. We illustrate numerical res-
ults, indicating that we can also expect convergence for batch-subsampling without variance
inflation.
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Figure 6. Mean ensemble collapse of all Neps = 5 particles for the three methods. The
different colours represent the ensemble collapse of one ensemble member respectively.
Left figure: EKI; middle figure: single-subsampling; right figure: batch-subsampling.
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Figure 7. Mean absolute errors + standard deviation of computed solutions in the para-
meter (left) and observation space (right). The red line illustrates the EKI, the blue line
single-subsampling and the green line batch-subsampling.

We consider again § = 10 as regularisation parameter and compute the solution up until
T = le6. This time we use a linear decaying learning rate 7(¢) = (at+ b)~!, with a,b = 100.
However, due to the decreasing switching times of the subsets, the algorithm becomes com-
putationally slow. We therefore only use the linear decaying learning rate up until 7= 10'.
Afterwards we consider le5 equidistant switching times. Up until 7 =1 we obtain approx
6000 data switches. Finally, we illustrate our results in log-log plots, since we expect a similar
convergence rate as the EKI, which is algebraic. Through Log-log plots, it is easier to observe
this convergence rate as opposed to semi-log y plots. Again we conduct N = 32 experiments
and illustrate the mean absolute error.

Figure 7 depicts the mean absolute error in the parameter and observation space to the
Tikhonov solution. In those experiments we also included the mean errors + one standard
deviation. Both subsampling methods show similar results to the EKI. Our methods are there-
fore suitable alternatives to the EKI, since we obtain the same convergence rate, however we
have less computational costs. Note that the mean minus standard deviation is negative in the
right picture and therefore not shown.
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Figure 8. Mean ensemble collapse of all Neps = 5 particles for the three methods. The
different colours represent the ensemble collapse of one ensemble member respect-
ively. Left figure: depicts EKI; middle figure: single-subsampling; right figure: batch-
subsampling.
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Figure 9. Absolute error of computed solutions in the parameter (left) and observation
space (right). The red line illustrates the EKI, the blue line single-subsampling and the
green line batch-subsampling.

We can see in figure 8 that the ensemble collapse also happens at an algebraic rate for EKI
as well as both of our subsampling methods.

Furthermore, we illustrate the results of one single run: We simulate our prior distribution X
also by the same KL-expansion, using 18 terms. We then make N.,s = 20 independent draws
to simulate our initial ensemble. Moreover, we do not use variance inflation and use a regu-
larisation of 3 = 10, we compute the solution until time 7= 1¢7 and use until time 7 = 10 the
same linear decaying learning rate as in the previous experiment with a,b = 10. Afterwards
we consider again a constant learning rate. We obtain around 600 switching times until 7= 10
using those parameters.

In figure 9, we can see again that the error of all three solutions behaves similarly. Single
and batch subsampling compute nearly identical solutions, therefore the error of those two
methods are almost identical. The only difference to EKI is the starting time at which the
solution is evaluated. The randomly computed starting time of our subsampling approaches is
a little higher than the starting point of the EKI. Therefore, there is a slight shift in the error
curves.
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Figure 10. Development of computed solution over time in comparison with the
Tikhonov solution at times 7= 10~" (upper left), T = 10?(upper right), T = 10° (lower
left) and T = 107 (lower right). The red line illustrates the EKI, the blue line single-
subsampling, the green line batch-subsampling and purple is the reference solution 6*.

Furthermore, we illustrate how the computed solution behaves over time. We compare the

solutions to the Tikhonov solution.

Figure 10 shows the development of the computed solution over time. Here one can see that
there is a slight difference between single and batch-subsampling at 7= 0.1. However, both
methods quickly converge to one another as one can see in the computed results at 7= 100.

As mentioned above the EKI is slightly faster due

to beginning a bit earlier. However at T =

10000000 all methods approximate the Tikhonov solution quite similarly.

5.2. Nonlinear 2D Darcy flow

We introduce in this section one experiment with a non-linear forward operator G. Even though
our theory only covers the linear case, we will illustrate that subsampling also leads to good
results in the nonlinear setting. As subsampling strategy we only consider single-subsampling.

The example is motivated by [11, 16].
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Consider the following elliptic PDE.

{—V - (exp(u)Vp) =1, xeD 7 5.1
p= 0, X e 3D

where D = (0,1)>. We seek to recover the unknown diffusion coefficient u" € C'(D) = X,
given observation of the solution p € H}(D) N H?*(D) := V. Furthermore, we assume that the
scalar field f € R is known.

The observations are given by

y=0(p)+n,

where O(p) : V — R is the observation Operator, that considers K randomly chosen points
inX,ie. O(p) = (p(x1),...,p(xk)). Finally, n denotes the noise on our data and is assumed to
be Gaussian, i.e. a realisation of N'(0,T"), where I' = 0.12Idg

Then our inverse problem is given by

y=G(u)+n,

where G = @ o G and G : X — RX denotes the solution operator of the PDE (5.1). We solve the
PDE on a uniform mesh with a grid size of 4 = 2~% using an FEM method with continuous,
piecewise linear finite element basis functions. We model our prior distribution as the random
field

u(nw) = 3N ei(®)6ilw),

where we have \; = (72(k2+2)+7%)"" and e;(x) = cos(mxik;)cos(mxyl) with 7=
0.01,a =2,5s =25,(kj,};)jeq1,...s} €{1,.. .,5}2. The variables &; are i.i.d standard normal
variables. Afterwards we make N.,s = 10 independent draws for our initial ensemble.

The dimension of the parameter space is d = 2% due to the grid size. We take K = 30 obser-
vations and divide them into Ny, = 5 many subsets.

We use a linear decaying learning ~(f) = (a + bt) ™!, where a,b = 10. As regularisation
factor we consider 5 = 10 and compute the solution up until time 7 = 10°. Again we note that
due to the decrease of the switching times of the data sets the algorithm becomes computation-
ally very slow. Therefore, we only use a linear decaying switching rate up until time 7 = 10"
from there on we consider 10° equidistant switching times.

Note that we again work in a subspace that is smaller than X. Therefore, we need to compare
the computed solution with the respective one given the subspace.

The particles stay in the affine space uy- + € for all # > 0. Therefore, the reference solution

is given by ug- + u‘Tg ;- We formulate it as a constrained optimisation problem

1 3
min < [|G(u) —y|f +

2
— U
Jmin P,

and use MATLABs fmincon solver to compute it.

Figure 11 shows the computed solutions given by the different algorithms. The left picture is
the solution given by MATLABs fmincon solver. In the middle, the solution computed by the
normal EKI is depicted and on the right the result of the single-subsampling algorithm shown.
One can see that both algorithms compute visually very similar solutions as the optimiser.
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Figure 11. Comparison of computed diffusion coefficient u. Left figure: optimiser;
middle figure: EKI; right figure: single-subsampling.
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Figure 12. Mean absolute errors & standard deviation of computed solutions in the para-
meter (left) and observation space (right). The red line illustrates the EKI and the blue
line single-subsampling.

Figure 12 depicts the mean errors of N =32 runs =+ one standard deviation in the parameter
space (left subplot) as well as of the functionals (right subplot) evaluated in the corresponding
solutions. We can see that both errors behave similarly and are converging towards zero at an
algebraic rate. As in the linear example we note that the mean minus standard deviation is
negative in the right picture and therefore not shown.

Figure 13 shows the mean ensemble collapse of the N =32 runs. Again the left figure
shows the results of the EKI, whereas the right for single subsampling. We can see that in both
methods the collapse occurs at a similar rate. One should note that single subsampling has a
smoother result, this however is only due to the amount of observations where we evaluate our
solutions. Due to the required frequent changes in subsampling, we obtain more observations.

22



Inverse Problems 39 (2023) 094002 M Hanu et al

10”E'\

1070

1021

1021

103 L L L L L L ' L L

Figure 13. Mean ensemble collapse of all Neys = 10 particles for the two methods. The
different colours represent the ensemble collapse of one ensemble member respectively.
Left figure: EKI; right figure: single-subsampling.

6. Conclusions

We have introduced subsampling schemes for EKI to allow the application of the method also
in the large data regime. Based on recent results on continuous stochastic gradient processes
[23], two subsampling approaches, (i) single subsampling, where each particle obtains the
same data set when switching the data and (ii) batch-subsampling where data sets may differ
for each particle, have been considered in the continuous-time setting. By applying Tikhonov
regularisation and variance inflation on both methods (7) and (i/) we were able to show con-
vergence of the schemes to the solution of the original EKI version. For the non-variance
inflated variant of (i) convergence results with an algebraic rate could be proven. For batch-
subsampling we were only able to show convergence when using a vanishing variance inflation
over time. However, our numerical experiments in section 5.1 also showed similar conver-
gence results for non-variance inflated batch-subsampling. The analysis requires the control
of the eigenvalues of the empirical covariance w.r. to the initial ensemble. This will be sub-
ject to future work. Further, we also considered in section 5.2 a numerical experiment for
a non-linear forward operator. Single-subsampling without variance inflation shows similar
convergence results as the original EKI. Analysis of subsampling techniques for non-linear
forward operators will be also subject for future work.
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Appendix. Proof of theorem 3.3

We now prove theorem 3.3 which we first recall below.

Theorem A.1 (theorem 3.3). Let assumption 3.2(i) and (ii) hold for a function h and a
stochastic approximation process (i(t),0(t)) =0 with initial values (iy,0y) € I X X. Then,

tgrglodw@(' = 0%),P(6(1) € -|60,i0)) = 0.

To prove this theorem, we first define an auxiliary process (i) (), 0() (¢)) >0 that converges
to (i(1),60(1))i=0 as € — 0, but has a bounded transition rate matrix. For this process, we show
Wasserstein ergodicity. Let € > 0 and B(t,¢) := A(—1log(e +exp(—?))), t > 0 where (A(7)) >0
is the transition rate matrix given in (3.3). We then define (i® ())>0 to be the stochastic
process with transition rate matrix B(z,&) and (0(%)(1)),>0 to be the related stochastic approx-
imation process. Moreover, we denote by Kt(ftg :=P(0)(£) € -] (tp) = -) the Markov kernel
associated with (6%)()),>0, we ignore the underlying dependency on (i(s)(t))go. Similarly,
we write Ky, :=P(6() € -|0(10) = -).

In a first auxiliary result, we show that (6¢)(f)),>¢ is ergodic and converges to a unique
stationary measure.

Lemma A.2. Let assumption 3.2(i) and (ii) hold and let € > 0. Then, there is a unique prob-
ability measure 1. such that for any initial distribution 1o := P((®)(0) € -) with finite second
moment, we have

Jim du (e, PO (1)) € ) = .

Proof. 1. Let uo, ug be to different initial distributions. Moreover, let (6%) () >0, (HJ(rE) ()0
be two realisations of the stochastic approximation process with 1o = P(6(*)(0) € -) and ug =
]P’(H#E) (0) € ). Furthermore, we assume that the processes are coupled through the associated

index processes. Indeed, we assume that (i®) (1)) >0 and (ifre) (1)) >0 are almost surely identical.
Then,

dw(oK(y 1K) < E[09(0) - 07 ()2 (1>0).

Assumption 3.2(ii) implies that

@) _ n)
d“a (t) - 91- (t)||2 _ 2<F1<9(5) (t)) —F,(Q]EE) (t))’e(E) (l)

01 (1)x < ~2h(0)|09) (1) - 69 ().
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Now, the Gronwall inequality implies that

169() = 67 (1) > < exp <_2/0[’1(r)df) 16°9(0) 62 )1

Taking expectations on both sides, we obtain:

t
dw (110K(y 1K) )? < exp (2 / h(r)dr) E[I109©) 00 0)2] A

which converges to 0 as t — oo by assumption 3.2(ii).
2. To show the assertion of the theorem, we now choose some § > 0 and consider the process

9;5) (1) := 6©)(t+ §). The contraction property (A.1) implies that
dw (10K} 10K T519) =0, (1= o).

Thus, the sequence ( ungjO);go is a Cauchy sequence on the Wasserstein space associated to
dw. Thus, due to the completeness of Wasserstein spaces, see [7], we have that 19K o converges
to some probability distribution y. as t — oo in dw. Again due to the contraction givenin (A.1),
1e does not depend on the initial distribution po and is, thus, unique. 0

In the second auxiliary result, we show that (6(*)(¢)),>0 converges to (6(f)),>0, as € | 0, and
that ¢ converges to 6(- — 0*). This result is a small extension of proposition 4 in [23] and the
proof proceeds identically.

Proposition A.3. Let assumption 3.2(i) and (ii) hold. Then, we have

1. dw(uoKt(;37uoK,|,n) < a’(g) (e > 0) for any initial distribution py,
2. dy(pe, 0(-—0°)) < a’'(e) (>0),

where a’,;a’’ : [0,00) — [0,00) are continuous and equal to 0 at 0.

The proof of theorem 3.3 now consists in a simple rearrangement of the auxiliary results
above.

Proof of theorem 3.3. By the triangular inequality, we have

dw (0(- = 67),P(6(2) € -|6o,i0))
<dw (6(-—07), pe) +dw (e, B0 (1) € ) + dw(B(09) (1)) € ), P(8(1)) € )

where the last term in the sum is identical to dw(uoKt(ﬁg , uoKt(ﬁg). By lemma A.2 and proposi-

tion A.3, we have dw (6(- — 6%),P(0(¢) € |00,ip)) — 0, as t — occ. O

Lemma A.4 (lemma 4.4). Given the Ny, subsamples (jzzrl),...,j)ZN")), assume that the

centred initial ensemble is a generator of the full space X, i.e. span{e(()j) JEJ=X We
further assume that Zszl (0; - éT)(GJT — 0N has full rank d. Then the particles converge

to the true solution 01 exponentially fast, i.e. 6) — 9; with G;r denoting the minimiser of
@;(0) = 5 14:0 — 31l

Proof. Note that we do not switch the data. Therefore, the subset that each particle obtains
does not depend on time.
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The gradients g) = V& ;) (0) = A&j) (A0 — 3 satisty

dA Gy Ay (1)

i = —A A CA ) (A iy 09 (1) = 3 )

We will prove in the following that g(f) — 0 exponentially fast as t — oco. This is a sufficient
arl;d necessary optimality condition as A it )A(, ;) 1s positive definite due to regularisation. We
obtain

s, o

! Al A ! M) (2

S 1 A I <0, A2
2 dr N 2. tehe) (A2)

k=1

i e. the gradients are monotonically decreasing. To prove convergence, we will now show that
2 dt”g j)HAT A < 0. Note that, if g//) # 0 and {e(k Ne“* is still a generating set of X at time
@i

t, then there ex1sts at least one k € {1,...,Neps} such that (e®) g()) =£ 0. The quantity e/)
satisfies
de(n) 1 &
- —CyW) = _ D) 0y (k)
O % N 2 (v, e)et™,

with v(/) = g() — g. Thus the dynamical behaviour of empirical covariance is given by
d ~ PN
3 C=DC+ cD'

NE“S
w1thD——N— i v(1)®e(/)

Therefore, the rank of the empirical covariance stays constant over time (see [27]) and the
members {e(/) } e still form a generating set of X at time ¢.

Then, there ex1sts atleast one k in (A.2) such that (e(k) gV ) # 0,1.e. the gradients converge
to 0.
This implies the convergence §(/) — 0; due to the strong convexity. By assumption, the

limit of the empirical covariance has full rank d, since 6; — HT, i.e. the minimal eigenvalue

)\min(a) of the empirical covariance is bounded from below uniformly in time. Thus, we have

g3, 5

Anin___1 00012
2 dr §

<g ’ ()g > )\max((A;rAl) ) A( )A(,J)

where Api, >0 denotes the lower bound on the minimal eigenvalue of the empirical
covariance. O

Lemma A.5. The particles ') converge at exponential speed to the unique solution of the
regularised data misfit, i.e. p(j) (1) = Ai(l;,-)ﬁ(j) — Yi(rj) — 0. Hence, there exists a (unique) 9} S

S = span{6",. .,0(()1)} such that 1) — 0;.
Furthermore, let 0; and 6, be two coupled process with different initial values 0, (0),6,(0).
Then there exists a measurable function h : [0,00) — R such that the following holds

_<91 - 927(671 +avicvi)D9q>i’(t,s;~)(91) (C + vt)DG(I) (02)> I’l(l)||91 - 92”2;

for t large enough. We have
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1. Single-Subsampling with variance inflation:
h(t) = aidmin(Chi mi Ami ATA, .
(1) = i Amin( )ie{l,..l.f}\/m} min (A Aj)
2. Batch-Subsampling with variance inflation:
h(t) = aviAmin(Cvi) ) min Amin (A;rAt)
i€{l,...,Nup}
3. Single-Subsampling without variance inflation:
h(t) = Amin(C:) ,-e{lr,r,‘.i.f}v » Amin(A7A;).
4. Batch-Subsampling with diminishing variance inflation:
Qyj

h(t) = —ZAmin(Cyi)  min  Amin(A7TA)).
t ie{l

ey Vsub

Proof. 1. We first consider single subsampling with variance inflation
The gradients A—E J pU) for a constant (w.r. to time and particle) data stream satisfy the
following differential equation for all subsets i.

dA; pi) (1)
dr
The norm of the gradients thus satisfies

= —ATA;[&; + Oévicwvi]lii—r p(]) (t) .

VI O walCa) e
2 dr ST @7 Ay A

which implies the exponential convergence of the mapped residuals and with the injectivity
of the modified forward operator the exponential convergence in the parameter space to the
(unique) solution of the regularised data misfit.

Therefore, we have ) — 0;[.

Then 9} is an equilibrium point of
Fi(09,1) = (Ci + a0y Ci)Dg ®E(0V (1)) (j € J).

Hence, there exists a function x(¢) > 0 for all # > 0 that converges exponentially fast to O for
t — oo such that:

16 — Pyol|| < k(1) Vi 0.
Due to linearity w.r. to the initial values, we obtain
16(2,00)D — 0(2,01) D] = 16(t,00)D — Py8] — (6(1,61)Y) — Py]) || < 2r:(1).

The next step is to consider equation (if) from assumption 3.2. Note that ¢; and 6, are
column vectors consisting of the stacked particle vectors.

Therefore, we define the following matrices to represent the gradient flow for
the stacked vector. We set: A = diag{A,,A,,...,Ay,, },AT = diag{AlT,Ag,...,A{,mb},C, =
diag{C, + a,;Cyi, Cy + i Cyyy ..., Cr + Oéw'Cw'}.

Then the dynamics are given by:

do e~
— = —CAT(A6 —).
5 CA™( y)

We want to show:

—(01 — 02,C!Dg®yr (1.1 (1) — C7DgPyy 1.y (62)) < —hyr (1)]|601 — 62|,
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We can split the left hand side into two parts:

— (01 — 02,C}Dg®y(c.)(61) — CiDg @i .y (6))
—(01 — 02,C/ Dg®@yr (10,1 (61) — C/ Dp®yr ;... (62)
+C/Do®y(;,.)(62) — CZDQ@V(,,E;,)(@»
—(01 — 02,C/ [Dg®ys (1. (61) — Do®yr (1.0, (62)])
— (61 — 63, [C] — C}]| Dg®ir (10,1 (02)).
Substituting the corresponding gradient flows into the equations, we obtain
— (01— 05,C; [Dg®@yr(1.c.)(01) — Dg®ir(1.c.1(62)])
— {6y — 6, [C} — C,Z] Dy®y(1.c.(62))
—(0; — 0,,CIATA(0, — 6,))
— (61 — 62, [C] — C7] AT(AB, —7)).

We consider both terms separately. For the first part we obtain
—(01 = 62, CIATA(6) — 6)) < —Auin(C}) Anin (ATA) (|61 — 6
== *)\min(ctl + avicvi))\min(ATA) ||91 - 92 ||

< —idmin(Coi) [ min  Anin(ATA;) ) 1161 — 62]%,
ie{l,...,New }

where we used the positive definiteness of E‘,‘ for every ¢ > 0 in the third step. For the second
term we obtain

— (01 — 0, [C} — C2] AT(A0, — 7)) < (61 — 6, [C} — C?] AT(A0, — 7))
<161 = 62]||C; — CFIIIAT (A6, — 3)]|.

We can compare the rates of convergence. Considering the results from above we have
161 — 62]|* € O(s(1)?),
and also
IAT (A6 - 3)|| € O(k(1)).

Finally, we have for the covariance matrices

~

1 _ N N
IC! =€l =115 Yo =) @ )" = @) — ) () — )"
j=1
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Since we know that all particles converge with rate «(z), the mean values also converge
with the same rate. By using triangle inequality we obtain the following

IC/ — €7l € O(x(1)).
Hence
161 —62][[|C; — CPII[IAT(Ab: —3)[| € O(k(0)*),
showing that the second term converges faster and we can therefore neglect it.

2. In batch subsampling with variance inflation the only difference is that the forward oper-
ator and data both depend on the particle, i.e. the mapped residuals satisfy

dpV)

TRl —Ai(t) [@ + avini:| A,-T(,ij)p(j)(l‘)

with p(/) = A(i.‘,-)ﬁ(f ) — Y- The exponential convergence of each particle to the minimiser of
the functional %HA@)HU) — V(i)

| + 46]|c, follows again from standard arguments with the

Lyapunov function ||/~\(Ti;j)p(-f) |?. Hence, the convexity analysis does not change.

T

3. If we do not use variance inflation the gradients ;\( i

) pU) satisfy the following differential
equation

dA p(/) (1)

(&) AT A AT G

— = Al A CA iy p? (1),
Again, by basic Lyapunov theory we obtain convergence at an algebraic speed, which
however is enough to do the same analysis as above. Similar to above we obtain h(f) =
Amin (Cr) (minje (1, Ny} Amin (AiTAi))

4. Batch subsampling with diminishing variance inflation: theorem 4.4 gives us the expo-

nential convergence to the respective solution. Then the convexity analysis is similar to the

above calculations and we obtain /(t) = £ Amin (Cui) (Mije(1,... Ny} Amin(A7 A7) O

geeny

Subsampling without variance inflation

Lemma A.6. For the regularised single-subsampling EKI flow, given by the solution of (4.1),
the following lower bound for the smallest eigenvalue \yin (1) of the empirical covariance C(t)
holds

1 -1
min > (2 N N .
Amin () ( ct+ /\min(O))

Proof. The proof follows the ideas used in [12, theorem 3.5].

W.Lo.g we assume that our initial ensemble is a generator of R?. Otherwise we consider
the dynamics of the corresponding coordinates, which correspond to the minimisation prob-
lem (2.8). The particles satisfy (3.4). Substituting the covariance matrix
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1 Nens

6 =
' Nens

(#9108 (690 -8) = = Y-8 ()

i

=1

~.

into the dynamics of the particles gives

dgv) L™ it (i
i = 2 (o) Al (A0 0 —50)
Y k=1

1 _ o
=- Z e (A T (Ai(z)9(/) (1) — yi(z))

where we set Dy; := (Ai(,)e,(k), (A,-(,)G(f)(t) - y,.(,))>.
Next we consider the dynamics of the weighted particles, i.e.

o) 1 &= do ()
dt _Nensj: dt

NCI'\S NCHS
- LS LS e
Nensjzl NCI]S k=1 !
NC"S Nens
_ ! ZLZ@, o0 (;‘, 09 (1) — y, ))e(k)
= Nens Nens i(t)€r 5\ Ai(r) Yi(r) ) )€r
S j=1 S k=1
Ne
1 ens
= ert(k)a
NCHS k=1

where we set Fj := <Ai(t) e,(k), (Ai(t)é - 5)[(,)) >
The difference of the scalars Dj; and F} is given by

(Aie, (Ai(t)a(i)(t) —?i(z))> — (Aiwe, (A 0(t) = Fin))
- G
= <Ai(z)€r( )aAi(t)ez(])> = Ej.

Obviously we have E;; = Ej. With this we can quantify the dynamics of the centred particles,
ie.

deV(r) _ d9Y (1) — (1)

dr dr
NC"S Nens
1 (%) (%)
= —N Zijet + Zerl
ens ens
1 NC"S
=N Z(Dk/ ~ F)el”
ens k=1
None
1 ens
Nens k=1 ’
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Finally, we obtain for the dynamics of the empirical covariance E‘,

“ N,
dc@r) 1 ¢~ d o>< ov)T
df Nep ; dr (e’ é
T
Nens 1 ens r—1 Y Nens 1 Nens =1 !
j= J= =
NE“S

ZE"J (e, ) .

Now let Amin(7) be the smallest eigenvalue of C(¢) with unit-norm eigenvector v(r). Then
we have

ens

d

= 21l =20v(0), Sv(0).

The dynamics of the smallest eigenvalue are then given by:
dAmin(f) d

o0 _ 4o, S0
= (), S @O0 + (S0, CWv (D)
= (00), S (@) + dmind Sv(0)v(0)
= (o), jt<c<t>>v<r>>
- S ()

Note that the following holds

(0, (7)) = ((e2) w0, () ) = (e el ).

Substituting this and Ej; into the latter equation, gives us

Nens

Amin (£ .
) _ 23 Aol A e el )
ens ]k 1
NCIW
= 2 Z t(t)et et » > i(r) €t (J)<et(l)7 >>
CHS ]k 1

= —2(Ai) C(0)v(0), Ay () (1))
:—HMMGO(MV
2||At(t)H >‘m1n( )

Setting ¢ = max;e(i,... N} | Ai
the solution

, we obtain for this ODE the following lower bound for

1 —1
min 2 2 NS .
Amin (7) ( ct+ /\min(O))
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