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Zusammenfassung

Diese Dissertation beschéftigt sich mit der Extraktion und der optimalen Manipulation von
kohérenten Mengen in nicht-autonomen dynamischen Systemen. Diese kohérenten Mengen kon-
nen helfen globale Transportmechanismen in komplizierten Systemen zu identifizieren. Anwen-
dungsgebiete dafiir sind zum Beispiel Ozeanographie, Meteorologie und Turbulenz. Die relevan-
ten mathematischen Objekte aus den Theorien von dynamischen Systemen, kohérenten Mengen,
nicht-autonomen Cauchy Problemen und Lagrangen Multiplikatoren werden rekapituliert. Wir
konstruieren einen infinitesimalen Generator fiir nicht-autonome Probleme, indem wir in der
Zeit augmentieren. Fiir periodische Geschwindigkeitsfelder leiten wir eine Verbindung zwischen
dem augmentierten Generator und der zeitasymptotischen Perspektive auf Kohérenz her. Mit
der Hilfe einer Reflektion in der Zeit erweitern wir diese Verbindung fiir den augmentierten
Generator auf kohdrente Mengen in beschrankten Zeitintervallen und auf aperiodische Pro-
bleme. Essentiell fiir diese Verbindung ist eine spektrale Abbildungseigenschaft des augmen-
tierten Generators, welche wir beweisen. Weiterhin beweisen wir die Fréchet-Differenzierbarkeit
dieser Generatoren, zugehoriger Transferoperatoren und ihrer Spektra beziiglich des zugrun-
deliegenden Geschwindigkeitsfeldes. Diese glatte Abhéangigkeit erlaubt es uns, die optimale
Storung der Spektra und der kohérenten Mengen mit Hilfe von Lagrangen Multiplikatoren in
Banach Rdumen zu bestimmen. Fiir eine quadratische Nebenbedingung in einem Hilbert Raum
leiten wir eine explizite Formel fiir die optimale Stérung her. Wir illustrieren den Generator-
Ansatz und die optimale Stérung numerisch an Standardbeispielen. Schliefilich diskutieren wir
mogliche Erweiterungen und Verallgemeinerungen der Hauptaussagen dieser Dissertation, die

von Interesse fiir zukiinftige Forschung sind.



Abstract

This thesis is concerned with the computation and the optimal manipulation of coherent sets in
non-autonomous dynamical systems. These coherent sets can help to unravel global transport
dynamics in complicated systems from, for example, oceanography, meteorology and turbu-
lence. The relevant mathematical objects from the theories of dynamical systems, coherent sets,
non-autonomous abstract Cauchy problems and Lagrangian multipliers are recapitulated. We
construct an infinitesimal generator for non-autonomous problems following the augmentation
idea from dynamical systems. In the periodic case we link this augmented generator to an
infinite-time perspective on coherent sets. With the help of a reflection trick we extend this
relation for the augmented reflected generator to the finite-time perspective on coherent sets
even for aperiodic problems. We prove a spectral mapping property for the augmented genera-
tor that is essential for the connection to coherence. We establish the Fréchet differentiability
of these generators, related transfer operators and their spectra with respect to the underlying
velocity field. This regularity enables us to optimally perturb the spectra and the coherent sets
with the help of Lagrangian multipliers in Banach spaces. Furthermore, we derive an explicit
formula for the optimal perturbation for a quadratic constraint in a Hilbert space. We apply
the augmented reflected generator approach and the optimal perturbation method to standard
examples. Finally, we outline some generalizations for the main aspects of this thesis that are of
interest for future research.
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1 Introduction

Many processes in nature and civilization can be described mathematically with the help of
autonomous or non-autonomous, deterministic or stochastic, ordinary or partial differential
equations. The core of these descriptions is that the rate of change and thus the future
state of a system depends on the current state of the system and on some rules of evolu-
tion specified by the equations. Most of these evolution equations are too complicated to de-
rive explicit solutions, for example in fluid dynamics, meteorology, oceanography and other
applications. Even numerical solutions often times do not yield the desired insights into the
evolution of the system. Therefore, other methods have been developed to analyze topolog-
ical, geometric, probabilistic or stability aspects of dynamical systems. Analyzing the trans-
port and mixing behavior of complicated flows has been and still is a highly active research
area [MMP84, RKLW90, HP98, Wig05, FSM10, Thil2, KR18, HKK18, BGT20, DFK22].

Let us examine some of the largest and most important eco-systems on earth, the oceans.
Analyzing material transport in the ocean is difficult due to the different scales of the temporal
dimension and all three spatial dimensions involved. Nevertheless, it is important. Consider a
situation where there is a spill in the ocean of some pollutant whose movement is mainly driven
by the surface flow of water but could be additionally subject to some small diffusion. Then, in
order to coordinate clean-up efforts, it would be useful to know how the pollutant concentration
evolves and whether there are areas that keep a high concentration of the pollutant over a
significant amount of time. These questions can be tackled with the theory of mixing and
coherent sets. The goal of coherent set analysis is to find distinguished material subsets whose
evolution is robust with respect to small diffusion. Coherent sets extend the notion of almost
invariant [DJ99] or metastable sets [SS13] to non-autonomous problems [KCS16].

With the help of satellite data we can roughly approximate the velocity field of a surface layer
of the ocean. A velocity field, a spatial domain, a time span and an initial distribution form a
sufficient starting point for many approaches for coherent sets [Frol3, Frol5, HKK20, KK20].
Global long-term properties of dynamical systems, such as their stationary distribution, ma-
terial transport, coherence or the rate of mixing are strongly related to the Perron—Frobenius
operator and the Koopman operator [Pie94, SSA09, FS13|. These transfer operators are infinite-
dimensional linear operators describing the evolution of distributions or observables. The eigen-
pairs and singular pairs of the Perron—Frobenius operator induce coherent sets. Transfer op-
erators and coherent set analysis have been successfully used to study (geophysical) fluid dy-
namics [FPET07, DFHT09, FLS10, FHRvS15, AM17], molecular dynamics [DDJS99, SFHD99,
PWS*11, BPN13, BKK*17], oceanography [BK17, DFK22], meteorology [FSM10, BGT20],
turbulent flows [SSPT19, VSPGS21], and plasma physics [Denl7]. This thesis investigates a
probabilistic approach for coherent set analysis using results from functional analysis.

To compute a discrete Markov approximation of the Perron—Frobenius operator, one usually
needs to compute many short or fewer but longer trajectories [KKS16] which can be expensive or
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even unfeasible. To alleviate the need for trajectory computation [FJK13] introduced the gener-
ator approach. The generator is a single time-independent object that can be computed fast by
surface integrals and does not need trajectory computations. The eigendata of the infinitesimal
generator of a semigroup of Perron—Frobenius operators can be used to obtain coherent sets in
the time-asymptotic setting [FJK13]. This approach was extended to coherent sets in the non-
autonomous but time-periodic setting in [FK17]. The augmented reflected generator approach
from [FKS20] detailed in Chapter 3 extends results from [FJK13] and [FK17] to the aperiodic
finite-time setting.

When deriving the surface layer velocity field for the ocean flow from satellite data we may
get very rough approximations. However, if the coherent sets depend sufficiently regular on the
velocity field, then small errors in the velocity field only lead to small errors for the computed
coherent sets. This means that the sensitivity of the transfer operators and the coherent sets
with respect to the velocity field is important. In addition, a regular dependence on the data
allows for the efficient optimization of fluid mixing processes [FGTW16]. The continuous Fréchet
differentiability of expected path functionals, of the stochastic transfer operators, and of their
spectra with respect to the velocity field from [KLP19] detailed in Chapter 5 is a result that can
be a starting point for linear response, stability analysis, control theory, and optimization.

To contain the spill in the ocean, we could think about deploying turbines to steer the water
flow or rerouting ships to influence the surface flow. Then, the question becomes how can we do
this to optimally contain or disperse the spill. Optimally perturbing the spectrum of transfer
operators and coherent sets using advective forces directly is difficult, because it involves the
variation of the non-linear implicit dependence on the velocity field. However, a linearized op-
timization of the eigenvalue of the generator leads to a well-structured optimization problem.
Building on the generator approach and the Fréchet differentiability Chapter 6 presents an op-
timal perturbation theory from [FKS20] for the spectrum of transfer operators, their generators
and related objects such as coherent sets. We provide a technique to find a small perturbation
of the underlying aperiodic vector field in a bounded, closed and strictly convex neighborhood
of zero in a space or subspace of vector fields, which optimally enhances or destroys the exist-
ing finite-time coherent sets. Thereby we extend the optimization results from [FS17], which
considered the time-periodic setup of [FK17], to aperiodic dynamics and to infinite-dimensional
velocity field space.

Remark 1:
e The references above are just a small selection that is supposed to give the interested
reader a starting point for the different aspects and developments. We strongly encourage
the reader to look into the sources of the references given here for many more important

contributions that have been omitted here.

e We note that a numerical approach to extract coherent sets from the Perron—Frobenius
operator by solving the Fokker—Planck equation has been described in [DJM16]. In contrast
to [DJM16] we do not require time-integration over the whole time span, which is especially

advantageous once we consider the optimization of coherence and mixing.

e We mention that by a similar construction, spatio-temporal dynamical patterns were ex-
tracted in [GD20] by considering the generator of the Koopman operator associated with
the augmented-space dynamics.



1 Introduction

e The stability of transport and mixing properties has also been investigated in [FGTW16,
AFJ21]. Many approaches for the optimization of mixing search for switching protocols
between some fixed velocity fields to optimize some mixing measure [BAS00, MMG™07,
CAGO08, OBPG15]. Other strategies that have been explored include optimizing the diffu-
sion component [FGTW16], optimizing the distribution of sources [TP08] and techniques
from geometric dynamical systems [Ball5]. If there are no restrictions on the velocity
field, one can choose the one that is optimally mixing the actual concentration at every
time instance [LTD11]. An interesting general theoretical result from [CKRZ08| shows
that arbitrary mixedness under advection-diffusion can be achieved in finite time solely by
sufficiently increasing the strength of the advective flow.

A

Outline

This thesis briefly introduces the basic notions of coherent set analysis and transfer operators.
We devote a larger part of Chapter 3 to introduce some abstract results that the reader might
be less familiar with.

Chapter 2 gives a brief introduction to the objects and concepts from ordinary differential
equations and stochastic differential equations. We introduce the transfer operators, the
Perron—Frobenius operator and the Koopman operator, and their kernel for the case of
non-autonomous dynamics. Furthermore, we discuss an infinite-time and a finite-time
perspective on coherent sets and introduce the corresponding quantifiers for coherence.
The last section of Chapter 2 presents a reflection trick that allows us to extend the

generator approach to the finite-time setting in Chapter 3.

Chapter 3 first introduces the theories of Cjy semigroups and non-autonomous abstract Cauchy
problems. After establishing important properties for two-parameter solution families of
transfer operators, we discuss the construction of evolution semigroups and an augmented
infinitesimal generators for non-autonomous flows. Finally, Section 3.4 introduces and
Section 3.5 extends the generator approach for coherent sets to the non-autonomous finite-

time possibly aperiodic setting using a spectral mapping result.

Chapter 4 gives an outline of how to obtain a suitable discretization for the augmented gener-
ator following Ulam’s method. Furthermore, we use the results from Chapter 3 to extract
coherent sets numerically for the examples of two counter rotating gyres and an idealized

zonal jet.

Chapter 5 introduces Girsanov’s theorem to prove the Fréchet differentiability of expected
path functionals with respect to the velocity field. We extend this differentiability with
uniformity and duality arguments to transfer operators associated to non-autonomous
stochastic differential equations. We transfer our results to the context of dynamical
systems and operator theory, by proving continuous differentiability of the simple and
isolated eigenvalues, singular values, and the corresponding eigen- and singular functions
of the stochastic Perron—Frobenius and Koopman operators with respect to the velocity
field.



1 Introduction

Chapter 6 combines the results from the previous chapters with the theory of Lagrangian
multipliers in Banach spaces. We obtain a linear objective functional for the local change
of eigenvalues of the augmented reflected generator with respect to the velocity field.
Assuming a quadratic constraint and a Hilbert space setting, we derive an explicit formula
for the optimal perturbation. We apply the optimization procedure to two numerical
examples. Finally, we introduce a heuristic to manipulate non-eigenfeatures.

Chapter 7 reviews the related work [FK21] that uses an augmented space-time manifold in
a very different way for the analysis of coherent sets. We outline how the augmented
generator approach could be extended to find coherent families in systems with an ergodic
driving. Furthermore, we discuss some open questions and improvements for the numerical
aspects of the augmented reflected generator approach. Finally, we consider alternative
constraints and other generalizations for the optimal perturbation approach.



2 Non-Autonomous Flows

This chapter introduces the objects and concepts regarding ordinary or stochastic differential
equations and coherent sets that are important for the rest of this thesis. Due to the size and
significance of these mathematical fields, this introduction cannot be complete. We start with
the perspective on one particle or a passive tracer that is acted upon by a velocity field v and
is possibly subject to some noise. Then, we expand our considerations to densities of particles.
This leads to partial differential equations. The corresponding solution operators are called
transfer operators and are a central object for this thesis.

2.1 Deterministic Flows

In general, we focus on non-deterministic non-autonomous flows. To illustrate some basic prin-
ciples with more clarity, we briefly introduce some concepts in the deterministic setting. Fur-
thermore, we use this opportunity to introduce objects and give intuition for concepts that are
used later. The trajectories of moving particles can often be described by ordinary differential
equations. The corresponding evolution of densities of particles is given by a transport equation.
The solution operators are transfer operators, namely the deterministic Perron—Frobenius and
the deterministic Koopman operator.

Ordinary Differential Equations
The evolution of a particle x in a separable Banach space (V, ||-||y/) over a time span [0, T starting
in a position g € X C V at tg € [0,7] under the action of a time-dependent vector field, also
called velocity field or drift, v : [0,7] x V — V can be described by the non-autonomous
differential equation

%:c(t) =a'(t) = v(t,z(t)) (2.1)
with the initial condition z(tg) = z¢ € X, tg € [0,7]. The immediate questions that arise are:
Are there conditions such that this is a well-posed problem? For which xy € X does (2.1) have a
unique solution and how does this solution depend on the data, namely, the initial condition xg
and the velocity field v? These questions are the focus of the theory of differential equations.

Definition 2.1:
A function x € C1([0,T); V) is called classical solution to the initial value problem (2.1) on [0, T]
if it satisfies the initial condition and satisfies the equation pointwise for every t € [0,T].

Remark 2:

e The name initial condition is chosen here for convenience. More correctly, we should
refer to tp = 0 as initial condition, to tg = 1" as terminal or final condition and to every
other ¢ty € (0,T) as intermediate condition.
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e The space C*([0,T]; V), for k € NU{0}, denotes the separable Banach space of continuous
functions f : [0,7] — V that are k-times continuously differentiable on [0,7]. This space

is endowed with the canonical norm

k
1 koo =D
£=0

dﬁ

dt b
5 [

1—o t€[0,T]

|4

e For a general introduction to differential equation in finite dimensions we refer to [Hal80,
Arn92|. An introduction to equations in infinite dimensions can be found in [Emm13].

A

There are different ways to look at a solution z. We can think of x as a function mapping
from a time interval into a vector space. Alternatively, we can look at the trajectory (z¢).e(o,1]
which consists of an uncountable number of points z; € V' that are ordered by their time index
and which are anchored by the initial condition z(tg) = x9 € X. This duality of a function x
and the points of V' that constitute its trajectory is an important idea that is used throughout
this thesis.

Theorem 2.2:

Letv : [0,T] x V= V be continuous and satisfy a Lipschitz condition in the second argument
3L >0 such that ||v(t,z) —v(t,y)|lv < L|lx —y|lv .

Then, for every initial value xq the initial value problem (2.1) has a unique classical solution x
with © € CY([0,T);V) that depends Lipschitz continuously on the data. Let x; be the unique
solution to the problem (2.1) with v; and x;0, for i = 1,2, then it holds that

K >0 ¢ Jlay = wsllorqoavy < K sup_fjor(t) = va(t @)l + Joro = w20llv ) -
te[o,T
w[GV]
Furthermore, if the right hand side v is more regular, namely, v € C(k’k)([(), T]x V; V), then the

solution is also more reqular x € C*T1([0,T); V).

Proof. The existence of a unique solution for k = 1 follows from the Picard-Lindel6f theo-
rem [Emm13, Satz 7.2.6]. This gives the forward solution, x € C([tg,T]; V), for the initial
value problem on [tg, T]. The transformation to — ¢ turns the final value problem on |0, to] into
an initial value problem that also satisfies the conditions of the Picard-Lindel6f theorem. This
gives the backward solution x € C1([0,%0]; V). The Lipschitz dependence on the data has been
shown in [Emm13, Sec. 7.3]. The higher regularity follows from a chain rule argument and the
formula z(t) = xo + ftto v(s,z(s))ds. O

Remark 3:

e The space C(k’é)([O, T] x X; V) denotes the separable Banach space of bounded V-valued
functions f : [0,T] x X =V, (t,z) — f(t,z) that are k-times continuously differentiable
in t and ¢-times continuously differentiable in x.
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e There are more general results that give the existence of unique solutions under differ-
ent, only local or generally weaker assumptions, for example, solutions in the sense of
Carathéodory [Hal80, Sec. 1.5].

e Extending the question of dependence of the solution on the data or an additional param-
eter, one could also ask for k-times differential dependence. We also partially investigate
this important question in the non-deterministic setting in Chapter 5. Some results for

the deterministic case can be found in [Hal80, Sec. 1.3] for the finite-dimensional case.
A

The existences of a unique solution for a given initial condition z(tg) = xo induces a family
of possibly non-linear solution operators (®,¢)s<¢. The solution operators ®,; : V — V, also
called flow maps, evolve a particle x from time s to time ¢ according to the dynamics (2.1)

CE(t() + t) = (Dto,to—l—t(x(tO)) for t > 0.

Theorem 2.2 further implies that the flow maps ®,; are reversible. The two-parameter solution
family (®s;)s<¢ shares some properties with evolution families introduced in Definition 3.8.
In the context of dynamical systems the family (®s;)s<; is also called a two-parameter flow.
The first parameter is the initial time, and the second parameter is the final time. If the
maps zs — P, x5 = x(t) are additionally k-times continuously differentiable, or equivalently, if
the solution of (2.1) is k-times continuously differentiable with respect to the initial condition,
then (®5;)s<; is a family of C*-diffeomorphisms, see [Arn92, §. 32] for V =R%, d € N.

Building on these results and focusing on other questions, the theory of dynamical systems is
interested in properties of trajectories (Hf(t))te[o,T] with a focus on the time-asymptotic behavior
and the qualitative behavior of the evolution [Mei07].

Transfer Operators
Let A be a o-algebra on X with a measure p such that (X, .4, 1) is a measure space. A measurable
map T : X — X is called non-singular with respect to (X, A4, u) if

w(T71(A)) =0 for each A € A such that u(A) =0.

The map ®,; is continuous and invertible and under sufficient regularity assumptions a Ck-
diffeomorphism. For a family (®s;)s<¢ of measurable and non-singular maps with respect to
a measure space (X, A, u1), the Perron-Frobenius operator Ps; : L'(X,;R) — LY(X,;R) is
defined by the relation

/(Psytf)(:c) du(x) = /1 f(z)du(x) forall Ae A. (2.2)
A P54 (A)

The family (P;)s<¢ describes the evolution of densities f. The space LP(X, y; R%), for p € [1, 00),
is the space of equivalence classes of p-almost everywhere identical R%-valued functions that are
p-measurable and have the finite norm

Wi = [ P i) <o
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We use | - | for an arbitrary but fixed norm on R?. Elementary calculations [LM94, Chap. 3]
using (2.2) show that for every fixed pair (s,t) the Perron-Frobenius operator Ps; is a Markov
operator.

Definition 2.3:
For a measure space (X, A, ) a linear and bounded operator P : LY(X,u;R) — LY(X, u; R) is
called Markov operator, if for all 0 < f € LY(X, u;R) follows Pf >0 and ||Pf|lzr = || f|lp1-

Instead of considering the evolution of densities, we can also look at the evolution of observ-
ables. This leads to the Koopman operator K ; : L>®(X, u; R) — L>®(X, u; R) given by

(Ks19)(2) 1= g(Ps4(x)) = (90 Psp)(2) .- (2.3)

The space L™ (X, y; ]Rd) denotes the space of equivalence classes of u-almost everywhere identical
R?-valued functions that are essentially bounded with respect to f.

1Nl oo (s ) := esssup | f(z)| = inf {C > 0]|f(z)| < C for p-almost every z € X} .
reX

If there is no risk of confusion, we abbreviate LP(X, u;R?) for p € [1,00] by LP(X) or LP(u)
and the corresponding norms by || - ||zr. The Koopman operator is the dual operator to the

Perron—Frobenius operator in the following sense

(Pusfo 020 .—/< Pouf)(@) /f K1) () dp(z) = (f, Ka19) 1200

for all f € L'(X,u;R), g € L>®(X, s R) and s < t fixed, [LM94, Sec. 7.4].
Remark 4:

e If not stated otherwise, we can equip X with the Borel o-algebra, specifically, the small-
est o-algebra that contains all open sets. In the case X = R? the properties of ®, ; imply
that ®,; is measurable and non-singular with respect to (Rd, A, A), where A denotes the
Lebesgue measure for R?. Except for a small detour in Chapter 5 we are mostly concerned
with LP spaces with regard to the Lebesgue measure A.

e The evolution of densities can be characterized by a partial differential equation that
is related to (2.1). In the case X = R? the evolution of a density fy corresponding to
the dynamics (2.1) is given by the first-order hyperbolic linear transport problem [L.M94,
Sec. 7.6]

d
0
Ouf (t,) = —diva(v(t,z) f(t,2)) = =) 5y, it 2)f(t,2)) (2.4)
i=1
with £(0,-) = fo(-) on [0,7] x R%. We use 9; as an abbreviation for %.

e Let pu be a &g -invariant measure with p(X) < co. The Perron-Frobenius operator Ps ¢
can be considered on LP (X, u; R) for p € [1, 00| with its dual, the Koopman operator acting
on L1(X, u;R) for % + % = 1 and ¢ = oo for p = 1. Furthermore, P;; is non-expansive
on LP(X, u; R) for ¢ > s [Denl7, Chap. 2].

A
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An introduction to the deterministic evolution of particles and densities can be found in [LM94,
Chap. 7]. The book [LM94] covers time-discrete, time-continuous, deterministic and stochastic
problems for time-independent velocity fields v(t, z) = v(z).

The deterministic setting is highly important and very interesting. Nevertheless, it is not the
focus of this thesis. Therefore, we end this brief introduction here.

2.2 Stochastic Dynamics

In mathematical models and applications, there can be many reasons that suggest or even
necessitate the presence of noise. To incorporate this uncertainty mathematically, we introduce
Wiener processes and consider non-autonomous stochastic differential equations.

A rigorous and detailed introduction to the theory of probability spaces, stochastic processes,
Wiener processes, conditional expectations, stochastic integration and stochastic differential
equations is outside the scope of this thesis. The interested reader can find detailed introductions
in [Fri75, Bog98, LS01, Kunl9]. We use many concepts, like filtrations, adapted processes,
non-anticipative processes, independence of o-algebras, independence of stochastic processes,
conditional probabilities, local martingales, and semi-martingales, which can also be found in
the references above. Especially, Chapter 5 requires some stochastic calculus. For the rest of
this thesis we are concerned with the following objects.

We fix a time horizon T > 0 and choose Q := C([0, T]; RY). Furthermore, let F be a o-algebra
on {2, and IP be a probability measure on (2, F). For a filtration (F)eo,r) with Fx C F for
every t € [0,T], let W = (Wi, Ft)e(o,r) be the d-dimensional Wiener process with respect to P.
We use the notation W = (W, Fi)icpo,r) to emphasize that Wy = W(t,-) : Q — R? is Fj-
measurable for every ¢ € [0,7]. A measurable functional h acting on [0, 7] x € is adapted to the
filtration (F¢)sejo,r if h(t,-) is Fi-measurable for every ¢ € [0,7]. We omit the {2 input in the
following.

Remark 5: Wiener Processes

e There are different equivalent ways to define and prove the existence of Wiener pro-
cesses [KS91, Chap. 2].

e A one-dimensional Wiener process (Wi, Fi);co,r) on a probability space (£2, F,P) with
mean yut and variance o?t with respect to a filtration (.Ft)te[(LT] is a real-valued P-almost
surely continuous stochastic process that is adapted to (]:t)te[O,T]- For ¢t > s the incre-
ments W (t) — W (s) are independent of F,. Furthermore, W (0) = 0 holds P-almost surely
and for every 0 < s < t < T the random variable W (¢) — W(s) is normally distributed

with mean (¢ — s)u and variance (t — s)o?.

e A one-dimensional Wiener process (W (t));c(o,r] With £ = 0 and o = 1 is called normalized
one-dimensional Wiener process. From a normalized one-dimensional Wiener process we

can construct a Wiener process Xy = ut + oW, that has mean ut and variance o2t.

e A d-dimensional vector valued process (Wi).ejo,r) = (Wi(t), .., Wa(t))teo,r) is a d-dimen-
sional Wiener process, if its components (W(t))ejo,r), @ = 1,...,d, are one-dimensional
independent Wiener processes.
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e If the filtration (F)icpo,7) is not specified, then we can always consider the filtration gen-
erated by the Wiener process.

e The concept of Wiener processes can also be extended to separable Banach spaces [Bog98,
Sec. 7.2]. In infinite-dimensional Hilbert spaces there are also cylindrical Wiener processes
and @Q-Wiener processes [LR15, Chap. 2].

A

Wiener processes are continuous martingales [LS01, Sec. 4.1.1]. A continuous semi-martingale
or a continuous local martingale can be used as a starting point to construct a concept of stochas-
tic integration [Kun97, Chap. 2|. Similar to the deterministic setting, stochastic integration is
a foundation for the analysis of stochastic differential equations.

Stochastic Differential Equations

Formally, adding the time-derivative of a normalized d-dimensional Wiener process (Wt)te[O,T]
with the noise intensity o : [0,7] x R — R%*? to an ordinary differential equation with the
velocity field v : [0,T] x R* — R? leads to a stochastic differential equation (SDE) in It form

dX, = v(t, Xy)dt + o (t, X;)dW; . (2.5)

Equation (2.5) is not rigorously defined in this differential form, because a Wiener process is
only a-Hoélder continuous for a € (0, %) and is P-almost surely nowhere S-Hoélder continuous
for B € (3,1) [Fri75, Chap. 3]. Equation (2.5) is an abbreviation for the integral equation

t t
Xt:X0+/ 'U(S,Xs)ds—i-/ (s, Xo) AW, (2.6)
0 0

Here the initial state X is P-almost surely given by a deterministic point or distributed according
to some law given by a density fp. Equation (2.6) is defined rigorously, under some mild
assumptions: The drift v : [0,7] x R? — R? and the diffusion o : [0,7] x R — GL(R,d),
where GL(R, d) denotes the space of real invertible d x d matrices, are functions that are non-
anticipative with respect to the filtration corresponding to (W;),c(o,7) and satisfy

P(/OT]v(t,Xt)|dt<oo> =1 and P</0T|o(t,Xt)|2dt<oo> =1. (2.7)

To study the well-posedness of stochastic differential equations, we assume that v and o sat-
isfy Assumption 1. For simplicity, we assume that v and o satisfy the global conditions (A1)
and (A2), namely, the Lipschitz continuity (2.8) and the growth condition (2.9).

Assumption 1:
There exist constants 0 < L, A\, < oo that do not depend on y, z, ort, such that

(A1) The functions v and o satisfy the Lipschitz condition
it y) —vit, 2)| < Ly — 2|, oij(t,y) — oyt 2)| < Ly — 2| (2.8)

for all (t,y,2) € [0,T] x R x R and 1 <4,j < d.

10
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(A2) The functions v and o satisfy the growth condition
i, y)| < L+ [y]),  |oij(t, y)| < L1+ [y]) (2.9)

for all (t,y) € [0,T] xR and 1 < i,j < d.

(A3) The function o satisfies
A2 Le < €Ta(t e (ty)e, (2.10)

for all (t,y,&) € [0,T] x R x (R?\ {0}), where ¢ denotes the transpose of &.

The next result, that has been adapted from [LS01, Sec. 4.4.2, Corollary], gives the existence
of a unique solution; see also [Fri75, Chap. 5].

Theorem 2.4:

Consider the stochastic differential equation
dX; = U(t,Xt)dt—f—O'(t,Xt)th, (211)

where the functions v : [0,T] x R = R?, o : [0,T] x R? — R4 satisfy the assumptions (A1)
and (A2). If P(|lv;| < o0) =1 for all 1 < i < d, then (2.11) with the initial condition Xo = v
has a unique strong solution [LS01, Sec. 4.4, Def. 8 & 11]. In particular, (2.7) is satisfied.

Remark 6:

e There are more general results that guarantee the existence of a unique strong solution
under weaker assumptions, for example local Lipschitz, one-sided Lipschitz or weak mono-

tonicity conditions and local growth or weak coercivity conditions; [LR15, Thm. 3.1.1].

e Stochastic differential equations are not time-reversible in the same sense as ordinary dif-
ferential equations. Due to the measurability requirements with respect to the filtration a
backward stochastic differential equation poses a structurally different problem. See [HP86]
for the time-reversal of diffusion processes and see [PR14] for backwards stochastic differ-
ential equations. The book [Kunl9] investigates stochastic flows of diffeomorphisms and
establishes many related results and arguments that are similar to the deterministic case.

A

The solution (X¢)yc[o,7] is a time-inhomogeneous Markov diffusion process and admits a tran-
sition probability function
p(s,t,x,A) =P(X € Al X; =x)

for Borel measurable sets A. The function p satisfies the Chapman—Kolmogorov equation [Fri75,
Thm. 5.3.1 & 5.3.2]

p(s,t,x, A) = /

iy p(r,t,y, A)p(s,r,xz,dA(y)) = /

p(rt,y, A)p(s,r,x, dy) .
]Rd

for s < r < t. In Theorem 2.7, this fact enables an important connection between stochastic
differential equations and the theory of solution operators of parabolic partial differential equa-
tions. Note the similarity to the concatenation property @, ;®,, = ®,; of flows (P ;)s<; and to
the property U(¢,7)U(r,s) = U(t, s) of evolution families, Definition 3.8.

11
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Kolmogorov Backward and Forward Problems

Instead of investigating a single solution (Xt)te[O,T] of the SDE or an ensemble of particles, we
consider the evolution of densities and observables. For a,f € (0,1] and k,I € NU {0} the
space Ck+et+8)(10, T x X;R%) denotes the space of functions f : [0,7] x X — R? that are
k-times continuously differentiable in ¢ and ¢-times continuously differentiable in & and whose
k-th time derivative is a-Holder continuous and /-th spatial derivatives are S-Holder continuous.
The canonical norm for these spaces is the sum of the C*Y norm and the corresponding Holder
norm for the highest derivatives. See [Alt16, Sec. 3.7], [Cial3, Chap. 1] or [AF03, Chap. 1] for

details on Holder spaces.

Theorem 2.5:

Suppose that o € C(@2+) ([0, T]xRE R*) and v € C@1H9) ([0, T)xR% RY), for some o € (0,1],
satisfy the assumptions from this section and fo € C(R?) and g € C(R?) are bounded, then the
following statements hold.

(1) The evolution of an observable g given the dynamics (2.5) can be described by the Kolmogorov
backward equation

d 2
— O f(t,x) = (v(t,x), Vi f(t,x))pa + 2ZZ(U(t,$)JT(t,:E))ijai(£:j(t, x) (2.12)

=1 j=1

on [0,T] x R® with the final condition f(T) = g.

—_

(2) The evolution of a density fy under the dynamics (2.5) can be described by the Kolmogorov

forward equation
92

d d
ZZ xzaxj< olt.x)o" (ta))if(te)  (213)

on [0,T] x R with initial condition f(0) = fo.

O f(t,z) = —div, (v(t, x)

l\.’)\r—t

Sketch of proof. There are several sources for the time-homogeneous case, v(t,z) = v(z)
and o(t,z) = o(x), that derive (2.12) or (2.13) independently or derive one from the other;
see for example [LM94, Chap. 11], [Oks13, Chap. 8] or [KS91, Chap. 5].

(1) The Kolmogorov backward equation can be derived by applying Itd’s formula to the condi-
tional expectation
f(t,2) = Elg(Xr) | X; = a]
under the assumption f € CH2)([0,T] x RY). We refer to [Fri75, Sec. 5.4 & 5.6, Thm. 6.1]
for an execution of this argument. Standard results for parabolic evolution equations [Fri75,
Chap. 6], [Lun95, Chap. 6] or [Tan97, Chap. 6] imply that our assumptions on v and o are
sufficient to guarantee f € C1:2)([0,T] x R%).

(2) The Kolmogorov forward equation can be derived by obtaining the adjoint problem to
the Kolmogorov backward equation. See [Fri75, Sec. 6.4 & 6.5] for an execution of this
argument. For a general procedure to obtain adjoint problems for parabolic equations we
refer to [Fri08, Chap. 1] and to [Tan97, Chap. 5 & 6] for adjoint boundary conditions and
higher-order problems.

In [Pav1l4, Sec. 2.5] both equations are derived from the probability transition function of the
Markov diffusion process (X¢)ejo,7] corresponding to (2.5). O

12



2 Non-Autonomous Flows

Before we investigate these partial differential equations, their solution properties and their

solution operators, we want to address boundary conditions.

Boundary Conditions
In this thesis we assume that X € R¢, d € N, is an open, bounded, non-empty, connected domain
with a piecewise C* boundary. Let us refer to this assumption as (A0).

(A0) X C R? is an open, bounded, non-empty, connected domain with a piecewise C* boundary.

Since a Wiener process is supported on all of R, the question arises as to what happens on 9X,
the boundary of X. Possible choices are reflecting, absorbing or mixed boundary conditions.
To analyze material transport with regards to coherent sets, we consider evolutions that stay
in a bounded set. Therefore, we want to use SDEs with reflecting boundary conditions. From
the theory of SDEs this necessitates an additional correcting process, also called Skorokhod
correction process. This process ensures that the particle modeled by (Xt)te[o,T] does not leave X.
Therefore, a solution of an SDEs with reflecting boundary condition necessitates two processes X
and the Skorokhod correction process. These differences simplify, when we are looking at the
evolution of densities. The works [And09] and [Pill4, Thm. 3.1.1] show that the evolution of
densities for SDEs with reflecting boundary conditions is given by the Kolmogorov forward

equation on X with homogeneous Neumann boundary conditions

of B
%(t,~)—0 on 0X.

Here, n is the outer normal unit vector on 0X.

Remark 7:

We note that the regularity assumptions in Theorem 2.5 are chosen to be sufficient. We expect
similar or slightly weaker results to hold on X for slightly weaker assumptions such as g € L(X),
with ¢ € [1,00), ;5 € C@([0,T] x X) , v € C@)([0,T] x X;R?) for the backward equation
and fy € LP(X), p € [1,00), 045 € C@2+9)([0,T] x X), v € C@1F([0,T] x X;R?) for the
forward equation, where X denotes the closure of X. A

2.3 Transfer Operators

The goal of this section is to introduce the stochastic Perron-Frobenius operators Ps; and
stochastic Koopman operators Ky ; as solution operators to Kolmogorov forward and backward
problems with homogeneous Neumann boundary conditions. Furthermore, we discuss some of
their properties such as the operators being adjoint, their common kernel &k, and some spectral
properties. A reader, that is already familiar with these ideas or who is more interested in
the other parts of this thesis, may read this sometimes technical section after reading the next
sections up to and including Section 3.3. This section uses concepts such as compact operators,
the spectrum of an operator (Def. 3.3), evolution families (Def. 3.8), non-autonomous parabolic
partial differential equations, and classical solutions (Def. 3.7) that are rigorously introduced in
Chapter 3. Furthermore, we refer to arguments and results from Section 3.2 and Section 3.3

that are independent of Chapter 2.

13
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To a reader, that might not be familiar with these topics and who would benefit more from
a linear presentation, we suggest to read Section 3.1, Section 3.2 and Section 3.3 now, before
proceeding. We present the following results here to motivate the ideas presented in Section 2.4
and Section 2.5. Section 3.1, Section 3.2 and Section 3.3 are located in Chapter 3, because they
have a strong connection to and are necessary for Section 3.4 and Section 3.5, which in turn also
rely on Section 2.4 and Section 2.5.

This section and other parts of this thesis investigate the evolution of densities and observables
with tools from stochastic differential equations, Markov processes, parabolic partial differential
equations and operator theory. Throughout this thesis, we utilize these different perspectives
on common questions to gain synergistic insights into the evolution.

Perron—Frobenius Operators and Koopman Operators
We consider the problem (2.5) on X C RY, satisfying (A0), with reflecting boundary condition.
This leads for s € [0,7") to the initial-boundary value problem

A d_ g
Orf (1, x) = —diva (v(t, 2) f( ;;; Gt (o) (L) f(tn))  (214)
f(s,z) = fs(x), afa(;’ ) =0 on OX

Theorem 2.6:
Suppose that o;; € C@?)([0,T] x X) and v € C@1+2)([0,T] x X;RY), for some a € (0,1],
satisfy Assumption 1, then the following statements hold. We use the convention f(t,-) = f(t).

(1) For every initial condition fs € LP(X), for p € [1,00), the parabolic initial-boundary value
problem (2.14) has a unique classical solution f € C([s,T]; LP(X))NC*((s, T]; LP(X)). Fur-
thermore, the solution operators Psy : fs — f(t) = Psifs form a two-parameter evolution
family of linear operators on LP(X). Fort > s, the operator Ps: maps into the Sobolev
space W2P(X), specifically Psifs € W?P(X), and Psy : LP(X) — LP(X) is a compact
operator fort > s.

(2) The Kolmogorov backward equation on X equipped with homogeneous Neumann boundary
conditions and a final condition f; € L1(X), for ¢ € [1,00), has a unique classical solu-
tion f € C([0,t]; LY(X))NCL([0,t); LY(X)). The solution operators Kst : fi — f(s) = Kstf
form a two-parameter family of linear operators on L1(X). For s < t, the operator Ks; maps
into the Sobolev space W4(X), specifically Ksifr € W24(X), and Ks : LI(X) — LI(X) is
a compact operator for s < t.

(3) For every fized pair s < t, the compact linear operators Psy and Ks+ have discrete spec-
trum. In particular, the spectrum without {0} consists of at most countably many non-zero
eigenvalues with finite multiplicity, that can only accumulate at 0.

We refer to [AF03] for details and results on the Sobolev spaces W*?, k € NU{0}, p € [1, ).

Sketch of proof. We omit a detailed proof here. We refer to the more elaborate arguments
from [Tan97], [Fri75], and [Fri08]. The statements (1) and (2) essentially follow from [Tan97,
Chap. 6.

14
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(1) In Section 3.2 and Section 3.3, we present results from [Tan97, Chap. 6] that can be used to
prove Theorem 2.6 (1) and (2). In Theorem 3.12, we provide a more detailed proof for the
case o(t,z) = elxq, for € > 0, using the results from [Tan97, Chap. 6]. The arguments from
Theorem 3.12 can be adapted to the case o(t,z) considered here, because o is sufficiently
regular and the assumption (A3) guarantees uniform ellipticity (3.16). The compactness of
the operators Ps; and Ky for s < t follows from the compact embedding W??(X) S LP(X)
in [AF03, Thm. 6.3].

(2) The arguments from [Tan97, Chap. 6] and from Section 3.3 can be applied to the Kolmogorov
backward problem as well. This can be seen by using the time reversal ¢t — T —t to transform
the backward problem into a forward problem.

(3) See Lemma 3.4 (1) for this spectral property of compact operators. -

If not stated otherwise, we assume in the following that o,v satisfy Assumption 1 and
that o;; € C(@2+9) ([0, T] x X) and v € C(*1F)([0,T] x X;R?), for some « € (0, 1].

The stochastic Perron-Frobenius operator P,; is the solution operator to the Kolmogorov
forward equation and is mapping an initial density fs to a final density f(¢f) = Psifs. The
mapping ¢t — Ps ¢4+ f is continuous as a mapping from [0, T —s] to LP(X) for any fixed f € LP(X).

The stochastic Koopman operator Ky, is the solution operator of the Kolmogorov backward
equation and can be characterized equivalently [Pill4, Thm. 3.1.1] by

(Ksg)(x) = Elg(X1)| X = ]

Fundamental Solution and Transition Kernel Families

Let us further investigate the connections between time-inhomogeneous Markov processes and
non-autonomous parabolic differential equations. The Markov process (X;)¢c[o,7] has a transition
probability function p satisfying for all t > s

P(X: € A| Xs =x) =p(s,t,z,A)

almost surely for all A € B(RY) [Fri75, Chap. 5, Thm. 3.1].
If the process (Xi)¢>s at time ¢, namely Xy, has a distribution that is absolutely continuous

with respect to the Lebesgue measure A on X, then it has a respective density k(s,t)
k(s,t) : XxX =R, (z,y) — k(s,t,2,y), (2.15)

such that P(X; € A| X, =) = [, k(s,t,2,y) dy.
Following [Fri08, Chap. 1], the non-autonomous parabolic initial and final value problems (2.13)
and (2.12) have a fundamental solution I' satisfying

ft.0) = [ Tstam)fia) e and gs.o)= [ Tt dy.

Rd
where f and g are solutions to the initial and final value problems with initial condition fs; and
final condition g; for (2.13) and (2.12).
The results in [KS91, Sec. 5.7] give for the whole space case, X = R?, that the fundamental
solution of the forward and backward problem corresponds to the transition kernel of the Markov

process.
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In the setting of Theorem 2.6, this follows from adapting and extending the arguments
of [KS91, Sec. 5.7] and [Fri08] to the bounded domain X with homogeneous Neumann boundary
conditions and from the proof of [KLP19, Lem. 4.1] given in [KLP19, App. B]. We summarize
some results in Theorem 2.7.

Theorem 2.7:
The operator families (Psyt)s<t and (Kst)s<t have a common family of kernels (k(s,t,-,-))s<t
with

Psif(y /k:sta:y x)dr and Ksig(x /k:stxy y) dy (2.16)

for all f € LP(X) and g € LY(X). The family of kernels is given by the fundamental solution
of (2.14). Furthermore, we have k(s,t,-,-) € L*(X x X), there exist a constant M > 0 such
that k(s,t,z,y) < M for all z,y € X and k(s,t,x,-) is stochastic.

Sketch of proof. Note that the assumptions made in this Chapter and thesis imply those in the
references used. In [KLP19, App. B] the arguments of [Fri75] have been adapted to a bounded
domain X with reflecting boundary conditions to show that the fundamental solution of the
parabolic equation (2.13) is the density of the probability transition function (2.15) for the
stochastic process and that it is a stochastic kernel.

e The arguments in [KLP19, App. B] establish that the fundamental solution I'y of the
non-autonomous parabolic problem (2.14) exists and is equal to the probability transition
kernel k of the corresponding time-inhomogeneous Markov process (Xt)te[O,T}7 more specif-
ically T'n (s, t,x,y) = k(s,t,z,y). For the existence and a construction of I'x (s, t, x,y) see
also [It657, Sec. 1.3].

e The kernel representations (2.16) follow from theory of Markov processes [Fri75, Chap. 5]
or alternatively from the properties of fundamental solutions [Fri08, Chap. 1].

e The square integrability k(s,t,-,-) € L?(X x X) and the bound k(s,t,z,y) < M for
all 7,y € X follow from [KLP19, Lem. 4.1].

e The kernel k(s, t,x,-) is stochastic, namely [, k(s,t,z,y) dy = 1, because the characteristic
function 1x of the whole domain X is a constant solution to the Kolmogorov backward

equation with homogeneous Neumann boundary conditions.

O]

Theorem 2.7 indirectly contains the result that the operators P,; and K, are adjoint in the
following sense. With Fubini’s theorem [Cial3, Thm. 1.15-5], we obtain

(Pstf, )12 :/P&tf(ac dm—// (s,t,z,y)f(x)dzg(y)dy

//kStxy y)dy f(z da:_/f Ko s () di = (. Korg) o (2.17)

for all f € LP(X) and ¢g € L(X) with % + % = 1. From the perspective of fundamental solutions
to adjoint parabolic problems this also follows from [Fri08, Sec. 1.8, Thm. 15].
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Properties of the Transfer Operators

For most parts of this thesis we use o(t,z) = €lgxq, for € > 0. Here 5,4 denotes the identity
in R%*?, This uniform isotropic diffusion is the most appropriate choice in the context of the
phenomenon of coherence in real world systems. However, many results presented in this thesis
hold for general o € C(®2+)([0, T] x X; R¥*9), satisfying (A1), (A2), and (A3), as well.

Theorem 2.8:

We assume divy(v) = 0 and o(t,x) = elgxq, for € > 0. This corresponds to the volume-

preserving setting with uniform and spatially isotropic diffusion. Then the following statements

hold for 0 < s <t <T.

(1) The operators Psy = LP(X) — LP(X), p € [1,00), and K5 : LY(X) — LX), q € [1,00)
are integral preserving and non-negativity preserving, hence they are Markov operators. In
particular, the kernel k(s,t) is strictly positive. Furthermore, Py is non-expansive on LP(X)
for p e [1,00) and Ky, is non-expansive on L1(X) for q € [1,00).

(2) The spectra of Psy and Ks; are independent of p € [1,00) and ¢ € [1,00), coincide
for p,q € (1,00) with % + % = 1, are contained in the unit disk of C, and contain the
etgenvalue 1 with multiplicity one.

Non-expansive linear operators are sometimes called contractions or contractive operators.

Non-negative preserving operators are sometimes called positive operators.

Proof.

(a) Looking at the Kolmogorov backward equation (2.12), we see that g = lx is a constant
solution satisfying the homogeneous Neumann boundary conditions on dX. Thus, 1x is an
eigenfunction of Ky ; corresponding to the eigenvalue 1. For o(t,x) = elgxq and div,(v) = 0,
we see that f = 1x is a constant solution of (2.14). Therefore, 1x is an eigenfunction of Py ;
corresponding to the eigenvalue 1. This implies that the kernel k(s, t, -, -) is doubly stochastic
if the flow is volume-preserving and if o(t,z) = €lgx4 holds.

(b) We use Ks1x = 1x to show that P, preserves the integral. For f € L' (X) we obtain

/ fdz = (g, fz = KCoalys )1z = (L Posf) 1o — / Poof de.
X X

For o(t,z) = elgxq and div,(v) = 0, it follows analogously that /Cs; preserves integrals.

(c) The result [Fri08, Sec. 2.4, Thm. 11] gives the strict positivity for the fundamental solu-
tion I'y. The general arguments and [Fri08, Chap. 2, Thm. 5] used in the proof of [Fri08,
Sec. 2.4, Thm. 11] hold in the case of a bounded domain with homogeneous Neumann
boundary condition. Note that, in the arguments of [Fri08, Sec. 2.4, Thm. 11], we can re-
place [Fri08, Chap. 2, Lem.5] for preserving non-negativity with the result [It657, Thm. 1]
which gives that the fundamental solution is non-negative I'y > 0. This immediately implies
that for an initial condition fs; € LP(X) which is non-negative A-almost everywhere on X
that the function Ps; f, is also non-negative. The non-negative preserving property for K ;
follows analogously.

(d) The properties (b) and (c) imply that Ps; and K¢ are Markov operators on L!(X) with
IPstllper,cry <1 and [[Ksllppr, oy < 1.
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2 Non-Autonomous Flows

(e) For a non-negative 0 < f € L(X) follows with the non-negativity and the stochasticity of
the kernel k£ and the Holder inequality

q

ua) @) = ( [ (ks 1)) (ko)1) )

¢(1-3)

S/Xk(sat,:r,y)(f(y))qdy' (/Xk:(«swf,%,y)(lqu1 dy>
= Ksu(f)!(z) - 1.

Using this estimate for f* := max{f,0} and f~ := —min{f,0} implies that K5, is non-
expansive on L4(X), specifically

s fllna < sl fI%L < WKsillper,ory - [1f]lza -

For o(t,x) = eljxq and divy(v) = 0, it follows analogously that P,; is non-expansive
on LP(X) for p € [1,00).

(f) Lemma 3.4 (3) gives that the spectra o(Ps¢) and o(ICs ¢) coincide, if Ky ; and Ps ¢ are adjoint.
For s < t, the corresponding eigenvalues have the same multiplicity, because the operators

are compact; Lemma 3.4 (3).

(g) The arguments from [Dav07, Thm. 4.2.15 & p. 49] show that the spectrum of the com-
pact operators Ps; : LP(X) — LP(X), for t > s, is independent of p € [1,00) and that
the eigenspaces coincide. This holds analogously for s, : L9(X) — LI(X) with s < ¢t
and ¢ € [1,00). Note that this does not hold for only bounded operators [Dav07, Ex. 2.2.11].

(h) With the strict positivity of the kernel (c), the integral representation (2.16), and [Dav07,
Thm. 13.3.1] follows that Ps; and K+ are irreducible. Furthermore, the result [Dav07,
Thm. 13.3.6] implies that the eigenvalue 1 is simple.

O]

Theorem 2.8 summarizes some properties of P, ; and Ky ¢ for fixed s < t. However, the analysis
of the families (Ps)s<: and (KCs¢)s<; is more complicated, because it is not immediately clear

how the spectra, the eigenspaces, and other properties evolve in time.

Remark &:

e For some results in the whole space case R? we refer to [Fri08] and [Kunl19, Sec. 6.3].
Absorbing boundary conditions for stochastic differential equations can be treated with
killing times or exit times and lead to homogeneous Dirichlet conditions for the Kolmogorov
equations [Fri75, Sec. 6.5]. We refer to [Kunl9, Sec. 6.10] and [Fri08] for the case of

homogeneous Dirichlet conditions.

e From the deterministic setting, we would expect to consider the Perron—Frobenius oper-
ator on the space of densities L!'(X) and the Koopman operator on L*(X). However,
the function space L*°(X) requires a different treatment in the context of parabolic equa-
tions [Lun95, Chap. 3].

A
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2 Non-Autonomous Flows

A rigorous and detailed analysis of the spectrum of the transfer operators is beyond the scope
of this thesis. We refer to the Kolmogorov forward equation (2.14) with o (¢, x) = €lgxq as the
Fokker—Planck equation and consider homogeneous Neumann boundary conditions.

2.4 Measures of Coherence

An important and interesting topic in the context of dynamical systems is the transportation of
mass within a given system. We analyze this transport from the perspective of coherent sets.

The General Idea of Coherent Sets
There is no single agreed upon mathematical definition of coherence. Nevertheless, there seem to
be some generally accepted intuitive notions for coherent sets in different settings. Let us collect

some intuitive notions that can but do not have to be considered simultaneously. Coherent sets
should

e extend the notion of almost invariant sets to the non-autonomous setting.

be distinguished subsets of the domain X C R? that significantly resist mixing with their

surroundings for some time.
e be regions that are enclosed by material barriers that inhibit transport.

e be regions in state space that keep their geometric integrity under advective dynamics.

be material subsets that are robust under advection with respect to some small diffusion.
e be robust under perturbed or noisy forward-backward evolutions.

The references [FSM10, FLS10, Frol3, Frol5, Denl7, KK20, HKK20] are just some examples
that give and investigate mathematical descriptions of these intuitive notions. Some of these
geometric and probabilistic approaches can be related to each other in the context of the dynamic
Laplacian [Frol5, KK20]. There are also data-driven methods that are well-suited for sparse,
noisy or incomplete data; see [SSPT19] and the references therein.

Figure 2.1 illustrates some of the intuitive notions of coherence. We consider a red liquid
and a yellow liquid spilled in a rectangular spatial domain filled with otherwise blue liquid;
Figure 2.1 (a). This configuration is then evolved for some time T' = 4 using advective dynamics,
Figure 2.1 (b), or advective-diffusive dynamics with o(¢,x) = €l4x4 and noise strength ¢ = 0.01,
Figure 2.1 (c). For this specific visualization we used a standard fourth-order Runge-Kutta or
Runge-Kutta—Maruyama scheme for the periodically driven double gyre, which is introduced in
Section 4.2.

Escape Rates and the Time-Asymptotic Perspective

When we consider evolution problems and the general idea of coherence, we distinguish between
finite-time and time-asymptotic properties. Pursuing the idea that coherent subsets of X should
leak the least to their surroundings, and should not mix with their complement in X, we can
look at rate of escape from those sets for a time-asymptotic quantifier of coherence.
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2 Non-Autonomous Flows

(a) Initial distribution of a red (b) Final distribution of the spills (c¢) Final distribution of the spills
spill and a yellow spill. under advection. under advection and diffusion.

Figure 2.1: Illustrations of sets that we would intuitively call coherent, the red sets, or not
coherent, the yellow sets.

To track and to quantify whether a stochastic trajectory (X;):>s stays within a given family of
sets (A¢)i>s, Ay C X, we expect the probability Pa, (X, € Ay, Vr € [s,t]) to be well-defined. We
denote the law of the process (Xt),c[o,7) generated by the SDE (2.5), initialized with the uniform
distribution Xy ~ A, on X, by Py ,. Furthermore, A, denotes the normalized Lebesgue measure
on the bounded domain X. This probability is well defined under some regularity assumptions
on the family (A:)i>s, in particular on its boundaries. Sufficient properties are summarized
in [FK17, Def. 4 & 17] under the names nice and sufficiently nice. In Theorem 3.21, we show that
for the family of sets, that we construct from eigenfunctions of an unbounded linear operator,
this probability is well-defined.

Definition 2.9:
For a set A C X, a time-independent velocity field v(t,x) = v(x), and the one-parameter fam-
ily (Ps)s>0 of stochastic Perron—Frobenius operators, we define the (upper) escape rate as
1
E(A) := —liminf z log/ ('Pt,A)k(]lX) dAy
A

k—o0

X (2.18)
= —liminf —logPy (X0 € A, X, € A, ..., Xy € A)
k—oo k

wz’th ’Pt,A(f) = Pt(f]lA)
For a family of (sufficiently nice) sets (A¢)i>s in the non-autonomous case, we define the (lower)

escape rate as

1
E((At)t>s) := —limsup ; logPp, (X, € Ay, Vr € [s,t]). (2.19)

t—o00 - S
The escape rate describes the asymptotic rate of the probability of a particle X; leaving a set

or a family of sets.

Remark 9:
e Comparing (2.18) to

1
— liminf — logPy,(Xs € A, Vs € [0,1)) (2.20)

t—oo t
we can interpret (2.18) as a time-sampled version. We could use (2.20) instead of (2.18).
However, we use (2.18) here for historical and consistency reasons. The sampled ver-

sion (2.18) was used in [FJK13] for the generator approach to escape rates. In [FK17] the
authors used (2.19) for the augmented generator approach.
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2 Non-Autonomous Flows

e The escape rate approach from [FJK13] and [FK17] extends the results from discrete time
and discrete space from [FS10].

A

Another notion that is strongly related to escape rates are Lyapunov exponents; see Theo-
rem 3.16 from [FK17, Thm. 19].

Definition 2.10:
For f € LY(X) the Lyapunov exponent of f with respect to the initial time s is given by

1

— S

Lyap,(f) := limsup log || Ps,efll 1 -
t—oo T
The reader might be tempted to assume that for an autonomous problem an almost invariant
set [DFHT09, p. 48] gives a set with low escape rate, but that is not necessarily the case.
In [FS10, Ex. 3.5 & 3.6] the authors show that, in the discrete-time and deterministic setting,
there are almost invariant sets that have arbitrarily high escape rate and there are sets with low
almost invariance and arbitrarily low escape rate.

Mixing
Recall that intuitively coherent sets are the structures that inhibit mixing the most. Thus,
mixing can be seen as the opposite of coherence. Therefore, let us briefly introduce the concept
of mixing. There are several different ways to measure mixing and mixedness for advection-
diffusion processes, such as considering dispersion statistics or the change of variation in a
concentration field [Pro99, LH04, TDGO04, Thi08]. Multiscale norms of mixing measure how
oscillatory a concentration field is [MMPO5]; see [Thil2] for a review.

In the purely advective setting, ¢ = 0, we can look at mixing in the ergodic sense. For
a normalized measure space (X, A, u), a family of measure-preserving flow maps @, is called
mixing in the ergodic sense if

lim (AN (@) (B)) = p(A)u(B).

t—o00

In the stochastic and volume preserving setting, we can measure mixing for a concentration
field f € C([0,00); L?(X)) with zero mean, (f(t,-),1x)z2 = 0 by the rate of decay A < 0 of
the L? norm [FS17]

1£ (s + )2 < CM.

As it turns out, we can derive the rate A independent of f from the spectrum of an infinitesimal
generator. Theorem 3.16 relates this rate to the maximum Lyapunov exponent on the subspace
of zero-mean functions. This is also consistent with the characterization of mixing as the opposite
of coherence.

Although escape rates are asymptotic properties and thus are not appropriate for a finite-time
perspective on coherence, a finite-time concept for Lyapunov exponents has been developed and
served as a starting point for the analysis of material transport, see [HS11] and the references
therein. We take a different approach to finite-time coherent sets.
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2 Non-Autonomous Flows

Coherent Families and the Finite-time Perspective
Finite-time coherent sets on the time interval [0,77], as introduced in [FSM10, Frol3, FPG14],
can be extracted from singular functions of the Perron-Frobenius operator Py 7. Recall that Py
is the linear transfer operator describing the evolution of densities under the advection-diffusion
dynamics. The singular modes of Py are eigenmodes of Py P, 7, where Pj denotes the
adjoint of Py 7. For volume-preserving dynamics, div,(v) = 0, PS’T is the transfer operator
of the time-reversed dynamics, namely, the stochastically perturbed evolution governed by the
time-reflected velocity field (¢,x) — —v(T — t,x), see also [HP86] and [FKS20]. An intuitive
notion behind this operator-based characterization is that finite-time coherent sets are those
subsets that are to a large extent mapped back to themselves by the noisy forward-backward
evolution PS,TPO,T' This operator-based approach gives a qualitative framework for coherence.
Furthermore, the singular values of Pyr provide quantitative bounds for coherence [Frol3,
FPG14]. The closer the singular value is to one, the less mixing occurs between the coherent
set, induced by the singular function, and its exterior under the noisy dynamics. A measure for
coherence used in the references above is the coherence ratio of a coherent pair (Ao, Ar). We
extend this concept here to the coherence ratio of a time-parameterized family of sets.

We consider the probability Py, (X, € A, , Vr € [s,t]). The following definition from [FKS20,
Def. 4.4] is repeated in Definition 3.18 for convenience.

Definition 2.11:

Let (At)ico,r) be a family of measurable sets. We denote the law of the process (Xt)iepo,1]
generated by the SDE (2.5), initialized with the uniform distribution Xo ~ Ay, on X, by Py, .
Here A, denotes the normalized Lebesgue measure on the bounded domain X. For A,(Ag) > 0
we define the coherence ratio of the family (At)co.1) as

P, (Mico.r{Xe € Ae}
pau(Ad)ieom) = - ( /[\Ou?AO)t >

Recalling Figure 2.1 we would expect that the red fluid corresponds to a family of sets with
higher coherent ratio than the yellow fluid. In Section 4.2, we see that this is indeed the case.

Remark 10:

e Two real examples of finite-time coherent sets are the Agulhas Rings [FHRvS15] and the
polar vortex [FSM10, BGT20].

e Instead of considering the stochastic Perron-Frobenius operator Ps; that includes time-
continuous diffusion, some approaches consider the deterministic Perron—Frobenius opera-
tor Ps; with time-discrete diffusion D, at initial and final time D.P;;D. [Frol3, DJM16].
Intuitively we expect that these approaches are close depending on € and ¢t — s. Fur-
thermore, we expect that the coherent sets extracted from level sets of the eigenfunctions
become more material as € decreases [Frol5, Sec. 5].

e Another approach to coherent sets in the stochastic setting utilizing stochastic flows [Kun19]
can be found in [Denl7, Chap. 4].

A
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2 Non-Autonomous Flows

There are many different approaches and quantifiers to characterize coherence in dynamical
systems. Chapter 3 introduces the generator approach to coherence that has first been used
for the time-asymptotic perspective and has been adapted to the finite-time setting with the
help of the reflection trick from Section 2.5. The connection between transfer operators and the
coherence ratio of a family of sets is investigated further in Section 3.5.

2.5 Reflection

The general content of Section 2.5, except the figures, has been published in [FKS20, Sec. 2 & 4]
and is re-used with the permission of the publisher and the authors.

Let us summarize our setting. We consider a spatial domain X C R? that satisfies (A0);
page 13. For v € C@1+2) ([0, T] x X; R%) with div,(v) = 0, we consider

dXt = U(t, Xt)dt +ée th

with reflecting boundary conditions on the time interval [0,7]. The initial condition Xg is
distributed according to some initial density fo € L?(X). The evolution of the density is given
by the Fokker—Planck equation, or Kolmogorov forward equation,

2

O f(t,x) = —divy, (v(t, x) f(t, x)) + %Axf(t,x) (2.21)
70.2) = oty 8D Zgonox.

where a% is the normal derivative on the boundary. Associated to (2.21), there is a two-parameter

family of Perron—Frobenius operators Ps; : L(X) — L?(X) that transport a density f € L?(X)
at time s to the solution density of (2.21) at time ¢.

Following [Frol3, Denl7] in the volume-preserving setting, coherent sets over the time inter-
val [0, T'] can be extracted from the eigenfunctions of Pg,TPO,T corresponding to large eigenvalues,
where Pg,; is the L%-adjoint of P; 4, defined to be the unique linear operator satisfying

<,P87tf7 g>L2 = <f7 P:,tg>L2

for all f,g € L?(X). A useful intuition for the operator Po 1Py 1s that Py, describes evolution
in forward time and that Pj 1 describes evolution under the time-reversed dynamics. Finite-time
coherent sets can be characterized exactly by the property that they are robust under a noisy
forward-backward evolution.

This work is focused on a generator based approach. The generator is in general an unbounded
operator whose singular values are less accessible than its eigenvalues. Therefore, we introduce a
reflection trick that behaves well with respect to the information that we are interested in. This
reflection allows us to derive finite-time information from eigendata of the resulting evolution.
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2 Non-Autonomous Flows

Construction of a Forward-Backward Process
According to Section 2.3, the adjoint operator P} is the solution operator to the Kolmogorov
backward problem (2.12)

2

—~0rg(t,) = (v(t2), Vag(t,2) s + 5 Aag(t,) (2.22)
g(T,x) = gr(x), 896()2 ) _ 0 on 0X.

The operator 732“7 o+ maps a final density gr at time ¢t = T backward in time according to (2.22)

(a) Kolmogorov forward problem. (b) Kolmogorov backward problem.

Figure 2.2: A pictographic representation of the forward and the backward problem.

to the corresponding density ¢ at time t < T. The forward problem and the corresponding
backward problem are illustrated in Figure 2.2. We rewrite (2.22) using div,(v) = 0 as follows

(v(t, ), Vag(t,x))ga = divg (v(t, x)g(t, x)) — divg(v(t, x))g(t, x)
= divy(v(t, z)g(t, x)) .

Thus, equation (2.22) takes the form
. g
—0g(t,2) = diva(v(t, 2)g(t, 2)) + 5 Aag(t 2) -
By reversing time ¢ +— T — ¢ in (2.22), we obtain an initial value problem

2

Bf(t, ) = —divy (5(t, x) f(t, 2)) + %AQC F(t, ) (2.23)
10,0 = e, 2D — g on ox
using f(t,z) = g(T — t, ), fo(x) = gr(z) and the velocity field o(¢,z) := —v(T — t,z). The

forward version of Figure 2.2 (b) is visualized in Figure 2.3 (a).

Comparing (2.21) and (2.23), we see that the evolution of the adjoint problem, the Kolmogorov
backward equation, corresponds to a forward problem, a Kolmogorov forward equation, using
the time-reversed dynamics.

We want to concatenate the forward velocity field v on [0,7] and the shifted and reversed
backward velocity field o on [T, 7], to construct a process on [0, 7] x X with 7 = 27" that mimics
the forward-backward evolution. Therefore, the evolution on [T, 7| should correspond to the
action of the operator P . To achieve this, we shift (2.23) by T time units and define

O(t,x) =0t —T,x) = —v(r —t,x) = —v(2T — t,x) .
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We obtain a forward problem on [T, 7]

2
Buf(t,x) = —divg (8(t, ) f(t, x)) + %Am f(t,z) (2.24)
F@2) = fr@) = Folw), 28D~ on o

We denote the solution operator of this problem by 75T’t which corresponds to P:—t,T'

Now, we concatenate the two forward problems (2.21) and (2.24) to construct the desired
evolution on [0, 7]. We mark objects that live on this extended interval [0, 7] with a hat ".

We define the reflected velocity field

A o v(t,-), t€[0,T];
o(t,-) == ¢ (t)v(C(t), )—{ e ). te (T (2.25)
using the reflection map
_ )t t €[0,T];
¢(t) == { b e (T (2.26)

The resulting reflected velocity field v exhibits a discontinuity in 7', whenever it does not vanish

there. However, the one-sided derivatives exist. This leads to the Fokker—Planck problem

2

0uf(t,) = ~diva (8(t,2)f(t,2)) + S Acf (t2) (227)
£0,2) = fo(z), 8{9(:;) =0on 09X,

on the interval [0, 7]; more precisely on (0, 7)U(T,7) with L?-continuous concatenation at ¢ = 7.
Theorem 2.12 and Figure 2.3 (b) summarize the above construction.

Theorem 2.12:

The concatenation P&TPO’T = 750; with fT = Porfo comprises initializing (2.21) at time 0,
solving forward using the vector field v(t,-) until time T, then continuing to evolve (2.24) for
another T time units, but now using the reflected and shifted vector field —v(T—t,-) fort € [T, 7]
corresponding to the reversed dynamics.

L ot x) = —o(T — t‘,x) - - 75017 = ,PEJKJT,PO,T | 1
% $ % |
| | | | | | v | ’ﬁ | |
0 T 0 T T
(a) The time-reversed backward problem is a for- (b) The concatenated problem on [0, 7].

ward problem with time-reversed advection.

Figure 2.3: Visualization of the new forward process (2.23) on [0,7] leading to the forward-
backward dynamics (2.27) on [0, 7].
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Remark 11:

e The following regularity may not be most general, but it is meant to give some intuition.
For v € C@1+9) ([0, T x X; R%) follows ¢ € C(@1+)(((0, T)U(T, 7)) x X; RY) which further
implies © € LP((0,7) x X;R?), for 1 < p < co. Theorem 3.19 gives some details for the
point t =1T.

e For non-zero divergence velocity fields, we could investigate normalized versions of the
operators Py r and Pj . For more details on normalized transfer operators see also [Frol3,
Denl7].

A

The Two-Parameter Solution Family for the Reflected Periodically Extended Process
Following [Fro13], the second largest eigenvalue Aa(Pp.,) and singular value a2(Po 1) satisfy

VA2(Por) = 02(Pogr) =  max { (Po.1J0. 97y } <1, (2.28)

foer?Xuo) | I1follL2xuo) 1971 L2 (% pur)
greLl?(X,ur)
<f071x>l‘0 =0
<gT71X>MT =0

where in the volume-preserving setting g and ur are both the Lebesgue measure A = ug = pr.
In the non-zero divergence case, pg is a reference measure describing the initial mass distribution
of the possibly compressible fluid being evolved, and pr is the forward evolution of pg under a
normalized Perron-Frobenius operator [Frol3, Denl7].

In this thesis, we consider the problem (2.27) as a time-periodic problem on 75! x X. In
particular, we extend the velocity field © in time 7-periodically which introduces another discon-
tinuity in 0, 7. To describe the evolution family, we assume s € [0, 7] without loss of generality.
The evolution operator 755,5+t starting from time s and flowing for time t > 0 to s+t = kT +r,
k=[2t] e NU{0} and (s +t) mod T =r € [0,T), is given by

Ps,s—i—t SE[O,T],tE[O,T—S],k‘:O,
,P:—T,T(,PO,TP(T,T)%,PS,T’ s € [Oa T]at >T - S, k Odda
. POTPST(POTPST)%PST, s€[0,T),t >T —s,2 <k even,
PS s+t — *7 ) ) ) ) (2‘29)
; Pr—(s-&-t),r—s? se[Tl,r],te 0,7 —s], k=1,
,PO,T(,PS,T,PO,T)%,PS,Tfm s € [T7 T]) t>71—5,2<keven,
P2 Por(PorPor) ™ Porys s €[T,7),t > 7 — 5,3 <k odd.

The situation when ¢ is exactly the period 7 is of particular importance:

R * T
Ps,s4r = P?;SPO:T P&T’* s € (0.7}, (2.30)
Pr_s1PorPo s SE (T, 7].

T

The operator 755,3+r is self-adjoint for s = kT, k € NU{0}. The eigenvalues of Py 1Py, which
are the singular values of Py 7, are contained in the interval [0, 1]. This follows from Theorem 2.8
and the fact that the compact and self-adjoint operator Pg P, on the Hilbert space L3 (X)
has real spectrum [Alt16, 12.13].
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2 Non-Autonomous Flows

In Chapter 2 we introduced the noisy evolution of particles and densities, the concept of
coherent sets and the reflection trick. In the next chapter, we introduce non-autonomous abstract
evolution problems and extend the concept of the infinitesimal generator to non-autonomous

problems from which we obtain coherent families.
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3 A Space-Time Generator Approach

After introducing stochastic differential equations and coherent families in Chapter 2, this chap-
ter connects semigroup theory for partial differential equations to coherence. This chapter gives
an abstract but powerful approach to analyze autonomous and non-autonomous evolutions in-
volving linear unbounded operators in infinite dimensions.

Section 3.1 introduces some basic concepts of semigroup theory for abstract Cauchy prob-
lems (ACPs). Then Section 3.2 and Section 3.3 are concerned with non-autonomous abstract
Cauchy problems (NACPs). Using the results from [Koll1], [FJK13], [FK17] and [FKS20], Sec-
tion 3.4 and Section 3.5 investigate one of the main objects of semigroup theory, the infinitesimal

generator (Def. 3.1), in order to extract coherent families.

3.1 Semigroup Theory

The theory of strongly continuous semigroups is one of the main tools to deal with autonomous
ordinary and partial as well as operator differential equations. This theory gives an abstract
framework to investigate the autonomous problems from Section 2.1 and Section 2.2. There
are many recommendable introductions to semigroup theory and its applications, for exam-
ple, [EN0O] and [Paz83|.

This section on semigroup theory roughly follows [Paz83]. We consider semigroups acting on
an arbitrary Banach space (V.|| - ||v). Let us define two main objects: the semigroup and its

infinitesimal generator.

Definition 3.1:
A one-parameter family (S(t))ier, I = [0,T] or I = [0,00), of bounded linear operators S(t)
mapping from V into V., S(t) € L(V,V), is called an operator semigroup on V if

1. S(0) = Idy (the identity on V')
2. S(t+s) = S5(t)S(s) for every s,t € I, with s+t € I (semigroup property)

The operator G : D(G) — V defined by

forx € D(G) (3.1)

D(G) = {m eV
tl0 tl0 t

lim S(t)jf_x emists} and Gz :=lim M

is called the infinitesimal generator of the semigroup (S(t))ier with the domain D(G).

The semigroup is called strongly continuous or a Cy semigroup if

lim S(t)x =
tlfg()w x

holds for all x € V.

28



3 A Space-Time Generator Approach

Remark 12:

e For a Cy semigroup there are constants M > 1 and w > 0 such that [|S(¢)]| vy < Me**
[Paz83, Thm. 1.2.2].

e Every C semigroup (.S;):er has a unique infinitesimal generator G and every Cy semigroup
is uniquely defined by its infinitesimal generator [Paz83, Thm. 1.2.6]. The infinitesimal
generator G of a Cj semigroup (S(t))tcr has dense domain D(G) C V and is a closed
operator [Paz83, Cor. 1.2.5].

e The domain D(G) defined in (3.1) is the maximal domain. In many cases it is possible
and useful to consider G on smaller domains, in particular appropriate subsets of D(G).

e A semigroup (S(t))er is called uniformly continuous if 11%1 [S(t) — Idv|Lvyy = 0. A
t b
linear operator G is the infinitesimal generator of a uniformly continuous semigroup if and
only if G is bounded [Paz83, Thm. 1.1.2].
A

The definition in (3.1) suggests the formal relationship S(t) = €!“. The expression €'“ is in
general not well-defined for unbounded operators G. Nevertheless, it can serve as an intuition for
the properties that can be derived from this relation. Theorem 3.2 is concerned with some prop-

erties of the generator and the semigroup. Furthermore, it gives a more precise characterization
of the idea S(t) = e!¢.

Theorem 3.2:
Let S(t)ier be a Cy semigroup with infinitesimal generator G. Then the following holds.

1 t+h
1. For x € V it holds that lim / S(s)xds=x .
r—0 h J,

2. For x € V it follows that fg S(s)xds € D(G) and
G </0 S(s)x ds) =S{t)r—S0)zr=S(t)r —x. (3.2)

3. For x € D(G) we obtain S(t)x € D(G) and %S(t)x =GS(t)r = S(t)Gx .

4. For x € D(G) it holds that S(t)x — S(s)x = fst GS(T)xdr = f; S(1)Grdr .
Proof. Theorem 3.2 and a proof can be found in [Paz83, Thm. 1.2.4]. O

Remark 13:

e The relation S(t) = €!“ can be made more rigorous using the results [Paz83, Sec. 1.8]
and [ENOO, Sec. I1.3.3] or the Borel functional calculus [RS80, Chap. VII].

e Semigroups or more precise the mappings ¢t — S; := S(t) and t — Six = S(t)x for x € V
with specific topologies, can have higher regularity. They can be differentiable or ana-
lytic [Paz83, Def. 2.4.1 & 2.5.1]. There are other interesting properties such as for all t € T
the operator S(t) being a compact operator or even a contraction [Paz83, Sec. 2.3]. These
additional properties lead to stronger results.

A
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We prefer the notation S(t) for general abstract semigroup operators, but we may use S;
instead to improve the readability.

The question which operators G are generators of Cy semigroups and what properties these
semigroups possess has been important for the theory of partial differential equations. This
question has lead to multiple theorems concerned with sufficient conditions. There are several
theorems mostly motivated from partial differential problems that give necessary and suffi-
cient conditions, like the Hille-Yosida theorem [Paz83, Thm. 1.3.1], the Lumer—Phillips theo-
rem [Paz83, Thm. 1.4.3], the Crandall-Liggett theorem [CL71] and many others.

Some of these conditions involve the spectrum of the generator [Paz83, Sec. 2.4 & 2.5].

The Spectrum
Bounded and unbounded operators can be characterized by their spectrum.

Definition 3.3:

For a linear possibly unbounded operator A on a Banach space V', the set p(A) of complex
numbers z € C for which (zIdy — A) is invertible is called the resolvent set of A. Further-
more, R(z, A) := (zIdy — A)~! for z € p(A) is called the resolvent and o(A) := C\p(A) is called
the spectrum of A.

The spectrum can be partitioned with respect to the properties of (zIdy — A). The point spec-
trum op(A), the continuous spectrum o.(A), and the residual spectrum o,(A) are defined as

follows

1. A€ op(A) if (Mdy — A) is not injective.
2. X € o.(A) if (Mdy — A) is injective, but it is not surjective and its range is dense in V.
3. A€ or(A) if (M dy — A) is injective, it is not surjective, and its range is not dense in V.

The spectrum of a linear unbounded operator can be more complicated than the set of eigen-
values of a matrix. In general, the point spectrum of an operator behaves similar to the spectrum
of a matrix. Lemma 3.4 summarizes some properties of the the spectrum for compact linear
operators.

Lemma 3.4:

(1) Consider the spectrum o(A) of a compact linear operator A : V. — V. For dimV = oo,
the set o(A)\{0} consists of at most countably many eigenvalues 0 # \; € o,(A) with finite
multiplicity that can only accumulate at 0.

(2) The infinitesimal generator of a Cy semigroup of compact operators has pure point spectrum.

(8) For a bounded linear operator A € L(V,V') and its adjoint A* acting on V*, the dual space
of V, A* € L(V*,V*), holds 0(A) = c(A*). Furthermore, A is compact if and only if A* is

compact and the non-zero eigenvalues of A and A* have the same multiplicity.

Proof.
(1) See [Alt16, Sec. 11.9 & 11.14].

(2) See [Paz83, Cor. 2.3.7]. This also follows from (1) and the spectral mapping property (3.3).
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3 A Space-Time Generator Approach

(3) See [DS88, VIL.3.7] for o(A) = o(A*). See [Rud91, Thm. 4.19] for the compactness and
[Rud91, Thm. 4.25] for the multiplicities of the non-zero eigenvalues.

O

Remark 14:
e There are examples for either o(A) = 0 or p(A) = 0 [EN00, Chap. IV].

e The resolvent set p(G) of the infinitesimal generator G of a Cy semigroup contains the
ray {z € C|Im(z) =0 and z > w} for some w > 0 [Paz83, Cor. 1.3.8].

e The continuous and residual spectrum, if it is non-empty (0. U 0,) # 0, may require
additional attention. The theory of spectral measures can give insights into the continuous

and residual spectrum of an operator [RS80, Chap. VIIJ.
A

While the shape and the boundaries of the spectrum as a subset of C are important for many
results [ENO0O, Sec. I1.4], sometimes the actual position of the spectrum in C is not necessarily
important as the next paragraph shows.

Rescaling

Given a generator G with the domain D(G), the resolvent set p(G) and the spectrum o(G) that
induces a semigroup (S(t))tcr, we can rescale [EN0O, Sec. 11.2.2] this semigroup for some g € C
and a > 0 and obtain the rescaled semigroup

T(t) := et S(at),
which has the generator H with
D(H) = D(G) H = aG + Bldy o(H)=aoc(G)+ 5.

This rescaling trick is often used to simplify notation, without being specifically mentioned by
authors in the field of semigroup theory. If a generator satisfies 0 € o(G), but a theorem imposes
the condition 0 € p(G), then we may consider a rescaled semigroup for which 0 € p(H) holds.
After applying the theorem, we can often transfer the result back using the same rescaling trick.

Spectral Mapping Property
The following spectral mapping property relates the point spectrum of the generator to the
spectrum of an operator from the semigroup.

Theorem 3.5:
Let (S(t))ier be a Cy semigroup and let G be its infinitesimal generator. Then for the point

spectrum holds
el7r(@) < 5, (S(t)) C et @ U {0} . (3.3)

More precisely, if A\ € 0,(G), then eM € 0,(S(t)), and if eN € 7,(S(t)), then there evists a k € N

such that A, = A + ZE € 0,(G).

For the general spectrum holds

(@ c o(S(1)).
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Proof. See [Paz83, Thm. 2.2.4] for the point spectrum and [Paz83, Thm. 2.2.3] or [EN0O, Thm.

IV.3.6] for the general spectral inclusion result. O

In Section 3.4 and Section 3.5 we encounter more spectral mapping theorems and use them
to relate eigenvalues of an infinitesimal generator to coherence.

Abstract Cauchy Problems

The most prominent application of semigroup theory is the analysis of linear autonomous op-
erator differential equations arising from ordinary and partial differential equations [Paz83,
Chap. 4 & 7]. These initial value and initial-boundary value problems can be rephrased more

general as autonomous abstract Cauchy problems (ACPs)

df (t) _
(acp)d dt Gf(t)+g(t) (3.4)
f(0) = fo

with ¢ : I — V in a Banach space V. Section 3.3 gives further details on how to rephrase
partial differential equations as abstract Cauchy problems.

Let us now define different types of solutions to the ACP. We denote the Bochner-Lebesgue
spaces by LP(0,T;V), p € [1,00]. For a short introduction to Bochner-Lebesgue spaces we refer
to [Zei90a, Chap. 23].

Definition 3.6:

1. A function f : [0,T] — V is called a classical solution if f is continuous on [0,T), f is
continuously differentiable on (0,T), f(t) € D(G), and f satisfies (3.4) for everyt € [0,T).

2. Let G be the generator of a semigroup (S(t))icor), o € V and g € LY0,T;V). The
function f € C([0,T]; V) given by

f(t) = S(t)fo + /O S(t — s)g(s) ds (3.5)

is called mild solution of (3.4).

3. A function f that is differentiable almost everywhere on [0,T] with f' € L'(0,T;V) is
called a strong solution of (3.4) if f(0) = fo and f'(t) = Gf(t) + g(t) almost everywhere
on [0,T].

There are sufficient conditions to guarantee the existence of a unique classical [Tan97, Chap. 6],
strong [Paz83, Thm. 4.2.9] or mild [Paz83, Def. 4.2.3, Sec.4.2] solution which require G to
generate a Cjy semigroup. As expected, under suitable assumptions on g, fo and G a mild
solution is a classical solution [Paz83, Thm. 4.3.6].

The formula (3.5) shows that we can compute the unique solution to an abstract Cauchy
problem if G generates a Cj semigroup on V. Recalling the problems from Chapter 2 for time-
independent velocity fields v(t,z) = v(x), we could investigate whether the partial differential
equations from Section 2.1 and Section 2.2 induce abstract Cauchy problems with suitable
operators G. The sources [Paz83, Chap. 5] and [LM94, Chap. 7 & 11] investigate these types of
problems also from the semigroup perspective.
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Section 3.2 and Section 3.3 discuss the non-autonomous problem from Section 2.3. The concept
of one-parameter semigroups is not appropriate for non-autonomous problems, because in the
non-autonomous case not only the time passed but also the initial time has to be considered
a relevant parameter for the evolution. This leads to a similar approach using two-parameter
evolution families. Section 3.2 introduces the main objects for the solution theory of non-
autonomous abstract Cauchy problems and evolution families.

3.2 Non-Autonomous Abstract Cauchy Problems

To deal with time-dependent dynamics, we introduce evolution families (Def. 3.8), families of
two-parameter solution operators, for non-autonomous evolution equations. In this section, we

consider possibly inhomogeneous, non-autonomous abstract Cauchy problems (NACPs) of the

form: 0 (6)
—==G@)f(t)+g(t
(NACP) { dt DF M) +9(t) (3.6)
f(S) = fs»
over some finite time interval [s,T] C [0,7] on a Banach space (V.| - ||i/). We state the results

from the theory of NACPs that we need in Section 3.3. This section follows [Tan97] instead
of [Paz83, Chap. 7], because the former allows us to consider V' = LP(X) for p € [1, 00), whereas
the latter does not deal with the case p = 1.

In general, for NACPs induced by partial differential equations the operators G(t) are un-
bounded operators on V' and need to be equipped with suitable domains D(G(t)) for the evolu-
tion problem to make sense.

Remark 15:

e The results here and in [Tan97] are formulated for the time interval [0,7]. However, they
also hold for arbitrary time intervals [a,b]. The important part is that the evolution de-
pends also on the initial time and not just at the duration. To emphasize this dependence,
we sometimes consider the initial time s € [0,T).

e In this work, we focus on the non-autonomous problem introduced in Section 2.3. The
transport problem (2.4) from Section 2.1 might be investigated with [Tan97, Chap. 7.

A

Theorem 3.9 is concerned with the existence of unique solutions to (3.6) and some regularity
properties of the solution. Theorem 3.14 states further regularity results.

The following definition introduces two notions of solutions from [Tan97, Def. 6.1 & 6.2] for
NACPs that differ in the regularity of the solution at the initial time.

Definition 3.7:

1. A function f € C([0,T];V) N CY(0,T];V) is a classical solution of (3.6), if for every
t € (0,T]
PO —owyrm+on 10 = f

and f(t) € D(G(t)) holds.
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2. A function f € CY([0,T];V) is a strict solution of (3.6), if for every t € [0,T]

PO _omrm+on 1O =4

and f(t) € D(G(t)) holds.
Next, we introduce evolution families which have a parameter for the initial time and a second
parameter for the final time of the evolution.
Definition 3.8:
A family of operators (U(t,s )31<_0t }C L(V,V) is called family of evolution operators for the
s,t€]0,T
problem (3.6) if
1. U(s,s) = Idy and U(t,r)U(r,s) = U(t,s), for allv € V the mapping (t,s) — U(t,s)v is
continuous.

2. For all t,s € [0,T], with s < t, holds U(t,s) € L(V,D(G(t))), specifically, for all x € V
follows U(t, s)x € D(G(t)).

3. The mapping t — U(t, s) is differentiable in (s,T] with values in L(V,V') and

)
5/U(55) = GOU(t,5). (3.7)

4. The family (U(t, S))sgt is called exponentially bounded if there are M > 1 and w > 0 such
that
U )l Lvvy < Met=9)  fors<t. (3.8)

Note the similarities between (3.2) and (3.7) and between the bound from Remark 12 and (3.8).

Let us now state the assumptions on the operators G(t) that we use to establish well-posedness
of the NACP. These assumptions might look enigmatic at first, but Lemma 3.11 shows that these
assumptions are satisfied in the setting introduced in Section 2.3.

Assumption 2:
(P1) The condition [Tan97, (P1), p. 221]: There exists an angle 0y € (5, 7| such that
1. For each t € [0,T] for the resolvent set p(G(t)) (Def. 3.3) of G(t) holds

p(G(t)) DX :={z € C||arg(z)| < 6} U{0}.

2. There exists M > 0 such that the following bound for the resolvent

M

forz e X
E

1R (2, G vy <

holds uniformly in t € [0,T] on the sector ¥ contained in the resolvent set.

(P2) The condition [Tan97, (P2), p. 222]: For every z € ¥ the mapping t — R(z, G(t)) is con-
tinuously differentiable on [0, T in the uniform operator topology and there exists a K1 > 0
and o € (0,1] such that

0 K
HaR(zaG(t))HL(V,V) < e
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(P4) The condition [Tan97, (P4), p. 256]: There exist a Ko > 0, n € N, and real numbers
A1y Oy By .y Bn € 10,2] with B; < ay such that

IGE)R(z, GG ™ = G(s) Doy < K2 Y (t—s)% =%

i=1
for z€ ¥\{0} and 0 < s <t <T. We set § := min{min;—1 _,{coy — 5}, 1}.

Remark 16:

e The first part of (P1) states that the resolvent sets p(G(t)) contain a sector ¥. The
second part describes the behavior of the resolvents on that sector. The property (P1)

can be rephrased as: The operator family (G(t))sc[, ) is uniformly (in £) sectorial [Lun95,
Def. 2.0.1].

e The assumption 0 € p(G(t)) is chosen in [Tan97] for notational purposes and can be
achieved by rescaling, if the semigroups (Sy(t))ier induced by G(0), for 6 arbitrary but
fixed, can be rescaled uniformly in ¢. This can be done due to the regularity of v in ¢; also
see Lemma 3.11 and [Lun95, Lem. 6.1.1]. Other books that work in similar settings such
as [Lun95] do not make this mostly aesthetic assumption.

e In (P4) the object G(t)™! = R(0,G(t)) is well-defined, if we have 0 € p(G(t)) in (P1).
Otherwise R(0,G(t)) has to be replaced by an appropriate shift.

e The parameter 0 from (P4) appears in several bounds and regularity results in [Tan97,
Chap. 6]. However, it is not explicitly used here.

A

Lemma 3.11 shows that these assumptions are fulfilled in the setting for the transportation
of density problem introduced in Section 2.3.

Theorem 3.9:

1. If Assumption 2, f(0) € D(G(0)), and g € C*(0,T;V) hold, then the NACP (3.6) has a
unique classical solution f.

2. If in addition f(0) € D(G(0)) and G(0)f(0) + g(0) € D(G(0)) hold, then the classical
solution s a strict solution.

3. There exists a two-parameter family of solution operators (U(t, s))s<t such that the solution
(classical or strict) can be represented with the help of the evolution family (U(t, s))s<t

f(t)=U(t,0)fo —i—/o Ult,s)g(s)ds. (3.9)

Proof. The statements of Theorem 3.9 are the content of [Tan97, Thm. 6.6]. O

Remark 17:

e As expected, in order to obtain strict solutions which have higher regularity at the initial
time, we need some compatibility conditions for the objects at initial time.
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e There are more results in [Tan97, Chap. 6] that have stronger assumptions and stronger
conclusions; see [Tan97, Thm. 6.1] for classical and [Tan97, Thm. 6.2] for strict solutions.

There are also other notions of solutions, such as strong solutions [Tan97, Rem. 6.1].
A

Theorem 3.9 already guarantees some regularity for the solution. We make the following

additional assumptions to derive results for higher regularity of solutions.

Assumption 3:
(L1) There exists a Banach space D, a common domain of (G(t))iepo,1], with D € D(G(t)) for
all t € [0, T], and D is continuously embedded in V., D — V.

(L2) For allt € [0,T] the operator G(t) is sectorial. There exists w € R, M >0 and 0 € (§,7)
such that the resolvent set p(G(t)) contains a sector ¥, g, specifically
p(G(t) DEpp={2€Clz#w A |arg(z —w)| < 0} (3.10)

M
w|

’ _
(L3) The family (G(t))ieo,r) satisfies t — G(t) € C*([0,T]; L(D,V)) for some o € (0,1).

and for all z € Xy, 9 holds [|R(z, G(t))||Lv,v) < ~

Assumption 3 implies that the family (G(t))icp,7] is uniformly sectorial [Lun95, Lem. 6.1.1].
Furthermore, the w shift in (3.10) has the same functionality as rescaling. The definition of ¥, ¢
emphasizes that being sectorial is related to the shape and not the position of the spectrum of
the operator [EN0O]. Assumptions (P1) and (L1) imply (L2). The assumption (L3) is strongly
related to the Holder regularity of the coefficients that is required in [Tan97, Chap. 6].

The next result from [Lun95, Cor. 6.1.9 (iv)] allows us to derive a higher regularity for solutions
that we use in Theorem 3.14.

Theorem 3.10:
Under Assumption 2 and Assumption 3 the following equivalence holds for 0 < s <T

U(-,s)f € C([s,T);D)NCY([s,T;V) < fe€D and G(s)f €D.

Proof. A proof can be found in [Lun95, Cor. 6.1.9 (iv)]. O

These type of compatibility conditions for higher regularity of the solution of an evolution
problem can be found in Theorem 3.9 and in other approaches to evolution equations such as
the variational approach [Emm13, Satz 8.5.1].

To get some intuition for the objects and results introduced in Section 3.1 and Section 3.2,

we look at the following important example of advection-diffusion problems.

3.3 Non-Autonomous Parabolic Evolution Problems

Non-autonomous parabolic evolution problems include many important applications including
the Fokker—Planck equations from Section 2.3. We approach these problems from the perspective
of NACPs. Some content of this section has been published in [FKS20] and is re-used with the
permission of the publisher and the authors.
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Let us recall and specify some properties from Chapter 2.

e The domain X C R? is a bounded and open set with piecewise C* boundary satisfying the
assumption (A0); page 13.

e The velocity field v satisfies v € C(@1+9) ([0, T] x X; R?). For a, § € (0,1] and k,1 € NU{0}
the space C*+at+8) ([0, T] x X; R?) denotes the space of functions f : [0,7]x X — R% that
are k-times continuously differentiable in ¢ and /-times continuously differentiable in z and
whose k-th time derivative is a-Hoélder continuous and ¢-th spatial derivative is S-Holder

continuous.

e We use the Sobolev spaces W*P?(X) of functions f € LP(X), p € [1,00], that have weak
derivatives up to order k € N U {0} such that the weak derivatives are LP functions. For

an overview on Sobolev spaces we refer to [AF03].

Referring to the objects in the general setting of the previous sections, we choose the Banach
space V = LP(X) and an operator domain D, C W?P(X) C LP(X).
A general inhomogeneous parabolic partial differential equation (PDE) is given by

O f(t,x) = (L(t)f(1))(z) + g(t,2), (3.11)

where L(t) is an elliptic differential operator, see (3.16), for every ¢ € [0,T]. In particular, a

general form for L is

||
CONE) = Y aaltyr) e () (3.12)

x>
loe|<2
.4 @2 d P
— ; ; ai;(t, x)mf(x) - ; b;(t, x)a—xj (z) + clt, ) f(z),

for multi-indices a € (NU {0})? and sufficient coefficient functions aq or a;j, b;, c.

Remark 18:

e There are elliptic operators of higher order

|ex|
LOHE) = Y aaltn) o fla),

Ox®
la|<m

that can be treated similarly. Furthermore, these higher-order operators require higher-
order boundary conditions and a more regular spatial domain X. We refer to [Tan97,
Chap. 6], [Paz83, Chap. 7] and [Zei90a] for introductions to higher-order elliptic operators.

e The regularity required of the coefficient functions ao and the domain X depends on the
desired results, the notion of solution and the literature consulted. We choose the stronger
assumptions from [Tan97], because they simplify the presentation especially in the non-

autonomous and L'-setting significantly.

A
The Kolmogorov forward equation with the objects v, or 0, and ¢ from Section 2.3
9 1 & o2 -
0f ==2 g +3 ]Zl ; 5,0m, (7 ), (3.13)
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is a homogeneous (g = 0) non-autonomous, parabolic equation. This equation is complemented
by an initial condition f(s,:) = fs(-) on X and boundary conditions. Motivated by Chapter 2,
we choose homogeneous Neumann boundary conditions
of
on

where n is the outer normal unit vector on 0X.

(t,-) =0 on 90X,

The following analysis can be done for inhomogeneous problems, g # 0, and for different or
possibly inhomogeneous boundary conditions as well; see for example [Tan97], [Lun95] and the
references therein. In the notation of [Tan97], the homogeneous Neumann boundary conditions
correspond to the formal boundary operator

of
B(t,z)(€) == (n(z),E)ge  and  B(t,2)(Ve)f = (n(2), Vaf(t,2))pe = 5 (t2) =0 (3.14)
for € OX with n(z) being the outer normal unit vector at = € 9X and ¢ € RY.
To see that the Fokker-Planck equations (2.21), (2.27) or (3.13) with ¢ = eljxq fit in
the setting of non-autonomous abstract Cauchy problems, we use of the following relation
for p € [1,00), see also [Emm13, Sec. 7.1],

feLP((s,T); LP(X)) with f(t) := f(t,-) € LP(X) < (t,z)— f(t,z) € LP((s,T) x X).

Analogously, C([s, T|; LP(X)) denotes the space of functions mapping [s, T'| continuously to LP(X).
Instead of considering the PDE pointwise in every (t,x), the NACP considers f as a mapping
from [s,T] into the Banach space LP(X). This leads to the operator differential equation (3.6)
in V= LP(X).

Existence and Uniqueness of Solutions
Lemma 3.11 establishes that the family of operators (G(t))cjo,r) defined by
2
G(t)f = —diva(v(t, ) f) + %Am fin LP(X) for f € W2P(X), (3.15)

for ¢ > 0 considered on LP(X), 1 < p < oo, satisfies the assumptions made in the refer-
ences [Tan97, Lun95] using the domain D(G(t)) = D, := {f € W?P(X)| % = 0 on OX} for
all t € [0, 7] to encode the boundary condition (3.14).

Lemma 3.11 and its proof due to the author have been published in [FKS20, Lem. A.2].

Lemma 3.11:
The family (G(t))iejo,r) of unbounded linear operators on LP(X) defined by (3.15) with the do-
main D(G(t)) = D, fulfills the following conditions.

espatia omawnm 18 @ bounaea open su set o o class ocawy and/, ef. 9.9/.
C1) Th I domain X is a bounded bset of RY of class C* (locally) [Tan97, Def. 5.5

(C2) The coefficients aq, of the differential operator G(-) and the coefficients of the boundary
operator B are Holder continuous in t [Tan97, Sec. 6.13].

(C3) The coefficients of G(-) are bounded and uniformly continuous in x on X [Tan97, Sec. 6.15].

(C4) The differential operator G(-) and the boundary operator B, satisfy the complementing
condition [Tan97, p. 131] for all t € [0,T].
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(C5) The family (G(t))iejo,1) s uniformly strongly elliptic [Tan97, Def. 5.4]. In particular, there
exists a ¢ > 0 such that for all (t,z) € [0,T] x X and all £ € R? holds

D aalt,z)6* > ¢ (3.16)

o =2
Furthermore, G(t) satisfies the root condition [Tan97, p. 130] for all t € [0,T).

(C6) The conditions [Tan97, (P1), p. 221], [Tan97, (P2), p. 222] and [Tan97, (P4), p. 256],
that have been stated in Assumption 2 and used in Theorem 3.9, are fulfilled.

Before we continue with the proof of Lemma 3.11, let us remark, that parts of the proof
have already been done in [Tan97]. Some conditions, namely, (C3),(C4) and (C5), are easy to
check in our case, because the highest order part of G(t), called principal part in [Tan97], is the
time-independent spatial Laplace operator A,.

Proof. Most of the statements of Lemma 3.11 are proven at some point in [Tan97].

(C1) The regularity required of the spatial domain X is guaranteed by the assumption (AO0),
page 13, on X made in Chapter 2. In [Tan97], the author also mentions the assumption that
the domain X should be globally uniformly regular of class C? [Tan97, Def. 3.2 & Sec. 5.2]
for the case of unbounded domains [Tan97, Sec. 3.6]. This condition is irrelevant for our

setting.

(C2) The boundary operator B(t,x) (3.14) is constant in ¢, and consequently it is Holder con-

tinuous in t. The assumption v € C(@1+2)([0, T] x X) guarantees that v and gfj are Holder

7

continuous in ¢.

(C3) The coefficients aq are either constant e’ or induced by v € C (@1+e) ([0, T] x X), namely,

D)
v; Or gzi . Thus, all the coefficient functions of G(t) are bounded and uniformly continuous

on X.

(C4) The complementing condition can be verified by straightforward calculations. The im-
portant thing to note is that the principal part %Ax, denoted by L° in [Tan97], of G(t)
is independent of t. This implies that the roots of L%(z,& + rn(x)) for ¢ perpendicular
to n(x) with unit norm are given by r1 = i,79 = —i. Furthermore, for ¢ being perpen-
dicular to n(x) follows B(t,z)({ + rn(x)) = r. The polynomials r and (r — ¢)(r + i) are
linearly independent. Therefore, the complementing condition is fulfilled.

(C5) It is well known that the operator family (G(t))icpo,7], defined by (3.15), is uniformly
strongly elliptic in our setting with m = 2 and
2
£
S aalt ) = Sl

|a|=m

Now [Tan97, Thm. 5.4] shows that every uniformly strongly elliptic operator satisfies the
root condition.
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(C6) Assuming 0 € p(G(t)) for simplicity, [Tan97, Sec. 6.13] shows that (P1), (P2) and (P4) are
satisfied for (G/(t))yecpo,7]- We can ensure that zero is in the resolvent set using the rescaling
trick. The main arguments that enable the analysis in [Tan97, Sec. 6.13] is the uniformity
and Holder continuity in ¢. Note that [Tan97, Sec. 6.13] considers a general uniformly
strongly elliptic operator (3.12). Therefore, (C6) holds for general o € C(*2+2) ([0, T] x X)
satisfying (A3) (2.10) as well.

Remark 19:

e One important aspect of Lemma 3.11 is to establish that the choice D, for the do-
main D(G(t)) is appropriate. The domain D), is used in (C2), (C4), and (C6).

e Lemma 3.11 can also be proven for div,(v) # 0 and suitable o(t,x) # €ljx4. Some condi-
tions are straightforward for the general case, for example (A3) (2.10) implies (C5) (3.16)
for general o. However, other conditions like (C4) might be more involved.

e In the literature, the evolution equation (3.11) is often stated as

O f(t) + H(t)f(t) = g(t)

with H(t) = —L(t), which leads to a sign modification in the definition of ellipticity [Tan97,
p. 279] and other minor notational changes.

A

With these properties ensured, we prove the existence of a unique solution and a corresponding

two-parameter evolution family.

Theorem 3.12:
The NACP (3.6), with the operators defined by (3.15) with D,, for p € (1,00) , the initial
condition f(s,-) = fs, and the conditions ensured by Lemma 3.11, has a unique classical solution

feC([s, T LX) N CH((s, T); LP(X))

given by f(t) = Psifs. Furthermore, f(t) € D(G(t)) holds for all t € (s,T], and (Pst)s<t is a
two-parameter evolution family of linear, bounded, and for t > s compact, operators on LP(X).

Theorem 3.12 and its proof due to the author have been published in [FKS20, Thm. A.3].

Proof. Lemma 3.11 ensures that we can apply the results from [Tan97] that we use in the
following. The results from [Tan97, Chap. 6] that use more abstract results from Acquistapace

and Terreni [AT86, AT87] give the existence of a unique solution f to (3.6) [Tan97, Thm. 6.6]
and a corresponding two-parameter family of solution operators (Ps;)s<¢-

e The fact that the function f is a classical solution [Tan97, Def. 6.1]
f € O([s,T); LP(X)) N CH (s, T); LP (X))

and that f(t) € D(G(t)) = D), for t € (s, T follows directly from [Tan97, Thm. 6.6].
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e From [Tan97, Thm. 6.5] follows that for all ¢ > s the solution is given by f(t) = Psf(s)

with the two-parameter solution family (Ps+)s<t.

e For ¢t > s the operator Py, is compact on LP(X). The result [Tan97, Thm. 6.6], specifi-
cally, the property Ps.f € D, for f € LP(X), gives that the operator Py, : LP(X) — D,
with D, € W2P(X) is a bounded linear operator from LP(X) to W2P(X). The Rellich—
Kondrachov embedding theorem [AF03, Thm. 6.3] states that W?2P(X) is compactly em-
bedded in LP(X). Thus, Ps; is a compact operator on LP(X), because it maps bounded
sets in LP(X) to bounded sets in W2P(X) which are relatively compact in LP(X).

Theorem 3.13 also uses results from [Tan97] and deals with the case p = 1.

Theorem 3.13:
(a) For t > s the non-autonomous abstract Cauchy problem (3.6) with the operators defined

by (3.15) has a unique solution f € C([s,T], L}(X))NC*((s, T]; L* (X)) that is given on L (X)
by Psifs = f(t) € D(G(t)). Furthermore, the transfer operators Ps; satisfy
Pr,tps,r = Ps,t fOT s<r<t,

and there is a constant C > 0 such that

C
10ePs il rer,ory = |G Ps el oy < fort>s.

“t—s

(b) The operators Psy : LY(X) — LY(X) are compact for every t > s.

Proof. A proof can be found in [FK17, Lem. 30]. O

Additional Regularity

Due to the common and time-independent domain D, of all G(t), we can derive a higher regu-

larity for the the solution f, if the initial condition is more regular than simply LP(X).
Theorem 3.14 and its proof due to the author have been published in [FKS20, Thm. A.4].

Theorem 3.14:
Consider the same assumptions as in Theorem 3.12.

(a) It holds that t — f(t) = Ps+fs € C([s,T);Dp)) N C([s,T);X) if and only if it holds
that fs € Dy and G(s)fs € LP(X).

(b) The regularity f € C([s,T]; W™P(X)) implies Hélder continuity in space for every time-
slice, specifically, f(t,-) € C*(X) for all a such that 0 < o < m — %, with uniformly (in t)
bounded Holder norm.

(c) Furthermore, f € C([s, T]); W?P(X)) for 0 < 2 — % implies f € C([s,T] x X).

Note that, Lemma 3.11 shows that (L1) is satisfied. We have seen above that (P1) and (L1)
imply (L2). Finally, (L1) and (C2) imply (L3).
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Proof.

(a)

This equivalence follows from Theorem 3.10, [Lun95, Cor. 6.1.9 (iv)], with the common
domain D, = D(G(t)) € W*P(X) of the family of unbounded operators (G(t))tejo.7) in the
Banach space LP(X). The domain D, is dense in LP(X), and the resulting two-parameter

evolution family is (Ps¢)s<t.

For every t € [s,T] we have f(¢,-) € W™P(X). From the Sobolev embedding theorem [AF03,
Thm. 4.12] (Morrey’s inequality) follows that the space WP (X) is continuously embedded
in C"(X) with 0 < o < m — % — r for locally Lipschitz domains X C R? [AF03, 4.10
& 4.11]. Here C"t*(X) denotes the space of r-times continuously differentiable functions
whose 7-th derivative is a € (0,1) Holder continuous. We only need r = 0. Thus, there
exists a K > 0 such that

[ullce < Kljullwm.

for all w € W™P(X). This estimate together with the regularity f € C([s,T]; W™P(X))
implies that there is a constant independent of ¢ for the continuous embedding for (f());es 7]
into C*(X).

We consider a function f € C([s, T]; W?P?(X)). Part (b) gives f(t,-) € C*(X) for all t € [s, T
with0<a<2— %. Together with part (a), this implies

sup || f(t,)llce < K sup [[f(t )lw2r <M <oco.
te[s,T] tels,T)

This immediately implies f € C([s,T]; C(X)) which is equivalent to f € C([s,T] x X);
see [GGZ74, Lem. IV.2.1]. Let us briefly show the direction of the last statement that we
need. For f € C([s,T]; C(X)) we have

[ (tny ) = f(t @) < N f (b ) = f () oo + [f (8 20) = f(t2)] 77220

O]

Theorem 3.14 is used in the proof of Theorem 3.21 which is concerned with the regularity of

eigenfunctions of the augmented generator G; see (3.21).

Remark 20:

e The general theory of semigroups and mild solutions to PDEs has produced some ap-
proaches for non-linear problems as well; see [Paz83, Chap. 6 & 8] and [CLT71].

e There is an alternative solution theory for PDEs leading to variational solutions that deals
with linear, autonomous and non-linear, non-autonomous systems equally well; see for
example [Zei90a] and [Zei90b]. One disadvantage of the variational theory is that there
are usually no explicit formulas like (3.9) for the solution, because the solutions are often

obtained by limits of (Galerkin or Petrov—Galerkin) discretization schemes.

A
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3.4 The Generator Approach and Augmentation

Autonomous Flows
In Chapter 2 and Section 3.1 we have seen that the evolution of densities for autonomous
systems is given by a semigroup of transfer operators (P;);>o and that the semigroup can be
characterized equivalently by its infinitesimal generator G. The advantage is that the generator
is a single time-independent object while the corresponding semigroup depends on the time span
of the evolution. Therefore, we want to use the infinitesimal generator G of (P;):>0 and related
objects, its eigendata, namely pairs of eigenvalues and eigenfunctions, to analyze transport in
the original dynamical system. In [FJK13] and [Koll1] the authors used the relation between a
Cy semigroup and its infinitesimal generator to develop the generator approach for escape rates;
Definition 2.9.

Let us recall the main objects for the non-deterministic autonomous setting. Starting from a
stochastic differential equation

dXt = U(Xt)dt + Eth X() ~ f()

with reflecting boundary conditions, the evolution of the initial density fy is given by the Fokker—
Planck equation

2

: €
Ouf(t,2) = —diva (v(2) f(t,2)) + 5 Au f(E,2) = (Gf (2, ) (2)
with homogeneous Neumann boundary condition

of B

The solution operators for this problem, (P¢)i>0, form a Cp semigroup of bounded operators
on LP(X) for p € [1,00). Analogously to Section 3.2, this induces an abstract Cauchy problem

at) _ _
T -crw 10 = fo

with the operator G : D(G) — LP(X). The unbounded operator G also corresponds to the
infinitesimal generator of the semigroup, intuitively P; = €!“. The spectrum of the generator
and the spectrum of a transfer operator P, are related by a spectral mapping property (Thm. 3.5).

Theorem 3.15 from [FJK13, Thm. 3.5] connects the escape rate (Def. 2.9) of the support of
an eigenfunction to the corresponding eigenvalue.

Theorem 3.15:
Suppose that Gf = pf for some real p < 0 and f € L>®(X), then

1
~liminf - log Py, (Xo € A Xy € AL Xy € AT) = E(AT) < —tu

k—o00
with AT = {x € X| & f(z) > 0} being the positive respectively negative support of f.

Proof. A proof has been published in [FJK13, Thm. 3.5]. O
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Remark 21:

e The condition f € L>°(X) is satisfied, because eigenfunctions of G have enough regularity,
specifically, f € D(G) = D, = W?P(X) — L>(X) for p > ¢ [AF03, Chap. 4.

e Discrete approximations of the generator and other related topics are discussed in [Kolll,
Chap. 5], [FJK13, Sec. 4], and Section 4.1.

A

The spectral mapping property in Theorem 3.5 suggests that the generator or its spectrum
contains all necessary information for the whole evolution. The solution family (Ps¢)s<; for
the non-autonomous problem is a two-parameter evolution family and not a semigroup. The
evolution family does not have an infinitesimal generator on LP(X). Non-autonomous dynamical
systems in R¢ can be augmented in time to obtain an autonomous system in R**t! where the ad-
ditional dimension corresponds to the evolution of time. Applying this idea to non-autonomous
abstract Cauchy problems and evolution families leads to evolution semigroups. These evolu-
tion semigroups have an infinitesimal generator. This approach is useful, but it also introduces
additional complexity. We proceed by briefly discussing the concept of evolution semigroups,
before introducing augmentation and focusing on the augmented generator.

Evolution Semigroups in the Autonomous Case

We can consider autonomous problems as special cases of non-autonomous ones with G(t) = G
constant. If the evolution family (U(t,s))s<+ does not depend on the initial time s and only
depends on the time span ¢ — s, then the definition S(t) := U(s1 + t,s1) = U(s2 + t, s2) makes
sense, and (S(t))i>0 is a semigroup due to the properties of the evolution family (Def. 3.8).
Furthermore, G is the infinitesimal generator of this semigroup. Analogously U(t,s) := S(t —s)
gives an evolution family due to the properties of the semigroup (S(t))¢>o.

There is another way of constructing a semigroup from an evolution family. Let us first
consider the autonomous setting. Following [CL99, Sec. 2.2] and starting with a Cjy semi-
group (S(t)):>0 acting on a separable Banach space V, there are three different ways to aug-
ment the abstract Cauchy problem that lead to an evolution semigroup. We can augment on
the whole line R [CL99, Sec. 2.2.2] by

(B°0)f)(s) =S f(s —t) feLP(RV),

on the half-line R>o [CL99, Sec. 2.2.3] by

B (s) = ST E T2t Ry,
0 ift>s>0

and periodically on 75! [CL99, Sec. 2.2.1], for a chosen period 7 € R~q, by
(E™(t)f)(s) := S(t)f(s —t mod 1) f € LP(rSH;V).

Now (E*(t));, for 4 € {0,+,7}, is a semigroup acting on LP(R, V), LP(Rxq, V) or LP(rS', V),
respectively.
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Remark 22:

These evolution semigroups can be considered as a product of two commuting semigroups.
Let (T*(t)); denote the right translation semigroup, with the generator —% on Dy ( — %), and
let (S(t)): denote the multiplication semigroup

with the generator G, such that (Gf)(s) = Gf(s). Then the evolution semigroup (E*(t)),,
for 4 € {0,+, 7} can be represented as

This perspective can be useful and has been investigated in [EN0O0, Sec. VI.9] and [Sch99]. In
particular, [AGG'86, Chap. A-1.3.7] investigates the generators of product semigroups. A

The infinitesimal generator of (E*(t));, for 4 € {0, +, 7}, is given by the closure of

(C1)(s), (GFF)(s), (@ )5) 1= - f(5) + GF(5),
with its corresponding domain

D) =D( - ) nDEG). DG =D (- L)nDEG). DE)=D.(-)DE).
ds ds ds

For details we refer the reader to [CL99, pp. 38,42,48] and [AGGT86, Sec. A-1.3.7]. We note that
the involved semigroups can exhibit different properties on different spaces and domains [ENO0O].
For most intents and purposes, we can consider —d% + G to be the generator of the evolution
semigroup. Even in the autonomous setting, the identification of the generator of the evolution
semigroup and its domain is harder than in the Cj semigroup setting. In [CL99, Sec. 2.2] the au-
thors investigate the spectral properties of GY, G* and G™ and provide spectral mapping results.
These spectral mapping properties are useful to relate eigendata of the generator to the eigendata
of the evolution semigroup (E*(t));, for 4 € {0,+,7}, and the original semigroup (S(t)):>0-

Evolution Semigroups in the Non-Autonomous Case

Let us now look at the non-autonomous setting. Starting with a two-parameter evolution fam-
ily (U(t,s))s<¢ acting on a separable Banach space V, we can again define evolution semi-
groups (E*(t)), for ¢ € {0,+,7}, for the three cases following [CL99, Chap. 3].

(B°(6)f)(s) :=U(s,s —t)f(s — 1),

(EHO)(s) = U(s,s—t)f(s—1) ?fs >t,
0 ift>s>0,

(E"(t)f)(s) ==U(s,s—t)f(s—t mod 7). (3.17)

In the non-autonomous setting, [CL99] only considers EY and ET. The families (E°(t));
and (E*(t)); are Cp semigroups [CL99, Prop. 3.11] whose generators G and G+ with their
domains are characterized in [CL99, Thm. 3.12]. Furthermore, the spectra of G° and G are
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characterized and spectral mapping properties are proven in [CL99, Thm. 3.13 & Thm. 3.22,
Prop. 3.21]. However, we are interested in the periodic augmentation in the non-autonomous
setting. Therefore, the brief digression into evolution semigroups ends here. Section 3.4 pro-
vides a sufficient characterization of the generator and a spectral mapping property. We refer
to [CL99] for a more detailed investigation of E° and E*.

Remark 23:

e In the non-autonomous setting, the translation T ,,’ (t) generated by —% and the action of
the evolution family do not commute. Therefore, E*(t) should be viewed as a multiplicative

perturbation of the translation T/¥(t).

e We focused on the LP spaces for p € [1,00) here. In [CL99] the authors also simultaneously
provide analogue results for the case when the semigroups are considered on the C spaces

of continuous functions.

A

In Section 3.5.2 we provide a spectral mapping property for the periodically augmented non-

autonomous case.

Augmentation

A non-autonomous dynamical system can be transformed into an augmented autonomous system
by introducing an additional variable 6 that plays the role of time. The velocity field is also
augmented to accommodate the evolution of 6 which evolves with constant velocity 1. This

increases the overall dimension of the system by one.

2(t) = v(t, o(t)) 2UEmMAON o (py = (ig) = v(z(t)) = ( ! > .

We denote objects from the augmented setting with bold symbols. Recall that applying this
augmentation idea to the stochastic differential equation with the reflected velocity field v,

see (2.25) in Section 2.5, and reflecting boundary conditions leads to

dfy = 1dt
) . ) (3.18)
dXt = @(Gt, Xt)dt + Eth

on the reflected space-time domain X := 78! x X, with 7 := 27. Note that (Wt)tzo is a
standard Wiener process in R? that is not constructed by reflection in time. Furthermore, we

define augmented versions of X, v, €, and W,

X, =0, X)), o(x):=1,00,2) forx=(02)eX, e:= Opx1 O1xa )
Odx1  €laxa

Here, W is a d + 1 dimensional standard Wiener process. The augmented versions are again
denoted by bold symbols. This results in the augmented stochastic differential equation

dXt = Q}(Xt)dt + Eth . (319)
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This problem lives on the space-time cylinder X that is visualized for d = 1 in Figure 3.1.

Figure 3.1: Space-time manifold for the periodic augmentation.

Remark 24:

e This augmentation turns linear systems into non-linear systems that are still affine-linear.
The extra dimension may increase the numerical effort significantly. The results and
insights gained from the augmented system often require non-trivial work to be transferred
back to the original system.

e From the space-time perspective the SDE (3.19) is degenerate, because there is by defini-

tion of e effectively no noise in the time dimension.

A

The augmentation is independent of the reflection done in Section 2.5. We focus on the
augmented reflected setting, but the naturally periodic or autonomous setting can be treated
analogously by skipping the reflection step and using v instead of .

The Augmented Reflected Generator

The first paragraph of this section was concerned with autonomous problems and the time-
asymptotic perspective on coherence. To extend the generator approach to non-autonomous
systems, we use augmentation. We focus on the reflected problem here because the naturally
periodic problem can be treated analogously. To access finite-time properties with the arguments
of the generator approach, we use the reflection in time introduced in Section 2.5.

Considering the time-periodic version of problem (2.27) with © on 75! x X, we can state a
Fokker-Planck equation on the space-time domain X. To avoid confusion with the (new) state
variable 0 that is simulating the time from the non-autonomous setting, we denote the time-
dependence of the evolution of the augmented objects with a subscript ¢, namely, f; : X >R
for all t > 0. The augmented Fokker—Planck equation is

2
O fi(m) = —divg (() fi(2)) + As (2 ft(cc)) . (3.20)

By definition of e, there is no diffusion in the 6 direction. Therefore, the right hand side does
not induce an elliptic or even a hypo-elliptic differential operator. Nevertheless, we can consider

this Fokker—Planck equation as a linear operator differential equation on the space LP(X). The
right-hand side is given by (3.21), the augmented generator G : D(G) c LP(X) — LP(X).
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The connection of G and (3.20) in terms of the original non-autonomous dynamics is given by

(Gf)(m) = —0a f(0,2) + (G(O) £(0,-))(x)
2 (3.21)

= —0p£(0,7) — div, (6(0,2)£(0,2)) + %Amf(e, z).

Here G(0) is the time-6 differential operator of the Fokker-Planck equation on [0, 7], specifically,
it is the right-hand side operator of (2.27) at time § € 7S'. The augmented Fokker-Planck

equation (3.20) on the augmented space-time manifold is given by

O f: = Gf on ((0,T)U (T, 7)) x X,

Oft _ 0on ((0,T)U(T,7)) x X . S

on
The second equation is the augmented adaptation of the homogeneous Neumann boundary
conditions.
Remark 25:

e Additional conditions such as the periodicity in 6 and the boundary conditions from (3.22)
are integrated into the domain of G, as is common in semigroup theory. The domain D(é)
can be used to impose continuity conditions in 6 at 0,7, 7.

e Similarly to the paragraph on evolution equations and non-autonomous abstract Cauchy

problems the choice for the domain D(G) is important and not trivial. An exact charac-

terization of this domain is rather difficult. However, it is non-empty since
{feLP(X)]|0— f0,) e CHrSY LP(X)), f(6,-) € D(G(H)) for all § € 7S} c D(G).

Furthermore, the results discussed in the paragraph about evolution semigroups suggest

that, with D(G(t)) = D), constant in time, the domain can be thought of as

D(G) = (DT <_je) mDp) C LP(1S' x X).

This is not completely correct, because we would have to consider the domain of the
induced multiplication semigroup. For details we refer to [EN00, Sec. VI.9.b, Par 111.4.13].

e For the results presented in this thesis, we do not require a well-posed augmented Fokker—
Planck initial-boundary value problem. We use the operator G and its relation to the
transfer operator family ﬁs,t, s < t, of the non-autonomous dynamics. The next para-
graph addresses the augmented evolution problem and gives references for more detailed
investigations and additional results.

e Any non-constant solution f : (¢,0,z) — fi(6,x) to (3.22) has the input variables ¢, 6
and x. However, f may have different regularity properties with respect to each variable.
In Section 3.5 we focus on eigenfunctions of G that are by nature constant in ¢, but
not necessarily constant in 6. The regularity in different variables is important for the

derivation of coherent families.

A
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The Augmented Evolution Problem

From [CL99] we know that the augmented generator G and the augmented reflected genera-
tor G with suitable domains generate Cy semigroups. Recalling Section 3.1 we may expect that
there is a well-posed abstract Cauchy problem, or more specifically a partial differential initial-
boundary problem, that corresponds to the evolution semigroup. Identifying an underlying PDE
problem can be difficult regardless whether we consider augmentation on R, R>q or periodically
on 78'. The augmentation introduces the new boundaries and a different larger space for ini-
tial conditions. Ideally, we would like to take any initial condition f from D(G) or LP(X), or
from D(QR) or LP(X), respectively, and evolve it with the evolution semigroup. However, the
desired connection to the original non-autonomous abstract Cauchy problem raises the question
if an initial condition f should correspond to a full time evolution f(0,:) = (U(0,0)f)se(o,r]
for some f € LP(X). Note that the augmented stochastic differential equation (3.18) relates to
evolving the non-autonomous SDE (2.5) from any initial time s by setting y = s. In an anal-
ogous manner, the augmented Fokker—Planck equation (3.22) with initial condition fy evolves
every initial condition fy(s,-), s € [0,7), by the non-autonomous reflected Fokker—Planck equa-
tion (2.27). Here (fo(s,-))s can be thought of as a configuration of initial conditions. More
precisely, with Theorem 3.12 and (3.17) follows:

Ji(0 +t mod 7, 2) = (etéfo) (0 +t,2) = Pogss(fo(0,2)). (3.23)

for the evolution of (3.22).

Remark 26:
At this point the reader might ask about the different structure in the variables, namely, the
representation in (3.23) differs from (3.17). Following (3.17) directly, it would be

£.(0,7) = (&G‘ f0> (0,2) = Po_ro(fo(0 — t mod 7,)) .

Evaluating the evolution semigroup action at 6 + t instead of 6 gives our notation (3.23). We
consider the same action, but our point of evaluation and our perspective are different. A

We do not need to formulate or solve a well-posed abstract Cauchy problem in the augmented
setting. We only need the augmented reflected generator G and its relation to (Ps.t)s<t-

In the terminology of semigroup theory [CL99, ENO0O], the solution operators of (3.22), here
formally denoted by (eté)tzo, form an evolution semigroup, also called Howland semigroup, and
it is given by (3.23). Informally, the action of eté, in the context of 759,9“, can be described
as follows. On the left-hand side of (3.23), e!C takes the initial configuration fo on all of X
and evolves the entire configuration for the time duration ¢, to obtain f;. The result is then
evaluated at the (0 +¢ mod 7) fiber. The (0 +¢ mod 7) fiber of f; corresponds to the 6 fiber
of fo evolved for time ¢ due to the constant drift in the 6 variable, —0p; see (3.21). The fact
that equation (3.23) indeed gives the solutions to (3.22), is a consequence of [CL99, Thm. 6.20]
adapted to the concatenation of the forward and backward evolutions described by the reflected
system (2.27). As we do not require a result of this generality, we omit the details. For our
purposes it is sufficient to consider the special case, where fy = f is an eigenfunction of G.

Section 3.5 establishes a connections between the spectrum of the augmented reflected gener-
ator G and the singular values of the transfer operators, (Ps.t)s<t-
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3.5 Coherent Families from the Augmented Generator

In this section we connect the augmented and reflected objects introduced above to the original
dynamics (2.21) and to our measures for coherence (Sec. 2.4). Therefore, we prove a spectral
mapping theorem for the augmented reflected process (Thm. 3.19), and we prove a bound for the
finite-time coherence of a family of sets (A¢).c[o,-]- The family and its bound are induced by the
eigenpairs of the augmented generator corresponding to a reflected non-autonomous advection-
diffusion process (Thm. 3.21). To achieve this we build on the discrete-time theory from [Frol3]
and the periodic continuous-time theory from [FK17], and extend the idea from [FJK13] to
finite-time coherence for aperiodic flows.

3.5.1 The Periodic Case

Let us first summarize some results from [FK17] regarding the infinite-time perspective on
coherence. We recall the augmented Fokker—Planck equation for a T-periodic vector field v and

obtain

0,f (1) = ~diva(0(@)£(t,2)) + 5 Ase?F(1,2) = G (1. 2)

and the augmented generator G. The original non-autonomous version (2.21)
1
O f(t,z) = —divy(v(t,z) f(t,z)) + iAxesQf(t,a:)

has a solution family (Ps;)s<¢ of Perron-Frobenius operators. Theorem 3.16 connect the Lya-
punov exponent with the spectrum of P,s; and with the escape rate (Def. 2.9) of a family of

sets.

Theorem 3.16:

1. Assume that f € L*(X) N L®(X) with [y fdA =0, and that the families (AF)i>s, given
by AF := {£P,,f > 0} are sufficiently nice [FK17, Def. 17], then

. 1
E((AF)is) < ~Lyapy(f) = —limsup - —log [Py, |11 -

t—00 - S

2. For every s,t € TS' we have

1 1
L = —log |Aa(Ps.s = Zlog |\ (P 7
f=f§lfa§(/\=0 yaps(f) T 08 [X2(Psss7)] T 0og [A2(Pri+7)|

where A2(-) denotes the second largest eigenvalue of the argument. The maximizer of the
left hand side is the eigenfunction fo of Ps sy corresponding to the eigenvalue \z.

Proof. The first part can be found in [FK17, Thm. 19] and the second part can be found in [FK17,
Prop. 20]. O

The second part shows that the Lyapunov exponent is independent of the starting time.
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3 A Space-Time Generator Approach

The Augmented Generator and Coherence
For a time-periodic velocity field v with period 7', it was shown in [FK17] that the families of
sets

A; = {f(@, ) > 0} and A; = {f(@, ) < 0}

have an escape rate of at most Re(u2). Here uo is the first non-trivial eigenvalue of G and
the sets Aét are induced by the corresponding eigenfunction f, Gf = usf, of the augmented
generator.

Recall that, for the time-asymptotic perspective, we measure coherence using escape rates. In
order to relate the augmented generator and its eigendata to escape rates, we use the following
spectral mapping property [FK17, Lem. 22]

F(s+tmod T, ) =e Py 11 f(s,). (3.24)

This result also follows from the more general result for the aperiodic setting (Thm. 3.19). The
following result from [FK17, Thm. 23] gives the desired relation.

Theorem 3.17:
For every s € TS' we have

max Lyap,(f) = Re(u2(G
[ L, () = Re(s(@)
with pa(G) being the first subdominant eigenvalue of G. The s-dependent maximizer of the
left-hand side is f = f(s,-) where f is the corresponding eigenfunction of G.

Proof. The proof can be found in [FK17, Thm. 23]. O

Next, we investigate the general spectral structure of G.

Complex Eigenvalues
This paragraph follows [FK17, Rem. 24]. The augmented generator has two different types of
complex eigenvalues that have different origins and meanings. One type that contains relevant
information about the dynamics is discussed in this paragraph. The discussion of the other
type, the companion eigenvalues, is postponed to Section 4.1, because it is more important for
numerical approximations.

If there is po(G) = p € C\R, then there exists a § > 0 such that e’* € R. Fort = s+kd, k € N,
we obtain

Poifs = =9 f = Pong, (3.25)

using the spectral mapping property (3.24). Since P, is a Markov operator, it maps real-valued
functions to real-valued functions. Hence (3.25) holds for the real part Re(f) and the imaginary
part Im(f) of fs and f; respectively. The mapping ¢ — ||Ps.g| ;1 is monotonically decreasing,
because P, is non-expansive. Together with (3.25) follows p = Lyap,(Re(f)) = Lyap,(Im(f)).
For p = o + Bi, with o, 8 € R, follows

PsRe(fs) = Re(e!t3) f,) = et=5) (cos(B(t — s))Re(f;) — sin(B(t — s))Tm(f;) . (3.26)
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3 A Space-Time Generator Approach

To obtain a coherent family in the sense of Theorem 3.17, we may consider the positive or
negative support of the real or imaginary parts. In particular, the real part of fs returns to a
real function f; at some later time ¢ = %“, where ( is independent of the driving period T'. The

induced coherent family is periodic if and only if T" and Irr%?u) are rationally dependent, otherwise

the family is quasi-periodic. Next, we show that the choice Re(f) represents one phase from a
cycle of period %’T Since Re(fs) and Im(fs) have the Lyapunov exponent p, any complex linear
combination of these functions also has the Lyapunov exponent p. Thus, for every ¥ € [0, 27)
the function (s, z) — Re(e? fs(x)) yields a coherent family and ) acts as a phase for the family.
With the same evolution rule as in (3.26) we obtain

zPs’thz? _ Re(eiﬁ—hu(t—s)ft) )

Remark 27:

e A similar analysis for complex eigenvalues and phases has been done for the discrete case
in [FGTQ14].

e This type of complex eigenvalue has been investigated numerically in [FK17, Sec. 7].

A

Another type of complex eigenvalue of G, the companion eigenvalues, where the complex
eigenvalue does not contain any additional information about the underlying dynamics is inves-
tigated in Chapter 4.

3.5.2 The Aperiodic Case

In the context of non-autonomous, finite-time, stochastic dynamics and coherence, the notion
of escape rate is not adequate. Thus, we consider the coherence ratio (Def. 3.18) of a family
of sets. For an aperiodic velocity field v we quantify the coherence of families (Afc)te[oﬂ us-
ing Definition 3.18 and construct coherent families with an associated coherence bound using
Theorem 3.21.

Definition 3.18: Coherence Ratio

Let (At)icio,m) be a family of measurable sets. We denote the law of the process (Xt)ic(o,m) gener-
ated by the SDE (2.5) initialized with the uniform distribution Xo ~ A, on X, where A,, denotes
the normalized Lebesgue measure on the bounded domain X, by Pp, . For Ay (Ag) > 0 we define
the coherence ratio of the family (At)ico,1) as

oo (Ad)seoim) = -2 (“teff({fj eAd). (3.27)

In [FK17, App. A.6] the authors showed that the quantity (3.27) is well-defined for a family
of sets, if this family has sufficient regularity. This regularity property is called sufficiently nice
in [FK17, Def. 17]. In [FKS20] an alternative approach was used to discard this requirement.
Lemma 3.20 shows that the eigenfunctions inherently possess additional regularity in our setting.
Theorem 3.21 below shows that this additional regularity is sufficient to prove the desired results.
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3 A Space-Time Generator Approach

A Spectral Mapping Property

The following theorem can be obtained from (3.23) by observing that an eigenpair (u, f) of G
induces a solution to (3.22) by f; = e*' f. To emphasize the connection between the augmented
reflected generator G' and the non-autonomous dynamical system, we take a different approach
for the proof. Remember that for the aperiodic setting on [0, 7’| the reflected dynamics on [0, 27
are extended and augmented 7-periodically, with 7 = 2T

Theorem 3.19:
(1) Consider the family (Pst)s<t on LP(X) for p € (1,00). Let f be an eigenfunction of G
corresponding to the eigenvalue p € C, namely, éf =uf. Then

~

Ps,s-l—tf(sa ) = elﬂff(s +t mod 7, ) (328)

holds for all s € 7S* and t > 0.

(2) The result from (1) also holds for p = 1. Furthermore, if v is naturally T-periodic, then the
results hold analogously without the reflection for G on T'S' instead Ofé on 7S*.

Theorem 3.19 and its proof due to the author have been published in [FKS20, Prop. 4.2].

Proof. The proof of (3.28) uses ideas from [FK17]. First, we ensure the existence of a unique
solution with a certain regularity on [0, 7] and [T, 7] using Theorem 3.12. We consider the orig-
inal problem (2.21) on [0,7] and the reflected, shifted, time-reversed problem (2.27) on [T, 2T].
By construction of 750,7 in Section 2.5, Theorem 3.12 guarantees that for any initial condi-
tion fp € LP(X) with p € (1,00) there exists a unique function f with the regularity

fec(o,7:L7(X)),  floa € CH(O, T LX), flrm € CH((T,7); LP(X))

and the properties

flo,r) solves (2.21),  flir,5 solves (2.27), f(t) = 755,tf(8) , s,t €[0,7] with s < ¢.

Furthermore, f(t) € D(G(t)) holds for all t € (0, 7].

(1) We can proceed similar to [FK17, Lem. 22]. Let u € C and f € D(Q) with Gf = uf.
According to the construction above (3.21) we know

uf(0,-) = (Gf)(0,-) = =0 f(6,-) + G(O)£(6,")
and this implies, using (3.22), for all § € 75\ {0, 7}
9 f(0,) = (G(O) — )£ (0. (3.29)
Now 759,0+t is the evolution operator to the evolution equation
dpu(0) = G(O)u(0).

Thus, the function e Py o, f(6,-) solves (3.29) uniquely and Theorem 3.12 guarantees
continuity in #. Therefore, we can connect the eigenfunctions of the augmented reflected
generator G with the evolution given by 753,8,“ for all s, as stated in the claim.
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3 A Space-Time Generator Approach

(2) Asstated in Theorem 3.13 the case p = 1 can also be treated with results from [Tan97]. Using
Theorem 3.13 instead of Theorem 3.12 in the arguments above gives the claim of part (1)
for p = 1. Furthermore, if v is already T-periodic we consider Py 7 and the augmented
generator G instead of G. The general arguments used above do not require reflection and
thus hold analogously in the naturally periodic setting as well. See [FK17] for a detailed
proof for the periodic setting with p = 1.

Remark 28:

e The arguments and results of Theorem 3.19 hold in the periodic case as well. However,
the chosen measure of coherence, to which we can relate the eigendata, is different, see
Section 3.5.1 and [FK17, Sec. 6].

e Note that Theorem 3.9 ensures that for every initial condition f; € D(G(s)) the solu-
tion 755,3+th = f(t) is a continuous mapping in ¢ to the domain of the operator G(s + t),
namely D(G(s + t)) = D, := {f € W*P(X) % = 0 on OX}. Theorem 3.14 further gives
for each eigenfunction f that f : 6 — f(6,-) € C(rS*;D,) and that f € C(X). This
regularity is utilized in the proof of Theorem 3.21 below.

Lemma 3.20:
Let f be an eigenfunction of G considered on LP(X ) forp > d. Then f € C([0, 7] x X).

Lemma 3.20 and its proof due to the author have been published in [FKS20, Cor. A.5].

Proof. From the spectral mapping result Theorem 3.19, it follows for an eigenfunction f of G
that
750,tf(07 ) = eﬂtf(t mod T, ) .

Additionally, Theorem 3.12 implies the regularity e*’”ﬁoﬁ £(0,-) = (0,
(7

) ) D(G(7)). Now the
claimed regularity follows from Theorem 3.14 (a) and (c) with D(G(7)) =

O]

Let p be an eigenvalue of G corresponding to an eigenfunction f, meaning Gf = uf. Now
Theorem 3.19 gives for s = 0 and t = 7 = 27 the spectral mapping type result:

Porf(0,-) = el f(r, ). (3.30)

Equation (3.30) connects the eigenvalues and eigenfunctions of the evolution operator 755,S+T to
the eigenvalues and eigenfunctions of the augmented reflected generator G. For every w there
must be a 0 < ¢ € R such that e#” = o2, because 750,7 = 750,27’ = ngTPQT is a compact,
self-adjoint, and positive operator. This implies the equality

N

0<o=()2 = ((e"T)2)z = BT ((cos(Im(p)T) + i sin(Im () T))?) (3.31)

Equation 3.31 further implies that Im(u) = 2’” = %7 for some k € Z.
The argument above shows that the type of complex eigenvalues discussed at the end of
Section 3.5.1 cannot appear in the augmented reflected setting.
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3 A Space-Time Generator Approach

Figure 3.2 visualizes a family of sets Uee[o,r]{‘g} x Ag on the space-time cylinder X = 751 x X.
Furthermore, it shows how the augmented reflected dynamic is related to the original dynamic
on [0, 7.

Figure 3.2: Augmented set A = U {0} x Ay, space-time cylinder X = 75" x X.
0€[0,7]

Main Results

Theorem 3.21 connects the coherence ratio pa, in (3.27) of the family of sets (A¢):cior de-
fined by the positive or the negative support of an eigenfunction f of G to the corresponding
eigenvalue p < 0. The probability of a trajectory remaining in a family of sets constructed
from the positive or negative spatial support of f decays no faster than the rate given by the
corresponding eigenvalue u. This result extends similar results for autonomous systems in dis-
crete time [FS10] and continuous time [FJK13], and periodically driven dynamics in continuous

time [FK17] to general non-autonomous flows.

Theorem 3.21:
Let Gf = puf with p < 0 and ||f(T,-)||;1 = 2. Then for the family of sets (Ati)te[o,T} given
by AE := {£f(t,-) > 0} it holds that

et

1£(0, )| A(AT)

< PA. ((Ati)te[o,T]) ) (3.32)
where A(A) denotes the non-normalized Lebesque measure of the set A. In particular, eigen-

functions for eigenvalues u =~ 0 yield families of sets with high coherence ratio.

Proof. A proof can be found in [FKS20, Thm. 4.5]. Note that by Lemma 3.20 the eigenfunction f
is continuous on X. This regularity of f is used in the proof. O

The estimate in (3.32) compares two spectral aspects of the dynamics. The right hand side

Pa, (Necpo,r{ Xt € Ar})
Au(AO)

quantifies the probability of the process (X;);>o leaving from the family of sets (A;)i>0, and the
left hand side is a scaled measure of mixing, Section 2.4. The estimate (3.32) states that the
probability of escape is less than the mixing incurred over the same time duration.

The bound (3.32) is not intended to be sharp. In [FP09], the authors show that we could
optimize the level set cutoff to improve the coherence ratio py,, .
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3 A Space-Time Generator Approach

Theorem 3.22 generalizes Theorem 3.21 to give an estimate for functions that are finite linear
combinations of eigenfunctions.

Theorem 3.22:
For multiple eigenpairs G’fz =uifi,i=1,...)k € N, with up < ... < 3 <0, Theorem 3.21
holds for the finite linear combinations f = Zle a; fi with a; € R and p = g if

o +f¢(T,-)dAZO fori=1,... k. (3.33)
AT

Proof. A proof of Theorem 3.22 has been published in [FKS20, Prop. 4.6]. O

Theorem 3.22 is useful for the numerical example in Section 4.3. There, a sparse eigenbasis
approximation is computed for the six dominant eigenvectors of G to separate individual coher-
ent subdomains. This approximation includes a rotation which results in linear combinations of

eigenvectors. The algorithm used is also briefly introduced in Section 4.3.
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4 Numerical Aspects and Examples

In this chapter, we use Theorem 3.21 and Theorem 3.22 in two examples. Therefore, we need
to consider how to obtain a discrete approximation of the augmented reflected generator to
solve the discrete versions of the eigenproblem for the augmented reflected generator. First, we
provide a discretization for the Perron—Frobenius operator in the autonomous setting. Following
the defining relation for the infinitesimal generator (3.1), we then derive a discretization for
the infinitesimal generator. This approach is extended to the augmented generator on the
space-time manifold. We analyze some implications of the augmentation and its discretization.
Finally, we include the reflection and obtain a discretization method for the augmented reflected
generator. We illustrate the efficacy of the trajectory-free approach and its properties on two
standard examples. The numerical examples in Section 4.2 and Section 4.3 have been published
in [FKS20, Sec. 5.2 & 5.3] and are re-used and expanded upon here with permission of the
publisher and the authors. We may use the same symbol for the operators Ps; or generators
and their discretizations, if there is no risk of confusion.

4.1 Numerical Analysis for the Augmented Generator

As with many operators acting on or between infinite-dimensional spaces, there are different
ways to approximate an operator and related equations or eigenproblems. Generally, there are
interior and exterior approximation schemes [Zei90b, Chap. 34 & 35]. Since there are many
schemes with general convergence results for the operators or the associated eigendata derived
in different settings, the question arises as to whether some schemes are better suited for our
problems than others. In order to maintain the interpretability of the eigendata, we would like to
preserve certain properties of the transfer operators and their generators, like the Markov prop-
erty. Therefore, we discuss the so-called Ulam’s approach [Ula60] that uses piecewise constant
test and ansatz functions. Section 4.1.2 briefly discusses higher-order Markov approximations
and spectral approaches. This section is kept brief on purpose, because the numerical treat-
ment of the augmented reflected generator requires only the reflection in addition to the ideas
from [FJK13, FK17].

4.1.1 Ulam’s Approach

The basic idea of Ulam’s approach for the discretization Pgtlam of the transfer operator P;; for
fixed s,t € [0, T] with s < ¢, can be phrased as a generalized Petrov—Galerkin scheme

m n
ch PUM e, = (1, Poyp)vexy for =3 cah and o= cp;.
i=1 j=1
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4 Numerical Aspects and Examples

We use the convention (¢, f)v+xv = [x ¢ fdA for f € V = LP(X) and ¢; € V* = (LP(X))*
with A being the Lebesgue measure on RY. For Ulam’s approach let us consider a parti-
tion (B;),, m = n € N, of the state space X into measurable sets B; and choose the test
and ansatz functions as (normalized) indicator functions of that partition: ; := @]l B, = ¥;.
Note that unif(B;) denotes the uniform distribution over the measurable set B;. This leads to

the entries )
Ulam R . — .
(Ps,t )17] T A(BJ) /Bj PSJSOZ dA = ]P)Xsfvunif(Bj)(Xt € Bl) )

and Pgtlam : Vo =V, with V D V), :=span(p;)I"; and V* D W, := span(wj)?zl. For the choice
of spaces V = LP and V* = (LP)* and fixed n, the mapping 7, is the L2-orthogonal projection
onto the subspace V,,. This can be seen as a zeroth order discontinuous finite element method,
and it can also be considered a finite volume method.

Remark 29:

o Generalized (Petrov—) Galerkin schemes are used if an operator A maps from a Banach
space V toitself, A : V — V ortoitsdual, A : V — V* and there is second space W that
allows for a bilinear pairing (-, )wxy or (-, )wxy+. The cases W = V* and W =V are
the most common. For for recent advances in the field of discontinuous Petrov—Galerkin
schemes, we refer to [Hell9], and for an extended treatment of discontinuous Petrov—
Galerkin schemes, we refer the works [DG10, DG11, DGN12].

e A more detailed discussion, generalizations, like m # n, and applications of Ulam’s
method for transfer operators to extract coherent sets can be found in [FSM10], [Kolll,
Chap. 2.3 & 3] and [Denl7, Chap. 2 & 3|. Ulam’s approach for the deterministic transfer
operator P is very similar to the approach given here for Ps;. The deterministic case is
also covered in the references above.

e Generally, the partition elements B; of (B;)!'_; are assumed to be closed and bounded
with non-empty interior and to have piecewise smooth boundary. We choose the B; to be
cubes or boxes that are close to cubes so that the numerical diffusion is compatible with
isotropic diffusion.

A

Next we focus on the adaptation of this approach to the generator based on [Kolll, Chap. 5]
and [FJK13], the augmented generator for periodic problems based on [FK17] and the augmented
reflected generator for aperiodic flows based on [FKS20].

Ulam’s Approach for the Generator
The starting point for the adaptation in the case v(t,x) = v(x) is the relation between the
semigroup (P;)¢>0 and its infinitesimal generator G

P, f—

Py =€ and Gf:hmM for f € D(G).
tl0 t

The problem arises that indicator functions for a given partition (B;)!_; do not belong to the
domain of the generator D(G). In [Kolll, Chap. 5], the author circumvents this problem by
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exchanging the discretization and the limit process for the generator. In the autonomous and

deterministic setting this leads to

d
Gdet .= £PtUlam]t:0. (4.1)
There is no guarantee that discretization and limit processes are exchangeable. The semigroup
property Psir = Py Ps does not need to hold for the discretizations Pslﬂ?m #* PtUlam PSUlam. This
problem is not unique to Ulam’s approach. The derivation in [FK17, Sec. 7.2] describes the

entries of the matrix G4 as

ﬁB‘j) faB,ﬂaBj <U($)7 n]($)>ﬁ§d dAdil(w) i F ],

Gdet R
(Gn™)ij = 1 + d—1 C
~AB) faBi (v(x),ni(2))ga dA(2) t=17-

(4.2)

Here ()T denotes the non-negative part, (f)* := max{f,0}, A%~ denotes the surface measure,
and n;(x) denotes the outer normal unit vector on the boundary 0B; of the box Bj.

. Ni—yj
—

(a) The Ulam discretization of Ps; can be com- (b) The boxes B; and B; share the blue sur-

puted using Monte—Carlo methods, that is, uni- face. The outward unit normal vector point-
formly seeding an ensemble of points per box, ing from B; to B; is denoted by n;_,;. The
evolving the points using the dynamics, and an- entry (G4°%); ; denotes the instantaneous (out-
alyzing the resulting distribution for each en- flow) flux across the blue surface in the direc-
semble. tion n;_,;; see also [FK17, Sec. 2].

Figure 4.1

The Monte-Carlo computation for trajectories initialized in each set B; in the discretization
of P, is replaced by surface integrals over the boundaries of each B; to discretize the generator.
Figure 4.1 (b) and (4.2) show that only neighboring boxes are relevant. This leads to a sparse
matrix Gdet,

This approach includes numerical diffusion [FJK13, Rem. 4.6] and is the spatial part of a
finite volume upwind scheme [L.*02]. In the non-deterministic case with explicit diffusion, the
limit on the right hand side of (4.1) diverges, because Wiener processes lack (Lipschitz) regu-
larity [Fri75, Chap. 3]. The discretization (4.2) from the deterministic setting corresponds the
advective part —div,(vf) in the non-deterministic setting. The second component of the Ulam
discretization of the generator corresponds to diffusion, specifically to the term %Am f in the
Fokker—Planck equation (3.13). We consider

2
£ .
Gni= G + S0y =G+ G

for the non-deterministic case for a suitable and compatible discretization A,, of the Laplace
operator. A compatible discretization is given by the finite difference approximation of the
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n
Laplace operator using the centroids of the boxes B; with m, f = Z filp,
i=1

n
Anf=> > WBiNBy)2(fi — fi) | 1, (4.3)
i=1 i
A=Y(B;NB;)#0

where h(B; N Bj) is the edge length in the direction along which B; and B; are adjacent. This
approach may be modified to account for boundary conditions [Koll1, Sec. 5.4]. The matrix Gy,
can also be interpreted as a rate matrix for a finite-state Markov chain. It has an eigenvalue 0 and
its spectrum is confined to the left half of the complex plane. Furthermore, exp(tG,,) is similar,
in the matrix sense [Fisll, p. 160], to a column stochastic matrix. For details on the handling
of explicit diffusion and boundary conditions for the discretization of the generator see [Kolll,
Sec. 5.4 & 5.5]. In particular, [Kolll, Sec. 5.4 & 5.5] provide the relevant convergence results.

To adapt this approach to the non-autonomous setting we use the idea introduced in Chapter 3
of augmenting the system in time. Now we have to discretize the time-dimension and track the

relation to the original non-autonomous dynamics carefully.

Ulam for the Augmented Generator

As we have seen in Section 3.4, in particular (3.21), the time-component 6 differs in the aug-
mented generator G compared to the spatial components. Therefore, we carefully monitor the
f-dimension, and if necessary, treat it differently, when applying Ulam’s approach to the aug-
mented generator. This helps us to obtain the coherent families in the state space X. The
derivative in the augmented dimension % reduces to a simple backward difference [FJK13,
Cor. 4.5]. The 6 evolution is a rigid rotation of constant velocity 1. The entries which corre-
spond to rates between boxes that are adjacent in the temporal coordinate are given by 1/h,
where the periodic time-domain 75! is discretized into intervals of length A > 0. As before,
we split the parts G,(0) := GI°(0) + G, The entries in the d spatial dimensions of the
deterministic part are computed as in (4.2) from the rate of flux out of the hypercube faces by
numerical integration (d — 1 dimensional Gauss quadrature) of the component of the velocity
field normal to the face; see the expression for G3° in (4.2) and [FK17, Sec. 7.2]. Analogously to
the autonomous case, the diffusive part needs to be treated differently. There is only diffusion
in the d spatial dimensions, there is no diffusion in the # coordinate. The entries of the matrix
corresponding to diffusive dynamics are again computed from a finite difference approximation
of the Laplace operator. As we have seen earlier in Chapter 3 the periodic augmentation leads
to some special spectral structure. This leads to companion eigenvalues and is also reflected in

the numerics.

Companion Eigenvalues

Companion eigenmodes denote eigenmodes that are in some sense higher-order harmonics of
existing eigenmodes. These only differ in temporal modulation and more importantly encode
the same information as the original eigenmode. Let us first consider the analytical case before
discretization. After augmentation, the augmented generator in the periodic case has the time-

drift component % acting on 7-periodic functions which has the eigenfunction
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(0, ) = ¢(0) = exp (27”,/4;0)

for the eigenvalue 27m'§. Now if f is an eigenfunction of G for an eigenvalue u, then f is an
eigenfunction for the eigenvalue p — 271@'2. The fact that vy, is constant with respect to  and
the product rule imply

(G(F)Ye) 0, ) = (G(O)f(0,-) — pf(0,-))¢x(0) + £(0,-)(G(0)¢r(0) — Dotr(0))

k
= nf(0,)n(0) — 2mi— £(0, )yw(0). (4.4)
To investigate how this behaves with the chosen discretization scheme, let §;, denote the backward
difference operator (§,w)(t) = ““—=". We denote the time-slice for ¢ = 0, h,...7—h by w;. For

the Ulam discretization G of the augmented generator, consider an eigenvector w, Gw = pw,
that lives in discretized augmented space. Under the assumption that the eigenvector w is
sufficiently smooth in time and that time is sufficiently resolved, w; ~ w;_p,, each eigenpair (u, w)
of the discretized generator G has approximate companion pairs (1 — p®), ¢w) for k € Z,
where v = w1y, is understood as pointwise multiplication and 1 (t) = w**, which only varies in
time but not in space. For w = exp(27ri%) and p*) = % follows p*) — 2m§ for h — 0 and
the discrete analogue to (4.4)

1—w*

———wrpPx(t) (4.5)

(Go)(®) = (G(0) ~ n)or = vy — —

holds. If A is small and w; is sufficiently smooth in ¢, then v is close to being an eigenvector
for p — ,u(k), because w; ~ w;_p holds. For more details on the companion eigenvalues for the
Ulam-discretization, we refer to [FK17, Sec. 7.3] and [FKS20, Sec. 5.3].

Ulam for the Augmented Reflected Generator

For the augmented reflected generator G we can use Ulam’s approach for the generator as
well [FKS20, Sec. 5]. The reflected velocity field ¢ from (2.25) is substituted for the velocity
field v used in [FK17] and the methodology for the augmented generator of [FK17] is applied
to the augmented reflected generator. This is the approach taken in the numerical experiments
below. We note that for the augmented reflected generator all non-real eigenvalues have to be
companion eigenvalues (3.31).

Algorithm 1 summarizes the ideas introduced here to compute a discretization of the aug-
mented reflected generator. There are some short-cuts we can take when implementing this
algorithm. We can parallelize many computations (each box, each surface). Furthermore, we
can include the diffusion in the surface integral iteration if we keep rigorously track of the
dimensions and can distinguish purely in-time-slice spatial normal computations from others.
We can skip the steps 2,3 and 4 if we take & and (C;)*, as the input for Algorithm 1 and if
we can distinguish the different dimensions sufficiently. If v is time-independent, then we can
set Ny = 1, skip the steps 2,3,4, and use (4.2) for v and (B;)]"; to get the discretization G,
of the generator G. The approach and the algorithm are idealized to some degree, because in
reality we need to properly account for boundary conditions and the periodicity in time and
possibly other dimensions.
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Algorithm 1 Ulam Type Discretization of the Augmented Reflected Generator

: function DISCARGEN((B;)!_1,[0,T], N¢,v,¢€)
Construct the reflected velocity field ¢ according to (2.25).
Construct the augmented reflected velocity field © according to (3.18).
Construct a space-time partition (Ci)f\il, C; C 2TS' x X using the spatial partition

(Bi)iy, B; C X and the temporal granularity h = N%, M = N; - n.

5: Compute the entries (G9%');; according to (4.2) in the augmented setting using the
augmented reflected velocity field & and the space-time partition (C;)M,.

6: Compute the diffusion A,, for the spatial components using the spatial boxes (B;)}",
according to (4.3)

7 Assuming a specific ordering for the boxes, we can expand A, appropriately to GA‘}\}H
We combine Gy := G’ﬁ\i;t + é’%iff to add the appropriate diffusion to the correct entries
corresponding to purely spatial, in-time-slice surfaces.

8: return G M-

W o

To summarize, the Ulam discretization for the augmented reflected generator yields a matrix
that can be considered a rate matrix of a discrete, continuous-time Markov chain, with the states
corresponding to a partition of 27°S! x X into boxes (hypercubes or hyperrectangles) in R+,

Remark 30:

The computation of G%et (0), the discretization of the deterministic spatial parts, uses only the
outward-pointing velocity field values on the faces of the partition elements. For a slightly more
efficient implementation we could store the evaluations of the velocity field normal to hypercube
faces in both directions (not only in the outward-pointing direction), because of the reflected
structure of . The outward-pointing components would be used on the time-slice 6 € [0, 7],
while the inward-pointing components would be used on the time-slice 6, = 2T — 0 € (T,2T),
where they are outward-pointing because of the changing sign in (2.25). This would halve the
computational effort in evaluating the velocity field components normal to the hypercube faces.
However, the assembly of the generator matrices is relatively fast, and we have not tried to
optimize our implementation of Ulam’s method for the generator in this reflected setting. The
main contribution for the run-time comes from solving the eigenvalue problem for the sparse

but large and non-symmetric matrices G, G or G. A

In the computations performed in the next sections we approximate G numerically, compute
its dominant spectrum and associated eigenfunctions, and plot superlevel or sublevel sets of the

eigenfunctions.

4.1.2 Other Approaches

Higher-Order Approaches

As with many discretization methods, it is reasonable to ask whether there are appropriate
higher-order schemes that give better approximations. The transfer operator and its generator
can be discretized by higher-order test and ansatz functions ; = ¢; but the resulting operators
are no longer Markov operators [Kolll, Thm. 3.7]. If we want to preserve some properties for
interpretation, then we cannot simply apply higher-order finite element methods. In [DL91]
the authors use piecewise constant test functions but higher-order ansatz functions to preserve
the Markov property when discretizing the Perron—Frobenius operator for a fixed map in the
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deterministic setting. In [Thi20] the idea from [DL91] was combined with the ideas from [Koll1]
to investigate higher-order Markov approximations of the generator in the time-continuous,
autonomous setting, for both deterministic and stochastic dynamics.

The question of how this can be adapted to the augmented or the augmented reflected gener-

ator is still open.

Spectral Approaches

Instead of slowly increasing the regularity of the test or ansatz functions supported on small
disjoint or slightly overlapping areas of the state space, there is also the idea of spectral dis-
cretization using infinitely smooth functions that are supported on the whole state space. For
periodic problems this leads to the use of Fourier modes. For an introduction to spectral meth-
ods we refer to [Boy0Ol] and [Tre00]. This approach has been explored for the time-periodic
setting, which leads to an Ulam-spectral hybrid approach in [FK17, Sec. 7.4]. While working
on [FKS20] the authors also experimented with a Chebyshev approach for the time-dimension.
However, the non-smoothness in the reflection point posed challenges for the Chebyshev ap-
proach and further investigations were postponed in favor of other contributions. For spatially
periodic autonomous problems a purely spectral approach that leads to a smaller but dense
matrix is discussed in [FJK13, Sec. 4.3 & 4.4].

4.2 Example: The Forced Double Gyre Flow

Our first example is the periodically driven double gyre system [SLMO05]. This system has been a
standard example of transport in non-autonomous flows and has been investigated with respect
to finite-time coherent set in for example [FPG14]. We consider

7' (t) = —wAsin(n f(t, z)) cos(my) y'(t) = mAcos(mf(t,x)) sin(ﬂ'y)%(t,m) (4.6)

on the time interval [0,7] = [0,4] and on the spatial domain X = [0, 2] x [0, 1] with reflecting
boundary. The force f(t,z) = ysin(2rQt)z? + (1 — 2ysin(27t))z and the choice of parame-
ters A = 0.25, Q = 27, and v = 0.25 imply that the forcing period is 1. This system preserves
the Lebesgue measure.

The goal of this example is to show that the Ulam method for the augmented reflected
generator G reliably computes the singular functions and values of the transfer operator Py r.

The discretization of the augmented reflected generator G with a resolution of 40 x (100 x 50),
namely, 40, 100 and 50 for ¢, z and y, respectively, and noise intensity ¢ = 0.1 gives the non-
trivial dominant eigenvectors of G at time ¢ = 0 shown in Figure 4.2. In Table 4.1 the third,

pw1 |0 pa | —0.35061 || o7 | 1 o4 | 0.24599
w2 | —0.09033 || ps | —0.44766 || oo | 0.69674 || o5 | 0.16685
p3 | —0.34938 || pe | —0.45702 || o3 | 0.24720 || o¢ | 0.16072

Table 4.1: Eigenvalues pu of G ordered in ascending magnitude and corresponding approximate
singular values o, of Py according to (3.31).

fourth and sixth eigenvalues ordered in ascending magnitude and their eigenvectors (not shown)
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correspond to features that are similar to features that have also been detected in the time-
asymptotic setting in [FK17, Sec. 7.6]. In [FK17] these eigenfeatures are connected to complex
non-companion eigenvalues. We investigate the numerical aspects of companion eigenvalues
further in the context of the next example. These features become less coherent, specifically,
the real parts of their corresponding eigenvalues decrease compared to the other eigenvalues, as
the length T of the time interval increases. We revisit and expand this example in the context

0.02
. 0.8
0.01
. 0.6 0
’ 0.4 -0.01
-0.02
. 0.2
-0.03
0

) Second eigenvector. ) Fifth elgenvector

Figure 4.2: Time-slice ¢ = 0 of the second and fifth eigenvector of G for the double gyre flow.
This figure has been published in [FKS20, Fig. 2].

of optimal manipulation of these coherent families in Section 6.4.1. There we choose to target
the second eigenvalue to increase the left right separation and we choose to target the fifth
eigenvalue to decrease the coherence of the gyres.

4.3 Example: The Bickley Jet

In this second example we discretize the augmented reflected generator for a perturbed Bickley
Jet [RBBVT07]. The Bickley Jet is an idealized model of an atmospheric flow that has been
investigated with several approaches for coherence. The following model describes an idealized
zonal jet in a band around a fixed latitude, assuming incompressibility, on which two traveling
Rossby waves are superimposed. The stream function

U(t,z,y) = —UpL tanh (%) + Up L sech? < > ZA cos (kn(z — cut)) (4.7)

induces the velocity field v = (—%—‘5, %—i’). The parameters are chosen according to [RBBVT07].

The time unit is days and the length unit is Mm (1 Mm = 10m). We choose

co = 0.2050), c3 = 0.461U), Az = 0.1, Az = 0.3, re = 6.371,

for the speeds ¢, and the amplitudes A,, of the Rossby waves with r. being the Earth’s radius.
For the remaining parameters we choose

Uy = 5.4138, L=1.77, kn, = 2—”
Te
The state space is chosen to be X = .S x [~3, 3] which is periodic in the x direction, and the
time interval under consideration is [0, 7] = [0,9]. For good numerical tractability, we resolve
the reflected space-time manifold with a 108 x (120 x 36) grid that is spatially somewhat coarse.
This grid is uniform in space (120 x 36) which leads to square boxes needed for isotropic diffusion.
As in Section 4.2, we choose the noise strength € = 0.1.
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The system induced by ¥ is equipped with homogeneous Dirichlet boundary conditions on 0X
instead of homogeneous Neumann boundary conditions. As is known from operator theory for
partial differential equations, different boundary conditions lead to different spectral structures.
For this example, the generator now generates a semigroup of sub-Markovian operators and its
leading eigenvalue is strictly less than zero. We expect Theorem 3.21 to hold in the case of
Dirichlet boundary conditions, because empirically the spectrum of our operators only changes
slightly with the boundary conditions. There are more rigorous arguments. One possible theo-
retical justification would require us to close the open system by introducing an artificial external
state, then apply the Neumann theory to that system. Alternatively we could establish all the
relevant results leading up to Theorem 3.21 in the setting of homogeneous Dirichlet boundary

conditions. This is beyond the scope of this thesis and will be tackled in future work.

Remark 31:
Since the Bickley Jet was also investigated in [FK17], we want to emphasize that the computa-
tions in this section are different to those performed in [FK17, Sec. 7.6].

e Firstly, the Bickley Jet under investigation here is aperiodically driven, whereas the Bickley
Jet in [FK17, Sec. 7.6] is periodically driven.

e Secondly, we are interested in the finite-time evolution and properties. In contrast, in [FK17]
the authors are looking for time-asymptotic behaviour, specifically, functions that decay

at the slowest time-asymptotic (¢t — oco) rate under periodic driving.

e Despite considering the time span [0,9] as in [FK17], the finite-time investigation here is
different to the infinite-time question addressed in [FK17], even if we would consider a

periodically driven Bickley Jet.

A

Computational Results

We use and verify the relations for companion eigenvalues derived in Section 4.1.1. To accommo-
date for the appearance of non-real companion eigenvalues, we compute the N eigenvalues and
vectors of G with the smallest magnitude instead of largest real part using eigs(G,N,’SM’) in
Matlab. In Table 4.2, we find a gap after the first and after the sixth eigenvalue. Figure 4.3 shows

p1 | —0.02523 e | —0.29908 o1 | 0.79690 os | 0.06776
p2 | —0.21086 pr | —0.03534 — 0.350037 || o2 | 0.14990 o7 | —0.72750 + 0.006341
ps | —0.25710 pns | —0.03534 + 0.350037 || o3 | 0.09887 og | —0.72750 — 0.006341
pa | —0.25836 o | —0.39208 oq | 0.09776 o9 | 0.02934
ps | —0.29905 || pio | —0.21995 — 0.33451¢ || o5 | 0.06778 || 010 | —0.13695 4 0.018057

Table 4.2: Eigenvalues uj of G ordered in ascending magnitude and the corresponding approx-
imate singular values oy, of Py according to (3.31). The eigenvalues ur, us, ft10
correspond to companion modes. They do not induce real singular values o7, og, 019,
because the numerically computed companions (4.8) contain a bias induced by dis-
cretization; see (4.5) and [FK17, Sec. 7.3] for further details.

the eigenvectors corresponding to the dominant, specifically, smallest real part, six eigenvalues.

The first eigenvector that represents the quasistationary or conditionally invariant distribution,
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highlights parts of the domain that get pushed out of the region X. These parts are colored
in blue in Figure 4.3 (a). The parts of phase space that remain longest in X under the dy-
namics (4.7) with some additional diffusion are colored in red. This leakage effect is caused by
the outflow conditions. As mentioned above, this example is explorative, because the theory
introduced in Chapter 2 and 3 only considers reflecting and not outflow boundary conditions.
The second eigenvector indicates a separation of the upper and the lower part by the zonal
jet. The next four (the third to the sixth) eigenvectors show combinations of coherent vortices.
To investigate which elements of the spectrum of G contain genuinely new information about

e —— . —

) First elgenvector at initial time. (b) Second eigenvector at initial time.

r 0.04
002 ? - 0.02
0 0
0.02 . -0.02
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-0.04 -0.04
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) Third eigenvector at initial time. (d) Fourth elgenvector at initial time.
0.04
' rr
0
-0.02 -0.02
-2 -0.04 -0.04
10 15
(e) Fifth eigenvector at initial time. (f ) Sixth eigenvector at initial time.

Figure 4.3: Approximate leading eigenvectors of G computed from the Ulam discretization of
the reflected augmented generator with a 108 x (120 x 36) time-space resolution.
Recalling (3.30) we see that these are singular vectors of Py 7. This figure has been
published in [FKS20, Fig. 3].

the dynamics, we checked that the non-real eigenvalues of G from w7 to pso are all companion
eigenvalues equal to

_ =k
p—p® with % = 1Tw w = exp (27”'@) , P(t) = W (4.8)
T

for an eigenvalue 1 of G and a k € Z, as derived in (4.5) with the temporal grid spacing h > 0.
For the eigenpair (4, w), we expect companion eigenpairs of the form (u — pu®, wey,). To verify
this we computed the correlation of the companion eigenvectors

m(k) — <¢kwmawn>

4.9
[9xwnm 2wl (4.9)

as in [FK17, Sec. 7.5]. For instance, noting that u(*1) = 0.01015 4 0.34887i (h = 18/108) for
in Table 4.2, the eigenvalues u7, g ~ 1 — p= present themselves as potential companion
eigenvalues for ;. The small difference in the numerical values of u; — p7 or uy — ug and the
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shift p(&1), which is approximately 2.3 - 10~ in magnitude, is due to the fact that the first
eigenvector is not constant in time. It merely holds that w; =~ w;_p. Nonetheless, the non-real
eigenvalues 7 and pg are companion eigenvalues to pp. This is supported by the correlation for
the corresponding eigenvectors

<1/}ﬁ:1’w1, w7,8>R120436-108
[pr1w1]|2]|wr.s]|2

crg(£l) = = 0.84597 + 0.53312i, et g(£1)] = 0.9999 .

The correlation with other eigenfunctions n € {2,...,10}\{7,8} satisfies |c.(£1)| < 0.00323.
The arguments around (3.31) imply that every singular value of Py 7 must be real. Our numerical
computations strongly suggest that every complex eigenvalue within the first 50 eigenvalues is a
companion eigenvalue to a real eigenvalue with smaller magnitude. We do not show the results
here, because the correlations using (4.9) yield results similar to those stated in the special case
above and offer no additional insight beyond the example n = 7,8 above.

The space-time signatures of six coherent vortices in the Bickley flow are captured in the
leading six singular vectors shown in Figure 4.3. Note that only the initial time-slice is displayed.
To isolate these six vortices in the space-time manifold, we look for a sparse orthogonal basis
approximating a basis of the six-dimensional subspace of R08%(120x36) gnanned by the leading
six (space-time) eigenvectors shown in Figure 4.3. To find such a sparse approximating basis, we
applied the sparse eigenbasis approximation algorithm [FRS19, Alg. 3.1]. Theorem 3.22 gives in
principle a bound for the results obtained by linear combinations.

Sparse Eigenbasis Approximation

The sparse eigenbasis approximation (SEBA) from [FRS19] offers an alternative approach to
disentangling features from eigendata in the sense of spectral clustering. It aims to avoid typical
pitfalls of clustering and to take more of the original dynamics into account than other approaches
such as k-means. It performs a rotation R and imposes a sparsity condition (4.10). The rotation
is done such that an approximating basis of the space spanned by the input eigenvectors ( f,)fi Ky
is constructed.

)2, , such that span(f;)f2, ~ span(p:)'2, |

R[fklv-'-sz] ~ [Spkla'--v()pkz]

ka d
and Z Z |(¢s);] is minimal. (4.10)

i=ky j=1

SEBA
T (

Furthermore, SEBA offers some naturally motivated qualitative and quantitative criteria for
the extracted features that are well-suited to the case of coherent families derived from transfer
operators and its generators [FRS19, Sec. 2 & 4]. The Bickley Jet has also been investigated
in [FRS19, Sec. 5.1] combining the FEM discretization for the dynamic Laplacian from [FJ18]
with SEBA. The SEBA algorithm helps to clarify the structures obtained from the eigendata
also for the augmented reflected generator approach.
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(a) First vector of SEBA output. (b) Second vector of SEBA output.
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(c) Third vector of SEBA output. (d) Fourth vector of SEBA output.
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(e) Fifth vector of SEBA output. (f) Sixth vector of SEBA output.

Figure 4.4: Initial time-slices of space-time estimates of coherent sets extracted from the leading
six eigenvectors using SEBA. This figure has been published in [FKS20, Fig. 4].

Vortex Isolation

The six sparse basis vectors @i, £k = 1,...,6, shown in Figure 4.4 are obtained by applying
the SEBA algorithm to the leading six eigenvectors of G. Each of these SEBA vectors strongly
isolates and encodes a single vortex. Let us emphasize that the full space-time vectors are used
for the SEBA algorithm, but Figure 4.4 displays only the initial time-slice. In Figure 4.5 (a)
particles have been seeded inside the computed vortical feature of the sixth SEBA vector; see
Figure 4.4 (f). In particular, the particles have been seeded in the super-level set {¢(0,-) > 0.4}
after ¢, has been scaled to have maximum-norm 1. These particles are evolved forward in time
to visualize the coherence of the computed vortical feature. In addition to the deterministic
evolution shown in Figure 4.5 (b), we also visualize a stochastic evolution using the noise in-
tensity € = 0.1 in Figure 4.5 (c¢). The simulations use a fourth-order Runge-Kutta scheme
in the deterministic case and a fourth-order Runge-Kutta—Maruyama scheme in the stochastic
case with step size f = 75. Thus, Figure 4.5, (b) and (c), illustrates the coherence of the
single vortex in Figure 4.5 (a). Proposition 3.22 does not apply directly to the positive parts
of the ¢(0,-), the vortical features extracted by the SEBA algorithm, because the ¢(0,-),
for k = 1,...,6, do not exactly span the same subspace as the leading six eigenvectors of G.
Recall that the rotation R encodes linear combinations of the input eigenfunctions f; that result
in the SEBA features ¢y (0, ). It turns out that the hypotheses of Proposition 3.22 were satisfied
by these linear combinations with a slight modification: wherever the contributions (3.33) were
negative, the corresponding «; in (3.33) were set to zero. Any «; that was set to zero, was
very close to zero. The resulting linear combinations then satisfy the requirements of Propo-
sition 3.22, and thus yield coherent families. We do not show these slightly modified linear

combinations, because they are very close to the SEBA features in Figure 4.4.
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0 5 10 15 20 0

(a) Initial particles seeded in the gyre induced by (b) Final time configuration of the seeded particles
the sixth SEBA vector. evolved by the Bickley Jet flow.
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(c) Final time configuration of the particles evolved
by the Bickley Jet flow with noise ¢ = 0.1.

Figure 4.5: Illustration of a coherent set provided by SEBA applied to the leading numerical
eigenvectors. This figure has been published in [FKS20, Fig. 5].

Remark 32:

The augmented reflected generator approach can be used for experimental velocity data as
well. We applied the augmented reflected generator approach to velocity field data described
in [SSPT19]. The results are not shown, because they are qualitatively very similar to the
periodically driven double gyre. The Rayleigh-Bénard convection flow in [SSP*19] behaves
similar to a periodically driven double gyre with some noisy perturbation of the periodic forc-
ing f(t,x). Therefore, any experimental realization is a non-autonomous aperiodic system. It
might be worthwhile to explore this type of stochastic driving more intensively instead of simply

analyzing a realization as an aperiodic flow. A
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In Chapter 3, we introduced the augmented reflected generator approach to extract coherent
families. We investigated numerical aspects and examples in Chapter 4. Another topic of this
thesis is the optimal manipulation of coherent sets discussed in Chapter 6. For the optimiza-
tion, the regularity of the spectrum of the augmented reflected generator with respect to the
velocity field v will be crucial. Therefore, this chapter is concerned with the regularity of the
Perron-Frobenius operators P, ; and the Koopman operators K ¢, introduced in Chapter 2, with
respect to the velocity field v. The results of this chapter together with the spectral mapping
result Theorem 3.19 are used in Chapter 6 to linearize the dependence of eigenvalues of the
augmented reflected generator G on the velocity field v. Nevertheless, the continuous Fréchet
differentiability proven in Theorem 5.13 may be of interest for other applications and other areas
of mathematics as well.

There exists a general theory for the approximation of semigroups and the perturbation of
generators by bounded or closed operators originating from [Tro58] and [Kat13], also see [Paz83,
Chap. 3]. These powerful results are not applicable in our case, because we consider unbounded
perturbations of the non-elliptic operator G and the two-parameter evolution family Ps.¢. There-
fore, we prove the continuous Fréchet differentiability by other means, and thereby combine the
three areas of mathematics stochastic calculus, semigroup theory, and dynamical systems. In
contrast to the other chapters of this thesis that are concerned to some degree with coherent sets,
we allow for a space- and time-dependent diffusion coefficient o(¢,x) in this chapter, because
the differentiability results may be of broader interest in this more general setting.

The results, examples, figures and the general content presented in this chapter have been
published in [KLP19] and are re-used and expanded upon here with permission of the authors
and the publisher.

Remark 33:

e The smooth dependence of invariant measures has been investigated in specific cases. For
instance, Butterley and Liverani show in [BL07] the differentiability of Sinai-Ruelle-Bowen
measures corresponding to Anosov flows with respect to one-dimensional parameters. The
publication [BLO7] gives a report on the work that has been done previously on this field.

e We refer to [Ball4] for a survey on linear response results for deterministic stationary
systems. Results for non-deterministic systems arise in the context of random compositions
of maps [BRS20], or for stochastic ordinary and partial differential equations in the weak
topology [HM10]. The latter reference shows Gateaux type pointwise differentiability of
the transfer operators acting on smooth functions with respect to a real parameter, where
also the constant-in-space diffusion matrix can vary with the parameter. It belongs to
the class of approaches where functional-analytic tools are used to derive quantitative
perturbation results for transfer operators and their dominant eigenmodes [KL99, GG19].

A
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One important aspect of differential equations is the sensitivity of the solution with respect to
changes in the data. For the deterministic case, there exist classical results, for example [Hal80],
that deal with dependence on the initial data and the right hand side v. Some of these dependen-
cies have been investigated for non-deterministic systems, see for example [FGP10, AJKW17]
for Fréchet type dependencies on the initial data and [FLLT99, GM05, Mon13, DG14] for the
dependence of path functionals or their expectations with respect to changes in the velocity
field v. The paper [KLP19] and this chapter follow the ideas of [FLLT99], which provides a
Gateaux type dependence on the data. This is achieved in [FLLT99] by establishing the ex-
istence of directional derivatives with respect to the velocity field v. Before we prove Fréchet
type dependence of the transfer operators with respect to an additive change of velocity field v,
we are concerned with the path functional (5.1). In Theorem 5.5, we establish for a suitable
observable g the Fréchet derivative at u = 0 of the non-linear functional

gog(u) =E [g(X“) ‘ Xy = 3:] (5.1)

with respect to additive perturbations in w. In equation (5.1), X" denotes the solution of the
perturbed stochastic differential equation (5.3) below.

For convenience we recall from Chapter 2: We consider the probability space given by the base
set Q := C([0,T];RY) := {f : [0,T] — R?| f continuous}, a o-algebra F on €, and a probability
measure P on (€2, 7). We use a d-dimensional Wiener process W = (Wy, Fi).e(o,7) With respect
to P for a filtration (F3).ejo,r), with F; € F for every ¢ € [0,T], where W; is F;-measurable
for every ¢t € [0,T]. A measurable functional h acting on [0,7] x  is called adapted to the
filtration (F¢)iefo,7] if h(t, ) is Fy-measurable, for every ¢ € [0,T]. The drift b : [0,7] x R* — R?
and the diffusion matrix o : [0,7] x R — GL(R,d), the real invertible d x d matrices, are
adapted functions that satisfy Assumption 1 from Section 2.2. Assumption 1 states that o is
uniformly elliptic (A3), that b and o are uniformly Lipschitz continuous in z (A1), and that b
and o satisfy a growth condition (A2). With these assumptions, Theorem 2.4 shows that the
stochastic differential equation (SDE) with initial condition

dXt = b(t, Xt)dt + O'(t, Xt)th, X() =x (52)

admits a unique strong solution. We choose b for the velocity field here instead of v to better
distinguish it from the perturbation v and the space V introduced below.

For a fixed deterministic initial condition z € RY, the probability measure P* denotes the
conditioning of P to the subset of paths {f : [0, 7] — R?| f(0) = '} of €.

5.1 Stochastic Calculus

First we construct a Banach space V of admissible perturbations v € V. In this context
admissible means that the perturbed drift b + u satisfies the conditions of Theorem 2.4 such
that the perturbed SDE (5.3) has a unique solution and such that we can apply Girsanov’s
theorem (Thm. 5.2).
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Let us start with the following vector spaces of Borel measurable functions

C = {f:[o,:r] x RY - R" | 30 < L < oo such that |f;(t,y) — fi(t,2)| < Ly — z|

and |fi(ty)] < L+ [y, ¥ (6.9, (t,2) € 0, T < RY, 1< <}

and

D= {f: 0,7] x R — R™* | 30 < L < oo such that |f;(t,y) — fi;(t,2)] < Ly — 2|

and |fij(tay)| < L(l + |y‘)7 V(t,y),(t,z) € [OaT] X Rd7 1<:< n, 1 g] < k} .

The sets C and D contain the vector- and matrix-valued Borel measurable functions whose
entries satisfy a uniform Lipschitz condition (A1) and grow at most linearly (A2). In particular,
the drift b and diffusion o introduced earlier belong to C and D.

If the perturbation u belongs to C, then

aXi = [b(t, X{) + u(t, X{)|dt + o(t, Xi")dW, X§ ==, (5.3)

admits a unique strong solution X* according to Theorem 2.4. We denote the unique strong
solution of the unperturbed SDE (5.2) by X°.

Let E* denote the expectation operator with respect to P*, and let u** := P? o (X%)~! denote
the law of the solution to (5.3). We use E"* to denote the expectation with respect to p™*.
Using this notation, it follows that u%? is the law of the solution of the unperturbed SDE (5.2).

A function f : [0,T] x R — R? is u%-almost surely bounded if there exists some 0 < C' < oo
such that

P* (|f(s,XJ)| < C, Vs €[0,T]) =1 (5.4)

holds. Utilizing this notion we define the space
L®°(u%®) .= {f : [0,T] x RY - R4 | f satisfies (5.4) for some 0 < C' < oo}

and the norm

£l e o) = inf {C > 0] (5.4) holds}

for every f € L>®(u%®). In the following, we omit the dependence on the parameter u®* in
the notation for the norm and write || f||; . The space (L°°(u®*),|| - ||z) is a Banach space,
specifically, it is the space of essentially bounded measurable functions with respect to the
measure ;%7

The function space V := C N L>®(u®®) is equipped with the following norm:

||f||V = lnf{c >0 ‘ |fl(tay)| < Ca |fl(tvy) - fi(t7 Z)| < C|y - Z’)
for all 1 < i < n, for all (t,y,2) € [0,T] x R% x Rd}. (5.5)

Lemma 5.1 below proves that (V.|| - ||y/) is a Banach space.
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Lemma 5.1:
The linear space V := C N L>=(u%%) is closed and complete with respect to || - ||v, (5.5). There-
fore, (V|| - ||v) is a Banach space.

Lemma 5.1 and the parts (1) and (2) of the proof have been published in [KLP19, Lem. A.5].
The parts (3) and (4) have been added here.

Proof. We note that V' consists of all Borel measurable functions whose || - ||y-norm is finite.

(1) First, we show that |- ||y is a norm on V := CNL>(u%*). The linear growth condition (A2),
equation (2.9), is a weaker condition than the boundedness condition (5.4). The Lipschitz
continuity together with (5.4) ensures that any f € C N L>(u%?®) is bounded everywhere.
Thus, the Lipschitz continuity and boundedness conditions imply that ||f||yy = 0 if and
only if f is constant and equal to zero. Straightforward computations give that if f,g € V
then || f + gllv < ||fllv + |lgllv, and also that ||af|lv = || ||f|lv for all & € R.

(2) The space V is closed with respect to ||-||yy. Take a sequence (f,)nen C V that converges with
respect to ||-||y to some function f : [0, T] xR% — R<. Since f,, € V and since (|| fn— f||v )nen
by definition converges to zero, we have

Ifllv < [1fn = Fllv + [l fullv,  forallneN.

Both quantities on the right-hand side are finite for any n € N, so f € V and hence f is
Lipschitz continuous. Since L (u®®) contains discontinuous functions, it follows that V is
a normed vector space and a proper subset of L>(u%).

(3) As an intermediate step we prove the completeness of (C,| - ||¢c) using adaptations of the
arguments in (2) above. For brevity we neglect the measurable uniform dependence on t.
We equip the space

C={f:R'=>R3L>0: |f(z) - f(y)| < Llz — y| and | f(x)| < L1 +|a]), Yo,y € R}
of Lipschitz continuous functions that grow at most linearly with the norm
I fllc := inf {L > 0||f(z) = f(y)| < Llz —y| and |f()| < L1+ |z]), Yo,y € R} .

Note that || - [|c is equivalent to the Lipschitz-norm

[f(z) = f(y)]
[flle < fllLip == [f(0)] + sup =—————== < 2[[f]lc.
TH#Y |.7,‘ - y|
Consider a Cauchy sequence (fp)nen C C with respect to || - |l¢c. It is well-known that a
Cauchy sequence with respect to || - ||Lip of Lipschitz continuous functions (fy), converges

uniformly to a Lipschitz continuous limit f. It remains to show that f grows at most linearly.
The uniform convergence implies that there exists N1 € N such that

@) < [f (@) = fr(@)| + [ful@)] <1+ |fa ()] <14 Ly, (14 [2])

for all n > Nj. Therefore, f grows at most linearly and the space (C,| - ||¢) with the
norm || f||¢ is a Banach space.
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(4) We use a general abstract argument. The intersection Z := X NY of the two Banach
spaces (X, || - |lx) and (Y| - |ly), which can be embedded in a common locally convex
space F, is a Banach space with the canonical norm || - ||z := max{|| - ||x, || - ||y }; [Zei90a,
Prob. 23.14] or [GGZ74, Bem. 5.12]. We can embed C and L>(u%%) into a common locally
convex space E, for example a suitable space of distributions [H6r15] or Li. (u%*). Therefore,
the vector space V := L= (%) N C with the equivalent norms

[fllv = max{[[fllze, I fllc} and [[flv2 := [[fllzee + [ flle with [|fllv < [[fllve < 2[f]v,

is a Banach space.
O

Before we proceed with other results, we formulate an assumption that expands Assumption 1.

Assumption 4:
Consider the velocity field b and the diffusion o according to Assumption 1 and v € V.

(A4) It holds that
T
P* </ (‘as_l(bs + us)‘2 + ‘Us_lbs|2> (X9)ds < oo) =1. (5.6)
0

The condition (A4) can be derived from the assumptions (A1), (A2), and (A3), even under
the more general condition of locally Lipschitz drift and diffusion matrix. However, in [KLP19,
Lem. A.4] a proof is given for globally Lipschitz drift b, change of drift u, and diffusion o for the
sake of simplicity.

From now on, we only consider perturbations u € V.

Auxiliary Results
For an arbitrary but fixed starting position z € R% and a suitable observable g, we define the
non-linear functional ¢ : V' — R by

Pg(u) =B [g(X")] = E[g(X")[ X5 = 2] . (5.7)

The set of suitable observables g is specified below in Theorem 5.5 (C2). Furthermore, The-
orem 5.5 establishes that oy is a Fréchet differentiable map from (V| - [[v) to (R,|-[). Note
that g considers the whole path X*.

Theorem 5.2 below allows us to rephrase probabilistic objects involving the process X" in
terms of the law of the unperturbed process X°. Theorem 5.2 is adapted from [LS01, Sec. 7.6.4]
and is crucial for the steps leading to the differentiability of (5.7) with respect to u. In the
adaptation of Girsanov’s theorem from [KLP19, Thm. 2.4] stated below, the Wiener process W
is allowed to be of different dimension than the two diffusion processes £ and 7. An introduction
to Girsanov’s theorem and related concepts is given in [LS01].
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Theorem 5.2:
Let X C R?, and let ¢ = (&t Ft)ieo,r) and n = (, Ft)efo,r) be X-valued processes that satisfy

& = by(&)dt + oy (€)dWr, & = mo, (5.8)
dne = by(n)dt + o (n)dW, (5.9)

where W = (Wta]:t)te[o,T] 1s a k-dimensional Wiener process, ng is a Fo-measurable random
variable with IP’(Z?ZI |(m0)i] < 00) =1, b and b are measurable functions from [0,T] x X to R,
and o is a measurable function from [0,T] x X to R¥** such that the following assumptions are

Fulfilled:

(B1) The system of algebraic equations
or(y)a(y) = biy) — bi(y)

has a solution oy for all (t,y) € [0,T] x X.

(B2) The components of the functions (bi(-)):ejo,r), (Et(-))te[O,T], and (o¢(+))¢efo,r) are adapted
to the filtration (Fi)iepo,r) and satisfy (A1) and (A2), so that both (5.8) and (5.9) have
unique strong solutions & and n respectively.

(B3) It holds that .
P < / (Ej (010¢ )#br + b/ (o10] )#bt> (&)dt < oo) =1,
0

where (o0, )# denotes the pseudoinverse of the d x d matriz oo, .

Then, the law p¢ of & is absolutely continuous with respect to the law p, of n, and

du b 1 [t .
L) = ([ =0T o~ 5 [ =00 (0.0 )G~ b))
Ha | 7, 0 0
(5.10)
Proof. A proof of Girsanov’s theorem can be found in [LS01, Sec. 7.6.4]. O]

Remark 3/:

e Similar to the steps in [KLP19, Lem. A.4], the condition (B3) can be derived from
(B2) and (A3). Furthermore, with b;(X) = b(t, X;) follows that (bt)c(o,r) is adapted
to (Ft)ieo,r]- Thus Assumption 1 implies (B2). The same arguments hold for the per-
turbed drift b; := by + u; and the noise o. Finally, (B1) is satisfied as well, because we
assume o (¢, x) to be invertible for all (¢,z); see Assumption 1 (A3).

e The conditions (B1) and (B2) are symmetrical in b and b. The condition (B3) is not. The
other direction of (B3) is

P </T (l;;r(ata:)#l;t + b:(atag—)#bt) (n)dt < oo) =1. (5.11)
0

Replacing condition (B3) in Theorem 5.2 with (5.11) leads to the result that p,, is absolutely
continuous with respect to p¢ and gives a formula for Z%Z‘ 7 (£).

A
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In [KLP19] the authors prove the Fréchet differentiability of ¢7 on the infinite-dimensional
space of velocity fields driving the stochastic differential equations and the Fréchet differentia-
bility of the associated transfer operators in the strong norm topology, and consequently obtain
Fréchet differentiability of all simple and isolated eigenvalues.

A question that the paper [KLP19] does not investigate in detail is the dependence of the
transfer operators with respect to the diffusion matrix. The strategy in [KLP19] relies on Gir-
sanov’s formula (Thm. 5.2) to obtain an expression for the Radon-Nikodym derivative between
two path measures. This expression leads to sufficient estimates for computing the Fréchet
derivative. Girsanov’s formula is a fundamental result in the field of stochastic differential equa-
tions and applies in the case where the drift term is changed. To the best of our knowledge, no
analogous formula for changes of the diffusion term exists. This is, because the set of possible
changes that one can apply to the diffusion matrix while still obtaining a mutually absolutely
continuous path measure is severely constrained; see Example 1 below.

Example 1: Dependence on the Noise
Consider the simple case of a constant zero drift term b = 0 and the constant diffusion matrix

dXy =1 IgxqdWy .

In this case, the path measure is the Wiener measure on path space, which is a Gaussian measure.
If one scales the identity diffusion matrix by a constant whose absolute value is not 1, then the
resulting path measure is not mutually absolutely continuous with respect to Wiener measure;
see for example [Bog98, Ex. 2.7.4]. More specifically, the path measure for (Y;);c(o,7) given by

d}/f = (1 + E) - Ly adWy

with € > 0 has to be mutually singular to the path measure for (Xt)te[o,T]- Two non-negative
measures fi1, {2 on a measurable space (€2, F) are called mutually singular if there is a set A € F
such that pi(A) = p2(Q\A) = 0 [Sullb, Def. 2.23]. This singularity result is known as the
Feldman-Héjek theorem; see for example [Bog98, Thm. 2.7.2] or [Sull5, Thm. 2.51]. Thus,
there cannot exist a Radon—Nikodym derivative, and the approach we follow for changes of the
drift cannot be applied for such changes of the diffusion. Furthermore, the mutual singularity
implies that there are observables g such that the respective path functional does not change

continuously. &

We can re-write (5.10) from Girsanov’s formula with b = b+ u using the continuous semi-

martingale

t
M (X°) = / u' (oo ") (s, X2)dX?, (5.12)
0
and the associated quadratic variation process
t 2

(M"™) (X°) = / lo ™ u(s, X)| ds (5.13)

0

to arrive at (5.14) in Lemma 5.3 below.

Before we tackle our main result, we state two rather technical results [KLP19, Lem. 2.6 & 2.8].
The interested reader may find the proofs in [KLP19, App. A.2].
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Lemma 5.3:

The exponential martingale (Z*(X ))te[o 7] defined by

dluu,a:
ZH (X0) = 007 |,
t

= exp </OtuT(aaT) (s, X%)dx? — / o u(s, X2)| ds) (5.14)

(%) = exp (212(x7) = J0rx))

18 square integrable with respect to P*.
Proof. Lemma 5.3 and its proof have been published in [KLP19, App. A.2]. O

We choose (5.2) to correspond to (5.9) and (5.3) to correspond to (5.8), this gives that u, u®®
and z** in (5.14) correspond to b — b, tiy, and pie in (5.10), respectively.

The following result provides a sufficient bound for the series expansion of Z;* from above in
order to pass to the limit © — 0 for the differentiability result Theorem 5.5.

Lemma 5.4:
Under Assumption 1 and 4 with the definitions (5.12) and (5.13), the following estimate holds:

o n 2
1 1
RO« (Z ~ <]Mt“| + 2(M“>t> ) < 2C(exp ()\U\/ﬂ]uHLoo) -1- 2Aoﬁ|]u]]Lm)2

n=2

for 0 <t <T. Recall that \;! is the ellipticity constant from (A3) (2.10).

Proof. Lemma 5.4 and its proof have been published in [KLP19, App. A.2]. O

5.2 Fréchet Differentiability of the Path Functional

To prove the Fréchet differentiability of the non-linear functional g with respect to u, we propose
a linear operator (5.15) and show the required convergence which establishes the proposed
operator as the unique Fréchet derivative. To achieve this, we first shift all the u-dependence
to a new stochastic process Z* using Theorem 5.2, then we employ Lemma 5.3, and finally we
use the bound derived in Lemma 5.4 to pass to the limit. Theorem 5.5 and its proof have been
published in [KLP19, Thm. 3.1] and are presented here with the permission of the authors and
the publisher.

Theorem 5.5:
Let x € RY. Suppose that Assumption 1, (A1), (A2), and (A3), from Section 2.2 and therefore

Assumption 4, (A4), hold true. Furthermore, we assume that the following assumptions hold

true:
(C1) b:[0,T) x RT = R? and o : [0,T] x R = GL(R,d) are elements of C and D, respectively.
(C2) g:Q — R satisfies g € L*(u®%) N LY (u™®), for allu € V.

Then the Fréchet derivative of ¢y : V — R at 0 applied to direction u exists, and is given by

T
Dyl gy (u) = E [g(XO) /0 u' (oo ) (s, X0)dX0| = EO* [gMY]. (5.15)
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Before giving the proof, let us make two remarks. Firstly, we examine which observables g
satisfy condition (C2) above, and secondly, we introduce a special type of observable that is

important for the applications in Section 5.3 and Chapter 6.
Remark 35:

(a) From the definition of V in (5.5) follows that every u € V is continuous and almost surely

bounded on [0,7] x R?. Therefore, u is bounded everywhere. By reversing the roles of b
0,z

and b in Theorem 5.2, we obtain that p”* and pu™* are mutually locally equivalent; see
Remark 34. Thus, any g € L>®(u%*) satisfies (C2), because u%* and p™* are probability

measures, in particular they are finite.

(b) For the differentiability of the transfer operators in Section 5.3 and the optimization in
Chapter 6, we use special observables of the kind ¢ = § o m. Here § : R — R holds,
and 7; : Q — R? is the coordinate projection for some t € [0, T] given by m(X) = X;. We
use these snapshot observables, because we are interested in specific time horizons and not
the whole path. This leads to

ol = [ 0m 0P i = [ atw)d (wf7) ), (5.16)
where ﬂf denotes the push-forward by m;, more precisely ﬂf ple = u0% o ! The

push-forward of the path-measure p%® is the distribution of the process X° at time t.
With the transition kernel ko, introduced in Section 2.3 and recalled in (5.26) below, we
have ﬂfﬁ 122 (dy) = ko(w,y,0)dy. Following part (i) of this remark, the function g satisfies
the condition (C2) for any § € L®°(R? A), with A being the Lebesgue measure.

A

Proof of Theorem 5.5. Applying Theorem 5.2 yields the formula (5.14) for the Radon—Nikodym
derivative of u** with respect to u%*. The definition (5.7) of the map ¢ implies

g (u) — g (0) = E [¢ (X°) (2 (X°) = 1)] = E** [(Z} — 1)g] - (5.17)

In the last equality, we used the notation E*® to denote the expectation of functionals of X°,
or equivalently the expectation with respect to x%*. Lemma 5.3 implies the square integrability
of Z* with respect to u®=.

Next we prove that E®*[|Z% — 1 —M%\Q] converges to zero for ||ulr~ — 0. Using the
definition of Z%, the series expansion of the exponential, the triangle inequality, and the esti-
mate (a + b)? < 2(a? + b%), we get

00 2

3 % (M;ﬁ - ;<M“>T) n] (5.18)

n=2

1
|27 =1 = Mp|* < | S(M")7 +2

uniformly in w € Q.
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Lemma 5.4 implies the following estimate

o) n 2
E%* (Z 1. (IMT|+ (M")r ) ) < 20(exp(Ag VT flullr2) = 1 = 205 VT ] 1<)

n=2

CZ Z ; (22 Nt oo (5.19)

=4 ]k>2
j+k=¢

By the definition of (M*);(X°) and the ellipticity (2.10) of o (A3) follows the bound

r r 2r
((MU),(X0))" < (Ai ull? t) < (AU\/EHUHLOO) for all 7 > 1. (5.20)
With this bound we obtain

E% (|23 -1 M;ﬂ

VT ||u||Loo+2cZ 3 i'(n \F) 62, (5.21)

2
HUHLOO =4 §k>2
j+k=¢

l\D\»—\

where the right-hand side behaves like O(||u||? ), and hence decreases to zero as ||u||L decreases
to zero. Note that the parameter A\;v/T determines the convergence rate. Subtracting (5.15)
from (5.17) gives

g (u) — g (0) — EX* [gMF] = E™ [(Zf — 1~ Mf)g] . (5.22)

Applying the Cauchy—Schwarz inequality to (5.22) gives

1/2

2

() — 0 (0) — EO [gM o (B (123 -1 - g

[[uf| oo ]| 700
Finally, the bound (5.21) implies
B (12— 1 - M|
lim . =0, (5.24)
lull oo =0 [

which shows that the Fréchet derivative of ¢j at zero applied to u exists and is given by E%2[gMY].
The definition (5.5) of || - ||y implies ||u||p < ||u||y for w € V. Thus, the estimate (5.19) gives

EO% ||Z% — 1 — MY

im =0
[l —0 w2 ’

as desired. O

Remark 36: Differentiability everywhere

By a simple change of notation we could call the above “differentiation in § = b” instead
of “differentiation in f = 0” and denote X° by X? instead. We chose 0 here for simplicity
and for the interpretation of being unperturbed having our application in Chapter 6 in mind.
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The different notation would lead to the following representation of the Fréchet derivative

T
Do}, (u) =B {gm | v eeT ) e XXt < B . (529)
A

The following proposition shows that we have continuous Fréchet differentiability everywhere.

Proposition 5.6:
Suppose the assumptions of Theorem 5.5 hold for X° replaced by X°, then gM7 belongs to L2(ub®)
and the map b+ Dgpygls=p(-) is continuous in b.

The publication [KLP19, Prop. 3.4] gives a sketch for this proof that is expanded here.

Proof. Under the stated hypotheses, we use the same strategy as for the proof of Theorem 5.5
to show continuous Fréchet differentiability everywhere. Consider h such that b 4+ h satisfies
the assumptions of Theorem 5.5. As for equation (5.17), we replace the dependence on the
process X" with a new process Z". The assumptions (C1) and (C2) from Theorem 5.5 imply
that gM¥ belongs to L?(1%%). Formally, equation (5.17) can be summarized as

E"?lg] — E™*[g] = B¥*[(Z} — 1)g] .

With (5.25) and the arguments for (5.17), especially Girsanov’s theorem and the Radon—
Nikodym derivative therein, we compute

Doy syip (W) = Doy o, (u) = BT gM] — E**[gM]
’ T T
=[E* g(Xb+h)/ ’LLT(O'O'T)_I(S,X§+h)dX§+h:| —E* [g(Xb)/ uT(UUT)_l(s,Xg) ng}
0 0

T dub+h,m
= E* g(Xb)/ uT(JUT)_l(s,Xf)dX§< e - 1) (Xb)]
O 9y

—E° _g(Xb) /OT uT (oo ") (s, XP)dX? (Z{;(Xb) - 1)] = Eb® [(Z:ia . l)ngf,‘«} :

Analogously to the proof of Theorem 5.5 using Lemma 5.4 we get the bound

0o 2

s o] s (£ (o))

n=1

< C(exp(A VT |hl| =) — 1)

> 1
=Cy > m(zxgﬁyuhugm.

=2 jk>1
jHk=0

This bound implies E** [|Z%(X?) — 112] — 0 for |||y — 0. Using Cauchy-Schwarz we get

N[

1
B [(24 — 1)gMg| < B |24~ 1P| " EP [lgM3 ]

1
For fixed g, the term E** [|gM#[%]% can be bounded by a constant for all u with ||ul|f~ < 1.

This uniformity gives the claim. O
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Remark 37: Time-t-observables

For a fixed but arbitrary ¢t € [0,7T], we investigate the structure of the derivative (5.15) for the
snapshot observables g o m; introduced in Remark 35 (b). The Fi-measurability of m; implies
that g = § o my is also Fy-measurable. Analogously to the proof of Theorem 5.5 we derive

g(u) = E* [Q(X“)]:/gdu“"”" = /gdu“’mlft
Q Q
= U 0,z
= /Qth |,

/ 92 dp®*
Q

= E[g(X%) 2 (X)) =E" [g (x7) 2 (X7)] -

In the third equality and in the fifth equality we used that [gdu = [gdu|r, for any Fy-
measurable function g. This explicit time-dependence introduced by the projection gives the
following formula for the derivative

Dyl gy (u) = E” {9 (x?) /O T (o) (s, X0)dX0| = B [( o m) M.

The difference in the equation above with respect to (5.15) is that the observable § does not
depend on the entire path X° but only on its value at time ¢, and the It6 integral goes up to t
instead of up to T A

The results of Section 5.1 and Section 5.2 extend to the case where the SDE (5.2) is equipped
with normal reflecting boundary conditions for a sufficiently smooth and bounded domain X. The
reflecting boundary conditions are encoded by the local time process associated to the boundary.
We refer the interested reader to [RY99, Chapter IX, §2, Exercise 2.14] for a one-dimensional
example and to [Pill4, Thm. 2.4.1] for the general case. Girsanov’s formula describes the
Radon—Nikodym derivative of two mutually equivalent probability measures. The preceding
analysis transfers to the case of diffusion with reflection, because the boundary conditions are
invariant under changes between mutually equivalent probability measures.

For an interesting extension of this approach to the Fréchet differentiability of path functionals
we refer to [Lie21].

5.3 Fréchet Differentiability of Transfer Operators

In this section, we use the differentiability of the map u — ¢ (u) to prove continuous Fréchet
differentiability of the Perron-Frobenius operator Pp; and the Koopman operator Ko; with
respect to perturbations in the velocity field v. In the following, we take the perspective of v
being the unperturbed velocity and v + u being a perturbed velocity field and investigate the
behavior with respect to the perturbation u. Therefore Pp(u) denotes the solution operator
according to Theorem 2.6 corresponding to v + wu.

On a compact set X C R? with piecewise C* boundary, we consider the processes X° and X"
on X, governed by (5.2) and (5.3) with reflecting boundary conditions [Pill4]. In addition to
Assumptions 1 and 4, we assume o € C(@2+2) ([0, T]xX; R¥?) and v, u € C@H)([0, T xX; R%)

for some o > 0, such that we can use the results from [Fri75, Fri08, Tan97] and from Section 2.3.
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The choice u € C(*1%2)([0,T] x X;R?) implies v € V. With [Jully < |[u] g@i+a) follows that
the space C(@1+9) ([0, T] x X;R?) can be continuously embedded in V, C(®1+®) < V. Further-
more, with Lemma 5.1 and the arguments at the end of the proof of Theorem 5.5 around (5.24)
follows that u +— g (u) is continuously Fréchet differentiable from O+ ([0, T x X; R?) to R.
Intuitively, we require u to be in a smaller Banach subspace of V' with a smaller and compatible
topology, C(O"1+O‘)([0, T] x X;R?) « V. Therefore, we have to consider fewer sequences for the
limit process for differentiability. In [KLP19], the authors choose slightly stronger assumptions
for convenience.

Following Remark 35 and fixing the initial time to be 0, the process X" at time ¢, X}*, corre-
sponding to v+ u, has the distribution p;"" := ﬂf w® ) with 71'# being the push-forward operator
associated with the coordinate projection map m;. With the assumption above, the distribu-
tion is absolutely continuous with respect to the Lebesgue measure A on X. The respective
density ko is given by

mi e (dy) =: " (dy) = ko(x,y,u) dy,

(5.26)
ko : (t,z,y,u) = kog(z,y,u), [0,T] x X x X xV = R.

This follows from adapting the arguments of Theorem 2.7 to account for the dependence on u
and from Lemma 5.7. We refer to [KLP19, App. B] for more details. The absolute continuity
of the transition kernel k, Section 2.3, is proven in the next result from [KLP19, App. B.1].

Lemma 5.7:
For any sufficiently small € > 0 there exists a constant K < oo such that for every w that
satisfies ||u|lyv < e, and for every z,y € X,

kot(z,y,u) < K. (5.27)
In particular, kot(-,-,u) € L*(A ® A) holds, and f € L*(A) implies f € L*(u"").
Proof. Lemma 5.7 has been proven in [KLP19, App. B.1]. O

The Perron-Frobenius operator Py :(u) and the Koopman operator Ko ¢(u) can be expressed

in terms of the common transition kernel
Poc)1) 0) = [ Foslepw)f@)de and (Kos(w)g) (0) = [ Folepulalv)dy - 629

for an initial density f € L*(A) and an observable g € L?(A) at initial time ¢ = 0; see (2.16) in
Section 2.3. By (5.7), the Koopman operator has the useful representation

(Kot(w)g) () = E[g(X{) | Xg = 2] = ¢ (u)

where we abuse the notation ¢¥(u) to denote ¢%, (u) if g € L?(A). At this point Theorem 5.5
implies pointwise differentiability of the mapping u — (Ko+(u)g) (z) for fixed = and g. The
following results lift this property to the operator level. Using the transition kernel, duality
arguments, and uniformity in x € X of the bounds, the Fréchet differentiability from Theorem 5.5
extends to the Perron—Frobenius operator and the Koopman operator. We prove the Fréchet
differentiability in the strong operator topology. Lemma 5.8 shows that the differentiability with
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respect to u holds uniformly in g and Lemma 5.9 shows that the differentiability with respect

to u holds uniformly in z. These intermediate results are combined in Theorem 5.10.

Lemma 5.8:
The operator u — (Ko+(uw)(+)) (), mapping from V to (L*(A))*, is Fréchet differentiable with
respect to u.

Lemma 5.8 and its proof due to the author have been published in [KLP19, Lem. 4.2].

Proof. To lift the pointwise result, Theorem 5.5, to the operator level, we use quantitative
bounds derived in the proof of Theorem 5.5. By Lemma 5.7, g € L?(A) implies g € L? (,ug’x),
and we have

Dt 5o (1) = BV [(g 0 m) M} (5.29)

for the derivative of ¢ at 0 applied to u. The equations (5.23) and (5.24) imply the existence
of the residual

rg(w) == gg(u) — ¢ (0) = Dyl 5_(u) (5.30)

with the property
|rg (u)]

lulle—0 [Julle

9

where ¢ =V or 4 = L™ (u**). The equations (5.29), (5.30), (5.22), (5.19), (5.16), (5.27), and
the Cauchy—-Schwarz inequality imply the existence of a constant C' independent of z, g and wu,
and a non-negative function g¢(u) independent of x and g such that

. —1/2
)] < Clgl 2 00y 30(w) < K [l 2 ay g (o) (5.31)

The function g¢ has the property
qe(u) _
lullo—0 [[ul|o

If we consider ¢g(u) and its derivative (5.29) as linear functionals on g € L?(M), that is,

¢y (W) : g = (Kou(w)g) (x) = (g, ko.e(, - u) r2(n) »
Dgply| g_g(w) = g =+ ¥ [(g o m) My

then we can use the following representation of the norm of the dual space L?(A)*

0.9) i1
Wy = sup 9 — gy L9 e
g#0  llgllz2ca) g#0  llgllzzea
geL?(A) geL?(A)

Dividing (5.30) by [|g|[z2(a), taking the supremum over all g # 0, and using (5.31), we obtain

- [l o - re '

With % — 0 for ||ul/¢ — O follows the claim. O
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The equations (5.18) and (5.19) give an explicit choice for g:

qe(u)? = (A vT)! IIUH¢+QCZ > ,k, (2AoVT) Jlully -

o= 4Jk>2
j+k=¢t

The derivative corresponding to the differentiability proven in Lemma 5.8 is given by
Dty | () = B [-M}] .

The uniformity of the bounds (5.31) and (5.32) with respect to = enables us to remove the
z-dependence of Lemma 5.8 in the following result.

Lemma 5.9:
The kernel k, more specifically, the mapping u +— ko(,-,u) from V to L*(A ® A), is Fréchet

differentiable with respect to u.

Lemma 5.9 and its proof due to the author have been published in [KLP19, Lem. 4.4].

Proof. Considering Lemma 5.8, we still need to get rid of the evaluation in x. Fortunately, all
relevant bounds are uniform in z. First, we use the Riesz isomorphism R [Cial3, Sec. 4.6] to
identify L?(A)* with L?(A), which leads to

R(Koyt(u)(-)(x)) = R(cpf)(u)) = ko(z, -, u). (5.33)
See Remark 38 for some more details. This further guarantees the existence of
Dgkoi(, -, B)|p=0(u) = R(Dﬁsﬂ%.)‘ﬁ:o(u)) .

The mapping u — Dgko ¢(z, -, B)|s=0(u), V — L?(A) is a linear and bounded operator. Since R
is a linear isomorphism, Lemma 5.8 and in particular (5.32) provide

Hko,t(337 '7“’) - kO,t(xa 70) - Dﬂk07t<x7 75)‘6 0 HL2(A) < CK 12 ( )

Finally, differentiability of u — ko¢(-,-,u), V — L?(A ® A), follows from

HkO,t('7'7u)_ko,t('v'ao) Dgho(- -, ‘5 0 )HL2(A®A)
, 1/2
</ Hk‘ot L, u kOt( ) Dﬂk(),t(:l:a'aB)‘BZ(](u)HLZ(A) d$>
< AX)2 CKW g ()]
and the fact that |(|1|’(” W50 as |u)g — O for 4 =V or 4 = L>=(u%%). O

Remark 38:
The Riesz representation R(¢) € H of a functional ¢ € H* on a Hilbert space H is uniquely
defined by

(R(€),uyppsxpm =4¥(u) forallue H .
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In particular, R is an isomorphism, a linear operator with |R(¢)||z = ||¢||g+. Therefore, equa-
tion (5.33) and

R(Kot(w)()(@)) = kot(z,u) and  R(Pos(u)(-)(y)) = kos(, v, )

hold true. The fact that the Riesz representation is indeed given by the transition kernel follows
from the arguments of Section 2.3. Note that the argument of the functional (Ko.(u)(-)) ()
is an L? function, and the argument of kot(x,-,u) is an element of R?. The same holds

for (Po.(u)(-)) (y) and ko,(-,y, u). A

The relation between the Perron-Frobenius operator and the kernel is given by (5.28). Now the
Fréchet differentiability of Py ;(u) with respect to the velocity field is an immediate consequence

of Lemma 5.9.

Theorem 5.10:
The mapping Pot : V — L(L*(A), L*(A)) that maps u € V to the Perron—Frobenius opera-
tor Po(u) is Fréchet differentiable.

Theorem 5.10 and its proof due to the author have been published in [KLP19, Thm. 4.5].
Proof. The mapping ko +(-, -, u) — Po+(u), L*(A® A) — L(L*(A), L*(A)) is linear. If this map-

ping is bounded, then it is continuously differentiable. We consider Pg(u) € L(L?(A), L2(A))
with the induced norm. By the Cauchy—Schwarz inequality we obtain

1Po,e(w) fll2(a)
20 I fllz2ay

L2(8)

1
2 3
=sup||f||74 /‘/k7x,y,uf:cda: dy
up| ||L2(A)(X [ koo, £ (2)
1

2
< s 1 (| Moo o1 )

1
2
= </X/X|k30,t(l‘vyau)|2dyd$> = ||ko4 (-, u)l L2 (aen) -

This gives the desired boundedness

I -1 .
_ iilgufuLQ(A)H /X Fou(, u) () da

1 Po.c(u)llLez2ay,r2a)) < lkot(s 5 w)llz2aga) -

Now, Lemma 5.9 and the chain rule for u — ko (-, -, u) — Po(u) imply the Fréchet differentia-
bility of Py ¢(u) with respect to u. O

The differentiability of the Koopman operator Ko :(u) can be proven analogously to Theo-
rem 5.10. Lemma 5.11 and Remark 39 below provide an alternative approach to prove the
Fréchet differentiability of the Koopman operator with respect to the velocity field.

85



5 Regularity

Lemma 5.11:

Let U, V,W and Z be arbitrary (real or complex) Banach spaces with their respective norms. Con-
sider a family of operators (A(z)).cz C L(U,V), a linear and bounded operator j : L(U, V) — W
and the mapped family (j(A(2)))zez. Now, if z +— A(z) is Fréchet differentiable, then the map-
ping z — j(A(z)) =: B(z) is Fréchet differentiable as well. The derivative satisfies

DzB|z:z0 = ] o (DZA|Z:ZO) .

Lemma 5.11, its proof and Remark 39 due to the author have been published in [KLP19,
App. A.1].

Proof. The claims follow from the chain rule for Fréchet derivatives and the rule for differenti-

ating linear operators. O

Remark 39:

More important than the proof are some special cases that we are interested in. For the linear
isometry j : A +— A" and W = L(V*,U*), Lemma 5.11 implies the Fréchet differentiability
of the adjoint family (A(2)*).cz. If in this special case the spaces U and V are also reflexive
spaces, then the reverse direction of Lemma 5.11 holds as well. A

Example 2 is an expansion of [KLP19, Ex. 1] and shows that a similar result to Theorem 5.10
cannot hold in the deterministic case in the same general setting.

Ezample 2: Discontinuous drift-dependence for deterministic dynamics

(1) Recall Section 2.1, let us consider the time-t solution map ®; of some deterministic dif-
ferential equation a/(t) = b(z(t)), and the time-t solution map ®§ of a slight perturba-
tion 2’(t) = be(z(t)) of the previous differential equation with ||b—b.|| < e. Let ®; and ®§ be
flows such that the associated Koopman operators (2.3) Ky : g — go®; and Kf : g — go ®F
are well-defined on L?(A), where A is the Lebesgue measure; see [LM94, Wal00] for de-
tails. For x with ®4(x) # ®(z), let us consider the function sequence (f,)nen given
by fn = A(A,)"/?1,, , where (A,)nen is a sequence of balls centered around ®;(x) such
that Ap1 C Ay, limy 00 NP A; = {P(x)} and || fn]| 2 = 1. As before 14 denotes the char-
acteristic function of a set A. Now, for some fixed ¢ > 0 and any € > 0 there exists N, € N
such that || Kifn — K fullp2a) > 1 for all n > N. € N.

(2) To make the above argument more explicit, we choose d = 1 and
b(x) := —x and be(x) :=—x+¢
with b. converging uniformly to b, ||b: — b||cc < e. This implies
O(z) =e'x, Dj(z) = (v—e)e +e, Kilg)(x) =gle '), Ki(g)(z)=g((z—e)e"+e)

and K; and K{ are well-defined operators on L?(A). Now, we choose t > 0 and x = 1
t

such that (1) # ®§(1) and Apy; == (e7'(1 — 55),e (1 + 5-)) with A(4n;) = <. For
the functions f,(z) := A(An,t)féllAm () and Ngy > ﬁ the functions K f,, + and K7 fi, ¢
have disjoint support.
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Now, we can compute
| Kt ot — KS frtllpe = 2¢* > 2

for all n > N¢;.

(3) The abstract argument (1) or the explicit example (2) show that K; cannot depend continu-
ously on the velocity field b in the strong operator norm. For all § > 0 there exists an € < §
such that

K — Killpze 2y = ”fﬁup | K f — K flle > 1K foe — K fallizy > 1,
r2=1

_1
cet—e"

for n € N sufficiently large, for example in (2), n > N.; >

&

Applying the duality arguments from Lemma 5.11 and Remark 39 to Example 2 shows that
the deterministic Perron—Frobenius operator P; cannot be Fréchet differentiable with respect to
the drift on L?(A). In the deterministic setting, the main reason for the non-continuous drift-
dependence is that K; and P;, t > 0, map functions with highly localized supports to functions
with highly localized supports. However, in non-deterministic systems driven by non-degenerate
noise the support of the initial conditions is spread everywhere by the noise in an arbitrary small
time span t > 0. This follows intuitively from the strict positivity of the transition kernel.

Remark 40:

There could be other function spaces where smooth drift-dependence holds in the deterministic
setting [Ball8]. However, these function spaces would require norms that penalize increasingly
localized densities [GL06, Thil2]. A

5.4 Extension to the Spectrum

The following classical result, Theorem 5.12, derived in [Rosb5| compactly presented in, for
example, [Klo19, Thm. 1] is based on the implicit function theorem. Theorem 5.12 enables us
to extend our results on Fréchet differentiable dependence to the eigenvalues and eigenfunctions

of the transfer operators.

Theorem 5.12:

Let V be an arbitrary Banach space. If Ay € L(V,V) has a simple and isolated eigenvalue \°
with an eigenfunction fO, then there is an open neighborhood N of Ao in L(V,V) such that
all A € N have a simple and isolated eigenvalue A\ close to \°. The map X\ : N =R, A \4
is analytic. There exists another analytic map f : N — V, A — f4 such that f2 is an
eigenfunction of A for \A.

Proof. See [Rosb5]. O

Under some conditions on the data, all non-zero eigenvalues of Py ;(u) and Ko () are isolated,
because these transfer operators are compact operators; see Theorem 3.12 or Theorem 2.6. The
fact that the space V equipped with the norm || - ||y defined in (5.5) is indeed a Banach space
(Lem. 5.1) is relevant for the next theorem.
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Theorem 5.13:

Let us assume that \° is a simple and isolated eigenvalue with eigenfunction fO of the unperturbed
linear and bounded operator Poy(0) that belongs to L(L*(A), L*(A)). There exists a neighbor-
hood U of the constant function 0 that is a subset of the Banach space (V,||-||v) (Lem. 5.1), such
that for all w € U the operators Py (u) have an isolated eigenvalue \* close to 0. Furthermore,
the mappings u — A% and u — f* (corresponding eigenfunction) are continuously Fréchet dif-
ferentiable. The eigenfunction map u — f% — which is unique only up to scaling — can be chosen
such that it is Fréchet differentiable.

An analogous result for the Koopman operator can be shown directly using similar arguments
or using Lemma 5.11. Theorem 5.13 and its proof due to the author have been published
in [KLP19, Thm. 5.1].

Proof. By the Fréchet differentiability of u +— Pp¢(u) from Theorem 5.10, we have
Pos(u) = Pos(0) + Qoslu),  with Qp(u) = O (Jullv) -

We consider Py ;(u) as an additive perturbation of Py(0) in the space L := L(L?*(A), L?(A)).
Using Theorem 5.12, we can deduce the existence of U C L, a neighborhood of Py;(0), and
mappings m; : Po(u) — A* and mg : Pos(u) — f* such that m; and mg are analytic
on U. By Theorem 5.10, h : u+ Py (u) is a continuously differentiable mapping. Thus, there
exists a neighborhood & C V of 0 such that the mappings ny = myoh : U — R,u — A
and ng =maoh : U — L*(A), u+s f* are continuously Fréchet differentiable. O

Remark 41:

e The Fréchet differentiability can be extended to the spectrum of the generator in the
autonomous case, the spectrum of the augmented generator in the non-autonomous peri-
odic case, and the spectrum of the augmented reflected generator in the non-autonomous

aperiodic case using the corresponding spectral mapping property.

e We have chosen the initial time to be 0 for better readability. A different initial time s € R,
with the time span [s, s + 7], would introduce additional and more complicated notation.
Nevertheless, the arguments of this chapter respect the time-dependence of v, u, b and o
and hold analogously for a different initial time s with ¢ > s. The result have been
derived in the non-autonomous setting. Therefore, also the operators Ps+(u) and Ks+(u)
are Fréchet differentiable of with respect to u.

e The results from Section 5.3 and Section 5.4 can be adapted to hold on the smaller
space O+ ([0, T] x X;R?) instead of V as well using the arguments introduced at
the beginning of Section 5.3.

A

To conclude this chapter, we briefly discuss two applications of the differentiability derived in

this chapter.
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Periodically Forced Systems

For non-autonomous periodically forced systems, where
v(t+T,)=v(t,"),ut+T,:)=u(t,-), and o(t+T,:)=o0o(t-),

hold for some 7" > 0, Theorem 5.13 shows that the ergodic averages of the type

1 t
g“(xz):=lim - | g(smod T,XY)ds, X§=u,

t—oo ¢ Jg

with g : [0,T) x X — R, are continuously Fréchet differentiable with respect to u. Let Py, ¢, (u)
denote the Perron—Frobenius operator corresponding to the perturbed SDE (5.3) evolving from
time #g to t1. Let (f{*);cjo,r) be the stationary family of densities satisfying Ps (u) f5' = f4,0q 7-
In particular, Ps sy (u) f = f& holds. Theorem 5.10 and Theorem 5.13 imply that the eigen-
functions are differentiable with respect to u. The process X" is irreducible due to non-
degenerate noise, Theorem 2.8. Therefore, the dominant eigenvalue 1 of P si7(u) is simple.
By Birkhoff’s individual ergodic theorem [Kre85]

// (s,y)f“(y) dyds

holds P*-almost surely for A-almost every x and g“(z) is continuously differentiable in w.

Adjoint Operators and Singular Values

By Theorem 5.10 and Remark 5.11 both Py¢(u) and Ko (u) are Fréchet differentiable with
respect to u. Therefore, also their concatenations Py ¢(u)Ko(u) and Kot(u)Po(u) are Fréchet
differentiable with respect to w. Furthermore, we have the differentiability of Py ;(u)*Po ¢ (u)
and Po (u)Po¢(u)*. Thus, the simple and isolated singular values and the right and left singular
vectors of Py (u) and Ko ¢(u) are also Fréchet differentiable with respect to u. As we have seen
in Chapter 2 and Chapter 3, the singular values of transfer operators are of particular interest
for non-autonomous systems, because they can be connected to finite-time persistent dynamical
structures, such as coherent sets.
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In Chapter 3, we constructed singular pairs of Py as eigenpairs of the augmented reflected
generator G. In this chapter, we want to optimally perturb the velocity field v to manipulate
coherent sets and mixing. Chapter 5 was concerned with the continuous Fréchet differentiability
of transfer operators and their spectra with respect to the velocity field v. Having established this
regularity we can now use it to formulate a locally valid optimization problem for changes in the
velocity field v to increase or decrease selected eigenvalues and singular values and thus increase
or decrease coherence for the induced coherent sets. This chapter is concerned with [FKS20,
Sec. 6 & 7]. Section 6.1 deals with a slightly more general setting, but starting from Section 6.2
we follow the specific setting and examples from [FKS20, Sec. 6 & 7]. The results, the examples,
the figures, and the general content of this chapter, with the exception of Section 6.1 and
Figure 6.1, have been published in [FKS20] and are re-used and expanded upon here with
permission of the authors and the publisher. Section 6.2 constructs an optimization problem
designed to manipulate a simple and isolated eigenvalue of the augmented reflected generator
and derives an explicit expression for the optimal time-dependent local perturbation of the
velocity field. Section 6.3 transfers the results of Section 6.2 from infinite dimensions to the
finite-dimensional numerical setting via discretization. Section 6.4 includes examples of the

reduction and enhancement of coherence.

6.1 Lagrange Multipliers in Banach Spaces

First, let us to briefly introduce the general theory of Lagrangian multipliers in Banach spaces
and apply it to general C semigroups, their generators and their spectra. For introductions and
references regarding Lagrangian multipliers in Banach spaces we refer to [Kur76, Lue69, TK08,
Donll, Bot13] and [Stel8]. For an extensive general introduction into linear and non-linear
optimization in infinite dimensions including Lagrangian multipliers see [Zei85]. The following
results are mainly from [Lue69] which partially even deals with normed possibly non-complete
vector spaces. The necessary conditions in Theorem 6.3 are considered local theory [Lue69,
Chap. 9], and, assuming convexity, the sufficient conditions in Theorem 6.4 are considered global
theory [Lue69, Chap. 8].

The Problem
The main problem under consideration for Lagrangian multipliers is usually concerned with a
continuously differentiable objective functional ¢ and constraints of the form

min c(u)

ueV (6.1)
s.t. h(u) =0or g(u) <p 0.
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Here ¢ : V — R is a real valued functional defined on a Banach space (V,|| - ||v). Further-
more, h,g : V — W map from the Banach space V' to another Banach space (W, || - |lw). The
Banach space (W, || - [[w) has a positive cone P (Def. 6.1) that induces the relation <p. Addi-
tionally, we assume that the optimization problem (6.1) admits a local solution u* and that g
and h are Fréchet differentiable at u*.

Definition 6.1:

(1) A subset M of a Banach space W is called a convex cone if and only if all non-negative
linear combinations of elements from M are still contained in M :

Ve,ye M,Va,8>0: ax+Gye M.

(2) Let P be a convex cone in a Banach space W. For u,v € W the relation >p is given by
u>pv&su—veEP.
The cone P is called a positive cone and N = —P inducing
u<pvesu—veENSvV>pu

is called a megative cone. The strict relations >p and <p are defined by asking for the
difference to be contained in int(P), the interior of P, instead of P.

(8) The subset of functionals
PY:={ze€W*"|2(u) > 0for allu € P}

1s called the positive convex dual cone.

Often we can chose the positive cone P and the relation >p, such that P is a consistent
generalization of the canonical positive cone R>p known in R. Nevertheless, there are other
possible choices.

At first glance cones might seem a little clumsy to work with, but they will be useful. For
many applications it is important that the positive cone has an interior point. However, not

every positive cone has an interior point.

Example 3:
Consider the Banach space LP(0,1;R), p € [1,00), and define the cone

P:={feLP(0,1;R)]| f(t) > 0 for almost every t € (0,1)} .

Straightforward computations show that P is a convex cone. However, P does not contain an
interior point. For f € P and € > 0 we define

. -1 on (0,e),
() ==
() f(t) else.
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Now f. ¢ P holds and for any § > 0 follows

If = Feller = (/(0 )If(t)+1!pdt> <4

for € > 0 small enough. Thus, f cannot be an interior point of P. &

Example 3 would not work for p = co and would also not for continuous functions with the
supremum norm. The cone P := {f € C([0,1];R)| f(t) > Ofor all ¢ € [0,1]} contains interior
points in (C([0,1;;R), || - [[o)-

Necessary Conditions
Definition 6.2:

(1) A point uw € V is called a regular point for an equality constraint with a continuously differ-

entiable mapping h : V. — W if h/(u) maps surjectively from V to W.

(2) Assume that W has a positive cone P that contains an interior point. Then u € V' is called
a reqular point of g, if g(u) <p 0, and if there exists aw € V such that g(u)+¢'(u)(w) <p 0.

The following theorem states necessary conditions for u* to be a solution to (6.1).

Theorem 6.3:

(1) If u* is a solution of (6.1) with the equality constraint h(u) = 0 and u* is a regular point
of h, then there exists a Lagrangian multiplier functional z* € W* such that

() +z" oW (u*)=0
and z*(h(u*)) = (z*, h(u*))w+xw = 0.

(2) If u* is a solution of (6.1) with the inequality constraint g(u) <p 0 and u* is a regular point
of g, then there exists 0 <ps z* € W* such that

¢'(u") +2 o g (u) =0
and z*(g(u”)) = (z*, g(u"))w=xw = 0.

Proof. Theorem 6.3 and a proof can be found in any of the references mentioned in the introduc-
tion of this section or any other source on Lagrangian multipliers in Banach spaces. Specifically
we refer to [Lue69, p. 243] for the equality constraints and to [Lue69, p. 249] for inequality
constraints. O

Sufficient Conditions

In [FKS20] the objective is linear, the constraint is given by a quadratic form, and the problem
is considered in a Hilbert space setting. It turns out that with these additional properties the
necessary conditions are already sufficient, Theorem 6.9. However, this is in general not the
case.

In contrast to finite-dimensional problems, finding sufficient conditions infinite-dimensional
problems can become highly challenging. Furthermore, sufficient conditions are rare in the
literature. We make some additional assumptions and work with inequality constraints and
cones to continue with [Lue69, Sec. 8.4]. Alternatively, [Zei85, Thm. 48A] cites a result going
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back to [DM65] that contains necessary and sufficient conditions dealing with equalities and

inequalities simultaneously.

Theorem 6.4:
Assume that the positive cone P of W has non-empty interior and is closed. Suppose there
exists u* € V and 0 <pe z* € W* such that the Lagrangian L(u, z) := c(u)+ (z, g(u))w+xw has
a saddle point at (u*,z*):

L(u*,z) < L(u*, 2*) < L(u, z")
for allu € V and z >po 0. Then u* solves (6.1) with the inequality constraint.

Proof. This result for inequality constraints is contained in [Lue69, pp. 220-221, Thm. 1 & 2]. O

Application to Strongly Continuous Semigroups

Let us now consider a Cp semigroup of linear and bounded operators (S¢(v))icpo,r] on a Ba-
nach space (X, || - ||x) and its corresponding infinitesimal generator G(v) that depends on some
possibly infinite-dimensional parameter v € V. We assume that S(v) is continuously Fréchet
differentiable with respect to v for all ¢ € [0,7]. In general, the dependence of the eigen- and
singular spectrum of an operator can be complicated and highly non-linear, even if the operator
itself is linear in v. The differentiability of S;(v) justifies using a local linear approximation of
this dependence

re(v,u)

Si(v+u) = Se(v) + Sy(v)u + re(v,u)  with lim =
u—0 HUHV
Now we use the implicit function argument from Theorem 5.12 to deduce the continuous Fréchet
differentiability with respect to v of any simple and isolated eigenvalue A\;(v) and the correspond-
ing eigenfunction fi(v) of S;(v) for some arbitrary but fixed ¢ € (0, 7.
The same argument can be applied to Si(v)*S¢(v) to get the continuous Fréchet differentiabil-
ity of simple and isolated singular pairs of S;(v). The spectral mapping property (3.3) extends
the differentiability to the point spectrum of the infinitesimal generator G(v) via

73(G(v)) = 7 108(,(S: (\[0}) (62)

Also see [KLP19, Sec. 5] and [FKS20, Sec. 6] for the previous arguments.
Let ¢, be the linear functional constructed by linearization of the change of a simple and
isolated eigenvalue u(v) of G(v) with respect to a change u in the parameter v.

Alternatively, we can choose ¢, to be constructed by linearization of the change of a simple and
isolated eigenvalue A(v) or singular value o(v) of S;(v). We look at the following optimization

problem

ey ) (6.3)
s.t. g(u) <0

with ¢ : V — RF continuously differentiable. The image space R¥ of g guarantees that the

canonical positive convex cone R% in R has a non-empty interior.
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Assumption 5:
For the optimization problem (6.3) there exists a unique solution u* that is a regular point of g
fulfilling the condition

g(u) +g'(u")(w) <0

for some w € V.

Assumption 5 can be difficult to prove in applications depending on g. For the case of equality
constraints h(u) = 0 the regular point property is usually easier to verify.

Now we can apply the theory introduced above considering necessary and sufficient conditions.
The solution u* for (6.3) is only locally the best direction of change for A(v). Linearizing around
the new position A(v + u*) and iterating the optimization process leads to a gradient type
method; see Algorithm 2 in Section 6.4.

The conditions and assumptions of this section can be verified in the setting of [FKS20]. Thus,
the results above, especially Theorem 6.3 and Theorem 6.4, are an alternative way to arrive at
necessary and sufficient conditions for a unique optimum besides [FKS20, Prop. 6.5]. The
approach from [FKS20] is reproduced in Section 6.2. In particular, Section 6.1 gives a slightly
more general approach than [FKS20, Sec. 6] to necessary and sufficient conditions for (6.3). We
would like to point out that Section 6.1 and Section 6.2 show that our optimization approach
is independent of and also compatible with the augmentation and the reflection introduced in
Chapter 3 and Section 2.5.

6.2 Optimal Perturbation of the Spectrum of the Augmented
Reflected Generator

This section uses similar ideas as the previous section but in a more specific setting. We con-
sider Hilbert spaces and a real-valued constraint describing an ellipsoid. Furthermore, we for-
mulate the optimization problem with the goal of increasing or decreasing the coherence of a
coherent family (A?:)te[O,T] induced by the k-th eigenpair of the augmented reflected genera-
tor G (Thm. 3.21) by optimizing over small time-dependent perturbations u (¢, z) of the velocity
field v(t,z). Recalling the notation from Chapter 2 and Chapter 3, we denote objects in the
reflected setting with a ~ and augmented objects with bold letters. We consider a set X C R¢
that satisfies (A0); page 13.

The space H™((0,T) x X; R?) is the Sobolev space of vector fields mapping from on (0, T) x X
to R? whose weak derivatives of order up to m € N U {0} are L?-functions. To apply the
embedding theorem [AF03, Thm. 4.12] (H™ — C'%) we require m > 1+« +%l for a € (0,1].
We use u, v € C(@11®) to satisfy the assumptions of Chapter 2, Chapter 3, and Chapter 5. The
restriction div,v = 0 on the velocity field should hold for v 4+ u* after applying the optimal
perturbation «*. This enables iterative applications of the local optimization and Theorem 3.21.
Therefore, we consider the subspace U of H™((0,T") x X; Rd) consisting of spatially divergence-
free vector fields u that satisfy homogeneous Neumann boundary conditions g—z =0 on 0X. We

consider small perturbations u lying in a bounded, closed, and strictly convex subset C C U.
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Remark 42:

Similar to the approach here from [FKS20], the authors in [FS17] are looking for a perturbation u
to maximize the local change of the real part of the second eigenvalue po or a group of leading
eigenvalues of the generator with respect to the change in the velocity field. In [FS17] the Ulam-
discretized generator (Sec. 4.1.1) corresponding to the vector field v is perturbed and optimized
using linear programming. Then, a new perturbed velocity field v 4+ uw can be inferred from
the optimized discretized generator [FS17, Sec. 5]. As in [FK17] the results in [FS17] assume
that the velocity field is time-periodic. The reflection trick (Sec. 2.5) can be applied to aperiodic
velocity fields to enable the application of the approach from [FS17] to aperiodic v. The reflection
can be incorporated by additional constraints into the linear program for the Ulam-discretized
generator [FS17, Sec. 4.4]. In [FKS20] and in this thesis, the authors consider aperiodic velocity
fields and in contrast to [FS17] the velocity field is perturbed directly in the infinite-dimensional
velocity field space. The resulting optimization problem is solved in the infinite-dimensional

setting using Lagrange multipliers in Hilbert spaces. A

To apply the theory of Lagrangian multipliers in the infinite-dimensional case, we need suffi-
cient regularity of the Perron-Frobenius operator Py 7, Theorem 2.6, with respect to the velocity
v which has been proven in [KLP19] and has been covered in Chapter 5.

Equation (6.2) shows that this continuous differentiability extends to the spectrum of G. The
first variation of the k-th eigenvalues of the augmented reflected generator pj with respect to u
is detailed in (6.5).

In the following, we derive the objective functional, specify the constraints, and obtain neces-
sary and sufficient conditions for the solution to the linear optimization problem with quadratic

constraints (6.9).

6.2.1 Derivation of the Problem

The Objective Functional

For a chosen eigenvalue pj of G we manipulate the real part of i by optimally perturbing the
original velocity field v by some u within the chosen constraints. Following Theorem 3.21 the
real part of yy, quantifies the coherence of the family (A¢).e(o,r) induced by the corresponding
eigenfunction. The dependence of an eigenpair or a singular pair with respect to a perturbation u
can in general be quite complicated. Therefore, we choose to locally approximate the change
by computing a first variation or first-order Taylor expansion. Without loss of generality, we
assume in the following that pug is real. In the complex case we would simply consider the real
parts with small appropriate modifications. With the assumptions on the spatial domain X,
on the velocity field v, on the perturbation u, and with m > 14+ o + %, it follows that the
continuous embedding H™((0,T) x X;RY) «— C(@H2)([0, T] x X; R?%) holds [AF03, Thm. 4.12].
The diffusivity o(t,x) = eljxq is constant and therefore smooth enough to apply the results of
Chapter 5 to Py 7. Assuming that oy, the k-th singular value of Py 7, is simple and isolated,
Section 5.4 guarantees the Fréchet differentiability of the singular pair (o, fr) with respect
to u. The equation (2.28) and the expression Pyor = PorPor relate the [0,7] dynamics
represented the singular values and singular functions of Py 7 to the [0,27] dynamics after

reflection represented by the eigenvalues and eigenfunctions of 75072T.
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The spectral mapping property of Theorem 3.19, also (3.23),

exp(2T0(G)) = o(Poor)\{0} = a(Po,rPo,r)\{0},

implies that the eigenvalue iy (G) # 0 of G, the eigenvalue X, (750,2T) of 750,2T and the singular
value o (Po,1) of Por satisfy

exp(2Tux(G)) = M (Poor) = (0%(Por))?,

which extends the continuous Fréchet differentiability with respect to v to the spectrum of G.
In particular, for uy it follows that

Wi = —log)\k = —logoy, .

2T T

The Fréchet differentiability of uj allows us to calculate the first variation of py in v with
respect to the change u. We wish to obtain an explicit expression of our objective functional
in terms of objects we can compute. Therefore, we use that the Gateaux derivative of ui at v
in the direction u exists and coincides with the Fréchet derivative of up at ¢ applied to the
direction 4 induced by u. We can consider G, i and similar augmented reflected objects to
depend equivalently on v,u or on 9,4, because the mapping v — v is linear, bounded and
bijective; see (2.26).

For a small § > 0 and some u € U we insert the reflected perturbed velocity field v + du
into (3.21) to obtain:

G(v+6u)f = (G+0E(u))(f) = —div( ) <<i> f) +%A(97x)62 £ —8divig.q ((2) f) . (6.4)

=6E(u)f

Here we used the notations: G = G(v), & = (1, 0), @ = (0,4), and E(u) the perturbation of the
generator given by

( )f__dlvﬁcc( ).f uv@x)f

For the left and right eigenfunctions, §*(8) and fk(5) respectively, of G + 6 E(u) corresponding
to pk(9), we have

(G +3E(u)) f5(0) = u(8)£*(0),

A

(G +6E(u)"§"(8) = ni(8)d" (9),

where we assume the normalization (£¥(8), £¥(6)) 2 = (§*(6), f¥(6)) ;2 = 1. For § = 0, we use
the shorthand f* = £%(0) and g* = §*%(0). To estimate the effect of the perturbation u on s,
we linearize p(9) at 6 = 0. This gives

k(Dm0 = 7640, (G + B @) ol = @ B (69)

using the properties of fk and §*, and the normalizations above. This argument is also used
in [FS17, Sec. 4.3] in the finite-dimensional setting.
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The approximation of the local change of the eigenvalue is explicitly given by

(6", B()f*)1> = /[0 Y (—divw,@ ((2) f’f) <w)> dw =:c(u),  (6.6)

where ¢ : C — R is the linear objective functional depending on the change u. If yy is complex,
then one considers the real part of the functional ¢. Lemma 6.5 and its proof due to the author
have been published in [FKS20, Lem. 6.1].

Lemma 6.5:
The objective functional ¢ : H™((0,T) x X) — R, with m > 1, is continuous and Fréchet
differentiable. The Fréchet derivative is Lipschitz continuous.

Proof. Using (6.6), the following estimate shows that ¢ is Lipschitz continuous.

o)) < / g Frdive ()| +1a% ( (°), vart dz
[0,2T]xX U U Rd+1
. A . 0 - R
< K1) (nfkuoo / d() dz + / IIwakHOOIUIlzdw>
[0,2T]xX Uu 2T xX
< K| ool Vo F ¥l ool 1

Here || - ||oo denotes the canonical L>°((0,27") x X) norm. The Fréchet differentiability of c is
straightforward, because c is linear and bounded. Furthermore, ¢/(u) = ¢ holds and implies the
Lipschitz continuity of the derivative. O

More properties of ¢ are discussed in Section 6.2.2.

Quadratic Constraints

As mentioned above, we consider perturbations u € C, a bounded, closed, and strictly convex
subset of U ¢ H™((0,T) x X;R%). For the linear objective functional ¢ to be a good estimate
for the change of uj, we require the perturbation u to be small using a bound R > 0 on the
norm of u. Consider the ball or ellipsoid given by the following energy constraint (6.7). For
multi-indices o and a weight vector w = (wa)|a|<m With 0 < w, € R for all |a| < m let

0> h(u) := By(u,u) — R* := Z wa || D*ul|7 2 — R?
loe|<m (6.7)
= Z Wa (D%, D*u) 2 — R,

laj<m

with D® = (97" ---95?). The constraint functional h is a continuously Fréchet differentiable
mapping from H™ to R, because B, is a positive definite, bounded bilinear form if 0 < w, € R
for all || < m. We use h instead of g for the inequality constraint, because we use g for
eigenfunctions and singular functions. Furthermore, the inequality constraint will turn into
an equality constraint, when we prove that the optimum has to be on the boundary of the
feasible set, see Lemma 6.7. For generality, we consider C = U N {h < 0}, where U is a
subspace of H™((0,T) x X;R%) containing admissible perturbations that might only have a
relative interior. For a definition of relative interior and related concepts see [Roc70, IL.6].
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The constraint (6.7) implies that there are constants v > 0 (B, is bounded) and 8 > 0 (B,, is
positive definite) such that
Bllullfim < Bo(u,uw) < Allulfm -

The following theorem, mentioned and partially proven in [Mcl68, Appendix], is important for
this thesis and the results in [FKS20, Sec. 6 & 7.

Theorem 6.6:
For a bounded bilinear form B acting on a Hilbert space (H, (-, ) m, || - ||z),

B:HxH-—R Iy >0 : Bu,v) <ylulla||lv]a Yu,v e H,
there exists a linear, bounded operator T : H — H such that
B(u,v) = (u,Tv)g Vu,v e H .
If B is symmetric, then T is self-adjoint. If in addition B is positive definite
38>0 : Bllullf < B(u,u) VueH,

then T is also injective and has a continuous inverse.

Note that there are probably multiple proofs throughout the literature for this statement that
share the core strategy. However, the following proof has been done independently by the author
and has been published in [FKS20, App. CJ.

Proof. For an arbitrary but fixed v € H consider the linear functional ¢, : u +— B(u,v) = £,(u).

The Riesz representation theorem implies that there exists z, € H such that £,(u) = (u, z,) g

for all w € H. It remains to show that the mapping 7' : v — 2, = T'(v) is linear and bounded.
Consider v + Aw € H for A € R and v,w € H, then

(u,T(v+ A w))g = B(u,v + Aw) = B(u,v) + AB(v,w) = (u,T(v))g + XMu, T(w)) g
holds for all w € H. Thus, T is linear. The boundedness follows from

[Tvller = sup [(u, Tv)| = sup |B(u,v)|] <~llv[la -

l[ull =1 lJull =1

Let us assume that B is symmetric, then
<U, TU)H = B(U, U) - B(’U, ’U,) = <'U, TU>H

shows that T is self-adjoint.
Now assume that B is additionally positive definite. The estimate

v —wl||g |Tv —Tw|g > v —w,Tw—-w))g > Bllv—w|]) >0 forv£weH  (6.8)

implies injectivity. Thus, 77! is defined on ran(T), the range of 7, and it is continuous.
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Let x,y € H be such that u = Tx and v = Ty. Then

1T w =T |l = |77 Te = T7' Tyl = [lz — yllu
(6.8) 1

S —

g

holds for all w,v € ran(T). O

1
Tz = Tylla = llv = vln

Theorem 6.6 guarantees the existence of a linear, bounded, injective, and self-adjoint opera-
tor Jp(w) with
(Jp(w)u,v)gm = By(u,v) forall u,v € H™ .

The operator Jp(w) is used to derive an explicit formula (6.14) for the optimal solution u* of
the optimization problem (6.9).

6.2.2 Optimality Conditions

The optimization problem

min c(u)

(6.9)
st.ueC< h(u) <0 anduecU

has a continuously differentiable linear objective functional ¢ and a quadratic constraint h that
induces a closed, bounded, strictly convex feasible set C = {u € U | h(u) < 0} on a subspace U.
The situation considered here and in [FKS20, Sec. 6] is like a flipped quadratic program-
ming problem, having a linear objective and a quadratic constraint. Applying the theory of
Lagrange multipliers introduced in Section 6.1 leads to an explicit solution formula to this prob-
lem. Lemma 6.7 establishes a general existence and uniqueness result that corresponds to the
existence part of Assumption 5 in Section 6.1. The main idea of Section 6.2.2 is visualized in
Figure 6.1 for dim(U) = 2.

Umaz

Umin

Figure 6.1: Hllustration of the optimization problem of a linear objective functional ¢ (red) and
a quadratic constraint C (ball) (blue) in two dimensions.

Lemma 6.7:

Let C be a closed, bounded, and strictly convex subset of H™((0,T) x X;RY) containing the zero
element in its (relative) interior and ¢ : C — R be a bounded linear functional that does not
uniformly vanish on C. Then the optimization problem Ilflelél c(u) has a unique solution u* € C.

Lemma 6.7 and its proof due to the author have been published in [FKS20, Lem. 6.2].

99



6 Spectral Optimization

Proof.

Ezistence: Continuity of ¢ and boundedness of C imply the existence of a := inf,ec c(u) > —o0.
Let ui € C be a sequence such that limy_, c(ug) = a. This sequence is bounded. By
the Eberlein-Smulian theorem [Cial3, Sec. 5.14] there exists a weakly convergent subse-
quence u,, — u*. The set C is closed and convex and therefore C is also weakly closed,
which implies u* € C. By the definition of weak convergence c(u*) = limy_ o0 ¢(up, ) = o

follows. Therefore, u* is a solution to the optimization problem.

Uniqueness: Assume that there are two solutions u; # wg with c¢(u;) = c¢(ug) = a. The
strict convexity of C implies that ug := wu1/2 + ua/2 is in relint(C), the relative interior
of C. Now c(u3) = « follows, because ¢ is linear. Choose r > 0 small enough such

that (U N B(us,r)) C relint(C). Since ¢ does not vanish everywhere on C and the zero
vector is in relint(C), there exists some direction w € C such that ¢(w) < 0 and ||w||gm < 1.
By linearity of ¢ we have c(us + (r/2)w) < «, contradicting the optimality of u; # uz and
establishing uniqueness of the optimum.

O]

The uniqueness argument in the proof of Lemma 6.7 shows that we may replace our con-
straint hA(u) < 0 with h(u) = 0, because the optimum in our setting will always be on the
boundary 9C = {u € U | h(u) = 0}.

Necessary and Sufficient Conditions
Lemma 6.8 guarantees that the unique solution v* from Lemma 6.7 is a regular point for the

equality constraint h(u) = 0 according to Definition 6.2.

Lemma 6.8:
The unique optimal solution u* of (6.9) is a regular point for h : U — R.

To distinguish between the point at which the derivative is taken and the input of the resulting
mapping, square brackets indicate the reference point of the derivative, and parentheses indicate
the input of the resulting mapping. Thus, h'[u](v) denotes the derivative of h at u, which again is
a linear mapping, applied to v. Lemma 6.8 and its proof due to the author have been published
in [FKS20, Lem. 6.3].

Proof. Following Definition 6.2, the point u* is a regular point for h : U — R if the derivative
of h at u*, denoted by h'[u*] : U — R, is surjective. Since h(u) = B, (u,u) — R?, and because
the functional h'[u] acts as v — h'[u)(v) = (Jp(w)v,u) gm + (Jp(w)u, v) gm, follows that h'[u] is
surjective onto R for all u # 0. O

Now we can apply Theorem 6.3. For the continuously Fréchet differentiable functional ¢ having
a local extremum under the constraint h(u) = 0 at the regular point u*, Theorem 6.3 implies
there exists an element z,» € R such that the Lagrangian functional L(u) = c(u) + z,h(u) is

stationary at u*. This gives the two necessary conditions:

du] + 2 W [u] = 0, (6.10)
h(u*) = O. (6.11)
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Exploiting the Hilbert space structure, the linearity of ¢ and the specific structure of the con-
straint h, we prove that the necessary conditions (6.10) and (6.11) are already sufficient. The
direct approach in Theorem 6.9 establishes sufficient conditions without relying on cones like
Theorem 6.4.

Theorem 6.9:

For the quadratic constraint u € C = U N{h < 0} and a linear objective functional ¢ that does
not vanish on C there are exactly two elements u,w € C that satisfy (6.10) and (6.11). The
property z, > 0 makes u the unique minimizer and z, < 0 makes w the unique mazrimizer.

Theorem 6.9 and its proof due to the author have been published in [FKS20, Prop. 6.5].

Proof. Lemma 6.7 guarantees the existence of two extrema, namely, one minimum and one
maximum, and therefore two distinct elements u,w € C satisfying (6.10) and (6.11). We show
that these are the only such elements. There exist z,, 2z, € R\{0} such that

du] 42,0 [u] = 0 and '[w] + z,h [w] = 0.

—~—

=c#0
Comparing these two equations and using ¢'[u](-) = [w](-) = ¢(-), we obtain the functional
equation h'[w] = (zy/2y)h/[u]. Thus, the linear functional h'[w] is a scalar multiple of h'[u].

By the Riesz representation theorem, we have w = (z,,/zy,)u, because h'[u](-) = 2(-, Jp(w)u) gm
holds. The necessary condition h(u) = h(w) = 0 implies that h'[u](u) = 2B, (u,u) = 2R? and

similarly that h'[w](w) = 2B, (w,w) = 2R% Thus, either z, = 2z, or z, = —zy. If 2, = 2y,
then we have v = w, while if z, = —z,, then u = —w. Thus, the only possibility for distinct u
and w is that u = —w, and therefore there are at most two functions satisfying the necessary
conditions.

Without loss of generality, we assume that u is a minimum. The assumption that ¢ does not
vanish on C and the result ¢(u) = —c(w) imply ¢(u) < 0 and ¢(w) > 0. The equation

u)(u) + 20 [u](u) = c(u) + 2,2R* =0
and c(u) < 0 give z, > 0. Thus, z, < 0 holds and w is a maximum with c¢(w) > 0. O

The injective operator Jp(w) enables us to solve the necessary and sufficient conditions (6.10)
and (6.11) with regard to the optimal solution u*, leading to the explicit solution formula (6.14)
below. First, we transform (6.10) into an equation in H™ using the Riesz representation theorem.

The optimum u* exists and satisfies the equation
cr+2zJp(w)u* =0in H™ with z = 2z, € R. (6.12)

The Riesz representation of the functional ¢ on H™ is denoted by cg € H™. Equation (6.12) is
important, because Jp is in general only injective and not surjective. Following equation (6.12)
the element cg is in the range of Jp(w) and we can apply Jp(w)~! to cg. Note that an
expression for cp can be derived from (6.6). Now we can solve (6.12) for Jp(w)u* and for u*,
because Theorem 6.9 guarantees z % 0. This leads to

1 1
Jp(w)u* = —5,CR and u* = —EJB(w)*lcR.
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The condition (6.11) implies
(Jp(w)"'cr, cr)m
422

Solving (6.13) for z > 0, using this Lagrange multiplier z to solve for u* leads to the following

R? = (6.13)

explicit expressions

1
(Jp(w) 'R, CR) fm . Jp(w) ter

0< e _ _JBW) R 6.14

6.3 Discretization

To apply the results from the previous sections to examples, we start by considering the dis-
cretization of the relevant objects and the discrete problem. Then, we introduce the set of
feasible perturbations, the subspace U C H™, and consider two standard mathematical models
of idealized atmospheric dynamics. Before discretizing the objective functional, we construct
a finite-dimensional version Cy of the constraint set C. For N € N, let (), be linearly
independent elements of H™ with div,(¢,) = 0 and let Uy := Span((pg)é\[: - Representing the
elements of the intersection Uy NC by their coefficient vectors in R with respect to the chosen
basis we define Cy via
NDCNECQUNCHW.

Coefficient vectors in RY and matrices in RV*Y are denoted with a bar ~. The ~ for objects
of the reflected setting is omitted in the following calculations for easier readability, but note
that the calculations are performed for the objects in the reflected setting. Using the chosen
basis to discretize the energy neighborhood constraint (6.7) leads to a quadratic constraint in
the coefficient vector @ € RV,

N
(Bw)ij = Y wa(D%i, D)2, @ BA<R*©ucCy~CNUydu=» tpr,

|a|<m =1

which describes a strictly convex set, specifically, a ball or an ellipsoid, in RY. According to
equation (6.6), the objective functional involves left and right eigenfunctions

c(u) = (g", E(u) f*) 2
Therefore, we have to account for possibly different bases for discretization.

(i) The perturbation library (¢,)Y, for the discretization of the perturbation u.

(ii) A test basis and an ansatz basis for the discretization of G, the augmented reflected

generator.

The linearity of E in u, see (6.4), allows us to decompose in ¢

N N
U)ZC<ZWW)=<Q = (g’ Eof*)pe
= P
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and compute the discretization Ej of each E, := E(¢y) separately. The matrix representation
of Ey, more precisely of Ej, can be computed similarly to the discretization of G, detailed in
Section 4.1.

Let (x;)71, be the basis for the discretization of FF and let (&)2, be the basis for g*.
Inserting f* = >t fij and gF = >"1%, gF¢; into (6.6) leads to

(w) = (", B)f5) 2 = (3 gk, Bw) (3 7))
i=1 j=1

N ng ni B 0 0 T
= Z ngf]k <Xj7 —diV(e,x) (( ) fz) + ( > V(Q’x)£i> Uy
(=1 i=1 j=1 e we 12

This calculation gives a finite-dimensional representation of E(u) as a map from span(¢;);
times span(x;); to R. We use Ulam’s method for the generator to discretize G and Ej, tak-
ing n; = ng and & = x; to be (normalized) indicator functions of space-time boxes. The cost
vector can be assembled as follows

ny ni
_ k& F k7 . 0
Ce = C((P@) :ngffk :Zzgffzk <Xj7_dlv(9,x) << ) X”L>> , £=1,...,N.
j=11i=1 v L2
The discretized optimization problems
min ¢ @ max ¢ 'a
st. @' Byu— R?<0 st. @' Byu— R?*<0

have a linear objective and a single quadratic constraint. The energy constraint is induced
by a scalar product, therefore the matrix B, is invertible by typical arguments for Galerkin
discretization, specifically, B,, is symmetric and positive definite. The optimal perturbation
can be obtained with the theory of Lagrangian multipliers. Analogously to the analysis leading
to (6.14) we can derive an explicit formula for the optimal solution to the minimization problem

[NIES
—_
|

((B,'e,e))

Ui = —
) min
2R 2Zmin

0 < Zmin = B . (6.15)

T4 is equivalent to the minimization problem min —¢' @. The

The maximization problem max ¢
maximizer Umax can be obtained by using zmax = —2Zmin, LTheorem 6.9.

The admissible energy budget R should be chosen sufficiently small to ensure that the lin-
earization of the eigenvalue is a good approximation. The optimization process can be iterated
as a gradient ascent or descent method to invest more energy in the perturbation. One itera-
tion consists of constructing ¢ and solving the equations (6.15). The assembly of ¢ requires the
computation of G, the discretization the augmented reflected generator, and its left and right
eigenvectors g*, f*, and the perturbations E,. Note that the (E;), and B, are fixed through
all optimization steps and do not need to be updated. Algorithm 2 summarizes the steps to
obtain the optimal perturbation #miy,as for minimizing the eigenvalue after M iterations using
a budget R per iteration targeting the k-th eigenvalue with the perturbation library ((pg)é\[: 1-
This iteration scheme is applied to the examples in Section 6.4.
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Algorithm 2 Optimal Spectral Perturbation for the Augmented Reflected Generator
—Minimizing Version

1: function OPTSPECPERTURBMIN((¢p)? ;. k, R, M)
2: Compute the perturbations E; and the constraint matrix B,,.
3 Initialize tpino =0 € RY.
4: fori=0,...,M —1do
5: Assemble G(v + umin;) and compute the eigendata juy;, fF, gr.
6: Construct the objective functional ¢;; = §£“E4 fik for{=1,...,N.
T Compute the Lagrange multiplier zmini+1 > 0 and @min 41 according to (6.15).
8: return Umin, M-
Remark 43:

e Algorithm 2 is a slightly idealized version. In reality the targeted eigenvalue py can change
its position. This may require more attention. See Section 6.4.1 for more details.

e The maximizing version of Algorithm 2 only differs in choosing the negative Lagrange
multiplier zmaxit1 = —ﬁ((B; 1., EZ>)% < 0, which leads to @max,i, in each iteration. Note

that in general Umax; 7# —Umin,; for i > 1.

e All of our finitely many perturbation ansatz functions (cpg)éV: 1, introduced in the next
paragraph, are C"-regular. Thus, || - ||gm and || - ||;2 are equivalent on Uy = span(py)y.
Therefore, for convenience, we use m = 0 in (6.7) to calculate B, in the numerical exam-
ples, although strictly the functional ¢ is only well defined for v € H™ with m > 1.

e The object Ey or E should be considered a perturbation of the generator G but not a
generator of the perturbation, because it does not have the same properties as G. The
perturbation E, or E does not have the spatial diffusion A, and is missing the constant
drift in 6; (6.4).

e The derivations, the arguments and Algorithm 2 derived above for G hold for the generator
in the autonomous case, the augmented generator in the non-autonomous periodic case
and the augmented reflected generator in the non-autonomous case equally. They only
require minor straightforward modifications for the specific cases not covered here.

A

Perturbations

The possible choices for the admissible perturbations depend of course on the application, the
example or the model under consideration. The perturbation fields should have sufficient reg-
ularity. Furthermore, they should be compatible with the spatial domain X and the boundary
conditions as well as other specific assumptions, such as zero divergence in our setting.

In the examples below the spatial domain X is always a rectangle. To ensure that the homo-
geneous Neumann boundary condition and zero divergence condition are satisfied, the spatial
components of the basis vectors ((pg)évz , are constructed from suitable smooth stream func-
tions Wy;. The ¢y are then multiplied by time-dependent scalar (amplitude) functions ¢,.
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For a rectangular domain [a,, by] X [ay, by], az,ay,bs, by € R, the stream functions are given

by
km(x —a, — cﬂ)) “in (lw(y —ay — cyt)> 7

by — ag by — ay

\Ijkl(ta l‘,y) = sin (

k=1,....,K,l=1,...,L. The ¥y, are slightly modified Fourier modes that induce a velocity

field ¥y = (—%Ify’”, 8;;“) with k horizontal gyres and [ vertical gyres; see Figure 6.6. By
construction, these velocity fields satisfy the homogeneous Neumann boundary conditions in
space (depending on ¢, and ¢,) and are divergence free in space. These fields may move in the z
direction with constant speed c; or in the y direction with constant speed c,.

We use the time-dependent modulations of the amplitude

p_1(t) == ¢r(t) :=sin" (;271) , r=0,2

f?
and multiply them with ¢y the L?((0,T) x X)-normalized versions of the functions 1 to obtain

Pt 2, y) = o (t)hra(t, 2, y) (6.16)

Remark 44:

We omit using » = 1 for the sine modulation, since this would cause it to have both positive and
negative values, which in turn would cause the perturbing velocity field to change sign during
the evolution on [0,7]. Such perturbing fields proved to be less efficient in early numerical

experiments. The increasing time-linear modulation is assigned » = —1 to avoid confusion. A

In summary, amplitude-modulation of the perturbing fields is described by ¢, (t), r € {—1,0, 2},
and we have 3K L = N basis functions ()}, in total.

6.4 Numerical Examples

The results of this section were obtained by the author in the publication [FKS20, Sec. 7].

6.4.1 The Forced Double Gyre Flow

The forced double gyre flow has been used as an example in Section 4.2. There, the focus was
to extract coherent families. Now, we want to optimally manipulate these families.

Increasing Coherence
Continuing the investigation from Section 4.2, we now want to increase the coherence of the
left-right separation represented by the 2nd eigenpair (u2, f2) of G, shown in Figure 4.2 (a).

Remark 45:

Before we describe our procedure, we want to point out the following consideration regarding
the total energy of the system before and after the manipulation. Measuring the total energy
with the space-time L? norm of the original velocity field v, see (4.6), gives |[v| ;2 ~ 1.6. In
the optimization procedure described in Section 6.3, the bound R in the quadratic constraint is
related to the local validity of the objective functional. Remembering that || - ||z2 and || - [|gm
are equivalent on Uy, the value R can also be seen as an energy budget in the Hilbert space H™.
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Thus, with each iteration of the optimization procedure, the amount of energy that we may
introduce into the system is R. Therefore, after (too) many iterations the original dynamics

may become irrelevant. A

The optimization budget for this example is R = 0.05 per iteration. We iterate our optimiza-
tion procedure 8 times to invest a total energy of 0.4, which is 25% of the original energy.

A quarter of the original energy may seem like a moderate injection of energy. While in
general almost any perturbation decreases coherence, to increase it, the dynamics and the per-
turbation need to work together, which makes it harder to increase coherence. We consider the
maximization problem to increase the targeted eigenvalue and bring the corresponding singular
value closer to one. Recall that @yay is obtained from the formula (6.15) using zmax. We use
the maximization version of Algorithm 2 to obtain @myaxg to improve coherence and minimize
mixing. The other eigenvalues uj of the generator G also change when we perturb the veloc-
ity field v. In each iteration we check a posteriori that the selected eigenvalue s did indeed
increase. This can also be considered an a posteriori indicator for the validity of the objective
functional. The linearization of us around v might be a bad estimate for the change of us if the
perturbation u is too large.

We choose the basis functions from (6.16) for k = 1,...,5, 1 = 1,2,3 with the time modula-
tions r = —1,0,2 and ¢; =0 =1¢y, ap =0 =ay, by =2, b, =1, hence N =45 =5-3-3, to
span our space of admissible perturbations Uy. The optimal perturbation to increase coherence
after 8 iterations is denoted by tUmaxg € Cn C RN or Umax,8 = Zévzl(ﬂmaX,S)KSDZ € CNUpy. The
resulting absolute and relative effective change of us is:

g2 (umax78) — 02 (O)
|2(0)]

U2 (UmaX,S) — K2 (O)
|12(0)]

In the numerical experiments, each iteration increases the eigenvalue roughly by 0.003. The

= 0.0975.

i (tmax.s) — f12(0) = 0.0233, = 0.2575,

effect of perturbing v by umaxs is illustrated in Figure 6.2. For for a similar simulation as
shown in Figure 6.2, 200,000 particles were seeded on the right side of the vertical line x = 1

and evolved forward in time with the noisy flow using Runge-Kutta—Maruyama with time step

L
100

the optimized velocitiy field v+umax,g. For the original velocity field v roughly 15% of the seeded

size h = for T' = 4 time units and noise strength ¢ = 0.1. This was done for the original v and
particles end up on the left side of the domain, whereas for the optimally perturbed velocity
field only about 10% of the particles end up on the left side (results not shown). Repeating
the experiment with a noisy evolution with £ = 0.01 using Runge-Kutta—Maruyama with step
size h = ﬁ leads to 9% of the particles changing sides for v. This is reduced to 5% for the
coherence-improved velocity field v + umax,g. The results are illustrated in Figure 6.2 (b)—(d),
where the seeded particles are shown at initial time ¢ = 0 and colored again according to their
position left or right of the line x = 1 after the noisy evolution, at time ¢ = T shown in
Figure 6.2 (a). Note that the time direction is not important. We could have colored at the
initial time ¢t = 0 and evolved forward. This would lead to qualitatively identical pictures.

The optimal manipulation to increase the left-right coherence in the periodically forced double
gyre has also been considered in the aforementioned work [FS17, Sec. 6.3].
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(a) Imposed coloring at final time.
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(c) Coloring at initial time corresponding to (a) us-
ing the velocity field v + umax,g optimized for
increasing coherence.
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(b) Coloring at initial time corresponding to (a) us-
ing the original unperturbed velocity field v.

1

0.8

0.6

0.4

0.2

0

0

0.5 1 1.5

o8

(d) Coloring at initial time corresponding to (a) us-
ing the velocity field v + wmin g optimized for
decreasing coherence.

Figure 6.2: (a) The left-right (red-blue) coloring imposed at final time ¢ = T" on particles evolved
with noise € = 0.01; (b) The particles shown at time ¢ = 0 for the original flow; (c)
The particles shown at time t = 0 for the coherence-increasing optimized velocity
field; (d) The particles shown at time ¢ = 0 for the coherence-decreasing velocity
field. This figure has been published in [FKS20, Fig. 6].

Decreasing Coherence

The goal of this paragraph is to illustrate the capabilities of our approach to decrease the
coherence of the two gyres related to us, see Section 4.2 Figure 4.2. In the previous paragraph
the left-right separation was the targeted feature.

Remark 46:

Following the approach above, but using the minimization version of Algorithm 2 we ob-
tain umin,g to increase mixing across the left-right separatrix. The resulting flow is visualized in
Figure 6.2 (d). These results are consistent with the results of [FS17], where the lobes of stable
and unstable manifold intersections increased [FS17, Fig. 11 & 14]. A

The two central vortices are encoded in the 5th eigenpair (us, f5). Due to the decrease of
the eigenvalue, the vortices correspond to the 6th eigenpair after the first iteration. For this
experiment we use the same perturbation library, energy constraint and budget R = 0.05 as
above for again 8 iterations. After the first iteration of the minimization, the gyre feature
corresponding to the 5th eigenpair is pushed to the 6th eigenpair spot. This shows that the
rankings of features with respect to their coherence can change between iterations. Thus, we
have to keep track of the position of the eigenvalues during the whole optimization. For the

results shown here, this tracking was done manually between each step. The tracking could
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be done in an automated fashion by computing correlations between eigenvectors of successive

iterates, similar to the identification of companion eigenvectors in Section 4.3.

Algorithm 2 together with the tracking described above gives pying and uming and the fol-

lowing changes after 8 iterations:

15(0) — pt6(tming) = 0.16,

M5 (O) — M6 (umin,S)
|15 (0)]

=0.36,

05(0) — UG(Umin,s)
|05(0)]

=0.48.

Again we seed particles in the vortices induced by the level sets of the fifth eigenvector shown
in Figure 4.2 and propagate them with and without perturbation. Figure 6.3 depicts the results
of these computations. Increasing mixing for the double gyre flow has also been considered

1 1 1
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(a) Initial sets seeded according
to fifth eigenvector for the
evolution.

(c) Particles after optimally per-
turbed evolution for T = 4
time units.

(b) Particles after original evolu-
tion for 7" = 4 time units.

Figure 6.3: Test particles and their forward-time evolution. This figure has been published in
[FKS20, Fig. 7].

in [FS17, Sec. 6.2]. In particular, the Figure 6.3 could be compared with the figures [FS17,
Fig. 13, 16 & 17].

6.4.2 Manipulation of Non-Eigenfeatures

According to the theory in Chapter 3, the previous example targeted eigenvalues of G which are
used to quantify coherence. Sometimes it may be of interest to target specific features that are
not encoded in the eigenfunctions. These features may be obtained by further processing eigen-
vectors, with for example the sparse eigenbasis approximation (SEBA) introduced in [FRS19],
or motivated by the phase space geometry. The SEBA approach has been combined with the
augmented reflected generator approach in Section 4.3. In the following we describe a heuristic
to target these non-eigenfeatures.
Theorems 3.19 and Theorem 3.21 give

PorPorf(0,:) = e?Trf(0,)
i
Gf = uf, where (Gf)(0,) = =0y (6,-) + G(0)f(0, ).

Recall that any non-constant eigenfunction f of the augmented reflected generator has zero
mean. The positive and negative support of f induce finite-time coherent families (A;");,(A4; );.
Furthermore, the coherence ratio of the family is bounded according to Theorem 3.21 by an
expression involving the corresponding eigenvalue p. For normalized eigenfunctions f such
that ||f]|,2 = 1, we see that a smaller |G'f||z2 = |ul||f]|z2 suggests more coherence for the
feature encoded in f. We choose ||G'f| ;2 as a heuristic quantifier for coherent features encoded
in non-eigenfunctions f.
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Let ¢ be a general normalized zero-mean non-eigenfunction corresponding to a space-time
feature with ¢ € D(G’), the domain of the augmented reflected generator. For example, ¢
could be a mean-removed SEBA vector or a mean-removed mollified version of the indicator
function 1¢ such that ¢ € D(G’) Here, C is a possibly coherent family C C X of sets in
augmented-space representation, and the augmented-space Lebesgue measure of C' is denoted
by A1 (C). The removal of the mean from ¢ does not qualitatively influence the optimization
approach in (6.17) below, since Glx = 0. We keep the centering for the intuitive connection
with eigenfeatures and Theorem 3.21. In general, we would like ¢ to represent a finite-time
coherent set. Therefore we consider features satisfying ¢(6,-) ~ @27 — 6, ).

Analogously to the case of an eigenfunction f, we quantify the coherence of a feature ¢
that is not necessarily an eigenfunction, by measuring |G| 2. This approach is motivated
by the following considerations. If a family of sets encoded by the eigenvector f is perfectly
coherent (in the absence of diffusion), then the temporal change Oy f(0) of the sets at any
time 6, should be identical to the mass transport within in the set described by the Fokker—
Planck equation (2.27) 8y f(0,-) = G(0)£(6,-). Thus, for strongly coherent features ¢ it holds

that dgp(0,-) — G(0)p(0,-) ~ 0 for all 0, leading to |G|l 2 ~ 0.

Remark 47:

The discussion in [FKS20, Sec. 3| considers a geometric view on the very same situation: In
the equations [FKS20, (3.3),(3.6)], if the boundary of a time-dependent set moves with a veloc-
ity b(t, z) that is approximately equal to the velocity field v(¢, z) driving the dynamics, then the
outflow from this family of sets will be small—and this can analogously be quantified by the
space-time flux [FKS20, (3.7)]. A

To target a coherent feature encoded in ¢ and increase its coherence we can minimize Hé’cpHiQ
with respect to the perturbations. This is in general a non-linear problem. Again, we use the
regularity of G to linearize locally. This leads to the linear objective functional given by:

cp(u) = % (Hé(” + M)(‘OH?DQ) ‘5:0 - % (H(G’(v) +5E(u))<p|{iz)‘
) <é(v)<p,ﬁ)(u)<p>

We aim to optimize c, subject to the energy constraints on the perturbation u introduced

=0 (6.17)

2’

in (6.7). To destroy a coherent feature ¢ we can maximize c,. We can target different features
simultaneously. For example, if we want to increase coherence of a feature ¢; and decrease the
coherence of another feature o, then we can minimize the objective

Cop1,p2 (u) = Q1Cyp, (u) — 2Cyp, (u)7

with weights a1, as > 0.

6.4.3 Traveling Wave

Let us consider a traveling wave example that has also been investigated in [Pie91, SW06, FLS10]

given by
7' (t) = canity — casin(x — vt) cos(y) y'(t) = ca cos(z — vt) sin(y)

with c4 = 0.15 on the space-time domain [0, 8] x (275! x [0, 71]). In this system, two rotating gyres
move in the x direction with speed v = 0.25 and are superimposed with a constant drift cqpip = 1.
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Due to the constant movement and the periodicity in the z direction, we choose a different
perturbation library than in Section 6.4.1 given by Wy with & = 2,4,...,20, 1 = 1,...,5
and ¢; = v; see (6.16) and Section 6.3. We choose a; = 0,ay = 0,b, = 2m,b, = 7,¢y = 0 to
adjust (6.16) to this example.

Remark 48:

The paper [Ball5] has investigated a similar dynamical system and considered single perturba-
tions drawn one at a time from a family similar to ours. We consider general linear combinations
in CNUy. In [Ball5], mixing is measured by the flux out of a small gate connecting a stable
and unstable manifold. A

As described above, we measure mixing with the decay of the L?-norm of an initial concentra-
tion field and compute the unique perturbation in a bounded, closed and strictly convex subset
of a 150-dimensional, N = 3-10- 5, subspace that optimizes the change in the desired direction.
The resolution for the discretization of G is 80 x (80 x 40) and we choose ¢ = 0.1. The feature

is the mean-centered version of the time-constant and horizontally constant profile
Lp(ta Ly y) =1- COS(2y)7 (618)

visualized in Figure 6.4 (a). We need to update the perturbation by computing (6.17) in each
iteration. We iterate 35 times with an energy budget of R = 0.1 to increase the coherence.
This corresponds to &~ 1% of the original energy of v per iteration. Figure 6.4 (b) shows the
final time-slice of the original (deterministic) evolution of the particles in Figure 6.4 (a), while
Figure 6.4 (c) shows the final time-slice of the optimized evolution. The optimal perturbation u
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(a) Initial particles colored ac- (b) Particles after original evolu- (¢) Particles after optimally per-
cording to the feature (6.18). tion for T' = 4 time units. turbed evolution for T = 4

time units.

Figure 6.4: Forward evolution of particles colored by the chosen feature. Yellow (respectively,
blue) regions correspond to high-density (respectively, low-density) regions. This
figure has been published in [FKS20, Fig. 8.

can be a linear combination of elements of our chosen library. It is of interest to know which
perturbing basis functions receive the most energy from the budget. The basis function induced
by ©0,2,1 is equal to the original velocity field up to the constant horizontal drift cqyig. Thus,
it is expected that this basis function is favored by the optimization because it is effective in
countering the original velocity field’s rotation and steering the flow towards the laminar feature.
The contributions of each basis function in the optimal solution are shown in Figure 6.5, ordered
according to magnitude and grouped according to the spatial mode. The first to fourth spatial
modes with the largest contribution are visualized with level sets in Figure 6.6.

The combined effect of these modes is to steer the traveling double gyre optimally towards a
laminar horizontal flow; Figure 6.7 (c). As expected, the biggest contribution comes from the
basis function g2 1.
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Figure 6.5: Plot of optimal perturbation coefficients %, ordered in decreasing magnitude and
grouped by spatial mode vy , see (6.16). The corresponding k and [ are labels on
upper and lower horizontal x axes, respectively. The plot is cut off at y = 0.75
for visualization purposes. The first red bar has height 7.6. This figure has been
published in [FKS20, Fig. 9].
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Figure 6.6: Stream functions of basis functions with highest amplitudes after the optimization.
This figure has been published in [FKS20, Fig. 10].

The above computations were performed for 100 iterations to investigate the asymptotic be-
havior under large perturbations. After 95 iterations the increase in coherence diminishes rapidly,
as the value of the objective function Hé’(v + u)4,0||2L2 approaches a plateau. The corresponding
velocity field approaches a laminar flow (results not shown), because the optimal perturbation
cancels the rotational part of the original velocity field.
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Figure 6.7: Stream functions of the original velocity field, the optimal perturbation, and the
perturbed velocity field at ¢ = 0. This figure has been published in [FKS20, Fig. 11].
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7 Outlook

In this thesis the physically relevant idea of coherent sets is analyzed from a functional analytic
perspective. In Chapter 3 we utilized abstract results on evolution families, and we connected
the augmented reflected generator G to finite-time coherent sets. This offers an alternative
approach to computing finite-time coherence families from velocity field data without expensive
trajectory computation. This approach has been demonstrated numerically in Chapter 4 using
standard examples. In general, the unbounded linear operator G is not easy to analyze, but
it is affine-linear in the velocity field v. The Fréchet differentiability of the transfer operators
with respect to the velocity field v, shown in Chapter 5, extends to simple and isolated eigenpair
of G. This enabled the optimal manipulation method presented in Chapter 6.

7.1 Birth and Death of Coherent Sets

The time span [0,7] under consideration influences the results of the coherent set analysis.
If the time span is too long, we cannot expect significant coherent sets, because the material
may be well mixed. If the time span is too short, we may not find significant coherent sets,
because the dynamics might be insufficiently developed and hence the coherent sets cannot be
distinguished from their mixing surroundings yet. Sometimes the underlying physical systems
give some intuition for important time scales, such as the average turnover time in Rayleigh—
Bénard convection; see [SSPT19]. Some physical systems are less accessible and may have
coherent sets with highly varying life span, for example ocean eddies.

The work [FK21] is one of the first to systematically analyze the birth and death of coherent
sets. It uses a similar idea to the augmentation approach introduced in Chapter 3. In [FK21] the
authors use a pure diffusion process, a one-dimensional Wiener process (w;)¢, in the augmented
variable

df; = a dw;

to explore a space-time manifold and a co-evolved space-time manifold for the birth and death of
coherent sets and thereby need to relax the materialness of the extracted sets. The parameter a
controls the materialness. For a — oo the extracted sets become purely material and the diffusive
time evolution corresponds to averaging in time, this links the approach to previously established
approaches for coherent set analysis [FK21, Sec. 3]. The eigendata of the corresponding evolution
operator is separated into temporal and spatial components. The birth and death of coherent

sets is then detected by a change in the spatial norms across time-fibers of a spatial eigenfunction.

Remark 49:

The work [BGTHD21] explores another transfer operator-based approach to investigate the birth
and death as well as the life span of coherent sets. The method in [BGTHD21] uses ideas from
numerical ergodic theory and does not use augmentation. A
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7.2 Generalizations

Boundary Conditions

In this thesis and in the field of coherence one often assumes reflecting boundary conditions for
the SDE, which induce homogeneous Neumann boundary conditions for the parabolic PDE, the
Fokker—Planck equation. This corresponds well with the conservation of mass or probability.
However, sometimes a closed system is not feasible. Therefore, the important question arises:
How can we adapt the approach to coherence as well as the associated methods introduced here to
open system or systems with sources or sinks or other dynamics on the boundaries of X? There
exists a vast literature on possibly non-homogeneous Dirichlet, Neumann and Robin (mixed)
boundary conditions for parabolic evolution equations. For many cases the conditions and thus
the results from [Tan97] used here immediately apply. There are some works investigating the
evolution of densities and mixing in open systems, for example [FJ18] and [KPGT22].

The Non-Volume Preserving Setting

The transfer operator approach to coherent sets has been extended to the non-volume preserving
setting in, for example, [Frol3] and [Denl7] by introducing normalized transfer operators. How
this generalization can be carried over to the generator approach, and how the Fréchet differen-
tiability and the optimal perturbation approach can be extended to the non-volume preserving
setting, remains an open but important question. The following remark from [KLP19, Rem. 5.2]
addresses this question for the Fréchet differentiability with respect to the velocity field v from
Chapter 5.

Remark 50:

We can consider the transfer operator Py ¢(u) : LP(ug) — LP(py') for non-stationary dynamics,
see [Frol3, Denl7]. Here pf is some given initial distribution and g is its push-forward. The
reason for this is that the transfer operator is well-defined non-expansive between these spaces
for any p € [1,00], even for purely deterministic systems; see [Denl7, Thm. 5, p. 21]. The
dependence of pi on the perturbation u of the velocity field v poses additional difficulties. It
is a non-trivial problem to compare Py (u)f € LP(ui') for different u with one another. One
approach could be to work with a common space LP(A). Some results on perturbed operators
mapping to different spaces are given in [Kol06, MNP13, ZP07]. A

Furthermore, [FK20] and [HKK20] investigate transport, coherent sets and mixing in the
non-volume preserving setting.
The following possibility for generalization is concerned with a different dependence of v on

time.

7.2.1 Skew-Product Systems

In Chapter 3 we naturally arrived at the constant advancement in the augmented time coordinate

dfy =1dt.

There are several possibilities to expand this. We could look at the case when the velocity field
v does not directly depend on time but depends on 6; which is given by an evolution

db; = C(et)dt + ’Y(@t)dwt 9(0) =40p.
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Choosing the dynamics for € to be independent of the spatial variable ensures a skew-product

structure. A generalization, that seems natural, is a continuous flow ¢
0r = ¢t(0o)

of homeomorphisms on a complete, separable, and compact metric space (0, d) without bound-
aries. Together with an ODE or an SDE for the spatial component x(¢) or X; in X this leads to
a (random) dynamical system and a skew-product flow [Arn03]. Considering again the evolution
of densities in the stochastic case, we get the two-parameter family of solution operators Py,
with Py, +fo = fi for the Fokker-Planck equation

2
atf(ta l‘) = _divx (U((pt(QO)v x)f(tv x)) + %Axf(ta x) = G(SoteO)f(t7 x)

with initial value f(0,-) = fo and homogeneous Neumann boundary conditions. The two-
parameter family (Pp )4,y naturally induces a cocycle (P.;); over the flow (¢1); and a linear
skew-product flow

2 (0, fo) = (10, Pyt fo) -

Mather Semigroups
The theory of Mather semigroups [CL99, Chap. 6] can be seen as the analogue to evolution
semigroups but for ergodically driven systems. We consider abstract Cauchy problems of the

form
0r = it
df ()

=5 =GO () = G2 f(2)

with € living in the compact driving space © and the family (G(0))gece of unbounded operators
on a Banach space V. This gives a two-parameter solution family (U(0,t))g. The first
parameter is the initial configuration 6, and the second parameter is the time span of the
evolution. Furthermore, (U(6,1)) ;) induces a cocycle (U(-,t)); over (¢;); and a skew-product
flow [CL99, Def. 6.1 & (6.1)]. We can define the Mather semigroup in analogy to the evolution
semigroup. Let u be a o-finite regular Borel measure on ©, that is positive on open sets. We

assume that the Radon—Nikodym derivative du Coli*t

belongs to L>°(©) and is uniformly bounded

in t.

Definition 7.1:
Let ()¢ be a continuous flow on a compact metric space (©,d), then the corresponding Mather
semigroup (M) is given on C(0;V) by

(M f)(0s) = U(p—10s,t) f(-105)

and on LP(©,1; V), p € [1,00), by

(M. f)(6,) = (d“df) " Ui ) fois)

The next theorem from [CL99, Thm. 6.20, Thm. 6.33, Prop. 6.23] ensures that (M;); is indeed
a Cp semigroup and that (M;); has an infinitesimal generator, which can be characterized as
follows under some conditions on (G(0))gco.
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Theorem 7.2:
The family (M) is a Cy semigroup on C(©; V) (respectively, LP(©, u; V') ) if and only if (respec-
tively, if ) @i induces an exponentially bounded strongly continuous cocycle U(-,t). The Mather

semigroup (My); has the infinitesimal generator

d

(GF0) = = (fowr) (0)leo + G(0) £ (0)

on C(O;V).

The following theorem from [CL99, Thm. 6.30] gives a spectral mapping property for the
Mather generator.

Theorem 7.3:
Let G be the generator of the Mather semigroup (My)y on C(©;V), and let @y induce a strongly
continuous, exponentially bounded cocycle (U(+,t))¢. If the flow py is aperiodic, then

o(M)\{0} = et

Furthermore, the spectrum o(QG) is translation invariant along the imaginary azis, and the

spectrum o(My), for t > 0 is invariant with respect to rotations centered at the origin.

A spectral mapping property for the LP(©, u; V') setting can be found in [CL99, Thm. 6.37].
For a non-aperiodic case see [CL99, Thm. 7.25].

Stochastically Persistent Coherent Sets

The question arises: How can we connect the Mather generator to an appropriate notion of
coherence? Additionally, the question arises: What we can expect in the finite-time or the
infinite-time setting?” We propose the following notion of escape rate as a first step for the
infinite-time perspective towards stochastically persistent coherent sets.

1

E ((Ap)oco, bo) := —limsup —logP (X, € Ay g,,Vr € [0,1])
t—o00 t

The hope is that ergodicity of the flow ¢; can be used in the spirit of [FS13, Prop. 2.4] to

obtain independence of the initial configuration 6y, and that similar arguments to Chapter 3

and [FLQ10] give a connection for eigendata of the Mather generator and coherent sets.

Remark 51:

e The publication [GD20] investigates the extraction and prediction of coherent patterns
in incompressible flows for skew-product systems on an augmented manifold with ergodic
driving. The work [GD20] considers the deterministic setting and adds some artificial noise

on the operator level to regularize the spectrum.

e The work [BGT20] utilizes new advancements in multiplicative ergodic theory to investi-
gate the material transport and transfer operators in non-autonomous dynamical systems.

e The work [Gial9] offers data-driven tools based on diffusion maps to deal with the case
where the ergodic driving is not explicitly given.

A
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From this starting point, we can try to join the results from [FLQ13], [FGTQ15], [GTQ15]
and [GT18] and follow the strategy used for the generalization from [FS10] over [FJK13, FK17]
to [FKS20] by also using Oseledets theory.

7.3 Numerics

The generator approach to coherence together with an Ulam-type method for discretization was
successfully introduced in [Kol11]. This approach was then extended to time-dependent problems

using augmentation and reflection, requiring some extensions of the numerical methods.

Spectral and Higher-Order Methods

The works [FJK13], [FK17], and [Thi20] introduced higher-order, hybrid, and purely spectral
approaches for the generator and the augmented generator. A transfer of those approaches to
the augmented reflected generator has yet to be done. As mentioned in Section 4.1.2, the authors
of [FKS20] started experimenting with a Chebyshev hybrid (spectral in time) approach for the
augmented reflected generator. This turned out to be not straightforward, because, as expected,
the irregularity of © at ¢t =T does not behave well with the spectral approach in time.

Eigenvalue Problems

When computing coherent families with Ulam’s approach for the augmented reflected generator,
we noticed that the assembly of the matrix representation of the augmented reflected generator is
rather fast. This was one of the goals of the generator approach. The most time-consuming part
is the computation of the eigenvalues. As mentioned in Section 4.1 the Ulam representation of
the generator, the augmented generator and the augmented reflected generator is sparse, but it is
not symmetric. Therefore, we have to compute the eigenvalues of smallest magnitude including
complex ones. As we have seen in (3.31), in the reflected setting any non-real eigenvalue has to
be a companion eigenvalue (4.4). Therefore, it would be preferable to have an algorithm that
quotients out these companion eigenvalues and only computes the &k = 0 representatives of the

classes [)\i+k@], because the companion eigenmodes do not contain any additional information.

7.4 Optimization

Physically Relevant Perturbations

The perturbation library chosen in Section 6.3 contains rather idealized versions and maybe
physically questionable perturbations. However, the optimization method derived in Chapter 6
is well-suited for a data-driven approach. Assume that a set of realizable and thus experimentally
measurable perturbation velocity fields (V) is given on a uniform grid or even on a different grid
for each k. Then, each ¥, can be treated analogously to the analytically given perturbations by
the theory of Chapter 6 using sufficient interpolation between grid points. Within the DFG SPP
1881 ‘Turbulent Superstructures’ the authors of [FKS20] consulted with physicists and engineers
about real or at least physically relevant perturbations. As it turned out, this question is not easy
to answer, and in the end the Fourier modes chosen in Section 6.3 are a reasonable starting point.
These velocity fields may be approximately realized in a laboratory using Lorentz forces induced
by magnets and an electric current through a conductive fluid; see [RHG99], [KO11] and the
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references therein. Further starting points for relevant perturbations would be boundary shapes
and boundary conditions, because those can be modified in experiments. However, these do not

fit in a straightforward way into the optimal spectral manipulation methodology presented here.

Analytical Example

From a mathematical perspective a non-trivial analytical example would be desirable. This
includes a velocity field v with explicitly computable eigenfunctions of G(U) and an explicit
perturbation library such that the optimal perturbation u can be calculated explicitly by hand.
Furthermore, with an explicit eigenfunction of é’(v + u), we could compare exactly the change
in the eigenvalue and the change in the coherent family.

Alternative Constraints

Due to the affine-linearity of the generator, the augmented generator, and the augmented re-
flected generator in the velocity field v and the Fréchet differentiability shown in Chapter 5, we
were able to utilize powerful tools from the field of optimization in Chapter 6. To arrive at an
exact formula (6.14) for the optimal perturbation, we assumed a very specific but reasonable
structure for the constraints, namely, a quadratic form (6.7), a kind of smooth energy bound.
We have seen in Figure 6.1 and Lemma 6.7 that some kind of boundedness constraint is neces-
sary for the existence of an optimum, and that the strict convexity is useful for the uniqueness.
However, the theory of Lagrangian optimization offers a lot more tools; see [Stel8]. For example,
we could ask for the optimal perturbation to be contained in an intersection of affine half-spaces.
For a sequence («a;)jen C V* of linear and bounded functionals on a Banach space V' and some
shift vectors (B;)ieny C V the set

U={uecV]au)+ai(B) <0 foralli e N} = ({u € V]ai(u+p) <0}
€N
is possibly unbounded but convex and useful, assuming that it is non-empty. Although this set
cannot be defined by a single smooth function, every single face of this polyhedron can. Similar
to the arguments in Chapter 6 one may be able to derive a set of optimal perturbations. Even a

cube centered at 0 with side length 2¢ gives an unbounded convex set in an infinite-dimensional
Hilbert space (H, {(-,") ).

Ezxample 4: Unbounded Cube

The closed cube in a Hilbert space (H, (-, -) i) centered at 0 with side length 2 can be constructed
as the intersection of affine half-spaces. For an orthonormal basis (ONB) (e;)ieny C H the
functionals and shifts

a;1(v) == (e, v)g =vi, o(v) =—a1, Bigi=cee;, Bigi=—Pi2, e>0

give the cube Ug = {v = > ,cyvies € H| —¢ < v; < ¢ foralli € N}. On the one hand,
due to the properties of the ONB (or any Schauder basis), any v = >, yvie; € H can only
violate the cube constraints for finitely many i, because v; — 0 for ¢ — oo. On the other
hand, the cube Ug is unbounded, because v, with v; = € for i = 1,...,n € N, belongs to Ug
and satisfies ||v||g = ey/n. This shows that already a cube is a non-trivial structure in infinite

dimensions. &
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The situation is different for the simplex-type set Us = {v = >, cyvie; € H| ) oy |vil < e}
which can also be constructed as a countable intersection of affine half-spaces. However, Ug is
convex and bounded. For v € Ug C Ug holds

ol = 3" Joil? <& 3ol < 2.
i€N i€N
Any linear objective functional ¢ € H* has a Riesz representation cg = ),y cie; € H. We can
define the directions of strongest impact

¢:=max|¢| <oo and I:={ieN]||g|=¢c},
1€EN

where ¢ exists and [ is a finite set, because (e;);en is an ONB. Then, the set of minima of ¢
on Ug is given by

{U_Z_Sgn(ci)“ieieH ZUiZE,uiZOfor alliEI} :

i€l i€l
The idea is that wu; is an investment for the directions of best yield given by I. As a starting
point for an introduction to polyhedra in infinite dimensions we refer to [FV04] and [D’A11].
Remark 52:

e Of course other smooth equality constraints h and inequality constraints g that are not
quadratic forms but give (strictly) convex and bounded sets

U={ueV|g(u) <0 and h(u) =0}

can be treated with the methods presented in Chapter 6 and the references therein.

e Assuming that the Fréchet differentiability from Chapter 5 or similar results hold in Ba-
nach spaces, we can use Section 6.1 and many results from the theory of Lagrangian
multipliers [Stel8] that have been derived in the Banach space setting. However, deriving
explicit formulas in the Banach and not Hilbert space setting is an interesting but difficult
extension especially regarding the importance of the L' setting.

A
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