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Abstract In this paper we employ a recent proposal of
C. Tsallis and formulate the first law of thermodynamics
for gravitating systems in terms of the extensive but non-
additive entropy. We pay a particular attention to an inte-
grating factor for the heat one-form and show that in con-
trast to conventional thermodynamics it factorizes into ther-
mal and entropic part. Ensuing two laws of thermodynamics
imply Tsallis cosmology, which is then subsequently used to
address the observed discrepancy between current bound on
the Dark Matter relic abundance and present IceCube data on
high-energy neutrinos. To resolve this contradiction we keep
the conventional minimal Yukawa-type interaction between
standard model and Dark Matter particles but replace the
usual Friedmann field equations with Tsallis-cosmology-
based modified Friedmann equations. We show that when
the Tsallis scaling exponent δ ∼ 1.57 (or equivalently, the
holographic scaling exponent α ∼ 3.13) the aforementioned
discrepancy disappears.

1 Introduction

In his seminal paper [1], Jacobson showed that there is a
deep connection between gravity and thermodynamics, with
the possibility to derive the Einstein field equations from the
first law of thermodynamics (see also Refs. [2–4] for alter-
native approaches). The important upshot of this approach
is that one can infer the cosmological equations (the Fried-
mann equations) from the first law of thermodynamics on
the apparent horizon [5–28]. In recent years, there has been
an upsurge of interest in extending this line of thoughts to
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cases where more general entropies than just the conventional
Boltzmann–Gibbs entropy are employed [29–39]. These
models account for various modifications of Bekenstein–
Hawking’s entropy area law. For instance, in the context of
loop quantum gravity [40–48] or entropic cosmology [49] the
area law gets logarithmic corrections due to entanglement of
quantum fields inside and outside the horizon [50–54]. Sim-
ilarly, the generalized non-additive entropies [55–57] often
lead to more generic power-law instead of area law behavior.
A simple but prominent example of the latter is the so-called
δ-entropy

Sδ = γδA
δ, (I.1)

where A is the horizon area, δ is the scaling exponent and
γδ is a δ-dependent constant, which for δ = 1 reduces to
Hawking’s conventional form γ = 1/(4L2

p). Entropy Sδ is
a particular example of the entropy that was introduced by
Tsallis in Ref. [58] in order to define a correct thermody-
namical entropy in 3 spatial dimensions for systems with the
sub-extensive scaling, such as, e.g. black holes. This issue
was then further elaborated, e.g., in Refs. [55,56]. Entropy
Sδ is a special member of a two-parameter class of entropic
functionals known as Sq,δ (also introduced by Tsallis in [55]),
where Sδ ≡ S1,δ . It should be emphasized that Sδ has nothing
to do with the popular Tsallis entropy [59–61] that is widely
used in statistical physics and theory of complex dynamical
systems. Strictly speaking, Tsallis’ entropy with the non-
extensivity parameter q is the Sq,1 member in the previously
mentioned two-parameter class of entropies.

The so-called Tsallis cosmology is a particular approach
that accommodates the Sδ entropy directly into the first law of
thermodynamics in order to arrive at the modified cosmolog-
ical Friedmann equations. The standard cosmological model
is then recovered in the limit δ = 1. It should be noted that
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usage of Sδ in formulating the first law of thermodynamic
seems a bit ad hoc in the current literature. For this reason,
we stick in this paper to the original Tsallis proposal [55]
for Sδ and formulate the first law so that the entropy will be
extensive but not additive.

In contrast to other works on cosmology, which are based
on the δ-entropy, we take seriously here the second law
of thermodynamics. By the second law of thermodynam-
ics we mean the Carathéodory formulation, which states that
in any thermodynamically consistent system the heat one-
form should be holonomic, i.e., it should have an integration
factor which implies the existence of a new state function –
entropy and at the same time it allows to define a unique abso-
lute temperature. We prove that due to a non additive nature
of the entropy the integration factor of the heat one-form
is not a simple inverse of thermodynamic temperature, but
instead it factorises into the entropic and thermal part. We
further show that the factorization property of the integra-
tion factor allows to identify absolute temperature uniquely
(up to a multiplicative factor). This, in turn, permits to fol-
low the established methodology from conventional thermo-
dynamics to derive the (modified) Friedman equations (for
some alternative approaches see also [62–64]). So, while the
first law of thermodynamics reflects energy conservation and
as such, it is crucial in setting up the Friedmann equations
(basically along the same lines as in the original Jacobson’s
paper [1]), it is the second law (more precisely its modified
version – new integration factor, new entropy and new abso-
lute temperature), which brings about the key modifications
into Friedmann equations.

With the first two laws of thermodynamics at hand one
can explore potential implications of the ensuing Tsallis cos-
mology. In particular, here we show that the Tsallis cosmol-
ogy is capable to alleviate the discrepancy between the cur-
rent bound on the PeV Dark Matter (DM) relic abundance
and recent IceCube data [65,66] about neutrino events with
high energies (∼ 1 PeV) [66]. Though astrophysical sources
are favorite candidates for the origin of these high energy
events [67–70], another viable possibility is that these neu-
trinos are the product of the decay of PeV mass Dark Mat-
ter [71–89] (see also Refs. [90–99]). In this latter case, the
minimal extension of Standard Model (SM) describing such
a decay is given by the renormalizable, dimension four (in
mass units) Yukawa-type interaction [98]

L4−dim = yσχ L̄σ · Hχ . (I.2)

Here σ = e,µ, τ indicates the mass eigenstates of the
three active neutrinos, H the Higgs doublet, Lσ the left-
handed lepton doublet, χ the DM particle, and yσχ the
(dimensionless) Yukawa coupling constants. We calculate
the freeze-in abundance of DM in Tsallis’ cosmology and fix
the parameter δ so as to

be consistent with the observed relic abundance and the
IceCube requirements. More precisely, the IceCube high
energy events and the DM relic abundance are not compat-
ible with the DM production if the latter is ascribed to the
4-dimensional operator (I.2). This apparent tension can be
resolved if one assumes that the Universe evolves according
to Tsallis-cosmology implied Friedmann equations, provided
one properly constrains the scaling exponent δ.

The layout of the paper is as follows. In the next section
we discuss the role of Sδ entropy and place it in a proper
thermodynamic framework. A particular attention is paid to
an integrating factor for the heat one-form. It is show that
the latter cannot be simply identified with inverse thermody-
namic temperature, but instead it factorises into entropic an
thermal part. With the first law of thermodynamics obtained
we discuss in Sect. 3 the ensuing modified Friedmann equa-
tions, which are obtain when one applies the first law, at
apparent horizon of a FRW (Friedmann–Robertson–Walker)
Universe. In Sect. 4 we show that the DM relic abundance
and the IceCube data can be explained in a consistent way by
using the minimal 4-dimensional Yukawa-type interaction
operator (I.2) and by assuming that the cosmological back-
ground is described via Tsallis cosmology. Finally, Sect. 5
summarizes our results and discusses possible extensions.
For the reader’s convenience the paper is supplemented with
one appendix which clarifies more technical aspects associ-
ated to discrepancy between PeV neutrinos and IceCube data
in the conventional FRW cosmology.

2 Thermodynamic framework for the Sδ entropy

Application of laboratory thermodynamics in (self-)
gravitating systems is fraught with peril: from a formal point
of view, it cannot even be defined, because there is no ther-
modynamic limit. The technical reason why one cannot scale
the system to an infinitely large size stems from the fact that
gravitation is a long-range force, which implies that the grav-
itational potential energy grows faster than a linear function
of the mass of the system.

In many cosmological systems, such as black holes, this
is typically rectified by employing entropies that have in 3
spatial dimensions a sub-extensive scaling (such as area law
scaling of the Hawking–Bekenstein (HB) entropy). Recently
Tsallis proposed [55,56] an alternative viewpoint, namely
that such systems might still allow for a conventional thermo-
dynamic description provided the entropy involved is exten-
sive but not additive. In this section we will consider this
proposal more seriously and compute the ensuing integra-
tion factor for the heat one-form. We show that this not only
allows to define the temperature but it will also provide a
heuristic justification for the entropic form (I.1).
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We start by observing that the key property in thermo-
dynamic framework is the Legendre transform which, for
instance, for Gibbs free energy takes the form

G(T, p, N , . . .) = U (S, V, N , . . .) + pV − T S, (II.1)

where G and U stand for Gibbs free energy and internal
energy, respectively. Both G and U are expressed in terms of
their natural variables and dots stand for prospective addi-
tional state variables.

By following [55,56], we now define the length-scale
independent thermodynamic potentials g = limL→∞ G/Lε

and u = limL→∞ U/Lε, where L is the characteristic linear
scale of the system and ε is a scaling exponent (not necessar-
ily identical with the spatial dimension d). Note that g and u
must satisfy (for large L)

G(T, p, N , . . .) = Lεg(T/Lθ , p/Lθ , N/Ld , . . .),

U (S, V, N , . . .) = Lεu(S/Ld , 1, N/Ld , . . .). (II.2)

Here we do not assume that the scaling exponent θ has a
typical laboratory value θ = 0. So, because (for large L)
G(T, p, N , . . .) ∝ Lε, U (S, V, N , . . .) ∝ Lε, p ∝ Lθ and
T ∝ Lθ , then (II.1) inevitably implies that S ∝ Ld (this was
implicitly used in (II.2)) and ε = θ + d. In this way one can
(for large L) rewrite (II.1) in the form

g(T/Lθ , p/Lθ , N/Ld , . . .) = u(S/Ld , 1, N/Ld , . . .)

+ p

Lθ
· 1 − T

Lθ

S

Ld
. (II.3)

hence, the structure of Legendre transform is satisfied also
for length-scale independent thermodynamic potentials. A
lesson that can be drawn from this analysis is that entropy
should be extensive quantity (provided that T and p scale in
the same way) irrespective of the actual scaling of thermody-
namic potentials (which should be inevitably the same for all
of them). It is clear that one could repeat the same argument
for other thermodynamic potentials.

Holographic principle posits that entropy of a black hole
and more generally the entropy of the Universe is a Shannon
entropy with a peculiar area-law scaling, namely

SHB ∝ −
∑

i

pi log pi = L2, (II.4)

where L is a characteristic length-scale in the problem. By
the asymptotic equipartition property [100] is

SHB ∝ log W , (II.5)

where W is a number of states (more precisely a volume of
a typical set). So, W should scale exponentially so that

W = φ(L)ηL2
, with η > 1 and lim

L→∞ φ(L)/L

= 0. (II.6)

As argued before, the scaling of SBH prevents to consider it
as a full-fledged thermodynamic entropy. In this connection,
it was argued in [29] that the entropy

Sδ ∝
∑

i

pi

(
log

1

pi

)δ

, δ > 0, (II.7)

which for equiprobable distribution behaves as1

Sδ ∝ (log W )δ , (II.8)

might potentially represent a correct thermodynamic entropy
in 3 spatial dimensions for systems with the sub-extensive
scaling (II.6). Though many other non-additive and poten-
tially useful entropies are available in the literature, cf.
e.g. [101–106] our focus here will be on Sδ . Among other, this
will allow us to make contact with other results associated
with Tsallis cosmology.

It is well known that the area-law formula for black hole
entropy (II.4) holds only in Einstein theory, i.e., when the
ensuing action functional includes only a linear term of scalar
curvature R. On the other hand, the area-law formula of black
hole entropy no longer holds in generic higher-derivative
gravity theories [15], for instance in f (R) gravity the entropy
of a static black hole acquires the form S ∝ L2 f ′(R), cf.
e.g. [107]. It is thus intriguing to consider entropy (II.4) with
more general scaling law, namely

SGen.HB ∝ Lα, (II.9)

in other words, we allow for a deformation in the holographic
scaling. So, δ from (I.1) equals to α/2. In the spirit of Tsallis
suggestion we now assume that S3/α is a thermodynamic
entropy. There are two immediate impediments associated
with this assumption. First, S3/α is not additive (not even in
the L → ∞ limit) but it satisfies the pseudo-additivity rule

S3/α(A + B) =
[
Sα/3

3/α (A) + Sα/3
3/α (B)

]3/α

, (II.10)

for any two independent subsystems A and B. This is an
inevitable consequence of working with systems with the
sub-extensive scaling – such as gravity. Second, it is not
clear what is a thermodynamic conjugate to such an entropy.
Carathéodory theorem [108,109] ensures that heat one-form
has an integration factor but since the entropy is not additive
one cannot use the conventional Carnot cycle argument [110]
in the proof of Clausius equality, to simply identify the inte-
gration factor with inverse temperature.

Let us dwell a bit more on this last point. Since the exact
differential associated with the heat one-form is entropy, we

1 Note that the positivity of δ implies that Sδ grows with an increasing
number of available microstates. This might be viewed as a consistency
condition on the validity of the “generalized” second law of thermody-
namics.
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can write

dS3/α(a, θ) = μ(a, θ)δQ(a, θ), (II.11)

wherea represent a collection of relevant state variables and θ

is some empirical temperature whose existence is guaranteed
by the zeroth law of thermodynamics. We now divide the
system in question into two subsystems A and B, that are
respectively described by state variables {a1, θ} and {a2, θ},
respectively. Then

δQA(a1, θ) = 1

μA(a1, θ)
dSA,3/α(a1, θ) and

δQB(a2, θ) = 1

μB(a2, θ)
dSB,3/α(a2, θ). (II.12)

So, for the whole system

δQA+B = δQA + δQB with δQA+B(a1, a2, θ)

= 1

μA+B(a1, a2, θ)
dS(A+B),3/α(a1, a2, θ), (II.13)

we can write

dS(A+B),3/α(a1, a2, θ) = μA+B(a1, a2, θ)

μA(a1, θ)
dSA,3/α(a1, θ)

+ μA+B(a1, a2, θ)

μB(a2, θ)
dSB,3/α(a2, θ).

(II.14)

Let us now assume that there is only one state variable
(apart from θ ), so that a = a. If that there would be more
state variables, our following argument would go through as
well but we would need to employ more than two subsys-
tem. Under this assumption we can invert SA,3/α(a1, θ) and
SB,3/α(ab, θ) and write

a1 = a1(SA,3/α, θ) and a2 = a2(SB,3/α, θ). (II.15)

With this (II.14) can be rewritten as

dS(A+B),3/α(SA,3/α, SB,3/α, θ)

= μA+B(SA,3/α, SB,3/α, θ)

μA(SA,3/α, θ)
dSA,3/α

+ μA+B(SA,3/α, SB,3/α, θ)

μB(SB,3/α, θ)
dSB,3/α + 0dθ. (II.16)

Since dS3/α (for all considered systems) must be a total dif-
ferential (so that S3/α is a proper state function), integrability
conditions give

∂ log(μA(SA,3/α, θ))

∂θ
= ∂ log(μB(SB,3/α, θ))

∂θ

= ∂ log(μA+B(SA,3/α, SB,3/α, θ))

∂θ
, (II.17)

1

μA(SA,3/α, θ)

∂μA+B(SA,3/α, SB,3/α, θ)

∂SB,3/α

= 1

μB(SB,3/α, θ)

∂μA+B(SA,3/α, SB,3/α, θ)

∂SA,3/α

. (II.18)

Note that in (II.17) the derivatives cannot depend on entropy
but only on θ . By denoting the RHS of (II.17) as −ω(θ) we
might resolve (II.17) in the form

μA(SA,3/α, θ) = ψA(SA,3/α) exp

(
−

∫
ω(θ)dθ

)
,

μB(SB,3/α, θ) = ψB(SB,3/α) exp

(
−

∫
ω(θ)dθ

)
,

μA+B(SA,3/α, SB,3/α, θ)) = ψA+B(SA,3/α, SB,3/α)

exp

(
−

∫
ω(θ)dθ

)
, (II.19)

where ψ are some arbitrary functions of the entropy. Note
that the temperature part of μ is α independent.

Let us now observe from (II.10) that

dS(A+B),3/α =
Sα/3−1
A,3/α

Sα/3−1
(A+B),3/α

dSA,3/α +
Sα/3−1
B,3/α

Sα/3−1
(A+B),3/α

dSB,3/α.

(II.20)

By comparing this with (II.16) and (II.19) with (II.20) we can
make identification ψ(S•,3/α) = ς S1−α/3

•,3/α , where ς is a con-
stant and • stands for A, B and A+B, respectively. With this
identification one can easily check that also the integrability
condition (II.18) is satisfied. In conventional thermodynam-
ics ψ would be only a constant and so the integration factor
could be identified with a genuine absolute temperature. In
the context of non-additive entropy S3/α we see that this is
not so. Fortunately μ has a simple factorized form.

Let us now call the temperature part in μ in (II.19) as
1/T . So, the corresponding thermal contribution that enters
the first thermodynamic law will have the form

1

μ
dS3/α = T

Sα/3−1
3/α

ς
dS3/α = T

ςα/3
dSα/3

3/α . (II.21)

In the following we will denote 3Sα/3
3/α/ςα as S(α). Note that

S(α) ∝ Lα and so it behaves in the same way as Sα/2 in
Eq. (I.1). By analogy with (I.1) we set the proportionality
factor to be (4π)α/2γα/2, where γα/2 still needs to be deter-
mined. Finally, we can write the first law of thermodynamics
in the form

dU = TdS(α) − pdV , (II.22)

In passing we note that in the cosmology framework (simi-
larly as, e.g. in fluid dynamics) the role of pressure is taken
over by the work density W .

3 Tsallis cosmology from the First law
of thermodynamics

We assume a homogeneous and isotropic Universe (i.e., FRW
Universe), thus the line element is the given by ds2 =
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hαβdxαdxβ + r̃2(dθ2 + sin2 θdφ2), where r̃ = a(t)r ,
xα = (t, r), α = 0, 1, hαβ = (−1, a2/(1 − kr2)) is a two-
dimensional metric, and k is a constant (spatial) curvature
parameter with values −1, 0,+1 representing open, flat and
closed geometry, respectively. The physical boundary of the
Universe is assumed to be given by the apparent horizon with
radius [111]

r̃A = 1√
H2 + k/a2

, (III.23)

(H = ȧ/a is the Hubble parameter) with the associated
surface gravity and horizon temperature [13,111]

κ = 1

2
√−h

∂α

(√−hhαβ∂β r̃
)∣∣∣∣

r̃=r̃A

= − 1

r̃A

(
1 −

˙̃rA
2Hr̃A

)
and T = |κ|

2π
. (III.24)

Here ˙̃rA ≡ dr̃A/dt , κ is the surface gravity and H is the Hub-
ble parameter. Usually one assumes that the apparent hori-
zon radius is (almost) fixed [15,111–113], which allows to
set ˙̃rA 	 2Hr̃A. This implies that the volume (almost) does
not change and one may thus simply take T = 1/(2π r̃A).
In order to satisfy the field equations, the symmetries of
the Einstein tensor, imply that the energy-momentum ten-
sor in the FRW Universe must have the perfect fluid form:
Tμν = (ρ + p)uμuν + pgμν , where ρ and p are the energy
density and pressure, respectively, which are bound together
via the continuity equation

ρ̇ + 3H(ρ + p) = 0. (III.25)

The work density (which is due to the change in the appar-
ent horizon radius), for a FRW Universe assumes the form
W = − 1

2 Tr(Tμν) = 1
2 (ρ − p) where “Tr” denotes the two-

dimensional normal trace, i.e. Tr(Tμν) = T αβhαβ . The first
law of thermodynamics (II.22) then acquires the form

dU = TdS(α) − WdV . (III.26)

We now use the fact that the increase in internal energy dU
due to the change of the apparent horizon volume (i.e. a 3-
sphere of radius r̃A) corresponds to the decrease in the total
energy content E of the Universe inside of the volume, so
that dU = −dE , and rewrite (III.26) in the form

dE = −TdS(α) + WdV, (III.27)

which formally coincides with the so-called the unified first
law [114]. By employing the relation E = ρV (with V =
4π
3 r̃3

A being the apparent horizon volume) and by setting L
in the definition of S(α) to be r̃A, we obtain from (III.27) that

V ρ̇dt + ρdV = −Td
[
(4π)α/2γα/2 r̃

α
A

]
+ 1

2
(ρ − p)dV . (III.28)

If we now employ (III.25), the fact that ˙̃rA/r̃A 	 2H and
identity dV = 4π r̃2

Adr̃A, we arrive at

α

2π r̃3
A

γα/2 (4π r̃2
A)α/2−1dr̃A = H(ρ + p)dt = −1

3
dρ.

(III.29)

The last equality is due to (III.25). Equation (III.29) is nothing
but a differential version of Friedmann equation. Ensuing
differential equation can be solved yielding

ρ(r̃A) =
(
r̃2
A

)α/2−2
[

2(4π)α/2−2 αγα/2

4 − α

]
+ c . (III.30)

By requiring that the matter density is positive and that for
r̃A → ∞ the density ρ → 0, we see that α < 4, the integra-
tion constant c should be set to zero, and in addition γα/2 > 0.
If we now employ (III.23) we obtain the first modified Fried-
mann equation

8πM−α
Pl

3
ρ =

(
H2 + k

a2

)2−α/2

, (III.31)

where γα/2 appearing in (I.1) assumes the form

γα/2 = 3(4 − α)(4π)1−α/2Mα
Pl

4α
, (III.32)

where MPl is the Planck mass.
The second modified Friedmann equation governing the

evolution of the Universe in Tsallis cosmology can be
obtained by taking time derivative of (III.31) and using
(III.25). With this we get, cf. also [111]

ä

a

(
H2 + k

a2

)1−α/2

= 8πM−α
Pl

3(4 − α)
[(1 − α)ρ − 3p] .

(III.33)

Cosmological observations such as Type Ia SNe [115],
CMB [116–118] and the large scale structure [119–122],
indicate that the Universe is currently in an accelerated phase,
hence ä > 0. By using the equation of state p = ωρ we get
from (III.33) that

(1 − α)ρ − 3ωρ > 0 ⇒ ω < (1 − α)/3 . (III.34)

From this we see that for α ≥ 1 it always follows that ω < 0,
while for α < 1 one can have also ω ≥ 0. Thus in Tsallis
cosmology the accelerated phase of the late time Universe
is possible, even with the ordinary matter (in particular, for
ω = 0 (ordinary dust matter) the accelerated expansion can
be obtained with the scaling exponent α < 1. Here, how-
ever, we will not explore this interesting issue any further).
These solutions, however, indicate that the Tsallis cosmolgi-
cal model here proposed plays the role of an effective model
with a cosmological constant, traceable hence to the �CDM
model.
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4 PeV neutrinos and DM relic abundance in Tsallis
cosmology

The conventional Yukawa-type interaction (I.2) fails to
explain the IceCube data on high-energy neutrinos events
(∼ 1 PeV) and PeV DM relic abundance if the cosmologi-
cal background evolves according to Einstein field equations
(see Appendix, cf. also e.g., [98,99]). We will now demon-
strate that such a discrepancy can be avoided provided that
the cosmological background evolves according to Tsallis
cosmology. To this end, we first cast the modified Friedmann
equation (III.31) in the form (we set k = 0)

H(T ) = Q(T ) HSt.Cosm.(T ) , (IV.1)

where HSt.Cosm. =
√

8π

3M2
Pl

ρ(T ) is the Hubble parameter in

the standard cosmology, and Q(T ) represents the amplifica-
tion factor, which in the present case reads

Q(T ) =
[√

8π

3

ρ1/2

M2
Pl

] α−2
4−α

= η

(
T

T∗

)ν

, (IV.2)

η =
[

2π

3

√
π g∗(T )

5

] α−2
4−α

, (IV.3)

ν = 2(α − 2)

4 − α
, T∗ = MPl . (IV.4)

Here we have used the relation ρ = π2g∗(T )
30 T 4, with

g∗(T ) ∼ 106 the effective number of degrees of freedom.
The equation of state for the radiation, p = ρ/3, implies
that the continuity equation reads ρ̇(t) + 4Hρ(t) = 0 from
which one simply gets that ρ(t) = ρ0/a4(t), where ρ0 is
a constant. Inserting this expression for ρ into (III.31), one

obtains a(t) = a0

(
t

4−α

)1−α/4
. The latter implies that there

is a simple relation between the cosmic time and the temper-

ature, namely t ∝ T
4

α−4 , which in turn gives that the product
Ta(t) = constant.

The modified expansion rate (IV.1) allows to write the
inverse decay processes (see Eq. (A.5)) in the form

dYχ

dT

∣∣∣
inv.dec.

= −m2
χ�χ

π2sH
K1

(mχ

T

)
, (IV.5)

where

sH = 3.32π2

45
g3/2∗ η

(
mχ

T∗

)ν 1

z5−ν
, z ≡ T

T∗
. (IV.6)

The DM relic abundance follows by using2 (IV.5) and
(IV.6) (see Eq. (A.2) and Appendix for details)

�DMh2 = 2m2
χ s0h2

ρcr

∫ ∞

0

dx

x2

(
−dYχ

dT

∣∣∣
T=mχ

x

)
,

= 45h2

1.66π2g3/2

s0MPl

ρcr

�χ

mχ

22+ν

η

(
T∗
mχ

)ν

×�

(
5 + ν

2

)
�

(
3 + ν

2

)


 0.1188

(
106, 7

g∗

)3/2 ∑
σ |yσχ |2
10−58

�, (IV.7)

where ρcr is the critical density, s0 is the present value of
the entropy density and h is “little h”, i.e. the dimensionless
Hubble constant, and

� = 10−33 2ν

7.5η

(
T∗
mχ

)ν �
(

5+ν
2

)
�

( 3+ν
2

)

�
(

5
2

)
�

( 3
2

) . (IV.8)

The DM relic abundance (�DMh2 ∼ 0.1188) and the
IceCube data (

∑
σ |yσχ |2 ∼ 10−58) can be consistently

explained provided

� 
 1 . (IV.9)

Using for the DM mass mχ ∼ PeV ∼ 106GeV and for
T∗ = MPl = 1019GeV, it then follows that α 
 3.131. A
numerical solution is shown in Fig. 1. Remarkably, such a
value is < 4, as required by a positive matter-field density,
and > 0 as needed for the validity of the generalized second
law of thermodynamics.

5 Conclusions

To reconcile both the current bound on DM relic abundance
and IceCube high-energy events of neutrinos one must either
change the minimal Yukawa-type interaction between stan-
dard model particles and DM particle or change the standard
cosmological model or possibly modify both. Our modus
operandi in this paper was to keep the canonical Yukawa-type
interaction Lσ Hχ unchanged but instead replace the FRW
cosmology with the Tsallis cosmology and the Friedmann
field equations with ensuing modified Friedmann equations.
This proved to be a useful strategy.

In order to provide a sound thermodynamic basis for
Sδ entropy and ensuing Tsallis cosmology we employed

2 In this calculations we use
∫ ∞

0
dxx3+νK1(x) = 22+ν�

(
5 + ν

2

)

�

(
3 + ν

2

)
, where �(z) are the Gamma functions. Notice also that

�
(

5
2

)
�

( 3
2

) = 3π
2 .
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Fig. 1 �(α) vs α. The plot shows the allowed region corresponding
to �(α) ≤ 1, where the value � 
 1 corresponds to the observed value
�DMh2 
 0, 1188 (see Eq. (IV.7))

Carathéodory’s formulation of the second law of thermody-
namics and proved that the heat-one form is holonomic. The
very existence of the integration factor ensures that Tsallis’
non-additive (though extensive) entropy fits well into the con-
ventional thermodynamics framework (i.e, 1st and 2nd law
of thermodynamics plus it obeys the Legendre structure). In
addition, we have shown that the integration factor cannot
be simply identified with inverse thermodynamic tempera-
ture, but instead it factorises into entropic an thermal part.
The aforementioned factorization property allows to identify
absolute temperature uniquely (up to a multiplicative factor).
This, in turn, permits to follow the established methodology
from conventional thermodynamics to derive the (modified)
Friedman equations.

With the first two laws of thermodynamics at hand we
have shown that the ensuing Tsallis cosmology is capa-
ble to resolve the aforementioned discrepancy with only
one additional adjustable parameter – Tsallis scaling expo-
nent α. The main idea of our proof relies on the observa-
tion that in non-additive cosmology of Tsallis the expan-
sion rate of the Universe can be cast in the form H(T ) =
Q(T )HSt.Cosm.(T ), where Q(T ) encodes the parameters
characterizing the model of gravity. Consequently, also the
thermal history of Universe and DM in it are altered. With the
modified expansion rate we have solved the Boltzmann equa-
tion and obtained the abundance of DM particles. Results
attained are consistent with observed DM relic abundance
provided α ∼ 3.131 (or equivalently δ ∼ 1.565), which is
well in the range of validity of α ∈ (0, 4). Let us finally
stress that the Friedmann equations obtained are physically
admissible because the modifications induced by the Tsal-
lis cosmology allow for the present accelerating Universe,
which is possible even with the ordinary matter.
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Appendix A: PeV neutrinos and IceCube data in GR

In this Appendix, we recall the main features related to DM
relic abundance and IceCube data [98,99] by using conven-
tional FRW cosmology. The simplest 4-dimensional operator
able to explain the IceCube high energy signal, is given by
the Yukawa-type interaction (I.2).

We consider the freeze-in production, that is the DM par-
ticles are never in thermal equilibrium owing to the fact that
their interaction is very weak, and are produced from the hot
thermal bath [98,123] . As usual, the evolution of the DM
particles is described by the Boltzmann equation. Defining
Yχ = nχ/s the DM abundance (here nχ is the number den-

sity of the DM particles and s = 2π2

45 g∗(T )T 3 the entropy
density, with g∗ 
 106.75 the degrees of freedom), the Boltz-
mann equation gives [98]

dYχ

dT
= − 1

HSt.Cosm.T s

[
gχ

(2π)3

∫
C
d3 pχ

Eχ

]
, (A.1)

where HSt.Cosm. is the expansion rate of the Universe
described by conventional Friedmann equation (i.e., the Hub-
ble parameter in the standard cosmology), gχ is the number
of degrees of freedom for DM (in our case it corresponds to
two helicity projections, i.e. gχ = 2) and C is the general
collision term. In the case in which dg∗/dT = 0, the DM
relic abundance acquires the form [98]

�DMh2 = 2m2
χ s0h2

ρcr

∫ ∞

0

dx

x2

(
−dYχ

dT

∣∣∣
T=mχ

x

)
, (A.2)

where x = mχ/T , s0 the present value of the entropy den-

sity (s0 = 2π2

45 g∗T 3
0 
 2891.2/cm3), and ρcr the critical

density (ρcr = 1.054 × 10−5h2GeV/cm3). Eq. (A.2) gives
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the observed DM abundance, that is [124]

�DMh2
∣∣∣
obs

= 0.1188 ± 0.0010 , (A.3)

and explain the IceCube neutrino PeV signals. The dom-
inant contributions to DM production, induced by (I.2), are
the inverse decay processes νσ +H0 → χ and lσ +H+ → χ

(they are proportional to factor |yσχ |2 and kinematically
allowed for mχ > mH + mν,l ), and the Yukawa produc-
tion processes, such as t + t̄ → ν̄σ + χ (they are propor-
tional to |yσχ yt |2), where t is the top quark and yt represents
the Yukawa coupling constant between top quark and Higgs
boson. The explicit expressions of these processes are [98]

dYχ

dT
= dYχ

dT

∣∣∣
inv.dec.

+ dYχ

dT

∣∣∣
Yuk.prod.

, (A.4)

where

dYχ

dT

∣∣∣
inv.dec.

= − m2
χ�χ

π2sHSt.Cosm.

K1

(mχ

T

)
, (A.5)

dYχ

dT

∣∣∣
Yuk.prod.

= − 1

512π6sHSt.Cosm.

∫
ds̃ d�

∑

σ

Wtt̄→ν̄σ χ + 2Wtνσ →tχ√
s̃

K1

(√
s̃

T

)
.

(A.6)

Here s̃ is the centre-of-mass energy, Wi j→kl are related
to scattering probabilities of corresponding processes, �χ

is the interaction rate �χ =
∑

σ

|yσχ |2
8π

mχ , σ = e, μ, τ ,

and K1(x) is the modified Bessel function of the second

kind. Since dYχ

dT

∣∣∣
inv.dec.

is the dominant process (see [98] for

details), one gets

�DMh2|inv.dec. = 0.1188

∑
σ |yσχ |2

7.5 × 10−25
. (A.7)

From (A.7) it follows that the correct DM relic abundance
(A.3) occurs provided

∑

σ=e,μ,τ

|yσχ |2 = 7.5 × 10−25 . (A.8)

Such a result disagrees with the value of
∑

σ=e,μ,τ |yαχ |2
needed to explain the IceCube signals. In fact, the DM life-
time τχ = �−1

χ has to be larger that the age of the Uni-
verse, that is τχ > tU 
 4.35 × 1017sec. However, lower
bound on DM lifetime provided by IceCube spectrum is
τ bχ 
 1028sec, i.e. τχ � τ bχ [98]. Inserting (A.8) into �χ

one gets �χ 
 4.5×104 mχ

1PeV
sec−1, to which corresponds

τχ 
 2.2×10−5 1PeV

mχ

sec 	 tU . The IceCube observations

require the dark matter decay lifetime of the order τχ 
 1028

sec, which implies
∑

σ=e,μ,τ |yσχ |2 
 10−58. Such a
value is ∼ 33 order of magnitudes smaller than the value of∑

σ=e,μ,τ |yσχ |2 ∼ 10−25 that is required for explaining the
DM relic abundance, cf. Eq. (A.8). Therefore, the IceCube
events and the DM relic abundance turn out to be incompat-
ible with the DM production if the latter is described by the
renormalizable Yukawa-type operator LαHχ and one works
in the context of the standard cosmological model. As dis-
cussed in the main body of the paper, this discrepancy can
be alleviated when Tsallis cosmology is employed without
changing Yukawa-type interaction for DM.
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