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Details of the molecular model

We consider FRET between Rydberg atoms and the inversion vibrational mode of ammonia.
The latter can be modelled as a symmetric top rotor and its states can be described in
terms of the symmetric top eigenstates |JK M). We use the standard notation with angular
momentum quantum number J and projections onto the molecular symmetry axis K and
onto the space-fixed Z-axis M.! The inversion mode, with level splitting equal to 23.694 GHz,
then couples the +K and —K states. The rotational subspace with J = K = 0 does not
possess an inversion mode and thus does not contribute to the FRET signal. For J = |K| =1,
the transition matrix elements between states within the upper and lower inversion manifold
are of the order of 0.5D. At a given temperature, the occupation of the rotational states

E
depends on J and K and is given by f;x(T) = g/./\fef’ﬂ% with 7' the temperature, N’
a normalization factor, and ¢ the statistical weight of the state. The statistical weight is
g = 2(2J + 1) except for K = 3m with m > 1 where g = 4(2J + 1) due to the three-fold
symmetry of ammonia.?

Details of the model for the Rydberg atom

We consider the single valence electron of a rubidium-85 atom. We use the known quantum
defects®® up to £ = 7 to describe the energy levels at zero electric field in the spherical
basis |nfm). Except for fixing the quantum defect as 0,y = 9,0, j=¢41/2, our model negects
spin-orbit coupling in the rubidium atom. A full account of spin-orbit orbit coupling will
slightly change our predictions, depending on the experimental resolution. In particular,
energy level shifts and matrix elements between energy levels as a function of electric field
will be somewhat different which may affect precise lineshapes and line positions.

We evaluate the influence of the static electric field described by the Hamiltonian Vr]yDE =
ZFpc by computing the matrix elements of the z-operator. The angular part is calculated
analytically while the radial part is calculated numerically using Numerov’s method taking
the modified potential of the Rydberg atom into account.® Afterwards, we diagonalize the
Hamiltonian numerically to obtain the eigenvalues of the Rydberg atom in the DC dressed
basis. To improve accuracy, we take all states with n = 44 4+ 2 into account in the diagonal-
ization, not only the two manifolds 45d and 46p. Afterwards, all states but 45d and 46p are
removed from the set to speed up numerical calculations. The matrix elements between 45d
and 46p are calculated equivalently as described above and take values up to 3000 D.

Validity of the model

Our model relies on two basic assumptions — the translational motion can be treated clas-
sically, and the state of the Rydberg atom faithfully represents the Forster resonant energy
transfer with the polar molecule. In the following, we assess the validity of these assumptions.

(1) The approximation of a classical, straight trajectory only remains valid as long as the
kinetic energy FEy, is much larger than the interaction strength Vijq between the particles.
The latter depends on the distance between the two particles. A suitable estimate for this



distance is given by the impact parameter at which the population exchange between the
particles is maximal and which we term critical impact parameter. Its scaling with the
relative velocity can be derived as follows. For the particles to exchange population, the
phase accumulated by the particles, ® = Vg4T', needs to be of the order of one, & ~ 1. The
interaction scales as Vgg ~ 773 (cf. Eq. (2) in the main text) and the time during which
the two particles interact significantly can be approximated as T ~ r/v. Combining the
equations and solving for the critical impact parameter r = b* results in the scaling

. c
b* = NGk (1)
The proportionality constant c is obtained from the numerical simulations by multiplying
the impact parameter at which the exchange probability is maximal with the square-root
of the velocity. We find the constant to be ¢ = 1.66 - 10’6m\/?. For v = 0.1m/s, the
critical impact parameter amounts to b* = 5 um. We find that the condition for the energy
scale separation is fulfilled with the kinetic energy, Fi, = 180kHz, being three orders of
magnitude larger than the interaction energy, Vgq = 1.6kHz. Only at relative velocities
below 8 - 107%m /s will the two energies become equal (0.001 Hz).
(2) Due to their interaction with the Rydberg atom, some molecules will be deflected from
a straight trajectory. This deflection is neglected in our model. We estimate the percentage
of trajectories which are subject to deflection as follows: Deflection occurs if the potential
energy is of the same order of magnitude as the kinetic energy. For a given velocity, equating
kinetic and potential energy and solving for the distance results in the impact parameter by

at which deflection occurs,
dinordrya \ ?
by = (_2m°1 e ) , (2)
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With dpe = 0.5D, dyyg = 3000D and g the reduced mass, this yields, for the lowest velocity
considered in the main text, v = 1 m/s, by &~ 230 nm. Assuming the scattering centre to be
a hard sphere, the corresponding cross section would be ogphere = 703 = 1.7 - 1072 cm?. This
is more than one hundred times smaller than the peak cross section determined numerically
(about 200-107% cm?, cf. Fig. 2(b) in the main text). Therefore, less than 1% of all trajectories
describe scattering events in which the Rydberg atom and molecule come close enough to
each other for significant deflection to occur. At higher velocities, this fraction is even
smaller.

(3) Furthermore, assuming a classical trajectory also relies on the de Broglie wavelength
(A = h/pv with reduced mass p) being much smaller than the distance between the parti-
cles. For v = 0.1 m/s, the critical impact parameter, b* = 5 um, is one order of magnitude

larger than the de Broglie wavelength, A\ = 0.3 um. Only at relative velocities below
3-107*m/s will the de Broglie wavelength become equal to the critical impact parameter
(100 pm).

(4) The duration of the experiment is limited by the lifetime of the Rydberg atom.
For the Rydberg states considered in this work and at room temperature, the lifetime is
mainly limited by decay processes induced by blackbody radiation and is around 75 pus (cal-
culated using the ARC library”). The interaction time which is necessary for the particles
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to exchange a significant amount of population is easiest approximated when assuming a
quasi-stationary setup in which the beginning and end of the experiment is defined by the
excitation of the atom to the Rydberg regime and its ionisation. Using the critical impact
parameter as derived above, the interaction time can be approximated as T' = % Inserting
Eq. (1), solving for v and inserting as interaction time the lifetime of the Rydberg atom, we
obtain the critical velocity of 0.1 m/s. As a result, the model is mainly limited by the lifetime
of the Rydberg atom and remains valid approximately until relative velocities of 0.1 m/s.

(5) The state of the Rydberg atom represents the Forster resonant energy transfer faith-
fully, provided the interaction is not too strong. For example, if the molecule gets very close
to the Rydberg atom and possibly even enters the Rydberg orbit, the interaction becomes
so strong that both atom and molecule undergo many transitions, akin to Rabi cycling. On
average, every state of the considered Rydberg subspace is populated with equal probability.
In terms of the cross sections, this merely increases the noise level somewhat.

Approximation of necessary molecular densities

In the following, we elaborate on the estimation of the molecular density which is required
to detect the molecules via their interaction with Rydberg atoms. First, the effective volume
that a Rydberg atom probes during a given time 7" can be approximated as V = Two. When
inserting the peak values of the cross section from Fig. 2(b-d), for instance o ~ 21077 cm?
at v = 1 m/s, and assuming a maximal interaction time of 7" = 100 us (limited by the finite
lifetime of the Rydberg state), we obtain the value of V' = 2-107%cm? as given in the
main paper. This value is independent of v as o scales as 1/v, c¢f. Eq. (6). Second, at a
molecular density g, the Rydberg atom interacts on average with N = pV" molecules. At a
molecular density of 5-10%cm ™2, the Rydberg atom then interacts on average with exactly
one molecule and the signal is saturated. At higher densities, our approximation of a dilute
medium breaks down. At lower densities, the signal reduces accordingly. When trapping,
for instance, a single molecule in an optical tweezer with an estimated volume of 1078 cm?,
this corresponds to a density of 10 cm™3 and 20% of the saturated signal is achievable.

In a real experiment, these values have to be compared to the measured background.
In the experiment,® the background is dominated by blackbody radiation which causes the
Rydberg atom to change its state even if no molecules are present. Due to this effect, about
2% of the Rydberg atoms were found in the excited state.® Then the FRET signal and
the background are of the same order of magnitude at a molecular density of 107 cm 3.
This value can be further reduced by a few orders of magnitude: at 10° cm™3, the FRET
signal is hundred times smaller than the background but observing a change of 1% in in the
background transfer rate seems realistic. Of course, going to a setup with shielding of room
temperature blackbody radiation, i.e., a cryogenic setup, would reduce the lower bound on
the density for which molecules can be detected even further.
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Figure S1: Dominant transition in the combined system of Rydberg atom (left) and molecule
(right) as shown in Fig. 2. (a) shows transitions for initial states with m, = 0. Solid lines
indicate the resonance |}, m; = 0;v", M) < |T,m, = 0;v", M') which occurs at 92V /m,
dashed lines indicate the resonance ||, m; = 0;v~, M) < |+, my = £1;v+, M') which occurs
at 107V /m. (b) shows transitions for initial states with m, = 1. Solid lines indicate the
resonance ||, my = 1;v7, M) « |T,m, = 0;v", M) which occurs at 77V /m, dashed lines
indicate the resonance |[,m, = 1;v", M) < |T,m, = 1;v", M) which occurs at 85V /m,
dotted lines indicate the resonance ||, my = 1;v7, M) <« |1,my = 2;v", M’y which occurs
at 149V /m. The line colours of the arrows indicate the initial state using the same colour
code as in Fig. 2(b-d).

Detailed analysis of the peak structure in the electric
field-controlled cross section of Fig. 2

Figure 2 shows an intricate pattern of dips and peaks in the cross section as a function of
the electric field. As discussed in the main text, the line shape can be traced back to the
dominant transition occurring in the system. The possible kind of transitions, as discussed
with the help of Fig. 3 in the main text, are summarised in Tab. 1. This, together with
the location of the resonance allows one to determine the dominant transition occurring in
the combined system of Rydberg atom and molecule. (1) The peak position of resonance
as a function of electric field strength reveals which transition occurs in the Rydberg atom
as shown in Fig. 2(a). This gives the value of Am,. (2) The line shape reveals whether a
criss-cross or flip-flop transition occurs as shown in Tab. 1. (3) Combining both, the value
of AM can be concluded. We conduct this procedure in the following for all lines shown in
Fig. 2.

Table 1: Overview of the types of transitions caused by dipole-dipole interaction.

name selection rule line shape
criss-cross Amy= AM =+1 peak
linear flip-lop Am,= AM =0 dip

diagonal flip-flop Amy,=—-AM = +1 dip




In the main text, we have discussed as an example the initial state ||, m, = 0)®|v—, M = 1)
(purple line in Fig. 2(b-d)). The dominant transitions are furthermore illustrated in Fig. S1(a).
We found the peak at 107V/m (corresponding to the resonance ||,m,=0;v", M) <
|, me = £1; v, M')) being due to a criss-cross transition to [T, m, = —1)®|vt, M = 0) (pur-
ple dashed arrows in Fig. S1). The dip around 92V /m (|}, m, = 0;v~, M) < |[t,m, = 0;vF, M')),
on the other hand, can be attributed to a linear flip-flop transition to |1, m, = 0)®[vT, M = 1)
(purple solid arrows in Fig. S1).

The initial state |}, my, = 0) ® [v~, M = 0) (red) shows a qualitatively similar behaviour
as [{,my; =0)® |[v~, M = 1) (purple), since the Rydberg atom is initially in the same state.
At 107V /m, criss-cross transitions with both Am, = AM = =£1 are allowed (as indi-
cated next to the red dashed arrows in Fig. S1(a)). Moreover, the linear flip-flop transi-
tion to [f,m, = 0) ® |vt, M = 0), suggested by the dip at 92V/m (|, m, = 0;v", M) <+
|, mg = 0; 0", M')), is forbidden by the molecular selection rule M = 0 4 M’ = 0 (as
indicated by the red solid arrows in Fig. S1(a)). Instead, the molecule performs transitions
with AM = +1 leading to a dip in the electric field-controlled cross section.

The other three initial states correspond to the Rydberg atom being initially in m, = 1
and thus relate to the resonances indicated by vertical blue lines in Fig. 2. The dominant
transitions are illustrated in Fig. S1(b). We continue with the initial state |[{,m, =1) ®
lv=,M =0) (blue). The cross section of this initial state shows a strong peak at the
L, me =x1;07, M) < |T,my = %2;v7, M') transition at 149 V/m. The line shape clearly
indicates a criss-cross transition (i.e. Amy, = AM = £1). The sign of the criss-cross tran-
sition can be deduced from the resonance itself which reveals that the Rydberg atom per-
forms a transition from 46p, m, = 1 to 45d,m, = 2. Combining the two insights, we can
deduce that the dominant transition occurs to the state |T,m, =2) ® [vT, M =1) (dot-
ted blue lines in Fig. S1(b)). The cross section also forms a peak around the resonance
at 7TV/m (|},my==xL;v", M) <« |[t,m,=0;v",M')). Using similar arguments, the
dominant transition is also a criss-cross transition to the state [f,m, =0) ® |v", M = —1)
(solid blue lines in Fig. S1(b)). Around the resonance at 85V /m (|}, my = £1;v7, M) <
[T, me = £1; v, M")), the cross section forms a dip indicating a flip-flop transition. As
the resonance indicates the Rydberg atom to perform a transition from 46p,m, = 1 to
45d, my = 1, we can identify the linear flip-flop transition to |1, m, = 1) ® [v, M = 0) to be
dominant (dashed blue lines in Fig. S1(b)). However, this transition is again forbidden by
the molecular selection rule M = 0 ¢4 M’ = 0. Instead, the molecule performs transitions
with AM = +1 which equally leads to a dip in the electric field-controlled cross section.

The initial state |[{,m;=1) ® |v~, M = —1) (green) shows a qualitatively very simi-
lar behaviour to |},m;=1) ® |[v=, M =0) (blue), since similar transitions are involved.
The only qualitative difference between the two occurs at the resonance around 77V/m
(4, me=x1;07, M) < |1,my =0;v", M’)). The green line forms dip here while the blue
one forms a peak. The green state therefore performs a diagonal flip-flop transition to
[T, me =0) ® |vT, M = 0) (solid green lines in Fig. S1(b)).

Finally, the state ||,m, =1) ® |v=, M = 1) (yellow) also shows a similar behaviour to
[}, me = 1)®|v~, M = 0) (blue), but deviates around the resonance at 149 V/m (|}, m, = £1;v7, M) <
|, mg = +2; v, M')) as it shows a dip instead of a peak. Instead of a criss-cross, this state
performs a diagonal flip-flop transition with Am, = —AM = 1, driving the population to
I, me =2) @ [vt, M =0) (dotted yellow lines in Fig. S1(b)) and causing the strong dip in
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Figure S2: Like Fig. 4 but for m, = 1: Rubidium Rydberg spectroscopy of ammonia with
M-averaged cross sections shown on the right (for v = 10m/s and m, = 1) and relative
populations of the rotational states shown on the left for single rotational levels (a) and
thermal ensembles (b,c) at rotational temperatures of 50 and 300 K, respectively. The
vertical lines indicate resonances between the Rydberg transition and the inversion mode.
Solid lines indicate K = J, dashed lines K = J — 1 (other molecular transitions are far
off-resonant).

the spectrum.

It shall lastly be noted that cross sections do not completely vanish at resonance for
flip-flop transitions (which form a dip) in the realistic model shown in Fig. 2, while in
the simplified model of Fig. 3 they do. The reason is that for multi-level systems, the
dynamics cannot be limited to a single transition. For instance, we have discussed that
the initial state |},my=1) @ |v=, M =1) (yellow state in Fig. 2) leads to a dip in the
cross section at the [, my = £1;v7, M) < |1, my = £2; v, M’) transition at 149 V/m thus
transferring population into |1, m, = 2)®[v*, M = 0). This state could further be transferred
to |[{,m¢=1)®|v~, M = —1) via a criss-cross transition. Thus, a fraction of the population
is now in the state which we indicated by the green colour. In a second order process,
this state can thus undergo a criss-cross transition leading to a peak at the considered
b, me=x1;07, M) < |1, my=+£2;v", M) transition which overlays with the initial dip
created by the dominant flip-flip transition.

Molecules in an ensemble of rotational states for m, =1

We now present the dependence of the electric field-controlled cross section on the rotational
quantum numbers J and K assuming the Rydberg atom to be initially in 46 P, m, = 1. This
is equivalent to the results presented in the section “Molecules in an ensemble of rotational
states” of the main paper but changing m, from 0 to 1. The results are shown in Fig. S2 where
three resonances appear for each rotational state |J, K), giving rise to a richer spectrum as
compared to my = 0. It can be seen that, different from Fig. 4, several peaks overlap, such
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Figure S3: Similar to Fig. 4: Rubidium Rydberg spectroscopy of ammonia for v = 10m/s
and my, = 0. State-resolved cross sections are shown in (a), and (noisy) thermally averaged
cross section in (b) panel. The red bar chart (b, left) and the red line (b, right) indicate the
population distribution and corresponding cross sections when adding noise to a Boltzmann
distribution with 300 K (black). The black crosses indicate the values used for fitting.

as the green (J = K = 3) and the purple (J = K = 5) one around 290 V/m. However, this
does not hamper the fitting procedure. Each rotational sublevel gives rise to as least one
peak which is sufficiently isolated from the others in order to determine its contribution to
the cross section. For instance, even the J = K = 1 state (blue) can be clearly identified at
50 K by its characteristic double-peak structure close to 85 V/m in Fig. S2(b).

Fitting the relative populations from measured cross
sections

Measuring the electric field-controlled cross section in an experiment allows for inferring the
relative populations of rotational states. In the following, we sketch an example. First, we
generate a noisy Boltzmann distribution which simulates an unknown distribution of ro-
tational states in an experiment. We start from a Boltzmann distribution at 300 K (gray
shade in left-hand panel of Fig. S3(b)) and add noise (red shade) by multiplying each com-
ponent with a random number between 0 and 2, where a factor between 0 and 1 entails
reduction and a factor between 1 and 2 increase of the corresponding component. We then
re-normalise the distribution. When averaging the cross sections of single rotational levels
(cf. Fig. S3(a)) accordingly, we obtain the signal shown in Fig. S3(b, red line). This curve
will serve as the unknown signal acquired in an experiment and will be the starting point
for the fitting procedure. Note that we did not add any further disturbance to the signal
to simulate experimental noise. In particular, we did not alter the peak positions or their
shape but kept them as given in Fig. S3(a). We expect the theoretical prediction to be very
accurate, since the theoretical model of the Rydberg atom and the rotation and inversion
mode of the molecule are very well known.

We test two different strategies for acquiring the composition of rotational states by fitting
the theoretical data from Fig. S3(a) to our test signal from Fig. S3(b, red). First, we use
the full information on the state-dependent cross sections ok (Fpc) as shown in Fig. S3(a)



which have a very high resolution. The averaged cross section o(Fpc) can be written as

o(Foe) =Y sk 05k (Fpo) (3)
JK
with >, cjrk = 1. We will treat the c;x as fitting parameters which directly reflect

the relative population of rotational states. Due to the resonance conditions, only 9 fitting
parameters are left: c¢11 to cgg and cgg to c1119. We perform the fit using the optimize package
of scipy with guess parameters c;x = 1. The guess signal is therefore identical to the sum
on the peaks in Fig. S3(a). We find that the fit recovers the input parameters exactly and
the fitted curve lies exactly on top of the red line in Fig. S3(b).

To test the applicability of the fitting procedure to real experimental data, we reduce
the resolution of the signal. Namely, we only consider data points which are located directly
at the resonances as indicated by the black crosses in Fig. S3(b), thus reducing the number
of data points to 16. Note that the signal is very low at some resonances because the line
forms a dip around them. We repeat the fitting procedure with this decreased resolution
and find the correct input parameters with a relative error of 1071, Note that, when dealing
with very small signals in a real experimental setting, it might be beneficial to measure the
cross sections slightly next to the resonance. This increases the signal-to-noise ratio when
detecting cross sections which form a dip at the resonance.

This example demonstrates that the relative populations of rotational states can be
inferred with a very high resolution from a given input signal. Of course, the error of
the fitting procedure will ultimately be given by the error bars of the experiment.
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