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Introduction

To target resources and policies where they are most needed, it is essential that policy-makers
are provided with reliable socio-demographic indicators on sub-groups. These sub-groups can
be de ned by regional divisions or by demographic characteristics and are referred to as areas
or domains. Information on these domains is usually obtained through surveys, often planned
at a higher level, such as the national level. As sample sizes at disaggregated levels may be-
come small or unavailable, estimates based on survey data alone may no longer be considered
reliable or may not be available. Increasing the sample size is time consuming and costly.
Small area estimation (SAE) methods aim to solve this problem and achieve higher precision.
SAE methods enrich information from survey data with data from additional sources and "bor-
row" strength from other domains (Rao and Molina, 2015; Tzavidis et al., 2018). This is done
by modeling and linking the survey data with administrative or register data and by using area-
speci ¢ structures. Auxiliary data are traditionally population data available at the micro or
aggregate level that can be used to estimate unit-level models (Battese et al., 1988; Molina and
Rao, 2010) or area-level models (Fay and Herriot, 1979). Due to strict privacy regulations, it
is often dif cult to obtain these data at the micro level. Therefore, models based on aggregated
auxiliary information, such as the Fay-Herriot model and its extensions, are of great interest
for obtaining SAE estimators.

Despite the problem of small sample sizes at the disaggregated level, surveys often suffer from
high non-response. One possible solution to item non-response is multiple imputation (M),
which replaces missing values with multiple plausible values. The missing values and their re-
placement introduce additional uncertainty into the estimate. Part | focuses on the Fay-Herriot
model, where the resulting estimator is a combination of a design-unbiased estimator based
only on the survey data (hereafter called the direct estimator) and a synthetic regression com-
ponent. Solutions are presented to account for the uncertainty introduced by missing values in
the SAE estimator using Rubin’s rules (Rubin, 1987). Since nancial assets and wealth are sen-
sitive topics, surveys on this type of data suffer particularly from item non-response. Chapter
1 focuses on estimating private wealth at the regionally disaggregated level in Germany. Data
from the 2010 Household Finance and Consumption Survey (HFCS) (Household Finance and
Consumption Network, 2016b) are used for this application. In addition to the non-response
problem, income and wealth data are often right-skewed, requiring a transformation to fully
satisfy the normality assumptions of the model. Therefore, Chapter 1 presents a modi ed Fay-
Herriot approach that incorporates the uncertainty of missing values into the log-transformed
direct estimator of a mean. Chapter 2 complements Chapter 1 by presenting a framework that
extends the general class of transformed Fay-Herriot models to account for the additional un-
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certainty due to Ml by including it in the direct component and simultaneously in the regression
component of the Fay-Herriot estimator. In addition, the uncertainty due to missing values is
also included in the mean squared error estimator, which serves as the uncertainty measure.
The estimation of a mean, the use of the log transformation for skewed data, and the arcsine
transformation for proportions as target indicators are considered. The proposed framework is
evaluated for the three cases in a model-based simulation study. To illustrate the methodology,
2017 data from the HFCS (Household Finance and Consumption Network, 2020a) for Euro-
pean Union countries are used to estimate the average value of bonds at the national level. The
approaches presented in Chapters 1 and 2 contribute to the literature by providing solutions for
estimating SAE models in the presence of multiply imputed survey data. In particular, Chapter
2 presents a general approach that can be extended to other indicators.

To obtain the best possible SAE estimator in terms of accuracy and precision, it is important to
nd the optimal model for the relationship between the target variable and the auxiliary data.
The notion of "optimal" can be multifaceted. One way to look at optimality is to nd the best
transformation of the target variable to fully satisfy model assumptions or to account for non-
linearity. Another perspective is to identify the most important covariates and their relationship
to each other and to the target variable. Part Il of this dissertation therefore brings together
research on optimal transformations and model selection in the context of SAE. Chapter 3 con-
siders both problems simultaneously for linear mixed models (LMM) and proposes a model
selection approach for LMM with data-driven transformations. In particular, the conditional
Akaike information criterion (Vaida and Blanchard, 2005) is adapted by introducing the Jaco-
bian into the criterion to allow comparison of models at different scales. The methodology is
evaluated in a simulation experiment comparing different transformations with different under-
lying true models. Since SAE models are LMMSs, this methodology is applied to the unit-level
small-area method, the empirical best predictor (EBP) (Molina and Rao, 2010), in an applica-
tion with Mexican survey and census data (ENIGH - National Survey of Household Income and
Expenditure) and shows improvements in ef ciency when the optimal (linear mixed) model and
the transformation parameters are found simultaneously. Chapter 3 bridges the gap between
model selection and optimal transformations to satisfy normality assumptions in unit-level SAE
models in particular and LMMs in general. Chapter 4 explores the problem of model selection
from a different perspective and for area-level data. To model interactions between auxiliary
variables and nonlinear relationships between them and the dependent variable, machine learn-
ing methods can be a versatile tool. For unit-level SAE models, mixed-effects random forests
(MERFs) (Hajjem et al., 2014; Krennmair and Schmid, 2022) provide a exible solution to
account for interactions and nonlinear relationships, ensure robustness to outliers, and perform
implicit model selection. In Chapter 4, the idea of MERFs is transferred to area-level mod-
els and the linear regression synthetic part of the Fay-Herriot model is replaced by a random
forest (Breiman, 2001) to bene t from the above properties and to provide an alternative mod-
eling approach. Chapter 4 therefore contributes to the literature by proposing a rst way to
combine area-level SAE models with random forests for mean estimation to allow for inter-
actions, nonlinear relationships, and implicit variable selection. Another advantage of random
forest is its non-extrapolation property, i.e. the range of predictions is limited by the lowest
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and highest observed values. This could help to avoid transformations at the area-level when
estimating indicators de ned in a xed range. The standard Fay-Herriot model was originally
developed to estimate a mean, and transformations are required when the indicator of interest
is, for example, a share or a Gini coef cient. This usually requires the development of appro-
priate back-transformations and MSE estimators. Chapter 5 presents a Fay-Herriot model for
estimating logit-transformed Gini coef cients with a bias-corrected back-transformation and a
bootstrap MSE estimator. A model-based simulation is performed to show the validity of the
methodology, and regionally disaggregated data from Germany (Socio-Economic Panel, 2019)
are used to illustrate the proposed approach. Chapter 5 contributes to the existing literature by
providing, from a frequentist perspective, an alternative to the Bayesian area-level model for
estimating Gini coef cients using a logit transformation (Fabrizi and Trivisano, 2016).
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2.1 Motivation

Financial reports based on asset data can provide insights into a wide range of issues of major
importance for political decisions and can help in the precise allocation of funds. In addition,
wealth data can give an overview of the distribution of assets and liabilities, which can be
highly relevant for nancial stability and play a central role in assessing inequality. For this
reason, survey data on wealth are of particular importance. Since questions about assets and
income are sensitive issues, such surveys often suffer from high item non-response (Riphahn
and Ser ing, 2005). For example, the Household Finance and Consumption Survey (HFCS)
reports for France item non-response rates of nearly 30% for value of saving accounts and
largest mortgage on household main residence and almost 80% for current value of household
main residence (Household Finance and Consumption Network, 2020a).

Listwise deletion, retaining only records with no items missing, leads to a loss of informa-
tion, and the remaining units in this dataset are not a good representation of the population,
which can lead to biased estimates. Missing values are a problem because the incomplete data
do not have the regular (matrix) form needed in almost any statistical method, and therefore
handling missing values is necessary. In the literature there are various approaches for deal-
ing with missing data in studies, such as in Rubin (1987) or Longford (2005). Van Buuren
(2018) gives an extended overview of approaches to handling and imputing of missing data.
Rubin (1976) formulated for the rst time the concept of missing data mechanisms by using
the indicators of the missing values as random variables and posited a model for them. Meth-
ods for missing data are generally based on the assumption that the probability of the missing
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data does not depend on the missing values after conditioning on the observed values (MAR).
To obtain valid statistical inferences, appropriate assumptions about the mechanism of missing
values must be made (Van Buuren, 2018). Two approaches to handling incomplete data are
single imputation, where each missing value is imputed once, and multiple imputation (Ml),
where the missing values are replaced by a small number of plausible values. The advantage
of Ml is that it re ects the uncertainty of missing data, which is then taken into account in the
estimation. There are several surveys of income and wealth data where Ml is used, including
the Consumer Expenditure Survey, where the income variable is imputed ve times (Fisher,
2006), and the HFCS, where also ve imputations of the data sets are provided to the user
(Household Finance and Consumption Network, 2020a).

Of particular interest may be subpopulations of households, either regionally disaggregated
or socio-demographic such as households with particular composition (of ages, gender, labor
market status, or educational levels). Various political decisions or global events, such as the
nancial crisis of 2007/2008 or the COVID-19 pandemic in 2020/2021, may affect these sub-
groups, usually referred to as areas or domains, to varying degrees. Some of these domains
may be represented by very few units in the sample and direct estimators (based only on these
subjects) result in a large variance. This issue may be solved by small area estimation (SAE)
methods. The model-based estimators used in SAE supplement information from other areas
and other data sources. Pfeffermann (2013), Rao and Molina (2015) and Jiang and Rao (2020)
give compact overviews and Tzavidis et al. (2018) propose a general framework for the pro-
duction of small area statistics. SAE methods can be distinguished in unit-level (e.g., Battese
et al., 1988) and area-level (Fay and Herriot, 1979) models. Unit-level models have the greater
information content, but can only be used when unit-level covariate data are available. In ad-
dition, area-level models are often used because they are better suited to account for complex
survey designs for point and variance estimates. Therefore, we focus on the Fay-Herriot model
in this paper. The Fay-Herriot model can be applied to transformed direct estimators to attain
normality of the error terms or to ensure that the resulting estimates are within an appropriate
range. Slud and Maiti (2006) and Chandra et al. (2017) study the log-transformed Fay-Herriot
model and Sugasawa and Kubokawa (2017) consider a general parametric transformation of
the response values. Schmid et al. (2017) use an arcsine transformation to estimate literacy
rates of Senegal and Casas-Cordero et al. (2016) to estimate poverty rates of Chile.

In the context of SAE, non-response rates in combination with small sample sizes could
have signi cant in uence on the estimates especially with sensitive data such as income and
wealth data. The investigation of the integration of the imputation uncertainty into small area
estimators has received some attention. Among the publications are, for example, Longford
(2004), who uses a multiple hot-deck imputation method in the UK Labour Force Survey to
estimate unemployment rates using a small area multivariate shrinkage method. Longford
(2005) presents methods for dealing with incomplete data and making inferences using small
area estimation methods. An approach to modeling the non-missing at random mechanism in
SAE under informative sampling and non-response can be found in Sverchkov and Pfeffermann
(2018). Kreutzmann et al. (2019) and Bijlsma et al. (2020) use a Fay-Herriot model with pooled
direct estimators after multiple imputation and take into account the additional uncertainty due
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to the missing values in the sampling variance. However, both ignore the additional uncertainty
in the regression-synthetic part of the model. We extend this approach to address the latter
problem in addition to extending the methodology to ratios.

We present an approach in which we combine Ml with the transformed Fay-Herriot model.
We take the multiply imputed values of the missing values as given by the data provider. To
account for the additional uncertainty from imputation, pooled components of the direct estima-
tor are used, as well as pooled components of the regression-synthetic part of the Fay-Herriot
model. In particular, the components (direct and regression-synthetic part) are combined for a
given transformation in such a way that the resulting Ml adjusted model has the known structure
of Fay-Herriot models. This approach exploits the existing knowledge about transformations,
back-transformations and mean squared error (MSE) approximations of the transformed Fay-
Herriot model. We apply the general approach to three special cases relevant to practice and
additionally discuss MSE estimators for these special cases:

1. For the general Fay-Herriot model for a mean value, we adapt the Prasad-Rao MSE
estimator (Prasad and Rao, 1990) to account for the uncertainty owing to missing values.

2. If the distribution of the target indicator is right-skewed, a log transformation can be
used. For this case, we use the adapted Prasad-Rao MSE estimator and apply a back-
transformation similar to that presented in Rao and Molina (2015).

3. For the Fay-Herriot model for a ratio with an arcsine transformation, we use insights
from Hadam et al. (2020) for the back-transformation of the point estimator, as well
as for a parametric bootstrap MSE estimator that can re ect the uncertainty due to the
missing values.

The validity of the presented point estimators is demonstrated for the three cases outlined above
in a simulation study. It is also shown that the additional uncertainty caused by the missing
values is accounted for by the proposed MSE estimators.

The paper is structured as follows. Sections 2.2, 2.3, and 2.4 describe the statistical method-
ology. In Section 2.2, the transformed Fay-Herriot model is presented, which serves as the basis
for the combination with MI. Section 3 describes how the direct and regression-synthetic com-
ponents of the transformed Fay-Herriot model are combined after MI, which leads to a MI
adjusted Fay-Herriot model. In Section 2.4, we consider three common special cases of the
model from Section 2.3 and present associated uncertainty measures. The proposed method-
ology is evaluated in simulation experiments in Section 2.5 and then applied to HFCS data in
Section 2.6. Section 2.7 summarizes the main ndings, discusses limitations of the approach
and outlines further research potential.

2.2 Transformed Fay-Herriot model

In the following the transformed Fay-Herriot model is introduced, where the transformation is
described by a known functidm LetN be the size of a nite population which is partitioned
intod = 1;:::; D domains andh the sample size with = 1;:::; ng units per domain so that

n= 521 ng. The Fay-Herriot model involves in the rst stage a sampling model in which it
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is supposed that the direct estimator consists of the true domain-speci ¢ population indicator
4 and a sampling erray:

/\(Ij)ir = 4+ e edindl\I 0; gd
It is assumed that the sampling erregsare independently normally distributed with known
variance gd. Although the sampling varianceéd are assumed to be known, in practice they
are estimated by unit-level data (Rivest and Vandal (2002), Wang and Fuller (2003), You and
Chapman (2006)). Another unit-level approach to address the problem of unknown sampling
variances is proposed by Maiti et al. (2014) and Sugasawa et al. (2017) by shrinking and simul-
taneous modeling of small area means and variances. When the indicator of interest is a mean
value, a domain speci ¢ direct estimator is the weighted average of the sampled values:

P
n
i = M-
- 1 :
4 Wid

The incorporation of sampling weightgy makes the point estimator design unbiased. Note
that the population and the outcomggare assumed to be xed, and the sampling mechanism

is the only source of uncertainty. The sampling weights re ect a complex design in the estima-
tion of the associated variance. The second stage of the Fay-Herriot model is a linking model,
which links covariate information to the population indicateg. is ap 1 vector with area-

level population covariates ands the corresponding 1 vector with regression coef cients.

vg are normally distributed domain speci ¢ random effects:

¢=X] +vg V¢ 'N 0 2 2.1)

Combining the sampling and the linking model results in:

M= x] +vgten va N O 2 e™N O 2 (2.2)

If a smooth and monotone transformation functtoiis applied to the direct estimato’ﬁ,'?"

is replaced by“gir = h ’\5’" in Equation (2.2) and we want to prediet 1( 4). The
transformed Fay-Herriot model is then de ned, for example, as in Sugasawa and Kubokawa
(2017):

h 2 =x] +vites va "N O 2; e&™N O 2 : (2.3)

In the following, always refers to the transformed scale of the direct estimator, its variance and
the Fay-Herriot estimator presented at the end of this section. The model parameters, the model
variance 2 and the regression coef cients are not known and must be estimated. There

are various methods to obtain estimates @f for example, restricted maximum likelihood
(REML), maximum likelihood (ML) and the FH method-of-moments. More details on the
estimation methods of the model variance can be found in Chapter 6 in Rao and Molina (2015).
A drawback of ML is that it does not account for the loss in degrees of freedom arising from
the estimation of the regression coef cient§Rao and Molina, 2015). Therefore, we use in

42



CHAPTER 2. SMALL AREA ESTIMATION WITH MULTIPLY IMPUTED DATA

this paper the REML method. The regression coef cientand the random effectg; are

estimated by: | |
o1 :

T Dir
A = Noa2 = >@ ded >P Xd d . (2 4)
v 2 + N 2 2 + N 2 ! )
d=1 & \Y d=1 & v
N2 ADi TA
— \ Ir .
€4 \

Plugging those predictors into Equation (2.1) leads to the empirical best linear unbiased pre-
dictor (EBLUP), i.e. the transformed Fay-Herriot estimator:

MH = ]+ g (2.6)

This estimator can be expressed as a convex combination of the direct estimator and the
regression-synthetic component, resulting in an optimal combination of the two components.
If the variance of the direct estimator is large, more weight is given to the synthetic component,
and vice versa:

N2
AFH  _ A /DI TA i - :
d =N d d Ir + (1 Ad) Xd W|th /\d - 2 _|\_//\ R (27)
€4 \
At this point 5" is still on the transformed scale and has to be transformed to the original

scale to obtain§™ .

2.3 Combining transformed Fay-Herriot models after multiple im-
putation

An often applied technique to handle missing values is MI, where the missing values are re-
placed by several plausible values. To obtain these values, an imputation model is required. It
is not suf cient to generate only one imputation, since the imputation is treated as if it were
true, and the uncertainties arising from the non-response are ignored. On the contrary, a large
number of imputations is usually not necessary, Ehdbetween 5 and 20 is suf cient, but it

may be advantageous to choose a higher value (20 - 100) if the non-response is high and there
is a large uncertainty about the estimand (Van Buuren, 2018). The procedure for Ml involves
two steps: the imputation step and the analysis step. In the former, the imputer, usually the data
provider, generates thé replicate completions of the survey data using a suitable imputation
model and provides them to the analyst. In the second step, the analyst applies a statistical
model suitable for the complete data separately to each imputed data set. The focus of this
paper is on the latter. If is the indicator of interest andits estimator, the analysis model

is calculated with each imputed data set, so we ob’t‘airand‘@ar ’\m form=1;::M.

The results are then combined with the application of pooling rules developed by Rubin (1987)
for point estimates and their variances, which include the additional variability and uncertainty
induced by the missing data. Rubin’s rules (RR) are de ned as follows. The pooled estimator
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of isthe mean value of the estimators:

pd
wR - 1 (2.8)

m=1

The variance of the pooled estimatdf " is composed by the mean value of the individ-
ual variances of each estimator (within-variance) and the variance betwe&h tstimates
(between-variance) with an correction due to the nite sample size:
RR 1 X
A2 :\garARsz ‘@ar/\m+
m=1 m=1

M+1 1 X R 2

(2.9)

In the next sections, we describe how the combining rules are applied to the components of the
transformed Fay-Herriot model from Section 2.2.

2.3.1 Component pooling

With the M multiply imputed sampling valuegq.m of each uniti = 1;::;;ng and domains
d=1;::D, the transformed direct estimato’?@‘{n = h ’Ri,;] of the target indicator and

their corresponding sample varianc%m are calculated for each domain= 1;::::; D and

m = 1;::; M. Rubin’s rules are based on asymptotic theory, and the resulting combined esti-
mate is more accurate if the distribution of the indicator of interest is better approximated by
the normal distribution (Rubin, 1987). Van Buuren (2018) states that to promote approximate
normality, target indicators can be transformed, then pooled and back-transformed. Therefore,
theM direct estimatoré\g’;‘,; and their varianceséd;m are pooled on the transformed scale
and substituted in Equations (2.8) and (2.9). Kreutzmann et al. (2019) present a Fay-Herriot
estimator which uses pooled direct components on the original scale, which are substituted in
the (log transformed) Fay-Herriot model. We extend this approach and transform the direct
components of each imputed data set to estimate the regression-synthetic components. This al-
lows the uncertainty of the missing values to be included not only in the direct components, but
also in those of the linking model. The model components of the linking model are estimated
for each imputed data set. The estimated variances of the random &ffgctsre combined
according to Rubin’s rule:

b M+1 1 M 1 M
W= — N2 By =
v, and By MM 1

m=1 m=1 m=1

vd;m . (2.10)

The mean squared distance of the random effects of the domains M ihgputed data sets

and the pooled random effects per domain is different between the areas. In order to guarantee
that the random effects have a common variance, further pooling has to be applied. Therefore,

the mean value of the between variance is taken. Together with Equation (2.10) this leads to

the pooled model variance:

AR W+ = By (2.11)
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The pooled model varianc’é&RR and the pooled direct components are now used to obtain
MI adjusted estimates of the regression coef cients and random eff S, "S:R and
“5"=RR are inserted into Equation (2.4) to obtain the MI adjusted regression coef clents

and then together into Equation (2.5) to obtain the Ml adjusted random effects

2.3.2 Ml adjusted Fay-Herriot model

The pooled direct components together with the pooled and MI adjusted regression-synthetic
parts of the model lead to the MI adjusted Fay-Herriot model, which preserves the structure
of the transformed Fay-Herriot model. The area-level population auxiliary informagioob-

tained from external sources, such as the census, is xed and complete as in Equation (2.1).
The model can be written analogously to Equation (2.3) with pooled direct components and
the pooled model variance. Using the estimators of unknown model parameters as elaborated
in Section 2.3.1 leads to the proposed FH.MI estim&6t™' , which can be written analo-
gously to Equation (2.7) withQ™RR | Ag:R and~2™ plugged in:

RR
MHME = A MDIERR (1 A xE ™ with Ay = ,\zRRAiAzRR ; (2.12)
€4 v

The presented§"™M!  estimator preserves the representations of the Fay-Herriot estimator.
As "FHMI s on the transformed scale, a suitable back transformation dependmbasito
be applied to obtainf "M! .
Small area estimators with multiply imputed data can be derived in two ways: 1. Fit the Fay-
Herriot model to each of th# imputed data sets and combine the Fay-Herriot estimators
with Rubin’s rule. 2. Estimate the direct and the regression synthetic compdvietitaes
and combine them using Rubin’s rules as described in Section 2.3.1 and then estimate the
shrinkage estimator in Equation (2.12). The advantage of the rst approach is that it is simple.
However, it loses the structure of the Fay-Herriot model and the representation of the estimator
as a weighted combination of the direct and regression synthetic components. In addition, it is
unclear how the uncertainty of ti Fay-Herriot estimators is combined, since Rubin’s rule
is commonly used for variances and it is unclear how this rule can be applied to the MSE. The
advantage of the second (the proposed) approach and the resulting FH.MI estimator is that the
model structure of the Fay-Herriot model is preserved, the interpretability of the components
is maintained, and the existing knowledge about MSE estimators is directly transferable and
extensible. The estimator of the rst approach is used as a benchmark in the model-based
simulation study in Section 2.5 and is denoted by FH.RR.

2.4 Ml adjusted Fay-Herriot estimators with uncertainty measures

In the following sections, we focus on three special cases of the transformed MI adjusted Fay-
Herriot estimator (2.12). For each case we specify the FH.MI point estimator and an associated
MSE estimator.
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2.4.1 Estimator for a mean

The (population) mean of a quantity of interest for domdiis estimated by the weighted
sample average per imputed datarset

Ng

A('f;',ﬁ] = W for d=1;:;D and m=1;:;M: (2.13)
i=1 |

If no transformation is required for the direct estimafd™' is on the original scale such
that"fHM! = "EHMI with the pooled and MI adjusted estimators presented in Section 2.3,
the FH.MI estimatof;""M! can be calculated according to Equation (2.12). As a measure of
uncertainty which captures the additional uncertainty due to multiple imputation, we adapt the
MSE estimator of Prasad and Rao (1990) in the following. The second-order approximation of
the MSE of §H is given by:

AFH 2 2 2 .
MSE § Ow v *O%d v *Od v :

The rst componentyq is based on the prediction of the random effects gndre ects the
variability arising from the estimation of the regression coef cierg; andgyq are indepen-
dent of the estimation method of the model varianéewhereasgzq re ects the uncertainty
caused by the estimation of and depends on the estimation method through its asymptotic
varianceV "2 (asD !1 ) (see e.g., Rao and Molina (2015)). According to Prasad and Rao
(1990) a second-order unbiased estimator of Mﬁj—f is:

MSE " = gig "2 + ga N2 +20a "2

The components of the Prasad-Rao estimator using REML are de ned as follows:

G o ="E (2.14)
( L)
XgX
O2d A\% =(1 Ad)zxg fé\z Xds (2.15)
d=1 €4 \%
SR R 3)v S (2.16)
% 1 !
vV AZ =2 . 5
+/\2
d=1 €q \Y

In the same way as in Section 2.3.1, where we olthiestimates of the model variance, i.e.,
"3m form=1;::; M, we obtainM corresponding asymptoti®(! 1 ) variances/n, "gm

form = 1;:::; M. To adjust the MSE estimator for this additional uncertainty, the asymptotic
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variances are pooled with Rubin’s rule for variances (2.9):

VRR AR _ iXA Ve A2 4 M+1 1 X A2 A2RR 2
v M M Vm M M 1 Vm ¥
3 m=1 9 . m=1 517
2P 1 = (217)
with V. A7 =2 5 for m=1;:5M
d=1 2 N2 y
€d;m Vm

Using”2™ and 2 in (2.14), (2.15), and (2.16) together with the pooled asymptotic vari-
ance (2.17) takes into account the uncertainty about the missing values. Note that instead of
plugging the pooled variance terms into the asymptotic variance formula, the pooled asymp-
totic varianceVRR 2™ is used, introducing an additional term into the estimator due to
the between-variation. This leads to the proposed MSE estimaté\ﬁ'fHY" , Which captures

the uncertainty due to missing values:

AEHMI — 2RR 2RR
MSE d = Oud Av + Ood Av
2RR 2 2RR A 2RR 3 RR /\2RR )
+2 2 242 Vv A (2.18)

2.4.2 Estimator for a log mean

Domain speci ¢ mean values of income and wealth data are often skewed to the right, or the
relationship with the auxiliary information may be non-linear. In such a case, the linear Fay-
Herriot model (Section 2.4.1) may be more appropriate for the log-transformed direct estimator.
Using the direct estimator from Equation (2.13) dndz 7! log (z) the direct components of

the model for theM imputed data sets are:

2 ADir 2

NDir . .
with variances ¢, dm Eam

d;m = IOg

for d=1;::D; m=1;::M:

ADir
d;m

Using a Taylor expansion for moments, the sample variance, i.e., the variance of the direct
estimator, can be moved to the logarithmic scale. Although this is an approximation for large
samples, it is used in SAE as in Neves et al. (2013). Council (2000) use the same approxi-
mation with a minor modi cation based on the properties of the log-normal distribution, while
noting that the results do not differ considerably. Calculating the direct and the regression-
synthetic components as described in Section 2.3.1 itk 7! log(z) and together with
Equation (2.12) leads to the Fay-Herriot-MI estimatpf™! , which is still on the log-scale.

The estimates can be transformed back to the original scale by several methods. Slud and
Maiti (2006) present a bias-correction under a log-transformed Fay-Herriot model and propose
a corresponding estimator for the MSE. Chandra et al. (2017) extend this estimator by an addi-
tional bias correction that accounts for the sampling variation of the estimator. These methods
can be applied only to observed/sampled areas. We apply a method that is suitable even for
domains/areas with no observations. To obtain the point estimator on the original scale, proper-
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ties of the log-normal distribution are used and the back-transformation for the MSE estimator
is based on a Taylor expansion similar to that presented in Rao and Molina (2015). A short
derivation can be found in the Appendix. The back-transformation is de ned as follows :

n (O
MSE /\dFHZMl — exp /\dFHZMl +O5MSE /\dFHZN“ MSE /\(I;HZM|

MSE "HM! denotes at this point the adapted Prasad-Rao MSE estimator de ned in Equa-
tion (2.18).

2.4.3 Estimator for an arcsine ratio

The Fay-Herriot model is widely used for estimating poverty or literacy rates with high regional
resolution. In order to guarantee that the estimated rates are between 0 and 1 suitable trans-
formations are frequently used. The arcsine transformédtion7! sin * (p z), of which the

inverse maps its values [0; 1], is commonly used. Schmid et al. (2017) compared in a design-
based simulation the arcsine transformation with an estimator based on a normal-logistic dis-
tribution. Both estimators provided very similar results regarding bias and root mean squared
error (RMSE). We concentrate on the arcsine transformation because, unlike the logit, it is
well de ned even at zero and unity. The arcsine transformation is applied to the direct ratio
estimators of théM imputed data sets:

"o =sin b R withvariances 3 = 2 = 4:fd for m=1;:;M:
The effective sample size of domairis denoted byyy, which takes into account the sampling
design effect (Jiang et al., 2001). The approximation of the sampling error variance on the
transformed scale is based on a Taylor expansion for moments like in Jiang et al. (2001). The
combined point estimatol;™RR  and its variancé‘gjR are calculated by applying Rubin’s

rules presented in Equations (2.8) and (2.9). The components of the regression-synthetic part of
the model are calculated as described in Section 2.3.1 with the pooled direct components on the
transformed scale. Afterward§™™M' can be calculated as in Equation (2.12). The resulting
estimatori"M! isonasin ! P -scale and needs to be transferred to the original scale. A
naive back-transformation is the invetse!, which introduces a bias for non-lineglar For this

reason, for common transformations bias-corrected back-transformations are proposed, such as
in Hadam et al. (2020) for the arcsine transformation which is a special case of Sugasawa and
Kubokawa (2017), who present an asymptotically unbiased back-transformation for a general
parametric transformation. We apply the bias-corrected back-transformation following Hadam
et al. (2020), using the normal distribution of the transformed estimator and the expected value
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(E) of a transformed variable:

i Z
| 1
/\dFH:MI = E sin? ’\EHZ'V” = Sinz(t)f’\FH:Ml (t) dt
1 8 d 9
2
21 1 2 cgwwm O3 (2.19)
= ) Sin (t) S Wexpg A\%RR g:R B dt

A2RR 2RR
\ + €q

The integral in Equation (2.19) must be solved by numerical integration methods. The MSE
of '\CF,H:'V” is approximated with a parametric bootstrap procedure analogue to Hadam et al.
(2020) based on Gonzalez-Manteiga et al. (2008b). The bootstrap procedure comprises the
following steps:

1. Estimate the regression-synthetic compone’z\rmsld’\%RR analogously to Section 2.3.1
using the pooled direct componenfg"RR and’\g:R on the arcsine scale.

2. Forb=1::::B

b) iid JRR

(&) Generate sampling errcng) nd N 0; Ag:R and random effect\sq(j N 07y

(b) Simulate a bootstrap sz;1mp’l§ir ® = XTI+ véb) + eéb).

(c) Calculate the true bootstrap population indicagsp) = xg "y vé

formed scale and back-transform witff) = sinz2 @ .

b) on the trans-

(d) Calculate the bootstrap estimator of the model varidn%@ using '\5 " ® and

A2RR
€d
(e) Using Ag(b) and Ag I (b), calculate bootstrap estimators of the regression coef -
cients"® and estimate the random effegff .

(f) Determine the bootstrap estimatﬁ'}H:M' ® with Equation (2.12) by using the

estimates from the step before and back-transform to the original scale applying

. AFH:MI (b)
(2.19) to obtain' .

3. Estimate the MSE:

AEH: 1% euw b 2.
MSE(SH'M')=§ y () ((’) _

b=1

The pooled sampling and model variances, which account for the additional uncertainty about
the missing values, are used in the initialization of the bootstrap method. Hence, the extra
uncertainty induced by the missing data is accounted for by the bootstrap MSE estimator.

2.5 Simulation study

In this section, we investigate the behaviour of the estimators proposed in Sections 2.3 and
2.4 by simulation studies with suitable data models. The population is repeatedly generated
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according to an underlying model. With each simulation run, a sample is taken from the gener-
ated population, to which the methods are then applied. We evaluate the performance in terms
of bias and RMSE of the proposed point estimators and the in ation of RMSE arising from MI.

2.5.1 Data generation

The simulation setup and data models are chosen to be consistent with those of Kreutzmann
et al. (2019). For the simulations, nite populations of side = 60; 000 with D = 100
domains are generated so that in each domain the populatioN gizebetween 200 and 1000

ford = 1;::;;D. The samples were drawn via strati ed random sampling, where the strata
represent the domains. To have rather small and large domains in the samples, sample sizes
ng lie within a range of 8 and 145, so that the total sample size s 5961. To apply

the transformations discussed in the special cases in Section 2.4, appropriate data models are
chosen. In the standard case, a nhormal data model is used, where no transformation to the
direct estimator of a mean value is necessary. Right-skewed log-normal data is generated when
investigating the proposed method with a log transformation like in Section 2.4.2. In many
applications, the indicator of interest is a ratio. In order to construct a ratio that is used in real
data applications, a wealth ratio is calculated. In publications of the Federal Statistical Of ce
(see e.g., Destatis (2018)) it is derived by taking the percentage of households with a household
income above the 200% median household income. As data model for the ratio the log-scale
data is also used. The unit-level data models and scenarios are described in detail in Table 2.1.
The shapes of the distribution for one selected population can be found in Figure B.1 in the
Appendix. With a sample at the unit-level, the missing data is generated. As mentioned in

Table 2.1: Overview of unit-level data models in model-based simulatiord, ;::;;N; d =
1,:::D.

Setting Y Xid d Vg €id

mean 250000 400+ Vg+ eq N( ¢;150) U[ 150150] N (0;2500¢) N (0; 5000%)
log mean exp(15 Xig + Vg + €q) N( ¢;1) U[3;5] N (0; 0:4?) N (0; 0:6?)
ratio exp(15 Xig + Vg + eq) N( ¢;1) U[3;5] N (0; 0:4%) N (0; 0:6%)

Section 2.1, MAR is often plausible and assumed in most programs for handling missing data.
Therefore, in the simulation, missing values are generated using the fully observed additional
variablex, from the data models in Table 2.1. The MAR mechanism is implemented as follows:

(
Vid = ymi.ssing, Xid X.q (2.20)
Yid s otherwise.

Xq Is the g-quantile of the auxiliary informatiox from the sample. This results in a non-
response rate ai 100% by de nition of the g-quantile. For the selected data models, the
implemented MAR mechanism leads to missing values in the upper ends of the distribution.
When it comes to sensible data as wealth related data, item non-response rates can be very
high. For example, the Household Finance and Consumption Network (HFCN) reports for
2017 (Household Finance and Consumption Network, 2020a) non-response rates for the value
of savings account between 18% in Belgium and 64% in Finland. Therefore, it is reasonable
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to investigate the proposed methods under vargirdgf 0:1; 0:3; 0:5g to obtain non-response
rates of 10%, 30% and 50%. A two-level normal model is used as an imputation model for the
missingyig values, which is implemented in the R-packagiee (Van Buuren and Groothius-
Oudshoorn, 2011). Theserve as covariate information anglas area-speci c random effects,

so that the clustering is incorporated in the imputation model. According to Van Buuren (2018),
between ve and 20 imputed values are often suf cient for each missing observation. The
HFCN delivers ve imputed values per missing observation, hence in the simulation we set
M =5. In the log-scale setting the data was log transformed prior to the imputation to achieve
normality and back transformed with the inverse afterwards. After imputation, the data is still
on a unit-level and has to be aggregated on an area-level according to the indicator of interest of
the setting. Then the appropriate FH.MI estimators given in Section 2.3 with the special cases
in Section 2.4 are calculated. Table 2.2 provides an overview showing for each setting the
direct estimator, the transformation used, and the section of the corresponding FH.MI model
for the special case. In Table 2l2denotes an indicator function that is 1 if the condition is
true and O otherwise&% denotes the population medianyof

Table 2.2: Overview of settings.

Setting "9 h "D FH.MI model
P ,
mean L 5 N9 Yid "Dir 2.4.1
logmean L 4 yyq log "D 2.4.2
P ;
ratio a4l yg>2Y sin!? "Dir 2.4.3

Each setting, including the generation of the population according to the data model, the
sampling, the missing data generating process, the multiple imputation and the application of
the MI adjusted FH estimators is repeated 500 times. The steps of the simulation can be
summarized as follows: We generate the population according to a data model in Table 2.1.
Next a strati ed random sample is selected. Then missing values are generated according to
Equation (2.20) and imputed to credfe copies of the data. Using thi¢ data sets the direct
estimators are calculated according to Table 2.2>gndre aggregated to a domain level by
taking the mean per domain. Afterwards the indicator of interest and its MSE are estimated by
applying the methods described in Sections 2.3 and 2.4.

2.5.2 Performance of point estimators

In the simulation we assess the performance of six point estimators me¢heandlog mean

setting and ve in theatio setting. For each setting direct, (Direct) and Fay-Herriot (FH) es-
timators are calculated before deletion on the aggregated sample, that is, the steps of deleting
and imputing are omitted. In the case of the FH estimator, the transformation corresponding to
the setting is applied so that the Fay-Herriot estimator introduced in Section 2.2 is calculated.
The FH estimator before deletion serves as the gold standard in this simulation. In addition, we
compare the performance of the proposed FH.MI estimators with the pooled Fay-Herriot esti-
mator (FH.RR) mentioned in Section 2.3 and with the estimator proposed by Kreutzmann et al.
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(2019) denoted by FH.DirectRR. They consider the estimator under a normal and log-normal
setting for a mean value, and so we also examine this estimator only under these settings. Fur-
thermore, with Rubin’s rule combined direct estimators (Direct.RR) are calculated to show the
ef ciency gain of the Fay-Herriot estimators with good covariate information after MI. All es-
timators are implemented in the statistical programming langBade Core Team, 2022) and

for the standard area-level models and its components the paekadj€Kreutzmann et al.,

2019) was used. The code can be obtained from the authors on request. To evaluate and com-
pare the performance of the estimators, the following quality measures are calculated using the
R Monte-Carlo replicationsf\dr denotes the estimator of the target indicator in donakéamd
replicationr, g, is the true value of the indicator:

: 1% _ 1R A
Biag"q) = = " q ;rel.Biag"g) = = g d
R R N
i W ' (2.21)
u u = .
1 x 2 1 MR A
RMSE"y) = t R "o o  RRMSH"y)= t = % :
r=1 r=1 r

We want to evaluate the performance of the introduced methodology in terms of bias and
RMSE. For theameanandlog meansetting we consider the relative bias and the RRMSE. For
theratio setting the bias and RMSE are taken into account since the indicator itself is already
on a relative scale. The median and mean values over domains of the bias and RMSE values
for different non-response rates are presented in Table 2.3. The direct estimators (Direct.RR)
remain unbiased after multiple imputation in tieanandratio setting as before deletion (Di-

rect) and almost unbiased in tley meansetting. The small bias could be introduced by the
inverse back-transformation after applying the imputation model. Compared to the combined
direct estimators (Direct.RR) and the model-based estimators before deletion (FH), the model-
based estimators FH.MI, FH.RR and FH.DirectRR remain also unbiasednmettuigandratio

setting and the results of the model-based estimators are comparable. Onlipinrtresarset-

ting does the FH.MI estimator, like the other two model-based estimators, suffer from a small
bias that increases slightly with higher non-response rates. Again this bias could be due to the
inverse back-transformation in the imputation process. In terms of ef ciency, we see that the
RRMSE/RMSE are the smallest before deletion and increase with higher non-response rates
for each estimator in each setting, re ecting the additional uncertainty about missing values.
Within each setting and non-response rate the order of the RRMSE/RMSE is as expected: the
RRMSE/RMSE of the direct estimators is always higher than that of the proposed FH.MI esti-
mator, which shows that the introduced methodology behaves the same way as in cases without
missing values (i.e., before deletion). The RRMSE/RMSE of the FH.MI and the FH.RR are
almost identical, which indicates that the proposed methodology leads to reasonable results and
is similar to the more straightforward approach of combining the Fay-Herriot estimators. The
proposed FH.MI estimator is at least as ef cient as the FH.DirectRR estimator. logineean

setting, thesuperef ciencyof imputation, when more information is used than in the analysis
model (Rubin, 1996), can be observed. At a non-response rate of 10%, Direct.RR is slightly
more ef cient than the direct estimator before deletion (Direct). All summed up, the results
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con rm our expectations. The presented FH.MI estimators lead to plausible results regarding
bias and ef ciency in the investigated settings, in which the imputation models follow the data
structure of the generated population and thus t the data.

2.5.3 Performance of uncertainty measures

We now move on to the performance of the three proposed MSE estimators of the FH.MI
estimator, each corresponding to one setting. In the case ohéamandlog meansetting,

we evaluate the adapted analytical Prasad-Rao estimator as described in Sections 2.4.1 and
2.4.2 with a back-transformation when the log transformation is used. Iratlwesetting the
parametric bootstrap estimator from Section 2.4.3 Bith 500 replications is evaluated. Per-
formance is evaluated by looking at the relative bias of the MSE estimator de ned as followed:

S
& i MsE,  RMSH'W)
RMSE"y) '

RBRMSKH"y) =

Table 2.4 shows the median and mean values over the domains of the RBRMSE. We see a
slight underestimation in themeansetting with an increasing effect at higher non-response
rates. On the other hand, in thegy meansetting the true RMSE is slightly overestimated at a
lower non-response rate of 10% and minimally underestimated at a higher non-response rate of
50%. Nevertheless, the values are all close to zero. Iretieesetting, the bias of the bootstrap
RMSE estimator is close to zero at 10% non-response rate. At 30% and 50% it increases and
reaches almost identical values, but still at a tolerable level. In all three settings the additional
uncertainty of the FH.MI estimator can be satisfactorily addressed and the bias is within an
acceptable range. To have a closer look on the performance of the adapted Prasad-Rao MSE
estimator the estimated and true RMSE values per domain are plotted in Figure 2. Infiecthe
setting. First we observe that within each non-response rate the estimated RMSE decreases
with higher sample size, which is in line with the behaviour of the true RMSE. Secondly, we
see that per domain the estimated RMSE values increase with increasing non-response rates,
which is consistent with the expected behaviour. At a non-response rate of 10% and 30%, the
estimated RMSE tracks very well the behaviour of the true RMSE. With a higher non-response
rate of 50% we see that there are underestimations in some areas, but overall the uncertainty is
well accounted for. The proposed methods are good at capturing the additional variation due to
the missing observations and imputation and also provide a realistic estimate of the uncertainty
of the FH.MI estimator in our settings.
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Figure 2.1: RMSE of FH.MI estimator per domain foeansetting and varying non-response
rates. Domains are ordered by increasing sample size.
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Table 2.3: Relative bias and RRMSE for mean and log mean, bias and RMSE for ratio

Non-response rate  before deletion | 10% \ 30% \ 50%
Estimator Mean Median Mean Median Mean Median Mean Median
mean
(rel.) Bias [%)] Direct 0.0464 0.0149
Direct.RR 0.0254  0.0198 0.0390 0.0092 0.0862  0.0290
FH 0.2390 0.1812
FH.Direct.RR 0.2291  0.1691  0.2536  0.1872  0.3082  0.2583
FH.MI 0.2245 0.1615 0.2355 0.1761 0.2704  0.2186
FH.RR 0.2171  0.1568 0.2195 0.1639 0.2554  0.1840
log mean
(rel.) Bias [%] Direct 0.2191 0.0318
Direct.RR 0.1548 0.0342  1.1479 0.8566  2.8100  2.2903
FH 0.8797  0.6057
FH.Direct.RR 0.0191  0.2091 14284  1.4639 3.1864  2.9609
FH.MI 0.2772 0.1096  0.8383 0.8272  2.4169  2.3568
FH.RR 0.6948 0.4258 0.0216  0.2115 1.3747  1.4485
ratio
Bias Direct 0.0004  0.0000
Direct.RR 0.0003  0.0000 0.0000 0.0005 0.0009 0.0007
FH 0.0027 0.0022
FH.MI 0.0016 0.0010 0.0012 0.0012 0.0011 0.0016
FH.RR 0.0026 0.0021 0.0024 0.0018 0.0015 0.0009
mean
RRMSE [%]  Direct 5.0318 4.2722
Direct.RR 5.1345 4.4849 5.5337 4.7889 6.1003 5.4419
FH 4.4300 3.9609
FH.Direct.RR 4.5470 4.1570 4.9845 4.5694 5.6775 5.3471
FH.MI 45444 41524 49643 45509 5.6018  5.2498
FH.RR 4.5386 4.1385 4.9517 4.5388 5.5741 5.1978
log mean
RRMSE [%]  Direct 25,5219  23.0001
Direct.RR 24.8037 22.0991 26.3014 23.1315 29.1076 26.1128
FH 20.7739  20.0316
FH.Direct.RR 21.9160 21.4101 23.8789 22.5175 27.0243 25.9548
FH.MI 21.3353 20.6552 22.7919 21.3174 25.4294 23.9328
FH.RR 20.7741 19.9455 22.1078 20.6367 24.7177 23.3957
ratio
RMSE Direct 0.0655 0.0563
Direct.RR 0.0655 0.0565 0.0663 0.0565 0.0702  0.0617
FH 0.0539 0.0506
FH.MI 0.0544  0.0510 0.0572 0.0533 0.0636  0.0607
FH.RR 0.0541  0.0507 0.0564 0.0524  0.0624  0.0590
Table 2.4: Relative bias [%] of estimated RMSE (RBRMSE) of FH.MI
Non-response ratée 10% | 30% | 50%
Mean Median Mean  Median Mean Median
mean 1.4198 1.8291 3.4427 3.1477 6.9352 6.9390
log mean 2.5119 2.5719 1.8185 2.6527 4.0788 3.2214
ratio 2.9396 3.1787 8.7815 9.0866 8.1231 8.2787
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2.6 Application to Eurosystem’s HFCS

In the following, we provide an example of how the proposed framework can be used for sur-
veys with multiply imputed data in combination with small area methods. The purpose is to
show a possible application with the HFCS data for scientists or institutions from relevant re-
search areas rather than to discuss the estimates for each country. The HFCS is a large-scale
survey of the nancial and consumption situation of European households. The rst wave
was carried out in 2010 in 15 countries of the European Union (EU). The HFCS contains
household data on both economic and demographic variables such as income, wealth, private
pension, employment and consumption characteristics (Household Finance and Consumption
Network, 2020a). So far three waves have been carried out, the last of which was collected
in 2017 and released in March 2020. For the application the third wave is considered. The
sample contains about 91,200 households in 22 countries of the EU, between 1,000 and 14,000
households per country. The HFCS is a joint project of several national statistical institutes,
Eurosystem national central banks (NCB) and three non-euro area NCBs (Poland, Hungary,
Croatia). For these countries, all values are converted into euros by the HFCN (Household
Finance and Consumption Network, 2020a). The HFCN asked very sensitive questions, so the
item non-response rate is high. Missing values in the HFCS data were iteratively and sequen-
tially imputed. The variables are imputed along a path of imputation models. Each model is
run several times, and the imputed values from the previous round are treated as given in the
subsequent iteration (Household Finance and Consumption Network, 2020a). For each missing
observation the HFCS data set contdihs= 5 imputed values. For more information on the
imputation method see Household Finance and Consumption Network (2020a). Of interest for
this application is the value of the household’s bonds, which is part of the household’s assets
and therefore relevant when considering the distribution of wealth. The HFCN reports condi-
tional medians for the value of bonds per EU country (Household Finance and Consumption
Network, 2020b). The values are calculated conditioned on households that have bonds; house-
holds with no bonds are discarded from the analysis. This results in partly very small sample
sizes even on a country level, so that for some countries with fewer than 25 observations direct
estimates are not reported by the HFCN. Furthermore, the rate of collected values differs be-
tween the countries. Since some households do not even indicate whether they own bonds or
not, these values are also imputed by the HFCN. Therefore, the sample size per country, i.e.,
the number of households with bonds and the collected rate for these households, may differ
slightly among the ve imputed data sets provided by the HFCN. We calculate the sample sizes
and collection rates based on the rstimputed data sets. An overview of the sample sizes per
country and the collected rates are given in Table 2.5. As dependent variable we choose the
mean value of bonds in thousand of euros (TEUR) on a country level, resultingin22
domains. In 2017 the EU consisted of 28 member states. 6 EU members are not included in
the HFCS as their non-euro area NCBs do not participate. These domains are considered as
out-of-sample (OOS) and model-based estimates are provided in the application. The direct es-
timators of the mean value of bonds for each imputed dat’ég’%eid =1;::22m=1;::5

are calculated according to Equation (2.13) using the sampling weights provided by the data
provider, which corrects for potential bias due the sampling design and unit non-response. The
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variances gd;m are estimated with a bootstrap method following the instructions by House-
hold Finance and Consumption Network (2020a) using the provided replicate weights derived
by the Rao-Wu rescaled bootstrap method. As a result we obtain 5 replicates of direct
estimators and their variances, which are then pooled according to Sections 2.3 and 2.4.

Table 2.5: Summary of EU-countries sample sizes, collected rates and auxiliary variables.

Min  1stQ Median Mean 3rdQ Max
Sample size 2.00 12.25 61.50 148.73 209.50 832.00
Collected rate 0.04 0.49 0.66 0.61 0.81 1.00
Total receipts from taxes
and social contributions [% of GDP] 23.20 32.83 36.90 36.84 41.85 48.10
Final consumption expenditure
[Current prices, EUR per capjta 5630 11710 17170 20424 29258 48140

2.6.1 Model selection and validation

To obtain auxiliary information from additional sources needed for the Fay-Herriot models,
country-level data were collected from Eurostat, the statistical of ce of the EU and the Eu-
ropean Commission. Within this set, data such as real estate data, unemployment rates, age
dependency ratios, national accounts and tax aggregates from 2011 and 2017 were collected.
The sources and years of this supplemental information are shown in Table B.1 in the Ap-
pendix. Due to the small number of domains, variables that were not available for the entire
set of domains were excluded. The remaining auxiliary information includes variables such
as the old, youth and age dependency ratio, the unemployment rate, the ratio of taxes to GDP,
nal consumption expenditure, the share of consumption expenditure on GDP, GDP at market
prices and a variable indicating whether the country has a wealth tax. In addition, the number
of covariates in the model is severely limited by the small number of domains, which is why
we restricted the model to two possible auxiliary variables. In the context of area-level data,
Han (2013) transferred the conditional Akaike information in linear mixed models from Vaida
and Blanchard (2005) to a conditional Akaike information criterion for Fay-Herriot models.
Marhuenda et al. (2014) examine this criterion among Kullback symmetric divergence crite-
rion (KIC) and propose a bootstrap variant of the KIC (KICb2) especially developed for FH
models. They conclude that KICb2 criterion is one of the best model selection criteria for
Fay-Herriot models. Therefore, in this application the preselection of variables was performed
using the KICb2 criterion. Model selection was carried out for each of the 5 imputed datasets,
with no particular difference in the results. A union of two auxiliary variables was selected for
the nal model, as shown in Table 2.5. To obtain a model-based estimator of the mean value of
household bonds, the estimator from Section 2.4.1 is calculated with the auxiliary information

in Table 2.5. The model varianceéRR are calculated for the Ml-adjusted Fay-Herriot model

on the original scale using the REML method. The distributional assumptions of the model
presented in Section 2.3 are checked by the Shapiro-Wilk test applied to the residuals and the
random effects. For the Ml-adjusted Fay-Herriot model for a normal mean, the p-values of
the tests for the standardized residuals and the random effect are 0.223 and 0.965, respectively.
Therefore, the normality assumptions for both error terms cannot be rejected at a 5% signi -
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Figure 2.2: Direct and model-based estimates for the mean value of bonds, own estimations.
Domains are ordered by increasing sample size, sample sizes in brackets. Direct estimates for
domains with less than 25 observations are not reported.

cance level. Consequently, all further considerations and results are based on the Ml-adjusted
Fay-Herriot model for a mean value as presented in Section 2.4.1. The explanatory power of
the model is assessed using the modiRé for Fay-Herriot models according to Lahiri and
Suntornchost (2015) and we obtain a value of 45%. Due to the low number of domains, it is
not possible to include more auxiliary variables to potentially increase explanatory power. We
obtain positive estimated regression coef cients for both auxiliary variables. The impact on
the tax-to-GDP ratio seems reasonable, given that tax contributions include taxes on wealth (at
least in some countries) and that high tax revenues from income could indicate a high level of
capital assets. The relationship between consumption and wealth is not independent of income,
because if income is higher than consumption, the rest can be invested, and if consumption can-
not be covered by income, there is nothing left to invest. Nevertheless, with the given data, the
model also shows a positive effect for consumption.

2.6.2 Small area estimates

The estimates of the mean value of bonds on a country level are calculated using the FH.MI
estimator for a mean value and to estimate the MSE the MI adapted Prasad-Rao estimator is
applied as described in Section 2.4.1. To compare the model-based estimators with a direct
estimator, the direct estimators and their variance estimates are computed for each imputed
data set as described above and pooled using Rubin’s rule in Equation (2.8) (Direct.RR). The
point estimates of the model-based estimators (FH.MI) should be consistent with the unbi-
ased estimates of the direct estimator, but be more precise. Figure 2.2 compares the direct
and the model-based point estimates for the 22 in-sample domains and additionally reports the
estimates for the 6 OOS EU countries. Due to the guidelines of the data provider, the direct
estimates for domains with less than 25 observations are not reported. We observe that, for
countries with large sample sizes, the direct and model-based estimates are almost identical,
consistent with the expectation that high weight is given to the direct estimator when precision
is high. An exception is Belgium (BE), where the sample size is rather high, but the shrink-
age to the mean quite strong. For most of the direct estimates, which tend to be high, we
see that the model-based estimates are smaller, showing the shrinkage effect to the mean of the
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Figure 2.3: Map of model-based FH.MI estimates for mean value of bonds, own estimations.
Non-EU countries in 2017 are colored in white.
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Figure 2.4: CVs of direct and model-based estimates, own estimations. Domains are ordered
by increasing sample size, sample sizes in brackets.

model-based estimates (see summary statistics of point estimates in Table B.2 in the appendix).
Possibly due to the low number of covariates very little shrinkage takes place for some coun-
tries with small sample sizes (GR, SI, LI). The model-based point estimators are furthermore
reported in the map in Figure 2.3. The highest values are estimated for Luxembourg (LU),
followed by Denmark (DK) (OOS) and Sweden (SE) (OOS). For eastern European countries,
the estimates are rather low, followed by southern European countries. The estimated model-
based values range from 3 to 66 thousand euros (cf. Table B.2 in the appendix), which seems
plausible given the median values reported by the HFCN (Household Finance and Consump-
tion Network, 2020b) between 2 and 25 thousand euros, considering that the distribution at
the household level tends to be right skewed and therefore the mean values should be higher
than the median values. Figure 2.4 shows the coef cients of variation (CV) for the direct and
model-based estimates. We see that the model-based estimator is at least as ef cient as the
direct estimator. The CVs of the model-based estimators are mostly signi cantly smaller than
those of the direct estimators, with the effect decreasing with increasing sample size. For large
sample sizes, the gain is barely noticeable, but this is consistent with the expected behavior
that the direct estimator is suf ciently accurate in this case. For some domains, such as Croatia
(HR) and Cyprus (CY), the CV is almost halved. Due to the relatively small domain size of

D = 22 and hence the limitation to the number of covariates in the model, the ef ciency gain

is limited. A summary of the distribution of the point estimators and CVs from Figures 2.2 and
2.4 can be found in Table B.2 in the appendix.

2.7 Concluding remarks

In this paper, we derive small area indicators based on multiply imputed survey data and present
uncertainty measures for common cases that capture the additional uncertainty. We present
the transformed Fay-Herriot model calculated on each imputed data set. We then combine
the components into a Ml adjusted Fay-Herriot model that retains the model structure of the
Fay-Herriot model. With this approach, results that exist for the Fay-Herriot model regarding
transformations, back-transformations and MSE estimators can be extended. It is a general
approach that can be applied to any indicator with a given transformation and an appropriate
back-transformation. We discuss common special cases of the model (mean, log mean, arcsine
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ratio). For these special cases we propose MSE estimators. For the mean and logarithmic
mean, we present an analytical adaption of the Prasad-Rao estimator and, for the arcsine ratio,
we use a bootstrap estimator. We demonstrate in simulation studies that the resulting FH.MI
point estimators lead to valid results in terms of bias and RMSE in the given settings and
under different non-response rates and that the proposed MSE estimators are able to capture
the additional imputation uncertainty and lead to good uncertainty measures. We carried out an
application using the proposed framework to obtain estimates for European household assets.
A limitation of the proposed approach is that it is not as straightforward for the user as it
would be if only the Fay-Herriot estimators were estimated for each imputed data set and the
mean value calculated. But, as mentioned above, it is not clear how the variance pooling rules
can be applied to the MSE. This could be part of further research. To facilitate the application,
it is planned to provide aR-package with the methodology presented. Other open research
questions are the extension from a cross-sectional to a longitudinal analysis to provide stable
estimates across panel waves (i.e., over time) when multiple imputations are performed and
sample sizes are small. If the underlying data structure is a panel survey and individuals or
households are observed over multiple time periods, the Fay-Herriot model can be adapted to
consider the correlation of the same observations over time. To borrow strength for domain es-
timates, Rao and Yu (1994a) propose a model with auto-correlated random effects and assume
an auto-regressive process of rst order. In addition to the temporal Fay-Herriot models, a mul-
tivariate approach could serve the requirement to consider the temporal dimension in the data.
In the multivariate Fay-Herriot model (Benavent and Morales, 2016) the domain indicators are
estimated simultaneously for the different panel waves. In this way, correlations for both error
terms can be considered. These models have not yet been investigated in combination with
multiple imputation. The approach in this paper could be extended to include correlations over
time to ensure reliable estimates over time based on multiply imputed survey data. Since asset
values are usually highly skewed, more robust indicators such as the median or other quantiles
could be estimated instead of the mean. Therefore, the estimation of small area medians using
the Fay-Herriot model would be interesting for future research.
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Appendix B

A.1 MSE back-transformation for a log mean

Let = exp( ) be the true parameter value ahthe an estimate for. Furthermore? is an
estimator for with » = g(’\), whereg is a continuously differentiable function. For

g(") = expf "+ 0:5MSE(")g
an approximation of MSE) using Taylor expansion can be derived as follows:

MSE(g(")) = Var(g(")) + Bias’(g(")

Elg()?  Elg(?+ Elg(") g )I?

Elfg( )+ o )" )l Effg()+ o)™ dP+ E)(" P
o )HE™ E[Pg+ g1)E" T

oY )?fvar(") + Bias’(")g= g% )*MSE("):

A estimator of MSE") is then obtained by
n 0
USE) = MSE(Q()) = g(YMSE() = exp "+0:5MSE)  MSE(:

A.2 Plots and tables

Year Source

Private households by type, tenure status (Real estate) 2011 Eurostat (2011b)
Dwellings by occupancy status, type of building (Real estate) 2011 Eurostat (2011a)

Age, Old, Young-age dependency ratios 2017 Eurostat (2017d)
Unemployment rate 2017 Eurostat (2017a)

Tax to GDP ratio 2017 Eurostat (2017c¢)

Final consumption expenditure 2017 Eurostat (2017b)

GDP at market prices 2017 Eurostat (2017b)

Share of consumption expenditure on GDP 2017 Eurostat (2017b)

Indicator for presence of wealth tax 2017 European Commission (2017)

Table B.1: Source and year of auxiliary information.
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Figure B.1: Density of population target variable of one replication

Table B.2: Summary of point estimators and CVs for mean value of bonds [TEUR].

Estimator Min 1stQ Median Mean 3rdQ Max
DirectRR Pointest. 2.5 19.6 36.2 416 49.0 1655
FH.MI 3.1 164 27.3 286 400 66.2
Direct.RR CV [%] 8.3 19.3 328 419 517 1250
FH.MI 8.3 1838 273 315 353 8738
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Chapter 3

Variable selection using conditional
AIC for linear mixed models with
data-driven transformations

This is the peer reviewed version of the following article: Lee, Y., Rojas-Perilla, N., Runge,
M. and Schmid, T. (2023) Variable selection using conditional AIC for linear mixed models
with data-driven transformation&tatistics and Computing 33(27%yhich has been published

in nal form at https://doi.org/10.1007/s11222-022-10198-9 . This is an
open access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/ ).

3.1 Introduction

The linear mixed model is a broadly used statistical model for analyzing clustered or longitu-
dinal data. When data analysts use these models, they often face two practical problems: a)
the true model for explaining the response variable is unknown and b) the model assumptions,
especially the Gaussian assumptions of the error terms, are violated.

As the true model is unknown, data analysts nd suitable/optimal models for explaining the
dependent variable by using variable selection procedures. One popular approach in this con-
text is the Akaike information criteriorA|C ) introduced by Akaike (1973). For linear mixed
models, there are different versionsAifC (M ller et al., 2013). They can be divided into two
groups: marginal types of AIG{AIC ) and conditional types akIC (cAIC ). ThemAIC is
the commorAIC for linear mixed models which uses marginal density and is one of the most
widely used selection criteria (M ller et al., 2013). However, théIC is only appropriate
when the model parameters are xed (Burnham and Anderson, 2010) and themsé®@f as
selection criterion is problematic for linear mixed models (Han, 2013). Vaida and Blanchard
(2005) introduced theAlIC as a more proper selection criterion for linear mixed models.
cAIC uses the conditional density in contrastm@\IC . Vaida and Blanchard (2005) derive
CAIC in case that the (scaled) covariance matrix of random effects is known and recommend to
use a plug-in estimator for the covariance matrix of the random effects in practice. Liang et al.
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(2008) derive a more generahlC that accounts for the estimation of the covariance matrix
of the random effects. However, their conditioddlC can be computationally demanding in
situations with large sample sizes and many potential variables (Greven and Kneib, 2010).

Linear mixed models regularly rely on parametric assumptions such as normality for the
random effects and the error terms. These assumptions may be violated in many applications,
for instance, with skewed variables like consumption or income. One possible way to tackle
this issue is to use robust mixed models. Such models are robust in various aspects, including
the violation of the Gaussian assumptions. They allow more exible distributions (Verbeke and
Lesaffre, 1997; Zhang and Davidian, 2001; Sinha and Rao, 2009) or apply a Bayesian frame-
work (Rosa et al., 2003; Lachos et al., 2009). Jiang (2019) gives an overview of further models
which deal with this problem. Another way to solve this problem is to apply xed logarith-
mic or data-driven transformations for the dependent variable. The latter transformations are
generally an adaptive transformation parameténat depends on the particular shape of the
data. Among different data-driven transformations, the Box-Cox transformation (Box and Cox,
1964) is widely used, as it includes various power transformations and the logarithmic trans-
formation as a special case. Gurka et al. (2006) extend the use of the Box-Cox transformation
to linear mixed models. They apply the residual maximum likelihood (REML) approach to
estimate the transformation parametefrom the data, based on a linear mixed model with
xed auxiliary variables.

However, the optimal data-driven transformation depends on the xed model and the opti-
mal model depends on the selected data-driven transformation. In particular, to select the op-
timal data-driven transformation parameteby the REML approach, the linear mixed model
should be xed; and to perform a variable selection based ort&i€ , the dependent vari-
able should be xed using an appropriate (data-driven) transformation paramet&r rst
naive approach which is typically used in applications would be to perform the transforma-
tion and variable selection in a speci c order. First, nd an appropriate working model on the
original/untransformed scale and keep this xed when selecting the optimal data-driven trans-
formation parameter. However, this may not offer the best way to the variable selection as the
selected variables are not optimal on the transformed scale. In this paper, we aim to nd the
optimal model and the optimal transformation parameter simultaneously. This would allow
for enjoying the advantages of both data-driven transformations and the optimal model for the
transformed data.

Hoeting and Ibrahim (1998) and Hoeting et al. (2002) discuss methods for transforma-
tion and variable selection based on posterior probabilities in linear models. They focus on
change-point transformations to transform the predictors of the linear model. Bunke et al.
(1999) discuss the selection of the optimal transformation and the optimal model based on
cross validation for the nonlinear model. To the best of our knowledge, none of the existing
literature provides a joint solution when variable selection based ooAheé and estimation
of the data-driven transformation parameter are simultaneously applied to linear mixed mod-
els. From a theoretical perspective, we present an approach to concurrently choose the optimal
linear model and the optimal transformation parameter. SinceAh€ is scale dependent,
we can not directly compare different models with differently transformed response variables.
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Therefore, we adjust theAlC using the Jacobian of the corresponding data-driven transfor-
mation such that different model candidates with differently transformed response variables
can be compared. Although the paper focuses on the Box-Cox transformation as a particular
data-driven transformation, the proposed approach is applicable to data-driven transformations
in general. From a computational perspective, we provide a step-wise selection approach based
on the proposed adjustedlC .

The structure of the paper is as follows: In Section 3.2 we provide an overview of lin-
ear mixed models and th@AIC . In Section 3.3, we derive the Jacobian adjustatiC for
transformed linear mixed models and introduce the step-wise selection approach. In Section
3.4, we examine the performance of the proposed selection approach by using model-based
simulations. In Section 3.5, the proposed selection approach is applied to data from Guerrero
in Mexico for estimating poverty and inequality indicators at the municipal level. Finally, we
discuss our results and further directions of research in Section 3.6.

3.2 Variable selection using conditional AIC for linear mixed mod-

els
In this section, we brie y introduce the existing variable selection methods for linear mixed
models. In Section 3.2.1, we present a general notation of linear mixed models and in Section

3.2.2, we introduce and compare t&IC by Vaida and Blanchard (2005) and Liang et al.
(2008).

3.2.1 The linear mixed model
Assume there is a nite population divided ind clusters. Lety; be a vector of the response
variable for tha-th cluster fori = 1; : D, which is modeled with a linear mixed model

Yi = Xi + Zijui + "

N; is the cluster size of thieth clusterX; andZ; are knowrnN; pandN; qdesign matrices
for the xed and random effects, includesp xed effects, u; is a vector ofg random effects,
and"; is a vector of errors in theth cluster. u; and"; are assumed to be independent and
normally distributed

u N (0;G); "i N (0; 2ly,);

with In;, theN;  N; identity matrix. G is theq g covariance matrix of random effects
in thei-th cluster and depends on a set of variance componeritetN = = 2, N; be the
population size and = ( ;; ) be the vector of parameters in the model. The model is
described for the population as follows

y=X +Zu+" (3.1)
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whereX = (X{; ;XI)TisaN pmatrix,Z = diagZ;; ;Zp)isN r block-
diagonal matrix withr = D g, u = (u]; ;ul)T and" = ("]; ;"5)T. " andu
are independent and normally distributed Wil") = E(u) = 0, Var(") = 2y and
Var(u) = Go, whereGg = diagp (G) is block-diagonal matrix witlD blocks of G on the
diagonal. Au N (0;Gg) and" N (0; 2Iy), the covariance matrix of is given by

Cov(y)= V= 2ly+2GoZ":

3.2.2 Conditional Akaike information criterion for linear mixed models

Assume there ar@ possible explanatory variables in the data. Since the number of all possible
combinations oP variables isM = 2P, there areM possible model candidates which can

be tted to the data. In order to nd the optimal model among them, the variable selection
should be performed based on an appropriate selection criterion. In this study, we focus on the
variable selection based on tbBIC for linear mixed models. While this study focuses on the
CcAIC , themAIC is brie y explained rst to provide a better understanding of tisl C .

The mAIC is derived from the Kullback-Leibler (K-L) divergence between the density
of the true model and the density of a candidate model (Akaike, 1973). Assume that the true
model has the same form as Equation (3.1) with true parameters. The vector of true parameters
is denoted by = ( o; o; o). Letf () be the density function of the true generating model
andg(j ) be the density of the approximating model with model parametéos tting the
data. If the true distributiori belongs to the class of model candidates and ¢ then
a(j o) = f(). ThemAIC measures the K-L divergence betwddn) andg(j ).

The idea behind theAlIC derivation is the same as for tmeAIC . While themAIC
measures the K-L divergence between two marginal densitd§; measures the K-L diver-
gence between the true conditional density and the conditional density of a model candidate.
The true conditional density is denoted b{jug) with the true random effectsif) and the
conditional density of a model candidate is denotedhby;u). Lety be generated from
the true conditional density andbe the observed data, also from the true conditional density.
They are independent conditional on random effects, which meang thatdy share the ran-
dom effects and only differ in error terms (i.g.,= X + Zu+" andy= X + Zu+"
with " N(0; 2ly) and" N(O; 2In)). The K-L divergence betweei(y jug) and
g(y j;u) with respect td (y jup) is de ned by

f (y juo)
gy j;u)
=E¢ (y juo)llogf (y juo)]

Et (y jugyllogaly j;u)l:

I( 05u0); (;U)=Ef(y jus) l0g

The discrepancy between the conditional generating model and the conditional approximation
model is given by

dl( o;u0); (;u)l = Ef(y junl 2logg(y j;u)l:
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By using the given de nition of the discrepancy, the K-L divergence can be written as follows

21[( 0;u0); (U] =2E¢(y jup)llogf (y juo)]
+ d[( o;uo); (;u)l:

Since2Es (y juq)[logf (y juo)] does not depend onandu from the approximating model, the
ranking of candidate models baseddj( ¢; upg); ( ;u)] is equivalent to the ranking of candi-
dates based o2 [( o;up); (;u)]. Therefore, the tted candidate models can be evaluated by
using the discrepancy withanda,

dl( o;uo); (;u)l= dI( o;uo); (Ui =2y =aps

where” includes the estimates of model parameters (fe,( » 4 ~)ando = E(uj® vy)

contains the predicted random effects based on the empirical Bayes estimation. Hence, the se-
lection problem based on K-L divergence can be solved by compdiiing uo); (;u)]j - Ay =y

values of the candidate models. As the model parameters and random effects are estimated
based on observed data, the expected estimated discrepancy should be used as the selection
criterion (Burnham and Anderson, 2010). This is also often denoted as conditional Akaike
Information €Al ) (Vaida and Blanchard, 2005; Liang et al., 2008; Han, 2013)

CAl =E¢(yu)Er(y juyl 2loggly | 0)]:

logg(yj” 0) is a biased estimator df; o Ef(y jul loggly i 0)]. As a conse-
guence, theAlIC consists of the conditional log-likelihood and the bias correction t€rm

CAIC = 2logg(yj’ 0)+2K;

where N 1
logg(yj”’ 0) = Slog2 %) S5 Ny 9

andy is the tted vectorg = X "+ Z0.

Vaida and Blanchard (2005) derive two different bias correction terms under different as-
sumptions. When 2 andGg are assumed to be known, tdeequals , which is the effective
degrees of freedom (Hodges and Sargent, 2001)

" #

Koo ooy XX X Tz L'XTx x7z
a ZTX z27z+ 2Gg ZTX 727z

When it is assumed that is unknown and 2Gg is known,K is calculated by

_ NN p 1
(N p(N p 2
N(p+1) .
(N p(N p 2)

KmLE (+1)

(3.2)
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The detailed derivation df ; andK g can be found in Vaida and Blanchard (2005).

Vaida and Blanchard (2005) derive tb&lC under the assumption th@p, the covariance
matrix of the random effects, or 2Gg, the scaled covariance matrix of the random effects, are
known. However, in practice they are usually unknown. In the case of the unknown random
effects covariance matrix, Vaida and Blanchard (2005) suggest ®usg for thecAlIC with
the estimated 2Gy, since the derivation of the bias correction term for the case of unknown

2Gy is analytically complicated and the effect of estimation can be asymptotically ignored.

Liang et al. (2008) propose a genetAl C for known 2, regardless of whether the covari-
ance of random effects are known or unknown. Under these assumptions, Liang et al. (2008)
derive the bias correction term using the rst derivativeg slubject toy. In their technical re-
port, they also derive an additional bias correction terncfC assuming more realistically
that neither 2 nor the covariance of random effects are known.

In practice, the true value of?2 and the truesg are usually unknown. Therefore, it seems
reasonable to use tleAIC of Liang et al. (2008). However, Liang et al. (2008) show in the
simulation part that their bias correction term is clos&tpand it is also shown in their tech-
nical report that the bias correction term under more realistic assumptions is clisg go.
Moreover, Greven and Kneib (2010) point out that the usefdfC by Liang et al. (2008) as
a selection criterion poses severe computational dif culties, since the calculation of the bias
correction term of Liang et al. (2008) requires at leldstadditional model ts to calculate
derivatives. If there ar# different model candidates, at ledt M model ts are required
to calculatecAlC derived by Liang et al. (2008), which is hard to implement for laxgand
M . As a result, this study focuses on sl C of Vaida and Blanchard (2005), and in partic-
ular on thecAIC with Ky that allows for unknown 2. The optimal model is the model
which has the minimum value @AIC among allM model candidates.

3.3 Variable selection for linear mixed models with transforma-
tions

In this section, we propose a step-wise variable selection approach for linear mixed models
which allows comparing model candidates with differently transformed response variables.
First, we give a general notation of linear mixed models with the Box-Cox transformation.
Although the paper focuses on the Box-Cox transformation as a particular transformation, the
proposed approach is applicable to data-driven transformations in general. In Section 3.3.2, we
derive the Jacobian adjustedIC based ortAIC by Vaida and Blanchard (2005), which can
compare model candidates with differently transformed data. In Section 3.3.3., we introduce
a bootstrap method to estimate the bias correction term for Jacobian adjddt@d From

a computational perspective, we suggest to use step-wise selection with adjasdn
Section 3.3.4.

3.3.1 Linear mixed models with transformations

Assume that the originglvariable is non-normal and there exists a transformation parameter of
the Box-Cox transformation for which the transformed data follows the Gaussian assumption.
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The one-to-one Box-Cox transformation (Box and Cox, 1964) isfde ned by

8
< (yj+ts) 1 if 60:

T (yij)=. (3.3)
* log(yj +s) if =0;

i=1;:;Dandj =1;:;Ni;

where denotes the transformation parameter which has to be estimatsdalandtes the shift
parametes = jmin(y)j + 1 only whenmin(y) < 0. Letw be the vector of transformed
Then,g is modeled as

T(y)=¢=X +Zu+" (3.4)
withu N (0;Gp) and" N (0; 2ly). The covariance matrix of the transformgis
Cov(g)= V= 2ly+Z2GoZ':

Gurka et al. (2006) use the REML approach to estimates the REML approach is recom-
mended when the focus is the estimation of variance components (Verbeke and Molenberghs,
2000). Moreover, Rojas-Perilla et al. (2020) compare the REML estimatowith other esti-
mators and show that the REML approach has a smaller variability than alternative estimators.
Accordingly, the optimal is estimated in this study with the REML approach. The optimal

maximizes the residual log-likelihood function of a given model. However, the estimated
optimal is only optimal for the given model. This means that each model candidate has its
own optimal . As we do not know which model candidate is the optimal and whichthe
optimal for the corresponding model, we should select the model andabecurrently.

To simultaneously select the best model base@AC and obtain the optimal, we
estimate it for each potential model in a rst step. WPRh possiblex variables there are
M = 2P model candidates. Tha-th model is de ned by

T.(=g™=xM +Zu+" (3.5)
m=1;::M;

whereX (M is the design matrix of then-th model and ., is the optimal transformation pa-
rameter for than-th model. Based on the model in Equation (3.5) the optimal transformation
parameter is estimated using the REML approach’andenotes the estimated optimal trans-
formation parameter for the-th model. Further details about the estimation gf using the

REML approach are explained in Gurka et al. (2006). In the second step, all model candidates
with their own”, should be compared. Howeve|C -type criteria cannot compare models
with differently transformed target variable (Burnham and Anderson, 2010). Therefore, an ad-
justment with the Jacobian to tlesdIC should be performed rst such that thelge different
models can be compared.
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3.3.2 Jacobian adjustectAIC for linear mixed models

Assume that ( jup) is the true conditional density function with the true model parameters
and the true random effects, while g( j ; u) denotes the conditional density of an approx-
imating model. Letg = X + Zu + " be a realization from the true conditional density
function with™" N (0; 2). Then, thecAl for the transformed model is given by

CAl =E¢ (gu)Ef (g juyl 2logg(e J/: 0)l;

where” is the vector of estimated model parameters @risithe vector of predicted random
effects. logg(gj” 0) is a biased estimator &; (g.,)E+ (g juy[ 1099(2 |5 0)] = 0:5 CcAl.
The bias is obtained by

bias = Efgul logg(w’ 0)] 05 cAl:

To obtain an unbiased estimator@b cAl, the bias correction ternBC) should be added
as follows

BC =  Ef(pul logg(g” 0)]+0:5 cAl
=Et (pu)[logg(gi’s 0)]
Et (gu)Et (p juyllogg(e |’ 0)]

=E Lle B B o BT Bl 36

where@ = X "+ zq.
Under the assumption thaf is unknown, theBC in Equation (3.6) can be replaced By e
from Equation (3.2). Consequently, tbAIC for the transformed model is given by

CAIC = 2logg(g’ 0)+2KuLe ; (3.7

where

ogaw’ 0= log2 ") Lz BT B

However, thisAIC of the transformed model cannot be used to compare differently transformed model
candidates. TheAlC measures the K-L distance between the true conditional density and a conditional
density of a model candidate. In the case of linear mixed models without a transformation, the optimal
model can be chosen using tba&lC by Vaida and Blanchard (2005), since all model candidates have
the same response varialyle The model with the smallest distance (i.e., the smatiéddCC ) is the
optimal model among all candidates. However, for linear mixed models with a transformation we
estimate for each model candidate its own optimal transformation parameter. As the transformation
parameter differs from model to model, the transfornyediffers too. Consequently, the response
variables of the model candidates are no longer the samegbe 6 ¢ 6 & ¢M)). Therefore,
thecAIC in Equation (3.7) of a model candidate is in fact not the distance of the model from the true
density ofy, but the distance from the true density @f As ¢ differs from candidate to candidate
andcAIC is scale dependent, the model candidates cannot be compared wéthl e To allow for
comparing model candidates using &I C , it needs to be adjusted, so that the adjust&HC of a

model candidate measures the divergence of the model from the true densitkafike (1978) shows

72



CHAPTER 3. VARIABLE SELECTION WITH DATA-DRIVEN TRANSFORMATIONS

that this adjustment can be done by adding the Jacobian of the transformatiot&€thalue of time
series models.

The Jacobian adjustenhlC denoted byl cAlIC is derived from the K-L divergence between the
true conditional density and the model conditional density of the originahd not of the transformed
y. To de ne the K-L divergence between the true and a candidate modg| tbfe true and model
conditional densities of should be de ned. As we know the conditional densities of the transformed
y, the conditional densities gf can be derived by multiplying the Jacobian of the transformation. Let
h(yjup) be the true conditional density gf andI(yj ;u) the conditional model density, which are
de ned with the Jacobian of the Box-Cox transformatibf;y ) as

h(yjuo) =f (gjuo) J(3y);
I(yj;u)=9(w;u) JCy); (3.8)

where

@ \D‘?‘i@j_\z"?‘i

Jiy)= =, @7}{—

@y: (yj +s) . (3.9)

i=1j=1 i=1j=1

Lety be a realization of the true conditional denditfyju) andg be the vector of transformed .
Then, the K-L divergence between conditional densitieg diecomes

Iy j;u)
=En(y jullogh(y j o;uo)]
Engy jullogl(y j;u)l:

I( 0;u0);(;u)]l=Engy juy log

The discrepancy is de ned bgl[( o;uo);(;u)]l = En¢ jul 2logl(y j;u)]l. Therefore, the K-L
divergence can be formulated using discrepancies as follows

21 [( 0;U0); (;u)] =2En(y jullogh(y | o;uo)]
+.d[( 0;uo); (Ul

The ranking ofd[( o; Uo); ( ;u)] is equivalent to the ranking @ [( o; Ug); (;u)], since the rstterm
2En(y jullogh(y j o;uo)] is constant for all model candidates. The Jacobian adjugtedJcAl ) is

JCAl =Enyu)Engy juyl 2logl(y j’ o)]:

log(I(yj” 1)) is a biased estimator &5 JcAl . To obtain an unbiased estimator®$ JcAl , the
bias should be corrected by the following bias correction term (BC):

BC = Enywl log((yj} 0))] 05 JcAl

Enyu)[l0g( (i 0))]
Enh(yu)Engy jullog((y it o)

I(yj* 0) is de ned as in Equation (3.8). TheKy j” 0) can be de ned byg(e j* 0) J(®y ) using
the same relation as in Equation (3.8). By inserting these terms in®CGheve get

BC =Enyu)llog(g(®i’ 0) I(%y )]
Eneyu)Engy juyllog(a(e J/: 0) J(/?y )]
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=E Dlog2 %) e B B

+log(3(y))

e Dlog2 ") oo BTe B

+log(I(y ) (3.10)
The Jacobian term gfis de ned in Equation (3.9) and the Jacobian termyfors given byQ iDzl Qszil (y; +
s) !leadingto
N 1
BC=E - log2 n?) on2 (B B B
N XX
+( 1) log(yj + s))
i=1 j=1
N 1
E §|09(2 nZ) ﬁ(? 9)T (¢ 9)
N XX
+( 1) log(y; +s) : (3.11)
i=1 j=1

3.3.3 Estimation of the bias correction

We propose a parametric bootstrap - following the ideas of Donohue et al. (2011) and Rojas-Perilla
et al. (2020) - to estimate tH&C for the JCAIC . The bootstrap captures not only the uncertainty due
to the estimation of the model parameters, but also the additional uncertainty due to the estimation of
the transformation parameter(Rojas-Perilla et al., 2020). In addition, we use a resampling approach
because the bootstrap variantdd€ are comparable with analytic approximations of /i€ (Dono-
hue et al., 2011) and perform better than analytic approximations in terms of the model choice (Shang
and Cavanaugh, 2008; Marhuenda et al., 2014).

TheBC in Equation (3.11) consists of two expectation terms. Each expectation term is estimated
by averaging the values over tlie bootstrap replicates. The steps of the proposed bootstrap are as
follows:

1. Estimate the optimal de ned as” using REML for the model candidate and transformyhe
thep with the estimated .

2. Fit the model in Equation (3.4) to obtain estimates of model parameters

3. Generatei® N (0;8,) and"® N (0;72) and create a bootstrapusingg® = X " +
Zu® + (6

4. Ret the model with the bootstrap samp®) and obtain the bootstrap estimates of the model
parameter§® anda(®.

5. Calculate the second expectation term of B@ for each bootstrap using® anda®. The
unobserved (trueg andy are replaced by andy respectively. Note that andy are treated as
realizations from the true transformed/untransformed density with correspohding

6. Back-transformg® using” to obtainy(® on the original scale. Re-estimaté” based ory(?
and re-transform thg(® using”(® . The re-transformed bootstrgf? is denoted by~ :(®)
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7. Re't the model with the bootstrap sampté (" and obtain the bootstrap estimates of the
model parameters"”:® anda"”:(®) . Note that the estimates depend on the re-estimated

transformation parameter indicated by the supers’c\#ﬁbt

8. Calculate the rst expectation term of the BC for each bootstrap u$ing:® , ") ")
?(A(h);(b)) andy(b)_

The bootstrap estimate of tlBC is then obtained by
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1 » N A(b). 1
- = N A2("®)5(b))
BC B g > log 2 SYYRCET)
g("i) ) ACO) 7 (")
R OV O S C ) 2 (I C)
#
Ay 4 °X (B)
+ 1 log y;~ + s
N i=1 j=1
3
1 N og 2 ~20 1
B 2 2N"2(b)
b=1
T
¢ X MO 7 M
¢ X MB) 7 M
#
N » X
+ 1 log yj +s (3.12)
i=1 j=1

Then, thelcAIC is estimated by

JCAIC = 2log((yj” 0)) +2BC
2log(g(g> 0)) 2log@(y))

+2BC (3.13)

with BC de ned in Equation (3.12).

TheJcAIC is the measure of the K-L divergence of a model candidate from the true model on the
original y scale. Therefore, model candidates can be comparedlwAhC despite of their different
response variable. A model with the minimuAIC is the optimal model with the corresponding
optimal transformation parameter.

Using the derivedlcAIC for the Box-Cox transformation, we will compare model candidates
whose response variables are Box-Cox transformed with different transformation parameters. However,
JCcAIC can be also derived for other types of transformations, such as a logarithmic or dual-power
transformation (Yang, 2006). ThicAIC always measures the divergence of a candidate model from
the true model on the origingl scale independent of how the response variable of the model is trans-
formed. Therefore, th&cAlIC can compare not only model candidates that use the same transformation
with different transformation parameters, but also the models with different types of transformations.

3.3.4 Simultaneous selection of optimal transformation and model formula

As a consequence of the previous sections, we propose the following algorithm to simultaneously select
the optimal of a Box-Cox transformation and the optimal model among several model candidates. As
explained above, considering all possible theorettahodel candidates is often not feasible in practice

due to the computational burden. Therefore, the usual step-wise algorithms can be applied where the
algorithm stops, if no further improvement can be achieved. In the following, we have dbademard
elimination as the exemplary model selection direction. The exchanfpeviard or the extension to
forward-backwardare possible without any dif culties and were done for the simulation experiment in
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Section 3.4 and the application in Section 3.5.

1) Start with the full model including alP possiblex-variables in the data. For the start, the full
model is set as the optimal model. Estimatbased on the full model to initiate thmckward
model selection.

2) Foreachstep=1;::;S:

i) Consider all possible model candidates which exclude an explanatory variable from the
previous optimal model.

i) Estimate” based on the reduced model formulas and transfoymeduesy = Tx(y) for
each model candidate. Calculate fl@dIC value from Equation (3.13) with the estimated
" for each candidate.

iii) Compare allJcAIC values. The model with the smallektAIC value is chosen as the
new optimal model for the step.

3) Compare thelcAIC value of the new optimal model in stepwith the JCAIC value of the
previous optimal model in step 1. If the JCAIC value of the new optimal model is smaller
than the previous one, step 2) is repeated until there is no further improvement in teroAd Gf
values.

3.4 Model-based simulation experiment

To support our theoretical ndings and the proposed framework from the previous section, we conduct
simulation studies that include several settings. The aim of the study is to show that under known
data settings with a given transformation and model formula, the presented simultaneous algorithm for
optimal model and transformation selection depicts the true model for a linear mixed model. The settings
include four scenarioflormal (1) Normal (2) LogandBox-Cox each with three explanatory variables.
The scenarios are oriented to the simulation study of Rojas-Perilla et al. (2020). The distributions of the
explanatory variables are chosen to be representative of both, numeric and categorical variables coded as
dummies. The rst scenario with normally-distributed random effects and error tédorsn@l (1) has
an explanatory power of around 40%, and the secblwdral (2) has an explanatory power of 85%, as
well as theLog andBox-Coxscenario. The exact de nition of the data settings is given in Table 3.1. In
each simulation run (Monte Carlo replication), the explanatory variables, random intercepts and error
terms are generated by drawing from the corresponding distributions. Thus, a new pseudo population is
created in each simulation run. A total of 500 Monte Carlo replications are generated for each setting.
Each of the nite populations consists Bf = 10; 000units evenly divided int® = 50 clusters. Within
each cluster, a simple random sample is drawn. The cluster-speci ¢ sample sizes range from 0 to 29, so
that the total sample size sums umtes 565. The distribution ofy; of one population is shown in the
Appendix in Table C.1 and Figure C.1.

In addition to the explanatory variablgs;; , X2;; andxs;j , the random interceptg and the error
termse; , an additional variable; N (1;0:1%) is generated in each Monte Carlo replications, which
is used to estimate the linear mixed model (but not included in the true data generating mechanism):

T(Yij)=% = (3.14)

ot Xy T o2Xo to3Xzi o4z T Ui t €

whereT denotes the Box-Cox transformation de ned in Equation (3.3). In each simulation run, the
model selection is performed with four approaches, where the dependent variagbten different
scales:
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Table 3.1: Overview of data settingss 1;:::;d; j =1;::;N;j.

Data setting Yij X 1;jj i X 2ij X 3;jj Ui j

Normal (1) 400 10xyj + 100Xz N ( ;3% Ul 33] Bin(1;0:8) N(0;1) N(0;30) N (0;60%)
10k + U + g

Normal (2) 400 10xy; + 100X2; N ( ;3% U[ 33] Bin(1;0:8) N(0;1) N(0;10?) N (0;20%)
10xgj + Ui + g

Log exp(l0  Xqj + Xajj N (;2%) U[2;3] Bin(1;0:8) N(0;1) N(0;0:4% N (0;0:8%)

0:5x3;j + Ui + §j)
Box-Cox [(10  xgj + X257 OBxgjj+ N( ;2% U[2;3] Bin(1;0:8) N(0;1) N(0;0:4%) N (0;0:8%)
Ui+ ej)( 0:5)+1] TS

on the original scale (no transformation), so thaty; ) = y; (denoted byOriginal),
on the log scale, so that (y; ) = log(y; + s) ( = 0) (denoted by og),

on the Box-Cox scale, so that(y; ) = i*s) 1gor 2 [ 2,2]and 60;log(y;) for =0
(denoted byBox-Cox Op},

wheres denotes the shift parameter jmin(y)j + 1 only whenmin(y) is a negative number. A naive
approach which is typically used in applications is

to perform the model selection on the original scale and afterwards estimate the opfional
Box-Cox transformation (denoted Box-Cox Naivg

In the Box-Cox Optapproach the optimal model and the optimal transformation paramedes de-
termined simultaneously as described in Section 3.3.4. For each setting, the linear mixed model from
(3.14) and a null model without covariates are estimated. The model selection is than performed with
a step-wise algorithm using backward and forward directions based ai\tia or JcAIC . For the
Original approach (which operates on the untransformed scale3At@ is calculated and th&cAlC

in Equation (3.13) is calculated for the other approaches (which operate on the transformed scale). They
can be directly compared, ad&lC equals thelcAIC for theOriginal approach. As analytic approxi-
mations of theAlC can exhibit negative bias for small sample sizes (Marhuenda et al., 2014), we also
use bootstrap versions to estimate the bias correction id¢dA¢C /cAIC when a log transformation

or no transformation is used. This ensures a fair comparison in the simulation experiment with the es-
timatedJcAIC for a Box-Cox transformation. The bootstrap algorithms to estimateAh€ for the
Original and theJcAIC for theLogapproach are described in the Appendix. The bootstrap algorithms
were executed witlB = 200 replications. In the following, we always refer d&AIC , as in the case

of no transformation theAIC equals thel cAIC .

There are three points of interest in the simulation: First, choice of the correct approach for the
model selection, second, choice of the transformation parameter and third, choice of the correct trans-
formation and correct model speci cation. To begin with, we want to evaluate whether the model with
the correct approach based on theAIC is chosen in agreement with the data setting. For this, we
look at the calculatedcAlIC values and in relation to this, we also check whether in the case of the
Box-Cox transformation the correct associated estimated. Then, we focus on the proportion of sim-
ulation runs where the correct transformation is selected and the proportion of correctly speci ed model
formula. The parameter of the Box-Cox transformation is estimated with the REML algorithm and
the simulation is implemented in the statistical programming langiage Core Team, 2022). For
each combination of data settings and approaches the calcule#¢@ are compared and the model
with the minimalJcAIC is chosen as optimal. Table 3.2 contains summary statistics afdA&C
values over the 500 Monte Carlo replications. We observe that iNtmal (1)andNormal (2)data
settings, the calculatedicAIC values of the model with no transformatio®r{ginal), the Box-Cox
transformation Box-Cox Opy, and theBox-Cox Naiveapproach are very close. Often, the calculated

78



CHAPTER 3. VARIABLE SELECTION WITH DATA-DRIVEN TRANSFORMATIONS

Table 3.2: Summary statistics of JCAIC over 500 Monte Carlo replications.

Data setting Approach Min 1Q Median Mean 3Q Max
Normal (1)  Original 6275 6418 6478 6484 6543 6790
Box-Cox Opt 6271 6418 6478 6484 6543 6786
Box-Cox Naie 6271 6418 6478 6484 6543 6786

Normal (2) Original 5046 5185 5245 5245 5299 5559
Box-Cox Opt 5047 5184 5244 5246 5299 5562
Box-Cox Naive 5047 5184 5244 5246 5299 5562

Log Log 10350 10802 10907 10917 11036 11542
Box-Cox Opt 10351 10802 10905 10917 11037 11543
Box-Cox Naive 10435 10878 11001 10993 11101 11726

Box-Cox Original -296 2603 4497 4821 6434 19141
Log -1909 -1597 -1439 -1436 -1301  -792
Box-Cox Opt  -2572 -2056 -1973  -1969 -1882 -1500
Box-Cox Naive -2280 -1961 -1866 -1866 -1775 -971

Table 3.3: Summary statistics of optimal transformation parametsrer 500 Monte Carlo
replications.

Data setting Approach Min 1Q Median Mean 3Q Max
Normal (1) Box-CoxOpt 0.4980 0.8800 0.9780 0.9810 1.0970 1.3940
Box-Cox Naive 0.4980 0.8800 0.9760 0.9810 1.0960 1.3890

Normal (2) Box-CoxOpt  0.4500 0.8830 0.9890 0.9940 1.1140 1.5620
Box-Cox Naive 0.4500 0.8830 0.9890 0.9940 1.1140 1.5620

Log Box-CoxOpt  -0.0319 -0.0060 -0.0004 -0.0006 0.0051 0.0230
Box-Cox Naive -0.0312 -0.0029 0.0037 0.0034 0.0098 0.0309

Box-Cox Box-Cox Opt -0.5600 -0.4930 -0.4810 -0.4790 -0.4660 -0.3890
Box-Cox Naive -0.5510 -0.4940 -0.4810 -0.4790 -0.4650 -0.4070

JcAIC values forBox-Cox Optand Box-Cox Naiveare identical. This makes sense considering the
corresponding estimateds in Table 3.3, which are very close to one for both approaches and the re-
sulting distribution close to normality. The deviations of the estimated parameters from one can be
explained by the nite population sample from the normal distribution. Looking akt tiggdata setting,
we see that the distributions of teAlIC values using thé.og and theBox-Cox Optapproach are
very close to each other. Again this makes sense as the estimsm{ede Table 3.3) are close to zero,
which results in a log transformation of the data. TreAIC values of theBox-Cox Naiveapproach
are slightly higher. In the case of tiBox-Coxdata setting, thd cAIC values of theBox-Cox Optap-
proach are the smallest, followed by tBex-Cox Naiveapproach. Again, the corresponding estimated

s match the true of 0:5in this case. The values of th®g andOriginal approach are considerably
higher, which is reasonable given the underlying distribution of the data in this setting. In each setting,
the magnitudes and ordering of the values correspond to the underlying distributions of the data and
thus to our expectations. Table 3.4 shows the proportions of selected optimal approaches/transforma-
tions and model formulas. For each data setting, the model with the transformation underlying in the
data-generating process is selected mostly as optimal, i.e., has the sd@MBSt values. In the two
Normal data settings, the calculatddAIC are in around 64% and 69% the smallest, when no trans-
formation is used@riginal), therefore it is chosen as optimal. This corresponds to the underlying data
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generating process. In the other cadgsx-Cox Optand Box-Cox Naiveare chosen as optimal with
identical JcAIC values and also very similar estimated, when looking at Table 3.3. This makes
sense due to the underlying normal distribution. For normal data, it should make no difference whether
the optimal model formula without a transformation is chosen rst and then an optirdlaise to one

is estimated, or whether the model formula and transformation parameter are chosen simultaneously, as
in the Box-Cox Optapproach. In théog setting in 71% out of the 500 samples (simulation runs) the
true underlying transformation (Log) is chosen as optimal. While in mostly the rest of the samples, the
Box-Cox Optapproach with optima1\ near zero, which corresponds to a log transformation, outper-
forms theBox-Cox Naivapproach. In 5.8%4cAlIC values are identical for both Box-Cox approaches.

The advantage of thBox-Cox Optapproach is further illustrated in tH&ox-Coxdata setting, where

this approach is outperforming the other approaches in 83.6% of cases. Looking at the second part of
Table 3.4, it can be seen that in settings with high explanatory pawan{al (2) Log, Box-Coy, the

correct model formulax; + X, + X3) is selected in over 85% of the simulation runs. However, in the
Normal (1)setting with lower explanatory power in 60.8% of the samples the correct model formula

is selected. This result seems justi able since, if the explanatory power of the underlying true model
is lower, it is more dif cult to identify the true underlying relationship. The results emphasize that the
presented approach allows for the selection of the optimal transformation parameter for the Box-Cox
transformation and detects the true transformation. In addition, it enables the selection of the correct
model formula, whereby the degree depends on the explanatory power of the underlying model.

Table 3.4: Proportions [%] of approaches and formulas selected as optimal.

Data setting| Original Log Box-Cox Opt Box-Cox Naive Box-Cox Opt & Naivexl+x2 x1+x2+x3 x1+x2+x3+2z1 other
Normal (1) 64.1 0.8 0.0 351 244 60.8 120 28
Normal (2) 68.9 0.2 0.0 30.9 1.4 86.1 125 0.0
Log 70.9 23.2 0.0 5.8 0.6 83.0 14.3 2.1
Box-Cox 00 0.0 83.6 0.0 16.4 0.2 81.3 17.3 1.2

3.5 Case study: poverty and inequality in municipalities of Guer-
rero

In this section, the proposed selection approach is applied to data from the state Guerrero in Mexico for
estimating poverty and inequality indicators at municipal level. To provide reliable estimates of these
indicators at the municipal level, it is necessary to use small area estimation. In order to demonstrate the
proposed selection approach, we use a particular small area method - the empirical best predictor (EBP)
by Molina and Rao (2010) - which is based on a linear mixed model. In Section 3.5.1, we provide a
brief overview of the small area estimation and the EBP. In Section 3.5.2, we describe the data and the
problem of simultaneously nding the optimal (linear mixed) model and the transformation parameter.
We apply our proposed selection approach and two naive approaches and present the results of the
indicators in Section 3.5.3.

3.5.1 Small area estimation and the empirical best predictor

Many surveys are designed to study total populations. For a sample of the total population, direct
estimators, for instance the Horvitz-Thompson estimator (Horvitz and Thompson, 1952) can provide
reliable estimates due to enough observations/units in the sample. However, direct estimation methods
are appropriate only with a suf cient sample size for every domain/area of interest, which is often not the
case on a disaggregated regional level. Furthermore, estimators cannot be calculated for domains with
no sample data (i.e., out of sample domains) or estimators have too large standard errors for domains
with only few sample data (Rao and Molina, 2015). When direct estimation cannot provide adequate
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precision for a domain of interest because of insuf cient data, the domain is de ned as small and is
called small area/small domain (Rao and Molina, 2015; Tzavidis et al., 2018). One way to improve
direct estimates is by small area estimation. Small area methods aim to improve the ef ciency of the
estimation by combining sample data with data from the census/register based on a model (Rao and Yu,
1994b; Jiang and Lahiri, 2006). The census/register contains auxiliary variables that may be correlated
with the dependent variable and may be used to improve the direct estimates. This is a more complex
task as it depends on model building and diagnostics. The model building may include the use of
transformation, the selection of the covariates, or non-normal error terms.

Since there is no proper survey data which can produce reliable direct estimates of poverty and
inequality indicators at municipal level in Guerrero, we use the EBP approach. The approach uses the
nested error linear regression model by Battese et al. (1988). This model is a special linear mixed model
which includes only random (area speci ¢) intercepts. In the following, we brie y introduce the EBP.
Further details are available in Molina and Rao (2010) and Rojas-Perilla et al. (2020).

Assume a nite population of sizd divided intoD domains.N; denotes the size of theh domain
fori =1; ;D. Lety be the target welfare variable (e.g. income) gpdis the welfare measure of
j-th unit ini-th domain wherg = 1; ;N;. The sample data does not include Mllunits in the
population but only a part of the populatlon The sample has a sineanid this sample %an also be
divided intoD domains.n; denotes the sample size of théh domain and it resultsin = |, n;.

Then, the nested error linear regression model is given by

Yii XIJ + U + "ij y (3.15)

u N0 2 N (©; 2);
whereu; denotes the area random effects &nddenotes the error term. Let=( ; ; -) be avector
of model parameters. The EBP approach is shortly outlined as follows:
1. Fit the model using the sample data to obtain( > ~2; ~2) and0;.

2. Forl =1;::;L, generate

N @ N @R )

for in sample domains,

N @ N (00)

. A A2
for out of sample domains, usingwith ~ = Ty =Tl

3. ObtainL pseudo-populations by plugging in the explanatory variables in the auxiliary data (i.e.
Xjj ) with "oy, and*; obtained in previous steps into the following model

YO =xT M+ a0 4200 = 1

for in sample domains,

M —

y|J —X + _u(l) n(l) | = ’ L

Ij’

for out of sample domains.

4. Calculate the poverty or inequality indicator for each domain and pseudo populﬁfi;oh =
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5. Take the mean over theMonte Carlo runs to estimate the EBP of the indicator

(€8P _ % L.

=1

The EBP with data-driven transformgds obtained similarly to the described EBP above. The detailed
estimation of the EBP with data-driven transformations and corresponding uncertainty measures based
on MSE of the EBP are further explained in Rojas-Perilla et al. (2020).

3.5.2 Data and problem

This study uses survey data from the 2010 Encuesta Nacional de Ingresos y Gastos de los Hogares
(ENIGH - National Survey of Household Income and Expenditure) as sample data. This survey is
performed every two years by the Instituto Nacional de Estadistica y Geogra a (INEGI - The National
Institute of Statistics and Geography) and contains socio-demographic information of households, which
are also the units of data. INEGI also performs the national population and housing census every ten
years. As auxiliary data, the census 2010 data is used for the further application.

Guerrero is located in Southwestern Mexico and borders the Paci c ocean. The state is divided into
81 municipalities. 40 municipalities are in the survey data and 41 municipalities are not in the sample.
Table 3.5 shows a summary of the number of households per domain in the survey and census data. 1801
households are observed in the sample and on average there are 45 observations per domain. The survey
and census data contain a large number of socio-demographic variables. The total household per capita
income in MXN (i.e.,ictpc ) is used as the measurement of welfare. As we used the linear mixed
model in Equation (3.15) to explaistpc , the Gaussian assumptions of random effects and errors
are required. However, the histogramictbc  in Figure 3.1 shows that the distributionicfpc is
very right skewed. Therefore, we apply the Box-Cox transformation to the target vadgdae , such
that the violation can be corrected/reduced. For the Box-Cox transformation the optimal transformation
parameter should be found.

Table 3.5: Number of households per domain in survey and census data

Min  1Q Median Mean 3Q Max
Survey 13 19 26 45 38 582
Census 585 901 1118 1925 2372 7629

In the survey data there are 34 possible explanatory variables after excluding variables which are
highly/perfectly correlated with other variables. We do not know which variables should be included
to optimally explain the response variable, therefore, a variable selection should be performed. Conse-
quently, we have two problems to solve: obtaining the optimal transformation parameatelr nding
the optimal model. To solve these problems simultaneously, the optimal transformation parameters are
estimated by the REML approach for each model candidate and all model candidates with their own
transformed data are compared with th®AIC introduced in Section 3.3. There are 34 possible ex-
planatory variables in the data, therefore, we theoretically B3/enodel candidates. However, tting
these models is unfeasible because of the computational intensity. Instead, a step-wise variable selection
proposed in Section 3.3.4 is applied to nd the optimal model. With the chosen optimal model the EBP
of poverty and inequality indicators are estimated.

To evaluate the EBP based on our optimal model, we apply two naive approaches which are typically
used in applications. The rst one takes the simple logarithmic transformation to avoid the problem of
nding the optimal transformation and performs variable selection basedb@ on the log-scale. The
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Figure 3.1: Distribution of the total household per capita income in MK¢ )

second speci cation performs the variable selection initially on the origiradale to nd the optimal

model. Afterwards, the optimal transformation parameter is chosen based on the optimal model for
the originaly. Consequently, we have three different EBP estimaBax-Cox Optdenotes the EBP

based on our selection method based onJttwl C as described in Section 3.Bpg denotes the rst
alternative EBP approach ambx-Cox Naivedenotes the second alternative EBP approach. These
three EBP estimates are compared to show that the use of our proposed selection approach based on
theJcAIC can improve the predictive power and reduce the uncertainty of the poverty and inequality
estimates.

3.5.3 Results

First, the chosen variables for the optimal model and the optimal transformation parameters of each
approach are compared. Table 3.6 shows the chosen variables of each approach and the estimated
transformation parameter for models with the Box-Cox transformation. We can see that the results
of variable selection can be strongly affected by the response variable B&€ox Optapproach
performs the variable selection on Box-Cox transformeahd Log performs the variable selection on
logarithmic transformeg. For these two approaches, a transformation is used to correct the violation
of the Gaussian assumptions and then the optimal model is chosen with transjorAeed result, the
chosen variables for the modelBbx-Cox OptandLogare very similar. In the meantime, the model of
Box-Cox Naivehoose the variables on the origiyadlespite the violation of the Gaussian assumptions
in the error terms. As a resuBox-Cox Naivéhas different variables in the model in comparison to the
other models. Interestingly, optimal transformation parametefBdgrCox Optnd forBox-Cox Naive
only differ slightly even though they have many different variables in the models.

Second, in order to compare the predictive power of each model, maRfhahd conditional
R? (Nakagawa and Schielzeth, 2013) are calculated and summarized in Table 3.7. The niRéginal
measures the proportion of variance explained by xed effects and the condifdnptovides the
proportion of variance explained by both the xed and random effects. It is shown that the models with
the Box-Cox transformation (i.eBox-Cox Optand Box-Cox Naivihave the higher predictive power
than the model with the logarithmic transformation (ileog). When we compar8ox-Cox Optand
Box-Cox Naivewe can see that thBox-Cox Opt whose model is optimal for transformed has a
higher marginal and condition&? than Box-Cox Naivewhose model is optimal for the origingl
scale.

Since the linear mixed model relies on Gaussian assumptions and we decided to use a transformation
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Table 3.6: Chosen variables and optimal transformation parameters

N

EBP approach Chosen Variables
X1, X2, X3; Xg; Xs; Xg; X7; Xg; Xo;
Box-Cox Opt  X10; X11; X12; X13; X14; X15;, X16; X17; X18; X19; 0.1764
X20; X21; X22; X23
X1; X2, X3; X4, Xs; Xg; X7;Xg; Xo;
Log X105 X11; X12; X137 X145 X1s; X6, X17; X185 X1g; -
X24; X 25
X1, X2, X3; Xg; Xs; Xg; X7; Xg; Xo;
X20; X215 X22; X237 Xo26; X27; X2g

Box-Cox Naive 0.1888

Table 3.7:R? of models used for each approach

marginalR? conditionalR?

Box-Cox Opt 0.5997 0.6244
Log 0.5538 0.5878
Box-Cox Naive 0.5630 0.6023

to correct the violation of the Gaussian assumptions, each approach should be examined concerning
whether the violation is corrected. For the examination, the skewness, kurtosis of residugts, and
value of the Shapiro-Wilk normality test (Shapiro and Wilk, 1965) on residuals are calculated (Table
3.8). We observe that the logarithmic transformation performs worse than the Box-Cox transformations.
For further details we provide quantile-quantile (Q-Q) plots of residuals from the three approaches in
Figure C.2 in the Appendix. The household level residuals are clearly closer to the normal distribution
with transformations. The Box-Cox transformation corrects the violation in household level residuals
rather well, however, the residuals slightly deviate in the tails. From the models with the Box-Cox
transformation we can at least observe that the municipal level residuals are very close to the normal
distribution.

Table 3.8: Skewness, kurtosis and p-value of Shapiro-Wilk test for the household and municipal
level residuals

Household level residuals Municipal level residuals
Skewness Kurtosis p-value Skewness Kurtosis p-value
Box-Cox Opt  0.2737 6.3376 0.0000 -0.0893  3.0488 0.7696
Log -1.4323 13.4906 0.0000 -1.1643 5.9753 0.0089
Box-Cox Naive 0.2329 6.0788 0.0000 -0.0837 3.1332 0.8087

Finally, we want to assess if the improvement in the predictive power of the model due to the
proposed simultaneous selection of the transformation and the covaBate£bx Op} translates to
more precise small area estimates compared to the two alternative appraagesiBox-Cox Naive
Therefore, we estimate the mean income, head count ratio (HCR) (Foster et al., 1984), and Gini coef -
cient (Gini, 1912) for the municipalities in Guerrero. To compare the ef ciency of these three different
approaches, the root mean squared efRdd §E ) of the municipal indicators are estimated by a boot-
strap (Rojas-Perilla et al., 2020). TRM SE values are visualized in Figure 3.2. Figure 3.2 shows that
theBox-Cox Optis the most ef cient approach, since for all three indicators it has the smallest estimated
RMSE . When the naive approaches are compared, we cannot say which approach is more ef cient be-
cause for some indicatotsog has the smalleRMSE and for other indicator8ox-Cox Naivehas
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the smalleRMSE . It seems that the model and transformation selection is especially important for
parameters associated with the tails of the distribution.
RMSE of mean income RMSE of HCR RMSE of Gini
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500-

Figure 3.2: RMSE of EBP estimates for mean income, HCR and Gini

Figure 3.3 shows EBP estimates of mean income, HCR, and Gini of municipalities in Guerrero
based orBox-Cox Optapproach. The Southwestern part of Guerrero, which resembles the coastline
(Costa Grande region and Acapulco), features a tourism industry which contributes to the municipal-
ities having a higher mean income. Furthermore, along a north-south axis between Chilpancingo in
the south and Taxco in the north, numerous industries are concentrated. These industries focus on the
production of handcrafted items using local resources. This also contributes to a higher income in these
municipalities. Consequently, the HCR and Gini coef cient in these municipalities are lower than the
others. This means, that the people in these municipalities earn more money than in other municipal-
ities and the wealth is more equally distributed compared to other municipalities. On the other hand,
the eastern part of Guerrero is suffering from higher levels of poverty and inequality. Municipalities
in the region are covered with mountains and when compared to all other regions of Guerrero, these
municipalities exhibit the highest number of indigenous people living there.

Mean income HCR Gini
Mean Gini
3000 0.60

1000 e
0.48

Figure 3.3: EBP estimates for mean income, HCR and Gini bas@&bx+Cox Optapproach.

3.6 Conclusions and future research directions

The main purpose of this study was to nd a solution to two practical problems in the context of linear
mixed models: a) the true model for explaining the response variable is unknown and b) the model as-
sumptions, especially the Gaussian assumptions of the error terms, are violated. While these problems
commonly appear together, we provide a solution to nd the optimal model and the optimal transfor-
mation simultaneously. We focus on one of the most commonly used transformations, the Box-Cox
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transformation. Since theAIC is scale dependent, we provide an adjust&tC by using the Jaco-

bian of the transformation such that different models with differently compared transformed response
variables can be compared. As a large number of possible explanatory variables increases computa-
tional costs, we propose an optimal simultaneous selection approach based on Jacobiancadjsted
(JCcAIC), which is also feasible for a large number of variables. Our model-based simulation studies
show that the proposed selection approach chooses the true model with a transformation parameter close
to the true value in most cases and performs better compared to naive selection approaches. The pro-
posed simultaneous selection approach can be used in many different areas of research. As an example,
we provide a case study where we apply the selection approach for estimating poverty and inequality in-
dicators at municipal level in Mexico. We observe that the model selected by the proposed simultaneous
approach has higher predictive power than other approaches. The improvements in terms of predictive
power and model building translate to more precise small area estimates of the poverty and inequality
indicators.

Further research should be shifted towards alternative variable selection criteria. For instance,
Bunke et al. (1999) show that the cross validation selection criterion can simultaneously select the
optimal parametric model and the optimal transformation parameter of the Box-Cox transformation for
nonlinear regression models. Furthermore, Fang (2011) proves thaAltBeis asymptotically equiv-
alent to the leave-one-observation-out cross validation for linear mixed models. Therefore, deriving
the cross validation selection criterion for the linear mixed model and comparing the results with the
JcAIC might be a promising avenue for further research. The selection based on cross validation cri-
terion may improve the quality of the prediction. Moreover, it is also possible to derivicthiC for
other transformations which require the estimation of the transformation parameter. Thel use®f
as a selection criterion between different transformations with different optimal models is also a poten-
tial research direction. However, it should be noted that the use of our proposed approach is less useful
when the point of interest is to interpret the effect of the chosen explanatory variables on the original
scaled data. Gurka et al. (2006) introduce a bias corrected beta coef cient for linear mixed models un-
der the Box-Cox transformation which produces a more precise interpretation of the beta coef cients.
However, the interpretation does only hold for the transformed response variable. On the original scaled
response, it is not clear how strong the effects of the explanatory variables are. To enable interpreting
the effects of explanatory variables on the original data, further research is needed for general regression
models with the Box-Cox transformed response variable.
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Appendix C

C.0.1 Bootstrap for Original and Log approach
A. Bootstrap for Original
1. Fitthe model in Equation (3.1) to obtain estimates of model param’éters

2. Generatei®® from N (0; Go) and"® from N (0; ~2) and create bootstrapusing

y® = X M+ Zu® 4 (0.
3. Re t the model with the bootstrap sampl€? and obtain bootstrap estimates of model parame-
ters"(® anda®

4. Obtain theBC by

1% 1 T
- = (b) A(b) (b)
BC = 5 oo Y X Za
#

y® X NB zah)

1% 1 A T
1 (b) (b)
= E0 X Zo

b=1 #
y X Ab) 7 (D)

B. Bootstrap for Log
1. Transform the to they usingg = log(y + s).
2. Fit the model withg to obtain estimates of model parametérs

3. Generate®® from N (0; Go) and"® from N (0; 2) and create bootstrapusing

g = X M4 Zy® 4 n(0),

4. Re-tthe model with bootstrap sampg® and obtain bootstrap estimates of model parameters
0) anda(®,
5. Back-transformg(® to obtainy(®. y(® is obtained by® = exp(g®) s:

6. Obtain theBC by
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with

b )@ XI‘ b
Jy®) = log(y® + s);
i=1 j=1
X X
J(y) = log(y + s):

i=1 j=1

C.0.2 Graphics and Tables

Table C.1: Summary statistics of the dependent variakl¢ i the rst Monte Carlo popula-
tion.

Data setting  Min 1Q Median Mean 3Q Max
Normal (1) 131 416 476 475 535 831
Normal (2) 247 442 484 477 517 669
Log 0 793 3732 48861 17384 15769695

Box-Cox 0.019 0.066 0.103 5.064 0.183 25978.438
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Figure C.1: Density of the dependent varialytg Xin the rst Monte Carlo population. Note
that a base-10 log scale is used for the x-axis folLilgandBox-Coxsetting.
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Figure C.2: Q-Q plots for household level and municipal level residuals of different EBP ap-
proaches.
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Chapter 4

Area-level small area estimation with
random forests

4.1 Introduction

For developing countries, the availability of socio-demographic indicators at a small regional level is
particularly important for targeting policy interventions where they are most needed. Moreover, there
are often large regional disparities within these countries. Increasing national growth rates and reducing
regional disparities are crucial to achieving the United Nations Sustainable Development Goals, which
aim to ensure sustainable economic, social and environmental development worldwide (United Nations,
2012). Spatially disaggregated poverty estimates therefore help to assess where the provision of public
and social services is most important. With the help of small area estimation (SAE) methods reliable
estimates of disaggregated indicators can be produced. Estimators for such disaggregated indicators
that are derived only from the domain-speci c survey data (hereafter referred to as direct estimators)
tend to be unreliable because sample sizes may be insuf cient and existing surveys are often designed
for higher levels, such as the national level. Since the enlargement of the sample size of surveys is cost
intensive and time consuming, SAE methods are developed to obtain estimates in a small area or domain
with adequate precision. This is done by using model-based approaches and enriching survey data by
additional information from further data sources traditionally taken from administrative data (census or
register data). A small area or domain refers to any subpopulation of the population of interest, e.g.
geographic areas or socio-demographic groups. SAE methods can be distinguished into two types: unit-
and area-level models. While unit-level models relate the unit values of a variable of interest to auxil-
iary information at the individual level (Battese et al., 1988; Molina and Rao, 2010), area-level models
use survey data and auxiliary information, both aggregated to the desired area-level (Fay and Herriot,
1979). For more detailed overviews of SAE methods, see Pfeffermann (2013); Rao and Molina (2015);
Tzavidis et al. (2018) and Jiang and Rao (2020). Even though unit-level models may lead to a gain in
precision since more information is used for the model estimation, area-level models offer a valuable
alternative. Access to auxiliary information like census or register data is due to con dentiality rea-
sons often less likely, but aggregated auxiliary information are provided more frequently. Additionally,
area-level models can take the survey design into account by integrating the sampling weights into the
direct estimation. Both types of models are based on linear mixed models (LMM), which offer a great
opportunity to model area effects that are not explained by area-speci ¢ covariates due to the random
effects of the model. To avoid biased estimates and unreliable mean squared error (MSE) estimates, the
model assumptions of LMMs have to be met. The violation of model assumptions and other problems
that might occur in practical SAE applications and possible solutions are exemplarily: To encounter
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the violation of normally distributed random effects and error terms, transformations can be applied,
e.g. a log transformation or parametric transformations like the Box-Cox or dual power transformation
for right skewed data (Rao and Molina, 2015; Slud and Maiti, 2006; Sugasawa and Kubokawa, 2017).
Robust area-level models are developed to handle in uential outlying observations (Chambers et al.,
2014; Schmid et al., 2016; Jiang and Rao, 2020). For the estimation of ratios the arcsine transformation
guarantees that the model results lie in the intef@al] (Casas-Cordero et al., 2016; Schmid et al.,
2017; Sugasawa and Kubokawa, 2017; Hadam et al., 2020). For applications where the functional form
of the relationship between the response variable and the auxiliary variables is nonlinear or unknown,
Giusti et al. (2012) develop a semiparametric Fay-Herriot (FH) model based on penalized splines. An-
other problem may be that unknown interactions between explanatory variables may affect the model
estimation and in traditional (mixed) regression models interaction terms have to be included by the
practitioner. One issue that arises in traditional SAE data applications is model building. Practition-
ers have to decide which auxiliary variables should be included in the model. This decision is often
based on theoretical considerations and/or variable selection criteria like the Akaike or Bayesian in-
formation criterion or theR? of the resulting model. For area-level models, Marhuenda et al. (2014)
derive bootstrap and bias corrected versions of the mentioned variable selection criteria and Lahiri and
Suntornchost (2015) propose an adjus®éd

However, all the listed approaches only tackle single problems. Machine learning methods represent a
meaningful alternative to encounter several problems at the same time. In this paper, the focus lies in
particular on random forests (RF) (Breiman, 2001). The use of RFs combines many advantages: RFs
are not limited to (parametric) model assumptions, they learn predictive relations from data, meaning
that they are able to capture nonlinear relations between the response variable and the auxiliary vari-
ables and to handle higher order interactions between auxiliary variables (Hastie et al., 2008; Varian,
2014). RFs are known for an excellent predictive performance even when working with skewed data
or facing in uential outliers. Since RFs cannot extrapolate, the predictions of RFs automatically lie in

a prede ned range of values (dependent on the input data). In addition, RFs perform implicit variable
selection (Biau and Scornet, 2016).

The goal of this paper is to combine the advantages of area-level SAE models and RFs. In the con-
text of mixed models, there is the mixed effects random forest model (MERF) approach (Hajjem et al.,
2014). The MERF combines the method of RFs while modeling the hierarchical dependencies of mixed
models. In the eld of SAE, Krennmair and Schmid (2022) adapt MERFs to unit-level SAE models.
Conceptually, we transfer the methods introduced by Krennmair and Schmid (2022) to area-level mod-
els. Even for unit-level SAE models, few studies consider tree-based methods (e.g.Mendez (2008);
Bilton et al. (2017); De Moliner and Goga (2018); McConville and Toth (2019)), and to the best of our
knowledge, there is no literature yet for area-level models. We aim to |l this gap by introducing the
area-level MERF and a corresponding nonparametric bootstrap MSE estimator to measure its uncer-
tainty. The performance of the newly introduced method is investigated and compared to the standard
and semiparametric FH estimators by model-based simulations. We illustrate the area-level MERF in
an application based on remote-sensing data. Traditionally, FH models combine survey and census data,
but there are several alternatives when no (recent) census data is available. For example, survey data
(Ybarra and Lohr, 2008), general big data sources (Marchetti et al., 2015), Google Trends data (Porter
et al., 2014), or mobile phone data (Schmid et al., 2017) have already been used in area-level SAE
applications. Other valuable auxiliary information is geospatial data that stem from remote-sensing
sources like satellite imagery. In the eld of poverty estimation and estimation of socio-economic indi-
cators, Seitz (2019) applies a FH model and uses auxiliary information derived from satellite imagery
to estimate different welfare indicators for Central Asian districts. Newhouse et al. (2022) and Masaki
et al. (2022) compare unit- and area-level models based on survey and satellite data in order to estimate
monetary poverty for Mexican municipalities and non-monetary poverty in Sri Lanka and Tanzania,
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respectively. Edochie et al. (2023) adapt geospatial auxiliary data for estimating poverty rates at the
unit-level in Chad, Guinea, Mali and Niger, and additionally compare results at the unit- and area-levels
for the country of Burkina Faso. To the best of our knowledge, there are no applications in the litera-
ture that combine area-level SAE models and RFs using alternative data sources such as remote sensing
data. The newly introduced area-level MERF is applied to estimate household consumption at the km
grid-level in Mozambique based on survey and geospatial data.

Section 4.2 explains the statistical methodology: While Section 4.2.1 proposes an area-level MERF,
a nonparametric bootstrap MSE estimator is introduced as a measure of uncertainty in Section 4.2.2.
Model-based simulations are performed in Section 4.3 to evaluate the introduced methods. Section 4.4
describes the application of the area-level MERF for the estimation of consumption on a grid-level in
Mozambique. Section 4.5 concludes and gives an outlook.

4.2 Model estimation

In the following, we present the statistical methodology in which we combine an area-level model with

a RF. As usual, a direct estimator is computed with survey data and combined with a synthetic part that
uses covariate information from additional data sources. For the synthetic part, we use a RF instead of
a linear model. Before we start with the proposed model, a few remarks about RFs follow. RFs were
rst introduced by Breiman (2001) and are based on the concept of bootstrap aggregation (bagging)
(Breiman, 1996). They can be used for regression or classi cation problems, focusing here only on
regression. For estimation, a large number of bootstrap samples are drawn with which regression trees
are computed. The predictions from the individual trees are averaged, which can reduce the noise, and
thus the bias. By using regression trees, complex interactions between covariates and nonlinear relation-
ships with the target variable can be detected. In addition, variance can be reduced by using a collection
of de-correlated trees. This is achieved by randomly selecting a set of variables for splitting. Due to
the aggregation of a large number of regression trees, RFs are outlier-robust. RFs cannot extrapolate
because their predictions are based on the input data. This can be disadvantageous in applications with
very different training and test data, but advantageous when the target variable is in a prede ned range
of values. For more details on RFs see Breiman (2001) and for an overview see Hastie et al. (2008).

4.2.1 Area-level mixed effects random forest

The general underlying model for area-level SAE models is a LMM. For clustered unit-level data, Ha-
jiem et al. (2014) extend the concept of RFs to mixed effects RFs. In the context of SAE, Krennmair
and Schmid (2022) broaden this idea to SAE applications with unit-level data. For area-level data, the
methodology can be transferred as follows. A nite population of $izés assumed and partitioned
intod = 1;::;D domains. A sample of size with i = 1;::;;ng units per domain is drawn with
domain-speci ¢ sample sizasy so thatn = 5:1 ng. Area-level models are typically divided into
two stages: the sampling model and the linking model. The assumption of the sampling model is, that
the direct estimator based on survey data can be represented by the domain-speci ¢ true inglicator
and a sampling erragy:

= gty e NO; 2):
If the indicator of interest is a mean value, a common direct estimator is the Horvitz-Thompson estimator
(Horvitz and Thompson, 1952):

n

ADir P:dl Wi Ydi |
d = Ng . 1 (41)
i=1 Wi
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where thewg; denote the sampling weights (inverse inclusion probabilities). The variance of the direct
estimator Ez,d is assumed to be known, but usually has to be estimated from the unit-level sample data
using either bootstrap methods (Alfons and Templ, 2013) or for example the Horvitz-Thompson ap-
proximation (Horvitz and Thompson, 1952). The linking model relates the covariate information from
additional (population) data sources to the true indicator:
- . iid .2y
d= f(Xd) + Vg, VY4 N (O, v)s (42)

wheref () denotes a RF andy domain-speci ¢ random effects with varianc@. The domain-speci c
covariate information is denoted bypa 1 vectorxy. The combination of both models leads to:

"It = 4 eg=f(xa)F Vat+ e Voo N©; 2); eg™ N(O; 2): (4.3)
The unknown components/parameters of the model are the random effects vagiamzkthe RF ().
Once these parameters are estimated, the nal domain-speci ¢ estimator can be obtained as follows:

Ta= xa) + Vg =79 + (@ A9 (xa);  with (4.4)
. N2
V= 5t +VA2[“5" (xa)] and "g= vt
€d \ €q Y

The shrinkage factoty has the same interpretation as in the standard FH model: the smaller the model
variance*? is compared to the total variance, which includes the direct variances, the more weight is
given to the synthetic component, and vice versa. Note tHapif) is replaced by , the models

in Equations (4.2) and (4.3) and the estimator in Equation (4.4) result in the standard area-level model
and estimator introduced by Fay and Herriot (1979) (FH model/estimator). In the case of the FH model,
there are several ways to estimate the model variapcguch as maximum likelihood (ML) or restricted

ML (REML). Avila-Valdez et al. (2020) present an expectation maximization (EM) algorithm for the
FH model for ML and REML estimation of the model components. To estimate the model in Equation
(4.3), we adapt the EM algorithm for ML estimation proposed by Avila-Valdez et al. (2020). The
algorithm iteratively takes as correct the synthetic component estimated using an RF and the random
effects. For the synthetic component, as in the MERF algorithm of Hajjem et al. (2014)ytiud-

bag (OOB) predictions are used, i.e. the predictions of trees corresponding to the bootstrap sample
without the respective observation (Breiman, 2001). When estimating the synthetic component of an
area-level model, we want the direct estimates with higher reliability to have more in uence. In the
Fay-Herriot model, therefore, the variances of the direct estimators are included in the calculation of
the regression coef cients in order to correctly represent the relationship between the covariates and the
direct estimators. In order to avoid bias in the RF as well, it is constructed using the inverse sample
variances gd as case weights, and more reliable direct estimators are given a higher weight in the
estimation by being selected with a higher probability in the bootstrap sample. The proposed area-level
MERF algorithm is as follows:

1. Initializer = 0, choose a starting value 16¢® and estimate a REO© withy X using
the inverse sampling variances as Weig}"glé’; o eDZ in the estimationy is a vector with the
direct estimatory = ( A?” D ’\ED’" )andX aD pmatrix with the covariate information. Get
(X )G0s -

2. Setr = r +1. Update the random effects”) = (%{"); :::;00), the RFfY(X ) and~Z"):
(a) Calculate

1

1 1
0= gl +R YRy f(X)508);
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whereR = diag( 3;:; 2 )andlp istheD D identity matrix.
(b) Estimate a RF()(") with dependent variable ("), covariateX and weights ¢ %;::; o2
and get (X )32 .

(c) Calculate:

1

20 = 1 gangem 1

MO = S 90 s el + R
v

(W

3. Repeat step 2 until convergence is reached.
4. Get"Z and a nal model/RF().

In the EM algorithm, convergence is achieved when the log-likelihood can no longer be maximized.
Therefore, the relative ch%nge of the Iog—likelihd‘é(éfl(,'(;7>1)j is used as convergence criterion where
=1 &fi" )= 05 g logl2 (2+ 2)]+["0" f(xa)]?( 2+ 2) . Convergence

is achieved when the relative change is below a certain threshold, sd¢hasOnce the nal model

is estimated, the resulting area-level MERF estimé\g’ﬁ?‘q': can be calculated according to Equation
(4.4). For domains that are not in the sample, so-called out-of-sample domains, the predictions from the
nal RF are used.

4.2.2 Uncertainty estimation

In order to assess the quality of the point estimates, it is essential to determine a measure of uncertainty.
A common measure of reliability in the SAE literature is the MSE (Rao and Molina, 2015). In the case of
an area-level LMM, probably the best known analytical estimator of the MSE is that of Prasad and Rao
(1990), which is approximately unbiased. However, resampling techniques also compete with analytical
estimators (Gonzalez-Manteiga et al., 2008a). Although Giusti et al. (2012) derive an analytical MSE
estimator based on the results of Opsomer et al. (2008), they also provide a nonparametric bootstrap
estimator for the MSE that outperforms the analytical one in their simulation. Another advantage of
nonparametric bootstrap MSE estimators is that distributional assumptions can be avoided. Especially
for more complex models, such as the semiparametric FH model (Giusti et al., 2012), estimators based
on bootstrapping are an established alternative. In the context of tree-based methods methods Krennmair
and Schmid (2022) propose a bootstrap MSE estimator in the unit-level mixed-effects RF. We follow
these approaches and propose the following nonparametric bootstrap to estimate the'lMS‘E of

1. Estimate? andf'() with the algorithm proposed in Section 4.2.1. Calculgte %[’E’"
ed v
f(xq)] using the direct estimatd§"™ and 2 ford=1;::;D.

2. Center and rescale the random effégtford =1;:::;D:

P
1 D A
Ocs — (od D d=1 0d) Y
B & P
15D g L D02
D d=2\Vd © d=1 Vd

3. Center and rescale the sampling eréyréord=1;:::;D:

&="9"  (xq) ¥

Pp

egs - q (Ed % d=1 ed) eq
Fb Fb

% a=1 (& % d=1 €4)?

4, Forb=1;::;B:
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(a) Draw a simple random sample with replacement of BiZeom (95°; :::; ¢§°) to getvgb).

(b) Draw a simple random sample with replacement of BiZieom (&5°; :::; &%) to getegb).

(c) Calculate the true bootstrap population parameé@r:: f\(xq) + véb).

(d) Simulate the bootstrap sampﬁg:" ®) = (xq) + vfjb) + efjb).

(e) Estimate*2®® andf'()(® using the bootstrap sample from the previous step with the algo-

rithm proposed in Section 4.2.1.
(f) Estimate the bootstrap estimat ERF ) \with Equation (4.4).

5. Estimate the MSE:
E( ERF 1 MERF (b b, .

d
B b=1

4.3 Simulation experiment

This section presents a simulation study to empirically evaluate the performance of the estimators pro-
posed in Section 4.2. We aim to investigate the performance of the point estimator in terms of bias
and ef ciency. The MSE estimator proposed in Section 4.2.2 is evaluated with respect to bias. In area-
level SAE applications, the number of observations is determined by the number of domains. In many
examples, if the observation unit is an administrative area, only 100 to 300 domains may exist or be
represented in the sample. A larger number of domains from 500 to 1000 is rarely found at adminis-
trative level. However, if no administratively de ned domains are considered, but rather geographical
ones, for example, de ned by km grids, the number of domains can also be far above 1000. This is
the case, for example, in the application in Section 4.4 where we have 1170 km grids in Mozambique
available. In order to re ect this varying number of domains in the simulation, the scenarios are consid-
ered for different numbers of domaibs whereD 2 f 200, 500 1000 200@. We look at the following
scenarios/models:

linear: y=10+2x1 2Xp,
interaction: y=10+2x1x2 2X3,
interaction noise: y =10+ 2 X1X» 2x§ with additional noisezs;::;;zs  U(O; 1).

In each scenario, the true parameter of interest is generated for each dbmai; :;;D by =

y + v, withv N (0;0:04). The direct estimates are then constructed™s = + e with e

N(0; 2). 2is chosen in the same range as in Giusti et al. (2012). To ensure variation in sampling
variances at larg®, we choose 2 U(0:08;0:16) and keep it xed when generating the Monte
Carlo replications per setting. The auxiliary varialskgsandx, are distributedJ (0; 1). We study the
behavior of the proposed estimator under different relationships between the dependent variable and the
auxiliary variable. Similar to Krennmair and Schmid (2022), we consider a linear miitksr) and

a model with a nonlinear relationship and interactionigractior). In addition, we examine the same
interaction scenario with additional noise variables to see how the estimator performs with required
automatic variable selectiom(eraction nois¢ For each scenario and number of domdinshe data

is generated = 500 times. For point estimation, we consider two competing estimators: the FH
estimator (Fay and Herriot, 1979) and a semiparametric FH (SPFH) estimator proposed by Giusti et al.
(2012). For the implementation of the simulatiéh(R Core Team, 2022) is used. The FH estimator is
computed using thR-packageemdi (Kreutzmann et al., 2019), while the SPFH estimator is calculated
using code provided by the authors of Giusti et al. (2012). The RF of the proposed area-level MERF
estimator is estimated using tiepackageranger (Wright and Ziegler, 2017) with default settings.

We expect that in théinear setting the FH estimator performs at least as well as the MERF, or even
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better. The effect should be seen especially with a small humber of domains. When the number of
observations is small, the variation in the bootstrap samples may not be suf cient to detect complex
relationships. In théinear setting, the relationship is not complex, but corresponds exactly to the linear
structure of the FH model. This is also true for the SPFH, since a linear function is a special case of a
spline function. In thénteractionscenario, the MERF should have an advantage over the FH estimator
because the interaction terms cannot be accounted for by the FH estimator. This effect should increase
as the number of domains increases. Compared to the SPFH, the MERF should be at least as ef cient.
Theinteractionscenario contains an interaction as well as a quadratic term that is accounted for by the
penalized splines of the SPFH, while the interaction is not accounted for. The MERF should account for
both the interaction and the quadratic term. In the interaction scenario with additional noise variables
(interaction noisg variable selection is performed in advance for the FH estimator for each Monte Carlo
sample with the explanatory and noise variables using the Akaike information criterion (AIC). The FH
estimator is then estimated using only the resulting variables. The same set of variables is then used
for the SPFH estimator. Accordingly, fewer variables enter the FH and SPFH estimators in the model
estimation in thenteraction noisescenario than in the MERF approach. As the MERF automatically
detects the relevant variables, both the explanatory and noise variables are passed. Therefore, we expect
the MERF to outperform the other two comparative estimators in this scenario, at least with a large
number of domains. The quality of the point estimators is evaluated using the relative bias (RB) and the
empirical root MSE (RMSE) de ned in Equation (4.5). To judge the proposed bootstrap estimator in
terms of bias, the relative bias of the RMSE (RB RMSE), de ned in Equation (4.6) is used.

| 4

U
AL 1X A (R 2
RB("q) = M A4y RMSK4) = t v d a 5 (49)
m=1 dr m=1
Py 97— N
1 MSE;, RMSH'y)

RB RMSH"y) = B M=t (4.6)

RMSE("4)
Examining the results of the simulation experiment, we rst look at the point estimators. The mean and
median values of the RB and RMSE are shown per scenario and domain size for the three estimators
in Table 4.1. First, we note that the MERF is unbiased in each scenario and at each domBin size
Nevertheless, the values of the RB are higher than for the FH and SPFH estimators. This difference
decreases with higher domain sizes and even reverses fantdraction scenario at least for 1000
observations/domains. We now turn to the ef ciency of the MERF approach compared to the two
benchmark estimators. Figure 4.1 shows boxplots of the distribution of RMSEs for the estimators in each
setting. In thdinear setting, there is a clear ef ciency advantage of the FH and SPFH estimator over the
MERF. The advantage diminishes a little with higher domain sizes, but does not disappear. As expected,
the FH estimator is the least ef cient in tlteractionscenario because the underlying data generation
process does not match the model. SPFH and MERF perform equally w2ll=at200. At higher

domain sizes, the ef ciency of the MERF overcomes that of the SPFH because the MERF accounts for
both the interaction and the quadratic term. At rst glance, the results dhtheaction noisescenario

are somewhat counterintuitive. However, considering that FH and SPFH are already estimated with the
covariates following a variable selection procedure so that the uncertainty of nding the true relationship
with the dependent variable is not taken into account in the estimation, the results seem plausible for
small domain sizes. We see that far= 500 the MERF already performs better than the FH estimator
and almost on par with the SPFH. Hor= 1000 andD = 2000, the MERF approach is more ef cient.

We do not compare the FH and SPFH estimators with the full set of variables (explanatory variables and
noise) in thanteraction noisescenario, as this would not correspond to common practice in applications
and the comparison would not be fair. Table 4.2 helps understanding the results of Figure 4.1, especially
for thelinear scenario. Table 4.2 contains averages over the simulation runsRf thed the estimated
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Table 4.1: Mean and Median of RB[%] and RMSE for varying domain dizes

D 200 500 1000 2000
Mean Median Mean Median Mean Median Mean Median
RB
linear FH 0.040 0.041 0.018 0.015 0.031 0.031 0.032 0.032
SPFH 0.044 0.042 0.019 0.015 0.032 0.034 0.033 0.032
MERF 0.089 0.091 0.043 0.046 0.046 0.047 0.040 0.037
interaction FH 0.056 0.051 0.051 0.055 0.053 0.052 0.062 0.062

SPFH  0.048 0.046 0.043 0.041 0.045 0.042 0.053 0.054
MERF 0.079 0.076 0.052 0.049 0.042 0.041 0.042 0.044

interaction noise FH 0.062 0.062 0.063 0.060 0.056 0.058 0.052 0.050
SPFH  0.056 0.059 0.055 0.050 0.048 0.047 0.043 0.041
MERF 0.091 0.091 0.083 0.083 0.070 0.074 0.057 0.054

RMSE

linear FH 0.179 0.179 0.175 0.176 0.174 0.174 0.173 0.173
SPFH 0.185 0.185 0.178 0.179 0.175 0.176 0.174 0.174
MERF 0.217 0.217 0.204 0.204 0.199 0.199 0.197 0.197

interaction FH 0.229 0.230 0.227 0.228 0.226 0.227 0.226 0.227

SPFH 0.214 0.215 0.210 0.211 0.209 0.209 0.208 0.209
MERF 0.209 0.209 0.201 0.201 0.197 0.197 0.195 0.195

interaction noise FH 0.232 0.232 0.229 0.230 0.227 0.227 0.226 0.227
SPFH 0.219 0.220 0.213 0.213 0.210 0.210 0.209 0.209
MERF 0.237 0.237 0.215 0.215 0.202 0.203 0.193 0.193

model variance*? for the FH model and the MERF approach. For the FH modelRhspeci cally
applicable to FH models (Lahiri and Suntornchost, 2015) is used and for the MERF we look at the OOB
R? of the nal random forest from the proposed algorithm in Section 4.2.1. Although the two measures
are not directly comparable, since the former evaluates the goodness of the entire model, and the latter
only the structural part, they help to understand the results as follows. For the MERF approach, the
following relationship emerges for each scenario: As the domainBiiecreases, th&®? increases,

which means that the explanatory power of the random forest grows. Since it is an iterative algorithm
that moves from forest building to estimating the variance of the random effects, the estimated variance
of the random effects converges to the true model variancg ef0:04. Comparing the MERF values

to the FH values, we nd that the estimated model variances of the FH are smaller than those estimated
using the MERF approach when the explanatory power of the FH model is higher, especially in the
linear scenario. Smaller model variances mean that more weight is given to the synthetic component,
leading to an increase in ef ciency. In addition to these explanations, it is worth noting that the MERF
approach is not performing poorly in thieear setting. The explanatory power is even greater than in the
interactionsetting, and the model variance is also very well estimated. The MERF approach is simply
not better than the less complex linear model in the simplest scenario. We proceed with the investigation
of the performance of the proposed MSE estimator resulting from the suggested nonparametric bootstrap
procedure. In each simulation run, the number of bootstrap replications isBett800. Table 4.3
contains mean and median values across domains for each setting. Generally, we observe that the
proposed MSE estimator suffers from a slight overestimation. There are some differences between
the number of domains and the scenarios, and interestingly, the overestimation becomes smaller as the
complexity of the scenario increases. Due to the slight overestimation, the proposed MSE estimator can
be considered somewhat conservative. Nevertheless, all mean and median values are below 10% and
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can therefore be seen as a reasonable approximation to the uncertainty of the proposed MERF approach.
Detailed results on the RB RMSE can be found in the Appendix in Figure D.1.
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Figure 4.1: Distribution of RMSEs for varying domain siZes

Table 4.2: Averages d®? and”~Z overM = 500 simulation runs.

D 200 500 1000 2000

R2

linear FH 0.917 0.917 0.917 0.917
MERF 0.883 0.882 0.883 0.884

interaction FH 0.609 0.606 0.607 0.610

MERF 0.698 0.702 0.707 0.710
interaction noise FH 0.621 0.617 0.611 0.609
MERF 0.635 0.669 0.683 0.692

N2
v
linear FH 0.038 0.039 0.040 0.040
MERF 0.060 0.051 0.049 0.048
interaction FH 0.086 0.088 0.089 0.089

MERF 0.054 0.049 0.047 0.046
interaction noise FH 0.082 0.086 0.088 0.089
MERF 0.093 0.069 0.058 0.052
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Table 4.3: Mean and Median of RB RMSE[%].

D 200 500 1000 2000

Mean Median Mean Median Mean Median Mean Median
linear 6.139 5.919 7.091 7.300 7.675 7.664 7.274 7.115
interaction 6.024 5.852 6.884 6.920 7.255 7.184 7.134 7.148

interaction noise 2.197 2.302 4.107 3.982 4.379 4.283 5.058 4.993

4.4 Application

The aim of this section is to illustrate the area-level MERF presented in Section 4.2 and to investi-
gate its performance using a real world example. For this, we estimate the consumption per capita for
Mozambique on a 1km square grid-level as SAE area-level. Mozambique ranks 185 out of 191 coun-
tries in the United Nations Development Program’s latest Human Development Index, which takes into
account gross national income, life expectancy and access to education (United Nations Development
Programme, 2022), making it one of the poorest countries in the world. While Mozambique’s per capita
growth rates were increasing between 2001 and 2015, the growth rate turned negative since 2016 due to
a hidden debt crisis, cyclones that mainly hit Northern and Central provinces in 2019 and the COVID-19
pandemic in 2020. A positive trend has been recorded again since 2021 (Da Maia, 2022). But even in
the times of economic growth, poverty levels differ signi cantly across the country. The differences
mainly persist between rural and urban regions. Southern provinces are comparatively more wealthy
than Northern and Central provinces which can be partly explained by the higher degree of urbanization
in the South. The capital Maputo also lies in the South of Mozambique.

4.4.1 Data

We use traditional survey data from a household welfare survey and, as auxiliary information, geospatial
data. Both are from 2019 and were kindly provided by the World Bank Group. Mozambique is divided
into 11 provinces. Due to a lack of reliable data, the province Niassa is not considered for this exem-
plary application. The remaining 10 provinces are Cabo Delgado, Gaza, Inhambane, Manica, Maputo
City, Maputo, Nampula, Sofala, Tete and Zambezia. As variable of interest serves the average house-
hold consumption per capita in Mozambican Metical (MZN), which is spatially de ated using estimated
local prices. We obtain the direct estimates by computing the Horvitz-Thompson estimator de ned in
Equation (4.1) per grid of household-level survey data. Following Edochie et al. (2023), the variance
of the direct estimator is estimated by using the Horvitz-Thompson approximation &-fiaekage
sae(Molina and Marhuenda, 2015). Therefore, the sum of sample weights per grid is calculated as
approximation of the domain size. The results of the direct estimator are presented in the next section.
Of the 41137 available grids, 1170 are in-sample and 39967 are out-of-sample grids. A summary of the
sample sizes over grids is given in Table 4.4. The sample sizes of the in-sample grids range from 3 to
24 with a mean of 10.3.

Table 4.4: Distribution of sample sizes for grids

Min. 1stQu. Median Mean 3rdQu. Max.
Sample size 3.00 9.00 9.00 10.30 12.00 24.00

The auxiliary information stems from satellite data and includes in total 37 covariates that contain differ-
ent information about buildings, land coverage, night light and rainfall. Summaries of the distribution of
the possible auxiliary information are provided in Table D.1 in the Appendix. Since several variables for
the same type of measure, for example minimum, mean and maximum rainfall, are included, potential

100



CHAPTER 4. AREA-LEVEL MODELING WITH RANDOM FORESTS

interactions between the covariates in uence the model estimation.

4.4.2 Model estimation and results

The point and MSE estimates of the MERF are estimated as proposed in Section 4.2. For the RF part of
the model, theanger function of theR-packageaanger (Wright and Ziegler, 2017) is utilized with
default settings. The convergence criterion of the EM algorithm is sédté. For the nonparametric
bootstrap MSE estimatiorB = 200 bootstrap replications are performed. Common measures for
the interpretation of RF type models are variance importance plots and partial dependence plots for
in uential covariates (Greenwell, 2017) (see Figure D.2 in the Appendix). For some of the covariates
(i.a. the land cover variables Ic_shrubcoverf, Ic_grasscoverf, Ic_cropscoverf), nonlinear relations to the
dependent variable are recognizable. The MERF results are not only compared to the direct estimates,
but also to a traditional FH model. The normality assumptions of a standard FH model were not ful lled,
thus we apply a log transformation. For the estimation of the FH modefththfinction of theR-
packageemdi (Kreutzmann et al., 2019) is used with ML variance estimation, log transformation and
crude backtransformation which is the suggested backtransformation of paakaga the presence

of out-of-sample domains. An analytical MSE estimator for the crude backtransformation following
Rao and Molina (2015) and Datta and Lahiri (2000) is automatically provideshuli. For the variable
selection of the FH model, we made use of the AIC based on a linear regression model with a log
transformed target variable. We proceed with the presentation of the results. Table 4.5 contains the

Table 4.5: Distribution of direct and model-based point estimates, CVs [%] and shrinkage
factors for model-based estimates.

Min. 1stQu. Median Mean 3rd Qu. Max.

In-sample

Point estimates  Direct 1.01 28.79 43.83 66.22 75.56 2023.41
logFH 14.27 30.72 42.89 58.89 68.14 593.10
MERF 1.01  30.15 38.31 44.73 54.96 112.68

Ccv Direct 23.63 34.26 36.20 37.61 39.25 81.03
logFH 18.70 22.88 23.44 23.70 24.26 46.59
MERF 9.79 16.10 1951 21.31 23.22 81.86

Shrinkage factors log FH  0.12 0.36 0.39 0.38 0.42 0.60
MERF  0.00 0.09 0.25 0.29 0.44 1.00

Out-of-sample

Point estimates logFH 0.10 27.70 31.41 35.48 37.65 722.12
MERF 18.70 27.88 30.61 32.45 3451 117.14

CcVv logFH 28.57 28.77 28.86 29.11 29.02 186.66
MERF 9.65 27.35 30.58 30.58 33.95 56.62

distribution of direct and model-based point and coef cient of variation (CV) estimates, as well as
model-based shrinkage factors. Additionally, boxplots of the point estimates for in- and out-of-sample
grids are provided in the Appendix (Figure D.3). The direct point estimates range from 1.01 to 2023.41
MZN, indicating a right-skewed distribution with differing median and mean values of 43.83 and 66.22
MZN, respectively. The CVs of the direct estimator vary between 23.63 and 81.03 with a mean of 37.61
and are therefore far above a threshold of 20% that is traditionally considered reliable (Eurostat, 2023).
The median values of the point estimates of the direct and model-based estimates are very similar,
only the MERF estimates are slightly lower. The interquartile ranges (1st Qu. and 3rd Qu.) show
less variation in both SAE models, MERF and log FH, than in the direct estimates. This is a result of
shrinkage in both SAE models, where unreliable direct estimates are shrunk to the center due to very

101



CHAPTER 4. AREA-LEVEL MODELING WITH RANDOM FORESTS

small sample sizes at the grid-level (see Table 4.4). Another point that becomes clear is illustrated in
Figure 4.2, which shows line plots of the (in-sample) point estimates for four provinces in Mozambique

as an example. Again, we see that the model-based estimates generally follow the direct estimates
but with less variation. In addition, we see that the MERF smooths more than log FH, and high peaks
are not tracked. This can be explained by the robustness to outliers property of RFs (Breiman, 2001),
but might be too extreme in some situations in the area-level context. For example, if the distribution

of direct estimates is highly skewed, but the point estimates are more or less reliable. On the other
hand, if the direct estimates are not reliable, the outlier robustness of the MERF may be bene cial and
the stronger smoothing may be appropriate. Turning to the uncertainty of the point and model-based
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Figure 4.2: Line plots of the in-sample point estimates for the Provinces Cabo Delgado, Gaza,
Inhambane and Nampula. The grids are ordered by increasing sample size, with the sample
size of every 10th grid in parentheses.
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Figure 4.3: Boxplots of CVs [%] separated for in- and out-of-sample grids.

estimates, Figure 4.3 shows boxplots of the CVs for in- and out-of-sample grids. It is striking that the
use of both models signi cantly improves the reliability of the results compared to direct estimates, as
measured by the CV. For in-sample grids, the reduction of the CVs is the largest for the MERF, followed
by log FH. The proposed MERF is more ef cient here than log FH. One reason for this lies in the fact,
that the shrinkage factors of the MERF are on average smaller than those of log FH. The median values
of the shrinkage factors are for example 0.25 and 0.38 for the MERF and log FH, respectively (Table
4.5). Smaller shrinkage factors indicate that more weight is put on the synthetic part of the model,
in this case the RF part, and less on the direct estimator with its higher variances. For out-of-sample
grids, the median of the MERF is slightly larger than that of log FH (30.58 vs. 28.86, see Table 4.5),
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but log FH reaches much higher outlier and maximum values than the MERF. The maximum of the
MERF amounts to 56.62, while of log FH is 186.66. Finally, we discuss the actual results of the model

Figure 4.4: Available grids for the direct (left) and MERF (right) estimates for Mozambique.

estimates for Mozambique and focus on the newly proposed MERF approach. Figure 4.4 shows a great
advantage of using SAE models. The grids where the direct and MERF estimates are available for
Mozambique are plotted. Without using any model-based method, it is barely possible to draw any
conclusions on such a disaggregated level like the grid-level (left map). With the help of the MERF
approach, predictions for almost the whole country are provided (right map). The gray region at the top
of the map belongs to the province of Niassa which is excluded from the analysis. Satellite data was
not available for the remaining gray areas, which are likely uninhabited. For an easier comparison, a
geographic map of Mozambique is provided in the Appendix (Figure D.4). Figure 4.5 plots the MERF

Figure 4.5: MERF estimates of consumption [MZN] on a grid-level for Mozambique.

predictions of the average consumption per grid to help identify regional differences. While green
and yellow grids dominate the map indicating consumptions levels ranging from 30 to 55 MZN, also
wealthier regions are recognizable. The southern region around the two largest cities of Matola and
Maputo (small dotted box), the third largest city of Nampula (S,39 E), and the city of Beiral(9:8

S, 35 E) are characterized by consumption levels of around 85 to 120 MZN. This nding corresponds
to the poverty situation in Mozambique described at the beginning of this section. The country as a
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whole is one of the poorest in the world, but there are large differences between urban and rural areas
and between northern and southern provinces (Santos and Salvucci, 2016). Finally, Figure 4.6 provides
a closer look at the region around the capital Maputo: a) MERF estimates of consumption [MZN] for
the provinces Maputo and Maputo City and b) the corresponding Google Maps extract. The greater
Maputo Area is the prime urban agglomeration in Mozambique. Especially the southern neighborhoods
of Sommershield in Maputo report the highest levels of consumption. This nding is in line with the
World Bank Working Paper of Herzog et al. (2017) about urban poverty in the Greater Maputo Area. In
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Figure 4.6: Results and map of the provinces Maputo and Maputo City.

conclusion, in the real data SAE example, the area-level MERF represents a valuable alternative to the
traditional FH model, especially in terms of ef ciency. Other advantages are that possible interactions
between the covariates and nonlinear relationships of the covariates to the target variable are taken into
account and that variables are selected automatically. A possible disadvantage is that the model smooths
more than the log FH. Nevertheless, the MERF is able to produce reasonable results and captures the
country-wide trends for consumption at the grid-level in Mozambique, which could also be con rmed

by other sources.

4.5 Concluding remarks

The purpose of this paper is to propose a rst way to combine area-level SAE models with RFs to allow
for interactions, nonlinear relationships, and implicit variable selection. The results of the simulation
experiment and application to real world data are encouraging and have potential for further research.
In particular, the simulation results show that the proposed point estimator leads to unbiased estimates.
In terms of ef ciency, the results highlight that the presented approach can improve the ef ciency with

a large number of domains in the presence of interactions and additional noise variables that involve
automatic variable selection compared to a linear and a spline-based estimator. However, the results
also show the limitations of our methodology. For a rather small to medium number of domains (200
and 500) and in the case of linear relationships, classical SAE models such as the FH model are still
convincing and preferable to RF-based approaches. However, RFs are also applicable when the number
of covariates is too large or even exceeds the number of observations to estimate LMMs. The proposed
bootstrap scheme for estimating the MSE of the point estimator is proven in simulation and leads to
reliable uncertainty measures. An illustration of the methodology using aggregated household survey
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and satellite data from Mozambique with km grids as the unit of observation shows that the approach
leads to an improvement in ef ciency compared to the direct estimator and also to the log-transformed
FH estimator. One point that stands out in the application is that the MERF smooths more than, for
example, the log-transformed FH estimator, due to the property of an RF to be robust to outliers. This
property can be advantageous in the case of unreliable direct estimators, but possibly disadvantageous
when the distribution of direct estimators is highly skewed, but the point estimators are mostly trusted.
Therefore, investigating the use of transformations of the dependent variable to achieve a more sym-
metric distribution and to move extreme observations toward the center of the distribution may be of
interest in the context of RF. In this paper the mean of an interval scaled variable is estimated. When
it comes to estimating ratios such as the head-count ratio (Foster et al., 1984) or nonlinear indicators
such as Gini coef cients (Gini, 1912), the Fay-Herriot model must be estimated using an appropriate
transformation to ensure the correct range of values for the estimates. This usually requires the devel-
opment of appropriate back-transformations and MSE estimators. Since the MERF cannot extrapolate,
the transformation can be omitted here to achieve the desired range of values. It remains part of fur-
ther research to investigate how well the MERF approach performs at the area-level in estimating other
indicators such as head-count ratios or Gini coef cients. There is an ongoing debate as to whether
area-level or unit-level models are preferable when combining household survey data and grid-level re-
mote sensing data (Masaki et al., 2022; Newhouse et al., 2022). Aggregating the resulting grid-level
estimates to a higher administrative level and comparing them with reliable direct or model-based esti-
mators could therefore be of great value for research and other applications where survey and satellite
data are available.
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Figure D.1: Distribution of RB RMSESs [%] for varying domain sidegqx-axis).
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Figure D.2: Variable importance plot (left) and partial dependence plots (right) with consump-
tion [MZN] on the y-axis of the 16 most in uential variables.
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Figure D.3: Boxplots of point estimates separated for in- and out-of-sample grids. For an
improved readability of the boxplots, some extreme values of the log FH model have been
omitted. A summary of the whole distribution of log FH is provided in Table 4.5.
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Table D.1: Distributions of possible geospatial auxiliary information on buildings (bld), land
coverage (Ic), night light (ntl) and rainfall.

Variable Min.  1st Qu. Median Mean 3rd Qu. Max.
bld_cell_area 0.000 0.113 0.181 0.247 0.292 1.000
bld_count 0.367 36.667 66.601 206.132  146.871 6205.344
bld_cv_area 0.000 0.244 0.308 0.340 0.402 1.246
bld_cv_length 0.000 0.129 0.164 0.182 0.215 0.856
bld_density 119.007 270.582  350.441 543.176  589.357 6217.285
bld_mean_area 6.538 22.818 28.352 32.975 35.637 2682.253
bld_mean_length 10.419 18.696 20.748 21.599 23.199 192.342
bld_total_area 4713 930.420 1829.879 9321.449 4425.757 384702.531
bld_total_length 5.525 729.769 1362.685 5246.629 3146.822 191125.125
bld_urban 0.000 0.000 0.000 0.086 0.000 1.000
Ic_barecoverf 0.000 0.024 0.503 0.954 1.231 54.673
Ic_cropscoverf 0.000 15.036 21.683 22.903 28.145 78.734
Ic_grasscoverf 0.000 24.360 29.887 29.058 34.151 80.086
Ic_mosscoverf 0.000 0.000 0.000 0.000 0.000 1.444
Ic_shrubcoverf 0.000 17.977 21.914 20.869 24.783 47.188
Ic_treecoverf 0.000 13.253 19.007 21.464 27.704 81.969
Ic_urbancoverf 0.000 0.058 0.699 6.046 3.188 100.000
Ic_waterpermanentcoverf 0.000 0.000 0.000 0.447 0.000 95.562
Ic_waterseasonalcoverf 0.000 0.000 0.000 0.504 0.000 79.880
ntl_max 19.728  30.473 35.516 40.072 42.582 7996.105
ntl_mean 0.783 1.876 2.066 2.413 2.301 41.145
ntl_mean_bxp -3.156 0.085 0.093 0.280 0.108 12.440
ntl_mean_txp 3.790 5.124 5.658 6.105 6.274 74.458
ntl_median 0.231 0.288 0.301 0.746 0.328 49.101
ntl_min -445.389  -0.227 -0.181 -1.839 -0.135 0.880
ntl_sd 2.493 3.865 4.280 4.474 4.678 425.616
ntl_sum 276.485 662.232 729.379 851.842 812.105 14524.128
ntl_zerosub_rate 0.000 0.020 0.030 0.027 0.036 0.071
rainfall_max -9999.001 50.841 62.785 -14.840 77.560 202.355
rainfall_mean -9999.001 2.671 3.368 -77.701 3.952 6.332
rainfall_mean_bxp -9999.001 0.000 0.000 -80.995 0.000 0.000
rainfall_mean_txp -9999.001 2.671 3.369 -77.641 3.955 17.187
rainfall_median -9999.001 0.000 0.000 -80.995 0.000 0.000
rainfall_min -9999.001 0.000 0.000 -80.995 0.000 0.000
rainfall_sd 0.000 7.303 8.561 8.466 9.733 16.167
rainfall_sum -3649635.356 974.924 1229.429 -28360.823 1442.582 2311.286
rainfall_zerosub_rate 0.644 0.723 0.754 0.761 0.800 1.000
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Figure D.4: Geographic map of Mozambique.  Source: GRID-Arendal,
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Chapter 5

Estimating intra-regional inequality
with an application to German spatial
planning regions

This is the peer reviewed version of the following article: Runge, M. (2023) Estimating intra-regional
inequality with an application to German spatial planning regidosirnal of Of cial Statistics, 39(2),
pp.203-228 which has been published in nal form attps://doi.org/10.2478/jos-2

023-0010 . The non-commercial use of the article will be governed by the Creative Commons
Attribution-NonCommercial-NoDerivs license as currently displayechtips://creativeco
mmons.org/licenses/by-nc-nd/3.0

5.1 Motivation

For some time now, and especially since the United Nations Sustainable Development Goals (SDGSs) of
2016, the reduction of inequality within and among countries has increasingly become a focus of public
debate. Regionally differentiated indicators to measure poverty and inequality are thereby receiving
growing attention in the attempt to quantify inequality. In order to meet the demands and expand poli-
cies to reduce economic inequality, it is of great importance to provide reliable statistics that adequately
capture regional differences in income inequality. In Germany, due to its division in 1949 and reuni -
cation in 1990, economic inequality, especially between East and West, has been a particular focus of
political and public debate. At the latest since the nancial crisis of 2008/2009 regional income and
wealth disparities that go far beyond East and West have reached public awareness, and this is likely
to be reinforced with the 2020/2021 pandemic. Therefore, Goebel and Frick (2005) already considered
regional income strati cation by dividing Germany into four parts. Braml and Felbermayr (2018) focus
on inequality at the county level measured by gross domestic product per capita, just as Kreutzmann
et al. (2022) consider regional heterogeneity in wealth. In both, the focus is on the difference between
regions, while an additional aspect of inequality is income differences between households within a re-
gion. Immel and Peichl (2020) combine both perspectives and look at regional income inequality at the
county level measured by the top 10% earners and the bottom 40% within regions. When examining the
regional dimension of income distributions, a distinction must be made between intra- and inter-regional
inequality, as noted before. When considering intra-regional inequality, an appropriate measure must
be used to determine the level of income inequality. A popular indicator for this purpose is the Gini
coef cient (Gini, 1912), which is de ned between zero and one, where zero means perfect equality and
one maximum inequality. The presented methodology is illustrated by estimating Gini coef cients at
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a regionally dis-aggregated level for Germany, which additionally represents to best of knowledge the
rst attempt to estimate Gini coef cients for Germany at a regional level lower than the federal states.
When it comes to measuring regional differences, the level of observation can become very de-
tailed and the unit sample sizes very small. A unit in this context can be a regional area, a socio-
demographically de ned domain or a combination of both. In either case it is referred to as a domain or
an area and when sample sizes are small, as small area. For small sample sizes, common estimators that
use only survey data (hereafter referred to as direct estimators) are often not accurate enough to provide
reliable domain-speci c estimates of an indicator of interest. In these cases, small area estimation (SAE)
methods allow for an increase in accuracy. In particular, model-based SAE methods use related addi-
tional data sources and information from other areas for this purpose. Overviews of SAE methods can be
found in Pfeffermann (2013), Rao and Molina (2015) and Jiang and Rao (2020). A general framework
for the construction of small area statistics is presented by Tzavidis et al. (2018). In Pratesi (2016) SAE
methods particularly for the analysis of poverty data are provided. The most common SAE methods
to estimate poverty and inequality indicators, such as Gini coef cients, on a dis-aggregated level are
the World Bank method proposed by Elbers et al. (2003) or the empirical best predictor (EBP) method
proposed by Molina and Rao (2010). In practice, however, this is problematic for privacy reasons.
Especially when it comes to population data on a micro/individual level that are needed as auxiliary
information. In these cases, area-level methods can help, where survey and related population data are
only needed at the aggregated level. In addition, area-level models account for complex survey designs
in the estimation of point and variance estimators. One of the most popular area-level SAE models is
that proposed by Fay and Herriot (1979), known as the Fay-Herriot (FH) model, which is the underlying
statistical model in this paper. In addition, there are empirical and hierarchical Bayesian methods, see
for a comprehensive overview for example Rao and Molina (2015). In particular, the FH model can be
estimated by a hierarchical Bayes model as well. Liu et al. (2014) use the hierarchical Bayes version of
the FH model to compare it to a normal-logistic and a beta-logistic Bayes model for the use-case of es-
timating small area proportions. Also Janicki (2020) studies a hierarchical Bayesian model with a Beta
distribution and a logit link to estimate poverty rates. The common property of proportions and Gini co-
ef cients is that both are bounded in the inter{@j 1). Therefore, some of the methods can be used for
both applications. Fabrizi and Trivisano (2016) propose a hierarchical Beta mixed Bayesian regression
area-level model with a logit link to estimate Gini coef cients for small areas and Fabrizi et al. (2016)
apply this approach to jointly estimate at-risk-of-poverty rates and the Gini coef cients. The advantages
of this and more general Bayesian approaches are that from the resulting posterior distribution, which
is approximated by a Markov Chain Monte Carlo (MCMC) algorithm, the point estimates are directly
given with an uncertainty measure as well as credible intervals. The possibility to specify different
prior distributions of the model parameters also makes the model quite exible. However, frequentist
approaches probably predominate in the SAE literature and are widely accepted in National Statistical
Institutes (NSI). From a frequentist perspective, to the best of knowledge, there is no SAE literature on
the estimation of Gini coef cients at the regional level using area-level data, and speci cally with appli-
cation of the FH model. The possible advantages of using a frequentist approach are, that it is probably
easier to follow for common users who are more used to frequentist regression models and the available
software for SAE methods implements mostly frequentist methods. In addition, there are a number of
elaborated results from a frequentist perspective for the FH model that can be adapted. As the FH model
allows for the use of a transformation, it is a common approach to satisfy the normality assumptions
of the error terms or to ensure that the estimated values are within a prede ned range. Slud and Maiti
(2006), for example, propose a log-transformed FH model for skewed data, and in the case of propor-
tions, for example Casas-Cordero et al. (2016) use an arcsine-transformed FH model to estimate poverty
rates and Schmid et al. (2017) for literacy rates. To estimate Gini coef cients using the FH model, in this
work the approach of Fabrizi and Trivisano (2016) is followed and a logit transformation is used to link
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the response values to the related covariate information. This is also motivated by the condition that the
estimated Gini coef cients must lie between zero and one, in addition to stabilizing the variance of the
direct estimator and to promoting the normal distribution of the sampling errors and random effects of
the model. The choice of a logit-normal rather than a beta likelihood as in Fabrizi and Trivisano (2016),
is also driven by the possibility to use already existing results, such as those of Sugasawa and Kubokawa
(2017) for the back-transformation. When using transformations the resulting point estimate is on the
transformed scale and has to be back-transformed. An application of the inverse usually introduces a
bias for nonlinear transformations, therefore Sugasawa and Kubokawa (2017) propose a bias-corrected
back-transformation for general parametric transformations. This bias-corrected back-transformation is
adopted to the logit transformation in this paper. Instead of the logit transformation, any other trans-
formation could in principle also be used, as long as the inverse maps into a range between 0 and 1.
For example, a complementary log-log or probit transformation could also be used if suitable transfor-
mations are available for the variance of the direct estimator and the back-transformation of the point
estimator. In this paper, however, the focus is on the logit transformation, since it is one of the most com-
mon. To evaluate the accuracy of model-based SAE estimators, uncertainty measures must be estimated.
As a common practice, the MSE is considered for this purpose. If analytical solutions for its estima-
tion cannot be derived, bootstrap methods are often implemented instead. Here, the uncertainty of the
estimated Gini coef cients is assessed using a bootstrap procedure following Gonzalez-Manteiga et al.
(2008b) with an additional step of applying the bias-corrected back-transformation similar to Hadam
et al. (2020). The validity of the presented point estimator using a logit-transformed FH model with

a bias-corrected back-transformation, as well as that of the uncertainty measure, is demonstrated in a
simulation study.

The paper is organized as follows. Section 5.2 describes the data used to illustrate the proposed
methodology, in particular survey data from the Socio-Economic Panel (SOEP) and auxiliary data from
administrative sources, such as the Census 2011 in Germany. The statistical methodology is introduced
in Section 5.3. The validity of the proposed methodology is assessed in a simulation study in Section 5.4.
Section 5.5 presents the application of the model-based small area method to estimate Gini coef cients
for German regions. Section 5.6 completes the paper with some concluding remarks and discusses
further potential research.

5.2 Sources of data and initial analysis

In this section, the data sources used for the analysis in Section 5.5 are described. Speci cally, data from

the German SOEP (Socio-Economic Panel, 2019) are used to form the target indicator, and data from
the 2011 Census and the regional data base from the National Statistical Of ce are taken as auxiliary

information. To have both data sources from the same year, the SOEP data collected in 2011 are used.
Furthermore, a preliminary calculation of the Gini coef cients at a regional level is presented.

5.2.1 German Socio-Economic Panel

The German SOEP is a longitudinal study that has been running since 1984 and is conducted annually.
It currently covers about 15,000 private households in Germany and aims to represent German society.
Information is collected on various areas of life, such as demography, employment, taxes, income, ed-
ucation, health and satisfaction. The SOEP-team at the German Institute for Economic Research (DIW
Berlin) prepares and provides the survey data. The main dataset SOEP Core currently consists of 12
sub samples. The initial sample, sample A, was rst surveyed in 1984 and represents the West German
population of the Federal Republic of Germany (Kara et al., 2019). In 1990, the initial sample East after

the reuni cation was included, representative of the East German population of the German Democratic
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Republic. Over the years (1998, 2000, 2002, 2011), four refreshment samples were added, further
enlarging the total sample. In addition to the refreshment samples, other special samples to increase
statistical power were included, such as the migration samples in 1984 and 1994/95, which oversamples
foreigners or the high income sample in 2002 to represent households at the top of the income distribu-
tion. Sampled households are surveyed every year. The SOEP questionnaires are constructed in such a
way that individuals in a SOEP household can be studied from birth to adulthood and over the rest of
their lives. The SOEP aims to measure stability and identify changes across time, so the survey method-
ology remains almost identical over time (Kara et al., 2019). In the analysis in Section 5.5, data from the
available refreshment sample in survey year 2011 is used. The sample aimed to cover a cross-section
of private German households and is based on a clustered sampling strategy. Households were drawn at
random from 307 primary sampling units (PSU) strati ed by federal states, administrative regions and

a classi cation of municipalities by number of inhabitants (Siegers et al., 2020). A random walk proce-
dure was applied to select the addresses within each PSU. The provided household weights account for
sampling design, non-response, and panel attrition and are further post-strati ed to known population
distributions based on the German microcensus.

The Gini coef cients calculated in this paper are computed with household-level data. The vari-
able to form the target indicator in this section and for the application in Section 5.5 is the equivalised
disposable household income, which is calculated using total net household income divided by equiv-
alised household size. The equivalised household size is derived using the Organisation for Economic
Co-operation and Development (OECD) modi ed scale rst proposed by Hagenaars et al. (1994). The
distribution of the variable in the sample is reported in Table 5.1. The Gini coef cient for the equiv-
alised disposable household income reported in 2011 for Germany by OECD (2011) is 0.29. Goebel and
Frick (2005) investigate regional income inequality by estimating Gini coef cients for East and West
Germany and for a further regional strati cation by dividing Germany into northern, eastern, western
and southern states. This analysis indicates that there is regional heterogeneity in income inequality. In
addition, the OECD reports Gini coef cients for the German federal states (OECD, 2013), which reveals
further regional differences in inequality ranging from 0.23 in Saxony to 0.32 in Hesse. Another spatial
dis-aggregation that enables the examination of inequality in rural and urban regions is the consideration
of 96 spatial planning regions (SPRs) of the Federal Of ce for Building and Regional Planning. SPRs
are composed of several administrative districts and form an intermediate regional level between these
districts and the federal states. A map showing the assignment of the SPRs and associated labels can
be found in the Appendix in Figure E.1 and Table E.1. The information to which SPR the residence of
a SOEP household is assigned to can be found in the SOEP geocodes (Goebel, 2020). The investiga-
tion of regional differences in income inequality in Germany is therefore done for the 96 SPRs. Figure
5.1 shows estimated Gini coef cients from left to right for East and West Germany, a fourfold division
of Germany into East, North, South and Central, the federal states and the SPRs. The rst two maps
already show that there are regional differences, as illustrated by Goebel and Frick (2005). The map
of the federal states underlines this heterogeneity. Looking at the fourth map, the regional differences
in income inequality become even more obvious. At the same time looking at Table 5.1, for some

Table 5.1: Distribution of equivalised disposable household incemheshmple sizes for SPRs
and number of SPRs without observations.

Min 1stQ Median Mean 3rdQ Max | No obs.
Equal. disp. income 0 12363 17805 20579 25270 322508
SPR sample size 4 17 27 35 47 153 | 7

SPRs, these estimates are based on a very small sample size, so that the reliability of the estimates can-
not be guaranteed. To improve the accuracy of estimated Gini coef cients for SPRs with small sample
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Figure 5.1: Gini coef cients for equivalised disposable income for East and West Germany
(left), a fourfold division of Germany into East, North, South and Central, the federal states
and SPRs (right). SPRs with no or less than 10 observations are colored in black.

sizes, model-based SAE methods combine direct estimates with auxiliary information from registers
by statistical models. Furthermore, those methods allow to provide estimates for regions that have no
observations in the survey, usually referred to as out-of-sample (OOS) regions. This is the case for 7
SPRs. According to the privacy agreement with the data provider, direct estimates of SPRs with less
than 10 observations cannot be reported. This applies to 11 SPRs. In the map for the SPRs (Figure 5.1),
these and the OOS SPRs are colored in black.

5.2.2 Auxiliary information

To improve the accuracy of the target indicator, the model described in Section 5.3.1 makes use of aux-
iliary information from administrative data sources as registers or census data at an aggregated level.
For the application in this work, German Census data from 2011 (Statistische "mter des Bundes und
der L nder, 2011a) is used, which is publicly available at an administrative district level. Furthermore
data on taxes, gross domestic product (GDP), mortality and birth numbers available from the National
Statistical Of ces are used (Statistische "mter des Bundes und der L nder, 2011c). A detailed expla-
nation of the calculation of the GDP on district level can be found in Statistische "mter der L nder
(2021). To obtain the data at the same level as the survey data, they are aggregated to SPR level. The
assignment of counties and districts to SPRs is provided by the Federal Of ce for Building and Regional
Planning (Bundesinstitut f r Bau-, Stadt-, und Raumforschung, 2017). The objective is to nd variables

in the data that are related to income inequality and could serve as possible predictors. Furceri and
Ostry (2019) examine robust drivers of income inequality and identify, among other factors, the level of
development and demographics as key determinants, as well as the extent of unemployment. Perugini
and Martino (2008) examine the factors that drive inequality within European regions. Both divide the
factors into groups of demographic, institutional and economic condition variables, among others. The
possible covariates that were able to be extracted and aggregated from the data sources available are
presented in Table 5.2 with summary statistics. Although Furceri and Ostry (2019) consider inequality
determinants between countries, this could be transferred to within country inequality and development.
When considering economic conditions, in addition to GDP, which is a measure of a region’s develop-
ment, the shares of the agricultural, industrial and social service sectors in the labor market are also an
indicator of economic development. Since the industrial sector is generally expected to generate higher
income, this could lead to a better distribution of income than a high share in the agricultural sector. In
line with Fabrizi and Trivisano (2016) and Perugini and Martino (2008) taxable income and the share
of income taxpayers can be an indirect measure of labor performance and, moreover, an indicator of
the resources that local governments could use to fund education, child care, health, etc., to foster fu-
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Table 5.2: Distributions of possible auxiliary information.

Min 1stQ Median Mean 3rdQ Max
Economic/ Institutional conditions
GDP per resident] 22159 72625 121001 132171 174988 381263
log(GDP per resident) 10.010 11.190 11.700 11.630 12.070 12.850
Avg. taxable income per personin Tsé][ 2.972 4.192 4.933 4.886 5.553 8.840
Share income tax payer 0.399 0.457 0.481 0.480 0.499 0.683
Share agricultural employment sector 0.000 0.002 0.008 0.010 0.015 0.039
Share industrial employment sector 0.100 0.181 0.216 0.219 0.253  0.359
Share service sector 0.452 0.512 0.542 0.546 0.572 0.664
Unemployment ratio 0.002 0.021 0.035 0.038 0.053 0.087
High education ratio 0.153 0.247 0.293 0.297 0.340 0.488
Demographics
Population density 44.0 1175 178.0 330.7 2745 3927.0
log(Population density) 3.784  4.766 5.182 5.347 5.615 8.276
Foreign residents ratio 0.009 0.033 0.054 0.060 0.085 0.153
Child dependency ratio 0.162 0.194 0.206 0.204 0.220 0.241
Elderly dependency ratio 0.263 0.291 0.316 0.318 0.338 0.415
Births rate 6.734  7.455 7.814 7.922 8.280 11.837
Mortality rate 8.000 9.701 10.691 10.778 11.677 14.358

ture growth and thus reduce inequality. The level of unemployment naturally measures the economic
situation of a region, just as the level of education is a proxy for development. An approach similar to
Fabrizi and Trivisano (2016) is used to calculate a high education ratio. Therefore the number of people
aged between 18 and 64 with at least high school diploma are divided by the number of all people aged
between 18 and 64. Following Furceri and Ostry (2019), demographic data such as dependency ratios,
birth, and death rates are also among the possible covariates, as they indirectly approximate economic

development. This is also true for the foreigner rate, as immigration could lead to an increasing wage
gap (Furceri and Ostry, 2019).

5.3 Small area estimation method

In this section, the statistical methodology is presented. The underlying model for estimating small
area means was proposed by Fay and Herriot (1979), which combines aggregate population auxiliary
variables with direct estimators based on survey data. In this work, the target indicators are area-speci ¢
Gini coef cients. Since it is a nonlinear indicator within a speci ed range, a logit transformation is
applied to promote the normality assumption of the model and to ensure that the estimates are between
0 and 1. To measure the uncertainty of the point estimator, a parametric bootstrap procedure is presented.

5.3.1 Logit-transformed Fay-Herriot model

Let N be the size of a nite population Iglwded intb=1;:::; D domains andh the sample size with
i =1;::nq units perdomain sothat= ;_; nq. The FH model is a two-level model that includes a

sampling model at the rst level, assuming that the direct estimator consists of the true domain-speci ¢
population indicator 4 and sampling errorey:

N = aten e™N 02 (5.1)
The sampling errorgy are assumed to be independently normally distributed with known variance
é’d. However, although the sample variancﬁg is taken as known, in many applications it has to be

estimated itself, what can be done on the basis of unit-level sample data (Rivest and Vandal, 2002;
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Wang and Fuller, 2003; You and Chapman, 2006) or by bootstrap algorithms proposed in Alfons and
Templ (2013). There are several proposed direct estimators for the Gini coef cient in the literature. A
common estimator is the one proposed by Alfons and Templ (2013). Fabrizi and Trivisano (2016) show
in a simulation experiment, that this estimator can have a negative bias when sample sizes are small
and propose a corrected version with a bias reduction. The direct estimator proposed by Fabrizi and
Trivisano (2016) is de ned as

o _ 1 " e U wawgiya Vel

) 2 ' ng 2 !
2Yy N\d i=1 Wi

(5.2)

with Ky = P i”:dl Wi and% = I\'l‘d 1P i”:"l Wqi Yai » Whereyy; is the income or wealth variale, in this

paper the equivalised disposable household incomevgndenote the sampling weights. By including

the sample weights in the associated variance estimate, the direct estimator incorporates the complex

design information. The varianceg, of "Oir ford =1;::; D can be estimated via a naive or calibrated

bootstrap procedure described in Alfons and Templ (2013). Since the direct variance estimates are

based on small sample sizes a variance smoothing model analogous to that in Fabrizi and Trivisano

(2016) is used for stabilization. The model assumes a beta distribution for the Gini coef cient and uses

the relationship between the expected value and the variance of the beta distribution. It is de ned as

follows: o 2 noip 2
a (X G )

2 2

€d

= n d + d (53)

where the error term is assumed to be normally distribufedN (0; 2) and is estimated using least
squares.
The second level of the FH model is a linking model that links covariate information to the popula-
tion indicator.xq isap 1 vector of domain-speci ¢ population covariates ané the corresponding
p 1 vector of regression coef cientsyy are domain-speci ¢ random effects, which are normally
distributed:
iid

4= X5 +Vvg, vg N O 2o (5.4)

To ensure that the estimated Gini coef cients lie witl{ly 1), to further stabilize the variance and
following Fabrizi and Trivisano (2016), the logit function is applied to the direct estimator from Equation
(5.2)3 1

ADir  _ |Ogit(’\Dir )_ IOg AdDir
d d (1 /\gir )
In the following, always refers to the logit-scale. To obtain the variances of the direct estimator on
the transformed scale, one can transfer the smoothed bootstrap variances to the logit scale using Taylor

expansion for moments, which leads to:

2
2 €d . .
& = h/\- L (5.5)
Dir 1 Dir
d d

Using a Taylor expansion for moments to transform variances from the original scale to the transformed
scale is a common procedure in SAE as in Neves et al. (2013) and Council (2000).
The combination of the sampling model in (5.1) and the linking model in (5.4) with the logit-
transformed direct estimator results in:
ind

logit "3" =x] +vates va'N 0 2; e"™N 0 2 : (5.6)

The unknown parameters of the model (5.4) to be estimated are the model vagamzkthe regression
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coef cients . Methods to estimate? are for example restricted maximum likelihood (REML), maxi-
mum likelihood (ML) and the FH method-of-moments. Details on model variance estimation methods
can be found, for example, in Rao and Molina (2015). In this paper, the REML method is used, which
has the advantage over the ML method of taking into account the loss of degrees of freedom in the
estimation of the regression coef cient§Rao and Molina, 2015). Let? be an unbiased estimator for

2, Then the best linear unbiased estimator (BLUE) under model (5.6) for the regression coef cients

is given by: | |
! 1 !

A

A_ AN A2 _ X Xng » Xd (lj)|r

- v T 2 N2 2 A2
g=1 e TV g1 G TV

Since the model inputs are on the logit scale, the estimated regression coef tesitsell. Therefore,
only the direction of the effect on the estimated model-based Gini coef cient on the original scale can
be interpreted.

The FH estimator on the logit scale is obtained by:

N2

TN — Dir TN i — \Y i
Xd + &/d =N d d + (1 Ad) Xd W|th Ad - m (57)
(S5} v

AFH
o=

g is the shrinkage factor which determines an optimal balance between the direct estimator and the
synthetic component. If the variance of the direct estimator is large, more weight is given to the syn-
thetic component. The estimated model variance, i.e., the variance of the random efféstalso on

the logit scale, as are the sampling variances. Therefore, the weighting factor can also be interpreted
as the proportion of the variation explained by the hierarchical structure of the data. For highly skewed
data, the transformation helps to better t the linear relationship in the model, so using a transformation
on skewed data can often give more weight to the synthetic part. Since the direct estimators and their
variances of the Gini coef cients were transformed to the logit scale as model input for the FH model,
the resulting FH e:stimato’\tgH of the Gini coef cients is also still on the logit scale. To obtain the esti-
mates on the original scale, a back transformation is required. As naive inverse back-transformations (in
this case the logistic function) usually introduce a bias for nonlinear functions, Sugasawa and Kubokawa
(2017) present an asymptotically unbiased back-transformation for a general parametric transformation.
Hadam et al. (2020) applies this to the arcsine transformation, for example. Following Sugasawa and
Kubokawa (2017) to obtain a bias-corrected back—transformatioﬁgffbr, the normal distribution of

the transformed FH estimator on the logit-scale and the expected value (E) of a transformation (here the
inverse logit) are used. The bias-corrected back-transformation applied to obtain the nal FH estimates
of the Gini coef cients ;" at the original scale is as follows:

h ; 2 FH 3 VA
i exp g 1
AdFH = E logit * /\EH -E4_ -~ 5_ L(t)fAFH (t) dt
1+ eXIO AgH 1 Lren() s
21 (5.8)
. .
. 1+ exp(t) 5 2 2A2v72

v ey €d

In Equation (5.8) the integral has to be solved by numerical integration methods. The advantage of the
bias-corrected back-transformation over the naive inverse is illustrated in the simulation experiment in
Section 5.4.
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5.3.2 Uncertainy measure

In order to evaluate the accuracy of the FH estimator with a logit transformation and to demonstrate the
bene t of model-based estimators over direct ones, it is necessary to determine the degree of uncertainty.
In the case of the FH estimator without a transformation, analytical solutions exist to estimate the MSE,
such as the MSE estimator according to Prasad and Rao (1990). In the log-transformed FH model,
Slud and Maiti (2006) also derived an analytical MSE estimator. There, the relationships between the
log-normal distribution and the normal distribution and their expected values are used. This approach
cannot be straightforwardly applied to the logit transformation and the relationship between the logit-
normal and the normal distribution, as there are no analytical solutions for the moments of the former. A
common approach to estimating the MSE if no analytical estimator can be derived is to use a bootstrap
algorithm. In line with Gonzalez-Manteiga et al. (2008b), the MSE\EdT is approximated with the
following parametric bootstrap procedure:

1. Estimate the regression synthetic componé\rﬂmd"e using the direct componenf\gir and
2 on the logit-scale.

2. Forb=1;::;B
(&) Generate sampling err0e§‘b) N (0 éd and random effeclséb) "IN 0;12 .
(b) Simulate a bootstrap samp’l?ir ® = X§ T vfjb) + ed(b).

(c) Calculate the true bootstrap population paramet;@? = x} N+ véb) on the transformed

. (b) exp L(jb)
scale and back-transform witl{® = oo
+exp g

(d) Estimate the bootstrap estimator of the model variaged using A(?" ® and gd .

(e) Using’\%(b) and Ag" ) estimate bootstrap estimators of the regression coef cietits

and update the random effeeff .

(f) Determine the bootstrap estimaf\tgrH ®) with Equation (5.7) by using the estimates from
the previous step and back-transform to the original scale by applying the bias-corrected
back-transformation from Equation (5.8) to obt&fft' .

3. Estimate the MSE:

1% e b 2
MsE{M)= 5 R (5.9)

b=1

The performance of the presented bootsrap MSE estimator is evaluated in the simulation experiment in

Section 5.4.

5.3.3 An alternative estimator from a Bayesian perspective

As an alternative to the proposed methodology from a frequentist perspective Fabrizi and Trivisano
(2016) presented a Bayesian Beta-regression model to get model-based estimators for the Gini concen-
tration coef cients for small regions. This estimator is used in the simulation experiment in Section 5.4
as a comparative estimator. For a better understanding it is shortly introduced in the following. The
sampling model with a Beta distribution as the underlying distribution for the direct estimator from
Equation (5.2) fod = 1;:::; D domains is de ned as follows:

|
2 4 24 4+ q9)1 4

d;
1+ g4 1+ g4 d

"D Beta

with expected valu€ ("™ j 4) = 4 and variance/ ("0" j ¢) = 2", 31+ 3), where 4 is the
precision parameter of the Beta distribution and can be estimated from the survey data and the variances
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of the direct estimatof?" , which are assumed to be known here as well, inline with SAE literature.
Using the variance smoothing model from Equation (53an be estimated byy = ‘h 4. For further
detalils it is referred to Fabrizi and Trivisano (2016). The linking model with a logit link is de ned as
follows:

logit( ¢) = x5 + vg; (5.10)

wherexq isap 1 vector of domain-speci ¢ population covariatesthe corresponding 1 vector

of regression coef cients andy are the domain-speci ¢ random effects. To estimate the model in
Equation (5.10) the speci cation of prior distributions for the random effegtsheir variance 2 and

the regression coef cients are necessary. Fora normal prior with zero mean and large variances can

be suggested: N (0;kl ), with k = 100 andl isthep p identity matrix. For the random effects

and their variance various prior speci cations are possible. In the simulation experiment in Section 5.4
the following prior distribution is assumed because it proved to be preferable to other prior distributions
according to Fabrizi and Trivisano (2016} N (0; 2) with 2 halft( =3;A =1),where

are the degrees of freedom and A is the scale parameter. For the other possible speci cationsiitis referred
to Fabrizi and Trivisano (2016). The posterior distributions of the Gini coef cients are approximated
by a MCMC algorithm, from which one directly obtains the point estimate §oand a corresponding
uncertainty measure, usually the expected value and variance of the posterior distribution given the data.

5.4 Simulation study

To evaluate the performance of the proposed estimators in Section 5.3 in terms of bias and accuracy, a
model-based simulation experiment is conducted. In particular, the performance of the point estimator
compared to three alternative estimators is of interest, as well as the presented uncertainty measure. The
simulation setup is based on the estimated parameters from Section 5.5 and was chosen to mimic real
data. The data are created for= 89 domains. For the data generation process of the true parameter

of interest and its direct estimator, the model variance and sampling variances from the SOEP data
from Section 5.5 are used. The true parameters of integestr d = 1;:::; 89 domains are derived via

logit( ) = o+ 1x+ vqgwith o= 15 ;=1 andcovariatex LN ( 0:5;0:04) generated so

that the true values lie in a range of realistic Gini coef cients. The random efigdisllow a normal
distributionN (0; 0:029), where the variance parameter equals the estimated model variance in Section
5.5.1. The direct estimates are generated as(ff@j"lt) = o+ 1X+Vq+ e, withey N (O; éd

where gd are the direct variances on the logit-scale of the 89 observed SPRs from Section 5.5. They
are listed in Table E.2 in the Appendix. The distributions of the given and resulting parameters in the
simulation are reported in Table 5.3. The data scenario was generaf@d=fdr; 000 simulation runs.

Table 5.3: Summary of parameters in the simulation setting.

Min  1stQ Median Mean 3rdQ Max
d 0.206 0.264 0.298 0.294 0.319 0.396
A(?" 0.141 0.250 0.295 0.293 0.332 0.448
gd 0.082 0.149 0.188 0.206 0.230 0.589
d 0.077 0.356 0.454 0.453 0.567 0.813
X 0.547 0.583 0.598 0.601 0.616 0.670

The performance of the proposed bias-corrected estimator from Equation (5.8), denoted by logit FH.bc,
is evaluated in comparison to three estimators: To a logit-transformed FH estimator with a naive back-
transformation using the inverse of the logit function (logit FH.naive), to the usual FH estimator (FH),
and to the estimator proposed by Fabrizi and Trivisano (2016) and shortly introduced in Section 5.3.3.
In the MCMC algorithm for the latter, a sample of 10,000 draws, with a preceding burn-in phase of
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20,000 draws was used and the code provided by Fabrizi et al. (2016) was utilized to implement the
estimator. The performance of the estimators is assessed by the distribution over the domains of the
domain-speci ¢ absolute bias (ABias) and root mean squared error (RMSE), given as follows:

U
p X .

dr
r=1 R r=1

. 1 X
ABIaS(Ad) = = Adr d, ; RMSE(Ad) =

2
: 5.11
= PN CRED

where'\dr denotes the estimator of the target indicator in donthamd replicatior and 4, the true
value. Table 5.4 reports the distributions of the domain-speci ¢ ABias and RMSE over domains for

Table 5.4: Summary over domains of absolute bias and RMSE.

Estimator Min 1stQ Median Mean 3rdQ Max
10° ABias BayesianBeta 0.005 0.241 0.528 0.690 1.126 2.398
FH 0.099 0.686 1408 1.457 2.033 4.024

logit FH.bc 0.031 0.238 0.548 0.589 0.840 1.790
logit FH.naive  0.042  0.338 0.778 0.827 1.188 2.447
10> RMSE BayesianBeta 15.320 23.260 26.290 26.330 28.970 34.680
FH 15.220 23.200 26.940 26.630 29.320 36.730
logit FH.bc 15.270 23.150 26.240 26.210 28.830 34.250
logit FH.naive 15.260 23.160 26.260 26.220 28.830 34.270

the evaluated estimators. Starting with the bias it can be noted that the estimators, which use a logit
transformation (Bayesian Beta, logit FH.bc and logit FH.naive) outperform the FH estimator (FH) with-
out a transformation, which is a natural result due to the data generating process. Looking speci cally
at logit FH.bc and logit FH.naive, the reduction in bias due to the bias-corrected back-transformation
is noticeable across the entire range of the distribution. Comparing the two median values, the use of
logit FH.bc resulted in a 30% reduction in the median value of logit FH.naive. Further the results of
the proposed bias-corrected estimator are comparable to those of the Bayesian estimator. In terms of
ef ciency, the four estimators provide very similar results with negligible differences. It is worth men-
tioning here that the bias-corrected back-transformation does not lead to a loss of ef ciency and that
the performance is similar to that of the Bayesian estimator proposed by Fabrizi and Trivisano (2016).
Since in the data generating process the logit transformation is used, the comparison of the three esti-
mators which use a logit-link is in that sense fair, that this refers to their use-case. Furthermore, the
simulated direct estimators lie within a range of realistic values for the Gini coef cients, and are not at
the edges of the distribution, where a higher gain of the bias-corrected back-transformation compared to
the naive can be expected. Only the comparison to the standard FH estimator is somewhat unfair, since
the data scenario does not t the untransformed FH model. Nevertheless, the comparison is of interest,
since this approach corresponds to the simplest and is mainly used in practice. To investigate whether
the differences between the methods are a result of the SAE estimators themselves or may be within a
simulation-induced margin of error, the Monte Carlo error (MCE) is estimated with a Jackknife estima-
tor following Koehler et al. (2009). The distributions of MCEs of the quantities of interest presented in
Equation (5.11) are given in Table E.3 in the Appendix. Since the distributions across the domains of
each method per quantity are very similar, it can be concluded that the differences from Table 5.4 are
effective and not attributable to a MCE.

Next, the bootstrap MSE estimator from Equation (5.9) is examined for the estimator de ned in
Equation (5.8). It is denoted HWSEy, for domaind of simulation rurr. The estimator was calculated
with B = 500 bootstrap replications in each simulation run. Its performance is evaluated comparing the
estimated and the RMSE de ned in Equation (5.11), which is treated as the true RMSE. As a measure
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of bias the relative bias (RB RMSE) is chosen, which is de ned as follows:

q—p_——
& R WMsE, RWSH')

RB RMSH") = RMSECD)
d

Table 5.5 reports the distributions of the domain-speci c RB RMSE over domains. It can already be
seen that the percentage values are within an acceptable and common range for MSE estimators with a
median relative bias of -1.1%. To have a closer look on the performance of the bootstrap MSE estimator

Table 5.5: Summary over domains of relative bias of estimated RMSE of logit FH.bc.

Min 1stQ Median Mean 3rdQ Max
RB RMSE [%] -8.746 -3.434 -1.132 -0.836 1.450 8.283

with a bias-corrected back-transformation the estimated and true RMSE values per domain are plotted
in Figure 5.2. The domains are ordered by decreasing sampling variances, which were used to construct
the direct estimators. First, it can be observed that as the sampling variance decreases, the true RMSE
also decreases, since a lower sampling variance is usually associated with a higher sample size and thus
a lower RMSE. Second, the estimated RMSE tracks this behavior very well and thus captures the true
uncertainty of the estimate in this setting. In summary, the bias-correction in the back-transformation is
advantageous over the naive back-transformation in the given setting based on real data. Furthermore,
the bootstrap MSE estimator leads to good results and provides a good estimate for the uncertainty.

—— EstRMSE -4 True.RMSE

0.04 1

0.03 1

RMSE

0.02 1

0.01 1
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Figure 5.2: Estimated and true RMSE of logit FH.bc. Domains are ordered by decreasing
sampling variances.

5.5 Application to German spatial planning regions

In this section, the methodology presented in Section 5.3 is illustrated using the data described in Section
5.2. In particular, the logit-transformed FH model with a bias-corrected back-transformation is used to
estimate Gini coef cients for German SPRs, which are the domains in this application. At the same time,
the advantage of using model-based small area methods in terms of increased accuracy is demonstrated.
The SOEP sample used here contains data for 89 out of 96 SPRs in Germany with a total sample
size of about 3,100 households. In this application the Gini coef cients for the equivalised disposable
household income are estimated. Since income distributions often have a heavy right-hand tail, the
sensitivity of inequality measures to outliers based on those variables is discussed in Alfons et al. (2013)
and Cowell and Flachaire (2007). The Gini coef cient is especially affected by extreme outliers and
Alfons et al. (2013) therefore propose a Pareto tail modeling, which is also applied here. In this case,
observations in the income distribution that are above a threshold, i.e. the scale parameter of the Pareto
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distribution determined according to Van Kerm (2007), and are additionally extreme for the Pareto
distribution are identi ed as outliers. These outliers are replaced by values of the underlying theoretical
Pareto distribution. This approach was implemented by Alfons and Templ (2013) Iangken R-
package. In the whole sample, 65 households lie in the upper tail of the distribution of which in total
two households from one SPR each (Cologne, Southern Upper Rhine) are identi ed as outliers and
are replaced. The Gini coef cients for the SPRs are estimated using the direct estﬁgihtdrom
Equation (5.2) proposed by Fabrizi and Trivisano (2016). The sampling varialﬁgeﬂe estimated

with the naive bootstrap procedure according to Alfons and Templ (2013) and implementediin the
packagdaeken Following Fabrizi and Trivisano (2016) the variance smoothing model from Equation
(5.3) was estimated to further smooth and stabilize the variances. Afterwards the smoothed sampling
variances are brought to the logit scale with Equation (5.5).

5.5.1 Model selection and validation

Before moving to the discussion of model-based estimates of Gini coef cients obtained with Equations
(5.7) and (5.8), the variable selection and testing of model assumptions using diagnostics is reviewed.
From the set of possible covariates for predicting Gini coef cients and improving accuracy given in
Table 5.2, reasonable covariates are selected using an approach developed especially for FH models.
Marhuenda et al. (2014) discuss various methods for FH model selection which are variants of common
criteria like the Akaike Information criterion (AIC) and Kullback symmetric divergence criterion (KIC)

and argue that common AIC over-parameterize FH models. They conclude, that a KIC bootstrap variant
(KICb?2) is the best selection criterion for FH models. Therefore a step-wise selection procedure with
KICb2 criterion proposed by Marhuenda et al. (2014) vidtks 300 bootstrap replications was applied,
which is implemented in thR-packageemdi (Kreutzmann et al., 2019). The model selection was done
with logit A(?" as dependent variable and the transformed direct variarggesThe nal model in-

cludes only the variable log(GDP per resident), which has an estimated positive effect. This is consistent
with the hypothesis of Perugini and Martino (2008) that an increase in the regional level of development,
with GDP serving as a proxy for economic development, promotes income inequality. The predictive
power of the model is evaluated using an adjus®@dspeci cally for FH models proposed by Lahiri

and Suntornchost (2015), which incorporates the variability of the sampling error. The model yields
only a value of 16%, which is comparatively low, nevertheless the main goal of model-based small area
methods, namely the gain in accuracy for small sample sizes, can be achieved, as can be seen in the next
section. The model assumptions of normally distributed residuals and random effects are tested with the
Shapiro-Wilk test and yield p-values of 0.854 and 0.147, respectively, thus normality cannot be rejected
at a signi cance level of 5%. The model variance estimated using the REML methgdi® :029and

is used in Section 5.4 as part of the data generating process.

5.5.2 Gain in accuracy

Before looking at the model-based estimates of the Gini coef cients the gain in accuracy compared to
the direct estimator is examined. The coef cients of variation (CV) per SPR for the proposed model-
based estimator (logit FH.bc) and the direct estimator (Direct) are reported in Figure 5.3, where the
SPRs are ordered by increasing sample sizes, starting with the OOS SPRs. The uncertainty of the bias-
corrected logit-transformed FH estimator from Equation (5.8) is measured using the bootstrap algorithm
presented in Section 5.3.2 wih = 500 bootstrap replications. The gain in ef ciency is achieved for

all SPRs as the CVs of the model-based estimators are always smaller than of the direct ones with a
decreasing difference with higher sample sizes. This behavior is to be expected, as direct estimates
become more reliable with higher sample sizes thus more weight is put on the direct component. For
13 of the 89 observed SPRs, the CV can be moved from above 20% to below this threshold using the
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Figure 5.3: CVs of Direct and logit FH.bc. SPRs are ordered by increasing sample sizes, OOS
SPRs rst.

model-based estimator. The threshold of 20% is a common value up to which estimates are considered
reliable (Eurostat, 2023). Table 5.6 shows the distribution of the estimated Gini coef cients and the

Table 5.6: Summary of point estimators and corresponding CVs [%] over SPRs, OOS SPRs in
separate lines.

Min 1stQ Median Mean 3rdQ Max

Direct 0.1674 0.2313 0.2631 0.2706 0.3031 0.4321
logit FH.bc 0.2112 0.2484 0.2657 0.2691 0.2884 0.3568
logit FH.bc OOS 0.2428 0.2493 0.2503 0.2543 0.2614 0.2656
CV Direct 575 10.48 13.66 1499 17.54 36.66
CV logit FH.bc 5.26 7.74 9.53 9.38 10.63 13.39

CVlogit FH.bc OOS 1248 12.68 1273 1296 13.15 13.86

corresponding CVs. The rst observation is that the distribution of the direct estimator across SPRs
is wider than that of the model-based estimator, while the mean and median values of the distribution
correspond to each other. This is in line with the expectation that the model-based estimates should
be consistent with the direct estimates but more precise. The expected shrinkage to the mean effect
can additionally be seen in Figure 5.4, where the direct estimates are plotted against the model-based
estimates. It can be observed that the SPRs with a low direct estimate correspond to a higher model-
based estimate and vice versa, indicating the regression to the mean. Examination of the OOS SPRS in
Table 5.6 shows that the point estimates lie in the middle of the distribution of model-based estimates for
observed SPRs. The CVs are instead at the high end of the distribution, which makes sense considering
that these observations were not used to estimate the model. To further investigate the quality of the
model-based estimator, a closer look can be taken at Figure 5.5. There, the shrinkage, férctor
Equation (5.7), which indicates how much the direct component is weighted, is presented for each SPR
with the corresponding sample size. On #iaxis are the SPRs ordered by decreasing sample sizes. It
can be observed that in SPRs with higher sample sizes, the direct component is weighted more heavily,
so that direct estimates and model-based estimates are very similar for SPRs with larger sample sizes.
While the model-based estimator is more synthetic at smaller sample sizes.

5.5.3 Small area estimates

The regional distribution of the Gini coef cients estimated using the presented methodology for the 96
SPRs is mapped in Figure 5.6. The regional heterogeneity of income inequality within a region can be
observed similar to the map in Figure 5.1. Figure 5.6 shows a similar pattern to Goebel and Frick (2005)
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in that income inequality is still lower in eastern Germany than in the west, although different levels
of inequality are estimated within the eastern regions. In the rural SPRs of the Northeast, inequality
is lower than in the Baltic region. The estimated Gini coef cient of the SPR east of Berlin (Oderland-
Spree) is relatively high compared to neighboring SPRs. This maybe due to a mixture of rural and urban
SPRs next to Berlin and, according to Perugini and Martino (2008), to the coexistence of speci ¢ and
mobile labor segments. Furthermore, taking into account the results of Immel and Peichl (2020) that in
these regions the share of the lowest-income 40% of households is relatively high compared to the rest of
Germany. Likewise, the share of the highest-income top 10% is not exceptionally low, probably due to
proximity to Berlin. This mix could lead to higher income inequality. The estimated Gini coef cient for
Berlin is 0.26, which is similar to the value of 0.28 reported by OECD (2013) for 2013. A more general
result, that the northern regions of West Germany tend to have lower Gini coef cients than the regions in
the south and center, could be explained by Immel and Peichl (2020)'s ndings that disproportionately
few of the top 10% income earners live in the north of West Germany and disproportionately many in
the south. The highest estimated Gini coef cient is for the SPR Central Rhine-Westerwald, with the city
of Koblenz at its center, surrounded by more suburban SPRs. According to Immel and Peichl (2020),
the city of Koblenz has a relatively high share of top 10% highest income households, which could be
the driver of income inequality in this region. In general, it can be noted that where Immel and Peichl
(2020) identify a high share of the highest-income 10%, income inequality also tends to be rather high.
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Figure 5.6: Model-based estimates of the Gini coef cients for SPRs.
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5.6 Concluding remarks

Measuring inequality at a regionally detailed level within counties and municipalities can provide deep
insight into the income and wealth structures of these entities and can serve policymakers to target
policies, taxation and funding to address inequality. A common indicator for measuring inequality is
the Gini coef cient, which can be applied equally to income before and after taxes or to the value of
wealth. The approach presented provides model-based estimates of the Gini coef cients at a regionally
detailed level, which entails a gain in precision for small sample sizes compared to direct estimates
based only on survey data. To achieve this, additional data sources and information from other domains
are used in addition to the survey data. As an alternative when micro-data is not available, an area-level
model, namely a logit-transformed FH model, is applied to the nonlinear indicator of interest. To avoid a
bias when transforming back from the logit scale to the original, a bias-corrected back-transformation is
used, which is also incorporated into the parametric bootstrap to measure the uncertainty of the estimate.
The methodology presented is a straightforward extension of elaborated results for the transformed FH-
model, can be easily integrated into existing SAE software, such @&-pgeckageemdi (Kreutzmann

et al., 2019), and poses no computational challenges. The validity of the approach is demonstrated in
a model-based simulation, where the point estimator also performs similarly well to the Bayesian ap-
proach of Fabrizi and Trivisano (2016) chosen for comparison. The methodology is illustrated by means
of an example for German SPRs using survey data from the SOEP and data from the 2011 Census. The
analysis shows that there are intra-regional differences in income inequality and the proposed model-
based methodology has achieved the desired gain in precision. The approach can be readily applied to
estimate Gini coef cients for other regions, sub-populations, or survey data.

For future research, the methodology could be extended to the use of survey data where the data
have been imputed multiple times by the data provider due to item non-response. The approach of
Kreutzmann et al. (2022), which uses multiply imputed data from the Household Finance and Con-
sumption Survey to estimate wealth averages, could therefore be extended to nonlinear indicators and
appropriate transformations to allow Rubin’s pooling rules (Rubin, 1987) for multiply imputed data to
be applied. Esteban et al. (2012) study area-level time models for nonlinear indicators such as poverty
incidence and poverty gap. This approach could be transferred to also obtain time-stable estimates of
inequality measures such as the Gini coef cient. Furthermore, the multivariate FH model proposed by
Benavent and Morales (2016) could be extended for nonlinear indicators to jointly estimate Gini co-
ef cients for multiple panel waves. Moreover, as mentioned in the introduction, other transformations
could be used instead of the logit transformation as long as the estimated Gini coef cients are between
zero and one. In any case, the variances of the direct estimator on the transformed scale are needed,
and a suitable back-transformation for the estimated model-based Gini coef cients is required. Deriva-
tion of methodologies for e.g. probit or complementary log-log transformation could be part of further
research.
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Figure E.1: SPR labels (Bundesinstitut f r Bau-, Stadt-, und Raumforschung, 2017).
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